J. Eur. Math. Soc. 23, 2707-2731 (2021) DOI 10.4171/JEMS/1069

© 2021 European Mathematical Society
Published by EMS Press. This work is licensed under a CC BY 4.0 license.

JEMS

Jon Chaika - Alex Eskin
Self-joinings for 3-IETs
Received August 21, 2018 and in revised form July 30, 2019

Abstract. We show that typical interval exchange transformations on three intervals are not 2-
simple answering a question of Veech. Moreover, the set of self-joinings of almost every 3-IET is a
Poulsen simplex.
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1. Introduction

Definition 1.1. Let (X, B, u, T) be a probability measure preserving system. A self-
joining isa T x T invariant measure on X x X with marginals p.

Definition 1.2. (X, B, u, T) is called 2-simple if every ergodic self-joining, other than
U X [, is one-to-one on almost every fiber.

Definition 1.3. A Poulsen simplex is a metrizable simplex whose extreme points are
dense.

Lindenstrauss, Olsen and Sternfeld proved that a Poulsen simplex is unique up to affine
homeomorphism [11].

Definition 1.4. A 3-interval exchange transformation is defined by three non-negative
numbers £1, €2, £3. 1tis T : [0, £1 + €2 + £3) — [0, £1 + £ + £3) given by
x+L+4L4:  ifx < £,
T(x)=3x+43—4£ ifl) <x<{f1+4+ 4,
x — (€1 + £p) otherwise.

Theorem 1.5. Almost every 3-IET is not 2-simple. Also, its self-joinings form a Poulsen
simplex.

Note that 7 x T has topological entropy 0.
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The first part of Theorem 1.5 answers a question of Veech in the negative [16, Ques-
tion 4.9]. (In [16] “2-simple” is called “Property S.”)

Recall that a measure preserving system is called prime if it has no non-trivial factors.
In the paper [16] mentioned above, Veech classified the factors of 2-simple systems, and
so a natural question remains:

Question 1.6. Is almost every 3-IET prime?

It is also natural to wonder what happens for IETs with other permutations and flows on
translation surfaces. It is likely that our techniques can show that residual sets of interval
exchange transformations on more intervals, and flows on translation surfaces of genus
greater than 1 are not simple, but we do not see how they can be applied to almost every
flow on translation surface or IET with different permutation.

To prove Theorem 1.5 we define in Section 2 a distiguished class of self-joinings
called “‘shifted power joinings.” In Section 2 we also show that a special type of trans-
formations called “rigid rank 1 by intervals” (which includes IET’s by [17, Part 1, Theo-
rem 1.4]) have the property that linear combinations of shifted power joinings are dense
in their self-joinings. M. Lemanczyk brought to our attention that this result was proved
in an unpublished paper of J. King [10]. We then prove that almost every 3-IET has the
property that its ergodic self-joinings are dense in linear combinations of the shifted power
joinings. We do this by producing an abstract criterion (Section 3) and showing 3-IETs
satisfy this criterion (Section 4).

Context of our results. Before Veech’s work, D. Rudolph introduced the notion of min-
imal self-joinings, using it as a fruitful class of examples, including examples of prime
systems [12]. The property of 2-simple generalizes minimal self-joinings and in particu-
lar, no rigid system has minimal self-joinings. The typical IET is rigid [17, Part 1, The-
orem 1.4], so the typical IET does not have minimal self-joinings, but there are rigid 2-
simple systems. Ageev proved that the set of measure preserving transformations which
are not 2-simple contains a dense Gg, i.e. it is a residual set (with the topology being the
so called weak topology) [1]. Our construction can be modified to give a new proof of this
fact.

Our result that the self-joinings form a Poulsen simplex is also perhaps a little un-
expected. Many examples of systems whose set of invariant measures forms a Poulsen
simplex are well known, but typically these systems are of high complexity, satisfying
some form of specification. In contrast, our examples have very low complexity, as T x T
has quadratic block growth. Since systems of linear block growth have only finitely many
ergodic measures [2], such a system cannot have the set of its invariant measures form-
ing a Poulsen simplex (though as our examples show its Cartesian product could). We
remark that in the previously mentioned unpublished work, J. King proved that a residual
set of measure preserving transformations (which therefore must include rank 1 transfor-
mations) have the property that their self-joinings form a Poulsen simplex [10], giving
many (non-explicit) entropy zero examples. Our result is perhaps still surprising, because
we treat a previously considered family of examples and we show typicality in a metric,
rather than topological setting.
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Two key steps are showing that the typical 3-IET admit good linked (nj,n; + 1)
approximation [7] (see Remark 4.8 and the proof of Proposition 4.5) and that this implies
the existence of all sorts of ergodic joinings (see Proposition 3.1). Some consequences
of transformations with (n;, n; + 1) approximation were studied by Ryzhikov [14] and
as a result we get some spectral consequences for 7" and T x --- x T (n times) (see
Remark 4.6). Related to this, the methods of the paper show that Katok maps are not
simple, answering [4, Question 7.1].

2. Joinings of rigid rank 1 transformations come from limits of linear combinations
of powers

Let ([0, 1], M, A, T) be an ergodic invertible transformation.

Definition 2.1. We say T is rigid rank 1 by intervals if there exists a sequence of intervals

11, I, ... and natural numbers n1, na, ... such that:

° T':Ik is an interval with diam(7" I;) = diam(Iy) forall 0 < i < ng.
e T'INT/I =@forallkand 0 <i < j < ng.

o limgoo AU, T = 1.

o limg_ oo M(T™ I A I) /A(Ix) = 0.

This is a condition meaning that our transformation is well approximated by periodic
transformations. A similar condition, admitting cyclic approximation by periodic trans-
formations, was considered in [8].

Let
ng—1 np—1
Re=J T, Ru=|J T UhnT™LN0T"L),
i=0 i=0 (2.1)
ng—1
Re=|J ' n T A T2 L N T I N T 1),
i=0

Thenj%k is the Rokhlin tower over I, 7A€k is the Rokhlin tower over Iy N T " [ NT"* I,
and Ry is the Rokhlin tower over ﬂi2=72 T'" I;.. We have
R ={x:Tx € Ry forall —ny <i < ngl, (2.2)
Ri = {x:T'x € Ry forall —2ny < i < 2ng). (2.3)
Heuristically one can think of Ry as the set of points we can control. The sets 7@;< and

Rx let us control the points for long orbit segments, which is necessary for some of our
arguments.

Lemma 2.2. limy_, A(ﬁk) =1 =1limg_ o0 A(Rg) = limg_ o )»(7%1().
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Proof. By the third condition in the definition of rigid rank 1 by intervals we have
limg— 00 A(Ri) = 1. By (2.1),

AMRE) = AMRi) — mh(Ii \ (T"™ I, U T I)) > A(Ry) — 2mA (I \ T Iy),

and thus by~ the fourth condition of that definition, limk_mo)x(ﬁk) — 1. Similarly,
limg_ o0 AM(R) = 1. O

Definition 2.3 (Shifted power joining). Let (X, T, i) be a measure preserving dynam-
ical system. A self-joining of (X, T, n) that gives full measure to {(x, T%x)} for some
a € Z with a # 0 is called a shifted power joining. These have also been called off-
diagonal joinings.

Let¢: [0, 1] — [0, 1] by x = (x, x). Let u = ., A. Shifted power joinings have the form
(id x T%),u for some a € Z \ {0}.

The operator A, and convergence in the strong operator topology. Let o be a self-
joining of (T, A). Let o, be the corresponding measure on [0, 1] coming from disinte-
grating along o on the fiber {x} x [0, 1]. Define A, : L?(1) — L2(%) by A, (f)[x] =

[ fdoy.
Recall that one calls the topology of pointwise convergence on L2(A) the strong op-
erator topology. That is, A1, Az, ... converges to Ay in the strong operator topology if

and only if lim; o |A; f — Ao fll2 = O forall f € L>()).

Theorem 2.4. Assume ([0, 1], T, X) is rigid rank 1 by intervals and o is a self-joining
of ([0, 11, T, ). Then Ay is the strong operator topology (SOT) limit of linear combi-
nations, with non-negative coefficients, of powers of Ur, where U : L*([0, 1], 1) —
L2([0, 11, &) denotes the Koopman operator Ur(f) = f o T.

Corollary 2.5 (J. King). Any self-joining of a transformation rigid rank 1 by intervals
is a weak-* limit of linear combinations of shifted power joinings.

These results (or very closely ones) were established earlier by J. King [10] using a dif-
ferent proof. In fact he shows that if the joining in Corollary 2.5 is ergodic then there is no
need to take a linear combination. See also [6, Theorem 7.1]. There is an open question
of whether this result is true for general rank 1 systems [9, p. 382]. Ryzhikov has a series
of results in this direction: see for example [13] and [15].

2.1. Proof of Theorem 2.4

Lemma 2.6. Foreach 0 < j < ny we have

nkf_ 0 (RE) da(x) < A(RE). (2.4)
Til

Remark. Note that ny is roughly A(T/ ;) ™!
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Proof of Lemma 2.6. Suppose 0 < j < ng, and suppose x € T/ I. From (2.3) we have
T'R; C Ry forall —ny < i < ng. We claim that

ox(R}) < asz(ﬁ’,z) for all —ny; < £ < ng. (2.5)

Indeed, o, (R}) = asz(TZR,i) <oy, (7%;’). Integrating (2.5) we get
/ oy (R dr(y) < / 0. (R{)dr(z) forall —nj <€ <ng.  (2.6)
TI I Ti+er,
Since we can choose £ in (2.6) so that j + £ takes any value in [0, ny — 1] N Z, we get

f oy(RE)da(y) < min / 0, (R{) dA(2). 2.7)
Ti Iy 0 Til

<i<ng

Now
ng—1

> [ o®@am s [ o @) i@,
=0 JTiL 1

[0,

where the last estimate uses the fact that o has projections A. So we obtain

- 1. ~.
min / ox(Rp) dr(x) < —A(Ry). 2.8)
O=<i<ni Jrip, ng
Now the estimate (2.4) follows from (2.7) and (2.8). ]

We want to guess coefficients ¢; such that o is close to Z}”‘: 61 ¢j(id x Ti)*u. The next
lemma comes up with a candidate pointwise version. Theorem 2.4 and Corollary 2.5
follow because by Egorov’s theorem this choice is almost constant on most of the 7¢I

and the subsequent lemma (Lemma 2.8) shows that they are almost 7 -invariant.

Lemma 2.7. Let x € 7%1{ N TI I where 0 < Jj < ng. Define ci(x) = ox(T*Ix N 7@;{)
where 0 < a < ny andi + j = a (mod ng). For all 1-Lipschitz f we have

ni—1

|40 £ @) = Y @) (T = diam(Ti) + 211 supor (RY).
i=0

Morally ¢;(x) is the o, measure of the level in Ry thatis j levels above the level x is on.
Because j 4 ¢ can be bigger than ny the definition is slightly more complicated. Note that
the ¢;(x) are non-negative.

Proof of Lemma 2.7. Suppose x € 7A2k N T/ I,. First notice that if y, z € T'I; for some
0 <i < ngthend(y,z) < diam(ly). Soif j + ¢ < ny we have

[ ~ fdox — () f(T'x)| < || fllLip diam(Z). (2.9
R NT I+,
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If j + € > ng then |¢j (x) — o (Re N TIHIY)| < 0 (RENTIH L) because if y € Ry then
T*y e Ry. So for any j we have

< | fllLip diam(Zx) + || f llsup ox (RE N TIHE ).
(2.10)

By (2.2), forall 0 < £ < ny, T‘Elék C Ry. Therefore, Iék C Uf:gk_l Ti I, for all
0 < £ < ng. By summing over j in (2.10) we obtain

f fdoy —cj(x) f(T7x)
RyNTi+tr,

ng—1

fdoy =Y () f(T'x)

Ry j=0

< I1f luip diam(Zx) + [l lsupox (RY). 2.11)

In view of the fact that

/‘AC Sdox| < 11fllsup Gx(ﬁi), (2.12)

Ry

we obtain the lemma. O

Lemma 2.8. Suppose 0 < { < ny. If x € T'Iy and —€ < i < ny — £ then

ng—1

Y lej(x) — ¢ (Tx)| < 204 (RY).

j=0
Proof. Suppose 0 < ¢ < ng, OAE j < ng,and —€ < i < ng — £. First note that if
0 <m < ngand z € T"I; N Ry then by (2.1), we have T*z € T"™ I, N Ry, for all
—m <s <ng —m.Thus,if j + € < niandi + j + £ < ny then

ori (TN R = o (T LN T RY) = 0 (T 0 Ry).

This gives c¢; (x) :_cj(Tix) if j+¢ <ngandi+ j+ £ < ng. By a similar reasoning we
have cj(x) = ¢cj(T'x)if j +£ = nrandi + j + £ > ng.
Now assume that j + ¢ < ny andi + j + £ > ng. Then
¢j(T'x) = opi (THTEM L ARy = o (TIHE L N TRy, (2.13)

Also, ‘ A

¢j(x) = o (T7 0 N Ry). (2.14)
Now because Ry C ﬂl’,‘iink TiRy,if 7 € TIHT-n [, ARy, thenz € TIHE [, NT— R,
and z € T+ Iy N Ry. Therefore, the symmetric difference between T/ fz_"" N T~ Ry
and 77+ I N Ry is contained in the union of 7 +/*¢= 1, N RS and T/ N R. Thus,
in view of (2.13) and (2.14),

lej(x) — ¢; (T x)| < o (T REY 4 o, (TITERY).

The last case, where j + ¢ > ny and 0 < i + j + £ < ng, gives analogous bounds. So
we bound Y0 [ej(x) — ¢ (T7x)] by 2305 AT I 0 R) < 2A(RY) and obtain the
lemma. O
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Let dgr denote the Kantorovich—Rubinstein metric on measures,

dxr(u, v) = supH/ fdu — / fdv|: fis 1-Lipschitz}.

The next lemma is an immediate consequence of this definition.
Lemma 2.9. If f is 1-Lipschitz and dgr (0x, 0y) < € then |Aq f(x) — Ao f(Y)| < €.

We say 0 < j < ny is k-good if there exists y; in T I such that at least 1 — € proportion
of the points in T/ I; have their disintegration € close to y;, that is

Mix € TV I : dgr (0, 0y) < €})) = (1 — )r(p).
Lemma 2.10. For all € > 0 there exists ko such that for all k > ko we have

HO < j <mng:jisk-good}| > (1 —é€)ng.

Proof. By Luzin’s Theorem there exists a compact set K of measure at least 1 — €2/4
such that the map y — o is continuous with respect to the usual metric on [0, 1] and the
metric dgr on measures. Because K is compact, this map is uniformly continuous and
so there exists § > 0 such thatif x, y € K and |x — y| < § then dkr(0y, 0y) < €. We
choose k so that diam(/;) < § and A([0, 1]\ Ry) < 62/4. Let

1 .
n=—N{0<j<n: MT'I N K > er(Ip)}|.
ny

Then, because the T/ I are disjoint and of equal size and U}”‘: 61 T/ I = Ry, it is clear
that
MECNRE) _ €2/4 €2

<
SRy Si1-ea 2
and thus 1 < €/2. This completes the proof of the lemma. O

Notation. If j is k-good let

Gj={xeT/ It : x({y € T/ It : dxr(0x, 0y) < 2€}) > (1 —A(Ip)},

i.e. G; is the set of points that are almost continuity points of the map x + o, (restricted
to T/ I). We set G; = ) if j is not k-good.

Lemma 2.11. ForAalle > 0 there exNists k1 such that for all k > k1 there exist 0 < £ < ny
and yi € T*I; N\ Ry such that oy (Ry) < € and

H—C<j<np—20: ijk € Gyyjand j is k-good}| > (1 — 12¢)ny. (2.15)

Proof. 1If j is k-good then
MGj) > (1 — e)A(y).
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Let R} = U;'ial G . Notice that lim_ o0 )\(U;’ial T L) = limgo oo A(Ry) = 1 and so
for all large enough & (such that A(Ry) is close to 1 and Lemma 2.10 holds) we have

MR = (1 —)’A(Ry) > 1 — 3e.
By a straightforward L! estimate, we have

ng—1

SDoafyeTh:l{—t<j<m—L:Gj=0orTly &G} = 12eni})
=0
3e €
< — = -.
12 4

Therefore, the measure of the set of yj satisfying (2;15) (for some £) is at least 1/2.
Recall that by Lemma 2.2 we have limy_, )L(Rz) = 0 and so for k large enough,

Ay 0y (Re) > €)) < 1/3.

Thus, we can pick y; satisfying the conditions of the lemma. O

Proof of Theorem 2.4. For each k large enough that Lemmas 2.10 and 2.11 hold and
diam(/;) < € and A(R}) < e, let yi be as in the statement of Lemma 2.11 and assume it
is in T¢I for some 0 < £ < ng.

Step 1: We show that for all 1-Lipschitz functions f with || flsup < 1 we have

ng—1

i - S oomu ], =o.

First, observe that by Lemma 2.7 and the fact that || f||sup < 1,

ni—1
A F(TIy) = 3 Ty f(T )| < diam (L) + 207, (RY)
i=0

< diam(/y) + 20y, (7~€,i).

By our assumptions that diam(/) < € and oy, (7@2) < € we have

ng—1

Ao [(TTy) = Y (T y) f(TH )| < 3e.
i=0

=

From Lemma 2.9 we know that if x satisfies
dxr(0x, 07jy,) <€ (2.16)

then
ni—1

|40 ()= Y Ty f(T 30| < de.

i=0
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Let V denote the set of x satisfying (2.16) and such that x € T L N Ry for —€ < j <
ny — £. Then, for x € V, we have T'x, T+ y, e TiIHHImodnop forall 0 < i < ny
since —ng < i, i + j < ng (by (2.2)). Thus forany x € V,

nr—1

|40 £ = ) (T30 £(T75)| < 4e + diam(L).
i=0

Recalling that by assumption diam(/;) < € and invoking Lemma 2.8 we have

s 2 .
[ a0 =X aoor@inf aw = se+o,Ro)? < 60

j=0
Since yy satisfies the assumptions of Lemma 2.11 and k(?ii) < €, we have
AVE) < 2enipA(Iy) + €. 2.17)

Estimating trivially on V¢ we have

ng—1

407 - S o0s o I} = /Ol\Aaﬂx) =Y Gonr@in| aw
=0

j=0
< (66)% + || f 1130 €nir(Tp) + €).
Since || fllsup < 1 and € is arbitrary, this establishes Step 1.

Step 2: Completing the proof. The idea of the proof is that by Step 1 and linearity we
have the limit on a dense set in L2. Since the functions on L? we consider have operator
norm uniformly bounded (by 1), they are an equicontinuous family and so convergence
on a dense set implies convergence.

To complete the formal proof of the theorem, observe that for any z we have ) ¢;(z)
=Y"1¢i(z)] < 0.([0, 1]) and we may assume that o ([0, 1]) = 1.! So

ng—1

Zci(yk)U}” <1 forallk.
i=0 op

Therefore since we have shown limy_, oo ||Ao f — Z?ial ci(y)Uf fll2 = Oforasetof f
with dense span in L? (namely, the 1-Lipschitz functions with || f lsup < 1), we know that
forall f € L* we have limg_o0 || Ao f — Z?igl ¢i (YUl fll2 = 0. This is the definition
of strong operator convergence. O
Proof of Corollary 2.5. Let Sp denote the point mass at p. By the proof of the theorem
there exists yx such that

ng—1

dKR<Ux» Z Cj(yk)g(x,rfx)) < S
j=0

for all x € V. By (2.17) we may assume A(V¢) is as small as we want. The corollary
follows. D

! Ttis 1 for all but a measure zero set of z and we may change the disintegration on this zero set.
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3. An abstract criterion

Let (S, Y, 1) be a uniquely ergodic topological dynamical system. Let Sp denote a point
mass at p. Note we will consider the metric dgr on the Borel probability measures
on Y x Y (which is a weak-* closed set since Y is compact) and the measures (§p for
p €Y xY.If pisameasureon Y x Y, let (i), be the disintegration of x along {x} x Y.

Motivated by Corollary 2.5, we wish to build ergodic joinings that are close to fi-
nite linear combinations of shifted power joinings. For example we wish to have ergodic
measures with dgr distance € from the joining that gives measure 1/2 to {(x, x)} and
measure 1/2 to {(x, Sx)}. Naively, one wants to find a sequence of shifted power join-
ings that spend half their time close to {(x, x)} and half their time shadowing {(x, Sx)}.
Taking a weak-* limit of these we wish to have a measure close to the joining that gives
measure 1/2 to {(x, x)} and measure 1/2 to {(x, Sx)}.

Our approach will be to do this inductively, to have sequences of measures v; and u;
such that vy is the shifted power joining supported on {(x, x)} and o is the joining sup-
ported on {(x, Sx)}. Inductively, ;41 spends a definite proportion of its time near pu;
and a definite proportion near v;, and similarly for v;; . That is, we want to have sets
Aj41 and B;4 such that if x € A; 4 then (vj4+1)y is close to (u;)y and (j+1)y is close
to (vi)x, and if x € Bjy1 then (vi41)y is close to (v;)y and (@;+1)y is close to (w;)x.
Clearly we want the union of A; and B; to have almost full measure and it is helpful
that they each have measure at least ¢ > 0. This is not quite good enough, in particular
if A; and B; were constant sequences. We now make the next technical proposition to
overcome these issues and additionally guarantee that the limiting joining is ergodic.

Of course we want to consider the case of a linear combination of d off-diagonal
joinings. That is, if we are given a finite number of shifted power joinings vél), RN véd)
we wish to approximate d~! Zflzl vé’). We do this analogously to the previous case.
(i)}d
1 Ji

Indeed, we have Aq, By and {v | such that (v?))x is close to (voi_l))x for x € Ay

(where i — 1 is interpreted as d if i = 1) and to (v(()i))x for x € B;. We repeat this

and obtain {vg)}le, Aj and B;. Now (vg))x is close to (voi_z))x forx € A1 N Ay. We
continue repeating to approximate d ! Zfizl v(()l).

Proposition 3.1 makes this precise. Conditions (a)—(e) are the basic setup, condi-
tion (A) gives the inductive switching as above and condition (B) lets us rule out a previ-
ously mentioned issue to show that the weak-* limit of the v; and u; is close to %(,uo +v9)

and moreover that it is ergodic.

Proposition 3.1. Let Ji be a sequence of intervals, Uy be a sequence of measurable

sets, ry be a sequence of natural numbers, n,(f) be sequences of natural numbers for

L efl,...,d}, and € > 0 be a sequence of real numbers. Let Ay = Ulrkzl Si(Jk) \ Uk
and By = (ﬁi \ Ug. Let v,ﬁz) be the unique S x S-invariant probability measure supported
on {(x, S" x)}. Assume that:

(a) There exists ¢ > 0 such that for all k we have A(Ar) > ¢ and A(By) > c.
(b) The minimal return time of S to Jy is at least %rk.
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(©) AUk) < &
(d) limg—soo 7k Y jop A(Ji) = 0.
(e) The €; are non-increasing and € < 00.

Assume moreover that:

(A) For any x € Ay we have dKR((vlgé))x, (v,il__ll))x) < € and for any x € By we have

dKR((VIEZ)))m (v,&e_)l)x) < €. Note that v,ﬁe__ll) is interpreted to be v,@l ift = 1.
(B) dkr (L' Y F (8 x Y (e, 1) < e forall x € X, all L > ry41/9 and any

tefl,..., d).?

Then the weak-* limit of any v,&z) (as k — 00) is the same as the weak-* limit of
d-! Zgzl v,il) as k — oo. In particular these limits exist. Call this measure [. It is
ergodic and there exists C such that dxg (w, d " Z?Zl v,&z)) <C Z;’ik €.

Note that the system (¥ x ¥, S x S, v,EZ)) is isomorphic to (S, Y, 1), and that (v]@)x isa

©
point mass at (x, S/ x).

Remark 3.2. To connect this to the remarks above, consider the case that the véz) are

given shifted power joinings and we want an ergodic measure close to d~' 3" v((f) . Of
course this only treats particular types of linear combinations, but if our system is rigid (as
in the case of transformations rigid rank 1 by intervals), for any shifted power joining we
have different shifted power joinings close to it. For example, if we want to approximate
V= %(T” x id) 4\ + %(T’" x id)4A we choose k so that T% 2 id. This means

~ ~ 1pn+k : 1/n : 1 pm :

VR §(T x id)4 A + 3(T X id)xA + g(T X id) A,
and this is the measure we approximate as above. This lets us treat general linear combi-
nations of shifted power joinings.

Remark 3.3. One can drop the assumption that (S, Y, 1) is uniquely ergodic. In this case
one replaces (B) by

1 & .
A({x : dKR(Z Z(S X S)’(v,ie))x, vé@)) > ¢ for some L > rk+1/9}> < €.
i=1

This requires some straightforward changes to the estimates in the proof of Corollary 3.5
and to the definition of the set Gy in the proof of Proposition 3.1.

0]
2 Note that since § x S on {(x, S/ x)} is uniquely ergodic, such an rg4 1 always exists [3,
Proposition 4.7.1].
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3.1. Proof of Proposition 3.1

Lemma 3.4. Given ¢ > 0 and d € N there exist p < 1 and C such that if 0 < §; < 1/2
©

and a;, b; are such that a;,b; > cand 1 > a; + b; > 1 —§; and also 0 < y; < 1 are
sequences of real numbers for each £ € {1, ..., d} satisfying
{4 -1 {4
7 = @y Y + by Dl < 8, (3.1)
then
8;
Ol < ¢S5 Coik
Az (o 12 ) v
j=k
forallk >0,i > kands € {1,...,d}.
Proof. Lety (4) = yk(z) and inductively let
SO _ i S bi .
Vi al+bl Vi1 +bi i—1
Observe that
A(0) () A(E=1) _(e—1) bi .
12 A l+b(yl R TR [+b(y, 1Y
a_ v, b e Lo
ai+bi i—1 ai+bi i—1 i :
The second term is at most -+ 8;—1 and we inductively see that |yl yi(£)| <

Zj:k((sj + q)

Thus it suffices to show that there exist C, p such that

5 (S) Z (&)

To see this note that V(+Y)d = Zce,sﬁw) where 1 > ¢y > ¢ > 0 for some fixed ¢

depending only on ¢ and d. Consider the matrix A; which has (¢, s) entry c; 5. This ma-
trix is a definite contraction in the Hilbert projective metric. Indeed, for every ¢ there
exists & > 0 such that if M is a positive matrix where the ratio of every pair of en-
tries is at most ¢ and v, w are any vectors in the positive cone then Dyp(Mv, Mw) <

6 Dyp (v, w) where Dyp denotes the Hilbert projective metric. Now yk(_?r 4 18 the A

< Cp"fk.

try of AxAk4d ... Ak+@—1)ay Where y is the vector whose ith entry is y[(k) Since each

5 (0) 5 () |

Ajjq is a definite contraction in the Hilbert projective metric, we see that [, ., — 7, /'y

decays exponentially in r. It is straightforward to check that

d

1 1 &
QZ%@:gZ o _ Z G

=1 =1
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and so |yk ) -1 ZZ: 1 yk(e)l decays exponentially in r. After choosing C > p~¢ we

get
A(Z) (&)
Vitj — g Z

Corollary 3.5. Under the assumptions of Proposition 3.1 there exist p < 1 and C’' > 0

such that
1
e (v 2300 <S¢ 4 0okt
KR(vk d; z_; +

wheneverk > band 0 € {1, ...,d}.

< C,oj. m]

Remark. Corollary 3.5 establishes all the conclusions of Proposition 3.1 except the
ergodicity of u.

Proof of Corollary 3.5. First notice that by (A) we have

A (14, v/ 1a) <€ and dkr (] 15, (2 15) < €. (3.2)

‘We now claim that for all £,

1 €;
(3) (4) J
dKR(A( ) j llA/’ i~ 1) < €1+ 2€j + —C2. 3.3)

Indeed, for f 1-Lipschitz with || f|lsup < 1 we have

(«)
A(J])r] / v

_ ;/ Fav® = / £ oS ) xue(Six)dv®
M L s W)rz,l !

4

fo S’(x)dv 2=

- foS ) xu(Six)dv?,.
AU))rj ; y 2 ; Jj a

By (B),

R
‘ < €1,

foSi(x)ydv? —/fdvf‘f
rIjprj = -l J=1

Jj
and by (c) (the size estimate on U} ),

g

foS (x)xu(S'x)dv?,

1
‘A(Jj)r,- ; J
Then (3.3) follows because

1 1
Ay

< 1 fllsuph (U, mUS'J,) < 2¢;.

i=1

1 1

= rj)‘-(-]j) rj)L(Jj) —)\.(Uj)

_C2'
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Similarly, by partitioning B; into Dy, 2, ... where
Dy={xe§iJ :min{i >0:5'x € J;} = ¢},

we get

L o, o €j
dKR(A(B) v~ 1|)3/, i) < €1 +2€j + C_2 (3.4)

So for any 1-Lipschitz function f with || f|lsup < 1, we may apply Lemma 3.4 to

lll) = f fdvl.(e) withec =c¢, 81 = €j_1 +4¢; +6j/C ,aj = A(Aj) and b; = A(B}). To
verify (3.1), note that

[rao=[ o= [ ra®
A Bi

and so by (3.2),

= ”f”sup)\(Ui) < €

< 2¢;.

’/fdu“) /fdu“ b /fd%“

Then, by (3.3) and (3.4),

‘/fdv“) (A(A)/fdv“ ”+/\(B)/fdv“)>

This completes the verification of (3.1), and, in view of Lemma 3.4, the proof of Corol-
lary 3.5. O

&
<e€ji-1+4¢ + R
c

To complete the proof of Proposition 3.1, we need to prove that u is ergodic. We start
with the following:

Lemma 3.6. It suffices to show that for any € > 0 and M € N there exist ¢ > 0 and
G C Y x Y with u(G) > c and such that for (x,y) € G there exists L > M with

-1yl ¢
dKR(L Zi:l S(SXS)i(X,)')’ /J/) < €.
To prove Lemma 3.6 we use the following consequence of the ergodic decomposition.

Lemma 3.7. LetT : Y — Y be a measurable map of a o -compact metrtc space and [i be
an invariant measure. For i-almost every z € Y the sequence N~ Z 0 5 . converges
to an ergodic measure in the weak-* topology. (The measure is allowed to depend on the
point.)

Proof. [i has an ergodic decomposition i = [ jiy d i where fi, is an ergodic probability
measure with jiy({z : fi; = fiy}) = 1 for fi-almost every y. For each y, let

N—1
Zy = {z: lim Z f(Tix) = ffduy for every f € CC(Y)}
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Because there is a countable || - ||sup-dense subset of C.(Y), by the Birkhoff Ergodic
Theorem we have ji,(Z,) = 1 for all y. Then [ J Z, has full ji-measure and satisfies the
conclusion of the lemma. ]

Proof of Lemma 3.6. By our assumptions, a positive w-measure set of (x, y) has the
property that y is a weak-* limit point of L~ ZI-I‘ZI S(st),-(xyy). Indeed, choose a se-
quence of ¢; > 0 converging to 0 and observe that any point in the set lim sup G¢; has this
property. Throwing out a set of u-measure zero where the limit may not exist, Lemma 3.5
implies this is the unique weak-* limit point and it is ergodic. O

We now identify a set of full measure for p. As a preliminary, by assumptions (e) and (A)
of Proposition 3.1 we find that if x ¢ (72, Ure,, Uk (this is a full measure condition)
then there exists p1(x), ..., pqg(x) such that

)k

Aim ()b = B -+ Spaco)-

Lemma 38. u({(x. p1(x). ... (¥ PaCD gz, Uz, v) = 1
Proof. It is straightforward to see that for any f € C(Y x Y) we have

lim fd( ‘“) / Zf(x pe(x)) d..
YxY

i—o00
By Corollary 3.5, the left hand side is [ f dp = limj—oo [y, y fdvi(z) for every £, estab-
lishing the lemma. O
Proof of Proposition 3.1. Let Gy be the set of all x € Y such that:
(1) Six ¢ Uikt Jj U ST Jj forall 0 < i < r41/9.
) O <i <rr1/9: S'x € UjZ Ul < 435724 St
3) x ¢ UL Uj-
Claim 3.9. For all large enough k we have A(Gy) > 1/2.

This is a straightforward measure estimate using assumptions (c), (d) and (e).

Suppose x € Gy and y € supp(iy). The next claim shows that there exists £; such

that lim(v;(z" ))x is the point mass at y.
Claim 3.10. There exists €' such that dgg (8, (v{"),) <3 35 i1 65 Also

Tk+1/9

9
dKR(,H] Z Bisxsycn Vi ) C”Zéf

Proof of Claim 3.10. We first state the following straightforward consequence of condi-
tion (A) of Proposition 3.1 (by considering if x € Ay or x € By):
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Lemma 3.11. Leta € {1,...,d}. IfS/x ¢ Jiy U S"™*Jy for 0 < j < L then there exists {
(it is either a or a + 1) such that dKR((U( ))S,x, (u(”) )siy) < €k forany 0 < j < L with
Six ¢ Uy.

By iterating we obtain:
Corollary 3.12. Forall j > k, £ € {1,...,d} and x € Gy, there exists £’ such that
(0) (" d
A s 0 D) <2 ) &
s=k+1

forany 0 <i < riy1/9 with S'x ¢ Us 1 U

Note that if L > rr41/9 then by condition (B) of the proposition we obtain

dKR( Z(V(a))sm I ) < €. (3.5)

By Corollary 3.12 there exists £ such that if S'x ¢ Ue, 11 Uy then for some ¢ we have
dKR((s(S’xS’)(x oy (vk )S, ) < Z] —iy1 € (for 0 < i < rg41/9). With (3.5) this gives

rk+1/9

dKR(Z (5 (.01 Vi )<€k+2 Z & +4 Z € O

j=k+1 j=k+1

This completes the proof of Proposition 3.1 by verifying Lemma 3.6 since for all € > 0
there exists kg such that for all k > kg and £ € {1, ..., d} we have dgr (i, v,gl)) < € (by
Corollary 3.5). O

4. Proof of Theorem 1.5

In this section, we will verify the conditions of Proposition 3.1.

Before beginning the proof we set up a geometric context connected to our situation.
A 3-IET with lengths £, £> and ¢3 is a rescaling of the Poincaré first return map of
rotation by % to the interval [0, %) C [0, 1) [8, Section 8]. If wyq denotes
the area 1 square torus oriented horizontally and vertically, observe that rotation by o
corresponds to the first return map of the vertical flow on (é e )a)sq to a horizontal side,
which is also the time 1 map of that flow.

To set up the geometric context, let Mj > denote the moduli space of area 1 tori
with two marked points where we allow the marked points to coincide. Note that M 2
is isomorphic to (SL(2, R) x R?)/(SL(2, Z) x Z?). For o € M, let F! denote the
vertical flow on w, which corresponds to left multiplication by the element () 9) x (9).
Let @ € M, be the square torus with two marked points a distance 1/2 apart on the

same horizontal line segment. Let S C M > be the set of surfaces w such that F, al) p ison
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the same horizontal as p and its distance along this horizontal is at most 1/2. That is, if p
is one marked point the other marked point is at ((1) (1)) X ( 6) where s < 1/2.
Let T be a 3-1ET. It arises as the first return map of a rotation R, to an interval K. Let

M—1
Y () = Y xx (REx).
£=0

Then, for any x € K such that Rolf”x ek,
M
TYM®) = RM . @.1)

Let wr € M 2 be the torus defined by taking the torus () 7% )ws, and marking two
points on the bottom horizontal line that are |K| apart. Whenever convenient, in what
follows we will consider K as being embedded in wr and g;K as being embedded in
gioT Where g; = (%’ e(,), ) Here we are identifying g, with the matrix (eot 69, ) X (8) and
think of g; as acting on Mj > = (SL(2, R) x R?)/(SL(2, Z) x Z?) by left multiplication.
Thus, for any M € N we can identify /)7 (x) as the intersection number between K and a
vertical line of length M on w7 starting at an x (see Figure 1). Using this as a definition,

we can make sense of vy, for all M € R™.

Fig. 1. The torus w7. A vertical segment of length M (colored red) intersects a horizontal slit
(colored blue) of length | K.

If we embed K in w7, then for x € K and M € N, we have
T = FM (x) ifF)(x) e K 4.2)

where ¢y (x) is the number of intersections between a vertical line of length M starting
atx and K.

Lemma 4.1. For almost every T the torus & is a limit point of {g; w71 };>0.

Proof. Let U™ denote the subgroup (1) x (&) of SL(2,R) x R?. Then U™ is the
expanding horospherical subgroup with respect to the action of g;, or in other words, the
orbits of U™ are the unstable manifolds for the flow g;.

By construction, the map T + w7 projects to a positive measure subset D of a
single U™ orbit on M ». Moreover, the pushforward of the Lebesgue measure on the
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space of 3-IET’s to D is absolutely continuous with respect to the pushforward of the
Haar measure on U™ to D. The lemma then follows from the ergodicity of g;. O

Corollary 4.2. For every § > 0 and almost all T, there exists arbitrarily large t > 0
with grwt € B(®,8) NS.
Proof. Since @ is square, for p € ® we have F al) p = p. Therefore, for ' € B(®, §") and
pEw, Fal)/p is within ¢;(8") of p, where ¢1(8’) — 0 as 8’ — 0. Write Fal),p —p =
(v1, v2), and note that for 8" > 0 sufficiently small and for small s € R, for p € g;o’, we
have
Fglsw,p —p=C("v,1-¢ +e'v).

Therefore, given o’ € B(®, 8), we can choose s € R, with |s| < ¢2(8") where ¢2(8') — 0
as 8§ — 0, suchthat 1 —e* + vy =0, i.e. gy’ € S. We have gy’ € B(®, c3(8')) with
c3(8’) = 0as 8’ — 0.

Suppose T is such that @ is a limit point of {g;wr};>0. Choose § > 0 such that
¢3(8") < & and choose ¢ such that gzwr € B(®, §’) and then let t = ¢’ 4+ s where s is as
in the previous paragraph. Then g,wr € B(®, §) NS as required. O

We now apply g; to Figure 1 with ¢+ = log M. Note that y¥rj;(x) is also the intersection
number between a vertical segment y; of length 1 and a horizonal slit y» of length M |K |
(see Figure 2). From now on, we assume that g;wr € B(®, §) NS for some § <K 1.

/5\7
]
]
]

y

i
F
-

Fig. 2. The torus glog pyw7: A vertical segment y; of length 1 (red) intersects a horizontal slit y,
of length M|K]| (blue). If we also assume that gjoe yyT € B(®, 8) NS then the torus 8log M®T
is nearly square, and the two endpoints of y; are on the same horizontal line segment, of length at
most 1/2 4+ O (6).

The following lemma refers to Figure 3.

Lemma 4.3. There exists m such that if the green segment does not cross the purple
segment then the number of times a trajectory of length 1 crosses g; K (the blue lines) is
either m or m + 1. Moreover, it is m + 1 if the trajectory does not cross the (horizontal)
purple segment, and m if it does.

In other words, for the set of points x whose green segment does not cross the pur-
ple segment, ¢y (x) is m if its red segment crosses the purple segment (Where ¢y is as
in (4.2)) and ¢pp(x) = m + 1 if it does not.
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N
]/
]
b
b

i
r
Kd

Fig. 3. Closing the curves. We complete the vertical segment y; to a closed curve y; by adding
a horizontal segment ¢; (green). Note that since g;wr € B(®, d) NS, the length of ¢} is at most
1/2 4+ O(3). Similarly, we close up the horizontal slit y, to obtain a closed curve 7, by adding in a
horizontal segment ¢, and a vertical segment ;2’ (purple).

Note that because Figure 3 represents gjog p7, vertical trajectories of length 1 in Fig-
ure 3 correspond to vertical trajectories of length M on wr.

Proof of Lemma 4.3. Indeed, the family of curves we define are all homotopic and so
their intersection with y, is all the same. So for such curves, if the green and purple
segments have intersection number zero then the intersection of the red segment and the
blue segment depends only on the intersection of the purple segment and the red segment,
which by construction is either O or 1. O

For the remainder, let A denote 1-dimensional Lebesgue measure restricted to K.

Lemma 4.4. For all € > 0 there exists § > 0 so that if ® € B(®, 8§) NS and the flow F;
is minimal then there exist p < € and L € N such that for any interval J with |J| = p
we have:

° )»(USE[O’L) FSJ)>1—e
e Forall0 <s < ¢ < L wehave FSJNF'J = 0.
° Fal)J is horizontally adjacent to J.

Proof. Suppose p is a point in w, and @ € S. Then F(}) p is horizontally adjacent to p.
For all € > 0 there exists § > 0 such that if w is in S N B(®, §) then Fal) p is translated
by less than €/9. Since the vertical flow on w is minimal, F!p # p. Therefore, F!p is
translated horizontally by some p > 0. Let J be a horizontal interval of length p. We
choose L = min{s > 0: FJJ N J # (J}. We have )“(Use[O,L) F}J) > 1 — p. Indeed,

UsE[O,L+1) F,J =o. o

Proposition 4.5. For any ay,...,aq,b1,...,bg € Z and c/5 > € > 0 there exist
8, to > 0 such that if g;wr € B(w, 8) NS, AM(K) > c and t > ty then there exist

e ni,....,ng€Zandr,L € N,
e aninterval J C K and a measurable set B C K
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such that the minimal return time (under T) to J is at least %r, and for A = J;_ T'J
we have »(A) > A0(K) — €, A(B) > IM(K) — € and the sets A and B satisfy

d(T"x, T%x) <€ forallx e Aandl e {l,...,d}, 4.3)
d(T™x, Tb‘x) <€ forallx e Band? € {1,...,d}. “4.4)

Moreover, T'JNTJJ =@ forall0 <i < j < %r. Lastly, if v\%) is the joining supported
on{(x,T%x)} then forallx € Aand ¢ € {1, ...,d} we have

1 L—-1
dKR<Z ; 8 (i) vW)) <2 (4.5)

and if v is the joining supported on {(x, T’ x)} then for all x € Band £ € {1, ..., d}
we have

1 L—1
dKR<Z D Sepiy gty v(b‘)) < 2e. (4.6)
i=0

Remark 4.6. Specializing to the case where d = 1, a = 0 and b = k, we see that
%(id + T%) is in the weak closure of the powers of T. Veech showed that almost ev-
ery 3-IET has simple spectrum [17, Theorem 1.3]. Combining these two facts with
Ryzhikov’s [14, Theorem 6.1(3, 4)] we find that the spectraof 7" and T x - - - X T (n times)
are simple for all n > 0.

Proof of Proposition 4.5. In view of Lemma 4.4, we can choose § so small that for any
w € B(®, ),

(i) the horizontal purple line has length between 1/2 — €/4 and 1/2 + § (which we can
do because the two marked points on & are % apart),

:e 1. _ (10 14 €
(i) Fyx=(9)x ()x where 0 < p < gracrcrpy-

Because 7' x T is uniquely ergodic on the supports of @) and v®) | there exists Ly such
thatif d(p;, T%"y) < e forall0 <i < L then

1 L—-1 1 L-1
dKR(Z > Sty poye UW>> < 2e, dKR<Z > 8ty pry- v(b‘f)> <2 @47
i=0 i=0

forall L > Lyand y € K. Indeed, T x T is uniquely ergodic on supp(v(®)) and supp(v®)),
and uniquely ergodic systems have uniform convergence of Birkhoff averages of contin-
uous functions (see for example [3, Proposition 4.7.1]). Let Lo = max L,. We choose f
so large that any vertical trajectory of length €™ on wr crosses K at least Lo times. We
further assume Lo > max {|ay|, |be|}.

We now set about defining J and A. Let V be the horizontal purple line segment. Let
p be as in the previous lemma for g;wr. For any horizontal interval I on g;wr of length p
we have one of the following mutually exclusive possibilities:
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(@) Use[O,l) FS(IH)yNnv =4¢.
(b) There exists s € [0, 1) such that F*(I) C V.

© Usepo.ny FF(DN@V) # 0.

Note that by Lemma 4.3 there exists m such that if / C K and (b) holds then ¢y (x) = m
and similarly if / C K and (a) holds then ¢y (x) = m + 1.
Let A be the set of points in g, which belong to some horizontal interval of length p
satisfying (b). Let
A= ﬂ F} . A (4.8)
s€[—2—max {|a¢—by¢|},2+max {|ag—by|}]

Let p > 0 be given by Lemma 4.4 and I be an interval of length p in AN gK such
that F,_ C})TI ¢ A.Now F'I is horizontally adjacent to I, and so F§ 1 is horizontally
Jjp away from /. So by our assumption on the length of 7, we have

ng,wTI CA forall0<j< [VI/p — 22 + max {|ag + b¢|}) — 3 = p. “4.9)

(Note that by (ii) and the fact that |V| > 1/2 — € we have p > 1.)

We now use what we have done for the flow on g;wr to establish some of our
claims about the IET T'. Let r be the cardinality of the set of intervals of length p in
U, e10,p) Faop I N K. Note that because in our set A a vertical trajectory of length 1
crosses g, K C g;wr exactly m times, we have r = mp.

Let A" = g_,A N K C or N K, which we may as well consider as a subset of the
domain of T (because it is contained in K). Note that

por(x) =m forx e A (4.10)
We also have, for all x € A’,
d(F;;;x,x) =e'p, 4.11)

because when we apply g_; to pull our dynamics from g;wr back to wr, we contract
horizontal distances by e~". It follows from (4.2), (4.10) and (4.11) that

d(T"x,x)=e¢'p forallx e A'. 4.12)

Let J denote the interval corresponding to / in the domain of our IET 7. That is, we
consider J = g_;I C K C wr, which since it is in K we consider as an interval in the
domain of 7. Let A = Uf;é T'J, which we can consider as a subset of K C wr. We
now claim that

ACg ANK. (4.13)
Indeed, by (4.9), we have

F¢J cg A forall0<s < p. (4.14)
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It follows, in view of (4.10), that for x € J,

p—1
Pper(X) =Y ot (Frex) =mp =r. 4.15)
k=0

By (4.2) we have, forx € J andi € N,
Tix = F(f)Tx where s is such that ¢5(x) = i.

Since for a fixed x € J, the map s — ¢;(x) is increasing, for 0 < i < r we have in view
of (4.15),
T'x = F,, x wheres < p.

This together with (4.14) implies (4.13). The same argument shows that
T'x € A’ forx € Aand |u| < m(max {|a; — be|} + 1). (4.16)

Letny = ag + (a¢ — by)m. We claim that for all x € A,

labl
d(T"x, T%x) <d(T%x, T“x) + Y d(T"+x, TEDmHay) < ee™ <e.
i=1

Indeed, by (4.16) and (4.12) we have d(T/" ey, TU=Dmtaryy — pe~ for all |j| <
|ag — bg|, because |ag| < m. We obtain the second inequality by (ii).
We now show that for all x € A,

1 m—1
dKR(Z Z 5(Tix’Ti+nex), v(”‘)> < 3e.
i=0

By construction, if x € A then T'x e A’ for all —m < i < m. Consequently,
d(T*Hex, T+ x) < € for all |i| < |m|. So by (4.7) and the fact that m > Lo > Ly
we have our condition on dgg.

We now show that A(A) > %A(K ) — €. This follows from the fact that by (ii) the
measure of the set of x € g;w7 such that F, £Tx crosses the horizontal purple strip for 0 <
£ <land—-1<¢<0,and thwrx does not have this property for some —1 < s < 1, has
measure at most Zm. By our condition on the length of the purple horizontal
strip, the measure condition on A is proved.

The fact that the return time of 7' to J is at most %r follows from the fact that the
measure of A€ is at most %A(K ) + € and so the orbit of J after leaving A and before
returning to J has measure at least %)L(K) —€—€ > %A(A). So J has at least %r images
outside of A before part of it returns.

We now similarly define B C A€ with the desired properties. First let

B = {x € g7 : U Fgfth(x) nvV = @}.
s€[—3—max {|a—b|},3+max {|a—Db|]}
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Similarly to before let B = (T;¢(_1.1; F5,o, B and B = g_,B N K C wr, considered

8T
as a subset of the domain of 7. Now as above, by Lemma 4.3 if x € B then we see
that a vertical trajectory of length 1 or —1 emanating from x crosses g;K exactly m + 1
times. Moreover, Fg[wa has this property for all —|a, — by| < s < |ag — by¢|. Since
ng =by + (m+ 1)(ag — by), for any x € B and |i| < m we have
lag—bel
AT x, T"T'x) < Y d(r/ "+, TUDO D) <6
j=1
Thus, as above we have dgg (m ™! Z;”;O] 8(T,-X’T,-+ngx), v®0Y < 3¢ for all x € B. The fact
that A(B) > A(K) — € is proved similarly to the case of A(A) above. ]

Proof that Proposition 4.5 implies the assumptions of Proposition 3.1. We prove the case
d = 1; the case of larger d is analogous. Choose ¢; satisfying assumption (e). Define
ai,br = a and by, ap = b. We apply Proposition 4.5 to the pairs (ay, b1), (az, bp) and
€ = €1/2 to obtain nil), ngz)’ A1, By and ry. Note that U; = (A U B)¢ and its measure is
lessthan 1 —2(1/2—¢€1/2) = €1, (4.3) and (4.4) imply (A), and (4.5) and (4.6) imply (B).
We repeat this procedure with n; and ny in place of a and b, and ¢, in place of €y,
and obtain nél), ngz), Aj, B, rp and J>. We further require that the interval J, satisfies
ri(J2) < €. Iterating this we have the conditions of Proposition 3.1. O

Proof of Theorem 1.5. Let p be an invariant measure for 7 x T. By Corollary 2.5
there exist ni,...,ng such that if v; is the joining supported on {(x, 7" x)} then
dxr(p, d™! Zfizl v;) < €. By the above, Proposition 4.5 implies we can satisfy the as-
sumptions of Proposition 3.1 with > ¢; < €. By Proposition 3.1 we obtain an ergodic
measure within Ce of d~! Z?:l v;. This establishes that the joinings form a Poulsen
simplex.

It remains to prove that there is an ergodic self-joining that is neither A x A nor one-
to-one on almost every fiber. Let v(()l) be the self-joining carried by {(x, x)} and véz) be
the self-joining carried by {(x, Tx)}. Let €; > O satisfy

o0
d(x,Tx) >40C ) ¢, 4.17)
i=1
o0
dgr (2 x 2, 3008 + i) > 40 e, (4.18)
i=1

where C is as in the conclusion of Proposition 3.1. We apply Proposition 3.1 for these
€; as above to obtain vl.(l), vl.(z) and their weak-* limit vy, an ergodic measure which by
(4.18) is not A x A. The following lemma show v, cannot be one-to-one on almost every

fiber.
Lemma 4.7. If u is a measure that is one-to-one on almost every fiber then (1 cannot be
the weak-* limit of a sequence of measures V; that are two-to-one on almost every fiber
and such that

A({x : diam(supp (V;)x) > 8}) > 3/4
for infinitely many i.
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Proof. There exists f : [0, 1) — [0, 1) measurable such that w is carried by {(x, f(x))}.
By Luzin’s Theorem there exists K compact with L(K) > 100 such that f|x is uniformly
continuous. Let s > 0 be such that d(f(x), f(y)) < §/8forall x, y € K withd(x, y) <
s. Choose an interval I with |I] < s, A(I NK) > ]OOA(I) and

A({x € I : diam(supp (V;)x) > 8}) > %|I| (4.19)

for infinitely many i. Let p = f(x) forsome x € /N K andlet g : [0,1) x [0,1) - R
be a 1-Lipschitz function such that

® glrexqo, 1) =0,
® glixB(p.s/4) =0,
e g(x,y) =min{d(x,dI),d(y, dB(p,§/4)),8/4} forall (x, y) € I x (B(p,/4)°.

Now fgdu < .0111]-llgllsup < .01]1|-min{5/4, [I|/2}. On the other hand if ; satisfies
(4.19) then on a set of x € I of measure at least |/|/3 we find that one of the two points
in supp (V;), is at least §/2 away from p. A subset of these x of measure at least |I]|/6
satisfies d(x, d1) > %|I|. So [ gd¥; > (|1|/6) min {8/4, |I|/12}. Since g is 1-Lipschitz
it follows that

dxr (. 51) > |11 min {|1(75 — 25)+ 31 — 700}
proving the lemma. O

Letv; = %(vi(l) + vi(z)). Since by (4.17) they satisfy the condition in the lemma, we see
that T is not 2-simple. O

Remark 4.8. Morally, for our construction of joinings we use the fact that our transfor-
mation T preserves A and has the following properties: There exists » > 0, an infinite
sequence of numbers n1, ny, ... and intervals I, I, ... and Jp, J, ... such that

o It, Tl ..., T" I Ji, T, ..., T"J; are disjoint intervals,
o limi_oo A(U”k T U T ) =1,

. A(U"" ! T'I;) and A(U?io T Ji) are both at least r for all k,

M INT ] . MINT" %ty
o limy_, o W =1=limy_ 0 W
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