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Abstract. In this paper, we study flows of hypersurfaces in hyperbolic space, and apply them to
prove geometric inequalities. In the first part of the paper, we consider volume preserving flows by a
family of curvature functions including positive powers of k-th mean curvatures withk =1, ..., n,
and positive powers of p-th power sums S, with p > 0. We prove that if the initial hypersurface
M is smooth and closed and has positive sectional curvatures, then the solution M; of the flow
has positive sectional curvature for any time ¢ > 0, exists for all time and converges to a geodesic
sphere exponentially in the smooth topology. The convergence result can be used to show that
certain Alexandrov—Fenchel quermassintegral inequalities, known previously for horospherically
convex hypersurfaces, also hold under the weaker condition of positive sectional curvature.

In the second part of this paper, we study curvature flows for strictly horospherically convex
hypersurfaces in hyperbolic space with speed given by a smooth, symmetric, increasing and de-
gree one homogeneous function f of the shifted principal curvatures A; = «; — 1, plus a global
term chosen to impose a constraint on the quermassintegrals of the enclosed domain, where f is
assumed to satisfy a certain condition on the second derivatives. We prove that if the initial hyper-
surface is smooth, closed and strictly horospherically convex, then the solution of the flow exists for
all time and converges to a geodesic sphere exponentially in the smooth topology. As applications
of the convergence result, we prove a new rigidity theorem on smooth closed Weingarten hyper-
surfaces in hyperbolic space, and a new class of Alexandrov—Fenchel type inequalities for smooth
horospherically convex hypersurfaces in hyperbolic space.

Keywords. Volume preserving flow, Alexandrov—Fenchel inequalities, hyperbolic space, horo-
spherically convex hypersurfaces
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1. Introduction

Let X : M" — H"*! be a smooth embedding such that My = Xo(M) is a closed smooth
hypersurface in the hyperbolic space H"*!. We consider a smooth family of immersions
X : M" x [0, T) — H"*! satisfying

d

EX(x, 1) = (@) —V(x,)v(x, 1),

(1.1)

where v(x, t) is the unit outward normal of M, = X(M,t), ¥ is a smooth curvature
function evaluated at the point (x, #) of M;, and the global term ¢ (¢) is chosen to impose
a constraint on the enclosed volume or quermassintegrals of M;.

The volume preserving mean curvature flow in hyperbolic space was first studied by
Cabezas-Rivas and Miquel [12] in 2007. By imposing horospherical convexity (the con-
dition that all principal curvatures exceed 1, which will also be called h-convexity) on
the initial hypersurface, they proved that the solution exists for all time and converges
smoothly to a geodesic sphere. Some other mixed volume preserving flows were consid-
ered in [23, 32] with speed given by degree one homogeneous functions of the principal
curvatures. Recently Bertini and Pipoli [11] succeeded in treating flows by more general
functions of mean curvature, including in particular any positive power of mean curva-
ture. In a recent paper [10], the first and third authors proved the smooth convergence
of quermassintegral preserving flows with speed given by any positive power of a de-
gree one homogeneous function f of the principal curvatures for which the dual function
fe(x1, oo xp) = (f(xfl, e, xn_l))_1 is concave and approaches zero on the boundary
of the positive cone. This includes in particular the volume preserving flow by positive
powers of k-th mean curvature for h-convex hypersurfaces. Note that in all the above
mentioned work, the initial hypersurface is assumed to be h-convex.

One reason to consider constrained flows of the kind considered here is to prove geo-
metric inequalities: In particular, the convergence of the volume preserving mean curva-
ture flow to a sphere implies that the area of the initial hypersurface is no less than that of
a geodesic sphere with the same enclosed volume, since the area is non-increasing while
the volume remains constant under the flow. The same motivation lies behind [32], where
inequalities between quermassintegrals were deduced from the convergence of certain
flows.

In this paper, we make the following contributions:

(1) In the first part of the paper, we weaken the horospherical convexity condition, allow-
ing instead hypersurfaces for which the intrinsic sectional curvatures are positive. We
consider the flow (1.1) for hypersurfaces with positive sectional curvature and with
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speed W given by any positive power of a smooth, symmetric, strictly increasing and

degree one homogeneous function of the Weingarten matrix WV of M;. Here we say

a hypersurface M in hyperbolic space has positive sectional curvature if its sectional

curvatures satisfy RuMl ;> 0 for any 1 <i < j < n, which by the Gauss equation is
equivalent to the principal curvatures of M satisfying x;k; > 1for1 <i # j < n.
This is a weaker condition than h-convexity. As a consequence we deduce inequali-
ties between volume and other quermassintegrals for hypersurfaces with positive sec-
tional curvature, extending inequalities previously known only for horospherically
convex hypersurfaces.

(2) In the second part of this paper, we consider flows (1.1) for strictly h-convex hyper-
surfaces in which the speed W is homogeneous as a function of the shifted Weingarten
matrix W — I of M;, rather than the Weingarten matrix itself. Using these flows we
are able to prove a new class of integral inequalities for horospherically convex hy-
persurfaces.

(3) In order to understand these new functionals we introduce some new machinery for
horospherically convex regions, including a horospherical Gauss map and a horo-
spherical support function. We also develop an interesting connection (closely related
to the results of [15]) between flows of h-convex hypersurfaces in hyperbolic space
by functions of principal curvatures, and conformal flows of conformally flat met-
rics on S” by functions of the eigenvalues of the Schouten tensor. This allows us to
translate our results to convergence theorems for metric flows, and our isoperimet-
ric inequalities to corresponding results for conformally flat metrics. We expect that
these will prove useful in future work.

We will describe our results in more detail in the rest of this section.

1.1. Volume preserving flow with positive sectional curvature

Suppose that the initial hypersurface M\ has positive sectional curvature. We consider a
smooth family of immersions X : M" x [0, T) — H"*! satisfying

d
5, X, 0= (@) — F*OM)v(x, 1),
X(-,0) = Xo(),

(1.2)

where ¢ > 0, v(x,t) is the unit outward normal of M; = X(M,t), F is a smooth,
symmetric, strictly increasing and degree one homogeneous function of the Weingarten
matrix W of M;. The global term ¢ (¢) in (1.2) is defined by

¢(t) = F*dp (1.3)

M| S,
such that the volume of €2; remains constant along the flow (1.2), where du, is the area
measure on M, with respect to the induced metric.
Since F(VV) is symmetric with respect to the components of WV, by a theorem of
Schwarz [27] we can write F(W) = f(x) as a symmetric function of the eigenvalues
of WW. We assume that f satisfies the following assumption:
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Assumption 1.1. Suppose f is a smooth symmetric function defined on the positive cone
My ={k=W1,....,60) €eR" 1 k; >0, Vi =1, ..., n}, and satisfies
(1) f is positive, strictly increasing, homogeneous of degree one and is normalized such
that f(1,...,1)=1;
(ii) foranyi # j,

of of
<8_/<,-Ki - 8—KjKj>(Ki —kj) > 0; (1.4
(iii) forall (y1,...,yn) € R,
3% 1o 2.1 dlo
> gfyiyj—i- ——gfy,-z > 0. (1.5)
3/(,‘3/(1' im1 8Ki

i.j
[P . . _ o —1/kgl/k _ pl/k
Examples satisfying Assumption 1.1 include f =n S, (k>0)and f = E;'" (see,
e.g., [16,18]), where

n n
Ek:(k) Uk(K)Z(k) Z Ky« Kigs k=1,....n,

1<ij<--<ix<n

is the (normalized) k-th mean curvature of M; and S (k) = Z?:] K{“ is the k-th power
sum of k for k > 0. The inequalities (1.4) and (1.5) are equivalent to the statement that
log F is a convex function of the components of log W, which is the map with the same
eigenvectors as WV and eigenvalues log ;. In particular, if f; and f, are two symmetric
functions satisfying (1.4) and (1.5), then the function f* with o > 0 and the product f f>
also satisfy (1.4) and (1.5). Note that the Cauchy—Schwarz inequality and (1.5) imply that
any symmetric function f satisfying (1.5) must be inverse concave, i.e., its dual function

fe@ ez = ferh g H!

is concave with respect to its argument.
The first result of this paper is the following convergence result for the flow (1.2):

Theorem 1.2. Let X : M" — H"*! be a smooth embedding such that My = Xo(M) is
a closed hypersurface in H'"' (n > 2) with positive sectional curvature. Assume that f
satisfies Assumption 1.1, and either

(i) f« vanishes on the boundary of T, and

1 1
lim f(x,—,...,—) = 400, (1.6)
x—>0+ X X

and o > 0, or
(i) n =2, f = (k1k2)"? and a € [1/2,2].

Then the flow (1.2) with global term ¢ (t) given by (1.3) has a smooth solution M; for
all time t € [0, 00), and M; has positive sectional curvature for eacht > 0 and con-

verges smoothly and exponentially to a geodesic sphere of radius r, determined by
Vol(B(rs0)) = Vol(29) as t — oo.
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Remark 1.3. Examples of functions f satisfying Assumption 1.1 and condition (i) of
Theorem 1.2 include:

@ n>2, f=n"Yks/* withk > 0;
) n>3,f=E' withk=1,...,n;

© n=2,f =k +k2)/2.

Remark 1.4. We remark that the contracting curvature flows for surfaces with positive
scalar curvature in hyperbolic 3-space H? have been studied by the first two authors in a
recent work [7].

As a key step in the proof of Theorem 1.2, we prove in §3 that the positivity of sectional
curvatures of the evolving hypersurface M; is preserved along the flow (1.2) with any f
satisfying Assumption 1.1 and any o > 0. In order to show that the positivity of sectional
curvatures are preserved, we consider the sectional curvature as a function on the frame
bundle O(M) over M, and apply a maximum principle. This requires a rather delicate
computation, using inequalities for the Hessian on the total space of O (M) to show the
required inequality for the time derivative at a minimum point. The argument is related
to that used by the first author to prove a generalised tensor maximum principle in [4,
Theorem 3.2], but cannot be deduced directly from that result. The argument combines the
ideas of the generalised tensor maximum principle with those of vector bundle maximum
principles for reaction-diffusion equations [8,20].
‘We remark that the flow (1.2) with

1
E.\ i
f:(E—’;> . l<t<k<n, (1.7)

and any power o > 0 does not preserve positive sectional curvatures: Counterexamples
can be produced in the spirit of the constructions in [9, Sections 4-5].

The remaining parts of the proof of Theorem 1.2 will be given in §4. In §4.1, we will
derive a uniform estimate on the inner radius and outer radius of the evolving domains €2,
along the flow (1.2). Recall that the inner radius p— and outer radius p4 of a bounded
domain 2 are defined as

p-=sup|J{p>0:By(p) cQ)  py=inf( J{p>0:2CBy(p)),
PER PeQ

where B, (p) denotes the geodesic ball of radius p centred at some point p in hyper-
bolic space. All the previous papers [10-12, 23, 32] on constrained curvature flows in
hyperbolic space focus on horospherically convex domains, which have the property that
o+ < c(p— + pl/ 2) (see e.g. [12,23]). However, no such property is known for hyper-
surfaces with positive sectional curvature. Our idea to overcome this obstacle is to use an
Alexandrov reflection argument to bound the diameter of the domain €2; enclosed by the
flow hypersurface M;. Then we project the domain €2; to the unit ball in the Euclidean
space R"*! via the Klein model of hyperbolic space. The upper bound on the diameter
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of €, implies that this map has bounded distortion. This together with the preservation of
the volume of €2; gives a uniform lower bound on the inner radius of €2;.

Then in §4.2 we adapt Tso’s technique [31] to derive an upper bound on the speed
if f satisfies Assumption 1.1, where the positivity of sectional curvatures of M; will be
used to estimate the zero order terms of the evolution equation of the auxiliary function.
In §4.3, we will complete the proof of Theorem 1.2 by obtaining uniform bounds on the
principal curvatures. In case (i) of Theorem 1.2, the upper bound of f together with the
positivity of sectional curvatures imply the uniform two-side positive bound of the prin-
cipal curvatures of M;. In case (ii) of Theorem 1.2, the estimate 1 < kx| = f k) <C
does not prevent k> from going to infinity. Instead, we will obtain the estimate on the
pinching ratio k2 /k1 by applying the maximum principle to the evolution equation of
G k1, k2) = (k162)* 2 (k2 — k1) with a € [1/2,2]. This idea has been applied by the
first two authors in [2, 6] to prove the pinching estimate for the contracting flow by powers
of Gauss curvature in R3. Once we have the uniform estimate on the principal curvatures
of the evolving hypersurfaces, higher regularity estimates can be derived by a standard
argument. A continuation argument then yields the long time existence of the flow, and
the Alexandrov reflection argument as in [10, §6] implies the smooth convergence of the
flow to a geodesic sphere.

1.2. Alexandrov—Fenchel inequalities

The volume preserving curvature flow is a useful tool in the study of hypersurface geom-
etry. We will illustrate an application of Theorem 1.2 in the proof of Alexandrov—Fenchel
type inequalities (involving the quermassintegrals) for hypersurfaces in hyperbolic space.
Recall that for a convex domain 2 in hyperbolic space, the quermassintegral Wy ($2) is
defined as follows (see [26,28]):!

Wk—1 W
Wp—1 " Wn—k

Wi (Q) = /£ Y(Li NQ)dLy, k=1,...,n, (1.8)
k

where L is the space of k-dimensional totally geodesic subspaces L; in H"*! and w,
denotes the area of the n-dimensional unit sphere in Euclidean space. The function y is
defined to be 1 if Ly N 2 # @ and to be 0 otherwise. Furthermore, we set

1)
Wo() =91, Waa(Q) = B = ——.
n+1
If the boundary of €2 is smooth, we can define the principal curvatures « = (k, ..., k)
and the curvature integrals
Vi—k(S2) :/ Er(k)du, k=0,1,...,n, (1.9)
IR

n+1—k

' Note that the definition (1.8) is differs from the definition in [28] by a constant multiple T
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of the boundary M = 9<2. The quermassintegrals and the curvature integrals of a smooth
convex domain €2 in H"*! are related by the following equations (see [28]):

Vik () = (n — k) Wi 1 () + kWi (), k=1,...,n—1, (1.10)
Vi () = nWi(2) = 10€2], (1.11)
Vo(2) = wp +nW,_1(2). (1.12)

In [32], Wang and Xia proved the Alexandrov—Fenchel inequalities for a smooth h-convex
domain € in H"*!, which state that

Wi(Q) = fio f; ' (We(Q)) (1.13)

for any 0 < ¢ < k < n, with equality if and only if Q is a geodesic ball, where
fr + Ry — Ry is an increasing function defined by fi(r) = Wi(B(r)), the k-th
quermassintegral of the geodesic ball of radius r. The proof in [32] is by applying the
quermassintegral preserving flow for smooth h-convex hypersurfaces with speed given
by the quotient (1.7) and ¢ = 1, and is similar to the Euclidean analogue considered by
McCoy [24]. The inequality (1.13) implies the inequality

/ Epdp > [9QI(1 4 (19Q1/w,) "> M/ (1.14)
aQ

for smooth h-convex domains, which compares the curvature integral (1.9) and the bound-
ary area. Note that the inequality (1.14) with k = 2 was proved earlier by the third author
with Li and Xiong [22] for star-shaped and 2-convex domains using the inverse curvature
flow in hyperbolic space. For the other even k, the inequality (1.14) was also proved for
smooth h-convex domains using the inverse curvature flow by Ge, Wang and Wu [17]. It
is an interesting problem to prove the inequalities (1.13) and (1.14) under an assumption
weaker than h-convexity.

Applying the result in Theorem 1.2, we show that the h-convexity assumption for the
inequality (1.13) can be replaced by the weaker assumption of positive sectional curvature
inthecase £ =0and 1 <k <n.

Corollary 1.5. Let M = 92 be a smooth closed hypersurface in H' ' which has positive
sectional curvature and encloses a smooth bounded domain 2. Then for any n > 2 and
k=1,...,n, we have

Wi(Q) = fio fy ' (Wo(Q)), (1.15)

where fr : Ry — R is an increasing function defined by fi(r) = Wi(B(r)), the k-th
quermassintegral of the geodesic ball of radius r. Moreover, equality holds in (1.15) if
and only if Q2 is a geodesic ball.

The quermassintegral Wy (€2;) of the evolving domain €2, along the flow (1.2) with
F = E,l/k satisfies (see Lemma 2.3)
a/k

d
d—Wk(Qt>=f Ec( @) — E%) duy,
t M,
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which is non-positive for each @ > 0 by the choice (1.3) of ¢ (#) and the Holder inequality.
This means that W (€2;) is decreasing along the flow (1.2) with F = E,i/k unless Ej is
constant on M; (which is equivalent to M; being a geodesic sphere). Then Corollary 1.5
follows from the monotonicity of Wy and the convergence result in Theorem 1.2.

1.3. Volume preserving flow for horospherically convex hypersurfaces

In the second part of this paper, we will consider the flow of h-convex hypersurfaces in hy-
perbolic space with speed given by functions of the shifted Weingarten matrix VW — I plus
a global term chosen to preserve modified quermassintegrals of the evolving domains. Let
us first define the following modified quermassintegrals:

k
Wi (Q) = Z(—l)k_i<];>wi(9), k=0,...,n, (1.16)

i=0

for an h-convex domain €2 in hyperbolic space. Thus W/k is a linear combination of the
quermassintegrals of €2. In particular, Wy(€2) = |€2] is the volume of 2. The modified
quermassintegrals defined in (1.16) satisfy the following property:

Proposition 1.6. The modified quermassintegral Wy is monotone with respect to inclu-
sion for h-convex domains: if Qo and 1 are h-convex domains with Qy C 4, then
Wi (20) < Wi(21).

This property is not obvious from the definition (1.16) and its proof will be given in §5.
We will first investigate some of the properties of horospherically convex regions in hy-
perbolic space H"+!. In particular, for such regions we define a horospherical Gauss map,
which is a map to the unit sphere, and we show that each horospherically convex region
is completely described in terms of a scalar function u on the sphere S" which we call
the horospherical support function. There are interesting formal similarities between this
situation and that of convex Euclidean bodies. We show that the h-convexity of a region 2
is equivalent to the matrix

Vol p—p!_
20 8ij + 5 8ij

Aij = ﬁjﬁk(p —

on the sphere S being positive definite, where g;; is the standard round metric on S”,
¢ = e" and u is the horospherical support function of 2. The shifted Weingarten matrix
W — lis related to the matrix A;; by

Aij =97 TV =D T g (1.17)

Using this characterization of h-convex domains, for any two h-convex domains 2
and © with Q9 C ) we can find a foliation of h-convex domains 2; which is ex-
panding from €2o to €2;. This can be used to prove Proposition 1.6 by computing the
variation of Wy. We expect that the description of horospherically convex regions which
we develop here will be useful in further investigations beyond the scope of this paper.
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The flow we will consider is the following:

d
EX()C, 1) = (@) — FOV —Dv(x, 1),
X(-,0) = Xo(),

(1.18)

for a smooth and strictly h-convex hypersurface in hyperbolic space, where F is a smooth,
symmetric, degree one homegeneous function of the shifted Weingarten matrix W — 1 =
(h] — 8}). For simplicity, we denote S;; = h] — §;. Note that the eigenvalues of (S;;)
are the shifted principal curvatures A = (A1, ..., A,) = (k1 — 1, ...,k —1). Again by a
theorem of Schwarz [27], F(W —1I) = f (L), where f is a smooth symmetric function of
n variables A = (A1, ..., A,). We choose the global term ¢ (¢) in (1.18) as

—1
¢(r)=<f E;(/\)du,> /El(/\)Fd/L,, 1=0,...,n, (1.19)
M; M;

such that WI(Q,) remains constant, where €2; is the domain enclosed by the evolving
hypersurface M;.
We will prove the following result for the flow (1.18) with ¢ (¢) given in (1.19).

Theorem 1.7. Let n > 2 and Xo : M" — H"t! be a smooth embedding such that
Mo = Xo(M) is a smooth closed and strictly h-convex hypersurface in H'. If f is a
smooth, symmetric, increasing and degree one homogeneous function, and either

(1) f is concave and f approaches zero on the boundary of the positive cone 'y, or
(ii) f is concave and inverse concave, or
(iii) f is inverse concave and its dual function f, approaches zero on the boundary
of 'y, or
@(iv) n =2,

then the flow (1.18) with the global term ¢ (t) given by (1.19) has a smooth solution M;
Jor all time t € [0, 00), and M; is strictly h-convex for any t > 0 and converges smoothly
and exponentially to a geodesic sphere of radius r, determined by Wi(B(ro)) = W;(Q20)
ast — oQ.

Constrained curvature flows in hyperbolic space by degree one homogeneous, concave
and inverse concave function of the principal curvatures were studied by Makowski [23]
and Wang and Xia [32]. The quermassintegral preserving flow by any positive power of a
degree one homogeneous function f of the principal curvatures, which is inverse concave
and its dual function f, approaches zero on the boundary of the positive cone ', was
studied recently by the first and third authors [10]. Note that the speed function f of the
flow (1.18) in Theorem 1.7 is not a homogeneous function of the principal curvatures «;
and there are essential differences in the analysis compared with the previously mentioned
work [10,23,32].

The key step in the proof of Theorem 1.7 is a pinching estimate for the shifted prin-
cipal curvatures A;. That is, we will show that the ratio of the largest shifted principal
curvature X, to the smallest shifted principal curvature A1 is controlled by its initial value
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along the flow (1.18). For the proof, we adapt methods from the proof of pinching esti-
mates of the principal curvatures for contracting curvature flows [1,4,5,9] and the con-
strained curvature flows in Euclidean space [24,25]. In particular, in case (iii) we define
the tensor T;; = S;; — &F 5{ and show that the positivity of 7;; is preserved by applying
the tensor maximum principle (proved by the first author [4]). The inverse concavity is
used to estimate the sign of the gradient terms. This case is similar to the pinching esti-
mate for the contracting curvature flow in Euclidean case [9, Lemma 11]. Although the
proof there is given in terms of the Gauss map parametrisation of the convex solutions of
the flow in Euclidean space, which is not available in hyperbolic space, we can deal with
the gradient terms directly using the inverse concavity of f.

To prove Theorem 1.7, we next show that the inner radius and outer radius of the
enclosed domain €2; of the evolving hypersurface M, satisfy a uniform estimate 0 <
C™' < p_(t) < p4(t) < C for some positive constant C. This relies on the preserva-
tion of VT/I(Q,) and the monotonicity of VT/I under inclusion of h-convex domains stated
in Proposition 1.6. With the estimate on the inner radius and outer radius, the technique
of Tso [31] yields the upper bound on F and the Harnack inequality of Krylov and Sa-
fonov [21] yields the lower bound on F. The pinching estimate then gives the estimate
on the shifted principal curvatures ;. The long time existence and the convergence of the
flow follow by a standard argument.

The result in Theorem 1.7 is useful in the study of the geometry of hypersurfaces. The
first application of Theorem 1.7 is the following rigidity result.

Corollary 1.8. Let M be a smooth, closed and strictly h-convex hypersurface in H"t!
with principal curvatures k = (K1, ..., ky) satisfying f(A) = C for some constant
C > 0, where . = (A1, ..., ) with A; = kj — | and f is a symmetric function sat-
isfying the condition of Theorem 1.7. Then M is a geodesic sphere.

The second application of Theorem 1.7 is a new class of Alexandrov—Fenchel type in-
equalities between quermassintegrals of h-convex hypersurface in hyperbolic space.

Corollary 1.9. Let M = 02 be a smooth, closed and strictly h-convex hypersurface
in H*t. Then forany0 <1 <k <n,

Wi() = fi o fi H(Wi(2)) (1.20)

with equality holding if and only if Q2 is a geodesic ball. Here the function fe: Ry — Ry
is defined by fi(r) = Wi(B(r)), which is an increasing function by Proposition 1.6; and
ffl is the inverse function of fj.

The inequality (1.20) can be obtained by applying Theorem 1.7 with

Ep(0) |
fz(Elm> . O0<l<k<n, (1.21)

in the flow (1.18). We see that along the flow (1.18) with this f, the modified quer-
massintegral W;(€2;) remains a constant and Wj (€2;) is decreasing in time by the Holder
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inequality. In fact, by Lemma 2.4 the modified quermassintegral evolves by

Cian = Eowlsc E"(Mﬁd 1.22
o x( t)—/;% x( )<¢()_<E1(A)) ) Ut (1.22)

Applying the Holder inequality to the equation (1.22) shows that VNVk (£2;) is decreasing in
time unless Ex(A) = CE;(A) on M, (which is equivalent to M; being a geodesic sphere
by Corollary 1.8). Since the flow exists for all time and converges to a geodesic sphere By,
the inequality (1.20) follows from the monotonicity of Wi (£2,) and the preservation
of Wi (2)).

Remark 1.10. We remark that the inequalities (1.20) are new and can be viewed as an
improvement of the inequalities (1.13). For example, the inequality (1.20) with [ = 0
implies that
k
_ifk _

> =Dk l(i>(wi(s2> — fio fy ' (Wo())) > 0. (1.23)

i=0
By induction on k, (1.23) implies that each W;(2) — f; o fo_l(Wo(Q)) is non-negative
for h-convex domains. Thus our inequalities (1.20) imply that the linear combinations of
Wi(R2) — fio f(;1 (Wp(£2)) as in (1.23) are also non-negative for h-convex domains.

2. Preliminaries

In this section we collect some properties of smooth symmetric functions of n variables,
and recall the evolution equations of geometric quantities along the flows (1.2) and (1.18).

2.1. Properties of symmetric functions

For a smooth symmetric function F'(A) = f(«x(A)), where A = (4;;) € Sym(n) ig a
symmetric matrix and « (A) = («1, ..., k,,) gives the eigenvalues of A, we denote by F'"/
and FU-* the first and second derivatives of F with respect to the components of its
argument, so that

2
a9 _ piicavp. 9 _ Bk AR
F(A+sB)| =Fi(A)B;, SF(A+sB)| = FU¥(A)B,By
BS s=0 85' s=0

for any two symmetric matrices A, B. We also use the notation

af SiooN O f
/q(K)’ f (K)_axiafg,

fi(K)= 8_

()

for the first and second derivatives of f with respect to x. At any diagonal A with distinct
eigenvalues k = x(A), the first derivative of F satisfies

FI(A) = fl (1),
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and the second derivative of F in direction B € Sym(n) is given in terms of f and f by
(see [4])

ey — F
FK (A)BijBiy =Y f(c)BiiBjj +2) MB?/“

ij i~ i~ kj

2.1)

This formula makes sense as a limit in the case of any repeated values of «;.
From the equation (2.1), we have

Lemma 2.1. Suppose A has distinct eigenvalues k = k(A). Then F is concave at A if
and only if f is concave at k and

ff = ki — k) <0, Vk#£L 2.2)

In this paper, we also need the inverse concavity of f in many cases. We include the
properties of inverse concave functions in the following lemma.

Lemma 2.2 ([4,10]). (i) If f is inverse concave, then

"o L fk n,o 2
> M2 gz 207 (30 o w) 2.3)
kI=1 =1 Kk =1
foranyy = (y1,...,yn) € R", and
ko fl tk ¢l
/ f—i-f—-i-f—zO, Vk #£1. 2.4
Kk — K] Kl Kk
) If f = f(k1, ..., k) is inverse concave, homogeneous of degree one and normalized

by f(1,...,1) =1, then

> ikt = (2.5)

i=1
2.2. Evolution equations
Along any smooth flow
0
5, X 1) =@, Dv(x, 1) (2.6)

of hypersurfaces in the hyperbolic space H"T!, where ¢ is a smooth function on the
evolving hypersurfaces M; = X(M", t), we have the following evolution equations for
the induced metric g;;, the induced area element d, and the Weingarten matrix YW =

(h!) of M,:

0
5,80 = 20h;j, 2.7

3
Ed:“«t =nEipdus, (2.8)

9 . . .
ah{ = —VIVip — o] — 8)). (2.9)
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From the evolution equations (2.8) and (2.9), we can derive the evolution equation of the
curvature integral V,,_:

d d d
— V() = — E.du, = —F EE d
el ©(821) dt/M, kd i /M,(al r +nE; k<ﬂ> e

A0E; _ . oE ; ;
= / (——I?V]Vifﬂ - (p—l.{(hfh,j( — 5[]) + nElEkgp) duy
M\ 9h! oh]
= / o((n — k)Egy1 + kEx—1) dus, (2.10)
M;

where we used integration by parts and the fact that 3% is divergence free. Since the

quermassintegrals are related to the curvature integrals b)l/ (1.10)—(1.12), applying an in-
duction argument to (2.10) yields

Lemma 2.3 (cf. [10,32]). Along the flow (2.6), the quermassintegral Wy of the evolving
domain $2; satisfies

d
—Wk(Qz)=/ Ex()edu, k=0,...,n.
dt M,

We can also derive the following evolution equation for the modified quermassintegrals.

Lemma 2.4. Along the flow (2.6), the modified quermassintegral Wk of the evolving do-
main $2; satisfies

d ~
—Wk(Qt)Z/ Er(Medu, k=0,...,n,
dt M,

where A = (A1, ..., Ay) = (k1 —1, ..., k, — 1) are the shifted principal curvatures of M;.

Proof. Firstly, we derive the formula for o3 (A) in terms of o;(x),i = 0, ..., k. By the
definition of the elementary symmetric polynomials, we have

ﬁ(r + i) = Xn:ak(k)t”"‘.
il =0

On the other hand,

ﬁ(r +Ai) = ﬁ(t —14«) = Xn:al(/c)(t — !
i=1 i=1 =0
n n—I n—1\ . )
=Y o) ( l, >t'(—1)"—’—‘
=0 i=0
n k .
- Z(Z (Z : ;)(—l)k_iai(/c)>t"_k.
k=0 0

i=
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Comparing the coefficients of "%, we have

k o i k o )
=3 (’; - ;>(—1)’”ai(x) =) (Z - ;)(—1)’” (’;)Ei(x)

i=0 i=0

- (Z) Y =Dk (.)Ei(fc>.
i=0 !

Ex(0) = ( ) or(h) = Z( D¢ ( )E (). (2.11)

Then by the definition (1.16) of Wk and Lemma 2.3,

Equivalently,

d ~ B vi(k\d
W) = Z( ) ()EW'(Q”

i=0

S ( ) / Ei()pdpu = / E0gdp,. .
M; M,

i=0
If we consider the flow (1.2),1i.e., ¢ = ¢ () — ¥ (W), using (2.9) and Simons’ identity we
have the evolution equations for the curvature function ¥ = W()V) and the Weingarten
matrix W = (hl.]) of M; (see [10]):
ad

5= VRV W+ (W — ¢ () (U RER] — BT sT) (2.12)

and
gh{' = UV Vi) + POV gV Ry + (UR R Ry + UM gg)h!
— Uy (W] Ry + 8 + (¥ — ¢ () i hy — 8], (2.13)

wherg: \Y% c{enotes the Levi-Civita connection with respect to the induced metric g;; on M,
and WK Wkl.rq denote the derivatives of W with respect to the components of the Wein-
garten matrix W = (h}).

If we consider the flow (1.18) of h-convex hypersurfaces, i.e., ¢ = ¢ (r) — FOWW — 1),
we have the similar evolution equation for the curvature function F':

- F = FMNG VI F 4 (F — ¢(0)(F ] — Flis), (2.14)

and a parabolic-type equation for the Weingarten matrix W = (hl.j ) of M;:

5 = FN V] 4 FRPO gV by + (F¥ i hyy + F¥ g b

— FMhyg (WP R} + 8)) + (F — ¢ 0) (h¥R] — 8)). (2.15)
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However, we observe that F ki F.p4 in (2.14) and (2.15) denote the derivatives of F with
respect to the components of the shifted Weingarten matrix ¥ — I, so the homogeneity
of F implies that F/¥/ (hi — 8,16) = F. Denote the components of the shifted Weingarten

matrix by S;; = hlj — 8{ . Then the equation (2.15) implies that

9 : . . :
o7 Sii = FMNSi + EMPIN g VI by + (FY S3 Sp + 2F = 2¢0(1)) S

— (@) + P8 S Sk + FX S 8108 (2.16)

2.3. A generalised maximum principle

In §6.1, we will use the tensor maximum principle to prove the pinching estimate along
the flow (1.18). For the convenience of the readers, we include here the statement of the
tensor maximum principle, which was first proved by Hamilton [19] and was generalised
by the first author [4].

Theorem 2.5 ([4]). Let S;; be a smooth time-varying symmetric tensor field on a com-
pact manifold M, satisfying

o _ R
al‘Su =a ViViSij +u"ViSij + Nij,

where a* and u are smooth, V is a (possibly time-dependent) smooth symmetric connec-
tion, and a* is positive definite everywhere. Suppose that

Nijv' v/ + sup 2aX QALY Sipv' — AL ATSpy) >0 2.17)
A

whenever S;; > 0 and S;; v/ =0. If S;; is positive definite everywhere on M att = 0 and
on M for0 <t < T, then it is positive on M x [0, T].

3. Preserving positive sectional curvature

In this section, we will prove that the flow (1.2) preserves the positivity of sectional cur-
vature if @ > 0 and f satisfies Assumption 1.1.

Theorem 3.1. If the initial hypersurface Mo has positive sectional curvature, then along
the flow (1.2) in " with f satisfying Assumption 1.1 and any power a > 0 the evolving
hypersurface M; has positive sectional curvature fort > 0.

Proof. The sectional curvature defines a smooth function on the Grassmannian bundle
of two-dimensional subspaces of T M. For convenience we lift it to a function on the
orthonormal frame bundle O (M) over M: Given a point x € M and ¢ > 0, and a frame
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O = {ey, ..., ey} for T, M which is orthonormal with respect to g(x, t), we define

G(x,1,0) = hixpler, ehp (e, e2) — hinler, e)® — 1.

We consider a point (xq, o) and a frame Qyp = {ey, ..., e,} at which a new minimum
of the function G is attained, so that G(x,t, Q) > G(xg, ty, Qp) for all x € M, all
t € [0,1], and all O € F(M), 5. The fact that Qg achieves the minimum of G over
the fibre F'(M)x,,1,) implies that e; and e; can be rotated so as to be the eigenvectors
of h(y,.1p) corresponding to x1 and k2, where k1 < --- < k, are the principal curvatures
at (xp, o). Since G is invariant under rotation in the subspace orthogonal to e and e;, we
can assume that & (e;, ¢;) = k; and h(e;, e;) = Ofori # j.

The time derivative of G at (xg, fp, Qp) is given by (2.13), noting that the frame O(r)
for Ty M defined by %ei (t) = (F¥ — ¢)W(e;) remains orthonormal with respect to
g(x, 1) if e; (ty) = e; for each i. This yields

0

9 2 9 1

ot
= 1 VNV Vihoy 4 ko WK Vih + 1Y (Vah, Vah) 4 kW (Vi h, Vik)
+ 2008 hphyy + WM g — (@ — D Wik (k1 + ko)
— (o + DWW (k1 +K2) — ¢ () (k162 — 1) (K1 + K2). (3.1

(x0,%0,00)

Since ¥ = f¢, the zero order terms in (3.1) satisfy

209% By by + M g0 — (@ — DWW (i) + K2)
— (@ + DW(k1 + k2) — ¢ (@) (k162 — 1) (k1 + K2)
=20 ek — k2) (kk — K1)
%

+ G Y Praan — (@ = Dl +£2) = 1) 1 +K2))
k

Z _CG5

where C is a bound for the smooth function in the last bracket. To estimate the remaining
terms in (3.1), we consider the second derivatives of G along a curve on O (M) defined
as follows: We let y be any geodesic of g(tp) in M with y(0) = xo, and define a frame
O(s) = (e1(s), ..., en(s)) at y (s) by taking e; (0) = ¢, foreach i, and V,e; (s) = I';je;(s)
for some constant antisymmetric matrix I". Then we compute

d2
TS 6. 10.06)| | =2V + Vo + 2(VehnVohi = (Vo))

+4ZF1[,K2VS}11[, +4ZF2PK1VSh2P
p>2 p>2

+2) T kalcy — k) +2Y T3 ki —k2).  (3.2)
p>2 p>2
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Since G has a minimum at (xg, 9, OQp), the right-hand side of (3.2) is non-negative for
any choice of I". Minimizing over I" gives

0 < kaV2hy + K1V2h22 + 2(Vshn Vg hu - (Vshu)z)
pAL hip)? — 22

p>2 kp —

(vshz,»z, (3.3)

with the terms on the last line regarded as vanishing if the denominators vanish (since the
corresponding component of VA vanishes in that case). This gives

d . . :
o > 11U (Voh, Vah) + k¥ (Vih, Vih) -2 Z WK (Vihay Vihin = (Vih12)?)
L 1 (xo.10.00)
+2 Z gk (Z (thlp) + Z (thzp)2> ~CG. (34
p>2 kp — p>2 kp —

The right-hand side can be expanded using ¥ = f* and the identity (2.1):

l—a
(1 co)

2 tk Al
>K2(Zf Y Vi + (@ — 1) lff) ;fk f(Ww))

(V2f)? Z fr—

Vrh
7 2k Kz( 2kl))

+ K1 (Z FIN i Vohy + (0 — 1) —=—

=23 A (VkhpaViehiy — (Vihi2)?)
k

+22fk<2 (thlp) +Z

p>2 kp — p>2 Kp

s (vkh2p>2).

Note that by assumption the function f satisfies the inequalities (1.4) and (1.5). By the
inequality (1.4), for any k # [ we have

A A S T SN
Kk — ki K (kk — KDKI
The inequality (1.5) is equivalent to
n n rk

S My = 7! (Z fkyk)2 -y f_ky'?

k.l k=1 k=1
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forall (yq, ..., yp) € R". These imply that
f17 (dG @ 1f)2 4 2 f* 2
o (E + CG) E (V hik)”™ — kz#l K_l(vlhkl) )
(V2f)? f* ) f* 2)
- § - (Vahig)? = ) = (Vah
+ K1 (Ot 7 2 Kk( 2hk) . Kz( 2hk1)

n rk
ke 2 f_ 2 2
+22kjf ( Vihi1Vihay + (Vihi) )*2;;@ (2 (Vihip)? + k1 (Vahip)?)
\V/ 2 \V/ 2 n rk
T 4002 S L o (Vi + 61 (Vali)?)
f f k,p:?} K[J

= Koo

;1 %) A1 2
— K2<f_(V]h11)2 + f—(V1h22)2 + f—(Vlhlz)2 + f—(Vlhzl)z)
K1 K2 K2 K1

3l 2 1 2
— K1 <f—(V2h11)2 + f—(V2h22)2 + f—(V2h12)2 + f—(V2h21)2>
K1 K2 K2 K1
+ 21 (=Vih11Viho + (Vih12)?) 4 2 f2(=Vah11 Vahoy + (Vahi2)?)

+2f Z(_(Vlhlp)z —(Vzhlp) )—|—2f Z<_(V1h2p)2 —(Vzth) )

p>2 kp p>2 kp
+ ZZ FH=Vih11 Vichoy + (Vih12)?). (3.5)
k>2
Since (xp, Qp) is a minimum point of G at time o, we have V;G = 0 fori = 1,...,n,
SO
kaVihiy +k1Vihyp =0, i=1,...,n. (3.6)

After substituting (3.6) into (3.5), the second to the fourth lines on the right of (3.5) vanish,
the last line becomes 2y, _, f'k(%(thn)2 + (Vih12)?) = 0, and the remaining terms
are non-negative.

We conclude that G > —CG at a spatial minimum point, and so by the maximum
principle [20, Lemma 3.5] we have G > e~ " inf,_o G > 0 under the flow (1.2). O

4. Proof of Theorem 1.2
In this section, we will give the proof of Theorem 1.2.

4.1. Shape estimate

First, we show that the preservation of the volume of €2, together with a reflection ar-
gument, implies that the inner radius and outer radius of €2, are uniformly bounded from
above and below by positive constants.
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Lemma 4.1. Denote by p_(t), p+(t) the inner radius and outer radius of 2, the domain
enclosed by M;. Then there exist positive constants c1, c¢p depending only on n, My such
that

O<ca=p-O=pr() < 4.1
forall timet € [0, T).

Proof. We first use the Alexandrov reflection method to estimate the diameter of €2;. In
[10], the first and third authors have already used the Alexandrov reflection method in the
proof of convergence of the flow. Let y be a geodesic line in H"*!, and let H, (5) be the
totally geodesic hyperbolic n-plane in H"*! which is perpendicular to y at ¥ (s), s € R.
We use the notation H;" and H,~ for the half-spaces in H"*! determined by H, (s):

H = U Hyy, Hy = U Hy (s1).

s'>s s'<s

For a bounded domain € in H"*!, denote Q*(s) = QN H} and Q™ (s) = QN H,". The
reflection map across Hy,(s) is denoted by R, ;. We define

S5(Q) :=inf{s e R| R, (T (s)) C Q7 (5)}.

It has been proved in [10] that for any geodesic line y in H"+!, S;‘ (£2;) is strictly decreas-
ing along the flow (1.2) unless R, 5(£2;) = €; for some 5 € R. Note that to prove this
property, we only need the convexity of the evolving hypersurface M; = 9€2;, which is
guaranteed by the positivity of the sectional curvature. The readers may refer to [13, 14]
for more details on the Alexandrov reflection method.

Fig. 1. Q; cannot leave Bpg.
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Choose R > 0 such that the initial domain €2¢ is contained in some geodesic ball
Br(p) of radius R and centred at some point p in hyperbolic space. The above reflec-
tion property implies that Q; N Br(p) # ¥ for any ¢ € [0, T). If not, there exists some
time ¢ such that €2, does not intersect the geodesic ball Bg. Choose a geodesic line y (s)
with the property that there exists a geodesic hyperplane IT = H,, (s, which is perpen-
dicular to y(s) and is tangent to the geodesic sphere d Bg, and the domain €2; lies in
the half-space Hjo‘ Then Ry, 5, (Qa') = C . Since S;‘(Q,) is decreasing, we have
Ry s, () c Q. However, this is not possible because 2, = Q; N H = ¢ and
Ry (;") is obviously not empty.

=H,,, 7(s)

Fig. 2. Diameter of Q; is bounded.

For any ¢+ € [0,T), let x;, x> be points on M; = 09€2; such that d(p,x1) =
min{d(p,x) : x € M} and d(p,x;) = max{d(p,x) : x € M,}, where d(-,-) is
the distance in hyperbolic space. Since €2 is contained in the geodesic ball Bg(p) and
Q; N Br(p) # 0, we deduce from |2;| = || that x; € Bgr(p). If xo € Br(p), then
the diameter of €2; is bounded from above by R. Therefore it suffices to study the case
x2 ¢ Bgr(p). Let y(s) be the geodesic line passing through x; and x», i.e., there are
s1 < s2 € R such that y(s;) = x; and y(s2) = x3. We choose the geodesic plane
IT = Hy ) for some sop € (s1, s2) such that IT is perpendicular to y and is tangent to
the boundary of Bg(p) at p’ € dBgr(p). Let ¢ = y (so) be the intersection point y N IT.
By the Alexandrov reflection property, d(x2, ¢) < d(q, x1). Then the triangle inequality
implies

d(p,x3) <d(p,x1) +d(x1,x2) <d(p,x1)+2d(q, x1)
<d(p,x1)+2d(q, p)+d(p', p)+d(p,x1) < TR,

where we used the fact x; € Bgr(p). This shows that the diameter of €2; is uniformly
bounded along the flow (1.2).
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To estimate the lower bound of the inner radius of €2;, we project the domain €2; in
the hyperbolic space H"*! to the unit ball in the Euclidean space R"*! as in [10, §5].
Denote by R+ the Minkowski spacetime, that is, the vector space R"+? endowed with
the Minkowski spacetime metric (-, -) given by (X, X) = —X (2) +Y 0, X 12 for any vector
X = (Xo, X1,...,Xy) € R"*2. Then the hyperbolic space is characterized as

H™ = (X e RV (X, X) = -1, Xo > 0}.
An embedding X : M" — H"*! induces an embedding Y : M" — B;(0) c R**! by

1.7

JI— Y2

The induced metrics gi)j(. and gi’;. of X(M™) c H"*! and Y (M") C R"*! are related by

1 (Y, Y)Y, 3;Y)
X _ Y i ASAY
=12 |Y|2(g” Aoy )

X =

Let ©, C B;(0) be the corresponding image of €; in B;(0) C R"*!, and observe that
Qt is a convex Euclidean domain. Then the diameter bound of €2; implies the diameter
bound on Q,. In particular, |Y| < C < 1 for some constant C. This implies that the
induced metrics gi)](- and gi);. are comparable. So the volume of €, is also bounded below

by a constant depending on the volume of ¢ and the diameter of €2,. Let a)mm(fz,)
be the minimal width of Qt. Then the volume of fzt is bounded by a constant times
Omin ($) (diam(£2,)", since €; is contained in a spherical prism of height Omin () and
radius diam(ﬁt). It follows that wmin (fZ,) is bounded from below by a positive constant C.
Since €; is strictly convex, an estimate of Steinhagen [29] implies that the inner radius
p_(t) of 2, is bounded below by p_(t) = c(n)wmin = C > 0, from which we obtain the
uniform positive lower bound on the inner radius p_(¢) of ;. This finishes the proof. O

By (4.1), the inner radius of €2; is bounded below by a positive constant c;. This implies
that there exists a geodesic ball of radius ¢ contained in €2; for each ¢ € [0, T'). The same
argument as in [10, Lemma 4.2] yields the existence of a geodesic ball with fixed centre
enclosed by the flow hypersurface on a suitable fixed time interval.

Lemma 4.2. Let M; be a smooth solution of the flow (1.2) on [0, T) with the global
term ¢ (t) given by (1.3). For any ty € [0, T), let B, (po) be an inball of 2, where
po = p—(10). Then

Bpy2(po) C €2, t € [to, min{T, 1y + T}), “4.2)

for some t depending only on n, o, Q.
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4.2. Upper bound of F

Now we can use the technique of Tso [31] as in [10] to prove the upper bound of F' along
the flow (1.2) provided that F satisfies Assumption 1.1. The inequality (1.4) and the fact
that each M; has positive sectional curvature are crucial in the proof.

Theorem 4.3. Assume that F satisfies Assumption 1.1. Then along the flow (1.2) with
any @ > 0, we have F < C for anyt € [0, T), where C depends on n, o, My but not
onT.

Proof. For any given 1y € [0, T), let By, (po) be the inball of €2, where pg = p_ ().
Consider the support function u(x, t) = sinhr,,(x){drp,, v) of M, with respect to the
point pg, where r,,(x) is the distance function in H"*! from the point pg. Since M; is
strictly convex, by (4.2),

u(x,t) > sinh(pg/2) =: 2¢ “4.3)

on M, for any ¢ € [ty, min{T, g + t}). On the other hand, the estimate (4.1) implies that
u(x,t) <sinh(2cp) on M, for all t € [ty, min{T, o+ t}). Recall that the support function
u(x, t) evolves by

0 . . ..
U= WKV Vi 4 cosh rp, (x) (9 (t) — W — W hyy) + W By ju, (4.4)
as we computed in [10], where ¥ = F*(W). Define the auxiliary function

W(x,1t)

YO e

which is well-defined on M, for all ¢ € [y, min{T, o + t}). Combining (2.12) and (4.4),
we have

9
EW =YY (VjV,‘W + - CViuij>
t ... . .
- &(\w (hfhj — 8]) + W coshry, (x))
u-—=c
ikl iijrkyJ ij o
+ W op (W + W) coshrp, (x) — Py, WY RSy — W)

By homogeneity of W and the inverse concavity of F, we have ¥ + kpy =1+ o)W
and W/ hkh] > a F**1. Moreover, by (1.4) and the fact that k1x2 > 1,

Wi k] — )y = af* 'Y w1 2 af* 7 (f26d - D+ fwf - D)
i=1
> qfe f1 (ﬂ(Kg - 1))
K2

= af* 1 i e — Dkt +k2) > 0,
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where we used x; > 1 fori = 2, ..., n in the first inequality. Then we arrive at

3 . 2
W= i <vjv,-w + —V,-W,-W) + (@ + DW?coshry, (x) —acW?F.  (4.5)
u—=c

The remaining proof of Theorem 4.3 is the same as in [10, §4]. We include it here for
convenience of the readers. Using (4.3) and the upper bound 7, (x) < 2c2, we find from
(4.5) that

d i 2
EWS\I—’ VjViW+EViuVjW
+ W2((a + 1) cosh(2c3) — ac! /2w !/e) (4.6)
on [79, min{T, to + 7}). Let W(7) = supys, W(-, 7). Then (4.6) implies that
d - ~ -
W = W2((@ + 1) cosh(2c2) — ac!TVaw1/e),

from which it follows by the maximum principle that

Ij(—a 1 o 47
—_— TNt —19) THe ¢, )
o 1—}—0{) ¢ 0) } @.7)

Then the upper bound on F follows by (4.7) and the facts that
¢ = % sinh(pg/2) > 4 sinh(c1/2)

W < max{ <2(1 + ) cosh(2cz))°‘c_(a+1)’ ( 2

and u — ¢ < 2c¢p, where ¢y, ¢; are the constants in (4.1) depending only on n, Mj. O

4.3. Long time existence and convergence

In this subsection, we complete the proof of Theorem 1.2. Firstly, in the case (i) of Theo-
rem 1.2, we can directly deduce a uniform estimate on the principal curvatures of M;. In
fact, since f (k) is bounded from above by Theorem 4.3,

C > flki, k2, ..o skn) = fler, 1k, ..o k), (4.8)
where in the second inequality we used the facts that f is increasing in each argument
and kjx1 > 1 fori = 2,...,n. Combining (4.8) and (1.6) gives k1 > C > 0 for some

uniform constant C. Since the dual function f, of f vanishes on the boundary of the
positive cone I'; and fi(1;) = 1/f(k;) = C > 0 by Theorem 4.3, the upper bound on
;i = 1/k; < C gives a lower bound on t;, which is equivalent to an upper bound on «;.
In summary, we obtain a uniform two-sided positive bound on the principal curvatures
of M, along the flow (1.2) in case (i) of Theorem 1.2.

The examples of f satisfying Assumption 1.1 and condition (i) of Theorem 1.2 in-
clude
(@ n>2, f=n"ks/" with k > 0;
®) n>3,f=E  withk=1,....n;
() n=2,f =k +x)/2.
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We next consider case (ii) of Theorem 1.2,i.e.,n =2, f = (/q/cz)l/ 2 In general, the
estimate 1 < «xjkp = f(x) < C cannot prevent k> from going to infinity. Instead, we
will prove that the pinching ratio 7 /x| is bounded from above along the flow (1.2) with
f = (K1K2)1/2 and o € [1/2, 2]. This together with the estimate 1 < x1x; < C yields a
uniform estimate on « and «».

Lemma 4.4. Inthecasen =2, f = (k1K2)1/2

K1, k2 of M, satisfy

and a € [1/2, 2], the principal curvatures

0<1/C<Kk1<Kkp=<C, Vtel0,T), 4.9)

for some positive constant C along the flow (1.2).

Proof. In this case, W(W) = ¥ (k) = K%?, where K = ki« is the Gauss curvature.
The derivatives of ¥ with respect to k; are listed in the following:

g = %K“/Z—lxz, W2 = %K“/z_llq, (4.10)

w1 e fa 2-2.2 v afa 2-2.2
A CR) L A R} L

2
1'/}12 _ 1'/}21 _ O‘IKu/Z—l. (4.12)
Then
. n ..

Vit =39 = SK’H, (4.13)
Wisl = Zw K‘*/2 'H, $Unl = ak®?, (4.14)

where H = k1 + k3 is the mean curvature.
To prove (4.9), we define

G = K* 2(H?* - 4K)

and aim to prove that G(x, t) < maxy, G(x, 0) by the maximum principle. Using (4.13)
and (4.14), the evolution equations (2.12) and (2.13) imply that
0 ik o —1,j,kl a/2 _
811{_\11 ViViK + 7 1)K~V KV,K + (K ¢(t)(K —1)H (4.15)
and

]

gH = UMV VI H + BKPIN Vi,

+ Ko/ (K + %(1 - K))(H2 —4K) +2K“*(K — 1)

—¢(t)(H* = 2K —2). (4.16)
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By a direct computation using (4.15) and (4.16), we obtain the evolution equation of G:
0 . .
EG = UMV v,G = 2(a = 2)K "MV KV, G

+ (@ —2)Ba/2 — 2K MV KV, K (H? — 4K)

— 2K 2N HV H — 2(a — 2) K 39M v, KV K

+ 2HK 2K PIV 1y Vi,

+2HK3/?3(H? —4K) — HK* 3 (H? —4K)(aK +2 — )¢ (). (4.17)

We will apply the maximum principle to prove that maxys, G is non-increasing in time

along the flow (1.2). We first look at the zero order terms of (4.17), i.e., the terms in the

last line of (4.17), which we denote by Q. Since K = kjx2 > 1 by Theorem 3.1, we
have

o) = K% >1 and oK +2—a > 2.

M| Jm,
We also have HZ — 4K = (k1 — K2)2 > 0. Then
Q0 <2HK3*?*3(H? —4K) — HK* 3(H?> — 4K)(aK + 2 — @)
= HK* 3 (H?> —4K)Q2K*? —aK +a — 2).
For any K > 1, denote f(x) = 2K%? — oK +a — 2. Then f2)= f(0)=0and f(x)

is a convex function of . Therefore f (o) < 0 and Qo < 0 provided that @ € [0, 2].
At the critical point of G, we have V;G = 0 for all i = 1, 2, which is equivalent to

2HViH = (4@ — 1) — (@ = 2)K 'H?)ViK. (4.18)

Then the gradient terms (denoted by Q1) of (4.17) at the critical point of G satisfy

K3 =[-8 1)? K 2 1 2 1 2 H
01 = —(Ol—)m— (¢« — D —2)+ (¢ — 1) — )?
x WKV KV K 4+ 2HK G PIN g Vi, (4.19)
Using (4.10)—(4.12), we have

YAV KV K = %K“ﬂ—l(fcz(woz +k1(V2K)?),

2

. . o (Ao

GHPIN gy Vih,, = 5(5 - 1) 2N "3 (Vikn)? + «7 (Vih)?)
i=1

2

2 2
o _ _
+ K21 § Vih11Vihy — aK*/?7! § (Vih12)?

i=1 i=1

= %(% - I)Ka/z—z(mloz + (V2K)?)

+ oK/ (Vih11Vihay — (Vih12)? + Vah11 Vahay — (Vah12)?).
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The equation (4.18) implies that V;h11 and V;hy are linearly dependent, i.e., there exist
functions g1, g» such that

g1Vihi1 = g2Vihy. (4.20)
The functions g1, g» can be expressed explicitly as follows:
g1 =2HK — (4(a — DK + 2 — a)H)k2,
g =—2HK + (4(a — DK + 2 — a)H?)k;.

Without loss of generality, we can assume that both g and g, are non-zero at the critical
point of G. In fact, if g; = 0, then

0=g1 = ((@—2)(H*—4K) +2Hk — 4K )2
= ((Ol —2)(k1 — Kk2) + 2K1)(K1 — K2)K?. 4.21)

Since o < 2, we have (o — 2)(k1 — k2) + 2k1 > 2k1 > 0. Thus (4.21) is equivalent to
k2 = k1 and we have nothing to prove.
By (4.20), we have

(ViK)? = (k2 + &5 ' gik)>(Vihi)* = gy 24H> K2 (H? — 4K)(Vih11)?,
(V2K)? = (k287 82 + k1)? (Vahn)? = g7 24H?> K2 (H? — 4K)(Vah)®.

In view of the Codazzi identity, the equation (4.20) also implies that

Vih11Viha — (Vih12)? 4 Vah11 Vahoy — (Vohip)?
= Vih11Viho — (Vih)? + Vah11Vahyy — (Vahiy)?
= g5°81(g2 — D) (Vih)* + g1 g2(g1 — £2)(Vahn)?
= 2 —a)(H* = 4K)(g5 *1(Viln1)* + g} *82(Vahn)?).

Therefore we can write the right-hand side of (4.19) as a linear combination of (Vih1)?
and (V2h22)2:

2 _ _ _
SQIKT = 16 (Vihn)? + gag; (Vaha)”, (4.22)
where the coefficients g1, g» satisfy

2
g1 = (-8(a - 1)2% +2(— (e —2)K + (o — 2)H2>4H2K(H2 —4K)Ky

+4Q2 —a)HK?*(H? — 4K)
= —32(e — D?’K3(H?* — 4K)kp» — 42 — )2 — ) H?*K?(H? — 4K)i»
—4Q2 — @)H?K (H? — 4K )k}
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and
g = —32(a — 1)’K3(H?> — 4K)k1 — 42 — &) — ) H?>K*(H? — 4K )k
—4Q2 — ) H?K (H? — 4K)1}.

It can be checked directly that g; and g, are both non-positive if « € [1/2,2]. Thus
the gradient terms Q1 of (4.17) are non-positive at a critical point of G if o € [1/2, 2].
The maximum principle implies that maxy, G is non-increasing in time. It follows that
G(x,t) < maxy, G(x,0). Since 1 < K < C for some constant C > 0 by Theorems 3.1
and 4.3, we have

H>=4K +K* G <C. (4.23)
Finally, the estimate (4.9) follows from (4.23) and K > 1 immediately. ]

Now we have proved that the principal curvatures «; of M; satisfy the uniform estimate
0 < 1/C < k; < C for some constant C > 0, which is equivalent to the C? estimate
for M;. Since the functions f we considered in Theorem 1.2 are inverse concave, we can
apply an argument similar to that in [10, §5] to derive higher regularity estimates. The
standard continuation argument then implies the long time existence of the flow, and the
argument in [10, §6] implies the smooth convergence to a geodesic sphere as time goes
to infinity.

5. Horospherically convex regions

In this section we will investigate some of the properties of horospherically convex re-
gions in hyperbolic space (that is, regions which are given by the intersection of a collec-
tion of horoballs). In particular, for such regions we define a horospherical Gauss map,
which is a map to the unit sphere, and we show that each horospherically convex region
is completely described in terms of a scalar function on the sphere which we call the
horospherical support function. There are interesting formal similarities between this sit-
uation and that of convex Euclidean bodies. For the purposes of this paper the main result
we need is that the modified quermassintegrals are monotone with respect to inclusion
for horospherically convex domains. However we expect that the description of horo-
spherically convex regions which we develop here will be useful in further investigations
beyond the scope of this paper.

We remark that a similar development is presented in [15], but in a slightly different
context: In that paper the ‘horospherically convex’ regions are those which are intersec-
tions of complements of horoballs (corresponding to principal curvatures greater than —1
everywhere, while we deal with regions which are intersections of horoballs, correspond-
ing to principal curvatures greater than 1. Our condition is more stringent but is more
useful for the evolution equations we consider here.

5.1. The horospherical Gauss map

The horospheres in hyperbolic space are the submanifolds with constant principal curva-
tures equal to 1 everywhere. If we identify H"*! with the future time-like hyperboloid
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in the Minkowski space R”* 1.1, then the condition of constant principal curvatures equal
to 1 implies that the null vector € := X — v is constant on the hypersurface, since we have
W =1, and hence

Dye=Dy(X —v)=DX(I-W)()) =0
for all tangent vectors v. Then we observe that
X-e=X-(X—-v)y=-1,

from which it follows that the horosphere is the intersection of the null hyperplane {X |
X - & = —1} with the hyperboloid H"*!. The horospheres are therefore in one-to-one
correspondence with points € in the future null cone which are given by {e = A(e, 1) |
e € §", L > 0}, and there is a one-parameter family of these for each e € S”. For
convenience we parametrise these by their signed geodesic distance s from the ‘north
pole’ N =(0,1) € HH, satisfying —1 = A(cosh(s)N + sinh(s)(e, 0)) - (e, 1) = —Ae’.
It follows that A = e~*. Thus we denote by He(s) the horosphere {X € H'*t! | X (e, 1) =
—e'}. The interior region (called a horoball) is denoted by

Be(s) ={X e " 0> X (e, 1) > —¢}.

A region Q in H"*! is horospherically convex (or h-convex for convenience) if every
boundary point p of €2 has a supporting horoball, i.e. a horoball B such that & C B
and p € 0B. If the boundary of €2 is a smooth hypersurface, then this implies that every
principal curvature of 92 is greater than or equal to 1 at p. We say that Q is uniformly
h-convex if there is § > 0 such that all principal curvatures exceed 1 + §.

Let M" = 9% be a hypersurface which is the boundary of a horospherically convex
region 2. Then the horospherical Gauss map e : M — S" assigns to each p € M
the point e(p) = 7 (X (p) — v(p)) € S, where 7 (x, y) = x/y is the radial projection
from the future null cone onto the sphere S” x {1}. We observe that the derivative of e is
non-singular if M is uniformly h-convex: If v is a tangent vector to M, then

De(v) = Drr[x—,((W — D(v)).

Here v = (W —1)(v) is a non-zero tangent vector to M since the eigenvalues «; of WV are
greater than 1. In particular v is spacelike. On the other hand the kernel of D |x_,, is the
line R(X — v) consisting of null vectors. Therefore D (v) # 0. Thus De is an injective
linear map, hence an isomorphism. It follows that e is a diffeomorphism from M to S”.

5.2. The horospherical support function

Let M" = 9% be the boundary of a compact h-convex region. Then for each e € S" we
define the horospherical support function of Q2 (or M) in direction e by

u(e) ;= inf{s € R | Q C Be(s))}.
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Alternatively, define f, : Ht 5 R by fe(§) = log(—£ - (e, 1)). This is a smooth
function on H"*t!, and we have the alternative characterisation
u(e) =sup{fe(§): & € Q}. (5.1)

The function u is called the horospherical support function of the region €2, and Be(u(e))
is the supporting horoball in direction e. The support function completely determines a
horospherically convex region €2, as an intersection of horoballs:

Q= () Be(u(e)). (5.2)

ecS”

5.3. Recovering the region from the support function

If the region is uniformly h-convex, in the sense that all principal curvatures are greater
than 1, then there is a unique point of M in the boundary of the supporting horoball
Be(u(e)). We denote this point by X (e). We observe that X = X oe™!, so if M is smooth
and uniformly h-convex (so that e is a diffeomorphism) then X is a smooth embedding.

We will show that X can be written in terms of the support function u, as follows:
Choose local coordinates {x'} for S” near e. We write X (e) as a linear combination of the
basis consisting of the two null elements (e, 1) and (—e, 1), together with (e;, 0), where
€ =%f0rj=1,...,n:

X(e) =a(—e, 1)+ e, )+ y7 (e}, 0)
for some coefficients a, 8, y/. Since X(e) € H'*! we have |y|*> — 4af = —1, so that
2 — —
B = %. We also know that X (e) - (e, 1) = —e"® since X(e) € He(u(e)), implying
that « = %e“. This gives
X(e) = 5" (=e, 1) + 3¢ + [y P)e, ) + v/ (¢, 0).

Furthermore, the normal to M at the point X (e) must coincide with the normal to the
horosphere He(u(e)), which is given by

v=X—e=X—e"O(,1). (5.3)
Since |X|> = —1 we have 3;X - X = 0, and hence
0=0X-v=0X-(X—e"(e1)=—e"3X- ().

Observing that (e, 1) - (e, 1) = 0 and (e;,0) - (e, 1) = 0, and that d;¢; = —g;;e and
dje = e;, the condition becomes

0=09X-(e, 1) = (3¢"uj(—e, 1) — y;(e, 0)) - (e, 1) = —e"u; — v,

where y; = Y gij and g is the standard metric on S". It follows that we must have
vj = —e"u;. This gives the following expressions for X:
X(e) = (—e“?u + (%e”l@mz — sinh u)e, %e”l?mz + cosh u) (5.4)

= —e"upg"8(eg, 0) + $(e*|Vul* +e ) (e, 1) + 1e"(—e, 1). (5.5)
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5.4. A condition for horospherical convexity

Given a smooth function u, we can use the expression (5.4) to define a map to hyperbolic
space. In this section we determine when the resulting map is an embedding defining a
horospherically convex hypersurface.

In order for X to be an immersion, we require the derivatives aji( to be linearly
independent. Since we have constructed X in such a way that 9; X is orthogonal to the
normal vector v to the horosphere Be(u(e)), ;X is a linear combination of the basis for
the space orthogonal to v and X given by the projections Ey of (ex,0), k = 1,...,n.
Computing explicitly, we find

E, = (e, 0) —ui(e, 1). (5.6)

The immersion condition is therefore equivalent to invertibility of the matrix A defined
by

Ajx = —9;X - Ey.

Given that A is non-singular, we infer that X is an immersion with unit normal vector
v(e), and we can differentiate the equation X — v = e~ (e, 1) to obtain

—(h]’.’ - aj’)apx = —uje"(e, 1) + e “(e;, 0).
Taking the inner product with Ej using (5.6), we obtain
(h;’ - aj’)A,,k =e “gik. (5.7)
It follows that A is non-singular precisely when VW — I is non-singular, and is given by
Ajp=e"[OV =D gpk. (5.8)

In particular, A is symmetric, and WW — I is positive definite (corresponding to uniform

h-convexity) if and only if the matrix A is positive definite. We conclude that if u is

a smooth function on S”, then the map X defines an embedding to the boundary of a

uniformly h-convex region if and only if the tensor A computed from u is positive definite.
Computing A explicitly using (5.5), we obtain

Aje = ((V;("Vu), 0) — e“uj(e,0) — £9;(e“|Vul* + e )(e, 1)
— teu;j(—e, 1) — (1| Vu|* — sinhu)(e;, 0)) - ((ex, 0) — ux(e, 1))
= @,-(e“@ku) — %e“l@ulzgjk + sinhugjy.
It is convenient to write this in terms of the function ¢ = e*:

- - Vol p—g !
Air = V:Vip — ; k. 5.9
ik i Vip 20 gjk + 5 8ik (5.9
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5.5. Monotonicity of the modified quermassintegrals

We will prove that the modified quermassintegrals W are monotone with respect to in-
clusion by making use of the following result:

Proposition 5.1. Suppose that Qi C Qa are smooth, strictly h-convex domains in H' 1,
Then there exists a smooth map X : S* x [0, 1] — H"*! such that
(1) X(-,t) is a uniformly h-convex embedding of S" for each t;
2) X(8",0) =00 and X(S", 1) = 0%2; ‘
(3) the hypersurfaces M; = X (S", t) are expanding, in the sense that %—}f -v > 0, equiv-
alently, the enclosed regions S2; are nested: Q25 C 2; for each s <t in [0, 1].
Proof. Let ug and u be the horospherical support functions of € and €21 respectively,
The inclusion Qp C ; implies that up(e) < u;(e) for all e € $", by (5.1).
We define X (e, t) = X[u(e, t)] according to (5.4), where

e"®) = g(e, 1) = (1 — )go(e) + tg1(e),
where ¢; = e* fori = 0, 1. Then u(e, t) is increasing in ¢, and it follows that the
regions €2; are nested, by (5.2).
We check that each € is a strictly h-convex region, by showing that the matrix A
constructed from u (-, ¢) is positive definite for each #: We have

Vel> . o=
ng+ngk

Ajilu, 0] = V; Vg, —
t
=1 —=1Ajrluol +tAjrlu1]l
1(_|<1 — )V + tVe1|? Vol +t|wl|2>_‘

+(1 -1 8jk
(1 — o + ter %0 o )Y

2

1 1 1—1¢ o\ _
" E(_(l —1Dyo + 11 * %o * s0_1>gjk
leoVer — @1 Veol* + o1 — gol* _
2p091((1 = t)po +1¢1) Bik

= (1= Ajrluol +tAjlur] +1(1—1)

> (=) Ajluol +tAjlur].

Since Ajr[uo] and Ajr[u] are positive definite, so is Ajx[u,] for each ¢ € [0, 1], and we
conclude that the region €2; is uniformly h-convex. O

Corollary 5.2. The modified quermassintegral Wk is monotone with respect to inclusion
fgr h-convex domains: if Qo and 21 are h-convex domains with Q¢ C 21, then Wk(Qo) <
Wi (€21).

Proof. We use the map X constructed in Proposition 5.1. By Lemma 2.4 we have

dVT/(Q) / E(A)BX d
— = — .
dr k(Sér , k 97 153;

Since each M; is h-convex, we have A; > 0 and hence Ex(A) > 0, and from Propo-

sition 5.1 we have % -v > 0. It follows that %Wk(Q,) > ( for each ¢, and hence

Wi (Q0) < Wi(2)) as claimed. 0
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5.6. Evolution of the horospherical support function

We end this section with the following observation that the flow (1.18) of h-convex hyper-
surfaces is equivalent to an initial value problem for the horospherical support function.

Proposition 5.3. The flow (1.18) of h-convex hypersurfaces in H't! is equivalent to the
following initial value problem:

d
9= F((AD™H 4+ ep 1),
9(,0) = ¢o()

on §" x [0, T), where ¢ = e" and A;; is the matrix defined in (5.9).

(5.10)

Proof. Suppose that X(-,¢t) : M — H"*! ¢ € [0, T), is a family of smooth, closed
and strictly h-convex hypersurfaces satisfying the flow (1.18). Then as explained in §5.1,
the horospherical Gauss map e is a diffeomorphism from M; = X (M, t) to S”. We can
reparametrise M; so that X = X oe™! is a family of smooth embeddings from §” to H"*!.
Then

X ap'

0 - d
—X(z,t —X 1 _—
o (z,1) = (p )+31 o

where z € S"and p = e L) e M,. Since X 3 is tangent to M;, we have

d - 0

EX(Z’ t)-v(z,t) = EX(p, t)y-viz,t)=¢@)— FOWV —1). (5.11)
On the other hand, by (5.3) we have

X(z, 1) —v(z, 1) = e @D (7, 1), (5.12)

where u(-, t) is the horospherical support function of M; and (z, 1) € R*+11 s a null
vector. Differentiating (5.12) in time gives

9 9 9
X = ovn = - et@n 2y
ot
Then
d fu(z t)
§X(Z’ t) : U(Zs t) = - (Zv 1) V(Z’ l)
a _
= e @02 1) (R ) — e 0, 1)
u 1
— _a—unt .= u(z,t) 1
e 8t(z,) 5€ (=z, 1

_ (5.13)
FT '
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where we used (5.3) and (5.5). Combining (5.11) and (5.13) implies that
ou

m =¢@)— FOWV —-1I). (5.14)
Therefore ¢ = e" satisfies
a
a—(f =e"p(1) — F' W —1) = p¢p(t) — F(Aij)™") (5.15)

with A;; defined in (5.9).

Conversely, suppose that we have a smooth solution ¢ (-, ¢) of the initial value problem
(5.10) with A;; positive definite. Then by the discussion in §5.4, the map X given in (5.5)
using the function u = log ¢ defines a family of smooth h-convex hypersurfaces in H"*!.
We claim that we can find a family of diffeomorphisms £(-,¢) : S" — S” such that
X(z,1) = X(&(z, 1), 1) solves the flow equation (1.18). Since

aE!

B

3 d - _
—X(z,1) = —X(&, 1)+ X
X&) =—2X(E 0+

a)_( t t t 3}_( tT 8~)_(a$i
<5 (";:7 )'V(%_, ))V(é’ )+<E (és )) + i E

J - T _ g
=)= FOW—-D)vE, 1) + (EXGSJ)> + 0 X—

ot’

where ()T denotes the tangential part, it suffices to find a family of diffeomorphisms
£(-,1) : S" — S§" such that

9 - T _9&l
(EX@J)) +8iX¥—O,

which is equivalent to

3 - T dE!
(&X@J)) - Ej —AUE =0. (5.16)

By the assumption that A;; is positive definite on S x [0, T), the standard theory of
ordinary differential equations implies that the system (5.16) has a unique smooth solution
for the initial condition £(z, 0) = z. This completes the proof. O

6. Proof of Theorem 1.7

In this section, we will give the proof of Theorem 1.7.

6.1. Pinching estimate

Firstly, we prove the following pinching estimate for the shifted principal curvatures of
the evolving hypersurfaces along the flow (1.18).
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Proposition 6.1. Let M, be a smooth solution to the flow (1.18) on [0, T) and assume that
F satisfies the assumption in Theorem 1.7. Then there exists a constant C > 0 depending
only on My such that

An < Chy 6.1)

forallt € [0,T), where ., = Kk, — 1 is the largest shifted principal curvature and
M = k1 — 1 is the smallest shifted principal curvature.

Proof. We consider the four cases of F' separately.
(i) F is concave and F vanishes on the boundary of the positive cone I' ;.. Define
G = F'tr(S)on M x [0, T). Then (2.14) and (2.16) imply that
a

9 9
—G=F'"—w(S)— F2tu(S)—F
ot FPACY 13

n
= FMVVIG +2F T PRV FViG + LY ROy Vi,
i=1
+o (1) f 7 (tr(S) > f"A%—f|S|2)+f“ (n S-Sy f"). (6.2)
k k k
Since F is concave, by the inequality (2.2) we have

w(S) Y A = £ISP = Y (i — D)
k k,l

1

=52 (= D0 —rmk <0,
k,l

and

n Y AR —ISPY =) g = D
k k k,l

1 . .
5 2= Hag - <o.
k,l

Thus the zero order terms on the right of (6.2) are always non-positive. The concavity
of F also implies that the third term there is non-positive. Then we have

%G < FMvv,G + 2F ' FMV FV,G. (6.3)
The maximum principle implies that the supremum of G over M; is decreasing in time
along the flow (1.18). The assumption that f approaches zero on the boundary of the
positive cone I'y then guarantees that the region {G(#) < sup,_y G} C TI'; does not
touch the boundary of I';. Since G is homogeneous of degree zero with respect to A;,
this implies that A, < CA; for some constant C > 0 depending only on M, for all
tel0, 7). '

(ii) F is concave and inverse concave. Define a tensor 7;; = S;; — ¢ tr(S)(Si] , Where ¢
is chosen such that T;; is positive definite initially. Clearly, 0 < ¢ < 1/n. The evolution
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equation (2.16) implies that

Ty = PNV Ty + PPV, — e() FHrihg V' hpg )]
i=1

+ (; Fad+ar—200)T; - (900 + ; )T Ty + 26 108 T;p)

+ 8<¢(t) +) f")(|S|2 — (@SN + Y fFA3(1 —en)s). (6.4)
k=1 k=1

We will apply the tensor maximum principle in Theorem 2.5 to show that T;; is positive
definite for # > 0. If not, there exists a first time fyp > 0 and some point xo € M, such
that 7;; has a null vector v € Ty My, ie., Tijvj = 0 at (xg, tp). The second line of
(6.4) satisfies the null vector condition and can be ignored. The last line of (6.4) is also
non-negative, since 0 < ¢ < 1/n and |S |2 > (tr(S))?/n. For the gradient terms in (6.4),
Theorem 4.1 of [4] implies that

n
Fkl’pqviththpqvivj — 8(2 ﬁkl’pqvihklvihpq>|v|2
i=1
+sup 2a" QAL V T vt — AP AIT,,) > 0
A

for the null vector v provided that F is concave and inverse concave. Thus by Theo-
rem 2.5, the tensor T;; is positive definite for t € [0, T). Equivalently,

M =e+-+Ap)

for any ¢ € [0, T'), which implies the pinching estimate (6.1).
(iii) F is inverse concave and F; approaches zero on the boundary of I'y.. In this case,

we define T;; = S;; — eF 81./ , where ¢ is chosen such that T;; is positive definite initially.
By (2.14) and (2.16),

0] . .. . .
o Tij = FUNITy + FOP VgV hpg + (433 +2f = 20 0) 835

n . . .
— @O+ ISk + A8 —e(F =) ffruu + 28] (6.5)
k=1
Suppose v = e is the null eigenvector of T;; at (xo, f) for some first time 7y > 0. Denote

the zero order terms of (6.5) by Qg. At the point (xg, tp), € F is the smallest eigenvalue
of §;; with corresponding eigenvector v. Then

Qoviv! = (Faf +2f —20()eflvl* + (f — () — Frrpe? f2 vl
+ FEARIvl = e(f — ¢ () FFru O + 2)[v]?
= A +epvl =& (3 + o)) 1vP
k

= 0P (e —eNp 0 + Y FCG0E —e2f%) 2 0.
k



2502 Ben Andrews et al.

By Theorem 2.5, to show that T;; remains positive definite for ¢ > 0, it suffices to show
that . .
Q1 = FKPIN 1y Vihp + 2sup FY QAP Ty, — A AIT,,) > 0.
A

Noting that 717 = 0 and V;T1; = 0 at (xo, t9), the supremum over A can be computed
exactly as follows:

n n
2EM QAL T, — A A Tyy) = 22 Z FEQAV T, — (AP Typ)

k=1 p=2
(ViT1p)? » ViTip 2
_ZZZf< Ak—K Tpp ).
It follows that the supremum is obtained by choosing A? = %. The required inequal-

ity for Q1 becomes

o &, L, (ViTip)?
Q1 = F*PIN g Vihp, +2) ) ff— >

k=1 p=2 Tpp

Using (2.1) to express the second derivatives of F and noting that VT, = Vihi, —
8VkF6f = Vihyp at (xo, to) for p # 1, we have

<v1hkz>2. (6.6)

01 = fVihuVihy + ZZ f f (Vlhk1)2 + 222

k>l k112

Since f is inverse concave, the inequality (2.3) implies that the first term of the right-hand
side of (6.6) satisfies

. L 2 f*

1l -1 k 2
Vi Vihy > 2 (§ Vh)—2§—v11

FoVihg Vi = 2f F*Vihk 4 )»k( thik)

k=1
=2f'ViF)?-2)" ﬁmhkk)z.
T
Then

rk
0122 (Vi) - 22 by’

+2) 5 f (Vlhmz +2 Z Z — (Vihu)®
k>1 k=1 I= 2
> 2~ (Vi F)? —2f—(V1h11) —2Z—<v1hkk>
k>l
ff=f
2 Vih -2 —(Vih
+ kz ( 1)’ > /\1( 1hir)®
>1 k#1>1
+2Zf—l<wm>2+2 > : (Vih)?
i M —€eF M—¢cF
>1 k>1,1>1
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tk
— 2 (Vi FY —2f—<vlhu> +2Y L W
k>1
+2 "( >Vh 2
k>12;>1f W _eF  n (Vihia)
Lo SIf f!
> 2(% - A—l>(vlhll)2 = 2(% - A_l)(vlhll)z >0,

where we used A1 = ¢F and Vihy1 = eV F at (xo, t9), and the inequality in (2.4) due
to the inverse concavity of f. Theorem 2.5 implies that 7;; remains positive definite for
t € [0, T). Equivalently,

1 -] 1 1 1 67
/\— f() sf</\_1""’ﬂ) 6.7)

forall t € [0, T). Since f, approaches zero on the boundary of the positive cone I', the
estimate (6.7) and Lemma 12 of [9] give the pinching estimate (6.1).
(iv) n = 2. In this case, we do not need any second derivative condition on F. Define

. <)»2—M>2
IRV IV

Then G is homogeneous of degree zero in the shifted principal curvatures A1, A>. The
evolution equation (2.16) implies that

5G = FNV VG + (G FM-Pa — FTGH-PaYY,; 5,V S,
~(60)+ 2 )6 sy + (3 7433) G5 6.8)
k k
The zero order terms of (6.8) are equal to

Al —i—A (¢()+Zf> x1+)\22f’\2<0

The same argument as in [5] shows that the gradient terms of (6.8) are non-positive at the
critical point of G. Then the maximum principle implies that the supremum of G over M,
is non-increasing in time along the flow (1.18). This gives the pinching estimate (6.1) and
the strict h-convexity of M, for all r € [0, T). m]

Qo = —4G

6.2. Shape estimate

Denote by p_(t), p+(¢) the inner radius and outer radius of €2;. Then there exist two
points pi, p2 € HH such that B,_)(p1) C 2 C By, (1(p2). By Corollary 5.2, the
modified quermassintegral W, is monotone under inclusion of i-convex domains in H'+!.

This implies that

Filo— (1)) = Wi(B,_1y(p1)) < Wi(R0) < Wi(Bp, 1y (p2)) = filp+ (1))
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Along the flow (1.18), VNVI(QT) = W;(Qo) is a fixed constant. Therefore,

p—(1) = C = p4(1),

where C = f;_l (VT/I(QO)) > (0 depends only on [, n and .

On the other hand, since each €2; is h-convex, the inner radius and outer radius of €2;
satisfy p4(¢) < c(p—(t) + p— (t)1/?) for some uniform positive constant ¢ (see [12,23]).
Thus there exist positive constants ¢y, c3 depending only on n, [, My such that

O<cr=2p-(0) =p+(H) <2 (6.9)
forallt € [0, T).

6.3. C? estimate

Proposition 6.2. Under the assumptions of Theorem 1.7 with ¢(t) given in (1.19), we
have F < C foranyt € [0, T), where C depends on n, 1, My but noton T.

Proof. For any given 1y € [0, T), let By, (po) be the inball of €2, where pg = p_ ().
Then a similar argument to that in [10, Lemma 4.2] yields

Bpy2(po) C 2,  t € [to, min{T, 1o + 1}), (6.10)

for some positive T depending only on n, [, 2¢. Consider the support function u(x, t) =
sinhrp, (x) (0rp,, v) of M, with respect to the point po. Then (6.10) implies that

u(x,t) > sinh(pg/2) =: 2¢ (6.11)

on M, for any ¢ € [tg, min{7’, o + 7}). On the other hand, the estimate (6.9) implies that
u(x,t) < sinh(2cp) on M, for all ¢ € [ty, min{T, to + t}). Define the auxiliary function

Fow -1

Wx, 1) = u(x,t) —c

on M; for t € [ty, min{T, ty + t}). Combining (2.14) and the evolution equation (4.4) for
the support function, we see that the function W evolves by

0 2
—W =FY VjViW—i——ViuVjW
u—=c

at
W) ik
- E(F” (h¥h] — 8] + W coshrp, (x))

+ (F + F¥ ) cosh rp, (x) — Finkn] —WEs/.  (6.12)

(u—c)?
The second line of (6.12) involves the global term ¢ () and is clearly non-positive by
the h-convexity of the evolving hypersurface. By the homogeneity of f with respect to
A =kj —1,wehave F + FKhy =2F + Y ket f* and

(u—c)?

Finfh] = f*Ou+ 17 = foi+21 + ) f* = cf,
k
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where the last inequality is due to the pinching estimate (6.1). The last term of (6.12) is
non-positive and can be thrown away. In summary, we arrive at

d L
EW <yl (VjV,‘W + VﬂdeW)

u-—=c

n
+w2(2+ F! k) cosh ry, (x) — 2C W3,
Po
k=1

Noting that f* is homogeneous of degree zero, the pinching estimate (6.1) implies that
each f¥ is bounded from above and below by positive constants. Then without loss of
generality we can assume that F~! Yot f k < 1 since otherwise F < Iy f k<c
for some constant C > 0. By the upper bound rp, (x) < 2c;, we obtain the estimate

3 . 2
W= i (v,viw + ———VuV; W) + W23 cosh(2¢2) — *CW)
. P .

on [y, min{7, #p+t}). Then the maximum principle implies that W is uniformly bounded
from above and the upper bound on F follows by the upper bound on the outer radius
in (6.9). O

Proposition 6.3. There exists a positive constant C, independent of time T, such that
F>C>0.

Proof. Since the evolving hypersurface M, is strictly h-convex, for each time 7y € [0, T)
there exists a point p € H*t! and xo € My, such that Q) C By, 1) (p) and Q4 N
B, (1)(P) = x0. By the estimate (6.9) on the outer radius, the value of F' at the point
(x0, tp) satisfies

F(x0, t9) > coth p (fy) > cothcy.

Recall that the function F satisfies the evolution equation (2.14):

%F = gk FINVF + (F — p(0)(Fhfh] — Fis)). (6.13)
By the pinching estimate (6.1) and the upper bound on the curvature proved in Propo-
sition 6.2, the equation (6.13) is uniformly parabolic and the coefficient of the gradient
terms and the lower order terms in (6.13) have bounded C 0 norm. Then there exists r > 0
depending only on the bounds on the coefficients of (6.13) such that we can apply the
Harnack inequality of Krylov and Safonov [21] to (6.13) in a space-time neighbourhood
B, (x0) x (t9 — r2, 9] of xo and deduce the lower bound F > CF (xg,%9) > C > Oina
smaller neighbourhood B, 2(xo) x (fp — r? /4, to]. Note that the diameter r of the space-
time neighbourhood is independent of the point (xq, fg). Consider the boundary point
X1 € 0B,/2(x0). We can look at the equation (6.13) in a neighborhood B, (x1) x (to—rz, tol
of the point (x1, #p). The Harnack inequality implies that ¥ > CF(x1,%) > C > 0 in
Bpa(x1) x (to — r2 /4, to]. Since the diameter of each My, is uniformly bounded from
above, after a finite number of iterations we conclude that ¥ > C > 0 on M, for a uni-
form constant C independent of 7. O
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The pinching estimate (6.1) together with the bounds on F proven in Propositions 6.2 and
6.3 implies that the shifted principal curvatures A = (A1, ..., A,) satisty

0<Ccl<a<cC

for some constant C > 0 and ¢t € [0, T). This gives the uniform C 2 estimate of the
evolving hypersurfaces M;. Moreover, the global term ¢ (¢) given in (1.19) satisfies 0 <
C~! < ¢(t) < C for some constant C > 0.

6.4. Long time existence and convergence

If F is inverse concave, by applying a similar argument to [10,25] (see also [30]) to the
equation (5.10), we can first derive a C2@ estimate and then a CK- estimate for all k > 2.
If F is concave or n = 2, we write the flow (1.18) as a scalar parabolic PDE for the radial
function as follows: Since each M; is strictly h-convex, we write M; as a radial graph
over a geodesic sphere for a smooth function p on S”. Let {Gi}, i=1,...,n, be alocal
coordinate system on S". The induced metric on M, from H"*! takes the form

gij = VipV;p + sinh? pg;;,

where g;; denotes the round metric on S”. Up to a tangential diffeomorphism, the flow
equation (1.18) is equivalent to the scalar parabolic equation

%p — (@) — FOV = 1)y 1 +[VpP/sinh? p (6.14)

for the smooth function p(-, ) on S”. The Weingarten matrix W = (h{ ) can be expressed
as

. . = jk
hi = cothp / °°th§ Vi p¥ip — ———Vip,
v v3 sinh” p v sinh” p
where o
- W VipV
v=\/1+|V,o|2/sinh2,o and &/kzo/k—’f)—z’o
vZsinh” p

Thus we can apply an argument as in [3,24] to derive a higher regularity estimate. There-
fore, for any F satisfying the assumption of Theorem 1.7, the solution of the flow (1.18)
exists for all time 7 € [0, co) and remains smooth and strictly h-convex. Moreover, the
Alexandrov reflection argument as in [10, §6] implies that the flow converges smoothly
as t — oo to a geodesic sphere d B, which satisfies Wl(Broo) = W;(Qo) This finishes
the proof of Theorem 1.7.

7. Conformal deformation in the conformal class of g

In this section we mention an interesting connection (closely related to the results of
[15]) between flows of h-convex hypersurfaces in hyperbolic space by functions of prin-
cipal curvatures, and conformal flows of conformally flat metrics on S”. This allows us to
translate some of our results to convergence theorems for metric flows, and our isoperi-
metric inequalities to corresponding results for conformally flat metrics.
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The crucial observation is that there is a correspondence between conformally flat
metrics on S” satisfying a certain curvature inequality, and horospherically convex hy-
persurfaces. To describe this, we recall that the isometry group of H"*! coincides with
O4(n + 1, 1), the group of future preserving linear isometries of Minkowski space. This
also coincides with the Mobius group of conformal diffeomorphisms of S”, by the fol-
lowing correspodence: If L € O, (n + 1, 1), we define a map p;, from S” to S” by

pr(e) = m(L(e, 1)),

where 7 (x, y) = x/y is the radial projection from the future null cone to the sphere at
height 1. This defines a group homomorphism from O, (n + 1, 1) to the group of M&bius
transformations. We have the following result:

Proposition 7.1. IfL € Oy (n+1, 1) and M C H"t! is a horospherically convex hyper-

surface with horospherical support function u : S* — R, denote by uy, the horospherical

support function of L(M). Then py is an isometry from e " g to e ~>“L g. That is,

e 2@ g (v, vp) = e L@ (o) (DpL(v1), DpL(v2))
foralle € S" and vy, vy € TeS".
Proof. We compute
e ®© = _X.(e,1) = —L(X) L(e, 1)
=—L(X)-pu(eL,1) where u =|[L(e, 1) - (0, 1)
— MC—ML(QL)_
On the other hand, the Mobius transformation p; is a conformal transformation with
conformal factor & = |L(e, 1) - (0, 1)|. The result follows directly. ]

Corollary 7.2. Isometry invariants of a horospherically convex hypersurface M are
Mobius invariants of the conformally flat metric § = e~ g, and vice versa. In particular,
Riemannian invariants of g are isometry invariants of M.

Computing explicitly, we find that for n > 2 the Schouten tensor

s L (5 R
U= T\ T 0 T8
of g (which completely determines the curvature tensor for a conformally flat metric) is
given by
Sij = 38ij + ViVju + winj — 5|Vul’gij = e Aij + 3ij
=[OV =D g + 38ij-
It follows that the eigenvalues of S’,- ; (with respect to g;;) are % + )\%’ where A; = k; — 1.

When n = 2 the tensor S; ; defined by the right-hand side of the above equation is by
construction Mobius-invariant, and so gives a Mobius invariant of ¢ which is not a Rie-
mannian invariant. This tensor still has the same relation to the principal curvatures of the
corresponding h-convex hypersurface.
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We observe that this connection between the Schouten tensor of g and the Wein-
garten map of the hypersurface leads to a coincidence between the corresponding evolu-
tion equations: If a family of h-convex hypersurfaces M; = X (M, t) evolves according
to a curvature-driven evolution equation of the form

X

——FOV -1
o7 W-=11tv

then the metric g satisfies S > % g, and evolves according to the parabolic conformal flow

a3 I TR L
=2 _2F((S§=-= )8

In particular the convergence theorems for hypersurface flows correspond to convergence
theorems for the corresponding conformal flows, and the resulting geometric inequalities
for hypersurfaces imply corresponding geometric inequalities for the metric g.
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