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Abstract. Let D < 0 be a fundamental discriminant and 4 (D) be the class number of Q(ﬁ), Let
R(X, D) be the number of classes of the binary quadratic forms of discriminant D which represent
a prime number in the interval [X, 2X]. Moreover, assume that 7 (X) is the number of primes

which split in Q(+/D) with norm in the interval [X, 2X]. We prove that

7p(X)\?*  R(X.D) h(D)
<ﬂ(X)> < D) (Hn(X))’

where 7(X) is the number of primes in the interval [X, 2X] and the implicit constant in < is
independent of D and X.
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1. Introduction

1.1. Motivation

In this paper, we consider the problem of giving the optimal upper bound on the least
prime number represented by a binary quadratic form in terms of its discriminant. Giving
a sharp upper bound on the least prime number represented by a binary quadratic form
is crucial in the analysis of the complexity of some algorithms in quantum compiling, in
particular, Ross and Selinger’s algorithm for the optimal navigation of z-axis rotations in
SU(2) by quantum gates [RS16], and its p-adic analogue for finding the shortest path
between two diagonal vertices of LPS Ramanujan graphs [Sar17]. In [Sarl17], we proved
that these heuristic algorithms run in polynomial time under a Cramér type conjecture on
the distribution of the inverse image of integers representable as a sum of two squares (or
primes p = 1 mod 4) by a binary quadratic form; see [Sarl7, Conjecture 1.4]. Given a
discriminant D < 0, we show that this Cramér type conjecture holds for binary quadratic
forms of discriminant D with a positive probability that only depends on the density of
the primes that split in QD).

More precisely, let 7 (X) be the number of primes with norm in the interval [X, 2X].
Let D < 0 be a fundamental discriminant, which means D is square-free and D =
1 mod 4. Let mp(X) be the number of primes that split in (@(\/5) with norm in the
interval [X, 2X]. In [Sar18], we proved that for a given fundamental discriminant D, by
assuming the generalized Riemann hypothesis for the zeta function of the Hilbert class
field of the imaginary quadratic field Q(+~/D), 100% of the binary quadratic forms of
discriminant D represent a prime number less than /(D) log(|D|)>*€ as |D| — oo, where
h(D) is the class number of Q(+/D). In this paper, we remove the GRH assumption and
show that unconditionally with probability at least a(” HD(%) )2 a binary quadratic form of
discriminant D < O represents a prime number smaller than any fixed scalar multiple of

h(D)log(|D|), where « is an absolute constant independent of D. As a result, we prove
that if (’;D(—%))z > 1 for some X ~ h(D)log(|D|) then a positive proportion of the
binary quadratic forms of discriminant D < 0 represent a prime number smaller than any
fixed scalar multiple of A (D) log(|D]). Next, we state a form of our main theorem. Let
R(X, D) be the number of classes of binary quadratic forms of discriminant D which

represent a prime number in the interval [X, 2XT].

Theorem 1.1. We have
(X)\> R(X, D) h(D)
(noo) < 70Dy <1+n(X))’

where the implicit constant is independent of D and X.
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Remark 1.2. Note that by Dirichlet’s theorem, we have np(X)/m(X) ~ 1/2 as
X — oo. By assuming the Riemann hypothesis or even a zero-free region of
width O(loglog(|D])/log(|D]))) for the Dirichlet L-function L(s, xp), we have
7p(X)/m(X) ~ 1/2 for any X > |D|¢ where ¢ > 0. Since h(D) > |D|'/?>~¢, under
GRH we have np(X)/n(X) ~ 1/2 for any X ~ h(D)log(|D]) and it follows that the
above proposed algorithms give a probabilistic polynomial time algorithm for navigating
SU(2) and PSLy(Z/q7).

Next, we show that our result is optimal up to a scalar. Namely, if a positive proportion
of the binary quadratic forms of discriminant D represent a prime number less than X,
then (D) log|D| <« X. We give a proof of this claim in what follows. Let H (D) be
the equivalence classes of the binary quadratic forms of discriminant D by the action of
PSL>(Z). Let r(n, [Q]) be the number of representations of n by [Q] € H (D), and define

rm.Dy:== Y r[Q).
[QI€H (D)

By the classical formula due to Dirichlet we have

r(n, D) =wp Yy xp(), (1.1)
din
where
6 if D= -3,
wp =14 ifD=—4,
2 if D < —4.

This means that the multiplicity of representing a prime number p by all the classes of
the binary quadratic forms of a fixed negative discriminant D < —4 is bounded by 4:

r(p, D) =4. (1.2)

Assume that a positive proportion of binary quadratic forms represent a prime number
smaller than X. Let N(X, D) denote the number of pairs (p, Q) such that X < p < 2X
is a prime number represented by Q € H (D). We proceed by giving a double counting
formula for N (X, D). By our assumption a positive proportion of binary quadratic forms
of discriminant D represent a prime number in the interval [X, 2X], so

h(D) < N(X, D). (1.3)

On the other hand,
N(X.D)= > r(p. D).

p<X
By inequality (1.2),
N(X, D) < 4np(X).

By the above inequality and inequality (1.3), we obtain

h(D) < 7p(X).
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By Siegel’s lower bound | D|'/?>~¢ « h(D), it follows that
h(D)log(|D|) < X.

This completes the proof of our claim.

1.2. The generalized Minkowski bound for the prime ideals

It follows from our result that a positive proportion of the ideal classes of Q(+/D) contain
a prime ideal with norm less than the optimal bound /(D) log(|D|). More precisely, let
Hp be the ideal class group of (@(«/5) and NQ(ﬁ) (x+ y\/ﬁ) =x2— Dy2 be the norm

of the imaginary quadratic field Q(+/D). Given an integral ideal I C OQ( D) with an
integral basis I = (a, 8)7z, which identifies I with Z?, we define

Nowp) ¥ + yP)
Nowpyd)

where x, y € Z. It follows that [¢q;] € H(D) and [gq;] only depends on the ideal class
[/] € Hp and not on the choice of the basis (&, 8)z. This gives an isomorphism between
Hp and H (D). Note that if g represents the prime number p then g;(x, y) = p for some
X,y € Z. Then the principal ideal (xox + yB) = IJ factors into the product of / and J
where NQ( @)(J ) = p and J belongs to the inverse of the ideal class [/] € Hp. Let
hp(X) be the number of ideal classes of Hp that contain a prime ideal with norm in the
interval [ X, 2X]. Hence, we have the following corollary of Theorem 1.1.

qr(x,y) =

)

Corollary 1.3. We have

apX)\?  hp(X) h(D)
(n(X)) < D) <1+n(X)>’

where the implicit constant is independent of D and X.

More generally, let K be a number field of bounded degree n over Q with discriminant
Dk and class number hg. Then we have the following conjecture which generalizes
Minkowski’s bound for prime ideals.

Conjecture 1.4. A positive proportion (depending only on n) of ideal classes in the ideal
class group of K contain a prime ideal with norm less than any fixed scalar multiple of
hg log(IDk ).

Next, we show that these bounds are compatible with the random model for prime num-
bers known as Cramér’s model. We cite the following formulation of the Cramér model
from [Sou07].

Cramér Model 1.5. The primes behave like independent random variables X (n) (n>3)
with X (n) = 1 (the number n is ‘prime’) with probability 1/logn, and X (n) = 0 (the
number n is ‘composite’) with probability 1 — 1/logn.



The least prime number represented by a binary quadratic form 1165

Note that each class of the integral binary quadratic forms is associated to a Heegner
point in SL,(Z)\H. By the equidistribution of Heegner points in SLy(Z)\H, it follows
that almost all classes of the integral quadratic forms have a representative Q(x, y) :=
Ax? 4+ Bxy + Cy? such that the coefficients of Q(x, y) are bounded by any function
growing faster than /] D]:

max(|Al, [Bl, [C]) < |D| (D)

for any function v (D) defined on integers such that ¢/ (D) — oo as |D| — oco. We show
this claim in what follows. We consider the set of representatives of the Heegner points
inside the Gauss fundamental domain of SL;(Z)\H and denote them by z, for « € Hp.
They are associated to roots of representatives of binary quadratic forms in the ideal class
group. By the equidistribution of Heegner points in SL;(Z)\H and the fact that the volume
of the Gauss fundamental domain decays with rate y~! near the cusp, it follows that for
almost all « € Hp, if z, = a + ib is the Heegner point inside the Gauss fundamental
domain associated to « then

lal <1/2 and ~/3/2 <b <y (D), (1.4)

where ¥ (D) is any function such that ¥ (D) — oo as |D| — oo. Let Qq(x,y) =
Ax? + Bxy + Cy? be the quadratic form associated to « € Hp that has z, as its root.

Then
_ —B=+iJ|D|
“w=TTa
where a = ;—f and b = @. By inequality (1.4), we have
VD
|B] < |A| and B < A </|D|.
2y(D)
By the above inequalities and D = B2 — 4AC, it follows that
max(|A[, |B, |C]) < VID|¥ (D). (1.5)

This yields our claim. Next, we give a heuristic upper bound on the size of the small-
est prime number represented by a binary quadratic forms of discriminant D that sat-
isfies (1.5). Since D is square-free, there is no local restriction for representing prime
numbers. So, by Cramér’s model and consideration of the Hardy—Littlewood local mea-
sures, we expect that for a positive proportion of the classes of binary quadratic forms Q
there exists an integral point (a, b) € 77 such that |(a, b)|?> < L(1, xp) log(|D]) and
Q(a, b) is a prime number. We have

0(a, b) = Aa® + Bab + Cb*
< max(|Al, |B, [C))|(a, b)I* < /IDI L(1, xp)y¥ (D) log(|D}). (1.6)

We may take 1/ (D) to be any constant in the above estimate. Therefore, we expect that
a positive proportion of quadratic forms of discriminant D represent a prime number
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less than 4 (D) log(| D|). By a similar analysis, we expect that almost all binary quadratic
forms of discriminant D represent a prime number less than 4 (D) log(|D|)2+6. In other
words, almost all ideal classes of Q(+/D) contain a prime ideal with norm less than
h(D) log(|D|)2+€. In [Sar18], we proved this result by assuming the generalized Rie-
mann hypothesis for the zeta function of the Hilbert class field of the imaginary quadratic
field Q(~/D). We conjectured that this type of generalized Minkowski bound holds for
every number field.

Conjecture 1.6. Almost all ideal classes in the ideal class group of K contain a prime
ideal with norm less than hi log(| Dk |)* for some A > 0. Note that by the Brauer—Siegel
Theorem and GRH, we have hx < /|Dk|log(|Dg|)¢.

1.3. Repulsion of the prime ideals near the cusp

As we noted above, based on Cramér’s model we expect that the split prime numbers are
randomly distributed among the ideal classes of Q(+/D), and hence with a positive prob-
ability that is independent of D, a quadratic form of discriminant D represents a prime
number less than a fixed scalar multiple of #(D) log(] D|). We may hope that every ideal
class contain a prime ideal of size h(D)|D|¢. Note that Cramér’s conjecture states that
every short interval of size log(X)>*€ contains a prime number. By Linnik’s conjecture,
every congruence class modulo ¢ contains a prime number less than ¢!*¢. This shows
that small prime numbers cover all short intervals and congruence classes. However, we
note that the family of binary quadratic forms of discriminant D < 0 is different from
the family of short intervals and its p-adic analogue. Small primes do not cover all the
classes of binary quadratic forms. For example, the principal ideal class that is associ-
ated to the binary quadratic form Q(x,y) = Dx? + y? repels prime numbers, which
means the least prime number represented by this form is bigger than | D| compared to
JTD] log(|D|)?** that is the upper bound for almost all binary quadratic forms under
GRH. This feature is different from the analogous conjectures for the size of the least
prime number in a given congruence classes modulo an integer (Linnik’s conjecture) and
the distribution of prime numbers in short intervals (Cramér’s conjecture). We call this
new feature the repulsion of small primes by the cusp. In fact, the binary quadratic forms
with the associated Heegner point near the cusp repel prime numbers. This can be seen
in equation (1.6), where max(|A|, |B|, |C|)| could be as large as | D| near the cusp but for
a typical binary quadratic form it is bounded by |D|'/>*€. This shows that the bound in
Conjecture 1.6 does not hold for every ideal class.

1.4. Method of the proof

Our method is based on our recent work on the distribution of prime numbers in short
intervals. In [Sar], we proved that a positive proportion of the intervals of length equal to
any fixed scalar multiple of log(X) in the dyadic interval [ X, 2X] contain a prime number.
We also showed that a positive proportion of the congruence classes modulo ¢ contain a
prime number smaller than any fixed scalar multiple of ¢(g) log(g). These results are
compatible with Cramér’s model.



The least prime number represented by a binary quadratic form 1167

We briefly describe our method here. We proceed by introducing some new notations
and follow the previous ones. Let w(u) be a positive smooth weight function that is sup-
ported on [1, 2] and f ww)du = 1. Let wx (u) := w(u/X) that is derived from w(u)
by scaling with X. Let 7(Q, w, X) denote the number of primes weighted by wy that
are representable by the binary quadratic form Q. By the Cauchy—Schwarz inequality, we
obtain

(> n(Q,w,X))sz(X,D)< > 70w X?), (1.7)

QeH (D) QeH(D)
By Dirichlet’s formula in (1.1), ZQeH(D) m(Q, w, X) is the weighted number of prime
numbers inside the interval [ X, 2X] that split in the quadratic field Q(+v/D). So, we have

ap(X)~ Y m(Q.w. X). (1.8)

QeH (D)

Next, we give a double counting formula for 0cH (D) (0, w, X )2. This sum counts
pairs of primes (p1, py) weighted by wy (p1)wx (p2) such that p; and p; are represented
by the same binary quadratic form class [Q] € H (D). Assume that Q is a representative
of that class that represents two prime numbers p| and p,. Without loss of generality, we
assume that Q(x, y) = p1x? 4+ axy + By? for some integers  and S such that

D =a> —4pB, (1.9)

since by the action of SL;(Z) on the space of the integral binary quadratic forms we can
find a representative of Q with the above form. Since Q represents p>, p» = piu> +
auv + Bv? for some integers u and v. We multiply both side of the previous identity
by 4p1 and obtain

4p1pr = 4p%u2 +4prauv + 4p1/3v2.

We use identity (1.9), and substitute &> — D = 4p; B in the above identity to obtain
4p1p2 = 4p%u2 +4prauv + (Ol2 — D)v2.

Hence,

4p1pr = 2pru —i—otv)2 — Dv2.

We change variables to s := 2pju + av, and obtain
4pipy = s — Dv. (1.10)

On the other hand, if (p1, p2) is a solution to the equation (1.10) for prime numbers
X < p1 <2X and X < py < 2X, then p; and p, are represented by the same bi-
nary quadratic form class in H (D). Heuristically, this number is about 7 p (X )2/ h(D) +
mp(X), that is, the number of distinct pairs of split primes inside the interval [X, 2X]
divided by the number of classes of binary quadratic forms of discriminant D plus the
contribution of diagonal terms where p; = p». Therefore, we expect

2
S 20w, 002~ A,

QeH (D) h(D)
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In fact, by applying the Selberg upper bound sieve on the number of prime solutions
(p1, p2) to the equation (1.10), we show that
2 (X )2
> mQuw. X)L (X)), (1.11)
QeH(D) (D)

Therefore, by inequality (1.7), equation (1.8) and the above inequality, it follows that

2
(nD(X)> < R(X, D) (1 n h(D)>.
7(X) h(D) 7(X)
This gives a proof of Theorem 1.1. Next, we briefly explain how we prove inequal-
ity (1.11). We begin by counting the number of solutions (p1, p2, s, v) to the equa-
tion (1.10) weighted by the smooth weight function wy where v = 0. We call them diag-
onal solutions. If v = 0, then 4p| p» = s%. Hence, p; = p» = p for some prime number
p and s = £2p. Therefore, the number of diagonal solutions to the equation (1.10) is the
number of prime numbers weighted by wy, that is, 7(wyx) ~ 7 (X). Next, we give an

upper bound on the number of non-diagonal terms v # 0 weighted by wx (p1)wx (p2).
Since D < 0 and wx (p1)wx(p2) # 0 only if X < p1, p» < 2X then

Is| <4X and |v| <4X/V/IDI. (1.12)

We fix v = vg for some 0 < vy < 4X//|D]|, and let m := Dv% < 0. Let P(m, wx) be
the number of prime solutions (p1, p2) to §2— 4p1 p> = m weighted by wyx (p1)wx (p2).
Let

Vi = 1{(x,y,2) 1 q(x,y,2) =m}, (1.13)

where ¢ (x, y,7) = 72 — 4xy. Let Y = |D|‘S, where § > 0 is a fixed small power;
e.g. 8 < 1/620. Let S(m, Y, wyx) denote the number of integral solutions (x, y, z) to
the equation in (1.13) weighted by wy (x)wyx(y), where x and y do not have any prime
divisor smaller than Y. If X < /]m][/2, then P(m, wx) = S(m, Y, wx) = 0. Otherwise,
X > /|m]/2 > Y, and we have P(m, wyx) < S(m, Y, wx). We apply the Selberg upper
bound sieve to give a sharp upper bound up to a constant on S(m, Y, wx). We briefly
discuss the Selberg upper bound sieve in what follows. Assume that d;, d, and d are
square-free integers. Let #,,, Ay, 4,.m denote the number of integral solutions (x, y, z)
to the equation (1.13) weighted by wy (x)wx(y), where d; | x and d3 | y. Similarly, let
#yy Ad.m be the same number where d|xy. We write #,,, A,, for #,,, Ag.n Wwhend = 1.
It follows from the inclusion-exclusion principle that (see [BF94, Lemma 8, p. 79])

#wad;m = u(d) Z M(dl)ﬂ(dZ)#wadl,dzgm- (1.14)
lem[d;,dr]=d

Let xy () be the indicator function of integers with no prime divisor less than Y. Let {A;}
be any sequence of real numbers for d > 1, where A; = 1. We have the following upper

bound on xy(n),
2

xy(n) < ( > kd)

dlged(n.TT,y p)
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Hence,

Stm, Y,wx) = Y xy(xnwx@wx(y)

22—dxy=m

= Y (X ) ur@ux0) = Y u @l g, (115)
d

22—4xy=m dlgcd(xy,l_[,,d p)

where
utd) = Z AdjAdy-
lem[d;,d>|=d

In Theorem 3.2, we give an asymptotic formula for #,,, A4, 4,.» With a power saving error
term if dydy < |D| 1/308 The proof of that theorem is the main technical part of our work.
We apply the Siegel Mass formula to the ternary quadratic form Vi, 4,4, := {(x,y,2) :
22 —dy1drxy = 0} in order to give the main term of #,,, A4, 4,.m as the product of Hardy—
Littlewood local densities. To give a power saving upper bound on the error term we use
the spectral theory of modular forms and Duke’s subconvex upper bounds on the Fourier
coefficients of weight 1/2 Maass forms and Eisenstein series and our upper bound on the
L? norm of the theta lift of weight 1/2 Maass forms. We give the outline of the proof of
Theorem 3.2 in the next section. By assuming these results the main term of the weighted
number of integral points comes from the product of the local densities with a power
saving error term Er,

Huy Ady.dyim = Too.my Vindiay) [ [ op (Vinaray) + Er, (1.16)
p

where

R wx/d, (D) wx/a, (¥) dx dy dz
Goo,wx(vm,dldz) = EIE)I}) ez Ay smte l = s

€
\Vin.dyay (Z p* 7))
p2k :

We explicitly compute these local densities in terms of the quadratic character xp and as
a result we have

0 Vinayy) = lim (1.17)

w(d)
Huy Ad:m Z#wamT + Er, (1.18)
where w () is explicit and is called the sieve density. For a square-free integer /, define
/ -1
gl) = —wl() (1 ——w(p)) , (1.19)
pll p

and let G(Y) := Zly:l g(l), where the sum is over square-free integers /. By the funda-
mental theorem for the Selberg sieve [FI10, Theorem 7.1], there exists a sequence 14 € R
with A1 = 1 such that

Hwyx Am

G + Er

Stm, Y, wx) < Y wt @)y Agim <
d
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In Lemma 2.7, we show that
U
L, xD>2log<|D|)2%°) <G,

Finally, by summing over |vg| < X/+/|D| and proving the analogue of Gallagher’s result
on the average size of the Hardy—Littlewood singular series [Gal76, equation (3)], we
prove inequality (1.11) and hence Theorem 1.1.

1.5. Outline of the paper

In Section 2, we give the proof of Theorem 1.1 by assuming Theorem 3.2. In Lemma 2.1,
Wwe compute Oy, the Hardy-Littlewood measure at the archimedean place. In
Lemma 2.3, we give an explicit formula for ¢}, in terms of the quadratic character xp. In
Lemma 2.4, we give an explicit formula for #,,, A4., involving L(1, xp). In Lemma 2.6,
we compute the sieve densities w(d) defined in (1.18). In Lemma 2.7, we give a sharp
upper bound on the main term of the Selberg sieve. Finally, we prove that the average
size of these singular series is bounded (the analogue of Gallagher’s theorem), and prove
Theorem 1.1.

In Section 3, we prove Theorem 3.2 which implies equation (1.16). Let gk (x, y, z) =
2 - dkxy, Vmx = {(x,y,2) : qx(x,y,2) = m} and I'y := SOy, (Z) be the integral
points of the orthogonal group of gx. Then I'x is a lattice and I'x\Vj, x has a natural
hyperbolic structure with finitely many possible elliptic and cusp points. We construct an
automorphic function W defined on I'x\ V,, x from the smooth function wy. We spectrally
expand W in the basis of eigenfunctions of the Laplace—Beltrami operator on I'y\ Vi, k.
We denote the contribution of the constant function by the main term and the contribution
of the non-trivial eigenfunctions (Maass cusp forms and Eisenstein series of I't\ Vi, k)
by Er.

In Section 3.1, we prove a generalized class number formula in Proposition 3.5. This
theorem gives the main term of #,, A4, 4,., defined in equation (1.16). We briefly de-
scribe the proof of Proposition 3.5. The proof uses the Siegel Mass formula that gives a
product formula for the sum of the representation number of an integer n by a quadratic
form averaged over the genus class of gx. In Lemma 3.4, we show that the genus class of
qr(x, v, z) = z> — 4kxy contains only one element for every k € Z, and Proposition 3.5
follows from the Siegel Mass formula.

Our goal for the rest of Section 3 is to give a power saving upper bound on Er. This
power saving in the error term is crucial for the application of the Selberg sieve in Sec-
tion 2. We write Er as the sum of the low and the high frequency eigenfunctions in the
spectrum,

Er= Erhigh ~+ Erjow + Ercts,low»

where the terms are defined in (3.3).

In Section 3.2, we give an upper bound on the contribution of Erp;gn. The upper bound
follows from integration by parts. We show that Erpjgn = O(1). In Section 3.3, we prove
an explicit form of the Maass identity that relates the Weyl sums to the Fourier coefficients
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of the associated half-integral weight Maass form obtained by the theta transfer using the
Siegel theta kernel. In Section 3.4, we give an upper bound on Erjoy. We apply Duke’s
non-trivial upper bound on the Fourier coefficients of the weight 1/2 Maass form and
the upper bound on the L? norm of the theta transfer of a Maass form that we prove in
Section 4 to bound Erjoy.

In Section 3.5, we give an upper bound on Ergs 1ow. We need to regularize the theta
integral for bounding Erc 10w. We use the center of the enveloping algebra (Casimir op-
erator) for regularizing this theta integral. This method has been used in the work of
Maass [Maa71], Deitmar and Krieg [DK91] and Kudla and Rallis [KR94, Section 5]. Fi-
nally, we use Duke’s non-trivial upper bound on the Fourier coefficients of the weight 1/2
Eisenstein series.

There is a technical issue in using Duke’s result. The bound is exponentially growing
in the eigenvalue aspect with the term cosh(sr¢/2) for the half-integral weight eigenfunc-
tions v;, with norm 1 and eigenvalue 1/4 + 2. We show that this term cancels with the
exponentially decaying factor cosh(—r¢/2) that appears in |© s ¥ |, the L? norm of the
theta transfer of ;. This is the content of Section 4.

In Section 4, we give an upper bound on the L? norm of the theta transfer of a
weight 1/2 Maass form f in the eigenvalue and the level aspect up to a polynomial in
these parameters. In Lemma 4.1, we compute the Mellin transform of the theta lift of f
by a see-saw identity that is originally due to Niwa [Niw75] and used by Katok and Sarnak
[KS93]. The see-saw identity in this case identifies the Mellin transform with the inner
product of an Eisenstein series against the product of the weight 1/2 modular form f and
the complex conjugate of the Jacobi theta series 6. The last integral against the Eisenstein
series is explicitly computable by unfolding the Eisenstein series. Hence, we obtain the
Fourier coefficients of the theta transfer at the cusp at infinity. Finally, we bound the L?
norm of a modular form by bounding the truncated sum of the squares of its Fourier co-
efficients; see [Iwa02, p. 110, equation 8.17]. Note that the L? norm of the theta transfer
of a new form is given by the Rallis—Inner product formula. Since we also deal with old
forms, we rather use a more direct approach.

2. Deducing Theorem 1.1 from Theorem 3.2 via the Selberg sieve

Recall (1.16),
#wx Adl,dz;m = Ooo,wy Hap(vm,d]dz) + EI',
P
where 000 wy and 0, (Vi 4,4,) Were defined in (1.17). In this section, we give the proof
of Theorem 1.1 by assuming the above formula and a power saving upper bound on Er.

2.1. Local densities

We proceed by computing the local densities 0o 1y and 0. Let

w(xpw(xz) dx; dxa,

2 2 1
o[ [
1 J1 2/4x1x0+a
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where
+ . |y ity >0,
2 {O otherwise.

X m
Ooo,wy Zml p .

Proof. We change the variables to u := djx and v := dby. Then

Lemma 2.1. We have

fm<z2—4d|d2xy<m+8 Wx/d, (X)U)X/a’2 (y) dx dy dz
Ooo,wy = 11 y -
wx(w)wx () dudvdz

1 lim fm<zz—4uv<m+e
didy e—0 €

Next, we scale the coordinates by 1/X and define x; = /X, xo = v/ X and x3 = z/X.
Hence,

1 . fm<z 2 _4uv<m+e wX(u)wX (U) dudvdz

o = |
oo wx didy e—0 €

X . fm/X2<x§—4x1x2<m/X2+s/ wx)w(x2) dxy dxz dxs

lim
d1d2 /=0 e

1
f/ TwxDw(x2) dxydxs,
T did 1 2 /Axixa +m/ X2

where €’ := €/ X?. Then 0og 1y = dl)fi I( ) It follows that 7 is smooth and is bounded
by a constant that only depends on the smooth function w. O

Next, we compute explicitly the local density o), at each odd prime p. We have

o0
op =y Sp",
=0
where S(1) := 1 and

S = %Z*Ze<W)’

!
a b p

where a runs over integers modulo p’ with gcd(a, p) = 1, and b runs over vectors
in Z3 modulo p’. Since p is an odd prime number, we can diagonalize our quadratic
form g4,4,(X) over the local ring Z,, by changing the variables to x; =z ,x = x —y
and x3 = x + y and obtain

2 2 2
qayd, (X1, X2, x3) = x{ + didrxy — ddax3.

We apply the following lemma for the computation of local densities. For other versions
for this lemma see [TS18, Lemma 3.1] and Blomer [Blo08, (1.8)].
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Lemma 2.2. Let
O(x1, x2, x3) = x7 + p%dx3 — p®dx3,

where a € Z witha > 0 and d € Z, with gcd(d, p) = 1. Assume that n = pﬁn’ where
n' € Zp with ged(n', p) = 1. Let V,, be the quadric
Vi = {(x1, x2, x3) : Q(x1, X2, x3) = n},

defined over Z,. Then
. Vu (Z/ptZ)
op(Vi) 1= lim P22 1y § S,

where

1 * b) —

t
a b P

Moreover if t is odd, then

W pmin(a+r.2t)pt/2 =172
n\p_~— "~ 'P' =1 — 17
S(pt)z {(()p) p3r p lf:B

otherwise.
where (%) denote the Legendre symbol of n’ modulo p, and if t is even then

0 ifp<t—1,
pmin(zx+t,2l)P1/2 —1

s = -t ifp=1-1,

min(a+t,2t) ,1/2

%45(17 ) =t
Proof. We compute

S = Z Z e(a(Q(b)—n)>
- 3t

t
@ be(@p'T) p

- DD

4 be(Z/p'Z)}

Z%Z* <—an>1—[ Z (aalp“'bz)’

p a i=1b mod p’

a(b% + p"‘db% — p“db% —n)
P!

where a; ;= 1,01 :=0,ar :=d, ar := «, a3 := —d and a3 = «a. We note that the last
summation is a Gauss sum. Let G(h, m) :== )Y . 4 m e(hxz/m) be the Gauss sum, and
lete, = 1ifm =1 mod4 and ¢,, =i if m = 3 mod 4. Then if gcd(h, m) = 1, we have

em(L)m!/? if m is odd,
G(h,m) := { (1 4+ x—_a(h))m'/? if m =42,
(xs(h) +ix—s()m'? ifm=2-4% a> 1,
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where ( ) is the Jacobi symbol. We define G(h, p'~%) := 1 when t < o;. We have

1 _
S(Pt)=ﬁ2*6< an)l—[ min@i0 G (ga;, plm%).

a p i=1

We substitute the values of G and obtain

¢ H?:l pmm(i ”8 1—a; « (—an\[{a\ [—1\""“
(') = 3, el =) ) (=)
p P p )4 p

By our assumption we have n = pfn’, where ged(n’, p) = 1. If ¢ is an odd number, then
the inner sum is a Gauss sum, and we obtain

* —apﬁn’><£>_ 8P(i)p’_l/2 iftg=1r—1,
> o -5 !

t
a mod pf p p otherwise.

Note & ( 1) =1 and ¢? pa o pl)t % = 1. Hence if 7 is odd, we deduce that

/ min(a+,21) /2 ~1/2 .
Sty = (%)p = P pt=12 ifp=1r—1,
otherwise.

On the other hand, if # is even then the inner sum is a Ramanujan sum ¢ (n):

0 ifg<t—1

Cpt(l’l) _ Z*e<—an) _ _ptfl ifp=r—1,

t
a NP d(p) B>t

Hence if ¢ is even, it follows that

0 ifg<t—1,
3 min( t) .
sy = |- T g =1,
l_[, . pmm( Z-H,r) .
o(p' )— if B >1. O

In the following lemma, we apply Lemma 2.2 and give an explicit formula for the local
densities 0 (Vi d,d,)-

Lemma 2.3. Let a(did) := Ord,(d1d2), and B(m) := Ord, (m). Then

1+ L X‘Z(ﬂ) # if a(didz) =0 and B(m) = 2k,

2—}—)“;—5{”)—# if a(didy) =1 and B(m) = 2k,

p+1+Xp‘}{—(f{)—# if a(didy) =2 and (m) = 2k,
Up(Vm,dldz) = 1 1 1 .

1+F_W_W if a(didz) = 0and B(m) =2k + 1,

2_#—# ifa(didy) = 1 and B(m) = 2k + 1,

p+1—#—p—lk ifa(didy) = 2 and B(m) = 2k + 1.
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Proof. By Lemma 2.2, we have
0p(Vin,aidy) = opla(dida), B(m)).
If o =0and B8 = 0, it follows that

5,(0,0) = 1+ xo(p).
P

More generally, we have

xp(p) —1

1
U(O,Zk)=1+;~|— R

Moreover, if « = 1 or 2 and 8 = 0 then

op(1,0) =0,(2,0) = 1+ xp(p).

More generally,
xp(p) 1
o,(1,2k) =2+ - —.
i pt Pk
We also have, for k > 1,
xp(p) 1

pkfl )

Next, we compute the local densities for 8 = 2k + 1 and ¢ = 0, 1, 2. We have

Up(2,2k)=P+1+F—

o0, )=1-1/p% o, )=1-1/p, o2, 1) =0.

In general, we have

1 1 1
c0,2%k+)=14—— —— — ——
p pk+1 pk+2
o(1,2k+1)=2—1/pFk —1/pF+!,
1 1
O’(2,2k+1):1+p—ﬂ——k. O
p p

In the following lemma, we give an asymptotic formula for #,,, A,y = #uy Ad,,dy:m Where
di=dy=1.

Lemma 2.4. We have

m 6 1\! xp(p)
#wXAm:XW<ﬁ>L(1,XD); I1 (1——2) (1— . )ap+Er, 2.1

B(p)=2

where m = Dv%. As a result,

B, A xw<ﬂ>L(1 )( Y0 )2
o SEF X2 ) HE AN Gy )
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Proof. By formula (1.16), we have

Huwy Am = Ooo,wy HUP + Er,
p

where 0, = 0, (a, B) for a(p) =0 and B(p) = Ordp(Dv%). By Lemmas 2.1 and 2.3,

1
XD(P)’ o0 =1-—.
P

m
Ooo,wy =XW<ﬁ), 0(0,0)=1+
By substituting the above values in the product formula, we obtain
m xp(p)
#wXAszW<ﬁ> ]_[ (1+ > ) ]_[ < ) ]_[ o, +Er.
B(p)=0 B(p)=1 B(p)=2
We simplify the above product formula by applying the following Euler product identities:

-1 1 6
o TI(-20) T 4) 5

p

P P
Hence,
p(p)
oy Am = XW(—2>L<1, m)]‘[(l - 227 )
. p
xp(p) 1
X 1+ 1_[ 1— — 1_[ op + Er
B(p)=0 P/ gpy=1 P~/ p(py=2
6 1\!
- XW(%)L(I, w— ] (1 = —2) <1 - XD(p))op +Er.
T p(py=2 p p

This completes the proof of the identity (2.1). By Lemma 2.3 if 8(p) > 2, then

op=1+1/p+0(/pY.

Hence,
v \2
Huy Am <K XW< )L(l xD) ( ><< XW( )L(l XD)( ) :
o ﬁ(l,lz P ¢(vo)
This completes the proof of our lemma. O

Recall that from identity (1.14), we have

oy Adm = p(d) Y pld)n(d) g Ady dyim-
lem[d,d>]=d

In the following lemma, we give an asymptotic formula for #,,, Ag.p,.
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Lemma 2.5. We have
w(d)
#wad;m = #wx AmT + Er,
where

172051, 8) —0,(2,8)/p
w(d) = l;‘! O'p(O, B) :

2.2)

Proof. Let d; and d; be two square-free integers. By product formula (1.16), we have

#uy Ad),dyim = Ooo,wy l_[Up(Dh B) + Er,
J2

where a(p) = Ord,(d1d2) and B(p) = Ordp(Dvg). Hence,

#wam O'p(Ol, B)

+ Er.

#wadlydzlm =

We substitute the above product formula in (1.14) and obtain

oy Aam = w(d) Y pd)u(d)¥uy Ady dym + Er
lem[d;,dy]=d

= M(d)#wx Am

Z n(d)u(dz) op(a, B)
lemldrda=d D92 g, op(0:B)
_ Fuadn 17 200.9) — 0, )/ p

d P|d UP(O, ﬂ)

+ Er

+ Er.

This completes the proof of our lemma. O
In the following lemma, we give an explicit formula for w(p) that is defined in (2.2).
Lemma 2.6. We have

22xp(p)=1/p—xp(P)/P ifB(p) =0

) I+xp(p)/p
m lf,B(P) = 19
w(p) = 3—1/p+xp(p)/p*—1/p ; -
T pn (o peri 1/t B(p) =2k fork = 1,
3-1/p=3/p*+2/p**! ifB(p) =2k + 1 fork > 1.

1+1/p_1/pk+1_1/pk+2
Proof. By definition of w(p) in (2.2), we have

20,1, 8) —0,(2, B)/p
w(P) = ap(o’ IB) '

We substitute the explicit values of o), (e, 8) from Lemma 2.3 and obtain the explicit
values of w(p). ]
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Finally, we give an upper bound on the main term of the sieve. For a square-free integer /,

define .
o) = 20 <1 _ @> , 2.3)
L p

andlet G(Y) := Zlyzl g(), where the sum is over square-free variables /. In the follow-
ing lemma, we give an asymptotic formula for G(Y).
Lemma 2.7. Let Y = |D|® for some fixed 8 > 0 and G(Y) be as above. Then

2‘/)( vo)

L(1, xp)* log(|D]) <Ls G(Y).

Proof. First, we estimate the value of g(p) at primes p. By (2.3), we have

w(p) -0

8(p) = o) >

By Lemma 2.6, we have

WD) 4 0(1/p?) i B(p) =0,

24+0(1/p% if B(p) =1,
=17 2.4
8 24+ 00/p? if B(p) = 2k fork > 1, 4
5 +00/p?) if f(p) =2k +1fork = 1,

where the implicit constant involved in O(1/p?) is independent of all variables. Next, we
apply Rankin’s trick and relate the truncated sum G(Y) to an Euler product. Note that

1
Gz ) u(n)zgm)(m—e—w).

n
pln:>p§Y1/10
Then )
8(p -10
GY) > 1_[ <1+m)—e l_[ (I'+g(p)).
p<yl/10 p=<yl/10
Since e’f‘_’:;‘) is an increasing function in x > 0, we have
-1
g(p) 1
[] a +g(p))<l + W) = exp( > g(p)(l - m))
p<Yl/10 p<y1/10
1 101
< T1 (4 > _.L@)Ne{
peyinoN iy P log(Y)

where we used the prime number theorem and the fact that g(p) < 4/p. Hence,

1 g(p)
GY) = 2 H (1 + pIO/log(Y))'

p<y1/10
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Next, we complete the above Euler product by extending the product over primes
Y!/19 < p . Note that

¢(p) g(p) 4
Y102y YU10<p y1/10<p
< 2log(2),

1

where we used the fact that Z[KN 5= loglog(n) + O(1) and g(p) < %. Therefore,

G(Y) > ]_[(1 + %). 2.5)
P

Next, we complexify this Euler product and consider G (s), the Dirichlet series associated
to the multiplicative function g:

G(s) =) n’gMI™ = ]_[(1 + g;[s)))‘
l

p

‘We write ~
G(s) =¢(s + D?L(s + 1, x_p)*n(s)G(s), (2.6)

g(p))( 1 >2< x_D<p>>2

= 1+ 1—— 1-— ,

n(s) ﬁ(1;1>2( ps ps+1 ps+1

= g(p))< 1 >2< XD(P)>2

G(s) = 1+ 1— 1— )
(S) ﬁ(l[:[<1( ps ps+1 ps—i-l

We analyze the Dirichlet series n(s) and G (s). First, we give an upper bound on [7(s)].
Recall that B(p) = Ordp(Dv%) and D is square-free. Let p be a prime number such that
B(p) = 2. Hence, p | vg and by equation (2.4), we have

1 2 B 2
=22 ) (- 522)

plvo

1-2x_p(p) 1
:1_[<1+ pit +0<ps+2>>'

plvo

where

Hence, for 0 > 0 we have

n(o +it) > 1_[<1 _ l) _ w(vo).
P

v
plvo 0

In particular,

n(10/log(Y)) > wi’;"). 2.7




1180 Naser Talebizadeh Sardari

Next, we analyze G(s). Assume that p is a prime number such that S(p) < 1. By (2.4),
it follows that

8(p) 1\° x-p(p) 1
( P’ )(1_ps+l) (1 - pst )2=1+0<ps+2>‘

Gis)< 1l and G(s) '« 1

for Re(s) > —1 + €, where the implicit constants depend only on € > 0. In particular,
~ 10
G| ——— 1
(ioa7) <
By (2.5)—(2.7) and the above inequality, it follows that
10 \? 10 2 9(v0)
GY 1+ ——) L{1 , .
0> 1+ ) 1 i e0)

Since Y = |D|® we have {(1 + 1Og(y)) > (%81)0)2 and it follows that

2
XD) # (o) (2.8)

vo

Hence,

G(Y) > log(IDD*L( 1+ ,
(Y) > log(IDI) < log(¥)
Finally, we make the observation that any completed L-function is increasing in o > 1.
This is a consequence of the fact that all zeros are to the left of 1. More precisely, for D a
negative discriminant one looks at

|D|S/2 s+1
A(s, xp) == - r > L(s, xp)-

Then A(o, xp) is increasing in ¢ > 1. The proof is an application of the Hadamard
factorization formula, which shows that A(o, xp) = [] o= o/p|, and since all the
zeros have real part in (0, 1), each term |1 — o/ p| is increasing in o > 1. Therefore,

10
A1, <All , .
(I, xp) < ( + og (V) XD)

In other words,

10
L(1, xp) < |D|5/‘°g<Y>L(1 * oa)' xD).

Since Y = |D|® we get | D|P/10gY) — 38 By the above inequality and (2.8), we have

zfﬂ( Vo)

L(1, xp)*log(ID|) <5 G(Y).

This completes the proof of our lemma. O
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2.2. Proof of Theorem 1.1

Recall that S(m, Y, wy) is the weighted number of integral solutions (x, y, z) to 2 —4x y
= m, where x and y do not have a prime divisor smaller than ¥ and m = Dv(z). By
inequality (1.15), we have

Stm, Y, wx) <Y ut (g Adim.
d

By the fundamental theorem for Selberg sieve [FI110, Theorem 7.1], we have

Huwy Am -
S(m, Y, X T 4 0. (X'
(m wy) < G(Y) + e( ),

for some € > 0. By Lemmas 2.4 and 2.7, we have

2
0
#uy Am <<XW< )L(l m)( (v)>

L(1, xp)? log<|D|>2"’( W) s G(Y).

Therefore,

S(m, Y, wy) K

XW(m/X?) < vo )3
log(|D)2L(1, xp) \¢(vp) ) °

where m = Dv(z). By inequality (1.12), we have vg < 4X//|D]. We sum the above
inequality for 0 < vy < 4X/4/|D]|, and obtain

XW(Dv?/X? 3
Z 7(Q, w, X)? L w(X) + Z (Dvg/ X7) ( Vo )

2
QeH (D) 1§U0§4X/m 10g(|D|) L(]‘7 XD) (P(UO)
L 7(X)+ wl —=2 )
0 log(|D)?L(1, xp) Z <X2 @ (vo)

1<vo=4X//|D]

By Lemma 2.1, W( DU") O(1). It is easy to check that

> ( - )3=0<X/M>.

1<ugzax/yi7 > P (V0
Therefore, we obtain

S wQw X < n(X) + X X 0+ 7(X)?
QcH(D) o log(ID)2L(1, xp) /ID] h(D) "

This proves inequality (1.11) and concludes the proof of Theorem 1.1. O
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3. Quantitative equidistribution of integral points on hyperboloids

Recall that ¢ (V) := z> —4xy, where v := (x, v, z), and that V,,, := {v € R3 : ¢(v) = m},
where m = Dv%, and D < 0is a fundamental discriminant and vg < 4X/ m . Assume
that di and d, are integers. Recall that w(u) is a positive smooth weight function that is
supported on [1, 2] and fu w(u)du = 1. Let X > /[m] and wx (1) := w(u/X). Recall
that #,,, A4, .d,.m i the number of integral points lying on V,, (R) which are weighted by
wx (x)wyx (y) such that x and y are divisible by d; and d;, respectively. In this section,
we show that

#wyx Ady,dy;m = Ooo,wy Hap(vm,dldz) + Er,
P

where 000wy (Vin,dyd,) and 0, (Viy, 4,4,) were defined in (1.17) and Er is the error term that
we bound in this section. First, we reduce the problem to the case where gcd(d1d3, vo) =1.
Recall that k := dda, qix(x,y,2) = o 4kxy,and V,, x :={v € R3: qr(v) = m} and
Vin,k(Z) is the set of integral points of V,, x. Note that #,,y Ay, ar:m = #wy Ady k/dy;m 18
the number of integral points lying on V), x which are weighted by wx /4, (X)wxa, k().
In this reinterpretation, we do not have any divisibility condition, and we have extended
the definition of #,,, A4, k/q,;m to any d € R*. By Section 2.2, Theorem 1.1 is reduced
to proving a power saving asymptotic formula for #,,; A4, k/d,:m- In Lemma 3.1, we show
that it is enough to prove such a formula when ged(k, vo) = 1. We give an upper bound on
Er by using Theorem 5.1, which we prove in our appendix. Theorem 5.1 extends Duke’s
Theorem [Duk88, Theorem] from square-free integers m to any integer m = Dv%, where
ged(k, vg) = 1.

Lemma 3.1. Suppose that p is an odd prime number where p | vo. If p* |k, then

#wXAdl,k/dl;m = #wéAd

4 m "
P p°’

k/p?.
dy/p’
If plkand p>tk, then

Puy Ady kjdym = Hwyx Ay K m Ty Ay kpom —Huy Ay
P ) ’ 2 ’

>
=
=
b~
g
i
A
SUE

Proof. Suppose that p? | k. Then

dix ky
ptasan= 5 (5 )(57)

(x,y,2)€Vink

Note that z2 — 4kxy = Dv%, where p? | v% and p? | k. Hence p |z and by dividing both
side of the equation by p2, we have (x, y, z/p) € Vinyp2 k/p2- This defines a one-to-one
correspondence between Vi, x and V,,, 2 ¢, 2. Then it is easy to check that

#wadlyk/dl;m =#yy Ad .
P prpdp

'UN‘§
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Next, suppose that p | k and p?{k. Similarly z> — 4kxy = Dv%, where p? | v(z) and p | k.
Hence, p | 72, and we have
(Z >2 4 kxy m
p pp P

Hence, p | xy. By inclusion and exclusion, we deduce that

#wadl,k/dl;m Z#wlA d k/p. +#WXAd1/p _#wiAd
P I

Yy

B

k.
],dlv

[N

V4
This completes the proof of our lemma. O

By repetitive use of Lemma 3.1, we may assume without loss of generality that gcd(k, v%)
= 1. Let I'y := SO, (Z) and consider the surface I'y\V,, r. We equipped 'y \ Vi, x with
the hyperbolic metric. Let du be the Haar measure induced from the hyperbolic metric,
and let (f, g) = [ i\ Vi x fg du be the Petersson inner product. Let A be the Laplace—
Beltrami operator We assume that the reader is familiar with the spectral theory of A;

see [Iwa95, Sel43]. Let S := {f). € Lz(Fk\Vm,k) : Af,, = Af} be an orthonormal basis
of Maass cusp forms. Let & := {a : aranges over all inequivalent cusps of I'x\ V;, x}-
For a € &, let o4 be a scaling matrix associated to a, which is an isometry between V,,
and the upper half-plane H such that o4 (c0) = a, and

aa_lFaoaz {[(l) ’11i| in GZ},

where ' is the stabilizer of a. For a € &, we define the height function yq : Vi — Rt
as

Ya(¥) :=1Im(o; ' (V).
Forv € T\\Vpux and s € C, let Eq(v, s) be the Eisenstein series such that its constant
Fourier coefficient at cusp b is 845 yp, + gz)ab(s)yé_s, where §4p = lifa=0band §qp, =0
otherwise. We define the I'; periodic function W on I'x\V,, ¢ by averaging the smooth
weight function w on I'y orbits,

W(yv) = Z w(yv).

yelk

By Proposition 3.5, the action of 'y on Vj, (Z) has finitely many orbits. Let Hy(m) C
L'k \ Vi k (Z) be this finite set of orbits. We have

FuxAdaym = Y, wb)= 3 W,
heV, 1 (Z) tebiim Tl
where 1 = I'th is an orbit for some h € V,,, x(Z), and |k 1| = [Tk n| is the size of the

stabilizer of any representative h € 1, which is independent of the choice of h € 1. Define
the m-th Weyl sum associated to a I'y periodic function f to be

Rom, )= Y

I‘kher(m)l ohl

f(Tgh).



1184 Naser Talebizadeh Sardari

Hence, #,y Ag,.dy.m = R(m, W). By the spectral theory of Maass forms developed by
Selberg [Sel43], we write W in terms of Maass cusp forms, Eisenstein series and the
constant function, and obtain

_ Jrow,, Wanr

W(v) = Ty T ;W’ F) (%) + Wers (¥), (3.1)

where the first term comes from the contribution of the constant function, and

o
Westv)i= Y [ (W, Eale1/2 4 i0) Ealv, 1/2 + i) 1
ac&y -0
By (3.1), we have

R(m, W) = —frk\vm'k W !
T vol(Tk\ Vi k)

=+ D (W, L)ROn, fi) + ROn, Wers).
rehemon (Thbl

Note that Y *r e g, (m) ﬁ is the class number associated to the action of I'y on V), « (Z).

By Proposition 3.5, the first term can be written as the product of local densities, and we
obtain

Jrow,, Wdn A Wdn

= op(Vin.k)
VOITU\Vin k) 1 4577y 1Tkl VOLTk\ Vi) ml;[ e

where 6, (Vi 1) 1= limj_ o0 |Vm,k(Z/plZ)|/p21 and 0o 1= fF\Vm_k doso. Therefore,

#uy Ady dym = Ooo,wy | | 0 (Vimk) + Er, (3.2)
)2
where Er := ka(f;“ W)R(m, f,) + R(m, Ws). Our goal in this section is to give an

upper bound on Er. Let T := |m|5 for some 6 > 0. We write Er = Erpjgh + Erjow +
Ercis,1ow, Where

Erpigh := Y (W, fi)R(m, f,)

A>T

+ Z f (W, Eq(-,1/24+it))R(m, Eq(v,1/2 +it)) dt,
[1/4+12|>T

ueé'k

Eriow := Y (W, L)R(m, f),

r<T

Ercis jow := Z / (W, Eq(-,1/2 4+ it))R(m, Eq(v, 1/2 +it))dt.
' [1/4412|<T

aeé‘k

(3.3)
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Theorem 3.2. Let D be a fundamental discriminant and m = Dvé where vy <
log(| D)4 for some fixed A > 0. Let #Huwy Ad, dy:m be as above. Then, for every € > 0,

Hux Adydym = 0oy | [ 0p (Vi) + O+ m|TV/BKIOX D). (3.4)
p

As a result, for every § > 0 there exists an € > 0 such that if K’ < D and X <
|D|'?1og(|D|)® for some B > 0 then

X —€
Huy Ady dyim = ooy X | [0p(Vma) + O 14 7407 ): (3.5)
p

where k = did> and the implicit constant depends only on € and w.

Proof. By equation (3.2), we have

#wXAdl,dQ;m = Oco,wy Hap(vm,k) + Er,
p

where Er = Erpjgn + Erjow + Ercgs 1ow. By Proposition 3.10, Erpign = O(1), where the
implicit constant in O depends only on € and w. By Proposition 3.15, we have

Erjow < |m|~ /2 k10 x 1+,
Let T = |D|¢/7. Then
Eriow = O(m|~/28k10X 14| D€).
By Proposition 3.20,
Efes jow < KOSTT/4 |~ 1/28+€ x| 1+¢ = o (jm|~V/28k10X 1+€| D).
Therefore,

Huy Ady.dyim = oowy | [ 0p(Vink) +Er + O(1 + |m|~/Z10X 1| D[€),
p

This completes the proof of equation (3.4). If k3843 < D then

—5/28
= 1/28410 _ 0(%)

Moreover if X < |D|'/?log(|D|)2, then X'*¢ = O(X|D|¢). By the above inequalities
and choosing € small enough compared to §, we deduce (3.5) and our theorem. O
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3.1. Main term

We define the generalized class number % (k, m) to be the number of I' orbits of V,, «(Z)
weighted by their representation number,

1
hk,m) := Z Tl

I'yhe Hy (m)
We cite the following theorem from [CS99, Chapter 15, Theorem 19].

Theorem 3.3 (due to Kneser, Earnest and Hsia). If Q is an indefinite integral quadratic
form with at least 3 variables and the genus of Q contains more than one class, then for
some prime number p, Q can be p-adically diagonalized and the diagonal entries all
involve distinct powers of p.

Lemma 3.4. The genus of qx(x, v, z) contains only one class for every k € Z.

Proof. We show this by computing the local spinor norms; see [CS99, Chapter 15]. By the
work of Kneser [Kne56] on the computation of the local spinor norms for odd primes p
and its improvement by Earnest and Hsia [EH75, EH84] for prime 2, we have the fol-
lowing theorem that implies the genus of an indefinite quadratic forms contains only one
class. We can diagonalize the quadratic form g (x, y, z) over every local ring Z,, where
p # 2 by changing the variables to x; = z, x = x — y and x3 = x + y and obtain

qr(x1. X2, X3) = X + kxj — kx3.
It is easy to check that g; does not satisfy the conditions of the above theorem and as a
result the genus class of gi contains only one element. This completes the proof of our
lemma. o

Proposition 3.5. We have

h(k, m) := 00 [ [ op (Vin)»
p

where o, (Vi i) was defined in (1.17) and

o vol(Tp\ gk (x, y, 2) —m| < €))
0o = lim = dos.
e—0 2¢ Tk \Vin &

Proof. By Lemma 3.4, the genus class of g; contains only one class. Next, we apply the
Siegel Mass formula to the indefinite ternary quadratic from gy, and obtain

1 1

= 1_[ Up(Vm,k)'

frk\Vm,k doco Tyhe Hy (m) Tk nl p

This completes the proof of our proposition. O
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3.2. Bounding Erpign

In this section we give an upper bound on Erpigp. Note that gx(v) = vT Ayv, where

0 -2 0
Arv:i=|-2k 0 0
0 0 1
Let
1/evk)  1/@vVEk) 0
Ce=|1/2Vk) —1/2Vk) 0
0 0 1
Then
-1 0 0
CIACk=|0 1 0
0 0 1

We proceed by defining the Casimir operator of the orthogonal group SO, which induces
AonV, k. Let
010 0 0 1 0 0
Xy:=|1 0 0|, Xp:=(0 0 Of, X3:=(0 0 1
0 0 0 1 00 0 0
By the definition of the Casimir operator of SOy,
Q=Y +Y; -V},

where Y| := CkX1C_1, Y, = CszCk_1 and V3 = CkX3Ck_1. In the following lemma,
we give a formula for 2 in terms of the (x, y, z) coordinates of the quartic V,, .

Lemma 3.6. The restriction of Q2 to Vi, i is given by

, 8° 3 Akxy+2m 92 32
Q=x"—+2x—+ + 2xz
dx2 ox 2k dxdy 9x0z
2 ) 82 2 )
2y— +2yz—— -—m)— 3.6
+y82+ y8y+ yzaa + (22 ) +zaZ (3.6)

Proof. We compute the induced first order differential operators associated to Y1, Y»
and Y3. Note that

1 0 O
Yii=CeXiCl =0 —1 0
0 0 O
This vector is associated to the first order differential operator
d 9
7 =x——y—.

ax dy
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| 0 0 1/2Vh
Similarly Y2 := C¢ X2C  =| 0 0 —1/vk) | is associated to
VEvE 0
Zy= 20 +f(x+y)
2= — - =7 -
2k ox 2[8
| 0 0 1/2vh
and Y3 := Cy X3C, " = 0 0 —1/vk) | is associated to
—Vkvk 0
z 0 ad
Zy= 02 0 NS
3= 5 7% o 2f8 +(y—x) PP
The induced Casimir operator is given by
2 2 2
2+ 732
We have
z3 0 A 82+ b ” + 82+ ! (3.7)
=lx——y— ) =x"—+x— —2x — .
! dax yBy dx2 ox yaxa y dy? yay
2
z 0
7P == — 2
2 (2 e 2f3 +f(x+y) )
—Zz2+Z282+(+)8+Z8+x+ya
T a4k 9x2 2k axay oo 7 20: 2 ox
2 52 2 52
2 0 zd x+y o 5 0
— — — — — +k , 3.8
T o T ga T o T gy TR G
z 9 z 9 3\
2=(l 0 _xﬁ_)
: (2 Rox avkay 0TV
2 9r 2 9 ? z9d y—x20
= - 5 5o T 5o+ —
4k ox 2k 9x0dy 0xdz 2 0z 2 Ox
2 a2 2 2
z- 0 a z 0 y—x 0 5, 0
— — - — _——— —x)hk—. 3.9
Ta e YT 20 2 gy TR 69

By using the formulas in (3.7)—(3.9), we have the following formula for the induced
Casimir operator on V, :

92 8 dkxy+2m 9> 92
Q=x>— +2x— 2
o T % oxdy | Caxaz
2 9 32 2 9
2y— +2yz—— —m)—s +2 u)
+y a2+ yay—l— Vi3 e + (2 M) +za

In the following lemma, we prove an upper bound on the L? norm of W.
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Lemma 3.7. Let W, X and k be as above. Then
1+€

Wh € ——————
Wk < i

Proof. We have

|w|§:/ |W|?du < sup |W| |W|duw. (3.10)
Fk\Vm,k 1_‘k\vm,k

First, we give an upper bound on ka\mG |[W|dp. Recall that W(I'(x, y, z))
> yer, Wk(x, y,2)), where w(x, y,x) = wx, (N)wx,(¥), and X; = X/di, Xo =

X/dy, and wy (u) := w(u/X). Note that du = ﬁddw. Hence, by Lemma 2.1,

X X
W du sf wldp < _ X G
‘/l;k\vm,k Vin k dldz«/m k4/m

Next, we give an upper bound on sup |W|. Let

B(X1,X2) ={(x,y,2) € Vp t(R) : X1 <x <2Xjand X, <y <2X>5}.
Forh € V), i, define N(X1, X2, h) :=#{y € I'x : I'th € B(X1, X2)}. Then
W(h) = > w(yh) < N(X1, X2, h). (3.12)
vElk

We give an upper bound on N (X1, X3, h) by applying results in hyperbolic geometry. Let
diam(B(X1, X2)) be the diameter of B(X1, X») with respect to the hyperbolic metric on
Vi k. For h € V,,, i define the invariant height of h by yr(h) = max4(yq(h)).

Lemma 3.8. We have
X
diam(B(X, X 1+ log| —
(B(X1, X2)) < g( ﬁ)
and
(h) < min(dy, d2) X
sup —yr 1, a2) ——.
heB(X,X») ﬁ
0
Proof. Without loss of generality, suppose that d» = min(d;, d2). Let ¢ := [ (1) ] , which
is a cusp for I'x\ V},, k. Consider the following change of coordinates:

dix _ dx X3
up = . U = o Uz = ——.
m

Im|

Then V,;, x maps to u% —4uyuy = —1, and B(X1, X2) maps to

B(X,m) := {(ul, Uy, u3) : u% —dujuy = —1,

<up <2
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The quartic u3 4u uy = —1 with its induced metric (duz)? — 4dudus is isomorphic to

the hyperbolic plane by 8 : (uy, us, uz) — ;;;L’ . This maps ¢ to co. Since X > /m,
we have |u3/ui| < 1. It follows that

diam(B(X1, X2)) = diam(B(X, m)) < 14 log(|X/«/m]).

It follows that the stabilizer of ¢ in I'y is

1 00
Ie:={|n*% 1 n|:neZ
2kn 0 1
Fora € R, let
1 0 0
ag = |a*E 1 a/dy
2ad; 0 1

Then B identifies V,,, x with the upper-half plane and maps o, to [ } ¢ | . Hence, it identifies

T with B(Te) = {[ ;"] : n € Z}. Hence, y.(h) = %Im(ﬁ(h)) = ﬁ Since % <

up < 27? we have T\@z <yc(th) < XLZZ for every h € B(X1, X»). By Margulis’ lemma
and decomposing I'x\ Vj, x into thin and thick parts, it follows that y.(h)yq(h) < 1 for
every a # c¢. Therefore, yr (h) < d» X /+/m. This completes the proof of Lemma 3.8. O

By [Iwa02, Corollary 2.12, p. 52], we have
N(X1, X2, h) < diam(B(X1, X2)) sup  yr(h).

heB(X1,X7)
Therefore, by Lemma 3.8,
I+e

N(X1, X2, h) < min(d, d>) Nk (3.13)

By the above inequality and inequalities (3.12), (3.15) and (3.10), we obtain
) X ' x 1+¢ x2+e
W5 < ki min(di, d2) NG < R

This concludes the proof of Lemma 3.7. O

Next, by applying integration by parts, we give an upper bound on the inner product of W
with the Maass forms and also the Eisenstein series.

Lemma 3.9. Let A be any positive integer. Then

1/2 xl+e
D o R I !

A>T ae&y

where the implicit constant depends only on sup; ., < 4 dMw.
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Proof. By the Plancherel theorem and integration by parts we have

ST HWL AR+ 2/1/4+,2|>r (W, Ea(-, 1/2 4 in) 2 dt

A>T acéy
1 1
= (W, Q4 f) 1> + (W, QAE4(, 1/2+ i) dt
A; 224 ggk /a1 (1/4412)24 ‘
< HQAW, fi)l* + / HQAW, Eq(-, 1/2 +i1))]| dtj|
T4 [PZT aezgk 1/4+12|>T ¢
1 n 2
=724 . W ISQEW " dp. (3.14)
k\Vm.k

By a similar argument to that in Lemma 3.7, we give an upper bound on
fl’k\mG |Q"W |2 d . We have

/ Q"W >dp < sup |Q"W| Q"W | du
Fk\‘/trz k Fk\VmG
and
/ |Q”W|du§/ |Q"w|du < sup |[Q"w] / du
L\ Vin k Vin,k X1 =<x<2X) J Xp<y<2X»
< sup | Q" w| X (3.15)
P dvdoJm’ ‘

We show that sup Q"w = O,(1). Note that w(x, y, z) := wx, (x)wx, (y) is independent
of the z variable. Therefore, all the partial derivatives that include a% in formula (3.6)
vanishes on w and we obtain

Q"w(x,y,2)

5 92 d 32 5 92 a\"
==+ Zxo—+ 2xy +m/D) - + Y 4+ 2y— ) wx, @wx, ().
ox 0y2 ay

For n = 1, we check that Qw is bounded by a constant. We have
x2 X v 2x X y Xy X y
Qw="—=uw"{— |w +—uw|— |wl=)+2—=w| — Juw'[ =
X2 \X X)X \x X X1 X2 \ Xy X
2
(3 (%) () () e () (%)
DX 1X> X1 X> X5 X1 X>? X7 X1 X2

(3.16)

We assume that for every n > 0 all the derivatives ‘57';’ for 0 < k < n are bounded by a
y

%

Qw = 0. Since m < 0 and z> — 4kxy = m we have m < 4kX;X,, otherwise V,,

does not have any point where |x| < 2X; and |y| < 2X»>. By these assumptions we can

constant |w|ec,,. Since w is supported inside [1, 2] we have 1 < < 2, otherwise
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bound each term in (3.16) and obtain |Qw| < 1. Similarly, for every n, it follows that
sup |2"w| <« 1. We have

Q"W (h) = Z Q"w(T'th) < N(X1, X2, h) sup Q" w.
yel’

By inequality (3.13), we have N (X, X2, h) <« dz%, and hence

1+4€
N

Therefore, by the above and inequality (3.15), we obtain

sup |Q"W(h)| K d»

2+€
dim

/ Q"W dp <
Fk\Vm,k

Finally, by the above and (3.14), we conclude the proof. ]

Finally, we show that the contribution of the high frequency spectrum is bounded. Recall
that

Erpigh := Z(W, SIR@m, f3)

A>T
+> / (W, Eq(-, 1/2+it))R(m, Eq(v, 1/2 + it)) dt.
acgy Y IV/4+2|>T
Proposition 3.10. Suppose that T = D? for some § > 0. Then
Erpigh = 0(1),
where the implicit constant in O depends on sup ,<1o/5 d™w and § > 0.

Proof. First, we give an upper bound on Weyl sums R(m, f3) and R(m, Eq(v, 1/2+it)).
We have

1
Rm, )= HTR) < fileo Y < | filooh (e, m),

Iyhe Hy (m) Tk nl Iyhe Hy (m) ITknl

where k = dd,. By the Weyl law we have the following trivial upper bound on the L*°
norm of an eigenfunction (see the recent work of Templier [Tem15] for a sharper upper
bound):

| filoo < AL/4K12,

By Proposition 3.5, Lemma 2.1 and Lemma 2.2, we have h(k, m) < X I+€ / k. Therefore,
1/4 x1+e

[R(m, fL)] K le
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Similarly,
Y (1/4 + t2)l/4xl+e
k1/2

[R(m, Eq(v, 1/2+i1)| K
By Lemma 3.9 and the above inequalities,

Xl+6 )\.1/4X1+E X2+€

; 1/4-A
Ernigh <<Z\/m_dl)LA a2 < an Z)‘ :

A>T A>T
By the Weyl law for I'x\ Vi .,

D OAMAA L kDA,

A>T
Recall that X < |D|'/?%€, k = d1d> < |D|'/'0. Therefore, by choosing A large enough,
we obtain Erpigh = O(1). This completes the proof of the proposition. ]

3.3. The Maass identity and the Siegel theta kernel

Let L € C(I'x\ Vin.x) be any continuous function which decays with an exponential rate at
cusps, e.g. L is a truncated Eisenstein series, a cusp form or any function with a compact
support. In this section, we write R(m, L) in terms of the asymptotic of the m-th Fourier
coefficient of the theta transfer of L. We begin by introducing Siegel’s theta kernel as-
sociated to the indefinite quadratic form gy := z> — kxy. Let Hy . denote the majorant
space of the symmetric matrix Ay (see [Sie67]):

Hy :={(P:PT=P,P>0and PA_'P = A}

For P € Hy, and z = x + iy € C with y > 0, define R(z) := xA + iy P. The Siegel
theta function is defined for & € Q3 with 2A e € Z> by

O (z, P) :=y/* Y e(R(z)[h + a)), (3.17)
heZ?
where R(z)[h 4+ «] := (h 4+ «)TR(z)(h 4+ a). We write ©(z, P) when ¢ = 0. More
generally, let A[B] := BTAB for matrices A and B. Note that ®4(z, P) is absolutely
convergent, since y > 0 and P > 0. The orthogonal group SO, acts transitively on the
majorant space Hy, by sending P € Hy, to P[g] := gTPg for g € SO,,. We define
Py € Hy, to be

2k 0 0
Py:=|0 2k 0
0 0 1
We extend the definition of the theta kernel from Hy, to SOy, by defining
O (2, 8) = Ou(z, Polg™' D). (3.18)

Note that we used g’l to transform Py. Next, we cite a theorem that gives the transfor-
mation properties of the theta kernel ®4(z, Po[g_l]) in the z variable. This theorem is
essentially due to Siegel [Sie51] and is stated in this form in [Duk88, Theorem 3]. It is a
consequence of the properties of the Weil representation; see [KS93, Proposition 2.2].



1194 Naser Talebizadeh Sardari

Theorem 3.11 ([Duk88], [KS93]). For [¢5] =y € I'o(4k) we have

Oyz,8) = j(r.20(z,8)., QO(z,8) =4A.10(z,8) +30(z, ),

where j(y,z) = egz/zz)) is the theta multiplier for 6(z) = y'/*Y", _, e(n’z), and A1)

is the Laplacian operator defined on weight 1/2 modular forms and 2 is the Casimir
operator.

Remark 3.12. By the above theorem it follows that if f;, is a cusp form with eigenvalues
A =1/4+ (2r)% then O f;(z) := J©(z, 8) fr.(g) du(g) is a weight 1/2 modular form
defined on I'g(4k)\H with eigenvalues A = 1/4 + r2.

Note that SO, also acts transitively on V;, ;. We define

ALOIL
X0 := | 3/ml/k | -
0

and extend the definition of L from I't\V}, x to 'k \SO,, by L(g) := L(gxo). It is easy
to check that the stabilizer of xo € V,, x is the same as Py € Hy, and it is a maximal
compact subgroup of SO,, . We denote this maximal compact subgroup by K. Let

F)=OxL = / 0. 9)L(g) du(g).
Tk \SOy,

Theorem 3.11 implies that F'(z) is a weight 1/2 modular form of level 4k and has moderate
growth. Let

F(u+iv) = cpoo(v) + Y pr.oo(n, v)e(nu)
n#0

be the Fourier expansion of F at co. Define the m-th Fourier coefficient of F to be

PFoo(m) i= im_ pp,oo(m, v)e™ " (47 |m|v)~*€m/, (3.19)

Next, we prove an identity that relates pr oo (m) to R(m, L). Originally, Maass [Maa71]
proved a version of this identity for the eigenfunctions of co-compact lattices. As noted by
Duke [Duk88, Theorem 6] Maass’ proof extends easily to cusp forms, since the theta inte-
gral is convergent for cusp forms. However, the theta integral is not absolutely convergent
for Eisenstein series. For our application, we need to extend this identity to Eisenstein
series. In Section 3.5, we prove the analogue of Maass’ identity for Eisenstein series by
using the center of the enveloping algebra.

Lemma 3.13. We have pp.oo(m) = %4|m|—3/4R(m, D).
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Proof. Note that pr oo (m, v) = fol F(u +iv)e(—mu) du. We have
1 -
PF,00(m, v) = / / O +iv, Polg~'"NL(g)e(—mu) dpu(g) du
Tk \SOq,

= v3/4/ / Z e(ugr(h) +ivPolg ") L(g)e(—mu) du dpu(g)
Tx\S0y JO (i

3/4 ivPolg~"h)L(g) du(g).
v /F o, X, ORI IDLE i)

hez?
gk (h)=m
We unfold the above integral and write it as a finite sum over the integral orbits. Then

PFoo(m,v) = Y

1etrom 1Tkl Jso,,

v3/4

e(ivPolg "IN L(g) du(g),

where 1 = I'th is an orbit for some h € V,, x(Z), and |k 1| = |T'k.n| is the size of the
stabilizer of any representative h € 1, which is independent of the choice of h € 1. Next,
we use Fubini’s theorem and write the above integral over the ternary quadric V), x with
its invariant measure induced from the transitive action of SOy, on V,, . Recall that

|m|/(4k)

Xg 1= | +/|Iml|/(4k)
0

Since SOy, acts transitively on V,, ¢, for any 1 € V), ¢ there exist [ € SO, such that
Ixg = 1. In fact if Ix9 = 1 then lkxp = 1 for any £k € K. We write every element
g € SOy, as g = lkt for some t € K\SOy, and k € K. Since du is a Haar measure,
du(lg) = du(g). Note that K is a compact group, so we normalize the Haar measure so
that [, dk = 1. We have

PFoo(m,v) = >

et Tkl Jso,,

U3/4

e(ivPlg "IN L(g) du(g)

3/4
/ /e(ivPo[(lkt)*ll])l_,(lkt)dkdt
ler(m)|Fkl| K\SOy,
3/4
/ /e(ivPo[t’lk’ll’ll])l_,(lkt)dkdt
ler(m)|Fkl| K\SOy,

v3/4

= > f /e(ivPo[t_lxo])l_,(lkt)dkdt
1etrom Teal Jr\so,, Jx

034 _
= Z e(ivpo[flxo])/ L(lkt)dkdt.
\eHrom) ICeal Jx\s0,, K
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Recall that L(lkt) = L(lktxo). We take the integral over the compact group K and obtain

3/4
pE.oo(m, v) = 2 e(ivPolt™ " xo) Vi) dt, (3.20)
1etrom Teal Jr\s0,,
where V;(t) = f % L(lktxo) dk. By our normalization of the Haar measure of K we

obtain
sup V()] < sup [L(X)].
t€K\SOq; XEVink
So V; is a bounded function on K\SO,, . We note that the quotient space K\SO, is
identified with V), x by sending t € K\SO,, to h := t_lxo € V,, and we write

The measure dt is identified with the invariant measure defined over V,, ; that is the
hyperbolic measure. We denote this measure by du. Next, we change the variables and
write the integral (3.20) that is over the quotient space K\SO,, in terms of an integral
over V,, x and its hyperbolic measure. We also consider the smooth weight function V;(¢)
as a function on V,, x by our identification ¢ +— t_lxo € Vin.k- Hence, we obtain

v3/4

pFoo(m,v) = )

T e(ivPo[h])Vi(h)dp.
lGHk(m)| k,l| Vin k

Let I(l,v) :=v3/4 Jy,, , eGvPo[ADVi(h) dpu. Then

1
Proc(m,v) = > ——I(,v). (3:21)

\e Hy (m) 1Tkl

Next, we give an asymptotic formula for 7(l,v) as v — oo. We note that Pgp[h] =
2kh? + 2kh3 + h3. Then

1, v) = v*/* / exp(—27 v(2kh? + 2kh3 + h3))Vi(h) dps.
Vm.k
Since h € V,,,, we have h% — 4kh1hy = m, and we obtain

I1(,v) = exp(—27rv|m|)v3/4/ exp(—2mv(2k(hy — h2)* 4+ 2h3) Vi(h) du.
Vm,k

We change the variables to u; := hlﬁ, Uy = hjﬁ and u3 := \/h|_:7| Hence,

I(,v) = exp(—2rrv|m|)v3/4 /2 exp(—2rvm((u; — u2)2 + 2u§))V1(u) du.
u3—u1u2=—1
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We note that as v — oo the above integral localizes around ug = (1, 1, 0). By stationary
phase,

. 2 2 1 Vi(xo)
lim exp(—2mvm((u1—u2)"+2u3))Viwydu = ( 1/2+0| —= ,
v—>00 u%—uluzz—l \/5 v|m|
N . 2o
where xg = Lymi | 1s the minimum of the quadratic form 2k (k1 —h2)“+2h3 on Vy, «.
0
Note that
Vi(xg) 1= / L(lkxo) dk = L(Ixg) = L(l).
K
Therefore,
_ —3/4.1/4
1(.v) = exp(—2n’v|m|)(4n|m|v)_1/4L(l)|m|Tn(l +0(1/Jv)).
We insert the above identity for 7 (/, v) into (3.21) and obtain
PF,00(m, v) Va1
_3 1
— exp(—2rvim|)dlmly) AT 3 LA)(1 4 0(1//v))
\/5 le Hy (m) |Fk,l|
—3/4._1/4
= exp(—2mv|m|) (4x |m|v)~ /4 ml R(m, L)(1 + O(1//v)).
V2
By (3.19), we have
|m|73/4—n,1/4
PF,00(m) = ———=——R(m, L).
* V2
This completes the proof of the Maass identity. O

3.4. Bounding Er|ow

Recall that Erjow 1= >, (W, fi)R(m, f), where T = ID|® for some fixed power
6 > 0. In this section, we give an upper bound on Erjoy. Shimura [Shi73, p. 450] de-
fined Hecke operators 7, for all integers v (including v = 2 and v | 4k) for holomorphic
half-integral weight modular forms. It is standard to define the analogue of them for the
space of half-integral weight Maass forms with level I'g(4k) and check that the T, form a
commutative set of linear transformations which commute with Ay/2; see [KS93, Propo-
sition 1.4]. Moreover, TU2 is self-adjoint with respect to the Petersson inner product if
gcd(v, 4k) = 1. Therefore, there exists an orthonormal basis of simultaneous eigenfunc-
tions of Ay; and all T,2, where ged(v, 4k) = 1 for weight 1/2 Maass cusp forms with
level I'g(4k). Let

By := {3y : ¥ is an eigenfunction of Ay, and all sz, where gcd(p, 4k) = 1}
(3.22)
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be an orthonormal basis of weight 1/2 cusp forms of level I'g(4k) and Aj/; eigenvalue
A < T/4 4 3/16, and v,/ is not an elementary theta series, which means " # 3/16. It
is known that v,/ (z) has a Fourier development at co of the form

Y (u+1iv) = ¢y, 00(v) + Z Pyryr.00 MWL y2)sgn(ny i (47 [n|V)e(nu),
n#0

where 1/4+412 = )/, Cy,.00(v) is a linear combination of vl/ZHit and p1/2-it gnd Wg,u(v)
is the Whittaker function normalized so that Wg , (v) ~ e /2P as v — 0. We note that
the asymptotic of the Whittaker function is independent of the spectral parameter A. In
the following lemma, we apply the Maass identity proved in Lemma 3.13 and write Erjgy

in terms of the Fourier coefficients of y,; € Br.

Lemma 3.14. We have

Eriow = [m/ 4742 3" (@5 W, 1) py, .0 (m).
IﬁA/EBT

Proof. Let Wr = ZO§A§T<W’ f) fr, where { f} is an orthonormal basis of the cusp
forms with the €2 eigenvalue less than 7. Since Wr is a finite linear combination of Maass
cusp forms, it decays rapidly at cusps. By Lemma 3.13, we have

Erlow = R(m, Wr) = [m|?*7 =42 poswy.oo(m). (3.23)

Note that ® x W is orthogonal to the elementary theta series; see [KS93, last line of p. 79].
By Theorem 3.11 (see Remark 3.12), ® x Wr is spanned by the orthonormal basis Br.
Hence,

OxWr= ) (OxW, yu)¥.

1//;»/ EBT

By computing the m-th Fourier coefficient of both sides of the above identity and using
the asymptotic of the Whittaker function, we have

POsWr.co(m) =Y (O x W, ¥y) py,, c0(m).
IL‘)L/GBT

By the above and (3.23), it follows that

Erigw = [mP/ 47 =42 3" (@5 W, Y1) py, .0 (m).
W)JEBT

This completes the proof of the lemma. O

Finally, we bound the contribution of Erjgy.

Proposition 3.15. We have

|Erlow| << |m|_1/28k10X1+€T7.
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Proof. By Lemma 3.14, we have

[Briow| < Im 7= 4/2 3" (@ % W, ¥)] oy, co(m)]. (3.24)
M <T/4+3/16

Recall that m = Dv% where D is a fundamental discriminant, and gcd(k, vg) = 1. By
Theorem 5.1, we have

|y, (M) K¢ [V cosh(ort /2)[m| =/ 7H¢. (3.25)

Duke stated the above inequality only for the square-free integers m, since this bound
does not hold for the Fourier coefficients of elementary theta series at squares m. Note
that ® x W is orthogonal to the elementary theta series; see [KS93, last line of p. 79].
Following Sarnak [Sar90, p. 100], we extend Duke’s upper bound in Theorem 5.1 to all
m= Dv(z), where ged(vg, k) = 1.

Next, we give an upper bound on (® x W, v,/). We have

(O« W, Yp) = / Vi (2) O(z, hw(h)du(h) dn(z)
To(4k)\H T\ Vin k

= / w(h) Y (2)O(z, h) dn(z) dju(h), (3.26)
Ti\Vin k T (4k)\EL

where dn(z) and du(h) are invariant measures on 'g(4k)\H and '\ V,, x, respectively.
Let
@.(h) 1=/ O(z, )y (2) dn(2).
To(4k)\H
It follows from Theorem 3.11 that ¢, is a Maass form of weight zero and eigenvalue

A = 4\ — 3/4. We say ¢, is the theta lift of the weight 1/2 modular form ;. By
equation (3.26), we have

(© % W, ) = / (W () dpe(h) = (g5 W).
T\ Vin k

By the Cauchy—Schwarz inequality

(O * W, d)| < [Wlalerl2,

where |W|> and |g; |» are the L? norm of W and ¢,. By Lemma 3.7, we have |W|, <

56%;. By Theorem 4.9, we have |¢; |» < cosh(—mt/2)k?1%/2. Therefore,

x1+e
(O % W, Y)| < cosh(—mr/2)k? 2> ——.
Jm
By applying the above and the inequality (3.25) in equation (3.24), we obtain

X1+e
|Erjow| < |m|3/4( > AP cosh(rt/2)m| T cosh(—nt/2)k9x9/2—>.
NV <T/4+3/16 Vm



1200 Naser Talebizadeh Sardari

By the Weyl law the number of eigenvalues A’ < T is bounded by k7. Therefore,
|Er]0w| < |m|—l/28k10X1+6 T7.

We choose T = | D|? for a small fixed § > 0. O

3.5. Bounding Ercs jow

We briefly explain our method for bounding Er¢ 1ow. Recall that

Eretsjow = ) (W, Eq(-, 1/2 4 it))R(m, Eq(v, 1/2 4 i1)) dt.
’ [1/4+12|<T

aeé‘k

We wish to apply Lemma 3.13 to R(m, Eq(v, 1/2 + it)), which relates this quantity to
the m-th Fourier coefficient of ® x E,(v, 1/2 + it). However, we note that the theta
integral ® x E,(v, 1/2 + it) is not absolutely convergent and we need to regularize it.
To this end, we use the center of the enveloping algebra (Casimir operator). This method
has been used in the work of Maass [Maa71], Deitmar and Krieg [DK91] and Kudla and
Rallis [KR94, Section 5]. We begin by proving an auxiliary lemma.

Lemma 3.16. We have
1
s L ya(x0) K1 foreverya € &.

1

Proof. Let vy := [(1)] € V_sx k. By scaling I'y\ V_s4x x maps isometrically to I'r\ Vi k.
This maps vy to xg. Hence yr, (xo) = yr, (vo). It follows that

(vo) K 1 !

(¥ max{l, —————— |,

I tYo nq dist(vg, ngqvo)
where n4 is a parabolic element of ['y. Since, nq is parabolic, vo # nqvg. Let ngvg =
n

[Z%] for some ny,ny,n3 € 7Z, where n% — 4knin, = —4k. By integrality of n; and

Vo 7# nqvo, we have [nyny| > 2. Hence, |n3| > 2/k. We define the following isometry
from V_g4;  to the upper half-plane H:

a kai /(2 —a3 + 2k
a|leVogrr | aa/Vk) | €V 24 = —n € H. (3.27)
a az/ (2NK) a

We note that vy maps to \/1_1; and n,vy maps to ﬁ + m Hence,

. .. —n3 i
dist(vg, ngvg) = dlSt(l, — + —) > 1.
¢ 2\/];1’11 ni

This completes the proof of our upper bound. To prove the lower bound, we identify SO,
with PSL,(R), so that I'y is identified with I/ C S Oy » Where I’ contains the congruence
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subgroup I'g(k). Then we parametrize the cusps of I'g(k) with 1/w for 1 < w < k and
show 1/k%> < Y1/w (i/\/E). Since I'"\H is a covering of ' (k)\H and x¢ maps to i/\/E,
we have 1/k>3 < y1/,(i /Vk) < ya(X0)-

We give the details of our argument. PSL,(R) acts on the space of binary quadratic
forms Q := {ax?>+bxy+cy? : a, b, ¢ € R} by linear change of variables and it preserves
the discriminant of the binary quadratic forms

|:i Z] F(x,y) = F(ax + by, cx + dy).

This identifies PSL; (R) with SO,, where q1(x, y, z) = 2 - 4xy through the map
b a? 2 ac
y=[c di|l—>gy= b d? bd
2ab 2cd ad + be

k0O
Let By := [8(1)(1)].Then

0 -2 0 0 -2k 0
BI|-2 0 O|Bi=|-2k 0 0
0 0 1 0 0 1

We note that if g € SO, then Bk_lgBk € SOy, . This identifies PSL> (R) with SO, ,
y € PSLy(R) > g, € SOy, +— B 'g, Bi € SO, . (3.28)
By the above isomorphism the lattice I'y C SOy, is identified with I'" C PSLy(R), where
a> k' k7 lac

.= [Z 2i|ePSL2(R): kb? d? bd € M3x3(Z)
2kab  2cd ad + bc

It is easy to check that I'” contains the congruence subgroup

To(k) := {[‘C’ z} :a,b,c,deZandk|c}.

By Propositions 4.2 and 4.3, the cusps of I'g (k) are parametrized (not uniquely) with 1/w
for 1 < w < k and its scaling matrix is

_[1 oo][vF o
O'l/w—wl 0 I/W,

gcd(k/ oy and k' = 7. Since Xo maps to =

w d(k we have

where k" =

\/‘a

P Cfo-t ()2 L Ve ]
V1w ﬁ _mol/w ﬁ _Fk—i—w?_kﬁ'

This completes the proof of our lemma. O
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Let 0(z,g) = Q0O(z, g). Since Q is inside the center of enveloping algebra, 0(z, g)
remains a theta kernel. The following theorem follows from the work of Kudla and Ral-
lis [KR94, Proposition 5.3.1]; see also [TG, Lemma 7.7].

Proposition 3.17. 6(z, g) = 0c(|yr0(4k)(z)|’A)for every A > 0 and g € C, where
C C I't\SOy, is a fixed compact subset. Similarly 0(z, g) = Oc/(|yr, (®)|~4) for every
A > 0and g € K, where C' C Ty(4k)\H is a fixed compact subset. Moreover, for
every z,

/ 0(z, g)du(g) =0.
T'4\SOy,

Let Eftk := {a’ : o ranges over all inequivalent cusps of 'g(4k)\H}. For z € T'o(4k)\H
and s € C, let Ey(z, s) be the Eisenstein series of weight 1/2 whose constant Fourier
coefficient at cusp b’ is 84y yp, + goa/b/(s)yé/_s; see [Duk88, Section 2].

Proposition 3.18. We have

Ercts,low =
V2 1 .
m|m|3/4 Z /1/4+t2|<T mpEa/(~,l/2+iI/2),oo(m)(O*Wa Eq (-, 1/2+it/2)) dt.

a'e&y,
Proof. Since W is compactly supported and 0 is rapidly decreasing uniformly on com-
pact sets, 0 x W(z) is also rapidly decreasing on I'g(4k)\H. Since the Eisenstein series
Eq(-, 1/2+it) has moderate growth on I't\SO,;, and 0 is rapidly decreasing on I'x\SOy,,

6(z, ) # Ea(, 1/2 4 i) = / 0(z. 9)Ealgno, 172470 du(g)
Fk\SOy,

is absolutely convergent. By the Siegel-Weil formula, we have
0(z.) % Ea( 1/2+i0) = ) taw(DEw(z, 1/2+i1/2).
a'e&y,

where aq (¢) is an analytic function for every pair aa’ . Since 6 transfers the cusp forms
on 't \SOy, to the weight 1/2 cusp forms on I'g(4k)\H and 8+ W (z) is rapidly decreasing,
by the Plancherel theorem

> W Eo( 1/24i0)0(z, ) % Ea(, 1/2+ it)

aeEk

= > (OxW.Eg(.1/2+it/2)Ex(z. 1/2+i1/2)

’ 7
ae&y,

for every ¢t € R. Hence, the m-th Fourier coefficients of both sides are equal, and we
obtain

Y (W Ea( 172400} posiy (-1 /2+in) ()

ae&y

= Y (0% W, Eq (. 1/2+it/2))pE(1/2+i1/2).00 (M)

’ !
a'e&y,

for every t € R. By a similar computation to that in Lemma 3.13, and by the identity
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QE (v,s) =s5s(1 —s)E4(v,s), it follows that

V2

—7 M 004y 1,00 (m) = 55 = DROn, Ea(,5).

Finally,

Ercts low = Z / (W, Eq(-,1/2+it))R(m, Eq(-, 1/2 +it)) dt
' [1/4412|<T

ae

1
= |3/4 — (Eq(-, 1/24i0), W 124ty 00 (m) dt
1/4| > ey T EaC 120, Whpsar, 1240, 000m)

ae&y
V2
= 1/4 |m|3/4
x> / ! (MO & W, Ey (- 1/2+it/2))di. O
1/4+2|<T 1/4+,2PE o (5 1/24i1/2),00

u’eé’j‘k
Proposition 3.19. We have
[0 % W, Ear(-, 1/2+ it/2))]
LA+ [t)*PI0A/4+i1/2)] DWW, Eq(, 1/2+in)]
ueSk

Proof. For simplicity, we give the proof for @' = oco. We briefly explain how to prove
this proposition for every cusp a’ € &,. By Proposition 4.2, £, is parametrized (not
uniquely) with 1/w for I < w < 4k. We use the scaling matrices o1/, that are intro-
duced in Proposition 4.3 and the transformation properties of the theta series (see [Duk88,
equation 4.4]), to reduce the problem to the cases a' = co.

We write E(-, 1/2 4 it/2) for E5 (-, 1/2 4 it/2). Suppose that Re(s) > 1. Then by
unfolding fl“o @o\H against the Eisenstein series and unfolding ka\Squ against W(g), we
have

(9*W7E(-,S))=/ /
Ti\SOy, JTo@k\H

1 00 _ d
= f / / e(z,g>y3w(g>—§dxdu(g)
504, Jo Jo

1 poo
= [ [ X ettt o)) G dx dute
qk

h#0eZ3
o
=[O X ey g ) SQw(g)—dM(g)
50q; 70 h#£0e73
qr (h)=0
1
—TG -1/ / Qu(g) dpu(s).
To—T —1hp)s—1/4
Oy ptoez? (hTg=TPog~'h)

gk (h)=0
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Let !
(g, s) = .
hgﬁ (hTg=TPyg=th)s=1/4
qx (h)=0

It follows that ¥ (g, s) is absolutely convergent for Re(s) > 3/4. Note that I'; acts on the
set of projective vectors [h] € P%(Q), where qr(h) = 0, and the inequivalent classes are
in one-to-one correspondence with &. For every a € &, pick a primitive representative

hy # 0 € Z3. We have

1
,8) =205 —1/2
V(g.s) =20(s /)c;&yer;ha\rk T2 Po(rg)—Thay—T/"

where I'y p, C I' is the unipotent subgroup which fixes hy. By Iwasawa decomposition,

we write yg = nq(yg)aa(yg)k(yg), where k(yg) € K, nq(yg) € Nq, and aq(yg) is a
symmetric matrix where aq(yg)h = th, for some #,(yg) € R*. Hence,

w(g’s) — Z 1
2025 =1/2) L \rk (hi(yg)"TPo(yg)"ha) =1/

_ 25—1/2
Z (hTPoh ys—1/4 Z fa(y8)

ack Y€lkha \[k
1 25-1/2
=D 7 1/4 w2 Yalvgxo®
ace, (haPoha)*™ /4ya(x0)> =Y/ ¥ €lkng \Tk
1
_ Eq(g.2s —1/2).
cgsk (h] Poha)*~1/4yq (x0)>~1/2°

Note that both sides have analytic continuation to the whole complex plane. Hence

Z 20(2s —1/2)
(h-ar POha)S_l/4Ya(XO

V(g.s) = 7 Fa(: 25 = 1/2)

ac&y

By Lemma 3.16, integrality of h] Poh, and the convexity bound on the zeta function, for
every a € &, we have

20(1/2 + it)

1/4,1.25
‘ (h"ll'Poha)1/4+it/2ya(XO)1/2+it k :

Lt

Therefore,

(0 % W, E(-, 1/2 4 it/2))|
L CA/A 4t/ P A4 +12) Y7 (W, Ea, 1/2 + 1)

aeEk
This completes the proof of our proposition. O

Finally, we give an upper bound on the contribution of Ercs jow-
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Proposition 3.20. We have |Ercs jow| < kO3 T7/4|m|~1/28+€| x| 1+,
Proof. By Proposition 3.18, we have

| Ercts, low| <

3/4

Im| |PE (. 1/24it/2).00(m)| (0 x W, Eq (-, 1/2 4 it/2))| dt.

1
/|1/4+t2|ST 1/4 +12

a'ek),
Recall that m = Dv(z), where ged(vg, k) = 1. By Theorem 5.1,
PEy(1/2+i1/2).00(m)| & (1 +]])? cosh(art /4)|m|~>/7F<.
By Proposition 3.19,

[0« W, Eqy(-,1/2+1it/2))]
KA+ 1) PID(A/4+it/2)] Y W, Eq(, 1/2+ i)

ae&y
Proposition 4.2 implies that |}, | < 4k. Hence,
|Ercts,low|
1 .
< mP* 3y / T PE (/241,00 O W, Eqr (-, 1/2+i/2)) | dt
o', JI/aI<T [4+t

& kO|m|13/28+¢ Z/ " (141> cosh(t/4)|T(1/4+it/2)|
&, JI11/4+17|<T
me X (W, Ea(-, 1/2 + i1))| dt.

By Stirling’s formula for the Gamma function, we have
IT(1/4 4 it)2)| ~ 27 |t/2]" V4™ mIH/4,

Hence,

Erasionl < Ko ¥257 3 (1 6 (W, EaC, 172+ in)] d1.
[1/4+12|<T

ac&y

By Plancherel’s theorem and Lemma 3.7, we have

2+€

Z/ (W, Ea(-,1/2+ir>>|25f WP dp < ——.
act, J1/a+2<T T\ Vi k dim
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Since ['g(k) is a subgroup of Iy, || < k. By the Cauchy—Schwarz inequality, we have

f (L+ 1D (W, Eq(-,1/2 +it))| dt
[1/4+2|<T

acly
1/2 2 1/2
[Z/ 1+ |t|)6dt] [2/ (W. Eq(-,1/2+ i1))| dt
acg, Y 11/4+12|<T ac, Y 1/4+21<T
1+
< k2714 X _
dim
Therefore, Ercts,low < k6|m|l3/28+6k1/2T7/4% < k6'5T7/4|m|_1/28+6|X|1+6. O

4. Bounding the L? norm of the Siegel theta transfer

4.1. The Mellin transform of the theta transfer

We follow the same notations as in the previous sections. Let f(z) be a weight 1/2 mod-
ular form on T'o(4k)\H with L? norm 1 and eigenvalue A’. Recall the Fourier expansion
of f(z) at oo,

F(@) = croo) + Y broom W sgn(ny.is (4 Inly)e(nx),
n#0

where 1/4 41> = )/, ¢/ () is a linear combination of y!/2+* and y!/2=" and W ,, ()
is the Whittaker function normalized so that Wg ,(y) ~ e Y2y a5y = oo. For g =
[45] € SLa(R), we define

) cz+d\ V2
Je(2) = (|cz+d|> f(g2),

where for z # 0 and v € R we define z¥ = |z|exp(iv arg(z)), where argz € (—m, ].
Since f is an eigenfunction of Ay, with eigenvalue A" and invariant under I'g(4k) with a
multiplier of weight 1/2, it follows that f, is an eigenfunction of A/, with eigenvalue A’
and is invariant under g ~' g (4k)g with a multiplier of weight 1/2. Let

— dxd
0@i= [ ety G Sy @
o (4k)\H y

Recall that ®(z, g) is 'k invariant from the left and K invariant from the right in the g
variable. It follows from Theorem 3.11 that ¢ is a Maass form of weight zero and eigen-
value A = 41" — 3/4 on T'y\ V,, . We consider the following torus G,, inside N

t 0 0
teGui>g:=|0 t71 0] €S0,.
0 0 1
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In the following lemma, we compute the Mellin transfom of ¢ along the above embedding
of G,,. Let

o g dt
Q(s) 12/0 P(g)t R (4.2)
0(z) ==y e((x +iy)h?),
heZ
/ y s
E(s,2) = — 43
-9 hhzhz<|h1+4hzzD|2> @

where Z}ll n, 18 the sum over pairs of co-prime integers.

Lemma 4.1. We have
! 1 s R 1 dx d
Q(s) = ké/zzs‘r<i)n? / f(z)@(z)E(i, z) ey
2 To(4k\H 2 y

Proof. We use the integral representation of ¢ in equation (4.1) and obtain:

o [ ) dxdy\ ,dt
Q(s) = fx+in)Ox +iy, g) ——— |' —
0 To(N)\H y t

I ) cdt\ dxdy
= f&x+iy) O +iy, gt — 7 4.4)
To(4k)\H 0 t y

Next, we split ®(z, g;) into a product of two theta series. By the definition (3.18), we
have

O +iy, g) =y"* Y e(x(hi —4khihy))e(iy(2kt—>hi + 2k1*h3 + h3))
h],h2,h3€Z

_ (y1/4 3 e(x + iy)hz)) (y‘/2 3" e((—dkxhiho)eliy 2kt 03 + 2kt2h§))).
heZ h],thZ
(4.5)

We note that the first term on the right hand side is the elementary theta series in one
variable:

0() =yt Y e((x +inh?).

heZ

We denote the second term by 62(z, t). By the symmetry between h; and hy we have
02(z, 1) = 6a(z, 1 1). By (4.5), the Siegel theta kernel ®(z, g;) splits into the product of
two theta series of dimensions 1 and 2:

O(z, &) = 0(2)02(z, 1).

Let
o ) g dt
M(s,z) := Or(x + iy, 1)t - 4.6)
0
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which is the Mellin transform of 6, (z, ¢). By the definition of Q2 (s) in (4.4), we obtain

— dxdy
Q(s) = / F@O@M(s, 2) —
To(4k)\H

Next, we show that M (s, z) is an Eisenstein series of weight zero and level 4k. We show
this by explicit computation. Let

Q.. (h1, hy) := 8wkixhihy + 4mkyt*h3 + dmkyt—2h3

2 27,2
X\/_ k|Z| h2>
=d4r Vkythy + 2) + .
(( t/y yt?

Then
02(z,1) =02z, 17"y = y!/2 " exp(—Qq (k1 h2)).

hl,h2€Z

Next, we apply the Poisson summation formula in the /| variable. Let eXp(§1, h2) be the
Fourier transform of exp(—Q_(h1, h2)) in the & variable. Then

o0

exp(&1, h2) 2=/ exp(—Qz,r(u, hy) —2miugy) du.

—00

By applying the Poisson summation formula in the 4 variable, we obtain

YN exp(=Q:(hn ) =y Y ekp&r, ha). 4.7

hy,hyeZ &1,hrel

Next, we compute eXp(&1, h7):

. o0 ixvk \*  klz|*h2
exp(&r, ho) = / exp(—4n((‘/ky tu + h2> + ) — 2niu§1) du
—00 tﬁ yt2

=ﬁ< f2>

We use the above formula and equation (4.7) to obtain

4f+fzh2 >

Next, we use the above formula in order to simplify M (s, z) that is defined in (4.6). We
have

Ozt = —— (
h(z,t77) 2\/—;”2 yt2

hy€Z

o0 dt
M(s,2) = / e, 0
0

1 foo Z ( 4rt?
- expl ——— + vk zhy
2vk Jo i e y

2
ts+l ﬂ
t

1
4k
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Therefore,

- dxdy
Q(s) =/ F(@)0@)M(s, 2) 2
F0(4k)\]HI

/ f F@o@ Y exp( dmt?
T ovk Fo(4k)\H hy ez y

Since [, S AO\H f(2)0(2) dXdy = 0, we have

Q(s) = L[oo/ f(z)@(z)z ex ( 47”
2vk Jo To(4k)\H i P y

+ vk zh»

2
ts-‘rl ﬂ
t

h dt
L + Vk zhy ‘)S_HT.

1
4/k

N/
where Z;”’hz is the sum over integers h, hy € Z excluding h1 = ho, = 0. Next, we
. th /Y
h. th ble t = kh Th t_—anddr T
change the variable to t | +«/_ 2z| en N +fh2z| /
= dt/t. Therefore,
o0 42| h 2 dt
/ Z/exp< L + Vk zhy )t”l —
(U y t

([ _2x+1d_f> ( NA] )S“
[

s+1

, 2
)hl 2<|h1 +4hzzk|2) '

We define
4
E(s,z) = 4.8
(s.2) Z <|h1+4hzzk|2> (4.8)
Therefore,
1 s 1 dxd
Q(s) = k225~ 1r<s+ >n—51/ f(z)@(z)E( St z) e 0
2 To(4k)\H 2 y
Let
s+1 dxdy
I(s) := f@QOQEl——.z 7 4.9)
T (4k)\H 2 y
Hence,

1 5
Q(s) = k225~ 1r<“2r ) 5 ).

Next, we give an explicit formula for 7 (s) in terms of the Fourier coefficients of f. We be-
gin by writing E (s, z) as a linear combination of Eisenstein series associated to the cusps
of ['g(4k). Then by the unfolding method we write the integral 7 (s) as a Dirichlet series
with coefficients associated to the Fourier coefficients of f(z)0(z). First we parametrize
the cusps of I'g(4k).
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Proposition 4.2 ([KY 19, Proposition 3.1]). Every cusp of T'o(N) is equivalent to one of
the form 1/w with 1 < w < N. Two cusps of the form 1/w and 1 /v with1 < v,w < N
are equivalent to each other if and only if

(v, N) = (w, N) and L=Lmd<( N) L)
v, = (w, an (v’ N) = (w’ N) O w, s (w’N) .

A cusp of the form p/q is equivalent to one of the form 1/w with w = p’q mod N where
p' = pmod (g, N)and (p', N) = 1. In particular, the cusp at oo is associated tow = N.

For each cusp a € Q U {oo} of a finite covolume discrete subgroup I' of SL,(R), we call
0a € SLy(R) a scaling matrix for cusp a if 6400 = aand o 'Taoq = {[} %] : n € Z},
where I'y is the centralizer of the cusp a. Note that scaling matrices are not unique. If
0q is a scaling matrix for a, so is oq [(1) 9 ] We use [KY19, Proposition 3.3], where the
authors give a representative for the scaling matrix o/, of each cusp 1/w of I'g(N).

Proposition 4.3 ([KY 19, Proposition 3.3]). Let 1/w be a cusp of T = I'g(N), and set
N = (N, w)N,, w = (N, w)w' = (N, w)w”, N’ = (N,,,w)N,,.

The stabilizer of 1/w is given as

1—w'N't Nt
Fijw = {i[—w/w’/Nt 1+w”N/t:| re Z}’

and one may choose the scaling matrix as

[t o][¥N" 0
Ul/w—wl 0 I/W

For each cusp 1/w of I'g(4k), we define the Eisenstein series

Evjwak(s,2) = Y Im(oy,y2)".
v €l /w\lo(4k)

By the spectral theory of I'g(4k)\H, the continuous spectrum of the Laplacian operator
on ['g(4k)\H is spanned by the Eisenstein series associated to the cusps of ['g(4k). In
the following lemma, we write E (s, z) that is defined in (4.8) as a linear combination of

Eq w4k (s, 2).

Lemma 4.4. Let E(s, z) and E1/y 4k (s, z) be the Eisenstein series as above. Then

E(s,z) = Z D1/w () E1jw,4k (s, 2),

1/w

where ¢1,(s) 1= 2¢(25)(N!'/N2)* with N!, and N!! defined in Proposition 4.1.
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Proof. We note that the Eisenstein series Eq/y 4k (S, z) is zero asymptotically at every
cusp for Re(s) > 1 except the cusp 1/w, where

lim  Eq/y41(s, 01/w2) = y° +o(1).

Imz— o0

Hence, the asymptotic of E(s, z) at the cusp 1/w gives the coefficient of the associ-
ated Eisenstein series E/y 4k (S, z) in the basis of {E1/y 4k (s, 2) : w € cusps of I'g(4k)}
for the continuous spectrum of I'g(4k). Next, we give the asymptotic of E(s, z) at the
cusp 1/w. By (4.8), we have

s

Py
Es=Y —2
2 h%:z [4khz + ho >

We use the scaling matrix

1 o][vN" 0
= lw 1 0 VN

that is given in Proposition 4.1 in order to compute the asymptotic of E(s, z) at the
cusp 1/w. We have

Im(o1/w2)°
|4kh101/wz + ha |
N//Sys
_ w
- N// 2
hiipez [Nz + 1[4k ot + ha *
N//SyS
— w
hl;ﬁz |4kh1N)z + ha(wN])z + 1)|*

- ;(ZS) Z " lesys 1 25 "
gedle Tyt Nz + ha(wNyjz + 1)

E(s, 01/w2) = Z

h],thZ

We note that as Im(z) — oo then all the terms in the above sum go to zero except 7
and &y such that the coefficient of z in the denominator is zero, that is,

4kh N/ + hawN! = 0.

Since ged(h, hp) = 1 we have hy = i% = N{U in the notation of Proposition 4.1.
Therefore,

lim  E(s, 01/wz) = 2((25)—5-.

Im(z)— 00 N/2s
As a corollary,
NI\
E(s,2) = Y. 2|55 ) Byt o).
w

1/wecusp of I'o(4k)

This completes the proof of our lemma. O
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4.1.1. Fourier expansion of the Jacobi function at every cusp of I'g(4k). In this section
we give the Fourier expansion of the classical Jacobi theta series at each cusp of I'g(4k).
We note that the Fourier expansion of the Jacobi theta series at oo is

0(z) := y'/* Ze(nzz)-

nez

0(z) is a weight 1/2 modular form invariant by I'g(4) that has three inequivalent cusps
00, 0 and 1/2. Hence, it suffices to give the Fourier expansion of 8(z) at 1/2 and 0. We
use the following scaling matrices for I'g(4). We let

0o —1/2 1 —-1/2
fo:=[2 0/] 71/21=[2 0/]

where 1 and 71/, are scaling matrices for the cusps 0 and 1/2 of I'g(4). The Fourier
expansion of 6(z) at the cusp 0 is given by expanding 6, that is,

2 \"12
07 (2) = (| |) 0(—1/42)

at co. We use the following formula from [KS93, equation (2.4)]:
0(2)g = ¢ ™0(2). (4.10)
Next, we give the Fourier expansion of 6(z) at the cusp 1/2. We have

0(t122) = Im(1102)'* Y " e(n*(1122))

nez
yl/4
= o /2= 1)
nez
Y/ )
|2 122|172 D _(=D"e(=n?/(42))
nez
yl/a )
= 22172 (2 Z e(—n%/(47)) — Ze(_nz/(4z)))
n even neZ,
1/4
|2)’Z|1/2< Ze( n*/z) — Ze(—nz/(4z))>

nez

= «/—9(—1/2) —6(—1/42).
We use the transformation formula of 6(z) under y; := [(1) _01 ] (see [KS93, p. 202])

12
6(— l/z)—z_1/2<|z|) G(ZH%H/D. @.11)

By equations (4.10) and (4.11), we have

1/2 1/2
e(n/zz>=e—”/“<é—|) O() +0(z+1/2) — e(z))—e—”/4<| |) 0(z+1/2).
4.12)
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We note that 65, ,, is invariant under I'oo. Hence,
Oy, (2) = ¥'* Y g 1jw(m)e(nz),
nel

where bg 1/ (n) is the n-th Fourier coefficient of 0(z) at the cusp 1/w associated to the
scaling matrices o71,y,. In the following lemma, we give the Fourier coefficients of 6(z).

Lemma 4.5. Let 6(z) = y'/* Y onez e(nz) and o1/w be the scaling matrices introduced
above. Then 9(z) has the following Fourier coefficients for each cusp 1/w of To(4k). If
w = 0 mod 4 then

6[7]/117 = G(Ni//wz)’

1bg.1w ()] = {(Nf//w)m ifn =m*Ny,, for somem € Z,

0 otherwise.

If w = +1 mod 4 then Nl”/w = 4o and

0o, (2) = B0z £ 1/4),

1/4

o if n = m*a for some m € 7,

Do, 1/w ()] := {

0 otherwise.
Finally, if w = 2 mod 4 then

O1/w(2) = O(NY),2),

(N{’/w)l/4 ifn = mzN{//w for some m € Z,

0 otherwise.

by, 1w ()] := {

Proof. We note that 6(z) is invariant under I'g(4) and I'g(4) has three cusps, {0, 1/2, co}.
If w = 0 mod 4 then the cusp 1/w is equivalent to oo in ['g(4) and the Fourier expansion
of 05, ,,, is given by the identity

Oy (2) = O(N]),2).

If w = 4« + 2 then 1/w is equivalent to 1/2 in I'g(4) and we have

. [1 0} . [1 1/2] VN 0
w = 1/2
Jw 40 11"V%|0 1 0 I/M
By the above decomposition and equation (4.12), we have
el/w(z) = Q(Ni//wz)

If w =4« + 1 then 1/w is equivalent to 0 in I'g(4) and we have

1o 1 1/41[/N"/4 0
T =14y d4a+1|"]0 1 0 1/\/1\/?/4 .
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By the above decomposition and equation (4.10), we have
O1/w(@) = 0(N"z/4+ 1/4).

Finally if w = 4« + 3 then 1/w is equivalent to 0 in I'g(4) and we have

N L g [ —1Aa Va4 0 .
/ —4a+1) 4a+3] 70 1 0 1//N'/4

By the above decomposition and equation (4.10), we have
O1/w(2) = O(N"z/4 — 1/4).
This completes the proof of our lemma. O

Note that f,,,, is invariant under l'oo = {[} 7] : n € Z}. So, we can write the Fourier
expansion of f5, , at oo and obtain

Jorw = Z b 17w (M)W 4ysgn@m),ir (47 |0]y)e(nx). (4.13)
n#0
Next, we apply Hardy’s method in order to give the trivial bound on by 1/ (1) the n-th
Fourier coefficient of f at the cusp 1/w. This method was implemented by Matthes for
real analytic cusp forms [Mat92, p. 157].

Lemma 4.6. Let f be a weight 1/2 modular form defined on T'y(4k) with Laplacian
eigenvalue 1/4 + r? and | f|» = 1. Then

1—(1/4)sgn(m)
2 eﬂ 172

11w (m)] < 7 TN{ ) (L4 0(r7h),

Proof. Let Ay, := {z = x +iy : |x|] < 1/2andy > yo}. For each z € H, we de-
note by N(z, 1/w, yo) the number of elements of the orbit of z under the discrete group
01_/110 [o(4k)o1,y that lies inside Ay,. For each cusp 1/w of I'g(4k), let

. * %k _
Cljw = mln{c >0: |:c *i| S 01/111)F0(4k)01/w}.

By definition of o1y, in Proposition 4.1, it is easy to check that c1/, € (l/Ni’/w)Z.
Hence, ¢1/w > l/N{’/w. By [Iwa02, Lemma 2.10], we have

10 10N7
Nz, 1w, yo) <1+ <141 (4.14)
Cl1/wY0 Yo
By inequality (4.14) and | f |2 = 1, we have
| iremarane = [ NG 1w, 30 F @170 dir(2)
A«VO UQWFO(4k)Ul/11)\H
10N"
<14 (4.15)

Yo
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Next, for each m € Z, we give an upper bound on |by, 1/, (m)|, the mth Fourier coefficient
of f atcusp 1/w defined in equation (4.13)

o
f |f @) du(z) =Y bpijwm)? f W aysgneny.ir I |y) > dy /52
Ayy n#0 Yo

(e.¢]
=Y Ibr.ajwm)*4m|n] (Wt jaysgnny.ir @) du Ju®

n#0 47 |n|yo
2 * 2 2
> |by1w(m)| 4 |m| IW aysgnm),ir W)|° du/u”. (4.16)
4 |m|yo

We take yg := (4 |m |)_1 then by inequalities (4.15) and (4.16) we have

2
|bf.1 7w (m)]? /1 Wt jaysgnomy.ir @)1 du/u® < Ny, (4.17)
For t — oo and bounded y, we have

Wisgn(my/4,ir ()
B < I'(—2ir) 1/2+ir I'(2ir)
~\ra2==sgntm)/4)” T(1/242ir —sgn(m)/4)

y1/2—ir> (1 + O(I_l))
(4.18)
By the Stirling formula, we have
C(x +iy) = V27 y* 12721+ 0(ly|™!),  x bounded.
By using the above asymptotic formula, equation (4.18) and (4.17), we have
Ibg, 1w ()2 & IR NY (1 O(|r| ),

with an absolute constant. This completes the proof of our lemma. O

Finally, we compute the integral I (s) defined in equation (4.9). By Lemma 4.4 and the
unfolding method we simplify the right hand side.

Lemma 4.7. We have
p(n)

1) =¥ (s) Z; ey
n>
where
1 Z N// 2n 2 Z N// n 2
pn) = —= —bf,l/"J<<_) NNM) * _bfll/w<<_> NN>’
ﬁ w odd N/3/2 Nilu Y w even N/3/2 Nl/l)
and

JT(s/2+ 1/4+ir)T(s/2 + 1/4 — ir)

W (s) i= 2 (s + 1) (4m)~6/21/4 e,
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Proof. We have
R s+1
I(s) = / f(z)G(Z)E< ,z> du(z)
Lo (4k)\H

s+ 1 s+ 1
= f(2)0 w Ei/w d
[T, 2 (a5 o

l/wecusps
s+ 1 N s+ 1
= Y ¢1/w< > )/ f(z)9(z)E1/w,4k(T,z)du(z)
1/wecusps To(4k)\H
—_— _ s+l
> ¢1/w( 5 ) f@6@ ) Im(oy,yd) 7 du()
1/wecusps To(4k)\H v €l w\lo(4k)
s+ 1 —_ —1 s+l
SR f@0@Im(oy,1,2) 7 du(2)
1/wecusps Fl/w\]H1
s+ s+l
= Z ¢1/w< > ) f(cn/wz)@(Gl/wz)y2 du(z)
1/wecusps
s+ 1 s+1
> dim F@461,0@01, ¥ 2 dp().
2 F \H / /

1/wecusps

By Lemmas 4.5 and 4.6, we write I (s) as a Dirichlet series

= > ¢>1/w<

1/wecusps

) bel/w(”)be 1/w(®)

n>0

v / W70y Gy exp(—2mny)y* >~ VAdy )y
0

s+1 bf1/w(M)bg, 1w (1)
Z ¢1/w( 5 )ZO 5/2—1/4

1/wecusps n>
o
X / Wi a1 4w exp(—2mu)u >~V du Ju
0
=210 T(s/24 1/4+ir)(s/2+1/4 —ir)

= (4w

r)
s+1 by 1jw()bg 1w (n)
X Z ¢1/w< ) )Z S/2—1/4
1/wecusps n>0
p(n)
=V )Z 172" o
n>1

Lemmas 4.7 and 4.1 imply
Corollary 4.8. We have

Q(s) = V2r VA (s + DU(s/2 4+ 1/4+inT(s/2 4+ 1/4 — ink2 Y 6(732
n>1

(4.19)
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4.2. Bounding the L? norm of the theta transfer

Recall that f is a weight 1/2 modular form on o(4k)\H with eigenvalue 1/4 + r2 and
|fl2 =1, and

. —dxdy
p(g) = O +iy, &) f(x +iy) ——.
Lo (4%)\H y

In the following theorem, we give an upper bound on the L? norm of ¢.

Theorem 4.9. Let f, ¢ and r be as above. Then ¢ can be realized as a Maass form of
weight 0 on T'g(k)\H. Moreover

lpla < cosh(—mr/2)(kr)°,

where the implied constant is absolute.

Proof. Recall that ®(z, g) is I' invariant from the left and K invariant from the right
in the g variable. By Theorem 3.11, ¢(g) is a Maass form of weight O on I't\ Vi, « by
(V) :== @(gy), where v € V,, ¢ and g, € SO, is an element such that g,xo = v. Define
the involution 7 : SO, — SO, by

10 0 1 0 0
t@)=|0 1 0 |g|Oo 1 0
00 —I 00 —1

By definition of theta series at (3.17), it is easy to check that ®(z, g) = ©(z, 7(g)). As a
result (g) = ¢(t(g)) and this means that ¢ is an even Maass form on I'x\ V;, x. Recall
the isomorphism between PSL; (R) and SO, that we introduced in (3.28):

y € PSLy(R) > g, € SO, +— B 'g, By € SO,

k00 . . .
where Bj, = [8 (1) (1)] . Recall that we introduced an isomorphism between I'x\ Vj,  and

I"\H in (3.27), where 'y (k) C T, by

aj .
—a3z +14/|m
a=|a eVm’kHzazTHeH.
as a

As a result, we define the even Maass form u(z) with the Laplacian eigenvalue
1/4 + (2r)? on the congruence curve ['g(k)\H by

u(za) := @(a).

Next, we relate the coefficients of €2 (s) defined in (4.2) to the Fourier coefficients of u(z)
at the cusp oo of ['g(k). Recall that

o0 g dt
Q(s) :=f p(g)t” —,
0 t
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00
where g, = [([) i1 oi| € G.By (3.27),zx, = i/ﬁ. Moreover, by the isomorphism (3.28),
001

t 0 0 VF
t 0
a=10 10 '_)[o ﬁ_l]eSLz(R).
0 0 1

Hence, ¢(g;) = u(it/+/k) and as a result
Q(s) =/ u(it/\/z)ts %
0

u(z) is an even Maass form with eigenvalue 1/4 + (2r)% on T'y(k). We write the Fourier
expansion of u at co and obtain

o0
ulx +iy)=2 Zau (n)n*]/2 cos(2mnx)Wo 2ir (4mrny),
n=1

where Wy ;- (y) is the usual Whittaker function which is normalized so that Wg , (y) ~
e Y/2yP as y — oco. By using the above expansion, we have

Q(s) = 2/ Zau(n)nil/ZWZir(émm/«/E)ts i—t
0 »=1

) oA au(n)
=2l / W o &

n=0

. o)
s —s—1ppn S+ 1/242ir s+ 1/2 =2ir a,(n)
— kg 1"< 5 r Elns“/z' 4.20)
n=

2

where we used

00 d -172 1/2+2i 1/2 —2i
[ e 5 = T (SR (SR,
0 u 2 2 2

from [GR15].
By (4.19) and (4.20), we obtain

V2 (s 4 DI(s/2+ 14 +inT(s/2+ 14— ink? Y f(’f;z

n>1

. (o)
s/ —s—1)2 s+ 1/2 4 2ir s+ 1/2 =2ir a,(n)
— r< : r : Zlnm/z-
n=

Hence,

Van's YD Ly

n>1 n=1
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Therefore,
a,(n) = n'22 714 Z l_1m1/2,0(m),
Im=n
where
l N// 2 N// m 2
by 5 () )+ 2 e (2))
Az vty 2z vt

By Lemma 4.6 and Proposition 4.1, we have

2m N"
() W)+ 3 o

w even

4

plm) < 7 > wan

w odd

2
m /
() )

N//3/
5/8enr/2 A7 < rS/Senr/Zke.
w cusp of ['g(4k) N

Lr

Therefore,

lay(m)] < 22" 1 m P pm)] < 0! max |p(m)]
1<m<n

Im=n

L nltegepd/8emr/2, 4.21)

Recall that u is a Maass form of weight O on the congruence group I'g (k). We use [Iwa02,
(8.17)], and obtain

D ) = 8ISLa(Z) : To)] ™' X gl + 0(rX|p]3),
Inl<X

where v, (n) = (Cosi%)l/zau (n). We have

[SLa(Z) : To(k)] = k [ J(1 + 1/p) < klog(k).
plk

Let (kr)®T¢ < X. Then the main term 8[SL»(Z) : To(k)]~'X |<p|% dominates the error
term O(rX"/3|g|3) and we obtain

I+e

> P (4.22)

Inl=X

k
lol3 <

By inequality (4.21), we have
2 4 2 2tepe 5/4
vy (n)|” = | ——=— }lau(n)|” K cosh(—mr)n="k“r’/".
cosh2mr
We apply the above inequality in (4.22) and obtain

lp|3 < cosh(—mr)k'*er sial > 0t < cosh(—mr)k! T XAt

I<n<X



1220 Naser Talebizadeh Sardari

By choosing X = (kr)8+¢, we deduce that
|<p|% & cosh(—mr)k!7+ep18,

This completes the proof of our theorem. O

5. Appendix: Extending Duke’s result (following Sarnak)

Recall By from (3.22), and E (z, s) the Eisenstein series of weight 1/2 forevery a’ € £ j‘k
from the paragraph before Proposition 3.18. Following Duke [Duk88, p. 79], we say F(z)
is a spectral Maass form if F(z) € By or F(z) = Eq(1/2 + it, s) for some a’ € &},

In this section, we follow Sarnak’s argument [Sar90, p. 96] for holomorphic modular
forms, and extend Duke’s Theorem 5 in [Duk88] to the m-th Fourier coefficient of weight
1/2 spectral Maass forms with level ['g(4k) when m = Dv%, where D is square-free and
ged(4k, vp) = 1.

Theorem 5.1. Suppose that m = Dv%, where D is square-free and gcd(4k, vo) = 1, and
F(2) is a spectral mass form with Ay eigenvalue A = 1/4 + 12. We have

|0y, . (M) Ke [A]/? cosh(rrt /2)|m| 27+,
Proof. We follow [Sar90, p. 96]. First, suppose that F' € Br, and let
F2) =Y p(n)W(1 /4y sgniny.it (47 In|y)e(nx)
n#0

be the Fourier expansion of F. Recall that F is a simultaneous eigenfunction of all Hecke
operators T, for gcd(v, 4k) = 1. Since F is not an elementary theta series, the Shimura
correspondence implies that this system of eigenvalues is associated to a system of eigen-
values of a weight zero Maass newform that is the Shimura lift of F; see [TG]. Let
¢ = Shim(F) be the Shimura lift of F' with the Fourier expansion

9(2) =Y a(n)Wo i (4 |n]y)e(nx),
n#0
where a(1) = 1. By the Shimura correspondence (see [Shi73, Theorem 1.9] and [KS93]
for the Maass forms), we have
p(m) = p(Dv) = vy p(D) Y pid)xp(d)d " a(vo/d),
d|vg

where gcd(vg,4k) = 1 and p is the Mobius function. By Kim and Sarnak’s upper
bound [Kim03], we have

la(vo/d)| < (vo/d)~1/2+0Fe,

where <« only depends on € and 6 > 7/64 is any real number. Therefore,

lo(m)| < [p(D)|vy 7O
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By Duke’s upper bound [Duk88, Theorem 5],
1p(D)| < [A*/* cosh(rrt/2)| D727+,

where « also only depends on €. Therefore,

lom)] < [p(D)lvy T « AP/ cosh(re /2) m| 2T

This completes the proof of the theorem for the cusp newforms.
Next, suppose that F(z) = Eq(z, 1/2 + it) for some o’ € &, and let p(m) be its
m-th Fourier coefficient. Similarly, the Shimura correspondence implies that

—1/2 _
pm) = vy *p(D) " u(d)xp(d)d~"a,(vo/d),
dlvo
where a,(n) = n=12y" ab:n(%)” is the Hecke eigenvalue of the unitary Eisenstein se-
ries; see [Iwa95, p. 128]. Note that we have the Ramanujan bound on the Fourier coeffi-
cient of the unitary Eisenstein series,

las (n)] < n=1/2Fe,
This implies the theorem for F(z) = Ey/(z, 1/2 + it). ]

Acknowledgments. 1 would like to thank the anonymous referee for the careful reading of the pa-
per, his comments, and pointing out some inaccuracies in the earlier version. I would like to thank
Professor Heath-Brown for several insightful and inspiring conversations during the Spring 2017 at
MSRI. Professors Radziwill and Soundararajan kindly outlined the proof of Lemma 2.7. Further-
more, I would like to thank Professor Rainer Schulze-Pillot for his comments regarding the Siegel
mass formula. [ am also grateful to Professors Peter Sarnak, Simon Marshall, Asif Ali Zaman, Ma-
soud Zargar for their comments and encouragement. This material is based upon work supported
by the National Science Foundation under Grant No. DMS-1902185 and Grant No. DMS-1440140
while the author was in residence at the Mathematical Sciences Research Institute in Berkeley,
California, during the Spring 2017 semester. The author is grateful to Max Planck Institute for
Mathematics in Bonn for its hospitality and financial support.

References

[BF94] Briidern, J., Fouvry, E.: Lagrange’s four squares theorem with almost prime variables.
J. Reine Angew. Math. 454, 59-96 (1994) Zbl 0809.11060 MR 1288679

[Blo08] Blomer, V.: Ternary quadratic forms, and sums of three squares with restricted variables.
In: Anatomy of Integers, CRM Proc. Lecture Notes 46, Amer. Math. Soc., Providence,
RI, 1-17 (2008) Zbl 1186.11023 MR 2437962

[CS99] Conway, J. H., Sloane, N. J. A.: Sphere Packings, Lattices and Groups. 3rd
ed., Grundlehren Math. Wiss. 290, Springer, New York (1999)  Zbl 0915.52003
MR 1662447

[DK91] Deitmar, A., Krieg, A.: Theta correspondence for Eisenstein series. Math. Z. 208, 273—
288 (1991) Zbl 0773.11028 MR 1128710

[Duk88] Duke, W.: Hyperbolic distribution problems and half-integral weight Maass forms. In-
vent. Math. 92, 73-90 (1988) Zbl 0628.10029 MR 0931205


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0809.11060&format=complete
http://www.ams.org/mathscinet-getitem?mr=1288679
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1186.11023&format=complete
http://www.ams.org/mathscinet-getitem?mr=2437962
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0915.52003&format=complete
http://www.ams.org/mathscinet-getitem?mr=1662447
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0773.11028&format=complete
http://www.ams.org/mathscinet-getitem?mr=1128710
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0628.10029&format=complete
http://www.ams.org/mathscinet-getitem?mr=0931205

1222

Naser Talebizadeh Sardari

[EH75]
[EH84]
[FI10]

[Gal76]
[GR15]
[Iwa95]

[Twa02]

[KimO3]

[Kne56]
[KR94]
[KS93]
[KY19]
[Maa71]
[Mat92]
[Niw75]
[RS16]

[Sar]
[Sarl7]

[Sar18]
[TS18]

[Sar90]

[Sel43]

[Shi73]

Earnest, A. G., Hsia, J.: Spinor norms of local integral rotations. II. Pacific J. Math. 61,
71-86 (1975) Zbl 0334.10012 MR 0765203

Earnest, A. G., Hsia, J.: Correction to [EH75]. Pacific J. Math. 115, 493-494 (1984)
Zbl 0557.10019 MR 0765203

Friedlander, J., Iwaniec, H.: Opera de Cribro. Amer. Math. Soc. Colloq. Publ. 57, Amer.
Math. Soc., Providence, RI (2010) Zbl 1226.11099 MR 2647984

Gallagher, P. X.: On the distribution of primes in short intervals. Mathematika 23, 4-9
(1976) Zbl 0346.10024 MR 0409385

Gradshteyn, I. S., Ryzhik, I.: Table of Integrals, Series, and Products. 8th ed., Else-
vier/Academic Press, Amsterdam (2015) Zbl 1300.65001 MR 3307944

Iwaniec, H.: Introduction to the Spectral Theory of Automorphic Forms. Rev. Mat.
Iberoamer., Madrid (1995) Zbl 0847.11028 MR 1325466

Iwaniec, H.: Spectral Methods of Automorphic Forms. 2nd ed., Grad. Stud. in Math.
53, Amer. Math. Soc., Providence, RI, and Rev. Mat. Iberoamer., Madrid (2002)
Zbl 1006.11024 MR 1942691

Kim, H. H.: Functoriality for the exterior square of GL4 and the symmetric fourth of GL,
(with appendix 1 by D. Ramakrishnan and appendix 2 by H. Kim and P. Sarnak). J. Amer.
Math. Soc. 16, 139-183 (2003) Zbl 1018.11024 MR 1937203

Kneser, M.: Klassenzahlen indefiniter quadratischer Formen in drei oder mehr
Verinderlichen. Arch. Math. (Basel) 7, 323-332 (1956) Zbl 0071.27205 MR 0082514

Kudla, S. S., Rallis, S.: A regularized Siegel-Weil formula: the first term identity. Ann.
of Math. (2) 140, 1-80 (1994) Zbl 0818.11024 MR 1289491

Katok, S., Sarnak, P.: Heegner points, cycles and Maass forms. Israel J. Math. 84, 193—
227 (1993) Zbl 0787.11016 MR 1244668

Kiral, E. M., Young, M.: Kloosterman sums and Fourier coefficients of Eisenstein series.
Ramanujan J. 49, 391-409 (2019) Zbl 1436.11102 MR 3949076

Maass, H.: Siegel’s Modular Forms and Dirichlet Series. Lecture Notes in Math. 216,
Springer, Berlin (1971) Zbl 0224.10028 MR 0344198

Matthes, R.: Rankin—Selberg method for real analytic cusp forms of arbitrary real weight.
Math. Z. 211, 155-172 (1992) Zbl 0738.11042 MR 1179786

Niwa, S.: Modular forms of half integral weight and the integral of certain theta-functions.
Nagoya Math. J. 56, 147-161 (1975) Zbl 0303.10027 MR 0364106

Ross, N. J., Selinger, P.: Optimal ancilla-free Clifford+T approximation of z-rotations.
Quantum Inf. Comput. 16, 901-953 (2016)

Sardari, N. T.: The Cramér conjecture holds with a positive probability. Preprint

Sardari, N. T.: Complexity of strong approximation on the sphere. arXiv:1703.02709
(2017)

Sardari, N. T.: The least prime ideal in a given ideal class. arXiv:1802.06193 (2018)

Sardari, N. T.: Quadratic forms and semiclassical eigenfunction hypothesis for flat tori.
Comm. Math. Phys. 358, 895-917 (2018) Zbl 1394.58015 MR 3778346

Sarnak, P.: Some Applications of Modular Forms. Cambridge Tracts in Math. 99, Cam-
bridge Univ. Press (1990) Zbl 0721.11015 MR 1102679

Selberg, A.: On the normal density of primes in small intervals, and the difference be-
tween consecutive primes. Arch. Math. Naturvid. 47, 87-105 (1943) Zbl 0063.06869
MR 0012624

Shimura, G.: On modular forms of half integral weight. Ann. of Math. (2) 97, 440-481
(1973) 7Zbl 0266.10022 MR 0332663


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0334.10012&format=complete
http://www.ams.org/mathscinet-getitem?mr=0765203
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0557.10019&format=complete
http://www.ams.org/mathscinet-getitem?mr=0765203
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1226.11099&format=complete
http://www.ams.org/mathscinet-getitem?mr=2647984
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0346.10024&format=complete
http://www.ams.org/mathscinet-getitem?mr=0409385
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1300.65001&format=complete
http://www.ams.org/mathscinet-getitem?mr=3307944
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0847.11028&format=complete
http://www.ams.org/mathscinet-getitem?mr=1325466
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1006.11024&format=complete
http://www.ams.org/mathscinet-getitem?mr=1942691
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1018.11024&format=complete
http://www.ams.org/mathscinet-getitem?mr=1937203
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0071.27205&format=complete
http://www.ams.org/mathscinet-getitem?mr=0082514
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0818.11024&format=complete
http://www.ams.org/mathscinet-getitem?mr=1289491
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0787.11016&format=complete
http://www.ams.org/mathscinet-getitem?mr=1244668
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1436.11102&format=complete
http://www.ams.org/mathscinet-getitem?mr=3949076
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0224.10028&format=complete
http://www.ams.org/mathscinet-getitem?mr=0344198
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0738.11042&format=complete
http://www.ams.org/mathscinet-getitem?mr=1179786
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0303.10027&format=complete
http://www.ams.org/mathscinet-getitem?mr=0364106
http://arxiv.org/abs/1703.02709
http://arxiv.org/abs/1802.06193
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1394.58015&format=complete
http://www.ams.org/mathscinet-getitem?mr=3778346
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0721.11015&format=complete
http://www.ams.org/mathscinet-getitem?mr=1102679
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0063.06869&format=complete
http://www.ams.org/mathscinet-getitem?mr=0012624
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0266.10022&format=complete
http://www.ams.org/mathscinet-getitem?mr=0332663

The least prime number represented by a binary quadratic form 1223

[Sie51] Siegel, C. L.: Indefinite quadratische Formen und Funktionentheorie. I. Math. Ann. 124,
17-54 (1951) Zbl 0043.27402 MR 0067930

[Sie67] Siegel, C. L.: Lectures on Quadratic Forms. Tata Inst. Fund. Res. Lectures Math. 7, Tata
Inst. Fund. Res., Bombay (1967) Zbl 0248.10019 MR 0271028

[Sou07] Soundararajan, K.: The distribution of prime numbers. In: Equidistribution in Number
Theory: An Introduction, NATO Sci. Ser. Il Math. Phys. Chem. 237, Springer, Dordrecht,
59-83 (2007) Zbl 1141.11043 MR 2290494

[Tem15] Templier, N.: Hybrid sup-norm bounds for Hecke—Maass cusp forms. J. Eur. Math. Soc.
17, 2069-2082 (2015) Zbl 1376.11030 MR 3372076

[TG] Teck Gan, W.: The Shimura correspondence a la Waldspurger.


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0043.27402&format=complete
http://www.ams.org/mathscinet-getitem?mr=0067930
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0248.10019&format=complete
http://www.ams.org/mathscinet-getitem?mr=0271028
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1141.11043&format=complete
http://www.ams.org/mathscinet-getitem?mr=2290494
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1376.11030&format=complete
http://www.ams.org/mathscinet-getitem?mr=3372076

	1. Introduction
	1.1. Motivation
	1.2. The generalized Minkowski bound for the prime ideals
	1.3. Repulsion of the prime ideals near the cusp 
	1.4. Method of the proof
	1.5. Outline of the paper

	2. Deducing Theorem 1.1 from Theorem 3.2 via the Selberg sieve
	2.1. Local densities
	2.2. Proof of Theorem 1.1 

	3. Quantitative equidistribution of integral points on hyperboloids
	3.1. Main term
	3.2. Bounding Er_high
	3.3. The Maass identity and the Siegel theta kernel
	3.4. Bounding  Er_low
	3.5. Bounding  Er_cts,low

	4. Bounding the L2 norm of the Siegel theta transfer
	4.1. The Mellin transform of the theta transfer
	4.2. Bounding the L2 norm of the theta transfer

	5. Appendix: Extending Duke's result (following Sarnak)
	References

