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Abstract. The aim of this paper is to prove a second order differentiation formula for H 2.2 func-
tions along geodesics in RCD*(K, N) spaces with K € R and N < oo. This formula is new
even in the context of Alexandrov spaces, where second order differentiation is typically related to
semiconvexity.

We establish this result by showing that W;-geodesics can be approximated up to second order,
in a sense which we shall make precise, by entropic interpolations. In turn this is achieved by
proving new, even in the smooth setting, estimates concerning entropic interpolations which we
believe are interesting on their own. In particular we obtain:

e equiboundedness of densities along entropic interpolations,
e local equi-Lipschitz continuity of Schrédinger potentials,
e uniform weighted L2 control of the Hessian of such potentials.

Finally, the techniques adopted in this paper can be used to show that in the RCD setting the viscous
solution of the Hamilton—Jacobi equation can be obtained via a vanishing viscosity method, as in
the smooth case.

With respect to a previous version, where the space was assumed to be compact, in this paper
the second order differentiation formula is proved in full generality.

Keywords. Optimal transport, metric geometry, RCD spaces, entropic interpolation, Schrodinger
problem
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1. Introduction

In the last ten years there has been a great interest in the study of metric measure spaces
with Ricci curvature bounded from below: see for instance [49], [60], [61], [33], [5], [6],
[31], [7], [53], [54], [34], [28], [30], [43], [9], [52], [15], [14]. The starting points of
this research line have been the seminal papers [49] and [60], [61] which linked lower
Ricci bounds on metric measure spaces to properties of entropy-like functionals in con-
nection with Wj-geometry. Later [5] it emerged that also Sobolev calculus is linked to
Ws-geometry and building on this the original definition of CD spaces by Lott—Sturm—
Villani has evolved into that of RCD spaces ([6], [31]).

An example of a link between Sobolev calculus and W;-geometry is the following
result (a minor variant of a statement in [28]). It says that we can safely take one derivative
of a W!2(X) function along an optimal geodesic test plan 7, i.e. a test plan satisfying

1
//0 [y |* de dr () = W3 ((e0)4Te, (€1)4Tr).

Theorem 1.1 (First order differentiation formula). Let (X, d, m) be an RCD(K, o0)
space, K € R, w an optimal geodesic test plan with bounded support (equivalently,
such that {y; : t € [0, 1], y € supp(n)} C X is bounded) and f € Wl*z(X). Then the
map (0,113t — foe, € L*>(x) isin C'([0, 1], L?(x)) and

d
a(f oer) = (Vf, V) oe

for every t € [0, 1], where e; : C([0, 1], X) — X,y > 4, is the evaluation map and
¢ is any function such that for some distinct t,s € [0, 1], the function —(s — t)¢; is a
Kantorovich potential from (e;) T to (€5)4T.

Recall that on RCD(K, co) spaces every Wj-geodesic (u;) between measures with
bounded density and support is such that u; < Cwm for every ¢+ € [0, 1] and some
C > 0 [54], so that between two such measures there always exists a (unique) opti-
mal geodesic test plan with bounded support. Thus the theorem also says that we can find
‘many’ C! functions on RCD spaces. We remark that such C! regularity—which was
crucial in [28]—is non-trivial even if the function f is assumed to be Lipschitz and that
statements about C'! smoothness are quite rare in metric geometry.
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Furthermore, projecting from & to u; := (e;)47 one can see that Theorem 1.1 imme-
diately implies

d
a/fduz :fWﬁ Vor) dus (.1

and one might think of this identity as an ‘integrated’ version of the basic formula

d /
g ) =df )

valid in the smooth framework; at the technical level the proof of the claim has to do with
the fact that the geodesic (u;) solves the continuity equation

d .
gt div(Verur) =0, (1.2)

where the ¢,’s are appropriate choices of Kantorovich potentials (see also [32] in this
connection), and with the fact that Vg, = V¢, (see Lemma A.7 below).

In [29], the first author developed a second order calculus on RCD spaces, in particular
defining the space H?2(X) and for f € H?2(X) the Hessian Hess(f) (see [29] and the
Appendix). It is then natural to ask whether an ‘integrated’ version of the second order
differentiation formula

2
@f(y,‘) = Hess(f)(y/,y,) fory geodesic

holds in this framework. In this paper we provide an affirmative answer to this question:

Theorem 1.2 (Second order differentiation formula). Let (X, d, m) be an RCD*(K, N)
space, K € Rand N < oo, m an optimal geodesic test plan with bounded support and
f € H»*(X). Then the map [0, 1] 5 t — f oe, € L>(x) is in C*([0, 1], L*()) and

d2
@(f oe;) =Hess(f)(Vo:, V) oe; (1.3)

foreveryt € [0, 1], where ¢; is as in Theorem 1.1.

An equivalent formulation, which is the one we shall actually prove (see Theorem 5.13)
and is more in the spirit of (1.1), is the following:

Theorem 1.3 (Second order differentiation formula (2nd form)). Let (X, d, m) be an
RCD*(K, N) space, K € Rand N < o0, let jug, u1 € P>(X) with compact supports
be such that po, w1 < Cm for some C > 0, and let (u;) be the unique W>-geodesic
connecting o to 1. Also, let f € H**(X). Then the map

[O,I]BIH/fdu,eR
belongs to C2([0, 11) and

d2
o / Fdug = f Hess(f)(Véy, V) dpus (1.4)

forevery t € [0, 1], where ¢, is any function such that for some distinct t, s € [0, 1], the
function —(s — t)¢; is a Kantorovich potential from iy to [vg.
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Let us comment on the assumptions in Theorems 1.2 and 1.3:

e The first order differentiation formula is valid on general RCD (K, 0o) spaces, while for
the second order one we assume finite-dimensionality. This is due to the strategy of our
proof, which among other things uses the Li—Yau inequality; it is therefore unknown
whether such assumption is really needed.

e There exist optimal geodesic test plans without bounded support (if K = 0 or the
densities of the initial and final marginals decay sufficiently fast) but in this case the
functions ¢, appearing in the statement(s) are not Lipschitz. It then seems hard to get
Hess(h)(V¢,, Vé;)oe, € L' () and thus we cannot really hope for anything like (1.3),
(1.4) to hold: this explains the need of the assumption on bounded supports.

Having at our disposal such second order differentiation formula is interesting not only
at the theoretical level, but also for applications to the geometry of RCD spaces. For
instance, the proofs of both the splitting theorem [28] and of the ‘volume cone implies
metric cone’ statement [22] in this setting can be greatly simplified by using that formula
(in this connection, see [63] for comments about the splitting). Also, one aspect of the
theory of RCD spaces which is not yet clear is whether they have constant dimension: for
Ricci-limit spaces this is known to be true by a result of Colding—Naber [21] which uses
second order derivatives along geodesics in a crucial way. Thus our result is necessary to
replicate the Colding—Naber argument in the non-smooth setting (but not sufficient: they
also use a calculation with Jacobi fields which as of today does not have a non-smooth
counterpart).!

Let us discuss the strategy of the proof. Our starting point is a related second order
differentiation formula obtained in [29], available under proper regularity assumptions:

Theorem 1.4. Let (u;) be a Wa-absolutely continuous curve solving the continuity equa-
tion

d
— div(X =0
Q& e+ div(X, )

for some vector fields (X;) C LX(TX) in the following sense: for every f € WL2(X) the
map t — f f du; is absolutely continuous and

d
E/fduz =/<Vf, Xy) dar.

Assume that

() 1t — X, € LX(TX) is absolutely continuous,
(1) sup {1 Xellz2 + 1 Xellzoe + IV X2} < o0

Then for f € H*2(X) the map t +— f fdu; is CU1 and the formula

d2
e / fdu, = / (Hess(£)(X/, X))+ (V f. $Xi + Vx, Xy)) d (1.5)

holds for a.e. t € [0, 1].

1 Added in proof: Brué—Semola [13] recently obtained the constant dimension property by other
means.
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If the vector fields X; are of gradient type, so that X; = V¢; for every ¢ and the ‘acceler-
ation’ a, is defined as
Vel _

o0+ -
dr t 2 =4,

then (1.5) reads

d2
a2 / fdu = /Hess(f)(Vd),, Vo) dus +/(va Va) du;. (1.6)

In the case of geodesics, the functions ¢; appearing in (1.2) solve (in a sense which we
will not make precise here) the Hamilton—Jacobi equation

d IVer)?
FP R

0, (1.7)

thus in this case the acceleration a; is identically 0. Hence if the vector fields (Vg;)
satisfy the regularity requirements (i), (ii) in the last theorem we would easily be able to
establish Theorem 1.2. However in general this is not the case; informally speaking, this
has to do with the fact that for solutions of the Hamilton—Jacobi equations we do not have
sufficiently strong second order estimates.

In order to establish Theorem 1.2 it is therefore natural to look for suitable ‘smooth’
approximations of geodesics for which we can apply Theorem 1.4 above and then pass to
the limit in formula (1.5). Given that the lack of smoothness of W;-geodesics is related
to the lack of smoothness of solutions of (1.7), also in line with the classical theory of
viscous approximation for the Hamilton—Jacobi equation there is a quite natural thing to
try: solve, for ¢ > 0, the equation

d Vo[> ¢
5?’?: zt +§A<P,8, 90 = @

where ¢ is a given, fixed, Kantorovich potential for the geodesic (u;), and then solve

d .

M —dvVern) =0, g = o,

This plan can actually be pursued and following the ideas in this paper one can show that
if the space (X, d, m) is RCD*(K, N) and the geodesic (iu,) is made up of measures with
equibounded densities, then as ¢ |, 0:

(i) the curves (uf) W,-uniformly converge to the geodesic (u;) and the measures puf
have equibounded densities,

(ii) the functions ¢; are equi-Lipschitz and converge both uniformly and in the w2,
topology to the only viscous solution (¢;) of (1.7) with ¢ as initial datum; in particular
the continuity equation (1.2) for the limit curve holds.
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These convergence results are based on Hamilton’s gradient estimates and the Li—Yau
inequality and are sufficient to pass to the limit in the term with the Hessian in (1.6). For
these curves the acceleration is given by a; = —5Ag; and thus it remains to prove that
the quantity

6 / (V £, VAgE) dut

goes to 0 in some sense. However, there appears to be no hope of obtaining this by PDE
estimates. The problem is that this kind of viscous approximation can produce in the limit
a curve which is not a geodesic if ¢ is not c-concave: briefly, this happens if a shock
appears in Hamilton—Jacobi. Since there is no hope for formula (1.4) to be true for non-
geodesics, we see that there is little chance of obtaining it via such viscous approximation.
We therefore use another way of approximating geodesics: the slowing down of en-
tropic interpolation. Let us briefly describe what this is in the familiar Euclidean setting.
Fix two probability measures po = p0l?, w1 = p1£? on RY. The Schrodinger

functional equations are
po= fhig, p1=ghif, (1.8)

the unknown being the Borel functions f, g : RY — [0, 00), where h; f is the heat flow
starting at f evaluated at time 7. It turns out that in great generality these equations admit
a solution which is unique up to the trivial transformation (f, g) — (cf, g/c) for some
constant ¢ > 0. Such a solution can be found in the following way: Let R be the measure
on (R%)? whose density with respect to £27 is given by the heat kernel r; (x, y) at time
¢t = 1 and minimize the Boltzmann—Shannon entropy H (y | R) among all transport plans
y from g to 1. The Euler equation for the minimizer forces it to be of the form f ® g R
for some Borel functions f, g : RY — [0, 00), where f ® g(x, y) := f(x)g(y) (we shall
re-prove this known result in Proposition 2.1). Then the fact that f ® g R is a transport
plan from g to w1 is equivalent to (f, g) solving (1.8).

Once we have found a solution of (1.8) we can use it in conjunction with the heat flow
to interpolate from pg to p; by defining

pri=hifhig.

This is called entropic interpolation. Now we slow down the heat flow: fix ¢ > 0 and by
mimicking the above find f*, g° such that

o= fhepg®,  p1=g" hepf*

(the factor 1/2 plays no special role, but is convenient in computations). Then define

o = hiep fEha-ne8"

A remarkable and non-trivial fact here is that as ¢ |, 0 the curves (p; £%) of measures
converge to the Wp-geodesic from pq to p1.

The first connections between Schrodinger equations and optimal transport have been
obtained by Mikami [50] for the quadratic cost on R4; later Mikami-Thieullen [51]
showed that a link persists even for more general cost functions. The statement we have
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just made about convergence of entropic interpolations to displacement ones has been
proved by Léonard [46]. Actually, Léonard worked in much higher generality: as it is per-
haps clear from the presentation, the construction of entropic interpolation can be done
in great generality, as only a heat kernel is needed. He also provided a basic intuition
about why such convergence is in place: the basic idea is that if the heat kernel admits
the asymptotic expansion ¢ log s (x, y) ~ —d?(x, y)/2 (in the sense of large deviations),
then the rescaled entropy functionals ¢ H (- | R;) converge to % f d?(x, y) d- (in the sense
of I'-convergence). We refer to [48] for a deeper discussion of this topic, historical re-
marks and much more, and to [20] and [26] for more recent developments about the link
between optimal transport and the Schrédinger problem.

Starting from these intuitions and results, working in the setting of RCD*(K, N)
spaces we gain new information about the convergence of entropic interpolations to dis-
placement ones. In order to state our results, it is convenient to introduce the Schrodinger
potentials

@ =¢elog(henf%),  ¥f :=eloglha_ne2g®).
In the limit ¢ | O these will converge to forward and backward Kantorovich potentials
along the limit geodesic (u;) (see below). In this direction, it is worth noticing that while
for ¢ > O there is a tight link between potentials and densities, as we trivially have

o; + ¥ =¢elogpy,

in the limit this becomes the well known (weaker) relation between forward/backward
Kantorovich potentials and measures (u;):

=0 on Supp(l’l’t)v

+
Dt wt{fO on X

(see e.g. [64, Remark 7.37], paying attention to the different sign convention). By direct
computation one can verify that (¢7), (¥;) solve the Hamilton-Jacobi-Bellman equa-
tions

d . 1 3 d 1 3
— :_Vsz _Ag’ _— 8:—V€2 —A 6, 19
dl‘% 2| (o +2 @t dtl/ft 2| Y +2 [/ (1.9)
thus introducing the functions
ge . Vi~
CE Ty
it is not hard to check that
d
apf +div(Ve{ pf) =0 (1.10)
and
d Ve 2 2
Eﬁf + % =a;, where aj := —%(ZAlogpf + |V 1og pf1?).

With this, our main results about entropic interpolations can be summarized as follows.
Under the assumptions that the metric measure space (X, d, m) is RCD*(K, N), N < oo,
and that pg, p; with bounded supports belong to L°°(X) we have:
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e Zeroth order:

— Bound: For some C > 0 depending on K, N, pg, p1 we have pf < C for every
g€ (0,1)andt € [0, 1].
— Convergence: The curves (p; m) W,-uniformly converge to the unique W>-geodesic

() from pp to @1 and setting p; = i% we have p; X pr in L%°(X) for all

t €0, 1].
e First order:

— Bound: For any t € (0, 1] the functions {¢} }.c(0,1) are locally equi-Lipschitz, and
similarly for the i’s.

— Convergence: For every sequence ¢, | 0 there is a subsequence—not relabelled—
such that for any ¢ € (0, 1] the functions ¢;" converge both locally uniformly and in
WIL’CZ (X) to a function ¢; such that —z¢; is a Kantorovich potential from u; to o,
and similarly for the ’s.

e Second order: For every § € (0, 1/2) we have

— Bound:

1-§
sup // (|Hess(z?f)|as + ¢%|Hess(log pf)ms)pf dr dm < oo,
£€(0,1)J Js (L11)

1-6
sup // (|ADE? + 2| Alog pf ) pf dr dm < oo.
e€(0,1) 1)

Notice that since in general the Laplacian is not the trace of the Hessian, there is no
direct link between these two bounds.
— Convergence: For every function h € W12(X) with Ah € L®(X) we have

1-8
lim // (Vh,Val)p; dt dm = 0. (1.12)
el0 J Js

With the exception of the convergence p;m — i, all these results are new even on
smooth manifolds (in fact, even on R?) and have been partially used in our recent pa-
per [38], where further analogies between entropic interpolations/Schrédinger potentials
on the one hand and W;-geodesics/Kantorovich potentials on the other one are investi-
gated within the RCD framework, in particular in connection with a Benamou—Brenier-
like formulation of these problems. Such analogies have been first pointed out in [20]
and [26] in the Euclidean setting, and these papers have been our source of inspiration
for [38].

The zeroth and first order bounds are both consequences of the Hamilton—Jacobi—
Bellman equations (1.9) satisfied by the ¢’s and v’s and can be obtained from Hamil-
ton’s gradient estimate and the Li—Yau inequality. The facts that the limit curve is the
W;-geodesic and that the limit potentials are Kantorovich potentials are consequences of
the fact that we can pass to the limit in the continuity equation (1.10) and that the limit
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potentials satisfy the Hamilton—Jacobi equation. In this regard it is key that we approxi-
mate at the same time both the ‘forward’ potentials ¥ and the ‘backward’ one ¢: see the
proof of Proposition 5.4 and recall that the simple viscous approximation may converge
to curves which are not W-geodesics.

Notice that these zeroth and first order convergences are sufficient to pass to the limit
in the term with the Hessian in (1.6). As already mentioned, also viscous approximation
could produce the same kind of convergence.

The crucial advantage of dealing with entropic interpolation (which has no counter-
part in viscous approximation) is thus in the second order bounds and convergence results
which show that the term with the acceleration in (1.6) vanishes in the limit and thus even-
tually allows us to prove our main result, Theorem 1.2. In this direction, we informally
point out that since the geodesic equation is of second order, in searching for an ap-
proximation procedure it is natural to look for one producing some sort of second order
convergence.

The limiting property (1.12) is mostly a consequence—although perhaps non-trivial—
of the bound (1.11) (see in particular Lemma 4.10 and the proof of Theorem 5.13), thus
let us focus on how to get (1.11). The starting point here is a formula due to Léonard [44],
who realized that there is a connection between entropic interpolation and lower Ricci
bounds: he computed the second order derivative of the entropy along entropic interpo-
lations and in this direction our contribution has been the rigorous proof in the RCD
framework of his formal computations, thus getting

d? 2 1
Gt 1w = [ o a(ra00r) + a0 ) = 5 [ of Aot + Ta00)),
(1.13)
where Iy is the ‘iterated carré du champ’ operator defined as
_AIVSP?
D(f):=A - — (VL VAL

(in the setting of RCD spaces some care is needed when handling this object; see also the
Appendix for an explanation of the distinction between A and A, but let us neglect this
issue here).

Observe that if 4 : [0, 1] — R7 is a convex function, then —@ <h@ < }f(—jf for
any ¢ € (0, 1) and thus

M) | hO)

1-8
/ h'@ydt=h(1 -8 —h) < —=+ (1.14)
8

1-6 8
If we assume for simplicity that K = 0 we have I'; > 0, so that (1.13) tells us in particular
that # — H(u{ | m) is convex for any ¢ > 0, and if we also assume that m(X) = 1, that
function is non-negative. Therefore (1.14) shows that for any § € (0, 1/2),

H(uy|m)  H(polm)
< o0
1-38 8

1-6
sup/ /pfd(l"z(z?fH%Fz(logp,‘"))dts
e€(0,1) Jé

(1.15)
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Recalling the Bochner inequalities ([23], [9], [29])

(An)?
N

To(n) = [Hess(m[Fgm.  Ta(n) = m,

we see that (1.11) follows from (1.15). Then with some work (see Lemma 4.10 and Theo-
rem 5.13 for the details) starting from (1.11) we can deduce (1.12), which in turn ensures
that the term with the acceleration in (1.6) vanishes in the limit ¢ | 0, thus leading to our
main result, Theorem 1.2.

Structure of the paper. In Section 2 we prove the solvability of the Schrodinger sys-
tem (1.8) in great generality and deduce some properties of the solutions. In Section 3
Hamilton’s gradient estimate and the Li—Yau Laplacian estimate are recalled and adapted
to future purposes. Section 4 is devoted to a deeper investigation of entropic interpolation
and the associated Schrodinger potentials; in particular, we establish the zeroth, first and
second order bounds presented before and show that the entropy is C? along entropic
interpolations with explicit formulas for the first and second derivatives. The zeroth, first
and second order convergences are then proved in Section 5 and, relying on them and
on the previous results, the main theorem as well as some equivalent formulations are
deduced. Finally, in Appendix A the reader can find all the relevant notions, results and
bibliographic references related to calculus and optimal transport on RCD spaces.

2. The Schrodinger problem

Let (X, ) be a Polish space, let ug, u; € F(X) and let R be a non-negative Radon
measure on X2. Recall that y € Z2(X?) is called a transport plan for g, ;1 provided
70y = up and niy = 1, where 70, 7! : X> — X are the canonical projections. We
are interested in finding a transport plan of the form

y=f®gR

for certain Borel functions f, g : X — [0, 00), where f ® g(x,y) := f(x)g(y). As we
shall see in this short section, in great generality this problem can be solved in a unique
way and the plan y can be found as the minimum of

y' = HY'|R)

among all transport plans from pg to @y, where H(-|-) is the Boltzmann—Shannon en-
tropy. For an appropriate choice of the reference measure R (which will also be our choice
in the following), this minimization problem is called the Schrodinger problem; we refer
to [48] for a survey on this topic.

Let us first recall the definition of the relative entropy functional in the case of a
reference measure with possibly infinite mass (see [47] for more details). Given a o -finite
measure v on a Polish space (Y, t/), there exists a measurable function W : Y — [0, c0)

such that
._f -W
zw = [ e~ " dv < o0.
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Introducing the probability measure vy = z;vle_wv, for any 0 € Z2(Y) such that

f Wdo < oo the Boltzmann—Shannon entropy is defined as
H(o|v) = H(O’|Uw)—/Wd0’—10gZW 2.1
where H (o | vy) is in turn defined as

[plogpdd ifo =pb,

H@lv) = {+oo ifo &7,

for all b € #(Y); notice that Jensen’s inequality and the fact that v € Z2(Y) imply that
J plogpdb is well defined and non-negative, in particular the definition makes sense.
The definition is meaningful, because if [ W’ do < oo for another function W’ such that
Zw < 00, then

H(0|UW)—/Wda—long:H(o|vw/)—/W’da—long/.

Hence H(-|v) is well defined for all o € £2(Y) such that f W do < oo for some non-
negative measurable function W with zy < oo.

The following proposition collects the basic properties of the minimizer of the
Schrodinger problem; we emphasize that point (i) of the statement is already known (see
in particular [45], [12] and [55]) and there are similarities between point (ii) and some
results in [12]. A complete proof has already been presented in [37] for the compact
case; here we adapt the arguments to our more general case. Notice that Radon measures
on Polish spaces are always o -finite, hence the above discussion about the Boltzmann—
Shannon entropy applies.

For sake of notation, by L?(X) we shall always mean L? (X, m); when integrability
with respect to a different measure is considered, this will always be specified.

Proposition 2.1. Let (X, T, m) be a Polish space equipped with a non-negative Radon
measure m and let R be a non-negative Radon measure on X* such that 1’R = r)R = m
and

mmKRLKm@m.

Let 1o = pom and p1 = pym be Borel probability measures and assume that there exists
a Borel function B : X — [0, 00) such that

/ e BO=BO gR(x, y) < o0, /Bd,uo < 00, /deq < 00. (2.2)
X2

Then the following hold:

(i) Assume that
H (o ® 1| R) < 0. (2.3)

Then:

(i-a) There exists a unique minimizer y of H(-|R) among all transport plans from
Mo fo L.
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(i-b) ¥ = f ® gR for appropriate Borel functions f, g : X — [0, 0c0) which are
m-a.e. unique up to the trivial transformation (f, g) — (cf, g/c) for some
c>0.

(ii) Assume that pg, p1 € L*°(X) and that for some ¢ > 0,
R>ecm®m inPyx Py, 2.4

where Py := {po > 0} and P| := {p1 > 0}. Then:

(ii-a) The bound (2.3) holds.
(ii-b) The functions f, g given by (i-b) above are in L' N L™ (X) with

looll Lo x) lo1 1l oo x)
C

1 oo llgll e < and £ 100 l8llee < =
2.5)

and y is the only transport plan which can be written as f' @ g'R for f', g’ :

X — [0, 00) Borel.

Proof. (i-a) Existence follows by the direct method of calculus of variations: the class of
transport plans is not empty, narrowly compact (see e.g. [4]) and H( - | R) is well defined
there: indeed, by assumption f Wdo < ocowith W(x, y) := B(x)+ B(y) for all transport
plans o. Moreover by (2.1) we have

H(alR):H(alRW)—/Bduo—/Bd/u—long,

so that H (- | R) is narrowly lower semicontinuous on the class of transport plans.
Since H (- |R) is strictly convex, uniqueness is equivalent to the existence of a trans-
port plan y from pg to w1 with finite entropy with respect to R and by (2.3) we get (i-a).
(i-b) The uniqueness part of the claim is trivial, so we concentrate on existence. Finite-
ness of entropy in particular implies that y <« R. Put p := S_Fa and let Py := {po > 0}
and P; := {p; > 0}. We start by claiming that

p>0 m®@m-ae.onPyx Pj. (2.6)

Since m®m and R are mutually absolutely continuous, the claim makes sense. Arguing by
contradiction assume that R(Z) > 0, where Z := (Pyp x P;)N{p = 0}. Lets := %
and for A € (0, 1) define (1) : X*> — R by

u(p+ i@ —p)) —ulp)

() = 5 , where u(z):=zlogz.

The convexity of u implies that ® (1) < u(s) — u(p) € L'(X2, R) (recall (2.3)) and that
@ (1) is decreasing as A | 0. Moreover, on Z we have ®(A) | —oo R-a.e. as A | 0, thus
the monotone convergence theorem ensures that

i Z@ Ao @ —y) IR —HEIR) _
240 A
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Since y + A(uo ® w1 — p) is a transport plan from pg to w; for A € (0, 1), this is
in contradiction with the minimality of y, which implies that the left-hand side is non-
negative, hence Z is R-negligible, as desired.

Now pick & € L®(X?, y) such that 70(hy) = w}(hy) =0and ¢ € (0, ||h||;jo(X2 )
Then (1 + eh)y is a transport plan from g to @ and since Ap is well defined R-a.e. we
have

lu((L+em)p)liLixe R =/|(1+8h)p10g((1+8h)p)ldR

< /(1 -I—sh)p|logp|dR+/(1 + &h) [log(1 + eh)| dy
< 1+ ehll o xz, ) | P10g Pl Ry + 11+ eh) log(1 + eh) | ooz

so that u((1 + eh)p) € L' (X2, R). Then again by the monotone convergence theorem

. H({(+eh)y|R)—HYIR) _/. u((1+eh)p) —u(p)
m = | lim dR

i
el0 & el0 &

= /hp(logp—i— 1)dR.

By the minimality of p, the left-hand side is non-negative, so after running the same
computation with —A in place of 4 and noticing that the choice of 4 yields [hpdR =
J hdy =0 we obtain

/hp logpdR=0 Vhe L®X? y)withzl(hy) =nlhy)=0. @7
The rest of the argument is better understood by introducing the spaces V,~W C
L'(X2,y)and VL, W c L>®(X2, p) as follows:
Vi={(feL'Xy): f=9¢ @y forsomep € LOX,m) ). ¥ € LOX, m, )},
W= {h e L¥(X? p) 1 m)(hy) = m, (hy) = 0},

vi= {h € L“(Xz,y):/fhdy =0Vfe v},

tw = {feL](Xz,y):/fhdyzov}ze W},

where ¢ @ Y is defined as ¢ @ ¥ (x, y) := ¢(x) + ¥ (y). Notice that the Euler equation
(2.7) reads log p € W and our conclusion is log p € V; hence it is sufficient to show
that *W C V.

Claim 1. V is a closed subspace of L' (X2, y).
We start by claiming that f € V if and only if f € L'(X?, y) and

FN+HFEY) = f, )+, y) mememem-ae. (x,x,y,y) € P§x PE.
2.8)
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Indeed, the ‘only if” part follows trivially from y < m ® m and the definition of V. For
the ‘if” we apply Fubini’s theorem to get the existence of x’ € Py and y’ € P; such that

FO,)+ O Y)=fo,y)+ f(x',y) m@m-ae x,ye Pyx P
Thus f = f(-,¥)® (f(x,-) — f(x',y)), as desired.
Now notice that since (2.6) yields (m ®@m) | pox P, < y, we see that the condition (2.8)

is closed with respect to L' (X2, y) convergence.
Claim2. V+ C W.

Leth € LOO(Xz, v) \ W, so that either the first or second marginal of 4y is non-zero,
say the first. Since nfy = 1o we have nf(hy) = fouo for some fy € L°(X, o) \ {0}.
Then the function f := fy @0 = f o 7° belongs to V and we have

/ hfdy = / foor¥d(hy) = / fodn¥(hy) = f F2dpuo > 0,

sothath ¢ VL.
Claim 3. 1w c V.

Let f € L'(X2, y) \ V, use the fact that V is closed and the Hahn—Banach theorem to
find h € L®(X?,y) ~ L'(X?, p)* such that [ fhdy # Oand [ fhdy = O for every
f € V. Thus h € V* and hence h € W by the previous step. The fact that [ fhdy #0
shows that f ¢ - W, as desired.

(ii-a) The bounds (2.2) and (2.4) imply that [ e~ B®=B0 d(m @ M) pp <
which together with (2.2) again shows H (1o @ u1 | (m ® m)| Pox Pl) is well defined. The
assumption that pg, p; € L°°(X) then ensures that H (o ® 11 | (m® m)|P0><P|) is finite,
hence the claim follows by direct computations:

H(puo ® 11| R)

d(mem), ,)
= H(,uo®,u1|(m®m)|PoxPl)_|_/10g( | Py Py

dR

)/Oo®/01 dim ®@m)
=H(po®pui|m@m)), ,)—loge < oo.

(ii-b) Let o be a transport plan from o to w1 such that o = f’ ® g’R for suitable
non-negative Borel functions f/, g’. We claim that in this case f’, g’ € L*®(X), leading
in particular to the claim in the statement about y.

By disintegrating R with respect to 7%, from 70(f’ ® ¢’R) = pom and Ry = m we
get

£ (x) / g (AR (y) = po(x) < oo form-ae. x, (2.9

whence g’ € L'(X, R,) for m-a.e. x. Notice that the sets where f” and g’ are positive must
coincide with Py and P; respectively, up to m-negligible sets, so that nothing changes in
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(2.9) if we restrict the integral to P;. Moreover, since from (2.4) we have R, > cm in P;
for m-a.e. x € Py, we see that g’ € L'(X) with

cllg'lipix) < /g/(y) dR(y) form-ae.x € Py

and thus (2.9) yields
< llpoll > x)
C||g,||L1(x)
which is the first inequality in (2.5), because in X \ Py we already know that f” vanishes
m-a.e. By interchanging the roles of f’ and g’, the same conclusion follows for g’.
For the uniqueness of y, put ¢ := log f/, ¥ := log g’ and notice that, by what we

have just proved, they are bounded from above. On the other hand,

m-a.e. in Py,

/¢691//d0=H(0|R)>—oo
because, as already remarked in the proof of (i), (2.2) implies that H (- | R) is well defined
on Adm(ug, p1). From these two facts we infer that
pon’, yon! e L'(X2, o). (2.10)

Putting for brevity p’ := f’ ® g’ and arguing as before to justify the passage to the limit
in the integrand we get

d / /
aH((l — Ao + Ay | R)|)\:O+ = /(p—p)logp drR

=/¢69¢d(y—o)

by @10y = [panly o)+ [warlr - o)
(because ¢ and y have the same marginals) = 0.

This equality and the convexity of H(-|R) yield H(c |R) < H(y |R), and since y is
the unique minimum of H (- | R) among transport plans from g to @1, we conclude that
o=y. |

The above result is valid in the very general framework of Polish spaces. We shall now
restate it in the form we shall need in the context of RCD spaces.

Recall that on a finite-dimensional RCD*(K, N) space (X, d, m), m satisfies the vol-
ume growth condition (A.20), so that we can choose W = d?(-, x) for any x € Xin (2.1).

Setting z := [ ¢~4"-Ddm and
m:= zflefdz("’z)m,
the definition (2.1) becomes

Hu | m) =H(M|ﬁ1)—fd2(-,i)du—10gz @.11)
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and this shows that H (- | m) is well defined on £, (X) and W5-lower semicontinuous. Let
us also recall that on RCD spaces there is a well defined heat kernel r.[x](y) (see (A.3)
and (A.4)). Choosing r,; in the following statement is convenient for the computations
later on.

Theorem 2.2. Let (X, d, m) be an RCD*(K, N) space with K € R and N € [1, c0)
endowed with a non-negative Radon measure w. For ¢ > 0 define R¢/> € 2 (X?) as

dR*/2(x, y) := realx1(y) dm(x) dm(y).

Also, let o, u1 € P (X) be Borel probability measures with bounded densities and sup-
ports. Then there exist and are uniquely m-a.e. determined (up to multiplicative constants)
two Borel non-negative functions f¢, g° : X — [0, oo) such that ¢ @ g°R¢/? is a trans-
port plan from g to 1. In addition, f¢, g° belong to L*°(X) and their supports are
included in supp (o) and supp(u1) respectively.

Proof. Start by observing that Rg/ 2 = R’i/ > = m and if we set B := d?(., x) with any
X € X, then the second and third conditions in (2.2) are automatically satisfied; for the
first one notice that

/ o—BO®B 4Re/2 — f(e—dZ()v,X) dRi/Z(y))e—dZ(x,)?) dm(x),
X2

e~ 400 <1, Rf/ Zisa probability measure and recall (A.20). Hence Proposition 2.1, the
fact that the Gaussian estimates (A.5) on the heat kernel imply that there are constants
0 < ¢, < C¢ < oo such that

ccm@m <R/ <Cm@m

in Py x P, and the fact that f® ® g®R®/? is a transport plan from g to 1, yield the
conclusion. O

3. Hamilton’s and Li-Yau’s estimates

Here we recall Hamilton’s gradient estimate and Li—Yau Laplacian estimates for log h;u,
where u is a non-negative function.

Let us start with the following result, which we shall frequently use later on without
explicit mention:

Proposition 3.1. Let (X, d, m) be an RCD*(K, N) space with K € R and N € [1, c0),
t > 0and ug € L*> N L®(X) be non-negative and not identically zero. Put u; := hyuy.
Thenlogu; € Test?o (X).

loc

Proof. By (A7), u; € Test®(X), and by (A.5), u, is locally bounded away from 0. Since
log is smooth on (0, 00), the conclusion easily follows from (A.6). ]

We now recall Hamilton’s gradient estimate on RCD(K, co) spaces, which is known to
be true from [42]:
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Theorem 3.2 (Hamilton’s gradient estimate). Let (X, d, m) be an RCD*(K, 00) space
with K € R and let ug € LP N L°°(X) be positive with p € [1, 00). Put u; := hyug for
allt > 0. Then

t|Vlog w)? < (1 +2K71) log(”uonﬂ> m-a.e.

Uz
forallt > 0, where K~ := max{0, —K}.

Proof. In [42] this result has been stated for proper RCD(K, 0o) spaces; still, the as-
sumption that bounded sets are relatively compact is never used so that the proof works
in general RCD spaces. We remark that in [42] the authors refer to [31], [3], [6] and [56]
for the various calculus rules and that in those references no properness assumption is
made. O

In the finite-dimensional case, thanks to the Gaussian estimates for the heat kernel we can
easily obtain a bound independent of the L° norm of the initial datum:

Theorem 3.3. Let (X, d, m) be an RCD*(K, N) space with K € R and N € [1, 00).
Then there is a constant C depending on K, N only such that for any ug € L' (X) non-
negative, not identically 0 and with bounded support the inequality

2
IV log(u,)|? < c<1 + %) <1 +1+ DOT(X)) m-a.e. (3.1)

holds for all t > 0, where u; := h,u and
Do(x):= sup d(x,y).
yesupp(uo)
In particular, for every 0 < 6 < T < oo and x € X there is a constant Cs,t > 0
depending on K, N, §, T, x and diam(supp(uo)) such that for every ¢ € (0, 1),
elVlog(ueg)| < Csr(1 +d(-,x)) Vtels, T]. 3.2)
Proof. Recall the representation formula (A.4),
u(x) = /uo(y)rz[y](X)dm(y) =/ up(Vre[yl(x) dm(y) Vx € X,
supp(uo)
and that for the transition probability densities 7;[y](x) we have the Gaussian estimates

(A.5), which can be simplified as

Co ( d’(x, y) C
——exp| ——— ——e
m(B_;(y)) 3t m(B /()

for appropriate constants Cyp, C1, C3 depending only on K, N. Therefore,

u
iz = swpus o) = e [ O amy)
x supp(uq) m(Bﬁ()’))

Cot

- Czt) <rnlx](y) = Vx,y €X,

infua, (x) > Coe™2C2 e~ D30/t / __u) dm(y) > 0.
x supp(uo) m(B@(y))
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Since m is uniformly locally doubling we know that
m(B 5 () < m(B ;(y))C3eY ¥y eX, 1> 0,

where C3, C4 only depend on K, N. As a consequence,

U || Loe 2
| < G5OV Yy e X 1> 0.
Uz (x)

We now apply Proposition 3.2 with u; in place of ug (notice that the assumptions are
fulfilled) to get

2 - ll2es |l o0
t|Vlog(uz)|” < (1 +2K"t)log| ———
Ut

< (1 4+ 2K~ 1)(log Cs 4 3Cat + C4/1 + D3(x)/1)

m-a.e., which is (equivalent to) the bound (3.1). The last statement is now obvious, notic-
ing that Do(x) < Do(x) 4+ d(x, x) for any x € supp(up). m]

A further result that we shall need is the Li—Yau inequality in the form proved by Baudoin
and Garofalo (see [25] for the case of finite mass and [40] for the general one).

Theorem 3.4 (Li-Yau inequality). Let (X, d, m) be an RCD*(K, N) space with K € R
and N € [1,00) and let ug € LP(X) for some p € [1,00) be non-negative. Put u; :=
hiug for all t > 0. Then

—4Kt/3
2kipAur  NK e 1/

2 -
|V10gut| = u 3 1 _e—ZKl/3

m-a.e. 3.3)

NK e 4K1/3
3

. N
forallt > 0, where T2k IS understood as 5; when K = 0.

We restate the above inequality in the form that we shall use:

Theorem 3.5. Let (X, d, m) be an RCD*(K, N) space with K € R and N € [1, c0).
Then for every 0 < 6 < T < oo and x € X there exists a constant Cs,;7 > 0 depending
on K,N,$, T, x and diam(supp(ug)) such that for any uo € LY(X) non-negative, not
identically zero and with bounded support and for any ¢ € (0, 1),

eAlog(he (uo)) = —Csr(1+d°(, %) Vi e[s, Tl (3.4)
Proof. Rewrite the Li—Yau inequality (3.3) as
Au NK e 4Ki/3
—okt/3( Blr 2 __—2Kt/3 2
e ( " |V logu,| ) >—-e )V loguy| 31— 2k

=Alogu,

and use Hamilton’s gradient estimate (3.2) to control |V log u;, |2 on the right-hand side.
O
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4. The Schrodinger problem: properties of the solutions

4.1. The setting

Let us fix once for all the assumptions and notations which we shall use from now on.
Setting 4.1. (X, d, m) is an RCD*(K, N) space with K € Rand N € [1, 00), and g =
pom, 11 = prm are two absolutely continuous Borel probability measures with bounded
densities and supports.

For any ¢ > 0 we consider the couple (¢, g°) given by Theorem 2.2 normalized in
such a way that

/log(hg/zf"‘)pl dm = 0. 4.1)

Then we set pg := po, p] := P1, g ‘= Mo, K§ = 1 and

IOS . —_ Sgs
t *— Jt 61>
If =heapfe, 8 = he1-n/28°, ..
My == pym,
@f = ¢elog ff, Ve = eloggf, 9¢ = Lyt — o)
fort € (0, 1], fort € [0, 1), S
fort € (0, 1).

In order to investigate the time behaviour of the functions just defined, let us introduce
the weighted L? and W2 spaces. The weight we will always consider is e~V with V =
Md?(-, x); because of (A.20), e~V m has finite mass for every M > 0. For L*(X, e "m)
no comments are required. The weighted Sobolev space is defined as

W2(X, e Vm) == {f € W2(X) : £,IDf| € L*(X, e~V m))
where | Df| is the local minimal weak upper gradient already introduced. Since V is lo-
cally bounded, WL2(X, e=Vm) turns out to coincide with the Sobolev space built over the
metric measure space (X, d, e_Vm), thus motivating the choice of the notation. The ad-
vantage of dealing with L2(X, e~"m) and W!2(X, e~"m) is that they are Hilbert spaces,
unlike L2, (X) and W,22(X).

As two different reference measures on X might be considered from now on, namely
m and e~"'m, to avoid possible misunderstandings it is worth stressing that the notations
L2(X) and W12(X) will always mean L2(X, m), Wh2(X, m) respectively.

Let us now begin with a couple of quantitative estimates for f;°, gf and p;.

Lemma 4.2. Under Setting 4.1, defining

Vg 1= inf m(B (), Vs:= sup m(B (y)), 4.2
: yesupp(po)usupp(pl) \/E * yesupp(lgo)Usupp(lgl) \/E
for any x € X there exist positive constants Cq, ..., Co depending on K, N, po, p1, X

only such that:
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(i) Foranye > Qandt € (0, 1] we have
Ci Cad*(, ) 63)

Very2

et et

||f8||Ll(X) CXP(_

Cy Csd*(-, %)  Ce
<ff< o2 1N CXP(—T + E) (4.3)
and analogously for g¢ and t € [0, 1).
(i) Foranye € (0,1) andt € [0, 1] we have
C; Cs — Cod?(-, %)
PL=Np p( . )
Proof. (i) This is a direct consequence of the representation formula (A.4), the Gaussian
estimates (A.S) and the fact that pg and f* have the same support.

(ii) We shall indicate by C a constant depending only on K, N, pg, p1, X whose value
might change in various occurrences. Start from p; = fgf < fflIgfllL~ < fflg’llr>,
then use the bounds (4.3), (2.5) and notice that the constant ¢ appearing in (2.5) is >
(C/ Vesa)e~ /¢ to obtain

4.4

— 2 . Y
e CVepo exp(c Cd“( ,x)>.
Vet )2 et

Noticing that the Bishop—Gromov inequality (A.18) ensures that for every s € [0, 1] we
have V; < Cm(B) (%)) and vy > Cm(B;(x))sV/2, we obtain the claim for r € [1/2, 1].
The case ¢ € [0, 1/2] follows by a symmetric argument. O
The following proposition collects the basic properties of the functions defined in Set-
ting 4.1 and the respective ‘PDEs’ solved:

Proposition 4.3. Under Setting 4.1, the following holds. All the functions are well defined

and for any ¢ > 0:

(@ fF, g8, pf € Test™®(X) for all t € I, where J is the respective domain of definition
(for (p7) we pick I = (0, 1));

() ¢, ¥, 97 € Testpn.(X) for all t € J, where J is the respective domain of definition.

Forany ¢ > 0, C C J compact and x € X there exists M = M(K, N, po, p1,C, x) > 0

such that all the curves (ff), (gf), (pf) belong to AC(C, W'2(X)) and (¢f), (¥f), (9F)

to AC(C, WE-2(X, e=Vm)), where J is the respective domain of definition (for (p;) we

pick I = (0,1)) and V = Md?*(-, X); their time derivatives are given by the following

expressions for a.e. t € [0, 1]:

d ., e e

_ :—A & _ 8=__A 8’

alt =28 a s T T

d , 1 e d 1 e

el =_V£2 Z A0 Yt =2V g2 ZAUE

o 2| @ | + 540 dtw, 2I vyl +5 v,

d , d |Vo£|? g2

Epf + div(pf Vof) = 0, aﬂf + 2’ = —§(2Alog of + |Viog pf1?).

Moreover, for every € > 0 we have:
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()
sup{l|Af [l oo(x) + Lip(hy) + | Akf [ y12¢x)} < 00 4.5)
teC

if (hf) is equal to any of (f7), (&), (pf), and

sup{lle™" hf | Loocx) + lle™Vlip(hf) [ Loy + AR [wi2x.e—vam} < 00 (4.6)
teC

if (h?) is equal to any of (¢f), (Yf), (9]); in both cases, C is a compact subset of
the respective domain of definition J (for (p;) we pick J = (0, 1)),

(ii) uf € P (X) foreveryt € [0, 1] and (o) € C([0, 1], L%(X)),

(iii) we have ff — f®and gf — g° in L>(X)ast | Oandt 1 1 respectively.

Proof. Properties of (f), (gf). Recalling (A.7) we see that f; € Test>(X) for any
to > 0. Then the maximum principle for the heat flow, the fact that it is a contraction
in W!2(X) and the Bakry—Emery gradient estimates (A.9) together with the Sobolev-to-
Lipschitz property imply that (4.5) holds for (f;°). The fact that (f;°) € AC(C, wh2(X))
and that it solves the stated scaled heat equation is trivial. The fact that f° — f¢ in
L*(X) ast | 0 follows from the L? continuity of the heat flow.

Properties of (¢;), (¥). By Proposition 3.1 we know that ¢ € Test} (X) and from the
chain and Leibniz rules we see that

vV fé
Vi =e Tt
. Af;a |Vft8|2>
Agp=e( =L - ,
Y 8( T
& £ £ g2 £12 e
VA(/);:8<VA8f, ARV VISR 2 A 3Vf>
1t ) () o)

These identities, (4.5) for (f), estimate (A.8) and (4.3) imply that for any X there is
M > 0 such that for V := Md?(-, ¥) the bound (4.6) for (¢7) holds, as claimed. Similarly,
we see that [V¢f|? € L2 ((0, 1], W2(X, e=Vm)).

The expressions for Vo;, Ag; and the equation for (f;°) also show that m-a.e.,

d R 1 &
—¢f = —|V@°|? + = A¢? 4.7
¥ 2| o +2 @, 4.7

for a.e. t and since the right-hand side belongs to L%OC((O, 1], Wl’z(X, e’Vm)), this shows
at once that (¢7) € ACioc((0, 1], wh2(X, e~V'm)) and that (4.7) holds when the left-hand
side is understood as the limit of difference quotients in WL2(X, e=Vm), as claimed.

The same arguments apply to .

Properties of (p;), (¢/). The bound (4.5) for (f), (gf) and the Leibniz rules for
the gradient and Laplacian give the bound (4.5) for (p;) and also show that (p;) €
AC10c((0, 1), L*(X)). To see that this curve is absolutely continuous with values
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in W12(X) notice that
d £
30 =5 GA = [ A8

and recall (4.5) for f?, gf. The stated equation for (p;) is now a matter of direct compu-
tation:

3 &
5 @EASS = [ Agh) = Sp](Alog ff + |Vlog f|* — Alogg; — [Vlog g7 )

L(IVgE?  IVYEP e £
N 1 _ t ZA 8__A &
fe( 2 2 T ah% T AT

= p; (=(V9{, Viog pf) — AD;)
= —(VOF, Vi) — pfADE = —div(pf VI?P).

It is clear that p; > O for every ¢, t, hence the identity

/pfdm:/hst/nghs(l—t)/ng dm:/fgha/zggdmZ/demzl

shows that uf € &(X). The fact that u7 has finite second moment is a direct consequence
of the Gaussian bound (4.4) and the volume growth estimate (A.20).

For the L? continuity of pfint =0, 1, by the L? continuity of the heat flow and the
fact that f*, g® € L* (Theorem 2.2) we see that p; — f®hg/2¢° and pf — hg 2 f°g° as
t — 0, I respectively. Hence all we have to check is that

po = fheppg®,  p1 =g hepn f, (4.8)

but as already noticed in the proof of Theorem 2.2, these are equivalent to the fact that
& ® g° R¥/? is a transport plan from s to 11; hence, (4.8) holds by the very choice of
(f¢, g°) made.

Finally, the fact that (/) belongs to ACjoc((0, 1), WL2(X, e=Vm)) and satisfies the
bound (4.6) is a direct consequence of the analogous property for (¢;), (/). The equa-
tion for its time derivative follows by direct computation:

d Ve 2 VY2 e IVee|? e
__08 ! - _ t —ZA & _ t —ZA &
T A riakd 4 4
N IVyiI? N IVei? (VY7 V)
8 8 4
82 & 1 g2 g2 & &
= =7 Alogpf = S(VY{ 1P+ Ve[ "+ 2(Ver, V)
2

e
= —§(2A log pf + |V10gpf|2),

hence the proof is complete. O
Using the terminology adopted in the literature (see [48]) we shall refer to:

e ¢ and v as Schrodinger potentials, in connection with Kantorovich ones;
o (u?):e[0,1] as entropic interpolation, in analogy with displacement interpolation.
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4.2. Uniform estimates for the densities and the potentials

We start by collecting information about quantities which remain bounded as ¢ |, 0.

Proposition 4.4 (Locally uniform Lipschitz and Laplacian controls for the potentials).
Under Setting 4.1, the following holds. For all 5§ € (0, 1) and x € X there exists C > 0
which only depends on K, N, §, X such that

lip(gf) < C(1 +d(, X)) m-ae, (4.92)
Agf > —C(1+d*(, %) m-ae., (4.9b)

foreveryt € [8, 11 and ¢ € (0, 1). Furthermore, for all M > 0 there exists C' > 0 which
only depends on K, N, §, x, M such that

f |Agf e M) gm < ¢ (4.10)

foreveryt € [§, 1]and ¢ € (0, 1). Analogous bounds hold for the ; ’s in the time interval
[0, 1 — 6]

Proof. Fix$ € (0, 1) and x € X as in the statement and notice that the bound (3.2) yields
IVo; | = e|Viog(he 2 f*)] < C(A +d(-, %)) Vel 1], e €(0,1).
Thus recalling the Sobolev-to-Lipschitz property (A.10) we obtain the bound (4.9a). The

bound (4.9b) is a restatement of (3.4). Finally, let M > 0 and x a 1-Lipschitz cut-off
function with bounded support; notice that || = h + 2h~, whence

/Xe—Md2<~f>|A¢f|dm=/Xe—Md2<'~f>A¢f dm+2/xe—Md2<~f>(A<pf)— dm.

Integration by parts and the facts that |Vd2(', xX)| =2d(,x), |Vx| <land0 < x <1
then imply that

/Xe_Mdz("’E)lAgpfldm < /e_Mdz("’z)W(pﬂdm—i—ZM/d(-,i)e_Mdz("i)IV(pﬂdm
+ 2/e—Md2("f)(A<pf)— dm,

and taking into account (4.9a) and (4.9b), the bound (4.10) follows.
For v/ the argument is the same. O

The gradient estimates that we have just obtained together with the Gaussian bounds on
f7, &, pf that we previously proved have the following direct implication, which we
shall frequently use later on to justify our computations:
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Lemma 4.5. Under Setting 4.1, the following holds. For any ¢ € (0, 1) andt € (0, 1) let
h{ denote any of @7 , Y, 9f, log pf and, foranyn € N, let H} denote any of the functions

PEIVEEL",  pflog(pD)IVRE™, Vol IVASI",  ApfIVAE",  pf(VhE, VAKS).
4.11)
Then Hf € L'(X) forevery e, t € (0, 1). Moreover for every & € (0, 1/2) we have

lim  sup f |Hf|dm =0 Vee (0,1), x € X. (4.12)
R—001¢[5,1-8] JX\Br(¥)

Finally, (0, 1) > t — [ Hf dm is continuous.

Proof. General considerations. We shall repeatedly use the fact that if 4; has Gaussian
decay and /7 has polynomial growth, i.e.

h < crexp(—cad®(-, X)), ha < e3(1 +d%(., %))

for some cy, ..., c4 > 0,x € X, then their product 1/, belongs to L'n L>®(X): the L™
bound is obvious, the one for the L! norm is a direct consequence of the volume growth
(A.20) and explicit computations.

For the continuity of (0, 1) 5 7 — [ Hf dm, notice that Proposition 4.3 implies that
all the maps (0, 1) > ¢t — |Vh7| € L*(X,e Vm) and (0,1) > ¢ > oL IVPEl Apf €
L*(X) are continuous (for Ap? use the fact that Apf = g®Afe + f£Agf +2(V f£,Vg?)
and the continuity of (0,1) > t = AfS, Agl € L%(X)). Hence all the functions in
(4.11), with the possible exception of the last one, are continuous from (0, 1) to L%(X)
equipped with the topology of convergence in measure on bounded sets. Therefore the
continuity of (0,1) > t — f H dm for these maps will follow as soon as we show that
they are, locally in ¢ € (0, 1), uniformly dominated by an L'(X) function. Given that
such domination also gives (4.12), we shall focus on proving it.

Finally, we shall consider only the case h{ = ¢, as the estimates for v can be
obtained by symmetric arguments and the ones for ¥/, log pf follow from the identities
O = (Y7 —¢;)/2 and elog pf = ¢f + V.

Study of p; |Vh{|". By (4.9a) we know that |V¢?| has linear growth locally uniform in
t € (0, 1); hence |Vg;|" has polynomial growth locally uniform in ¢t € (0, 1). Since p;
has Gaussian bounds by (4.4), we deduce that p; | VA |" is, locally in ¢ € (0, 1), uniformly
dominated.

Study of of log(p;)|Vh{|". Writing log p; = log f + log g’ and using (4.3) we see
that [log p; | has quadratic growth locally uniform in # € (0, 1). Thus the claim follows as
before.

Study of |V p; | [Vh{|". Notice that |V p;| = p; |V log pf| and observe that from ¢ log p;
= @7+ and (4.9a) we see that |V log o7 | has linear growth locally uniformin¢ € (0, 1).

Study of |Ap; | |VAI|". Write

|APE| < fEIAGEI 4 gfIALEl + 26720 V| IVYf]
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and notice that the term p; |V@; | [V | can be handled as before and that by (A.7) and
the maximum principle for the heat flow we know that

Aff, Ag; are bounded in L*°(X) locally uniformly in ¢ € (0, 1). (4.13)
Hence the conclusion follows from the Gaussian bounds (4.3).

Study of o7 (Vh;, VAR?). Notice that

IVALEL IAFENIVEEL VIV EER 2|fo|3>
fE (f£)? (f5)? (f5)3

1 _
< F(SIVAffI +IAS IV +2Vef | Hess(f) s + 2672 f7IVer )
t

and therefore, using also 2g¢|Ve?|?[Hess(f)|ys < g5 IVef|* + gf [Hess(f?)]

IVAg]| < 8(

2

hg We get

o7 IV IV Agf|
< &gl VO IVAS 1+ gl 1AL LIV 1>+ g IVl |* + gf Hess(f) 7 + 26205 IV [

By what we have already proved, the last term on the right-hand side is dominated locally
uniformly in ¢ € (0, 1). Similarly, the term g7 |Vg? |* is, locally in ¢, dominated thanks
to the Gaussian bounds on g7; domination for g7 |Af?| V! |2 then follows using (4.13).
Writing VAff = Vh,_sAf§ forany t > § > 0 and using (A.7) and the Bakry—Emery
estimates (A.9) we see that

IVAFF| is, locally in ¢, uniformly bounded in L™ (X), (4.14)

thus local uniform domination for gy |Vo; | |VAf/| follows.
It remains to consider the term g|Hess( ff)|2HS. We know from (A.13) that

[Hess(f)lns € L?(X) and from (4.3) that g7 € L®(X). This is sufficient to conclude
that pf (Vhi, VAh]) € L'(X). To prove (4.12), thanks to the dominations previously
obtained, it is enough to show that

lim /(1 — )(R)gf|Hess(ff)|2HS dm =0 locally uniformlyinz € (0, 1), (4.15)
R—o0

where for any R > 0 the function yy is a cut-off given by Lemma A.2. From (A.16) we
have

/ (1= xg)gt [Hess(f5)[2 dm

& |Vf,€|2 & & & &2
< Al = xr)8;) > T (I = xr)g (VS , VAS) = KIV 7)) | dm.

By (4.14), the already noticed fact that |V f?| is also uniformly bounded in L°(X) locally
int € (0, 1) and the Gaussian bounds (4.3) on g/ we see that the second summand in the
last integral is, locally in ¢ € (0, 1), dominated by an L' (X) function.
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For the first summand we write
A1 = xR)gH) = —8E Axr — 2(Vxr. Vi) + (1 — xp)Agt, IVl =e ' fFIVgEl,

and use the properties of yr given by Lemma A.2 and those of g7, f°, |[Vg;| that we
already mentioned to deduce that A((1 — xg)g;) is bounded in L*>°(X) and |V ff|2 is
dominated in L' (X), both locally uniformly in ¢ € (0, 1). Hence (4.15) follows from the
fact that 1 — xg, |[Vxr|, Axr are identically O on Bg(x).

It remains to prove that ¢t + [ pf(Ve?, VAgf)dm is continuous and thanks
to (4.12) to this end it is sufficient to show that for any R > O the map t
S xrpE(Vef, VA?) dm is continuous. To see this, notice that

/XRpf(Vgof,VAwf)dm
= —/[(XR(fo, Vi) + pf (Var, VEENAGE + xrpf 1A 1P dm,  (4.16)

and that the maps t — pf, ¢; are continuous with values in WI’Z(X), WL2(X, e=Vm) re-
spectively. Also, writing Ag; = ¢ Aff} —e| Ve |?
L%(X), the bound (4.13) and the fact that f{ is bounded from below on supp(xr) by a
positive constant depending continuously on ¢ and taking into account what we previ-
ously proved, we see that the integrand on the right-hand side of (4.16) is continuous as a
map with values in LO(X, LTI, (XR)) and, locally in ¢, uniformly dominated by an L' (X)

, using the continuity of  — ff, Aff €

function. This is sufficient to conclude the proof. O

Proposition 4.6 (Uniform L°° bound on the densities). Under Setting 4.1, the following
holds. For every X € X there exist constants C, C' > 0 which depend on K, N, X, po, p1

such that o
pf < Ce O mege 4.17)
foreveryt € [0, 1] and every € € (0, 1).

Proof. From (4.4) and direct manipulation we see that there are constants ¢, ¢’,r > 0
depending on K, N, X, pg, p1 only such that

pr0) < ce FED yr ¢ B(R), e € (0, 1), 1 € [0, 1], (4.18)

hence it is sufficient to show that there exists a constant M > 0 depending on K, N, X,
00, p1 only such that

lofllocy <M Ve e (0,1), t €0, 1]. (4.19)

For later purposes it will be useful to observe that from (4.18) and the volume growth
estimate (A.20) it follows that there is R > r such that

/ (pf)pd2(~,i) dm <1 Vee(,1),tel0,1], p>2. (4.20)
X\Bg ()
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Now fix ¢ > 0. We know from Proposition 4.3 that (p;) € C([0, 11, L2X)) N
AC1oc((0, 1), L*(X)) and by the maximum principle for the heat equation p{ < C, for
all t € [0, 1], thus for any p > 2 the function E), : [0, 1] — [0, 0o) defined by

Ey(1t) := /(,of)p dm

belongs to C ([0, 1]) N ACjoc((0, 1)). An application of the dominated convergence the-
orem show that its derivative can be computed by passing to the limit in the integrand,
obtaining

d 1 d 1
G B0 =0 / (PPt oy dm=—p / (o))" div(pf V;) dm.

Then the definition of 9/, (4.9a), (4.9b) and (4.4) justify integration by parts, whence

d eyp—1 3 e
G E O =pp-1 f(p,) (Vpf. Vof) dm

=(p-1 /<V(pf)”, VO)dm = —(p — 1) /(pf)PAz?f dm,

and recalling that ¥ = ¥ — 5log p; we obtain (the integrals are well defined for the
same reasons as above)

d
B0 =01 [(hravtan+ 5o - [6frateptan @2

Now notice (the same arguments as above justify integration by parts) that
[ @ aos st an==p [ 65195 tog pf)
= —p /(pf)f’—zwpﬂzdm <0

and choose § := % and T := 1in (3.4) to get the existence of a constant ¢” > 0 depending

on K, N, ¥ and the diameters of the supports of pg, o such that Ayf > —c"(14d%(-, X))
for any ¢ € [0, 1/2]. Thus from (4.21) we have

%Ep(t) <"(p=DEy0)+"(p—1) /(pf)pdz(uf)dm a.e.r€[0,1/2],

and recalling (4.20) we get

d
EE”(” <"(p—DE,)+"(p—1) ( )(,of)”dz(~, Ddm+1 <" (p—DEy)+1
Br(x

for a.e. t € [0, 1/2]. Then Gronwall’s lemma gives

E,t)<(E (O)+; "D vt e 10, 1/2].
3 P emp =1
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p—1
LP=1(uf)
probability measure, we have ||2||Lr(ue) 1 1Al Lo (ue) as p — 0o, we obtain

Passing to the p-th roots, writing E, (1) = [|0f || and observing that since u; is a

lofllzee < e lpolle Vi €10,1/2].

Switching the roles of py and p; we get analogous control for ¢ € [1/2, 1], whence the
claim (4.19) with M := ¢ max{|pollL, |o1llL>}. m]

4.3. Entropy along entropic interpolations

In [44] Léonard computed the first and second derivatives of the relative entropy along
entropic interpolations: here we are going to show that his computations are fully justi-
fiable in our setting. As we shall see later on, these formulas will be the crucial tool for
showing that the acceleration of entropic interpolation goes to 0 in a suitable weak sense.

We start by noticing that a form of Bochner inequality for the Schrédinger potentials
can be deduced. Observe that in general the object I'2(¢;) is not a well defined measure,
because in some sense it can have both infinite positive mass and infinite negative mass;
this is not due to the generality of the framework we are working in, but to the fact that
even in the Euclidean space ¢}, |[V¢?|, Ap; need not be integrable. Nevertheless, thanks
to Lemma 4.5, the action of I'2(¢}) on p; can still be defined: we will put

(Cah), pF) o= / (LA IVAEP — pf (VAE, VAKS)) dm,

where h{ is any of @7, ¥/, ¥/, log p;, and notice that Lemma 4.5 ensures that the integral
on the right-hand side is well defined and finite. We then have:

Lemma 4.7. Under Setting 4.1, for any ¢ > 0 and t € (0, 1) we have
(Ta(h), pf) > /(|Hess(hf)|i|s + K|VE [*) pf dm, (4.22a)

(Ta(h). pf) = / ((ARDY/N + K|VAE?) pf dm, (4.22b)

where hi is any of ¢f, ¥f, 9f, log pf.

Proof. Fixe > 0,t € (0,1) and, for given x € X and R > 0, let xg € Test™(X) be a
cut-off function with support in Br1(x) and such that yg = 1 in Bg(x). Then we know
that xg+1¢¢ € Test®(X) and thus (A.16) holds for it:

Da(xr+190f) = (Hess(xrr19)) 5 + K|V (xr+19))1*)m.

Multiplying both sides by xrp;, integrating over X and using the locality of the various
differential operators involved we obtain

/ (LAGRPE) VO — xrof (Vo VAGE)) dm

Z/XRpf(|Hess(<pf)|2HS+K|Vg0f|2)dm. (4.23)
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By monotone convergence,
lim / Xrpf IVef | dm = f pf IVef|* dm,
R— o0
. e ey12 _ e ey12
Rlimw[xRp, [Hess(¢; ) [},g dm = /p, [Hess(¢; ) [}, dm,

and thus the right-hand side of (4.23) tends to the right-hand side of (4.22a). Now notice
that
A(xrP;) = XRAP, +2(Vp[, VXR) + pf AXR

and the choice of xr implies that |xr|, |[VxRr|, |Axr| are uniformly bounded and m-
a.e. converge to 1, 0, 0 respectively as R — o0. Hence Lemma 4.5 and the dominated
convergence theorem show that the left-hand side of (4.23) converges to (I'2(h?), p;),
proving (4.22a) for h{ = ¢} . The other claims follow by similar means taking (A.17) into
account. 0

Now we can motivate Léonard’s computations, getting formulas for the first and second
derivatives of entropy along entropic interpolations.

Proposition 4.8. Under Setting 4.1, the following holds. For any ¢ > 0 the map t +—
H(ui | m) belongs to C([0, 1]) N C2((0, 1)), and for every t € (0, 1),

d 1

3 H G Tm) = / (Vor, Vo) dm = - / (VY7 1P = Ve[ 1) pf dm, (4.24a)
d2 & _ 3 & i 1 & 3 _l & 3 l 3 &
57 H] 1) = (D2097), pf) + - (Dallog o), pf) = S{T2(g), p7) + 5 (T2, 27)-

(4.24b)

Proof. By Lemma 4.5, the middle terms and the right-hand sides in (4.24a) and (4.24b)
exist, are finite and continuously depend on ¢ € (0, 1). Also, the equality between the mid-
dle terms and the right-hand sides follows trivially from the relations 9/ = (7 — ¢})/2
and elog p; = ¢; + V.

Thus it is sufficient to show that ¢ — H (u; | m) is in C([0, 1]) N C2((0, 1)) and that
(4.24a) and (4.24b) hold for a.e. t € (0, 1).

Lemma 4.5 ensures that ¢ — H(uf | m) is continuous in (0, 1). To check continuity
int = 0, 1, thanks to the fact that (p;) € C([0, 1], L2(X)) by Proposition 4.3 and arguing
as in the proof of Lemma 4.5, it is sufficient to show that p; log p; is dominated by an
L'(X) function. To see this, write

of log of = g f log ff + ff g log g/

and notice that for ¢ € [0, 1/2] the bound (4.3) ensures that the function g; is uniformly
bounded above by a Gaussian and that log g7 has quadratic growth. On the other hand,
we know by Theorem 2.2 that f = f* is in L, thus the maximum principle for the
heat flow and the fact that z — zlogz is bounded from below show the L° norms
of ff, fflog f{ are uniformly bounded in ¢t € [0, 1/2]. As discussed in the proof of
Lemma 4.5, this is sufficient to conclude the proof and a similar argument yields the
desired bound for ¢ € [1/2, 1].
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Now fix ¢ > 0 and for R > 0 let xg € Test®(X) be a cut-off function as given by
Lemma A.2. Notice that Lemma 4.5 implies that

/XRpf log pf dm — /pf log py dm as R — oo for every ¢ € (0, 1). (4.25)

Also, Proposition 4.3 tells us that (pf) € ACioc((0, 1), L2(X)) and that it is, locally in
t € (0, 1) and in space, uniformly bounded away from O and oco. Therefore, for u(z) :=
zlogz themap (0,1) >t — xru(p) € L3(X) is absolutely continuous. In particular, so
is [ xru(pf)dm and it is then clear that

d & & d &
— | xru(p;)dm = | xr(ogp;, +1)—p; dm a.e.t.
dr dr

Using the formula for % of provided by Proposition 4.3 we then get

d £)dm = log pf + 1) div(pf Vof)d

3 | xruer)dm = — | xg(ogp; + 1) div(p; V;) dm
= [ (VGuwttog pf + 1), 957 am
=/XR(fo,Vz?f)der/(VXR,Vﬁf)(lngf+ 1)p; dm.

Since |V xr| is uniformly bounded and identically 0 on Bgr(x), Lemma 4.5 shows that
the last expression in the above identity converges to [(Vpf, V¥f)dm as R — oo lo-
cally uniformly in ¢ € (0, 1). This fact, (4.25) and the initial discussion give C L0, 1)
regularity for t — H (uf | m) and (4.24a).

For (4.24b), from Proposition 4.3 we know that (pf) € ACioc((0, 1), W12(X)) and
(%) € AC1oc((0, 1), WH2(X, e~ Vm)) with V = Md?(-, X) for some ¥ € X and M > 0
sufficiently large. Hence (0, 1) 5 t = xr(Vp;, VO/) € L3(X) is absolutely continuous.
In particular, so is [ xg(Vpf, V¥{) dm and

d d d
T XR(V,of,Vz?f)dm:/XR<<V5,0§,Vz?f>+<fo,Vaz9f>>dm a.e.r.

Thus from the formulas for %pf , %ﬂf provided in Proposition 4.3 we obtain

d
[ et w0ty am = [ e o). v95) dm

Ai(R)

2 2
4 [ el ot V(-4IVOFP - § Alog pf — 51V log i),

B:(R)
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Now notice that a few integrations by parts and the Leibniz rule give

A:(R) :/div(pfwf)(vXR,wf>dm+/XR div(pf VO£) ADE dm

:/(fo,Vz?f)(VXR,Vﬂf)dm—/XRpf(Vz?f,VAﬂf)dm

and
B (R)
1 12 3: 5 82 5 e 82 12 3: &
= EIVﬁ,I le(XRVp,)—ZXRWp,,VAlogpl)JrgIVlogp,l div(xgVp;) ) dm

1 g2 &2
=/(EXRApﬂWfF—ZxRpf(vlogpf,VAlogpf>+§xRApf|VIogpf|2) dm

1 &2 e 82 e12 e
+ QIW, I(Vxr, Vo, >+§IV10g o I"(Vxr, Vo) | dm.
Since |V xr| is uniformly bounded and identically O on Bg(x), Lemma 4.5 gives

2
At (R) + Bi(R) — (T2(9), o) + F(T2(log py), pf)  as R — o0

locally uniformly in ¢t € (0, 1).
This fact, the convergence of [ xg(Vp?, VI£)dmto [(Vpf, VO)dm as R — o0
(which is also a consequence of Lemma 4.5) and the initial discussion give the conclusion.
]

As a first consequence of the formulas just obtained, we show that some quantities remain
bounded as ¢ |, O:

Lemma 4.9 (Bounded quantities). Under Setting 4.1, for any x € X we have

sup /d2(~, %)pf dm < oo, (4.26a)
£€(0,1),t€[0,1]
sup  |H(u; [m)| < oo, (4.26b)
£€(0,1),t€l0,1]
1
sup /f (IVOE)? + &2V log pf|*) pf dr dm < oo, (4.26¢)
e€(0,1) 0

and for any § € (0, 1/2),

1-46
sup f/ (|Hess(19f)|i|s + ¢%|Hess(log pf)ms)pf drdm < oo, (4.27a)
e€(0,1) )
1-8
sup ff (|ADE? + 2| Alog pf 1) pf df dm < oo. (4.27b)
ee(0,1)J Js

Proof. (4.26a) follows from (4.17) and the volume growth (A.20). As regards (4.26b),
notice that (4.26a) and (2.11) give a uniform lower bound on H (uy | m); for the upper
bound notice that (4.17) implies uniform quadratic growth of log p; .
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Let us now pass to (4.26¢) and observe that Proposition 4.4 together with (4.26a)
yields

1 1/2
sup // |V@f|?pf dr dm + // |V of df dm < oo. (4.28)
£€(0,1)J J1/2 0

As a second step, notice that (4.24a) gives

1/2 1/2 12 4
// |V(pf|2pfdtdm=// Ve pf dtdm—2e/ aH(Mﬂm)dt
0 0 0

1/2
= //0 |V1/ff|2/)f dt dm + 2e(H (o | m) — H (py | m))

so that taking into account (4.26b) and (4.28) we see that the right-hand side is uniformly
bounded for ¢ € (0, 1). Using again (4.28) we deduce that

1
sup // |V<pf|2,ofdtdm<oo.
ee(0,1)J Jo

A symmetric argument provides the analogous bound for (/) and thus recalling that

V) = %(l/ff — ¢f) and elog pf = Yf + ¢f we obtain (4.26¢).
Now use the fact that ¥ = —¢; + 5 log p/ in conjunction with (4.24a) to get

d &
iy == [958 Ve dm o+ 5 [(95, Viog pf) am

A\HE

—dm > /p§A¢§ dm.
Ps

= / p5 Ags dm + g
Recalling the lower bound (4.9b) and (4.26a), we find that for some constant Cs indepen-
dent of ¢,

d &
SH Im),_y = ~Cs Ve e (0.1),

and an analogous argument starting from 9 = 7 — 5 log pf yields %H (s ] m)
< C; for every ¢ € (0, 1). Therefore

1-6 42
d d
sup / — H(u; |m) = sup (—H(,uglm) = —Huf |m) _)<oo.
£e(0,1) J$§ dr? ! £€(0,1) dr d li=1-s dr t lr=5

The bounds (4.27a) and (4.27b) then follow from this last inequality in conjunction with
(4.24b), (4.26¢) and the weighted Bochner inequalities (4.22a) and (4.22b) respectively.
O

With the help of the previous lemma we can now prove that some crucial quantities vanish
in the limit ¢ | 0; as we shall see in the proof of our main Theorem 5.13, this is what we
will need to prove that the acceleration of entropic interpolation goes to 0 as € |, 0.
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Lemma 4.10 (Vanishing quantities). Under Setting 4.1, for any § € (0, 1/2) we have

1-6§
hme // o7 |Alog pf| dt dm = 0, (4.29a)
1-6
hme // o7 |V log p; | drdm =0, (4.29b)
1-6
11&} &2 / / of|Alog pf| |V log pf| dr dm = 0, (4.29¢)
&
1-6
11m8 / / 0f |V log pf | dr dm = 0. (4.29d)

Proof. For (4.29a) we notice that

1-8 1-8
82// pflAlog,oﬂdtdmgs«/l—28\/82// of|Alog pf |2 dt dm
s 5

and that, by (4.27b), the last square root is uniformly bounded in ¢ € (0, 1).
For (4.29b) we start by observing that Lemma 4.11 below applies to p;, because by
Proposition 4.3, pf € Test™(X) N L!(X) and

Apf = fEAGE + gEAfE+2(V S, Vet e LY(X).

Hence, from the identity pf |V log p; |2 =— pf Alog pf + Apf and the fact that [ Apf dm
= 0 we get

1-8 1-8
82// pflVlogpﬂzdz‘dm:—ez// p; Alog pf dr dm
5 8

1-§
582// P |Alog pf | dr dm
§

and then use (4.29a).
For (4.29¢) we observe that

1-8
82//5 pi|Alog pf| |V log p; | df dm

1-8 1-§
5\/82f/5 pf|Alogpf|2dtdm\/£2/A 0f|Vlog pf|? dt dm,

and use the fact that the first square root on the right-hand side is bounded (by (4.27b))
and the second one goes to 0 (by (4.29Db)).

To prove (4.29d) we start again from the identity p; |V log o}
to get

1-6
// pf |V log pf |* dt dm

1-6
- —/f pf Allog pf)|V log ot |drdm+// APEIV log pf | df dm.
)

2 = —pf Alog pf + Apf
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After multiplication by £ we see that the first integral on the right-hand side vanishes as
& | 0 thanks to (4.29c¢). For the second integral we start by noticing that an application of
the dominated convergence theorem ensures that

1-6 1-6
// Ap;|Vlog p; | df dm = liir(}f/ Apfy/n+ |Viog pf|?dt dm, (4.30)
s " 8

then we observe that for every > 0 the map z — /5 + z is in C' ([0, 00)) and Lipschitz
continuous there, and since |V log p; |2 Wh2(X, e Vm) for V.= Md?(-, x) and suit-
able x, M (recall Proposition 4.3) we deduce that /1 + |V log p; 12 e WI’Z(X, e Vm)as
well. Thus by the chain rule for gradients, the Leibniz rule (A.15) and also using a cut-off
argument in conjunction with Lemma 4.5 to justify integration by parts, we see that

1-5
‘// A,of,/n+|Vlogpf|2dtdm‘
8

1-6 s
W yree 1ogpf,vwlogpf|2>drdm‘
JrtIVioz o P

1-68 s
‘// ——————Hess(log p{)(Vlog p;, Vlog p;) dt dm‘
Vi +Viogpf |2

1-6
< [ piittesstog o s 17 t0g ot i,
)

and since this true for any n > 0, from (4.30) we obtain

1-6

1-§
Apf |V log pf|dt dm| < &2 // p; [Hess(log p; )|ys|V log p; | df dm
8

1-8 1-6
< \/82 //8 p; [Hess(log pf) |2, dr dm \/82 [[3 pf|V log pf | dt dm.

In this last expression the first square root is uniformly bounded in ¢ € (0, 1) by (4.27a),
while the second one vanishes as ¢ | 0 thanks to (4.29b). O

Lemma 4.11. Ler (X, d, m) be an RCD*(K, N) space with K € R and N € [1, 00) and
h € D(A) N LY(X) with Ah € L' (X). Then

/Ahdm:O.

Proof. Let x € X, R > 0 and xgr € Test*(X) be a cut-off function as given by
Lemma A.2. Then

‘/XRAhdm‘ = ‘/ AXthm' = / Axghdm
X\BR(¥)

Since Lemma A.2 ensures that || A xg|| > (x) is uniformly bounded in R, the conclusion
follows by letting R — oo in the above. O

< ||AXR||L°°(X)/ h dm.
X\Bgr(x)
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5. From entropic to displacement interpolations

5.1. Compactness

Starting from the uniform estimates discussed in Section 4, let us first prove that when
we pass to the limit as ¢ | 0, up to subsequences Schrodinger potentials and entropic
interpolations converge in a suitable sense to limit potentials and interpolations.

To formulate the result we need to introduce the Banach space (C(X, eV,
I llcex,e-v)), where V = Md?(-, x) for some ¥ € X and M > 0: the norm || - lex.evy
is defined as

”f”C(X,e*V) = sup |f(x)|e7v(x)
xeX

and C(X,e™") :={f € CX) : | fllex.e-v) < 00}

Proposition 5.1 (Compactness for measures). Under Setting 4.1, the following holds.
For any sequence €, | 0 there exists a subsequence, not relabelled, such that the
curves (uf”) uniformly converge in (£2,(X), W) to a limit curve (u;) belonging to
AC([0, 1], (D2(X), W»)). Moreover, there is C > 0 such that

ur <Cm Vrel0,1], G.D

and setting p; ‘= % we have

P g in L¥(X)  Vrelo,1]. (5.2)

Proof. Fix ¢ € (0,1); we want to apply Theorem A.5 to (u7) and (V¥;). The conti-
nuity of t — pf € L*(X) granted by Proposition 4.3 yields weak continuity of (i),
and (A.23a) is a consequence of (4.17). The bound (4.26¢) yields (A.23b) and from the
formula for %pf given in Proposition 4.3 and again the L? continuity of (pf) on [0, 1]
it easily follows that (i) and (9) solve the continuity equation in the sense of Theo-
rem A.5. The conclusion of that theorem ensures that (u?) is W»-absolutely continuous

with . '
/|ﬂf|2dt=// |VOE 12 0f dr dm.
0 0

The bound (4.26¢) implies that the right-hand side is uniformly bounded in ¢ € (0, 1),
and since {(uy)}, is tight and 2-uniformly integrable by (4.17) (hence W,-compact), this
is sufficient to ensure the compactness of the family {(uf)}, in C([0, 1], (Z2(X), W2))
and, by the lower semicontinuity of the kinetic energy, the fact that any limit curve (u,)
is absolutely continuous. The bound (5.1) is then a direct consequence of the uniform
bound (4.19), and the convergence property (5.2) comes from the weak convergence of
the measures and the uniform bound on the densities. O

Proposition 5.2 (Compactness for potentials). Under Setting 4.1, the following holds.
For any sequence ¢, | 0 there exists a subsequence, not relabelled, such that for all
% € Xand M > 0, putting V := Md?(-, X) we have:

(i) Forevery$ € (0, 1) there exists C > O which only depends on K, N, §, x such that
Gl 1Y, | < CA+d*(, %) Vrels 1], e€0,1). (5.3)
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(i1) The curves (gaf”), (I/ff") converge locally uniformly on J with values in L'(X, e Vm)
to limit curves (¢;), (V1) € ACioc(d, L (X, e~V m)) respectively, where J := (0, 1]
for the ¢’s, and J := [0, 1) for the r’s.

(iii) Forallt € J, the functions ¢;", ¥;" also converge in C(X, e V) to g, Y.

(iv) Forany$ € (0, 1) there exists C > 0 which only depends on K, N, §, x such that

sup lip(¢) + sup lip(yy) < C(1+d(-, x)) m-ae. (5.4)
tels,1] 1€[0,1-8]

(V) Finally, up to passing to a suitable subsequence to obtain the existence of limit mea-
sures L as in Proposition 5.1 above, for every t € (0, 1) we have
oty <0 onX,

(5.5)
ot + ¥ =0 on supp(us).

Similarly, the curves (9;") and functions 9;" converge in (0, 1) to the limit curve t
D = %(1//, — ¢¢) and to the functions ¥, in the same sense as above.

Proof. (i) We start by claiming that for all e > O and ¢, s € (0, 1] with ¢t < s,

N 12
v (IVelm e
||(pt£ — (prLl(X’erm) < // e V<—2r + §|A(pf| dr dm. (56)
t

Indeed, by Proposition 4.3 we know that (¢;) € AC([é, 1], Wl’z(X, e’v/m)) with V/ ;=
M'd?*(-, %) and M’ = M’(8) sufficiently large, for any 8§ € (0, 1). Thus for any cut-
off function g € Test>*(X) with xg = 1 on Bg(x) and support in Bg41(¥) we have
(Xr¥S) € ACic((0, 1], W2(X, e=Vm)), and since W'2(X, e Vm) c L'(X, e Vm)
(because e~V m is a finite measure) a fortiori this is true for (xz e_ng)f ). From the formula
for %q)f (Proposition 4.3) this implies

e e * -V |V(prg|2 € e
Ixr @ — @I L1X e~V m) = L EIA%I dr dm,
t

so that (5.6) follows by letting R — oo and using the monotone convergence theo-
rem. Denoting by Cs a constant depending on K, N, pg, p1, X, §, but independent of ¢, 7,
whose value might change in various occurrences, estimates (4.9a) and (4.10) give

lof — @5l xevm) < Csls —t]  Vee (0, 1), 1,5 €[5, 1]. (5.7
Now we observe that from (4.9a) and the fact that X is a geodesic space it follows that

0% (x) — @ ()] < Csd(x, D)(1 +d(x, X)) < Cs(1+d*(x, %)) Vee 0, 1), 1el[s,1].
(5.8)

This already tells us that ¢; has quadratic growth (with constants possibly depending
on t, £). For u with finite second moment, integrate (5.8) with respect to p in x to get

@y (xX) — /wf du

s/wf(x)—qof(fndu(x) fca/<1+d2(x,2)>du<x>, (5.9
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then pick ¢+ := 1, u := p; and recall that the normalization chosen for (f?, g°) in
Setting 4.1 reads f @7 diur = 0 to deduce that SUP.e(0,1) lo] (X)| < oo; thus (5.8) gives

lpf] < Cs(1 + d*(x, X)) Ve e (0, 1),

which in turn implies sup,¢ (o 1) 197l 1 (x .~Vm) < . This bound in conjunction with
(5.7) gives
”wf”Ll(X,e*Vm) E CIS VS € (0’ 1)’ re [8’ 1]7

so that picking u := ¢~V m in (5.9) we see that lpf (x)] < Csforalle € (0,1),¢ €[4, 1]
and in conclusion (5.8) gives (5.3) for the ¢;’s.

Following the same lines, the bound (5.3) for v/ will follow provided we are able to
show that for some measures u® with uniformly bounded second moment w have

[ v ane

for any 6 € (0, 1). We pick u® := ,u‘i 72 (4.26a) gives a uniform bound on the second
moment, while multiplying by pf P the identity ¢f nt Vs n=E log p} P and integrating
we get

sup  sup
€[0,1-8] e€(0,1)

/‘Pf/z dui/, + / Vi dui, = H(ui, Im)

and the conclusion follows from (4.26b) and (5.3) in conjunction with (4.26a).
(i1) By Ascoli—Arzela’s theorem, for given x € X and C > 0 the set of functions ¢
on X such that

lpl < C(+d*(, %), lip(p) < C(1 +d(-, %))

is a compact subset of C(X, e~V m). Thus for any § € (0, 1) the estimates (5.3) and
(4.9a) show that {¢; : ¢ € (0,1), t € [8, 1]} is compact in C(X, e~ Vm) and thus a
fortiori also compact in LY(X, e~Vm). This fact, (5.7), the arbitrariness of § € (0, 1) and
again Ascoli—Arzela’s theorem give the claim. Similarly for the ¥’s.

(iii) We know that for any ¢ € (0, 1) we have ¢;" — ¢; in L'(X, e~V m). We also
noticed that for any ¢ € (0, 1) the family {g;"}, is compact in C(X, e~Vm), thus the
claim follows. Similarly for the v’s.

(iv) We know that for any x € X we have lip(¢;)(x) < lim, 10 Lip (¢ )), and since

|B, (x

X is geodesic, Lip(¢; = supp (y) lip(¢;). Thus the claim follows from the bound

18, x))
(4.9a) and the fact that Lip((ﬂ’lg, (x)) <lim, , Lip((pf” |Br(x))’ which in turn is a trivial

consequence of the local uniform convergence we already proved. Similarly for the y’s.
(v) For the inequality in (5.5) we pass to the limit in the identity

¢ + i =elogp; (5.10)

recalling the uniform bound (4.19). To get the identity in (5.5) we multiply both sides of
(5.10) by p; and integrate to obtain

f((pf + ¥ pf dm = eH (uj | m).
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Letting ¢ = ¢, | 0 we see that the right-hand side goes to 0 by (4.26b); then we use the
fact that Wa(us", j1;) — 0 and the functions ¢?, ¥ have uniform quadratic growth and
converge locally uniformly to ¢;, ¥, respectively to deduce that the left-hand side goes to
f (¢r + ¥) duy. This is sufficient to conclude the proof. m]

5.2. Identification of the limit curve and potentials

We now show that the limit interpolation is the geodesic from wg to w; and the limit
potentials are Kantorovich potentials. We shall make use of the following simple lemma
valid on general metric measure spaces:

Lemma 5.3. Let (Y, dy, my) be a complete separable metric measure space endowed
with a non-negative measure wy which is finite on bounded sets and assume that W>(Y)
is separable. Let w be a test plan and f € WY2(Y). Then t [ f oe;dm is absolutely
continuous and

d
‘affoe[dn

where the exceptional set can be chosen to be independent of f.
Moreover; if (f;) € AC([0, 11, L2(Y)) N L*®([0, 11, W'2(Y)), then the map t
[ fi o e; Az is also absolutely continuous and

d d d
a /fsoesdn |S=t=/ af”s:t oe,dn+$ /ftoesdn st a.e.t €]0,1].

Proof. The absolute continuity of 7 — [ f o e, dm and the bound (5.11) are trivial con-
sequences of the definitions of test plans and Sobolev functions. The fact that the excep-
tional set can be chosen independently of f follows from the separability of W!2?(Y) and
standard approximation procedures, carried out, for instance, in [29].

For the second part, we start by noticing that the second derivative on the right-hand
side exists for a.e. ¢ thanks to what we have just proved, so that the claim makes sense.
The absolute continuity follows from the fact that for any #g, #; € [0, 1] with 7y < 11,

s/|df|(yt)|y'z|dn(y> de.t €0, 1], 5.11)

‘/(fl] oel] - ft() Oeto)dn =< /(ftl Oetl - fl[ Oel()) dﬂ + ‘/(ft[ - ft()) d(eto)*n
151 1 d

< [ wasiooiar e+ [[ |5 | arde).n
0 n |df

and our assumptions on (f;) and . Now fix a point ¢ of differentiability for (f;) and ob-
serve that the fact that @ strongly converges in L2(Y) to % fr and (e;4p)«7r weakly
converges to (e;),m as h — 0 and the densities are equibounded is sufficient to get

. Jt+n — d . Jevn — [
}}ﬂ/%oeﬁhdn: aftoe,dnzgl_r)no %oetdn.
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Hence the conclusion comes from dividing by 7% the trivial identity

/(fz+h o€pp — froe)dm = /(ﬁ o€th — froe)dm +/(ft+h oe; — froe)dm
4 / (oo — ) 0 v — i — f) 0¢1) d

and letting 7 — 0. O

We now prove that in the limit the potentials evolve according to the Hopf-Lax semigroup
(recall formula (A.25)).

Proposition 5.4 (Limit curve and potentials). Under Setting 4.1, the following holds.
The limit curve (1u;) given by Proposition 5.1 is unique (i.e. independent of the sequence
&n 4 0) and is the only Wy-geodesic connecting Lo to [L1.

For any x € X, M > 0 and any limit curve (¢;) given by Proposition 5.2, (¢;) is
in ACioc ((0, 11, C(X, e~ V) N LY. ((0, 1], WH2(X, e~V m)), where V := Md?(-, %), and
forany ty, t1 € (0, 1] with ty < t; we have

—¢y = Qtlfto(_(pto)a (5123)

1
/‘Pto dpgy — / o dpy = —WZZ(IMO, M) (5.12b)
2(ny —10)
and —(t; —to) @y, is a Kantorovich potential from iy to jiyy. Similarly, for V as above and

any limit curve (\r;) given by Proposition 5.2, (yr;) belongs to AC1c([0, 1), C(X, e~V )N
Lﬁfc([O, 1), WI’Z(X, e Vm)) and for every 1o, t1 € [0, 1) with ty < t; we have

Y1y = Ot—1o(—¥1,), (5.13a)

1
/% dusy — f Ui dityy = =———— W3 (itsy, iry), (5.13b)
2(t1 — t9)

and —(t1 — to)V, is a Kantorovich potential from iy, to iy, .
Proof. Inequality < in (5.12a). Pick x, y € X and r > 0, define
1 1

ro. r

T B o) B T B o B

and " as the lifting of the only W»-geodesic from vy, to v; (recall Theorem A.6(i)). Since
vy, vy, have compact support and z” is an optimal geodesic plan from vy to vy, there exist

x € X and R > 0O sufficiently large such that
supp((e;)«x") C Br(x) Vt € [0, 1]. (5.14)

Let x be a Lipschitz cut-off function with bounded support such that x = 1 in Bg(x).
Then, let ¢ € (0,1) and 0 < 79 < #1 < 1, put ¢ := x¢; and observe that (¢;) €



1766 Nicola Gigli, Luca Tamanini

ACioc((0, 11, L2(X)) N LX2.((0, 11, W2(X)) by Proposition 4.3 and the compactness of
the support of yx; thus, by Lemma 5.3 applied to &” and ¢ 97’(81—t)to+n1 , we get

d
dr /90(1 gt © € AT’

/((n —to) <pg|s (g, VO — Idfﬁfl_,m,,ll(m)l)?zl) dre’ (y).

As (5.14) implies that x(y;) = 1 for all ¢+ € [0, 1] for =" -a.e. y, ¢¢ can be replaced
by ¢° in the inequality above and, recalling the expression for %(pf and using Young’s
inequality, we obtain

d n—to, . 1 .2 r
dr /¢(1 —)to+th o ¢ dﬂ' = /(8 ) A(p(l_[)to_i,_n] (Vt)_ m|71| dm (J/)

Integrating in time and recalling that " is optimal we get

1
/(pfl dv;—/(pfo dv > T W2 vy, v x)+// A(p(l Diotrn O€ df A"

Let ¢ | 0 along the sequence (&,,) for which (go,g ") converges to our given (¢;) in the sense
of Proposition 5.2 and use the uniform bound (4.10) and the fact that =" has bounded
compression to deduce that

1
r r 2
f¢f1dvy_/¢f0dvx2_2(tl_t) (Vy7 X

finally letting » | 0 we conclude from the arbitrariness of x € X that

=05 () = Qn—iy(=91)(y)  VyeX (5.15)

Inequality > in (5.12a). To prove the opposite inequality we fix x € X, r > 1, again0 <
to < t; < 1and let R > r, to be fixed later. Let Xp € Test® (X) be given by Lemma A.2,
define the vector field X7 := x;zVe; and apply Theorem A.4 to ((; — t0) X{
the inequality

(1— [)tl-‘rtto)
1 Z XRBY: XR Pr

and the bounds (4.9a), (4.9b) on V¢!, Ag; ensure that the theorem is applicable and we
obtain existence of the regular Lagrangian flow F¢. Notice that from (4.9a) we know that
|X?] < C’(1 +d(-, %)) forall ¢ € [tg, 1] for some C’ < oo independent of R, &, therefore
for m-a.e. x we have

(A22)

d
ad(Ff(X),i) < ms,(FF(x)) "= (t1 = 10)| X(1_py1, 110 | (FF (1)) = C'(1 +d(F/ (x), X))

for a.e. ¢ and thus Gronwall’s Lemma implies the existence of R independent of R, & such
that for m-a.e. x,

x € B,(x) = F;(x) € Br(x) vVt € [0, 1]. (5.16)
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We now fix R := R and put n° := m(Br()Z))_l(Ff:)*m|B () Where F? : X —
C([0, 1], X) is the m-a.e. defined map which sends x to t +— rFf (x), and observe that
the bound (A.21) and the identity (A.22) provided by Theorem A.4 coupled with the es-
timates (4.9a), (4.9b) on V!, Ap? and the fact that xg € Test®(X) ensure that z° is a
test plan with

1
sup // |))t|2dt drf(y) < oo, (e)«m® <Cm Vte[0,1], g€ (0,1), 5.17)
£c(0,1)J Jo

for some C < oco. Now put ¢;f := xre; and notice that the definition of #® and (5.16)
ensures that for every ¢ € [0, 1] we have ¢} = ¢} (e;)-a.e. Moreover we have (¢;) €
ACoc((0, 11, L2(X)) N L ((0, 11, W12(X)), thus by Lemma 5.3 applied to ¢ and 1
we obtain

loc
(p(lft)tl +tto

d & d e __ d ~& d &
ar PU-t)ty 411y © & AT = dr Pa—t)t1 411, © € AT

= [ (to—t )iNS oe d7t€-|—i HE ce.dr?
= ) 0TI P L= O ds | Pa=Dn+ir©Cs T

d -
= /(to_tl)_¢§|s=(17t)t1+ttooet dn€+(t1—to)/d(pfl_t)tl+tt0(Xf)oe; dn®
— to d Io— A dot 2 drt
= | N e 2 POty 110 T 1 —11AQ( ), 4y |7 | o€ d

I — fo—
=/< |d‘/)(1 t)t|+tt()| te—— ) A40(1 t)t|+tt0>oetd7t

Integrating in time and recalling (A.22) we deduce

1
1
/‘(fpfooe1—<,0f1 oep)dr® = //0 (2(t1—t 2k +8 3 Ago(l t)t1+no(7/t)> dr dmé(y).
(5.18)

Now, as before, we let ¢ | 0 along the sequence (&) for which ((pf ") converges to our
given (¢;) in the sense of Proposition 5.2: the first property in (5.17) ensures that (x?)
is tight in Z(C ([0, 1], X)) (because y fol 7|2 dt has locally compact sublevels and
(eg)smé = m(B, ()E))_lm| B, (i)) and thus up to passing to a subsequence, not relabelled,

we can assume that (%) weakly converges to some 7 € Z(C([0, 1], X)). The second
property in (5.17) and the bound (4.10) imply that the term with the Laplacian in (5.18)
vanishes in the limit and thus taking into account the lower semicontinuity of the 2-energy
we deduce that

1 ! 1
— de > — y12drde > —— | d? , d .
/(%oel @y 0€) dm > 2 — 1) /0 Ve T > 2 —to)/ (o, y1) dr (y)
Now notice that (5.15) implies that

& (0. 71)
ﬁ_%(m o, (Y0) (5.19)
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for any curve y, hence the above gives

/((pto oel — ¢y oep)dm > —to)/dz(yo, y)de(y) > /(‘Pto oel — ¢y oep)dm,

T 2(n

thus forcing the inequalities to be equalities. In particular, equality in (5.19) holds for
;-a.e. y and since (eg)«Tr = m|B,()?)’ this is the same as saying that for m-a.e. y € B,(x)
equality holds in (5.15). Since both sides of (5.15) are continuous in y, we deduce that
equality holds for any y € B,(x) and the arbitrariness of » allows us to conclude that
equality actually holds for any y € X.

Other properties of ¢;. From Proposition 5.2 we already know that, for any x € X
and M > 0, (¢;) € ACioc((0, 11, L1(X, e=Vm)) N L. ((0, 1], W'2(X, e~V m)), where
V := Md>(-, ). Since ¢, is a real-valued function for all # € (0, 1], (5.12a) tells us that
forall x € X, t — ¢;(x) satisfies (A.26) for a.e. r € (0, 1]; taking (5.4) into account, this
implies that for all § € (0, 1) and 79, #; € [8, 1] with ty < 11,

dr < (sup Cy(1 +dCx, eV ) 1y — 1),

xeX

ler — @nllcx.e-vy < sup
xeX Jt

/“ (lip(pr) (1))
2
whence (¢;) € ACioc (0, 11, C(X, e=V)) N L2((0, 1], WH2A(X, e=V'm)).
Extracting a further subsequence—not relabelled—we can assume that the curves
(u;") converge to a limit curve (u,) as in Proposition 5.1. We claim that for any ¢, t; €
(0, 1] with £y < 11,

1
_/(Ptl d//Lll +/§0lo d//Lt() Z —W22(:u“tov Mll) (520)
2(11 — 19)

and start by observing that since (¢;) € C((0,1],C(X,e7")) and (u;) €
AC([0, 1], (P22(X), W3)), by the uniform estimates (5.3) both sides in (5.20) are con-
tinuous in fg, t1, hence it is sufficient to prove (5.20) for 79, 1 € (0, 1).

Now fix x € X and R > 0, let xyg € Test®(X) be a cut-off function as
in Lemma A.2 and observe that by Proposition 4.3, 1 +— [ xg¢fpf dm belongs to
C((0, 17) N ACioc((0, 1)) with

-3, / XR(pt ,Ot

_ |V(pf|2 € & e 3 e & &\ A&
- XR\| — - —A% - (prt,Vﬁ,) Py +§Dt <VXR5 Vﬁt )10[ dm

2 2

|Vﬁt€|2 82 €2 € & e & e\ &
= XR > —§|V10gp,| _EA(/)Z o + 0, (Vxr, VU, )p; |dm  (5.21)

for a.e. t € (0, 1), where we have also used the identity <pt = 5log p, v;. By (5.3),
(4.26a) and Lemma 4.5 it is readily verified that [ xgef pf dm —> S ¢fpf dmas R — oo
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for any ¢ € (0, 1) and the right side of (5.21) converges as R — oo locally uniformly in
t € (0, 1). Hence after an integration in ¢ and letting R — oo in (5.21) we obtain

t |Vl96|2 82 P
—/(pfl d//,fl +/(pf0 dufo = // (Tt — §|Vlog,of|2 — EA(pf)pf dr dm.
0]

As already noticed in the proof of Proposition 5.1, (u;) and (V) satisfy the assumptions
of Theorem A.5, thus from the theorem we deduce that

SNOH L 1 )
P drdm=—/ b2 dr > ———— W2 (e, ul).
//0 2 2 )y " 21 —19) 2T

Therefore

- [eaui+ [ o0,
2
> ;sz(l/vf s M)+ //tl —‘g—IVIOg,OfI2 — EAfpf p; dt dm.
— 2(t; — o) 0r 10 8 2

We now pass to the limit as ¢ = ¢, | 0: we know from Proposition 5.1 that W, (u;", ;)

— 0 and together with (5.3) this also shows that the left-hand side trivially converges
to the left-hand side of (5.20). The contribution of the term with |V log p;| vanishes by
(4.29b) and so does the one with Ag? by (4.10) and (4.17). Hence (5.20) is proved.

Now notice that (5.12a) can be rewritten as

—(t1 — 1), = ((t1 — 10) 91",

so that in particular —(#; — fo)¢;, is c-concave and (—(f; —fo)@y, )¢ > (t1 — fo)¢y,. Hence
both (5.12b) and the fact that —(#; — #9)¢;, is a Kantorovich potential follow from

1
SWE g, ) 2 / (1 = t0)er, dpury + / (=11 — o), )° dpur

5.20)

6.
= / _(tl —f0)§011 d/“l'l‘l +/(t] —IO)‘PtO d,u’to > %W%(Mtoa :u'tl)*

Then (5.13b) and the other claims about (i) are proved in the same way.

(uy) is a geodesic. Let [#g, t1] C (0, 1), pick ¢ € [0, 1] and put t(’) = —0)t + trg. We
know that —(#; — fo)¢;, and —(#1 —t9)¢;, are Kantorovich potentials from i, to p4, and
from p, to I respectively and thus by Theorem A.6(ii) we deduce

W3 (s try) = f d((t1 — t0)gry) 1> dpas,

(11 —1p)?

1
=3 f (11 = 1)) dpagy = mwzzwt.,ulé).
0
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Swapping the roles of t, 1 and using the 1’s in place of the ¢’s we then get

/ /

t, — 1,
ti — ;g Wa (e, i) Y1t 111 C 1o, 1] € (0, 1).

WZ(Mz{ , N/[é) =

This shows that the restriction of (u;) to any interval [#g, t;] C (0, 1) is a constant speed
geodesic. Since (u;) is continuous on the whole [0, 1], this gives the conclusion. Since in
this situation the W5-geodesic connecting (o to w1 is unique (recall Theorem A.6(i)), by
the arbitrariness of the subsequences chosen we also deduce the uniqueness of the limit
curve ([y). ]

Remark 5.5 (The vanishing viscosity limit). The part of the last proposition concern-
ing the properties of the ¢?’s is valid in a context wider than the one provided by the
Schrodinger problem: we could restate the result by saying that if (¢) solves

1 €
—gf = = |V + 2 Agf 5.22
ar @t ) Ve |+ ) @t ( )
and ¢ uniformly converges to some ¢, then ¢; uniformly converges to ¢; :=—Q;(—¢o).

In this connection, it is worth recalling that in [2] and [24] a theory has been developed
of viscosity solutions for some first order Hamilton—Jacobi equations on metric spaces.
This theory applies in particular to the equation

d 1

—¢ = = lip(gr)? 5.23

3 = 7 lir(en) (5.23)
whose only viscosity solution is given by the formula ¢; := —Q;(—¢o).

Therefore, we have just proved that if one works not only on a metric space, but on a
metric measure space which is an RCD*(K, N) space, then the solutions of the viscous
approximation (5.22) converge to the unique viscosity solution of (5.23), in accordance
with the classical case.

Remark 5.6. It is not clear whether the ‘full’ families ¢}, ¥/ converge as e | Oto a
unique limit. This is related to the non-uniqueness of the Kantorovich potentials in the
classical optimal transport problem.

We shall now make use of the following lemma. It could be directly deduced from the
results obtained by Cheeger [16]; however, the additional regularity assumptions on both
the space and the function allow for a ‘softer’ argument based on the metric Brenier’s
theorem, which we propose.

Lemma 5.7. Let (Y, dy, my) be an RCD*(K, N) space with K € R and N € [1, c0)
andlet ¢ : Y — R U {—o0} be a c-concave function not identically —oo. Let Q2 be the
interior of the set {¢p > —oo}. Then ¢ is locally Lipschitz on Q2 and

lip(¢) = |d¢p| m-a.e. on 2.
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Proof. Lemma 3.3 in [36] shows that ¢ is locally Lipschitz on 2 and that 0°¢ (x) # @
for every x € Q. The same lemma also implies that for K C € compact, the set
Uy ex ¢ (x) is bounded. Recalling that 3¢ is the set of (x, y) € Y?Z such that

¢ (x) +¢°(y) = 1d*(x, )

and that ¢, ¢¢ are upper semicontinuous, we see that d°¢ is closed. Hence for K C 2
compact the set |, .x 9°¢(x) is compact and non-empty and thus by the Kuratowski—
Ryll-Nardzewski Borel selection theorem we deduce the existence of a Borel map 7 :
Q — Y such that T'(x) € 3¢ (x) for every x € Q.

Pick u € 22(Y) with supp(u) CC € and u < Cm for some C > 0 and set
v := T,pu. By construction, i, v both have bounded support, T is an optimal map and ¢
is a Kantorovich potential from u to v.

Hence Theorem A.6(iii) applies and since lip(¢) = max{|DV¢|, |D~¢|}, by the ar-
bitrariness of 1 it is sufficient to show that |[DT¢| = |D™¢| m-a.e. This easily follows
from the fact that m is doubling and ¢ is Lipschitz [5, Proposition 2.7]. O

We can now show that the weighted energies of the Schrodinger potentials converge to
the weighted energy of the limit ones:

Proposition 5.8. Under Setting 4.1, the following holds. Let €, |, 0 be a sequence such
that ((pf”), (lﬁf") converge to limit curves (¢;), (Y1) as in Proposition 5.2 and let V =
Md?(-, x) withx € Xand M > 0 arbitrary. Then for every § € (0, 1) we have

1 1
lim // e*V|d¢f"|2dtdm=// e V|dg,|? dr dm,
n—o0 § S

1-§ 1-§
lim // e_V|dwf”|2dtdm=// eV |dy,|* dt dm.
n—oo 0 0

Proof. Fix § € (0, 1) and argue as in the proof of Proposition 5.2 to deduce that ¢ +—
f e‘vgpf dm is absolutely continuous in [§, 1] (see in particular (5.7)) and that

(5.24)

1 1
/e_v(fpi9 — ¢5)dm = > .//5 e‘V(|d<pf|2 + eAg?)dr dm.

Choosing ¢ := g, letting n — oo and using the uniform bounds (4.10), (5.3) and the
volume growth estimate (A.20) we obtain

1 1
lim — // e V|dg"|? dr dm = lim / e V(] — 5"y dm = /e*V(q)l — @) dm.
n—oo 2 s n—o00
(5.25)
Combining (A.26) and (5.12a) we see that for any x € X,

%%(x) = %(lip(got)(x))z ae.r€[0,1].
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By Fubini’s theorem, the same identity holds for .Z l' @ m-ae. (7, x) € [8,1] x X. The
identity (5.12a) also shows that ¢, is a multiple of a c-concave function, thus the conclu-
sion of Lemma 5.7 is valid for ¢, and recalling that (¢;) € ACioc((0, 1], L' (X, e~V m))
by Proposition 5.2 we deduce that

1 1 2
d d
/e_v(qm —%)dm=/ d—/e_v%dmdt=f/ V1 4,
s daf s 2

which together with (5.25) gives the first limit in (5.24). The proof of the second one is
analogous. O

As a direct consequence of (5.24) and the local equi-Lipschitz bounds (4.9a) we obtain
the following result. To state it, let us introduce L*(T*X, e Vm) = {w € LY%(T*X) :
lw| € LZ(X, e Vm)}; an analogous definition can be given for L2((T*)®2X).

Corollary 5.9. Under Setting 4.1, the following holds. Let €, | 0 be a sequence such
that (gof”), (lﬂf”) converge to limit curves (¢;), () as in Proposition 5.2. Then for every
6€(0,1),x e Xand M > 0 we have

(dg/") — (der) in L2([8, 11, LX(T*X, e~V m)),
(dy™) — (dyy) in L2([0, 1 — 8], LX(T*X, e~V m)),
(de;" ® dp/") — (dg; ®dey)  in LA([8, 11, L2(T")®*X, e~ V'm)), (5.26)

Ay @ dy;") — (dyy ® dyry) i L2([0, 1 — 8], L2(T*)®?X, e~V m)),
(do;" @ dy") — (do, @ dyy)  in L2([8, 1 — 8], L2 (T*)®?X, e~V m)),

where V := Md%(-, %).

Proof. Closedness of the differential implies that d(pf " — dg; in L*(T*X, e~V m) for all
t € (0, 1]. This and the fact that (dg:") is equibounded in L>([8, 1], L*>(T*X, e~"m)), as
a direct consequence of (4.9a), ensure that (dg;") — (dg,) in L>([8, 1], L>(T*X, e~V m)).
Given that the first limit in (5.24) gives convergence of the L2([8, 1], LX(T*X, e~Vm))
norms, we deduce strong convergence. This establishes the first limit.

Observe that for every o € L2([8, 11, L2(T*X, e—Vm)) the fact that e_V|d<pf"| is
uniformly bounded in L°°([8, 1] x X) for every M > 0 in the definition of V and the
strong L? convergence just proved ensure that (dg;", @;) — (dg;, @;) in L2([8,1] x X,
dr ® e~V'm). It follows that for any w;, wy € L?([8, 1], L>(T*X, e~"m)) we have

1 1
/ / ¢V (dgf 1) (A, wn,e) dr dm — / / ¢V (dgy, 01.)(dgy, wn.,) di dm
k) S

and thus it remains to prove that

1 1
f/6 e—V|d¢f"@c1<pf"|§|sdtdm—>/f(3 eV |dg; ® dgy [}, dr dm.

Since |v ® v|2HS = |v|* this is a direct consequence of the fact that |dg;"| is uniformly
bounded and converges to |dg;| in L2([8, 1] x X, dr ® e~Vm). Hence also the third limit
is established.

The other claims follow by analogous arguments. O
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The estimates for the ¢’s tell us nothing about their regularity as ¢ | 0 and similarly
we know little so far about the i’s for ¢+ 1 1. We will now see in which sense the limit
functions ¢, {1 exist. This is not needed for the proof of our main result, but we believe
it is relevant on its own.

Thus fix &, | 0 such that ¢;" — ¢, for t € (0, 1] and ¥;" — , fort € [0, 1) as in
Proposition 5.2. Then define ¢g, {1 : X - R U {—o00} as

oo(x) == tel(%jfl] or(x) = 1t1lrg or(x),  Yi(x) = tel[%,fl) Y (x) = ltlTnll Y (x). (5.27)

That the inf’s are equal to the stated limits is a consequence of (5.12a), (5.13a), which
directly imply that for every x € X the maps ¢t — ¢;(x) and t — ¥;_,(x) are non-
decreasing.

The main properties of ¢g, ¥ are collected in the following proposition:

Proposition 5.10. Under Setting 4.1 and for ¢, V1 defined by (5.27) the following hold.

(1) The functions —q; (resp. —yr;) I'-converge to —¢q (resp. —yr1) ast | 0 (resp. t 1 1).
(i) Foreveryt € (0, 1] we have

Qi(—¢0) = =@, Qi(—=¥1) = =Y.
(iii) We have

—00 otherwise, —00 otherwise,

o0(x) = {—‘/fo(X) if x € supp(po)s () {_(PI(X) if x € supp(p1),

(iv) We have
/@opodm+ / Y11 dm = %sz(uo, mi).

(V) Define g5 on {pg > 0} as ¢ := elog(f®) and let &, | 0 be such that o, P
converge to ¢;, Yy as n — 00 as in Proposition 5.2. Then the functions po(pf)", set to
be 0 on X\ {pg > 0}, converge to popo in L°°(X) as n — oo. With the analogous
definition ofpllﬁf”, these converge to p1yr1 in L°°(X) as n — o0.

Proof. We shall prove the claims for ¢g only, as those for iy follow along similar lines.

(i) For the I'-lim inequality we simply observe that by definition —gg(x) =
lim; o — ¢, (x). To prove the I'-lim inequality, use the fact that —¢; > —¢s for0 <t <
and the continuity of ¢s: for given (x;) converging to x we have

lim —¢; (x;) > lim —@s(x;) = —s(x) Vs > 0.
t]0 tl0

The conclusion follows by letting s |, O.
(i) From —¢g > —¢; we deduce that

5.120)

Qi1(=90) = Qi(=¢s) = —@rvs Vs €(0,1]



1774 Nicola Gigli, Luca Tamanini

and thus letting s | 0 and using the continuity of (0, 1] > # — ¢;(x) for all x € X we
obtain Q;(—¢p)(x) > —¢;(x) for all x € X. For the opposite inequality, notice that the
right inequality of (4.3) gives
Csd*(-,X) G
¢; < elogCy — elogvgn + €log ||f€||L1(X) - + - (5.28)
forall t € (0, 1] with Cy4, Cs, Cg depending on K, N, po, p1, X only and v, /2 as in (4.2).
We now claim that for every ¢ € (0, 1) we have

glogve > —C, elog| ffllix =C (5.29)

for some constant C depending on K, N, pg, p1, X only. Indeed, from (A.19) we see that
letting D be the diameter of supp(pp) and ¢ = ¢(D) a constant depending only on D we
have

m(B /() = =PV m(supp(po))  Vx € supp(po).

Thus v, > ClogZ(D/*/g)Hm(supp(po)) and thus the first inequality in (5.29) follows.
For the second one we start by noticing that the first inequality in (A.5), the identity
[ffegf dR®/? = 1 and the fact that the supports of f¢, g° coincide with those of pg, p
respectively give

e log(l 11100 18 1 00) = € log / F @ dmem)
supp(00) X supp(o1)

< elog(Cym(B)) 4+ D? + Cy¢? (5.30)

forevery ¢ € (0, 1), where D= diam(supp(pp)Usupp(p1)) and B is the 1-neighbourhood
of supp(o) Usupp(p1). Then recall the normalization (4.1), the identity log p; = log g+
log(hg/2 f¥) and use Jensens’ inequality for — log to obtain

H (| m) =/p1 log p1 dm=/log(g6)m dm < log/gsm dm
<log(llg® Il 1 x)llP1ll Lo x))s

whence log [|g°ll1x) = H (1 |m) — log|p1lLex) for all & € (0, 1), which together
with (5.30) gives the second inequality in (5.29).

Therefore passing to the limit in (5.28) as ¢ = ¢, | 0 and recalling the local uniform
convergence of ¢;" to ¢; gives —¢, > —C/t + Csd?(-, %)/t for every t € (0, 1], where
C > 0 depends on K, N, pg, p1, x only. It follows that

20 =
_ G H) _ Cs

—¢ > > > d’(, %) Vre(0,1], x ¢ BW(E). (5.31)

Now fix x € X and a sequence #, | 0; the bound (5.31) implies that there are y, € X
such that

d
O1(—p,)(x) = oy — @1, (Yn)
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and that these y, range in a bounded set. Thus up to a subsequence we can assume that
yn — y for some y € X, so that taking into account the I'-lim inequality previously
proved we get

d*(x, ) AP, yn) ,

—5 —900) = lim === — g, () = lim 01(—,)(x)

Zt n—oo n—oo
G120

lim —@, 4 (x) = —¢; (%),

n— o0
which shows that Q;(—¢p)(x) < —¢;(x), as desired.

(iii) For any r € (0, 1] we have ¢y < ¢; (555) —1, so that letting ¢ | O and using the
continuity of [0, 1) > t +— i (x) for all x € X we deduce that

9o <—v%o onX.

Now notice that the fact that —¢p < I'-lim(—¢;,) implies that
0 (y0) = %%(%) Vy € C([0, 1], X). (5.32)

Let & be the lifting of the W5-geodesic (i) (recall Theorem A.6(i)); taking into account
that the evaluation maps e; : C([0, 1], X) — X are continuous and that supp(x) is a
compact subset of C ([0, 1], X), being given by constant speed geodesics running from the
compact set supp(pp) to the compact supp(p1), itis easy to see that for every y € supp(rr)
and ¢ € [0, 1] we have y; € supp(u;), and vice versa, for every x € supp(u;) there is
y € supp(w) with y; = x.

Thus let x € supp(pp) = supp(io) and find y € supp(x) with yp = x; from the fact
that y; € supp(u,) and (5.5) we get

(5.32) —— —
<N = lim — ,
po(x) > tljg%()/;) zlff)l 171673,

and since the continuity of [0,1) 3 7 — Y, € L'(X, e Vm) and the uniform local
Lipschitz continuity of the y;’s (both coming from Proposition 5.2) imply local uniform
convergence of 1 to ¥y, we conclude @ (x) > o (x).

Thus it remains to prove that ¢y = —oo outside supp(pp). To this end, we notice again
that the supports of f¢, g° coincide with those of pg, p; and use the second inequality in
(A.5) to get

d2(x, supp(po))

fE@) =hgpfix) = /fa(y)rsz/z(x y)dm(y) < S

Vet /2

+C;8tff8 dm

c4
g (x) =he-npg®(x) = /gs(y)rs(l_z)/z(x, y)dm(y) < ——— / g" dm,
Ve(1—1)/2
for every t € (0, 1) and constants ¢; > 0 depending on K, N, po, p1, X only. From these
bounds, the identity p; = f°g; and the estimates (5.30) and (5.29) we deduce that

- d(x,
fim ¢ log(pf (1) = c5 — C6M VxeX, 1€ (0,1). (5.33)
&
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Now let &, | 0 be such that ¢", ;" converge to ¢;, ¥, as in Proposition 5.2 and put

S(x) 1= SUPge(0,1),ref0,1/21 |¥F (¥)| < 00 (recall (5.3)). The inequality
@/(x) = lim ¢;"(x) < lim &, log(p;" (x)) — lim ;" (x)
n—oo n—oo n—oo

2
<5%3> S() 4+ 5 — c6d (x, sutpp(po))

shows that if x ¢ supp(pg) we have @o(x) = lim; o ¢;(x) = —00, as desired.
(iv) By (iii) we have

f<popodm+/w1p1 dm:—/lﬂopodm—/@m dm,

so that taking into account the weak continuity of ¢t — u;, the fact that the measures
u; have equibounded supports and the continuity of ¢ + ¢; (resp. t +— ;) for ¢ close
to 1 (resp. close to 0) in the topology of local uniform convergence (direct consequence
of the continuity in L'(X, e~V m) and the uniform local Lipschitz estimates provided by
Proposition 5.2), we get

/wopodm+/¢1p1 dm = ltiﬁ)l_/tht dm—/wl_tm_z dm

(5.120)

55) .
= ]tlﬁ)l/%ﬂt dm_/(pl—tpl—t dm "= 2W22(,u0,,u1).

(v) Since py € L°°(X), we also have pglog(pg) € L°°(X). The claim then follows
from the identity po@; = epolog po — po;, the compactness of supp(pp), the local
uniform convergence of wg” to Yo as n — oo and the fact that 1o = —¢p on supp(po).

o

Remark 5.11 (Entropic and transportation cost). For ¢ > 0 the entropic cost from pg to
p1 is defined as
Te(po. p1) :=inf H(y |R°/?),

the infimum being taken over all transport plans y from g := pom to p; := pym. Hence
with our notation

Te(po. p1) = H(f* ® g°R2|R?)
= %/(pg ® vl fe ® g°dR*/? = é(f(pgpodm—l—/l//f,ol dm)
and by (iv), (v) of the previous proposition we get
lime T (o0. p1) = LW3 (o, p1).

In other words, after the natural rescaling the entropic cost converges to the quadratic
transportation cost, thus establishing another link between the Schrédinger problem and
the transport problem.
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We emphasize that although this argument is new, the result is not, not even on
RCD*(K, N) spaces: Léonard [46] proved that the same limit holds in a very ab-
stract setting provided the heat kernel satisfies the appropriate large deviation principle
glog(replx1(y)) ~ —d?(x, y)/2. Since recently such asymptotic behaviour for the heat
kernel on RCD*(K, N) spaces has been proved by Jiang-Li—Zhang [41], Léonard’s re-
sult applies. Thus in this remark we simply wanted to show an alternative proof of that
limiting property.

5.3. Proof of the main theorem

We start with the following simple continuity statement:

Lemma 5.12. Under Setting 4.1, let t — ©; = pym be the Wa-geodesic from g to i1
and (¢1)re0,1] and (V;)te[0,1) any couple of limit functions given by Proposition 5.2. Then
the maps

0,113t — p;dg; € L2(T*X),

[0,1) 5>t p,dy; € LX(T*X),

0,113 t > p; dg; ® dpe L2(T*)®?X),

[0,1) 3¢+ p;dyy @ dye L2((T)®*X)
are all continuous in the strong topologies.

Proof. By Lemma A.8, for any p < oo we have p; — p; in L?(X) as s — ¢ and
in particular ,/p; — ./p; as s — t. Moreover, the compactness of the supports of oo
and p; implies that there exist x € X and R > 0 such that supp(p;) C Bg(x) for all
t € [0, 1]. Consider a Lipschitz cut-off function y with support in Bg1(Xx) such that
x = 1 in Bg(x). The closedness of the differential and the fact that ¢, — ¢; weakly
in WX, e Vm)ass — 1 > 0 (asa consequence of (¢;) € C((0, 1], C(X, e VNN
Ly ((0,1), W2(X, e=Vm)), see Proposition 5.4 and the notation therein) imply that
dg; — dg; weakly in L2(T*X, e~"Vm) and thus xdg; — xdg; in L>(T*X). Together
with the previous claim about the densities, the fact that the latter are uniformly bounded
in L*°(X) and how x is constructed, this is sufficient to conclude that t +— /o, dg; €
L%(T*X) is weakly continuous.

We now claim that ¢t — ,/p; dg; € L?(T*X) is strongly continuous; to prove this, we
show that their L2(T *X) norms are constant. Recall that by Proposition 5.4, for ¢ € (0, 1]
the function —(1 — #)v; is a Kantorovich potential from u; to @, while from (5.5) and
the locality of the differential we get |dg;| = |dy¢| us-a.e., thus by Theorem A.6(iii) we

have

/ |dg:|*p; dm = : ;Wz(un 1) = W3 (po, ).
(1—1)? 1-n2"? g

Multiplying ,/p,;dg; by /o, and using again the L?(X) strong continuity of «/pr and the

uniform L°°(X) bound we conclude that ¢t — p,dg; € L2(T*X) is strongly continuous,

as desired.

/|d(1—t)w,|2p, dm =
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To prove the strong continuity of ¢t +— p;dg; ® dg; € L2((T*)®2X) we argue as
in Corollary 5.9: the strong continuity of t — . /p;dg; € L?(T*X) and the fact that
these are, locally in ¢ € (0, 1], uniformly bounded (thanks again to supp(p;) C Bg(x)
forall 7 € [0, 1]) imply both that # — ||prdgr ® deyllz2(7+e2x) is continuous and that
t > pdg; ® dgy € L2((T*)®%X) is weakly continuous.

The claims about the v,’s follow in the same way. O

We now have all the tools needed to prove our main result. Notice that we shall not make
explicit use of Theorem 1.4 but rather re-prove it for (the restriction to [§, 1 — §] of)
entropic interpolations.

Theorem 5.13. Let (X, d, m) be an RCD*(K, N) space with K € R and N € [1, 00).
Let g, 1 € (X) be such that vy, uy < Cm for some C > 0, with compact supports
and let (lu;) be the unique Wy-geodesic connecting (o to (1. Also, let h € H?%2(X). Then
the map

[0,1]3tr—>fhdu, eR

belongs to C?([0, 11), and the following formulas hold for every t € [0, 1]:

d
o T /<Vh, Vor) dur,
(5.34)

d2
2 / hdu, = / Hess(h)(Véy, Vo) duy,
where ¢, is any function such that for some s # t in [0, 1], the function —(s — t)¢; is a
Kantorovich potential from j1; to (.

Proof. For the given g, ;1 we introduce the notation of Setting 4.1 and then find ¢, | 0
such that ((pf "), (x[rf ") converge to limit curves (¢;), () as in Proposition 5.2.

By Lemma A.7 the choice of the ¢,’s in the statement does not affect the right-hand
sides in (5.34), so we shall prove the formulas for ¢; := /;, which is admissible thanks
to Proposition 5.4 whenever ¢ < 1. The case t = 1 can be achieved by swapping the roles
of 1o, L1, or equivalently with the choice ¢; = —¢; which is admissible for ¢ > 0.

Fix h € H>*(X) with compact support and for ¢ € [0, 1] set

H, (1) :Z/hduf", H() ::/hdu,.

The bound (4.19) implies that the H,,’s are uniformly bounded and the convergence in
(5.2) yields H,,(t) — H(¢) forany ¢ € [0, 1].

Since (p;") € AC1oc((0, 1), WI2(X)) we have H,, € ACioc((0, 1)), and recalling the
formula for %pf given by Proposition 4.3,

d

d
dtHn(t)thapf" dm:—fh div(pfnwfn)dmzj(Vh,wf">pf" dm.  (5.35)



Second order differentiation formula on RCD*(K, N) spaces 1779

The fact that ¥; = @, the compactness of supp(#) and the bounds (4.19) and (4.9a)

ensure that |%H,, (t)| is uniformly bounded inn and ¢ € [#g, t{] C (0, 1) and the compact-
ness of supp(k) also allows us to use the convergence properties (5.26) and (5.2), which

yields
131 n
// (Vh,wf">pf"drdm—>// (Vh, V) p, dt dm.
to fo

This is sufficient to pass to the limit in the distributional formulation of % H, (t) and taking
into account that H € C([0, 1]) we have just proved that H € ACjoc((0, 1)) with

d
aH(r) = /(Vh, Vi) pr dm (5.36)
for a.e. t € [0, 1]. Recalling ¥; = (Y, — ¢;)/2, (5.5) and the locality of the differential

we see that
Vi, =Vy, pm-ae. Vtel0,1), (5.37)

and thus by Lemma 5.12 the right-hand side of (5.36) is continuous in ¢ € [0, 1), which
implies H € C1([0, 1)) and the first identity in (5.34) for any ¢ € [0, 1).

For the second derivative we assume in addition that & € Test®(X). Then we recall
that (p;") € ACic((0, 1), WH2(X)) and (9;") € ACioc((0, 1), WH2(X, e~Vm)) with
V = Md?*(-, x) for some )E € X and M > 0 sufficiently large. Consider the rightmost
expression of (5.35) to get 4 4y 2(t) € ACioc((0, 1)) and

¢ —H, ) = / (Vh,V— d 0"y ot + (Vh, VO d e d
= , — m
ar? dr Cla
for a.e. ¢, so that defining the ‘acceleration’ a; as
2 2
€ €
aj = —(ZAlogpf + gIVIngflz)

and recalling the formula for & 3 V¢ given by Proposition 4.3 we have

d2
2t ® =/[(Vh,V(—%|V19f"|2+af”)) ;" — (Vh, VO[") div(p;" V9;")] dm

= /(—%(Vh, VIV [2) + (V((Vh, VO;")), V") + (Vh, Va;")) p;" dm
(by (A.15)) = /Hess(h)(Vz? , VO p dm—/(Ah—HVh,Vlog,of Na;" p;"

Since ¥ = (Y7 — ¢7)/2 and Hess(h) € L2(T*®2X) with compact support, by (5.26)
and (5.2) we see that

/Hess(h)(Vz? , VI pfr dm 225 /Hess(h)(Vﬁt,Vﬁ,)p, dm in L} (0, 1)
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and since |Vh|, Ah € L*°(X), by Lemma 4.10 we deduce that

/(Ah +(Vh, Viog p;"))a" p;" dm — 0 in L] (0, 1).

Hence we can pass to the limit in the distributional formulation of (‘;TZH,, to find that
4H € ACic((0, 1)) and

2
(;%H(t) = /Hess(h)(Vz?,, V) pr dm (5.38)
for a.e. . Using again (5.37) and Lemma 5.12 we conclude that the right-hand side of
(5.38) is continuous on [0, 1), so that H € C?([0, 1)) and the second identity in (5.34)
holds for every ¢ € [0, 1).

It remains to remove the assumption that 2 € Test® (X) and has compact support. To
this end we claim that functions in Test™ (X) with compact support are dense in H>2(X).
To see this, let xr be as in Lemma A.2 and notice that the Leibniz rules for the gradient
and the Laplacian easily give xgh — h in W12(X) and A(xgh) — Ah in L*(X) as
R — oo for every h € Test®™(X). Hence by (A.13) we also have xgh — h in HZ2(X).
Taking into account that Test® (X) is dense in H>2(X) (recall (A.14)), our claim follows.

Now let h € H*2(X) be arbitrary and let (h;) C Test® (X) with bounded support
H?>? converge to h. We can choose the ¢;’s to be uniformly Lipschitz (e.g. by taking
¢ == Y, fort > 1/2, ¢, :== —¢, for t < 1/2 and recalling Proposition 4.4 and using
a cut-off argument). The uniform L°° estimates (A.24), the fact that all the densities o,
are supported in a compact set B independent of # € [0, 1] and the L? convergence of
hy, Vhy, Hess(hy) to h, Vh, Hess(h) respectively imply that as k — oo we have

fhkdm—> /hdut,

/(th, Vi) du, — /(Vh, Vi) dus,
/HeSS(hk)(Vqﬁz,Vqﬁz)sz - /HeSS(h)(quz,Vqﬁz)duz,

uniformly in ¢ € [0, 1]. This is sufficient to pass to the limit in the formulas (5.34) for the
hy’s to get the one for A, and also ensures the C? regularity of ¢ > [ hdu,. O

5.4. Related differentiation formulas

In this last part we collect some direct consequences of Theorem 5.13. For the notion
of covariant derivative, related calculus rules as well as for the definition of the space
H-2(X) we refer to [29].

Theorem 5.14. Ler (X, d, m) be an RCD*(K, N) space with K € R and N € [1, c0).
Then:
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(i) Let m be an optimal geodesic test plan with bounded support and h € H>*(X). Then
the map [0,1]1 3t — hoe, € L*(x) is in C*([0, 1], L*>(%)) and

d d?
E(h oer) = (Vh, Vgy) oe, @(h oer) = Hess(h)(Vey, V) o e,

for every t € [0, 1], where ¢; is any function such that for some s # t in [0, 1], the
function —(s — t)¢; is a Kantorovich potential from (€;)47 to (€5)T.

(ii) Let m be an optimal geodesic test plan with bounded support and W € Hé’z(X).
Then the map [0, 11 > t — (W, V) oe, € L*(x) is in C1([0, 11, L?()) and

d
E“W’ Vor)oe) = (VW : (Ve @ Vi) o e

foreveryt € [0, 1], where ¢, is as in (i).
(iii) Let po, 1, ¢r be as in Theorem 5.13 and W € Hé’z(TX). Then the map

0,113+ /(W, Vo) du, € R

belongs to Cl([O, 11) and for every t € [0, 1],

d

o [, 990 du, = / YW : (Vo @ Vo) duy.

Proof. (i) Start by observing that for & as in the assumptions and I' C C ([0, 1], X) Borel
with = (I') > 0, the curve t — 7{([’)_1(<3,)*7t|r fulfills the assumptions of Theorem
5.13 with the same ¢;’s as in the current setting (and in particular, the ¢,’s can be chosen
independent of I"). Then, taking into account Lemma 5.12 it is easy to check that the maps
[0,1] >t + hoe, (Vh, V¢;)oes, (Hess(h)(Vy, V) oe;) € L2 () are all continuous,
and in particular with uniformly, in ¢ € [0, 1], bounded L?(r) norms.

Also, Theorem 5.13 applied to t > (I")~! (et)*n|r gives, after integration and an
application of Fubini’s theorem, that for any ¢, s € [0, 1] with # < s we have

N
/n(hoes—hoe,)dnz'/n/ (Vh,V¢,)oe,drdm,
t

/n((Vh, Vs)oes — (Vh, V) oer)dr = /n/s Hess(h)(V¢,, Vo) oe, drdr,
t

for every n of the form n = yr with I' C C([0, 1], X) Borel, where the integrals (here
and below) are understood in the Bochner sense. Then the fact that the linear span of such
n’s is dense in L2 () forces the equalities

N
hoes—hoe,:/ (Vh,V¢,)oe,dr,
t

(Vh, Vés) oeg — (Vh, V) o = /S Hess(h)(Vér, Vo) o e, dr,

t

which is the claim.
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(i) By (i) and the Leibniz rule for the covariant derivative (see [29]) we see that
the claim holds for W = Z?:l fiVgi with n € N and (f;), (gi) € Test*(X). These

vector fields are dense in the space Hé’z(TX), hence the claim follows by noticing that if

W, — Win Hé’2(TX) and the ¢;’s are chosen uniformly Lipschitz (which as discussed
in the proof of Theorem 5.13 is always admissible) then (W,, V¢;) — (W, V¢;) and
VW, : (V¢ @ Vo) — VW : (Vé, ® V¢,) in L>(X) as n — oc. Therefore, since
(e;)xt < Cmfor every t € [0, 1] and some C > 0, we have

(Wu, V) oer — (W, V) oe,
(VW : (Vo @ V) oer = (VW 1 (Vo @ V) o &

in L2(m) uniformly in 7 € [0, 1]. The conclusion follows.
(iii) This is a direct consequence of (ii) and integration with respect to . ]

Appendix. Reminders about analysis on RCD spaces

In this appendix we recall the basic definitions and properties of the various objects that
we used in the body of the paper. We also provide detailed bibliographical references.

A.l. Sobolev calculus on RCD spaces

We denote by C([0, 1], (X, d)), or simply C([0, 1], X), the space of continuous curves
with values in the metric space (X, d), and for t € [0, 1] the evaluation map e; :
C([0, 1], (X,d)) — X is defined as e;(y) := y;. For the notion of absolutely contin-
uous curve in a metric space and of metric speed see for instance [4, Section 1.1]. The
collection of absolutely continuous curves on [0, 1] is denoted AC ([0, 1], (X, d)), or sim-
ply by AC([0, 1], X).

We denote by & (X) the space of Borel probability measures on (X, d) and by % (X)
C Z(X) the subclass of those with finite second moment.

Let (X, d, m) be a complete and separable metric measure space endowed with a Borel
non-negative measure which is finite on bounded sets.

For the definition of test plans, of the Sobolev class S*(X) and of minimal weak upper
gradient | Df | see [5] (and the previous works [16], [57] for alternative—but equivalent—
definitions of Sobolev functions). The local counterpart of $2(X) is introduced as follows:
leoc (X) is defined as the space of functions f € L%(X) such that for every compact set
Q C X there exists a function g € L?(X) such that f = g m-a.e. in Q, and the local
Sobolev class S2,.(X) is then defined as

S2.X) :={f e LX) : VQ cc X 3g € $*(X), f = g m-ae. in Q}. (A.1)

The local minimal weak upper gradient of a function f € 512oc (X) is denoted by |Df],
omitting the locality feature, and defined for all 2 CC X as |Df| := |Dg| m-a.e. in €,
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where g is as in (A.1). The definition depends neither on €2 nor on the choice of g by

locality of the minimal weak upper gradient.
The Sobolev space W2 (X) (resp. WILf(X)) is defined as L2(X)N S2(X) (resp. L2 N

loc

. 2 .
Sp(X)). When endowed with the norm || £11%,,, := [ £1I3, + [ IDf1] 72, WH(X) is a

Banach space. The Cheeger energy is the convex and lower semicontinuous functional
E : L3(X) — [0, o0] given by

lf|Df|2dm for f € Wh2(X)
E(f):=42 '

+00 otherwise.

(X, d, m) is infinitesimally Hilbertian (see [31]) if W1-2(X) is Hilbert. In this case E is a
Dirichlet form and its infinitesimal generator A, which is a closed self-adjoint operator on
L?(X), is called the Laplacian on (X, d, m), with domain denoted by D(A) C W!2(X).
The flow (h;) associated to E is called the heat flow (see [5]), and for any f € L*(X)
the curve r — h, f € L*(X) is continuous on [0, 00), locally absolutely continuous on
(0, co) and the only solution of

d
S =Ahf hf > foastlo.

If moreover (X, d, m) is an RCD(K, co) space (see [6]), the following a priori estimates
hold true for every f € L?(X) and t > 0:

1 2
E(hlf) S Z”f”LZ(X)a (Aza)
Ahy FlI% 5 < Lo A.2b)
” ’f”LZ(X) = 2t2 ||f||L2(X) ( .
Still within the RCD framework, there exists the heat kernel, a function
(0,00) x X2 3 (1, x, ) > r[x](y) = r:[y](x) € (0, 0) (A.3)

such that
he f (x) = / FONIXI dmG) Vi >0 (A4)

for every f € L*(X). For every x € X and ¢t > 0, r,[x] is a probability density and
thus (A.4) can be used to extend the heat flow to L' (X) and shows that the flow is mass
preserving and satisfies the maximum principle, i.e.

f <cm-ae. = h,f <cm-ae., Vi > 0.

For finite-dimensional RCD*(K, N) spaces (introduced in [31]; for the distinction be-
tween RCD and RCD™* conditions see [11] and [14]) the heat kernel satisfies Gaussian
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estimates, i.e. for every § > 0 there are positive constants C; = Ci(K, N, d) and
Cr = C2(K, N, d) such that for all x, y € X and ¢ > O,
d?(x, C d3(x,
exp(— ) _ Cat) < nlx](y) < 1 eXp<— (x,5) +C2t)
Cim(B ;(y)) (4 —d)u m(B ;(y)) 4+ )t

(A.S5)
(see [41]), which adapts the approach of [58], [59] to the RCD setting.

For general metric measure spaces, the differential is a well defined linear map d from
$2(X) with values in the cotangent module L2(T*X) (see [29]); it is a closed operator
when seen as an unbounded operator on LZ(X). If (X, d, m) is infinitesimally Hilbertian,
which from now on we shall always assume, the cotangent module is canonically isomor-
phic to its dual, the tangent module L2(TX), and the isomorphism sends the differential
df to the gradient V f. Replacing the language of L? normed modules with the L0’s
(see [29]), the differential can be extended to d : S2_(X) — L%(T*X), where LY(T*X)
denotes the family of (measurable) 1-forms. The dual of L%(T*X) as an L° normed mod-
ule is denoted by LYTX), it is canonically isomorphic to L%(T*X) and its elements are
called vector fields. Further, LIZOC(T*X) c LYT*X) (resp. L%OC(TX) c LYTX)) is de-
fined as the collection of 1-forms w such that |w| € leoc(X) (resp. vector fields v such
that [v] € L2 (X))

The divergence of a vector field is defined as (minus) the adjoint of the differential,
ie.v e LX(TX) (resp. v € L%OC(TX)) has divergence in L*(X) (resp. in LIZOC(X)), and
write v € D(div) (resp. v € D(divioc)) if there is g € L*(X) (resp. g € L%OC(X)) such
that

/fgdm= —fdf(v)dm Vf e WAX).

(resp. for all Lipschitz functions f with bounded support). In this case g is unique and is
denoted div(v). A function f € WI’Z(X) has Laplacian in L?, (X), and we shall write

loc loc

f € D(Ajqe), if there exists g € leoc (X) such that

/ ¢pgdm = — / (Vo, Vfydm V¢ Lipschitz with bounded support,

and in this case, since g is unique, we set Af := g. It can be verified that
f € D(Ajo) ifandonlyif Vf € D(diviec) andinthiscase Af =div(Vf),

in accordance with the smooth case.
As regards the properties of d, div, A, the differential satisfies the following calculus
rules which we shall use extensively without further notice:

|df| = |Df] m-ae. Ve S2(X),
df =dg m-ae.on{f =g} Vf geSX),
digo f)=¢ o fdf erSz(X), ¢ : R — R Lipschitz,

d(fg) =gdf + fdg Vf, g € L NS*(X),
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where it is part of the properties that ¢ o f, fg € S*(X) for ¢, f, g as above. For the
divergence, we have

div(fv) = df(v) + fdiv) Yf e W 2(X), v € D(div) such that | ], [v] € L®(X),

where it is understood in particular that fv € D(div) for f, v as above, and for the
Laplacian,

Alpo f)=¢" o fIdfI* + ¢ o fAF,
A(fg) = gAf + fAg +2(V £, Vg),

where in the first equality we assume that f € D(A), ¢ € C 2(R) are such that f, [df| €
L®(X) and ¢’, ¢” € L*°(R), and in the second that f, g € D(A)NL*®(X) and |d f|, |dg|
€ L°°(X), and it is part of the claims that p o f, fg are in D(A). On SIZOC(X) as well as on
D(diviec) and D(Ajec) the same calculus rules hold with slight adaptations. For sake of
information, we present the chain rule for the differential and the Laplacian, as they will
be widely exploited without further mention.

Lemma A.1 (Calculus rules). Let (X, d, m) be an RCD(K, co) with K € R. Then:
() Forall f € S2 (X) and ¢ : R — R such that for all C CC X there exists c CC R

loc

with L (f(C) \ I¢) = 0 and e Lipschitz, we have

digo f)=¢ o f,

2
loc

where it is part of the statement that ¢ o f € S
statements hold for the gradient.

(i) Forall f € D(Aloc) and ¢ : R — R such that f,|df| € Lis (X) and ¢, ¢" €
L*®(R) we have

(X) for ¢, f as above; analogous

Alpo f)=¢"o fIAfI>+¢ o FAF,
where it is part of the claims that ¢ o f € D(Ajgc).

The proof is based on the locality of such differentiation operators and the analogous
properties of their global counterparts defined on $2(X), D(A).

Besides this notion of L2-valued Laplacian, we shall also need that of measure-valued
Laplacian [31]. A function f € W'2(X) has measure-valued Laplacian, and we write
f € D(A), if there exists a Borel (signed) measure u whose total variation is finite on
bounded sets and

/ gdu =— / (Vg,Vf)ydm Vg Lipschitz with bounded support.

In this case p is unique and denoted A f. This notion is compatible with the previous one
in the sense that
Af dAf

d
feLKALAf<0umd7r—eL%X)¢=>felXA)mdeMCmeAf:7;<
m m
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On RCD(K, oco) spaces, the vector space of ‘test functions’ (see [56])
Test®(X) := {f € D(A)NL®X) : |[Vf] € LX), Af € L N W"?(X)}
is an algebra dense in W12(X) for which
feTest®(X)and ¢ € C*°(R) = ¢o f € Test™(X). (A.6)

Combining the Gaussian estimates on RCD*(K, N) spaces, N < 00, with the results
in [56] we see that

feLl>’NL®X), t >0 = h,(f) € Test®(X). (A7)
The fact that Test® (X) is an algebra is based on the property
feTest®(X) = |df|> € WH3(X) with
[1atarPf an < a1l (10511 Naasil: + & 1Af15:) - as)
and actually a further regularity property of test functions is that
f € Test®(X) = |df|> € D(A),
so that it is possible to introduce the measure-valued I'> operator [56] as

|dfI?
2

Ta(f) = A — (VL VAfim  Vf € Test™®(X).

By construction, the assignment f +— I'>2(f) is a quadratic form.
An important property of the heat flow on RCD(K, oo) spaces is the Bakry—Emery
contraction estimate (see [6]):

jdhe f? < e ?K'he(1dfP) Ve W), 1> 0. (A.9)
We also recall that RCD (K, 0o) spaces have the Sobolev-to-Lipschitz property ([6], [28]):
feWh(X), [df] e L®(X) => 3f = f m-ae. with Lip(f) < [|df||,«.  (A.10)

and thus we shall typically identify Sobolev functions with bounded differentials with
their Lipschitz representatives; in particular this will be the case for functions in
Test™ (X).

A well-known consequence of lower Ricci curvature bounds (see e.g. [17], [18], [19])
is the existence of ‘good cut-off functions’, typically intended as cut-offs with bounded
Laplacian; for our purposes the following result will be sufficient:

Lemma A.2. Ler (X, d, m) be an RCD*(K, N) space with K € Rand N € [1, c0). Then
forall R > 0 and x € X there exists a function xg : X — R satisfying:

(i) 0 < xr <1, xg =1 on Br(x) and supp(xgr) C Br+1(x);
(i) xr € Test>®(X).
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Moreover; there exist constants C, C' > 0 depending on K, N only such that
VxRl oy = C- I1AXRIL=x) < C'- (A.1D)

The proof can be obtained by following verbatim the arguments in [52, Lemma 3.1] (in-
spired by [8], see also [35] for an alternative approach): there the authors are interested
in cut-off functions such that x = 1 on Bg(x) and supp(x) C Bag(x); for this reason
they fix R > 0 and then claim that for all x € X and 0 < r < R there exists a cut-off
function x satisfying (i), (ii) and (A.11) with C, C’ also depending on R. However, as far
as one is concerned with cut-off functions x where the distance between {x = 0} and
{x = 1} is always equal to 1, the proof of [52] in the case R = 1 applies and does not
affect (A.11). As regards the assumption N < o0, this cannot be avoided either in [52] or
in [35]; in [8] the construction of cut-off functions is carried out in RCD(K, co) spaces,
but it only allows one to separate relatively compact sets, and balls in an RCD (K, 0o)
space need not be relatively compact.
A direct consequence of the existence of such cut-off functions is that

{f e leoc(X) :VQ cc X 3g € Test™®(X), f = g m-a.e.in Q}
={f € D(A1e) NLE(X) 1 IV f] € LE(X), Af € Wh2(X)).  (A12)

Indeed, the ‘C’ inclusion is obvious, while for the opposite one if f belongs to the second
set and 2 C X is a bounded open set, consider a cut-off function y € Test®(X) with
compact support and y = 1 on Q; it is clear that x f € Test®*(X) and x f = f on Q. We
shall call the set in (A.12) the space of local test functions and denote it Testi’ooC X).

The existence of the space of test functions and the language of L? normed L°-
modules allow us to introduce the spaces W22(X) as follows (see [29]). We first con-
sider the tensor product L2((T*)®?X) of L?>(T*X) with itself. The pointwise norm on
that module is denoted | - |5 (as in the smooth case it coincides with the Hilbert—
Schmidt norm) and ‘:’ is the scalar product inducing it. Then we say that a function
fewhiXx) belongs to W22(X) if there exists A € L2((T*)®2X) symmetric, i.e. such
that A(vy, v2) = A(va, v1) m-a.e. for every vy, v2 € L2(TX), for which

2
/hA(Vg,Vg)dm: /(—(Vf, V) div(hVyg) —h<Vf, v'vj" >> dm

for all g, h € Test®™ (X). In this case A is unique, called the Hessian of f and denoted by
Hess(f). The space W22(X) endowed with the norm

1 W20 7= 17 17200 + 14F 132 ey + IHESS(ONZ 2 peyory

is a separable Hilbert space which contains Test>*(X) and in particular is dense in
W12(X). It is proved in [29] that D(A) € W22(X) with

/ |Hess(f)[%,c dm < /[(Af)2 —K|Vf’ldm Vf e D(A). (A.13)
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The space H 2.2(X) is defined as the closure of D(A) in W22(X) and following the argu-
ments in [29, Proposition 4.3.18] it is not difficult to see that

Test™ (X) is dense in H>2(X). (A.14)
It is unknown whether H>2(X) = W22(X) or not. We recall that
d(V f, Vg) = Hess(f)(Vg, ) +Hess(g)(VFf,-) Vf g e Test™®(X) (A.15)

and that the Hessian is a local operator, i.e. Hess(f) = Hess(g) m-a.e. on {f = g}.
Using this latter fact, for f € Testi’g’c (X) we can define Hess(f) as the element in the L0
completion of L2((T*)®%X) defined by

Hess(f) := Hess(g) m-ae.on{f =g} Vg € Test*(X).

The Bochner inequality on RCD(K, co) spaces takes the form of an inequality be-
tween measures ([29]; see also the previous contributions [56], [62]):

T2 (f) = (Hess(f)lfg + KIdfP)m  Vf € Test™(X), (A.16)
and if the space is RCD*(K, N) for some finite N then also ([23], [9])
To(f) = (AFP/N + K[dfP)m V[ € Test™(X). (A.17)

Notice that since the Laplacian is in general not the trace of the Hessian, the former does
not trivially imply the latter (in this connection, see [39]).

As regards the geometric features of finite-dimensional RCD*(K, N) spaces, we re-
call the Bishop—Gromov inequality in the form we shall need (see [60], [61]): for any
x € supp(m)andany 0 <7 < R < oo,

m(B, () _ Jo sinh(y/=K/(N=T)N"'dr

m(Br(x)) ~ [Ksinh(r/=K/(N = D)N-1dt’
500 (sinh(rm)>Nl
sg(x) ~ \sinh(Rv/=K/(N = 1))

(with standard adaptations and caveat if K > 0) where

(A.18)

1
5p(x) == lalfg gm(BrJr(S (x) \ Br(x)).

A couple of interesting consequences are the following: m is uniformly locally doubling
with an explicit expression for the local doubling constant, i.e. for all x € X and r > 0,

N-—1
m(By(x)) <2V cosh<2 1r> m(B:(x)); (A.19)

and for all x € X there exists a constant C > 0 depending on x (and on K, N) such that
the following volume growth condition is satisfied:

m(B,(x)) < Ce’"  Vr > 0. (A.20)
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We conclude the section recalling the notion of regular Lagrangian flow, introduced
by Ambrosio—Trevisan [10] as the generalization to RCD spaces of the analogous concept
existing on R¢ and proposed by Ambrosio [1]:

Definition A.3 (Regular Lagrangian flow). Given (v,) € L!([0, 1], L>(T'X)), the func-
tion F : [0, 1] x X — X is a regular Lagrangian flow for (v;) provided:

(1) [0, 1] > t — F;(x) is continuous for every x € X.
(ii) Forevery f € Test™(X) and m-a.e. x the map ¢t — f (F;(x)) belongs to wh1o, 17)
and

d
af(Fz(X)) =df(w)(Fi(x)) ae.te[0,1]

(ii1) We have
(Fp)sm < Cm Vre[0,1]

for some constant C > 0.

In [10] the authors prove that under suitable assumptions on the v;’s, the regular La-
grangian flow exists and is unique. We shall use the following formulation of their result
(weaker than the one provided in [10]):

Theorem A.4. Let (X, d, m) be an RCD(K, 00) space and (v;) € L'([0, 1], L>(TX))
be such that v; € D(div) for a.e. t and

div(v,) € L'([0, 11, L2(X)),  (div(v;))~ € L'([0, 1], L*®(X)).

Then there exists a unique, up to m-a.e. equality, regular Lagrangian flow F for (v;). For
that flow, the quantitative bound

1
(Fr)xm < eXp(/O [1(div(v)) ™ Il x) dt>m (A21)

holds for every t € [0, 1], and for m-a.e. x the curve t — F;(x) is absolutely continuous
and its metric speed ms; (F.(x)) at time t satisfies

ms; (F.(x)) = |v|(F;(x)) a.e.t €][0,1]. (A.22)

To be precise, (A.22) is not explicitly stated in [10]; its proof is anyway not hard and can
be obtained, for instance, following the arguments in [29].

A.2. Optimal transport on RCD spaces

It is well known that on RY, curves of measures which are W-absolutely continuous
are in correspondence with appropriate solutions of the continuity equation [4]. It has
been proved in [32] that the same connection holds on arbitrary metric measure spaces
(X, d, m) provided the measures are controlled by Cm for some C > 0; the formulation
of the result which we shall need is:
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Theorem A.5 (Continuity equation and W»-AC curves). Let (X, d, m) be infinitesimally
Hilbertian, (u;) C P (X) be weakly continuous and t +— v; € LYTX) be a fam-
ily of vector fields, possibly defined only for a.e. t € [0, 1]. Assume that the map t +—>
[ 1v¢|? dpu; is Borel and

ur < Cm VvVt €0, 1] for some C > 0, (A.23a)
1
/ / [ve|> dpy dt < 00 (A.23b)
0
and that the continuity equation

d .
Eﬂt + div(vepy) =0

is satisfied in the following sense: for any f € W“2(X) the map [0,1] > t > [ fduyis

absolutely continuous and

d
a/fdm:/‘df(v,)du, a.e.t.

Then (us) € AC([0, 1], (P (X), W,)) and
i) = f v >dw, ae.tel0,1].

Recall that given f : X — R the upper and lower slopes |DT f|, |D™ f| : X — [0, co]
are defined as O at isolated points and elsewhere by

_ + _ _ -
(f () — fx) D fl) = Tim (f(y) = f(x)) '
d(x, y) y=>x d(x, y)
Similarly, the local Lipschitz constant lip(f) : X — [0, oo] is defined as 0O at isolated
points and elsewhere as

IDY(H)(x) := y@c

. - — 1f) = fI

lip(f)(x) = max(|D* £1(x), 1D £10)} = T L0 =T
y=xod(x,y)

If f is Lipschitz, then its Lipschitz constant is denoted by Lip f. We also recall that the

c-transform ¢¢ : X — R U {—o0} of a function ¢ : X — R U {—o00} is defined as

¢ (x) = inf (d*(x, ¥)/2 — 0())
yeX

and that ¢ is said to be c-concave if ¢ = ¥ for some . Also, given pg, nu; € P>(X),
a function ¢ : X — RU{—o0} is a Kantorovich potential from q to w1 if it is c-concave
and

/<Pduo+f¢>cd,u1 = LW (1o, 1)
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It is worth recalling that on general complete and separable metric spaces (X, d), for
any wo, 1 € £ (X) with bounded support there exists a Kantorovich potential from g
to @1 which is Lipschitz and bounded. This can be obtained starting from an arbitrary
Kantorovich potential ¢ and then defining

p(x) 1= min{C. inf (¢(x. 3)/2 =)}

for C sufficiently large.

Moreover, we recall the following version of Brenier—-McCann theorem on RCD
spaces ((i) comes from [27] and [54], (ii)) from [6] and [31], (iii)) from [5], and
(iv) from [36]).

Theorem A.6. Let (X, d, m) be an RCD(K, 00) space and let jug, w1 € P»(X) have
bounded support and satisfy o, w1 < Cm for some C > 0. Also, let ¢ be a Kan-
torovich potential for the couple (o, (1) which is locally Lipschitz on a neighbourhood
of supp(wo). Then:

(1) There exists a unique geodesic (i) from g to (L1, it satisfies
w <C'm Vrel0,1]1 forsomeC' >0, (A.24)

and has a unique lifting &, i.e. there is a unique measure & € Z(C([0, 1], X)) such
that (er) . = p; for every 1 € [0, 11and [, 1741* dt d (y) = W3 (0. tt1)-
(ii) Forevery f € W1-2(X) the map t — f f duy is differentiable at t = 0 and

d
3 [ ran = [ar@oau,

(ii1) We have
ldo|(v0) = |IDTo|(yo) = d(yo, 1) for m-a.e. y.

(iv) If the space is RCD*(K, N) for some N < oo, then (i)—(iii) hold with | only
assumed to be with bounded support, with the caveat that (A.24) holds in the form:
forevery § € (0, 1/2) there is Cs > 0 such that p; < Cémfor everyt € [0, 1 —§].

A related property is that although Kantorovich potentials are not uniquely determined
by the initial and final measures, their gradients are. This is expressed by the following
result, which also says that if we are at an intermediate point of a geodesic and move to
one extreme or the other, then the two corresponding velocities are opposite of each other
(see [28, Lemmas 5.8 and 5.9] for the proof):

Lemma A.7. Let (X, d, m) be an RCD(K, 00) space with K € R and (u;) C > (X) a
Wy-geodesic such that u; < Cm for every t € [0, 1] for some C > 0. Fort € [0, 1] let
¢, ¢ : X = R be locally Lipschitz functions such that for some s, s' # t the functions
—(s — )¢ and —(s" — 1)¢] are Kantorovich potentials from [ to s and from pi; to py
respectively. Then

Vo =V us-ae
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On RCD spaces, W;-geodesics made up of measures with bounded density also have
the weak continuity property of the densities expressed by the following lemma. The
proof follows by a simple argument involving Young’s measures and the continuity of the
entropy along a geodesic (see [28, Corollary 5.7]):

Lemma A.8. Ler (X, d, m) be an RCD(K, 00) space with K € R and (u;) C P2(X)
a Wy-geodesic such that u; < Cwm for every t € [0, 1] for some C > 0. Let p; be the
density of ;. Then for any t € [0, 1] and any sequence (t,)nen C [0, 1] converging to t
there exists a subsequence (t,, )reN such that

Py, = Pr M-a.e. as k — oc.

Finally, we recall some properties of the Hopf—Lax semigroup in metric spaces, also in
connection with optimal transport. For f : X — R U {400} and t > 0 we define the
function Q; f : X - R U {—o00} as

O/ f(x) = yug(( Gt

+ fQ )) (A.25)
and set ¢, := sup{t > 0 : Q;f(x) > —oo for some x € X}; note that actually ¢, does
not depend on x, since if Q; f(x) > —oo, then Q; f(y) > —oo for all s € (0, ¢) and all
y € X. With this notation we have the following result (see [5]):

Proposition A.9. Let (X, d) be a length space and f : X — R U {+o0o}. Then for all
x € Xthe map (0, t,) >t — Q f(x) is locally Lipschitz and

d 1
G &S+ E(lip(sz)(X))2 =0 aer1e(01). (A.26)
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