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Abstract. We show that for at least 20% of primitive forms of level 1 and weight 4k — oo,k € N,

the associated L-function at the central point is no less than (log k)~2. The key ingredients of our
proof are the Kuznetsov convolution formula and the Liouville-Green method.
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1. Introduction

Non-vanishing results for central values of L-functions in families have numerous appli-
cations, discovered, for example, in [7, 15, 20, 22, 35]. In particular, this paper is inspired
by the work of Iwaniec and Sarnak [15], where the problem of non-existence of Landau—
Siegel zeros was approached by studying the non-vanishing of automorphic L-functions
at the critical point.

In the weight aspect, Iwaniec and Sarnak proved the following result. Let Hp; (1) be
the space of primitive forms of level 1 and weight 2k > 12, k € N. For f € H, (1), let
L7 (1/2) be the associated L-function at the critical point. Then for any € > 0 one has

lim
K—oo K =%

1y S D L1/ 2 1/(ogh?} _ 1 (1)

#(f € Hu (1)} 2

Moreover, it was shown in [15] that the non-existence of Landau—Siegel zeros for
Dirichlet L-functions of real primitive characters would follow if (1.1) is established with
a proportion strictly greater than 1/2.

The problem of non-vanishing for the individual weight was first studied by Iwaniec,
Luo and Sarnak [14]. More precisely, [14, Corollary 1.6] states that under the generalized
Riemann Hypothesis the percentage of non-vanishing central L-values in this case is at
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least 25%. The first unconditional results for the individual weight were obtained inde-
pendently by Fomenko [8] and by Lau & Tsang [24] who proved that the proportion of
non-vanishing is at least 1/log k by computing the asymptotics of pure unmollified first
and second moments. Recently, Luo [26] showed that there is a strictly positive proportion
of non-vanishing. However, his approach does not allow finding the exact proportion. The
reason is that only an upper bound for the mollified second moment was proved in [26],
while the full asymptotic expansion is required to make this result quantitative.

The aim of the present paper is to obtain an effective and strictly positive lower bound
on the proportion of non-vanishing central L-values.

Theorem 1.1. For any € > 0 there exists kg = ko(€) such that for any k > ko and
k = 0 (mod 2) we have

1 1
—_— 1>-—e (1.2)
|Hu (DI 0y 5

L¢(1/2)=(logk)~2

The proof of Theorem 1.1 relies in most part on methods developed by Kuznetsov in
1990’s. More precisely, we use Theorem 4.2, which gives an exact formula for the second
moment of cusp form L-functions in the critical strip. Off-diagonal terms in this formula
are given by two shifted convolution sums:

LI . <f> + LS et o (L)
2\/211:1 ‘ ! \/anl ‘ n+l ’

where 7(n) is the number of divisors function and ¢y (x), @ (x) are certain special func-
tions that can be expressed in terms of the Gauss hypergeometric function F'(a, b, c; x).

The most challenging problem is to prove sharp estimates for ¢y (x) and Dy (x)
that are uniform in both x and k. The key observation is that these functions are solu-
tions of second-order differential equations, and therefore we can choose the Liouville—
Green method as our main tool. This method, also called the WKB approximation or the
Liouville-Steklov method, is one of the oldest approximation techniques widely applied
for example in quantum mechanics. The idea of using it in analytic number theory belongs
to Kuznetsov. The method is based on the observation that “close” differential equations
have “close” solutions. Accordingly, in Section 5 we find differential equations satisfied
by the functions ¢ (x) and @i (x). The equations can be approximated by other differ-
ential equations which have “simpler” functions as solutions. This allows approximating
the off-diagonal terms uniformly in k& with any power of precision (see Theorems 5.14
and 5.17).

More precisely, the Liouville-Green approximation models the behaviour of the func-
tions ¢y (x) and P (x) using J-, Y- and K-Bessel functions with the large parameter k in
the argument. Accordingly, we conclude that in the required ranges & (x) decays expo-
nentially and ¢y (x) is oscillatory. To smooth out the oscillations of ¢ (x) one can average
the off-diagonal terms over weight with a suitable test function, recovering the result of
Iwaniec and Sarnak (1.1), as shown in Theorem 8.8.
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Asymptotic formulas for twisted moments have several other applications. For ex-
ample, Hough [11] considered zero-density estimates for L-functions in the weight as-
pect. His proof is based on the asymptotic evaluation of the second moment near the
critical line with the error term estimated as O (I3/*k~1/2%€) at the central point. The
same error bound was obtained by Ng [30] using a different approach. Our method (see
Theorem 6.4) yields O (I'/2k=1/7+€),

Finally, the techniques developed in the present paper can be beneficial in solving
other problems in analytic number theory which involve analysis of special functions. In
particular, our approach yields new results for moments of symmetric square L-functions
in the weight aspect. See [2] for details.

2. Notation and technical lemmas

Forv € C let v
n _
wm = ) (i) =n""o2(n), @.1)
nynp=n
where
oy(n) =Y d". (2.2)
din

Note that t,(n) = t_,(n).
Let e(x) = exp(2mix). The classical Kloosterman sum

*
S(m,n;c) = Z €<M>, aa™ =1 (mod ¢),

a (mod ¢) ¢
(a,c)=1

satisfies Weil’s bound (see [12, Theorem 4.5])
|S(m, n; ¢)| < 19(c)/(m, n, c)y/c. (2.3)
For fs > 1, m > 1 (see [34, Eq. 1.5.4])

i SO,m;c)  o1-5(m)
s s

, 2.4)

c=1

where ¢ (s) is the Riemann zeta function.
Let Hyi (1) be the set of primitive forms of level 1 and weight 2k > 12. Every f €
H>i (1) has a Fourier expansion of the form

f@)= Z)»f(n)nak_l)/ze(nz). (2.5)

n>1

The Fourier coefficients of primitive forms are multiplicative:

hpmp(n) = Y M(’Z—;’) (2.6)

d|(m,n)
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For each f € Hyi (1), the associated L-function is defined by
Lits) =Y "2 f() Rs > 1, 2.7)
n>1
and the associated symmetric square L-function is given by

2
L(sym f,8) = {(ZS)Z f(n ) = Z 'Of(n) Ns > 1. 2.8)

n=1

As a consequence of (2.6), for fu > 1/2, Rv = 0 we have

ir”(")kf(”) - Lr(1/24+u+v)Lr(1/24u—v) (2.9)
e T r(v oy ! / ' '
Let I'(s) be the Gamma function. The completed L-function
Ar(s) = 1 SF +2k_1L() (2.10)
r) =15 s r(s .
satisfies the functional equation
Ap(s) =€rAp(1—s), € =i, (2.11)

and can be analytically continued onto the whole complex plane. It follows from (2.11)
that L7 (1/2) = 0 for odd k.
The harmonic weight is defined by (see [14, Lemma 2.5])
'2k—1) 12¢(2)
wf = k-1 = 2 ’
(@)= f, fi (2k—DL(sym* f, 1)
where ( f, f)1 is the Petersson inner product on the space of level 1 holomorphic modular
forms. Then the harmonic summation can be written as

h
D Tapi= ) wpay. (2.13)
feHy (1) feHy (1)

We denote by J,(x), Y, (x), Ky(x) the Bessel functions.

(2.12)

Theorem 2.1 (Petersson’s trace formula, [12, Theorem 4.5]). For 2k > 12 and integers
[, n > 1 the following formula holds:

S A ) _5,n+2m2"2 S(l O 1<4”;/E>. (2.14)

feHy (1)

Consider the Bessel kernels

1
ko(x, v) = eosr(1/2 1 0) (J2y(x) = J20(x)), (2.15)

ki(x,v) = ; sin((1/2 + v)) Koy (x). (2.16)



Moments of L-functions and the Liouville-Green method 1337

Lemma 2.2. Let

22u71
y(u,v) = I'u—+v)I'(u—v). 2.17)
b4
For3/2 > Sw > 2|Nv| we have
o0
/ ko(x, v))cw_1 dx =y(w/2,v)cos(mrw/2), (2.18)
0
and for Rw > 2|Nv|,
o0
/ ki(x, v))cwf1 dx = y(w/2,v)sin(m(1/2 4+ v)). (2.19)
0

Proof. (2.19) follows from [9, Eq. 6.561.16]. Let us prove (2.18). Applying [9,
Eq. 6.561.14] we obtain, for 3/2 > Rw > 2|Nv|,

2w71
2cos(w(1/2 + v))

o0
/ ko(x, v)xV " ldx =
0

x (F(rl‘(-ll}——:l—U/u?;Z) B FIZI(_—Uv_F—wu/)Z))' (2:20)
Then [29, Eq. 5.5.3] yields
00 2w71
/0 ko(x, v)xV " Ldx = T (2T ) F'(v+w/2)C(w/2 —v)
X [sin(m(w/2 — v)) — sin(w(w/2 + v))]. (2.21)
Applying [29, Eq. 4.21.7] we obtain (2.18). O
Consider the series
Ty(n
Dy(s,x) =) n(s )e(nx), Ns > 1. (2.22)

n>1

Let x be a rational number d/c with (d,c¢) = 1, ¢ > 1. Then the function D, (s, x) of
two complex parameters s and v is meromorphic on the whole complex plane. If we fix v
such that v = 0 and v # 0, then D, (s, d/c), as a function of s, has two simple poles at
s = 14+vands = 1 —v with residues ¢~ ~2Y¢ (142v) and ¢~ 72V (1 —2v), respectively,
and it is regular elsewhere. Also it satisfies the functional equation (see [27, Lemma 3.7])

Dy(s,d/c) = (4 /c) > 1yl =5, v)
x {—cos(ms)Dy(1 — s, —d*/c) + sin(m (1/2 + v)) Dy(1 — 5,d*/c)},  (2.23)

where dd* = 1 (mod ¢) and y (u, v) is defined by (2.17). For s < 0 the following
estimate is satisfied (see [27, Eq. 3.3.24]):

IDy(s,d/c)| < (c|s])' =2 (log |s])2. (2.24)
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Note that
Dy(s,d/c) = Z T"(Sn)e<n0—l> = LX e<abg>§(a/c‘; s—=v)¢(b/c; s+v),
a=1 N ¢ « a,b=1 ¢
(2.25)
where .
C(o;s) = nga;om, Ns > 1, (2.26)

is the Lerch zeta function. Applying the Euler—Maclaurin formula, we have (see [18,
Lemma 3, p. 16])

. N 1 1 - © 172 —{u}
;(a,s)zngrm(NH/era) +s/}v+1/2mdu, (2.27)
where {u} is the fractional part of u. For any € > 0 we estimate the absolute value of
(2.27):

1, o>1+e,
[C(a;0 +iT)| Ke y1ogT, 1<0 =<1+e, (2.28)
T e<o <.

The Mellin transform of a function f is defined by

fo) = / 1 f 0y d. (2.29)
0

Lemma 2.3 (Parseval’s inequality). Assume that for some a € R,

o0
/ lg(x)|x™“dx < oo, / lp(z)| dz < oo. (2.30)
0 (a)
Then
1 R R o0
5 $(2)g(l —z)dz :/ d(x)g(x)dx. (2.31)
Tl (a) 0
Proof. See, for example, [31, Section 3.1.3]. O

3. The first moment

In this section we derive the following asymptotic formula for the first moment of auto-
morphic L-functions at the critical point.
Theorem 3.1. For2k > 12 andl < k/(4me) we have
h 1 1\¥
D OLr(1/2) =172+ + O<—<27‘[e—) ) (3.1)
feHy (1) Vi k
Proof. This is a consequence of [3, Theorem 3.1] and [1, Theorem 1.7]. O



Moments of L-functions and the Liouville-Green method 1339

4. The second moment

4.1. Voronoi’s summation formula

Standard Voronoi’s summation formulas (see [16]) are stated for a function ¢ with com-
pact support. However, weaker conditions on ¢ are required to prove a convolution for-
mula for the second moment.

Lemma 4.1 (Kuznetsov, 1981). Assume that the Mellin transform ¢3(s) of ¢ : [0, 00)
— C satisfies the following conditions:

(D) (13(2s) is regular in the region oy < Ns < o1 for some o1 > 1 and og < 0;
(2) for some € > 0 and for oy < o < 01 the function

(A + 1)1 2% +1) 1920 + 2in))

is integrable on (—00, 00).

Then for any v with iv = 0, v # 0 and for any coprime integers c,d > 1 we have

%er(n)e(%>¢<4n;/ﬁ) _2§(1+2”)¢(2+2 )+2§( )¢(2 2v)

(4 )1+2v (47 )1 —2v
+er<n)/ ((

where dd* = 1 (mod c).

)ko(xﬁ v)+e< nd’ )kl(x\/ﬁ, v))¢(x)x dx, (4.1)

Originally, Lemma 4.1 was proved by Kuznetsov in his doctoral thesis (1981) and pub-
lished in [23]. Unfortunately, the book [23] is hard to find, so we provide all the details
here.

The proof of Lemma 4.1 is based on the properties of the series D, (s, x) defined by
(2.22). Applying the inverse Mellin transform, we have

4 1 . 9
¢( ”*/ﬁ> = ,—/ ¢(2s)<i) ~ds. l<b<o.
Cc LT J(b) 47 ns
Therefore,

00 25—1
piid e(’"d>r,,<m)¢<4”f) i/ (i) D, (s, ‘—l)¢3<2s)ds.
c c T Joy \ 4T c

m=1

The change of the order of integration and summation in the formula above is allowed
since f(b) |¢p(2s)|ds < oo and the series Dy (s, d/c) converges absolutely for s =
b>1.

Moving the contour of integration to Hs = & with o9 < § < 0, we encounter two
simple poles of D, (s,d/c) at 1 +v and 1 — v. Computation of the residues gives the first
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two summands on the right-hand side of (4.1). To justify this contour shift, we show that

for
c 2S—1 d "
f@)=-— Dyl s, — |o(2s)
4 c
one has
/ f(s)ds >0 asT — oo, “4.2)
Ns=b, |Is|>T
/ f(s)ds >0 asT — oo, “4.3)
NRs=4, [Js|>T
b
/ f(o+iT)do -0 asT — oo. 4.4)
B

First, (4.2) is satisfied since
R ~
/ |¢(2b + 2iy)|dy - 0 asT — oo.
T

The property (4.3) follows from the inequality (2.24) and
/ (sl + D72+ g 25)| ds < oo
(8)

We split the integral in (4.4) as |, ; + éb. For the first part we apply the functional equation
(2.23) and estimate everything by the absolute value using (2.25) and (2.28). The second
part is also evaluated using (2.25) and (2.28). This implies (4.4).

Finally, we compute

1 2s5—1 a\ -
— (i) D, <s, —>¢(2s)ds
i Jo\4m c

by applying the functional equation (2.23). Since 9i(1 — s) > 1, we switch the order of
summation and integration, obtaining

1
er(m);/(

m>1 s

y(1 —s, v)dQ2s)m* !
)
x (—e(—md* /c) cos(mrs) + e(md*/c) sin(m (1/2 + v))) ds.

Now the contour of integration can be moved to fs = « so that 3/4 < o < 1. Then the
result follows from Lemmas 2.3 and 2.2, as we now show. Let

g1(x) = xko(x~/m, v).

Then
81(1 = 2s) = —y(1 —s, v) cos(rs)m* ™!
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and
1 R o
- y( —s,v) cos(7rs)¢>(25)ms_l ds = / ko(xa/m, V)¢ (x)x dx.
LT () 0
The parameter « is chosen so that the condition (2.30) is satisfied for g (x), i.e.
1 -2 > -1 asx — 0,
1/2 —-20 < —1 asx — oo.
Similarly,
1 R o0
— y(l —s,v)sin(w(1/2 + V))PQ2s)m* L ds = / ki(xa/m, v)¢ (x)x dx.
124 () 0

This concludes the proof of Lemma 4.1.

4.2. Convolution formula for the second moment

Exact formulas for moments reveal the structure of the mean values and allow obtaining
asymptotic expansions. Here we use an exact formula for the second twisted moment
proved by Kuznetsov. A similar formula was also independently obtained by Iwaniec and
Sarnak [15, Theorem 17].

Theorem 4.2 (Kuznetsov, preprint 1994). For Rv = 0, Jv # 0, |Nu| < k — 1 we have

h
My(iu, vy == Y " Ap(DLp(1/2+u+ v)Ly(1/2+u —v)
feHy (1)

<§(1+2u) (2m)* F(k—u—l—v)F(k—u—v))
=1(])

1-2
i e S T A e Tk u — v)

(14 2v) 'tk —u+v)
Q) 2ut20]1/24v T'(k + u — v)
(1 —2v) 'k —u-—v)
(2m) 724201270 T(k 4+ v + u)

+ (= Dk ()

+ (=¥, (D) + El; u,v). 4.5)

The summand E(l; u, v) can be expressed in terms of hypergeometric functions:

—1)k
(\fl) lfg_lrmm(l—n>¢>k(§;u,v)

BRTY:
n %n;l Tp (1) Ty (n — 1)(1),((%; u, v) + ( J; ;tv(n)m(n +l)1ﬁk(£; u, v>,

E(l;u,v)=

(4.6)
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where
G (x5 U, v) = Gr(x; u, v) + (s u, —v), (4.7)
- (2 )2utl Ik —u+v)
k(x;u,v) = 5
cos(m(1/2+v)) T'Quv+ DI'tk+u —v)
xx'A—=x)""Fk—u+v,1 —k—u+v,1+2v;x), 4.8)
'k—u+v)I'tk —u —v)

@ (x; u, v) = 2(27)*

I"'(2k)
x sin(r(1/2 + w)x* (1 =) F(k —u + v,k —u—v.2kix),  (49)
Yr(x; u,v) = 2(27.[)214 I'(k—u +Iz]()21;€()k —u— )

x sin(mw (1/2 + XKL+ x)“Fk—u+v, k—u—v,2k; —x). (4.10)

Proof. Assume that k — 1 > fu > 3/4. We multiply both sides of the Petersson trace
formula (2.14) by
n2 i, ()¢ (1 + 2u)

and sum over n > 1. Using (2.9), we obtain the first summand on the right-hand side of
(4.5) plus the non-diagonal contribution,

Mo(l;u,v) = (1 4 2u)t, (DI~/>* + MNP,

ND _ A2k S,n;c) ty(n) 471@)
MNP = 27 ;(1+2M)ZZ J2k_1( — -

1/2+u
n=1c=1 ¢ n

Applying Weil’s bound for Kloosterman sums and standard estimates for the J-Bessel
function, we can bound the double series as follows:

2%k—1
/€ Z Z o= 1/2+€, —Nu—1/2+e min((\’ l”) ’ (l«/)f/4> « [1/A+e Zn—th‘u—l/4+e’
C n

n>1c>1 n>1

where € is an arbitrarily small positive number. Thus for ftu > 3/4 the series is absolutely
convergent and we can change the order of summation in MNP, Opening the Kloosterman
sum, we obtain

2k 2u 1 al
MNP — o7 Z(1 4+ 2u)(4r) Z RSy Z e(?

c>1 a (mod ¢)
(a,c)=1

47 a*n 4 /n
XTer(n)e(T)(ﬁ( - >,

n>1

where

(x) = x 2 Iy (x VD). (4.11)
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It follows from [9, Eq. 6.561.14] that for 1 — k 4+ 5iu < Ns < 5/4 + NRu,
$(2s) = 2222wy =s+1/2+u Fk+s—1—u
Fk—s+14u)
Applying [29, Eq. 5.11.9] to estimate the gamma factors, we obtain

P20 + 2it)| < (1 + 1))~ |1 > oo

Thus ¢ (x) satisfies the conditions of Lemma 4.1, which yields

s(142v)

Wflg(z + 2v)

o0 1
ND _ -2k 2 .
MNP =27 (4rr) “g(1+2u)§ :clm (25(0,1, 0)

1 —=2v) -+

+250. 0% S50

¢(2 2U)+ZTU(’1)S(0 [ —n; c)/ ko(x/n, v) (x)x dx

+ er(n)S(O, [ +n; c)/ ki (x/n, v) (x)x dx).
0

n=1

Ramanujan’s identity (2.4) and [9, Eq. 6.561(14)] allow us to express the first two terms
in MNP for —1/4 < %u < k as the third and the fourth summands on the right-hand side
of (4.5). The second summand in (4.5) comes from the third term in MNP when n = [ by
applying [9, Eq. 6.574(2)] for 0 < Ru < k.

Consider

oo 1 o0 oo
-2k 2u
wi=t @)™ ¢ (1 4 2u) —_ 7,(n)S(0, [ — n; c)/ ko(x+/n, v)¢ (x)x dx.
2 L i
n#l 4.12)
According to (2.15) and (4.11) we have

1
./o ko(x/n, )¢ () dx 2003(n(1/2+ v))

x ( / ” Jau (/1) Jop—1 (e D)x ™2 dx — / ” J 20 (x /1) Jap—1 (x v/ T)x =2 dx>.
0 0
(4.13)

If n < [ we apply [9, Eq. 6.574(1)] (witha = \/n, B = \/7, v=2v, u=2k—1),and
infer for —1/2 < Ru < k that

nv 'k+v—u
22ujv—u+1/2 Pk — v+ u)I'(1 4+ 2v)
2cos(m(1/2 + v)de(n/1; u, v)
22u(2ﬂ)2u+1(1 _ n/l)_”ll/z_“
(4.14)

/ ” Jap (/) a1 (x v/ Dx ™2 dx =
0

X Fk4+v—ul—k+v—u,14+2v;n/l)=

’
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where we use (4.8). Substituting (4.14) to (4.13) and applying (4.7), we show that

o/l u, v)

22u(27[)2u+1(1 _ n/l)*”ll/zfu‘ 4.15)

/ ko(x+/n, v)¢ (x)x dx =
0

Recall that we consider the part of (4.12) with n < [. Substituting (4.15) into (4.12) and
using Ramanujan’s identity (2.4) to compute the sum over ¢, we recover the first term
in (4.6).

Analogously, for n > [ we obtain the second term in (4.6) using [9, Eq. 6.574(1)] with
a=+I,B=yn,v=2k—1, u=2v.

Finally, the third term in (4.6) comes from
2k 2 — 1 & OO
2mi* (4m)™M (1 + 2u) —_ 7,(n)S(0, 1 + n; c)/ ki(x/n, v)¢ (x)x dx

by applying (2.4) and [9, Eq. 6.576(3)] for fu < k.

Thus we have proved (4.5) for k — 1 > 9iu > 3/4. To extend the range of validity
of (4.5), we note that the left-hand side of the convolution formula (4.5) is an entire
function of u and v. Since

ltu(n £ D) < n™Fe 1D u, )], [k (x; u, v)] K xFasx — 0,

the right-hand side of (4.5) is a regular function for [Rv| + [Nu| < k — 1. m]

5. The Liouville-Green method

Our main references are the paper [5] and the book [28] . In particular, Chapters 6 and
10-12 of [28] are devoted to the Liouville—-Green method. Note that the case we are
interested in is mainly covered by Chapter 12.

Throughout this section we assume that & is an even positive integer.

5.1. Some properties of ¢k
Let 0 < x < 1 be areal number. Consider the function
P (x) = lig%)cﬁk(X; u, v),
Z—)O

where ¢ (x; u, v) is defined by (4.7). Letting u = 0 and computing the limit as v — 0 by
L’Hospital’s rule, we obtain

—2I'(k + v)x?
T+ 20Tk —v)

¢>k(x)=%|: F(k+v,1—k+v,1+2v;x)] 5.1

v=0
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Differentiation with respect to v gives

Pk (x) = 2(— logx — 2%(/() + ZFF(I))F(k, 11—k, 1;x)

0 0 0
-2l — 4+ —+4+2—|)F(a,b,c; 5.2
(aa+8b+ 8c> @b e Doy 2
c=1
Lemma 5.1. The following property holds:
P (x) = (=D r(1 — x). (5.3)

Proof. Recall that

D (x; U, v) = Gr(x; u, v) + r(x; u, —v),

where ¢ (x; u, v) is defined by (4.8). Applying [4, Eq. 33, p. 107] and Euler’s reflection
formula, we obtain

- Q) (T +v—uw)(k—v—u)
P, v) = (=1 sin(r v) (F(k +v+u)lk—v+u)
sin(rr (v + u))
I'(1 —2u)sin(wu)

sin(w (v — u))
I'(1 4+ 2u) sin(—2mu)

XA —x)""Fk+v—u,1—k+v—u,1—-2u;1—x)

x”(l—x)“F(k+v—|—u,1—k+v+u,1+2u;1—x)>.

Let
F,u)=x"01—-x)"Fk+v+u,l—k+v+u,1+2u;1—x).

Then

Gy = (1 EOT (TE v =0Tk =0 —w) F.—u)  F@.0 )
= 2sinri) \Tk+v+ )k —v+u) T —u) T+ 20)

P Q2m)* 7 cos(wv) (F(k +v—u)l'tk—v—u) F(v,—u) F(v,u) >

2sin(@mv) cos(mu) \ 'tk +v+u) 'k —v+u) T1—2u) TA+2u))/)

Computing the limit as u — 0 by L’Hospital rule, we have

)k 7 cos(mv)

l}i_r)l})¢k()€:u,v) =(-1 — F(v,0)

(=DF 9 /Tk+v—uw)T*k—v—u) Fv,—u) _ F(v,u)
2 u\I'(k+v+uw)l(k—v+u) I'(1—2u) F(l+2u)>

u=0
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By [4, Eq. 1-2, p. 105] it follows that F(—v, 0) = F(v, 0). Thus

uli_f)%(fl;k(ﬂ u, v) + P (x; u, —v))

(DT (Thk+v—u)(k—v—u) F(v,—u) F(v,u)
) [5(r(k+v+u)r(k—v+u) rd—2u) F(l+2u)> o
0 (Tk—v—uw)l'tk+v—u) F(—v, —u) F(—v,u)
E(r(k—v+u)r(k+v+u) I —2u) _F(1+2u))

o

Letting v = 0, we have

k I’ r k /
¢ (x) = (=1) 4<F(1) - F(k)>F(O’ 0) — (=1)"2F,(0,0),

where
F'(0,0) =log(l1—x)F(k,1—k,1; 1 —x)+ 9 + 9 +28 F(a,b,c;1—x)
ulBh 1) =108 TR oa b Toc) TC a=k
c=1
Then (5.2) implies that ¢ (x) = (—l)kd)k(l —X). O

Corollary 5.2. For any positive even integer k we have ¢;(1/2) = 0.

Lemma 5.3. The following series representation holds:

X I'n+k)(n—k+ 1x"
=—F(k,1—k, 1;x)21 2(—1)¥
B (x) = —F( D2logx +2-D" Y 50

k—1 n
. 22 (=D"I'(k +n)

r’ r’ r
k=m0 + 1) (_ZF(” O pEam s ”)>- 54

n=0
Proof. By (5.1) and Euler’s reflection formula,

Se(x) = _%i(xv i sin(mr(k —v)I'Ad —k+v+n)Tk+v+n) ﬁ)
T v =

ra+2v+n n! v:O.
Using
ra—k : >k,
F(l—k+v+n):{ ( +nv+”) n=
ST —v—m) T == "= k—1,
we have

X T(n+ k) —k+ 1)x" kil(—l)"x” I'(k + n)

PN
b (x) = 2(=1) Z C(n+ Dn! n! Tk—-mTn+1)

n=k n=0

21 4F/ 1 2F/k 2F/k 5.5
x(— ogx + F(n—i— ) — F( +n)— F( —n)). (5.9
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It follows from [29, Eq. 15.2.4] that

T+ D) & (— D) T'(b+n)
Fl=m.b,e;2) = =5 }; . Tm—n+Dlct+n)

and therefore

Substituting (5.6) into (5.5) we obtain (5.4). ]
Lemma 5.4. The function ¢y (x) satisfies the differential equation
(x — xz)qb,/{/(x) + (1 = 2x)¢; + k(k — D (x) = 0. 5.7

Proof. Note that F'(k, 1 — k, 1; x) is a solution of (5.7). Using (5.4) we can write
Pk (x) = =201 — 205 + 2(— a3,
where
k—1 00
ap=F(k, 1 -k lix)logx, ay:=» AmBmx", az:=» Cmx".
n=0 n=k
The coefficients A(n), B(n), C(n) are defined by

Lk +n)
M+ Hk—n)’

A(n) = (=1)"

- k - k ZF/ 1
F(n+ )+F(n— ) — F(”‘l‘ )s
Fn+kTn—k+1)

T2(n+ 1) '

B(n) :

C(n) =

They satisfy the recurrence relations

(k+n)k—n—1)
(n + 1)

An+1) = — An),

1 2
Bn+1) =B _ _ ,
S S B

n+k)n—-k+1)
P C(n).

Cn+1) =
Let us denote
D(f)=(x—xD)f"+A=2x)f +k(k—1f.

Using the recurrence relations above, we compute D(«1), D(«2), D(«3) and prove the
lemma by showing that D(a1) + D(an) = (—DFD(a3). ]
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Lemma 5.5. Let y = y(x) be a solution of the differential equation

A(x)y"(x) + B(x)y'(x) + C(x)y(x) = 0. (5.8)
Then z(x) = y(x)/a(x) satisfies the equation
A1 ()" (x) + B1(x)Z'(x) + C1(x)z(x) = 0, (5.9)
where
Al(x) = A)a(x), Bi(x) =24’ (x) + B(x)a(x), (5.10)
Ci(x) = Ax)a" (x) + B(x)d' (x) + C(x)a(x). (5.11)

Corollary 5.6. For 0 < x < 1 the function Y (x) := /x(1 — x) ¢r(x) is a solution of
the differential equation

Y (x) + <4x2(11— BE I;EII — ?))Y(x) =0. (5.12)
Proof. Apply Lemma 5.5 with a(x) = 1/4/x(1 — x). ]
Lemma 5.7. Assume that k is an even positive integer. Then
Fk,1—k,1;1/2) =0, (5.13)
A Pk 1~k 1: ) _ (- LADTR+ D/2) (5.14)
dx x=1/2 7l (k/2)

Proof. Using [29, Eq. 15.8.25] and Euler’s reflection formula, we have

'(1/2) T'(a/2)sin(ra/2) F( 7 1;517 l; (1 2x)2>
I'((a+1)/2) 202

2I'(1/2) T'((a + 1)/2)sin(w(a 4+ 1)/2) F(a +1

T ['(a/2) 2
for some complex a. Setting a = k we obtain

)k/22F(1/2)F((k+ 1)/2)

F@a,1—a,l;x)=

a 3

Flk,1 —k, 1;x) = —(—1 ST (1 —2x)
k+1 k 3
><F<—2 11— 22(1—2x)>

and (5.13) follows by taking x = 1/2.
Further, (5.14) is obtained by differentiation of F(k, 1 — k, 1; x) with respect to x
using the series representation

1
P k3(]_2)>
2 2°2

_ WZ_I( 1y <k/2 )r(k/z +1/2+mIG/2)

(1 —2x)%".
n T'(k/2+4 1/2)T'(3/2 +n)

This representation is a consequence of [29, Eq. 15.2.4] for even positive integer k. O
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Lemma 5.8. For even positive integer k we have

o (1/2) = 2 (~k2 L&D (5.15)

r'ik+1/2)
Proof. By (5.2) and (5.13) we have

d 0] ad
1/2) = -2 — 42 F(a,b,c;1/2
¢r(1/2) (8 +3b+ 8) (a,b,c /)Zilf_k
c=1

Define
Gy =Fk+2,1—k,14+¢€;2), Gr=Fk—-€,1—k+e€1+c¢€;2).
According to [29, Eq. 15.8.26] we have

F(1/2) TA+el(k/2—¢€) . (7
Gil=——-(0-2) Fk/2+1/2) Sln(a(k - 26))81,1
F(—1/2) JTA+elk/2+1/2—¢€) . (n
+———(1-27)(1—-72) F/2) Sln(E(kJr 1 —26)>g1,2,
where

gL =F(1/2—k/2+ € k/2,1/2; (1 —22)%),
g2 =F(l —k/2+ € k/2+1/2,3/2; (1 —22)?).
By [29, Eq. 15.8.25],

2(=D*21(1/2)

Tk/2+e¢) 2%

where
g2 =Fk/2+1/2+€1-k/2,3/2; (1 —22)).
Differentiating G; and G, with respect to € at € = 0 and summing the results, we obtain

=—(1—-2z)log(l —2)
b:1 —k

a )
1 2 F 1b3 5
(aa—i-ab—i- 8) (a,b,c;2)|,

2T (k/2 + 1/2)T(1/2)
7D (k/2)

T'(1/2)T(k/2)

Tk/2+1/2)

(1— 2z)<F(k/2 +1/2,1—k/2,3/2; (1 — 22)%)

y (—1)k/2(4£(1> o k- 2z<k/2)>
r r r
(k+1)/2>'

d 0
2 (—1)K/2
+2(=1 ( —i—ab)
=1—k/2

Setting z = 1/2 we prove the lemma. O

x (=D*2F(k/2,1/2 — k/2,1/2; (1 — 22))

— (=D*?F(k/2,1/2 —k/2,1/2; (1 — 22)%)

T'(k/2+1/2T(1/2)
B 7T (k/2)

/
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5.2. Asymptotic approximation of Qi

We apply the Liouville-Green method to find a uniform approximation of the function
¢k (x) in terms of the J- and Y-Bessel functions. Some preliminary work is required in
order to introduce various functions and constants in the Liouville-Green approximation.
Therefore, the main result, Theorem 5.14, is stated at the end of this subsection.

In Corollary 5.6 we showed that y(x) = +/x(1 — x)¢x (x) is a solution of (5.12). This
equation is a particular type of [5, Eq. 1.1] when o = 0. Let

1
u:k—1/2, f(x) = —m,

1
T2 -2 ax(—x)

(5.16)

(5.17)

Then (5.12) can be written as
Y'(@) = @ f(x) + g(x)y (). (5.18)

Note that x2 f(x) — 0 and x2g(x) — —1/4 as x — 0. The same conditions on f (x)
and g(x) are also assumed in [5, p. 1]. We would like to transform (5.18) into the shape

d°zZ  [u? 1 Y@
d_$2+|:E+4§ £ i|Z 0, (5.19)

which corresponds to [5, Eq. 2.4, 2.6].
Let a(x), n(x) be suitable functions (to be chosen later). We make the change of
variable

Z(x) = y(x)/a(x) (5.20)
in (5.18) and apply Lemma 5.5. Then the substitution
&= / n(x)dx (5.21)
gives
427
a(x)n’ (X) + (@ ()n'(x) + 2o (X)n(X))—

dE? di
+ (" (x) — a ()W f(x) + g(x))Z(E) =0. (5.22)

In order to obtain (5.19) we make the coefficient before 4 daE Z vanish by requiring

o (x)n(x) = 1. (5.23)
Next, we assume that —a*(x) f(x) = 1/(4€). This implies

(x — )C2)1/4

& = 4 arcsin (ﬁ), a(x) = 2(arcsin(ﬁ))1/2.

(5.24)
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With the use of (5.23) and (5.24), the equation (5.22) can be transformed into (5.19)
with | |

-
16sin?(VE) 16§
Note that ¢ (§) is regular in the §-plane apart from the poles at § = (rm)2, m # 0. Since

V() =~ (5.25)

viE) = —%w(s) as & — 0,

the function 1 (£) is smooth on [0, §] for any 0 < § < 72,
Removing the summand with ¢ (£)/& in (5.19), we have

a’z Tu* 1
— —+—=1(Z=0. (5.26)
dg? 48 482
The following functions are solutions of (5.26):
Zc = VE Yowye), (5.27)
where Y is either the J- or Y-Bessel function of index i. Note that
d
—To(z) = —"1(2). (5.28)
dz

Therefore, following [28, Chapter 12] we are searching for a solution of the differential
equation (5.19) in the form

Ze@) = VETouy®H Y P Erwyp Yy P 5
n=0 n=0

and our problem reduces to finding the coefficients A(n; &), B(n; §). Let us denote

W) = VE o8, V() =ETiub). (5.30)
These functions satisfy the differential equations (see [9, Eq. 8.491(3)])

W u 1 W 531
<s>+(€ 452) (x) = (5.31)
VIE) - Svie) (”2 3>v ) = (5.32)
& £ &)+ TS (x .
Note that
W (E) = EW@) - EV(S) (5.33)
ViE) = — v + 4 W(E) (5.34)

28
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Substituting (5.29) in (5.19), we find

I'l D
W) Z © D) _

(5.35)

where

1" ¥ (&) B(n; &)
Cy =A A — 274 — B ,
&) (n; EH_& (n; 8) £ (n; &) (n; &) — 25

Dy(§):=B"(n-1; §)+EB( n—1 5)—%5)3( - L S)+€A(n £).

Assuming that C,(§) = D, (&) = 0, we have

VEWEBm; ) =EA"(n; £) + A'(n; &) — Y (©)A(n; §),
A(n;8) = —EB'(n—1;8) + ¢ (E)Bn — 1;§).

This yields the following recurrence relations:
An; §) = —EB'(n—1;€) + /05 Y(x)Bmn — 1;x)dx + Ay, (5.36)
VEBm: &) = / —(xA”(n x)+A'(n;x) — Y (x)A®; x)) dx (5.37)
for some real integration constants X, (to be chosen later). Letting A(0; £) = 1, we have
B(0;§) = < ot(y/8) — —) (5.38)

11 cot(/E) 1 2
A(I,E)—g(g— N _2sin2(¢§)> ]28< (f)——) + a1 (5.39)

The next step is to apply [28, Theorem 4.1, p. 444] or [5, Theorem 1]. This allows
approximating ¢y by a finite series plus an error term.

Theorem 5.9. Let & = 2 /4. For each u and each non-negative integer N, the equation
(5.19) has solutions Zy (&), Z j(§) which are infinitely differentiable in & on (0, &) and
are given by

N A : N-—1 B :
2v®) = VErou/H Y G - Eyia/H Y S s 8),
n=0 n=0
(5.40)

A B
Z,() = fJo(uf)Z ’(” 2 ——J1< f)Z J(" L b oniiaw, ©),
(5.41)
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where

e, &) < L2 2°N(_L:/_Nﬁ (5.42)
VE [ Jo(u \/_)|min(\/§, b

en+1,2u, §) K AN (5.43)

and the coefficients (Ay (n; &), By (n; &), (Aj(n; &), By (n; &)) satisfy the recurrence re-
lations (5.36)—(5.37).

Proof. The only difference between Theorem 5.9 and [28, Theorem 4.1, p. 444] (or [5,
Theorem 1]) is that we simplify the estimates of the error terms exn41,; (1, ). To this
end, we apply [28, (1.22)—(1.24), p. 437]. Furthermore, we use the fact (see (5.38)) that

Varg g (vx B(0; x)) < 1, Varg g, (vx B(0; x)) < 1,

and the following estimates for variations:

H
Varg ¢ (v/x B(n; x)) = / |(v/x B(n; x)) | dx <« min(/&, 1),
0

&
Varg e, (VX B(n; x)) = /g |(Jx B(n: )| dx < B —E.

which can be proved by induction. O

Note that in Theorem 5.9 it is possible to choose & to be any number less than 72 since
the function v (&) is smooth on [0, §] for any 0 < § < 72. However, we let & = 72/4
because this point corresponds to x = 1/2. Consequently, Theorem 5.9 allows us to
approximate the function ¢ (x) for 0 < x < 1/2, which is sufficient for our purposes in
view of the functional equation (5.3).

Theorem 5.10. There are Cy = Cy(u) and Cy = Cj(u) such that
14 sin(y/€) 2y (5in’(y/E/2)) = Cy Zy (&) + C Z5 (§). (5.44)

Now our goal is not only to prove Theorem 5.10 but also to determine explicitly Cy
and Cy.
As & — 0, both F(k,1 —k, 1; sinz(\/§/2)) and Z;(&) are recessive solutions and
bx (sin2(\/§ /2)) and Zy (§) are dominant. This is because
@k (§) ~ logé, Fk,1—k,1;§)~1 as§—0, (5.45)
Zy(§)E~? ~logE,  Z;)E P~ 1 as& — 0. (5.46)

For the definition and the theory of recessive and dominant solutions see [28, §5.7].
Thus there is a constant c¢g such that

eVAin(VENPF(k, 1 — k, 1; sin?(VE/2)) = coZ (£). (5.47)
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Note that
glirr}) F(k, 1=k, 1;sin>(y/£/2)) = 1. (5.48)

By [29, Eq. 10.2.2] we have Jo(x) = 1 + O(x?) and J;(x) = x/2 + O(x>). Therefore,

N A n:
26 =VEY. M yow) w0 (5.49)
n=0

Choosing the constants of integration X, in (5.36) such that A;(0; 0) = 1 and A, (n; 0)
= 0forn > 1, we find that limg 0 Z;(§) = & and cp = 1.

Since ¢k(sin2(¢§/2)) and Zy (&) are dominant for any 0 < & < &, it is not possible
to find a proportionality relation between them analogous to (5.47). To solve this problem,
we apply the method described in [28, §12.5].

The differential equation (5.19) has two solutions ¢ (§) and F(k, 1 — k, 1; &), which
are linearly independent in view of (5.45). Therefore, Zy can be written as a linear com-
bination

Zy(§) = £ (sin(vE)'/? <¢k <Sm2(§>>c‘ " F("’ L=kl si“%?))”)

(5.50)
for some constants ¢y, c3.
Substituting (5.47) with ¢g = 1 into (5.50) we have
. . 3 1 c
£ (sin(v/8) 2 (smz(§)) = 2@ - C—fzf@), (5.51)

provided that c; # 0.
In order to determine the constants ci, ¢, we compute Zy (&) and its derivative at
& = 72 /4. Applying Lemmas 5.7, 5.8 and Corollary 5.2, we have

Zy (&) = & g (1/2), (5.52)
, _ Zy(&2) 2 0 .
2y &) == L 1=k 1) s (5.53)
Using Lemma 5.8 we find
U'(k/2+1/2) Zy (&)
(k2
a =N ar k) A (5-54)
(k2 nl(k/2) 1/4( / _Zy(§2)>
=D s ra 2 (&) (5-35)

The final step is to compute Zy (§2) and Z;, (&2).
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Lemma 5.11. For & = 12 /4 the following asymptotic formulas hold:

(_1)k/2+1 1 4
ZY($2)=T<1 +ﬁ()vl —1/16) + O(u )>1 (5.56)
o (=D 1[5, 5 405 s
ZY(&Z)—W<1+E|:T—6—4—mi|>+O(M ). (5.57)

Proof. It follows from [5, Eq. 3.9] that

d
€n+1,1(u; §&2) —> 0 and £€2N+1,1(’42 §) >0 asé&— &
Such properties of error terms in the Liouville-Green approximation are well known. For

example, for a simpler differential equation the same property is stated in [28, Eq. 2.19,
p- 196]. Therefore,

N Ay (n: N=1 g (n:
Zy (&) = VE Yo(u /&) Z %n&) _ %Y1(u/5) Z Yg;éz)'
n=0 =0

Using (5.33) and (5.34), we obtain

1 L Ay (n; VAL (n; 1 = By (n;
Zyte) = VB (5 Y M+ 3 A B

n=0 u n=0 u n=0 u

N N=1 pr
u Ay (n; &) 1 By (n; 52) 1 By (n; &)
- &Y — + —— ).
& 1<M&>(2§2 S z a2t
For our purposes it is sufficient to take N = 1. Applying [29, Eq. 10.17.1, 10.17.4] and
[9, Eq. 8.451(1,7,8)], we can write the Hankel expansions for the Bessel functions:

_k/2+1 @ ;
VEYouy/E) = S ) Z( 2O

(Tu/2)%’

(— 1)k/2+1 o

o azj+1(1)
£Y1(uy/&) = 2 i ;( b’ (Tu/2)2+1

where
Fw+j+1/2)
aj(v) = Y - .
JITw—j+1/2)
Thus
(=D a2(0) 4
V& Yo(u/§) = NG (1 = )22 + O(u )>,
o (—=DX2+1 7ap(1) _3
€2Y1(u\/§2)—5 NG (nu/2+0(u )).
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Consequently, taking N = 1 we have

(_1)k/2+1

Ay (0; §2)a2(0)
Ju

Zy(&) = T

1
(AY(O; &) + ﬁ(AY(h &) — — By (0; &2)a1(1))

+0m40.
According to (5.38) and (5.39),

1 15
Ay(0:8) =1, Ay(Lif)=—-—+_—-—=+i, Br(0:&f)=-—

16 = 3272
Substituting a»(0) = 9/128, a1 (1) = 3/8, we prove the equation (5.56).
Next we find an asymptotic expansion for the derivative of Zy (§) at £ = & = 72/4.
From the recurrence relations (5.36) and (5.37), it follows that

15 3
1: _
Ay () =~ 4
Taking N = 1, using the Hankel expansions for the Bessel functions and computing
az(1) = —105/1024, we obtain the formula (5.57). ]
Lemma 5.12. For A1 = 16 + 342052 we have
I2(k/2 1 z
Cy = —m2_ &/ Z (e — 2XE), (5.58)
T2(k/2+1/2) Zy(£) n?
C;j=0(k). (5.59)

Proof. Note that with our choice of A the value of ¢; is non-zero. Therefore, by (5.44),
(5.51), (5.54), (5.55) we have

B _C_2 o Fz(k/Z) 1 ZY(EZ)
€= a d [2(k/2+1/2) Zy(§2) (ZY(&) w? )
By Lemma 5.11,
Zy() _ (DY 405 ek
Y(";:Z) - T2 ud/2 (m N 12874 B 64 ) o ;

405

o2 the first summand in the formula above is zero, so that

Zy(§2)
)

Since A1 = % + ==

=0w™?.

Zy(&) —
Stirling’s formula and [29, Eq. 5.5.5] yield

r2k/2) (2"—1r2(k/2>)2 _ oGY
M2(k/2+1/2)  \ Jal(k) N '

Combining all the above results we find that C; = O(u_5 )y = O(k™). O
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Lemma 5.13. For A; = 11—6 + 2 andu =k — 1/2 we have

3272
2r(1/2)T(k/2) &'
Cy = (—D¥/? z__ (5.60)
L'k/2+1/2) Zy(52)
For any n > 1 there exist constants dy, . .., d, such that
d d d,
Cyz—zn(1+—1+—§+~-~+—Z+O(M”‘)). (5.61)
u u u

Proof. Applying the formulas (5.44), (5.51), (5.54), we prove (5.60). The asymptotics
(5.61) follows from the equation (5.56), Stirling’s formula and [29, Eq. 5.5.5]. m]

Finally, we deduce the main result of this subsection.

Theorem 5.14. Let & = n?/4. Then for any & € (0, &) the equality (5.44) holds with
Zy, Zj, Cy, Cj given by (5.40), (5.41), (5.60), (5.58), respectively.

5.3. Asymptotic approximation of Yy and Oy

In this section we study the functions defined by (4.9) and (4.10) when u = v = 0,
namely

k) ,
Yr(x) = Y (x; 05 0) = ZWx F(k, k,2k; —x), (5.62)
D (x) = Di(x; 0; 0) =2F2(k)xkF(k k, 2k; x) (5.63)
k k 9 9 F(zk) b 9 9 . .

The main difference from the previous subsection is that now the Liouville-Green ap-
proximation is based on K-Bessel functions. See Theorem 5.17 for the precise statement.
By [29, Eq. 15.8.1],

R OYEE: "Fkak. Y N\
=y (r3) P02 i) - ()

! !
m(r—l) = <I>k<n +z>’ (5.64)

and it is sufficient to consider only the function ®y.
Letu :=k—1/2and

Hence

1 1
T 4x2(1 — x)2 + 4x(1—x)

SO = — gx) = (5.65)

1
(1—-x)’
Lemma 5.15. The function y(x) = F (k, k, 2k; x)x*/T — x is a solution of the differen-
tial equation

') = @ f(x) + g(x))y(x) = 0. (5.66)
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Proof. The hypergeometric function F(x) = F(k, k, 2k; x) satisfies

x(1 = x)F"(x) + k — 2k + Dx)F'(x) — k2 F (x) = 0.

1/2

Applying Lemma 5.5 with a(x) = x%(1 — x)~!/2, we have

_ —_1)2 _ 12
1—Qk—1) 1 1— 2k 1))(x):0_

y(x)+( 4x2 40—x2 " 4xd—x)

The assertion follows by rearranging the expression in brackets. O

Note that the differential equations (5.66) and (5.18) are almost identical except that the
functions f(x) defined by (5.65) and (5.16) differ in sign. According to [28, Chapter 12]
this means that in the current case I and K Bessel functions (instead of Y and J) should
be chosen as approximation functions. Consequently, we transform (5.66) to the type

4’z w1 oY)
- - _ Z =0, 5.67
d52+[4s+452 : } oD
where
Y = 1<1 1 ) (5.68)
C16\&  sinh?(VE) /) '
This can be done similarly to the previous case by making the change
y(x) (2 —xHH
Z(x):="—=, o) := 5.69
) a(x) ) 2(atanh(+/1 — x))1/2 (>.69)
and the substitution
£ := 4atanh’*(v/1 — x). (5.70)

Note that as & — 0 the function 1/ (£) is analytic. Removing the term with ¥ (£)/£ in
(5.67) we obtain

2
7+ (L4 —)z=0 (5.7
T . .
The following functions are solutions of this equation (see [29, Eq. 10.13.2]):
Z1 = & Lo /%), (5.72)
where L is either the Ko- or Ip-Bessel function. In general,
I 9
L, :={ o (5.73)
e"'VK,.

Therefore, according to [28, Eq. 2.09, Chapter 12], a solution of the differential equation
(5.67) can be found in the form

o A(n; <~ B(n;
2 = VE Lo/ Y AU +§L1<u/§>2 we, (5.74)
n=0 n=0

u u
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To determine the coefficients A(n; £) and B(n; &) we introduce two functions:

W(E) = V& Louy/§), V(&) =EL1(u/E), (5.75)
which satisfy the following differential equations (see [29, Eq. 10.13.2, 10.13.5, 10.36]):

w” L W =0 5.76
+(gramv=o 579
V" 1v-+< o 3>v 0 (5.77)
& 45 452 ' '
Furthermore, using [29, Eq. 10.29.2,10.29.3] we prove that
1 1
Vv’ —EV+2W w’ ——$W+—§V (5.78)
Substituting (5.74) into (5.67) we have
C D
W) Z (” 9 4 ve Z g’,ﬁj) =0, (5.79)
where
A’ B(n:
Clns &) = A"(n; &) + (’; D %E)A( £)+ B/(n:£) + (;’;),
D@ &) = B'(1—1:6) + 2 (”; L8 _ ‘”S)B(n e+ (’;;5).

Setting C(n; £€) = D(n; £) = 0 we find the recurrence relations

3
VEBm &) = —EAm )+ [ (vwam o — samn )2 (580
A 2 NG

&
An;§) = —EB'(n —1;8) +/ Y(x)Bn —1;x)dx + Ay (5.81)
0

for some real constants of integration A,,.
Let A(0; £) = 1. Then

coth(,/%) 1)
B(0; - —), 5.82
0;8) = < N £ (5.82)

1/1 coth(yE) 1 ) ( y
A E) = ——( - — - - )
(1;8) 8(5 e renire) T th(y/&) + A

(5.83)

Note that

B(0; &) = -L+0@) A(;€)=A1 + OE) asé — 0, (5.84)

. . 1
gli)ﬂgo\/gB(O, §) = §’ ;EL‘OA(LS) s T (5.85)
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Theorem 5.16. For each value of u and each non-negative integer N, the equation (5.67)
has the solution Zk (&) which is infinitely differentiable in & on the interval (0, 00) and is
given by

N A : N-—1 B :
Zx® = VE Koy/DH Y. G Sy Y PEED o e,
n=0 n=0

(5.86)
where

K 1
lean+1,3(u, §)| < %vm(\@ Bk (N; €)) exp(;vg,oo% B (0 é))>.

In particular, for N = 1,

€33, £) K Mmin(ﬂ, é) (5.87)

Proof. Our arguments require only minor changes compared to [28, Theorem 3.1, p. 441].
The first difference is that we take the parameter 8 = oo in [28, Theorem 3.1, p. 441].
As mentioned on [28, p. 442], this is possible as long as the variations of /x B(0; x) and
/X B(n; x) converge at infinity. The convergence of the variations of v/x B(0; x) follows
directly from (5.82). Furthermore, note that

v@E) = o1/EPrth.

Hence for n > 1 the variation
o0
Varg o (v/x B(n; x)) = / |(v/x B(n; x))'| dx
&

converges by [28, Exercise 4.2, p. 445]. To prove (5.87) we need to estimate the variation
of «/x B(1; x) at infinity. Using the recurrence relation (5.80), we find

1

(Vx B(1;x)) = (xA"(1;x) + A'(1; x) — Yy (x)A(L; x)). (5.88)
Jx
Therefore,
(WxB(1;x)) =0~ asx — 0, (5.89)
(WxB(1;x) =0(x"%)  asx — oo. (5.90)
Thus

Varg oo (/5 B(1; 1)) = / (VX B(; )Y | dx < min(/E, 1/8). 0
&
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The solution of the differential equation (5.67),
)
a(x)

Z(§) = (Cbk(X)

x=1/cosh?(VE/2)
=Qp ———— inh? 1/4 591
k(cosh2 T m)(ssm /%) (5.91)

is recessive as &€ — oo. Another recessive solution is Zg (§) defined by (5.74) with
L, = ™V K,. Therefore, there exists Cx = Ck (u) such that

1
Oy ——=——— ) (& sinh® V4 = Cx Zg (). 5.92
k(coshz(ﬁ/z))(e /) K Zk (€) (5.92)
Computing the limit as £ — oo of the left- and right-hand sides of (5.92), we find
Fz(k) 22kf -
k=20 v [Z Z 2n+1] : (5:93)
where
ap = lim A(n; &), b, = lim B(n:§)/&, (5.94)
E—o00 &£—o00
1
—1, — — %A by=-. 5.95
ap @ = g + A 0=7¢ (5.95)
Since s
2k 2
©) _ 2V 1y oaty),
C2k) k2%
we have

Ck =4+ 0(k™. (5.96)
To sum up, we have proved the following result.

Theorem 5.17. For & € (0, 00) the equality (5.92) holds with Zk, Ck given by (5.86),
(5.93), respectively.
6. Error terms for the individual weight

Lemma 6.1. The following exact formula holds:
M>(1; 0, 0)

= Zh A (LF(1/2) = 1+ (=1) )(T(l)[ — (k) — 10gl—210g(2n)+2y}
SfeHy (1) ﬂ

= " | @ .
7 ’;r(n)r(l - I’l)¢k<7) + \77 ;T(n)r(n + DDy <n_—|—l>> 6.1)
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Proof. The assertion follows from Theorem 4.2 by computing the limit as #, v — 0. The
oft-diagonal terms can be simplified as follows. First, using (5.3) we find that

=1 -1
Yt - n)¢k<;) = (DYt - n)¢k<;>.

n=1 n=1

Second, by (5.64) we have

Therefore,

k oo
(n)r(n—n@k( )+ S Y ;)

n=0

14+ (—DF & !
— T;r(n)t(n +l)<bk(n +l)' u]

sl
+M8

Lemma 6.2. Forany e > 0, [ < k* we have

1 & l ck I€ [1/2+e
Wi ;T(H)T(n + l)¢2k(n n l) < eXp(-w) (W + W) (6.2)

for some absolute constant ¢ > 0.

Proof. Consider
JZT(”)T(n+l)¢2k< ) <<—Zn <I>2k< )‘

< el o)

First, we estimate the integral

i / ( +l> @
Letting
x :=1Isinh®>(/£/2),  a :=2asinh(1/V]),
we have
A ﬂ)’ ( 1 )sinh(\/g)
=1 he( X> de.
Vi /az o <2 2 cosh?(V€/2) VE :

Applying the Liouville-Green method (see (5.92)) the integral is equal to

o0 , 12
r=1ecy [ VEnzee T e,
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where Cg satisfies the asymptotic formula (5.96). Note that
VE = 2asinh(7172) > 1/V1.

Thus
(2k — 1/2)/E > k/N1 > 1 forany | < k>.

Applying Theorem 5.16 with N = 0 we estimate

Zg (§) < VE Ko((2k — 1/2),/8).
The last inequality and [29, Eq. 10.40.2] yield

) : 1/2+€
1< 112 / |Ko((2k — 1/%@»% de

ll/2+e 00 (Sinh(\/%_'))l/2+€
< 5= ), @12V —

Making the change of variables & = x? and splitting the integral into two parts
ll /2+€

N

[1/2+€

N

00 L J 1/2+€ ck
—2k—1/2 1/2 P _
+ /1 exp(—(2k — 1/2)x) exp(x(1/2 + €)) x) S exp< ﬂ)

dE.

I K

/ exp(—(2k — 1/2)x)(sinh(x))"/**€ dx

1
< ( / exp(—(2k — 1/2)x)x "2+ dx

for some ¢ > 0.
Now we estimate the second term

Felo ( ! )
TV Mux1)

o= <2atanh( le+—1>>2

1€ c Zk (§0)

Let

Then by equation (5.92),

VI (50 sinh® (V/Eo)) 14
Note that & ~ [~!. Then for | <« k* we have

1/4

Zx (£0) < V&0 Ko((2k — 1/2)/E) < % exp(—(2k — 1/2)/€0).

Finally, for some constant ¢ > 0 independent of &,

1€ exp(—(2k — 1/2) /%) € ( ck)
E I .
S RGnhEn2 | S S\ T
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Lemma 6.3. Forany € > 0 and | < k* we have

ll/2+e

| =l
7 Zf(n)f(n - l)¢2k<r7l> < T (6.3)
n=1

Proof. We apply (5.44) withn/l =: sinz( £/2), so that
pply

" <Q>_ CyZy()+CyZy(E)
*\7) T Qarcsin(Va 1) V22 DV — n/H1/A

(2

Thus n/l < 1/2and & < 72/4. Since n/l > 1/1 we have £ > 1/1. Hence

Using the property (5.3) we find

€

1 & n !
E;rwm - l)¢zk<7> <7 >

n<l/2

2k —1/2)/E > k/VI>1 whenl < k°.

Applying Theorem 5.9 with N = 0, Theorem 5.10 and standard estimates for the Bessel
functions, we find

1/4
Cr 2y (®) < VEYo(@k ~ 1/2VE) < 1

1/4
€12 < Cran(@k 1/ < o

since C; = O (k™) by Lemma 5.12. Consequently,

n 1
¢2"<7> TR/ DA =D

Finally,
1/2+€

n 1€ d/m'*
)< — < . O
¢2k<1)‘ \/Zn;l/z vk Jk

Combining all the results above we obtain the following asymptotic formula.

1€
T2

n<l/2

Theorem 6.4. For any € > 0 and | < k* with k = 0 (mod 2) we have

M(l 0 O)——T(Z)(zl k —logl —2log2m +2 )+0<ll/2 6) (64)
s U, = (0] 0, (0] T 14 . .
2 \/7 g 4 g \/E
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7. Error terms on average

The Liouville-Green method allows also proving sharp asymptotic formulas on average,
as we show in this section. The main goal is to provide an alternative proof for the result
(1.1) by Iwaniec and Sarnak. To this end, we estimate the error terms averaged over k with
atest function h € C§° (R™), which is non-negative, compactly supported on [6;, 6] such
that 6, > 6; > 0 and

1™, <1 foralln > 0. (7.1)
Let
o o0
H::fo h(y)dy, H ::/(; h(y)logydy. (7.2)
We denote the averaged moments as follows:
Aily=>"h ak Zh Ar(DLf(1/2) (7.3)
1) = X sOLf(1/2), -
k feHy (1)
Ayl):=)_h had Zh Ar(DL2(1/2) (7.4)
2 = - K f ¥ . .
feHy (1)

Lemma 7.1. The following formula holds:
2t(l) HK
JI4

( )+22( ) it(n)r(n+l)<bzk<n_li_l>

n=l

4k 1S
Zh( ) ZT(”)T(Z—”)¢2k<> (7.5)

n 1

H
Asr(l) = (2 log K — logl — 2log 87 + 2y + 271)

Proof. We average over k the result of Lemma 6.1. To compute the main term, we use
[29, Eq. 5.11.2]:

E/(k) o k_i_ooﬂ
r 55T ok T Lo

where B», are the Bernoulli numbers. Note that
4k\ 1
hl— )= 1
Yk )i
By Poisson’s summation formula we have

22h<%>logk—22/ ( >logxexp( 2rinx) dx
k

=222/ h(y)(logy +log K —log4)exp(
n J—00

—2mwinyK
winy >d
4
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Note that in the last expression the summand corresponding to n = 0 is equal to

HK H K

If n # 0 we integrate by parts ¢ > 2 times and estimate the expression by its absolute

value, obtaining
oo 94 yK 1 log K
h — d .
/_oo aya( O log )( Ky S k)

Zh<4k) HK+0(%>. o

Lemma 7.2. Forl < K>~ and any A > 0,

4\ 1 & ! —A
Zh<E>ﬂZr(n)r(n+l)q>2k< H) < KA (7.6)

k n=1

Similarly,

Proof. Averaging the result of Lemma 6.2 we obtain

4\ 1 & l
;h(?)ﬂ2r<n>r(n+z>d>2k( +z>

n=1
4k 1 112 _
<<lEZh<E)<W+k3/2>CXp( Ck/\/—)<<K ]
k

Lemma 7.3. Foranye > 0, anya > 2 andl < K2¢,

= [4/2—1/4+e€ I€ J1/2+e€

4k 1
Zh<E)ﬂZr(n)t(l—n)¢zk< ><< Ka+1/2 K+ ﬁKJF K7/2 K.

k n=1

Proof. According to (5.3) we have

o(2) ()

-1 12
Yty ~ n)</>2k<;> = 2Zr<n)r(z —n)¢2k< )

n=1

If [ is odd, then

and if [ is even we have

-1 n 12
Yty - n)¢2k(7> =23 tmr(l - n>¢2k< ) — ¢ (1/2)7°(1/2).

n=1 n=1
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The contribution of ¢y (1 /2)?2(1 /2) can be estimated using the formula (5.15):

72(1/2) 4k L T2(1/2) ( ) 27T (k)
N/ <K>¢2k( /=00 N [(k+1/2)

le
1/2+ 1/2+ E: L
< 62 h( ) <= ed_ ( ><<l1/2K1/2K'

(e ) (5!
Applying the formula (5.44) we have

5 (g) _ CyZy(4arcsin®(y/n/1)) + C; Z (4 arcsin®(y/n/1))
M) T T Qaresin(/a 1) 2@/ DA — 0/ DA

Letu :=2k—1/2,& := 4arcsin2(«/n/l). Then using (5.41) and (5.59) we obtain

«/EJO(M\/E))
k> '

Next we estimate

ak\ 1 L2 -
Zh<E)ﬂZr(n)r(l—n)¢zk< > 11/2 Z

k n=1

C;Z;(8) = 0(

Since u/& = (4k — 1) arcsin(/n/1) > K/~/I > 1 when ! <« K?~¢, we have
1
(u f)‘/z \/%(arcsin(«/_n/l))l/z'

Therefore, the contribution of the term with C;Z; is bounded by

JouE) <

/€ f: (l/n)l/4 Z (4k>arcs1n(\/ [D1Jo(u/%)|
(arcsin(y/n/1))1/2 k3

<<_Z< ) Zh(f)kll/z < K11/2K‘

k

Now we estimate the contribution of the term with Cy Zy, namely
€ 12/2: (A/n)'/4

4k
< (arcsin(y/n/1))!/2 Zk:h<f>CYZY(5)'-

To this end, we use the series representation (5.61) for Cy with a sufficiently large n so
that the error term is negligible. All main terms can be estimated in the same way and the
largest contribution comes from the first summand —27.

The function Zy (£) is defined by (5.40). Using (5.42) the error term is majorized by

VE 1Yo(u /%)
u3 ’

e,1u,8) K
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and therefore its contribution is bounded by
1/2+¢
K72 K
On the interval (0, 72/4) the functions By(&), A (&) are bounded, independent of k

and non-oscillatory (see (5.38), (5.39)).
Y-Bessel functions have oscillatory behavior. According to [9, Eq. 8.451(2)] we have

2 v o\ (=1)T +2s+1/2)
Y@=~ Sm<z T2 Z) (; 0P @)W 25+ 1/2) Rl)

5 v o\ /o) (=1)’T'(v + 25 + 3/2)
Vaz COS(Z T2 Z) (; CoEH Qs+ DN =25 1/2) Rz)’

where R| = O(z™>"), Ry = 0(z’2s1’])by [9, Eq. 8.451(7,8)]. Since u+/€ > 1 the only
difference between Y((u+/€) and Y1 (u+/€) is the /2 shift in the oscillating multiples.
Thus it is sufficient to consider only Yg(u+/€).

The contribution of Rj, R, is majorized by

12

5 h(4k/K) 1€ (1 ~“+1/4K forst =2
ZZ TN ERE < VI\k? orsy =z 2.

It is sufficient to estimate

-7

By the Poisson summation formula [13, Theorem 4.4],

4k \ sin((4k — 1) arcsin(y/n/1) — 7 /4)
Zh(K) VA =1 %I(m)

Z h(ﬁ) sin((4k — 1) arcsin(/n/1) — 7 /4) ‘
K Vik =1 '

k

k

where

—00

I(m) = /ﬂo A (‘%) sin((4y — 1) ar:syin_(vln/l) = 7/4) aniym dy.

Let g(y) := }TKy(—ZJTm + 4 arcsin(4/n/1)). Then writing the sine in terms of exponen-
tials we have

1(m) < K' f T e 4 '

yK — 1|

Integration by parts a > 2 times yields

0 90 ¢ h(y) e$0dy
I(m) < f‘/ (m) Ka|—mm/2 & arcsin(y/n/ )| |
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Note that 0 < arcsin(y/n/l) < /4. If m # 0 we have
I(m) < VK (Km)™® and 1(0) < VK (K arcsin(/n/1))~°.
Consequently,

1/2

e » I\ /4 1
E « [~ V/2Hegl)2 Z<;> (1+W ’n_/l))a)

n=1
1/2 1/4+a/2
< [7V2Heg1/2-a Z(_) « [4/2=1/A+e g—a+1/2 O
n=1 n
Finally, we obtain the main result of this section.
Theorem 7.4. Foranye > 0,anya > 2, andl < K 2

2t(l) HK
Vi — (2log K —logl —2log 8 + 2y +2H/H)

]a/2—1/4+¢€ 1€ J1/2+e€
) e

The asymptotic formula for the averaged first moment follows from Theorem 3.1.

Ar() =

Theorem 7.5. There exist c1, c2 > 0 such that for | < K we have

=215 0<£<c L>CZK> (7.8)
1 = \/Z 4 \/7 1K . .

Remark. By more careful calculations, the error term in the above formula can be im-
proved, as shown in [3, Theorem 1.1].

8. Mollification and non-vanishing at the critical point

In this section we apply the technique of mollification in order to establish effective non-
vanishing results. We mainly use the methods of [20, 22].

8.1. The choice of mollifier
We choose a mollifier of the type (see [15, 22])

M(f) = Z xmkf(m)m_l/z, (8.1)
m<M
where
- w(m) P<10g(M/m)>’ 82)
p(m) log M
pm) =TT +1/p). P = (8.3)

plm
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If M is not an integer then [22, Lemma 2.1]

log(M /m)
1) P| ———
m<M ( IOgM

M ds

=2 8.4
@) m* s’ ©9

2 -2
=~ (log M)
2mi

Lemma 8.1. Let k = 0 (mod 2) and M = k. For any € > 0 there is ko = ko(€) such
that for every k > kg the inequality

h
D M) <logM (8.5)
feHy (1)
holds for any A <1 —e.
Proof. Consider

h 2 xmlxmz h
YU M= ) EEEE N am)As(mo).
feHy(1) mim<m V2 (S

The inner sum can be estimated using the Petersson trace formula and [33, Lemma 2.1]:
h
S A pmi)ip(ma) = 8mi,m2) + 0™ formima < K2/10%
feHy (1)
Note that x,, < 1, and therefore
h 1
Z M2(f) « Z — K logM. O

feHy (1) m=m "

Averaging over k we prove the following estimate.

Lemma8.2. Let M = K. For any € > 0 there is Ko = Ko(€) such that for every
K > Ky the inequality

> :;;(ﬁ) > " M2(f) < KlogM (8.6)
K
k feHy (1)

holds for any A < 1 — €.

8.2. The first mollified moment

Lemma 8.3. Let k = 0 (mod 2) and M = k2. For any € > 0 there is kg = ko(€) such
that for every k > kg the asymptotic formula

422
M= Y ML/ = 204 0o M) 87)
fet() o8

holds for any A <1 — €.
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Proof. By Theorem 3.1,

k
Zh M(f)Lf(l/Z)—Z Z _+O<Z Zl(zﬂkem) )

feHy (1) m<M m<M

Since

2
3 x_< ”’") < QreM/k)¥ = Qre) kA=,
oy m k

the error term is negligible for any A < 1 — €. Applying (8.2) and (8.4), we have

5 Z Xm / M K ju(m) ds
oym (logM)2 2mi 3) $3 = p(mym!+s

Consider the sum over m:

i pim) —als)
pm)m'*s — ¢(s+ 1)

where

1+1/p—1/p**!
@)= U I+ 1/p) (1= 1/pD)
converges absolutely for s > —1, and «(0) = ¢(2). The resulting integral
4 1 MSa(s)
Tog M2 2t Jiy 532G + 1)
has a double pole at s = 0. We cross this pole by moving the contour of integration to
c

= T log(3 + 35
where ¢ > 0 is a constant sufficiently small so that there is no zero of ¢ (s + 1) to the right
of the contour. Then the integral is bounded by

oo oo
/ M—L‘/l()g(3+t) (3 + t)—3+6dt — / ex(—2+e)—c)(*1 log M dx.
0 log3
Using the saddle point method, we estimate the last integral as

(log M)1/4e—c’4/10gM‘
Finally, the residue at s = 0 is equal to

X@ L 0 (og M) ). 0
log M
Lemma 8.4. Let M = K. For any € > 0 there is Ko = Ko(€) such that for every

K > K one has

4k HK 4¢c(2
A :=Zh<?> S e = TEED o kaoean ) s9)
k feHg (D) ogM

forany A <1 —e.
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Proof. By Theorem 7.5, for some absolute constants ¢y, ¢ > 0,
HK X M\
Al=—>2 — 4+ O K| — .
=y (e ()

The error term is negligible for any A < 1 — €. The main term was evaluated in Lem-
ma 8.3. O

8.3. The second mollified moment

Lemma 8.5. Let k = 0 (mod 2) and M = k2. For any € > 0 there is ko = ko(€) such
that for every k > kg the asymptotic formula

16£2(2)

Toga L H /A +0Wog ™) 89)

My= S MA(HLI1/2) =

feHy (1)
holds for any A < 1/4 — €.
Proof. Using the multiplicativity property (2.6) we have

h 2 2 1 Xmi1bXmyb
YUMAHOLIA/) =)~ Y R M (mymy).
feHu (1) 53 P oy mazaagp VT

By Theorem 6.4 the contribution of the error term in M, (mm>) is negligible for any
A < 1/4 — €: indeed,

Z 1 Z (mlm2)1/2+e
b «/mlmgk

b<M = my,my<M/b

2+4€
M — kZA— 1/2+€

N

<

The main term of M, (mm>) is

t(mimy) (T
2W <2F(k) —log(mima) + 2y — 210g(27-[)>_

Therefore, the largest contribution comes from

T(mmy) k2
2 log .
Jmimy mimy

Therefore, we need to compute

2 Z 1 Z ‘L'(m1m2)xm]hxm2b log k?
b mi,ma<M/b mini; myn;

Using t(mmy) = Zd‘(ml,m) u(d)t(my/d)t(my/d), we have

5 Z %Z%d) Z T(m1)T(M2) X nXmyn log

3 .
n<M d|n my,my<M/n mymz d mymz

k2
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The last expression splits into two parts:

P =4 Z Z wu(d) Z f(ml)f(mZ)xmlnxmzn log(k/m1),

n<M d|n myp,my<M/n min
—_4 Z Z wn(d)logd Z T(m1)T(M2) X 0 Xman
n=m "' din d my,my<M/n i

The main contribution comes from P; due to the additional factor of log(k/m1). By
Cauchy’s integral formula

1 k*
log(k/m1) = 2—1 iz
mi

5 dz,

where Cj is the circle of radius § around 0. Using (8.2) and (8.4), we have

P1=—16 —1, f / / 0 _ gt
(log M)* 2mi)3 J3y J3y Je nZFsits

s n=1
t(mp)t(m)u(min)u(man) k*dz dsy ds;

s1+z+1 s+1 2 3 3"
my Z 578

X
my,mp=1 p(mln)p(mﬂ’l)m

Let

(I4+1/p—=2p~"H1 —1/p)
ap(s) := — = ;
1:[ (1—p=s=1)2

. 1+1/p
,Bn(s) = l;,l[ 1+ l/p_zpfsfl'

Then the sum over m can be computed as follows:
t(mp)u(min)  pu(n) T(mp)p(my)

[ 1
mi=1 p(mln)m51+z+ p(n) (my,n)=1 p(mi )mSI+z+

p(n) 2 p(n) £Q)
= 1 — = n .
p(n) (p,ln_)[_1< prHr(+ 1/1))) pn) 21 42 DA

Similarly,

T(mp)pu(man) N(”l) 30))
my= 1,0(mzn)myz'|r1 a Br(s2)a1(52).

p(n) ¢(s2+ 1)
Now the sum over n is equal to

Z p(n)  pn)

2+sl+sz ,02( )

———Bn(s1 + 2)Bn(s2)

= Z “Zjﬁﬁﬁ’? H(l +1/p—2p )T A 1/p —2p7 )

l)(l + 1_ 2p—S1—Z—1)_1

P
- H( S|+Sz+l(1 + 2p—52—1)

) = (51 + 52 + Daa(sy, 52, 2),
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where

1=+
oo (s1,52,2) = H(l + potatl(1

1_ ;)—1
P PREas ><1 1 )
P + 522+1) pS|+S2+1

)4
Let us denote
a(sy, 82, 2) = a1(s1 + Dai(s2)az(s1, 52, 7).

Note that a(s1, $2, 7) converges absolutely for Nsy, Nsy, Rz > —e for some € > 0 and
«(0,0,0) = 1. As aresult,

p 16¢%(2) / / f ysi+s2 @61 82, D1+ 52 + 1) Kz dsy dsy
' (og M)t (2m>3 @ Ja Je, Otz D+ ) 2 8 8
Let y; denote the contour
Cc

Ry = ————
log3 + [3s:)

and
C(s1+s2+ 1) k*

$1,89,2) 1= M5 ™20y, 50, 2
f(s1,82,2) (s1, 52 )52(S1+Z+1)§2(S2+1) 205

We start by evaluating the integral over z:

5l
= - f(s1,82,2)dzdsy dsy
Qi) Jiay Ja) Jos

7
= - res;— f(s1, 52, 2) dsadsy.
Qri)? Jay Jay T

Further, we move the contours of integration to (—oo, —6) Ucs U (8, 00), where § > Ois a
small positive number and c;s is a semicircle in the right half-plane. Note that the function
f(s1, 52, z) has a pole not only at s; = 0 but also at 51 + s» = 0. Moving the contour of
integration to the line y;, we cross a pole at s; = 0. Accordingly, by [6, Corollary 2.4.2,
p- 55]

1 1
I =— | 1esg=0 f(51,52,2)dso+ —— | 1€Ss=—s5; f(51,52,2)dsy
2wi J3y  z=0 27i Jy, 2=0

5l
+—= res;—o f (51,82, 2) dsa dsy.
@iy J, Joy

Then, as a next step, we move the contour of integration over s> to the line y», getting

1 1
I = el f(s1,82,2)ds1 + 77 | TeSai=0 f(s1,82,2)dsy
7Tl Y1 z=0 Tl V2 z=0
1
+ —/ / res;—o f (51, 52, 2) ds2 dsy
Qri)? Jy )y
1
+ Tm7 reSs2=—0s1 f(s1,82,2) dsy + 1885 =5y =0 f (51, 52, 2).
Y1 =
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The contribution of the first three integrals above is negligible and can be estimated sim-
ilarly to the proof of Lemma 8.3. The fourth integral can be bounded by a constant and
therefore its contribution to P; is O ((log M )~*). The main term is given by the residue
ats) = s = z = 0. The function f (sy, s2, z) has a simple pole at s, = 0. Hence

KM ¢ (s1 + Da(sy, 0, z)
25j¢2(si+z4+ 1)

resg —s,=z=0 J (51, 52, 2) = 2mi 1885, —7—(

Next, we compute the residue at z = 0, where the resulting function has a double pole.
Finally, evaluating the residue at the triple pole s; = 0 we find that

16222
= ﬁ AEI))4 (logklog M + (log M)?) + O((log M) ™)
_ 162 -3
= Tos )2(A + 1) + O((log M)™).

Similarly, using the representation

1 [ &
logd = — —
°8 2mi Cs 22

dz,
we prove that P, = O((log M)73). ]

Lemma 8.6. Let M = K. For any € > 0 there is Ko = Ko(€) such that for every
K > Ky the asymptotic formula

4k
Ay = Zh(E> S MA(HLI/2)
k

feHy (1)
_HK 1680 B
= (]0gM)2(1+1/A)+0(K(10gM) ) (8.10)

holds for any A <1 — €.
Proof. Consider

1 X bXmab

1 my

Ay = E A E ————Ay(mymy),
b<m P my ey VN2

where the asymptotics of A, (m1m>) is given by Theorem 7.4. Accordingly, the contribu-
tion of the error term is bounded by

KM€ Ma+1/2 1 M2
Katl/2 + \/E + K7/2

for any a > 2. This is negligible if A < 1 — €. The main term can be evaluated similarly
to Lemma 8.5. O
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8.4. Non-vanishing for the individual weight

Theorem 8.7. For any € > 0 there exists ko = ko(€) such that for any k > ko and
k = 0 (mod 2) we have
h
1

1 —e. 8.11)

2 —
feHy (1) >
Ly(1/2)=(logk)~
Proof. Asymptotic formulas for the first and second mollified moments are given by (8.7)
and (8.10). Accordingly, the largest admissible length of mollifier is A < 1/4 — €. Ap-
plying (8.5), we estimate

~ h
My:= ) " M(OLr(/2)81,05 b dogh-112
feHy (1)
h 172 h 1/2
=( 3 13a/2) (X" M)
feHy (D) feHyu (1)

Ly(1/2)<b(k)(logk)~!/

< bbogh (Y m20) " < bib

SfeHy (1)

Taking b(k) = (log k) ~3/? we have

2
Zh > (M1 M]) > A
FemR () M; I+4A
Ly(1/2)>(logk)~2

for any A < 1/4 — €. The result follows. O

8.5. Non-vanishing on average

Theorem 8.8. For any € > 0 there is Ko = Kq(€) such that for any K > Ko we have

4 4k h 1
T h(?) Z 1> 5—€ (8.12)
k feHy (1)
Ly(1/2)=(logk)™2

Proof. Note that
4k HK
Zh —|~—— asK — oo.
2 K 4
The Cauchy—Schwarz inequality and the estimate (8.6) yield

- 4
= Zh(—) S M(HL(1/D) < Kb,

k K feHy (1)
Ly(1/2)<b(k)(logk)~1/2
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Choosing b(k) = (logk)~>/? and applying the Cauchy—Schwarz inequality twice, we
obtain

4k h
Zh(f> D L1281, (172 togh)-2

k feHy (1)
4k h h
52”(;) Do LR DT 822 0ek
k feHy (1) feHy (1)
4k hoo 12 4k h 172
5(2;;(?) Z Lf(1/2)> Zh < Z 1) .
k feHy (1) k SfeHy (1)

Ly(1/2)>(logk)~2
Therefore, by Lemmas 8.4 and 8.6 we have

~\2
4 h(ﬁ) Zh (g Al — 7% A1) A
HK 4"\ K

feHy (1) HK
Ly(1/2)=(logk)~2

forany A <1 —e. O

8.6. Removing the harmonic weight

In order to state the version of Theorem 8.7 for the natural average we apply the tech-
niques developed by Kowalski and Michel [19] prove [20].

Lemma 8.9. Let ay be a sequence of complex numbers such that

S oyl < (logh)*  for some A > 0, (8.13)
feHy (1)
max |wras| K k70 for some § > 0. (8.14)
feHy (1)

Let x = k€ and 5

pf(n) Ay(d?)
wp(n) =y = N O (8.15)

n<x dlzfx dl
where pr(n) is defined by (2.8). Then there exists k = k (€, 8) > 0 such that
Hy (1 h
Y o= | 2"2( )| > wp@ay + 0k ). (8.16)
FemR() £@ rdma

Proof. Combining the formula
[Hyu (D] = 2k — 1)/12 4+ O(1)
with (2.12) and the bound of Hoffstein—Lockhart [10] on L(sym2 f, 1), we conclude that
1 L(sym? £, 1)

— =2 L i H ()] + O((logk)). 8.17
o 0) |Ho (1) + O((logk)”) (8.17)
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Using (8.17) and (8.13) we obtain

hoo Hyi (1 h
o= Y o _ 1Hu) > " ayL(sym® £, 1)+ O(k' ™). (8.18)
f wf ¢(2)
€ Hpi (1) feHy (1) feHy (1)

Now the key idea is to replace L(sym? f, 1) by a short Dirichlet polynomial o 7 (x) defined
by (8.15). Let us also introduce

2
oty = Y o 2D

2
Y<n=y x<dl?<y dl

It follows from [25, Lemmas 2.3] that for a sufficiently large constant a (one can take, for
example, a = 10) and y = k7,

L(sym? f, 1) = wr(x) + wf(x, y) + O(k~1F). (8.19)
Substituting (8.19) to (8.18) we obtain

Hy (1 Hy (1
p = DL S gy 0+ P2 S 0,0+ 06170)
feHy (1) t@ SfeHy (1) t@ SfeHy (1) (8.20)

Repeating the arguments of [20, Proposition 2], applying (8.13) and (8.14), and using
instead of [20, Lemma 3] its analogue [25, Lemmas 2.5] in the weight aspect, we obtain

Hyi (1 h
| 2k2( )| Z wrop(x, y) < K'F
£@) feHy (1)

This completes the proof. O

Note that the main terms in the asymptotic formulas for the twisted moments in the weight
aspect have only minor changes compared with the main terms in the level aspect. Thus
we can follow closely the approach of [21, Sec. 5].

Theorem 8.10. For any € > 0 there exists kg = ko(€) such that for any k > ko and
k = 0 (mod 2) we have

1 1
Z 1>-—e (8.21)
| Hoi (1) Fem 5

Ly(1/2)=(logh)~
Proof. The proof is similar to that of Theorem 8.7 and is based on the asymptotic for-
mulas for the first and second mollified moments. Combining Theorems 3.1 and 6.4, and
Lemma 8.9, and choosing the same mollifier as in [21, Sec. 5], we obtain, for A < 1/4—e¢,

S M(HLs(1/2) = 26 @) Ha(DI(1 + O(k™2)),

SfeHy (1)

D MP(HLF(1/2) =207 Q2) | Hu(1)]

SeHy (1)

2logk +2logM loglogk
ogr +2log 140 oglog
log M logk
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where as usual M = k2 is the length of the mollifier and €, €, > 0. Note that Lemma 8.9
can be applied for the first and second mollified moments only if the conditions (8.13)
and (8.14) are satisfied for oy = M(f)Ls(1/2) and af = M*( f)L]%(l /2). To show
that (8.13) holds we use the Cauchy—Schwarz inequality, the estimate (8.5) and The-
orem 6.4 in the case of the first moment. In the case of the second moment we pro-
ceed as in Lemma 8.5. To show that (8.14) is satisfied we apply the subconvexity bound
Ls(1/2) < k'/3+€ due to Jutila-Motohashi [17] and Peng [32]. This bound shows that
the condition (8.14) is satisfied for any A < 1/3. ]

Acknowledgments. The authors thank Viktor A. Bykovskii and the Institute for Applied Mathemat-
ics in Khabarovsk for hospitality and excellent working conditions. We are grateful to Guillaume
Ricotta for his careful reading of an earlier draft and helpful comments. We thank Philippe Michel
and Emmanuel Royer for encouraging discussions. Finally, we express our thanks to the referees
for their extraordinarily careful reading of this manuscript and many suggestions for improvement.

Research of O. Balkanova is supported by Academy of Finland project no. 293876.

Research of D. Frolenkov is supported by the Russian Science Foundation under grant
[14-11-00335] and performed in Khabarovsk Division of the Institute for Applied Mathematics,
Far Eastern Branch, Russian Academy of Sciences and is partially supported by the Foundation for
the Advancement of Theoretical Physics and Mathematics “BASIS”.

References

[1] Balkanova, O., Frolenkov, D.: Non-vanishing of automorphic L-functions of prime power
level. Monatsh. Math. 185, 17-41 (2018) Zbl 06830185 MR 3745699
[2] Balkanova, O., Frolenkov, D.: The mean value of symmetric square L-functions. Algebra
Number Theory 12, 35-59 (2018) Zbl 1445.11039 MR 3781432
[3] Balkanova, O., Frolenkov, D.: The first moment of cusp form L-functions in weight aspect on
average. Acta Arith. 181, 197-208 (2017) Zbl 1422.11082 MR 3732916
[4] Bateman, H., et al.: Higher Transcendental Functions. Vol. 1, McGraw-Hill, New York (1953)
Zbl 0051.30303 MR 0058756
[5] Boyd, W. G. C., Dunster, T. M.: Uniform asymptotic solutions of a class of second-order
linear differential equations having a turning point and a regular singularity, with an appli-
cation to Legendre functions. SIAM J. Math. Anal. 17, 422-450 (1986) Zbl 0591.34048
MR 0826704
[6] Cima,J. A., Matheson, A. L., Ross, W. T.: The Cauchy Transform. Amer. Math. Soc. (2006)
7Zbl 1096.30046 MR 2215991
[7] Ellenberg, J. S.: On the error term in Duke’s estimate for the average special value of L-
functions. Canad. Math. Bull. 48, 535-546 (2005) Zbl 1097.11023 MR 2176151
[8] Fomenko, O. M.: Nonvanishing of automorphic L-functions at the center of the critical strip.
Zap. Nauchn. Sem. POMI 263, 193-204 (2000) (in Russian) Zbl 1037.11031 MR 1756346
[9] Gradshteyn, I. S., Ryzhik, I. M.: Table of Integrals, Series, and Products. 7th ed., Academic
Press, New York (2007) Zbl 1208.65001 MR 2360010
[10] Hoffstein, J., Lockhart, P.: Coefficients of Maass forms and the Siegel zero. Ann. of Math.
140, 161-181 (1994) Zbl 0814.11032 MR 1289494
[11] Hough, B.: Zero-density estimate for modular form L-functions in weight aspect. Acta Arith.
154, 187-216 (2012) Zbl 1323.11026 MR 2945661
[12] Iwaniec, H.: Topics in Classical Automorphic Forms. Grad. Stud. Math. 17, Amer. Math. Soc.
(1997) Zbl10905.11023 MR 1474964


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06830185&format=complete
http://www.ams.org/mathscinet-getitem?mr=3745699
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1445.11039&format=complete
http://www.ams.org/mathscinet-getitem?mr=3781432
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1422.11082&format=complete
http://www.ams.org/mathscinet-getitem?mr=3732916
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0051.30303&format=complete
http://www.ams.org/mathscinet-getitem?mr=0058756
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0591.34048&format=complete
http://www.ams.org/mathscinet-getitem?mr=0826704
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1096.30046&format=complete
http://www.ams.org/mathscinet-getitem?mr=2215991
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1097.11023&format=complete
http://www.ams.org/mathscinet-getitem?mr=2176151
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1037.11031&format=complete
http://www.ams.org/mathscinet-getitem?mr=1756346
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1208.65001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2360010
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0814.11032&format=complete
http://www.ams.org/mathscinet-getitem?mr=1289494
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1323.11026&format=complete
http://www.ams.org/mathscinet-getitem?mr=2945661
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0905.11023&format=complete
http://www.ams.org/mathscinet-getitem?mr=1474964

1380 Olga Balkanova, Dmitry Frolenkov

[13] Iwaniec, H., Kowalski, E.: Analytic Number Theory. Colloq. Publ. 53, Amer. Math. Soc.
(2004) Zbl 1059.11001 MR 2061214

[14] Iwaniec, H., Luo, W., Sarnak, P.: Low lying zeros of families of L-functions. Inst. Hautes
Etudes Sci. Publ. Math. 91, 55-131 (2000) Zbl 1012.11041 MR 1828743

[15] Iwaniec, H., Sarnak, P.: The non-vanishing of central values of automorphic L-functions and
Landau-Siegel zeros. Israel J. Math. 120, 155-177 (2000) Zbl 0992.11037 MR 1815374

[16] Jutila, M.: Lectures on a Method in the Theory of Exponential Sums. Tata Lect. Notes Math.
80, Tata Inst. Fund. Res., Bombay, and Springer (1987) Zbl 0671.10031 MR 0910497

[17] Jutila, M., Motohashi, Y.: Uniform bound for Hecke L-functions. Acta Math. 195, 61-115
(2005) Zbl 1098.11034 MR 2233686

[18] Karatsuba, A. A., Voronin, S. M.: The Riemann Zeta Function. De Gruyter Expositions in
Math. 5, de Gruyter (1992) Zbl 0756.11022 MR 1183467

[19] Kowalski, E.: The rank of the jacobian of modular curves: analytic methods. Ph.D. thesis,
Rutgers Univ. (1998) MR 2697914

[20] Kowalski, E., Michel, P.: The analytic rank of Jy(g) and zeros of automorphic L-functions.
Duke Math. J. 100, 503-542 (1999) Zbl 1161.11359 MR 1719730

[21] Kowalski, E., Michel, P.: The analytic rank of Jy(q) and zeros of automorphic L-functions.
39 pp. (2001); https://tan.epfl.ch/files/content/sites/tan/files/PhMICHELfiles/DMJ.pdf

[22] Kowalski, E., Michel, P., VanderKam, J. M.: Non-vanishing of high derivatives of automor-
phic L-functions at the center of the critical strip. J. Reine Angew. Math. 526, 1-34 (2000)
Zbl 1020.11033 MR 1778299

[23] Kuznetsov, N. V.: Trace Formulas and Some Applications in Analytic Number Theory. Far
East Division of the Russian Academy of Sciences, Dalnauka, Vladivostok (2003) (in Rus-
sian)

[24] Lau, Y. K., Tsang, K. M.: A mean square formula for central values of twisted automorphic
L-functions. Acta Arith. 118, 231-262 (2005) Zbl 1081.11036 MR 2168765

[25] Lau, Y. K., Wu, J.: Extreme values of symmetric power L-functions at 1. Acta Arith. 126,
57-76 (2007) Zbl 1125.11030 MR 2284312

[26] Luo, W.: Nonvanishing of the central L-values with large weight. Adv. Math. 285, 220-234
(2015) Zbl 1385.11030 MR 3406500

[27] Motohashi, Y.: Spectral Theory of the Riemann Zeta-Function. Cambridge Tracts in Math.
127, Cambridge Univ. Press, Cambridge (1997) Zbl 0878.11001 MR 1489236

[28] Olver, F. W. J.: Asymptotics and Special Functions. Academic Press, New York (1974)
Zbl 0303.41035 MR 0435697

[29] Olver,E. W.]., Lozier, D. W., Boisvert, R. F., Clarke, C. W.: NIST Handbook of Mathematical
Functions. Cambridge Univ. Press, Cambridge (2010) Zbl 1198.00002

[30] Ng, M. H.: Moments of automorphic L-functions. PhD thesis, Univ. of Hong Kong (2016)

[31] Paris, R. B., Kaminski, D.: Asymptotics and Mellin—Barnes Integrals. Cambridge Univ. Press
(2001) Zbl 0983.41019 MR 1854469

[32] Peng, Z.: Zeros and central values of automorphic L-functions. Ph.D. Thesis, Princeton Univ.
(2001) MR 2701928

[33] Rudnick, Z., Soundararajan, K.: Lower bounds for moments of L-functions: symplectic
and orthogonal examples. In: Multiple Dirichlet Series, Automorphic Forms, and Ana-
lytic Number Theory, Proc. Sympos. Pure Math. 75, Amer. Math. Soc., 293-303 (2006)
Zbl 1120.11039 MR 2279944

[34] Titchmarsh, E. C.: The Theory of the Riemann Zeta-Function. 2nd ed., Oxford Univ. Press,
Oxford (1986) Zbl 0601.10026 MR 0882550

[35] VanderKam, J. M.: The rank of quotients of Jy(N). Duke Math. J. 97, 545-577 (1999)
Zbl 1013.11030 MR 1682989


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1059.11001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2061214
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1012.11041&format=complete
http://www.ams.org/mathscinet-getitem?mr=1828743
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0992.11037&format=complete
http://www.ams.org/mathscinet-getitem?mr=1815374
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0671.10031&format=complete
http://www.ams.org/mathscinet-getitem?mr=0910497
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1098.11034&format=complete
http://www.ams.org/mathscinet-getitem?mr=2233686
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0756.11022&format=complete
http://www.ams.org/mathscinet-getitem?mr=1183467
http://www.ams.org/mathscinet-getitem?mr=2697914
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1161.11359&format=complete
http://www.ams.org/mathscinet-getitem?mr=1719730
https://tan.epfl.ch/files/content/sites/tan/files/PhMICHELfiles/DMJ.pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1020.11033&format=complete
http://www.ams.org/mathscinet-getitem?mr=1778299
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1081.11036&format=complete
http://www.ams.org/mathscinet-getitem?mr=2168765
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1125.11030&format=complete
http://www.ams.org/mathscinet-getitem?mr=2284312
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1385.11030&format=complete
http://www.ams.org/mathscinet-getitem?mr=3406500
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0878.11001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1489236
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0303.41035&format=complete
http://www.ams.org/mathscinet-getitem?mr=0435697
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1198.00002&format=complete
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0983.41019&format=complete
http://www.ams.org/mathscinet-getitem?mr=1854469
http://www.ams.org/mathscinet-getitem?mr=2701928
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1120.11039&format=complete
http://www.ams.org/mathscinet-getitem?mr=2279944
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0601.10026&format=complete
http://www.ams.org/mathscinet-getitem?mr=0882550
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1013.11030&format=complete
http://www.ams.org/mathscinet-getitem?mr=1682989

	1. Introduction
	2. Notation and technical lemmas
	3. The first moment
	4. The second moment
	5. The Liouville–Green method
	6. Error terms for the individual weight
	7. Error terms on average
	8. Mollification and non-vanishing at the critical point
	References

