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Abstract. We consider a class of one-dimensional nonselfadjoint semiclassical pseudodifferential
operators, subject to small random perturbations, and study the statistical properties of their (dis-
crete) spectra, in the semiclassical limit 4 — 0. We compare two types of random perturbation:
a random potential vs. a random matrix. Hager and Sjostrand showed that, with high probability,
the local spectral density of the perturbed operator follows a semiclassical form of Weyl’s law,
depending on the value distribution of the principal symbol of our pseudodifterential operator.

Beyond the spectral density, we investigate the full local statistics of the perturbed spectrum,
and show that it satisfies a form of universality: the statistics only depends on the local spectral
density, and of the type of random perturbation, but it is independent of the precise law of the
perturbation. This local statistics can be described in terms of the Gaussian Analytic Function, a
classical ensemble of random entire functions.
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1. Introduction

The spectral analysis of linear operators acting on a Hilbert space is much developed in
the case of selfadjoint operators: one can then use powerful tools, like the spectral the-
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orem, or variational methods. This fact has been very useful in mathematical physics,
for example in quantum mechanics, where the natural operators (quantum observables,
Hamiltonian) are selfadjoint. However, nonselfadjoint operators also appear in mathe-
matical physics, and deserve to be investigated. For instance, in quantum mechanics, the
study of scattering systems naturally leads to the concept of quantum resonances, which
appear as the (complex valued) poles of the analytic continuation of the scattering ma-
trix (or of the resolvent of the Hamiltonian) into the so-called nonphysical sheet of the
complex energy plane. These resonances may also be obtained as bona fide eigenvalues
of a nonselfadjoint operator, obtained from the initial selfadjoint Hamiltonian through a
complex dilation procedure [1, 2]. Still in quantum mechanics, when considering the evo-
lution of a “small system” in contact with an “environment", one can be led to express the
effective dynamics of the small system through a nonselfadjoint Lindblad operator [34].
In statistical mechanics, the evolution of the system may be described by a linear operator,
which is often nonselfadjoint: the Fokker—Planck, or the linearized Boltzmann equation
typically contain convective as well as dissipative terms, leading to nonselfadjoint op-
erators. In hydrodynamics, the operators appearing when linearizing the Navier—Stokes
equation in the vicinity of some specific solution are generally not selfadjoint [19].

When studying evolution problems generated by linear operators, one is naturally led
to analyze the spectrum of that operator. Yet, in the nonselfadjoint case, the connection
between the long time evolution and a spectrum of complex eigenvalues is not so ob-
vious as in the selfadjoint case, since eigenstates do not form an orthonormal family.
This difficulty of relating spectrum and dynamics is linked with a characteristics of non-
selfadjoint operators, namely the possible strong instability of their spectrum with respect
to small perturbations, a phenomenon nowadays commonly called pseudospectral effect.
Traditionally this spectral instability was considered as a drawback, since it can be at
the source of immense numerical errors [14]. However, as we will see below, analyzing
this instability can also exhibit interesting phenomena. Numerical analysis studies, e.g.
by L. N. Trefethen [47], somewhat changed the perspective of this instability problem:
they showed that considering the pseudospectrum of the (nonselfadjoint) operator—that
is the region where the norm of the resolvent operator exceeds some (large) threshold—is
often more relevant than considering its spectrum, and can reveal important dynamical
information. As an example, when studying a certain class of nonlinear diffusion equa-
tions, Sandsteede—Scheel [39], Raphael-Zworski [38] and Galkowski [18] showed that
the pseudospectrum of the (nonselfadjoint) linearization of the equation can explain the
finite time blow-up of the solutions to the full nonlinear equation, while the mere study
of its spectrum would suggest a stable evolution.

In physical situations, an “ideal” evolution operator can be perturbed by many differ-
ent sources, most of them uncontrolled by the experimentalist. Hence, it seems relevant
to set up a model of random perturbations, and to investigate how the spectrum of our
initial operator reacts to the addition of such perturbations. The spectrum of the perturbed
operator thereby becomes random; in case this spectrum is discrete, it forms a random
point process on the complex plane, which can be investigated by probabilistic methods.
This is what we will do in this article, for a particular class of nonselfadjoint operators.
Namely, we will focus on semiclassical pseudodifferential operators with complex valued



Local eigenvalue statistics of pseudodifferential operators 1523

symbols, and with some ellipticity assumption ensuring that the spectrum is discrete (at
least in some region of the complex plane). Here “semiclassical” means that our operators
depend on a parameter £ € ]0, 1] (often referred to as “Planck’s parameter”), and that we
will be interested in the asymptotic (semiclassical) regime h \ 0. This small parameter
will provide us with a natural threshold to define the pseudospectrum, and thereby to mea-
sure the spectral instability. The spectrum of these operators is in general very sensitive
to perturbations: as we will see, in many examples the spectrum of the initial operator is
localized along 1-dimensional curves in the complex plane, while the spectrum of the per-
turbed operator fills up an open domain of C (called the classical spectrum), defined by
the symbol of our unperturbed operator. This filling up of the classical spectrum through
perturbation has been studied in a series of works by Hager [24, 23], Sjostrand [42, 41,
25] and Bordeaux-Montrieux [5] (see also [8] for a similar phenomenon in the framework
of Toeplitz operators on the 2-dimensional torus). These authors show that the spectrum
of the randomly perturbed operator satisfies, with high probability, a complex valued ver-
sion of Weyl’s law: the density of eigenvalues near a given “complex energy” zo inside
the classical spectrum is approximately given by Q2rxh)~! D(zp), where D(zg) > 0is the
classical density at the energy zo, associated with the symbol of our initial operator.

This Weyl’s law counts the eigenvalues in any given region of C, independent of #,
it therefore describes the spectrum at the macroscopic scale. Since the spectral density
is of order 4~!, it is reasonable to think that the typical distance between nearest eigen-
values should be of order /!'/2, which we will call the microscopic scale. Our aim in the
present article is to investigate the distribution of eigenvalues at this microscopic scale,
from a statistical point of view; in other words, we aim at studying the local spectral
statistics, for our family of randomly perturbed operators, in particular the type of statis-
tical correlations between nearby eigenvalues. A first result on these correlations has been
obtained by the second named author [48], who computed the 2-point correlation between
the eigenvalues of our randomly perturbed operator in the case of Gaussian perturbations.

In this article we will give a full description of these local statistics, expressed in
terms of a certain Gaussian analytic function. In particular, we will prove a partial form
of universality with respect to the law of the random perturbation.

Before stating our results more precisely, and to provide some motivation, let us recall
some background on the topic of spectral statistics, from a mathematical physics perspec-
tive. In the 1950s Wigner [50] had the idea, when studying the spectra of complicated
Hamiltonian operators in nuclear physics, to replace these (very structured) operators by
large (nonstructured) random matrices. Those random matrices could not reproduce the
large scale density fluctuations of the nuclear spectra, which depend on specific features
of the system, but they could (empirically) reproduce the local statistical properties of
the spectra, at the scale of the mean spacing between eigenvalues. Wigner and Dyson
[13] understood that these local statistical properties only depend on certain global sym-
metries of the Hamiltonian, like time reversal invariance, but not on the fine details of
the Hamiltonian: these statistical properties were thus said to be universal. In the 1980s,
this universality conjecture was extended to simpler Hamiltonians, namely Laplacians on
Euclidean domains with specific shapes: Bohigas—Giannoni—Schmidt [4] observed that if
the billiard flow in the domain is “chaotic”, then the local spectral statistics of the cor-
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responding Laplacian correspond to Dyson’s Gaussian Orthogonal ensemble of random
matrices. In parallel, a large variety of non-Gaussian random Hermitian matrix ensembles
were developed and studied, notably the Wigner random matrices (all entries are i.i.d., up
to Hermitian symmetry), for which the local spectral statistics was recently shown to be
identical with that of the Gaussian ensembles [15], another manifestation of universality.

What about nonselfadjoint operators? Various random ensembles of nonhermitian ma-
trices have also been introduced in the theoretical physics literature. The main objective
has been to understand the distribution of quantum resonances for various types of scat-
tering or dissipative systems; see for instance [17, 52, 32, 21] (a short recent review can
be found in [16]). For most of these models, the focus has been to derive the mean spectral
density, without investigating the correlations between the eigenvalues. The “historical”
nonhermitian random matrix model, for which the full eigenvalue statistics has been de-
rived in closed form, is the complex Ginibre ensemble [20], where all entries are i.i.d.
complex Gaussian; the nearby eigenvalues then exhibit a statistical repulsion between
themselves, similar to the case of Dyson’s Gaussian Unitary Ensemble of Hermitian ma-
trices. For certain non-Gaussian ensembles, recent results [7, 46] have been obtained on
the eigenvalue distribution at the microscopic scale, including some partial universality
results.

Let us also mention a model studied recently by Capitaine and Bordenave [6] (see also
[10]), namely the case of a large Jordan block perturbed by a Ginibre random matrix: the
authors prove that most eigenvalues of the perturbed matrix lie close to the unit circle, but
they also show that the “outliers” (the relatively few eigenvalues away from the unit circle)
are statistically distributed like the zeros of a “hyperbolic” Gaussian analytic function
(GAF). A similar result was proved by Sjostrand and the second named author [44] in the
case of a nonselfadjoint bi-diagonal matrix, perturbed by a small Ginibre matrix. In these
two models, GAFs appear because the perturbation is chosen to be Gaussian.

Our results will also involve Gaussian analytic functions, but of “Euclidean” type. In
our case, these GAFs will describe the bulk of the spectrum, as opposed to a few outliers;
also, in our case Gaussian functions appear in the limit, even though the perturbation
operator or potential is not necessarily Gaussian distributed.

1.1. Presentation of the results for a simple model case

Before stating our results in full generality, we will illustrate them by first focussing on a
simple case. Call i € 10, 1] Planck’s parameter, and consider the semiclassical complex
harmonic oscillator

P = —h%*3? +ix> acting on L*(R). (1.1)
The (semiclassical) principal symbol of P}, is given by the function
px, &) = 52 +ix>  onthe phase space R? 5 p=(x,8). (1.2)
We call the set

¥ := p(R?) c C the classical spectrum of Pj,. (1.3)
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Here ¥ is the upper right quadrant of C. The spectrum of P}, is purely discrete, and is
contained in X (it is explicitly given by {z, = ¢/"/*h(2n + 1); n € N}). Take an open
subset Q € 3. Then, for any z = X 4+ iY € €, an important data for our construction
will be the structure of the “energy shell”! p~!(z) c R2. Since p : R> — C is a local
diffeomorphism for z € €2, this energy shell consists of a discrete set of points; in the case
of the harmonic oscillator, p~!(z) consists of four distinct points:

P= 2 X R = (Y2 X,
Ly, x 12y, szr = (=Y, —x1/%,
We have labelled those points according to the sign of the Poisson bracket {Re p, Im p}(p)

(1.4)

= 4x&: at the points ,ofr the bracket is negative, while at the points p’ it is positive. From
this bracket condition, one can construct [9, 11], for eaqh ze€ Qand j = 1,2, asemiclas-
sical family of functions (¢, (z, h) € L?(R)nej0,1, lle’, (z, h)|| = 1, satisfying?

1Py — ).z, )|l = O(R™), (1.5

and such that e{r(z, h) is microlocalized at the point pfr (z).3 (Here and in the entire text,
all norms without index are either norms in L? or in B(L?), the space of bounded linear
operators L? — L?%). We call each family (ei (z, h)) an h*°-quasimode of P — z, or for
short a quasimode of P — z. Similarly, there exist quasimodes el (z, h) for the adjoint

operator (P, — z)*, microlocalized at the points o’ (2). From the quasimode equation
(1.5) it is easy to exhibit an operator Q of norm 1 and a parameter § = §(h) = O(h*°)
such that the perturbed operator P + 6 Q has an eigenvalue at z (for instance, if we call
the error r+ = (P, — z)e+, we may take the rank 1 operator §Q = —r+ (e+) ). The
possibility to create an eigenvalue at z upon a very small (O(h°°)) perturbation indicates
that z is in a region of strong spectral instability for P, when 7 < 1. Since z was chosen
arbitrarily in the interior of X, this whole region is therefore a zone of spectral instability;
for this reason, we call ¥ the (h®°-)pseudospectrum of Py.

Let us now explain how we construct random perturbations, following [25]. Let
{ex}ren denote an orthonormal basis of LZ(R) consisting of the eigenfunctions of the
nonsemiclassical harmonic oscillator H = —8% + x2, and let {qjk}jken, {vj}jen be in-
dependent and identically distributed (i.i.d.) complex Gaussian random variables with
expectation 0 and variance 1 (that is, with distribution N (0, 1)). Let N(h) = Cy/h?,
with C| > 0 large enough. Using these data, we define two types of random operators Q:

1. A random, Ginibre-type matrix

1
Q=My=—— > qiie;®¢
N oo 5vm

I We will refer to the values p(x, &) as “energies”, even though they are complex.
2 The notation = O(h®°) means that for any N, there exists Cy > 0 such that for all # € 10, 1],
the left hand side is bounded above by C nhiY.

3 This microlocalization means that the function x > ef,_(x; z, h) is concentrated near x_],_(z)

when & — 0, while its semiclassical Fourier transform (Fj, ei (z, h)) (&) is concentrated near & i (2).
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2. A random (complex valued) potential

1
Q = Vw = _N(h) Z v ej

0<j<N(h)
(more precisely, Q is the operator of multiplication by the potential V,,).

The coupling parameter 6 = §(h) will be assumed to be in the range
W <s < h*, (1.6)

where « > 3, and M > « is an arbitrarily large but fixed constant. Although the random
operator Q and § depend on &, we will omit this dependence in our notations. We are
interested in the spectrum of the perturbed operator

P = P, +30,

where the random operator Q is either M, or V,. Note that since the operator Q is
bounded on L2, the spectrum of P;lS remains purely discrete. More quantitatively, with
probability exponentially close to 1 as 4 — 0, we have the bounds || M,,|lgs < Ch~' and
IV lloo < Ch™1[23,25].

Our objective will be to study the spectrum of P,f in a microscopic neighbourhood of
some given point zg € 2. As explained in the previous section, the probabilistic Weyl’s
law [23, 25] shows that the typical density of eigenvalues near zq is of order 27!, so we
expect nearby eigenvalues to be at distances ~ h!/? from one another. In order to test
the statistical correlations between nearby eigenvalues, we zoom to the scale #'/? at the
point zo, by defining the rescaled spectral point process

o
Zh,m = Z S(z—zo)h=12-
zeSpec(Pp+8Q)

Our main result is that, in the semiclassical limit, this rescaled point process converges in
distribution to the point process formed by the zeros of a certain random analytic function.
The building block of this random function is the (Euclidean) Gaussian analytic function
(GAF), which we now review.

1.2. The Gaussian analytic function

Let ()N be 1.i.d. normal complex Gaussian random variables, i.e. o, ~ N (0, 1). For
a given o > 0, we consider the random entire series

on/an

o = nT—F— C. 1.7
8o (W) ;a NG w e (1.7)

With probability 1, this series converges absolutely on the full plane, and defines a Gaus-
sian analytic function (GAF) on C: g, is a random entire function such that for any n € N
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and any wi, ..., w, € C the random vector (g, (wy), ..., g (wy)) is a centred complex
Gaussian,
(8o (w1), ..., go(wn)) ~ Nc(0, 1), (1.8)
where the covariance matrix I' € GL,,(C) has entries
Tij =E[go (wi)gs (wj) | =t Ko (wi, Wj) = exp(ow;W;). (1.9

The function C? 5 (u,v) — K, (u, D) is called the covariance kernel of the GAF gg;
it completely determines its distribution. As a result, K, also completely determines the

distribution of
Zg, = Y Bu,
wegs ' (0)
the random point process defined by the zeros of the GAF g, (see for instance [30]). In
Section 6, we will review basic notions and results concerning zero point processes of
random analytic functions, making the above statements more precise.

The GAF zero process Zg, has interesting geometric properties. Its covariance kernel
shows that for any wy € C, the translated function g, (w + wy) is equal in distribution
to the function e @Po+wol>) go (w), which has the same zeros as g, (w); hence the zero
process 2, is translation invariant on C. The average density (1-point function) of Z,_ is
thus constant over the plane, it is equal to o /7 (see Section 2.5.3). The linear dependence

in o is coherent with the scaling covariance g, (w) 4 g1(x/ow): dilating the zero process
Z,, by 1//o multiplies the average density by o

Let us give a short historical background of the GAF. It has appeared in the context
of holomorphic representations of quantum mechanics, when investigating the properties
of random states. In the framework of Toeplitz quantization on a compact Kihler man-
ifold M, one defines a positive holomorphic line bundle L over M, and for any integer
N > 1 a “quantum” Hilbert space Hy is formed by the holomorphic sections of the
bundle L®V; the limit N — oo is interpreted as a semiclassical limit. In the case of the
1-dimensional projective space M = CP!, which is the phase space of the spin, Han-
nay [26] defined a natural ensemble of random holomorphic sections in H y, and studied
the point process formed by their zeros (topological constraints force any section to have
exactly N zeros). He explained how to compute the k-point correlation function of this
process, and explicitly computed the limit (after microscopic rescaling) of the 2-point cor-
relation function, which coincides with the 2-point function of the GAF. A few years later,
Bleher—Schiffman—Zelditch [3] proved that, for a general Toeplitz quantization (M, L),
the zeros of random holomorphic sections converge, when N — oo, to a universal pro-
cess depending only on the dimension of M. In dimension 1, this process is given by the
zero process of the GAF.

We are now ready to state our theorem concerning the spectrum of P;ls .

Theorem 1.1 (Complex harmonic oscillator). Fix zo = Xo + { Yo_ €3, and define the
classical density for the symbol p(x, £) = &2 + ix? at the points oL € p~N(z0):
1 1

l{Re p, Im p}(pl(z0))|  4vXoYo'

o(z0) := j=172.
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For h € 10, 1], let the random perturbation Q be either M,, or V,, and take § in the
interval (1.6). Then, for any domain O € C, the rescaled spectral point process at zg
converges in distribution:

d

z9 _)ZGZO,Q on0O ash— 0.

h,z0
Here ZGZO. o IS the zero point process for the random entire function G, o described
below:

(1) if Q =V, then
Gzv(w) =gl (w)gZ (w), weC,

where gzlo, gzz0 are two independent copies of the GAF g4 (70)s
2) if Q = M,, then

G m(w) = det (g5 (W))1<i j<2, w € C,
where gé’o‘i , 1 <, j <2, are four independent copies of the GAF go ().

The convergence in distribution of point processes is described more explicitly in The-
orem 2.5. As we will explain in Section 2.5.2, this convergence implies that all k-point
measures converge as well to the limiting ones.

2. Main results—general framework

The above theorem can be generalized to a large class of 1-dimensional nonselfadjoint
h-pseudodifferential operators, and with random perturbations which are not necessarily
Gaussian. We first present the class of unperturbed operators we will be dealing with.

2.1. Semiclassical framework

We begin by recalling the definition of the pseudospectrum of an operator, an important
notion which quantifies its spectral instability.

Let P : L?> — L? be a densely defined closed linear operator, with resolvent set p(P)
and spectrum Spec(P) = C\ p(P). For any ¢ > 0, we define the e-pseudospectrum of P
by

Spec, (P) := Spec(P) U {z € p(P); (P —2)7!| > &7} (2.1

When ¢ is small, the set (2.1) describes a region of spectral instability of the opera-
tor P, since any point in the e-pseudospectrum of P lies in the spectrum of a certain
e-perturbation of P [14]. Indeed, Spec, (P) can also be defined by

Spec,.(P) = U Spec(P + ¢Q). 2.2)

QeB(L?)
lol<1
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A third, equivalent definition of the e-pseudospectrum of P is via the existence of ap-
proximate solutions to the eigenvalue problem P — z:

z € Spec,(P) <= Fu; € D(P) : [(P — Dugll < ellugll, 2.3)

where D(P) denotes the domain of P. Such a state u, is called an e-quasimode, or simply
a quasimode of P — z.

Next, let us fix the type of unperturbed operators we will consider in this paper. We
will use the notation p = (x, &) € R? for phase space points. We start by considering an
order function m € C*°(R?, [1, oo[), namely a function satisfying the following growth
conditions:

3Co> 1, INg > 0:  m(p) < Colp — wom(u), Vp,neR: (24

with the usual “Japanese brackets” notation (p — u) := /1 + |p — u|2. To this order
function is associated a semiclassical symbol class [12, 51]:

SR, m) = {g € CPR2x]0, 114); Yo € N*, 3C, :
859 (03 h)| < Cam(p), Vp € R?, Vh €10, 1]}. (2.5

We assume that the symbol p € S(R?, m) is “classical”, namely it satisfies an asymptotic
expansion in the limit # — 0:

p(ps h) ~ po(p) + hp1(p) + -+ in S(R?, m), (2.6)

where each p; € S(R2, m) is independent of 4. In this case we call pg the (semiclassical)
principal symbol of p. We then define two subsets of C associated with pg:

Y= po(R?), T :={z € X; A(pj)j=1: Ipjl = 00, po(p;) — z}. 2.7

Y is the classical spectrum of the operator Pj, defined below, while X, can be called the
classical spectrum at infinity. Furthermore, we suppose that the principal symbol pg is
elliptic at some “energy” zoy € C\ X:

3C)>0:  |po(p) — zowl = m(p)/Co, Vp € R 2.8)

For h € ]0, 1] we let P, denote the 4-Weyl quantization of the symbol p,
1 i
Pyu(x) = p"(x, hDys hu(x) = 5— / / eh<“’>‘fp<¥, £ h)u(y)dy dg, (2.9)
b3

which makes sense for u in S(R?), the Schwartz space. The closure of Pj, as an un-
bounded operator on L? has the dense domain H (m) := (P — zou) " (LZ(R)) C L*(R);
we will still denote this closed operator by P,. Moreover, we will denote by |ul|, =
Il (Pr — zou)u|| the associated norm on H (m).*

4 Although this norm depends on the choice of the symbol p — zouyt, it is equivalent to the norm
defined from any elliptic operator in g € S(m), so that the space H (im) only depends on the order
function m.
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Let 2 C C be open simply connected, not entirely contained in X, and such that

an Yoo = . Then the spectrum of P, inside  has the following properties in the
semiclassical limit [23, 25]:

e for 4 > 0 small enough, Spec(Pj) N Qis discrete,
e forall ¢ > 0, there is h(e) > O such that

Spec(P) N C 4 D(0,¢), VYO <h < h(e). (2.10)

Here, D(0, ¢) C C denotes the open disc of radius & > 0 centred at 0.
In this work we will study the spectrum of small random perturbations of Py, in the
semiclassical limit # — 0, in the interior of ¥ N Q.

2.2. Pseudospectrum and the energy shell

Let 2 be as above and let
QeEQNbe open, simply connected. (2.11)
Recall that py is the principal symbol of p (see (2.6)). We assume that
for every p € py 1(Q), the 1-forms dpo, dpo are linearly independent. (2.12)
Since the dimension d = 1, this condition is equivalent to
for every p € py ' (22), {Re po, Im po} # 0, (2.13)
where {-, -} denotes the Poisson bracket:

(P, q}(p) := 3 p(p) xq(p) — 3eq(p) dxp(p), p = (x,&) € R%.

It was observed by Dencker, Sjostrand and Zworski [11] and Sjostrand [43] that since
Q is relatively compact and simply connected, (2.12), or equivalently (2.13), implies that
there exists J € N* depending only on 2 such that for any z € €, the “energy shell”
Po !(2) consists of exactly 2J points:

Po @ ={pf@: j=1.....J} with {Rep.Imp}(pi(2) <O0.
pl(2) # pL()if i # . (HYP)

and the points pi () = ()cj‘E (2), Si (z)) depend smoothly on z.
We shall make the further (generic) assumption

VzeQ, xi(z)#xL@) ifi#]. (HYP-x)

which will play a role when studying the perturbation by a random potential.
Davies [9] and Dencker, Sjostrand and Zworski [11] showed that (HYP) implies, for
each z € Q and each j = 1,..., J, the existence of an h°°-quasimode for P, — z



Local eigenvalue statistics of pseudodifferential operators 1531

(resp. (P, — z)*), microlocalized at pi (2) (resp. pi (z)). We will denote those modes by

ei = ei (z; h) € L*(R) and normalize them as ||e§E || = 1; they satisfy

1Py — 2)el |l = O(h™) and  WF,(el) = {p](2)}, (2.14)
respectively
1Py — 2)% e’ | = O(h™®) and WE,(e') = {p (2)). (2.15)

Recall that for u = (1(h))nej0,1] @ bounded family in L2, its semiclassical wavefront set
WF}, (1) denotes the phase space region where u is A-microlocalized:

WE), (1) :=C{(x, £) € R%; 32 e C®(R?) :a(x, &) =1, a¥(x, hD)u(h)|| ;2 = O(h™))

where a¥ denotes the Weyl quantization of a.

In view of the characterization (2.3) of the pseudospectrum, we see that the assump-
tion (2.12) implies that 2 is contained in the h*°-pseudospectrum of Py, a spectrally
highly unstable region.

2.3. Adding a random perturbation

We will now consider random perturbations of the operator P, which are given by ei-
ther a random matrix or a random potential, generalizing a little the constructions made
in Section 1.1. As in that section, we let (ex)xen be the orthonormal eigenbasis of the
(nonsemiclassical) harmonic oscillator H = —8)% + x2.

Remark 2.1. This choice of orthonormal basis is convenient for us, but it is far from
unique. It will become clear later that what we need is a family of states (not necessarily
orthonormal) such that the first N (k) states microlocally cover a sufficiently large part
of phase space, namely a neighbourhood of p, (). We also need to avoid states which

would have a large overlap with some of the quasimodes ei (cf. (2.14), (2.15)). We refer
the reader in particular to the proofs of Propositions 7.3 and 8.4 below.

Let a be a complex valued random variable defined on some probability space (M, F, P),
with the properties

Ele] =0, E[’1=0, E[«* =1, E[a/*"] < o0, (2.16)

where gp > 0 is an arbitrarily small but fixed constant. Here, [E[-] denotes the expectation
with respect to the probability measure P. The Markov inequality implies the following
tail estimate: there exists a constant k, > 0 such that

Plla] > y] < ke y 40, vy > 0. 2.17)

Remark 2.2. For instance, the complex centred Gaussian random variable of (1.7) satis-
fies the above assumptions.
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Random matrix. Let N(h) = C;/h* with C; > 0 large enough (we will be more
precise about this condition later). Let gj x, 0 < j,k < N(h), be independent copies of
the random variable « satisfying the conditions (2.16). We consider the random matrix

1
Mo=—os 3 dikej®c], (RM)
( )05j,k<1v(h)

where ¢; ® e}'gu = (ulex)e; foru € L%(R). For some coupling parameter 0 < § < 1, we
define the randomly perturbed operator

Pl = Py +8M,,. (2.18)

Random potential. Take N(h) = C1/h2 with C; > 0 as above. Let vj, 0 < j < N(h),
be independent copies of the random variable «. Still using the same orthonormal family
(ex)ren, we define the random function

1
Vo=—— > e (RP)
N(h) 0<j<N(h)
For 0 < § « 1, consider the perturbed operator
Py = Py 48V, (2.19)

We call this perturbation a “random potential”, even though V,, is complex valued. When
we consider this type of perturbation, we will make an additional symmetry assumption:

p(x, & h) = p(x, =& h). (SYM)

This hypothesis implies that we can group the points forming p, Y(2) (see (HYP)) in pairs
such that pi = (x/, +£7). As aresult, the centres of microlocalization of the quasimodes
e, and ¢’ are located on the same fibre THR = {(x,£); £ €R}.

Remark 2.3. We could relax the assumption (SYM) into requiring this symmetry only

at the level of the principal symbol, i.e. po(x, §) = po(x, —&). However, for simplicity
of presentation we prefer to make the above stronger hypothesis.

Restricting to bounded perturbations. For both types of perturbations, it will be easier
for us to restrict the random variables to large discs D(0, C/h), i.e. assume that

[vil, lgi,jl <C/h, 0=<i,j<N(h), forsomeC > 0sufficiently large. (2.20)

This restriction induces the boundedness of the perturbations M,,, V,,. Indeed, on this
restricted probability space we have the bound

IMyllns < Ch™, (2.21)

where ||M,|lus denotes the Hilbert—Schmidt norm of M,,. In the case of the random
potential,
[ Villoo < Ch™L. (2.22)



Local eigenvalue statistics of pseudodifferential operators 1533

We note that even for unrestricted random variables, these bounds on the perturbations
hold with high probability. Indeed, using (2.17) to estimate the probability that (2.20)
holds, we deduce that (2.21) holds with probability > 1 — C2Ah%0, and that (2.22) occurs
with probability > 1 — C2h>*40 for some C, > 0.

Finally, we will take the coupling parameter 6 = §(/) in the same interval as in (1.6).

We will see in Section 5 that the spectra of P/’f,, and Pé in Q are purely discrete. The
principal aim of this paper is to show that the statistical properties of these spectra, in a
microscopic neighbourhood of any zo € €2, are universal, in a sense that we will specify
later on.

Since pg — z is elliptic for every z € C \ X, the resolvent norm satisfies ||(P, —z) !
= O(1), uniformly for z in compact subsets of C \ X, as & — 0. In view of (2.21),
(2.22) and (1.6), we are considering random perturbations of size || M, |lys <K h? and
16V lloo < hZ%. Therefore, in view of the characterization (2.2) of the pseudospectrum,
the spectra of P;f,l and P{; are contained in ¥ + D(0, €) for any given € > O and h > 0
small enough. Moreover, since Q2 € Zol, we will not feel the effects of the boundary of X;
we will simply say that 2 lies in the bulk of the spectrum of the perturbed operator.

2.4. Probabilistic Weyl’s law and local statistics

In a series of works by Hager [24, 23, 25] and Sjostrand [42, 41], the authors considered
randomly perturbed operators P? as given in (2.18) and (2.19). Under more restrictive
assumptions on the random variables than (2.16), they have shown the following result.

Theorem 2.4 (Probabilistic Weyl’s law). Let Q be as in (2.11), (2.12). Let I € Q be
open with C* boundary. Let P;lS be either of the randomly perturbed operators P;E,[ or P{i
with § as in (1.6) with k > 0 sufficiently large. Then, in the limit h — 0,

1
#(Spec(P,‘,S) NIr) = ﬁ(//“(r) dx d& + 0(1)) with probability > 1 — Ch",
Po

(2.23)
for some fixed n > 0.

The authors also give an explicit control over both the error term in Weyl’s law, and the
error term in the probability estimate.

This probabilistic Weyl’s law shows that, with probability close 1, the number of
eigenvalues of the perturbed operator P;lS in any fixed subset of Q is of order =< h~l.
Hence, the spectrum of P;ls will spread across €2, with an average spacing between nearby
eigenvalues of order i!/2.

Figure 1 illustrates this behaviour of P, = —hzaf + &** acting on the torus T =
R/27xZ. We draw random perturbations M,,, V,, and plot some region of the spectra of
P;f,l and Pé, in the interior of X. Both spectra are grossly uniform over the plotted region,
yet in the case of P{i (right plot) the distribution of the eigenvalues seems a bit “less
uniform” than in the case of PI‘EI (left plot), in particular it allows the presence of small
clusters of very near eigenvalues.
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Fig. 1. Numerically computed spectra of the operators —hza)% +e3¥ 450 acting on L2(T), with

h=10"3and § = 10712, The perturbation Q is either a Gaussian random matrix M,, (left), or a
Gaussian random potential V,, (right). The region plotted is the same, it is part of the bulk (the units
on the axes are arbitrary). In the region the number of quasimodes is 2J, J = 6.

To quantify this difference of uniformity between the spectra of P;f,l and P{i, we study
the local statistics of the eigenvalues, that is, the statistics of the eigenvalues on the scale of
their mean level spacing. For this purpose, we fix a point zg € 2. In both cases Q = M,
and Q =V, we view the rescaled spectrum of the randomly perturbed operator Pé asa
random point process

22 = > S Q=M, or Q=V,, (2.24)
zeSpec(Pg)

where the eigenvalues are counted according to their algebraic multiplicities.

Notice that the rescaled eigenvalues (z; — 20)h~1/% have a mean spacing of order < 1.
The principal aim of this paper is to show that, under the assumption (2.16) on the random
coefficients, in the limit # — 0 the correlation functions of the processes Z;l‘f[zo and ZX 2
are universal, in the sense that they

e depend only on the structure of the energy shell py !(z) and on the type of random
perturbation used, either M, or V,,;

e are independent of the law of the random variable « used to define the random pertur-
bations, as long as « satisfies (2.16).

Finally, let us stress that our results concern solely the eigenvalues in the bulk of the spec-
trum of P;E, that is, in the interior of the A°°-pseudospectrum of Pj,. Near the boundary
of that pseudospectrum, we expect the statistical properties of the eigenvalues to change
drastically. It has been shown by the second author [49] in the case of a model operator
that the probabilistic Weyl’s law breaks down in the vicinity of 9 X, in fact, the density of
eigenvalues explodes near that boundary.
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2.5. Perturbation by a random potential

We begin with the case of a perturbation (2.19) by a random potential V. In Weyl’s law
of Theorem 2.4, the main term on the right hand side can be easily expressed in terms of
the classical spectral density, pull-back of the symplectic measure on T*R through the

symbol py:
[, dxds = [ ooniaxa)
Py r

(the Lebesgue measure dx d& on R? is also the measure induced by the symplectic form
on T*R = R?).

From the structure (HYP) of the energy shell p,’ !(2), the classical spectral density at
the energy z can be expressed as follows:

L j j 1
(Po)«(dxd&) =) (01(2)+0l(x))L(dz), 0i(z)= : .
,; ’ T FiRe po. Im po} (0 (2))
(2.25)

Here L denotes the Lebesgue measure on C. In other words, each point ,oi of the energy
shell provides a density component ai (z) > 0, which depends smoothly on z € €.

If we additionally assume the symmetry (SYM) and group the points so that pi =
(x/, +&7), we find that 67 () = o/ () forall j =1,..., J.

2.5.1. Universal limiting point process. Let us now state our main theorem for the per-
turbed operators Pé. It provides the asymptotic behaviour of the rescaled spectral point

processes Z}Y 2 in the semiclassical limit.

Theorem 2.5. Let p be as in (2.6) satisfying (2.12) and (SYM). Let Q & > be as in
(2.11), and choose zo € 2. Then, for any bounded open set O € C, the rescaled spectral
point processes at zy converge in distribution:

v d .
2y~ 26, O ash—0.

This convergence means that for any test function ¢ € C.(O, R),

EV = Y sG-Sz, 8= Y @) ash—o0.

z€Spec(Pp) 2€G) (0)

Here ZGzo is the zero point process for the random analytic function
J .
G, =]]eh@, zeC,
Jj=1

where the ggo are J independent GAFs ggo ~ 80l ) (see Section 1.2), with oﬁr(zO) the
1z

local spectral densities given in (2.25).
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For the reader’s convenience, in Section 6 we present a short review of the probabilistic
notions used in this paper, such as convergence in distribution. The definition and basic
properties of the GAFs have been presented in Section 1.2.

This theorem tells us that at any given point zg € €2 in the bulk of the pseudospectrum,
the rescaled spectral point process converges, as i — 0, to the point process given by the
zeros of the product of J independent GAFs. This limiting point process is the superposi-
tion of J independent processes, each generated by a GAF ggo. The latter only depends on
the part of the classical spectral density coming from the pair of points pf = (x/, £&/).
In particular, this limiting process is independent of the precise probability distribution of
the coefficients (v;), as long as it satisfies (2.16), or of the orthonormal family (e;) used
to generate the random potential V,,; this process only depends on the cardinality 2J of
the energy shell p,, 1(z) and of the local spectral densities {aj_ (zo); j=1,...,J}

It is known that the zero process of a single GAF exhibits a local repulsion between the
nearby points (see Section 2.5.3). On the other hand, as a superposition of J independent
point processes, the limiting process ZGzO authorizes the presence of clusters of at most J
points very close to one another, confirming our observations on the right plot of Fig. 1
(for the operator and plotted region considered, we have J = 6). In the next section we
will analyze this clustering by computing the correlation functions between the points of
the process.

2.5.2. Scaling limit of the k-point measures. An explicit way to quantify the statistical
correlations between k nearby eigenvalues of P{E consists in defining the k-point measures
of the point process Z;Y .,- These are positive measures /,LI;l’V’ZO on OF, where O is the
open domain as in Theorem 2.5. These measures are defined through their action on an
arbitrary test function ¢ € C.(OF, R, ) as follows:

E[(Z}KZO)®1€(¢)] = E[ Z d((z1 — b2 - Zo)h_l/z)]

Z1,....2x€Spec(P?)

= | o) py! ([dw). (2.26)
ok 0

In practice, one often studies these measures away from the generalized diagonal A =
(zeCrIij iz = z;}, in order to avoid trivial self-correlations. Hence the test
functions we will use below will be chosen in C.(O* \ A, R}).

When these k-point measures are absolutely continuous with respect to the Lebesgue
measure on CX, we call their densities the k-point functions.

Theorem 2.6. Let M’ZZO be the k-point measure of Z}K . defined in (2.26), and let ,u’;’)v
be the k-point measure of the point process Z(;ZO, given in Theorem 2.5. Then, for any

domain O € C and for all ¢ € C.(0*\ A, R}),

f ¢(w)uﬁ’v(dw)—>f o w) bV (dw),  h— 0.
0K\ A %0 OM\A 0
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Moreover, ulgév is absolutely continuous with respect to the Lebesgue measure on CK. Its
density df(;v is given by

k,V
dy" (wi, ..., wi)

|
= 2 2 o wrerre s, wretta),  227)

acN/ 16, T j=1

Zj OljZk
where & is the symmetric group on k elements, and for all 1 < j < J and all r € N*¥,
perm[C} (w) — B} (w) (A7)~ () (B))*(w)]

detnA; (w)

dy;(w) = ., while dgj(w)sl. (2.28)

Here, perm denotes the permanent of a matrix; Aj’. , B; . C j’ are complex r X r-matrices
given by

(ADwm = K (wn, W), (B )nm = @K )W, ), (CPm = (055 K7Wy, D),

where K/ (w, w) = exp(ai (zo)ww) is the covariance function of the GAFs ggo appear-
ing in Theorem 2.5.

The function d;, (z) in (2.28) is the r-point function for the zero process of the Gaussian

analytic function g/. The limiting k-point functions are thus obtained by concatenating
the r-point functions (1 < r < k) of the J GAFs gj associated with the points ,oi of
the energy shell. The zeros associated with different points p. are uncorrelated with one
another.

A result by Nazarov and Sodin [36, Theorem 1.1] implies the following estimate for
the r-point densities of a single GAF.

Proposition 2.7 ([36]). Let O € C be a bounded domain. Let (g/ = ggo)lf j<J be the
GAFs appearing in Theorem 2.5, and let d;j (w), 1 <r <k, be the corresponding r-point
functions as in (2.28). Then there exists a constant C = C(r, gj , 0) > 1 such that, for

any configuration of pairwise distinct points wy, ..., wg € O,
M [ Thwi —wiP? =i, .cow) < C [ hwi = wyl™
i<j i<j

This estimate shows that the zeros of a GAF enjoy a statistical (quadratic) repulsion at
short distance, namely they are very unlikely to approach one another much more than
the mean distance.

In formula (2.27) we see that if k > J, each summand has at least one factor d:j: with

aj > 2. Hence, Theorem 2.6 and Proposition 2.7 lead to the following

Corollary 2.8. Let O € C be a bounded domain, let k > J, and let dfo’v(w) be as in
(2.27). Then there exists a positive constant C = C(r, O) such that, for any configuration
of pairwise distinct points w1, ..., wx € O,

k,V 2
bV wi, . ow) £ CY i — wyl

i<j
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We have seen in Theorem 2.6 that the limiting point process of the rescaled eigenvalues is
given by the superposition of J independent processes given by the zeros of independent
Gaussian analytic functions. Due to this independence, k points, each originating from
a different GAF process, may approach each other without any statistical repulsion: this
allows the formation of clusters of at most J points. As a result, for k < J the limiting
k-point functions do not decay to zero as the distances between the k points get smaller:
this allows the presence of clusters of at most J points. This behaviour is made more
explicit in the next section in the case k = 2.

On the other hand, if k¥ > J then at least two points must originate from the same
GAF process, and therefore statistically repel each other when approaching each other.
This is exactly what Corollary 2.8 tells us: the probability to find more than J points close
together decays at least quadratically with the distance. As a result, finding small clusters
containing more than J eigenvalues is very unlikely.

2.5.3. 2-point correlation function. The 2-point correlation function of a point process
is defined by the 2-point function, renormalized by the local 1-point functions (or local
average densities):
2
dZ(; Q (U)] ’ wz)
1, 1, ’
dig (w1)dg? (w2)

K29 (wy, wy) = wiFw €0, 0=V, M.

By Theorem 2.6, the limiting local 1-point function dzl(;v (w) is a constant function, given
by

J o
d;(;v(w) = Z 0+7(TZ0), Yw e 0.
j=1

This average density of eigenvalues (at the microscopic scale near z() exactly corresponds
to the macroscopic density predicted by the probabilistic Weyl’s law in Theorem 2.4 (see
also (2.25)).

The limiting 1-point and 2-point functions of the zero process generated by a single
GAF g, (see Section 1.2) are given by

2 2
dg1 wn) =2, respectively dg (w1, wp) = <Z) K(Ule ws| )
o 7T - 7T J— 2

with the scaling function

(sinh?# + £2) cosh 7 — 2¢ sinh ¢
k() = —3
sinh” ¢

. Vi>0. (2.29)

The function « (o' |w; — wo | /2) describes the 2-point correlation function of the zeros of
the GAF g, . A remarkable property of this function is its isotropy: it only depends on the
distance between the points w1, wy. In Figure 2 we plot the function # > « (¢2); it behaves
like « (t2) = t>(1 + O(t*)) when t — 0, which reflects the quadratic repulsion between
the nearby zeros of g,. On the other hand, when ¢ >> 1 it converges exponentially fast to
unity, showing a fast decorrelation between the zeros at large distances.
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To our knowledge, the function « was first computed by Hannay [26], as the scaling
limit 2-point correlation function for the zeros of certain ensembles of random polynomi-
als. In the work by Bleher, Shiffman and Zelditch [3], ¥ describes the scaling limit 2-point
correlation function for the zeros of random holomorphic sections of large powers of a
positive Hermitian line bundle over a compact complex Kéhler surface.

In the present work, « appears as a building block for the limit 2-point correlation
function of the eigenvalues of Pé:

K2 wrwn) = 143 (01 (z0))? [K<ai<zo>|w1 —w2|2> B 1] 230,
° ’ RO o] (20)) 2 ' .

Let us study this 2-point correlation function more closely:

Long range decorrelation. For |w; — wy| > 1, as i — 0, the 2-point correlation
function converges exponentially fast to unity:

in: o/ 2
K2V (wi, wy) = 14 O(e™ ™ oxo)lwi—wal),

This shows that two points at distances w1 — w2| >>> 1 are statistically uncorrelated.

A weak form of repulsion. When |w; — w;| < 1, in the limit # — 0, there is a weak
form of repulsion between two nearby eigenvalues,

J J 2 J 2
03 (20) o3 (zo) w1 — wy|
K5V wiwg) =1- ) —— 2[1— e +O(Iw1—w2|4)]-
j=1 (Zl:] U+(ZO))

(2.31)

This formula shows that the probability of finding two rescaled eigenvalues wi, wo at
distance <« 1 is smaller than the one of finding them at large distances: pairs of rescaled

08|

06

04}

02

0

L L L L L
0 05 1 15 2 25 3

Fig. 2. Plot of the function ¢ — K(lz) (see (2.29)).
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Fig. 3. Blue points: rescaled 2-point correlation functions near the energy zg = 1.6, obtained
by numerically computing the spectra of the operators P 1 (left) and Py, 3 (right) perturbed by

a Gaussian random potential §V,,. Red curves: scaling limit 2-point correlation functions K Zzév

for both operators, as given in (2.30); the horizontal coordinate is the rescaled square distance
2

lwy — wal”.

eigenvalues show a weak repulsion at short distance. However, the correlation func-
tion does not converge to zero when |w; — wa| — 0, but to the positive value 1 —
ij=1 cri (z0)%/ (le=1 ai(zg))z. This weak repulsion can be explained by the fact that
the random function G is the product of J independent GAFs: two zeros wy, wy will
not repel each other if they originate from different GAFs, while they will repel quadrati-
cally if they come from the same GAF. The net result is this weak form of repulsion. The
larger the number of quasimodes J, the weaker this repulsion becomes, since two zeros
w1, wy chosen at random will have a smaller chance to come from the same GAF.

In Figure 3 we compare the limiting 2-point correlation functions K szv with the one
obtained from numerical spectra of two operators on the torus T = R/27Z:

Py, =—h*9; +e9" +8V,, ¢=13, xeT. (2.32)

We took the parameters 7 = 1073, 8 = 107!2, and the Gaussian random potential V,,
as in Section 1.1. We use operators defined on T because they are numerically easier to
diagonalize than operators on R. For each operator P, 4, we drew 1000 samples of the
random potential V,,, and computed the corresponding spectra of PJ, then extracted from
these spectra the correlation function.



Local eigenvalue statistics of pseudodifferential operators 1541

The analysis of the principal symbols p, o shows that the classical spectrum is, in both
cases, given by ¥ = Ry + U(1). At the energy zg = 1.6 (clearly located in the “bulk™),
the operator P 4 — zo admits J = 2g quasimodes. Figure 3 compares the numerically
obtained 2-point correlation functions (shown as blue dots) of the operators P;f’l (left)

and P;i 5 (right), with the theoretical scaling limit described in (2.31). For the two opera-
tors, the theoretical curve fits the numerical points quite well, including at short distances
lw —wa| K 1.

2.6. Perturbation by a random matrix

We now describe the situation where the operator Py is perturbed by a small random
matrix § M, as described in (RM) and (2.18). In this case we do not need to assume the
symmetry property (SYM) for the symbol py.

2.6.1. Universal limiting point process. Here as well, we can prove a convergence of the
rescaled spectral point process Z}z‘”zo (see (2.24)) towards a limiting zero process when
h— 0.

Theorem 2.9. Let p be as in (2.6) satisfying (2.12). Let Q € > be as in (2.11). Choose
20 € 2. Then, for any bounded open set O & C, the rescaled spectral point process
Zi]z‘j[zo converges in distribution towards the zero point process associated with a random

analytic function GZO described below:
d
Z}[XIZO — Zézo onO ash— 0. (2.33)
The random function G 20 18 defined as
Goy(w) = det (g W1<ij=y, weC,

where gébj,for 1 <i,j<J,are J* independent GAFs gé’oj ~ gai_,-,for the parameters
20

Uziéj = (0 (z0) + o’ (z0)). (2.34)

The local classical densities aj:(z()) associated with the points p; (zo) were defined in
(2.25).

Theorem 2.9 tells us that at any given point zg € QN in the bulk of the pseudospectrum,
the local rescaled point process of the eigenvalues of Pf,, is given, in the limit h — 0,
by the zero process associated with the determinant of a J x J matrix, whose entries are
independent GAFs. The GAF situated at the entry i, j of the matrix only depends on the
local classical densities of the points pi (z0) and p? (zp).

The limiting point process Zéz features some partial form of universality: it is inde-
pendent of the precise law of the entries of the perturbation M, (2.16), but only depends
on the cardinality 2J of the energy shell p, '(2), and on the local classical densities
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Fig. 4. Blue points: values of the 2-point correlation functions, obtained by numerically computing
the spectra of the operators Py | (left) and Py 3 (right) perturbed by a Gaussian random matrix

8M,,. The parameters z(, i, § are as in Figure 3. Red curves: the 2-point correlation function for
the Ginibre ensemble, K ZZ(;Gm, as given in (2.37). The horizontal coordinate is the rescaled square

distance |wi — w2|2.

{ai (zo); j = 1,..., J} (notice that in absence of the symmetry (SYM), the densities

ai (zo) and ai (zo) are a priori unrelated).
The limiting process Z is different from the universal limit ZG70 studied in the
. 2

previous section. In particular the function GZO is not given by a simple product of GAFs,
but by a more complicated expression, namely a determinant. As we will see below, we
expect the zeros of G 2o to exhibit a quadratic repulsion between nearby points, as opposed
to the zeros of the function G, in Theorem 2.5.

2.6.2. Scaling limit k-point measures. A direct consequence of the convergence of the
Zero processes Z{:’IZO is the convergence of their k-point measures to those of the limiting
point process.

Corollary 2.10. Let ,u’h(% be the k-point measure of Zi/zlj]zo’ defined as in (2.26), and let

ulzc(’)M be the k-point measure of the point process Z  described in Theorem 2.9. Then,
20

for any open connected domain O € C and for all ¢ € C.(O* \ A, Ry),

/ o w) i M (dw) — / o (w) pbM(dw), h— 0.
0K\ A <0 0K\ A 0
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One can calculate the densities of the limiting 1-point measures u;(’)M

J

i i
aMwy =3 w Yw € 0. (2.35)
i=1

Not surprisingly, this microscopic density is exactly the rescaling of the macroscopic
spectral density at zo predicted by the probabilistic Weyl’s law in Theorem 2.4 (see also
(2.25)). In the case of an operator P, satisfying the symmetry assumption (SYM), this
microscopic density is equal to the one obtained for the operator perturbed by a random
potential: for such symmetric symbols, the microscopic densities dzl(;v and dzl(;M coincide,
and therefore they cannot distinguish between the type of perturbation imposed on Pj,.
On the other hand, we believe that for k& > 1, the k-point densities dé‘(;Q (equiva-

lently, the k-point correlation functions K é(O’Q) can distinguish between the two types of
perturbation (still assuming (SYM) for the symbol). We have not been able to compute
in closed form the densities of the limiting k-point measures dfo’M associated with the
random function G 20> however, the numerical experiments presented in Figure 4, as well
as Proposition 2.7, lead us to the following

Conjecture 2.11. The k-point densities df(;M of the zero point process of the random
function Gzo described in Theorem 2.9 exhibit a quadratic repulsion at short distance.
Namely, for any open set O € C, there exists a constant C > 1 depending only on O and
k such that, for all pairwise distinct points wy, ..., wi € O,

-1 2 k.M 2
M [ Thwi = wil? < dM i w) < C T Tlw —w; .

i<j i<j

In Figure 4 we compare numerical values of the 2-point correlation function with the
2-point correlation function of a well-known spectral point process on C, namely the
spectrum of large Ginibre random matrices. This ensemble corresponds to random ma-
trices M,, alone, when the entries are i.i.d. Gaussian ~ Ng(0, 1), in the limit # — 0,
or equivalently the limit of large matrices. It has been known since the work of Ginibre
[20] that the eigenvalues of these matrices repel each other quadratically at short distance.
When the eigenvalues are rescaled so that the mean local density is d'(w) = o /7, the
2-point correlation function takes the simple form

K2OM(wy, wy) = 1 — exp(—o|wy — wa|?). (2.36)
Hence, in view of our local density (2.35), we draw in Fig. 4 the 2-point function
. 1< ,
K29 (wy, wy) =1 — eXp[—z > (ol (z0) + 0 zo)|wy — wzlz]. (2.37)
i=1

This function is markedly different from the scaling function « (t2) corresponding to the
zero GAF process (2.29). It seems rather close to our experimental data of Fig. 4, even
though we observe a deviation for values |w — wz| ~ 1. Is this deviation due to the finite
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value of & used in our numerical experiment? Or does the deviation persist when & — 0,
that is, in the limiting correlation function K Zz(;M ? We conjecture that the latter correlation
function K= 0 M differs from the (appropriately rescaled) Ginibre function K 2.Gin bt that
it becomes closer and closer to it when the number J of quasimodes i 1ncreases (a property
which purely concerns the classical symbol pg). Indeed, when J >> 1 the function Gzo
is the determinant of a large matrix of independent GAFs. In any case, computing the
k-point densities for the process ZGzO seems to us to be an interesting open problem.

Translation invariance

One easy property of the limiting point processes obtained in Theorems 2.6 and 2.9 is
that they are homogeneous and isotropic. This property is naturally inherited from the
translation invariance of the zero process of individual GAFs, as mentioned in Section 1.2.

Proposition 2.12. The limiting point processes Zg,, and Zézo obtained in Theorems 2.6
and 2.9 are invariant in distribution under the action of the group of translations and
rotations on C. More precisely, for arbitrary a, B € C with |a| = 1 let us define the plane
isometry T(w) = aw + B, w € C. Then the zero processes of G, and GZO satisfy

4

d
26,y = ZGpots 2 Zz

<0

2.7. Sketch and key ideas of the proof

The proof of the main results has two distinct parts. The first part uses linear algebra and
semiclassical methods to reduce the eigenvalue problem of the infinite-dimensional oper-
ator Py, to a nonlinear spectral problem expressed in terms of a finite-dimensional matrix
(called the effective Hamiltonian), which depends nonlinearly on the spectral parameter.
This reduction will be applied to the randomly perturbed operators Pg as well. The re-
duction is based on the construction of quasimodes of the unperturbed operator, which
we perform in Section 3. In Section 5 we use these quasimodes to construct a well-posed
Grushin problem for the operators Py, or Pg, which leads to the effective Hamiltonian.

The spectrum of the random operator P‘S is now obtained as the zero locus of the deter-
minant of the effective Hamiltonian; in the case of the randomly perturbed operator PQ,
this determinant is a certain type of random analytic function.

In the second part of the argument, we analyze the statistical properties of this random
analytic function. First, we rescale the spectral parameter near a given point zg to the
scale of the average spacing between eigenvalues. Then we show that, for each type of
perturbation, the determinant of the effective Hamiltonian (after some “change of gauge”)
converges in distribution to the universal random analytic function stated in Theorem 2.5,
resp. Theorem 2.9. In Section 6 we provide an overview of the notions and results from
the theory of random analytic functions used in this paper. Sections 7 and 8 then complete
the proofs of our main theorems.

Let us now give some more details on the successive steps.
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2.7.1. Part I: Reduction to an effective Hamiltonian. By (2.12) for all z € Q and for
each point ,Oi (z), j = 1,...,J, in the energy shell p~!(z), we can construct an #>°-

quasimode ei for the problem Ph — z resp. (Ph — z)* as in (2.14)-(2.15). These qua31—
modes are microlocalized at pi, ie. WF, (ei) = {,oi} The quasimodes ¢/, % (resp. e )
essentially span the space of singular values of Pj, —z (resp. (P —z)*) smaller than 4/ C.

This property will be used later to extend the operator P, — z to a well-posed Grushin
problem.

Almost holomorphic quasimodes. The quasimodes are constructed in Section 3, their rel-
evant properties are gathered in Proposition 3.5. For this construction, near each point
p+ = (xy,&4) € p~'(z) we use the Malgrange preparation theorem (see Section 3.1)
to factorize our operator P — z, microlocally near p,, into a simple form P = hD, +
g7 (x, 7). The WKB-method (see Section 3.3) then allows one to construct a state

N,z h) = ayr(x, hyeh®+(rd) (2.38)
satisfying the quasimode equation
1Py — 2"l = Oh™) 1R (2.39)

For a fixed z this WKB construction is standard [12], but we also need to control how
the quasimodes depend on the parameter z. In [24] the author treated the case where the
symbol p in (2.6) is analytic. Here we are only assuming the symbol to be smooth, and
we take particular care in Proposition 3.5 to construct quasimodes depending on z in an
almost holomorphic way, at least near the reference point zo where we study the spectrum.
The almost holomorphy near z( takes the form

e H O EM gl (2 h) | = Oh ™z — 20l + h™). (2.40)

Because we will eventually focus on z in an O(h'/?) neighbourhood of zo, the right hand
side will effectively be O(h®°).

This holomorphy implies that the states eh"l (z; h) are not L? normalized for all z.
Indeed, we show that for z in a neighbourhood of 20, their norm takes the form

el z; by | = eh O+ (2.41)
with a phase function
b, (z;h) = Py o(z) +Ohlogh), @4 0(z):=—-Imey(xy(2),2).

The normalized quasimode for P, — z, microlocalized at p4, as in (2.14), can then be
defined as e (z; h) = e i P+ @h) elj_"](z; h).
Similarly, for the adjoint problem P, — z*, we construct WKB states e"°!(z; /) which

are almost anti-holomorphic with respect to z and their normalized version e_(z; h) =
1 .
e n =@M ghol(z: ),
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Interaction between the quasimodes. In Section 4 we analyse the overlaps (“interac-
tions”) between nearby quasimodes. These interactions will be relevant when computing
the covariance of the components of the effective Hamiltonian. Since two points ,o_{_ (),
,oﬁ (z) (j # k) remain at finite distance, the corresponding quasimodes are essentially or-
thogonal to each other. On the other hand, we will need to control the interactions between
the quasimodes microlocalized at ,o_{_ (z) and ,o_{(w) when the energies z, w are close to
one another (in practice, |z — w| = Oh'?)). In Propositions 4.1 and 4.3 we exploit the
almost (anti-)holomorphy of ekfl’j to show that

(eih(’l(z)kih(ﬂ(w)) — e Vi@wih) + small, \Ifi(z, w; h) = \IJ'J/“O(Z, w) + O(hlogh).
. (2.42)
Here \Ili’o(z, w) is a polarization of the phase function @4 ¢(z), almost z-holomorphic
and almost w-anti-holomorphic near {(zo, zo)}. In particular it satisfies the second-order
Taylor expansion
{alzgz
Wyo(zo+ 81,20+ 82) = Y (310D ) (z0) 1= + O(|¢ ). (2.43)

o!
] <2

Remark 2.13. In the case of perturbation by a random potential §V,,, we will also need
to compute the interactions between the squared functions (e’ (x,2)3, namely estimate
scalar products of the form ((e” (2))?|(e}, (w)))? (see Section 4.2).

Grushin problem for the perturbed operator P,f. The next step in the proof is to use the
quasimodes e4(z; /) to construct a well-posed Grushin problem for the operator P, — z.
As reviewed in [45], in order to analyze the small singular values of a z-dependent op-
erator P(z) = P — z : H1 — H, (in particular the spectrum of P), the general idea of
setting up a Grushin problem is to extend this operator to an operator of the form

P(z) R_(2)
Ry (2) 0

where H (resp. R1) are well-chosen auxiliary spaces (resp. operators). The Grushin
problem is said to be well-posed if the extended operator P(z) is bijective for the range
of z under study, with good control on its inverse. Roughly speaking, the role of R (z) is
to map the quasi-kernel of P (z) to the auxiliary space, while R_(z) maps the latter to the
quasi-cokernel of P(z); both actions finally make P(z) invertible.

In the case where dimH_ = dimH < oo, one decomposes the inverse operator

blockwise as
(P(z) R_>—1 _ (E(z) E.(2) ) . £0)
Ry 0 E () E+() 77
The key observation, going back to Schur’s complement formula, is the following: the

initial operator P(z) is invertible if and only if the finite rank operator E_,(z) : H
— H_ is invertible, in which case both inverses are related by

P(2)"' = E(2) - ExQ)E_{ Q) E_(2).

P(Z)I=( ):H]@%_+H2®H+,
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The finite rank operator E_, (z) is often called an effective Hamiltonian for the original
problem P (z). It depends in a nonlinear way on the spectral parameter z, but it has the
advantage of being finite-dimensional. In a sense, E_4(z) encapsulates, in a minimal
way, the spectral properties of P. If the spectrum of P is discrete in the z-range under
study, its eigenvalues can be obtained as the zeros of det E_, (z) (with multiplicities).

In our case we construct our Grushin problem using the normalized quasimodes: we
take

Ri(@):Hm) — C/, (Ry@u); = wlej(2), j=1,....J,
J
R_(2):C’ - L2 R_@u_ =Y u_(je’ (2.
j=1

The roles of R4 (z) are quite transparent: R (z) indeed maps the quasi-kernel of P — z
(the quasimodes ei (2)) to the auxiliary space, while R_(z) constructs the quasi-cokernel
of (P — z)*. We thus obtain a well-posed Grushin problem P(z) (see Proposition 5.1).
Note that this construction was already performed in [24].

After restricting our random variables to discs of radius C h~!l the perturbations § Q
of Py are small in norm: ||§ Q|| < 1. As a result, the Grushin problem is still well-posed
if we replace Pj, by the perturbed operator Pé (see Proposition 5.3). The eigenvalues

of P? — 7 are then given by the zeros of det(E s 1(2)), where E% 4 (2) is the perturbed
effective Hamiltonian. In Section 5.2 we compute this effective Hamiltonian:

87 det(E2, (2)) = (=) det[(Qe} (2)lel (2))i s + OGh /)],

A crucial feature of this expression is that the effective Hamiltonian is dominated by
the random perturbation, in spite of the fact that the latter is of size o &, which is a
small parameter. However, the unperturbed effective Hamiltonian E_ (z) is actually of
size O(h™°), allowing a perturbation of size 1" to be comparatively large.

The quasimodes used in the definition of the effective Hamiltonian were normal-
ized, hence E? 4 (z) is not holomorphic. In Section 5.2 we show that by multiplying
det(ES . (2)) by an appropriate nonvanishing function of z, we obtain a holomorphic func-
tion, of the following form:

G%(z;h) = (14 Ry) det[h ™" 2(Qe™ ()1 (2))i, < + R2), (2.44)

with Ry, R, some small (z-dependent) error terms. Not surprisingly, the normalized
quasimodes have been replaced by their almost (anti-)holomorphic counterparts in the ex-
pression. The entries of the matrix on the right hand side are dominated by the scalar prod-
ucts (Qei’h()l(z) |e’_’hOl (z)), which represent the coupling between the quasimodes through
the perturbation operator . Remember that these quasimodes are microlocalized at dif-
ferent phase space points ,oi (2), p"(2); hence, the coupling will be nonnegligible only if
the perturbation operator Q is able to “transport mass” from one point to the other.
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Remark 2.14. Here a major difference occurs between the two types of perturbations.

The random operator M, (eq. (RM)) will typically be able to couple any pair of quasi-

modes (ej hOI, ’h°1) leading to a full J x J matrix. On the other hand, multiplication

by a random potential V,, will not be able to couple quasimodes localized at different
positions xi # x' . This is the reason why, in this case, we need to assume the symme-

try property (SYM) which ensures that each quasimode e{r admits a dual quasimode e’
with x7, Y= x’ The further assumption (HYP-x) ensures that no other quasimode will be

localized at x7} %« this property makes the matrix (Ve I h°l(z)|el hOI(z))i, j<J approximately
diagonal. This diagonal structure will lead to a hmrtrng random determinant given by the
product of J independent GAFs, each corresponding to one of the diagonal entries. On the
other hand, for a random matrix perturbation, the full matrix (M,e}’ Johol (z)Iei_’hOI (2))i, j<J

will lead to a full matrix of GAFs.

2.7.2. Part II: Convergence to Gaussian analytic functions. In the second part we study
the point process consisting of the zeros of the random analytic function G°(z; h)
of (2.44). Performing the rescaling z = z, := zo + h'/?w, with w in some bounded
open set O € C, we are led to study the zeros of the rescaled random function

Fl(w) := G®(zo + h'?w; ) = (1 4+ Ry) det[(f "w))i j<r + Ral. (2.45)

The terms R and R; are small, they converge to 0 in probability sufﬁciently quickly (see
Corollary 7 4 and Lemma 7.5), hence the expression is dominated by det ( f (w))l j<Js
where f 1/2(Q Js hol(Zw)|ez hol(Zw))

In Sect1on 6 we collect some general notions and results concerning random holo-
morphic functions and the associated zero processes. The key observation [40, Proposi-
tion 2.3] (see also Proposition 6.11) is that if a sequence of random holomorphic functions
fn converges in distribution to a random holomorphic function f (which is almost surely
# 0), then the zero point processes of f;, converge in distribution to the zero point process
of f.

Therefore, we need to show that the function F, ;f (actually, after multiplication by
appropriate “‘gauge” factors) converges in distribution to the random analytic function
G, in the case of Theorem 2.5, resp. to G, in the case of Theorem 2.9. The first case is
treated in Section 8, the second in Section 7. In this sketch we mostly describe the second
case Q = M, and highlight the differences with the perturbation by a random potential.

Covariances. To show the convergence of F;f , we will need to show that the entries

ff;.h(u)) converge in distribution to J2 independent GAFs.

The assumptions (2.16) on the coefﬁcients of the random matrix M, imply that at
each point w the random variable f (w) is centred. The second step is to compute the
covariances

E[£; (v)ffkh(w)] = W E[(Moel™ (2)1" (2,)) (2" (20) M€ (2,)) ]

Expanding the random operator M,, in the orthonormal family (e;;)m<n#) leads to
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E[ 24 ) 5 )] = b ™ ) T ™ ) € ) Mg e (20)).
(2.46)
where Iy ) is the orthogonal projector on the space spanned by (€y,)m<n (). From our
assumption on this orthonormal basis, this projector is equivalent to the identity microlo-
cally near £2; since all our quasimodes are microlocalized inside €2, the projectors ITy )
may be removed from the scalar products, up to negligible errors. The covariance is hence
expressed in terms of the interations between neighbouring quasimodes.
From our analysis of these interactions, in Proposition 7.1 we deduce the following
expressions for the covariances:

ELA ) £ )] ~ b @ @)™ (z)) 1 e (2,))

N 8118 e 20207 (z0)+0% @ 20V i (0)+F j (w)

— 5115 (e @] GOHol QB Fi )+ (W)
=: K" (v, w)efis+Fijw) (2.47)

The Kronecker factors already hint at the fact that the random functions f 50 and fl k are
statistically independent if (i, j) # (I, k). To obtain the second line, we have expanded
the phase function W4 ( describing the interaction to second order (see the Taylor expan-
sion (2.43)), and have separated the mixed term vw from the separated terms ]2, |w|?
which we grouped in the functions F; ;(e).

To obtain the third line of (2.47) we used the relation between the phase function (Di, 0

describing the L? norm of the quasimode, and the local classical density Ui (see (2.29)).
We indeed show in Section 3.5 that

0% @7, ((z0) = +ol(z0).

In the mixed term we recognize the covariance of the GAF g,i; with parameter oll =

%(a i +0ol) (see (1.9)). Hence, the whole expression corresponds to the covariance of the

modified GAF

GAF F;
fl/ =€ ”ga'/

Remark 2.15. In the case of a random potential (see Section 8), we perform a similar

computation in Proposition 8.2. In that case the covariance will involve scalar products of
the type ("™ (2,))2] (" (2,,))?), which will be nonnegligible only if j = k; we also

recover the covariance of a GAF multiplied by a gauge factor.

Convergence to a Gaussian function. Computing the covariances is not sufficient to
prove the convergence in distribution of the random functions flfs’jh towards the modi-

fied GAFs fiGjAF. The entries of M, are in general not Gaussian, so neither are the func-

. 8,h .
tions f; I How does one prove the convergence of a sequence of random functions?
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Prokhorov’s Theorem 6.7 shows that to prove the convergence of random functions, it
is enough to prove the convergence in the sense of finite-dimensional distributions (see

Definition 6.5): namely, for any n € N* and any set of points (w1, ..., w,) € O", we
need to show that the random complex vector
(ff’jh (wy), ..., fi‘s}.h(wn)) converges in distribution to (]‘i%AF(wl), fGAF(w,,)).
8,h fd

This type of convergence will be denoted by f f GAF We actually need to show

that the various functions fl o are asymptotlcally 1ndependent from one another, and

converge towards independent GAFs f GAF

The random operator M, is in general not Gaussian, so to obtain convergences to
Gaussian vectors, we need to apply a suitable version of the central limit theorem (The-
orem 6.12). The application of the CLT relies on the fact that each quasimode e} has
nonnegligible overlaps with many of the basis states e, used to construct M,,. Thanks to
this property, the higher moments of the flsjh will involve sums over many i.i.d. random
variables «, and hence to a Gaussian law (see Proposition 7.3).

Taking into account the small error terms and applying Prokhorov’s theorem, this
leads to the convergence in distribution of the full determinant

Fi(e) % det((f"(0))1<i,j<s)  whenh — 0.

Finally, at the end of Section 7.5 we use the fact that the “gauge” functions split into
Fi j(v) = ¢ (v) +¢i(v). This splitting allows one to extract the gauge factors e’/ from
the random matrix as follows:

(fGAF(v)) ij = dlag(e‘f’ W) (g, (V) j d1ag(e¢+(”))

The determinant of the diagonal matrices never vanishes, so the zero process is that of the
determinant of the matrix of GAFs g.;, as in Theorem 2.9.

Remark 2.16. In the case of a random potential, the major difference lies in the fact that
the off-diagonal entries in (2.45) are negligible; this leads to a product of J independent
functions, each converging to a GAF (compare Corollaries 7.4 and 8.5).

k-correlation functions. The convergence of the point processes implies the convergence
of the k-point correlation measures. It remains to compute the latter, as given in Theo-
rem 2.6, Corollary 2.10 and Proposition 2.12; the computations are performed in Sections
7.6 and 8.4. In the case of a perturbation by a random operator, we can only compute the
1-point function, whereas in the case of a random potential we obtain explicit formulas
for the limiting k-point correlation functions.

3. Quasimodes

Our main objective in this section is the construction of the 4°°-quasimodes ei (zo) for
the operator Py, — zq (resp. (P — z0)™), which will be used to set up the Grushin problem
in the next section.
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For this purpose we will first factorize our symbol p into a “nice” form, using semi-
classical analysis and the Malgrange preparation theorem in Section 3.1. This factorized
form will allow for very explicit expressions of our quasimodes, which will naturally
exhibit an almost holomorphic (resp. anti-holomorphic) dependence on the spectral pa-
rameter z. In Section 3.2 we recall the notion of almost holomorphy and we provide some
results needed for the construction of the quasimodes in Section 3.3. Section 3.4 contains
additional remarks on the construction of quasimodes in case we assume the symmetry
property (SYM). Finally, Section 3.5 provides a link between the quasimode phase func-
tions and the symplectic volume on 7*R, which will be used later.

3.1. Malgrange preparation theorem

We start by Moyal- factorlzmg the symbol p of the operator Pj in a neighbourhood of

each of the points pi = (xi, éi) € py (Z()) (see (HYP)). The method presented is an
adaptation of [23].

Proposition 3.1. Let p(h) in S (R2, m) as in (2 6) satisfy (HYP), let Q & C be as in
Q.11), andletzg € Q. For j =1, ..., J, let UL be open nelghbourhoods of,oi(z()) Then
there exists an open nelghbourhood W(z0) C Q2 of zo, open sets Vi C Uy containing
,Oi(W(Z())) and symbols in S(Vi, 1):

gE g ) ~ Y hg g, g ) ~ Y hgri (), (B

k=0 k=0

depending smoothly on z € W(z0), such that for all z € W (z9),

P, Eh)—z~ gt () #E+gH (kb)) in SV, m),
PO ER) —z~E+g () #qg I (L E k) in S(VI, m). (3.2)

Furthermore, the principal symbols satisfy qoi’j (xi (2), §i (z),2) #0and g(j)t'j(xi (2),2)
= —£1(2).

We recall that # indicates the Moyal product, which translates the operator composition
to the symbolic level [12, Chapter 7]: for any symbols a; € S (R2, i), for j=1,2,

al’ oay = (ar #ax)"”.

The Moyal product # : S(R?, 711) x S(R?, ny) — S(R?, nym>) is a bilinear and contin-
uous map.

Proof of Proposition 3.1. We will focus on a single point ,o_{_ (z), and will omit the &

and j sub/superscripts in the proof. The case of the points p’ can be treated identically.
The condition (HYP) implies that for any z € €2, we have po(p(z)) — z = 0 and

0: po(p(z)) # 0. Fix zo € 2. By the Malgrange preparation theorem [29, Theorem
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7.5.5], there exist open neighbourhoods V C U of p(zg) and W(zg) C C of zo, as well
as smooth functions go € C®°(V x W (zp)) and go € C®(r, (V) x W(zp)), such that

po(x,§) —z=qo(x,§,2)(§ +go(x,2)) forall (x,§,2) € V x W(zo),  (3.3)

and go(x(z0), £(z0), z0) # 0, while go(x(z0), z0) = —&(z0). We can suppose that gg # 0
in V x W(zo) by possibly shrinking V and W(zp). Up to shrinking W (z9) we may also
assume that p(W(zo)) C V, so that go(x(2), z) = —&(2) for all z € W(zp).

Next, we make the formal Ansatz

g0, &, =) M &2, g, zh) =) hex, ),

k>0 k>0

and group together the terms of the Moyal product
ih
g6 82 h) # & g,z h) = o2 TP g 2+ gz )=
n:

with the same power of /4. The symbols g, gr can then be computed by induction. For
N > 1, assume we already know g, gx for 0 < k < N. Equating the coefficient of 1" of
the above asymptotic expansion to the symbol p,, we obtain

Gy g2y = WD o) + gnix. 2), (3.4)
qo(x, §,2)
where
1 N-—1
Gn(x,&,2) = m(m(x, £) — ; gn-1(x, &, D gi(x, 2)
N—1 i N—k k
+2 <E(DsDy - DxD,») (a0 + D ks (0,980, z))) -
(3.5)

Notice that G only depends on gy, gk, for k < N, and on py. We can then determine
the functions gy and gy: since

§(2) +80(x(2),2) =0,  0(5 +go(x,2)) =1,

the Malgrange preparation theorem implies the existence of smooth functions gy /qo and
gn in V x W (zg) satisfying (3.4). This way we obtain all symbols gz € C*°(V x W (zp)),
gk € C®(m (V) x W(z0)), k > 1, which allows us to construct full symbols g(x, &, k)
and g(x, k) by Borel summation, which satisfy (3.1) and (3.2). m]

3.2. Almost holomorphic extensions

We did not assume the symbol p(x, &, h) to be real analytic in the variables x, &, so the
functions g (p, z) and g(x, z) constructed in Proposition 3.1 are, a priori, not holomorphic
in z. Yet, we show below that they are almost holomorphic near the classical energy shell.
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We begin by recalling the notion of almost holomorphic extension of a smooth func-
tion. It has been introduced by Hoérmander [28] and Nirenberg [37] in different contexts.

Definition 3.2. Let X C C" be an open set and let I' C X be closed. If f € C®(X), we
say that f is almost holomorphic on I if 0z f vanishes to infinite order there, i.e. for any
N e N there exists a constant Cy > 0 such that for all z in a small neighbourhood of I"
in X,
|8f (2)] < Cw dist(z, ).

In this case we write 9z f (z) = O(dist(z, I')*°). In the case I' = X N R", we simply say
that f is almost holomorphic.

If f, g € C°°(X) are almost holomorphic at I and if f — g vanishes to infinite order

there, then we say that f and g are equivalent at I'. If ' = X N R”, then we simply say
that f and g are equivalent and we write f ~ g.

Any f € C*°(X N R") admits an almost holomorphic extension, uniquely determined
up to equivalence (see e.g. [28, 35]). Before we continue, we recall parts of a technical
lemma from [35, Lemma 1.5].

Lemma 3.3. Let Q C RY be an open set and suppose that u € C°(Q2). Let v(x) be a
Lipschitz continuous function on 2. Suppose that for any Q' € Q and all N € N, we
have

lu(x)| < Cyalv@)N, xeg.

Then for any Q@' € €, any multi-index « € N and any N € N, there is a constant
CnN.q' .« Such that

) D%ux)] < Cy.glv@IY, xe.

We will use this lemma in the construction of almost holomorphic extensions of the func-
tion go(x, z) from Proposition 3.1.

Lemma 3.4. Under the hypotheses and notations of Proposition 3.1, let Egt’j be an al-
most x-holomorphic extension of goi J for j = 1,...,J. Then there exists an open
bounded neighbourhood W (zy) of zo, open bounded sets Xi C R and small complex
neighbourhoods ii of X i such that xi (W(z0)) C X f_L and such for any N € N and any
o, B, v €N, there exists a constant C;l,’ﬁ’y > 0 such that

920L07 75y (x, l < CYPT Ik —xL@IN, zeWko) xe XL (3.6)

Moreover, for any higher order symbol g,fc”, k €N, foranya € Nand any N € N, there
exists a constant Cﬁ wkj > 0 such that

L ) :
1099z g7 (¥, )| < Cy g 1X¥ —xL@IY,  x € XL, z€ W(o). (3.7)
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In particular (3.6) implies

lozgr (v, )l < Cylx —xL@Y,  x e XL, ze W) 3.8)

Proof of Lemma 3.4. Again, we focus only on the “4” case and omit the superscripts j
and +. Let go(x, &, 2) € C®(V x W(z0)) and go(x, z) € C*(m, (V) x W(zp)) be as in
Proposition 3.1, with V an open bounded set containing p4 (W (zp)). As in the proof of
that proposition, we may suppose that go(x, §,z) # 0in V x W(zp).

For a small bounded complex neighbourhood V of V', we construct an almost (x, &)-
holomorphic extension go(x, &, z) of go(x, &, z) defined on V x W(zp) such that

Gox,£,2) #0,  (x,€,2) € V x W(zp). (3.9)

Although z appears as a parameter in the construction, we can ensure that gg is smooth
in z, and that any function 8“8ﬂ qo is an almost (x, £)-holomorphic extension of 8“8ﬂ

Similarly, we construct, for X € Ty (V), an almost x-holomorphic extension gy (x, z)
of go(x, z). Using these two functions to extend the equation (3.3), we obtain the function

Pox.£.2) == Go(x. £, )¢ +Fo(x.2).  (x.£.2) € V x W(zo). (3.10)

Do(x, &, z) is naturally an almost (x, &)-holomorphic extension of po(x, &) — z. Itis also
the case of its d; derivative, so that

dpo(x, §,2) = O(lIm (x, §)7°). (3.11)

By (HYP), we have d; po(p+(2)) # O forall z € W(zo). By possibly shrinking V, W (z0)
and V we can arrange that ,0+(W(Zo)) C V and ngo(x &,7) # Oforall (x,§,2) €
V x W(z0).

Recall from Proposition 3.1 that go(x4(z),z) = —&4(z) for all z € W(zp). Hence,
by possibly shrinking V and W (zo) and by restricting 20 (-, 2) to an open bounded convex
complex neighbourhood X of X := ﬂfoV) CR witb X € m(V), we can arrange that
x4+ (W(z0)) C X and (x, —go(x,z)) € V forallx € X.

Taking § = —go(x, z) in (3.10) and then taking the d; derivative of that equation,
taking into account (3.11), we get, for all x € X and all z € W(zp),

aéﬁo(xs _§O(X3 Z))aig;o()ﬁ Z) + 8%50()‘.7 _§0(-x7 Z))8z§0(xv Z) = O(|Im (-xv %‘)'OO

Since py is almost (x, &)-holomorphic, while 3z po is bounded away from zero, we find,
forany N € N,

19:30(x, 2)] < Cn(IImZo(x, )Y + [Imx[Y),  x € X, z € W(zo).

Since go(x+(z2),2) = —$+(z) € R, one has Imgy(x1(z),z) = 0; and since g is a
bounded smooth function on X x W (z0), it follows by Taylor expansion that

19:30(x, 2)| < Cylx — x4+ @IV, xeX, ze W) (3.12)
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This proves (3.6) in the case « = B = y = 0. Now, observe that since x — x4 (z) is a
smooth function of (x, z), it follows by Lemma 3.3 that after slightly shrinking X and
W(zp), forany o, B,y € N,

I~ B,
920897 ' 20(x, )l < CP T Iy — x (@)Y, (3.13)
In particular, restricting x to the value x4 (z) € X4, we find

Vo, By €N, (02000 T g0)(x4(2). ) =0, z€ W(zo). (3.14)

Next, using (3.3) and go(x+(z), 7) = —&4(z) (see Proposition 3.1), we deduce by a direct
computation of {pg, po}(p+(z)) that

{Po, po}(p+(2))

—_— <0, 3.15
2ilq0(p+ @) D2 ©-13)

Im(8xg0) (x+(2), 2) =
where the last inequality is a consequence of (HYP).
Finally, by differentiating (3.10) with respect to x and 7 and by evaluating it at the
point (04 (z), z) we find (3;g0) (0+(z), z) = 0. By repeated differentiation of (3.10) and
using the Leibniz rule, this generalizes to

Vn e N%, 900:G0(0, D)l pmp, (o) = 0. (3.16)

Let us now consider higher order symbols. We recall that for any N > 0, the symbols
gn € C®(V x W(zp)) and gy € C*®(m, (V) x W(zp)) were constructed by solving the
equation (3.4), with Gy defined in (3.5) in terms of lower order symbols. We will also
construct almost holomorphic extensions of these symbols iteratively.

Assume that for all 0 < k < N, we have extended gj (resp. gx) to an almost p-
holomorphic function g (resp. almost x-holomorphic function g ). Injecting these exten-
sions on the right hand side (3.5) (the derivatives Dy, D¢ etc. being now understood as
holomorphic derivatives) defines Gy, an almost holomorphic extension of G y. Then we
extend gy to gy. Injecting in (3.4) Gy, gy and the previously defined extensions go, o
ends up with the definition of gx, which almost holomorphically extends gy .

Let us show by induction that the symbols satisfy

Va € N, Bﬁ‘agg/v(x, Z) [x:er(Z) = O, (317)
Ve N2 310:Gn(p. 2) ] pep, () = 0. (3.18)

We already know from (3.13) and (~3.16) that this is the case at the level N = 0. Differen-
tiating the equation (3.5) defining G y with respect to Z and p, one finds that

VneN2,  819:Gn(p.2)lpep, (o) = O (3.19)

As we did before, taking & = —go(x, z) in (3.4), differentiating with respect to 7 and x,
and evaluating the expression at x = x4 (z), results in the following identities:

VYa € N, 3? 3Z(~;N(,07 2) fp=p+(z) = agang (x,2) rx=x+(z)'

Then (3.19) shows that the above expression vanishes, proving (3.17).
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Let us now treat the symbol gy. Differentiating the right hand side of (3.4) with
respect to Z and p, and evaluating at p = p4+(z), we find, using (3.19) and (3.17),

o (NG D) ) _
88(—( e 0 & e 2) fp:p+(z)_o

Our knowledge of gy and g at the point o4 (z) implies the desired equation (3.18).
Using a Taylor expansion near x = x4 (z) and taking into account the x-almost holo-
morpy of d:gy (x, z), the equation (3.17) leads to the property

Va €N, 0%:3v(x.2) = O(x — x5 (0)|®), xeX,ze W)

When restricting to real arguments x € X, this gives the required equation (3.7). O

3.3. Construction of the quasimodes

From now on we will always assume that the symbol pg satisfies the hypothesis (HYP)
(each energy shell p~!(z) consists of 2J different points). Using the factorization of
Proposition 3.1, we will construct quasimodes for the operators P, — z and (P, — z)*
following the WKB method.

Proposition 3.5 (Almost holomorphic quasimodes). Let p(-; h) € S (R2, m) be as in
(2.6) and satisfy (HYP). Let 2 € C be as in (2 11), and take zo € Q2. Let W (z0) and Xi,
j=1,...,J, beasin Proposztton 3.1. Let Xi € COO(X] , [0, 1]) be such that Xi =1lin
a small nelghbourhood of xi(W(zO)). Then there exist functions

M, zi h) = @l (x, 23 ) )L ()P D x e R, z € W(zo),

: x - : r (3.20)
gl (x,2) = —/. 8T ady, ¢lx,2) = —/, 8~ (v, ) dy.

x} (z0) x! (z0)
Here g0 ! are as in Proposmon 3.1, dependmg smoothly on x € X and 7 € W(zp). The

symbol ai (x,z;h) ~ (a, ](x 7) + hal j(x, z) 4+ ---) is also smooth in x, z, with all
derivatives uniformly bounded ash — 0.
Moreover, the states ei °l have the following properties:

(1) Their L* norms satisfy

hol Lol (o
e 25 my || = en @@,

@, (z; h) = —Im . (x](2), 2) + hlog(h'/* AL (z; h)), (3.21)

with Tm @}, (x1.(2), 2) < 0, with equality iff z = zo, and Al(z; h) ~ A}T(2) +

hA{’i(z) + - -+ depending smoothly on z such that all derivatives with respect to z, 7
are bounded when h — Q.
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(2) The states eihOI are almost z-holomorphic (resp. almost z-anti-holomorphic) at zo,
in the sense that

Lapd (oe i
e T PHEM ool oy | = Oz — 201 + 1), z € Wi(zo),

Lo/ (o ol (3.22)
e h P EM5 e @ b)) = Oz — 20/ + 1%,z € Wizo).
(3) The corresponding normalized states,
el (v i h) == &)™ (x, 23 e HOEED, (3.23)

are h®-quasimodes of Py — z, resp. (P, — 2)*:
1Py — el (@ )] = OG>, |(Py— 2)*e! (z: )| = OB™). (3.24)

(4) For any cutoffs lﬂi € Cy° (R2, [0, 11) such that wi = 1 near pi(W(zO)), and any
order function m’,

10— WD™el@ Dl = Oh™),  j=1,....J, zeW@o. (3.25)
In all equations above, the O(h®) remainders are uniform in z € W(zp).

For future use, we intentionally introduced two versions of quasimodes: the normalized

ones efr (z; h), and the almost holomorphic ones ei’hOl (z; h).

w9

Proof of Proposition 3.5. We will give the proof only in the “+” case, since the
case is similar. We will suppress the superscript j until further notice. We begin with the
following result:

Lemma 3.6. Let p(-; h) € S?>(R%, m) be as in (2.6) and satisfy (HYP). Let Q@ € C
be as in (2.11), and let zo € Q. Let W(zo) and X4 with x4+ (W(z0)) C X4 be as in
Proposition 3.1. Let g% (x, z; h) be the symbol constructed in Proposition 3.1. Then the
equation

(hDy + g7 () fr(x,z:h) =0,  (x,2) € X4 x W(z0), (3.26)
admits a solution f£°1 (x, z; h) of the form
£, 23 h) = ay (x, 73 R (x,2) € Xy x W(z0),
with @i (x) = — /x gg (v, 2) dy. (3.27)

x+(20)

The symbol ay (x, z; h) ~ aJ (x,2)+ haf'(x, Z) + - - - depends smoothly on x and z, with
all derivatives bounded as h — 0. Moreover, for all z € W(zg) and any o € N,

(3%0:a1) (x4(2), z; h) = O(z — 20|™ + h™). (3.28)
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Proof. For any h € 10, 1] and z € W (zp), the first order equation (3.26) can be easily
solved by the Ansatz

. X
ol (x, z; h) :=exp(—lﬁ/ g0,z h)dy),
X

0

where we choose to take the reference point xo = x4 (zo) independent of z. Taking into
account the expansion (3.1) of the symbol gV, its primitive may be expanded as

X X
—/ gt zhydy ~of (. 2)+he (x,2)+-+,  ¢f(x,2):= —/ g (v, 2 dy.
X X

0 0
Separating the first term ¢4 = gog from the subsequent ones, we may write
P, 25 ) = R 0D (x, 23 )
with a*(h) € C® (X, x W(zp)) admitting an expansion
at(h) ~ a(J)r —i—hal+ + l12(12+ + -

Each term a;r € C*®(X+ x W(zp)) depends on the functions {(p,:r; l<k<j+1}.

Alternatively, the expansion Y h/ a; can be constructed order by order through a
WKB construction (see e.g. [12]): one iteratively solves the transport equations

n
—ideay (. 2)+ Y g (x. Dg (x,2) =0, n>0,

k=0
by the expressions
e+ . X
ag(xa Z) =€ leO gl (y’z’h)d}’
snzlgh o af
af(x,2)=—iagf(x,2) [ Y L, 9dy. (329)
% k=0 9o

Let us make some remarks about the phase function ¢,. It is the unique solution
to the eikonal equation 9@ (x, z) + g(‘)Ir (x,z) = 0, satisfying the boundary condition
@4 (x0,z) = 0. By Proposition 3.1, 9,94 (x+(2); z) = &4(z) € R, therefore x; (z) is a
critical point of Im ¢ . Furthermore, by (3.15),

3204 (r+(2), 2) = — Im (g ) (x1(2), 2) > 0, (3.30)

showing that x4 (z) is a nondegenerate critical point of Im ¢ (-, z). By possibly shrinking
W (z0) and X, we can arrange that x4 (W (z0)) C X4+ and that (3.30) holds for all x €
X+, so that x4 (z) is the unique critical point of Im ¢ (-, z) in X 4.

By iteratively differentiating the equations (3.29) and using the estimates (3.7) on g,
we find that for any n € Nand any o € N,

(07 9za,)(x, 2) = O(Ix = x1()|™ + x4 (20) — x4+ (D)[®),  x € X4, z € W(z0).



Local eigenvalue statistics of pseudodifferential operators 1559

By Taylor expanding x4 (z) around z = gz, at the critical points the above estimate be-
comes
(@ 9za,) (x+(2), 2) = O(lz = 201%).

Summing over all the symbols, we finally control the full symbol, as in (3.28). O
Remark 3.7. In the “— case we construct a solution for (hDy + g~ (x,z))f- = 0.
Hence, the phase function reads ¢_(x;z) = — f;_ (o) 80 (v, z) dy. Moreover, the trans-

port equations depend on g, (y, z), which is almost anti-holomorphic in z at the point
(x+(2), ). Hence, for any & € N we obtain (029.a7)(x_(z), z; h) = O(|z—z0|®° +h°).

Let us now proceed with the proof of Proposition 3.5. Let x4+ € C3°(X+., [0, 1]) be such
that x4+ = 1 in a small neighbourhood of x4 (W (z0)). We define the function

Ml x, 2) = e (0) A, ), (x,2) € Xy x Wizo),

smoothly extended by e}_}r"l(x, z) = 0for x € R\ X;. Recall from (3.30) and the dis-
cussion afterwards that x4 (z) is the unique critical point of Im¢(-, z) in X, and is a
nondegenerate minimum point. In particular Im ¢4 (x, z) — Im ¢4 (x4 (z), z) > 0 for all
x € X4, with a strict inequality for x # x4 (z). Hence, applying the method of stationary
phase, we find that

et = R/ AL (o; ek 0@ = f 4G 3.31)

with the phase function
Dy 0(z) = —Imey (x4 (2), 2)

and a symbol A4 (z; h) ~ Aa'(z) + hAf'(z) + --- depending smoothly on z, with all
derivatives in z, zZ uniformly bounded when 2 — 0. The principal symbol

mlad (e (2), )2 \4
Ag(z)=<lmaxg¢+tx+(z)’z)> > 0. (3.32)

It follows from (3.30) and the property ¢4 (x4(z0),z) = O that &4 ¢(z) > O for any
z € W(zo), with equality precisely when z = zo. Hence, for points such that |z — zo|

> 1/C, the norms of the states eﬁ‘r"l (z; h) are exponentially large.

Let us now prove that the state e}}r‘ﬂ(z; h) is almost z-holomorphic at zg. Using the

equations (3.7), (3.20) and a Taylor expansion of x(z) at zg, we easily obtain
Ya e N,  (870:90)(x(2), 2) = O(lx(2) — x(20)|™) = O(|z — z0|™). (3.33)

By (3.30) and the ensuing discussion, x4(z) is the unique minimum point of x
Im ¢(x, z) on the support of x4 and it is nondegenerate by (3.30). Hence, by combin-
ing (3.31), (3.33) and (3.28), we get

1 1 i 1 i
e fozel| < €T (Bzap) x4 eh | 4 T M flay xy ((hT Bz e RO |
= O(h™ "1z = 20l + 1), (3.34)

which is the estimate (3.22) of Proposition 3.5.
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Let us now check point (3) of the proposition. Using Lemma 3.6, we have
(hDy + ") x+ f1 = [hDyx, x+1f" (3.35)

Using x4 (z) ¢ supp x/. and the fact that —Im ¢, (x, z) reaches its maximum only at
x = x4(z), we find the norm estimate

IADy, x1 171 = O™/ Mei ®+o@)
which shows that
1Dy + g* (@)l (@)1l = O™ M)l @) (3.36)

Next, using (3.31), we define the L? normalized state as in (3.23): e+ (x,z; h) =

1 . . ..
el (x, z; h)e”n P+@M  This state is in C°(X 4), and depends smoothly on z € W (zo). It
microlocalizes at the point p4(z), as shown in the next

Lemma 3.8. Under the assumptions of Lemma 3.6, take any order function m, an arbi-
trary point 7 € W(zg), and choose a cutoff function { € Cgo (R2, [0, 1)) such that Yy =1
near p4(z). Then
(1 =) et (z Ml = OKR™). (3.37)
Proof We smoothly extend g, € C®(X,) to° g € C®°(R) such that g, (x,z; h) =
(x — x4+(2)) for |x| > C, C > 0 large enough, and such that § + g, € SR2, (p))
is elhptlc outside p4 (z). This is possible due to the monotonicity property (3.30). Thus,
hDy + g4 = (6 +81)".
Since supp x+ C X, we have gy = g on the support of e, (z; ). Hence, by (3.35),

n:= (hDy +8g7)*(hDy + g ey, (3.38)
0= F @D ((RD,, [hDy, x 11 = 2 Im G 7Dy, x1 7).
We see that for any o, 8 € N,
X98Pn(x, 2 h) = dup(x, 23 A" e~ hO+EWe o)

for some symbol dy g (x, z; h) ~ ﬂ(x 7))+ hd B (x,2)+--- depending smoothly on x
and z, with all derivatives bounded ash — 0. Moreover its support with respect to x is
contained in supp d x. Since x4 (z) is not in this support, and since — Im ¢ (x, z) reaches
its maximum only at x = x1(z) (cf. (3.30)), we deduce that for any order function 71,
Il mG = O/,

Taking into account the cutoff ¢ € Cgo (Rz, [0, 1]) of the lemma, we choose a “thin-
ner” cutoff ¥ e C§° (R?, [0, 1]) such that ¥ = 1 near py(z), while ¥ = 1 near supp ¥.
We use it to define the operator

= (hDy + 2N)*(hDx +31) + 3%. (3.39)

5 This notation should not be confused with the notation §g used for the almost holomorphic

extension of g(')" in Lemma 3.4.
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The symbol of this operator,
g, § 2 h) = 15 + 35 (0 D + X0, §) + O sz, (o).

is elliptic in S(R?, (p)?). Hence, for & > 0 small enough, g* admits a bounded inverse ¥
with b € S(R?, (p)~2). Notice that by (3.38) and (3.39),
er =b"n+ (b#X) " ey.

We may now apply the operator (1 — )% to this decomposition. Since (1 — ¥)* and b*
are bounded on H (i), it follows that [|((1 — ¥) # )0l w) = Oe~C/M).

Moreover, since our cutoff ¥ is 1 near supp ¥, pseudodifferential calculus shows that
for any order function 77z,

A=y #b# X = O™ w21
and as a consequence ||(1 — Y)“b* XY ey | gy = O(h™).

Adding the two contributions, we get the estimate (3.37). O
Combining Proposition 3.1 with Lemmata 3.6 and 3.8, we may use any cutoff ¢ €
CSO(RZ) with ¢ = 1 near p4(z) to show that e (z) is a quasimode of Py — z:

(Ph— et = (Ph — )Y ey + (Pr — (1 —y) ey
=W #q"#E+gN) " eq + [P ¥ les + OG™)
= O(h®™). (3.40)

Here the first term in the second line is O(h°°) by (3.36). The second term is O(h*°) by
Lemma 3.8, since the wavefront set of the commutator is disjoint from a fixed neighbour-

hood of p4 (z). This proves the quasimode property (3.24) of the state efr (z; h).

This concludes the proof of Proposition 3.5 in the “+” case. The “—” case can be
proved following the same steps to construct a quasimode for (P, — z)*, using the mi-
crolocal factorization of this operator into (g ~")*(h Dy + g~) by Proposition 3.1. O

3.4. Quasimodes for symmetric symbols
Let us now assume that the symbol p satisfies the symmetry property (SYM):
p(x, & h) = p(x, =& h).
Then the formal adjoint (P, — z)* satisfies
(P, —2)*=T(P, —z)I", where werecall that (T'u)(x) := m (3.41)

Moreover, (SYM) implies that if p = (x, &) € p, 1(z) with {Re p, Im p}(p) < 0, as in
(HYP), then (x, —&) € pal(z) as well, with {Re p, Im p}(x, —&) > 0. The hypotheses
(HYP), (HYP-x) can thus be written as

Py @) = 1ol = (L@, &L (@) == (), 26/ @)); j=1,..., ]}, with

+{Re p, Im p}(p’(z)) <0, and x* # x/ ifi # j. (3.42)
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Forj =1,..., J,letusconsider the “4” quasimode ei’hOl constructed in Proposition 3.5.
We may define the corresponding “—"" quasimode as

Jj,hol

e @ hy == Tel ™ @ h). (3.43)

It is then clear from Proposition 3.5 that for all z € W(zp),

ezl = 1ef ™ @ | = en®H &P, (3.44)
Moreover, by (3.40) and (3.41), it is obvious that the normalized state

Jj,hol

¢/ (2 h) = "M (@ e FOAED el (21 h) (3.45)

is a quasimode of (Py, — z)*:
1Py — 2)*e’ (2 h) | = Oh™).

Using the fact that complex conjugation microlocally acts as (x, §) — (x, —§), we also
find from Lemma 3.8 that for all ¥ € Ci° (R?) with ¢ = 1 near p’ (z),

10 = v™)e’ @ W) = Oh™). (3.46)

Later we will have to deal with the squared states

(@2 ) = xL (02 al (x. 2 el or (e i P4,

A simple computation using (3.31) shows that the L norm of this state is of order Ch~1/4.

Usjng the ;ame method as in Lemma 3.8, one shows that this state is microlocalized at
(] (2), 261 (2)).

Similarly, the squared state (e (z; h))? is microlocalized at the pomt (x’ (z) 287 (z))
Namely, for any ¥ € COO(IR{2 [0, 1]) with x» = 1 near the point (x’ (z), 27 (2)),

1= 3l @ ) ) = Oh™). (3.47)

3.5. Relation to symplectic volume

In this section we will study the phase functions @ 4 (z; h) governing the L? norms of the
holomorphic quasimodes (see Proposition 3.5), and show how they are connected with
the symplectic volume in T*R. This link will be crucial when computing the universal
limiting GAFs described in Theorems 2.5 and 2.9, as well as for the k-point correlation
functions in Theorem 2.6 (see also (2.30)), and in Corollary 2.10 (see also (2.35)). Indeed,
we will see in Sections 7.3 and 8.1 that the covariances of these GAFs involve the “interac-
tions” between neighbouring quasimodes; these interactions will be studied in Section 4.
We will see (for instance in Proposition 4.1) that they can be described by polarizing the
phase function @ (z; h). After rescaling the spectral parameter to the microscale, the

dominant part of this polarization will be a term of the form 32 oY 1 (zo; h)zw (see (7.25)
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and (8.19)), which in turn is determined (3.54) by the Lebesgue density of po(|d& A dx|)
of (2.25).

We will strongly use the almost holomorphy of the symbol g%/ expressed in Lem-
ma 3.4. From the expression (3.21) for the phase function, let us write

®L (21 h) = @) y()+hlogh ALz ), @) (@) = —Imel(l(x),2). (3.48)

From now on, we will focus on the function (bi(z; h), and omit the super/subscript J’r on
all quantities.
By (3.33) we have

(x,2) — 9, 2)

0, Po(z) = 0, 2

— (0x(2) Im e (x, 2) [y ()

x=x(z)

i
= Eazﬂﬁ(x, 2) rx:x(z) + O(lz = 201™). (3.49)

To obtain the last line we have used (3.33), and the fact that x(z) is a critical point of
x > Imdy@(x, z). Indeed, by Proposition 3.1 and (3.20), we have

0xp(x,2) = —go(x,z), inparticular 9x¢(x(2),2) = &(2).

Differentiating this last expression with respect to z, we get

(02, 0)(x(2), 2) 9.x(2) + (02, 0) (x(2), 2) = D.£(2). (3.50)

Differentiating with respect to z and using (3.33), we obtain

(02.0)(x(2), 2) 0:x(2) + O(|z — 20|™) = 3:£(2).

Eq. (3.33) is a form of almost holomorphy of ¢ at the point (x(zp), zo). Using (3.13)
allows us to further differentiate it with respect to z:

x(z2)

(020 (%, D i) = — / )(afzgoxy, 2)dy = O(lz — 20|,
0

x(z

where we have used |x(z) — x(z0)| = O(]z — zo|). Let us now fix x = x(z), and differen-
tiate p(x(z), z) with respect to z, z. Using the above estimate, the almost holomorphy of
¢ and expression (3.50), we compute

% (P(x(2), 2)) = 3E(2):x(2) + £(2)d%x(2) + Oz — 20|™).

Notice that E(z)&zzzx(z) € R, since £(z) and x(z) are real-valued smooth functions and

2 . . . . . . .
0z is a real differential operator. Thus, taking the imaginary part of the above equation
produces

2, o0
7815490(2) = 0;6(2)0zx(2) — 9z6(2)9:x(2) + O(|z — z01™). (3.51)
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We now restore the 4, j notations, and write this expression using 2-forms:

—dE] A dx](2) = (0,£](2)3:x](2) — 8:6] (29, (2)) dZ A dz
dz ndz

2i
This expressions provides the connection between the volume form in phase space,
d& A dx, and the volume form in energy space, dzfidz . One can perform the symmet-

= (49297 ,(2) + O(lz — 20|™)) (3.52)

ric computations for the functions &’ 0(2), and obtain

dg! A dx! (2) = (0:67 (2)0:x7 (2) — 087 (2)02x” (2)) dZ A dz
dz ANdz
2i

Let us now express the factor 48122C1>f;_ 0(2) in terms of the symbol pg. Differentiating the

= (49207 1(2) + O(lz — 20|™)) (3.53)

identity po(pi(z)) = z with respect to z or Z, we obtain the linear system

{aspowi)azéi + 0, po(p )] = 1,
3 Po(P1)3:E4 + 0 Po(p1)dex2 =0,
which can be solved by

—0x Py 9t Po
{Po: Po} {Po o}

Using the fact that xi, Ejj[ are real, we deduce by (3.51), and by a similar computation for
@’ ), that

Z‘gi(z)

(PL(2).  dexi(z) = (pL (@)

Fl
2P0, Po}(PL(2))
It follows from (HYP) that the first term on the RHS is positive, hence the functions CDJi
are strictly subharmonic near zg.
Identifying the Lebesgue measure L(dz) on the energy plane with the volume form
d2pndz and denoting by |d& A dx| the symplectic volume on T*R, the expression (3.52)
(resp. (3.53)) relates an 1nﬁn1p651mal vo_lume in energy space to an infinitesimal volume

4% 07, ((2) = ( +O(z — zo|°°)>.

near the phase space point ,oj_ (resp. p’). Adding the contributions of all the 2J points
in p, !(2), we obtain the following expression for the push-forward of the symplectic
volume |d& A dx| through the principal symbol py:

J
(po)«(|d&§ Ndx|) = (01 (2) + 0’ (2)) L(d2),
Po X ; 1z < < (3.54)
ol(z) = = 492 ®’ % 0@ + Oz — 201™).

Observe that in case we assume the symmetry (SYM), we get 0_{ () = 01 (2).

Remark 3.9. The error term O(|z — z0|*°) will be very small in the following, because
we will investigate values of z in some A '/2-neighbourhood of zg.
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4. Interaction between the quasimodes

In this section we study the “interactions” (scalar products) between nearby quasimodes.
It interactions will be fundamental in the derivation of the limiting point processes; they
will determine the covariances of the limiting Gaussian analytic functions (see Sections
7.3,7.5 as well as 8.1, 8.3).

In our notations, the L? scalar product (x|v) is linear in u and antilinear in v. The
assumption (HYP) implies that we may shrink the neighbourhood W (zg) (see Proposi-
tion 3.5) to ensure that

pL(W(20) N pk (W(z0)) =9 forany j # k. @1

Thus, from (4.1) and the microlocalization property (3.25), we have

€ ()ek () = 8k + O™, (L @)Iek () = 8jx + O™, 4.2)

uniformly for all z € W(zo) (here §;; denotes the Kronecker symbol).
More generally, for any z, w € W(zo) one obtains

(L @lek ) = Oh™®)  forany j # k. 43)

This quasi-orthogonality reflects the fact that for j # k, the points p.(z) and pi(w)
remain at positive distance from each other, uniformly when z, w € W (zgp), as embodied
by (4.1).

The next subsection will be devoted to the computation of the “diagonal” scalar prod-
ucts (e, (2)]e.(w)).

Notice that if our symbol satisfies the further hypothesis (HYP-x), we may even as-
sume (up to shrinking W (zp)) that the cutoff functions Xi used to construct our quasi-
modes have disjoint supports:

supp xL NsuppxX =@ forany j # k. (4.4)

in which case the remainders O(h°°) in the above estimates vanish.

4.1. Overlaps between nearby quasimodes

The scalar product between quasimodes localized on nearby points is given in the follow-
ing propositions. The first one deals with the overlaps between the “+” quasimodes.

Proposition 4.1. Let (ei_’h01 (2))zeW (zo) be the quasimodes constructed in Proposition 3.5.

Recall the notation CD{H)(z; h) from (3.48). Then, for |z — w| < ¢ with ¢ > 0 sufficiently
small,

(eihol(zﬂeihol(w)) — F Vi wsh) n O(hoo)e%dﬁno(z)-i-%@i‘o(w) (4.5)

with
J (s w: j R roe(h1 b (5. w:
Uiz, wsh) =Wy 4(z, w) + ) log(h™/*b:y (z, w; h)). (4.6)
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Here W/ O(Z w) is almost z-holomorphic and almost w-anti-holomorphic at {(zo, z0)},
and bﬂr(z, w; h) ~ bg J(z, w) + hbiIr J(z, w) + --- is smooth in z and w, with any
derivative uniformly bounded as h — 0. Moreover,

. \11+'(w 2z h) = Wz, wi h),

o v/ O(Z 7) = i,O(Z)’

° bj_ (z,z; h) = Ai_(z, h)? with Ai(z, h) given in Proposition 3.5,
e for|¢i| <c, i =1,2, with ¢ > 0 sufficiently small, and for any N € N,

TR 2)

Vool + 10t = 3 (0% o) (20) L2 2 4o,
<N

where a € N2 and |o| = a1 + a».

The second proposition, symmetric to the previous one, deals with the overlaps between
nearby “—” quasimodes.

Proposition 4.2. Let (efh01 (2)zeW (z) be the quasimodes constructed in Proposition 3.5.
Then, for |z — w| < ¢ with ¢ > 0 sufficiently small,

(e/;,hol(zﬂe/;,hol(w)) _ e%xpi(z,w;h) + O(hoo)ewio(z)ﬁ@ﬁ,o(w) (4.7)

with
U (z,w; h) = \Ili’o(z, w) + 5 log(h'/2b? (z, w; h)). 4.8)

Here \Ili ’0(1, w) is almost z-anti-holomorphic and almost w-holomorphic at {(zo, z0)},
and @i,o(z; h) is the function defined in (3.48). The symbol bl (z, w; h) ~ bg’j(z, w) +
hbl_’j(z, w)+- - - is smooth in z and w, with any derivative uniformly bounded as h — 0.
Moreover,

o W(w.zh) =Wl wih),

o ¥ (2= (),

° b/; (z,z; h) = A/; (z, h)? with AL (z, h) as in Proposition 3.5,
e for|¢i| <c, i =1,2, withc > 0 small enough, and for any N € N,

—o 0{2
§

W_o(o+ 8120 +8) = D (8219520 0)(20) +0(g V.

le|<N

Proof of Proposition 4.1. Until further notice we drop the superscript j. By Proposition
3.5 and (3.48) we find that for z, w € W(zp),

(e}_:_Ol(ZNe:l_Ol(w)) — e%®+'0(1)+%¢+‘0(w)1(z, UJ),
_— i 4.9)
I(z,w) = /X+(X) ap(x, z; h) ay (x, w; e @®aw) gy
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with the phase function

O, z,w) =@ (x,2) — o (x,w) +idPy o(z) +iP4 o(w)
=2y (x, z, w) + i D4 0(2) +i Py o(w). (4.10)

By (3.48), (3.30) and the ensuing discussion, we have Im ¢ (x, z) > Im ¢(x4(z), z), with
equality only if x = x4 (z). As aresult, for all x € supp x+ and z, w € W(zp) we have

Im®(x, z, w) >0, “4.11)

with equality on the submanifold {(x4(z), z, z)} composed of the critical points with
OV (x4(2), 7, z) = 0. Actually (3.30) implies that

Im (aﬁxw)(x, z,z) >0 forall x € supp x+, 4.12)

To estimate the integral / (z, w) we will apply the method of stationary phase for complex
valued phase functions [35, Theorem 2.3].

Let us fix a value z € W(zp), and view w € W(zg) as a parameter. In the case w = z
the stationary point 9, ® occurs at x = x4 (z), with a real valued phase value. In order
to estimatg I(z, w) for w # z, we extend ¥ (-, z, w) almost holomgrphically in x, to a
function ¥ (x, z, w) defined in some complex neighbourhood x € X of supp x-. From
(4.10) and (3.20), this can be done by using the almost x-holomorphic extension §ar of gar
constructed in Lemma 3.4, and then defining ¢4 (x,z) = — |, ;; go(y, z) dy by taking as

contour of integration the straight line connecting xo to x € X, and then take
¥ x,z,w) = G4 (x,2) — P (%, w). (4.13)

Notice that the exact relation d, ¢4 (x, z) = —ga' (x, z) is then replaced by an approximate
one: forany o, 8 € N,

02000, Fy (x,2) = 200G (x, D) + Ou p(Imx[®),  z€ W(z0), x € X, (4.14)

with the implied constants uniform in z € W (zp).
Aslong as |z — w| is sufficiently small (hence, up to shrinking W (z¢)), the nondegen-
eracy condition (4.12) extends to this complex neighbourhood:

P Ux.z.w) £0, xeX,z,we W(z),,

where fo denotes the holomorphic derivative. This ensures that for any 'z, w € W(zo),
¥ (-, z, w) admits a unique, nondegenerate critical point x = x°(z, w) € X, satisfying

WY (x(z, w), z, w) = 0, (4.15)

where 9, denotes the holomorphic derivative. Notice that when w = z, the critical point
x¢(z, z) = x(z) is real valued.

We also need almost holomorphic extensions with respect to x of the symbols
a4+ (-, z;h) to ay (-, z; h), and replace a;ay in the integral I (z, w) by the almost holo-
morphic expression a4 (x, z; h)at (x, w; h).
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We can now apply the stationary phase theorem [35, Theorem 2.3] to the integral
I(z, w), and obtain the expansion

[z, w) = h? by (z, w; h) e CVs0@W=Peo@=Pr0) L OH®) 2w e W(z).
(4.16)
Here W o(z, w) is given by

Wy oz, w) =i (x(z, w), 2, ), 4.17)

in particular on the diagonal W4 ¢(z, z2) = P4 0(2).

The symbol b, (z, w; h) ~ b4 o(z, w) + hby 1(z, w) + - - - can be expressed in terms
of derivatives of ay (x, z; h)ay (x, w; h) with respect to x at the point x = x°(z, w); it
depends smoothly on z and w, uniformly as 4 — 0. The normalization /(z,z) = 1 set
by (4.9), (3.21) shows that we may take by (z,z; h) = A, (z; h)?, with A, (z; h) as in
Proposition 3.5.

As explained in tge proof of [35, Theorem 2.3], the arbitrariness in the almost holo-
morphic extensions V¥, d is absorbed in the O(h*°) remainder. Let us check the sym-
metry relations satisfied by the functions W g and W (= W, o + glog(hl/ ’by). The
symmetry between z and w in (4.13) and (4.17) shows that x“(z, w) = x¢(w, z), hence

Wi o(w, 2) = Wy 0(z, w). (4.18)

The expression of b, shows that this symmetry also concerns the “full” function
Y, (z, w; h) = Vi (w, z; h).

Let us now show that the function W_ ¢ of (4.17) is the “polarization” of the real val-
ued function @ o. We first show that the critical point x°(z, w) is almost z-holomorphic
and almost w-anti-holomorphic at the diagonal {(z, z); z € W (zp)}. Differentiating (4.15)
with respect to z and z, one finds by (4.13) that

8.x°(z. w) = —(3§za+)(xc(l,iﬂ), 2) + O([Im x¢(z, w)|*)
' 202 Y (x¢(z, w), z, w)

—(0% ) (x(z, w), 2) + O(IIm x° (2, w)|>)
202 9 (x¢(z, w), 2, w)

where we have used that IZ is almost x-holomorphic. Now, (4.14) and Lemma 3.4 imply
that

’

(4.19)

0zx(z, w) =

’

dzP+ (x(z, w), 2) = O(|x“(z, w) — x4 (2)|™),  hence
3zx(z, w) = O(Ix“(z, w) — x4+ (2)|?) = O(lz — w|™),
where for the last equality we have used the smoothness of x in z, w.
Using (4.17), (4.13) and (3.33), we then infer that the function W4 ¢(z, w) is almost
z-holomorphic at the point z = w = zp:
—i9:W4 0z, w) = () (X (2, w), 2, W)dzx (2, w)
+ (B9 (X (2, w), 2, w) a2, w) + 28:54 (x (2, w), 2)
= O0(lz — w|® + |z — 20|™),
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From the symmetry (4.18), this function is also almost w-anti-holomorphic at that point.
Taking into account the identity W ((z, z) = P4 0(z), we deduce that the Taylor expan-
sion of W ¢ at (2o, z0) takes the following form: for any N € N,

W, 0(zo + 81,20 + 82)

o) 02

= > (3313?2¢+,0)(z0)§1 2 L0, e W) — 20 j= 1.2

!
la|<N o

It is in this sense that W, o “polarizes” & . In particular, keeping the expansion up to
second order, we find the following identity:

2Re W, o(z, w) — D4 o(2) — P o(w)
= —3%0, 0(z0)lz — wl* + O((Iz — zol, lw — zo)?). O

The proof of Proposition 4.2 is identical to the one of Proposition 4.1, so we omit it.

4.2. Symmetric symbols

Assuming (SYM), the additional symmetry of the symbol p(x, &; h), we will also need
to compute the interaction between the squared quasimodes (e’ (z))?, when considering
perturbations by a random potential. The construction of these quasimodes was discussed
in Section 3.4. The properties of these squared quasimodes are very similar to those of the
original e_(z), the main difference being that most quantities will now bear a subscript s
(for “squared”).

Notice that by (3.42), (3.47) and the assumption (4.4), we have, for all z, w € W(zg),

(el )21 w)? =0 for j # k. (4.20)
As in the proof of Proposition 3.5, one obtains by the method of stationary phase

jhol \an i@l @i
I @)l =e - | | @21
®f(z; h) 1= @] y(2) + hlogh' H Al (s b)), @] (2) 1= 2@ ((2),

where CI>£L 0(2) is as in (3.48) and, in view of (3.42), xi = xi = x/. We recall that

Qiso(z) > 0, with equality if and only if z = 7z, and Ag (z; h) ~ Aé’s(z) +hA{’S(z)~|—' .
depends smoothly on z, with all derivatives with respect to z and z bounded when & — 0.
Moreover,

mlag (x4 (2); 2)[* )1/4 o 422)

AP @) = (

0 2Im 32, ¢4 (x4(2), 2)
where a(')F is as in (3.29). One may compare the expression for this norm with the one in
(3.31), 3.32) for [ (D).

The following proposition describes the overlaps between nearby squared quasi-
modes. The expressions are very similar to the ones of the previous section.
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Proposition 4.3. Suppose that (SYM) holds and that the neighbourhood W (z0) € 2, as
in Proposition 3.5, satisfies (4.1), (4.4). Let ®](z; h), z € W(z0), be as in (4.21). Then,
for |z — w| < ¢ with ¢ > 0 sufficiently small,

, - i 1ol (alel
((e]_,hol (z))2|(ej_’h01(w))2) _ e%\l}_{ (z,w;h) + Oh™®)eh ! @+ P! (w) (4.23)
with

J J h 1/24,]
Ui (z, wy h) = Wy (2, w) + > log(h'/“bs (z, w; h)), (4.24)

where \IISJ oz, w) is almost z-anti-holomorphic and almost w-holomorphic at {(zo, z0)}

and b! (z, w; h) ~ bé’j(z, w)—l—hbi‘j(z, w)+- - - is smooth in z and w with all derivatives
bounded as h — 0. Moreover,

W (2. wi h) = W (w, 23 h),

\D;’O(z, 7) = d)i"o(z) = 2(1)1’0('1),

bl(z, z: h) ~ Al (z, h)? with Al(z, h) as in (4.21),

o for ¢l <c i =1,2, withc > 0 small enough, and for any N € N,

22 %)
j SIS
Voot 20+ 0) =2 3 (0515224.0)(z0) 2 + OV,
lo|<N )
Proof. The proof exactly mimics the one of Proposition 4.1. O

4.3. Finite rank truncation of the quasimodes

In this section we show that the quasimodes {ei (z); z € K2} essentially live in a
finite-dimensional subspace of L?(R), which we build using the orthonormal eigenba-
sis (e;;)men of the harmonic oscillator H = —83 +x2, corresponding to the eigenvalues
Am = 2m + 1. Roughly speaking, we show that if C; > 0 is chosen large enough, the
truncated basis (ey),, <c, /2 microlocally covers a part of phase space which contains the
region p~!(Q), inside which all our quasimodes are microlocalized.

Forany N € N, let ITy be the orthogonal projector on the subspace of L> spanned by
the states (e, )o<m<n. In the following lemma we show that if N is chosen large enough,
this projection essentially does not modify our quasimodes.

Lemma 4.4. Let {ei(z); z € W(z0)} be the normalized quasimodes constructed in
Proposition 3.5. Then, if C1 > 0 is chosen sufficiently large, taking N(h) = Ci/h*
we have

Vze W(zo), Vj=1,....J, |(1— l'IN(h))ei(z)H = Oh*™). (4.25)

In the case of a symmetric symbol (SYM), the same estimate applies to the squared quasi-
modes:

Vze W(zo), Vj=1,...,J, |- HN(h))(ei(w))zll = O(h®™). (4.26)

In both cases the O(h*°) remainder is uniform in z € W (z¢) and h € 10, 1].
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Proof. We will focus on proving the first estimate, the estimate for squared quasimodes
being very similar.
Let U € R? be a bounded open set such that

J .
UriWeo) cu. 4.27)
j=1

Our proof will amount to showing that if C; is chosen large enough, the projector Iy )
is microlocally equal to the identity in a neighbourhood of U.

Let ¢y € C° (Rz, [0, 1]) be such that ¢ = 1 in a neighbourhood of U and supp ¥ C
B(0, R) C R? for some sufficiently large R > 0. Then, by the microlocalization property
(3.25), we have

11 = ¥™)el(z)]| = O*™), uniformly in z € W (zp). (4.28)
For our aims, it will suffice to prove that there exists a constant C; > 0 such that
Vm > N(h)=Ci/h*, [ (x,hD)en| = O(4,>), (4.29)

where the implied constants are uniform in m > N(h) and h € ]0, 1]. Indeed, the above
bounds imply that

I = Ty Y ee@IP = Y 1@ e @len)l” = OGH™). (4.30)

m>N (h)

Together with (4.28), this shows the desired estimate (4.25).

The right hand side O(A,,°°) in (4.29) is sharper than the standard remainder O (h*°)
produced by the h-pseudodifferential calculus (remember that A, > C1/h?). This hints
at the fact that to obtain a remainder O(1,,°°), we should use a semiclassical calculus
whose small parameter is

h = I~zm = A,;l,

rather than 4. We will do it by rescaling the coordinates appropriately (see e.g. [51, The-
orem 6.5] for a similar rescaling procedure). Namely, we let U, be the unitary trans-
formation on LZ(R) given by U, u(x) = A,1,1/ 4u(k,l,,/ 2x). The nonsemiclassical harmonic
oscillator can be written H = g% (x, D), where g(x, &) = & 24 x2. A direct computation

shows that
Us, (H = A)U; ' = (@™ (x, 2,' D) = 1) = h™ ' (¢"(x. kD) = 1).  (4.31)
Let us insert the dilation Uj,, in the expression we want to estimate:

19" (. D el = U, ¥ (¢, RDOU; el ém = U, em. (4.32)

The rescaled state e satisfies the eigenvalue equation (g% (x, hD,) - e, = 0. From
standard elliptic estimates (see e.g. [51, Theorem 6.4]), the state e, is z-microlocalized at
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the energy shell ¢! (1), that is, the unit circle in R?. As a consequence, for any x € S(1)
supported inside B(0, 2/3) C R?, we will have

xV(x, hDy)én = Oh™). (4.33)

Let us come back to (4.32), and interpret Uy, ¥" (x, th)U;” 11 as a pseudodifferential
operator in the /-calculus:

U, V" (x, th)U;m] = ¥¥(x,hD,) forthe symbol ¥ (x, &) = ¥ (h~'%x, hh='/%¢).
After this rescaling, the required estimate (4.29) has been transformed to
¥ (x, hDy)ém = O(h™). (4.34)

The symbol i is supported in the square {|x|, |€| < R}, so the rescaled symbol ¥ will be
supported in the rectangle

{|x| < Rh'?, €] < RhY?/h < R(2C1)™V?),

where in the second inequality we have used our assumption that 4,, > 2C;/h?. We
choose C large enough, so that this rectangle is contained inside B(0, 1/2). However,
we cannot directly apply the estimate (4.33) to our symbol ¥, because the latter is not in
the class S(1), its derivatives growing, when h— 0, as

|333£1}| < Ch~Ual+BD/2.

These estimates indicate that 1/~/ belongs to the exotic class S1,2(1) in the h-calculus (see
e.g. [51, Chapter 4]). Even though the Moyal product between two symbols in the class
S81/2(1) does not usually admit an asymptotic expansion, the Moyal product of a symbol
1/7 € S1,2(1) and a symbol x € S(1) does admit an expansion in powers of h. As a result,
if we take a symbol ¥ € S(1) supported inside B(0,2/3) with x = 1 inside B(0, 1/2),
the Moyal product expansion for ¥ # ¥ implies that

U (x, hDy) 3 (x, hDy) = ¥ (x, hDy) + O(h™). (4.35)

Since supp x C B(0, 2/3), the operator x¥(x, hD,) satisfies (4.33). Combined with
(4.35), this finally gives the estimate (4.34), which completes the proof of the lemma. O

The previous lemma implies that each quasimode can be essentially reconstructed by
taking linear combinations of N (k) basis states e;,. This number is not optimal, but the
following lemma shows that quasimodes cannot be reconstructed from only a few basis
states. This fact will be relevant in Section 7.5.

Lemma 4.5. Let eihO] (z) be the quasimodes constructed in Proposition 3.5. Take as be-

fore the orthonormal eigenbasis (en)menN of the harmonic oscillator H, associated with
the eigenvalues {Ay, = 2m + 1}. Then

Vm =0, (4™ () len) = OBV 2m + 1)~ /0eh P20 (4.36)
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where ®i.0(2) is given in (3.48). Similarly, the squared quasimodes satisfy

Vm =0, (4 @) em) = OBy ek Pho@
In both estimates the implied constant is uniforminm € N, h € 10, 1] and z € W (z).

Proof. We only handle the case of nonsquared quasimodes, the other case being similar.
By the Holder inequality,

hol hol
(4L @l | < 1B 4L ™ @)l 1 llem 2.

Using (3.30), the method of stationary phase yields
”h,l/%j‘éhol(z)”Ll _ O(hl/“)e%q)iﬁ@,

where <I>+ 0(2) is as in (3.48). By [33, Corollary 3.2], there exists a constant C > 0 such
that for all m € N, '
lemlloo < Chun'®llemll 2. o

Remark 4.6. The choice of the orthonormal basis (e;,),>0 used to define the truncation
operator is rather arbitrary, as explained in [23, 25]. What is needed is that for N = N (h)
large enough, the projection Iy ) on the subspace spanned by a collection of N (h)
of those states is microlocally equivalent to the identity in some given bounded region
U c R2. Any orthonormal basis of L?(R) will have this property, but the number N (h)
of necessary states will depend on the choice of basis.

In [23] the author used the eigenbasis of the semiclassical harmonic oscillator
q%(x,hD,), in which case it was sufficient to include only om=hH eigenstates. Our
choice to use the nonsemiclassical harmonic oscillator H requires including a larger num-
ber N (h) > C1h™? of states. This choice was guided by the extra requirement that each
quasimode e’ (z) should essentially decompose into many basis states e,, (as shown by
Lemma 4.5), a fact which will be important in Section 7.5 when applying the Central
Limit Theorem.

5. Setting up the Grushin problem

We begin by giving a short refresher on Grushin problems. They have become an impor-
tant tool in spectral theory and are employed in a vast number of works, especially when
dealing with spectral studies of nonselfadjoint operators. As reviewed in [45], the central
idea is to analyze the operator P(z) = P — z : H1 — H, by extending it into a larger
operator of the form

P(z) R-(2)) .
<R+(z) 0 >~H1€BH_—>7-L2€BH+,

where H (resp. R4 (z)) are well-chosen auxiliary spaces (resp. operators). The Grushin
problem is said to be well-posed if this matrix of operators is invertible for the range of z
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under study, with good control on its inverse. In the cases where dim H_ = dim H 4 < oo,
one writes the inverse operator blockwise as

( P(2) R_(z>)‘1 _ ( EG)  E(2) )
Ry 0 E_(z2) E4+())°
The key observation, going back to Schur’s complement formula, is the following: the

operator P(z) : H1 — Hj is invertible if and only if the finite rank operator E_(7) :
H4+ — H_ isinvertible, in which case both inverses are related by

PR '=E@ - E+(E_+(2) 'E_(2).

For this reason, the finite rank operator E_ (z) is often called an effective Hamiltonian
for the original problem P(z). As opposed to P(z), it depends in a nonlinear way on the
variable z, but has the advantage of being finite-dimensional. £__ (z) encapsulates, in a
compact way, the spectral properties of P.

5.1. Grushin problem for our unperturbed nonselfadjoint operator

Hager [23] showed how to construct an efficient Grushin problem for our nonselfadjoint
operator Py, using the quasimodes constructed in Proposition 3.5.

Proposition 5.1 (Unperturbed Grushin). Let p(-; h) € S(R%, m) be as in (2.6) and sat-
isfy (2.8), (HYP). Let a small energy range W(zo9) € C satisfy (4.1), and consider the

corresponding normalized quasimodes {ei(z); z€ Wyt j=1,...,J, constructed
in Proposition 3.5. For z € W(zg) let

_(Ph—z R_-(2)\, J 2 J
P(Z)_<R+(z) 0 ).H(m)x(C — L xC

with
. J . .
(Ry@u)j = (ule}(2)). ueHm), R-(Qu_:=Y u'e (), u_eC’. (5.1)
j=1

Then P(z) is bijective for all z € W(zq), with bounded inverse denoted by

_(E@ E+@D))\.,2 J J
5(z)—<E(Z) E+(Z))'L x C’ — H(@m) x C’.

The blocks E1(z) have the following forms:

(E_(2)v); = (vle’ () + Oh™®)v, velL?

S , (5.2)
Ei(Qvy = Z viel (@) +Oh™)vy, vy eC’l.

j=1
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The blocks of £(z) admit the following bounds in the semiclassical limit:
IE@ 2 my = OBV, NEL@)llcs_ 2 = O,

(5.3)
IE-(2) 2o = O), IE—+(@)llc/er = Oh™),
uniformly for z € W (zp).
Proof. Follow [23, proof of Proposition 4.1] line by line, with obvious changes. O

Remark 5.2. As explained in Section 2.7.1, the role of R4 (z) is to “absorb” the ele-
ments in the quasi-kernel of P(z), namely the linear combinations of the quasimodes
{ei(z); 1 < j < J}; similarly, the role of R_(z) is to “fill” the quasi-cokernel of P(z),
using the auxiliary space C’. As a result, the extended operator P(z) has neither quasi-
kernel nor quasi-cokernel, and is thus invertible, with the norm of its inverse being under
control.

5.2. Grushin problem for the perturbed operator
We wish to study the eigenvalues of
P’ =Py + 40, (5.4)

where § > 0 satisfies (1.6) and Q is given by a random matrix M,,, as in (2.18), or by a
random potential V,,, as in (2.19).

Recall from (2.20) that we want to restrict the random variables used to construct M,
and V,,, to the disc of radius C/ k. If we denote by

PDy (0, R) = D(0, R)N c CN

the N-dimensional polydisc of radius R centred at 0, then the restricted probability space
My, C M in the case of the random matrix M,,, resp. of the random polynomial V,,, is
defined by the following events:

q = (qj.k)jk<Nh) € PDy)2(0,C/h), (5.5)
resp. v = (vj)j<N(h) € PDN(h)(O, C/h) (5.6)

By the tail estimate (2.17) and the fact that N(h) = Cy/ h2, this restriction holds with
high probability as 7 — 0, for both the matrix and potential cases. More precisely, there

exists a constant C» > 0 such that
Plg € PDy2(0, C/M)] > 1 — k N(h)*h*F50 = 1 — Coh*, 57
P[v € PDygy(0, C/h)] > 1 — k N(h)h*T%0 = 1 — Coh+e0, '

In their restricted spaces, the random matrix, resp. random potential, satisfy the bounds

. o

IMolls =N~ (D laisP) T = cn, (5.8)
i,j<N(h)

resp. [Volloo < NI Y [ualllenlloc < Ch71 (5.9)

n<N(h)
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This proves the estimates (2.21) and (2.22) on the size of the perturbations in the restricted
space.

Until further notice we will work in this restricted probability space M, so that (5.8),
resp. (5.9) holds. Using Proposition 5.1, we obtain a well-posed Grushin problem for the
perturbed operator P°.

Proposition 5.3 (Perturbed Grushin). Let Py and W (zp) be as in Proposition 5.1, and
P? be the perturbed operator as in (5.4) with § > 0 satisfying (1.6). For any z € W(z0)
let

Ri(2) 0
with the operators R, (z), R_(z) defined in (5.1). Then, for any realization of the pertur-
bation Q,, in the restricted probability space (5.7), the operator P°(z) is bijective with
bounded inverse

) )
£() = (55_((?) EE‘S_++((ZZ))> L2 ) = H(m) x €.

b
Pl(z) = (P BN R‘(Z)) cH@m) xC! — L2 x C’

Moreover, the perturbed blocks E i ES . are related with the unperturbed ones of Propo-
sition 5.1 as follows:

EX = E_+0@h?), ES=E;+0@h?, (5.10)
and
ES, = E_, —SE_QE; +O@*h™/?), (5.11)
uniformly with respect to the perturbation in the restricted probability space.

Proof. The result follows from an application of the Neumann series. Let £ be as in
Proposition 5.1. Then

g _ e (30 O\ p_ . (3OE SQE _
Pg—P5+(O O)g_1+<0 0 )—.1+K.

Putting together the bounds (1.6), (5.8) (resp. (5.9)) and (5.3), we get
IKI < SIQIUEN+E+]) = OGh—?) < 1, h— 0.

Thus, 1 + K can be inverted by the Neumann series, which provides the inverse & =
E(1 + K)~! for P2

s._ (E°)  El)
&= (Ei(z) Ei+(z))

Yomeo(—D"E(SQE)" Yomeo(—D"CEQ)"E,
= . (5.12)
Yonlo(—D"E_(BQE)" E_y+8) 2 (-D)"E_(8QE)"'QE,
The estimates (5.10), (5.11) easily follow, which concludes the proof. ]

Using Propositions 3.5, 5.1 and (5.11), we get
(B2, (2)i; = —8(Qel | ) + OBh™) + O(h™®) + OF*h~/?). (5.13)
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Remark 5.4. A salient feature of the expansion (5.13) is that, with high probability, the
matrix E?  is dominated by the first term on the right hand side, namely is the random
perturbation term. This fact could appear strange, since the perturbation had a small norm
o< §. However, the unperturbed matrix E_ (z) is even smaller (O(h*°)), a consequence
of the strong pseudospectral effect. This dominance of the random perturbation in our
effective Hamiltonian is crucial in the analysis of the perturbed spectrum.

Using the assumption (1.6) on the size of § and taking the determinant, we get
det[s ' ES ()] = (1) det[(Qe ()le! ()i, j<s + OBR™/?)]. (5.14)

As explained in Section 2.7.1, the spectrum of P?® corresponds to the zero locus of the
function z — det[E® 1 (2)]. Since we used the normalized quasimodes, this function is not
holomorphic in z € W(zp). Because we want to make a connection with z-analytic func-
tions, we will transform this determinant into a z-holomorphic function (without modify-
ing its zero locus), using the fact that it satisfies a 3-equation. To see this, we take the d;
derivative of the equation P°£% = 1,2, ¢/, and get

9:6° = —&%:P°E°.
The lower right block of this matrix reads
0B, = —E%, (3:R)E} — EX(3:R)E” .
This, together with the identity 9z log(det E? | ) = tr [(E® ,)™'9;:E® ] then yields

9z det(E® ) = —tr[(3;R+)ES. + E (3:R_)] det(E’ )
= —k® det(E ). (5.15)

Let us study the factor k(). Using the expressions (5.1), (5.2), (5.10), we find

((32R+)E§_)jj = (ei(z)|8zei(z)) + O(Sh_S/Z)’
(ES_BZR_))]']’ = (agei(zﬂei(z)) + O(8h75/2).

Here, we have used the fact (easily following from the expressions for the quasimodes in
Proposition 3.5) that [|0;¢/. (z)|| = O(h™Y), ||8ze’ (z)| = O(h™1); for instance,

8. = e h P (3,e™ — h' (3,01 )el"™) = O o (5.16)

Putting these estimates together, we obtain

J . . . .
k=) "[(e}10.el) + (dze” ) )] + O(6h™/%), (5.17)
j=1

uniformly in z € W(zp).
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We now want to compute the function k% (z), using the properties of the almost holo-
morphic quasimodes ei (z) we constructed in Proposition 3.5. Taking the 0; derivative

of ||e] hOl(z)ll2 = 2¢J+(Z)/h (see (3.21)), we get
Zh_lagq)i —e ,3 ((3 e] holI ]h0])+( jholIa ]ho]))

= e F O ™02 + Oz — 20l + 1), (5.18)

where in the last line we have used the almost holomorphy property (3.22). Taking the
z-derivative of ¢/ (z) = e~ ®+@/1eM () (see (3.23)), we find

b.6) = —n~1o.0) &) +e el

and hence
(]19,e]) = —h~'9: 0. +e"“’+(ef holjg_ed Mo,

Using this identity together with (5.18), we obtain

(el 10,¢]) = h719:07 + O™ |z — 20/ + h™). (5.19)
A similar computation shows that
(3:¢) o)) = —n 1007 4 e 7O (926810
=h 1907 + O™z — 20| + 1™, (5.20)

which finally results in the following expression for the function k% (z):

J . .
K (z) = h™" Y (@: @7 (2) + 0: 7 () + Oh ™" |z — 20| + 8h7/).
j=1
The function k°(z) depends smoothly on z € W(zo), and the equation 8;/® = hk® can be

solved exactly in W (zq) (see e.g. [27, Theorems 1.2.2, 1.4.4] or [22, p. 6]) with a solution
of the form

J . .
1P(2) = ~2Jhlog(h" )+ Y (@4 (21 h) + @7 (23 1)) + Oz — 20| +6h7>%). (5.21)
j=1

Here we have added the constant term —2Jh log(h]/ 4) in order to balance the behaviour
of ®% (z0; h) = hlog(h'/*) 4+ O(1). From (5.15) we obtain the following holomorphic
function in z € W(zp):

GOz h) = (=8) el D det B2, (2)
=i’ @ detf(Qel (2)le (@) j<s + OGh™ )], (5:22)

It will be convenient to introduce the diagonal matrices containing the norms of the almost
holomorphic quasimodes:

A+ = As(z) := diag (h™ 1/4eh‘1’i<2>) (5.23)

.....
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We infer from (5.21) that
er"@ = det(A_A)(1 + O™ |z — 20| + h7/2)).

Injecting this expression in (5.22) and using (3.23), we finally express G° in terms of the
almost holomorphic quasimodes:

G’(zih) = (1 + Ry) det[ A_(Qel (2)le" (2))ij<s Ay + A_OGh/?)AL]
= (1 + R) det[(Qh™ S @)~ e @) joy + Ra], (5.24)
where the two remainder terms satisfy, uniformly for z € W (zp),
Ry :=Ri(z: h) = O(h™ |z — 20| + 8h7/%),
Ry = Ry(z; h) = A_OGBh™*)A L. (5.25)

It seems natural that the almost holomorphic, resp. almost anti-holomorphic quasimodes
appear in the expression of the holomorphic function G®. Indeed, if e]‘.|r (z) (resp. ej_ ))
were exactly holomorphic (resp. exactly anti-holomorphic), then the dominant entries
(er_’ho1 (2) |ei_’hOl (2)) in the determinant would be holomorphic as well.

The important output of this section is that the eigenvalues of P® in W (zq) are given
(with multiplicities) by the zeros of the holomorphic function G (z; h); for this reason, we
will call this holomorphic function an effective spectral determinant for the operator P°.
Our future task will thus be to analyze the zeros of this function. We will do it in Sections 7
and 8, after recalling general properties of random analytic functions.

6. Random analytic functions

In this section we provide background material and references concerning the theory of
random analytic functions, which are needed for the proofs in Sections 7 and 8. We be-
gin by recalling some standard notions and facts about random analytic functions and
stochastic processes, as discussed for instance in [31, 30].

Let O C C be an open, simply connected domain, and let H(O) denote the space of
holomorphic functions on O. Given an exhaustion on O by compact subsets K; € O, we
endow H(0O) with the metric

X 1 If gl
S+ I0f — gl
where | fllg; := max;ek; | f(z)|. This metric induces the topology of uniform conver-
gence on compact sets. This makes H(O) a complete separable metric space, in other

words a Polish space, and we may equip it with its Borel o-algebra B(#(0)). This makes
(H(0), B(H(0O))) a measurable space.

Definition 6.1. Let (M, A, v) be a probability space. Then any measurable map
M, A) — (H(0), B(H(0)))

is called a C-valued stochastic process on O with paths in H(O), or simply a random
analytic function on O.

d(f.8) = (6.1)
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The Borel o-algebra B(H(0)) is equal to the o -algebra generated by the evaluation maps
. H(O)—~>C, mg:=g), z€0,

that is, it is the smallest o-algebra in H(O) such that 7, is measurable for every z € O.
As a consequence, a function f : (M, A) — (H(O), B(H(0))) is measurable if and
only if 7, f : (M, A) — (C, B(C)) is measurable for all 7 € O.

Hence, any measurable function f : M — H(O) can be regarded as well as a
measurable function from O x M to C:

fiz,0) =7, f(w), (z,0)€ O x M.

Due to the above measurability property, f can be considered as a collection of random
complex variables (f(z));co-. The finite-dimensional distributions of f describe the joint
laws of finite vectors ( f(z1), ..., f (zx)). More precisely, for (z1, . .., zx) € O, the joint
distribution of the random vector (f(z1), ..., f(zx)) € Ck is the probability measure
on CX defined by

l‘l’Zl ,,,,, Zk=(f(Z1)""7f(Zk))*(v)s Zl"-.yzke 0’ keN*

The next result states that these finite-dimensional distributions fully determine the
law of a random analytic function, i.e. the direct image measure f,v on H(O) (see e.g.

[31, Proposition 2.2]). Below the notation X 4 Y between two random variables denotes
equality in distribution: the laws of X and Y are equal to one another.

Theorem 6.2. Let [ and g be two random analytic functions. Then

Fle e (FG@D. ... F@) L (8. ... 8. Va1, ... 2%) € OF, Vk e N*.

Next, let us recall that a C*-valued random variable X is said to have a centred symmetric
complex Gaussian distribution with covariance matrix ¥; € GLg(C), for short X ~
Nc(0, Zp), if its distribution is given by

X, = (detr )~ le X % X LX),

where L(dX) is the Lebesgue measure on Ck. The covariance matrix ¥; must be Her-
mitian and positive definite. This Gaussian distribution is characterized by its means and
variances:

E[X;1=0, E[X;X;1=0, E[X;X;1=Z)ij, 1<i,j<k

Definition 6.3 (Gaussian analytic function, GAF). Let O C C be an open simply con-
nected complex domain. A random analytic function f on O is called a Gaussian analytic
function on O if its finite-dimensional distributions are centred symmetric complex Gaus-
sian,i.e. forallk € N*andall z, ..., zx € O, wehave (f(z1), ..., f(zx)) ~ Nc(0, Zx)
for some covariance matrix .
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The matrix Xy depends on (z1, ..., zx). Each of its entries (Xy);; is given by the covari-
ance kernel
K (zi.2)) =E[f @) f(z)].
which is a z;-holomorphic and z;-anti-holomorphic function on O x O. Hence, the com-
plete distribution of the GAF is fully characterized by the covariance kernel.
For more details on the theory of Gaussian analytic functions we refer the reader
to [30].

6.1. Sequences of random analytic functions

We now review some notions and results concerning convergence of sequences of random
analytic functions.

Definition 6.4. Let X,,, n € N, and X be random variables defined on probability spaces
(M, Fu, vn), n € N, respectively (M, F, v) and taking values in a Polish space (S, d).
We say that (X,,), converges in distribution to X if the induced probability measures on
S converge in the weak-* topology:

*
(Xn)svn = Xy, n — oo,

equivalently if for any ¢ € Cp(S, R),

¢ (Xy) dv, — / ¢ (X)dv, n — o00.
M, M

When this is the case we simply write X, 4 x.

Definition 6.5. Let O C C be an open, simply connected domain. Let f,, n € N, and
f be random analytic functions on O (not necessarily defined on the same probability
space). We say that f,, converges in the sense of finite-dimensional distributions to f if
forallk > 1 andall (z1, ..., zx) € OF,

FaGDe oo @) S (FGD. oo fG@R). 1= oo,

.. . fd
When this is the case we write f,, — f.

As discussed in Theorem 6.2, the distribution of each random analytic function is uniquely
determined by its finite-dimensional distributions. However, the convergence of a se-
quence of random analytic functions in the sense of finite-dimensional distributions does
not in general imply the convergence in distribution of the sequence of random functions.
To achieve this implication, one needs to add a tightness condition, which provides the
relative compactness of the sequence.

Definition 6.6. Let (u,), be a sequence of probability measures on some Polish space
(S, B(S)). The sequence (), is said to be tight if

sup liminf u, (K) =1,

where the supremum is taken over all compact sets K € S.
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Similarly, a sequence of random variables (X, ), taking values in § is called tight if

sup liminfP[X, € K] =1,

where P[X,, € K] = (Xp)xvn(K) := u,(K) is the standard notation for the probability
measure induced by X, on S.

Tightness ensures that the probability measures w, do not “escape to infinity” when
n — oo: for any € > 0, there exists a compact set K. € S and n € N such that
Un(Ke) > 1 — € forany n > ne.

An important result due to Prokhorov (see e.g. [31, Theorem 14.3]) is the following.

Theorem 6.7 (Prokhorov). For any sequence (X,), of random variables taking values
in a Polish space, tightness is equivalent to relative compactness in distribution, i.e. the
sequence (lin), of probability measures on S induced by (X,), is relatively compact in
the weak-* topology.

Remark 6.8. As a consequence of this theorem, for a tight sequence of probability mea-
sures on a Polish space S, convergence with respect to the weak-* topology of Cp(S)’
(where test functions are continuous and bounded) is equivalent to convergence with re-
spect to the weak-* topology of C.(S)’ (test functions are continuous with compact sup-
ports). The latter topology is sometimes referred to as the vague topology.

Shirai [40, Proposition 2.5] provides a useful criterion for the tightness of sequences of
random analytic functions:

Proposition 6.9 ([40]). Let f,, n € N, and f be random analytic functions on an open
simply connected set O C C. Suppose that for any compact set K € O, the sequence
Ul fullLoek))n of random real variables is tight, i.e.

lim limsup P[]l fullzoo(k) > r] = 0.
= n-soco
Then (fn)n is tight in the space of random analytic functions on O, and

fd . . d
fo— fasn — oo implies f, > fasn — oo.

This property naturally extends to a family of functions (fn)5 depending on a continuous
parameter h € 10, hol: it holds for any sequence ( fy,,,)n such that h, — 0 asn — oo.

6.2. Point processes given by the zeros of a random analytic function

Let us first recall the definition of a random point process. Let O C C be an open con-
nected domain, and let M (O) denote the space of complex valued, locally finite Borel
measures on O, which we endow with the vague topology of C.(O)’. This topology is
metrizable, and it makes M (O) a Polish space, which we can equip with its Borel o-
algebra. An M (O)-valued random variable is called a random measure on O.
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Inside M (O) we distinguish the space P M (O) of integer valued measures in M (O),
which forms a closed subspace of M(O). Any element u € PM(O) is a point measure:
it can be expressed as

u=35
z

where §;; denotes the Dirac measure on the point z; € O. The points {z;}; form a finite
or countable set, which has no accumulation point (yet each z; can be repeated finitely
many times). From this characterization, a P M (O)-valued random variable is called a
point process on O.

Let f be a nontrivial analytic function on O, and let

Zr= Y & 6.2)

ref=10)

be the point measure defined by its set of zeros (counted with multiplicities). If f is a
random analytic function (with f # 0 a.s.), then Z defines a point process on O, which
we will call a zero point process. This is indeed a point process: f is measurable and for
every test function ¢ € C.(O, R), the functional 7, : H(O)\{0} — R, 7, (f) = (Zf, ),
is continuous on (H(0) \ {0}, d), for d the metric defined in (6.1). This was observed for
instance by Shirai [40].

Remark 6.10. An easy extension is that for any M € N and any tensor product function
P®M ¢ jnil C:(0, R), the linear mapping

Tgomn : (HO)\ODY >R, (fi..... fu) = (Zp.01) - (Zpyyo om)

is continuous with respect to the metric d(f, g) = S d(f, g on H(OYM.
The following result is essentially due to Shirai [40, Proposition 2.3].

Proposition 6.11. Let O C C be an open, simply connected domain. Let f,, n € N, and
f be random analytic functions on O, not necessarily defined on the same probability
space. Suppose that f,, f # 0 almost surely, and f, converges in distribution to f. Then
the zero point processes Zy, converge in distribution to Zy. Moreover, for any A=

®j”i] C:(0, R), we have the following convergence of real random variables:

d
(Zf,,01) 25, 0m) = (Zf,01) - (2, om).

Proof. The convergence in distribution of the point processes Zy, to Zy is equivalent to

d
(Zf,,0) = (Zf,0)

for all ¢ € C.(O, R). As discussed in Remark 6.10, the mapping 7w en is continuous.
Hence, the continuous mapping theorem, stating that convergence in distribution of ran-
dom variables is preserved under continuous mappings between metric spaces (see e.g.
[31, Theorem 3.27]), implies the claimed results. O
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6.3. A Central Limit Theorem for complex valued random variables

The random matrix M,,, respectively the random potential V,, forming the perturbation
are generally not Gaussian (see our general assumptions (2.16) on the law of the variables
generating M, and V,,). In order to obtain a limiting Gaussian random analytic function,
we will need to apply some Central Limit Theorem. Below we present the version of the
CLT for complex valued random variables which we will use.

Theorem 6.12. Let o > 0 and let & ~ N¢(0, o) be a complex Gaussian random vari-
able with mean 0 and variance o. Let {§,j},eN,1<j<N@) be a triangular array, with
N(n) — oo as n — oo, of row-wise independent complex-valued random variables,
satisfying

@ Zjvz(? |E[&n;1] = O asn — oo,

(ii) Z‘jv:(? E[£2]— 0asn — oo,

(iii) Z‘jv:(? E[|£,;12] — o asn — oo,

(iv) forany e > 0, Zjvz(’f) El[£;1*1{jg,;>¢)] — 0 asn — .

Then Zj\]:(rf) &nj 4, &asn — oo.

Remark 6.13. Condition (iv) is known as the Lindeberg condition for a CLT. A sim-
pler version of the above theorem was presented in [40, Proposition 4.2], assuming that
all random variables §,; have expectation 0 and are such that the real random variables
Reé,; and Imé&,; are independent and have the same variance. Notice that these extra
assumptions imply conditions (i) and (ii).

Proof of Theorem 6.12. The proof is standard. It can be obtained by a direct modification
of the proof of the well-known central limit theorem under the Lindeberg condition (see
[31, Theorem 4.12]) for a linear combination of the real and imaginary part of &,;. O

7. Local statistics of the eigenvalues of P, perturbed by a random matrix M,

In this section we prove Theorem 2.9 and Corollary 2.10, which concern the local spectral
statistics for the randomly perturbed operator

PP = Py + M, (7.1)

where M, is the random matrix defined in (RM). To do this we will begin by rescaling the
determinant of the holomorphic effective Hamiltonian (5.24), which describes the eigen-
values of P, to the scale of the average spacing between nearby eigenvalues, obtaining
the rescaled random analytic function F ;f (w) in (7.12). Next, we will use the results of
Section 4 to study the covariances of the matrix elements of the effective Hamiltonian.
This will then be used to show that the random function F, ;E (w) is tight (see Section 7.4).
Next, we show in Section 7.5 that (after a change of gauge) the function F;lS (w) con-
verges in finite-dimensional distributions to the limiting function GZO(w) defined in The-
orem 2.9. Together with the tightness and Prokhorov’s Theorem 6.7, this proves the con-
vergence in distribution of Theorem 2.9. In Section 7.6, we finally prove Corollary 2.10.
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7.1. On restricted random variables

We recall that we restrict ourselves to the restricted probability space M), defined by
(5.5). This restricting leads to defining restricted random variables qh = (qj}f i k<N
equipped with the conditional probability

Plg" € Al1=Plg € A| g € PDy;,2(0,C/h)], VA C CcN®?, (7.2)
Because the variables gj«, j, k < N(n), are i.i.d. with the law of the variable o (2.16),
. . . . . . . . . h
and the restriction to My, is a product of identical restrictions, the restricted variables ¢ ik
are i.i.d. as well, with common law described by the restricted variable al:
Pl{a € A} N {la| < C/h}]

Pla" € Al=Pla € A||a| < C/h] = Plla| < C/h] ’

VACC. (1.3)

Let us study the law of the restricted variables ol By (2.17), the denominator in (7.3)
takes values
Plla| < C/h] = 1 4+ Oh**0). (7.4)

The first two conditions in (2.16) imply that
Ela"1jqi<c/ny] = —Ele"Ljjoj>c/myl,  n=1,2. (7.5)

Furthermore, by Fubini’s Theorem, we have the following useful identities for n = 1, 2:

Ello" 1apc/n] =/0 Pl{jal > /") 1 (la| > C/h}]1di
= O(p*teomy, (7.6)

where we have used the tail estimate (2.17) to obtain the last line.
Using (7.3)—(7.6), we obtain the following estimate of the average and variance of the
restricted random variable:

1
|E[(e")"]| = mm[a"l{\apcm}]l

1
P — - T | wle 20h4+ao—n )
= Blla] < C/A] [l 1ja>c/ny] ( )

Thus, the first two identities in (2.16) are replaced by

Elo"] = O(h**%),  E[(@")*] = Oh*). (1.7)
Finally, using (2.16), (2.17) as well as (7.4)—(7.6), we obtain the variance
1
E[le" ] = ———— (E[|e|*] — E[|o|* L{ja|> =1 h2re0)y, 7.8
[la”]7] Plla| §C/h]( [l [el* Lija)>c/my]) + O( ) (7.8)

Finally, with (2.16) it is easy to check that the (4 + €p)-moment of o remains uniformly
bounded when & — 0:

E[lo"|*T€0]1 < C, Vhe]o,1]. (7.9)
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7.2. Rescaling our spectral determinant

Next, let @ € ¥ be as in (2.11) and pick a zo € 2. By the Grushin problem constructed
in Proposition 5.3, the eigenvalues of the perturbed operator P?, in the small neighbor-
hood W (zp) of zo constructed in Proposition 5.1, are precisely the zeros of the random
holomorphic function obtained in (5.24):

G®(z: h)

= (1 + Ry (z; b)) det[ (M,h=" 4™ (2)|n =14 2)) i) + Ra(zi )], (7.10)
with the remainder terms estimated in (5.25).

Since the spectrum of P% in W(zp) is discrete, G®(-; h) # 0 in W (zo). To compute

the local spectral statistics near the point zg, we rescale the spectral parameter z by the
average distance between nearest neighbours, which is of order < hY/2 ie. we write

z=zw=20+h"?w, weC. (7.11)

For an eigenvalue z of P® in W (zo), we will call the corresponding w a rescaled eigen-
value, which forms the rescaled spectrum. We will focus on the eigenvalues in a micro-
scopic neighbourhood of zg. Namely, we will consider an arbitrary open, connected and
bounded set O & C, and only consider the points w € O. For i > 0 small enough, the
rescaled eigenvalues are precisely the zeros of the w-holomorphic function

Fl(w) := G®(zw; h)

= (1 + Ri(w; ) det[(f )i j<s + Rowi )], we 0,  (1.12)

with
£ W) = (Moh™ el ) i e 2y, 0=, j <,

- - (7.13)
Ri(w; h) := R1(zw; h), Ra(w; h) := Ra(zy; h).

We may call F ,f a rescaled spectral determinant. We have F;ls # 0 in O, and hence, by
the discussion in Section 6.1, the random measure

Zp = Z Su (7.14)

we(FH~1O)NOo

is a well-defined point process on O (the zeros are repeated according to their multiplic-
ities). This is the rescaled spectral point process Z,f”zo of (2.24), restricted to the set O.
Our next goal is to analyze the statistical properties of this point process.

7.3. Covariance

In this section we study the covariance kernel of the random functions fi‘s’jh (w) defined
over w € O € C. This kernel will be a crucial ingredient in the analysis of Zj,.
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Proposition 7.1. Let ai (zo) be the classical densities at the point zo, as in (3.54); let

fl.‘s’jh (o), for 0 < i, j < J, be the random functions as in (7.13). The covariance kernel of
those functions admits the following expression, uniformly for v, w € O:

E[flajh(v)fl(?kh(w)]e—ﬂj (sh)—Fp k(w3 h)
= 8,18 kK" (v, W) (1 + O('1?) + O(h?). (7.15)

Here §; ; is the Kronecker symbol. The most important part of the above formula is the
kernel

K™ (v, W) = exp(} (07 (z0) + 0 (20)) vB). (7.16)
The other ingredients are the “gauge functions”
Fi j(s h) = ¢L(w; h) + ¢ (v; ), (7.17)
where
oL h) = z[logA (zos h) + (3zz¢i 0 @0V, (7.18)

with A’ 1 (zos h) ~ A(j)’i(z()) —i—hA']/’ (zo) + - - - as in Proposition 3.5 and @’ +.0(2) is given
in (3.48).

We already noticed that K" L (v, w) is the covarlance kernel for the GAF in Theorem 2.9
(see (2.34)). We recall from (3.32) that A (zO) > 0. The above proposition implies that

E[ £ ) 5wy ]e~ i 0Bl 220 5, 15, K 0, m), (7.19)
uniformly for v, w € O. The “gauge factors” efi.i (*") never vanish and are deterministic,
so the point process could as well be defined as the zero set of the random holomorphic

. " (e h
function efi.J( ’h)fl-(?j (o)
Proof of Proposition 7.1. For v, w € O, we have, by (7.13) and (RM),

i,j,l.k

K} @, w) = hE[ £ ) £ )]

= > Elgt. 4l Jm @k w), (7.20)

n,m,n’,m’

where all indices are summed in the range [0, N (k)), and we use the notation

o w) = (@™ (zw)lem) (enle™ ™ (zu)), (7.21)

and z,, = z0+ hY/2yw asin (7.11). By (7.7), (7.8) and the independence of the coefficients
q,i” - the expression (7.20) is equal to

(14 O ) (L™ @ lem) emleh ™ 20)) (L™ udlen) enle™ 200

+OH20) 3 1@l @)lem)! (enle™™ @) 14 @ulem) | 1 enrle" @)l

n,m,n’,m’
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From Lemma 4.4,

3 1 @len] = Nl @)l + Oh™)).

n<N(h)
Since N (k) = O(h~?), and by another application of Lemma 4.4, we get
hKG . ) = (4" @)1 @) " @)l @)
j,hol 3 , ,

+OR0) 15 @) I e @) 1€ @)l e @)l (7.22)

Using Proposition 3.5, Proposition 4.1, (7.22) and (4.3), we get the expression
WK R, ) = 8.8 et (W Gu2uih 0L Guzuih)
+ O(h2H0)eh (@ Gu+ 04 i) +0L i)+ Guih). (7.23)

Now, recall from (3.20) and (3.48) that the phase functions d>ft o were “centred” at
the point zg, so that

@} o(20) =0,  8:PL ((z0) =0,  (3:PL ()(z0) = 0.

Taking into account that 9% log Ai(o; h) = OQ) in W(zp), the Taylor expansion of
<I>/i(o; h) around zg gives

1 . . . R
S OL Gt ) = log(h) + (201 ) covu+¢L(v: )+ (0 )+ OGR!, (7.24)

where we use the notation (7.18).
Similarly, by Proposition 4.1, we have

1 . . —_—
2V (@, 2wy 1) = log(h'/) + (0% 0) (20010 + @2 (v; h) + ¢ (w; h) + O
= log(h'/*) + Yo (z0)vW + ¢ (v; ) + ¢ (w; h) + O, (7.25)
where in the second line we have used (3.54). We also have
1 . . S .
SV w2 ) = log(h'/*) + 107 (zoywv +¢” (w; h) +¢” (v; B) + OR'/?).  (7.26)

In all estimates the error terms are uniform in z, w € O. Thus, combining (7.23) with
(7.24)—(7.25) and using the notation (7.17), we obtain

K 0, m) = 848 (e O GOl QT Fi i+ P+ OB ) L o 2+e0y.

Notice that the factor 2 on the left hand side of (7.23) is facing four factors hY/4 on the
right hand side, so we removed them all. This estimate gives the equation (7.15) of the
proposition. O
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7.4. Tightness of the rescaled spectral determinant

We will now show that the family (F ,‘f (®))n—0 of random analytic functions on O, de-
fined in (7.12), is tight, namely the function F; ;13 has a small probability to be large on O,
uniformly as 7 — 0.

Proposition 7.2. There exists ho > 0 such that the family of random analytic functions
(F;ls (®))o<n<h, defined in (7.12) is tight in the sense of Proposition 6.9.

Proof. Recall the estimates (5.25) for the remainders R, Ry; for z € O, we get lz—zo0l =

O(h'/?), so all terms |z—z0|>® = O(h>). Moreover, the expansion (7.24) for %ltbft(zv; h)
implies that the diagonal matrices A (zy) of (5.23) are of order O(1), so that

Ri(v: h) = O~ = Oh'?),  Ry(vih) = OGh™?) = 0m'?),  (1.27)

uniformly in v € O and in the restricted probability space My,. Here we have used the
assumption (1.6) on the perturbation parameter §.

Let K € O be some compact subset. Pick & > 0 small enough such that the e-
neighbourhood satisfies K, = K 4+ D(0, ¢) € O. By Proposition 7.1, for iy > 0 small
enough,

h,8 )2
sup E[]l f; 7|l = C(Ke) < o0. (7.28)
Ochzhy I LK ’
Since F;lS is holomorphic, Hardy’s convexity theorem [40, Lemma 2.6] implies that for
any p > 0,
IR N ooy < (D)™ /K | | Fp w)|? L(dw). (7.29)
To estimate the size of F }‘f we will use the following inequality, valid for any J x J

matrix M:
|det(M)| < | M|{js- (7.30)
Markov’s inequality shows that for any r > 0,
2/J
sup P[IF k) > r]l= sup IP’[lIF,f||L{,O(K) > 2]
O<h<hyg O<h<hg

< sup r2E[IF
O<h<hg

2/7
L))

From (7.29), the definition (7.12) of F, ;f and the algebraic inequality (7.30), the expecta-
tion E[|| F{ |7 &1 is bounded above by

_ 5 n2/J oy

(me’)™" sup E[||1+R1 175 k. f 201" Wi = s+ Ra(ws 1) s L(dw)}.
O<h<hyg K

Finally, using the estimates (7.27) on the 13,- and the uniform bounds (7.28), we get

sup P[||FP k) > r] < C(K, e)r /7. (7.31)
O<h<hy

This proves the tightness of the family (F; ;E)O<h5h0~ O
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7.5. Weak convergence to a Gaussian analytic function

Next we will show that the random analytic function F,f converges in distribution to
a Gaussian analytic function when 2 — 0. By Proposition 6.9 and Section 7.4, it is
sufficient to prove the convergence of the finite-dimensional distributions of F, ;E We recall
that, in general, the coefficients ¢g;, ; are not Gaussian distributed.

We begin with the following result:

Proposition 7.3. Let flhj‘S be as in (7.13), and let K'J (z, W) be as in (7.16). Then

(f Si<ij<n X (flGAF1<z]<J) h— 0. (7.32)
Here fl.’G/.AF are independent Gaussian analytic functions with covariance kernels

Kb (v, w)eliiW0O+F w0 )y e 0, (7.33)

K'J was defined in (7.16), and the function F; j(w; 0) is the limit as h “ 0 of the function
defined in (7.17)—(7.18).

Before proving this proposition, we deduce an immediate consequence. We recall the
expression (7.12) for the rescaled spectral determinant:

Fi(w) = (1 + Ri(w; h)) det[(f "w))ij<s + Raws b,

where both terms 13,- are O(h'/?), uniformly on the restricted probability space.

Corollary 7.4. Under the notations of Proposition 7.3, we have

F N det((f5"i),  h—0. (7.34)

Proof. We start by proving that the perturbation of (7.32) by I?z is irrelevant for the limit:

~ fd
(" + R)in=ij<r — FEN<ijes,  h—0. (7.35)
Equivalently, for any L € N* and any (wy, ..., wr) € OL, we want to show that
) + Roijwi<i.j<s S GO ) iij<s. b= 0. (7.36)
1<i<L 1<i<L

Proposition 7.3 proves the convergence of the left hand side. The uniform bounds (7.27)
imply that the J 2]-vector (R2(wp))1<i<L converges to zero everywhere as h — 0,
therefore it converges in probability. The application of Lemma 7.5 below, in the case
N = J?L, thus proves the convergence (7.36).

In a second step, from Definition 6.4, it is easy to check that the convergence in dis-
tribution is preserved under composition with a continuous function [31, Theorem 4.27].
As a result, we infer from (7.36) the convergence

D{) (w) := det(( ff’f), PR S det(( £, h— 0. (7.37)
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Third, we split ~ ~
F) =(1+ R\)D) = D) + R D},

For any (wq,...,wz) € OL, we use the tightness of (Di(wl)))lsL and the uniform
decay of the ﬁl (w;) to show that the CL-random vector (ﬁl (wy) D,‘z (wr))1<i<L converges
to zero in probability as & — 0. One more application of Lemma 7.5 then proves the
convergence of (F;lS (wr))1<L, and thus of F;LS (w) to the right hand side of (7.34) in the
sense of finite-dimensional distributions.

Finally, since F, ,f is a tight sequence of random analytic functions (see Section 7.4),
Proposition 6.9 implies its convergence in distribution stated in the corollary. O

Lemma 7.5. Let (X,)nen, X and (Ry)nen be random vectors in CN | such that X, i) X,
while R, converges in probability to zero as n — o0:

Ve >0 lim P[|R,| > €] =0. (7.38)
n—o00

Then X, + R, > X.

Proof. By a standard result [31, Lemma 4.8], the convergence X, 4 X implies that
(Xn)nen is a tight sequence of random vectors. From the assumption (7.38), it also easily
follows that (X,, + R;),eN is tight.

As a result, from Definition 6.4 and Remark 6.8, to test the convergence of the latter
sequence it suffices to consider compactly supported test functions. Let us thus choose
¢ € C.(CN,R) and fix some arbitrary ¢ > 0. Since the function ¢ is uniformly continu-
ous, there exists a § > 0 such that for any | X — Y| < §, if we split the expectation as

|E[¢(Xy + Ry) — ¢(Xn)]| = |E[@(Xn + Rn) — ¢ (Xn) | [Rn| < SIIP[IRn] < 6]
+ |E[¢(Xy + Ry) — ¢(Xp) | [Ry| = S1IP[IR,] = 61,
the first term is bounded above by €/2. In turn, the assumption (7.38) allows us to choose

ns > 0 such that for all n > ng, P[|R,| > 6] < ¢/(4||¢|lL); the second term is then
bounded above by /2. O

Proof of Proposition 7.3. The proof is an adaptation of the proof of [40, Theorem 4.4].
Our goal is to prove the convergence (7.36), in absence of the terms R;. By the Cramér—

Wold Theorem [31, Corollary 5.5], it suffices to show that forany A = (A5 1 <, j < J,
1<l<L)e c’ ZL, the complex valued random variable
SO0 =Y a5 )
ijil

converges in distribution, as & — 0, to the complex Gaussian random variable

SOAF () = " ay! £S5 (). (7.39)

ijil

Let us write S(1) in terms of our restricted complex random variables qfl‘,m:

SO =Y qhuGum. Gum= Y N 0o ), (7.40)
n,m<N(h) i,j,l
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where we have used the notation of (7.21). Since the coefficients qn » are not Gaussian,

to prove that S(A) —> SGAF(A) we will invoke the Central Limit Theorem 6.12. We
thus need to check that the family (S(A))o<n<n, of random variables satisfies the four
conditions stated in the theorem.

Let us first estimate the average of S(A): from the left of (7.7), we get

[BISO)II < O >~ |Gyl

n,m<N(h)
hol — i
<O YT 3T qE T B uplem)) Y 104 2 len)|
i,j,l m<N(h) n<N(h)

< O EFFON ) Y 114 ) T4 2
i,j,l
< Ox(h'T0), (7.41)

Here O, just indicates that the implied constant depends on the vector A. To obtain the
third line we have used twice the Cauchy—Schwarz inequality, and for the last one the
fact that ||h~/%e J hOl(zw)|| O(1) uniformly when w € O. This proves point (i) in
Theorem 6.12.

Let us now check condition (ii) of the theorem. Using the right relation of (7.7), we
obtain the bound

Y E@DIGE. = Y @G S OB Y (Gl

n,m<N (h) n,m<N (h) m,n
hol — i
<O YT 3 T e e P D] 1A uylen) P
i,j,l m<N(h) n<N(h)
< O, (h*+%), (7.42)

The computation of the variance of S(1) needs more care. By (7.8) and (7.40),

E[ Y 1G] =Bl Y 1Guml

n,m<N(h) n,m<N(h)

= (1+0E*0) 3 AT S T g (w).

i,j,0,rs,t n,m<N(h)
By (7.21) and Lemma 4.4, this is equal to

(A + 0@y S a7 T @ e )

i,j,l,r,s.t

x (€M zy) e zu)) + O (). (1.43)

To control the remainder we have used again ||e]jE’h°1 (zw)| = O(h'/*) uniformly for
w € O. From the quasi-orthogonality (4.3) we see that the only nonnegligible terms
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in (7.43) should satisfy i = r and j = 5. Using the notations of Proposition 7.1, we then
obtain, as & — O,

]E[ Z |C],}ll,mGn,m|2:| N Z )»;’j)\ﬁ’jKi’j(wl, wt)eFi,j(wILOHFi,j(wz;0) = 0(\, w).
n,m<N (h) i,j,l,t (7'44)

In order to check condition (iv) of Theorem 6.12, we use the following connection
with (4 4 ¢o9)-moments: for any ¢ > 0,

Y EUgnnGumPLygr Guni=ea] 60 " Ellg) Gl 01,
n,m<N(h) n,m<N (h)

From (7.9) and the Holder inequality, the above right hand side is bounded above by

¢ X [S |

n,m<N(h) i,j,l

=G Z( Z |(h1/* JhOI(Zw,)|€m)|4+go>( Z |(h_1/4ei;h°l(zwl)|en)|4+so).

i,j,l ‘m<N(h) n<N(h)

Splitting | e |*t20 = | e |?| e |2*%0_ using the bound (4.36) of Lemma 4.5 on the individ-
ual overlaps and the fact that (e,,) forms an orthonormal basis, one finds that the above
quantity is bounded above by

= Ok(h1+80/2)z||h 1/4 jhOl(Zwl))” ”h 1/4 lhOl(Z )||26h —O(Zwl)eh +0(Z“1)
i,j,1
= O, (h!T50/2),

In the last line we have used the fact that both the norms and the exponentials are O(1)
uniformly for w € O. This checks condition (iv) of Theorem 6.12.

Remark 7.6. Itis especially to control this (44 &p)-moment that we need all the overlaps
(h=V 4 j hol (zw)lem) to be small, and for this very reason we chose our auxiliary basis

(em)meN to have different microlocalization properties than our quasimodes.

Havind checked that the four conditions of Theorem 6.12 are satisfied by the sum S(A) of
(7.40), we may apply this CLT to show that S(A) converges in distribution to the complex
Gaussian random Variable Nc(0, o (A, w)?), with variance given in (7.44). On the other
hand, since the ( f ) i, j<J are independent Gaussian analytic functions with covariance
kernel (7.33), the sum SOAF()) of (7.39) is a complex centred Gaussian variable, with
variance

s
i,j.l

> W AT ELAS ) S )]
i,j,l,rs,t
Z A;’jWKi’j(wl, w, el W0+ Fi j (w;:0)
i,j,l,t
=o (A, w). (7.45)
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Since a complex centred Gaussian random variable is uniquely determined by its variance,

we conclude that S() 4, §GAF (A). This completess the proof of the proposition. O
Let us come back to the result of Corollary 7.4 and Proposition 7.3. The covariance ker-
nels of the GAFs ];f“’,.AF were defined (see (7.33), (7.17), (7.18)) by

K, w)efii @00 F (0:0) = ¢ (01 0) + ¢ (v 0),

¢ (v; 0) = $llog AT (z0) + (32, () (z0) v°].

Since efi/ (%9 is a nonvanishing deterministic holomorphic function on O, we define the
random analytic function

gz (o) i= fOMF (@) @O =1,

Then {gé’oj ;i,j = 1,...,J} are independent GAFs on O, with covariance kernels
K"/ (v, w), given in Theorem 2.9. If we define the diagonal matrices

Ax(v) = diag (%) 1)),
we get equality of random analytic functions:

T (v) := det((fOAF (1)), ) = det(A— () A4 (v)) det((g5] (v));. )
= det(A,(v)AJr(v))GZO(v).

Since det(A_ A1) (v) never vanishes, the zero point processes associated with the random
functions T" and G, coincide. Hence, from Corollary 7.4 we infer that

d
ZF;? — Zr = Zézo when i — 0. (7.46)

Together with the discussion at the beginning Section 7 and the fact that Z P = Zl/z‘f]zo

represents the set of rescaled eigenvalues of P?, this concludes the proof of Theorem 2.9.
]

7.6. k-point measures

In this subsection we show that the k-point measures p; of the point process Z;}’IZ , de-

fined in (2.26), converge to the k-point measures wy of the point process Z deﬁned in
20

Theorem 2.9. We begin with a technical

Lemma 7.7. Let F‘S(w) be as in (7.12), and let GZO (w) be as in Theorem 2.9, with

w € 0. Then, for any K € O, the distribution of the numbers nF(K) (resp. nG (K)) of

zeros of Fj, 8 (resp. GZO) in K has exponential tail: there exist constants C1, Co > 0 such
that for any ). > 0,

Vh < ho, Pl'(K) > Al < Cre™?, Plng, (K) > A] < Cie %,
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Proof. From [30, Theorem 3.2.1], to prove the first inequality it suffices to show that, for
some ¢, b > 0, the random analytic function F, ;f satisfies

E[|FP(w)|**] < b uniformly for w € O and h < hy, (7.47)

and the second inequality requires a similar estimate for the random function G 20 (W).
Fix w € O. Recall the bounds (7.27) on Rj(w), R>(w). We start with the bound:

E[|F} w)|*7] < CiEldet((f5 w))i.j + Raw))|*/]
< GBI )i + Ra(w) ]
< 2GR )i jlifs + 1R (w) s ]
J
<2C; Y [KM (w, w)e*ReFi (1 O(h'2) + Oh)]

i j=1
< O(1) uniformlyinw € O and i < hy, (7.48)

where in the second line we have used the inequality (7.30), and in the two last inequalities
we have used Proposition 7.1.
We also need to check that the inverse function F; ;f (w)~! is not too large on average:

o
E[|F,f<w>|—1”]=/ L Fy ()|~ = 1dr
0
o
Z/ P[|F (w)| < t]e 2 dr. (7.49)
0
From the convergence in distribution (7.34) and the Portmanteau Theorem [31, Theo-

rem 3.25],

lim sup P[| Fy (w)|'/7 < 7] < P[Idet (£ (w))i ;1" < . (7.50)
h—0

Our next goal is to compute the probability on the right hand side. We thus fix some w €

O and study the random determinant at w. From (7.45), the variables ( figAF(w))15i, j<J

are independent centred complex Gaussian variables, with variances
K (w, m)e?Re Fiiwi0) — (e%oi(zo)\w\2+2Re¢i(w;0)) (e%oi(ZO)\w\2+2Re¢fr(u};0))

LB (w)BL(w) #0.

Using this factorization of the variances, we set Bi(w) = diag((ﬁi(w))lﬁif 7), which
allows us to factorize the limiting random determinant as follows:

det(£;9 (w)) = det B4 (w) det B_(w) det(vi(w), ..., v;(w)). (7.51)
vi(w) = (v (w), ..., ij(w))T, (7.52)
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where the entries (v;;(w))1<;, j<y are i.i.d. complex Gaussian random variables with dis-
tribution A¢ (0, 1) (in other words, the matrix (v; j(w)) is a Ginibre random matrix of size
J xJ). Until further notice we suppress w in the notation. Each column v; is a Gaussian
vector in C7, with the identity / as covariance matrix, i.e. with distribution N¢ (0, I). As
aresult, the real variable r = |v;; | has the exponential distribution f (r)dr with

fry=e"H(), H()=1lpo(r), withFourier transform f(,o) =

1+ip’
Since the components (v;;);<y are independent, the squared norm |vj|2 is distributed

according to the J-th convolution power f - - - f(r)dr = f*/dr. A direct computation

shows that
J—-1,—r

F0) = H ()
-1 ’
which is the X22 , distribution in the variable 2r. We now compute the law of
|det(vy, ..., vy)|. For this, we perform J — 1 linear operations on the matrix (vy, ..., vy),
setting v = vy, and iteratively for j = 2, ..., J, taking for ¥; the orthogonal projection
of v; onto the orthogonal complement of the space V;_; := spanc{vy, ..., vj_1}. Ele-
mentary linear algebra then allows us to write
J
(det(vr. ... vp)| = |det@1. ... 5| = [T I¥j1-
Jj=1
Once vy, ..., vj_1, hence V;_q, are chosen, the vector v; is distributed as a complex

Gaussian random vector in V- = C/~/*!, with distribution NV (0, I) (this follows from
the fact that the initial distribution N (0, I) is invariant under unitary transformations
on C’). As a result {I7; 21 <j<J}are independent random variables with Xzz( J—j+1)
distributions.

Setting n = n(w) := (det B4 (w)B—(w))!// and using the fact that the |Fj|2 are
independent, by (7.51) and a straightforward computation we get

P[|det( £ )|V < 7] = Plldet(vy. ..., v < /7]

—e[([TwR)"” < cm?]=1—#[([TR7)" = @]
J =1

1'2 J=1J—j (T/n)Z(J j—k)

51_]_[}1»[|i7j|2>(r/n)2]= HZ J—j—hk!’

j=1 j=1 k=

~

Each sum on the right hand side is larger than or equal to 1, hence so is their product, and

we get
Ly 72
Pldet( S ] <tl<1—e 7" < ——=1J
' n(w)

Combining this with (7.49), (7.50) and splitting the integral into [0, 1JU[1, oo[, we obtain
E[|F)(w)|""//1=0O(1) uniformly in w € O and h < hy. (7.53)
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Together with (7.48), this proves the bounds (7.47) with ¢ = 1/J, hence the first inequal-
ity of the lemma. An easy adaptation of the above computations shows that the function
G, (w) satisfies similar bounds, and hence the second inequality. O

Using Lemma 7.7, we see that for all ¢ € C.(O,Ry) and any p > O and i < ho,
(0.¢]
EL/(Zps. 9)I17] < 9| GELE (upp9))?] < lle 14 /0 Pl(n:(supp ¢))” = 1]d1

o0
< Cilloll% fo e " 4 < C(p, p) < 0.

Hence, for all ¢y € C.(O,R;), I = 1,...,k, the positive random variable
(ZF;f’ o1) - <ZF,f’ @k 1s integrable, uniformly in 2 < hg. By Proposition 6.11 and (7.46)
it then follows that

]E[<ZF;?H ‘Pl) e <ZF;§1 (pk)] g E[(ZGZ()’ (pl> e (ZGZ()’ gpk)] ash — 0.

Since linear combinations of functions in ®§=1 C.(0O,R;) form a dense set in
CC(Ok, R.), we have obtained the following

k,M
h,zo

(resp. ulg(’)M) be the k-point density measure (see (2.26)) of the point process Z%ZO (resp.
Zézo) defined on O in Theorem 2.9. Then, for any ¢ € Cc(Ok, R4),

Theorem 7.8. Take any open, relatively compact connected domain O € C. Let

k,M k.M
/Okwd“h,zo_)v/m(pd'um , h—0.

If we choose our test functions supported away from the generalized diagonal, this theo-
rem gives Corollary 2.10.

To end this section on matrix perturbations, let us compute the formula (2.35) for the
1-point density. The Lelong formula states that, in the sense of distributions,

1 -
26, = — 00w log|det G|
.,0 7_[
Hence, the 1-point measure is given by

w1 (dw) = %BwawE[log |det G-, (w)*1L(dw). (7.54)

Recall from Theorem 2.6 that for any fixed w € O, the matrix elements gé’oj (w) of G 20 (W)
are complex Gaussian variables with variance 2@l @+ol @)Wl 1f we consider the
diagonal matrices ‘

Ax(w) = diag(e? =P, | < <y,
then the elements of the matrix 5(w)~:= 7\,(w)_1GZO(w)T\Jr(w)_1 are i.i.d. ~
Nc(0, 1). As a consequence, E[log |det G(w)|?] is independent of w. When applying
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the Lelong formula (7.54), the differentiations will only act on log |det1~\7(w)|2| +
log |det A 4 (w)|?, and yield the 1-point density

1 J . .
46 = L Yl + ot oy, °
i=1

8. Local statistics of the eigenvalues of P, perturbed by a random potential V,,

In this section we are interested in the local statistics of the eigenvalues of the operator
perturbed by a random potential,

P% = P, +68V,, 8.1)

where the symbol of the initial operator P}, satisfies the symmetry assumption (SYM),
and the random potential V,, is defined in (RP).

We will prove Theorem 2.5 on the limiting process. The steps of the proof are the
same as for the proof of Theorem 2.9 in Section 7. However, some details are different, in
particular the random potential acts locally in space, and can therefore only connect quasi-
modes localized near the same point x;. As a result, the effective Hamiltonian E® L@
obtained through the Grushin problem is essentially a diagonal matrix, as opposed to the
case of a random matrix perturbation, leading to the factorized limiting zero process of
Theorem 2.5. Finally, we provide the proofs of Theorem 2.6 in Subsection 8.4, and of
Proposition 2.12 in Subsection 8.5.

As explained in (2.20), we restrict the random variables used in the construction of V,,
to large polydiscs:

v = (V)k<Nn) € PDNmy(0,C/h), (8.2)

which implies the estimate (5.9). As in Section 7, consider the restricted probability
space My, and draw the i.i.d. restricted random variables (v,i‘) k<N (h), distributed accord-
ing to the law of &, (7.3). As in Section 7, we pick a zo € . The Grushin problem
constructed in Proposition 5.3, leading to (5.24), shows that the eigenvalues of the per-
turbed operator P% in W (zo), a relatively compact neighbourhood of zg, are given by the
zeros of the holomorphic function

G®(z; h) = (14Ry (z; ) det[ (V,h =4l ™ () |h =140 @) s+ Ra(z: )], (8.3)
with the error terms Rp, R satisfying the bounds (5.25):

Ri(z; h) = O(|z — 20|® + 8h75/?), 8.4
(Ra(z; )i j = e%(¢1.0(2)+¢£,0(Z)+O(|Z—Zo\m))o(gh—3) (84)

uniformly in z € W (zo) and in the restricted probability space. Since the spectrum of P?
in W (zo) is discrete, G°(e; h) # 01in W(zp).
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Recall from (3.43) that the assumption (SYM) implies that the 4+ quasimodes are
complex conjugate to one another:

ez h) = & Ml(z; by, (8.5)
The further assumptions (HYP-x), (4.4) directly imply that
Vi #j, V2,2 e W) (Vo™ @lel™ (@) =0, (8.6)

showing that the dominant matrix on the right hand side of (8.3) is diagonal.

As in the previous section, we rescale the spectral parameter around zg by the factor
hl/2, setting z = zy = 2z0 + h'/2w, and we restrict w to O & C, a bounded open
connected set. For h < ho, the rescaled eigenvalues in O are precisely the zeros of the
holomorphic function

FP(w) := k4G (2,3 h)
= (1+ Ry (w; h) det{diag(f;"" z); j = 1,.... J) + Ra(w; )], (8.7)
with the notations
_ j,hol ;
Fw) = (Volh ™A™ @)D, 1)<,

Ri(w; h) i= Ri(zus b, (8.8)

Ro(w; h) == h"* Ry(z; h).
The need for the normalization by the factor of 4#7//% will become apparent later on.

Remark 8.1. A direct consequence of the locality of the random potential is that the
dominant term in (8.7) is given by a diagonal matrix. In the case of perturbation by a
random matrix, we had found a full matrix (7.12) instead.

From now on we fix the bounded open domain O &€ C, and take kg > O small enough
such that (8.7) is well-defined for all 2 < hg. From the above discussion, F,‘f %= 0isa
random holomorphic function in O, so according to Section 6.1 the random measure

Z= Y b (8.9)

we(F)~1(0)
is a well-defined point process on O. Our aim is to study the statistical properties of this

process in the limit # — 0.

8.1. Covariance

In this section we study the covariance of the random functions fj‘s’h.
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Proposition 8.2. Let ( fis’h)]gif J be the rescaled random functions on O, defined in
(8.8). Then, for any u, w € O, the covariance kernel satisfies

E[f" @) f27 (w) ]2 =208 — 5,4 K, w) (1 + O(h'72)) + Oh?),

where . i
K (u, w) = e+, (8.10)

with 04 (z0) the classical density defined in (3.54), and
] (u: h) = Lllog A (zo: h) + 2329 ) (zo)u’], (8.11)

with Af: (zo; h) ~ A(J)"S (z0) + hA{’S (zo) + - - - as defined in Section 4.2. The error terms
are uniforminu, w € O.

Recall from (4.22) that Aé’i(zO) > 0, so this proposition implies that

E[fjg’h(u)f,f’h(w)]e_zd’-{ wh=2g5h) s K (u, W) (8.12)
uniformly inv, w € O ash — 0.

Proof of Proposition 8.2. The proof parallels that of Proposition 7.1. We define the fol-
lowing function on O x O:

WK ) = PR ) £ w)]

N(h)—1 o )
= Y B[l ol @) ¢k w), (8.13)
n,m=0
where ‘ -
&l ) = (enl (€™ @))?). 8.14)

Using the law of the restricted coefficients v]}.’, we estimate (8.13) by
(1 + On0)) 3 (" @) lem) (em (" @))?)
m

+OR0) 3 [ @)Plen) | (" @w))lem)|. (8.15)

Remark 8.3. Here, the correlations are only determined by the squared quasimodes
(e{ )2. This is different from the case of perturbation by a random matrix, where the
covariance involved all possible combinations of interactions between the quasimodes el
and between the ei (see (7.22)).

By (4.26) in Lemma 4.4,

@™ @) len)| = NP @) I+ Oh)).
n<N(h)
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Here, we have also used A~ 1/4]/(e™ (z,))2|| = 1, which follows directly from (4.21)
and (8.18) below. Using this to estimate the term of order 4% and applying Lemma 4.4 to
the first term in (8.15), one gets

W2 KR, w) = (M @) 2 1™ @)
+ OEH 1™ @)1 1™ @) (8.16)

Applying Proposition 4.3 and (4.20) to this equation, we obtain
12 prick o — 2 i
h''“K}™" (u, w) = dj k exp E\Ds (Zws Zus h)
1 .

+ O exp(ﬁ(cbl;(zw; h) + @] (zu; h))). (8.17)

Next, recall the expansion (4.21) for the phase functions and write, similar to (3.48),
@] (2) =20} (@) +hlog Al(z h), @ ((z0) = — Img (x](2). 2).
By (3.20) and (3.49), at the point z( the phase function satisfies
@ (20) = (9:97, o) (z0) = (3:P_ 1) (z0) = 0.

Moreover, by the discussion after (4.21) we see that 0%h log(hl/“A{(z; h)) = O(h) for

all @ € N2, uniformly in z € W(zq). Thus, by Taylor expanding around zo we have, for
u € O and h < hy,

1 . . . .
S Gt h) = log h' 4 2% 0, ) oyt + ¢ us 1) + ] (s ) + OG'?), (8.18)

uniformly inu € O. Here ¢1 (u; h) is as in the statement of the proposition. Similarly, by
Proposition 4.3 and (3.54), for u, w € O we have

1 . . —_—
W @ Ty ) = log '/ 4+ 202 @7, o) (20w + ¢ (u; h) + 43 (w3 h) + Oh'/?)

= logh'/* + Lo (z0)u + ¢ (u; h) + ¢ (wi h) + Oh'?),  (8.19)
where the error term is uniform in u, w € O. Thus, combining (8.17) with (8.18)—(8.19),

and using the fact that d:sj (u; h) is uniformly bounded for u € O, we obtain the estimate
of the proposition. O

8.2. Tightness

We will follow the same arguments as in Section 7.4 to show the tightness of the sequence
( fjh"s(w));KhO of random analytic functions defined in (8.8), in the limit # — 0.
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Recall that the “error terms” satisfy (5.25), uniformly in z € W(zp) and in the re-
stricted probability space. Similar to (7.24), it follows from Proposition 3.5 and Taylor

1
expansion that e (Pholn+ el o) _ O(1), uniformly in w € O. By (5.25), (8.8) we
deduce the bounds

Ri(w; h) = OGh™?),  Ra(w; h) = OGR4, (8.20)

uniformly in w € O and in the restricted probability space.
Let K € O, and choose ¢ > 0 small enough that K, = K + D(0,¢) € O. By
Proposition 8.2, for 4o > 0 small enough we have

sup Bl 1724 ,] < C(Ke) < 00, (8.21)

O<h<hy

Since F ;f is holomorphic, we show as for (7.29) that
IES 1Y k) < Ck, /K |FS w)|? L(dw). (8.22)

Using Markov’s inequality, (8.20) and (8.7) in combination with (8.22) for p = 2/J, one
finds that for ~p > small enough,

sup Pl Fy 7o) > 11 <77/ Ck, sup EU |F,f(w)|2/’L(dw)]
O<h<hy O<h<hy e

J
srl/f(cchs sup ZE[Ifjh’a(w)lzlL(dw)-FCz)SO(F_I/J)» (823)
O<h<hy j=1

where all the constants are independent of » > 0. In the above we have used the algebraic
bounds

.....

J
<23 I )P + 20 Ra(w: b .
j=1

Hence, in view of Proposition 6.9, we conclude that F;ls is a tight sequence of random
analytic functions.

8.3. Weak convergence to a Gaussian analytic function

In this section we will show that the random analytic functions F;,S (see (8.7)) converge in
distribution, when 7 — 0, to a product of independent Gaussian analytic functions. We
start by the following result, analogue of Proposition 7.3:
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Proposition 8.4. The random functions fjh’a defined in (8.8) satisfy
fd
(nzjzs = F2<j<r, h—>0. (8.24)

Here ( fj GAF)lf j<J are independent Gaussian analytic functions on O with covariance
kernels

K (u, )e2# w0280y o ¢ 0, (8.25)
where K is the kernel in (8.10), while ¢§' (u; 0) is the quadratic polynomial from (8.11).
We have the following immediate consequence, proved similarly to Corollary 7.4:

Corollary 8.5. Under the assumptions of Proposition 8.4, we have

d

S ]_[ 8 h—o0. (8.26)
j=I

Proof of Proposition 8.4. The proof is similar to that of Proposition 7.3. For L € N* let

wi,...,wr € O and A = (AI]; l<j<J,1<l<L)e (CJ'L.Considerthecomplex

valued random variable

SO =Y My = Y viGe  Ga=Y Mg ).
J.l

n<N(h) j.l

where g“,{ is as in (8.14). We are going to show that for any such A, S(A) converges in
distribution to the complex valued random variable

SOAFGY =3 FOAF ().
Ji.l

By the Cramér—Wold Theorem this implies the convergence (8.24).

To prove the limit S(}) 4, §GAF(3) we will use the Central Limit Theorem 6.12.
We thus need to check that the family (S(A))o<n<pn, of random variables satisfies the
four conditions of the theorem, remembering that the variables v]}.’ are distributed like o
in (7.3).

We begin by estimating the average of S()). From (7.7), we get

Y ERLG < 0G0 Y |Gyl

n<N(h) n<N(h)
< O(h3+€0)2 Z |(h*1/4(ej_'»h01(zwl)2|en)|
jsl n<N(h)
< OWH N ) Y 104" 2u)) ]
J.l

< O(h'*%0). (8.27)
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In the third inequality we have used two Cauchy—Schwarz inequalities, and in the last one
the fact that ||A~1/ 4(‘9]_-’}101 (zw)?| = O(1) uniformly when w € O. This proves point (i)
in Theorem 6.12.

Let us now check condition (ii). Using again (7.7) and (4.26), we get the bound

| > E@h?6l

n<N(h)

< O(h**%0) Y |Gyl

< OW*0) 3™ S |4 @) en)| < OBFF). (8.28)

jsl n<N(h)
Next, we compute the variance of S(A). By (7.7) and (7.8),
E[ Y 10hGa P = +00 ) Y a5 Y 0 )i,
n<N(h) Jil,s,t n<N(h)
which, by (8.14) and Lemma 4.4 is equal to
(140G 0) Y M RR 2 (" @))€ @w)D) + Oh™).  (8.29)
jils.t
k,hol

Here, we have also used ||z ~1/4 ey (zuwp)ll = O(1). By (4.20) we see that the terms in
(8.29) with j # s vanish. Similar to the proof of Proposition 8.2, we then obtain the limit

h—0 i . j . j .
IE[ 3 |v,’;G,,|2] P20 ST K (wy, )P 0200 5wy, (8.30)
n<N(h) J.l.t

which settles condition (iii).
To check condition (iv), we use as in (7.5) a bound by (4 + €p)-moments: for any
g >0,

> Bl Gl g, me] < &0 3" E[u)Gul*0] > 0. (8.31)
n<N(h) n<N(h)
By (7.9) and the Holder inequality, we find
S OENGT <G YD Y I A

n<N(h) Jj.l n<N(h)

=G Y Y VA @) em) |

Jj,l m<N(h)

Using the fact that (e,,) is an orthonormal basis of L?(RR), as well as the uniform estimates
OHhY*) for the overlaps (see Lemma 4.5), one obtains

- j,hol 1)
Y ELUEG, 0] = ORHOMA) 3 (A e  (2,))2 el P Enn)
n<N(h) Jil

_ O(h(2+80)/4).
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In the last line we have used again uniform bounds for the norms and the exponentials

e%q){h0 throughout O, as in (8.18), to see that the exponentials are of order O(1).

After checking the four conditions, we may apply the Central Limit Theorem 6.12
to show that S(A) converges in distribution to the random Gaussian variable ~
Nc(0, o (A, w)), with variance given in (8.30).

On the other hand, since ( ijAF) j<s are independent Gaussian analytic functions with

covariance kernel (8.25), it follows that il )‘?/ ijAF(wl) is a complex centred Gaussian
variable with variance

S
gl

> AR ELFEA (wy) £OAF () ]

J.l.s.t

= S MM K oy, ) OO0 — 55 ) (8.32)
Jilt

where in the last line we recover the expression (8.30). We conclude that S(X) i)
SGAF()) for any A € C’L, which implies the convergence (8.24). ]

The GAFs ijAF appearing in Proposition 8.4 and Corollary 8.5 have covariance kernels

K (u, w)e2# :00¢263 w:0)Since e 4:0) i5 a nonvanishing deterministic holomorphic
function on O, we may divide by this “gauge factor” to obtain

, o
gl (w) 1= fOAF (o204 (:0)

a Gaussian analytic function on O with covariance kernel K J (u, w), as in the statement

of Theorem 2.5. Moreover, the J random functions (gg0 (w))1<j<y are independent of
each other.
It is clear that the random holomorphic functions ]—[jjz1 fJ.GAF(w) and G, (w) =

]_[jj:] gzjo(w) admit the same zero process ZGzO on O. Hence, by (8.26) and Proposi-
tion 6.11,

ZF;EE)ZGZO’ h— 0.

Taking into account the discussion at the beginning of Section 7 and the expression (7.16)
for the covariance kernel, this completes the proof of Theorem 2.5.

8.4. Correlation functions

Let V‘k = uh 2 Y be the k- -point density measure of the process ZY, and pux = LLZO be
the k-point dens1ty measure of the point process Zg, , 20 defined in Theorem 2.6. Following
the same arguments as in Section 7.6, we obtain the first part of Theorem 2.6: for any test
function ¢ € C. (0 \ A RY),

/(pd,uZ — /(pdp.k ash — 0.
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Recall from Theorem 2.5 that G, (z) = ]—[jjzl g4,(z) where the g; = g7, are independent
Gaussian analytic functions. To complete the proof of Theorem 2.6, we will show, us-
ing the simple product structure of G, (z), that the k-point measure 1, has a continuous
Lebesgue density dé, called the k-point density, which can be explicitly computed, using
the expressions of the k’-point densities of the GAFs g;. This is not surprising, remember-
ing that the process ZGZ,O is the superposition of the J independent processes Zg;. This
contrasts with the case of the point process associated with random matrix perturbations
of Py (see Theorem 2.9), for which the computation of the limiting k-densities remains
an open problem.
Denoting A, = 939y, and w = (wy, ..., wg), the generalization of (7.54) reads

k
ui(dw) = @) ([T Aus ) Ellog |Gy wi)] -+ 1og |Gy (wi)l] L (dw)

i=1
=: dX(w) L(dw), (8.33)

in the sense of distributions. This follows from the Poincaré Lelong formula and Fubini’s
theorem (see e.g. [30]). Applying the product structure of G, we obtain

J k
dw) =Y (I )Eloglgs il -loglgs, woll.  (8.34)
Bisn =1 i=1

Since the g; are mutually independent, for each term 8 = (B, ..., Bi) the expectation
in (8.34) factorizes, each factor grouping together the identical GAF gg, = g;. Upon
applying the relevant derivatives A, , each such factor yields a certain density associated
with the GAF g;.

According to [30, Cor. 3.4.2], for any Gaussian analytic function f on an open set
U c C with covariance kernel Ky(u, w), if det(Ky(w;, w;)1<i,j<x) does not vanish
anywhere on U* \ A, then the k-point measure of Zy has a continuous Lebesgue density
d]]?(w), given by

k
dfw) = @)™ ([ ] Au, )Ellog |f wn)] -+ log | (wi)]
i=1

_ perm(C(w) — B(w)A™" (w) B*(w))
N 7k det A(w)

where perm(-) denotes the permanent of a matrix and A, B, C are complex k x k matrices
with entries

: (8.35)

Ajj(w) = K(w;,wj), Bjj(w) = @uwK)w;,w;), Ci;(w)= (duwK)(w;, wj).

Let us investigate the k-densities di,‘ - associated with the individual processes Zg;. The-
orem 2.5 shows that for any j = 1,...,J and any k > 1, the covariance kernel of the
GAF g;j(w) leads to the determinant

det A(w) = det((KY Wy, W) 1<n.mek) = det((e7HCOWnTmy, .
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This determinant vanishes if and only if w; = w; for some i # j, thatis, if w is in the
diagonal A. Therefore, the k-point density functions difj exist, and can be expressed in
the form (8.35).

Any k-density is symmetric with respect to permutations of its entries: denoting by S
the permutation group of k elements,

1
dijw) = D dj(weq, - weg)- (8.36)
f1eBy
Let us come back to the decomposition (8.34). First, write
1
d(w) = o D dgweay, - wew). (8.37)
f1e6y
Then, simple combinatorics allows us decompose the index set in (8.34) as follows:
H<p...s=N= |] A
aeN/ | o=k (8.38)
A ={B € Nk; foreach j =1,..., J, there are ; indices B; = j}.

Here |¢| = ay + -+ + ay for @ € N/. Applying the decomposition (8.38) and the
permutation symmetry to (8.34), we write

k
dby = Y Y 2 3 (5w Ellog s eyl log lgg, (w1l

a€N1,|a|:kﬁeAa T1e6y i=l1

Since we sum over all permutations T € &y, and the sum over each 8 € A, corresponds
to all possible orderings for a fixed configuration «, it follows together with the first line
of (8.35) that

1 (k L
d = 3 (5] X T o vt secsa)

aeN | ja|=k 1e6y j=1

where (g) = (])‘7', = ﬁ is the multinomial coefficient. This is exactly the expression
(2.27), and this completes the proof of Theorem 2.6. O

To end this presentation, we show the explicit formula (2.30) for the 2-point correlation
function of the limiting point process ZG:Q' Notice first that

J
d(w) =) dy (w).
j=1

From (8.35) one calculates directly that

1 . J
d} (w) = =8, log K’ (w, ) = 73 0).
J T
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Hence,
1 RS J
d =— for all C.
G(w) nj;cf+(zo) orall w e

Next, as a particular case of (2.27), we find

J J
d(z1,22) =Y di (21,22)+ Y dy(@)dy (22).
j=l1 ij=1
i#j
A cumbersome but straightforward calculation, using (8.35), shows that for any w1 # w»,

N2 /o
dy (wy, w) = <G+(ZO)> K(%(ZO)le — w2|2>,
J T 2

where
_ (sinh?¢ + 1) cosht — 2t sinh ¢

sinh ¢

k(1) , t>0.

A Taylor expansion shows that k (¢) = ¢(1+ O@H)ast — 0T, and k(1) = 1+0O(2e~ %)
as t — oo. This expression has been obtained before in [26, 3]. We then obtain the
following formula for the 2-point correlation function of ZGzo’ as stated in (2.30):

d*(wy, wy)
2 —
Koo w2) = o D wn)

J J 2 J
=1+ (0 o)) [K(GJFSO) |lwy — w2|2) - 1].

= (0l Go)?

For |w; — wa| > 1, we have the asymptotics
K2(wi, w2) = 1+ O((0d zo)|wi — wa|?)Ze™ ™ ot Gl —wal),

while for jw; — wy| <K 1,

K? =1-
(wy, wa) Z 5

L @l [l_oi’(zm
3 O 0l o))?

2t = 221 + O(lz1 — zz|4>)}.
In particular, this 2-point correlation does not vanish when |w; — wa| — 0.

8.5. Invariance by isometries

In this last subsection, we prove Proposition 2.12, which expresses the invariance of our
limiting processes with respect to the direct isometries of C, for both types of random
perturbations.



Local eigenvalue statistics of pseudodifferential operators 1609

We first show this invariance in the case of the potential perturbation, namely the case
of Theorem 2.5. A direct isometry takes the form 7(w) = aw+ 8 withea, 8 € C, |a| = 1.
By the continuous mapping theorem [31, Theorem 3.27] and the discussion after (6.2),
it is sufficient to show that there exists a deterministic holomorphic function @ (w) such
that

Gyport £ Ge®  as random holomorphic functions on C. (8.39)

Recall that G, (w) = l_[}lzl gj(w), where (g;)1<j<y are J independent GAFs on C, with
covariance kernels

K/ (v, W) = eo+Gov® (8.40)

Then the translated functions (gjo7)1< <y are J independent Gaussian analytic functions
on C, with covariance kernels

K (2 (0), 7)) = et O ] ) = o (z9) (@B + JIAP). (8.41)

Hence, the GAFs g; o T and gje‘f’ﬂr are equal in distribution, since they have the same
covariance kernel. By the continuous mapping theorem, the random analytic functions
G, ot and GZOe<I> are equal in distribution if we take ®(w) = /J:l ¢i (w).

The case of the process Zézo of Theorem 2.9 is treated similarly. Each entry g; ; =

g;’oj of the matrix defining Gzo is a GAF of kernel K _ij (v, w) with azl'(/; = %(Ji(xo) +
20

ol (z0))- Therefore, upon composing with t, we obtain a shifted kernel

K i (z(v), tw)) = K_ij (v, w)e?” @97 @) il () = Lo v) + g7 (v),
20 20

where we have used the notation of (8.41) for ¢i, and a corresponding one for ¢£ . There-

ij 140 1,J
fore, the GAF g; ; o T has the same distribution as the GAF g,;jed’j = gi,jei¢++7¢’]—.
Thanks to this product structure, the determinant G, o T can be factorized as

det((gi;e2?+M+390), 1) = det(AT) det((g;j);;) det(AT), AT, = diag(e2%%).

Since the matrices A% are nonsingular, the zero process of the left hand side is identical
to that of det((g;;)i,j) = Gz,- m]

Acknowledgments. The authors acknowledge the support of the grants GERASIC-ANR-13-BS01-
0007-02 (S. N. and M. V.) and ISDEEC-ANR-16-CE40-0013 (S. N.) awarded by the Agence Na-
tionale de la Recherche. The second author was also supported by the Erwin Schrodinger Fellow-
ship J4039-N35 and by the National Science Foundation grant DMS-1500852 and he is grateful
to the Laboratoire de Mathématiques d’Orsay for providing a stimulating environment in which
most of this paper was written. Some final corrections were performed while the first author was in
residence at the MSRI in Berkeley, California, during the Fall 2019 semester, funded by the NSF
under grant No. DMS-1440140.



1610 Stéphane Nonnenmacher, Martin Vogel

References

[1] Aguilar, J., Combes, J.-M.: A class of analytic perturbations for one-body Schrédinger Hamil-
tonians. Comm. Math. Phys. 22, 269-279 (1971) Zbl 0219.47011 MR 0345551

[2] Balslev, E., Combes, J.-M.: Spectral properties of many-body Schrédinger operators with
dilation analytic interactions. Comm. Math. Phys. 22, 280-294 (1971) Zbl 0219.47005
MR 0345552

[3] Bleher, P., Shiffman, B., Zelditch, S.: Universality and scaling of correlations between zeros
on complex manifolds. Invent. Math. 142, 351-395 (2000) Zbl 0964.60096 MR 1794066

[4] Bohigas, O., Giannoni, M.-J., Schmit, C.: Characterization of chaotic quantum spectra and
universality of level fluctuation laws. Phys. Rev. Lett. 52, 1-4 (1984) Zbl 1119.81326
MR 0730191

[5] Bordeaux-Montrieux, W.: Loi de Weyl presque slire et résolvante pour des opérateurs
différentiels non-autoadjoints. These, pastel.archives-ouvertes.fr/docs/00/50/12/81/PDF
/manuscrit.pdf (2008)

[6] Bordenave, Ch., Capitaine, M.: Outlier eigenvalues for deformed i.i.d. random matrices.
Comm. Pure Appl. Math. 69, 2131-2194 (2016) Zbl 1353.15032 MR 3552011

[7]1 Bourgade, P., Yau, H.-T., Yin, J.: Local circular law for random matrices. Probab. Theory
Related Fields 159, 545-595 (2014) Zbl 1301.15021 MR 3230002

[8] Christiansen, T. J., Zworski, M.: Probabilistic Weyl laws for quantized tori. Comm. Math.
Phys. 299, 305-334 (2010) Zbl 1205.53092 MR 2679813

[9] Davies, E. B.: Pseudo-spectra, the harmonic oscillator and complex resonances. Proc. Roy.
Soc. London A 455, 585-599 (1999) Zbl 0931.70016 MR 1700903

[10] Davies, E. B., Hager, M.: Perturbations of Jordan matrices. J. Approx. Theory 156, §2-94
(2009) Zbl 1164.15004 MR 2490477

[11] Dencker, N., Sjostrand, J., Zworski, M.: Pseudospectra of semiclassical (pseudo-) differential
operators. Comm. Pure Appl. Math. 57, 384-415 (2004) Zbl 1054.35035 MR 2020109

[12] Dimassi, M., Sjostrand, J.: Spectral Asymptotics in the Semi-Classical Limit. London Math.
Soc. Lecture Note Ser. 268, Cambridge Univ. Press (1999) Zbl 0926.35002 MR 1735654

[13] Dyson, F. J.: Statistical theory of the energy levels of complex systems, I, IL, III. J. Math. Phys.
3, 140-175 (1962) Zbl 0105.41604 MR 0143556

[14] Embree, M., Trefethen, L. N.: Spectra and Pseudospectra: The Behavior of Nonnormal Ma-
trices and Operators. Princeton Univ. Press (2005) Zbl 1085.15009 MR 2155029

[15] Erdés, L., Ramirez, J., Schlein, B., Tao, T., Vu, V., Yau, H.-T.: Bulk universality for Wigner
Hermitian matrices with subexponential decay. Int. Math. Res. Notices 2010, 667-674
7Zbl 1277.15027 MR 2661171

[16] Fyodorov, Y. V.: Random matrix theory of resonances: An overview. In: 2016 URSI Interna-
tional Symposium on Electromagnetic Theory, EMTS, 666—669 (2016)

[17] Fyodorov, Y. V., Sommers, H.-J.: Statistics of resonance poles phase shifts and time delays in
quantum chaotic scattering: Random matrix approach for systems with broken time reversal
invariance. J. Math. Phys. 38, 1918-1981 (1997) Zbl 0872.58072 MR 1450906

[18] Galkowski, J.: Pseudospectra of semiclassical boundary value problems. J. Inst. Math. Jussieu
14, 405449 (2015) Zbl 1317.35146 MR 3315060

[19] Gallagher, I., Gallay, Th., Nier, F.: Spectral asymptotics for large skew-symmetric perturba-
tions of the harmonic oscillator. Int. Math. Res. Notices 2009, 2147-2199 Zbl 1180.35383
MR 2511908

[20] Ginibre, J.: Statistical ensembles of complex, quaternion, and real matrices. J. Math. Phys. 6,
440-449 (1965) Zbl 0127.39304 MR 0173726


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0219.47011&format=complete
http://www.ams.org/mathscinet-getitem?mr=0345551
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0219.47005&format=complete
http://www.ams.org/mathscinet-getitem?mr=0345552
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0964.60096&format=complete
http://www.ams.org/mathscinet-getitem?mr=1794066
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1119.81326&format=complete
http://www.ams.org/mathscinet-getitem?mr=0730191
http://pastel.archives-ouvertes.fr/docs/00/50/12/81/PDF/manuscrit.pdf
http://pastel.archives-ouvertes.fr/docs/00/50/12/81/PDF/manuscrit.pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1353.15032&format=complete
http://www.ams.org/mathscinet-getitem?mr=3552011
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1301.15021&format=complete
http://www.ams.org/mathscinet-getitem?mr=3230002
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1205.53092&format=complete
http://www.ams.org/mathscinet-getitem?mr=2679813
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0931.70016&format=complete
http://www.ams.org/mathscinet-getitem?mr=1700903
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1164.15004&format=complete
http://www.ams.org/mathscinet-getitem?mr=2490477
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1054.35035&format=complete
http://www.ams.org/mathscinet-getitem?mr=2020109
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0926.35002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1735654
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0105.41604&format=complete
http://www.ams.org/mathscinet-getitem?mr=0143556
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1085.15009&format=complete
http://www.ams.org/mathscinet-getitem?mr=2155029
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1277.15027&format=complete
http://www.ams.org/mathscinet-getitem?mr=2661171
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0872.58072&format=complete
http://www.ams.org/mathscinet-getitem?mr=1450906
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1317.35146&format=complete
http://www.ams.org/mathscinet-getitem?mr=3315060
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1180.35383&format=complete
http://www.ams.org/mathscinet-getitem?mr=2511908
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0127.39304&format=complete
http://www.ams.org/mathscinet-getitem?mr=0173726

Local eigenvalue statistics of pseudodifferential operators 1611

(21]
(22]
(23]
[24]
[25]
[26]
(27]

(28]
[29]

(30]
(31]
(32]
(33]
(34]

(35]

(36]
(37]
(38]
(39]
(40]

(41]

[42]

[43]

Goetschy, A., Skipetrov, S. E.: Non-Hermitian Euclidean random matrix theory. Phys. Rev. E
84, art. 011150 (2011)

Griffiths, P., Harris, J.: Principles of Algebraic Geometry. Wiley (1978) Zbl 0408.14001
MR 0507725

Hager, M.: Instabilité spectrale semiclassique d’opérateurs non-autoadjoints II. Ann. Henri
Poincaré 7, 1035-1064 (2006) Zbl 1115.81032 MR 2267057

Hager, M.: Instabilité spectrale semiclassique pour des opérateurs non-autoadjoints I: un mo-
dele. Ann. Fac. Sci. Toulouse 15, 243-280 (2006) Zbl 1131.34057 MR 2244217

Hager, M., Sjostrand, J.: Eigenvalue asymptotics for randomly perturbed nonselfadjoint oper-
ators. Math. Ann. 342, 177-243 (2008) Zbl 1151.35063 MR 2415321

Hannay, J. H.: Chaotic analytic zero points: exact statistics for those of a random spin state.
J. Phys. A 29, 101-105 (1996) Zbl 0943.82505 MR 1383056

Hormander, L.: An Introduction to Complex Analysis in Several Variables. D. van Nostrand
(1966) Zbl 0138.06203 MR 0203075

Hoérmander, L.: Lecture notes at the Nordic summer school of mathematics. (1969)

Hormander, L.: The Analysis of Linear Partial Differential Operators I. Grundlehren Math.
Wiss. 256, Springer (1983) Zbl 0712.35001 MR 1065993

Hough, J. B., Krishnapur, M., Peres, Y., Virdg, B.: Zeros of Gaussian Analytic Functions and
Determinantal Point Processes. Amer. Math. Soc. (2009) Zbl 1190.60038 MR 2552864

Kallenberg, O.: Foundations of Modern Probability. Springer (1997)  Zbl 0892.60001
MR 1464694

Keating, J. P.,, Novaes, M., Schomerus, H.: Model for chaotic dielectric microresonators. Phys.
Rev. A 77, art. 013834 (2008)

Koch, H., Tataru, D.: L? eigenfunction bounds for the Hermite operator. Duke Math. J. 128,
369-392 (2005) Zbl 1075.35020 MR 2140267

Lindblad, G.: On the generators of quantum dynamical semigroups. Comm. Math. Phys. 48,
119-130 (1976) Zbl 0343.47031 MR 0413878

Melin, A., Sjostrand, J.: Fourier integral operators with complex-valued phase functions. In:
Fourier Integral Operators and Partial Differential Equations, Lecture Notes in Math. 459,
Springer, Berlin, 120-223 (1975) Zbl 0306.42007 MR 0431289

Nazarov, F., Sodin, M.: Correlation functions for random complex zeroes: Strong clustering
and local universality. Comm. Math. Phys 310, 75-98 (2012) Zbl 1238.60059 MR 2885614

Nirenberg, L.: A proof of the Malgrange preparation theorem. In: Proc. Liverpool Singularities
Sympos. I, Dept. Pure Math., Univ. Liverpool, 97-105 (1971) Zbl 0212.10702 MR 0412460
Raphael, A., Zworski, M.: Pseudospectral effects and basins of attraction. Unpublished notes
(2005)

Sandstede, B., Scheel, A.: Basin boundaries and bifurcations near convective instabilities: a
case study. J. Differential Equations 208, 176-193 (2005) Zbl 1065.35054 MR 2107298

Shirai, T.: Limit theorems for random analytic functions and their zeros. RIMS Koky{iroku
Bessatsu B34, 335-359 (2012) Zbl 1276.60040 MR 3014854

Sjostrand, J.: Eigenvalue distribution for non-self-adjoint operators with small multiplica-
tive random perturbations. Ann. Fac. Sci. Toulouse 18, 739-795 (2009) Zbl 1194.47058
MR 2590387

Sjostrand, J.: Eigenvalue distribution for non-self-adjoint operators on compact manifolds
with small multiplicative random perturbations. Ann. Fac. Sci. Toulouse 19, 277-301 (2010)
7Zbl 1206.35267 MR 2674764

Sjostrand, J.: Non-Self-Adjoint Differential Operators, Spectral Asymptotics and Random
Perturbations. Book in preparation, http://sjostrand.perso.math.cnrs.fr/ (2016)


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0408.14001&format=complete
http://www.ams.org/mathscinet-getitem?mr=0507725
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1115.81032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2267057
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1131.34057&format=complete
http://www.ams.org/mathscinet-getitem?mr=2244217
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1151.35063&format=complete
http://www.ams.org/mathscinet-getitem?mr=2415321
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0943.82505&format=complete
http://www.ams.org/mathscinet-getitem?mr=1383056
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0138.06203&format=complete
http://www.ams.org/mathscinet-getitem?mr=0203075
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0712.35001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1065993
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1190.60038&format=complete
http://www.ams.org/mathscinet-getitem?mr=2552864
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0892.60001&format=complete
http://www.ams.org/mathscinet-getitem?mr=1464694
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1075.35020&format=complete
http://www.ams.org/mathscinet-getitem?mr=2140267
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0343.47031&format=complete
http://www.ams.org/mathscinet-getitem?mr=0413878
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0306.42007&format=complete
http://www.ams.org/mathscinet-getitem?mr=0431289
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1238.60059&format=complete
http://www.ams.org/mathscinet-getitem?mr=2885614
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0212.10702&format=complete
http://www.ams.org/mathscinet-getitem?mr=0412460
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1065.35054&format=complete
http://www.ams.org/mathscinet-getitem?mr=2107298
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1276.60040&format=complete
http://www.ams.org/mathscinet-getitem?mr=3014854
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1194.47058&format=complete
http://www.ams.org/mathscinet-getitem?mr=2590387
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1206.35267&format=complete
http://www.ams.org/mathscinet-getitem?mr=2674764
http://sjostrand.perso.math.cnrs.fr/

1612 Stéphane Nonnenmacher, Martin Vogel

[44] Sjostrand, J., Vogel, M.: Interior eigenvalue density of large bi-diagonal matrices subject
to random perturbations. In: Microlocal Analysis and Singular Perturbation Theory, RIMS
Kokyftiroku Bessatsu B61, RIMS, 201-227 (2017) Zbl 06761086 MR 3699876

[45] Sjostrand, J., Zworski, M.: Elementary linear algebra for advanced spectral problems. Ann.
Inst. Fourier (Grenoble) 57, 2095-2141 (2007) Zbl 1140.15009 MR 2394537

[46] Tao, T., Vu, V.: Random matrices: universality of local spectral statistics of non-Hermitian
matrices. Ann. Probab. 34, 782-874 (2015) Zbl 1316.15042 MR 3306005

[47] Trefethen, L. N.: Pseudospectra of linear operators. SIAM Rev. 39, 383-406 (1997)
Zbl 0896.15006 MR 1469941

[48] Vogel, M.: Two point eigenvalue correlation for a class of non-selfadjoint operators under
random perturbations. Comm. Math. Phys. 350, 31-78 (2017) Zbl 06690496 MR 3606469

[49] Vogel, M.: The precise shape of the eigenvalue intensity for a class of nonselfadjoint opera-
tors under random perturbations. Ann. Henri Poincaré 18, 435-517 (2017) Zbl 1368.81076
MR 3596768

[50] Wigner, E.: Characteristic vectors of bordered matrices with infinite dimensions. Ann. of
Math. 62, 548-564 (1955) Zbl 0067.08403 MR 0077805

[51] Zworski, M.: Semiclassical Analysis. Grad. Stud. Math. 138, Amer. Math. Soc. (2012)
Zbl 1252.58001 MR 2952218

[52] Zyczkowski, K., Sommers, H.-J.: Truncations of random unitary matrices. J. Phys. A 33,
2045-2057 (2000) Zbl 0957.82017 MR 1748745


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06761086&format=complete
http://www.ams.org/mathscinet-getitem?mr=3699876
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1140.15009&format=complete
http://www.ams.org/mathscinet-getitem?mr=2394537
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1316.15042&format=complete
http://www.ams.org/mathscinet-getitem?mr=3306005
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0896.15006&format=complete
http://www.ams.org/mathscinet-getitem?mr=1469941
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:06690496&format=complete
http://www.ams.org/mathscinet-getitem?mr=3606469
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1368.81076&format=complete
http://www.ams.org/mathscinet-getitem?mr=3596768
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0067.08403&format=complete
http://www.ams.org/mathscinet-getitem?mr=0077805
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1252.58001&format=complete
http://www.ams.org/mathscinet-getitem?mr=2952218
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0957.82017&format=complete
http://www.ams.org/mathscinet-getitem?mr=1748745

	1. Introduction
	2. Main results—general framework
	3. Quasimodes
	4. Interaction between the quasimodes
	5. Setting up the Grushin problem
	6. Random analytic functions
	7. Local statistics of the eigenvalues of P_h perturbed by a random matrix M_
	8. Local statistics of the eigenvalues of P_h perturbed by a random potential V_
	References

