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Abstract. Let 7 be a fixed Hecke—Maass cusp form for SL(3, Z) and x be a primitive Dirichlet
character modulo M, which we assume to be a prime. Let L(s, 7 ® x) be the L-function associated
to 7 ® x. For any given ¢ > 0, we establish a subconvex bound L(1/2 + it, 7 ® x) <Kr,e

(M(|t] + 1))3/4=1/36+¢ yniformly in both the M- and -aspects.

Keywords. L-functions, subconvexity, Hecke-Maass cusp forms

1. Introduction and statement of results

The subconvexity problem, which asks for an estimate of an automorphic L-function on
the critical line s = 1/2 + it that is better by a power saving than the bound implied
by the functional equation and the Phragmén-Lindelof principle, is one of the central
problems in analytic number theory. Many cases have been treated in the past; see [21]
for results with full generality on GL(1) and GL(2). It has only been recently that people
have started making progress on GL(3) with the introduction of new techniques.

In this paper, we are interested in certain degree 3 L-functions. Let & be a fixed
Hecke-Maass cusp form of type (vi, v2) for SL(3, Z) with normalized Fourier coeffi-
cients (A(m, n))m n>0. Let x be a primitive Dirichlet character modulo M. Let

L(s,m) = Z A(i;n) and L(s,m Q@ x) = Z ML ZiX(n)

n=1 n=1
be the L-series associated with 7 and 7 ® x; these series can be analytically continued
to entire functions of s € C with functional equations. The Phragmén—Lindel6f principle
implies the convexity bound L(1/24it, 7 ® x) <x.e (M(|t|+1))3/4+¢, which one aims
to improve upon.

For the L-functions L(s, i), the first breakthrough was made by Li [17] who re-
solved the subconvexity problem in the f-aspect for fixed self-dual cusp forms 7.
Using a first moment method, partially inspired by the approach in [6], Li showed that
L(1/2+it, ) <5 (|t|+ 1)3/#73%¢ with § = 1/16. Li’s approach also implies a subcon-
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vexity bound in the GL(2) spectral aspect for certain GL(3) x GL(2) L-functions. The
method depends on the nonnegativity of central values of certain L-functions, which re-
quires the self-duality assumption on the cusp forms 7. Li’s exponent of saving § = 1/16
was later improved to § = 1/12 by Mckee, Sun, and Ye [20], and to § = 1/8 by
Nunes [32].

For the case where M, the conductor of the Dirichlet characters y, is varying, in
the special case that the 7’s are self-dual and x’s are quadratic, a subconvex bound was
obtained by Blomer [2]. He showed that L(1/2, 7 ® x) < MO/8+e by using a first
moment method as in Li’s work, where M is assumed to be prime. Later Huang [9], with
input from [41], managed to extend the results of Li and Blomer to the hybrid setting
LA2+it, 71 ® x) Kz (M(Jt| + 1))3/4=8_ for some § > 0, under the same self-duality
assumptions on 7 and .

From a theorem of Miller [22], self-dual cusp forms f; on SL(3, Z)\h3 are sparse in
the sense that

lim #HA; < T | Afj =Ajfj, fj self-dual} _0
T—o0 #A; <T}
It is therefore desirable to remove the self-duality assumptions in the previous works.

In a series of papers [26—30], Munshi proposed a new approach to the subconvexity
problem. This method does not need the nonnegativity of central values of certain L-
functions, which enabled Munshi to deal with more general cusp forms than just the
self-dual subclass.

In the #-aspect setting, by adopting Kloosterman’s refinement of the circle method
and enhanced by a “conductor lowering” mechanism, Munshi [28] obtained the bound
L(1/2+it, ) <5 (|t] + 1)3/471/16%¢ thus extending Li’s result [17] to arbitrary fixed
cusp forms 7.

In the Dirichlet character twist case, by using a variant of the -symbol method of
Duke, Friedlander, and Iwaniec [7], a GL(2) Petersson §-symbol method, Munshi estab-
lished L (1/2, 7 ® x) <, M3/4~1/1612+¢ [29] under the Ramanujan conjecture for 7.
In a follow-up preprint [30], with a much cleaner treatment, he removed that assumption
and improved the exponent of saving to § = 1/308. Again, this approach does not require
nonnegativity of central values of certain L-functions, thereby removing the self-duality
assumptions on the cusp forms 7 and characters x in Blomer’s work [2].

More recently Holowinsky and Nelson [8] discovered that there is a hidden identity
within the proof of [30], which allowed them to produce a method that removes the use of
the Petersson §-symbol method and also improves the exponent of saving. They obtained
a stronger subconvex exponent, L (1/2, 7 ® x) <, M3/4=1/36+¢

It is then desirable to ask, “Can one prove a subconvex bound for the L-functions
L (s, m ® x), simultaneously in both the M- and ¢-aspects, for general SL(3, Z) Hecke—
Maass cusp forms and primitive Dirichlet characters?” Our main result answers this affir-
matively.

Theorem 1.1. Let w be a Hecke—Maass cusp form for SL(3,7Z) and x be a primitive
Dirichlet character modulo M, which we assume to be prime. Given any ¢ > 0, we have

L(1/2+it, 70 ® x) Ko (M(Jt] + 1))>/471/30F¢, (1
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Remark 1.2. Below we will carry out the proof under the assumption || > M? for any
& > 0. We make such an assumption so as to effectively control the error terms coming
from the stationary phase analysis in our approach. For the case where |t| < M¥, the
bound (1) would follow from the work [8], since there the bound L(1/2 + it,7 ® x)
&K.p M3/4=1736%¢ 5 of polynomial dependence in ¢.

For subconvexity bounds on GL(3) in other aspects or over more general number fields,
see [3, 4, 13, 34, 35, 39, 40].

Recently, Schumacher [36] has been able to provide another interpretation of the
methods that we follow, at least in the z-aspect case, from the perspective of integral
representations under the framework of Michel-Venkatesh [21], and he produces the
same bound (1). Aggarwal [1], who revisited Munshi’s work in [28] by removing the
“conductor lowering” trick, was able to improve the exponent of saving in the z-aspect
case to 3/40. The exponent of saving in the M-aspect was recently improved to 1/32 by
Sharma [37]. Following Li’s work in [17], there have been recent developments in the
subconvexity problem on GL(3) x GL(2) in different aspects, and the reader is referred
to [15, 16, 18, 19, 31, 35, 37, 38].

Our approach is a variant of the methods introduced in the works [30] and [8]. In
Section 2, we will give a brief outline of our approach to guide the readers through.

Notation

We use e(x) to denote exp(2mix). We denote by ¢ an arbitrary small positive constant,
which might change from line to line. In this paper the notation A < B (sometimes even
A ~ B) means that B/(M|t])® < |A| <« B(M]|t|)¢. We reserve the letters p and £ to
denote primes. The notations p ~ P and £ ~ L denote primes in the dyadic segments
[P,2P]and [L, 2L] respectively.

2. An outline of the proof

Our approach is inspired by the work [30] and makes use of an observation due to
Holowinsky and Nelson [8]. We now give a brief introduction to the approach in [30].

Let p be a prime number, and let k = 3 mod 4 be a positive integer. Let y be a charac-
ter of IF; satisfying ¥ (—1) = —1 = (—1)*. One can view v as a character modulo pM.
Let Hy(pM, ) be an orthogonal Hecke basis of the space Sy (pM, ) of cusp forms of
level pM, nebentypus ¥ and weight k. For f € Hi(pM, V), let (Ar(n)),>1 denote its
Fourier coefficients. Denote P* = ZP<p<2P Zwmodp(l — ¥ (—1)). Then we have the
following averaged version of the Petersson formula:

8(r,n) = P*Z DU —y=) Y o R

p~P yrmod p feH(pM )

e 1))2 Sw(r n; cpM) (4711;/1‘;_11)’ )

2m

p~P ¥ mod p
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T (k—1)
~ @)k £11?
and Sy (r, n; ¢) = Y oae ¥ (@)e(2E2) is the generalized Kloosterman sum.
Let £ be the set of primes in the interval [L, 2L] and let L* = |£]| denote the cardi-

nality of £. By writing his main sum of interest Y. Y "7, _; A(m, n)x(n)W(%)V(%)

as Zx(é)ZZA(m n)W< )me( )8(r nt),

tel

and then substituting the formula (2) for &(r, nf) inside, Munshi breaks the main sum
into two pieces, F* + O*, with F* and O* appropriately defined. Here the introduction
of the extra summation over £ serves the role of an amplification technique. Successfully
bounding F* and O* simultaneously with suitable choices of P and L to balance the
contribution enables Munshi to get his main result L(1/2, 7 ® x) <z M 3/4=1/308+¢

Now we turn to our case. From Lemma 3.3, it suffices to improve the trivial bound
O(N) for the smooth sum

S(N) =Y AL m)x(mn~"w(n/N)

n>1

where §(r, n) denotes the Kronecker symbol, a)]T] = is the spectral weight,

for (M1)3/?>7% < N < (M1)3/>*%, where w(x) is some smooth function with compact
support contained in R satisfying w/) (x) < lforall j > 0.

Let P and L be two large parameters to be specified later. In our case, instead of using
the Petersson §-symbol method (2), we use a “key identity” (13),

x(n)n”vA(i)

N
22\ (o \ M2 & e\ M

= () <Ge) oy 2o () o5 )V (o)
t 2m) Npgy = P Lr Np/M{t

2 . t 1/2
_ <_> ( ) ZS (n,rpl; M) T (n, rp/t; M)+0(t1/2 Ay,
N ) g5

where g, denotes the Gauss sum associated with x and

. . — —it (T _INpx
Jit(n,rp/e; M)_[RV(x)x e< Nx>e< M2£t>dx

Here V(x) is a smooth compactly supported function satisfying V) (x) « ;1 for all
j=0.
Thus we can write, for an arbitrarily large A > 1, that

S(N) =< |F| + 0] + O(Nt™™),

where
M3/243/2
- NP2

DIHIDY x(rﬁﬁ)(%)_”ik(l me( =" )(%) G)

p~P t~Lr~NP/(MLt)
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and

(172

0= P Zk(l n)w( ) Z Z Z S5 (n, rpl; M) T (n, rp/t; M).

~P {~L 2,2
P 0 |r| < MTL

Now our task is to beat the bound O (N) for F and O simultaneously. We estimate the
term O first. The integral J;,(n, rp/€; M) restricts the length of the r-sum to 0 # |r| K

2.2
M ’ °L For this sketch we pretend that r ~ MN’PL_

From the second derivative test we have J;, (1, rp/€; M) < t~'/2. Using this, along

with the Weil bound for Kloosterman sums, and estimating directly, we find that
1172 M22L

2 2
0« NPL MV21? « ML
PLMI/2 NP NP

2.2
So we need to save more than MNtPL for O.
We apply the Cauchy—Schwarz inequality to reduce the task to saving the same

amount from

N1/241/2

W(Z\ZZ > Sy rpli M)Tii(n,rpt: M)\ )

pNP(NL M2 27
NP

. . 4,472
or equivalently, saving A/]Ivz’—;z from the sum

Z‘ZZ > Sy, rpls M)Jif(n, rp/; M)‘

n~N p~P{~L M2 2L

For the diagonal term (p1, €1, r1) = (p2, £2,12), we save PL M;I;L = MZ;VZLZ , which
is satisfactory as long as le’szz A’g{;@ ,ie, P> N1/2
Opening the square above and applying Poisson summation to the n-sum, only the
zero frequency contributes. For the off-diagonal (py, €1,71) # (p2, £2,72), applying

Poisson summation in the n-sum we save M from evaluating

> Syla.ripily: M)Sy (@, rapata: M),
a (M)

and save ¢ from estimating the integral

3= /R TNy, ri p1/81: M) T ON Y. 722825 3 w(y) dy

upon using the first derivative test for oscillatory integral (which is the content of Lemma

MAAL?
NZpZ

Mt M3232L

N2> N } :

5.1). So the estimates for the off-diagonal are satisfactory as long as Mt > ie.,

3/2,3/2 . .
P> % Hence O is fine for our purpose if P > max{
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Next, we try to bound the F term in (3). Estimating trivially, we see that

M3232 NP
F PL N < N(M)'/?,
< —p LY KN

So our job is to save more than (Mt)'/2,
We apply Voronoi summation (Lemma 3.5) to the n-sum to get

M3/21312N1/2
NP2

A A(n, 1) S(pM, n; re)
2y () 3 SR

p~PU~Lr~NP/(MLt) n~(r)} /N

~
=

Using the Weil bound and estimating directly we get F < (N P)3?/(Mt). We save

3/2,3/2 . .. ..

% from this process, compared to the original trivial bound O (N (M1)'/?), and we
. . 1/2 p3/2 .

still need to save a little more than % from the new sum. Pulling the r, n-sums

outside, and applying the Cauchy—Schwarz inequality, our job is to save NP from the

M2 2
sum

DO xWp)E/p)TS(pM, n; ol

r,\,i __N2pP3 p~P{~L
M3:3
2
We can save P L from the diagonal, which is satisfactory if PL > M2 5, thatis, L > ZZ 5.

Our final step involves opening the square and applying Poisson summation to the n-
sum to gain saving for the off-diagonal terms (py1, £1) # (p2, €2). The zero frequency
(which vanishes unless £1 = £») makes a contribution that is dominated by the diagonal
(p1,£1) = (p2, £2) contribution. The original n-sum can be estimated by

N2P3
> SBiIM.n:r)S(paM. ni rly) K ——=/rty - rla.
N2p3 M-t
B3

After applying Poisson summation in the n-sum, we gain square-root cancellation for the
character sum

3 S(piM,a; rt)S(p2M. a; rﬂz)e< o )
a(rity) réity

in “generic” cases, so that the dualized n-sum is dominated by r3/2¢,¢,. We save

3/2 p5/2
%, which is more than 2 > if N/(Mt) > PL. Hence F is fine 1f 2 < L

N
< PM:-
Now it turns out that we can optimally choose P = (M) and L = (M1)'/° to
simultaneously beat the bound O(N) for F and O, which in turn implies a nontrivial
bound for S(N), for (Mt)3/>~1/18 <« N < (M1)3/>+¢_ This yields a subconvexity bound

LA2+it,m1 ® x) Kz (M(|t] + 1))3/4-1/36+¢
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3. Some lemmas

In this section, we collect some lemmas that we may use in our proof.

Let (A(m, n))m nxo be the Fourier—Whittaker coefficients of the SL(3,Z) Hecke-
Maass cusp form .

First we have the following Rankin—Selberg estimate (see for example [25]).

DO T Im.n) <5 X.

m2n<X

Lemma 3.1. One has

From the lemma, we readily have the similar estimate

> I <x X, )

n<X

by the Cauchy—Schwarz inequality.
Following [41] and [14], we make the following definition.

Definition 3.2. We say a smooth function f(xy, ..., x,) on R" is inert if
el fU I e ) Ky 1 &)
for all nonnegative integers ji, . . ., j,. Here the superscript denotes partial differentiation.
For any N > 1, let '
S(N) =Y _x(l,m)xmn @ (n/N), (6)
n>1

where @ (x) is an inert function on R with compact support contained in R .

By symmetry, we assume ¢ > 2 from now on. Using a standard approximate func-
tional equation argument [11, Theorem 5.3] and the estimate (4), one can derive the fol-
lowing.

Lemma 3.3. Forany § > 0and ¢ > 0, we have
. ISV ey
L(1/2+it, 7 ® x) < (M1)* sup ——— + (M1)3/478/2F¢,
N VN
where the supremum is taken over N in the range (M1)>/>=% < N < (M1)3/>*%,

From Lemma 3.3, it suffices to beat the convexity bound O(N) for S(N) for N in the
range (M1)3/27% < N < (M1)3/?>*¢, which we henceforth assume. Here 0 < § < 1/2 is
a small constant to be optimized later. We observe for later convenience that

(Mt)'*e < N. (7

Let « = (a1, a2, a3) be the Langlands parameters associated to the Maass cusp
form 7, with
o) +ay+a3 =0 and [Ne;| <06.
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We recall the Ramanujan—Selberg conjecture predicts 6 = 0, while from a result [12] of
Jacquet and Shalika one at least knows that |[Re;| < 1/2.

Let

Gs(s) 2Q2m) ST (s)cos(mws/2) ifs =0,
S) =

’ 2i(2) " T(s) sin(rs/2) if8 =1,

and let

3
Ga.s)(s) =[] Gs; (s +ej). whered = (81,82, 83).
j=1
Define

1
J@,5)(x) = %/CG(a,a)(S)x_s ds, x>0,

where C is a curved contour such that all the singularities of G («,s)(s) are to the left of C,
defined as in [33, Definition 3.2].
Let

T2 () i= Jia,8) (EX) = 3 (@.8)(X) £ Jjia,5400) (X)),

where e = (1, 1, 1), and § + e is taken modulo 2. The Bessel function J; 4+ (x) satisfies
the following properties.

Lemma 3.4. (1) Let p > max{—Na1, —Nayp, —Naz}. For x K 1, we have
I IVL () Koy ananpn X

(2) Let K > 0 be a fixed nonnegative integer. For x > 0, we may write

Jra(x®) = WE @) + EE(x),

e(+3x)
X
where Wf (x) and E;T—L (x) are real-analytic functions on (0, o0) satisfying

K—1
W) =Y Bu(m)x™" + Ok oy .ap.ay (6 5)
m=0

and
| exp(—=3v/3 mx)
B (0) aponsj —

Jfor x >4, 05,05 1, where Bi: () are constants depending on a1, o and o3.

Proof. See [33, Theorem 14.1]; note that our J; +(x) is the J(; s)(x) in the notation
of [33]. ]

Now we recall the Voronoi formula for GL(3), in which the Bessel function J; +(x)
appears naturally.
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Lemma 3.5 ([24]). For (a,c) =1, aa = 1 (mod ¢), we have

Zk(m n)e(——)w(n)
2
cZ > ZW i (Z’w?) ®)

m'|mc n=1

where

WE(x) = /0 w(y)Jr 5 (xy) dy.

In particular, replacing w(n) by w(n/N) gives

’; A(m, n)e(—%)w(%)

A(n m) Nm"™n " Nm"n
Z Z Z S(am, £n; me/m’) 3 w ( 3 )

+ m'|me n=1

If w)(y) « 1, then from the oscillation of Jr +(x) when |x| > N?, Wi(N’”—/Z") is

mc3
negligibly small as long as m'?n is such that Nr;"—clgz" > N°.
If we write

Ui(x) = xWi(x),
then (8) becomes
Zk(m n)e(——)w(n)
n=1
cZ 3 ZM” m)S( am, +n; mc/m)ui<m "> ©)

+ m/|mecn=1

which is the usual version of Voronoi’s formula given in [24] and in other works.

Remark 3.6. Here the normalization of (8) is different from the usual version (9). With
this normalization, the weight function on the right is the Hankel transform of the original
Schwartz class function, matching the rank one and rank two cases. We thank Zhi Qi for
making us aware of this.

Lemma 3.7 (Miller’s bound, [23]). Uniformly in @ € R, we have

> A ne(an) Kgxe XIHHE (10)
n<X
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Lemma 3.8 ( [8, Lemma 2]). Let 51 and s> be natural numbers. Let t1, ty, and n be
integers. Set

c= Y SMlenﬂnmlwﬁ4:nx )

(51,2 [s1, 52]
Write s; = w;(s1,52), i = 1,2, and set A = w%tl — w%tz. Then

(A, n,s1,52)

¢ < 20@ (515200 (5, 5151 5o])1/2 7
IC] < (s152[s1, 521) 51512

where w(s) denotes the number of distinct prime factors of s, and the implied constant in
the O-symbol is absolute.

Lemma 3.9. Let V be a smooth function with compact support in R, satisfying V) (x)
L 1forall j > 0. Assume (M,r) = 1 andn < N. For any integer A > 1, there exists
an inert function V4 (x) compactly supported in R~y such that

. Y, r
E:X“” (‘77)V(NﬂMn>
N 8y (2w —it t it 2mn N
=5 g ane) (o Jrom(5) + 0 ()

1/ N 1—it rN
cailim) Lo [t v e o

720

where Sy(n,F; M) = Y, ) X(a)e(”“+’“) is the generalized Kloosterman sum and
8y =24 o) X(a)e(%) denotes the Gauss sum.

() (2H)

which follows from reciprocity, and applying Poisson summation, the r-sum becomes

S oz )
= M Mr N/(Mt)
na N \7" nt rN
MZf%g%)x(a)e( ) ( )/R(Ex> e(—m>V(x)e<—mx> dx.

In particular, the zero frequency 7 = 0 contribution is

1/ N\ i { nt
M(E) gxx(n)/Rx e(—m>V(x)dx.

Proof. Writing
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Considering the integral, by [14, Main Theorem], there is an inert function V4 sup-

ported on xp < 1 such that
; t tl t

/x_”e _M V(x)dx /e _foexr # V(x)dx
R Nx R 21 Nx

e(f (x0))

— 7vAoco) + 040,

where f(x) = —”;% — %=, and xo = 2]@” is the unique solution for f’(x) = 0, and
A > 11is any arbitrarily large constant. Therefore,

—irg( 2L _ (2N et/ Ly, (210 A
| ( Nx>v(x)dx_<N> T Va ( v )+0<t ).

Hence

(i) (i)

s M Mr) " \N/M1)
LN\ 21\ " e(—1/(2n)) ity (F) 4 o N
=wilin) so() () o)

1/ N\ rN
“ailin) Dy e v )«

and (11) follows. ]
Remark 3.10. The identity (11),

—it n
x(m)n=""Vyu N)
2\ t \ M3 nr\ n r
Z(Vr> e<5) Ne; ;X(“e(ﬁ)’ e(_W)V<N/(Mr>>
27\ t1/2 . it nt FNx
(7)) ,%S‘("’“M)/R””x ()5 ) o

+ 01PN,
is a variant of the following key identity in [8, (3.6)]:

XMV (0) = —Zx(r)e( ) (E>—g—ZS(n,r,M)V(M/R>

re’ 7#0

where R > 0 is a parameter and V denotes the Fourier transform of the Schwartz
function V, which is compactly supported in R. (. Inserting the identity, with an am-
plification technique, one can express the smoothed sum Zn>1 A1, n)x(m)w(n/N) as
F + O. Balancing the contribution of F and O properly, the authors of [8] obtained
L(1/2, T® X) < M3/4_1/36+8.
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From Lemma 3.9, assuming (M, £r) = 1 and n < N, one has

oo )
lr Np/(MZt)

Np gz (2mp it _ 2nn
— o g it V
NI (Mez e\ 7oy ) pOx e Val ==

1 Np 1—it _ e 3 Np
+M<M_zr) X(p@);Sx(n,rpﬁ,M)Z,(n,rp/@,M)—l—O(W,

12)

or, in another form,

it 2mn
x(mn="Vu N

S () (s
“\mi) \ox ) Npg; &7\ U Np/(Mr)

<2”>ite( ! ) o S Sgn,Fpls M) (0, Fp/6; M) + OG>, (13)
-(= — it(n, 7
N 2m ) g; o x

where .
Tiuln, Fp/t: M) = / e =\ vioye( = VP ) dx (14)
it ) ) . - N Mze .
We shall use (12) as a “key identity” in our proof; see Section 4.

Lemma 3.11. For any ¢ > 0, one has

I+e
Z Z Z Z Z Z |€1V2P2—52V1P1| < EPR

p1~P py~P € i~L{ry~Lri~Rr~R
Lirypa#Lori py

and
(LPR)'**

Z Z Z Z Z Z Irlplﬁz—rzpzﬁll < M

p1~P py~P {1~L lr~Lri~Rr~R
LirapaF#Lar p
Lirapa=tory p1 (M)

Proof. The first sum is bounded by

Z Z r3(m1)r3(m2)§(LPR)s Z Z %<<(LPR)1+6'

i STPRmaLpr M1 —mal m~LPR 1<h<LPR
ma7#m|

Hence the first inequality follows. Here t3(m) := ) p._,, 1.
The second inequality can be proven using a similar argument. O
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4. Reducing S(N) to 7| and O

Our basic strategy is to introduce more “points” of summation to mimic the smoothed
sum S(N) in (6), which is our main object of study. Throughout the paper we assume that
|t| > M? for any & > O.

Let P and L be two large parameters. We begin by introducing the following sum:

it Z E it ”V
;x(p)p ;x( ) Zx(r)r <Np/(MEt)>
npM n
X r;)»(l,n)e<—£—r>w(ﬁ>, (15)

where p ~ P and £ ~ L denote primes in the dyadic segments [P,2P] and [L, 2L],
respectively; w and V are smooth functions with compact supports in R satisfying
wP(x), Vi (x) «; 1forall j > 0.

We shall see that if one applies Poisson summation to the r-sum (which is the content
of Lemma 3.9), then the contribution of the zero frequency 7 = 0 (7 the variable dual
to r) will give rise to the sum S(NV) that we are initially interested in. In order to bound
S(N), it suffices to bound | and the sum arising from the nonzero frequencies » # 0 of
the dual sum, which we denote by O. This observation is initially due to Holowinsky and
Nelson [8, B.4], in their work on the Dirichlet character twist case.

Plugging the identity (12) in, we get

27\ 7Y t g5
7=(n) (=)

X e S () (%)

M%/z 3/2

p~P {~L n=
N —it t1/2 00 .
+(E> PZMWZA@ n)w< )Z N
p~P {~L
x Y Sz (n, Fpl; M) Jis(n, Fp/t; M) + O(Nt'>4),
F#0

which implies

1 > ' 2mn
— Y, —it 1% = |Fil + O(Nt'/?=4
1ogp10gLnZ (1, ) x (m)n w( ) A< N) [ Fil+ O )

1/2 0
+ M1/2PL‘ A, ”)w< )Z D0 S Fpls M) T (n, Fp/t; M)

p~P L~L F#£0

We have shown the following.
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Lemma 4.1. For any positive integer A > 1, there exists an inert function V4 (x) with
compact support in R~ such that asymptotically, one has

1 © ) n 2rn
— Y, it = | Val == ) < |F1|+10]+ 0Nt />4 16
1ogp10gLn;( n)x (n)n w(N) A<N) |F11+101+0( ) (16)

with
A43/2 3/2 )
1 z Z it ltV
;x(p)p ZNZLX() Zx(r)r (Np/(Mm>
npM n
and
(172 00
O=n7pL Zm n>w< )Z Y Sz, Fpls M)Ji(n, Fp/es M), (17)

p~P (~L 720
where Jit(n,7p/€; M) is given by (14).

For any given ¢ > 0, we can make the error term O (Nt'/2~4) negligibly small by as-
suming |t| > M¥¢ and taking A to be sufficiently large. It is easily seen that the function
@ (x) := w(x)V4(2mx) is an inert function (under Definition 3.2); see for instance [14,
Example 4]. From the lemma, to bound

00 ) 2
n;x(l,nmn)n—”w(N)vA( ””) Zm mxmn e (;)

which is our original object of study (6), it suffices to bound the terms F; and O. Note
that a priori w(x)V4 (2w x) need not be an arbitrary bump function, but this can be done
by adjusting the weight function w(x) in our initial definition of F7 in (15) appropriately
(e.g. replacing the original w(x) by w(x)/ V4 (2w x)).

5. Treatment of O

This section is devoted to giving a nontrivial bound for the sum
l/ 00
~M2pL Z)‘(l ”)w< )2;;5)((” rpls M) Jiy(n, rp/t; M),
p~r t~Lr

introduced in (17). Here

. . _ —it _n_t _M
j,t(n,rp/E,M)—A;V(x)x e( Nx>e< M2£t>dx’

defined in (14).
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Our goal is to improve the bound O = O(N).

For r # 0, integrating by parts implies that the integral J;;(n, rp/£; M) is negligibly
small, unless 0 # |r| < N°¢ M l °L (by [5, Lemma 8.1]). Moreover, using the second
derivative test [10, Lemma 5.1.3] we find that 7;; (n, rp/€; M) < t~1/2+¢,

To estimate O, by a dyadic subdivision, it suffices to bound the sum

1/2
O(R) := Mf/sz Z/\(l n)w( )Z ZZSX(n rpl; M) Jir(n, rp/t; M)

p~P{~Lr~R
for all R that satisfy
M*’L
NP
By the Cauchy—Schwarz inequality and Lemma 3.1,

1< R<KN?

N1/2+es1/2 172
O(R) < W( 1(2 > Sy rpl M)Tii(n, )t M)‘ < ))
p~P {~Lr~R
N1/2+e1/2

- "M2PL (Z Z Z Z Z ZZS (n,ripily; M)

p1~P py~P Li~L l~Lri~Rrn~Rn=1

- 1/2
= n
X Sz (n, rapaka; M)Jir(n, r1p1/Ly; M)Jir(n, rapa/La; M)w(ﬁ>> . (18

Next, we apply Poisson summation to the n-sum, yielding

00 _ - n
Z Sz, ripily; M)Sz(n, rapalo; M) Jir(n, rip1/ey; M)TJir(n, rap2/€a; M) w(ﬁ)
n=1

N - ——— (an
= Z Z Sz (a, rip1ty; M)Sy (a, rapala; M)@(g)

neZa (M)

N
X /Rjn(Ny, ripi/L; M)Ji(Ny, rapa/lz; M) w(y)e<—%y> dy.

Taking into account the oscillations of J;;(Ny, r1p1/£1; M) and J;;(Ny, rap2/€2; M),
the integral is arbitrarily small for n # 0 (since N > (M 1)1*¢: see (7)). Hence only the
zero frequency contributes significantly to the dual sum:

00 _ - n
Z Sz (n, ripily; M)Sz(n, rapalo; M) T (n, rip1/ey; M)Jii(n, rapa/€a; M) w(ﬁ)

n=1

N —2018
=—CJ+ON , 19
M@d ( ), (19)

where

= PN TN * (rll’lgl _”2]72572)/3
€= " Syla,ripili; M)Sy(a, rapaly; M) =My e(
M
a (M) B (M)

= MI[M&t,r\ py=tyrpy (M) — 1]
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and

(]

=/R%(Ny,rlm/ﬁl;M)Jn(Ny,rzpz/Ez; M) w(y)dy. (20)

One readily sees that

2 =
o { OM?),  tirapz = baripy (M), on

O(M), otherwise.

For the integral J, if we use the previously mentioned second derivative bound
T, rp/t; M) < 1712+ we get J K t~1+¢ However, there are more cancellations
beyond O~ 11%), as long as the parameters (r;, p;, £;) satisfy r1 p1£2 # ra p2£1. Indeed,
we have the following precise estimate in terms of (r;, p;, £;).

Lemma 5.1. For J defined as in (20), we have

N(lr1p1 — ir2p2)

J <« tf(max {t, | X|)7", h X =
J ( {t, 1X1}) where M2, 0,

This can be proven by using stationary phase expansion for each of the J;;(Ny, rp/€; M)
in the definition of Jj and then applying the first derivative test. The following simpler
proof was kindly suggested to us by the referee.

Proof. By definition (14) of J;;(Ny, rp/€; M), we express J as

3= / V)V we(f@) — F))dydvdu,

Observe that

t tlogu tlogv Nryp; Nrip1
f(“)—f(v)=ﬁ(u—v)y+(_ gu 108 P p >

21 21 Mztﬁzv_ Mztﬂlu

and the integral f w(y)e(ty(u—v)/(uv)) dy is negligible if ju—v| > t*~!. Let ¢ be a non-
negative smooth function supported on [—1, 1] which takes the value 1 on [—1/2, 1/2].
For an arbitrarily large constant A, set

0w —v) —q< = 1v><1 “1<Mt_Av>>’

supported in 1~4 « |u — v| <« t*~!. Then

3= / 0 — VOV wO)e(f 1) — £())dydvdu + Ops(t).

Integrating by parts shows that the integral is

\% \%
/Q( u (M)UU (v) /(y)e(f(l/l) _ f(v)) dy dvdu. (22)

2mi -
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If | X| <« t'12¢, then we are done, for the integral in (22) is trivially < log ¢. Otherwise,
the change of variable 7 = u — v transforms the integral to

/ _Q}(lh) W' ()W + WV @+ )V ©e(f(v+h) — f(v)dvdhdy.

Now
Fw+h) — f) = Crog(14+ 1) 4 n—2 Nripi
v v —v ——1o - -
o OB v v(v+h) M3t
hence
d |X| |X] e |X|
—(fw+h) = f)| > ——=0(h)>» — - 0@1°) > —.
dv t t t
It follows by the first derivative test that the expression in (22) is < |X|~!logz. ]
Remark 5.2. For ¢1rypy> # €oripp and r; ~ M;,’;L, typically |X|’1 = 172, so that

the second bound of the lemma shows that we save an extra ¢ over the “trivial bound”
O(1~'%%). The estimation of this lemma is an analytic analogue of the bound (21).

Now we return to the estimate of O(R) in (18). Plugging the n-sum (19) into O(R), up
to a negligible error, we have

OR) € —57>—

N1/2+e41/2
M\2PL (

Y Y Y Y Y Yeaw)”

pl'vP pz’VP KI’VL KZNL r1~R r2~R

N1+etl/2 -
S 7 OO ID IO IO I N
p1~P pa~P {;~L ly~Lri~Rr~R
Lirapr=taryp1 (M)

LYY YR Yy e )

pi~P pa~P i~L lo~L ri~R ry~R N [tirapy — Lor1pi
Lirypa#ELori pr (M)

by using (21) and Lemma 5.1. We remind the reader that 1 < R < N* MNtPL .
Using Lemma 5.1 again, we see that the first term inside the parentheses is bounded

by

3D IDID IS I
p1~P py~P {i~Ll~Lri~Rrn~R
Lirapa=toripy

M sy Sy Y Y Y

PP poP (oL oL iR raR E172P2 €2r1p1|

LirapaF#Lari py
Lirapa=tary p1 (M)
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which is further dominated by
M*L* LPR SMALr ML
—— &N + N

NEM?*t'PLR + N°
< * m SV TN N2

)

by using Lemma 3.11 and by noting that R < N°¢ M L L.
Slmllarly, the second term inside the parentheses of (23) is bounded by

MY YYYY Nt pL

PP poP <L oL <R ek E172P2 — erlp”

Lirapa#lori py M32L4

upon using Lemma 3.11.
Returning to the estimate of O(R), we have shown that

Nltesl/2 (M“th M5t2L4>1/2 < N2+ ppy 8M3/2t3/2L

O(R )
(B) < MPL N + N2 P + P
which holds for any 1 < R « N* MAZ, ;L s

We summarize the main result of this section.

Proposition 5.3. For any ¢ > 0, we have the bound

N1/2+8Mt M3/2t3/2L
0« >+ N* R

for O defined as in (17).

Remark 5.4. If we only use the “trivial” bound J < ¢t~ for the estimate of the inte-
gral J, then one will see that for the second term we get O(N°M 322 / P) instead. It is
thus crucial to use Lemma 5.1 to get an extra ¢!/ saving in order to beat the convexity
bound for L(1/2 + it, m ® x) in the r-aspect.

6. Treatment of 7

The purpose of this section is to give a nontrivial bound for

M3/2 3/2 i it it
——— > X" Y xwe ZX(r)r V<Np/(M£t)>

p~P (~L

npM n
x ;A(l, n)e(—z—r>w<ﬁ),

defined in (15), where w and V are smooth compactly supported functions with bounded
derivatives.

Our goal is to improve the bound F; = O (N).

Bounding the sum directly with Miller’s bound (10), we have F; < N3/4T¢(M1)!/?,
which is not satisfactory yet for our purpose.
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We shall apply the Voronoi summation to the n-sum. To this end, one may assume
(p,r) = 1in Fi, as the contribution from the terms (p, r) > 1 is negligible, compared
to the generic terms (p, r) = 1. We briefly justify this. Denote the terms with p | r in F;
by F f Then

M3/2 32

Fi=—r ZZx(zw—”mer ”V<N/(Mm>

p~P{~L

x’;x(l n)e<——> (%)

An application of Voronoi summation (9) takes the n-sum to the following dual sum:

2

A(n, m) m°n
erZZZ = S(M, %n; Er/m)ui<m>,

+ mr n=1

where the new length can be truncated at m?n < N°(£r)3 /N, at the cost of a negligible
error.
Hence we can estimate F, ? as follows:

s M3/243/2
"7 NPlogP|{

it it
Z x(0e" Zx(r)r V(W)

A(m, n) ) i m?n
xerZZ L S(M, s tr/m) U <—(Zr)3/N>‘

m|lr n=1

M%/z 3/2

<N=——3 Y ZZ [Am, ””(Er)

{~Lr~N/(MLt)  m2n<(lr)3/N
N3/2
K NF——
PMt’
upon using Weil’s bound. This bound turns out to be satisfactory for our purpose.
From now on we assume that (p, £r) = 1. Then an application of Voronoi summation
(9) to the n-sum yields

> an n
Z A1, n)e<——> w <—>
= lr N

. A(n, . InN
—a Y3 ) (:mm)S(pM, +n: er/m)ui<"(1;)3 )

+ mllr n=1

Here the contribution from the terms with m?n > N¢(£r)3/N is negligibly small, and we
can truncate the (m, n)-sum at m?n « N2+8P3/(M3t3), at the cost of a negligible error.
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For those m?n <« N>t¢P3/(M3t3), the result |Re;| < 1/2 for the Langlands parameter
o = (a1, @2, a3) of Jacquet and Shalika gives us the bound

2 | m2
1 m°nN m-nN
u ( 5 )<< W

while in general we have yj U+ ) € /Y.
After applying Voronoi summation, we have

Mz/z 3/2
JT_' — 123 g e—lt —ltV
1= E pgpx(p)p ZENLX() E x(r)r (N /(Mﬂt)>
A(n, m) +(m*nN N3/2e
Y S(pM, +n; ¢ U 10)
2k Ty Sl <£r3>+ (o
m2n<<N2+s P3/M3t3

N3/2+e
=Y "F 4+ 0( )
- PMt

Consider for example one of the two sums, .7-"1+ . Pulling the £-sum inside the (2, n)-sum
and applying the Cauchy—Schwarz inequality to F 1+ , we obtain

o0

—it
ZX o V(NP/(MLt))

A(n, ZnN
x 3 (me) 3 xS 5 ()P S(M. n: er/m)w(";;; )‘

m,n>1 {~L p~P
m n<<N2“ P3/(M3 3) m|lr

N1/2+e

L w12
< p1/2L1/2E ’

(Mt)l/2

]:+

where

1
D DD )
r~NP/(MLt) m,n>1
(rnM)=1  mZn<N?P3/(M31%)

x| > X @Y X ()P S (M, h/m)w(’" ”N)
r

{~L ~P
m|lr b

)

by noting that

IA(n, m)|? .
> <N

m,n>1
min&<N2P3/(M313)
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Now it remains to treat the sum X. Opening the square and interchanging the order of
summations, we find

1
DEND> > a2 22
F~NPJML) m<N P32 (3232) T 6 <L <L p~P py~P
m|lir m|lyr

)

: YN N
2 S S(D1M, s £ar/m)S(paM, n; ﬂzr/m)u+(m3n3 )u+(m3n3 )
NN P M0 G Gr

where p; and p, denote the multiplicative inverses of p; and p, modulo £;r and ¢5r,
respectively.

Our next step is to apply Poisson summation to the n-sum. To this end, by a smooth
dyadic partition of unity, one can insert into the n-sum a nonnegative smooth function
F (x) which is supported on, say [1/2, 3], and constantly 1 on [1, 2].

Now for any

1 € Ny < N?P3/(m>*M31%), (25)

an application of Poisson summation with modulus [€1r/m, £>r/m] gives

1 nN nN
Z—S(ﬁlM,n;zlr/mS(ﬁzM,n;ezr/m>u+<";3”3 >u+<’” " )F<L>
n r

3.3
n>1 1 & Non

1
> Coiy ()T (. L1, &),

b blr/m =
where
—~ - an
Com = > S(PIM,a;ﬁlr/m)S(pzM,a;ezr/m)e<W> 20
a((€y,1r/m) [£1, 2]r/m
and

2 T 2N Na\
T(Ml,gz):/ F(x)qu(m Nme>u+<m Nme>e< n N )d_x
R

— X
K% r3 E% r3 [£1, £2]r/m X

By integrating by parts repeatedly, we see that the integral T (n, €1, £2) is negligibly

small if [n| > N¢ %ﬂ Therefore we can truncate the dual n-sum at N¢ %X, at the

cost of a negligible error. Meanwhile in the range [n| < N 8%1, we use the bounds
YUtV (y) « /3 to obtain

m2N,, N m2N,, N
)5 S INPjMD)

Tn, L1, 0) < (27)

Let us also observe in particular that
T, 01,0) <1 and Ny < N2P3/(M3)

for later convenience.
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We arrive at . 3ot
f ol /2 N-/=e

P1/2L1/2Q + PMt 28)

F1 K

3

where

Q= 2 2. 222 )

r~NP/(MLt) m<N P3/2/(M3/243/2) £4~L £r~L p~P pr~P
m|eyr m|€ar

sup
Nin <= N P 5 <11/ (mNp)

0, o (Coe@ T b )l

We have essentially square-root cancellation for the character sum Cg, ¢, (1), defined
in (26). The details of this calculation were carried out in [8]. We have collected their
results relevant to our present setting in Lemma 3.8.

Bounding our sum (26) using Lemma 3.8, we get

32 416y (A, n, ir/m, Cor/m)
C <20 (I 172 , 1 1T/, BT/ 29
| equZ(")l — (61,62)1/2 (}’l, Elr/m, ezr/m)l/z ( )

where I,
A= plgz - P2£1M
(€1, €2)?

and p; and p; denote the multiplicative inverses of p; and p, modulo £1r/m and £r/m,
respectively, and w (r) denotes the number of distinct prime factors of r.
We write
Q=Qo+Q,

where Q¢ denotes the contribution from the terms n = A = 0, and Q; denotes the
complement.

Remark 6.1. In fact, Q is the diagonal contribution (£1, p1) = (£2, p2) to the sum (24),
and € is the off-diagonal (¢1, p1) # (£2, p2) contribution.

If A = 0, then ﬁlﬂg — 13252 = 0. Necessarily, £1 = €, := £ and p; = pp := p. Under

this condition,
32 12
Cee(m)] < 20<w<’>><”) (n Z—’) .
m m

In particular, |Cy ¢(0)| < 20@) (¢r/m)?. Therefore,

oy 1 (0 N2te p3

r~NP/(MLt) {~L m|tr p~P <X 1’333
M

(30)
_logr

Here we have used the fact that w (r) K 579507 oglogr

Meanwhile for 21, we further write

Q= Qi + Q1p,
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where 21, denotes the contribution coming from the n # 0 terms, and 21, denotes the
contribution of the zero frequency: n = 0, A # 0. Plugging the bounds (27) and (29) in,
we see that

PP ID D IR IS

r~NP/(MLt) £1~L £,~L m|(€y,L2)r p1~P pr~P

Ce,e, ()]
b #VT(MQ,ZZN
Nk ]Zi;;; O#‘"k[@l,@z]r/(m./\fm)[ 1, L2]r

KNTDL D D))

r~NP/(MLt)£1~L €,~L m|r pi~P pr~P

01 #£L
17 r12 (A n,r/m)  mPN,N
sup 372 /2 3
Nowe A28 0 <€ fmy ™ (027 (N B (MD)
NP NPL { NP\'? AN
& N 12p?  sup ! < NE(NMD)'2(PL)Y2,
MLt vzt MiMi\MLt ) (NP/(MD)}
1<as

Here in the second inequality above we have used the fact that the contribution from the
case {1 = {5 is comparably smaller.
Now we treat the case of 21;, which by our definition is

Q= 2 22> 2

r~NP/(MLt) m<NP3/2/(M3/2t3/2) Ly~L €r~L py~P pr~P
m|lr m|lor

Iaz0

TINAL sup  |Ce, e, (0)T (O, £1, £2)].

N2p3
N33

A direct evaluation of Cy, ¢,(0) from the definition (26) shows that it vanishes unless
L1 = £> =: £. In the latter case we have

V4 * — b4
I P

" g(erjm) hi(er/m, pr—pa)

Recall for ¢ = ¢, = ¢, we have A = (p; — p2) M, where p; and p; are the multiplicative
inverses of pj and p> modulo £r/m, respectively. As A # 0, we have p; # pa.
We thus have

h N1+8P3
amer Y YY Y hyyiltr
r~NP/(MLt){~Lm|lr h|fr/m m pP1#p2~P t
p1=p2 (h)

This is dominated by the diagonal contribution 2¢ (30), since Mt < N.
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Hence we obtain the bound
2+4-¢ P3

=gt NE(NMn)'2(PL)*. (31

QL=Qo+ Qs+ Q1 K

Combining (28) and (31), we retrieve the bound on F7 in the following.
Proposition 6.2. For any given ¢ > 0,

N3/2+8 P

W + N3/4+8(MtPL)1/4.

F1 K

N3/2+5
PM

Remark 6.3. We will assume L < P, so that the term 0( ;

) in (28) is negligible.

7. The choices of the parameters P and L

Recall from Proposition 6.2 that
N3/2+8

F1 K

while Proposition 5.3 gives

NI M PR

0
CTp P

Plugging these bounds into (16) yields

3/2 1/2 3/2.3/2
NP + Ny 4 Y PrME e ML

S(N —_—
(N) € YITAE 5 + P

Substituting this into Lemma 3.3 and noting that (M1)3/278 < N < (M1)3/*¢ one gets

L(/2+it, 7 ® x)
(Mt)l/2+sP s/84e 14 (Mt)l+8 (Mt)3/4+6/2+sL
< T + (Mt) (PL)'™ + P + P

(M0)>/S*eplit e PI% g e Mt 3/4-8/2
T L arns TET ) (MR T+ (MD) ’

+ (Mt)3/4—5/2+8

upon assuming L < (Mt)!/4=9/2,

Equate the first two terms by letting L = P(M1)~!/% to get
LA2+it, 71 ® x) < (Mt)/"2Hepl2 o (M) He /P + (Mr)3/4-9/2+e,
Letting P = (M1)>/18 gives

L(1/2+it, 71 ® x) < (Mt)'3/18%¢ o (M1)3/4=0/2+¢ (32)
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Finally, by choosing § = 1/18, (32) implies that
L(/2+it,m ® x) < (M1)>F-130%e,

Note that with such choices, L = (M1)!/? satisfies the assumption L < (Mn)1/4=8/2 =
(M1)*/?. Theorem 1.1 follows.
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