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Abstract. We establish a smoothed asymptotic formula for the third moment of quadratic Dirich-
let L-functions at the central value. In addition to the main term, which is known, we prove the
existence of a secondary term of size x3/4_ The error term in the asymptotic formula is on the order
of 0(x2/3+5) for every § > 0.
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1. Introduction

Statement of the main results. The object of this sequel of [6] is to study the analytic
continuation of the Dirichlet generating series

Zo(s) = Y L(1/2, xo0)'d™ ¢))

d

where the star indicates that the sum is over all square-free odd positive integers, associ-
ated to the central values of quadratic Dirichlet L-functions. The series (1) is absolutely
convergent for complex s with sufficiently large real part—in fact, by a well-known result
of Heath-Brown [10], for R(s) > 1.

Our main result is the following

Theorem 1.1. The function Zo(s) has meromorphic continuation to the half-plane R (s)
> 2/3. It is analytic in this region, except for a pole of order seven at s = 1, and a simple
pole at s = 3/4 with residue

Res Zo(s) = yee=2/*(—181 + 128vV2)I'(1/4)*¢(1/2)" - ]_[ P(p~ %) ~ —.0034
s=3/4 p#2prime
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where P(p~'/%) = (1— p= /2314 p~/1) (1 +4p~ 2+ 11p~ 1 +10p™32 — 11p~2 +
11p—3 _ 4p—7/2 _ p—4).
Moreover, for every small § > 0 and s € Cwith2/3 < R(s) < 146 and |3(s)| > 1,
we have the estimate
Zo(s) <s |s|5(179f(x))+68‘

Meromorphic continuation of Zy(s) beyond 9i(s) = 1 and analysis of the principal part
at s = 1 have already been given in [12], [7], and [15]. Our focus here is on the pole
at s = 3/4 and further meromorphic continuation to 9i(s) > 2/3. As a consequence,
we have the following smoothed asymptotic formula for the cubic moment of quadratic
Dirichlet L-functions.

Theorem 1.2. Let W : (0,00) — [0, 1] be a smooth function with compact support
contained in [1/2, 1], and satisfying

(WD) <1 for0<j<3andu € R. )
Letting W denote the Mellin transform of W, for every x > 1 and small § > 0, we have

Y T L(1/2, x20)*W(d/x) = x Qw(logx) + Res, Zo(s) - W3 /4)x + 05(x*3+)
d S=

where Qw (1) is a computable degree six polynomial.

The polynomial Qw (1) can be easily computed from the principal part of Zy(s) ats = 1.
We note that the restriction to positive fundamental discriminants divisible by 8 (see
also [12] and [15]) is solely made for simplicity.

Relation to previous work. Moments in families of L-functions are a topic of great
interest in analytic number theory because of connections to the generalized Lindelof
hypothesis, various nonvanishing conjectures, etc. The third moment of quadratic L-
functions has been studied by Soundararajan [12] and by the first author with Goldfeld
and Hoffstein [7]. The best prior estimate is due to Young [15], who obtains a smoothed
asymptotic formula with error O(x3/4€). The secondary term of size x3/4 was con-
jectured in [7], and verified by Zhang [16] under certain meromorphicity and polynomial
growth assumptions, which we shall remove; Alderson and Rubinstein [1] have also given
computational evidence for a secondary term.

The existence of this term raises many interesting questions. No analogous term exists
in the asymptotics of the first two moments, and its existence does not seem to be pre-
dicted by random matrix-type models. Secondary terms of this type have yet to be fully
incorporated into the framework of moment conjectures. Yet, work of both authors on
Kac—Moody multiple Dirichlet series [8], [13], [14] predicts that many similar secondary
terms will appear in higher moments of quadratic L-functions. One problem of inter-
est to the authors is the fourth moment of quadratic Dirichlet L-functions in the rational
function field case, summed over monic square-free polynomials [9]. Here the underlying
group of symmetries is infinite, and the p-part Z,(s1, 52, 53, S4, §5) is more challenging to
understand, but we again expect a secondary term of size x>/ to exist. In fact, we expect
infinitely many secondary terms of sizes between x3/4 and x!/2,
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The multiple Dirichlet series approach of [7], [16], and the present work explains the
presence of secondary terms as follows. The series Z(s) is a specialization of a four-
variable Dirichlet series

> Lst. x2a)L(s2. X2a) L (53, Xaa)d ™.
d

To take full advantage of symmetry, it is helpful to work with modifications of this object,
denoted Z(s1, 52, 53, s4), where the sum is over all positive integers d. When d has square
factors, the L-functions appearing in the sum are altered at finitely many primes. The
resulting object satisfies a group of functional equations isomorphic to the Weyl group
of the root system Dj4. These functional equations imply meromorphic continuation to
all of C* via an application of Bochner’s principle. Furthermore, they fully determine
the polar divisors of Z(sy, 52, 53, 54), which are in one-to-one correspondence with the
positive roots of Dy. It follows that Z(1/2, 1/2, 1/2, s) has a simple pole at s = 3/4.

We establish that this pole remains when the sum is restricted to fundamental discrimi-
nants—it is not merely an artifact of the modifications in the multiple Dirichlet series con-
struction. The series Zy(s) can be obtained from quadratic twists of Z(1/2,1/2,1/2,s)
(see Section 3). Under the hypothesis that the series! Zy(s) has meromorphic continua-
tion and polynomial growth in a half-plane containing 3 /4, Zhang [16] computes the sec-
ondary term. Although our calculation of the residue at s = 3/4 of Zy(s) is quite different
from Zhang’s calculation, we reach, essentially, the same answer; the only differences?
occur in the constants related to the places 2 and oco. In particular, our calculation of the
residue confirms the fairly complicated product over odd primes found by Zhang.

Overview of the argument. In the present work, we omit all discussion of the principal
part of Zp(s) at s = 1. As already noted, this can be computed as in [7, Section 3.2], or
as in [15]. The proof of Theorem 1.1 proceeds as follows. Section 2 defines the multiple
Dirichlet series Z(©) (S1, 82, 53, 843 Xayey» Xaje;)» Which has roughly the form

Z(C)(Sl, 52, 83, 845 Xarcr» Xalcl)

= Y L1 Xaye X)L (52, Xayes Xa)LPO (53, Xayes Xd) Xares (d)d ™
d>0
ged(d,2c)=1

for an odd square-free positive integer ¢ and quadratic characters x4, ¢, , Xay¢, Of conduc-
tors dividing 8c. The Euler factors of L-functions appearing in this sum are modified at
primes p such that p2 | d. We list the known properties of Z© (s1, 52, 53, 543 Xarcs> Xajcy)s
including meromorphic continuation, functional equations, and a convexity bound for
its size at 51 = s» = s3 = 1/2. Finally, we compute the residue of this series at

s1 =8 =53 =1/2,54 =3/4.
Section 3 uses a simple sieve to express Zo(s) in terms of Z(C)(sl,sz,53,S4;
Xascys Xajc;)- The main problem is to establish enough analytic continuation for

I More precisely, the corresponding series obtained by summing over all fundamental discrimi-
nants.

2 After all our average is different from that studied in [16].
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the sieving formula. The crucial ingredient is an improvement in the bound for
Z(C)(sl,sz, 53, 545 Xascss Xajey) at $1 = 82 = 53 = 1/2, with 54 = s fixed. If ¢ = cjcoc3,
the convexity bound is not enough in c3 aspect to imply that the sieving formula continues
beyond N (s) = 3/4. However, the recursive refinement in Proposition 3.2 provides sub-
stantial improvement of the exponent of c3, allowing us to establish the desired analytic
continuation.

Section 4 completes the proofs of our main theorems. After multiplying by a poly-
nomial to remove the poles at s = 1 and s = 3/4, we show that the sieving formula
converges absolutely for 9i(s) > 2/3. The residue of Zy(s) at s = 3/4 is then computed.
Theorem 1.2 is deduced via a contour integration.

The recursive refinement argument of Proposition 3.2 is a new technique which has
not appeared elsewhere in the multiple Dirichlet series literature. This technique is now
available because of the extent to which local factors, or p-parts, of multiple Dirichlet
series are understood. The p-part of Z, denoted Z, (s1, 52, 53, S4), is a power series in p~*
which serves as a generating function for the modified Euler factors appearing in the mul-
tiple Dirichlet series. There is an extensive literature on such p-parts, which are of interest
for their connection to local representations of metaplectic groups—see, for example,
[3, 5, 11]. In other articles, the authors have proposed an axiomatic characterization of the
p-parts which is designed to extend to infinite-dimensional groups [8, 13]. Of central im-
portance is a dominance axiom, which bounds the coefficients of Z, (s1, 52, 53, 54) by pow-
ers of p. One consequence is that, aside from fixed constant and linear terms, the expres-
sions Z,(s1, 2, 53, 54) have decay in p for 3 (s;) > 1/2. The recursive refinement method
here plays convexity bounds for Z (© (51, 52, 83, 84} Xager» Xajcy) against explicit bounds for
its p-parts. The axiomatic approach is not strictly necessary, because in this case we have
Z,(s1, 52, 53, S4) as an explicit rational function, but it certainly informs the technique.

Remark. The D4 Weyl group multiple Dirichlet series Z ©(s1, 52, 53, 542 Xarcrs Xayer)
can be generalized to arbitrary number fields—see, for instance, [4]. They possess similar
analytic properties (e.g., meromorphic continuation to C*, polynomial growth), and can
be used to establish asymptotics for the cubic moment of quadratic L-series over number
fields. It is worth noticing the presence of the central value ¢x (1/2)” of the Dedekind
zeta-function of a number field K in the constant of the x3/4-term in the corresponding
asymptotic formula for the cubic moment over K. This phenomenon and its potential
relevance remain to be further investigated.

We designate this article as a sequel to [6] to emphasize the similarity between the func-
tion field and number field cases. The structure of the rational function field proof given
in [6] is parallel to that of the present work. We intend the two articles together to serve
as a model for transferring multiple Dirichlet series arguments from the geometric to the
arithmetic setting.

2. Properties of multiple Dirichlet series

Definitions. For d € Z nonzero and square-free, let x;(m) be the quadratic character
defined by
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(4) ifd =1 (mod4),

m

Xd(m) = {(%d) if d = 2,3 (mod 4).

Fix an odd, positive, square-free integer c. Let aj, ax € {1, £2}, and let ¢y, ¢ divide c.
We will study the multiple Dirichlet series

Z(C)(Sl » 82, 83, 845 Xayess Xa|cl)

—57

s 53 4—s
= E H(my, ma, m3, d)xayc, (m1mam3) aye, (dymy " ' my 2my = d ™4,
my,my,m3,d>1
ged(mymomsd,2c)=1

The function H (m1, my, m3, d) on quadruples of odd integers is defined as follows. First,
H sa3tisﬁes a twisted multiplicativity property: for ged(m,m,md, m\m,m’d') = 1, we
have

I I / /
H(mmy, mymy, myms, dd’)

d d
=H(ml,mz,m3,d)H(m’l,m’z,mg,d/)( )( )

/ / I
mymyns J \ 1 myms

Given this property, it suffices to define H(p*1, p¥2, p*3, p!) for p prime. These coeffi-
cients are given by an explicit generating function

kol ks Iy —kisi—kasi—kas3—l:
Zp(si,sa,s3,50) = Y HPM, ph, phs, phyphisi—henhs=ly
k1,kz,k3,1>0

known as the p-part of the series. More precisely,

Zp(s1,50,53,50) = f(p~*', p™2, p™=, p™*%; p)

where f(z,, z,, 23,245 D) is the rational function given in [6, Appendix B, Equation 32].4
From the generating series Z,, we see that H( phr, pf2 pk phy = 1 when
min(k; + k> + k3, 1) = 0 and H(pk, pk2, p*3, p') = 0 when min(k; + kr + k3, 1) = 1.

Therefore, H(m, mo, m3,d) = (W) whenever either d or mmom3 is square-free.

Furthermore, H(pkl, pkz, pk3, pl) = 0 when k; + k» + k3 and [ are both odd. We can
compare Z ©(sy, 59, 83, 543 Xazey» Xaje) t0 an Euler product of Z), factors to show that it
converges absolutely for $(s1), ..., R(sq) > 1.

We will rewrite the function Z© (s1, s, 53, 54; Xascss Xajep) 1n two different ways
which allow us to verify its meromorphic continuation to C* and the group of functional

3 In the conventions of [4], which are largely followed here, the Kronecker symbols would be
flipped. However, this convention is more convenient for working with the family L(s, x4).

4 [6] uses the notation A(pk1, pk2. pk3  ply or a(ky, ky, k3, I; p) for H(pk1, pk2. pk3_ phy.
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equations. Fix a positive integer d, coprime to 2¢, which factors as dod12 with d, square-
free. Then we have

=1, =52 —S3
E H(my, my, m3, d)Xa e, (mimom3z)m,| " my ~m,
my,my,m3>1
ged(mymoms,2c)=1

= L(ZC) (s1, Xalcldo)L(zc) (52, Xalcldo)L(ZC) (53, Xalcldo)
)kl ko +k3 (dlfl )kl +katks p—klsl —kasa—k3s3

Y kidoka=0 HPM P2, p% phxase, (p
1_[ 1,K2,K3 )4
Lp(sl’ Xalcld())Lp(SZv Xalcldo)Lp(s% Xalcld())

plld
1>2
Here L0 (Si Xaye,dy) denotes the quadratic Dirichlet L-function with Euler factors at
primes p dividing 2¢ removed; L, (s, Xa;c,d,) denotes the Euler factor at p. The latter
product is a Dirichlet polynomial we denote as Py(s1, 52, $3; Xajcido)-
The local coefficients H are such that this modified product of L-functions satisfies
uniform functional equations. Fori = 1,2, 3, and fora = 0if x4, (—1) =1,anda =1
if xg,¢;(—1) = —1, the function

—(si+a)/2
T si+a
()

dl2 cond X, c,dp 2

: (1_[ Lp(sia Xa1c1d0)>Pd(Sl » 82, 835 Xalcldo)
pl2c
is symmetric under s; — 1 — s;, for all d.
In the domain of absolute convergence, we have

Z(C) (Sl » 82, 83, 84, Xayer» X(llcl) = Z Xayep (d)L(ZC) (Sl P Xalcldo)L(ZC) (SZ’ Xalcldo)
d>1
gcd(d 2¢)=1
L2953, Xayerdy) Pa(s1, 52, 535 Xayerdo)d ™ (3)

where each d is factored into dodlz, as above. The polynomials Py(s1, $2, $3; Xa,c1do)
have polynomial growth in dj. It follows that the sum converges absolutely for every
S1, 52, 53 # 1 as long as N(s4) is sufficiently large.

The second expression for z© (51, 52, 83, 84} Xageyr» Xajc;) €valuates the d and my, mo,
m3 sums in the opposite order. We will use the notation X, (d) for the character defined
by the Kronecker symbol (%) Fix positive integers m1, mo, m3 coprime to 2c, and let
mq denote the square-free part of the product mmoms3. We have

D HOmy,ma,m3, d)Xaye, ()d ™ = L (54, Xares Fomo)
d>1
ged(d.2c)=1
I
=0 HP 02, 05, D Xaser (0 (o) P

Lp (54, Xayep )?mo)

prLlmy, p*2lmy, p*3iim3
k1+ko+k3>2
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The latter product is a Dirichlet polynomial denoted Qu, mo,m; (545 Xaye, Xmo)- This
modified L-function also satisfies a uniform functional equation. Let a = 0 if
Xazes (=D Xmg(—=1) = 1, and a = 1 if xg4y¢, (—1) Xmy(—1) = —1. Then the function

—(ss+a)/2
T sS4+ a 20 .
I'f—— )L sS4,
(m1m2m3 cond Xaer ) < 5 ) (54 Xaxer Xmo)

: (1_[ Lp(s4: Xarcer X~mo)) le,mz,m3 (543 Xarcr X~mo)

pl2c

is symmetric under s4 > 1 — s4, even when mmoms3 is not square-free.
Thus we can write

Z(C)(s]’ 52,83, 845 Xarcr» Xalcl)

“

_ Z Xaicy (mlm2m3)L( 2 (54, Xazcz Xmo)le mo,ms3 (543 Xarcr Xmo)
my,my,m3>1 ml m2 m3
ged(mymoms,2c)=1

As before, for any s4 # 1, the sum converges absolutely for 9i(s;) (i = 1, 2, 3) sufficiently
large.

Functional equations and analytic continuation. As shown in [7], the family of multi-
ple Dirichlet series defined at the beginning of this section satisfies a group of functional
equations. However, for the computation of the residue we are interested in, it is more
convenient to write the functional equations as follows.

For an arbitrary (primitive) quadratic Dirichlet character y, let

—(s+a)/2
T s+a
(53 ) (gcd(cond)(, SC)) ( 2 > I I p(s: 0

pl2c

where ais 0 if x(—1) = land 1 if y(—1) = —1.
Let w(c) denote the number of distinct prime factors of c¢. For D € Z coprime to 2c,
the linear combination

270072 N Ky (D)Z (51 52, 3. 545 Xaer Xayer) (5)
are{+1,42}
ole

isolates the summands of d in Z© (s, s2, 53, S4; Xazes> Xaje;) With d D congruent to a
square modulo 8c. We take D square-free and ranging over a complete set of representa-
tives for (Z/8cZ)*/(Z/8cZ)*>. If the expression (5) is written in the form of (3), it can
be seen to satisfy a functional equation: for i = 1, 2, 3, the function

Aclsis Xarap)2 O T Xarer (DYZ (51,52, 53,545 Xarer» Xarer) (6

are{£1,£2}
cle
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is symmetric under the transformation o; which takes s; to 1 — s;, s4 to s4 +s; — 1/2, and
fixes the other variables.

Similarly, we may use the expression (4) to deduce an additional functional equation.
For M € 7Z coprime to 2c, the function

Ac(sg; Xazczf(M)ziw(C)iz Z Xajc (M)Z(C) (s1, 82, 53, 54; Xayeys Xalcl) @)
ajef£1,42)
crle
is symmetric under the transformation o4(sy, $2, 53, $4) = (51 + 54 — 1/2, 52 + 54 — 1/2,
s34 54— 1/2,1 — s4).

These symmetries may be considered as vector functional equations for the collection
of all Z© (sy, s2, 53, $4; Xarcss Xaye;) When ¢ is fixed but ay, az, c1, 2 are allowed to vary.
The underlying transformations o; generate a symmetry group isomorphic to the Weyl
group of root system D4. Applying these symmetries to the initial region of meromor-
phicity for Z (© (51, 82, 3, S4; Xayey» Xajc;) Produces a collection of overlapping regions,
the complement of a bounded set in C*. Bochner’s principle [2] then yields meromorphic
continuation to all of C*; this argument is carried out in detail in [7].

We remark that it actually suffices to work with smaller sums than those appear-
ing in equations (6) and (7). Since A.(s;; Xa;c;p) does not contain Euler factors at
primes p dividing c1, it suffices to sum over ¢, dividing c/c; in (6); this isolates sum-
mands of (3) with the same functional equations. Similarly, it suffices to sum over c;
dividing c¢/cp in (7). In this way one may always work with multiple Dirichlet series
VAC, (S1, 82, 3, S4; Xayey» Xaje;) for which ¢y, ¢y are relatively prime. This is the conven-
tion of [7] and is used in the proof of Proposition 2.1 (their Proposition 4.12). However,
we find it convenient to work with the larger sums in computing the residue in Proposi-
tion 2.3 below.

Convexity bound. The function Z(C)(l/Z, 1/2,1/2,8; Xaseys Xayc,) also satisfies a con-
vexity bound, which we shall recall briefly. For details, we refer to [7, Proposition 4.12].

Proposition 2.1. Suppose that ¢ = cicac3 is square-free. Then for every § > 0 and
ai, ay € {£1, £2}, we have the estimate

(s —D7(s —3/4)
(s + D3

: Z(C)(I/Z’ 1/2’ 1/2’ s Xaxeys Xalcl)

% g 3(1-9t
<5 (14 s3I AEO (e, 5) (103 1N )

forall s with 0 < 9i(s) < 1. Here Ay is some computable positive constant, and

S(c,8) = Z Z Z |L(2)(1/2,Xabd0)|3d0_1_5/30.

a==x1,£2 blc (dp,2)=1
dj sq. free

abdy
n

Note that the characters xupq, (1) = (
be imprimitive.

), for odd positive n, appearing in S(c, §) may
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Proof of Proposition 2.1. First, by [6, Proposition B.1] (taking also into account the local
parts at 3), one finds that

10084 \*“V
|Pd<1/2,1/2,1/2;xamd0)|s( ) dlFm

1—3-2n !
for every small positive 1. Choosing n = 1/5, and letting 9i(s) > 1, we have

|Z(C)(1/2, 1/2,1/2,s; Xaxco s XalCl)l
|L22¢3)(1/2, Xa1c1do)|3|Pd(1/2’ 1/2,1/2; Xaicrdy)|

= )
- @S 4N
d=dd?}
golescs) ILP (/2. xarerap)I® -~ (28358) )
< ' Z N0s) Z 13/10
(do,20)=1 dy =1 4
go(c2cs) L2 (1/2, Xare1d0)”
< ' 26
(dg.2)=1 0

where dj is taken square-free. The last series is easily seen to be convergent by applying
the Cauchy—Schwarz inequality and a well-known result of Heath-Brown [10]. Applying
the functional equations and the Phragmén—Lindeldf principle, we obtain the result.’ 0

As in [6], one of the main ingredients in the proof of Theorem 1.1 is an improvement of
(8) in the c3-aspect. This will be established in Proposition 3.2.

Poles of multiple Dirichlet series and their residues. This section computes two
residues of Z9 (s, ..., s4; Xascs» Xajc;)- 1t follows from the functional equations that this
expression has 12 possible polar hyperplanes corresponding to the positive roots of Dy:
S1,52,83 = 1,84 = 1, 51+54, S2+54, $3+54 = 3/2, s1+52+54, S1+53+54, S2+53+54 = 2,
S1+ 52+ 53+ 52 = 5/2, 51+ 85+ 53+ 254 = 3 [7]. We will be specializing at
s1 = §» = s3 = 1/2 and examining poles in s4. The first three poles listed are irrel-
evant; the next eight specialize to poles at s4 = 1; the last one specializes to a pole at
s4 = 3/4, which is our particular focus. We will compute the residue at s4 = 1 directly,
and then find the residue at s1 + 52 4+ 53 + 254 = 3 utilizing functional equations.

Proposition 2.2. The function Z© (S1, 52, 53, 843 Xayeys Xaje;) 1S holomorphic at s4 = 1
if Xaye, is a nontrivial character. If Xq,c, is trivial then it has a simple pole at s4 = 1 with
residue

R sy, 52, 83) := Res Z9(s1, 52, 83,543 1, Xayey) = €29 2s1)¢ ) (252)¢ 2 (253)
S4=

2% (51 4520 % (51 4 530 (52 + 53)¢ PV 251+ 250+ 255 = D [ [ = p7H.
pl2c

5 In[7, Proposition 4.12], the exponent of ¢, in the convexity bound was chosen just for unifor-
mity to be 3(1 — N(s)). The better exponent with 3 replaced by 5/2 (which did not help improving
the main results in loc. cit.) can be explained as follows. In the proof of [7, Proposition 4.12]
(and in the notation therein), the power of any prime factor of d; = [, dividing the expression

(dldz)(d2d3)(d3d4) . l4_3d4 simply cannot exceed 5.
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Proof. We utilize (4). In this expression, the polynomials Q. mo,m; (545 Xaye, Xmo) dO
not contribute poles at s4 = 1. Poles arise only when the quadratic L-function
LG9 (84, Xayer Xmg) 18 actually a zeta function—that is, when ap = ¢ = 1 and mg = 1,
or, equivalently, mmyms3 is a perfect square. In this case, £ *)(s4) has a simple pole at
s4 = 1, with residue Hp|2c(l — p~ Y. Thus Z© sy, 52, 53, 54; Xazers Xajey) is holomor-
phic at s4 = 1 if x4,¢, is a nontrivial character; if xg,., is trivial then it has a simple pole
at s4 = 1 with residue

RO s.3) =] -p™"- > my my 2 my Qg g ms (15 1).

pl2c my,my,m3>1
ged(mymoms,2c)=1
mimpm3—square

This expression is independent of a; and cy.

Recall that Q. my.m; (545 Xases Xmo) Was defined as a product over primes p such that
Pk my, p¥2 || ma, p*3 || m3, and ki +ko +k3 > 2. It follows that the residue has an Euler
product expression; the factor at p for p { 2c is

Lt Y Qe (L panThnhes,
k1+kr+k3>2 even

This can be evaluated directly from the explicit generating function Z (s1, s2, 53, 54) as
(1 _ p—2s1)—1(1 _ p—2sz)—1(1 _ p—2S3)—1
. (] _ pfslfsz)fl(l _ pfslfsg)fl(l _ p7S27S3)71(1 _ p172.¥172327233)71
from which the theorem follows. O

To simplify the computation of the second residue, we restrict to the situation of particular
interest to us: fix s; = sp = 53 = 1/2, s4 = 5. We also assume that ged(cy, c2) = 1,
a; =2,and a3 = (—1)27D/2 (50 that Xgye, = Key)-

Proposition 2.3. Suppose that ¢ = cicac3. Then Z9(1/2,1/2,1/2, s; Xeys X2¢,) has a
simple pole at s = 3 /4, with residue

Res Z9(1/2,1/2,1/2, 5 Feys X2c,)
s=3/4

= Lz‘/“(—m + 128«/§)r(1/4)4;(1/z)7<@>
()

2567w
. 61_1/4 1_[(1 _ p71/2)8(1 +p71/2)2(1 +6p71/2 4 pil)
ple
—-1/2 — _ _ _
S PTIa = p~ A+ p B +7p7 2 +3p7
plea

JJa-p7»¥a+p ' HA+7p7 2+ 13p7 4+ 7p 2+ p7H. (9)
ples
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Proof. Apply the functional equations 01020304:

Z(C)(s] 82, 83, 845 Xasreys Xalcl)

=270 Y Yae M) D) D et (M) xaye, (D)

D.Me ((ZZ//SiCZZ))**z a}.ahe(£1,%2}

¢ chle
Ac(3/2 = 51— 543 Xal o, XDI A (3/2 — 52 = 843 Xa! ¢/ XD)

Aot sa—1/2; Xal e, XD) e (82 4 54 = 1/2; X4 XD)
Ac(3/2 =53 = 543 Xat ¢, xD) A e (1 = 543 Xaye, Xm)

 Ac(ssFsa—1/2; Xa) e\ XD) (543 Xazer XM)

Z93/2 =51 —54,3/2— 52— 54,3/2 — 53— 54,51 + 52 + 53 + 254 — 25 Xg

hch Xaic/l)-
The simple pole at s1 + s3 + 53 4+ 254 = 3 arises from summands of
Z©OB3/2 =51 —54,3/2 — 52— 54,3/2 — 53 — 54, 254 + 51 + 52 + 53 — 2; Xayey» Xalc)

in this expression with a} = ¢} = 1. The full residue is

Res  Z'9(s1, 52,53, 543 Xarers Xayer)
S1+s2+s3+254=3

= RO3/2 — 51 —54,3/2 — 53 — 54, 3/2 — 83 — 54)
27O N e MDA (D) Y Kapey (M)

D.Me ELsD* aef£1,+2)
(Z/8cZ) Ca |C

Ac(3/2 =51 = 845 Xa o) XD)Ne(3/2 = 52 = 545 X, XD)
At sa— 12 Xa,c, XD)Nc (52 + 54 = 1/2 xar ¢/ XD)

Ac(3/2 = 53 = 545 Xat ¢ XD) Ne(l = 545 Xazer Xm)
At 5a = 125 Ko XD Ae(S43 Xarer Km)

To proceed, we adopt the hypotheses of the proposition. We must also divide by a factor
of 2 to translate the residue at 2s = 3/2 to the residue at s = 3/4. The result is

Rg/s4z<c><1/2, 1/2,1/2, 83 Feys X2ey) = RO (174, 1/4, 1/4)272()=3
S=

} Ac(1/4; X o x0)> Ac(1/4; Xy XM)
Yo X (MDFaD) Y Xae (M)

N > 3 1'% Y ’
D.Mc (Z/SCZ)*Z aiE{:I:l,:l:Z} AC(3/47 Xalcl XD) AC(3/47 XCz XM)
’ (Z/8cZy*

cile
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We may apply the following evaluations:

Ac(1/4; Xa’lca XD)3 ( b4 >3/4
AcB/4; xare xp)*  \ged(cond xyr ¢t XD, 8¢)
LA/8)’ im0
[T O+ g anpp™ /4 pp . JTOmT D47
pl2c T(7/8)3 lfai <0,

ptcond X“i‘/l XD

Ac(1/4; Fer & a\"* o
Acll/4 Xes o) _ (—) [T 0+ Fa@in@p ™+ p
Nc(B/45 Xey Xm) €2 pl@cfes)

/
T (7/8)

[t ifeM =1 (mod4),
LGB if o M = 3 (mod 4).

Ac(1/4 o x0)?
AC(3/4;X“/1"/1 xp)?
ish, unless its total character of D is trivial. This is only possible for ¢} coprime to c;.

. . Ac(1/%5er % .
Similarly, after expansion of x2., (M) Xd)c| M )ﬁ and summation in M, each
c ) Cz

After expansion of x4,c, (D) and summation over D, each term will van-

term will vanish, unless its total character of M is trivial. The residue after both these
summations is as follows:

R(1/4,1/4, 1/4)<&>
(&)

1 /\—3/4 cc] i -1/2 -1/2 -1
3 Y wde 7 o TT]@+7p7 2 +3p7h
10 €1

aje{£1,+2) plea
cilc/e)
I A+p™» ] a+6p ' 2+6p™' +p7)
pl(cged(cy.e)?/cicley) plc/cicy)
ra/8)3 .
<F(1/8) - 1)F(5/8)> FEJS;; if o (=D =1,
Xa' (— : 3
r@a/8 1 /8 TG/ e (1) = —
(3/8) (7/8) rorsy i X (=D =—1,

27V 4 7. 2714 if2 ta),
224 24l
The sum over ¢} in the first two lines can be expressed as a product over primes p divid-
ing c. For each prime there are two cases depending on whether it divides c}. An Euler
factor in this sum has the form
p A+ pT A +6pT 2+ p7h i pler,
p PG +Tp 2 +3p7h if plea,
A+7p~ ' 2+ 13p~ ' +7p732 4 p=2) if p|cs.
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The sum of the final line over the four possible values of a} yields a constant representing
the contribution of the prime 2 and the archimedean place. After simplification this con-
stant is —21/ 46+5v2)r(1 YZARYE 3 Combining these two computations with the result of
the previous proposition yields the desired formula. O

We remark that the selection of a; = 2, ay = (—1)©2~D/2 is made in order to isolate
fundamental discriminants d which are positive and divisible by 8. Analogous computa-
tions could be made with other choices of aj, ay to isolate other types of fundamental
discriminants.

3. The sieve

Construction of the sieve. For any square-free odd positive integer 4 and aj,a» €
{£1, £2}, define

Z (81,52, 53, 84, Xays Xays 1)
= > H(mimy mz, d)xa (mimams) xa, (dym; " my 2 my Bd

ml,mz,mg,,dzl odd
h2\d

and

ZO(SI » 82, 83, 54, Xaza Xa])

= Y LY Xad) LD 2, Xard) LP (53, Xardo) Xar (d0)dy ™
dp>0
dy odd & sq. free

Asin [6, Lemma 5.1], we can write
Z0(S1, 2,53, 545 Xay» Xar) = 9, W(A)Z(51, 52,83, S4, Xays Xay3 B). (10)
(h,2)=1

The function Z(s1, 52, 53, 54, Xay> Xa;3 1) can, in turn, be expressed in terms of the mul-
tiple Dirichlet series we have discussed in the previous sections. To state the relation of
these functions, let us first define

. . k k k 2k+3y ki ko k3 2k
F(z1,29,23,24: D) == Z H(p™, p™, p=, p™ )z 2232y
k],kz,k},kzo
and, for a € {0, 1},
. . k k k 2k+2N k1 _ko _k3 _2k
G225, 23241 P) = > H(p™, p=. p=. p™ )z 5’552

ky,k2.k3,k>0
k1+ky+k3=a (mod 2)

These are rational functions which can be computed explicitly from the p-part
Z,(s1, 52, 53, 54). Then, as in [6, Section 5], one shows that®

6 The variables c, ¢/, and ¢, in [6, Section 5] correspond to c1, cac3, and c; here.
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Z (81,52, 53, S4, Xaz> Xaps 1)

_ C1 ~
= p 2% Z Xaz(Cl)Xal(Q)(a)z(m(ﬂ,S2,53,S4; Xaz Xeas Xajer)

h:c‘162£‘3

JJFe™ p2 p™. p~ p)p™™

plei
. 1_[ G(l)(pfsl, pTS2, pTS, pTH: p) l_[ G(O)(p*A'l,p*Sz, P, pT: p); a1
plca ples

the right-hand side yields the meromorphic continuation of Z(s1, 52, 83, $4, Xay» Xa;; 1)

Recursive refinement of estimates. For complex z,, z,, 23,2y and prime p > 3, let

C ) - ki ky ks 2k+1\ ki _ka k3 2k+1
ded(Z]1Z21Z33Z49p) = Z H(Plypz,P3,p +)Z1 Zz Z3 Z4 )
k1.,k2,k3,k>0
+ C ) — ki ko ks 2ky ki _ka _k3 2k
fCVCn(Zl’ZZ’Z3’Z47p) - Z H(P I’p27p3’p )Zl Z2 Z3 Z4 .
ki,k2,k3,k=0
(_1)k|+k2+k3=i1

We begin with the following lemma (see also [6, Lemma 6.2]).

1/2

Lemma 3.1. For every prime p > 2 and |z| < p~ '/, we have

| foaa(p™ "2, p~' 2, p712 2: p)| < 107z],
| foven(p™ 2 p7 2 p7 12 25 p)| < S64p7 12,
1
febea V2, p 2, p 12 25 )]
Proof. By [6], we have

25.

12 —1/2

2 2(1+722 + 724 + 25
R T L )
—1/

Jodd(p™ 7 p

12 _—1/2

fe;en(p7 P » P 2s Z; p)
34 p '+ 0—17p 4+ 3p D2+ B —17p " +10p 2t + (p +3p7D)28
VP —p~1H3(1 = 22)8(1 — pz*)

and

1/feten(p_l/2v p—1/2’ P_l/zy Z; p)
_ (1—p™H31 =227 — pz*)
4 3p T =15p 4 p = p D2+ (T =35p +35p2 —Tp )
+ (A0 =p ' +15p2—TpH0 —Bp 2+ p )8
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It follows that
_ _ _ 14 7z1% + 7)z|* + 2|8
| foda(p™1 2, p=1 2, p=12 2 p)| < Izl
* (1—1z[)7(1 — plz|*)
- 14+7p~ ' +7p72 4+ p—3 .
- 1—p=H8 )
The expression
147 -1 7 -2 -3
P AP P (forp>3)

(1—p~H8

is increasing as a function of p~!, and its value when p = 3 is 106.312... < 107.

Similarly

_ _ _ 34+11p 1 420p2420p 3 +11p~*+3p~>  _
1/2’p 1/2 1/2’Z; )| < 14 p 14 p p p 172

(1 _ —1)10

| foven(P D

< 564p~1/2

as we had asserted.
12 —1/2

The numerator of 1/| £, (p~1/2, p=1/2, p=1/2, z; p)| is

(A —p™ =211 = pfl < (1 + p™H® < @4/3)%.
To obtain a lower bound for the denominator, we first assume that p > 11. In this case
we have
143p~ '+ (T=15p 4 p 2= p™) 24 (7-35p 435 p 2~ Tp )
+(1—p " H15p 2 =Tp )0 —@Bp 24+ p )b
> 13p~ | (7=15p 4 p 2= p7) 24+ (7T-35p 1435 p 2= Tp~ )
+(1=p ' +15p2=Tp™H~CBp 2+ p
> 1-4p~'-22p~2-37p 3 -37p~*-22p7—10p°—p~" > 2.
When p = 3 we have
2 — 222528 — 287* 4 1427 — 28)| = 2 — 2 [z1%(52° — 282* + 1427 — 28]
14 28 2
>2- 228+ +2+2)> 2

When p =5 we have

8 B.2022% —212% — 2127 — 63)| > § — Bojz)?228 — 212% — 2127 — 63
2
8 8 21
>3- 5(3+ 5+ 5+ 35) > 5

Similarly, when p = 7 we have
0 2221128 — 1967* — 4627% — 836)| > 2

The last assertion follows from these inequalities. O
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For ease of notation, we define

(s —1)7(s —3/4)
(s +1)8

Proposition 3.2. Let c1, ¢y and c3 be odd positive integers such that ¢ = cicyc3 is

square-free, and let w(c;) denote the number of prime factors of c;, for 1 < i < 3.
Then, for every § > 0 and a1, ar € {£1, £2}, we have the estimate

285 Xaress Xarer) = - ZO1/2,1/2, 1/2, 85 Xare» Xayer)-

Z(C) (s; Xayeys Xalcl) <s
0 —% 3 (1-9R(s — 49 —5%(s
1+ |S|)5(1_m(s))+5ABU(CICZ)AT(C3)S(C, 3)CT(1 .h(s))czz( (A))anax{S 4N (s),2 5.7\(5)/2}05
(12)
with Ay = 25 + 16775A¢ and

S(c, ) = Z Z Z |L(2)(1/2, Xabd0)|3d0—l—(6/30)
a=%1,42 bl (dy,2)=1
dp-sq. free
forall s with 1/2 < N(s) < 4/5.

Proof. As in the proof of [6, Proposition 6.3], we proceed by induction on w(c3). If
c3 = 1 then, for every § > 0, ¢y, ¢» odd positive integers such that cic; is square-free,
and s with 1/2 < 9i(s) < 4/5, we find from the bound (8) that

|Z(Clcz) (s; Xayeys Xa1c1)|
\ _g S(1=%R(s
< B(O)(1 + |s]) N8 401D gy 0 ) 3TN I (43

for some B(8) > 0.

Suppose that ¢ is fixed and p is an odd prime with p { c¢. The sum defining
2, (S Xayes» Xaje;) can be split based on the parity of the factor of p in mimam3 and
in d. This yields a relation essential to the inductive step. The three parts correspond to
terms where p has even multiplicity in mmym3 and odd multiplicity in d, terms where
p has odd multiplicity in mimym3 and even multiplicity in d, and terms where p has
even multiplicity in both mmym3 and d; the terms where p has odd multiplicity in both
mimom3 and d all vanish. We have

12 —1/2 _—1)2

) p 3 p
+ Xaje, (P)Z(Cp)(5§ Xayep p* s Xalcl)fe;en(P_ » P > P
+ ztp) (83 Xazers Xalfl)feten(pil/zv p71/2’ p71/2’ P p)

P’ p)
P p)

Z(C)(S; Xarco s Xalcl) = Xaxcp (P)Z(CP) (s; Xarco» Xalclp)fodd(p7

12 —1/2 —1/2

where p* := (—1)(P=D/2p_ Rearranging and applying the inequalities in Lemma 3.1, it
follows that, for 9i(s) > 1/2,

|i(cp)(s; Xayeys Xaye)| < 25|Z(0)(5; Xazes» Xayer)|
+ 107 - 2512CP) (55 Xazess Xarer p)| P~ + 564+ 2512870 (55 Xases s Xaner) 1P~/
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Let K(cy, 2, c3, 5, 6) denote the right-hand side of (12), i.e.,

K(c1,ca,¢3,5,8) = BE)(1+ s> OHAGOD 0D g, 5)

) C?(l—.‘){(s))czg(1—91(3))c13nax{3—4§71‘(s),2—5.‘H(s)/2}c5‘
Taking s such that 1/2 < 9i(s) < 4/5, we find by the induction hypothesis that

|2(Cp)(s§ Xazers Xaje))| < K(c1, €2, ¢3, 8, 8)

S(ep,8) 3_an S(cp,8) 5 sy
25 +267540——— RS+ 4141004 Sh(s)/2+8 |
( T 1410040 g5 p

Applying the definition of A and the fact that S(c, §) < S(cp, 6), we obtain

3.5, 8)A, S(eP,8)  max(3—49i(s),2—5%(s)/2}+5

|Z,(CP)(s; Xarer» Xayep)| < K(c1, ¢, S@.9)

= K(c1, c2,c3p, 8, 8),
and the proposition follows. O
Using the last proposition, we can now estimate the function

(s —D7(s —3/4)
(s+ 13

Theorem 3.3. For any square-free odd positive integer h, a1, ay € {£1, £2}, and every
§ > 0, we have

205, Kz Xars ) <5 (L [sD> IS (h, 6)p2-N/2420
on the strip 2/3 < N(s) < 4/5, and
W2 208, Xars Xays 1) <s (14 |s) TN, 5/5)1%

255 Xay» Xays h) = S Z(1/2,1/2,1/2,'8, Xay» Xays ).

on the strip 4/5 < N(s) <14 4§/5.
Proof. The proof is similar to that given in [6, Theorem 6.4]. By (11) we have
1205, Xazs Xar )
< h72O N 2P (85 xay Koy Xare)| [ [IF ™2 p= 2 p= 2, p=5s p) | p

h=cjcyc3 plei
16V @2, p= 2 p7 2 s I [TIG Q™2 72, p™ 2, 755 ).
rlez ples

For each a; € {%1, £2}, we can write x4, Xc, = Xabes for some a} € {%1,£2}. By
[6, Lemma 6.1], we have the estimates

F(p= "2, p=' 2, p712 p s p) = 144 p'2 4 0(p72'0),
G(O)(p—1/27p—1/2’p—1/27p—s; p) — 14+p1—25‘ + 0(17_1)7
GO p= 2 pT 2 pT i py = 0(p'),
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the implied constants in the O-symbols being independent of s, p. Applying Proposi-
tion 3.2, we see that, for every s in the strip 2/3 < N (s) < 4/5, and § > 0, we have

Z(S, Xa27 Xa]; I’l) <<8 (1 + |s|)5(17N(S))+(3Bw(/’l)s(h’ 5)h2799't(s)/2+5 Z l

h=cicacs
&s (14 |s)3A=RED+8 (3 gy gy 5)p2-0(s)/2+6
for some positive constant B. In particular, if 9i(s) = 4/5 we have
W28, Xays Xays B <5 (14 1sD' T2 BBY* P S (h, $)h°.
On the other hand, if 9i(s) = 1 4+ 6/5 we trivially have (by (8))
W52, Xays Xars ) <s By S(h, $Hn

for some computable positive constant Bj, and the theorem follows by applying the
Phragmén—Lindelof principle and the well-known estimate

logh
w(h) < @. 0
4. Proofs of main theorems
Proof of Theorem 1.1. The function
2065, Xaz Xar) 7= (5 + D756 = D5 =3/49Z0(1/2,1/2,1/2,5, Xy Xar)
is holomorphic in the half-plane 9i(s) > 1, and in this region we have
2005, Xars Xar) = Y HUDZ(S, Xay» Xay3 1) (13)

hodd

We show that the sum in the right-hand side converges absolutely and uniformly on every
compact subset of the strip 2/3 < R(s) < 1 + &g, for small §o > 0. Indeed, take s such
that 2/3 4+ §p < N(s) < 4/35, for asmall §o > 0, and let 0 < § < 950/4. By Theorem 3.3
and the definition of S(k, §), we have

D 1 Kaye Xay: W] K5 (1 [s)ITHETZ R
hodd & sq. free hodd & sq. free

.h279.‘7i(s)/2+8 Z Z Z |L(2)(1/2, Xaba’o)|3d0_1_8/60-

a==%1,£2 blh dyodd & sq. free

We may interchange the /2 and b sums in the above and factor out a sum over m := h/b.
The series Zmz_%(“)/ 2+3 s convergent by our choice of 8. Thus it suffices to give a
bound for the summation over a, b and dy. For a € {£1, 2},

—oN —1-8/60
Z |L(2)(1/2, Xubd0)|3b2 991(s)/2+3d0 /

b,dp odd & sq. free 1=
< D dWILP /2, xan)Pn~ 7O
n,2)=1
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where d(n) is the divisor function. An estimate due to Heath-Brown [10, Thm. 2] implies
that the sum
L(1/2. Xan)*
nlte
nodd & sq. free

is convergent for all € > 0. A straightforward application of the Cauchy—Schwarz in-
equality shows that the statement remains true if the exponent of 4 is replaced by 3. The
divisor function, the removal of Euler factors at 2, and the presence of certain imprimi-
tive characters do not affect the convergence. Thus the right-hand side of (13) converges
absolutely and uniformly on every compact subset of the strip 2/3 < N(s) < 4/5.

In a completely analogous fashion, one shows that the right-hand side of (13) is con-
vergent absolutely and uniformly on every compact subset of a strip 4/5 — §p < R(s) <
1 + 8o, for small positive 89, which, by the Weierstrass Theorem, completes the analytic
continuation of the function Zy(s, Xa,, Xa,) to the half-plane R(s) > 2/3.

We set a; = 2 and @y = 1, hence xq, xd,(n) = (Snﬂ) for n odd. It only remains to
compute the residue of Zy(s) ats = 3/4. By (10), (11), and (9), this residue has the form

1};54 Zo(s) = 35e=2"/4(=181 + 128V/2)T (1/4)*¢ (1/2)7

— —1/4 _ _ _ _
Z /L(h)h 3/26'1 / 1_[(1 —-p 1/2)8(1 +p 1/2)2(1 +6p 1/2 +p 1)
hodd plei

h=cicac3 _F(p—l/Z’ p—1/2’ p—1/2’ p—3/4; p)p—3/4
—-1/2 _ _ _ _
G PTa = p 2R+ pT B +7p7 4 3p7)
Plez .G(l)(p—l/Z p—1/2 p—1/2 p—3/4, )

Jla-p"»a+p A +7p7 2 +13p7 +7p732 4 p7?)
ples _ _ _ _
GO P2, p 2 pT 2 pTI ),

The sum over £k, ¢y, ¢, ¢3 is Eulerian. The factor at an odd prime p can be computed as
the sum of four explicit rational functions, corresponding to the cases p{h, p|c1, p|ca,
and p | c¢3. After some cancellation, this factor is

(I—p 23 U+p~ ) A+4p~ 2411 p~ 410p 32 =11 p 211 p 3 —4p™ 72— p=H,
which we denote as P(p~'/?). This completes the proof.

Proof of Theorem 1.2. The argument is standard, and is included for the sake of com-
pleteness. The Mellin transform of W,

Wis) = f " waow 4,
0 u

is entire, and by using the bounds (2) and integration by parts we have the estimate

1
3+RG) sl s+ 1] ]s + 2|

W (s)| < (when % (s) > —3). (14)
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Applying the Mellin inversion formula, we can express

Z* L(1/2, de)3W(é> = L/ W(S)Z()(S)xs ds.
X 2mi 2)

d,2)=1

Since Zy(s) <s max{l, (1+ |s|)5(l—9i(s))+8}’ it follows from the upper estimate (14) that
we can shift the line of integration to N (s) = 2/3 + §. Thus

* d
> Lag, X2d)3W<;)

d,2)=1

—x Rels(W(s)Zo(s)xH) + R(33/S4 Zo(s) - W3/4)x3* + 05(x2/319),
S= S=

and the theorem follows.

References

—

(1]
(2]
(3]
(4]
(5]
(6]
(7]

8]
(9]

(10]
(11]
[12]
(13]

[14]
[15]

[16]

Alderson, M. W., Rubinstein, M. O.: Conjectures and experiments concerning the moments
of L(1/2, x4). Experiment. Math. 21, 307-328 (2012) Zbl 1318.11104 MR 2988582

Bochner, S.: A theorem on analytic continuation of functions in several variables. Ann. of
Math. (2) 39, 14-19 (1938) JFM 64.0321.02 MR 1503384

Brubaker, B., Bump, D., Friedberg, S.: Weyl group multiple Dirichlet series, Eisenstein series
and crystal bases. Ann. of Math. (2) 173, 1081-1120 (2011) Zbl 1302.11032 MR 2776371

Chinta, G., Gunnells, P. E.: Weyl group multiple Dirichlet series constructed from quadratic
characters. Invent. Math. 167, 327-353 (2007) Zbl 1203.11062 MR 2270457

Chinta, G., Gunnells, P. E.: Constructing Weyl group multiple Dirichlet series. J. Amer. Math.
Soc. 23, 189-215 (2010) Zbl 1254.11048 MR 2552251

Diaconu, A.: On the third moment of L(% Xd) I: the rational function field case. J. Number
Theory 198, 1-42 (2019) Zbl 1443.11164 MR 3912928

Diaconu, A., Goldfeld, D., Hoffstein, J.: Multiple Dirichlet series and moments of zeta and
L-functions. Compos. Math. 139, 297-360 (2003) Zbl 1053.11071 MR 2041614

Diaconu, A., Pagol, V.: Moduli of hyperelliptic curves and multiple Dirichlet series. Preprint

Florea, A. M.: The fourth moment of quadratic Dirichlet L-functions over function fields.
Geom. Funct. Anal. 27, 541-595 (2017) Zbl 1428.11155 MR 3655956

Heath-Brown, D. R.: A mean value estimate for real character sums. Acta Arith. 72, 235-275
(1995) Zbl 0828.11040 MR 1347489

McNamara, P. J.: The metaplectic Casselman—Shalika formula. Trans. Amer. Math. Soc. 368,
2913-2937 (2016) Zbl 1338.22009 MR 3449262

Soundararajan, K.: Nonvanishing of quadratic Dirichlet L-functions at s = % Ann. of Math.
(2) 152, 447488 (2000) Zbl 0964.11034 MR 1804529

Whitehead, 1.: Affine Weyl group multiple Dirichlet series: type A Compos. Math. 152,
2503-2523 (2016) Zbl 1407.11103 MR 3594285

Whitehead, I.: Multiple Dirichlet series for affine Weyl groups. arXiv:1406.0573 (2014)
Young, M. P.: The third moment of quadratic Dirichlet L-functions. Selecta Math. (N.S.) 19,
509-543 (2013) Zbl 1303.11099 MR 3090236

Zhang, Q.: On the cubic moment of quadratic Dirichlet L-functions. Math. Res. Lett. 12,
413-424 (2005) Zbl 1076.11049 MR 2150894


http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1318.11104&format=complete
http://www.ams.org/mathscinet-getitem?mr=2988582
http://www.emis.de/cgi-bin/jfmen/MATH/JFM/quick.html?first=1&maxdocs=20&type=html&an=64.0321.02&format=complete
http://www.ams.org/mathscinet-getitem?mr=1503384
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1302.11032&format=complete
http://www.ams.org/mathscinet-getitem?mr=2776371
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1203.11062&format=complete
http://www.ams.org/mathscinet-getitem?mr=2270457
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1254.11048&format=complete
http://www.ams.org/mathscinet-getitem?mr=2552251
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1443.11164&format=complete
http://www.ams.org/mathscinet-getitem?mr=3912928
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1053.11071&format=complete
http://www.ams.org/mathscinet-getitem?mr=2041614
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1428.11155&format=complete
http://www.ams.org/mathscinet-getitem?mr=3655956
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0828.11040&format=complete
http://www.ams.org/mathscinet-getitem?mr=1347489
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1338.22009&format=complete
http://www.ams.org/mathscinet-getitem?mr=3449262
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:0964.11034&format=complete
http://www.ams.org/mathscinet-getitem?mr=1804529
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1407.11103&format=complete
http://www.ams.org/mathscinet-getitem?mr=3594285
http://arxiv.org/abs/1406.0573
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1303.11099&format=complete
http://www.ams.org/mathscinet-getitem?mr=3090236
http://www.zentralblatt-math.org/zmath/en/advanced/?q=an:1076.11049&format=complete
http://www.ams.org/mathscinet-getitem?mr=2150894

	1. Introduction
	2. Properties of multiple Dirichlet series
	3. The sieve
	4. Proofs of main theorems
	References

