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Abstract. We show the existence of semiorthogonal decompositions (SOD) of Pandharipande—
Thomas (PT) stable pair moduli spaces on Calabi—Yau 3-folds with irreducible curve classes, as-
suming relevant moduli spaces are non-singular. The above result is motivated by categorifications
of the wall-crossing formula for PT invariants in the derived category, and also by a d-critical ana-
logue of Bondal-Orlov’s and Kawamata’s D/K equivalence conjecture.

We also give SOD of stable pair moduli spaces on K3 surfaces, which categorifies Kawai—
Yoshioka’s formula proving Katz—Klemm-—Vafa’s formula for PT invariants on K3 surfaces with
irreducible curve classes.
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1. Introduction

The purpose of this paper is to give applications of d-critical birational geometry proposed
in [Tod] to the study of derived categories of coherent sheaves on moduli spaces of stable
objects on Calabi—Yau (CY for short) 3-folds. The main result is that Pandharipande—
Thomas (PT for short) stable pair moduli spaces [PT09] on CY 3-folds with irreducible
curve classes admit certain semiorthogonal decompositions (SOD for short), assuming
relevant moduli spaces are non-singular. Our results are motivated by categorifications of
the wall-crossing formula for Donaldson—-Thomas invariants on CY 3-folds [JS12, KS] in
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the derived category, and also by a d-critical analogue of the D/K equivalence conjecture
of Bondal-Orlov and Kawamata [BO, Kaw02].

1.1. SOD of stable pair moduli spaces

Let X be a smooth projective CY 3-fold over C. By definition, a stable pair on X consists
of data [PT09]

(F,s), s5:0x—F, (1.1)

where F is a pure one-dimensional coherent sheaf on X and s is surjective in dimension 1.
For B € Hy(X, Z) and n € Z, we denote by

P (X, B) 1.2)

the moduli space of stable pairs (1.1) such that [F] = B and x(F) = n, where [F]
is the homology class of the fundamental one-cycle of F. The moduli space (1.2) is a
projective scheme with a symmetric perfect obstruction theory. The integration of its zero-
dimensional virtual class defines the PT invariant

Py g = / le Z.
[Py (X, BV

The study of PT invariants is one of the central topics in curve counting on CY 3-folds
(see [PT14]).

Suppose that n > 0 and B is an irreducible curve class, i.e. 8 cannot be written as
B1 + B for effective curve classes B;. Then we have the following diagram:

Pu(X. B) Pa(X. B)
\ / (13)
Un(X. )

Here U, (X, B) is the moduli space of one-dimensional Gieseker stable sheaves F on X
with [F] = B and x (F) = n. The maps 7T are defined by

nt(F,s):=F, 7 (F,s'):=E&Exty(F,Ox).

For a variety Y, we denote by D?(Y) the bounded derived category of coherent sheaves
on Y. The following is the main result in this paper:

Theorem 1.1 (Theorem 5.7). Suppose that U,(X, B) is fine and non-singular. Then
Py, (X, B) are also non-singular, and we have the following:

(i) The Fourier—Mukai functor
®p: D"(P_y(X. B)) — D’ (Pu(X. B))
with kernel the structure sheaf of the fiber product of (1.3) is fully faithful.
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(ii) There is a w™-ample line bundle Op (1) on P,(X, B) such that if n > 1 then the
functor

Tp: D" (Un(X, B)) — D’ (Pu(X, B))

defined by Lt ™ (=) ® Op (i) is fully faithful.
(iii) We have the SOD

DP(Py(X, B)) = (ImY," T, ... ImYH, Im ®p). (1.4)

Here U, (X, B) is called fine if it admits a universal sheaf on X x U, (X, 8), which is
guaranteed if (D - B, n) is coprime for some divisor D. The result of Theorem 1.1 will
also be applied to some non-compact CY 3-folds. We apply Theorem 1.1 in the case of

X =Tots(Ks), H'(O5)=0, i=1,2,

where S is a smooth projective surface. The assumption of Theorem 1.1 is satisfied when

—Kg - B > 0, and we obtain the SOD of derived categories of relative Hilbert schemes of

points on the universal curve over a complete linear system on S (see Corollary 5.10).
We also apply Theorem 1.1 in the case of

X =Totc(L1 ® Ly), L;j€Pic(C), LiQ®Ly=uwc,

where C is a smooth projective curve. For a generic choice of L;, the diagram (1.3)
is a classical diagram of symmetric products of C and their Abel-Jacobi maps. Then
Theorem 1.1 implies the SOD of derived categories of coherent sheaves on symmetric
products of C (see Corollary 5.12):

n

pb(clrte=lly = (Db (Jc), ..., DP(Je), Db (cl=He=1yy,

Here n € Z>o, C (%] is the k-th symmetric product of C, g is the genus of C, and J¢ is the
Jacobian of C. The above SOD seems to give a new result on the properties of symmetric
products of curves and the associated Abel-Jacobi maps.

1.2. Motivations behind Theorem 1.1

We have two motivations behind the result of Theorem 1.1. The first one is to give a
categorification of the formula (see [PT10, Tod12a])

Pop—Popp=(=1)""nNyp. (1.5)

Here N, g € Zis obtained by the integration of the virtual class on U, (X, B). The identity
(1.5) is the key ingredient to show the rationality of the generating series of PT invariants

Pg(X) =Y Pupq"

nez
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when g is irreducible (see [PT10]). As observed in [Tod12a], the diagram (1.3) is a wall-
crossing diagram in Db (X), and (1.5) is the associated wall-crossing formula. Under the
assumption of Theorem 5.7, the invariants in (1.5) are given by

Pinp = (=) (P (X, B)),  Nup = (—1)%e(Uq(X, B))

where d is the dimension of U, (X, ). Therefore the SOD in (1.4) categorifies the formula
(1.5), as it recovers the formula (1.5) by taking the Euler characteristics of the Hochschild
homology of both sides of (1.4).

The second motivation is to give an evidence for a d-critical analogue of Bondal—
Orlov’s and Kawamata’s D/K equivalence conjecture [BO, Kaw02]. The original D/K
equivalence conjecture asserts that for a flip of smooth varieties Y --» Y~ there exists
a fully faithful functor

DP(Y™) — Dby ™).

On the other hand, the diagram (1.3) is an example of a d-critical flip introduced in [Tod].
Therefore Theorem 1.1(i) gives evidence for a d-critical analogue of the D/K equivalence
conjecture. We will come back to this point of view in Subsection 1.4.

1.3. Categorification of Kawai—Yoshioka’s formula

We will apply the argument as in the proof of Theorem 1.1 to show the existence of SOD
on relative Hilbert schemes of points associated with linear systems on K3 surfaces. Let S
be a smooth projective K3 surface such that Pic(S) is generated by Og(H) for an ample
divisor H with H?> = 2g — 2. Let

7:C— |H| =P8 (1.6)
be the universal curve. Below we fix n > 0, and define
clrte=11 _, ps (1.7)

to be the m-relative Hilbert scheme of n 4+ g — 1 points. The moduli space (1.7) is known
to be isomorphic to the moduli space of PT stable pairs P, (S, [H]) on S.

For each k > 0, let Uy be the moduli space of H-Gieseker stable sheaves E on S such
that

vW(E) = (k, H k+n) € H*(S,Z)

where v(—) is the Mukai vector. The moduli space Uy is an irreducible holomorphic
symplectic manifold. We assume that Uy is a fine moduli space for all k > 0, e.g. it is
satisfied if (2g — 2, n) is coprime. Let N > 0 be defined to be the largest k > 0 such that
Uy # ¢. In this situation, we have the following:
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Theorem 1.2 (Corollary 6.3). We have the following SOD:
DP(cl" ey = (Ap, Ar, ..., An)
where each Ay, has SOD

1 2 2k
A= (AP, AP AT

such that each A,Ei) is equivalent to D>(U).

Theorem 1.2 is proved by using the zigzag diagram

Uy U Un

constructed by Kawai—Yoshioka [K'Y00]. We show that each step of the above diagram is
described in terms of a d-critical simple flip, by investigating wall-crossing diagrams on
a CY 3-fold X = S x C for an elliptic curve C. Then Theorem 1.2 is proved by applying
the argument used for Theorem 1.1 to each step of the diagram.

The SOD in Theorem 1.2 is interpreted as a categorification of Kawai—Yoshioka’s
formula [KYO0O] for PT invariants on K3 surfaces with irreducible curve classes, defined
by Py ¢ = (—1)""le(C""8~1]). Indeed, the following formula is proved in [KY00]:

N
ey =3 " (n + 2k)e(Up). (1.8)
k=0

The SOD in Theorem 1.2 recovers the formula (1.8) by taking the Euler characteristics
of Hochschild homologies of both sides of (1.2). In [K'Y0O0], the formula (1.8) led to the
Katz—Klemm-—Vafa (KKV) formula for PT invariants with irreducible curve classes (see
Remark 6.4).

1.4. D-critical analogue of the D/K equivalence conjecture

Here we explain the notion of d-critical flips for Joyce’s d-critical loci [Joy15], and an
analogue of the D/K equivalence conjecture mentioned earlier. By definition, a d-critical
locus consists of data

(M,s), seT(M,S),

where M is a C-scheme or an analytic space and 81?,1 is a certain sheaf of C-vector spaces
on M. The section s is called a d-critical structure of M. Roughly speaking, if M admits
a d-critical structure s, this means that M is locally written as a critical locus of some
function on a smooth space, and the section s remembers how M is locally written as a
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critical locus. If M is a truncation of a derived scheme with a (—1)-shifted symplectic
structure [PT*13], then it has a canonical d-critical structure [BBT15].
Let (M*, s%) be two d-critical loci and consider a diagram of morphisms of schemes
or analytic spaces
M+ M~

N,

U

The above diagram is called a d-critical flip if for any p € U, there is a commutative
diagram
¢

Y+\ """ />Y_
. T ; (1.10)
C

where ¢: YT --» Y~ is a flip of smooth varieties (or complex manifolds) such that
locally near p € U there exist isomorphisms of M* and {dw® = 0} as d-critical loci
(see [Tod14b, Definition 3.7] for details). A d-critical flip is called simpleif ¢: YT > Y~
is a simple toric flip [Rei92].

We expect that an analogue of the D/K equivalence conjecture may hold for d-critical
loci. Namely for a d-critical locus (M, s) ! there may exist a certain triangulated category
D(M, s) such that if the diagram (1.9) is a d-critical flip, we have a fully faithful functor

DM, s7) < DM*,sT). (1.11)

The category D(M ™, s~) may be constructed as a gluing of Z/2Z-periodic triangulated
categories of matrix factorizations defined locally on each d-critical chart, though its con-
struction seems to be a hard problem at this moment (see [Joy, (J)], [To€14, Section 6.1]).

For a flip Y+ --» Y~ in the diagram (1.10), suppose that the D/K equivalence con-
jecture holds, i.e. we have a fully faithful functor

DP(Y™) — DP(YH).
Then it induces the fully faithful functor (see Theorem 2.1)
DY ,w”) < DY w") (1.12)

where D(Y*, wt) are the derived factorization categories associated with pairs
(YE, wt). If the desired categories D(M*, sT) are gluings of D(Y*, w*) defined locally

1 Probably we need to assume that (M, s) is induced by a (—1)-shifted symplectic derived
scheme, equipped with some additional data (orientation data, or something more).
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on U, then we may try to globalize the functor (1.12) to give a fully faithful functor (1.11).
If this is possible, then the numerical realization of a semiorthogonal complement of the
embedding (1.11) may recover the wall-crossing formula for DT invariants [JS12, KS].2

For a d-critical flip (1.9), suppose that M* are smooth, so in particular s* = 0. In this
case, we can use usual derived categories of coherent sheaves to ask an analogue of the
above question. Namely for a d-critical flip (1.9) with M* smooth, we can ask whether
we have a fully faithful functor

DP(M™) — DP(M™).

The results of Theorems 1.1 and 1.2 are proved by establishing such a result in the case
of d-critical simple flips (see Theorem 4.5).

1.5. Relation to other works

There exist some recent works studying wall-crossing behavior of derived categories of
moduli spaces of stable objects on algebraic surfaces. In [Ball7], Ballard showed the exis-
tence of SOD under wall-crossing of Gieseker moduli spaces of stable sheaves on rational
surfaces. Also Halpern-Leistner [HL] announces that, under wall-crossing of Bridgeland
moduli spaces of stable objects on K3 surfaces, their derived categories are equivalent.
The results in our paper can be regarded as a CY 3-fold version of these works. One
of the crucial differences is that, although the moduli spaces considered in [Ball7, HL]
are birational under wall-crossing, the moduli spaces in our paper are not necessarily bira-
tional under wall-crossing. For example the moduli spaces P4, (X, §) in the diagram (1.3)
have different dimensions if n > 0. Instead, the fact that they are birational in d-critical
birational geometry plays an important role for the existence of SOD in Theorems 1.1
and 1.2.

1.6. Outline of the paper

The outline of this paper is as follows. In Section 2, we review basics on derived factor-
ization categories which we will use in later sections. In Section 3, we show the existence
of SOD of gauged LG models on simple flips over a complete local base, and describe
the relevant kernel objects. In Section 4, we globalize the result in Section 3 and show
the SOD for formal d-critical simple flips. In Section 5, we use the result in Section 4 to
show Theorem 1.1. In Section 6, we prove Theorem 1.2.

1.7. Notation and conventions

In this paper, all the varieties and schemes are defined over C. For C-schemes U, S, T
and a morphism f: § — T, we set

Sy:=8SxU, fyv:=fxidy: Sy — Ty.

2 See [Efi17] for the relation between cyclic homology of the categories of matrix factorizations
and hypercohomology of perverse sheaves of vanishing cycles.
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For a variety Y, we denote by D”(Y) the bounded derived category of coherent
sheaves on Y. If an algebraic group G acts on Y, we also denote by Dg(Y) the bounded
derived category of G-equivariant coherent sheaves on Y. For smooth varieties Y1, Y» with
projective morphisms ¥; — T, and an object P € D?(Y; x Y») supported on ¥; x7 Ya,
we denote by ®F the Fourier—Mukai functor

L
% (=) := Rpax(pi (=) @ P): D (Y1) — DP(12).

Here p;: Y1 x Y» — Y; are the projections. The object P is called the kernel of the
functor ®F.

Recall that a semiorthogonal decomposition of a triangulated category D is a collec-
tion Cy, ..., C, of full triangulated subcategories such that Hom(C;, C;) = Oforalli > j
and the smallest triangulated subcategory of D containing Cy, . . ., C, coincides with D. In
this case, we write D = (Cy, ..., C,). If each C; is equivalent to Db(M,-) for a variety M;,
we also write D = (D?(M,), ..., D*(M,)) for simplicity.

2. Review of derived factorization categories

In this section, we recall the notion of gauged Landau—Ginzburg (LG) models, and the
associated derived factorization categories introduced by Positselski. We refer to the arti-
cles [EP15] for basics on these notions.

2.1. Definitions of derived factorization categories

Let us consider data (called gauged LG model)
&, G, x,w) 2.1)

where Y is a C-scheme, G is a reductive algebraic group whichactson Y, x: G — C*is
a character and w € I'(Oy) satisfies g*w = x(g)w for any g € G. Given data as above,
the derived factorization category

Dg(Y, x, w) (2.2)

is defined as a triangulated category whose objects consist of factorizations of w, i.e.
sequences of G-equivariant morphisms of G-equivariant coherent sheaves Fq, 1 on Y

Fo S AL R 2.3)
satisfying
aof=-w, Poa=-w.

The category (2.2) is defined to be the localization of the homotopy category of the fac-
torizations (2.3) by its subcategory of acyclic factorizations. When Y is a smooth affine
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scheme and G = {1}, the category (2.2) is equivalent to the triangulated category of ma-
trix factorizations of w (see [Orl09]). In the case of G = C* and x = id, we simply
write

Dc+(Y, w) := Dc+(Y, x =id, w).
For a character x : G — C*, let X be defined by
X:GxC" = C* (g.0)~ x(or.
We have the functor
E: D%(Y) — Dgxc (Y, X, w =0) (2.4)

where C* acts on Y trivially, sending (F*, d) € D}(’;(Y ) to
(P F-in) > (BF=in) > (BF-iD)D.
i€Z i€Z i€Z
When G = {1}, the functor (2.4) gives the equivalence (see [Isil3, Shil2, Hir17b])

E: DP(Y) > Dc+(Y, 0). (2.5)

2.2. Derived functors between derived factorization categories

Let (Y, G, x, w) be a gauged LG model (2.1), and W be another variety with a G-action.
For a G-equivariant projective morphism f: W — Y, we have another gauged LG model

(W, G, x, ffw).

Similarly to the usual derived functors between derived categories, if Y is smooth we have
the derived functors

Rf*: DG(W7 Xv f*w) g DG(Yv X’ W),
Lf*: DG(Y, x,w) — Dg(W, x, f*w).

Also for another object P € D¢ (Y, x, w’), we have the derived tensor product

L
®P: DgY, x,w) = Dg(¥, x,w+w).

Below we omit the subscripts R, L when the relevant functors are exact functors of co-
herent sheaves, e.g. write L f* as f* when f is flat.

Let Yy, Y> be regular C-schemes with G-actions. Let T be a C-scheme with a G-action
and consider G-equivariant projective morphisms Y; — T'. Let us take w € I'(Or) and
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a character x: G — C* satisfying g*w = x(g)w for any g € G. We consider the
commutative diagram

Y, Y,
wi T wy
d
Al

Let p;: Y1 x Yo — Y; be the projections, and suppose G acts on Y| x Y, diagonally. For
any object

P e Dg(Y1 x Y2, x, —pjwi + p5w2)

we have the Fourier—Mukai type functor

L
WP = Rpa (p} (=) ® P): Da(Y1, x. wi) = Dg(Ya, x, wa).
Leti: Y| x7 Y2 =< Y1 X Y> be the closed embedding. We have the diagram

= ~ forgc*
D%(Yy x1 Y2) —>= DG+ (Y1 x1 Y2, X, 0) ———— Dg (Y1 x7 Y2, 1, 0)

L forg® j forg® j Ix

Db(Yy x1 Y2) —= Dc+(Y) x7 Y2, 0) Dg(Y1 x Y2, x, —pjwi + p5w2)

Here E is given in (2.4) and forg®, forg(c* are forgetting the G-action and the C*-action
respectively. For P € Db(Yl xt Y2) and E(P) € Dc+(Y1 xr Y2,0), the following
diagram commutes:

D’ (Y1) —= Dc+(Y1,0)
<I>7’l jxym’) (2.6)
D*(Y2) — Dc+(Y2,0)
Moreover we have the following:
Theorem 2.1 ([BP10, Hirl7b]). For O € Dg(Yl Xt Y2), suppose that the functor
07D pP(y)) - DP(¥y)
is fully faithful (resp. an equivalence). Then for the object
Q= ix oforg(c* 0 B(Q) € Dg(Y1 x Y2, x, —piwi + pywn)
the functor
W DG(Y1, X, wi) = Dg(Ya, X, wn)
is fully faithful (resp. an equivalence).
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2.3. Knorrer periodicity

Let £ — Y be an algebraic vector bundle on a regular C-scheme Y, ands: ¥ — £ bea
regular section of it, i.e. its zero locus

Z=(6=0CY

has codimension equal to the rank of £. The section s naturally defines a morphism
Qs: £Y — Al sending (y,v) fory € Y and v € E|y to (s(y), v). We have the dia-
gram

gy i gy ol
|
PRSI

Note that Qs = 0 on i(£]) C €Y. Let C* act on Z trivially, and on £ with weight 1 on
the fibers of the projection £¥ — Y. The following is the version of Knérrer periodicity
used in this paper:

Theorem 2.2 ([Isil3, Shil2, Hirl7a]). The functor
iy o p*: Dcx(Z,0) — Dc+(EY, Q)

is an equivalence of triangulated categories. By composing it with the equivalence (2.5),
we obtain the equivalence

ivop o &: DP(Z) S Do (€Y, Qy).

3. SOD via simple flips

Let U be the formal completion of an affine space at the origin. In this section, we show
that for a simple d-critical flip

1\7 - l7 <« 1\7 N
for smooth schemes M* satisfying some conditions, we have the SOD

n

DY(M™) = (D*(0), ..., D*(U), D" (M™)). (3.1)

The result is proved by combining derived factorization analogue of Bondal-Orlov’s SOD
associated with simple flips [BO] (see Theorem 3.3) with the Knorrer periodicity of de-
rived factorization categories (see Theorem 2.2).

The main ingredient in this section is to show that the kernel object of the fully faith-
ful functor D?(M~) < DP(M™) is given by the structure sheaf of the fiber product
M™ xg M. This explicit description of the kernel will be important in the next section
to globalize the result of this section.
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3.1. Simple toric flips
Let V*, V™ be C-vector spaces of dimensions «a, b respectively. We assume that a > b,
and setn := a — b > 0. Let C* act on V™, V™~ with weight 1, —1 respectively. We fix
bases of VE and denote the coordinates of V1, V~ by
)_C':(x],...,.xa), §=(YI7ayb)

respectively. Let V** := V+\ {0}, and define

YT = (V) x V7)/C*] = Totpy+) (Opy (=D @ V7)),

Y~ = [(VF x (V7)) /C*] = Totpy—(Opy- (=) @ V), (3.2)

Z:=(Vt xV7))C* =SpecClx;y; : 1 <i <a,1 <j<b].

We have a toric flip diagram, called a simple flip (see [Rei]):

We also have the projections and closed embeddings
pr: YE > P(vE), it PvE) s yE (3.3)

where i* are the zero sections of pr.

By setting W := Y+ xz Y, we have the diagram

7 \”‘\ 34

Y+ Y-

where pT are the projections. Note that p* are the blow-ups of Y+ at the smooth loci
iT(P(V*)). The fiber product W is also described as

W = Totp(y+)xp(v—) (Opv+)xpv—) (=1, —=1)) = [(VT*) x (V™) x C)/(CH?].
3.5

Here (s1, 52) € (C*)?actson VT x V™ x C by
(s1,82) - (X, y,1) = (51X, sz_lﬁ, sl_lszt).

Under the description of W in (3.5), the projections p*: W — Y+ are induced by the
maps

VIx V- xC—>VtxV™, (C"—>cC*
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defined by
PTIE S D E 1Y), (s1.52) s,
P YD (X)), (51,52) B> 82,
respectively. Let s € C* acton YT, Y™, W by
so(® ) =&, sy, s &Y =(65Y), s (@0 =5, s0) (3.6)

respectively. Then the diagram (3.4) is equivariant with respect to the above C*-actions.

3.2. Critical loci

Let U be a smooth C-scheme of dimension g, given by
U= Spec C[[u1, ..., ugll.
Let us take an element w € F((’)za) written as
a b
w = sziijij(ﬁ) (3.7)
i=1j=1

for some w; (it) € I'(Op). We consider the following commutative diagram:

(3.8)

Then the composition

can be written as

W=t Zx,-yj u},‘j(ﬁ) 3.9)
i,j

in the description of W by (3.5). We define M* to be

M* = {dw* =0} C Y5,
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Lemma 3.1. Suppose that M= are smooth and irreducible of dimension

dmMt =n+g—1, dmM =-n+g—1 (3.10)
respectively. Then M= are contained in the images of ileJE : ]P’(Vi)f, —Y [ijt where i* are
given in (3.3). Moreover,

a
Mt = {(z, i) e P(VHg Y xwij(@) = 0forall 1 < j < b],
=1
5 3.11)
- = {(y, @) eP(V )1 Y yjwiji) = 0forall 1 <i < a].
j=1
Proof. Let NT be the scheme defined by the RHS of (3.11). Note that we obviously have
the closed embedding

Nt MT, & i) (&5 =0,i). (3.12)

Since N is defined by b equations on the smooth scheme P(V 1) g of dimension a+g—1,
we have

dmNt>a+g—-1—-b=n+g—1.

Therefore the assumption on M+ implies that the embedding (3.12) is an isomorphism.
The claim for M~ is proved similarly. O

Remark 3.2. The assumption of Lemma 3.1 is satisfied if g = ab and w;; (i) = u;j
where {u;;}1<i<a,1<j<p isa coordmate e system of U. If the assumption of Lemma 3.1 is
satisfied, then the projections M M* — U are well- -presented families of projective spaces
defined in [Kem73, Section 3].

Under the assumption of Lemma 3.1, we have fA (M i) C {0} x U. Therefore 7% :=

(f“ )|Mj: induces the dlag an
x+ / ( )

Moreover for each ¢ € Z, we have the line bundles

Of3+(0) 1= Op(y+), ()| jj+ € Pic(M™).

3.3. SOD of derived factorization categories under simple flips

Let us consider the diagram (3.8). Since w™, w™ and W are of weight 1 with respect to
the C*-actions (3.6), we have the associated derived factorization categories

+ o+ - =
Dex(Yg, w™),  De(Yg,w™),  De«(Wg, w)
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respectively. Since the diagram (3.4) is C*-equivariant, we have the functors
Lp;": Dos (Y, w™) = Dex(Wy, @), Rpk @ Dex(Wy, @) — Do (Y, w™).
By composing them, we obtain the functor
Wy :=Rpj_oLpz": Des(Yg,w™) — Des (Y, w™h). (3.14)
Let
g:P(VHg > U, iX:P(VH— i

be the projection and the inclusion into the zero section (3.3) respectively. We also have
the functor

Ty =ik og*: Dc+(U, 0) — De=(YE, w™). (3.15)

Here C* acts on U , IP’(V+)[7 trivially. The following result should be well-known, but we
include a proof here as we cannot find a reference.

Theorem 3.3. (i) The functor Wy in (3.14) is fully faithful.
(1) Ifn = 1, the functor Yy in (3.15) is fully faithful.
(iii) By setting Yy := ®Oy+ (i) o Yy, we have the SOD

U

Do (Y2, wh) = {ImYy", ..., ImY; "', ImWy).
Here Oy+ (i) is the pull-back of Opy+)(i) under the projection Yg — P(V™1).
U

Proof. (1) The functor Wy is written as WOV in the notation of Theorem 2.1. On the other
hand, the functor

POw . DP(vz) — DP(YE) (3.16)

is fully faithful by [BO]. Therefore (i) follows from Theorem 2.1. The proof of (ii) is
similar.

We prove (iii). Let us recall that we have a similar SOD using windows [HLIS5,
BFK19]. Let 7j = C* for j = 1,2 acton V' x V~ x U with weight (1, —1, 0) for
j =1,and (1,0, 0) for j = 2. Then the open immersions

nt: Yg — (VT x V7)p/Ti (3.17)

are C*-equivariant, where the C*-action on the LHS is given by (3.6) and that on the RHS
is given by the above T»-action. Let O, (i) be the Tj-equivariant line bundle on Spec C,
given by a one-dimensional T;-representation with weight i. We denote by Oy +, - o @)
the pull-back of O, (i) under the structure morphism

(V* x V7)) — SpecC.



1690 Yukinobu Toda

Let x: T} x T, — C* be the second projection, and take w € F(O(V‘*'XV_)g) asin (3.7).
For a subset I C R, the window subcategory

Wi C Dryxr, (VT x V)i, x, w) (3.18)

is defined to be the thick triangulated subcategory generated by the factorizations (2.3)
where Fy, F are of the form

Fi= @ Owsxv-y @i, j=0.1, 1 € Z=.
—ielNZ

as Ty-equivariant sheaves. Here we regard the (77 x T»)-equivariant sheaves F; as Ti-
equivariant sheaves by the inclusion 77 — T x T, t1 +— (1, 1). By [BFK19, Theo-
rem 3.5.2], there exists a fully faithful functor

’. - = + ot
Wy s DYz w™) = Des(YE wh)
which fits into the commutative diagram

nr -
Wip,0) —=— D= (Y, w™)

\ lvy (3.19)

Wib,a—b) —> Der (Y3, wh)
n

Here the horizontal arrows are equivalences of triangulated categories, defined by pull-
backs via open immersions (3.17) restricted to Wy, and the left vertical arrow is a natural
inclusion. Moreover by loc. cit., we have the SOD

Dex(YE, wh) = (Im Yy, ..., Im T, Imwy).
It is enough to show that Im Wy = Im W},. Note that

O rxvo () = Oy (=), (O xv=y5 (D) = Oy ().

Yo

By the diagram (3.19), it follows that Im W}, is generated by factorizations (2.3) such that
Fo, F1 are of the form

NG P L.
Fi= @ oyg(—z)@ Jo j=0,1, 1;j € Z>o.
0<i<b-1

On the other hand, an easy calculation shows that

O (0,-(i)) = Oy (—i), 0<i<b-1, (3.20)
U U

where @9V is the functor (3.16). Together with the equivalence of the top horizontal
arrow of (3.19), it follows that Im Wy is also generated by the objects of the form (3.20).
Therefore Im Wy = Im W},. O
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3.4. SOD in the complete local setting

We return to the situation of Subsection 3.2. Under the assumption of Lemma 3.1, we
have the diagram
-+ +
ATt T yE W Al
U

t]iL O lpr%
M* PV,
Here A¥ are defined by the above Cartesian square. By Theorem 2.2, the above diagram
induces the equivalence
jFoq™: Do (M*,0) > Des(YZ, w™). (3.21)
Here C* acts on M* trivially, and on Y g with weight 1 on fibers of pr%. Set
B = {(2, .)€ BV x BV )5 S xiyjwis @) = 0}.
i,J

Similarly, we have the diagram
E 1 7 E—'
ZiL O lpra
B~ (P(VH xP(V)y

where the right vertical arrow is the projection and E is defined by the above Cartesian
square. Again by Theorem 2.2 and the description of @ in (3.9), the above diagram in-
duces the equivalence

J«0@*: Dc+(B,0) = D+ (W, ). (3.22)
Here C* acts on B trivially, and on Wy with weight 1 on fibers of prg. Set

a
Fto= {(55, 5.0 € BV x BV )5 > xwi(i) = 0forall 1 < j < b},
i=1

b
Fo= {(2, F.i) e BVH xBV7))g: Y yjwyi) = 0forall 1 <i < a}.
=1

Note that F* C B. Also the projections (P(V ') x PV )y — ]P’(Vi)ﬁ restricted to F*
give morphisms F* — M¥, which are trivial P(V5)-bundles. So we have the diagram

Frc K _ B

ME
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Let ©F be the functor defined by
©F := k¥ o r*™: De«(M*,0) — D+ (B, 0).
Lemma 3.4. The following diagram is commutative:
A:I: @i
Dc+(M™, 0) ——— Dc+(B, 0)
jfoqi*t l Feog* (3.23)
| Lpg” -
Des (Y, w*) — D+ (Wg, @)
Here the vertical arrows are the equivalences (3.21), (3.22).

Proof. Let F*cC W be defined by the Cartesian square

~ e =
Fr 1 Wy

| o e

Fr o PVH xP(V )5

Here the right vertical arrow is the projection. We have two diagrams

iE

F % Wi FE ¢ E C Wg
l m Ll% l O l? O lprﬁ
d I T v P FEC LB L VY x PV
Lqi O Lpr?jﬁ Lri | l
M PVH) M*c P(V)5

Since all Cartesians in the above diagrams are derived Cartesians, the base change shows
that

L]J%* oj;t oqi* g;’i: oq~:|:* ~ ;; oa* ° @i.
Therefore the lemma holds. O

Lemma 3.5. The following diagram is commutative:

+

~ O%
Dc+(M™, 0) <—— Dc+(B, 0)
jEog®* l lfz(ﬁ* (3.24)
Rp3,

£+ 7 ~
Dc+(Yg, w™) <—— De=(Wg, w)
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Here @f are the right adjoint functors of ©, i.e.
O% == Rrf o (k)"
where (k*)" are the right adjoint functors of kf. They are written as
(M) =@ O0p+(b—1,—1) o LK™[1 — b], (3.25)
(k™) =®0p (—=1,a—1) o Lk *[1 —al.

Here Opzt (C, d) = O(]p(v+)x]p(v—))0(c, d)|p:t.

Proof. The commutativity of (3.24) follows from that of (3.23) together with the fact that
+

R pa, @% are the right adjoint functors of Lp 0*, O respectively. As for the formula for
(ki)!, note that
(k*)' (=) = ®det N+ /5 o Lk (=) o [dim F* — dim B].
By the exact sequences
0= Nr2/p = Nrsj@vxev-ng = Np/@woxeev-); = 0
we have
detNp+/p = Op+(b—1,-1), detNp-,p=0p-(a—1,-1).
Together with the dimension computations
dmFt=g+a—-2, dmF =g+b—2, dimB=g+a+b—-3 (3.26)
we obtain (3.25). ]
Proposition 3.6. Suppose that
dim(M* x5 M™) < g—1. (3.27)

Then the following diagram is commutative:

_~ [OF o~
D (M~,0) —2= De« (M, 0)
j*oq*t jjiwﬁ*
W ~
Dex (Y, w*) —— D= (Y, )

Here the vertical arrows are the equivalences (3.21), Wy is given by (3.14) and Op; is
defined by

EOp+, -
Op =®05.(b—1) oW T 1) s g0 (—D[1 - b
where B is the equivalence in (2.5):

O Db(l\/i+ X M‘) = DC*(M+ X M‘,O).
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Proof. By Lemmas 3.4 and 3.5, it is enough to check that @; 0 ®7 is isomorphic to © ;.
By setting Op(c,d) := O(p(v+)xp(v—))0(c, d)|p, and using (3.25), we have

O 0O (=) =Rr (Lkt*kr (=)  Op+(b — 1, —1))[1 — b]
=Rr Lk (k; r (=) ® 00, —1)) ® O (b — D1 — b]
=Rr LKk, r (- ® O-(=1)) ® O+ (b — D[1 — b.

Let us consider the composition Lk o k in the above formula. We have the Cartesian
diagram

FrnrF- 9% fF+

{ O [w (3.28)
B

P
Fre k&
By the definition of F' % we have
FTNF =M*xgM™. (3.29)
Since Ft C B is of codimension » — 1 and F~ C B is of codimension a — 1, we have
dim(FtNF)>dmB—-(b—-1)—(a—-1)=g—1.

Then the assumption (3.27) on the dimension of the fiber product implies dim(F* N F ™)
= g — 1 and (3.28) is a derived Cartesian diagram. Therefore by base change,

Lk™ ok, =6 o L™
By substituting into the above formula for @; o ®7, and again noting (3.29), we have
OFo® (=) =Rrf0/LOT*r (= ® Og-(—=1)) ® O+ (b — D[1 — b]
—wE T (L@ 0 (—1) @ O (b — D1 — b] = ©(—).
Therefore the proposition holds. O

Lemma 3.7. The following diagram is commutative:

~i+b

~ 41 (=Pl ~
D¢+ (U, 0) —— Dc+(M*, 0)
H Lj;rqu (3.30)
Dc+(U, 0) —— De= (Y, w)
Here T;} is defined in Theorem 3.3(iii), and T;} is defined by

Tl;, = ® O+ (i) o Lw™: Dex(U, 0) — Dex(M™, 0). (3.31)
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Proof. The inverse of the equivalence of the right vertical arrow in (3.30) is given by
Rg; o j*'. Therefore it is enough to check that

. . . ~ =~=i+b
Rg o jTo® oyg(z) o 15* og* =Ty [—b). (3.32)

We use the commutative diagram
id
0T g T

A e e

U +)~ + +y~
U<g—]P’(V )U?Yﬁ p—rE>IP’(V )i
U

Since the left Cartesian diagram above is a derived Cartesian, by base change we have
Lj ™o ig* =i} o Lj**. Together with OY5(1)|A+ = g™ O+ (1), we have
Rq:' o j'H o ®Oyg(i) o i(j]:* og*

=Ry 0@ 0yt (D)|a+ o Lj ™ 0 @Oy (i) 0if o g*[—b]

U U

=®05+(b+i)oRg oLjt o ili;* o g*[—b]

= ®05:(b+i)oRg} oif oLj 0 g*[~b]1 = ® Ogs (b + i) o Lu*[—b]
as expected. O

By putting all the arguments in this subsection together, we have the following:

Proposition 3.8. In the setting of Subsection 3.2, suppose that the assumptions of Lem-
ma 3.1 and the dimension condition (3.27) hold. Then we have the following:

(1) The functor
Os = —~ ~
D=0 " pP(MT) - DP(MT)

is fully faithful.
(ii) Ifn > 1, the functor
Th = ® O (i) oL *: DP(U) — D*(M™)

is fully faithful.
(iii) We have the SOD

b+ —n+1 0 _
D" (M )_(ImTM" soes Im YR Im @ ).
Proof. By Theorem 3.3(i) and Proposition 3.6, the functor

Cl(eI ~ =
wEOngi?)  p (7 .0) = Dee (M, 0)
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is fully faithful. Therefore (i) follows by the commutative diagram (2.6). Similarly, (ii)
follows from Theorem 3.3(ii), Lemma 3.7 and the commutative diagram (2.6). As for
(iii), by Theorem 3.3(iii), Proposition 3.6 and Lemma 3.7 we have the SOD

DMt = (Im T2 Im Y2 @05 (b—1)oImd ).

By tensoring with O ;1 (1 — b), we obtain the desired SOD. O

4. SOD via d-critical simple flips

In this section, we show that for a d-critical simple flip M™ — U < M~ satisfying some
conditions, we have an associated SOD of D?(M ™). The SOD in this section is obtained
by globalizing the SOD in Proposition 3.8.

4.1. D-critical simple flips

Let U be a smooth variety with g := dimU. Let (M +, si) be two d-critical loci, and
suppose that we have projective morphisms

M+ M~
4.1
R / @1
U
For each p € U, we set
171, := Spec (/Q\U,p, 1\7;—L = M* Xy ﬁp. “4.2)

Definition 4.1. A diagram (4.1) is called a formal d-critical simple flip if for any p € U,
there exist finite-dimensional vector spaces VE with dimV+ > dim V~ such that,
with Y*, Z defined as in (3.2), and

2(] = Spec Oz, (0,p)» ?&t = YL:}: X 7y 2[], “4.3)

there exist w € OZJ and a commutative diagram

MECEL T (4.4)
< N
0[7 C% 2{] LAI

where the horizontal arrows are closed immersions, W= are defined by the above commu-
tative diagram, j sends p to (0, p) and (* induce the isomorphisms of d-critical loci

EMES [dot =0y c YL (4.5)
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For a formal d-critical simple flip (4.1) and p € U, let V* be vector spaces as in Defi-
nition 4.1. Below we use the notation in Subsection 3.1, e.g. a = dim V. b =dimV~,
n :=a — b > 0, the coordinates X, y of V¥, V~, etc. Note that (a, b) may depend on the
choice of p € U. We assume the following on the diagram (4.1):

Assumption 4.2. (i) The diagram (4.1) is a formal d-critical simple flip.
(ii) For any p € U, the formal function w in (4.4) is of the form

~ 1 2 -
w=2x,y, S+ Y xixeyy w4 (4.6)
L’ g’

for some w(k) ) e (’)U p»and w( )(u) is written as

g
wi(l})(ﬁ) = Z ajjkuy + (higher order terms in i) @7
k=1

for some g;;; € C. Moreover the bilinear map

Yv:C*'® Cb - Cs, Y(a, E) = (Zaijkaiﬂj)l<k<g’ 4.8)
i,j - -

is injective on each factor, i.e. for any non-zero a € C% and B € CP, the maps
v (@, —), ¥(—, B) are injective maps C® — C&, C* — CS.

(iii) There exists a 7 -ample line bundle O+ (1) on M such that under the isomor-
phism (4.5), we have an isomorphism of line bundles

W Op+ (1) = Oy (Dl - 4.9)

Lemma 4.3. Suppose that a diagram (4 1) satisfies Assumption 4.2(i,1i). Then for any
p € U, the critical loci {dw* = 0} C Y, * in the diagram (4.4) are written as

(it =0} = {(z, i) e BV - inwi(})(ﬁ) —Oforalll < j< b},
- (4.10)
[di~ =0} = [(y,ﬁ) eP(V7)g, - Zy, D) =0forall1 <i < a}

Moreover n = a — b > 0 is independent of p € U, M* are smooth and
dimM* =4n+g—1.

Proof. For p € U, let us consider the diagram (4.4). The subscheme {dw™* = 0} C ?[Jj
is contained in the closed subscheme of YJ defined by the equations

L M @
ow™ (i) dw;;” (i) dw;i/ 0 ()
= szyj T > xixiypyy e +e=0 @D

Piloq il
LU g,
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forall 1 <k < g. Note that
1), -
8wl.(j)(u)
duy
Then by the assumption on the map (4.8), the subscheme

= ajjk + o(u).

szy, dur =0:1<k<g;C((V xV)ﬁp

coincides with V* x {0} X U Since the higher order terms in (4.11) have degrees greater
than or equal to 2 in y, by the Nakayama lemma the zero locus defined by (4.11) equals
y = 0on Y*, i.e. the zero section ]P’(V+)U - YJr Therefore {dw' = 0} C Y(Jj is as
in (4.10).

Let gj for 1 < j < b be the defining equations in the RHS of (4.10). Again the
property of the map (4.8) implies that the Jacobian matrix

(8gj 3gj>
ox; Ouy I<i<a,1<j<b,1<k<g

is of maximal rank b at any point in the RHS of (4.10). Therefore {dw+ = 0} is smooth
of dimensiona — 1+ g — b = n 4+ g — 1. By the isomorphism (4.5), M+ is smooth of
dimension of n + g — 1 for any p € U, hence M is smooth of dunenswn n+g—1.The
claim for M~ is similarly proved. O

Lemma 4.4. [n the situation of Lemma 4.3, we have
dimM~ xy Mty <g—1. (4.12)

Proof. Let us take p € U, and vector spaces V¥ as in Definition 4.1 with @ = dim VT,
b = dim V~ as before. For each k > 0, let U® be the locally closed subset U defined by

URP .= (xeU:dim@x" ) 'x)=k—1}.

Then p € U® as (x )~ (p) = P(V™), and the descriptions of {dW* = 0} in (4.10) and
the isomorphisms (4.5) show that

U® U, =Spec(Ou.p/(w}; @) : 1 <i <a, 1 <j<b)).

It follows from the description of wl(]1 )(ﬁ) in (4.7) that the tangent space of U® at p is

8
TU® ), ={,. . ou) € C Y auu =0, 1 =i <a, 1< j<b.
k=1

Therefore the dimension of 77U ®| p 1s the dimension of the cokernel of ¥ in (4.8). By
the assumption on the map (4.8), the Hopf lemma (see [Gin, Lemma 2]) implies that
dim Cok(yy) < g —a — b + 1. Therefore

dmU® <g—a—b+1.
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It follows that
dim((x )~ U?) xyw () THUP))
<s@-D+@G-DH+E—-a-b+H=g-1
By applying the above argument for all p € U, we see that for any £ > 0 we have
dim((n+)_1(U(k)) X (JT_)_I(U(k))) <g-—1L

Since U is a disjoint union of strata U &) the condition (4.12) holds. O

4.2. SOD under d-critical simple flips
The following is the main result in this section.

Theorem 4.5. Suppose that the diagram (4.1) satisfies Assumption 4.2, so that M* are
smooth of dimension £n 4 g — 1 for some n € Z>qo by Lemma 4.3. Then:

(1) The functor
Dy = @M xumt . pb(M~) > DP(MT)

is fully faithful.
(ii) Ifn > 1, the functor

i, = ®0y+ (i) o Le™: DP(U) — D°(M™)

is fully faithful.
(iii) We have the SOD

DP(M™TY = (ImY, T Im Yy, Im @) (4.13)
The proof of Theorem 4.5 is in three steps.

Step 1. For each p € U, we may assume that the formal function (4.6) satisfies wik) (i)
=0fork > 2.

Proof. In the notation of Assumption 4.2(ii), let w € Oz ® (/9\(/, p be defined by
1) ,-
w = iniji(j)(u).
iJ

We set wt: Y lilt — A as in the diagram (3.8) for U="0U ». Then the argument used for
)4
Lemma 4.3 shows that {dw® = 0} C Yli; are described as in the RHS of (4.10) and the
4

isomorphisms (4.5) give

b

Liiﬁp {dwi=0}CYllj—L.
4

Therefore we may replace w with w and assume that wik) () = 0 fork > 2. O
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Step 2. Item (i) and (ii) of Theorem 4.5 hold.

Proof. Let @y g be the right adjoint functor of ®jy, and let P € DP (M~ x M™) be the
kernel object for the composition functor

®p o Py DP(M™) - DP(MT) — DP(M™).
Then there is a canonical morphism
Oa,- > P 4.14)

corresponding to the adjunction idy;- — P g o P . Let Q be the cone of the morphism
(4.14). In order to show that @, is fully faithful, it is enough to show that Q = 0. Indeed,
if this is the case, then the adjunction idy;- — Py g o Py is an isomorphism hence P s
is fully faithful.

__ Note that Q is supported on the fiber product M~ xy M~ by construction. Since
Up — U is faithfully-flat, the vanishing Q = 0 is equivalent to

Q ®O - - OM];XM; =0 (4.15)

forall p e U.
Now by Step 1 and Lemmas 4.3 and 4.4, the diagram

~ ~ ~

M, - Up < M,
satisfies the assumptions in Proposition 3.8. Then Proposition 3.8(i) shows that the mor-
phism (4.14) is an isomorphism after pulling it back by M, x M, — M~ x M".
Therefore (4.15) holds for any p € U, and Theorem 4.5(i) is proved. The proof of (ii) is
similar. o

Step 3. Theorem 4.5(iii) holds.
Proof. We first show the semiorthogonality of the RHS of (4.13), i.e. the vanishings

Hom(Im @y, ImYi,) =0, Hom(Im Y}, ImY},) =0,
fori < j. Itis enough to check that
Py roYly =0, YiypoYl =0

where @y g, Tziw, g are the right adjoint functors of @y, Tjw respectively. Again it is
enough to check these vanishings formally locally at every p € U, and Proposition 3.8(iii)
implies that they indeed hold.

Let E € D’(M™) be an object in the right orthogonal complement of the RHS
of (4.13). Then Proposition 3.8(iii) implies that £ = 0 on M ; for any p € U. Therefore
E =0, and the RHS of (4.13) generates the LHS. O
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5. SOD for stable pair moduli spaces

In this section, we apply Theorem 4.5 to prove Theorem 1.1, i.e. the existence of certain
SOD on moduli spaces of Pandharipande—Thomas stable pairs on CY 3-folds.

5.1. Stable pairs and stable sheaves

Let X be a smooth quasi-projective variety. By definition, a stable pair in the sense of
Pandharipande-Thomas [PT09] consists of data

(F,s), s:0x —F,

where F' is a pure one-dimensional coherent sheaf on X with compact support, and s is
surjective in dimension 1. For 8 € Hy(X, Z) and n € Z, the moduli space of stable pairs
(F, s) satisfying the condition

[Fl=8, x(F)=n (.1

is denoted by P, (X, B). Here [F] is the homology class of the fundamental one-cycle
associated with F. The moduli space P, (X, B) is a quasi-projective scheme (see [PT09]).
We define the open subscheme

P(X, B) C Pa(X, B)

to consist of stable pairs (F, s) such that the fundamental one-cycle associated with F is
irreducible.

We denote by U, (X, B) the moduli space of compactly supported one-dimensional
Gieseker stable sheaves F on X with respect to a fixed polarization, satisfying the con-
dition (5.1). The moduli space U, (X, B) is a quasi-projective scheme (see [HL97]). We
define the open subscheme

U;(X, ﬂ) C Ul’l(Xv ﬂ)

consisting of one-dimensional stable sheaves whose fundamental one-cycles are irre-
ducible. Note that U, (X, B) is the moduli space of pure one-dimensional sheaves F with
irreducible fundamental one-cycles satisfying (5.1). In particular, U; (X, ) is indepen-
dent of the choice of a polarization. Below we always assume that U; (X, B) is a fine
moduli space, i.e. it admits a universal sheaf

F € Coh(X x U, (X, B)). 5.2)

Remark 5.1. Alternatively, U, (X, B) parametrizes pairs (C, F') where C C X is an
irreducible projective curve with [F] = B, and F € Coh(C) is a rank-one torsion free
sheaf satisfying x (F) = n.

Remark 5.2. The existence of the universal sheaf (5.2) is guaranteed if (D - B, n) is
coprime for some divisor D on X. See [HL97, Corollary 4.6.6].
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5.2. Wall-crossing diagram of stable pair moduli spaces
Suppose that X is a smooth projective CY 3-fold, i.e.
dmX =3, Kyx=0.
Let us take B € H2(X, Z) and n € Z>¢. Then as in [PT10], we have the diagram

Py (X, B) P2,(X,B)

\ / (53)

Uy, (X, B)
Here 7 are defined by
at(F,s)=F, n (F,s)=Exty(F,Ox).

If furthermore H'(Ox) = 0, then the diagram (5.3) gives an example of an analytic (in
particular formal) d-critical simple flip (see [Tod, Theorem 6.18]). Here we recall some
more details.

Let us take a point p € U7 (X, B) corresponding to a pure one-dimensional sheaf F
on X. We write

Un(X, B)p = Spec Ouyx py.pr Pa(X, B)p 1= PY(X, B) Xugx.p) Un(X, B)p-
We take a collection of objects in Db(X)
E, = (E1, E2), E1=0x, Ey=F[-l]. (54)
We define vector spaces V+, V= and U as follows:
V' = Exty(Eq, Ey) = HO(F),
V™ = Exty(Ez, E1) = H'(F)Y, (5.5)
U := Exty (Ey, Ey) = ExtL (F, F).

Below we use the notation and conventions of Subsections 3.1 and 3.2, e.g. C*-actions
on V*, the GIT quotients Y*, Z, coordinates X, y, i on Vi,AU, a =dimV™*, b =
dim V’/,\g = dim g , etc. We also take the formal completion Zy of Zy at (0, 0), and
define f;: Ylj; — Zy asin (4.3). The following result is obtained in [Tod]:

Theorem 5.3 ([Tod, Theorem 6.18]). In the above situation, there exist an element
w € Oz, (0,0 and the commutative diagram

Pi(X, B)p — {dDF =0} =V

n+l L f;l \i (5.6)

Up(X, By —— {dw® =0} I Zy —2 o Al
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Here W+ are defined by the above commutative diagram, the bottom left arrow sends p

10 (0, 0), and the map j is the composition of the inclusion {dw® =0} c U with the
inclusion U — Zy given by u — (0, u).

Remark 5.4. In [Tod14b, Theorem 6.18], it is stated that we can take w as an analytic
function on an analytic open neighborhood of 0 € Zy, and the diagram (5.6) can be
extended to analytic neighborhoods of 0 € Zy and p € U, (X, ). The formal version in
Theorem 5.3 is weaker than the analytic version in [Tod14b, Theorem 6.18], but enough
for the purpose of this paper.

Let us write the formal function @ in Theorem 5.3 as

—~ - 1) ,- 2 -
D = w0+ xiywl @+ Y xxeyypwg @+ (G
ij ii'j.J’

for wik) ) € 6U,O~ The function (5.7) is constructed using the minimal cyclic A-struc-
ture on the subcategory of D”(X) generated by E; and E; (see [Tod, Subsection 5.1]). In

particular, the linear term of wl.(;) () is given as follows. Let us consider the triple product
Exty (Ea, E2) ® Exty(E1, E2) ® Exty(E2, E1) — Exty(Ez, E2) =C (5.8)

given by composition, where the last isomorphism is given by the Serre duality. For
I<i<a, l<j<bandl <k <g,let

x; € Exty(E1, E2). y, € Exty(Es, E1),  uy € Exty(Ez, E)
be the dual basis of x;, y;, ux respectively. Then using the triple product (5.8), we have

8

- 1 . . o
wl.(})(u) =5 (x;" - ¥/ - uy )ug + (higher order terms in i). (5.9
1

k=
‘We show that wi(})(ﬁ) satisfies Assumption 4.2(ii):
Lemma 5.5. The map
Exty (E1, E2) ® Extk (Ea, E1) — Ext%(Ea, E2) (5.10)
given by composition is injective on each factor.

Proof. Recall that E, E; are as in (5.4), i.e. E; = Ox and E; = F[—1] for a pure one-
dimensional sheaf F on X with irreducible fundamental one-cycle. So F' can be written
as jxE where j: C — X is an irreducible Cohen—Macaulay curve and FE is a rank-one
torsion free sheaf on C. Therefore the map (5.10) is

HY(C, E) ® Ext (j+E, Ox) — Extk (jxE, j+E). (5.11)
Note that

Ext} (j+E, Ox) = Ext2(E, j'Ox) = Hom(E, wc)
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where wc is the dualizing sheaf on C. Also HY(C, End(E)) C Exti((j*E, J«E), and the
Serre duality gives the surjection

Ext% (j+E, jxE) — Hom(End(E), oc).
By composing it with (5.11) we obtain the map
H'(C, E) @ Hom(E, wc) — Hom(End(E), wc). (5.12)

The above bilinear map is given by the natural composition map. Since E and End (E) are
torsion free on C, and wc is also torsion free on C as C is Cohen—Macaulay, the bilinear
map (5.12) is injective on each factor. Therefore the lemma holds. O

We also have the following lemma:
Lemma 5.6. There is a n*-ample line bundle Op(1) on PS(X, B) such that for any
p € UX(X, B), the isomorphism «* in the diagram (5.3) satisfies

(" (O Mliga+=0) = Or (D15, (x.p),-

Proof. Let H be a sufficiently ample divisor on X such that for any [F] € U; (X, B),
the sheaf F(H) := F ® Ox(H) satisfies H' (X, F(H)) = 0, and the natural map F —
F(H) defined by taking the tensor product with Oy C Ox(H) is injective. Such an
ample divisor H exists as U, (X, B) is of finite type. By setting d = H - B, we have the
commutative diagram

PY(X. ) s P2 (X, )

n*j ln* (5.13)
US(X, B) —— U2, 4(X, B)
Here the top arrow is given by
(Ox - F) > (Ox - F — F(H))

and the bottom arrow sends a stable sheaf F' to F(H). By the condition H L(X, F(H))
= 0, the right arrow is a projective bundle with fiber P(H°(X, F(H))). Indeed, using the
universal sheaf (5.2), we have an isomorphism over U, (X, B)

rd (X, B) = P(pu«(F ® pxOx (H))).

Here py, py are the projections from X x U7 (X, ) to X, U; (X, B) respectively. By
restricting the tautological line bundle on P, (X, B) to P;(X, B) by the top arrow of
(5.13), we obtain the desired Op(1). ]

5.3. SOD for stable pair moduli spaces

We keep the situation of the previous subsections. For the diagram (5.3), let WW° be the
fiber product
We = P;(X, B) XU (X,B) Pin(X, B).
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The following is the main result in this section:

Theorem 5.7. For n > 0 and B € Hy(X,Z), suppose that U7 (X, B) is fine and non-
singular of dimension g. Then P2, (X, B) are also non-singular of dimension £n+g —1,
and we have the following:

(1) The functor
®p = 9 DP(P°, (X, B)) — DP(P2(X, B))

is fully faithful.
(ii) There is a ™+ -ample line bundle Op (1) on P2 (X, B) such that if n > 1, the functor

Th: DP(UL(X, B)) — D (P(X, B))

defined by Lt t* (=) ® Op (i) is fully faithful.
(iii) We have the semiorthogonal decomposition
Db (PA(X, B)) = (Im X", .. Im YD, Im ®p).
Proof. We show that the diagram (5.3) satisfies Assumption 4.2. Let us take p €
U; (X, B) corresponding to a pure one-dimensional sheaf F. The assumption that
U, (X, B) is smooth and the bottom left isomorphism in the diagram (5.6) indicate that,
for the formal function w written as in (5.7), we may assume that w@ @) = 0. Then

(1) of Assumption 4.2 follows from Theorem 5.3, (ii) follows from Lemma 5.5, and (iii)
follows from Lemma 5.6. Therefore the theorem follows from Theorem 4.5. m}

Remark 5.8. When X is a non-compact CY 3-fold, suppose that X has a smooth com-
pactification X such that H'(Ox) = 0 for i = 1, 2. Then the result of Theorem 5.7 also

holds without any modification with X replaced by X. This is because for E| = O and
Ey; = F[—1] where the support of F is contained in X, we have the perfect pairing

Extk (E;, Ej) ® Ext}(E;, E;) — C

by the CY3 condition for X and since H' (Ox) =0fori=1,2.

5.4. Stable pairs on local surfaces

We apply Theorem 5.7 to some local surfaces. Let S be a smooth projective surface satis-
fying H'(Og) = 0 fori = 1, 2. We consider the non-compact CY 3-fold

X = Tots(Ky).

We will apply Theorem 5.7 to show the existence of SOD of relative Hilbert schemes of
points on the universal curve over a complete linear system.

Let us take 8 € Hy(S,7Z) = H?2(S, Z) such that — K - B > 0. By the assumption
H!(Og) = 0 fori = 1,2, there is a unique L € Pic(S) such that ¢;(L) = B. Let
|L|° C |L| be the open subset consisting of irreducible curves and

7:C— |LI°
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the universal curve. Note that any member C € |L|° has arithmetic genus
g=1+3(8>+Ks-p).

We have the diagram

IL]°

Here 7™ is the 7-relative Hilbert scheme of n points, and 7 is the m-relative rank-one
torsion free sheaf on the fibers of = with Euler characteristic n. Let i : S < X be the zero
section. We have the following lemma:

Lemma 5.9. (i) We have isomorphisms
clrs=11 5 pe(s, ) S5 PO(X.ih)

and they are non-singular.
(i1) We have isomorphisms

1R

b

Jn = U, (S, B) = U, (X, ixB)

and they are non-singular.

Proof. As for (i), the isomorphism C"+¢=11' 5 po(§, B) and the smoothness of
P (S, B) follow by applying the arguments used for [PT10, Propositions B.8, C.2]. The
assumption —Kg - f > 0 implies that any compactly supported irreducible curve on X
with homology class i, 8 must lie on the zero section S C X. Therefore we have the set-
theoretic bijection P;(S, B) — P;(X,i.f), and these schemes have the same scheme
structures by [KT14, Proposition 3.4].

As for (ii), the smoothness of U, (S, ) follows from

Ext}(F, F) = Hom(F, F ® Os(Ks))” =0

for a sheaf F corresponding to a point in U, (X, §), by the Serre duality and the assump-
tion —Kg-B > 0. The isomorphism J, > U; (S, B) follows from the argument in [MT18,
Subsection 5.3], and U, (S, B) S U, (X, i.B) follows similarly to (i). ]

By Lemma 5.9, the diagram (5.3) in this case is

clntg=11 cl=n+g-1l]

NS

In
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Again we assume thatn > 0 and U,/ (S, B) is fine, which is guaranteed if ged(8-D,n) = 1
for some divisor D on S (see Remark 5.2). Applying Theorem 5.7 to X = Totg(Kg) and
noting Remark 5.8, we have the following:

Corollary 5.10. In the above situation, we have the SOD

n

pbclrts=ly = (Db(J,), ..., DP(J,), Dbl T8~ 1),

5.5. SOD of symmetric product of curves

Let C be a smooth projective curve over C of genus g. Its k-fold symmetric product C¥]
is defined by

k
—
CHl.=(Cx - xC) /6
where the action of the symmetric group & is by permutation. The variety C™% is
a smooth projective variety of dimension k, and identified with the Hilbert scheme of
k-points on C.

Let Pick(C) be the moduli space of degree k line bundles on C, which is a g-
dimensional complex torus. Once we fix a point ¢ € C, we have the isomorphism

Pick(C) S Je := Pic®(C) (5.15)

which sends [L] € Pick(C) to [L(—kc)] € Jc. Below we fix the above isomorphisms for
each k € Z. We also have the Abel-Jacobi map

AJ: M — pick(C) (5.16)
which sends a length k subscheme Z C C to the line bundle O¢ (Z).

Remark 5.11. For k > 2g — 2, the map (5.16) is a projective bundle. In general, the map
(5.16) is a stratified projective bundle, where strata on Pic(C) are given by Brill-Noether
loci. The geometry of Brill-Noether loci is complicated and depends on the complex
structure of C, whose study is a classical subject in the study of symmetric products of
curves (see [Fla, Section 5], [Kas13, Examples 1.0.7-1.0.10]).

For n > 0, we consider the diagram
clntg—1l Cl=ntg—1l
k\ e (5.17)
Pic"te=1(C)

Here AJY sends Z C C to wc(—Z). Applying Theorem 5.7 and using the isomorphism
(5.15), we obtain the following corollary:
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Corollary 5.12. For each n > 0, we have the SOD
n

pb(clrte=tly = (Db (Jc), ..., DP(Je), Db (clrHe=1lyy,

Proof. Let X be the non-compact CY 3-fold
X =Totc(L1 & L)

where L1, L, are general line bundles of degree g — 1 satisfying L1 ® L, = wc. Then the
diagram (5.3) in this case coincides with the diagram (5.17). As mentioned in [Tod, Exam-
ple 9.22, Remark 9.23], Theorem 5.3 applies to the non-compact CY 3-fold X. Therefore
the result follows by the same argument as for Theorem 5.7 and isomorphisms (5.15). O

For n = 0, the images of AJ and AJY coincide with the theta divisor
O :={[L] € Pict 1 (C) : h°(L) # 0} C Pict~1(C),

which is singular in general, but has only rational singularities [Kem73]. So we have the
diagram

cle=1 . Cls—1]

k\ ATV

C

which gives a (possibly non-isomorphic) resolutions of ®. Let W be the fiber product of
the above diagram. Applying Theorem 5.7 as in the proof of Corollary 5.12 for n = O,
we have the following:

Corollary 5.13. We have the autoequivalence
9w . pb(cls—1ly 5 pb(cls—1ly, (5.18)
Below we give some examples related to Corollaries 5.12 and 5.13.
Example 5.14. Suppose that n > g — 1. Then C[="+2¢~11 = g and
AJ: clrre=ll _ picgnte=1 ()

is a projective bundle whose fibers are P*~!. Then the SOD in Theorem 5.12 is

n

D8~y = (Db (Je), ..., DP(Je)),

which is nothing other than Orlov’s SOD for projective bundles [Or192].
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Example 5.15. Suppose that n = g — 1. Then C[="T¢~11 = Spec C and
AJ: 28721 o PicE2(C)

is a projective bundle outside the point [wc] € Pic*8=2(C). For the fiber F =
AT~ ([wc)), its structure sheaf OF is exceptional, and the SOD in Theorem 5.12 is
g—1

Db (cP¢72ly = (DP(Jc), ..., D (Jc), OF).

Example 5.16. Suppose that n = g — 2. Then CI="*t8~1l = C and
AJ: C128731  pic28=3(C)

is a projective bundle outside AJY(C) C Pic?8=3(C). In this case, the SOD in Theo-
rem 5.12 is

g2

D" (B = (D’ (Jc), ... D" (Je), D*(C)).
Example 5.17. Suppose that g = 3 and n = 0. Then the birational map
Al: C? > 0

is not an isomorphism if and only if C is a hyperelliptic curve (see [Kasl3, Ex-
ample 1.0.9]). In this case, the above map contracts a (—2)-curve on C (2] to a rational
double point in ®. The equivalence (5.18) is the spherical twist along with the (—2)-
curve.

Example 5.18. Suppose that g = 4 and n = 1. Then the birational map
Al: C¥ = Pict(C)

contracts a divisor E C C!¥ to the surface AJY(C2)) < Pic*(C) (see [Kasl3, Ex-
ample 1.0.10]). If C is not hyperelliptic, then E is a P!-bundle over AJY (C?l) = C[2,
The SOD in Theorem 5.12 becomes

Db (c™y = (Db (Jc), DP(CPy).

If C is not hyperelliptic, the above SOD seems to be the blow-up formula of derived
categories obtained in [Orl92].

Example 5.19. Suppose that g = 4 and n = 0. Then the birational map
Al: cBl - @

is a crepant resolution of ® which is a divisorial contraction if C is hyperelliptic, and a
small resolution which contracts one or two smooth rational curves if C is not hyperellip-
tic (see [Kas13, Example 1.0.10]). In the latter case, the equivalence (5.18) seems to be
the derived equivalence under flops [BOO1, Bri02].
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6. Categorification of Kawai-Yoshioka’s formula

In this section, we prove Theorem 1.2 as another application of Theorem 4.5. We use
Kawai—Yoshioka’s diagram [K'Y0O0] relating moduli spaces of stable pairs on K3 surfaces
to moduli spaces of stable sheaves on them. The key ingredient, which was essentially ob-
served in [Tod12b], is to interpret Kawai—Yoshioka’s diagram in terms of a wall-crossing
diagram in a CY 3-fold defined by the product of the K3 surface and an elliptic curve.

6.1. SOD of relative Hilbert schemes of points

Let S be a smooth projective K3 surface such that
Pic(S) = Z[Os(H)]

for an ample divisor H on S. Let g € Z be defined by H> = 2g —2. We have the complete
linear system | H | and the universal curve

m:C— |H| =PS.
In what follows, we fix n > 0. Let
clnte=l _, pg (6.1)

be the r-relative Hilbert scheme of n+ g — 1 points on C. As in Lemma 5.9, the r-relative
Hilbert scheme (6.1) is isomorphic to the moduli space of Pandharipande-Thomas stable
pair moduli space P, (S, [H]) on S.

Let I'g be the Mukai lattice of S,

Is:=HYS,Z) ® Z[H] ® H*(S, 7).
For E € D?(S) its Mukai vector is defined by
v(E) := ch(E) - V/tdg € Ts.
For elements (r;, Bi, m;) € I's withi = 1, 2, the Mukai pairing is defined by
(1, Br,my), (r2, B2, m2)) := P12 — ramy —rimy.

For each k € Z>(, we define Uy to be the moduli space of H-Gieseker stable sheaves £
on S satisfying

v(E) =vi:=(k,[H], k +n).

Here we refer to [HL97] for basics on moduli spaces of stable sheaves and their properties.
The moduli space Uy is known to be a projective irreducible holomorphic symplectic
manifold with

dim Uy = 2 + (vi, i) = 2(g — k> — kn). 6.2)

Below we assume that Uy is a fine moduli space, i.e. there is a universal sheaf on S x Uy.
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Remark 6.1. By [HL97, Corollary 4.6.7], the moduli space Uy is fine if (k, 2g—2, 2k+n)
is coprime. In particular if (2g — 2, n) is coprime, then Uy is fine for any k € Zx.

Let Py be the moduli space of pairs
(E,s), s:05— E,

where [E] € Uy and s is a non-zero morphism. By [KY00, Lemma 5.117], the moduli
space P is a smooth projective variety with

dimPr =14 (vi_1, Vi) =2(g — k> —kn) + 2k +n — 1. (6.3)
We have the diagram (see [KY00, Lemma 5.113])
Pr Pr+1
Uk
where n,f are defined by
mH(E,s):=E, n(Es"):=Cok(s).

As an application of Theorem 4.5, we have the following result whose proof will be given
in Subsection 6.5:

Theorem 6.2. For k > 0, we have the following SOD:
n+2k

D (Py) = (DP(Uy), ..., DP(Up), DY (Pis1)).

Let
N :=max{k >0: g — k> —kn > 0}.
Applying the above theorem from k = 0 to kK = N, and noting that
Po = Pu(S, [H) =1 Py =,
where the latter is due to (6.2), we have the following result:
Corollary 6.3. Forn > 0, we have the SOD
Dbclmts=lly = (Ay, Ay, ..., Ap) (6.5)

where each Ay, has the SOD
n+2k

A = (DP(UY), ..., DP(Uy)).
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Remark 6.4. As mentioned in Subsection 1.3, the SOD (6.5) recovers Kawai—Yoshioka’s
formula (1.8),

N
Prg=(=1""13"(n+2k)e(Up).
k=0

In [KYO0O0], the formula (1.8) is the key ingredient to prove the Katz—Klemm—Vafa (KKV)
formula for PT invariants with irreducible curve classes. Together with the identities

e(Up) = e(Hilb8*k+1) (g)), Z e(Hilb*(8)) = ]_[(1 S
k>0 k>1

the formula (1.8) implies (see [KY00])

1\ 2 1
ZZPn,anqg1=<\/_—ﬁ> m (6.6)

g>0neZ

Here

AG q)=q [ =g —2¢"*0 —z7'g"

n>1

The formula (6.6) is the KKV formula mentioned above.

6.2. Tiltingon S x C

Let S be a K3 surface as in the previous subsection. We fix a smooth elliptic curve C and
consider a compact CY 3-fold X := § x C with projections ps, pc,

In what follows, we will interpret the diagram (6.4) in terms of wall-crossing diagrams
in D?(X).
We define the triangulated subcategory

Dy C DY (X)

consisting of objects whose cohomology is supported on fibers of pc. The triangulated
category Dy is the derived category of the abelian subcategory

Cohg(X) C Coh(X)
consisting of sheaves supported on fibers of pc. For ¢ € C, let
ic: Sx{c}—>SxC=X. 6.7)

The category Cohg(X) is the extension closure of objects of the form i . F for some c € C
and F € Coh(S).
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For F € Dy, we set v(F) € I's to be
v(F) = v(ps«F) = (vo(F), vi(F), v2(F))
for v; (F) € H* (S, Z). We define the following slope function on Cohg(X):

_u(F)-H
Ww(F) := —U()(F) € QU {oc}.

Here F € Cohg(X) and we set u(F) = oo if vg(F) = 0. The slope function defines u-
stability on Cohg(X) in the usual way: a non-zero object F' € Coho(X) is w-(semi)stable
if for any non-zero subsheaf F’ C F,

w(F') < () u(F/F").
Let T, F be the subcategories of Cohy(X) defined by

T := (F € Cohy(X) : F is u-semistable with ;t(F) > 0)ex,
F := (F € Cohg(X) : F is u-semistable with ((F) < 0)ex.

Here (—).x means extension closure. The pair of subcategories (7, F) is a torsion pair
on Cohg(X). We have the associated tilting

B:=(F,T[—1])ex C Dy.
Fort € R., let
Z;: K(Dp) — C (6.8)

be the group homomorphism defined by
Zi(F) = / e MVTI0(F) = 0a(F) + (1 = @) vo(F) = (tH - vi (F)V/=T.
S

Then the pair
(Zl’ B)v I e R>Oa

is a Bridgeland stability condition on Dy (see [Tod12b, Lemma 3.3]). In particular it
defines Z;-(semi)stable objects: a non-zero object E € B is Z;-(semi)stable if for any
non-zero subobject 0 # E’ C E in BB, we have the inequality in (0, 7 ]:

arg Z,(E') < (<) arg Z,(E).
We have the following lemma:

Lemma 6.5. An object E € B withvi(E) = —[H], vo(E) < 0 is Z;-stable if and only if
E Z i F[—1] for some ¢ € C and some H-Gieseker stable sheaf F € Coh(S).
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Proof. The lemma is well-known (for example see [Bay18, proof of Lemma 6.1]). Let
C C B be the subcategory defined by

C.={FeB:3Z,/(F)=0}
= (U, Ox[—1] : U € Cohy(X) is u-stable with u(U) = 0, x € X)ex.

Suppose that E € B satisfies v (E) = —[H] and vo(E) < 0. Since —v{(—) - H is non-
negative on B, and —v|(E) - H = H? is the smallest positive value of —v{(—) - H on B,
the object E is Z;-stable if and only if Hom(C, E) = 0.

First suppose that E is Z;-stable, so Hom(C, E) = 0. Then HOE) = 0, and H(E)
is either a p-stable two-dimensional sheaf or a one-dimensional H-Gieseker stable sheaf.
It follows that E = i ., F[—1] for some ¢ € C, where F is a pu-stable sheaf on S or an
H -Gieseker stable one-dimensional sheaf on S. In the former case, since the Mukai vector
of F is primitive, its p-stability is equivalent to its H-Gieseker stability. Conversely, if
E = .. F[—1] as in the statement, then it is obvious that Hom(C, E) = 0. Therefore the
lemma is proved. O

We define the following subcategory of D”(X):
A= (pcPic(C), Blex. (6.9)

The category A is the heart of a bounded t-structure on the triangulated subcategory of
DP(X) generated by p7.Pic(C) and objects in Dy (see [Tod12b, Proposition 2.9]). In
particular, A is an abelian category. Note that E € A satisfies rank(E) = 0 if and only if
E € B. We will use the following property of .A:

Lemma 6.6. For any object E € A, there is an exact sequence in A
0—-E -E—-E -0 (6.10)

such that E' € B and E" € (p§Pic(C))ex.

Proof. This is proved in [Tod12b, Lemma 7.5] in the case of S x P!, and the same ar-
gument works here. For simplicity, we prove the lemma when E fits into a non-split
extension in A

0— ptL — E — i F[-11— 0 6.11)

for £ € Pic(C), [F] € Uy, and ¢ € C. The full details are in [Tod12b, Lemma 7.5].
Let & be the extension class of (6.11). Then since iipzﬁ = Og[—1], we have

£ € Exti(iex F, piL) = Ext(F, Oy).
Therefore & gives rise to the non-trivial extension of sheaves on §

0—-0Os— F — F—0.
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It is easy to see that F’ is H-Gieseker stable so [F'] € Ugy1. We have the commutative
diagram
E pcL(c)

|

iex F'[=1] —— i F[-1] —— i Os
o,
PELIN — = pELI1]
Here horizontal and vertical sequences are distinguished triangles. By the above diagram,
we obtain the exact sequence in .4
0— iexF'[-11 > E — p{L(c) — 0.

The above exact sequence is the desired sequence (6.10). O

6.3. Weak stability conditions on A
Let A be the abelian category given in (6.9). Fort € R.g and E € A, we define u;(E) €
R U {oo} by

0, rank(E) # 0,
ui(E) =
! —%, rank(E) = 0.

Here if rank(E) = 0, then E € B and Z,(E) € Cis given in (6.8). The following stability
condition on A appeared in [Tod12b] in the framework of weak stability conditions:

Definition 6.7. A non-zero object E € A is py-(semi)stable if for any exact sequence
0— E'— E —- E” — 0in A with non-zero E’, E”, we have

Wi (E') < () up(E").
Below we fix n € Z..¢ and characterize u;-semistable objects E € A satisfying
ch(E) = (1,0, —ics[H], —n) € H'X) @ H*(X) ® H'(X) @ HO(X).  (6.12)

Proposition 6.8. For k € Z~, suppose that t € R satisfies

n+k
h <t <tip—q, k= |——m, fo := 0oQ. (6.13)
\ (¢ — Dk

Then an object E € A satisfying (6.12) is u-semistable if and only if E is isomorphic to
a two-term complex

E = (piL S i F) (6.14)

for somec € C,[Fle Uy, L € Pick(C) and s is a non-zero morphism. Here Pick(C) c
Pic(C) is the subset of degree k line bundles, and p{.L is located in degree zero. Moreover
in this case, E is uy-stable.
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Proof.

Step 1. The ‘only if’ direction. Let us take t € (%, tx—1) and a pu}-semistable object
E € A satisfying (6.12). By [Tod12b, Lemma 7.5], there is an exact sequence in .4

0> A—E— piL—>0 (6.15)

for some A € B, L € Pic" (C) for some r € Z. The condition (6.12) imply v(A) = —v,.
The above exact sequence and the w-semistability of E yield

MRZ(A)=—r —n+r(g— 1> >0.

Ast < tx—1 and n > 0, the above inequality yields » > k > 0.

The p}-semistability of E implies that Hom(C, E) = 0, where C C B is defined in
the proof of Lemma 6.5. By the exact sequence (6.15) we have Hom(C, A) = 0, and
Lemma 6.5 shows that A = i ., F[—1] for some ¢ € C and [F] € U,. Therefore E is
isomorphic to a two-term complex

E = (ptL = icyF)

where s” must be non-zero due to the p}-semistability of E. Let us show that » = k. By
taking the cohomology of E, we obtain the exact sequence in A

0— prL(—c)—> E— G[-1]1—0 (6.16)
where G is the cokernel of s’. Since v(G) = v,_1, the ;7 -semistability of E yields
RZ(G[=1)=—r+1—n+ (@ —1(g— D> <0. (6.17)

Ast > t, the above inequality implies that k > r. As we already proved r > k, it follows
that r = k. Therefore we have proved the ‘only if” direction of the proposition.

Step 2. The ‘if’ direction. Conversely, let us take an object E € A of the form (6.14).
We show that E is u}-stable if t € (#, fx—1). Let us take an exact sequence in A

0->A—-E—-B—0 (6.18)
such that A, B are non-zero. We will show that
wi(A) < i} (B). (6.19)

Since rank(E) = 1, we have (rank(A), rank(B)) = (0, 1) or (1, 0). We will show (6.19)
in each case.
First suppose that rank(A) = 0, i.e. A € B. By the exact sequence in .4

0— iexF[-11 > E — pitL — 0 (6.20)

we have Hom(Cohg(X), E) = 0. Therefore H%(A) = 0 and A € T[—1]. Then A is
given as an iterative extension of objects of the form i 7T [—1] for some ¢ € C, where
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T € Coh(S) is either torsion or pu-stable with (7)) > 0. By the Serre duality and the
wu-stability of T', we have

Hom(ic T[—1], pi-£) = Hom(T, Os) = 0.

Therefore Hom(A, pzﬁ) = (. By the exact sequences (6.18) and (6.20), we have an
injection A — i, F[—1] in 5. By Lemma 6.5, the object i .« F[—1] is Z;-stable in B.
Therefore

Wi (A) < 1 Geu FI-11) = 17 (=ve) < 0 = 1} (B)

where uy(—vi) < 01is due to f; < t. Hence (6.19) holds.

Next suppose that rank(A) = 1,1ie. B € B. Let T C H°(B) be the HN factor of
HO(B) in wu-stability such that p(—) is maximal. Note that «(7) < 0 by the definition
of B.If u(T) = 0, then uy(T) = oo and we have

wi(B) > i (B/T).
Therefore after replacing B by B/ T, we may assume that (7)) < 0. This implies
Hom(pg Pic(C), B) = 0. (6.21)
Similarly to (6.16), we have the exact sequence in A
0— prL(—c)—> E — G[-1]1—0 (6.22)

where G is the cokernel of s in (6.14). By the exact sequences (6.18), (6.22), and the
vanishing (6.21), there is a surjection G[—1] — B in B. By Lemma 6.5, the object
G[—1] € Bis Z;-stable. Therefore

wi(B) = pf (GI=11) = uy(=vk—1) > 0 = p7(A)
where @y (—vi—1) > Odue tot < #_1. Hence (6.19) holds. ]

When ¢ lies on a wall, the uj-semistable objects are characterized by the following
lemma.

Lemma 6.9. An object E € A satisfying (6.12) is uj -semistable if and only if E is
S-equivalent to a puy -polystable object of the form

E\® Ey, E|=piL, Ey=iF[-1], (6.23)

for some ¢ € C, [F] € Uy and L € Pic*(C).

Proof. The ‘if” direction is obvious as both E}, E; are ujy -semistable with uy (E1) =
uy, (E2) = 0. The ‘only if” direction is proved similarly to Step 1 in the proof of Proposi-
tion 6.8. If we apply the proof above for t = #;, the only point to notice is that, just after
(6.17) we only have k > r — 1 as we take ¢t = t. Therefore eitherr = korr =k + 1. In
the latter case, the exact sequence (6.16) shows that E is S-equivalent to an object of the
form (6.23). ]
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6.4. Moduli stacks of semistable objects
Let M be the 2-functor

M: Sch/C — Groupoid

sending a C-scheme S to the groupoid of relatively perfect objects £ € D?(X x S) such
that for each point s € S, the object & := Li; & for the inclusion iy: X x {s} — X x §
satisfies Ext<0(&,, &) = 0. The stack M is known to be an Artin stack locally of finite
type [Lie06]. For a fixed n € Z>o and ¢t € R. ¢, we define the substack

M:c M (6.24)

to be the stack whose S-valued points consist of £ € M(S) such that for each s € S,
the object & is a p-semistable object in A satisfying (6.12). Using Proposition 6.8 and
Lemma 6.9, we show the following:

Proposition 6.10. The stack M7 is an Artin stack of finite type such that (6.24) is an
open immersion. Moreover if t € (t, tx—1), the stack M is smooth.

Proof. By [Tod12b, Lemma 4.13(ii)], M} C M is constructible. Therefore for the first
statement, it is enough to show that M} C M is open in the analytic topology.

By Lemma 6.9, for t = #; an object corresponding to a C-valued point of M7 is a
small deformation of an object of the form (6.23). Set

VT =Exty(E1, E2), V™ =Ext\(Es, E1), U =Exti(Ei, E1) ® Exty(Ea, Ea).

Then the analytic local deformation space of E| @ E; is given by the critical locus of
some analytic function w defined in an analytic neighborhood of 0 € V* x V™ x U.
Similarly to the case of stable pairs in (5.7), the function w is invariant under the conjugate
Aut(E; @ E;) = (C*)2-actionon V1 x V~ x U, so it is of the form

- 1),= 2 =
w=w®a@) + iny./wi(j)(”) + Z xixi’)’jyj’w;i’)jj/(”) L
i L g

where X, ¥ and i are coordinates of V*, V= and U respectively. As in [Tod, Subsec-
tion 5.1], the function w is constructed using the minimal A..-structure on D?(X). By
the construction in loc. cit., the function w(o)(ﬁ) can be written as

- 0),- 0) - - - o -
wOa) = w@ @) +wGn), i = iy, d), ;€ Exty(Ei, Ep),

such that the critical locus of wi(0> (4;) in Extﬁ((E i, E;) gives the local deformation space
of E;. Since the deformation space of E; is smooth, we may assume that w@ @) = 0.

Similarly to Subsection 5.2, the function wi(})(ﬁ) can be written as in (4.7) such that
the coefficients of the linear terms a; j are determined by the triple product

VIx V- xU—=C
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given by composition and the Serre duality. Then by Lemma 6.11 below, the coefficients
a;ji satisfy the condition in Assumption 4.2(ii). Therefore Lemma 4.3 shows that

{dw=0NVT*x V™ xU) C (V™ x {0} x U),

_ B (6.25)
{dw=0NVTx V*xU)c {0} x V* x U).

This implies that any small deformation E’ of E| @ E; fits into one of the following exact
sequences in A:
0— i F'[-11 > E' — piL — 0,
0— piL — E' — ik F'[-1]1 =0

where (F’, L, ') is a small deformation of (F, L, ¢), so that [F'] € Uy and L €
Pick(C). Therefore E’ is wy, -semistable, and My C M is open.

Suppose that ¢ € (f, tx—1), and take an object E as in (6.14) which corresponds to a
C-valued point of M7. Then E is isomorphic to a small deformation of the object E1® E»
as above, which lies in the LHS of (6.25). Then any small deformation E of E fits into
a non-split sequence (6.26). Therefore E’ is again u}-semistable by Proposition 6.8, and
M} C M is open. Moreover the argument used for Lemma 4.3 implies that the LHS of
(6.25) is smooth, hence M7 is smooth. ]

(6.26)

We have used the following lemma, which is an analogue of Lemma 5.5.
Lemma 6.11. For the objects E1, E> in (6.23), the composition map

Extk (E1, E2) ® Exty (Ez, E1) — Ext}(E2, E2) (6.27)
is injective.
Proof. Note that

Extk(E1, Ex) = HY(S, F), Exty(Ea, E1) = Ext}(F, Oy).

We also have the surjection

Ext% (E2, E2) = Ext} (i« F, icx F) — Exty(F, F)

which is Serre dual to the natural map ExtIS(F ,F) > Ext}( (iexF, icx F). By composing
it with (6.11), we obtain the composition map

HO(S, F) ® Exty(F, Os) — Exty(F, F). (6.28)

It is enough to show that the map (6.28) is injective. Let us take the universal extension
in Coh(S)

0 — Exty(F, 05)” ® Og — U — F — 0. (6.29)

Then it is well-known that U/ is a u-stable sheaf (see [Y0s99, Todl4a]). Applying
Hom(—, F) to the above exact sequence, we obtain the exact sequence

0 — C — HomU, F) — H(S, F) ® Ext}(F, Og) — ExtL(F, F). (6.30)
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Since (6.29) is the universal extension, applying Hom(—, Og) to (6.29) we obtain
Extls (U, Os) = 0. Then applying Hom(U, —) to (6.29) and using the stability of U, we
get

Hom(U, F) = HomU,U) = C.
Therefore by the exact sequence (6.30), we see that (6.28) is injective. O
Fort € R.g, let
M) — M} (6.31)

be the good moduli space for the stack M7, which exists by [AHLH]. The good moduli
space M} is an algebraic space of finite type which parametrizes u;-polystable objects
in A satisfying (6.12), i.e. direct sums of p-stable objects with u}(—) = 0. By Proposi-
tion 6.8, the moduli space M} is constant if t € (#, tx—1) for some k. So we can write

MZ = M,*, t e (ty, tr—1).

By Proposition 6.8, M consists of 1}-stable objects for ¢ € (#, #x—1) and is also smooth
by Proposition 6.10.

Recall that Jo := Pic®(C) is defined to be the moduli space of degree zero line
bundles on C, which is isomorphic to C itself as C is an elliptic curve. In the k = 1 case,
we can describe M7 by the stable pair moduli space:

Lemma 6.12. For 8 = i..[H], we have the isomorphism

P_y(X, B) x Jc > M! (6.32)
given by
(Ox = iexF), L) > pEL @ D(Ox — i ). (6.33)
Here D := RHom(—, Oy) is the derived dual.
Proof. First we need to show that the map (6.33) is well-defined, i.e. the object
PELO®D(Ox — ik F') € A (6.34)

on the RHS of (6.33) corresponds to a point in M7. By [Tod, Remark 9.8], an object in
E € Ais of the form (6.34) if and only if E fits into an exact sequence in A

0— piL - E — i F'[-11 - 0 (6.35)

where F” is a pure one-dimensional sheaf on S such that Hom(7'[—1], E) = 0 for any
one-dimensional sheaf T on X. Moreover in this case we have i .. F" = Sxt)% (i F', Ox).
The proof of Lemma 6.6 shows that E fits into an exact sequence

0— iex F"[-11 > E = p{L(c) > 0 (6.36)

for [F""] € Uy. Therefore E is isomorphic to (p&L(c) = i, F'") for a non-zero s, hence
gives a point in M} by Proposition 6.8.
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Conversely, by Proposition 6.8, any object [E] € M fits into an exact sequence
of the form (6.36). By taking the cohomology of E, it also fits into a non-split exact
sequence of the form (6.35). On the other hand, by the exact sequence (6.36) we see that
Hom(T[—1], E) = 0 for any one-dimensional sheaf T on X. Therefore E is of the form
(6.34), and the map (6.33) is bijective on closed points. Since both sides of (6.32) are
smooth, it is an isomorphism. O

In general for k > 0, we can describe M in terms of pair moduli spaces P on S:

Lemma 6.13. For k > 0, we have an isomorphism

Pr x (C x Jo) > M (6.37)
given by
((Os = F),c, L) = (pc(Oc(klc]) ® L) — ics F). (6.38)
Proof. The map (6.38) is a morphism of smooth algebraic spaces which is bijective on
closed points by Proposition 6.8. Hence it is an isomorphism. O
We also set

Up = (M)™, k€ Zo.

By the open immersions M}, C Mj D Mp _, for 0 < ¢ < 1, and noting that My is
smooth, we have the induced morphisms

M; M
6.39
RN 6
Ui

Lemma 6.14. (i) We have an isomorphism

U x (C x J¢) > UL, (6.40)

(i1) Under the isomorphisms (6.37), (6.40), the diagram (6.39) is identified with the dia-
gram (6.4) x iddcx .-

Proof. (i) By Lemma 6.9, a point in M, corresponds to a uj -polystable object of the
form (6.23). Therefore we have the morphism

UkX(CX.Ic)—>M;Z
defined by
(F, ¢, L) = pe(Oc(kle) ® L) @ icx F[—11. (6.41)

The morphism (6.41) is a bijection on closed points. Moreover the proof of [Tod, Lem-
ma 9.21] shows that (6.41) is a closed immersion. Therefore we have the isomorphism
(6.40) by taking the reduced parts of (6.41).
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(i1) The statement JT,:+ = 1y X idcx g is obvious from the descriptions of the maps

(6.38), (6.41). As for 7™, let us take a point

(Os > F').c. L) € Pesy x (C x Je).
Under the map (6.37), it corresponds to a point in M} | of the form

E' = (piL — iesF) e A, L =Oc((k+Dc)) ® L' € PickT(C).
By taking the cohomology of E’, we have an exact sequence in A
0— p&L(—c) > E' — G[-1] > 0
where G is the cokernel of s’. Then the map 7~ is given by
7 (E') = peL (=) @ GI-11.

As L' (—c) = O¢(k[c]) ® L', it comes from (G, ¢, L) € Uy x (C x J¢) under the map
(6.41). Therefore the identity rr,: " =m, xidcxye also holds. ]

Proposition 6.15. The diagram (6.39) satisfies Assumption 4.2 by setting
MT=M;, M =M, U=U;, =*f=n=

Proof. Note that the diagram (6.39) is a wall-crossing diagram in the CY 3-fold X. To-
gether with the fact that a point in U} corresponds to a u-polystable object (6.23), it is
a d-critical simple flip by [Tod, Example 6.3] (see also [Tod, proof of Theorem 9.22]).
Therefore Assumption 4.2(i) holds. By Lemma 6.11 Assumption 4.2(ii) also holds, and
Assumption 4.2(iii) holds by the same argument as used for Lemma 5.6. O

6.5. Proof of Theorem 6.2

We first prove Theorem 6.2 for k£ > 0. Let W be the fiber product of the diagram (6.39),

and OM;(D be a 7 *_ample line bundle on Mj satisfying Assumption 4.2(iii) for the

diagram (6.39). By Theorem 4.5 and Proposition 6.15, we have the fully faithful functors
9 DP(ME, ) < DP(M}),  Yi: DP(U}) — DP(Mp).

Here T,i is given by L(n,ﬁ)*(—) ® OMZ (i). Moreover we have the SOD

DPMp) = (Im Y+ Im Y, Im O, (6.42)

Then by Lemma 6.14(ii), the functors (6.42) are linear over C x J¢ under the isomor-
phisms (6.37), (6.40), so Theorem 6.2 for k > 0 follows by restricting the SOD (6.42) to
Uk x {(0,0)} C Uy (see [Kuzl1, Proposition 5.1, Theorem 6.4]).

Finally, we prove Theorem 6.2 for k = 0. By setting 8 = i.«[ H] we define

M = P,(X,B) x Jc, Uj:=U,X,B)x Jc.
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Then we have the diagram

x / (6.43)
o o

by taking the product of the diagram (5.3) with J¢ via the isomorphism (6.32). The dia-
gram (6.43) satisfies Assumption 4.2 as in the proof of Theorem 5.7. On the other hand,
similarly to Lemma 6.13 and Lemma 6.14, we have isomorphisms

Pox (C x Jo) > M, ((Os > F), e, L) = (Ox = ieyF), L),
Uo x (Cx Jc) S5 UL, (F.e L) > (iesF. L).

Under the above isomorphisms, the diagram (6.43) is identified with the diagram (6.4) x
idcx j. for k = 0. Therefore the argument for k > 0 also implies Theorem 6.2 for k = 0.
]

Acknowledgments. The author is grateful to Yuki Hirano, Daniel Halpern-Leistner and Dominic
Joyce for valuable discussions. He is also grateful to the referee for carefully checking the paper
and giving several comments. The author is supported by World Premier International Research
Center Initiative (WPI initiative), MEXT, Japan, and Grant-in-Aid for Scientific Research grant
(No. 26287002) from MEXT, Japan.

References

[AHLH] Alper, J., Halpern-Leistner, D., Heinloth, J.: Existence of moduli spaces for algebraic
stacks. arXiv:1812.01128 (2018)

[Ball7] Ballard, M. R.: Wall crossing for derived categories of moduli spaces of sheaves on
rational surfaces. Algebr. Geom. 4, 263-280 (2017) Zbl 1405.14110 MR 3652079

[BFK19] Ballard, M., Favero, D., Katzarkov, L.: Variation of geometric invariant theory
quotients and derived categories. J. Reine Angew. Math. 746, 235-303 (2019)
Zbl 1432.14015 MR 3895631

[BP10] Baranovsky, V., Pecharich, J.: On equivalences of derived and singular categories.
Cent. Eur. J. Math. 8, 1-14 (2010) Zbl 1191.14004 MR 2593258

[Bay18] Bayer, A.: Wall-crossing implies Brill-Noether: applications of stability conditions on
surfaces. In: Algebraic Geometry (Salt Lake City, 2015), Proc. Sympos. Pure Math.
97, Amer. Math. Soc., Providence, RI, 3-27 (2018) Zbl 07272583 MR 3821144

[BBT15] Ben-Bassat, O., Brav, C., Bussi, V., Joyce, D.: A ‘Darboux Theorem’ for shifted sym-
plectic structures on derived Artin stacks, with applications. Geom. Topol. 19, 1287—
1359 (2015) Zbl 1349.14003 MR 3352237

[BO] Bondal, A., Orlov, D.: Semiorthogonal decomposition for algebraic varieties.
arXiv:alg-geom/9506012 (1995)

[BOO1] Bondal, A., Orlov, D.: Reconstruction of a variety from the derived category and
groups of autoequivalences. Compos. Math. 125, 327-344 (2001) Zbl 0994.18007
MR 1818984


http://arxiv.org/abs/1812.01128
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1405.14110&format=complete
http://www.ams.org/mathscinet-getitem?mr=3652079
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1432.14015&format=complete
http://www.ams.org/mathscinet-getitem?mr=3895631
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1191.14004&format=complete
http://www.ams.org/mathscinet-getitem?mr=2593258
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:07272583&format=complete
http://www.ams.org/mathscinet-getitem?mr=3821144
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1349.14003&format=complete
http://www.ams.org/mathscinet-getitem?mr=3352237
http://arxiv.org/abs/alg-geom/9506012
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0994.18007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1818984

1724

Yukinobu Toda

[Bri02]
(Efi17]

[EP15]

[Fla]

[Gin]
[HL]

[HL15]

[Hirl7a]

[Hirl7b]
[HL97]
[Isil3]

[Joy]

[Joy15]
[JS12]

[Kas13]

[KY00]
[Kaw02]
[Kem73]
[KS]
[KT14]
[Kuzl1]

[Lie06]

Bridgeland, T.: Flops and derived categories. Invent. Math. 147, 613-632 (2002)
Zbl 1085.14017 MR 1893007

Efimov, A. I.: Cyclic homology of categories of matrix factorizations. Int. Math. Res.
Notices 2018, 3834-3869 (2018) Zbl 1435.18013 MR 3815168

Efimov, A. L., Positselski, L.: Coherent analogues of matrix factorizations and
relative singularity categories. Algebra Number Theory 9, 1159-1292 (2015)
Zbl 1333.14018 MR 3366002

Flamini, F.: Lectures on Brill-Noether theory. Lecture notes at Workshop on Curves
and Jacobians (Yangyang, 2010), 19 pp. (online)

Ginensky, A.: A shorter proof of Marten’s theorem. arXiv:1606.03652 (2016)

Halpern-Leistner, D.: The D-equivalence conjecture for moduli spaces of sheaves on
a K3 surface. http://www.math.columbia.edu/~danhl/

Halpern-Leistner, D.: The derived category of a GIT quotient. J. Amer. Math. Soc. 28,
871-912 (2015) Zbl 1354.14029 MR 3327537

Hirano, Y.: Derived Knorrer periodicity and Orlov’s theorem for gauged Landau—
Ginzburg models. Compos. Math. 153, 973-1007 (2017) Zbl 1370.14019
MR 3631231

Hirano, Y.: Equivalences of derived factorization categories of gauged Landau—
Ginzburg models. Adv. Math. 306, 200278 (2017) Zbl 1386.14075 MR 3581302

Huybrechts, D., Lehn, M.: The Geometry of Moduli Spaces of Sheaves. Aspects Math.
E31, Vieweg, Braunschweig (1997) Zbl 0872.14002 MR 1450870

Isik, M. U.: Equivalence of the derived category of a variety with a singularity cate-
gory. Int. Math. Res. Notices 2013, 2787-2808 Zbl 1312.14052 MR 3071664

Joyce, D.: Shifted symplectic geometry, Calabi—Yau moduli spaces, and generaliza-
tions of Donaldson—Thomas theory: our current and future research. Talks given at
Oxford, October 2013, at a workshop for EPSRC Programme Grant research group;
https://people.maths.ox.ac.uk/joyce/PGhandout.pdf

Joyce, D.: A classical model for derived critical loci. J. Differential Geom. 101, 289—
367 (2015) Zbl 1368.14027 MR 3399099

Joyce, D., Song, Y.: A theory of generalized Donaldson—-Thomas invariants. Mem.
Amer. Math. Soc. 217, no. 1020, iv+199 pp. (2012) Zbl 1259.14054 MR 2951762

Kass, J. L.: Singular curves and their compactified Jacobians. In: A Celebration of
Algebraic Geometry, Clay Math. Proc. 18, Amer. Math. Soc., Providence, RI, 391—
427 (2013) Zbl 1317.14068 MR 3114949

Kawai, T., Yoshioka, K.: String partition functions and infinite products. Adv. Theor.
Math. Phys. 4, 397—485 (2000) Zbl 1013.81043 MR 1838446

Kawamata, Y.: D-equivalence and K -equivalence. J. Differential Geom. 61, 147-171
(2002) Zbl 1056.14021 MR 1949787

Kempf, G.: On the geometry of a theorem of Riemann. Ann. of Math. (2) 98, 178-185
(1973) Zbl 0275.14023 MR 0349687

Kontsevich, M., Soibelman, Y.: Stability structures, motivic Donaldson-Thomas in-
variants and cluster transformations. arXiv:0811.2435 (2008)

Kool, M., Thomas, R.: Reduced classes and curve counting on surfaces I: theory. Al-
gebr. Geom. 1, 334-383 (2014) Zbl 1322.14085 MR 3238154

Kuznetsov, A.: Base change for semiorthogonal decompositions. Compos. Math. 147,
852-876 (2011) Zbl 1218.18009 MR 2801403

Lieblich, M.: Moduli of complexes on a proper morphism. J. Algebraic Geom. 15,
175-206 (2006) Zbl 1085.14015 MR 2177199


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1085.14017&format=complete
http://www.ams.org/mathscinet-getitem?mr=1893007
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1435.18013&format=complete
http://www.ams.org/mathscinet-getitem?mr=3815168
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1333.14018&format=complete
http://www.ams.org/mathscinet-getitem?mr=3366002
http://arxiv.org/abs/1606.03652
http://www.math.columbia.edu/~danhl/
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1354.14029&format=complete
http://www.ams.org/mathscinet-getitem?mr=3327537
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1370.14019&format=complete
http://www.ams.org/mathscinet-getitem?mr=3631231
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1386.14075&format=complete
http://www.ams.org/mathscinet-getitem?mr=3581302
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0872.14002&format=complete
http://www.ams.org/mathscinet-getitem?mr=1450870
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1312.14052&format=complete
http://www.ams.org/mathscinet-getitem?mr=3071664
https://people.maths.ox.ac.uk/joyce/PGhandout.pdf
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1368.14027&format=complete
http://www.ams.org/mathscinet-getitem?mr=3399099
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1259.14054&format=complete
http://www.ams.org/mathscinet-getitem?mr=2951762
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1317.14068&format=complete
http://www.ams.org/mathscinet-getitem?mr=3114949
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1013.81043&format=complete
http://www.ams.org/mathscinet-getitem?mr=1838446
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1056.14021&format=complete
http://www.ams.org/mathscinet-getitem?mr=1949787
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0275.14023&format=complete
http://www.ams.org/mathscinet-getitem?mr=0349687
http://arxiv.org/abs/
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1322.14085&format=complete
http://www.ams.org/mathscinet-getitem?mr=3238154
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1218.18009&format=complete
http://www.ams.org/mathscinet-getitem?mr=2801403
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1085.14015&format=complete
http://www.ams.org/mathscinet-getitem?mr=2177199

Semiorthogonal decompositions 1725

[MT18]

[Or192]

[Orl09]

[PTO09]
[PT10]

[PT14]

[PT+13]
[Rei]
[Rei92]
[Shil2]
[Tod]
[Tod12a]
[Tod12b]
[Tod14a]
[Tod14b]

[Tog14]

[Y0s99]

Maulik, D., Toda, Y.: Gopakumar—Vafa invariants via vanishing cycles. Invent. Math.
213, 1017-1097 (2018) Zbl 1400.14141 MR 3842061

Orlov, D. O.: Projective bundles, monoidal transformations, and derived categories of
coherent sheaves. Izv. Ross. Akad. Nauk Ser. Mat. 56, 852-862 (1992) (in Russian)
Zbl 0798.14007 MR 1208153

Orlov, D.: Derived categories of coherent sheaves and triangulated categories of sin-
gularities. In: Algebra, Arithmetic, and Geometry: in Honor of Yu. I. Manin, Progr.
Math. 270, Birkhduser, 503-531 (2009) Zbl 1200.18007 MR 2641200
Pandharipande, R., Thomas, R. P.: Curve counting via stable pairs in the derived cate-
gory. Invent. Math. 178, 407-447 (2009) Zbl 1204.14026 MR 2545686
Pandharipande, R., Thomas, R. P.: Stable pairs and BPS invariants. J. Amer. Math.
Soc. 23, 267-297 (2010) Zbl 1250.14035 MR 2552254

Pandharipande, R., Thomas, R. P.: 13/2 ways of counting curves. In: Moduli Spaces,
London Math. Soc. Lecture Note Ser. 411, Cambridge Univ. Press, Cambridge, 282—
333 (2014) Zbl 1310.14031 MR 3221298

Pantev, T., Toén, B., Vaquie, M., Vezzosi, G.: Shifted symplectic structures. Publ.
Math. THES 117, 271-328 (2013) Zbl 1328.14027 MR 3090262

Reid, M.: Minimal models of canonical 3-folds. In: Algebraic Varieties and Analytic
Varieties, S. litaka (ed.), Adv. Stud. Pure Math. 1, Kinokuniya, Tokyo, and North-
Holland, Amsterdam, 131-180 (1983) Zbl 0558.14028 MR 0715649

Reid, M.: What is a flip. Colloquium talk, Univ. of Utah

Shipman, I.: A geometric approach to Orlov’s theorem. Compos. Math. 148, 1365—
1389 (2012) Zbl 1253.14019 MR 2982435

Toda, Y.: Birational geometry for d-critical loci and wall-crossing in Calabi—Yau
3-folds. arXiv:1805.00182 (2018)

Toda, Y.: Stability conditions and curve counting invariants on Calabi—Yau 3-folds.
Kyoto J. Math. 52, 1-50 (2012) Zbl 1244.14047 MR 2892766

Toda, Y.: Stable pairs on local K3 surfaces. J. Differential. Geom. 92, 285-370 (2012)
Zbl 1260.14045 MR 2998674

Toda, Y.: A note on Bogomolov—Gieseker type inequality for Calabi—Yau 3-folds.
Proc. Amer. Math. Soc. 142, 3387-3394 (2014) Zbl 1337.14019 MR 3238415
Toda, Y.: Stability conditions and birational geometry of projective surfaces. Compos.
Math. 150, 1755-1788 (2014) Zbl 1329.14032 MR 3269467

Toén, B.: Derived algebraic geometry and deformation quantization. In: Proc. Int.
Congress of Mathematicians (Seoul, 2014), Vol. II, Kyung Moon Sa, Seoul, 769-792
(2014) Zbl 1373.14003 MR 3728637

Yoshioka, K.: Some examples of Mukai’s reflections on K3 surfaces. J. Reine Angew.
Math. 515, 97-123 (1999) Zbl 0940.14026 MR 1717621


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1400.14141&format=complete
http://www.ams.org/mathscinet-getitem?mr=3842061
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0798.14007&format=complete
http://www.ams.org/mathscinet-getitem?mr=1208153
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1200.18007&format=complete
http://www.ams.org/mathscinet-getitem?mr=2641200
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1204.14026&format=complete
http://www.ams.org/mathscinet-getitem?mr=2545686
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1250.14035&format=complete
http://www.ams.org/mathscinet-getitem?mr=2552254
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1310.14031&format=complete
http://www.ams.org/mathscinet-getitem?mr=3221298
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1328.14027&format=complete
http://www.ams.org/mathscinet-getitem?mr=3090262
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0558.14028&format=complete
http://www.ams.org/mathscinet-getitem?mr=0715649
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1253.14019&format=complete
http://www.ams.org/mathscinet-getitem?mr=2982435
http://arxiv.org/abs/1805.00182
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1244.14047&format=complete
http://www.ams.org/mathscinet-getitem?mr=2892766
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1260.14045&format=complete
http://www.ams.org/mathscinet-getitem?mr=2998674
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1337.14019&format=complete
http://www.ams.org/mathscinet-getitem?mr=3238415
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1329.14032&format=complete
http://www.ams.org/mathscinet-getitem?mr=3269467
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1373.14003&format=complete
http://www.ams.org/mathscinet-getitem?mr=3728637
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0940.14026&format=complete
http://www.ams.org/mathscinet-getitem?mr=1717621

	1. Introduction
	2. Review of derived factorization categories
	3. SOD via simple flips
	4. SOD via d-critical simple flips
	5. SOD for stable pair moduli spaces
	6. Categorification of Kawai–Yoshioka's formula
	References

