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Abstract. Fix an abelian variety Ag and a non-isotrivial abelian scheme over a smooth irreducible
curve, both defined over the algebraic numbers. Consider the union of all images of translates of a
fixed finite-rank subgroup of A, also defined over the algebraic numbers, by abelian subvarieties
of Ag of codimension at least k under all isogenies between Ay and some fiber of the abelian
scheme. We characterize the curves inside the abelian scheme which are defined over the algebraic
numbers, dominate the base curve and potentially intersect this set in infinitely many points. Our
proof follows the Pila—Zannier strategy.
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1. Introduction

Let K be a field of characteristic zero, let S be a geometrically irreducible smooth curve
and let A — S be an abelian scheme over S of relative dimension g, both defined over K.
The structural morphism will be denoted by 7 : A — S and is smooth and proper. For
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any (possibly non-closed) point s of S and any subvariety V of A, we denote the fiber of
V over s by V. The zero section S — A is denoted by «.

We fix an algebraic closure K of K. All varieties that we consider will be defined
over K, unless explicitly stated otherwise. All varieties will be identified with the set of
their closed points over a prescribed algebraic closure of their field of definition. Sub-
varieties will always be closed. By “irreducible”, we will always mean “geometrically
irreducible”. If F is any field extension of the field over which the variety V is defined,
we will denote by V (F) the set of points of V that are defined over F. If A is an abelian
variety, we denote by A the set of its torsion points.

We fix an abelian variety A of dimension g and a finite set of Z-linearly independent
points y1, ..., ¥ in Ag. The set can also be empty (i.e. r = 0). We define

I'={yeAp; AN e N: Ny € Zy1 + - - - + Zy,},

a subgroup of Ay of finite rank (and every subgroup of Ag of finite rank is contained in a
group of this form), forus N = {1, 2, ...}.
The (g — k)-enlarged isogeny orbit of T' (in the family A) is defined as

AM = (pe Ay seS, 3p: Ag > Ay isogeny and an abelian subvariety
By C Ag of codimension > k such that p € ¢(I" + Bg)}.  (1.1)

This condition is equivalent to the existence of an isogeny ¥ : Ay — Ag with ¥ (p) €
" + By. The isogeny orbit of T is defined as Ar = A{ig I Let & be the generic point of S.

We fix an algebraic closure K(S) of K(S) and let (A;( S/ K, Tr) denote the K (S)/K-
trace of Ag, as defined in [25, Chapter VIII, §3], where we consider Ag as a variety
over K (S) by abuse of notation. We call A isotrivial if Tr is surjective. In this article, we
investigate the following conjecture, a slightly modified version of Gao’s Conjecture 1.2,
which he calls the André—Pink—Zannier conjecture, in [15].

Conjecture 1.1 (Modified André—Pink—Zannier over a curve). Suppose that A — S is
not isotrivial. Let V C A be an irreducible subvariety. If Ar NV is Zariski dense in V),
then one of the following two conditions is satisfied:

(1) The variety V is a translate of an abelian subvariety of A by a point of Ar N A for
some s € S.
(ii) We have m (V) = S and over K (S), every irreducible component of Vg is a translate

of an abelian subvariety of Ag by a point in (Ag)iors + Tr(.Aé((S)/ K (K)).

We need to formulate the conclusion in this somewhat involved manner in order to ac-
count for the fact that there can exist abelian subvarieties of .A¢ and points in (Ag )iors that
are not defined over K (S) and that the morphism Tr is not necessarily defined over K(S).
It can be considered one relative version of the Mordell-Lang conjecture, proven for
abelian varieties by Vojta [59], Faltings [12] and Hindry [21] and in its most general form
by McQuillan [33], in analogy to the relative Manin—Mumford results proven by Masser
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and Zannier in e.g. [32]. As we can always assume that K is finitely generated over Q
and then embed it in C, it suffices to prove the conjecture for subfields of C.

Prima facie, Gao’s conjecture only concerns irreducible subvarieties of the universal
family of principally polarized abelian varieties of fixed dimension and fixed sufficiently
large level structure. However, we can assume without loss of generality that A is con-
tained in a suitable universal family 2(, ; corresponding to principally polarized abelian
varieties of dimension g with so-called orthogonal level /-structure (cf. Sections 2 and 8),
which reduces Conjecture 1.1 to the case considered by Gao. The condition that the base S
in this situation is a weakly special curve in the moduli space seems to be missing in our
formulation of the conjecture, but it follows directly from Orr’s Theorem 1.2 in [37] that
Conjecture 1.1 can be further reduced to this case. The conjecture is stronger than Gao’s
in that it involves a subgroup of rank possibly larger than 1 and does not demand that the
isogenies are polarized. It is weaker in that the base variety S is assumed to be a curve.

Gao showed in Section 8 of [15] that Conjecture 1.1 follows from Pink’s Conjec-
ture 1.6 in [46] in the more general setting of generalized Hecke orbits in mixed Shimura
varieties, where it is enough to assume Pink’s conjecture for all powers of universal fam-
ilies of principally polarized abelian varieties of fixed dimension and fixed, sufficiently
large level structure. By Theorem 3.3 in [47], Conjecture 1.6 in [46] is a consequence
of Pink’s even more general Conjecture 1.1 in [47] on unlikely intersections in mixed
Shimura varieties. If I has rank zero, Conjecture 1.1 is contained in a special-point con-
jecture of Zannier (see [15, Conjecture 1.4]).

Progress towards Conjecture 1.1 has only been made if )V = C is a curve or if the rank
of I is zero. Furthermore, many results are confined to the case where K is a number
field. Lin and Wang have proved the conjecture for K a number field, V a curve, I" finitely
generated and A simple [26, Theorem 1.1]. Habegger has proved it for K a number field,
I" of rank zero and A a fibered power of a non-isotrivial elliptic scheme [19, Theorem 1.2].
Pila has proved it for arbitrary K, I' of rank zero and A inside a product of elliptic modular
surfaces [40, Theorem 6.2]. Gao has proved it for arbitrary K and I" of rank zero [15,
Theorem 1.5] as well as for arbitrary K, )V a curve and I' of rank at most one, but in this
case he has to fix polarizations of Ag and .4 and assume that the isogenies are polarized
[15, Theorem 1.6].

From now on, we will always assume that K C C is a number field and take as K = Q
its algebraic closure in C. We expect however that Theorem 1.3 can be generalized to the
transcendental case in the same way as Gao’s by use of the Moriwaki height instead of
the Weil height together with specialization arguments.

The purpose of this paper is twofold: First, we prove Conjecture 1.1 in Theorem 1.3
if K is a number field and V = C is a curve. Second, we investigate what happens when
cn Ag‘] is infinite for some arbitrary k € {0, ..., g}. Here, the case k = g corresponds
to Conjecture 1.1. If k < g, the condition is weaker (if k = 0, it is void), so we expect a
weaker conclusion. We prove the strongest possible conclusion in Theorem 1.2, of which
Theorem 1.3 thus becomes a special case.

The problem of intersecting a fixed subvariety with algebraic subgroups originates in
works of Bombieri-Masser—Zannier [7] and Zilber [61] for powers of the multiplicative
group. The analogous problem in a fixed abelian variety has also been the object of much
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study; we just mention the work of Habegger and Pila [20], from which we use several
results in our proof. The intersection of a subvariety of a fixed abelian variety with trans-
lates of abelian subvarieties by points of a subgroup of finite rank has been studied by
Rémond in e.g. [50]. While there has been intensive study of unlikely intersections be-
tween a curve in an abelian scheme and flat algebraic subgroup schemes, culminating in
the article by Barroero and Capuano [4], ours seems to be the first result that combines
intersecting with positive-dimensional algebraic subgroups with an isogeny condition on
the fiber.

We can now state our main results. Recall that S is a smooth irreducible curve and
A — S is an abelian scheme, both defined over K, while C C A is a closed irreducible
curve, defined over @, Ao is an abelian variety defined over @, Vieooos Vr € AO(Q) and
I' C Ap is the subgroup of all y € Ag suchthat Ny € Zy; + - - - + Zy, for some N € N.

Theorem 1.2. Suppose that A — S is not isotrivial. If.Agc] NC is infinite and 7 (C) = S,
then C is contained in an irreducible subvariety W of A of codimension > k with the

following property: Over Q(S), every irreducible component of We is a translate of an
abelian subvariety of Ag by a point in (Ag)ors + Tr(.AéQ(S)/Q (Q)).

Theorem 1.3. Suppose that A — S is not isotrivial. If Ar NC is infinite, then one of the
following two conditions is satisfied:

(i) The curve C is a translate of an abelian subvariety of Ag by a point of Ar N Ay for
some s € S.

(ii) The zero-dimensional variety C¢ is contained in (Ag)iors + Tr(A?(S)/ Q(@)).
From Theorem 1.3, we can deduce the following corollary:

Corollary 1.4. Let A, ; be the moduli space of principally polarized abelian varieties of
dimension g with orthogonal level [-structure as defined in Section 2 and | sufficiently
large and let A and B be abelian varieties with dimB = g. Let C C Ag; X A be a
closed irreducible curve and let pry : C — Ay and pry : C — A be the canonical
projections. Let T' C A be a subgroup of finite rank and let ¥ C Ag; be the set of
s € Ag, corresponding to abelian varieties that are isogenous to B. If C N (X x I'') is
infinite, then either pr| or pr, is constant.

We thereby prove Conjecture 1.7 of Buium and Poonen [9]: If S is a modular curve or
a Shimura curve, then a Zariski open subset S’ of S has a moduli interpretation which
yields a quasi-finite forgetful modular morphism from §’ to the coarse moduli space A,
of principally polarized abelian varieties of dimension g € {1, 2}. Similarly, we have a
quasi-finite morphism Ag; — A,. We can then form the curve § "% Ag A, 1, which admits
quasi-finite morphisms to §” and A, ;, and reduce the conjecture to Corollary 1.4. The
conjecture of Buium and Poonen has been proven independently by Baldi [3] through the
use of equidistribution results. He was also able to replace I'” by a fattening I', for some
€ > 0 (see [3] for the definition of I',). Such an extension seems to lie outside the reach
of our methods though.
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The proof of Theorem 1.2 uses point counting and o-minimality and in particular a
later refinement of the theorem of Pila—Wilkie on rational points on definable sets in [43].
In applying this result to problems of unlikely intersections in diophantine geometry,
we follow the standard strategy as devised by Zannier for the new proof of the Manin—
Mumford conjecture by Pila and him in [44]. It is described in Zannier’s book [60]. In
Section 2, we introduce some notation and make several reduction steps.

In Sections 3 and 4, we bound the “height” of all important quantities from above in
terms of the degree of the varying point p = ¢(q) € Ag‘] N C over the fixed number
field K. The main new ideas of this article are to be found in these two sections. In order
to treat non-polarized isogenies, we extend a result by Orr to show that the isogeny ¢
between Ag and A can be chosen such that certain associated quantities are bounded
in the required way—first of all, we apply the isogeny theorem of Masser—Wiistholz to
show that the degree of the isogeny can be bounded in this way. As a consequence of our
extension of Orr’s result we can then bound the height of g for this choice of ¢. (After
maybe enlarging I', we can fix for each s € S such that Ap and A are isogenous one
choice of isogeny—see Lemma 2.2.)

We bound the degree of the smallest translate of an abelian subvariety of A6+1 by
a torsion point that contains (g, y1, ..., ¥) through an application of a proposition by
Habegger and Pila. Using this and a lemma of Rémond, we can then write ¢ = y + b
with y € T of controlled height and b in an abelian subvariety of controlled codimension
and degree. If N is the smallest natural number such that Ny € @;_, Zy;, we finally
bound N by applying a lemma of Habegger and Pila, some elementary diophantine ap-
proximation and lower height bounds on abelian varieties due to Masser.

In Section 5, we give a brief introduction to o-minimal structures in as much depth as
is necessary to state a variant of the Pila—Wilkie theorem, due to Habegger and Pila, on
“semirational” points of bounded height.

In Section 6, the definability in a suitable o-minimal structure of the analytic uni-
formization map associated to our abelian scheme is shown, when restricted to some
fundamental domain, by use of a theorem of Peterzil-Starchenko [39]. In Section 7,
we record the necessary algebraic independence result of “logarithmic Ax” type by Gao
in [16], which generalizes work by André [2] and by Bertrand [5].

Finally, we put all the pieces together in Section 8 and prove Theorem 1.2, Theo-
rem 1.3 and Corollary 1.4.

2. Preliminaries and notation

For a rational number « = a/b witha € Z, b € N and gcd(a, b) = 1, we define its affine
height H («) = max{|a|, |b|}. We will fix once and for all a square root of —1 inside C
that we denote by «/—I—this yields maps Re : C — R and Im : C — R in the usual
way. For an integral domain R, we denote the space of m x n-matrices with entries in R by
M (R). We write M, (R) for My, (R). For a matrix A = (a;;) € M, (Q), we define
its height H(A) = max; ; H(a;;). The complex conjugate of a matrix A with complex
entries will be denoted by A and the transpose by A’. The n-dimensional identity matrix
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will be denoted by E,. The row-sum norm of a matrix A € M, x,(C) will be denoted

by ||A||. For a vector v = (vy, ..., v,)" € C", we will write ||v|| for max;—p,_, [vj|. Note
that
Al
[A]l = ma
w20 vl

for all A € My, %, (C). Vectors will always be column vectors. By applying Re and Im to
each entry, we obtain maps from M,,(C) to M, (R) that by abuse of language will also be
called Re and Im.

If A is an arbitrary abelian variety over an arbitrary field, we denote its dual abelian
variety by A If ¢ : A — B isanisogeny, the dual isogeny will be denoted by ¢ B — A.

For our proof of Theorem 1.3, we will restrict ourselves in the following sections to
subfamilies of the universal family 2, ; — A, ; of principally polarized abelian varieties
with so-called orthogonal level /-structure for a natural number / > 16 which is divis-
ible by 8 and a perfect square and identify 7 and € with the natural projection and zero
section of that family. If H, denotes the Siegel upper half-space in dimension g (i.e. sym-
metric matrices in Mg (C) with positive definite imaginary part), then 2l ; is a quotient of
H, x C# by the semidirect product of the congruence subgroup

A B

diag(AB") = diag(CD") = 0 mod 21}

of Sp,,(Z) with 7%, where diag denotes the diagonal of a matrix. We will show at the
end of our work in Section 8 how to deduce the result for arbitrary families.

The group G(I, 2]) is the same as the group I'(l, 2/) defined in [29, p. 422]. Let
GlEg (lEg)o be defined as in [6, Section 8.9]. Then there is an isomorphism from G (I, 21)

. . E, 0 E, 0 .
to Gig,(IEg)o given by sending M to (Og rlEg)M( & IE, )—see [6, Sections 8.8
and 8.9] and note that [ is even.
The group law on the semidirect product is given by (M’,z)(M,z) =

(M'M, 7 + (M'")~'z) and the action of the group is given by

A B m o s ,
((C D),(ﬂ))(r,z)—(t,(Cr—i—D) z+1t'm+n),

, (A B . 1
T = (C D) [t]:= (AT + B)(Ct + D)

where

The action of course extends to an action of Spage (R) x R%8 (with the same group law)
and then also restricts to the usual action of Spa, (R)onH,.If M € Spa, (R) and 7 € H,,
we will denote this last action as above by M[t] to avoid confusion with ordinary matrix
multiplication.

By applying [6, Proposition 8.2.5] and Cartan’s Exposé 11 in [1, Volume 2], we see
that our universal family is a complex analytic space because the group action is proper
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and discontinuous—Proposition 8.2.5 of [6] only says that the action of G(/, 2/) on H is
proper and discontinuous, but this quickly implies the same for the action of its semidirect
product with Z?¢ on H, x C8. However, the universal family is in fact a quasi-projective
variety, defined over Q. In the following proposition, we recall some well-known facts
about it.

Proposition 2.1. There exist holomorphic maps
exp: Hy x C8 — P~1(C) x P*~1(C)

and ¢ : Hy — P ~1(C) with the following properties:
(1) There is a commutative diagram

exp

H, x C8 —— P¥~1(C) x P*~1(C)

| |

H, ———— P*-1(©)

where the vertical maps are projections to the first factor.

(i1) We have exp(z, z) = exp(t’, Z’) ifand only if (z, 2), (t', Z) lie in the same G (I, 21)
Z28-orbit, and exp descends to an analytic embedding of the quotient. Similarly,
t(t) = «(t') if and only if T, T’ lie in the same G (I, 21)-orbit, and t descends to an
analytic embedding of the quotient.

(iii) The images exp(Hy x C#) and («(Hy) are locally closed with respect to the Zariski
topology in P ~1(C) x P¥~1(C) and P**~1(C) respectively. They are irreducible
smooth varieties, defined over Q.

(iv) exp(H, x C&) — ((Hy) is an abelian scheme, defined over Q, with zero section
p (p,p).

(v) exp(z, -) is a surjective group homomorphism from C8 to exp({t} x C8) with kernel
QrZzg , where
Q= (r E g).

(vi) The very ample line bundle on exp({t} x C8) that is induced by this embedding is
the I-th tensor power of a symmetric ample line bundle. Under the uniformization
exp({t} x C8) ~ C8/Q,Z?¢ given by exp, the Hermitian form on C$ induced by
this second line bundle is given by the matrix Im 7)™

Proof. We can explicitly give the maps, using the classical theta functions. For this, we
define

0la, bl(z,2) = ) exp(rv/=1(m +a)'t(m +a) +2nv/~1(m +a)' (z + b))

meZ&

fort € H,,z € C8 and a, b € Q¥. For c € Qf and (7, z) € H, x C&, we put

0.(t, z) = 0O[c, 0](z, 2).
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We then define
d(T,2) = [0cy(T,2) ... 2O (T, 2)]
and «(t) = ¢ (I7, 0) as well as

exp(t, 2) = (¢(1,0), ¢ (7, [2)),

where the ¢; run over the set {0, 1//,...,1 =1/} (i =0,...,18 —=1).

Property (i) now follows directly from the definitions. For property (ii), we refer to
[6, Chapter 8] and [23, Chapter V]. Note that due to the above-mentioned isomorphism
between G, (IEg)o and G(I,2]), T and 7’ lie in the same G (I, 2[)-orbit if and only if
I7 and I7’ lie in the same G| E, (lEg)o-orbit. It follows from [34, §1] that the actions are
free, so the quotient maps are covering maps. The map ¢ descends to a proper map from
the quotient to its image, since over every point of its image lies exactly one point of the
normalization of the closure of the image by [24]. One can use [6, Theorem 4.5.1] to show
that not only ¢, but also exp descends to an analytic embedding.

For properties (iii) and (iv), see [29, Section 3] and the references given there, in
particular [35]. Smoothness and irreducibility follow from the fact that the quotients are
connected complex analytic manifolds. Property (v) follows from (ii) and the choice of
Zero section.

Property (vi) follows by computing the factor of automorphy of the embedding
exp(z, -) of C#/ 2, Z?8: An elementary computation shows that

0.7, 1(z +m + 1)) = exp(—mw~/—1In'tn — 2w/ —11n"2)6.(I1, [2)

forallc € {0,1/1,...,1 —1/1}% and all m, n € Z3. By [6, Remark 8.5.3(d)], this factor
of automorphy belongs to the /-th tensor power of a symmetric ample line bundle that
under the given uniformization is associated to the Hermitian form given by (Im7)~!
on C8. O

Using the proposition, we may identity exp(Hg x C#) and « (H,) with 2, ;(C) and A, ;(C)
and use %, ; and A, ; for the corresponding quasi-projective varieties, defined over Q.
We will denote the Zariski closures in P!~ and P/*~1 x PI*~1 of these varieties by
ng ;and Ag ¢,1 Tespectively; these are (usually highly singular) projective varieties, also
defined over Q. The projection from P¥=1 x P¥~1 onto the first factor yields a morphism
T ng ;= Agy ¢.1- The embedding from the proposition yields very ample line bundles £
oanglandLonAg,

From now on, we assume that S C Ay ; is an irreducible, smooth, locally closed curve
(not necessarily closed in A, ;), A = 77 1(S) and C C A is an irreducible closed curve.
We denote by C and S the Zariski closures of C and S in % and m respectively. The
abelian scheme A — S and the curve S are defined over K.

After maybe enlarging K, we can and will assume without loss of generality that A,
the addition morphism Ag x Ag — Ao, the inversion morphism Ag — Ao, C and C are
defined over K and that A is principally polarized. For this, we might have to replace Ag
by an isogenous abelian variety and I" by its pre-image under the corresponding isogeny.
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This does not change the isogeny orbit, so does not change the statement we want to
prove.

We fix a symmetric ample line bundle Ly which gives us a principal polarization
on Ag and fix once and for all a uniformization C8/ Q,OZZg of Ag(C) such that the
Hermitian form on C¢ associated to L is given by (Imtp)~!, Qg = (10 Eg) and 19
lies in the Siegel fundamental domain (see Definition 3.2). We denote the correspond-
ing map C¢ — Ap(C) by exp,. Using Weil’s Height Machine (see [22, Theorems B.3.2
and B.3.6]), we also get a (logarithmic projective) height h g, = ha,,1, on Ag. With the
usual construction due to Néron and Tate (see [22, Theorem B.5.1]) we then obtain a
canonical height iz\AO on Ag.

After maybe enlarging K again, we can assume that L is defined over K, y1, ..., ¥
€ Ap(K), and every endomorphism of A is defined over K. Since the endomorphism
ring of Ag is finitely generated as a Z-module, we may assume that I is mapped into
itself by every endomorphism of Ag by enlarging I if necessary (which only makes The-
orems 1.2 and 1.3 stronger). We will generally assume that r > 1 for simplicity—either
one can ensure this by enlarging I' and K, or one can check that our proof also works
mutatis mutandis if r = 0.

The line bundle L restricts to a very ample line bundle Lz on S. Foreach s € S, the
restriction of £ to Ay is a very ample symmetric line bundle £; by Proposition 2.1(vi).
From the embeddings into projective space by theta functions, we directly obtain associ-
ated heights hg on S and hs on A (s € S) as well as a canonical height ;z\s on Aj,.

The following technical lemma shows that for each s € S we can fix an isogeny ¢; in
the definition of A{—k].

Lemma 2.2. For each s € S such that Ay and Aq are isogenous, fix an isogeny ¢s :
Ag — A. For T as above, we have

AW — {peAs; s €S8, A and Ag isogenous and there exists an abelian
subvariety By C Ag of codimension > k such that p € ¢5(I' + Bg)}. (2.1)

Proof. We prove the non-trivial inclusion “C”. Suppose that p € A£~k]. Then p lies in
some A (s € S) such that A and A are isogenous. By definition, there is an isogeny
¢ : Ag — Ay, an abelian subvariety By of Ag of codimension > k and y € T such that
pEP(y+Bo). y

We denote by ¢ the isogeny from A to Ag such that ¢ o ¢ is multiplication by
deg ¢s on A,. Then x = ¢ o ¢ is an endomorphism of Ag and ¢ o x = (deg ¢;)¢.

We choose y € Ag with (deg ¢5)y = y and get

p € ¢(y + Bo) = ¢((deg ¢5)y) + ¢((deg ds) Bo) = ¢s(x (¥)) + ¢5(x (Bo)).

We show that x (y) € T (so p € ¢s(I') + ¢s(x(Bo))). Since (degps)y =y € T, it
follows that y lies in " as well. By our assumption above, I" is mapped into itself by .
Hence, x(y) belongs to I' as desired and the lemma follows, since x (Bp) is again an
abelian subvariety of A of codimension > k. O
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We take ¢; as an isogeny between Ag; and A of minimal degree, i.e. there exists no
isogeny ¥ : Ag — A; of degree less than deg¢;. By Théoréeme 1.4 of Gaudron—
Rémond [18], which improves a theorem of Masser—Wiistholz [30, p. 460], there exist
constants cpsw and xprw, depending only on Ag, such that

degps < cuwlK(s) : KMV, (2.2)

independently of s. Note that A, and A are both defined over K (s).

3. Height bounds for isogenies

In the previous section, we took as ¢ just any isogeny between Ag and A of minimal
degree. This is fine in the case of elliptic curves, but in arbitrary dimension, we have to
pick the distinguished isogeny more carefully. This will be achieved in Proposition 3.3
and Corollary 3.4, where we replace ¢; by ¢ o o for some well-chosen automorphism o
of Ag.

Proposition 3.3(ii) and Corollary 3.4(ii) are essentially contained in Orr’s work [37],
albeit formulated rather differently, and our proofs of these results basically run along
the same lines as his. Another way to get the desired bounds on quantities associated
to an isogeny between Ag and A, (s € &) would be to replace the use of Orr’s Propo-
sition 4.2 from [37] with the endomorphism estimate from Lemma 5.1 of Masser and
Wiistholz [31] for Ag x A, (an improved, completely explicit bound can be deduced
from [18, Section 9], [51, Lemme 2.11] and Minkowski’s second theorem) and an ar-
gument as in [31, Section 6]. Afterwards, one could continue as we do here and obtain
bounds that are polynomial (in the sense of (3.1)) not necessarily in the degree of the
isogeny, but certainly in [K (s) : K].

Before we can prove the proposition, we need the following technical lemma.

Lemma 3.1. Let g be a natural number and M € Mg (Z) with det M # 0. Let

0 E
=H(M S)Mm).
o G WAL
Then there are constants C = C(g) and k = k(g) and matrices S € szg(Z) and
P € My¢(Z) suchthat M = SP and H(P) < CH".

Proof. Using elementary row operations from GLy,(Z), we can write M = M7 Py with
My € GLyg(Z) and P € My, (Z) upper triangular. The (non-zero) diagonal entries of P
are then bounded by |det M| and after more row operations we can assume that the entries
above the diagonal entry d lie in the set {0, 1, ..., |[d| —1}. So we can assume without loss
of generality that H (P;) is bounded by |det M|, which is of course polynomially bounded

in H. Then
0 E
/ t 8
7-[_—H<M1< ’ 0>M1)
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is also polynomially bounded in #, so it suffices to prove the lemma for M; and H’
instead of M and H.

The lemma is now a consequence of Orr’s Lemma 4.3 in [37], which can be reformu-
lated as asserting that there exists P> € GLy,(Z) of height bounded polynomially in H’
such that M P> € Sp,,(Z) (the proof of Lemma 4.3 has to be modified slightly so that
e ..., e’zg is again a basis of L). m}

Before we can state the next theorem, we have to define what a Siegel fundamental do-
main for the action of (a finite-index subgroup of) Sp,,(Z) on H, is. We give the defini-
tion that goes back to Siegel [53, §2].

Definition 3.2. (1) A positive definite symmetric matrix
M = (m;j)i j=1,..¢ € Mg(R)

is called Minkowski-reduced if v' Mv > m;; for all v! = (vy, ..., Vg) € Z8 with
ged(vi,...,vg) =1landalli=1,...,gandm;;y; >O0foralli=1,...,g— L

(2) The Siegel fundamental domain for Sp,,(Z) (or the Siegel fundamental domain) is
the set of 7 = (7;;)i,j=1,..,¢ € H, such that detIm(M[z])) < det(Imt) for all
M e szg(Z), Im 7 is Minkowski-reduced and |[Re 7;;| < 1/2 (G, j=1,..., g).

(3) If F denotes the Siegel fundamental domain for Sp2g Z),G C Sp2g (Z) is a subgroup
of finite index and g1 = Epg, g2, ..., g is a system of representatives for its right
cosets, then U7:1 g; F is called a Siegel fundamental domain for G.

It is a classical fact that only for finitely many M € Sp,,(Z) there exists some 7 in the
Siegel fundamental domain with M[r] also in the Siegel fundamental domain and that
every element of H, can be brought into the Siegel fundamental domain by some element
of Spy,(Z). The same facts then easily follow for every Siegel fundamental domain for
some subgroup of Sp,, (Z) of finite index. This is everything we will need to know about
Siegel fundamental domains in this section.

Proposition 3.3. Let A and B be abelian varieties of dimension g, defined over C and
uniformized as C8/ Q7% and C8) Q7?8 respectively, where Qu = (Ty Eg) and
Qp = (Tp Eg) withTa, Tp € F and F denotes a Siegel fundamental domain for a sub-
group of Spy,(Z) of finite index. Let M and N be ample line bundles on A and B respec-
tively which are associated to the Hermitian forms given by (Im Ta)~" and (Im Tg)~!
respectively on C8.

Let ¢ : A — B be an isogeny. Then there exist constants C and k, depending only
on F, A, Q4 and M, but not on B or ¢, a natural number n € N, an automorphism
o : A — Aand amatrix ® € Myg(Z) such that

Q) (¢ 0 )*N)®" @ M® D is ample and n < C(deg ¢)*.
(i1) D is the rational representation of ¢ o o with respect to the lattice bases given by Q2 5
and Qp and H(®) < C(deg ).
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Proof. Let ¢ aq and ¢ be the principal polarizations induced by M and N respectively.
Cons1der Y= ¢M o ¢ ¢n o ¢ € End(A). It is symmetric, i.e. ' = ¥, where ' =
drq ow o¢ o denotes the Rosati involution. It is also totally positive (or positive definite in
the terminology of [37]) by [6, Theorem 5.2.4], since ¢A> oPpn 0P = dgxpr is a polarization
of A.

Therefore, we can apply Orr’s Proposition 4.2 in [37] and deduce that there is a con-
stant ¢, depending only on A and 24, and o € Aut(A) such that the rational representa-
tion of o’ o ¥ o & with respect to the lattice given by 4 has height bounded by c¢(deg ¢)?
(we choose (End A,”) as (R, 1) and the rational representation with respect to the lattice
given by Q4 as p). Wehave 6’ oy oo = gb/]/ll o (qb/c;) o o(poo), sowe can replace
¢ by ¢ oo and ¥ by 6’ o ¥ o o and verify (i) and (ii) for this new ¢ (and o = id), where
@ € My, (Z) is the rational representation of ¢ with respect to the lattice bases given by
Q4 and Qp. We have |det ®| = deg¢p # 0.

Let Hpq and H s be the Hermitian forms on C# associated to M and N respectively
and let A" and B’ be the matrices in Mo, (R) that represent the symmetric positive definite
forms Re H ) and Re Hxs with respect to the lattice bases given by 24 and Qp respec-
tively. Let M| € Mo, (Z) be the rational representation of i with respect to the lattice
basis given by Q4. Now 1 satisfies pprq o ¥ = $o ¢n o ¢. By taking the analytic rep-
resentations of both sides, where the dual abelian varieties are canonically uniformized
as quotients of the vector space of C-antilinear maps from C# to C, it follows (with [6,
Lemma 2.4.5]) that

Hp(f (v), w) = Hy (¢ (v), ¢ (w))

for all v, w € C8, where we use ¢ and 1 also for the linear maps from C# to C¢ corre-
sponding to the analytic representations of ¢ and 1 with respect to the given uniformiza-
tion. By taking real parts and passing to rational representations, we deduce that

(Miv)'A'w = v'®' B dw

for all v, w € R and it follows that M] = ®'B’'d(A)~! and therefore M, =
(A~ '®'B' .

Let Hg- s be the Hermitian form associated to ¢* . The ampleness of (¢*N)®" ®
M®ED s equivalent to the positive definiteness of its Hermitian form H, =
nHy«pnr — Hpq and this is equivalent to the positive definiteness of the symmetric bi-
linear form Re H,,. One computes that Re H,, is represented by M, = n®'B'® — A’
with respect to the lattice given by Q4. Let v € R?¢ be an arbitrary non-zero vector and
M3 = ®' B’®. Then we have

v Mov = nv' Mav — v’M3(M1_1v),

and using the Cauchy—Schwarz inequality for the scalar product given by M3 we obtain

v Moy > \/v’Mgv(n\/vfMgv - \/(Ml_lv)[Mg(Ml_lv)).
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In order to make this quantity positive, n must be bigger than the operator norm of
M 1_1 with respect to the scalar product given by M3, i.e.

n > /(M7 vo) M3 (M Tvo)

for every v € R?¢ with vhMsvg = 1.

We know from Orr’s proposition that all coefficients of M are bounded by c(deg ¢)2.
Therefore, we can bound the coefficients of both M3 = A’ M; and M3_] = Ml_1 (AH~1 by
some power of deg ¢ times a constant, where the constant depends only on A, Q24 and M
(note that |det M| = (deg $)? > 1, so we have a bound for the coefficients of M !
similar to the bound for the coefficients of M).

Since B’ and hence M3 is symmetric and positive definite, there is a matrix M3 €

~ ~ ~ -1 ~ —
GL, (R) such that M3 = M3IM3. We can then write M3_1 = M3 M;j t, so the coeffi-
. ~ ~ —1 ..
cients of M3 and M3 ~ must be similarly bounded.
When (M3vg)! M3vg = 1, the coordinates of M3vg are at most 1 in absolute value.
~ =1, = .
Hence, those of v9 = M3 (M3vp) are also bounded by some power of deg ¢ times a

constant which depends only on A, 24 and M. Finally, we fix n to be the largest integer
with

n < (M7 Vo) My(M; Tvg) + 1

and obtain a bound of the desired form. This proves (i).
For (ii), we have ®'[Tg] = T4 for the partial action of GL,,(Q) on Hy that restricts
to the usual action of Sp2g (7).

By Lemma 3.1, we can write ® = SP, where S € szg(Z) and P € My, (Z)

with H(P) bounded polynomially in H (dJl(_%g %" )®). But now @t(_%g %’ )@ rep-

resents the imaginary part of the Hermitian form Hgy« s with respect to the lattice basis
given by Q4 (here we use the fact that the lattice basis associated to Qp is symplectic
with respect to Hxr). We have

[Im Hye pr (v, w) I < [Henr (v, w) > < Hyoepnr (v, 0) Hyoepr (w, w)

by Cauchy—Schwarz, where v, w € C8.
Furthermore, we know that

Hypr(v, ) Hps or(w, w) = Re Hyxpr(v, v) Re Hyepr(w, w).

But Re Hy ) is represented by M3 = &' B’® and we have already bounded the coeffi-

cients of that matrix. So the coefficients of @’ ( 7%{{ b;)g )CD are also bounded polynomially

in deg ¢ and as they are integers, their height is similarly bounded.

This means we have written & = SP, where § € Spa, (Z) and P € My, (Z)
with H (P) polynomially bounded in deg¢. Furthermore, S'[Tg] is an element of H.
There is R € Sp,,(Z) such that (RS")[Tg] lies again in the Siegel fundamental domain.
By [41, Lemma 3.2], the height of R is polynomially bounded in terms of the maximum
of the absolute values of the coefficients of S’[Tg] together with 1 and (det Im S* [TB])_I.
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Note that such a bound holds for the Siegel fundamental domain as defined here although
in [41] Siegel’s definition from [54] is used, which demands that (Im 1:)_1 instead of Im
is Minkowski-reduced, since by [41, Lemma 3.3] and [42, Lemma 3.1(3)] one can switch
between the two fundamental domains in a (polynomially) controlled way.

In order to bound the absolute values of the coefficients of S'[Tg] as well as
(detIm S'[Tg])~!, we consider the matrix Ms = S'B'S = P~'M;P~L. Recall that
det P = det® # 0. As we have a bound on the coefficients of M3 and on H(P), we
st st
st st
see that My represents the real part of Hxs with respect to the lattice basis given by the
columns of (TS| + S5 TpS + S).

In order to compute My, it is useful to choose the basis given by the columns of
Tp S:‘,, + Sf1 for C8. That this matrix has non-zero determinant (and hence its columns
form a basis) follows from the proof that szg (Z) acts on H, by (U, ) — Ul[z].

With respect to this new basis of C$, the lattice basis given by the columns of the
matrix (TS} + S5 TpS, + S}) is given by the matrix (S’[Tp] E,). Furthermore, the
Hermitian form Hys is given by (S3Tp + S4)m Tp) ™' (TS, + S}) = (Im S'[T]) ™"
with respect to this new basis of C8 (see the calculation in [6, p. 214]).

With this new basis for C8, it is easy to compute

deduce a similar bound for the coefficients of My. If we write § = ( ), then we

M — Ms (Re S'[Tp])(Am S'[T]) !
= \am ' [T]) " (Re $'[T3]) (Im S'[Tp])~! ’

where
Ms = (Re S'[Tp])(Im S'[T5]) " (Re S'[T]) + Im S'[T5].

Here, we used that $’[Tg] and hence both its real and imaginary part are symmetric.

Now our bound on the coefficients of My yields first an upper bound on
(detIm S'[T5])~! and on the coefficients of Ms. Next, we deduce det Im S![Tg] < det M
from Minkowski’s determinant inequality (see [27, Chapter II, Theorem 4.1.8]), since
both Im §*[Tg] and Ms — Im S*[Tg] are symmetric and positive semidefinite. From this
follows an upper bound for detIm S*[T]. Together with our bound on the coefficients
of My, this readily gives a bound for the coefficients of Im S'[Tg] and Re §’[Tg] and
thereby a bound for the coefficients of S’[Tg] in absolute value. Thus, we can apply [41,
Lemma 3.2] to bound H (R) in the required way.

We note that T lies in the Siegel fundamental domain of a finite-index subgroup of
Spa, (Z) and (RS")[Tp] lies in the Siegel fundamental domain of Spye (Z) itself. There-
fore, RS’ has to lie in a certain finite set which depends only on F and g. Thus, we obtain
a similar bound for H(S) = H(R™'RS") and thereby for H(®) = H(SP), since we
have already bounded H (P). O

In order to state the next corollary, we introduce the following notation that will also be
used in the following sections: We write f < g for (positive) quantities f and g if there
exist constants ¢ > 0 and k > 0, depending on K, Ay, Lo, 79, I', [, A, £, S, C and the
choice of a Siegel fundamental domain for G (/, 2[), such that

f < cmax{l, g}*. (3.1
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The choice of a Siegel fundamental domain for G (/, 2/) will be made implicitly in Propo-
sition 6.1.

Corollary 3.4. Let s € S be such that Ay and As are isogenous. Choose t in a Siegel
Sfundamental domain for the action of G(l,2l) on H, such that «(t) = s with ¢ as in
Proposition 2.1. Then there exist an isogeny ¢s : Ag — Ay of minimal degree (as defined
before (2.2)), a natural number M and a matrix ® € Mg (Z) such that

() @rL)®M @ LE is ample and M < deg ¢

(ii) & is the rational representation of ¢s with respect to the uniformizations exp, and
exp(t, -) and the lattice bases given by Q. and Qq,, where exp, exp,, Q; and Qq,
are defined as in Section 2. It satisfies H(®) < deg ¢s.

Proof. Let ¢ be any isogeny of minimal degree between Ag and A;. We apply Propo-
sition 3.3 to ¢ with A = Ag, B = A, Ta = 10, Tp = 1, M = Lpand N = L],
where £; = (L£,)®! by Proposition 2.1(vi). Putting ¢ = ¢ o o yields what we want:
Since o is an automorphism, we have deg ¢, = deg¢, so ¢, is of minimal degree. As
(PFLH®" ® L?(_l) is ample, so is (¢*L])®" ® L(‘?(_l) ® ng(l_l) = (PFL)®" ® L?(_l)
and thus we may take M = n. Note that G(/, 2/) has finite index in Spa, (Z) and that g
was already chosen in the Siegel fundamental domain for Sp,, (Z). The implicit constants
depend only on Ag, Lo, o and the chosen Siegel fundamental domain, but are indepen-
dentof s and 7. O

Finally, we record a lemma due to Rémond that allows us to bound the height of a basis
of the lattice corresponding to an abelian subvariety of Ag in terms of the degree of the
abelian subvariety.

Lemma 3.5. Let By be an abelian subvariety of Ay of codimension k and denote by
deg By its degree with respect to the ample line bundle Lo. Under the identification
of R28 with C8 given by u v+ Qqu, there exists a matrix H € Moagyx2(g—k)(Z) such
that expgl(Bo((C)) ={Hy+z y e R2&=h ;¢ 728} Qo H has rank equal to g — k
and |H|| < deg By. Here, exp, and 2, are defined as in Section 2.

Proof. We follow Rémond’s construction in [49, Section 4]. We obtain a basis w; =
Z/z.il k](i)vj (i =1,...,2(g — k)) of the connected component of expa1 (Bp(C)) con-
taining O under the given identification of R2¢ and CS. Here, vy, ..., V2 is a suitable
basis of Z>¢ that is chosen depending on Ly, but independently of By, and the )Lj(.i) are
integers.

By an inequality in [49, p. 531], we have

lwilllwz2g-r+1-ill <degBo (i =1,...,2(g —k)),

where ||-|| is a Euclidean norm on R?¢ induced by L. This norm is bounded from below
on Z*$\{0} by a positive constant that does not depend on By, which implies that

lwill <degBy (i=1,...,2(g—k)).
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Since all norms on finite-dimensional real vector spaces are equivalent and ||-|| does
not depend on By, it follows that |)»](.’)| <degByp(i=1,....2(g k), j=1,...,28).
We deduce that the coordinates of wy, ..., wag—k) With respect to the basis vy, ..., v2g
of Z?¢ (which is not necessarily the standard one) are bounded. However, this basis is
chosen independently of By and so we obtain a comparable bound for the coordinates
with respect to the standard basis.

We now take as H the matrix with columns wy, ..., wag—x). The columns of the
matrix €. H span the connected component of exp,, L(By(C)) containing 0 seen as a
(g — k)-dimensional vector subspace of C# and so this matrix has rank equal to g —k. O

4. Galois orbit bounds

In this section, we show that virtually all occurring important quantities can be bounded
polynomially in terms of [K(p) : K], where p is a point in Ag‘] N C (reversing the
direction of the inequalities leads to lower bounds for [K (p) : K] in terms of these other
quantities—hence the title “Galois orbit bounds”). We will need two lemmata before we
can prove the crucial Proposition 4.3. From now on, we will always take the isogeny
given by Corollary 3.4 as ¢. There might be some ambiguity in the choice of t if it lies
on the boundary of the Siegel fundamental domain for G (I, 27), but this ambiguity does
not change the construction in Proposition 3.3—which only depends on the principal
polarization induced by £ and the data associated to Ap—and hence has no influence
on ¢;. Likewise, the implicit constants in the estimates are the same for any choice of ©
in the Siegel fundamental domain.

Lemma 4.1. Let s € S be such that As and Ag are isogenous. Then there are constants
c1 and ¢y, depending on K and Ao, but independent of s, such that

hz(s) < c1log[K(s) : K]+ ca.

Proof. We will use c1, ¢, . .. for constants depending on K and Ay, but independent of s.
We will denote the stable Faltings height of A; as defined in [11] by &g (Ay).
By Faltings’ Lemma 5 in [11], we have

log deg ¢y

hr(As) < hrp(Ag) + >

A.1)

By an inequality of Bost—David (Pazuki’s Corollary 1.3(1) in [38]), we know that
|hg(s) — $hFp(Ay)| < c3log(max{hg(s), 1}) + c4

for some constants c3 and c4, depending only on g and /. Our choice of embedding of
A, and 2, ; into projective space through the use of theta functions means that our
hz(s) differs from the Theta height of A in Pazuki’s work with [ = 2 only by an
amount that is bounded independently of s: Pazuki uses another norm at the archimedean
places for the definition of his height and he uses another coordinate system as he notes
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after his Definition 2.6, but by [23, p. 171] this coordinate system is related to ours by an
invertible linear transformation with algebraic coefficients.
We deduce that

hg(s) < cs max{hF(As), 1}. 4.2)
Combining (2.2), (4.1) and (4.2), we obtain

hg(s) < cilog[K(s) : K1+ c2
for some constants ¢ and c¢5. |

Lemma 4.2. Let p € C with s = 7(p) € S and suppose that C is not contained in As.
Then hy(p) < hg(s).

Our proof even yields a bound that is linear in h(s), but a polynomial bound will suffice
for our purposes. We note that it is crucial for this lemma that C is a curve and not a subva-
riety of A of higher dimension. Indeed, the main obstacle that one encounters attempting
to generalize Theorem 1.3 to higher-dimensional subvarieties )V C A which dominate the
base is the lack of such a height bound for (a large enough subset of) the points in Ar NV.

Proof of Lemma 4.2. We use cg, . .. for constants that depend only on .A and C. Let for
the moment s € S and p € A; be arbitrary. We will first bound /4 (p) in terms of Ag(p)
and hz(s). It would be possible to use Silverman’s Theorem A in [56] for this; there is
however the problem that @ and TN are usually not smooth, so one would either need
to construct a more sophisticated (i.e. smooth) compactification of the universal family
(this was achieved by Pink in his dissertation [45]) or adapt Silverman’s proof by using
Cartier instead of Weil divisors.

Another, more elementary way is to use Lemma 3.4 of [29]. It is shown in that lemma
that there exists a family of polynomials P; ; ( = 0,...,/8 —1,j =1,...,J)in the
projective coordinates of s € S and p € A, C P!*~! with the following properties: Every
P; ; is a polynomial with integer coefficients, homogeneous of degree 2( 8¢ — 1) in the
coordinates of s and homogeneous of degree 4 in the coordinates of p. For every s € S
and p € A andevery j € {1,...,J}, the P, j(s, p) i = 0,...,I8 — 1) are either all
zero or they are the projective coordinates of 2p in A, C P~ (by abuse of notation,
P; j(s, p) denotes P; ; evaluated at the projective coordinates of s and p). Furthermore,
there exists j € {1,...,J}, depending on s and p, such that not all P; ;(s, p) (i =
0,...,18 —1) are zero.

Fixing j € {l,..., J} and following the proof of [22, Theorem B.2.5(a)] (which
amounts to the triangle inequality), we get a bound of the form

hs(2p) < 4hs(p) +2(% — Dhg(s) + ce.

where c¢ depends only on /, g and the (integral) coefficients of the P; ;, but is independent
of s and p. The bound is valid for those s and p where notall P; ;(s, p) (i =0, ...,[8—1)
are zero. After reiterating the process for every j € {1, ..., J} and adjusting the constants
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if necessary, we can assume that the inequality holds for all s € S and p € A;. We then

deduce easily from ’h\s (p) =lim,— o0 hf(f:p ) that

2(1% — Dhg(s) + cs
3 ’

hs(p) < hs(p) +

where we used Y 5 47" = 1.

Let now p be a point of C as in the lemma. In view of the above inequality, it suffices
to show that 1, (p) < hz(s). Since C is irreducible and not contained in .A;, the morphism
Tlg: C — S is quasi-finite. It is also proper, hence finite. Therefore, the pull-back n*Lg
of the ample line bundle Lz is also ample.

On the other hand, the closed immersion ¢ : C <> % yields a very ample line bundle
*£ on C. It follows from the ampleness of 7* Lz that there exists some natural number
N e N such that JT*L%N ® *L8D is ample.

If we choose associated heights h@ L and hé L it now follows from fundamental

* L§
properties of the Weil height that

he () = Nhg 1y (P) + 7
and then by functoriality that
hy(p) < Nhg(s) + cs,
whence the lemma follows. O
The next proposition bounds all important quantities in terms of [K (p) : K] alone, where
p is some point in A%k] NC.

Proposition 4.3. Lets € S be such that As and Ag are isogenous and p € CNgs(I'+ By)
for some abelian subvariety By of Ag. Suppose that w(C) = S. Then there exist y € T,
an abelian subvariety B1 C By and b € Bj with the following properties: If we choose
N € N minimal with Ny = Z;:l aiyi € Zy1 + - -- + Zy, and if deg B denotes the
degree of By with respect to the ample line bundle Lo, then p = ¢5(y + b) and

(i) deggs < [K(p) : K],
(ii) deg B < [K(p): K],
(ii)) max{lail,...,lar|, N} 2 [K(p): K].
Proof. Part (i) is just a restatement of (2.2), where we take into account that [K (p) : K]
> [K(s) : K]. We have p = ¢;(gq) for some g € I + By. It follows from Corollary 3.4

that there exists M € N such that (¢} LH)®M @ Lg) D s ample and M < deg¢p; =<
[K(p) : K]. Therefore

hay(@) < Mhys2,)(q) = Mhs(¢5(q)) = Mhy(p),

which implies together with Lemmata 4.1 and 4.2 that ;l\AO (@) <X [K(p): K]
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We note that ¢ is defined over a field extension of K (p) of degree at most n(g) deg ¢
for a certain function n : N — N, since ¢, is defined over a field extension of
K(s) C K(p) of degree at most 1n(g) by Rémond’s Théoréeme 1.2 in [52] and ¢ has
degree at most deg ¢; over the compositum of K(p) and the field of definition of ¢y,
since all its Galois conjugates over that field lie in ¢ I(p) and this fiber has deg ¢; el-
ements. Here, Rémond has obtained the best possible 1, while the fact that the bound
depends only on g goes back to Silverberg [55] and Masser—Wiistholz [29, Lemma 2.1].
Hence, we have [K(¢g) : K] <X [K(p) : K].

Consider the point g = (g, y1, ..., ¥r) € A(r)H. Let B be the smallest abelian subva-
riety of A6+1 such that a multiple ug of g lies inside B (i € N). By [20, Proposition 9.1],
we have deg B < max{’h\AO(q), [K(g) : K]} X [K(p) : K]. Here, deg B denotes the de-
gree of B with respect to the line bundle 7y Lo ® - - ® 7%, | Lo, where 7; : Af)“ — Agp
is the projection to the i-th factor ( = 1,...,r 4+ 1).

Let  be a finite set of abelian varieties over Q such that every quotient A6+] /H for
some abelian subvariety H of A6+1 is isogenous over Q to some element of 2. For each
A’ € Q we can fix some norm |-|| 4~ on H0m(A6+l, A") ® R and a symmetric ample
line bundle on A’ to obtain a canonical height iz\A/ on A’. After passing to a finite field
extension, we can assume that all A’ € Q, all these line bundles as well as all elements of
Hom(A6+1, A’) for all A’ € Q are defined over K.

Going through the proof of [20, Proposition 9.1], we see that B is obtained as the
irreducible component of ker & containing the neutral element for a surjective homomor-
phism « : A6+1 — A for some A € Q. If we write ||-|| = ||-]|4, then we even obtain
from [20, Lemma 9.5] a surjective homomorphism « : ABH — A such that B is the
irreducible component of ker @ containing the neutral element and ||| < [K(p) : K].

We have a projection morphism v : B — Aj, given by omitting the first coordinate.
We let B = ¢/(B) C Aj and let B, be the connected component of keryy = B N
(Ap x {0}") C B containing the neutral element. Since ¢ € I' + By, it follows that
B> C Bp x {0}". By Poincaré’s reducibility theorem, there exists an abelian subvariety
B3 C B such that the restriction of the natural addition morphism By x B3 — B is an
isogeny. It follows that ¥|p, : B3 — B’ must be an isogeny. As usual, there exists an
isogeny x : B’ — B3 such that x o v/|p, is multiplication by deg /|, on Bs.

Since ¥|p, : B3 — B’ is surjective, we can choose u € B3 such that ¥ (u) =
w1, - .-, vr). Applying Poincaré’s reducibility theorem again, we find an abelian subva-
riety B” C Aj{, such that the restriction of the natural addition morphism B" x B” — Aj
is an isogeny. Again, we get an isogeny p : A — B’ x B” in the other direction such
that their composition is multiplication by a scalar. By projecting to the first coordinate,
we obtain p’ : Aj — B'. Letw € Aj with p(w) = (u(y1, ..., ¥r),0). It follows

that p(y1, ..., yr) is some multiple of w and hence w € I'". We have (deg ¥ |p,)u =
XW@) = x(u1, ... 7)) = (x o p)(w). As x 0 p’ : A, — B3 — AJT! T is stable
under End(Ag) and w € I'", we deduce that u € " 11,

It follows from ¥ () = u(y1,...,yr) that u(q,v1,....v) € u + kery C

u —+ (A())t’(;’r'sl + B and by considering only the first coordinate we see that ug €
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w1 (u)+(Ao)tors+m1(B2) C I'+m(Bs) and hence g € I'+m1(B3). Now, B] = m1(B) is
an abelian subvariety of A of degree deg B = deg B, with respect to Lg. Since B is an
irreducible component of B N (A x {0}"), we know that deg B, < deg B by [51, Propo-
sition 3.1]. We also know that B, = B; x {0}" and so By C By, since By C Bg x {0}".
This proves (ii).

Since Hom(AS“, A) is a finitely generated Z-module and the height is quadratic,
there exists a constant c(, depending only on the two abelian varieties and the choices of
symmetric ample line bundles as well as the choice of the norm, such that ’h\A (o' (x)) <
colle||? er:ll ﬁAo(xi) forall o’ € Hom(A(r)H, A)andallx = (x1,...,x41) € A6+1. In
particular, this bound holds for our « as chosen above.

We apply Rémond’s Lemme 6.1 in [50] to choose y’ € T and b’ € B such that
g=y +b and hay(y’) < hay(q) < [K(p) : K]. Note that we have assumed I' = [y
in Rémond’s notation and that Rémond’s Lemme also holds for € = 0 as is the case here.
Suppose that my’ =miy1+---+myy, withm e N,my,...,m, € Z. Since;z\Ao(y’) <
[K(p) : K], hy, extends to a norm on I' ® R and all norms on the finite-dimensional
R-vector space I' ® R are equivalent, we also have max;—1, ., |m;|/m < [K(p) : K].

For given N € N, we can find n < N and ay,...,a, € Z such that
max;—; ., |la; —nm;/m| < [NV"|~1 It follows that

,,,,,

EA(a(nq — iaiy,', 0,..., O)) = EA<a<ny/ — iaiy,-, 0,..., O))
i=1 i=1
< collalPN7",

where the constant cg depends only on Ag, Lo, A, the choice of symmetric ample line
bundle on A as well as of the norm |-|| on Hom(A(’)H, A) ® R and y1, ..., yr. Since
a(ng — Z?:l aivi,0,...,0) is defined over K(g), it follows from a theorem of Masser
[28, p. 154] that it must be a torsion point the order s of which is polynomially bounded
in [K(p) : K] as soon as N exceeds some bound that is polynomial in [K (p) : K] (recall
that [lee|| < [K(p) : K]).

So we may choose N < [K(p) : K]and ay, ..., a, € Z such that

,
(qu - Zsaiy,-,o, O) € kera
i=1

and therefore Ng — >_;_, a;y; € t + By for a torsion point 7. Furthermore, the g; satisfy
by construction |g;| < N|m;|/m+1 < [K(p) : K]. Applying [20, Proposition 9.1] again,
we see that 7 can be chosen such that its order is polynomially bounded in [K (p) : K].
This proves (iii) and thereby the proposition. O

5. o-Minimality

We give a brief introduction to the theory of o-minimal structures and define all terms
which are relevant in our application. We refer to the book of van den Dries [57] for a
more thorough treatment of o-minimal structures.



Unlikely intersections between isogeny orbits and curves 2425

Definition 5.1. A set A C R” is called semialgebraic if it is a finite union of sets of the
form

(xeR"; f(x)=0, g1(x) >0,...,g;(x) >0},

where f, g1,...,8 € R[X(,...,Xy]. Amap f : A - R" (A C R") is called semial-
gebraic if its graph is semialgebraic.

Definition 5.2. An o-minimal structure G (over (R, 4+, —, -, <, 0, 1)) is a sequence S =
(S,)nen such that S, is a subset of the power set of R” for all n € N and the following
conditions are satisfied:

i) A,BeG6,=AUB,R"\A€G,.
(i) AeS,=>RxAeG,y.
(i) A € 6,41 = pu(A) € &, where p, : R 5 R is the projection onto the first
n factors.
(iv) All semialgebraic subsets of R” belong to S,,.
(v) The set G consists precisely of all finite unions of point sets {a} (a € R) and open
intervals (a, b) (a € RU {—o0}, b € RU {00}).

We call the elements of |,y S, the definable sets with respect to & or simply the
definable sets (if G is fixed).

Since our uniformization map goes to a product of projective spaces, we need to introduce
the notion of a definable space. This notion is treated in more detail by van den Dries [57,
Chapter 10]. In the following definitions, definability will always mean definability with
respect to some fixed o-minimal structure &.

Definition 5.3. Suppose that A € R” and B C R". Amap f : A — B is called
definable if its graph
{(x, f(x)); x € A}

is definable.

Definition 5.4. A definable space is a set S = |J;; U; with I finite together with bi-
jective maps f; : U; — U/, where U/ C R™ is a definable set, such that for all i, j the
set f;(U;NU;) is definable and open in U] and the map fjoff1 lfiwinuyy © fiUinUj) —
fj(U; NUj) is definable and continuous. A set X C § is called definable if f; (X N U;) is
definable for every i € I. We call the f; charts of S.

Definition 5.5. Suppose that S and 7 are definable spaces. Amap F : S — T is called
a morphism if for every chart f : U — U’ of S and every chart g : V — V’ of T the
set f(U N F~1(V)) is definable and open in U’ and the map g o F o f‘1|f(UﬁF71(V)) is
continuous and definable.

It is easily seen that the image and pre-image of a definable set under a definable map or
a morphism are definable and that the composition of two definable maps or morphisms
is again a definable map or a morphism respectively. A definable map is a morphism
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with respect to the standard global charts of its domain and its range precisely if it is
continuous.

By the Seidenberg—Tarski theorem, the semialgebraic sets themselves form an o-
minimal structure (the definable maps of which are the semialgebraic maps). For our
purposes, this will not be sufficient and we will have to work in the structure Rap exp,
which contains (among other things) the graph of the exponential function on the real
numbers and the graph of the restriction of any analytic function, defined on an open
neighbourhood of [0, 1]7, to [0, 1]* (n € N). That this structure is o-minimal and admits
analytic cell decomposition is due to van den Dries and Miller [58].

In order to prove our main theorem, we will need that rational points on definable sets
are sparse unless there is a “reason” for them not to be sparse in the form of a semialge-
braic set, contained in the definable set. This is the famous Pila—Wilkie Theorem. We will
use a variant by Habegger and Pila, counting “semirational” points, which is what we will
need in the proof.

Theorem 5.6 (Habegger—Pila). Let Z C R™ x R"! x R"2 be a definable set and € > 0.
Let w1, my and w3 be the projections onto R™, R"! and R"? respectively. There is a
constant ¢ = c(Z, €) > 0 with the following property: If T > 1 and

.....

there exists a continuous and definable function § : [0, 1] — Z such that the following
properties hold:
(1) The composition y o 8 : [0, 1] — R™ is semialgebraic and its restriction to (0, 1)
is real analytic.
(i1) The composition w3 0§ : [0, 1] — R"™ is non-constant.
(iii) If the o-minimal structure admits analytic cell decomposition, the restriction of § to
(0, 1) is real analytic.
Proof. This is a special case of Corollary 7.2 in [20] with k = 1, R” = R™ x R"2 and

s=l0zneZiy =01 €@ max HOp =T,
m

,,,,,

A priori, the corollary only provides § such that (72, 73) 0§ is non-constant. Going through
its proof, we see however that § can actually be chosen such that 73 o § is non-constant.
Note that we do not need the additional uniformity in families that the corollary provides.

O

6. Definability

In order to be able to use the powerful o-minimality result from the last section, we must
show that our analytic uniformization of 2, ;(C) is definable when restricted to a suitable
set. In order to be able to speak of e.g. definable or semialgebraic subsets of C or H,, we
will always identify C with R? and M, (C) with R%” by identifying u + v/—1 € C with
(u, v) € R2. The following important proposition is due to Peterzil-Starchenko. Note that
P¥~1(C) is a definable space with respect to its standard atlas.
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Proposition 6.1 (Peterzil-Starchenko). The map exp : HyxC8 — 2, ,(C) C P*~1(C)
x P*=1(C), defined as in Proposition 2.1, has the following properties:

(i) There is an open subset U of Hg x C8 such that the restriction of exp to U is a
morphism of definable spaces in Ran exp and U contains the set

{(z, Q.x) € F x C&; x € [0, 1)},

where F is a Siegel fundamental domain for the congruence subgroup G(l,2l) of
(ii) The map exp|y is surjective.

Proof. Going back to the proof of Proposition 2.1, we see that it suffices to show that the
function ¢ as defined there is definable, when restricted to an open set that contains

{1, Qlx) € Hy x C%; T € F, x € [0, 1)%).

This is a consequence of [39, Corollary 7.10(1)] with D = [E, since F consists of
finitely many translates of the Siegel fundamental domain and /Tt = M[t], where

VIE;, 0 )
M = 1 S Sp2 (R)
( 0 7k ¢

As exp is clearly continuous, we deduce (i).
Next, we deduce (ii) from Proposition 2.1(ii), since U contains at least one element
of each orbit of the action of G ([, 2/) x 728 on H, x C8. O

7. Functional transcendence

Let S C A, be an irreducible smooth locally closed curve, set A = 771(S) and let
C C Abe anirreducible closed curve. Let exp be as in Proposition 2.1. Once we have used
the Habegger—Pila theorem to find a semialgebraic obstruction, the following theorem
(known as “Ax of log type”), which is due to Gao, will allow us to conclude that C is
contained in an irreducible variety as described in Theorem 1.2 of suitable codimension.

Recall that & is the generic point of S and (A?(S)/ Q, Tr) is the Q(S) /Q-trace of Ag. In
this section, we will use subscripts to denote the base change of varieties and morphisms.

Theorem 7.1 (Gao). Suppose that 1(C) = S. Let Y be an arbitrary complex analytic
irreducible component of exp~'(C(C)). Then exactly one complex analytic irreducible
component of the intersection of the Zariski closure of Y in M, (C) x C8 with H, x C8
contains Y. Furthermore, the intersection of this component with exp~! (A(C)) maps un-
der exp onto the complex points of a subvariety W of A containing C such that over Q(S),
every irreducible component of Wk is a translate of an abelian subvariety of Ag by a point

in (Ag)iors + Tr(AZS/2@)).
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One irreducible component of the variety ¥V in Theorem 7.1 is the variety the existence
of which Theorem 1.2 postulates. Our statement of the theorem differs from Gao’s in
the terminology that we use. Before we can prove that our version follows from Gao’s
version, we need to introduce Gao’s terminology: We follow the exposition in [17]. An
abelian subscheme B of Ac is an irreducible subgroup scheme of Ac — Sc¢ which is
proper and flat over S¢ and dominates Sc. An irreducible subvariety Z of Ag is called a
generically special subvariety of sg type if there exists a finite cover S’ — Sg, inducing
amorphism p : A" = Ac xs. 8" = Ac such that Z = p(¢’ 4 o + B’), where B’ is an
abelian subscheme of A’, ¢’ is a torsion section of A’ and 06 is a constant section of A’,
i.e. the composition of a section S’ — C’ x &', s > (g, ), (C’ an abelian variety over C,
g € C'(©)) with an isomorphism between C’ x S’ and an abelian subscheme of A’. We
can now prove Theorem 7.1.

Proof of Theorem 7.1. We apply [16, Theorem 8.1] to the connected mixed Shimura va-
riety § = 2, ;(C) with uniformization map exp : Hg x C8 — 2, ;(C) and subvariety
Y equal to the Zariski closure of C(C) in 2, ;(C). As Y(C)\C(C) is finite, the closure
with respect to the Euclidean topology of ¥ in H, x C# is a complex analytic irreducible
component of exp~! (Y (C)). Together with [16, Theorem 8.1], this implies that exactly
one complex analytic irreducible component of the intersection of the Zariski closure
of ¥ in M, (C) x C¢# with H, x C# contains Y and that this component maps onto the
complex points of a weakly special subvariety W of (g, and that W is the smallest
weakly special subvariety containing Y. As a weakly special subvariety, W is irreducible.
By [17, Proposition 5.3] (cf. [15, Propositions 1.1 and 3.3]) the variety Wis a generi-
cally special subvariety of sg type of the abelian scheme Y@ OWV)) = 7 (W), where
this term is defined analogously for s (n(W)) — n(W) as for Ac — Sc (see [17,
Definition 1.5]).

A priori, W is defined over C, but since it is the smallest such weakly special sub-
variety, images of weakly special subvarieties under Aut(C/Q) as well as irreducible
components of intersections of weakly special subvarieties are weakly special and C and
hence Y are defined over Q, it must be defined over Q. We consider Wasa variety over Q
and set W = W N A. This is a subvariety of A that contains C.

Let L be an algebraic closure of the function field of S¢c. We identify Q(S) with
the algebraic closure of Q(S) in L. The L/C-trace of (Ag). coincides with the base

change of the CQ(S)/C-trace of (Ag) C3E)

the Q(S)/Q-trace of Ag by [10, Theorem 6.8]. As W is generically special of sg type
(as a variety over C), it follows from the universal property of the trace that every irre-
ducible component of (V) is a translate of an abelian subvariety of (Ag); by a point

. 0(S)/Q
in (Ag)iors + Tr (AZS (). o
For every torsion point ¢ of Ag the subvariety Trz1 ((t + We)L) of (A?(S)/ Q) L is

which coincides with the base change of

then defined both over C and @(8), since all abelian subvarieties and torsion points of

(AS(S)/ Q) 1. are defined over Q. Hence, Trz1 ((t + We) L) is defined over the intersection

of these two fields in L, which is equal to Q. Therefore, the irreducible components of
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Wk are in fact translates of abelian subvarieties by points in (Ag)ors + Tr( A?(S)/@ Q)).
The theorem follows.

Note that Proposition 5.3 of [17] only applies to the universal family of principally
polarized abelian varieties with symplectic level [-structure, but the same statement can
be proved analogously for any connected mixed Shimura variety of Kuga type coming
from a neat congruence subgroup, so in particular for 2, ;(C) (see Proposition 1.2.14 and
Corollary 1.2.15 in Gao’s dissertation [14]). One could also apply Proposition 5.3 of [17]
to an irreducible component of the pre-image of W(C) under the canonical Shimura mor-
phism from the universal family of principally polarized abelian varieties with symplectic
level 2/-structure to 2 ;(C). O

8. Proof of Theorem 1.2, Theorem 1.3 and Corollary 1.4

8.1. Proof of Theorem 1.2

We assume that Ag‘l N C is infinite and want to show that C is contained in an irreducible
subvariety W of the form described in Theorem 1.2.

8.1.1. Reduction to the universal family

Lemma 8.1. We can assume without loss of generality that S C Ag; is a smooth irre-
ducible locally closed curve (not necessarily closed in Ag ) and A = 7~ 1(S).

Proof. For [ big enough, the scheme A, ; with the family of abelian varieties 2 ; — Ay
is the fine moduli scheme of principally polarized abelian varieties of dimension g with
level structure “between / and 2I”. For the precise moduli interpretation, see [36, Ap-
pendix to Chapter 7, Section B]. In particular, if our family is a pull-back of the universal
family of principally polarized abelian varieties of dimension g with symplectic level
2[-structure, it will automatically also be a pull-back of 2, ; — A, ;.

Let therefore A — S for the moment be an arbitrary abelian scheme over an irre-
ducible smooth curve of relative dimension g. If & is the generic point of S, then the
abelian variety A¢ is isogenous to a principally polarized abelian variety A. The abelian
variety A as well as the isogeny are defined over some finite extension F of Q(S). After
replacing S by a finite cover S’ — S and A by its pull-back under that cover, we may
assume that F = Q(S). We can replace S by a finite cover, since an irreducible subva-
riety W C A xg &' as described in Theorem 1.2 projects to an irreducible subvariety of
A of the same form. By [8, Theorem 3 of Section 1.4], there exists a Néron model A of
A over S as defined in [8, Definition 1 of Section 1.2]. By the universal property of the
Néron model, we obtain an S-morphism A4 — A which extends the isogeny between Ag
and A.

By [8, Theorem 3 of Section 1.4], there is a Zariski open subset S of S such that
A xg S is an abelian scheme over S. Since S is smooth, it follows as in [13, p. 6]
that the abelian scheme A x g & is principally polarized, i.e. admits an isomorphism of
group schemes over S to its dual abelian scheme such that on each geometric fiber the
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corresponding base change of the isomorphism is induced by an ample line bundle on
that fiber. The morphism between A and A that extends the isogeny between Ag and Ais
dominant and proper, hence surjective, so its restriction to each fiber over a point in Sis
an isogeny. We see that it suffices to prove the theorem for A x S S — S, hence we can
assume that A is a principally polarized abelian scheme.

We can then add symplectic level 2/-structure to the family 4 — S by taking a finite
cover of S (corresponding to the finite field extension of Q(S) that is obtained by adding
the 2/-torsion points of the generic fiber).

Having done this, there is a cartesian diagram

A —l> ng,l

Lo

S 5 Ag i

where the morphisms i and is are defined over Q. This is a consequence of Theorem 7.9
in [36] that asserts the existence of a fine moduli space for principally polarized abelian
varieties of dimension g with full level /-structure for / big enough (in fact, / > 3 suffices).
The family A is then a pull-back of the universal family with symplectic level 2/-structure
and therefore also of the family 2, ; — A, ; (cf. [36, Appendix to Chapter 7, Section B]).
For every s € S, the restriction i] 4, is an isomorphism between A, and i (Ay).

If the family A is not isotrivial, as we suppose in our theorem, the map ig is
non-constant, so has finite fibers, and therefore i has finite fibers as well. Thus, the
curve i (C) must intersect the enlarged isogeny orbit in infinitely many points as well.
If W C i(A) is of the form described in Theorem 1.2, then so is every irreducible com-
ponent of i ' (W) C A that dominates S; therefore it suffices to prove our theorem for
i(A) — is(S). We can even pass to a Zariski open smooth subset of i5(S) (we use that
i (C) intersects every fiber in only finitely many points). This proves the lemma. O

8.1.2. Producing many points of bounded height. We now return to subfamilies of 2l
— Ag,; of the form 771(S) = S with S smooth, irreducible and locally closed. We will
keep the same notation until the end of the proof.
We have
sup [K(p): K] = o0,
peA{-k]ﬂC

since otherwise {m(p); p € .A%k] N C} would be a subset of S of bounded degree and
hence bounded height by Lemma 4.1. By Northcott’s theorem, this set would be finite
and hence .A[rk] N C would be finite as well, since C intersects every fiber of 7 in only
finitely many points.

For each s € S such that Ag and A are isogenous, let ¢5 : Ag — Ay be the isogeny
furnished by Corollary 3.4. We choose a point p € .Agf] N C. Thanks to Lemma 2.2, we
can write p = ¢ (p)(y +b) forsome y € I', b € By with By an abelian subvariety of Ag
of codimension > k. We set s = m(p), d = [K(p) : K]. By the above, we can make d
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arbitrarily big with the right choice of p. If o is an element of Gal(Q/K), then it follows
that o (p) = o (¢s) (o (y) 4+ 0 (b)), where o acts on algebraic points and maps in the usual
way.

As C and S are defined over K, the points o (p) and o (s) lie again on C and S re-
spectively. Note that the addition morphism Ag x Ag — Ap and the inversion morphism
Ag — Ap are both defined over K—in particular, o fixes the zero element of Ag. Further-
more, it sends the zero element of .4, to the zero element of A (s). It follows that the map
o (¢s) is an isogeny between o (Ag) = Ap and o (As) = Ay (s) with kernel o (ker ¢;) and
therefore has degree deg o (¢p5) = deg ¢s. Since we have assumed that all endomorphisms
of A are defined over K, we have o (By) = By.

Finally, if N € N is minimal such that Ny = ajy; + - - - + a, ¥, with rational integers
ai, ..., da,, then

No(y) ZO'(NV) =010(Y1)+"-+ar0(7/r) =aiy1+---+ayr.

It follows that o (y) € I" and hence o (p) € .A[Fk] N C. By Lemma 2.2, there exist y, € T,
an abelian subvariety B, of Ag of codimension > k and b, € B, such that ¢y (5) (Vo +b5)
= o(p), where ¢, (s is the isogeny chosen in Corollary 3.4 and deg ¢ (s) < dego (¢s)
= deg ¢;. Indeed, we must have deg ¢, () = deg ¢y, since otherwise o1 (@0 (s)) would
be an isogeny between Ag and A, of degree less than deg ¢, a contradiction. We can
choose y,; and b, as in Proposition 4.3.

Thus, we get d different points o (p) in .A%k] N C. Each of these points has some
pre-image (75, py) in U under exp|y because of Proposition 6.1(ii), where exp and U
are defined as in that proposition. From the proof of Proposition 6.1(ii), we see that we
can choose 7, in a Siegel fundamental domain for G(/, 2/) and p, in a corresponding
fundamental parallelogram for the lattice 7, Z8 +7Z8,1.e. p, = Q¢ x5 Withx, € [0, 1)28.

The isogeny ¢4 (s) pulls back under exp(zs, -) and exp, to a linear map from C# to
itself, given by some matrix o € GL(C) such that s (24, 778) C Q778 is a subgroup
of index deg ¢y (5) = deg ¢;.

Therefore, there is a matrix 8, € Mag(Z) N GL¢(Q) (the rational representation
of ¢, (s) with respect to the given uniformizations) satisfying

ay O Q) _ (R, 8
0 o) \Qg) \Qz/)"7
We have deg ¢y (s) = |As|, where A, = det ;.
In fact, the determinant is positive, as it follows from the above that

|detag |2 (2v/— 1) det(Im 70) = (2+/—1)8 det(Im 7, ) (det B, ).

Therefore, we get A, = deg ¢y (s) = deg s and A := A, is independent of 0.

We can write
:3 — (:30,1 ,30,2>
7 Bs3 Boa
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with 85 j € Mg(Z) (j =1, ..., 4). It then follows from the above that

0y Qe = Qg (Bo) ! 8.1)
and that

OxTo) = TG,BU,I + ,30,3, Uy = Taﬂa,2 + 50,47
whence we obtain

70 = (T Bo.1 + Bo.3) (o Bo2 + Bot) ™ = (Bh 1T + Bo3) BhnTo + Boy) ™. (82)
The point p, € C$ satisfies

expo (@, ' Po) € ¢, 4 (0 (P)) = Vo + by + kerdo(s)
and it follows thanks to |ker ¢ (5)| = deg ¢ (5) = A that

expO(NoAaz;]po) = N Ays + Ny Aby = A(aa,lyl +-+ ao,rVr) + Ny Abyg,

where Ny € N is minimal such that Noys € Zy1 +-- -+ Zyr and a5 1, . . ., Ao r € Z.
As the kernel of expy is QTOZ%’ , we deduce that
A(Naa(:lpa — Yo — Nal;cr) = Q‘L’()Ro’v (8.3)

where R, € Z%%, by, = Qq, 7, satisfies expy(by) = by (o € [0, 1)?8) and 7, =
o1 V1 + + ag vy With 73 = Qqu;, u; € [0, ) andexpy(7) = y; i = 1,...,7).

It now follows from Proposition 4.3(ii) and Lemma 3.5 that there exist a matrix H, €
Magx2(s—k)(Z) and y, € [0, 1)26=0 such that , — Hyy, € 7%, Qq H, has rank at
most g — k and

[Holl < [K(p): K]=d. 3.4
After replacing Ry by Ry, + ANy (Vs — HyYs), We can assume that y, = Hyy,. Of
course, we then no longer necessarily have y, € [0, 1)28.
Lemma 8.2. With notation as above, we have
max{ldas 1|, ..., |asr|, No» Rl | Bolls | Ho ll} < d

for every o € Gal(Q/K).

Proof. The bound for || H, || has just been established. It follows from Corollary 3.4(ii)
and Proposition 4.3(i) that

1B Il < deg ¢ (s) = deggps < d. (8.5)

Q.. .
The matrix (o ) is invertible and we have
70
Q4
R
H <9m> 7

-1
< 0)
QTO

190z R || = 1QzRs || < AN lloty ' poll + (No | Ho || + ldo,1] + -+ + lag.r D11 Qq D).
(8.7)
since by = Qg Hy Yo With y, € [0, D*¢ and 1 = Qqu; with u; € [0,1)% (i =
1,...,r).

IRs ]l <

. (8.6)
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Furthermore, we know that
a;lpg = a;IQTUxG
with x, € [0, 1)%8. Using (8.1), we deduce that
o5 " po = Qg (Bo) "o

Therefore, we can estimate very crudely

llorg " ol < 11241 1B~ o Il < 115 1. (8.8)
We know thanks to Proposition 4.3(iii) that
max{|ag,1l, ..., laor|, No} < [K(o(p)) : K] =[K(p) : K]=d.
Combining this with (8.4)—(8.8), we deduce that
IR Il < d, (8.9)
where the implicit constants are independent of p, o and d. O

8.1.3. Application of the point-counting theorem. From now on, “definable” will always
mean “definable in the o-minimal structure Ry, exp”’. Let exp and U be defined as in

Proposition 6.1. The set X = exp|51 (C(C)) C Hy x C8 is definable since C(C) is semi-
algebraic, being a quasi-projective algebraic curve, and exp|y is definable by Proposi-
tion 6.1(i).

Lemma 8.3. There exists a non-constant real analytic map « : (0, 1) — X such that the
transcendence degree over C of the field generated by its complex coordinate functions is
atmost g —k + 1.

Proof. Consider the definable set
Z = {(Al, ... Ar, M, R, By, By, By, By, H, A, y, 7, x) € RTTIT28 5 M, (R)*

B, B

X Magxa(g—t)(R) X GLg(C) x R¥870 x H, x R?; (1, 2,x) € X, B = (Bl BZ) ,
3 By

det B > 0, det(Bjt + Bj) # 0, 7o(Bit + B)) = Bjt + B},

Qq, H has rank at most g —k, M > 0, A~'Q, = Q. B,
QR = (det B)(M (Q,B™'x — QuyHy) — (A + -+ + Arm)}.

What we have done so far, in particular (8.1)—(8.3), shows that Z contains d points

(aa,la s oyry No, Rs, ,Ba,la ﬁJ,Za 180,37 ﬂa,4a Hy, 05, Yo, To, Xo)

such that as.1,...,a0, € Z and Ny € N, Bs1, Bs,2, Bo,3, Bo,sa € Mg(Z), Hy €
Mg x2(s—k)(Z) and R, € 738, By Lemma 8.2, there is a constant k, independent of
p, o and d, such that

max{|a0,1|’ R |a0',r|7 NG» ||RO'”7 ”ﬁd”s ”HO'”} S dK = T

for d large enough.
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We choose € = (2«)~! and call the set of these d points ¥. By making d large
enough, we can ensure that d = |73(Z)| > c(Z, €)T€, where ¢(Z, €) is the constant
from Theorem 5.6 and 73 is the projection 73 : Z — H, x R28 (note that the (7, x5 )
are all different, since the o (p) = exp(z,, 2, X, ) are).

In the framework of Theorem 5.6 with projection maps 7y : Z — R/FTIH28
M, (R)* x Magx2(g—k)(R), 72 : Z — GLg(C) x R*€~0 and 73, we have

Ple {(y,m,zz) €Z,y=01,-..,ym) €Q", max H(yj) < T}
J m

.....

and |m3(X)| > ¢T*€. Hence, we can apply Theorem 5.6 to Z and obtain a definable real
analytic map § : (0, 1) — Z. Furthermore, | o § is semialgebraic and 73 o § is non-
constant.
It follows from
10 = B'[t] <= © = B '[10]

and AQ2;, = Q. B that first T 0 § and then A o § are semialgebraic as well. Here and in the
following, we use variables like T and A also for the corresponding coordinate functions
on Z. We can then use the fact that

1 1 - -
A_IQTX = QIOB_lx = M(QOR + Alyl +---+ ArVr) + QroHy

to deduce that

1 1 - -
Qrx = MA(MQWR +A+-- ArVr) + AQq Hy.

Now H o § is semialgebraic. For each ¢ € (0, 1) the rank of Q,(H o §)(¢) is at most
g—k by the definition of Z. Note that the first summand in the above expression for Q. x is
semialgebraic when composed with §. Therefore we can conclude that the transcendence
degree over C of the complex coordinate functions of the real analytic map

a=%omod:(0,1)—> X
is at most g — k + 1, where ¥ (7, x) = (t, Qx). Since 73 0 § is non-constant, sois«. O

Since « is non-constant, we can choose some ¢ € (0, 1) where the derivative of o does
not vanish. Since the Taylor series of « in ¢ must have positive radius of convergence, we
can find some holomorphic map & : D — X from a small open disk D to X such that
t € D and &|pn,1) = o|pn(o,1)- By the identity theorem for holomorphic functions, it
follows that the transcendence degree over C of the coordinate functions of & is at most
g —k+1as well.

As the derivative of « does not vanish at 7, the map & is non-constant as well. Since
every complex analytic irreducible component of X has complex dimension 1, it follows
by analytic continuation of the algebraic relations between the coordinate functions of &
along the corresponding complex analytic irreducible component of exp~!(C(C)) that
the Zariski closure of this complex analytic irreducible component of exp_1 (C(©)) inside
M, (C) x C# has dimension at most g —k+-1. Theorem 1.2 now follows from Theorem 7.1.

O
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8.2. Proof of Theorem 1.3

If 7 (C) = &, we can apply Theorem 1.2 with k = g. If 7(C) # S, there exists s € S such
that C C Ay, which means we can apply the non-relative Mordell-Lang conjecture, which
Raynaud [48] proved in this case by reducing it to the theorem of Faltings, to conclude
that Ar N C = ¢4(I") N C is finite unless C is equal to a translate of an abelian subvariety
by a point of ¢s(I") C Ar. This argument works for any family A — S, not only for
subfamilies of 2, ; — A, ;: We need only Lemma 2.2 in order to fix the isogeny and this
also holds for any family after maybe enlarging I". If C is then a translate of an abelian
subvariety of Aj, it is a translate of that abelian subvariety by any point on C and hence
also by a point in the isogeny orbit of the original I". O

8.3. Proof of Corollary 1.4

Suppose that C N (X x I') is infinite. Let S be the smooth locus of pr;(C) C A, .
We can assume without loss of generality that dimS = 1, otherwise pry is constant and
we are done. Let w : 2,; — A, be the natural morphism as in Section 2 and let
€: Ay — g be the zero section.

We apply Theorem 1.3 to the non-isotrivial abelian scheme A = 771 (S) x5 (S x A)
over S with Ag = B x A, I' equal to the divisible hull of {(p,g) € B x A; p torsion,
g €T'}and C = (¢(S)) xgs prfl(S) c A.

A point p € prl_l(S) N (X x I'Y) yields a point ¢ = (e(pr;(p)), p) € C.If ¢ : B —
(Rg.Dpr, (p) 1s an arbitrary isogeny and Op denotes the neutral element of B, then g is the
image of (0p, pry(p)) € I' under the isogeny ¢ x idg : B X A — (g Jpr,(p) X A =
Apr,(p)» 50 g € Ar. Since CN (X x I'') is infinite and C\ prl_1 (S) is finite, the set CN Arp
is infinite as well. —

If £ denotes the generic point of S, then A C A?(S) /Q_Since C dominates S, it does
not satisfy condition (i) of Theorem 1.3, so it has to satisfy condition (ii). This implies
that the projection of C to S x A must be the graph of a constant map S — A. We deduce
that pr, is constant. O
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