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1. Introduction

The aim of this article, which is a sequel to [3], is to prove the following theorem.

Theorem 1.1. Let f : X — Y be a quasi-isometric map between two pinched Hadamard
manifolds. Then there exists a unique harmonic map h : X — Y which stays within
bounded distance of f, i.e.

supd(h(x), f(x)) < oo.

xeX
We first recall a few definitions. A pinched Hadamard manifold X is a complete sim-
ply connected Riemannian manifold of dimension at least 2 whose sectional curvature is
pinched between two negative constants: —b> < Ky < —a’> < 0. Amap f : X — Y
between two metric spaces X and Y is said to be quasi-isometric if there exist constants
¢ > 1and C > 0 such that f is (c, C)-quasi-isometric, which means that

¢ ld(x,x) = C <d(f(x), f(x) < cd(x,x) +C (1.1)

forall x, x" in X. A C2 map i : X — Y between Riemannian manifolds X and Y is said to
be harmonic if it satisfies the elliptic nonlinear partial differential equation tr(D%*h) = 0
where D?h is the second covariant derivative of A.

Partial results towards the existence statement were obtained in [31], [41], [17],
[27], [5]. A major breakthrough was achieved by Markovic who solved the Schoen con-
jecture, i.e. the case where X = Y is the hyperbolic plane Hﬁ, and by Lemm-Markovic
who proved the existence for X = Y = Hlﬂi in [28], [29] and [23]. The existence when
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both X and Y are rank one symmetric spaces, which was conjectured by Li and Wang
[25, Introduction], was proved in our paper [3]. We refer to [3, Section 1.2] for more
motivations and a precise historical perspective on this result.

As explained in [11], the harmonic map 4 is not always a diffeomorphism even when
f is a diffeomorphism.

Partial results towards the uniqueness statement were obtained by Li and Tam [24],
and by Li and Wang [25]. All these papers were dealing with rank one symmetric spaces.

Note that Theorem 1.1 was conjectured by Markovic during a 2016 Summer School
in Grenoble. According to our knowledge, Theorem 1.1 is new even in the case where
both X and Y are assumed to be surfaces.

The strategy of the proof of the existence follows the lines of the proof in [3]. Asin [3],
we replace the quasi-isometric map f by a C* map whose first two covariant derivatives
are bounded. But we need to modify the barycenter argument we used in [3] for this
smoothing step. See Subsection 2.2.1 for more details on this step. As in [3], we then
introduce the harmonic maps A that coincide with f on a sphere of X with large radius
R and we need a uniform bound for the distances between the maps g and f. The heart
of our argument is in Section 3 which contains the boundary estimates, and in Section 4
which contains the interior estimates, for d(hg, f). The proof of the interior estimates is
based on a new simplification of an idea by Markovic [29]. Indeed we will introduce a
point x where d(hg(x), f(x)) is maximal and focus on a subset Uy, of a sphere S(x, £¢)
whose definition (4.10) is much simpler than in [29] or [3]. This simplification is the key
point which allows us to extend the arguments of [3] to pinched Hadamard manifolds.
In this proof we use uniform control on the harmonic measures on all the spheres of X,
which is given in Proposition 4.9. We refer to Section 4.1 for more details on our strategy
of the proof of existence.

In order to prove uniqueness, we need to introduce Gromov—Hausdorff limits of the
pointed metric spaces X and Y with respect to base points going to infinity and therefore
to deal with C?> Riemannian manifolds with C! metrics. This will be done in Section 5.
We refer to Subsection 5.1 for more details on our strategy of the proof of uniqueness.

In Section 7, we extend Theorem 1.1 to coarse embeddings (see Definition 6.2 and
Theorem 7.1). The proof is similar but relies on the existence of a boundary map for
coarse embeddings. We also show that Theorem 1.1 cannot be extended to Lipschitz
maps (Example 7.3).

Section 6 is dedicated to the existence of this boundary map which, for a coarse em-
bedding, is well-defined outside a set of zero Hausdorff dimension (Theorem 6.5). The
existence of such a boundary map seems to be new.

2. Smoothing

In this section, we recall a few basic facts on Hadamard manifolds, and we explain how
to replace our quasi-isometric map f by a C* map whose first two covariant derivatives
are bounded.
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2.1. The geometry of Hadamard manifolds

We first recall basic estimates on Hadamard manifolds for triangles, for images of trian-
gles under quasi-isometric maps, and for the Hessian of the distance function.

All the Riemannian manifolds will be assumed to be connected. We will denote by d
their distance function.

A Hadamard manifold is a complete simply connected Riemannian manifold X of
dimension k > 2 whose curvature is non-positive, Kx < 0. For instance, the Euclidean
space R is a Hadamard manifold with zero curvature 0, and the real hyperbolic space
H’H‘{ is a Hadamard manifold with constant curvature —1. We will say that X is pinched if
there exist constants a, b > 0 such that

—b2§KX§—a2<O.

For instance, non-compact rank one symmetric spaces are pinched Hadamard manifolds.
Let xo, x1, x2 be three points on a Hadamard manifold X. The Gromov product of the
points x1 and x> seen from xg is defined as

(x11x2)xy = (d(x0, x1) + d(x0, X2) — d(x1, x2))/2. 2.1

We recall the basic comparison lemma which is one of the motivations for introducing
the Gromov product.

Lemma 2.1. Let X be a Hadamard manifold with —b> < Kx < —a*> < 0. Let T be a
geodesic triangle in X with vertices xo, x1, X2, and let 8y be the angle of T at xo. Then:

(a) (x0lx2)y, > d(x0,x1) sin?(6p/2).
) 6 < de— 0112z
(c) If min((xo|x1)x,, (X0lx2)x,) > b, one has 6y > e 112,

Proof. This is classical. See for instance [3, Lemma 2.1]. O

We now recall the effect of a quasi-isometric map on the Gromov product.

Lemma 2.2. Let X, Y be Hadamard manifolds with —b2 <Ky, Ky < —da% <0, and let
f X — Y bea (c, C)-quasi-isometric map. There exists A = A(a, b, c,C) > 0 such
that, for all xg, x1, x2 in X,

iy —A = (FEDIf@)rey < el + A 2.2)
Proof. This is a general property of quasi-isometric maps between Gromov §-hyperbolic
spaces which is due to M. Burger. See [13, Prop. 5.15]. O

When xg is a point in a Riemannian manifold X, we denote by dy, the distance function
defined by d,,(x) = d(xp, x) for x in X. We denote by d)%o the square of this function.
When F : X — R is a C? function, we denote by DF its differential and by D?F its
second covariant derivative.
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Lemma 2.3. Let X be a Hadamard manifold and xy € X. Assume that —b? < Ky <
—a? < 0. The Hessian of the distance function dy, satisfies

a coth(ady,)go < D?dy, < b coth(bdy,)go (2.3)
on X \ {xo}, where gy := gx — Ddy, ® Ddy, and gx is the Riemannian metric on X.

When a = 0 the left-hand side of (2.3) must be interpreted as dg)l £0-

Proof. This is classical. See for instance [3, Lemma 2.3]. O

2.2. Smoothing rough Lipschitz maps

The following proposition will allow us to assume in Theorem 1.1 that the quasi-isometric
map f we start with is C with bounded derivative and bounded second covariant
derivative.

2.2.1. Rough Lipschitz maps. A map f : X — Y between metric spaces X and Y is said
to be rough Lipschitz if there exist constants ¢ > 1 and C > 0 such that, for all x, x" in X,

d(f(x), f(xN) < cd(x,x') + C. (2.4)

Proposition 2.4. Let X, Y be Hadamard manifolds with bounded curvatures, —b*> <
ng, Ky <0. Let f : X — Y be a rough Lipschitz map. Then there exists a C*° map.
f+ X — Y within bounded distance of f and whose first two covariant derivatives D f
and D? f are bounded on X.

We denote k = dim X and k" = dim Y. We will first construct in 2.2.2 a regularized map
f : X — Y which is Lipschitz continuous. This construction is the same as for rank one
symmetric spaces in [3, Proposition 2.4]. The construction will not allow us to control the
second covariant derivative, hence we will have to combine this first construction with an
iterative smoothing process in local charts that we will explain in 2.2.3.

2.2.2. Lipschitz continuity. The first part of the proof of Proposition 2.4 relies on the
following classical lemma (see [20, Section 2]).

Lemma 2.5. Let Y be a Hadamard manifold.

(a) Let u be a positive finite Borel measure on Y supported by a closed ball B(yg, R).
The function Q,, onY defined by

0u(y) = /Y d(y, w)?* du(w)

has a unique minimum point y,, in Y, called the center of mass of |u; it belongs to
B(yo, R).
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(b) Let 1, n2 be positive finite Borel measures on Y. Assume that

1) w1 (Y) = mand pu(Y) > m for some m > 0,
(i1) both i1 and py are supported on B(yo, R),
(i) flur — pall < e.

Then
d(Yuy» Yuy) < 4eR/m. (2.5)

Proof. (a) Since Y is a proper space, i.e. its balls are compact, the function Q,, is proper
and admits a minimum, say at y,. Since Y has non-positive curvature, the median in-
equality holds: for all y, y1, y2, y3 in ¥ where y3 is the midpoint of y; and y,

1d(y, y2)? <d(yv. y0)* +d(y, y2)* —2d(y, y3)*. (2.6)

Integrating (2.6) with respect to u, one checks that Q,, has the following uniform con-
vexity property: if y3 is the midpoint of y; and y; then

2d(y1, y2)* < 0u(1) + Qu(y2) — 20, (y3).

Applying this inequality with y; = y, and y, = y one gets, foreach y in Y,

2d(yu, ) < 0u () — Qu(y), 2.7)

so that y, is the unique minimum point of Q.

We now check that y,, € B(yp, R). By the median inequality (2.6), the ball B(yp, R)
is convex, every point y in Y admits a unique nearest point y’ in B(yg, R), and this point y’
also satisfies the inequality

d(y,w) <d(y,w) forall win B(yp, R).

Therefore, Qﬂ(y/) < Qu(y). This proves that the center of mass y, belongs to B(yg, R).
(b) Applying (2.7) twice, one gets

BdOu ¥ = Qi Oa) = Couy W)
BdOu ¥ = Qo) = Cuia Wo)-
Summing these inequalities yields

md(yltla yuz)z = (Q;l.] - Quz)(yuz) - (Q;Ll - Qﬂz)(yﬂl)

<e sup |d(yu» w)? —du,, w)*| < 4eRd (Vs Yin)»
wEB(yo,R)

which proves (2.5). O

We now choose a non-negative C* function x : R — R with support in ]—1, 1[, which
is equal to 1 on a neighborhood of [—1/2, 1/2] and satisfies |x/| < 4.

Proof of Proposition 2.4. First step: Lipschitz continuity. We now explain this first con-
struction. We can assume b = 1. Since a rough Lipschitz map f : X — Y is always
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within bounded distance of a Borel measurable map, we can assume that f itself is Borel
measurable. For x in X, we introduce the positive finite measure p, on Y such that

tx () :/X<p(f(z))x(d(x,z))dvolx(z)

for any positive function ¢ on Y. The measure i, is the image by f* of a measure sup-
ported in B(x, 1). We define f(x) € Y to be the center of mass of 1. Lemma 2.5(a) tells
us that the map x +— f(x) is well-defined. The Lipschitz continuity of f will follow from
Lemma 2.5(b) applied to w1 := py, and pp := py, with x1, x2 in X. Let us check that
the three assumptions in Lemma 2.5(b) are satisfied.

(i) Because of the pinching of the curvature of X, the Bishop volume estimates tell us
that there exist positive constants 0 < my < My such that, for all x,

mo < vol(B(x, 1/2)) < pux(¥Y) < vol(B(x, 1)) = Mo.

(i1) When x1, x2 € X with d(x1, x2) < 1, the bound (2.4) ensures that both r,, and
Wx, are supported in B(f(x1), 2¢c + C).
(iii) We have

litx, =ty | < Mo sup | x(d(x1,2)) — x(d(x2,2))| < 4Mod(x1, x2).

zeX

Thus Lemma 2.5 applies and yields a bound on the Lipschitz constant of f, namely

~ ~ ~ 16(2 C)M,
Lip(7) = sup d(Fx1), Fom)/d (e, x) < -22e OMo

X17#X2 mo

m}

2.2.3. Bound on the second derivative. The second step of the proof of Proposition 2.4
relies on three lemmas. The first lemma provides a nice system of charts on Y.

Lemma 2.6. Let Y be a Hadamard manifold with —b* < Ky < 0and k' = dim Y. There
exist constants ro = ro(k’, b) > 0 and co = co(k’, b) > 1 such that, for each y in Y, there
exists a C* chart ® y for the open ball,

@, : B(y,ro) > Uy CRY with ®,(y) =0, (2.8)
such that
1Dy <co.  IDD'I <co,  [ID*®yl <co, [D*®)' <co.  (29)
In particular, for all r < ry,
@y (B(y, cglr)) C B(O,r) and B(O0, c(;lr) C ®y(B(y,r)). (2.10)

We have endowed R¥ with the standard Euclidean structure.
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Proof of Lemma 2.6. This is classical. One can for instance choose the so-called almost
linear coordinates, as in [19, Section 2] or [32, Section 3]. They are defined in the fol-
lowing way. We fix an orthonormal basis (e;)1<;<x’ for the tangent space TyY and set
yi :=exp,(—e¢;) € Y. The map @, is defined by the formula

Qy(z) = d(z, yD—1,....d(z y)—1),

where z belongs to a sufficiently small ball B (¥, ro). See [19, pp. 43 and 58] for a detailed
proof. O

There exist better systems of coordinates, the so-called harmonic coordinates. We will not
need them in this section, but we will need them in Section 5 to prove uniqueness (see
Lemma 5.2).

The second lemma explains how to modify a Lipschitz map g inside a tiny ball B(x, r)
of X so that the new map g, , is constant on B(x, r/2) and the first two derivatives of g ,
are controlled by those of g. We recall that ¥ : R — R is a non-negative C* function
with support included in ]—1, 1[, which is equal to 1 on a neighborhood of [—1/2, 1/2]
and 4-Lipschitz, i.e. |x'| < 4.

Lemma 2.7. Let X and Y be Hadamard manifolds with bounded curvatures —b? <
Kx,Ky <0.Letrg > 0and co > 1 be as in Lemma 2.6. Let g : X — Y be a Lip-
schitz map, x a pointin X, y = g(x) and 0 < r < ro. Assume that

. ro
Lip(g) < —-. @2.11)
COI’

Then the following formula defines a Lipschitz map g, x : X — Y:

g(x) if d(z,x) <r/2,
8@ = 107 (1 = % (£22)) 0y (8(2)) if r/2 <d(z,x) <,
g2 if d(z,x) >r.
We have
Lipp(e.r) (8rx) < 565 LiDp(er)(8)- 2.12)
In particular,
Lip(g.x) < 5¢§ Lip(g). 2.13)

Moreover, if g is C* in a neighborhood of a point z in X, then gr.x 1s also C? in this
neighborhood and

ID?grx (Il < (IID*8(2) |l + Lipp(x.r) (&) + 1) M, (2.14)

where the constant M, > 1 depends only on r, b, k, k' and x.

Proof. Condition (2.11) ensures that, for any z in B(x, r), the image g(z) belongs to
é(y, cgzro). Therefore, by (2.10), the vector ®,(g(z)) belongs to E(O, calro) C R¥,
When we multiply this vector by the scalar 1 — yx (-), the new vector is still in the same
ball. That is why, using again (2.10), the element g, ,(z) is well-defined and belongs
to B(y, ro)-
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The upper bound (2.12) follows from the chain rule. Indeed, when z is a point in
B(x, r) where g is differentiable, the bound (2.9) yields

4
| Dgrx (@I < Co(;ll‘by(g(Z))ll + ID(Py 0 g)(Z)II)

< 5¢o Lipp(y, ) (Py 0 ) < 5¢5 Lippy 1) (9)-

The upper bound (2.14) follows from similar and longer computations left to the
reader, which also use the bounds (2.3) for D2d,. ]

We will also need a third lemma. We recall that a subset X of a metric space X is said to
be r-separated if the distance between two distinct points of X is at least r.

Lemma 2.8. Let X be a Hadamard manifold with —b*> < Kx < 0. Let k = dim X and
Ny := 100%. There exists a radius ro = ro(k, b) > 0 such that, for any r < ry, every
r/2-separated subset X of X can be decomposed as a union of at most Ny subsets which
are 2r-separated.

Proof. The bound on the curvature of X and the Bishop volume estimates ensure that we
can choose rp > 0 such that

vol(B(x,4r)) < Novol(B(x,r/4)) forallr < rgpandxin X. (2.15)

This ro works. Indeed, let X1, ..., Xn, be a sequence of disjoint 2r-separated subsets
of Xo with X| maximal in X(, X, maximal in X¢ . X1, and so on. Every point x of
X must be in one of the X;’s with i < Ny because if not, each X; contains a point in
B(x, 2r), contradicting (2.15). O

Proof of Proposition 2.4. Second step: bound on D? f According to the first step of this
proof, we can now assume that the map f : X — Y is c-Lipschitz with ¢ > 1.

We can choose a new radius ro = ro(k, k', b) that satisfies both conclusions of
Lemma 2.8 for X and of Lemma 2.6 for Y. We will freely use the notations of these

two lemmas. Now let Yo

}"1 =
2No+2
5Nocg o2

and pick a maximal r| /4-separated subset X of X. Thanks to Lemma 2.8, we write this
set X as a union

Xo=X1U---UXp,
of Ny subsets X; which are 2ry-separated.

In order to construct f from f, we will use a finite iterative process based on
Lemma 2.7. Starting with fo = f, we construct by induction a finite sequence of maps f;
fori < No and we set f := fu,. In the notations of Lemma 2.7, the map f; is defined
from f;_; by letting

Flo) = {(fi—l)rl,x(Z) if d(z, x) < ry for some x in X1,
l fi-1(2) otherwise,
so that the Lipschitz constants of these maps satisfy

Lip(f;) < 5¢3Lip(fi—1) < 5'cdic. (2.16)
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Indeed, once f; is known to be well-defined and to satisfy (2.16), it also satisfies the
bound (2.11): Lip(f;) < —%. Therefore Lemma 2.7 ensures that f;, is well-defined

CO ry

and, using (2.12), that f; 4 also satisfies (2.16):

Lip(fi+1) < 5¢2 Lip(f;) < 51 e.
Let A := M,, +25c¢¢ + 1. By (2.14) and (2.16), for any i < No and z in X,

ID? fi ()|l + Lip(f)* + 1 < A(ID* fi—1 ()|l + Lip(fi—1)* + 1). (2.17)

Since X is a maximal ry /4-separated subset of X, every z in X belongs to at least one
ball B(x, r/2) where x is in one of the sets X;,. But then the function f;, is constant in a
neighborhood of zZ. Therefore, using (2.16) and applying the bound (2.17) Ny — io times
one deduces that f is a C> map that satisfies the uniform upper bound

ID? F@)Il < ((57¢5c)? + 1) AaN=io < ANoc2, o

3. Harmonic maps

In this section we begin the proof of the existence part in Theorem 1.1. We first recall
basic facts concerning harmonic maps. We explain why a standard compactness argument
reduces this existence part to proving a uniform upper bound on the distance between f
and the harmonic map hg which is equal to f on the sphere S(O, R). Then we provide
this upper bound near S(O, R).

3.1. Harmonic functions and the distance function

We recall basic facts on the Laplace operator on Hadamard manifolds.
The Laplace—Beltrami operator A on a Riemannian manifold X is defined as the trace
of the Hessian. In local coordinates, the Laplacian of a function ¢ is

I 0 [ 4 0
Ap =t(D*¢) = =Y —(vgy — 3.1
¢ = tr(D%p) U;M(vg axj> 3.1)

1

where v = ,/det(gx;;) is the volume density. The function ¢ is said to be harmonic if
A¢ = 0 and subharmonic if Ap > 0.
We will need the following basic lemma.

Lemma 3.1. Let X be a Hadamard manifold with Kx < —a* < 0 and let xo € X. Then
the function dy, is subharmonic. More precisely, the distribution Ady,—a is non-negative.

Proof. This is [3, Lemma 2.5]. O

3.2. Harmonic maps and the distance function

In this subsection, we recall two useful facts satisfied by a harmonic map 4: the subhar-
monicity of the functions dy, o i, and Cheng’s estimate for the differential Dh.
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Definition 3.2. Let/ : X — Y be aC? map between Riemannian manifolds. The tension
field of h is the trace of the second covariant derivative, 7 (h) := tr(D%h). The map h is
said to be harmonic if T(h) = 0.

Note that the tension field 7 (k) is a Y-valued vector field on X, i.e. it is a section of the
pull-back of the tangent bundle TY — Y underthe maph : X — Y.

For instance, an isometric immersion with minimal image is always harmonic. The
problem of the existence, regularity and uniqueness of harmonic maps under various
boundary conditions is a very classical topic (see [10], [38], [19], [9], [40], [37] or [26]).
In particular, when Y is simply connected and has non-positive curvature, a harmonic
map is always C*, and is a minimum of the energy functional among maps that agree
with & outside a compact subset of X.

Lemma 3.3. Leth : X — Y be a harmonic C* map between Riemannian manifolds. Let
yo € Y and let p, :=dy, 0o h : X — R.IfY is Hadamard, then the continuous function
on s subharmonic on X.

Proof. See [3, Lemma 3.2]. ]
Another crucial property of harmonic maps is the following bound for their differential
due to Cheng.

Lemma 3.4. Let X, Y be Hadamard manifolds with —b*> < Kx < 0. Let k = dim X,
z€ X, r>0andleth : B(z,r) — Y be a harmonic C* map such that h(B(z, r)) lies
in a ball of radius Ry. Then

1
DR < 25k

Ry.

In applications, we will use this inequality with r = b=,
Proof. This is a simplified version of [8, Formula 2.9]. ]

3.3. Existence of harmonic maps

In this subsection we prove Theorem 1.1, taking for granted Proposition 3.5 below.

Let X and Y be Hadamard manifolds with —b% < Kx,Ky < —a? < 0. Letk =
dimX and k¥’ = dimY.Let f : X — Y be a (¢, C)-quasi-isometric C> map whose first
two covariant derivatives are bounded.

We fix a point O in X. For R > 0, we write Bg := B(O, R). Since Y is a Hadamard
manifold, according to Hamilton [16] (see also Schoen and Uhlenbeck [35], [36]) there
exists a unique harmonic map hg : Bg — Y which is C*° on By and satisfies the Dirichlet
condition kg = f on d Bg. We denote

d(hg, f) = sup d(hgr(x), f(x)).
xeB(O,R)

The main step for proving existence in Theorem 1.1 is the following uniform estimate.
Proposition 3.5. There exists a constant p > 1 such that d(hg, f) < p forany R > 1.

The constant p is a function of a, b, ¢, C, k and k’. More precisely, when f satisfies (4.1),
o only needs to satisfy (4.6)—(4.8).
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We briefly recall the classical argument used to deduce Theorem 1.1 from this propo-
sition.

Proof of Theorem 1.1. As explained in Proposition 2.4, we may assume that the (c, C)-
quasi-isometric map f is C*° with bounded first two covariant derivatives. Pick an un-
bounded increasing sequence of radii R, and let kg, : Bg, — Y be the harmonic C*™
map that agrees with f on the sphere d Bg,. Proposition 3.5 ensures that the sequence
of maps (hg,) is locally uniformly bounded. Using the Cheng Lemma 3.4 it follows that
their first derivatives are also locally uniformly bounded. The Ascoli—Arzela theorem im-
plies that, after extracting a subsequence, the sequence (hg,) converges uniformly on
every ball Bg towards a continuous map /2 : X — Y. Using the Schauder estimates, one
also gets a uniform bound for the C**-norms of /g, on Bs. These classical estimates will
be recalled in formulas (5.32) and (5.33) in Section 5.6. Therefore, by the Ascoli—Arzela
theorem again, the sequence (hg,) converges in the C?-norm and the limit map 4 is C?
and harmonic. By construction, this limit harmonic map 4 stays within bounded distance
of the quasi-isometric map f. O

Remark 3.6. By the uniqueness part of our Theorem 1.1 that we will prove in Section 5,
the harmonic map & which stays within bounded distance of f is unique. Hence the
above argument also proves that the whole family of harmonic maps &g converges to &
uniformly on compact subsets of X when R goes to infinity.

3.4. Boundary estimate

In this subsection, we begin the proof of Proposition 3.5: we bound the distance between
hg and f near the sphere d Bg.

Proposition 3.7. Let X, Y be Hadamard manifolds and k = dim X. Assume moreover
that Kx < —a? < 0 and —b? <Ky <0.Letc >1and f : X — Y be a C*>® map
with | Df (x)|| < ¢ and |D* f(x)|| < bc?. Let O € X, R > 0 and set Bg := B(O, R).
Let hg : B — Y be the harmonic C* map whose restriction to the sphere d By is equal
to f. Then, for every x in Bg,

kbc?

3
d(hr(x), f(x)) = d(x,9BR). (3.2)

a
An important feature of this upper bound is that it does not depend on the radius R,
provided the distance d(x, d Bg) remains bounded. This is why we call (3.2) the boundary
estimate. The proof relies on an idea of Jost [19, Section 4].

Proof of Proposition 3.7. This proposition is already in [3, Proposition 3.8]. We give a
slightly shorter proof. Let x € Bg and let y € Y be chosen so that d(y, f(Bg)) > b~!
and

dy(hgr(x)) —dy(f(x)) = d(f(x), hr(x)). (3.3)
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This point y is far away on the geodesic ray starting at s g (x) and containing f(x). Let ¢
be the C* function on the ball Bg defined by

kbc?

3
9(2) :=dy(hr(z)) —dy(f(2)) —

p (R —dop(z)) forallzin Bg. (3.4
This is the sum of three functions, ¢ = @1 + @2 + ¢3.

The first function ¢ : z > d,(hg(z)) is subharmonic on Bg, i.e. Ap; > 0. This
follows from Lemma 3.3 and the harmonicity of the map &g.

The second function ¢, : z = —dy(f(z)) has a bounded Laplacian, |Ag;| < 3kbc?.
Indeed, since y is far away, formula (2.3) yields the bound ||D2dy|| < 2b on f(BgR) so
that

|Apa| = |AWdy o f)] < KID*dy |l IDfII* + kI Ddy || | D £ || < 3kbe®.

The third function ¢3 : 7z +— —%ch(R — dop(2)) has a Laplacian bounded below,
Agz > 3kbc?. This follows from Lemma 3.1 which says that Adp > a.

Hence the function ¢ is subharmonic: Ag > 0. Since ¢ is zero on d B, one gets
¢(x) < 0 as required. O

4. Interior estimate

In this section we complete the proof of Proposition 3.5.

4.1. Strategy

We first explain more precisely the notations and the assumptions that we will use in the
whole section.

Let X and Y be Hadamard manifolds whose curvatures are pinched, b2 <K x, Ky
< —a?> < 0.Let k = dim X and k' = dim Y. We start with a C> quasi-isometric map
f : X — Y whose first and second covariant derivatives are bounded. We fix constants
¢ >1and C > 0 such that, for all x, x" in X:

IDf ) <e,  ID*f@I < be?, 4.1
cldx,x") = C <d(f(x), f(x) < cd(x, x"). (4.2)

Note that the additive constant C in the right-hand side term of (1.1) has been removed
since the derivative of f is now bounded by c.

4.1.1. Choosing the radius £y. We fix a point O in X. We introduce a fixed radius £y
depending only on a, b, k, k', ¢ and C. This radius £ is only required to satisfy the three
inequalities (4.3)—(4.5) that will be needed later on.

The first condition we impose on the radius £ is

bty > 1. “4.3)
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The second condition is
(A+bYHe
sin(g0/2)

where A is the constant given by Lemma 2.2, and M, N are the constants given by Propo-
sition 4.9. The third condition we impose on £ is

16eaC/2e—a20/(4C) <6y where 6):= e_bA(80/4)bC/a. 4.5)

where g := Bc2M)7V, 4.4)

4.1.2. Assuming p to be large. We want to prove Proposition 3.5. For R > 0, recall that
hgr : B(O, R) — Y is the harmonic C* map whose restriction to the sphere d B(O, R)
is equal to f. We let

p:= sup d(hr(x), f(x)).
xeB(O,R)

We argue by way of contradiction. If this supremum p is not uniformly bounded with
respect to R, we can fix a radius R such that p satisfies the three inequalities (4.6)—(4.8)
below that we will use later on.

The first condition we impose on the radius p is

ap > 8kbc* . (4.6)
The second condition is ; s
2
Z@ g @)
sinh(ap/2)
The third condition is
p > 4cloM (210 00 )N (4.8)

where M, N are the constants given by Proposition 4.9.
We denote by x a point of B(O, R) where the supremum (4.1.2) is achieved:

d(hgr(x), f(x)) = p.

According to the boundary estimate in Proposition 3.7, condition (4.6) yields

d(x,dB(0O, R)) >

> 20p.
3kbc2 = 0

Combined with (4.3), this ensures that B(x, £3) C B(O, R —b~!). This inclusion will
allow us to apply Cheng’s Lemma 3.4 at each point z of B(x, £p).

4.1.3. Getting a contradiction. We will focus on the restrictions of f and hg to B(x, {p).
We set y := f(x). For y1, y2 in ¥ \ {y}, we denote by 6, (y1, y2) the angle at y of the
geodesic triangle with vertices y, y1, y». For z € S(x, £g), we will analyze the triangle
inequality

Oy(f (), hr(x)) < 0y(f(2), hr(2)) + Oy (hr(2), hr(x)) (4.9)
and prove that on a subset Uy, of the sphere, each term on the right-hand side is small
(Lemmas 4.5 and 4.6) while the measure of Uy, is large enough (Lemma 4.4) to ensure
that the left-hand side is not that small (Lemma 4.8), giving rise to a contradiction. These
arguments rely on uniform lower and upper bounds for the harmonic measures on spheres
of X that will be given in Proposition 4.9.
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We denote by pp, the function on B(x, £g) given by pj,(z) = d(y, hg(z)) where again
y = f(x). By Lemma 3.3, this function is subharmonic.

Definition 4.1. We set
Uyy = {z € S(x, €o) | pn(z) = p — Lo/ (20) }. (4.10)

4.2. Measure estimate

We first observe that one can control the size of p;(z) and of Dhg(z) on B(x, £9). We
then derive a lower bound for the measure of Uy,,.

Lemma 4.2. For z in B(x, £y), one has

pPr(z) = p + clo.
Proof. The triangle inequality and (4.2) give, for any z in B(x, £¢),

Pn(z) <d(hr(2), f(2)) +d(f(2),y) < p+clo. O
Lemma 4.3. For z in B(x, £y), one has

IDRR(2)| < 2%kbp.
Proof. Forall z, 7 in B(O, R) withd(z, z/) < b™!, the triangle inequality and (4.2) yield

d(hgr(2), hr(2)) < d(hr(2), f(2)) +d(f(2), f(&) +d(f(Z), hr(Z))
<p+ble+p <2p+cly<3p.
For these last two inequalities, we have used (4.3) and (4.6). Applying Cheng’s Lem-

ma 3.4 with Ryp = 3p and r = b~!, one then gets for all z in B(O, R—b"") the bound
IDhg(2)| < 28kbp. O

We now give a lower bound for the measure of Uy,.

Lemma 4.4. Let o = oy g, be the harmonic measure on the sphere S(x, £y) at the center

point x. Then 1
o (Ugy) = 32 4.11)
Proof. By Lemma 3.3, the function pj is subharmonic on B(x, £p). Hence pj, is not
larger than the harmonic function on the ball with the same boundary values on S(x, £p).
Comparing these functions at the center x, one gets

/ (pn(z) — p)do(z) = 0. (4.12)
S(x,0)

By Lemma 4.2, the function pj, is bounded by p + c£y. Hence (4.12) and the definition
of Uy, imply

£
oo (Ugy) — 2—‘;(1 —0(Ug) = 0

1
so that o (Uy,) > 32
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4.3. Upper bound for 0,(f(z), hr(z))
For all z in Uy, we give an upper bound for the angle between f(z) and A g(z) seen from
the point y = f(x).

Lemma 4.5. For z in Uy, one has

0y (f(2), hRr(2)) < 4e"C/2eat0/W), (4.13)
Proof. For z in Uy,, we consider the triangle with vertices y, f(z) and hg(z). Its side

lengths satisfy

Lo )
dthp@), f@) =p.  dy, f@) = —==C dy,hg@) zp =77
where we use successively the definition of p, the quasi-isometry lower bound (4.2) and
the definition of Uy,. Hence, one gets the following lower bound for the Gromov product:

oy C

(f@Ihr@)y = - = 5

Since Ky < —a?, Lemma 2.1 now yields (4.13). O

4.4. Upper bound for 6y(hg(z), hg(x))

For all z in S(x, £p), we give an upper bound for the angle between hr(z) and Ar(x) seen
fromy = f(x).

Lemma 4.6. For all z in S(x, £y), one has

2 (ap)?

Oy (iR (@), hr () =

(4.14)

The proof will rely on the following lemma which also ensures that 6, (hg(z), hg(x)) is
well-defined.
Lemma 4.7. For all z in B(x, £y), one has pp(z) > p/2.

Proof. Assume by way of contradiction that there exists a point z; in B(x, £¢) such that
on(z1) = p/2.Setr; ;= d(x,z1). One has 0 < r; < £y. According to Lemma 4.3, one
can bound the differential of 4z on B(x, £g) as

sup [ Dhgll < 2%bp.
B(x,£y)

Hence
pn(z) <3p/4  forall zin S(x,r) N B(z1, ﬁ)

By comparison with the hyperbolic plane with curvature —b?, this intersection contains
the trace on the sphere S(x,r;) of a cone C, with vertex x and angle « as long as

: —11
sin(a/2) < % For instance we will choose o := e 2002710/
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Let o’ = oy, be the harmonic measure on S(x, ry) at the center point x. Using the
subharmonicity of pj, as in the proof of Lemma 3.3, one gets

/ (on(z) — p)do’(z) = 0. (4.15)
S(x,r1)

By Lemma 4.2, the function p;, is bounded by p + c£g. Using the bound pj(z) < % 0
when z is in the cone Cy, (4.15) now implies that

clo — %U’(Ca) > 0.

Using the uniform lower bounds for the harmonic measures on the spheres of X in Propo-
sition 4.9, one gets

p <4ctoMa™ = 4ctoM (200N
which contradicts (4.8). O

Proof of Lemma 4.6. Let us first sketch the proof. Let z € S(x, £p). We denote by ¢t — z;,
for 0 < t < {p, the geodesic segment between x and z. By Lemma 4.7, the curve
t + hg(z;) lies outside B(y, p/2) and by Cheng’s bound on || Dhg(z;)|| one controls
the length of this curve.

We now detail the argument. We denote by (o(y'), v(y")) € 10, oo[x Ty1 Y the polar
exponential coordinates centered at y. For a point y" in ¥ ~ {y}, they are defined by the
equality y' = exp, (p(y) Vp (y")). Since Ky < —a?, the Alexandrov comparison theorem
for infinitesimal triangles and the Gauss lemma [12, 2.93] yield

sinh(ap () IDv(y)|l < a.
Writing vj, := v o hg, we thus have, for any z’ in B(x, £),
sinh(app(2) D (2)|| < all Dhg()|.

Hence, Lemma 4.7 yields

aly
Oy(hr(2), hr(x)) < £o sup [[Dvpzi)ll = ———— sup [[Dhgr(zo)ll-
0<t<ty sinh(ap/2) o<s<,

Therefore, using Lemma 4.3 and (4.6), one gets
28kbp aty 25 (ap)?

Oy(hr(2). hr(x)) = sinh(ap/2) = sinh(ap/2)’ "

4.5. Lower bound for 0, (f(z), hr(x))

We find a point z in Uy, for which the angle between f(z) and /(x) seen from y = f(x)
has an explicit lower bound.

Lemma 4.8. There exist points z1, 2o in Uy, such that

Oy (f (z1), f(z2)) = b,
where 6y is the angle given by (4.5).
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Proof. Let o := # According to Lemma 4.4, one has o (Uy,) > o9 > 0 Thus, using

the uniform upper bounds for harmonic measures on spheres of X in Proposition 4.9, one
can find z1, 22 in Uy, such that

00 < MOy (z1,22)'/".

This can be rewritten as

0x (21, 22) = €0, (4.16)

where &g is the angle introduced in (4.4) by the equality g = M eé/ N, Therefore, using
Lemma 2.1(a) and (4.4), we get the following lower bound on the Gromov products:

min((x|21)z,. (x22),)) = Losin®(e0/2) > (A +b~")c.
Using then Lemma 2.2, one gets
min((y|f (20))fz)» OLf @D)pey) = b7 (4.17)

This inequality allows us to apply Lemma 2.1(c), which gives

0y(f(21), f(22) = e PUEDII@Ds,
Therefore, by Lemma 2.2,

0y(f(21), f(22) = e PAe7Pe et
Using Lemma 2.1(b) and (4.16), one gets

Oy(f(21), f(22) = e "4 (Bx (21, 22) /D" = 7P (e0/4)"/ = 0,

according to the definition (4.5) of 6p. ]

End of proof of Proposition 3.5. Using Lemmas 4.5 and 4.6 and the triangle inequality
(4.9) one gets, for any two points z; = z; or z2 in Uy,

2%(ap)?
sinh(ap/2)
< 360 by (4.5) and (4.7).

O0y(f(zi), hR(x)) < 4e?C/2emato/G)

Therefore, using again a triangle inequality, one has 6y (f(z1), f(z2)) < 6o, which con-
tradicts Lemma 4.8. O
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4.6. Harmonic measures

The following proposition gives the uniform lower and upper bounds for the harmonic
measure on a sphere at the center which were used in the proof of Lemmas 4.7 and 4.8.

Proposition 4.9. Let 0 < a < b and k > 2 be an integer. There exist positive constants
M, N depending only on a, b, k such that for every k-dimensional Hadamard manifold X
with pinched curvature —b* < Kx < —a?, for every point x in X, every radius r > 0
and every angle 0 € [0, ] one has

HON <0y (Cro) < MOVN (4.18)

where oy, denotes the harmonic measure on S(x, r) at the point x and where Cy g stands
for any cone with vertex x and angle 6.

We recall that, by definition, oy, is the unique probability measure on S(x, r) such that,
for every continuous function /4 on B(x, ) which is harmonic in the interior B(x, r), one
has

hx) = / h(2) doy 1 ().
S(x,r)

A proof of Proposition 4.9 is given in [4]. It relies on various technical tools of poten-
tial theory on pinched Hadamard manifolds: the Harnack inequality, the barrier functions
constructed by Anderson and Schoen [2] and upper and lower bounds for the Green func-
tions due to Ancona [1]. Related estimates are the one by Kifer—Ledrappier [21, Theorem
3.1 and 4.1] where (4.18) is proven for the sphere at infinity or by Ledrappier—Lim [22,
Proposition 3.9] where the Holder regularity of the Martin kernel is proven.

5. Uniqueness of harmonic maps

In this section we prove the uniqueness part in Theorem 1.1.

5.1. Strategy

In other words we will prove the following proposition.

Proposition 5.1. Let X, Y be pinched Hadamard manifolds and let hg, hy : X — Y be
quasi-isometric harmonic maps that stay within bounded distance of one another:

sup d(ho(x), h1(x)) < oo.

xeX
Then hy = h;.
When X = Y = H?, this proposition was proven by Li and Tam [24]. When both X and Y

admit a cocompact group of isometries, it was proven by Li and Wang [25, Theorem 2.3].
The aim of this subsection is to explain how to get rid of these extra assumptions.
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Note that the assumption that the /; are quasi-isometric is useful. Indeed, there do
exist non-constant bounded harmonic functions on X. Note that there also exist bounded
harmonic maps with open images. Here is a very simple example. Let 0 < A < 1. The
map h; from the Poincaré unit disk D of C into itself given by z — Az is harmonic. More
generally, for any harmonic map 2 : D — D, themap i, : D — D : z — h(Az) is
harmonic with bounded image.

Before going into technical details, we first explain the strategy of the proof of unique-
ness.

Strategy of proof of Proposition 5.1. We recall that x — d(ho(x), h1(x)) is a subhar-
monic function on X and that, by the maximum principle, a subharmonic function that
achieves its maximum value is constant. Unfortunately since X is non-compact we cannot
a priori ensure that this bounded function achieves its maximum. That is why we will use
a recentering argument. This will force us to deal with Riemannian manifolds which are
not C* (see Section 5.4).

We assume, towards a contradiction, that iy # k1, we choose a sequence of points p,
in X for which

d(ho(pn), h1(pn)) = 8 = Sugd(ho(X), hi(x)) >0 (.1
Xe
and we set g, := ho(pn).

The pinching conditions on X and Y ensure that, after extracting a subsequence, the
pointed metric spaces (X, p,) and (Y, g,) converge in the Gromov—Hausdorff topology
to pointed metric spaces (Xoo, Poo) and (Yoo, goo) Which are C? Hadamard manifolds
with C! Riemannian metrics satisfying the same pinching conditions (Proposition 5.14).
Moreover, extracting again a subsequence, the harmonic map hq (resp. /1) seen as a se-
quence of maps between the pointed Hadamard manifolds (X, p,) and (Y, g,) converges
locally uniformly to a map £¢, (resp /1,00) between the pointed C? Hadamard mani-
folds (X0, Poo) and (Yoo, goo)- These harmonic maps hg o and A1, are still harmonic
quasi-isometric maps (Lemma 5.15).

The limit distance function x — d(h0,00(x), h1,00(x)) is a subharmonic function
on X that now achieves its maximum § > 0 at the point p.,. Hence, by the maximum
principle, this distance function is constant and equal to § (Lemma 5.16). Generalizing
[25, Lemma 2.2], we will see in Corollary 5.19 that this equidistance property implies that
both /9,0 and h, o take their values in a geodesic of Y. This contradicts the fact that
ho,00 and h| ~ are quasi-isometric maps, and concludes this description of the strategy
of proof. O

In the following subsections of Section 5, we fill in the details of the proof.

5.2. Harmonic coordinates

We first introduce the so-called harmonic coordinates, which improve the quasilinear co-
ordinates introduced in Lemma 2.6. We refer to [15] or [19] for more details.

The harmonic coordinates have been introduced by DeTurk and Kazdan and exten-
sively used by Cheeger, Jost, Karcher, Petersen and others to prove various compactness
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results for compact Riemannian manifolds. Besides being harmonic, the main advantage
of these coordinates is that, for every « € ]0, 1[, they are uniformly bounded in the ce.
norm, i.e. they are uniformly bounded in the C?-norm and one also has uniform control
of the o-Holder norm of their second covariant derivatives. Moreover, one has uniform
control on the size of balls on which these harmonic charts are defined. This is what the
following lemma tells us.

We endow R¥ with the standard Euclidean structure.

Lemma 5.2. Let X be a k-dimensional Hadamard manifold with bounded curvature,
—1 < Kx < 0. Let 0 < a < 1. There exist constants ro = ro(k) > 0 and co =
co(k, @) > 0 such that, for every x in X, there exists a C* diffeomorphism

W, : B(x,rg) = Uy CRY with W (x) =0, (5.2)
IDW.ll <co,  IDYT' | <co, DUl <co, D' <co  (53)
and such that each component z1, . .., zr of WYy is a harmonic function.

In particular, for all r < ro one has
W (B(x,cy'r) € BO,r) and B(0,c;'r) C Wi (B(x,r)). (5.4)
The second covariant derivatives of all V. are also uniformly o-Holder:
ID* Wy lce < co. (5.5)

This «-Hélder seminorm ||D?W, | ¢« is defined as follows. Using the vector fields

%, el a% on B(x,rg) associated to our coordinate system V¥, = (z1,...,2k), We

reinterpret the tensor D2\I!x as a family of vector valued functions on é(x, ro). Indeed,
we set N o
Ty () = D*W, (2) (52 a%,) eR*  fori,jin{l,... k},

and the bound (5.5) means that

I (z) — T ()| -
co.

D?*W, ||ce := max su < 5.6)
1D le i maxsup === 7—C

The uniform bounds (5.3) and (5.5) have three consequences.

First, in the harmonic coordinate systems W, = (z1, ..., Zx), the Christoffel coeffi-
cients Ffj are uniformly bounded in the C*-norm. Indeed, these coefficients (Ffj)ligfk
are the components of the vector —DZ\IIX (% %) € R

i j
Second, on their domain of definition, the transition functions
WyoWr I are uniformly bounded in the C%%_norm. .7

Third, in the coordinate systems W, = (zi,..., 2k), the coefficients of the metric

tensor ‘
gij = g(a%, %) are uniformly bounded in the C'"*-norm. (5.8)

Proof of Lemma 5.2. See [19, pp. 62 and 65] or [32, Section 4]. O
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5.3. Gromov—Hausdorff convergence

In this subsection, we recall the definition of Gromov—Hausdorff convergence for pointed
metric spaces and some of its key properties. We refer to [7] for more details.

5.3.1. Definition. When X is a metric space, we will denote by d or dx the distance
on X. Recall that B(x, R) denotes the closed ball with center x and radius R, and B (x, R)
the open ball. Also recall that a metric space X is proper if all its balls are compact or,
equivalently, if X is complete and for all R > 0 and ¢ > 0 every ball of radius R can be
covered by finitely many balls of radius €.

We also recall the notion of Gromov—Hausdorff distance between two (isometry
classes of proper) pointed metric spaces.

Definition 5.3. The Gromov—Hausdorff distance between pointed metric spaces (X, p)
and (Y, g) is the infimum of the ¢ > 0 for which there exists a subset R of X x Y, called
a correspondence, such that

(1) the correspondence R contains the pair (p, q),
(ii) for all x in B(p, e~ 1), there exists yinY with (x, y) in R,
(iii) for all y in B(g, &), there exists x in X with (x, y) in R,
(iv) for all (x, y) and (x, y") in R, one has |d(x, x") — d(y, y')| < e.

Heuristically, this correspondence R can be thought of as an e-rough isometry between
these two balls with radius ¢!

Based on this definition, a sequence (X, p,) of pointed metric spaces converges to
a pointed metric space (X, Poo) if, for all € > 0, there exists ng such that for n > ny,

there exists a map f;, : B(py, e~1) > X such that

(@) d(fu(pn)s Poo) < &,
(B) 1d(fu(x), fu(x)) —d(x,x")| < eforall x, x"in B(pa, e~ '),
(y) the e-neighborhood of f,, (B(py, e~ 1) contains B(peo, £~} — ).

Definition 5.3 is only useful for complete metric spaces. Indeed, the Gromov—Haus-
dorff topology does not distinguish between a metric space and its completion. It does not
distinguish either between two pointed metric spaces that are isometric: it is a distance on
the set of isometry classes of proper pointed metric spaces. See [7, Theorem 8.1.7].

The following equivalent definition of Gromov—Hausdorff convergence is useful
when one wants to get rid of the ambiguity coming from the group of isometries of

(X0, Po)-

Fact 5.4. Let (X, pn), forn > 1, and (Xoo, Peo) be pointed proper metric spaces. The
sequence (Xp, pn) converges to (Xoo, Poo) if and only if there exists a complete metric
space Z containing isometrically all the metric spaces X, and X as disjoint closed
subsets, and such that

(a) pn converges to peo in Z,
(b) X, converges to X in the Hausdorff topology.
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Statement (b) means that

- every point z of X is the limit of a sequence (x,),>1 with x, € X,,
- every cluster point z € Z of a sequence (x,),>1 with x, € X, belongs to X«c.

Sketch of proof of Fact 5.4. Assume that (X,,, p,) converges to (Xcoo, Poo). We want to
construct the metric space Z. We choose a sequence &, \, 0 and correspondences R,
on X, X X as in Definition 5.3 with p = p,, ¢ = px and ¢ = ¢,. This allows us to
construct, for every n > 1, a metric space Y;,, which is the disjoint union of X, and X,
which contains isometrically both X,, and X, and such that the distance between x in
X, and y in X is given by

dy, (x, y) = inf {dx, (x, x') + & +dx . (v, M}, (5.9)

where the infimum is over all pairs (x’, y’) which belong to R,.

The space Z is defined as the disjoint union of all the X,, and of X,. The distance on
Z is given on each union Y, := X,, U X by (5.9) and the distance between x in X,, and
zin X, withm # n is

dz(x,z) = inf{dy, (x, y) +dy,(y, 2)}, (5.10)
where the infimum is over all y in X .
Then (a) follows from (i), and (b) follows from (ii)—(iv). ]

The choice of such isometric embeddings of all X, and X, in a fixed metric space Z
will be called a realization of Gromov—Hausdorff convergence. Such a realization is not
unique. It is useful since it allows us to define the notion of a converging sequence of
points x, in X, to a limit xo, in X, by the condition dz (x;, Xx0) m) 0.

5.3.2. Compactness criterion. A fundamental tool in this topic is the following compact-
ness result for uniformly proper pointed metric spaces due to Cheeger—Gromov:

Fact 5.5. Let (Xn, pn)n>1 be a sequence of pointed proper metric spaces. Suppose that,
forall R > 0 and ¢ > 0, there exists an integer N = N (R, €) such that, for alln > 1,
the ball B(py,, R) of X,, can be covered by N balls of radius €. Then there exists a subse-
quence of (X,,, pn) which converges to a proper pointed metric space (X0, Poo)-

For the proof see [7, Theorem 8.1.10].
The following lemma gives a compactness property for sequences of Lipschitz func-
tions between pointed metric spaces.

Lemma 5.6. Let (X,, pp)n>1 and (Yn, gn)n>1 be sequences of pointed proper metric
spaces which converge respectively to proper pointed metric spaces (Xoo, Poo) and
(Yoo, goo)- As in Fact 5.4, we choose metric spaces Zx and Zy which realize these
Gromov-Hausdorff convergences as Hausdorff convergences.

Let ¢ > 1 and let (fy : Xn — Yu)n>1 be a sequence of c-Lipschitz maps such that
fn(pn) = qu. Then there exists a c-Lipschitz map foo : Xoo — Yoo Such that, after
extracting a subsequence, the sequence of maps f, converges to foo. This means that
for each sequence x, € X, which converges t0 xoo € Xoo, the sequence f,(x,) € Yy
converges 10 foo(Xc0) € Yoo
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Proof. This follows from basic topological arguments.

First step. We first choose a point xo, in Xoo and a sequence x, in X, converging
to X0. Since the metric space Zy is proper and the sequence f;(x,) is bounded in Zy,
we can assume after extracting a subsequence that f, (x,) converges to a point yoo € Yoo.
Since the f, are c-Lipschitz, this limit y., does not depend on the choice of the sequence
Xp converging to Xoo. We define foo (Xs0) = Voo-

Second step. We choose a countable dense subset Soo C X and use Cantor’s diag-
onal argument to ensure that the first step is valid simultaneously for all x in Seo.

Last step. One checks that the limit map fo : Soo — Yoo i8 c-Lipschitz. Hence it
extends uniquely as a c-Lipschitz map f» : Xoo — Yoo and the sequence f, converges
locally uniformly to fi. o

5.3.3. Length spaces and Alexandrov spaces. We recall a few well-known definitions
(see [7)).

A length space is a complete metric space for which the distance § between two points
is the infimum of the lengths of curves joining them. When X is proper, any two points at
distance 6 can be joined by a curve of length 8. Such a curve is called a geodesic segment.

Let K < 0. A CAT(K)-space or CAT-space with curvature at most K is a length
space in which any geodesic triangle (P, Q, R) is thinner than a comparison triangle
(P, Q, R) in the plane X of constant curvature K. Let us explain what this means. A com-
parison triangle is a triangle in X with the same side lengths. For every point P’ on the
geodesic segment [ P, O] we denote by P the corresponding point on the geodesic seg-
ment [P, Q], i.e. the point such that d(P, P') = d(P, F/). Thinner means that always
d(P',R) < d (F/, R). Note that a CAT(0)-space is always simply connected (see [6,
Corollary II.1.5]). We also recall that in a proper CAT(0)-space, any two points can be
joined by a unique geodesic.

Similarly, a metric space with curvature at least K is a length space in which any
geodesic triangle (P, Q, R) is thicker than a comparison triangle (P, Q, R) in the plane X
of constant curvature K. Thicker means that always d(P’, R) > d (F/, R).

The following proposition tells us that these properties are closed for the Gromov—
Hausdorff topology.

Fact 5.7. Let (X,, pp)n>1 and (Xoc, Poo) be pointed proper metric spaces. Let K < 0.
Assume that the sequence (X, pn) converges t0 (Xoo, Poo)-

(1) Ifthe X,’s are length spaces, then X  is also a length space.
(ii) Ifthe X, ’s are CAT(K)-spaces, then X  is also a CAT(K)-space.
(iii) Ifthe X,’s have curvature at least K, then X  too.

Proof. For (i), see [7, Theorem 8.1.9]; for (ii), see [6, Corollary I1.3.10]; and for (iii), see
[7, Theorem 10.7.1]. O
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5.4. Hadamard manifolds with C' metrics

In this subsection we focus on C> Hadamard manifolds when the Riemannian metric
is only assumed to be C'. These Hadamard manifolds will occur in Subsection 5.5 as
Gromov—Hausdorff limits of pinched C*° Hadamard manifolds.

5.4.1. Definition. We need first to clarify the definitions. We will deal with C*> mani-
folds X. This means that X has a system of charts x + (xi, ..., xx) into R* for which the
transition functions are of class C2. These manifolds will be endowed with a C' Rieman-
nian metric g. This means that in any C? chart, the functions g(%, aixj) are continuously
differentiable.

In general, on such a Riemannian manifold, there might exist two different geodesics
which are tangent at some point (see [18] for an example with a C1:% Riemannian metric).
The following lemma tells us that this kind of example will not occur here since we are
dealing only with CAT(0)-spaces whose curvature is bounded below. Note that since the
metric tensor is not assumed to be twice differentiable, the expression “curvature bounded
below” refers to the definitions in Section 5.3.

Definition 5.8. By a C*> Hadamard manifold with a C' metric, we mean a C> manifold
endowed with a C! Riemannian metric which is CAT(0) and complete.

5.4.2. Exponential map
Lemma 5.9. Let X be a C? Hadamard manifold with a C' metric of bounded curvature.

(a) Forallxin X and v in T, X there is a unique geodesic t — exp, (tv) starting from x
at speed v. This geodesic is of class C.

(b) This exponential map induces a homeomorphism ¥V : TX 5 oX x X given by
W(x,v) = (x,exp,(v)) forx in X and v in T, X.

Proof. This lemma looks very familiar. But, since the Christoffel coefficients might not
be Lipschitz continuous, we cannot apply the Cauchy—Lipschitz theorem on existence
and uniqueness of solutions of differential equations.

(a) Since the Christoffel coefficients are continuous, we can apply the Peano—Arzela
theorem. It tells us that there exists at least one geodesic of class C? starting from x at
speed v. Uniqueness follows from the lower bound on the curvature.

(b) Since X is CAT(0), the map W is a bijection. Since a uniform limit of geodesics
on X is also a geodesic, the map W is continuous. This map W is also proper, so it is a
homeomorphism. O

5.4.3. Geodesic interpolation of hy and h;. In the rest of this section we prove a few
technical properties of the interpolation 4; of two equidistant Lipschitz maps ko and
h1 with values in a Hadamard manifold (Lemma 5.10). In Section 5.8, we will apply
this lemma to two equidistant harmonic maps A and % obtained by a limit process.
Lemma 5.10 will be used to compare the energy of 4y and /| with the energy of some
small perturbations of &g and /1. However, in Section 5.4, we do not need to assume that
hg and h; are harmonic. Here are the precise assumptions and notations for Lemma 5.10.
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Let X be a C2 Riemannian manifold with C! metric and Y be a C2 Hadamard manifold
with C! metric. Let ho, by : X — Y be C! maps such that

d(ho(x),h1(x)) =1 forall x in X. (5.11)
Since Y is a Hadamard manifold, there exists a unique map
h:[0,1]xX =Y, (t,x) h(t,x) = hs(x), (5.12)

such that, for all x in X, the path t +— h,(x) is the unit-speed geodesic joining /¢(x)
and A1 (x). This map # is called the geodesic interpolation of hg and h. By convexity
of the distance function, / is Lipschitz continuous. Therefore, by Rademacher’s theorem,
the map # is differentiable on a subset of full measure (with respect to the Riemannian
measure on X). In particular, there exists a subset X’ C X of full measure such that, for
all x in X', the map # is differentiable at (x, #) for almost all ¢ in [0, 1]. In particular, for
all tangent vectors V € T X at a point x € X', the derivative

t > Jy(t) == Dyhy(V) € Ty, 0¥ (5.13)

is well-defined for almost all 7 in [0, 1]. Such a measurable vector field Jy on the geodesic
t — hy(x) will be called a Jacobi field. We denote by

= T (1) :=0hi(x) € Ty, ()Y (5.14)
the unit tangent vector to the geodesic ¢ — h;(x).

Lemma 5.10. We keep the above assumptions and notations. Let x € X' and V € T, X.

(a) There exists a constant ay € R such that
(Jy(@), ©x(t)) =ay  foralltin|0, 1] where Jy (t) is defined. (5.15)
(b) There exists a convex function t — @y (t) on [0, 1] such that
ov(@®) = 1Jv@®)| foralltin[0, 1] where Jy (t) is defined. (5.16)

(¢) The function Yy := ((p%, - oc%,)l/2 is also convex on [0, 1].

Proof. When Y is a C*® Hadamard manifold, the vector field Jy is a classical Jacobi field
and this lemma is well-known. Indeed, vy is the norm of the orthogonal component Ky
of the Jacobi field Jy, and (5.12) follows from the Jacobi equation satisfied by Ky . We
now explain how to adapt the classical proof when Y is only assumed to be a C> Hadamard
manifold with a C' metric.

(a) Since t +— h;(x) is a unit-speed geodesic, one has d(hs(x), h;(x)) = |t — s]| for
all s, ¢ in [0, 1]. Differentiating this equality gives, when Jy (s) and Jy (¢) are defined,

(Jv (), T (s)) = (Jy (1), T (1)).

Hence this scalar product is almost surely constant.
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(b) Let ¢ : [—&9, 9] — X be a C! curve with ¢(0) = x and 9,¢(0) = V. Since the
space Y is CAT(0), when s > 0 the functions

1
> s (1) := 2d(hi(c(0)), hi(c(s))

are convex on [0, 1]. The set Sy := {t € [0, 1] | Jy(¢) is defined} has full measure and
contains the endpoints 0 and 1. For all ¢ in Sy, one can compute the limit lims_,o @5 () =
[[Jyv (2)]]. Since the functions ¢ are convex, the limit ¢y (1) := limg_, ¢ @5 (¢) exists for all
t in [0, 1] and is a convex function.

(c) We slightly change the parametrization of the geodesic interpolation: the function
k:(t,8) = ki(s) := hi_sqy, (c(s)) is well-defined when ¢ — sy is in [0, 1], and the paths
t — k;(s) are also unit-speed geodesics. Hence, for almost all ¢ in [0, 1], the vector field

t— Ky () := 05k (0) € T, 0)Y (5.17)
is well-defined and one has the orthogonal decomposition
Jy(t) = Ky () + ay ().
In particular,

Yy (@) =Ky @O)l. (5.18)

The same argument as in (b) with the Jacobi field Ky proves that iy is also convex. O

5.4.4. Geodesic interpolation in negative curvature. Lemma 5.11 below improves Lem-
ma 5.10 when the curvature of Y is uniformly negative. Indeed, it tells us that the norm
t — Yy () of the Jacobi field Ky is uniformly convex.

Lemma 5.11. We keep the assumptions and notations of Lemma 5.10. Moreover, assume
that Y is a CAT(—a?)-space with a > 0. Then the function yry has the following uniform
convexity property:

sinh(a(l — 1)) sinh(at)
1) —/————— 0
yvt) = sinh(a) v+ sinh(a)
Remark 5.12. One can reformulate (5.19) as the following inequality between positive
measures:

Yy (1) foralltin |0, 1]. (5.19)

d? 2
aYv =ayy.

Proof of Lemma 5.11. The inequality (5.19) will follow from an upper bound for the
norm of the Jacobi field r — Ky (¢) by the norm of a well-chosen Jacobi field t — K (1)
along a geodesic segment in the hyperbolic plane of curvature —a?. Here are the details
of the construction of K.

Using a slight rescaling, we can assume without loss of generality that the geodesics
t — k;(s) are defined for ¢ in [0, 1] and that the Jacobi field Ky (¢) is well-defined for
t = 0 and for t = 1. We choose s > 0. Later on we will let s go to 0. We set P, := k;(0)
and Qs := k;(s), and we apply Reshetnyak’s Lemma 5.13 below to the four points Py,
P1, Qs.1, QOs.0. According to that lemma, there exists a convex quadrilateral C, in the

hyperbolic plane Y of curvature —a® with vertices Pg, P1, Qy 1, Qs 0, and a 1-Lipschitz
map j : C; — Y whose restriction to each of the four geodesic sides PP, F1§S’1,
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@s,las,o, ES,OFO is an isometry onto each of the four geodesic segments Py P, P1 Qs 1,
051050, Os.0Po. Indeed, since d(Py, P1) = 1, we can assume that the vertices P
and P do not depend on s and that the quadrilateral C is positively oriented.

Since the vectors Ky (0) and Ky (1) are orthogonal to the geodesic segment 7 — k; (0),
by Lemma 5.9 each of the four successive angles 6; (for i = 1,...,4) between the
four successive geodesic segments PoPj, P1Qs.1, Os.105.0, Os,0Po in Y is equal to
/2 + o(1), where o(1) goes to O when s goes to 0. Since j is 1-Lipschitz, each of the
corresponding angles 6; between the geodesic sides Py P1, F1§S’ s Q, 165’0, as,oFO in
the hyperbolic plane Y is no smaller than ;. Since the sum of the angles 6; is bounded
above by 2, each of them also satisfies, when s goes to 0,

0; =m/24 o(1). (5.20)

Denote by 7 — P, and 1 — as’, the unit-speed parametrizations of the sides PP
and Qo Q. For ¢ in [0, 1], one has j(P;) = P, and j(Q; ;) = Qs , and also

d(P;, Qs.) <d(Py, Q) (5.21)
with equality when t = 0O or 1:
d(Py, Qs0) =d(Po, Q50) and d(Pi, Qs1) =d(P1, Q7). (5.22)

We now focus on these convex quadrilaterals E_S in the hyperbolic plane Y of curva-
ture —a?. We write O = expp, (sKy,) where K ; belongs to TEY. Since Ky (0) and
Ky (1) are well-defined, by (5.17), (5.18), (5.20) and (5.22) the limits

K(0)=lim K;9 and K(0) = lim K, |
s—0 s—0
exist and satisfy . .
KO =vv(0) and [KD] = ¢y (D). (5.23)
Therefore, the limit o o
K@) =1lim K,
s—0
exists for all ¢ in [0, 1]. Moreover, by (5.17), (5.18) and (5.21),
Yy < KO- (5.24)

Since t — K (t) is a Jacobi field along the geodesic segment ¢ — P, which is orthogonal
to the tangent vector, its norm

Y@ = K@)
satisfies the Jacobi differential equation
Ty =y
— V¥ =a"y.
dr?
Hence,
— sinh(a(l —t))— sinh(at) — .
Y(t) = ————v(0) + — Y(1) foralltin[O, 1]. (5.25)
sinh(a) sinh(a)

We now deduce (5.19) directly from (5.23)—(5.25). O
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We have used the following existence result for a majorizing quadrilateral, due to Reshet-
nyak [34]. More precisely we have used the boundary of the majorizing quadrilateral C.

Lemma 5.13. Let Y be a CAT(—a?)-space and Y be the hyperbolic plane of curvature
—a?. Then, for any four points Py, P, Q1, Qo in Y there exists a convex quadrilateral C
in'Y with vertices Po,P1, Q, Q¢ and a 1-Lipschitzmap j : C — Y which is an isometry
on each of the four geodesic sides of C, and which sends each of these four vertices R; to
the corresponding given point R; in Y.

5.5. Limits of Hadamard manifolds

In this subsection we describe the Gromov—Hausdorff limits of pinched Hadamard mani-
folds.
The following proposition is a variation on the Cheeger compactness theorem.

Proposition 5.14. Let (X,, pn)n>1 be a sequence of k-dimensional pointed Hadamard

manifolds with pinched curvature —1 < Kx, < —a? <.

(a) There exists a subsequence of (X,,, pn) which converges to a pointed proper CAT-
space (X oo, Poo) With curvature between —1 and —a>.

(b) The space X o has the structure of a C*> Hadamard manifold such that the distance
on X o, comes from a C' Riemannian metric.

The same proof shows that X, has the structure of a C>* Hadamard manifold with a C-¢
Riemannian metric, for every 0 < o < 1. We will not use this improvement.

Even though this proposition follows from [33, Theorem 72, p. 311], we give a sketch
of proof below.

Proof of Proposition 5.14. (a) The assumption on the curvature of X,, ensures that for
each R > 0, one has uniform estimates for the volumes of balls with radius R in X,,: for
alln > 1 and x in X,,, one has

vol(BR« (O, R)) < vol(By, (x, R)) < vol(By« (O, R)).

Therefore, for each 0 < ¢ < R, there exists an integer N = N(R, ¢) such that every
ball By, (p,, R) can be covered by N balls of radius . Hence, according to Fact 5.5,
there exists a subsequence of (X,, p,) which converges to a proper pointed metric
space (X0, Poo). According to Fact 5.7, X is a CAT-space with curvature between
—1 and —a?.

(b) It remains to check that X is a C? manifold with a C! Riemannian metric. We
isometrically imbed the converging sequence (X,, p,) in a proper metric space Z as in
Fact 5.4. We fix rg, cop > 0 as in Lemma 5.2 where we introduced the harmonic coordi-
nates, and we choose a maximal ;T(?O-separated subset Soo of X . For each x4, in S, we

choose a sequence x,, of points in X, that converges to x,. By (5.3), the harmonic charts

Wy, B(xy, ro/co) - R (5.26)
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are uniformly bi-Lipschitz. More precisely, for all z, 7’ in é(x,,, ro/co),
cgld(z, 7)) < Wy, (2) — W, (D) < cod(z, 7).
Hence after extracting a subsequence, W, converges to a bi-Lipschitz map
W, B(xoo, r0/co) — R, (5.27)

The extraction can be done simultaneously for all the points xo, in the countable set So.
The collection of maps W, endows X, with the structure of a Lipschitz manifold.

We now prove that X, is a C? manifold. Indeed, we will check that, for any xso and
X5 in Soo, the transition functions @,/ o CD;; are of class C2. This just follows from
the fact that these functions are uniform limits on compact sets of the transition functions
&, 0 CD;HI which are, by (5.7), uniformly bounded in the C%“-norm.

Finally, we check that the distance d on X, comes from a ¢! Riemannian metric
on Xo. By (5.8), the Riemannian metrics (g,);; on X,, seen as functions in the charts
W, of X,, are uniformly bounded in the C Le_norm. Extracting again a subsequence,
there exists a C! Riemannian metric (8c0)ij in the charts Wy, of X such that

(gn)ij converges to (go);j in the c! topology. (5.28)

Let do be the distance on X o associated with goo. We check that doo = d on Xoo. Let x7,
and x7, be points in X . They are limits of points x, and x}, in X,,. Let ¢, be the geodesic
segment joining x; to x,/. Extracting once more a subsequence, we find that the curves c,
converge uniformly to a curve joining x/, and x,. This curve must be a geodesic for goo.
This proves that doo (x, x20) = d(x, x1). o

5.6. Convergence of harmonic maps

We now explain how to obtain the limit harmonic maps.

We first notice that we can extend Definition 3.2: A C> map & : X — Y between
C? Riemannian manifolds with C! metrics X and Y is said to be harmonic if its tension
field is zero, t(h) := tr(D*h) = 0. Indeed, the tension field of a C? map & at a point x
depends only on the 2-jet of / and on the 1-jet of the metrics of X and Y at x and Ak (x).
More precisely, if we write & in a coordinate system, & : (xq,...,xx) — (hy, ..., hy),
the equation tr D?h = 0 reads

i dh, Oh
Ay =— "gir}, —L L (<k) (5.29)
ijuv i
where Fl’\w are the Christoffel coefficients on ¥ and where A is the Laplace operator on X
defined as in (3.1):
1 0 -0
Acigis — (g 2% (5.30)
v 0X; 0x;

where v = ,/det(g;;) denotes the volume density on X. See [19, Section 1.3] for more
details.
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Lemma 5.15. Let (X, pn)n>1 and (Y, qn)n>1 be sequences of equidimensional pointed
Hadamard manifolds with curvature between —1 and 0. Let ¢,C > 0 and let
h, : X, — Y, be a sequence of (c, C)-quasi-isometric harmonic maps such that
sup, d(h,(pn), gn) < 0o. After extracting a subsequence, the sequences of pointed met-
ric spaces (X,, pp) and (Y, qp) converge respectively to pointed C* manifolds with C!
Riemannian metrics (Xoo, Po) and (Yoo, 40), and h, converges to a c-quasi-isometric
map hoo : Xoo = Yoo. The map heo is of class C* and is harmonic.

Proof. Being harmonic, the maps h,, are C*°. Since they are also (¢, C)-quasi-isometric,
according to Cheng’s Lemma 3.4 there exists some constant C’ > 0 such that the
maps h, are C’-Lipschitz. The first two statements then follow from Proposition 5.14
and Lemma 5.6.

It remains to show that the limit map /. is of class C? and harmonic. The key point
will be a uniform bound for the C%%-norm of #, in suitable harmonic coordinates. Let
k :=dim X,, and k' := dim ¥,,. Let x5, be a point in X, and yoo := hoo(Xe0). Let x;, be
a sequence in X, converging to xo, and let y, := h, (x;).

We look at the maps £, through the harmonic charts W,, of X, and W, of Y, as
in (5.26). By (5.27), these charts converge respectively to charts Wy of X and Wy
of Yso. By (5.28), in these charts, the Riemannian metrics of X, and Y;, converge to the
Riemannian metrics of X oo and Yo in the C1%-norm.

Let 0 < o < 1. Writing (5.29) for & = h;, in these harmonic coordinates on a small

open ball Q := B 0, 2) of R¥ that does not depend on 7, one gets
p “C p g

 0%h, 5 Ohy dhy,
g =— girs —+= . (5.31)
; 0z;0z; ij;v "9z 8z

The coefficients of this equation depend on n, but Lemma 5.2 ensures that they are uni-
formly bounded in the C*-norm. The Schauder estimates for functions # on 2 and com-
pact subsets K of Q as in [33, Theorem 70, p. 303] thus tell us that

lullera x = M(|[Aullco g + llullce,@). (5.32)
lullze g < M(||Aullce,@ + llullce,@), (5.33)

for some constant M = M (k, 2, K). Therefore, since the maps h,, are C’-Lipschitz, com-
bining (5.29), (5.32) and (5.33) yields a uniform bound for the C%®_norm of the maps h,.
Hence the Ascoli lemma ensures that, after extracting a subsequence, h, converges to
a C? map in the C? topology. This proves that the limit map & is C> and is harmonic. O

5.7. Construction of the limit equidistant harmonic maps

We now explain why the limit harmonic maps /¢ and % o constructed in the strategy
of Proposition 5.1 are equidistant.

We first sum up the construction of these limit maps.

We start with two Hadamard manifolds X, Y of bounded curvature, and with two dis-
tinct quasi-isometric harmonic maps ko, h1 : X — Y such that § := d(hg, h1) is finite
and non-zero. We choose a sequence of points p, in X such that d(ho(p,), h1(pn)) con-
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verges to § and we set go, = ho(p,) and q1,, := hi(pn). We will frequently replace
this sequence by subsequences without mentioning it. By Proposition 5.14, there exist C?
Hadamard manifolds with C! metrics (X oo, Poo) and (Yoo, g0.00) Which are the Gromov—
Hausdorff limits of the pointed metric spaces (X, p,) and (Y, qo.,). These limit Hadamard
manifolds also have bounded curvature. We denote by g1, the limit in Y, of the se-
quence qi,,. By the Cheng Lemma 3.4, the harmonic quasi-isometric maps ho and 7
are Lipschitz continuous. By Lemma 5.6, there exists a limit map /¢, : (Xoo, Poo) —
(Y0, 90,00) of the sequence of Lipschitz continuous maps g : (X, pn) — (Y, qo.n)-
There also exists a limit map 71 o : (Xo0, Poo) = (Yoo, 1,00) Of the sequence of Lip-
schitz continuous maps 41 : (X, p,) = (¥, q1,,). By Lemma 5.15, these limit maps %9 oo
and /11 o are still harmonic quasi-isometric maps.

Lemma 5.16. With the above notation, the two limit harmonic quasi-isometric maps
ho,00, I1,00 are equidistant. More precisely, for all x in X o0, one has d(ho,o(x), h1,00(x))
=8 > 0 where § := d(hg, hy).

We will apply this lemma to two pinched Hadamard manifolds X, Y. In this case, the
limit C2 Hadamard manifolds X o, Yao Will also be pinched.

Proof of Lemma 5.16. Let A be the Laplace operator on X, defined as in (5.30). We
first check that the function ¢ : X > d(h0,00(x), I1,00(x)) is subharmonic on X . This
means that A @ 1S @ positive measure on X .. Assume first that the Riemannian metric
on Y is C*. In this case, ¢ is the composition of a harmonic map h = (hg, h1) :
Xoo = Yoo X Yoo and of a convex C* function F = d : Yoo X Yoo — R, so that the
function ¢, is subharmonic on X, because of the formula

k
Aco(F oh) =" D*F(Dyh, Deh) + (DF, T(h)),
i=1

where (e,-)f.‘=1 is an orthonormal basis of the tangent space to X.

Since the Riemannian metric on ¥ might not be of class C*°, we will use instead a
limit argument. We fix a point xo, in Xo. In a chart (x1, ..., x¢), the Laplace operator
Ao of the Riemannian metric (go0);j of Xoo reads

Ve Aot = —— i(voogé’;%), (5.34)
0x

Voo ax,' j

where v is the volume density. We want to prove that for every C? function ¥ > 0 with
compact support in a small neighborhood of x,, one has

/Rk Yoo Moo Voo dx > 0. (5.35)

The function ¢, on the pointed metric space (Xoo, Poo) i equal to the limit of the
sequence of functions ¢, : x — d(ho(x), h1(x)) on the pointed metric spaces (X, py),
as defined in Lemma 5.6. Note that the dependence on n comes from the base point p,
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which varies with n. We choose a sequence x, in X, converging to x. As in the proof
of Lemma 5.15, we look at the functions ¢, through the harmonic charts ¥, of X,. By
(5.27), these charts converge to a chart W, of X. By (5.28), in these charts (x1, ..., x)
the Riemannian metrics (g,);; of X, converge to the Riemannian metric (gx0)ij of X0
in the C! topology.

Since, by the above argument, the functions ¢, are subharmonic for the metric (g,);;,
for every C? function v > 0 with compact support in these charts one has, at each step n,

/%Arﬂ/fvn dx =0 (5.36)

where A, and v, are the Laplace operator and the volume density of the metric (g,);;.
Letting n go to oo in (5.36) gives (5.35). This proves that the function ¢, is subharmonic.

By construction, this subharmonic function g, on X, achieves its maximum § > 0 at
the point poo. By (5.34), the Laplace operator is an elliptic linear differential operator with
continuous coefficients. Hence, by the strong maximum principle in [14, Theorem 8.19,
p- 198], this function ¢ is constant and equal to §. O

The aim of Subsections 5.8 and 5.9 is to prove that such equidistant harmonic quasi-
isometric maps /¢, and /1 o cannot exist (Corollary 5.19) when Y is pinched. This
will conclude the proof of Proposition 5.1.

5.8. Equidistant harmonic maps

We first study equidistant harmonic maps without any pinching assumption.

The following lemma extends [25, Lemma 2.2] to the case where the source space X
is only assumed to be a C> Hadamard manifold. We include a complete proof to deal with
this weaker regularity assumption.

Lemma 5.17. Let X, Y be C?> Hadamard manifolds with C' Riemannian metrics of
bounded curvature. Let hg, hy : X — Y be harmonic maps such that the distance func-
tion x +— d(ho(x), h1(x)) is constant. For t in [0, 1], let h; be the geodesic interpolation
of ho and hy as in (5.12). Then for almost all x in X, t in [0, 1] and V in T, X, one has

[Dho(V)|| = [IDh: (V)| = | Dh1 (V). (5.37)

Note that we cannot conclude that (5.37) is valid for all x and ¢ since the interpolation #;
might not be of class C'.
We will use the following straightforward inequality for convex functions.

Lemma 5.18. Lett — ®; be a non-negative convex function on [0, 1]. Then, for all t in
[0, 1/2], one has

O, + D1, < DPy+ Dy —2t(Pg + D1 — 2(131/2). (5.38)

Proof. We just add the following two convexity inequalities: ®; < (1 —21)Pg + 2Py
and ®1-, < (1 = 26)®1 + 2t Py 2. O
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Proof of Lemma 5.17. The idea is to construct two small perturbations f; and g, of the
harmonic maps h¢ and /41 with support in a compact set K of X, and to compare the sum
of the energies of f, and g, with the sum of the energies of /¢ and k.

Let 0 < & < 1. Here is the definition of f;, g, : X — Y. WefixaC I' cut-off function
n:X — [0, 1], x — ny, with compact support K, and we let, for all x in X,

fo00) = hep, (¥) and g (x) 1= e, (x). (5.39)

These functions are Lipschitz continuous, hence almost everywhere differentiable. In or-
der to compute their differentials, we use the notations (5.13) and (5.14): for all x in a
subset X’ C X of full measure, all V in T, X, and almost all ¢ in [0, 1], we let

Jy (@) ;= Dh; (V) and 1,(t) := 0:h:(x).

For such a tangent vector V, it follows from Lemma 5.10(b) that there exists a convex
function ¢t +— @y (¢) such that oy (t) = | Jy(¢)] for all ¢ where the derivative Jy (¢)
exists. By the chain rule, for almost all € in [0, 1], the differentials of f, and g, are given,
for almost all x in X and all V in T X, by

Dfe(V) = Jy(eny) + e V.pte(eny), (5.40)
Dg.(V) =Jv(1 —eny) —eVapt(1 —eny) (5.41)

where V.n = dn(V) is the derivative of the function 5 in the direction V.

According to Lemma 5.10(a), for almost all x in X and all V in T, X, the scalar prod-
uct (Jy (t), T, (¢)) is almost surely constant. Therefore, for almost all ¢ in [0, 1], x in X
and V in the unit tangent bundle 7! X, one has the equality

IDf:(V)II> + 1D (V)II* = @v (ene)? + ov (1 — eny)? + 2&*(V.p)*. (5.42)

We introduce the convex function z +—> dD,V = oy (1) Using (5.38), one gets for almost
allein[0, 1], x in X and V in TxlX the bound

IDf)I* + IDge (VP < @y + ) — 2em, (P + D) — 28} ) +26*(V.n)>.

We recall that the energy over K of a Lipschitzmap h : X — Y is
Ex(h) = [ D> ar= [ Dh@)IP av,
K TiK

where dx is the Riemannian measure on X and dV the Riemannian measure on 7' X.
Integrating the previous inequality on the unit tangent bundle of K, one gets the following
inequality relating the energy over K of f;, g¢, ho and h1:

Ex(f) + Ex (gs) — Ex (ho) — Ex(h1) < —¢ f AV) AV 40D (5.43)
T'K

where A is the function on T X defined, for almost all x in X and V in TXIX , by

A(V) =2 (B + D) — 207 )).
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Since the harmonic maps &g and A are critical points for the energy functional, (5.43)
implies that

/ A(V)dV <0. (5.44)
TK

Since @V is convex, the function A is non-negative. Therefore (5.44) implies that A is
almost surely zero. Since the function 1 was arbitrary, this tells us that, for almost all V
in T'X, one has

1% 1% 1%

Since ®V is the square of the convex function gy, it follows that for almost all V in T'X,
the function @y is constant. This proves (5.37). ]

5.9. Equidistant harmonic maps in negative curvature

The following corollary improves the conclusion of Lemma 5.17 when the curvature of Y
is uniformly negative.

Corollary 5.19. Let a > 0. Let X, Y be C*> Hadamard manifolds with C' Riemannian
metrics. Assume moreover that Y is CAT(—a?). Let ho, hy : X — Y be harmonic maps
such that x — d(ho(x), h1(x)) is constant. Then either hg = hy, or

ho and h take their values in the same geodesic I of Y. (5.45)

This means that, when hg # hi, there exists a geodesic # — y(¢) in Y and harmonic
functions ug, u; on X such that hp = y oug, hy = y o uj and u; —ug is a bounded
harmonic function on X.

Note that this case is ruled out when /o and h; are within bounded distance of a
quasi-isometric map f : X — Y since X has dimension k > 2.

Proof of Corollary 5.19. We can assume that the distance between kg and /1 is equal to 1.
We recall a few notations that we have already used. For ¢ in [0, 1], let &, be the geodesic
interpolation of &g and &1. For x in X, let 7, (¢) := 9:h;(x). Since the map (¢, x) — h;(x)
is Lipschitz continuous, the vector Jy (t) := Dh;(V) is well-defined for almost all ¢ in
[0,1],xin X and V in T X. For all such z, x, V, we set

ay (1) = (@, w®),  ov®) = 1IvOl,  Yv@) = @v®) —av®'/2,
By Lemmas 5.10(a) and 5.17, one has
ay(0) =ay () =ay(l) and @y (0) =y @) = @y (1) (5.46)
for almost all ¢ in [0, 1] and almost all V in T X, so that
Yy () =yv () =yv (D).

Comparing these equalities with the uniform convexity of the function ¥y in (5.19), one
infers that ¥y (t) = 0. Hence, when Jy (¢) is defined, one has

Jy () = ay(0)Ty(t). (5.47)
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We now explain why (5.47) implies (5.45). It is enough to check that, for every C!
curve
c:[0,1]— X, s+ cy,

with speed at most 1/3, the images
ho(cro,11) and h1(co,17) are both included in the geodesic I" (5.48)

of Y containing both £ (cg) and %1 (cp).
The idea is to construct an auxiliary curve C with zero derivative. Let g8 : [0, 1] —
[—1/3,1/3] be given by s > B, := fos ol (0)dr. For #9 in [1/3, 2/3], consider the curve

C:[0,1] =Y, s> C(s):=hy_p,(cs)-

Since the speed of ¢ is bounded by 1/3, the curve C is well-defined. By construction, C
is a Lipschitz continuous path, and by (5.46) and (5.47), for almost all s, its derivative is

C'(s) = (ac; (to — Bs) — e (0))7e, (to — B5) = 0.
Therefore, C(s) = C(0) for all s in [0, 1], that is,
hiy—p, (cs) = hy(co).

Using this equality for two distinct values of 79, we deduce that the geodesic segments
hio,11(co) and hg,1)(cs) meet in at least two points. This proves (5.48) and ends the proof
of Corollary 5.19. O

This also ends the proof of Proposition 5.1.

6. Boundary maps for weakly coarse embeddings

This section is independent of the previous ones. We prove that a weakly coarse embed-
ding between pinched Hadamard manifolds admits a boundary map which is well-defined
outside a set of zero Hausdorff dimension. We prove that the fibers of this boundary map
also have zero Hausdorff dimension (Theorem 6.5). More precisely, we will prove quan-
titative versions of these facts (Propositions 6.13 and 6.15) that we will use in Section 7.

6.1. Weakly coarse embeddings

In this subsection, we introduce various classes of rough Lipschitz maps f : X — Y
between pinched Hadamard manifolds generalizing quasi-isometric maps.

Let X and Y be Hadamard manifolds with pinched sectional curvatures, —b?
Kx,Ky <—a%><0.Letk=dimX and k' = dimY.

IA

Definition 6.1. Let ¢ > 0. Amap f : X — Y is rough c-Lipschitz if for all x, x" € X
with d(x, x’) < 1 one has d(f(x), f(x")) <c.
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When f : X — Y is a rough c-Lipschitz map, one has, for all x, x" in X,
d(f(x), f(x")) <cd(x,x") +c.

Definition 6.2. A map f : X — Y is a coarse embedding if there exist non-decreasing
unbounded functions ¢, @, such that, for all x, x" € X,

e1(d(x,x) <d(f(x), fF(x") = p2(d(x, x)). (6.1)

Note that a map which is within bounded distance of a coarse embedding is also a coarse
embedding. In Definition 6.2 one may always assume that ¢, is affine, that is, f is rough
Lipschitz. A quasi-isometric map is a special case of a coarse embedding, where ¢ is
also an affine function.

Definition 6.3. A weakly coarse embedding is a rough Lipschitz map f : X — Y for
which there exist cg, Cy > 0 such that, for all x, x’ in X,

d(f(x), f(x") <o = d(x,x") < Co. (6.2)

Equivalently, this means that there exist non-decreasing non-negative and non-zero func-
tions @1, @2 such that (6.1) holds. Of course, any coarse embedding f : X — Y isa
weakly coarse embedding.

Example 6.4. There exist many coarse and weakly coarse embeddings f from H? to H?.
More precisely, for any non-decreasing 1-Lipschitz function ¢; : [0, co[— [0, oco[ with
¢1(0) = 0 one can choose a 1-Lipschitz map f for which ¢; is the best lower bound
in (6.1).

Proof. Indeed, one first constructs a unit-speed C! curve fp : R — H? such that ¢; (1) =
minger d(fo(s + 1), fo(s)) for every ¢ > 0. We set H! := R and, for k > 1, we embed
each space H¥ as a totally geodesic hyperplane in H**! and denote by x + n, a unit
normal vector field to H¥ in H**!. We now define the Lipschitz map f : H?> — H? as
f(exp(tnyg)) := exp(tnyy()) for all s in H'! and ¢ € R. m]

For any point xgp € X and r > 0, we identify through the exponential map each sphere
S(x0, r) with the unit tangent sphere

Sxo ' =1{8 € Ty X | IEIl = 1}

More precisely, when § € Sy, we denote by r — &, := exp,, (r§) the corresponding
unit-speed geodesic ray (so that &y = xp).

We denote by X = X U X the visual compactification of X. The boundary 3X is
the set of (equivalence classes of) rays in X. The map ¥y, : § +— lim,_ o &, gives a
homeomorphism from the unit tangent sphere Sy, onto the sphere at infinity d.X. We say
that a subset A of d.X has zero Hausdorff dimension if, seen in Sy, it has zero Hausdorff
dimension. One can check that this property does not depend on the choice of x(, because
for any other point x| € X, the homeomorphism Ipx_l Io Yy, is bi-Holder.

In this subection we will prove the following theorem.
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Theorem 6.5. Let f : X — Y be a weakly coarse embedding between pinched Hada-

mard manifolds.

(a) There exists a subset A C 0X of zero Hausdorff dimension such that, for all £ €
0X \ A, the limit 0f (§) := lim,_,  f (&) exists in dY.

(b) Forevery& € 0X \ A, the fiber {n € 0X \ A | df (n) = 3f (&)} has zero Hausdorff
dimension.

The map df : 90X ~~ A — 097 is called the boundary map of f.

The proof of Theorem 6.5 will last up to the end of this section. The quantitative
estimates (6.8) and (6.10) that we will obtain during this proof will be used again in
Section 7.

6.2. Hausdorff dimension and Frostman measures

In this subsection we introduce classical notations and definitions from geometric mea-
sure theory.

Definition 6.6. Let M, v > 0. A Borel probability measure ¢ on a compact metric space
S is said to be (M, v)-Frostman if, for all £ € S and all » > 0,

o(B(E,r) < Mr”. (6.3)

Proposition 4.9 tells us that all the harmonic measures oy , of a pinched Hadamard man-
ifold are (M, 1/N)-Frostman, where the constants (M, N) do not depend on the center x
or the radius » > 0.

Let v, 6 > 0. For a subset A C S, we denote

H{ (A) = inf{Zdiam(Ui)” AC U U;, diam(U;) < 5}-

i>1

When § = oo, we denote similarly

HY,(A) = inf { Y diam(U)”
i>1

acl Ul-}. (6.4)

We recall that the v-dimensional Hausdorff measure of A is defined as

HY (A) = sup H} (A)
§>0

and the Hausdorff dimension of A is
dimg(A) =inf{v > 0| H"(A) = 0}.
Observe that also
dimp (A) =inf{v > 0| HY (A) = 0}. 6.5)
The following easy lemma relates H3, (A) to Frostman measures.

Lemma 6.7. Let o be a (M, v)-Frostman measure on a compact metric space S and
A C S.Theno(A) < MHY (A).

Proof. Observe that 0(A) < } ;o 0(U;) < M ). diam(U;)” for any covering (U;)
of A. O
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6.3. Image of a large sphere

In this subsection we focus on those points of a sphere S(xg, 7) whose images under a
weakly coarse embedding are too close to a given point.
The following definition will play a key role in the proof of Theorem 6.5.

Definition 6.8. Let ¢, C;, C» > 0. A rough c-Lipschitz map f : X — Y has property
Cc,.c,if, forall xo € X, yo € Y and r, s > 0, the set

Axoyors =16 € Sy | d(yo, f(&)) <5} (6.6)

can be covered by at most C lebk/s balls of radius Coe™“", where kK’ = dimY.
If such constants Cy, Cy exist, we say that f has property C.

In this definition the unit-sphere Sy, is endowed with the distance induced by the Rie-
mannian norm on Ty, X.

The bound on the size of a covering of the set (6.6) will be very useful for Hausdorff
dimension estimations. The precise value bk’ for the exponential growth in Definition 6.8
is not particularly important. It is obtained in the next proposition and it merely avoids
the introduction of another parameter.

Proposition 6.9. Every weakly coarse embedding f : X — Y has property C.

In particular, Propositions 6.13 and 6.15 below apply to all weakly coarse embeddings f.
We will use the Bishop volume estimates (see for example [12]) which compare the
volume of balls in X and in the hyperbolic space HF.

Lemma 6.10. Ler X be a pinched Hadamard manifold with dimension k and sectional
curvature —b* < Kx < —a? < 0. Then, for R > 0,

a~*vol(Byk (0, aR)) < vol(Bx(x, R)) < b~*vol(By (O, bR)).
We will also need to bound angles by Gromov products as in Lemma 2.1.

Lemma 6.11. Let Y be a Hadamard manifold with Ky < —a® < 0. Then, for all yy € Y
and y1, y2 € Y ~ {yo},
Oyy (V1. ¥2) < 4e™ 01320,

where Oy, (y1, y2) is the angle at yo of the geodesic triangle (yo, y1, y2) and (y1, y2)y, :=
3(d(o, y1) + d (o, y2) = d(y1, y2)) is the Gromov product.
Proof of Proposition 6.9. We will see that f has property Cc, c, where the constants
C1, C3 depend only on a, b, k', and on ¢g, Cy from (6.2).

It follows from the volume estimates of Lemma 6.10 that there exists a constant
C1 > 0 such that for each ball B(yp,s) C Y (s > 0) and each covering of minimal
cardinality of this ball by balls with radii c¢(/2,

B(y0,5) C | J B, co/2),
iel

this cardinality is at most Cy ePK's,
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Since f is a (cg, Cp)-weakly coarse embedding, for each i € I the inverse image
f_l(B(yi, cop/2)) is either empty or lies in B(x;, Cop) C X. By Lemma 6.11, the set
B(x, Cp) N S(xg, r) lies in a cone with vertex x¢ and angle 6, = Cre™%". O

Remark 6.12. Any map f : X — Y within bounded distance of amap f : X — Y with
property C also has property C.

6.4. Construction of the boundary map

We now investigate the long-term behavior of the images of geodesic rays under a rough
Lipschitz map satisfying property C.

Let X, Y be pinched Hadamard manifolds and f : X — Y be a rough Lipschitz
map with property C. Proposition 6.13 below tells us that, except for a set of rays of zero
Hausdorff dimension, the image under f of a ray goes to infinity in Y at positive speed
and this image converges to a point in dY.

We need some notations. For xg € X, let A, be the set of rays whose image does not
go to infinity at positive speed:

Ay = {E € Sxo

liminf Ld(f (xo). £(€)) = 0}.
n—oo
Then Ay, =(),=0 Axo,a» Where, for o > 0,

Aypa = {é € Sy

liminf Ld(f (x0), £ (€n) < .
n—>0oo
One has Ay o C ﬂnozl Ay, .«(no), where, for ng > 1,

Axg.a(no) :==1{& € Sy, | d(f(x0), f(&1)) < na for some n > ng}.
With the definition (6.6), one has Ay, «(ng) = Unzno Axo, f(xo)n,na-

Proposition 6.13. Ler X, Y be pinched Hadamard manifolds with sectional curvatures
b2 < K < —d? < 0. Let c, C1,Cr >0and f : X — Y be a rough c-Lipschitz
map with property Cc, c,. Let « > 0, k' = dimY and vy := bk'a/a. For v > vq, set
Ciap :=C1Cy /(1 — e~ V)Y Then for any xo € X and ng > 1:

(a) One has
HY (Axya(n0)) < C3q,pe 407000, 6.7)

(b) For every (M, v)-Frostman measure o on Sy,
0 (Axga(n)) < MC3 g pe 107V, (6.8)

(©) dimH(Axo,a) < Vgy.
(d) dimp(Ay) =0.
(e) Forevery& € Syy \ Ay, the limit 0f (§) :=lim,_,  f (&) exists in Y.
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The bound (6.8) can be interpreted as a large deviation inequality for the random path
f (&) when the ray & is chosen randomly with law o. A key point is that the constants
involved in (6.8) do not depend on the (M, v)-Frostman measure o. We will apply it later
to various harmonic measures o = oy, on X.

Proof of Proposition 6.13. (a) Since f has property Cc,,c,,

HY (Axg.a(0)) < D H2(Agg, f(xp).nna)
n=ng
= Z Cre®"e" Cye ™" = C3 q,pe *0 700,

n=ng

(b) follows from (a) and Lemma 6.7.

(c) Letting n¢ go to infinity in (6.7), one gets HY (Ay,,«) = O for all v > v,. There-
fore, (6.5) yields dimpy (Axy,o) < Vo.

(d) One has dimp (Ay,) < infy-odimy(Ay,«) =0.

(e) Since f is rough Lipschitz, one may assume that the parameters r are integers and
apply Lemma 6.14 below to the sequence y, = f(&,). O

Lemma 6.14. Let Y be a Hadamard manifold with Ky < —a? < 0. Let (n)neN be a
sequence in Y such that

e
supd(Yn, Yn+1) < 00 and l}lrgggf ;d(yo, yn) > 0.

n>0
Then the limit yoo = lim,_ o ¥, exists in the visual boundary 9Y .

Proof. Choose ¢, « > 0 and ng > 1 such that

d(Yn, ynt1) = ¢ and  d(yo, yn) = na  forall n > no.
By Lemma 6.11, 6y, (ys, yut1) < 4ec/2e=42n for any n > ng. Since this series con-
verges, there exists a geodesic ray y C Y with origin yg such that lim,—, « 0y, (yn, v+)
=0. O

Unlike quasi-isometric maps, a coarse embedding may not have boundary values in every
direction. See Example 6.4 where we could begin with a curve f; that spirals away in H?.

6.5. The fibers of the boundary map

We now investigate the fibers of the boundary map df of a rough Lipschitz map with
property C.

Proposition 6.15 below tells us that the fibers of the boundary map have zero Haus-
dorff dimension.

We keep the notations of Subsection 6.4 and introduce more notations. As before,
X, Y are pinched Hadamard manifolds and f : X — Y is a rough c-Lipschitz map with
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property C. For xo € X and & € Sy, let B§0 be the set of rays 7 that “do not go away from
& at positive speed”:

Bfo = {n € Sy

lim inf od(f (). f(ny)) =0}.

ng—oo n,p>ng "+P

Then Bf:o = ﬂa>0 Bﬁo,a, where, for o > 0, we set B 1= % and let

B = [n € Sy,

X0,0

lim inf o d(f (&), ) < Bl

ng—00 n,p>ng "t
Then Bfo,a C mnozl BE(),O( (no), where for any ng > 1 we let

B ,(no) :={n € Sx, | d(f(&n), f(1p)) < (n + p)Py for some n, p > no}.

This specific value for B, has been chosen in order to obtain the same exponent in (6.7)
and in (6.9) below.

Proposition 6.15. Let X, Y be pinched Hadamard manifolds with sectional curvatures
—b* <K <—a*><0.Letc,C;,Cy > 0and f : X — Y be a rough c-Lipschitz map
with property Cc, c,. Let o > 0, k' = dim Y, vy := bk'a/a and By := o?/Qa + ¢). For

C . GG
v > Vo, Set Caav 1= 500 (1 emat ey

(a) FOV& € SX() N Axo,ot(n())’

Then for any xo € X and ng > 1 one has:

HY (BS ,(n0)) < Ca g ye @0Vm0, 6.9)

X0,

(b) For& € Sy, \ Ay,,«(no) and any (M, v)-Frostman measure  on Sy,

0(BS 4(n0)) < MCyq e V7000, (6.10)

X0,

(¢) For& € Sy, \ Ay« One has dimH(Bf:O,a) < vg.
(d) For& € Sy, ~ Ay, one has dimp (BS)) = 0.

(e) Assume ng > %. For&,m € Sy, \ Ayya(no) withn ¢ Bfo’a(no) and for all

n, p 2 EO = 4n0C/a,

O (xo) (f (En)s (1)) = Se2m0be, (6.11)

(f) For&,ne Sy, Ay, withn & Bﬁo, one has df (n) # df (€).

We begin with a technical covering lemma.

Lemma 6.16. We keep the notations of Proposition 6.15. Fix no > 1. For & € Sy, and
p = no, let

BE o ,(10) i= (0 € S, | (&), f(1p) < (n+p)Bu for some n > no).

If& ¢ Avga(no), then B, q.p(no) can be covered by at most <X balls of radius

o0k Ba
Core P,
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Proof. Using the notation (6.6), we have

B oy 10) = | Avor.pnt p)f-

n=nqo

The key point is that, since f is rough c-Lipschitz and § & A, 4 (no), this union is finite.
Indeed, assume that an integer n > ng satisfies

d(f(&n), f(np)) = (n+p)Pa

for some n € Sy,. Since d(f(xo), f(§,)) = na and d(f(x0), f(np)) < pc, one must
have

na — pc < (n+ p)pa.

By our choice of B, this is equivalent to
(n+p)Ba < pa.

Therefore, using Definition 6.8, one can cover Bfo,a’p(no) by at most Cy ), bk (1p)Pa
balls of radius Cre™“P, where the sum is over n > ng such that (n + p)B, < pa.

. . bk’ o
Computing this sum, one deduces that Bfo,a, p can be covered by at most f”TW; balls
—e o

of radius Cpre 97, O

Proof of Proposition 6.15. (a) Since By, o(n0) = -, Biy.a.p(n0), Lemma 6.16 yields

p=ng

HY,(BS, ,(n0) < Y HY(BS, , ,(n0))

p=no
Cye®ep
< v,—avp _ —a(v—vgy)ng
= Z —1 _ e—ﬂabk’ C2€ C4,oz,ve .
p=no

(b) follows from (a) and Lemma 6.7.

(c) Letting ng go to infinity in (6.9) one gets H&(Bﬁo,a = Oforall v > v,. Therefore,
using (6.5), it follows that dimH(Bfo,a) < Vgy.

(d) One has dimy (BS,) < infy~odimg (B, 4) = 0.

(e) This is a consequence of Lemma 6.17 below applied to the sequences y, = f(&,)

and z, = f(np).
(f) This follows from (e). ]

6.6. Two sequences going away from one another

The aim of this subsection is to prove the following lemma which provides, in a pinched
Hadamard manifold, a lower bound for the angle between points in two sequences with
bounded speed that “go away from one another at positive speed”.



Harmonic quasi-isometric maps II: negatively curved manifolds 2903

Lemma 6.17. Let Y be a Hadamard manifold with —b> < Ky < —a®> < 0. Letc > o >
B > 0and ng > 14_‘;;33. Let (yn)neN and (zp)pen be two sequences of points in Y with

Yo = zo such that

d(yih )’n+1) S c and d(Zpy Zp+1) S c forns p 2 0’ (612)
d(yo, yn) = na, d(yo,zp) = pa and d(y,,zp) = (n+p)B forn, p > ny.
(6.13)

Then, for any integers n, p > £y := 4ngpc/a,
Oy (V> 2p) = %€_2n0b6~ (6.14)

We will need two geometric lemmas.

We know that the orthogonal projection from a Hadamard manifold onto a geodesic
is a 1-Lipschitz map. The following lemma gives more precise information when the
curvature is bounded from above.

Lemma 6.18. Let Y be a Hadamard manifold with Ky < —a? < 0. Let y C Y be a
geodesic. Then the orthogonal projection w : Y — y is smooth and, fory € Y,

1
D < < 2 _ad(y»l/)_
1Dyl = Coshtad G,y =%

Proof. The proof relies on a Jacobi field estimate (see [12]).

Lety e Y\y,lety =n(y) € yand £ = d(y,y) = d(y,y). Denote by c : s €
[0, €] — c(s) € Y the unit-speed parametrization of the geodesic segment [y, y] with
c(0)=yandc(¥) = y.

Letv € TyY. We want to bound || Dy7 (v)||/||v]|. We may assume that v is orthogonal
to Ker Dy, i.e. to the geodesic c at y.

Choose a smooth curve ¢ — y(t) € Y with y(0) = y and y’(0) = v, and let y(r) =
m(y(t)) € y. We can assume that d(y(¢), y(t)) = £ for all ¢. For each parameter ¢,
introduce the constant-speed geodesic ¢; : [0, £] — Y such that ¢;(0) = y(¢) and ¢;(¥) =
y(t). By construction, each vector u(t) := dd—sc, (s)‘s=0 € Tj@)Y is normal to y at the
point y ().

The map (s, 1) — ¢;(s) is a variation of geodesics, so that J : [0, £] — %ct (S)|z=0 €
[0,£] € T.)Y is a Jacobi field along the geodesic c. We have J(0) = Dym(v) and
J () = v. Since both J(0) and J(£) are normal to c, it follows that J is a normal Jacobi
field. Since y is a geodesic and each u(¢) is normal to y, we infer from the equality
J'(0) = u’(0) that J'(0) is normal to y, i.e. orthogonal to J(0). The Jacobi field equation
J" + R(c’, J)¢’ = 0 and the hypothesis on the curvature now yield

(1D =211 = 2R(, J, ¢, J) = 231 1) + 2a%|1T |12

and therefore

11" = a1
Since || J]|'(0) = {J(0), J'(0))/[|J(0)]| = 0, one deduces that || J (¢)|| > ||J(0)| cosh(at)
forall ¢ > 0. In particular, || Dy (v)|| < ||v||/cosh(af). m]

The second lemma is an easy angle comparison lemma.



2904 Yves Benoist, Dominique Hulin

Lemma 6.19. Let Y be a Hadamard manifold with —b> < Ky < 0. Let y C Y be
a geodesic, yo € v,y € Y andy = n(y) be the projection of y on y. Assume that
d(30.7) < Rand d(3,y) > R. Then 6y,(y. ) > e K.

Proof. The angles of a triangle in H?(—b?) with the same side lengths are smaller than
the angles of the triangle (yoyy). It follows that 6,,(y, ) > ¢, where ¢ is the angle of
an isosceles right triangle in H?(—b?) with adjacent sides of length R, which is ¢ =
arctan(m) > %e’bR. ]
Proof of Lemma 6.17. Let y; be a geodesic ray starting from yy = zo. Denote by 7 :
Y — y the orthogonal projection onto the geodesic y that contains y4. Identify y ~ R
so that y; ~ [0, oo[. Introduce, for n, p € N, the points y, = 7(y,) and z,, = 7(zp),
and the subintervals I, = [y, Yn+1]1 and J, = [Zp, Zp+1] of y.

Let R := 2ngc. We claim that
min(yy,zp) < R forall N, P > 0. (6.15)
According to (6.12), max(y,,, Zn,) < noc. Hence it is enough to check that the interval
1L :=[Yny, YN1 N [Zny, Zp] has length |Z] < ngc.

Let g € 1. This point lies in some non-empty interval I, N J, with n, p > ng. Since
the projection 7 is 1-Lipschitz, using (6.12) again yields d(y,, zp) < 2c. According to
(6.13) one has d(y,, zp) > B(n + p) so that

either  d(yp, yo) Znf —c or d(zp,zp) = pB —c,
and Lemma 6.18 now provides a bound for the length of one of the intervals I, or J,:
either |I,| < 2ce?ac—nab  or [Jpl < 2ce2ac—pap
It follows that
|I| < Z ZceZac—naﬁ + Z zc€2ac—paﬂ
n=nop p=ng
4ee?ac noa
T phoaB
< 1 _eiaﬁe 04F < mgc.

This proves (6.15).
Now, let n, p > £y := 4noc/a so that, by (6.13), one has d(yo, y,) = 2R and
d(y0, zp) = 2R. The claim (6.15) tells us that

either d()’O, yn) S R or d()’(% Zp) S R

Hence by Lemma 6.19,

bR bR

either 6y, (v, v4+) = 5¢7"% o Oy (zp, v4) = 3¢7

Since this is true for any ray y, based at yg, one gets 0y, (Y, 2p) = %e’bR. O

Proof of Theorem 6.5. Point (a) follows from Propositions 6.13(d, e); and (b) follows
from Propositions 6.15(d, f). O

Remark 6.20. It follows from the proof that Theorem 6.5 also holds for any rough Lip-
schitz map f : X — Y between pinched Hadamard manifolds with property C.
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7. Beyond quasi-isometric maps

The aim of this subsection is the following extension of Theorem 1.1 to all weakly coarse
embeddings f, and in particular to all coarse embeddings f (see Definitions 6.2 and 6.3).

7.1. Weakly coarse embeddings and harmonic maps

Theorem 7.1. Every weakly coarse embedding f : X — Y between pinched Hadamard
manifolds is within bounded distance of a unique harmonic map h : X — Y.

Indeed, we will prove a more general proposition using Definition 6.8.

Proposition 7.2. Every rough Lipschitz map f : X — Y with property C between
pinched Hadamard manifolds is within bounded distance of a unique harmonic map
h:X—Y.

The main new ingredients in the proof are the construction and properties of a boundary
map of f. Those new ingredients which do not involve harmonic maps were explained
in Section 6. We now explain how to adapt the proof of Theorem 1.1 using these new
ingredients.

7.2. Rough Lipschitz harmonic maps

We first want to point out that Theorem 7.1 cannot be extended to all rough Lipschitz
maps.

Example 7.3. There exists an injective Lipschitz map f : H? — H? from the hyperbolic
plane to itself that extends continuously to the visual boundary as the identity map, and
which is not within bounded distance of any harmonic map.

Proof. We will consider a map f : H?> — H? that commutes with a parabolic subgroup
of Isom(H?). Let us work in the upper half-plane model. The map f is defined by
f(u,v):(u,v+v2), uelk,v>0,

so that f os; = sy o f where s;(u,v) = (¢t — u,v) for any t € R. Observe that f
extends continuously to the visual compactification of H? by the identity, and that f is
2-Lipschitz.

Assume by way of contradiction that there exists a harmonic map 4 : H?> — H?
within bounded distance of f.

First case: the map # is unique. In this case & also commutes with the isometries s;, so
that there exists a continuous function g : [0, co] — [0, oo] such that

h(u,v) = (u,gwv)), uelk v=>0,

and g(0) = 0, g(co) = oo. Saying that & is harmonic is equivalent to requiring that g
satisfies the differential equation

gg" =g~ 1.
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It follows that the harmonic map & coincides with one of the maps h,, : H?> — H? defined
by
ha(u,v) = (u, L sinh(av))

for some constant a > 0. Observe that none of the maps %, is within bounded distance
of f, hence the contradiction.

Second case: the map / is not unique. Let &g, i; be two distinct harmonic maps within
bounded distance of f. We want again to find a contradiction. We will use arguments
similar to those in Section 5. Let xo := (0, 1) € H2. We choose a sequence of points x;,
in H? for which

d(ho(xn), h1(xy)) — & := sup d(ho(x), h1(x)) >0

xeH?

and we set y, := f(x,). Let ¢, and ¥, be the isometries of H?2 fixing co € 9H? and
such that @, (xo) = x, and v, (xo) = y,. After passing to a subsequence, v, Iy foon
converges to one of the maps fg : H? — H? with 8 € [0, co] where

2
fﬁ:(u,v)r—><1:t_ﬁ,v1++ﬁ;> when 0 < 8 < o0,
foo t (u,v) > (0, v%) when 8 = oo.

For i = 0 and 1, the sequence of harmonic maps h; ,, := ¥, Lohio @, converges, after
extraction, to a harmonic map h; o : H? — H? within bounded distance of fp- The
subharmonic function x + d(h,oc(X), 11,00(x)) achieves its maximum value at x = xo,
hence is a constant function equal to §. Therefore, by Corollary 5.19, the harmonic maps
ho,0o and h1 o take their values in the same geodesic I". This forces B = oo and the
geodesic I' is the image of f. Now we write

foolu, v) = (0, *>42) and  ho oo (u, v) = (0, 2000,

where Fi (1, v) = log v and where Hp, o is a harmonic function.

The function Goo := Foo — Hp,xo is then a bounded function on H? such that
AGs = 1. Such a function G, does not exist. Indeed, G : x — 2log(cosh(d(xg, x)/2))
also satisfies AG = 1 and the function G — G« would be proper and harmonic, contra-
dicting the maximum principle. O

7.3. An overview of the proof of Proposition 7.2

Proof of Proposition 7.2. The strategy is the same as for Theorem 1.1:

Step 1: smoothing f out. By Proposition 2.4 there exists a smooth map f X > Y
within bounded distance of f and whose first and second covariant derivatives are
bounded on X. This function f is Lipschitz and still has property C. Hence we can assume

that f = f.
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Step 2: solving a bounded Dirichlet problem. We fix O € X. For any radius R we con-
sider the unique harmonic map hg : B(O, R) — Y satisfying the Dirichlet condition
hg = fonS(O, R).

Step 3: estimating d(hg, f). In Subsection 7.4 we will check
Proposition 7.4. There exists a constant p > 1 such that d(hg, f) < p forany R > 1.
Step 4: letting hg — h. We prove this convergence as in Section 3.3. O

The proofs of Steps 1, 2 and 4, as well as the proof of uniqueness, require only minor
modifications of the ones for quasi-isometric maps. Thus, the remainder of this paper will
be devoted to the proof of Step 3.

7.4. Interior estimate for rough Lipschitz

In this subsection we complete the proof of Proposition 7.4 whose structure is exactly
the same as the proof of Proposition 3.5. We will just quickly repeat the arguments of
Section 4 pointing out the changes in the choice of the numerous constants involved in
the proof.

7.4.1. Strategy. Let X and Y be Hadamard manifolds whose curvatures are pinched,
—b?2 < K <—-a? <0.Letk = dim X and k¥’ = dim Y. We fix constants M,N > 0 as
in Proposition 4.9. We set o = a/(2bk’N) so that, with the notation of Propositions 6.13
and 6.15, one has v, = 1/(2N). We setv =2y, = 1/N.

We start with a C* Lipschitz map f : X — Y whose first and second covariant
derivatives are bounded. We fix constants ¢, Cy, C2 > 1 such that f has property Cc, ¢,
as in Definition 6.8 and for all x in X,

IDfF)Il <e, ID*f(x)| < b (7.1)

Welet C3 = C3,4,» < C4 = C4,4,, be as in Proposition 6.13 and 6.15:

c cicy/N c cicyy . o?
S T R T Ry v p e e s TS

Choosing ¢( very large. We fix O in X. We introduce a fixed integer radius £¢ depending
onlyona, b, k, k', c, C1 and C,. The integer £y > 1 is only required to satisfy (7.2)—(7.4):

bl > 1, (7.2)
462ac o

Lo > 4noc/a, where ng > is chosen with M Cye™ "% < —,  (7.3)
1 —e 9P 8¢

16e=9%%/* < 9y where 6 := e~ 2"0b¢ /2. (7.4)

Choosing p very large. For R > 0, let hg : B(O, R) — Y be the harmonic C* map
whose restriction to dB(O0, R) is f. We let p := supxeB(O,R)d(hR(x), f(x)). If this
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supremum p is not uniformly bounded, we can fix a radius R such that p satisfies the
inequalities (4.6)—(4.8), which we rewrite below:

ap > 8kbc* ey, (7.5)
27 (ap)? 16)

sinh(ap/2) '

p > 4cloM (210 0N (7.7)

We denote by x a point of B(O, R) where the supremum is achieved: d (kg (x), f(x))=p.
According to the boundary estimate (3.2) one has, using (7.5),

d(x,dB(0, R)) >

> 24p.
3kbc2 = 0

Getting a contradiction. We focus on the restrictions of f and hg to B(x, {g). Set
y := f(x). For & on the unit tangent sphere Sy, we analyze the triangle inequality

Oy (f Geg)s hr(x)) = 0y(f (ep)s hr(5e)) + Oy (hR(Egy), hr (X)), (7.8)

and prove that on a subset Uy, . Ay 4 (no) of the sphere, each term on the right-hand
side is small (Lemmas 7.9 and 7.10) while the left-hand side is not always that small
(Lemma 7.12), giving rise to a contradiction.

Definition 7.5. Let Uy, = {€ € Sy | d(y, hr(§,)) > p — Loat/2 ).

7.4.2. Measure estimate
Lemma 7.6. For & in Sy, one has d(y, hr(§¢,)) < p + clp.
Proof. This is Lemma 4.2. m}

Lemma 7.7. For & in Sy, and r < £y, one has |Dhg(&)|| < 28kbp.
Proof. This is Lemma 4.3. It uses (7.2) and (7.5). ]

Lemma 7.8. Let o = oy ¢, be the harmonic measure on the sphere Sy >~ S(x, £o) at the
center point x. Then o (Uy,) > a/(3c).

Proof. Same as that of Lemma 4.4, using Lemma 7.6. O

7.4.3. Estimating the angles
Lemma 7.9. For £ in Uy, \ Ay o(no), one has 0y (f (€¢,), hr(Eey)) < 4e=4*0/% < gy/4.
Proof. Same as that of Lemma 4.5, using (7.4). O
Lemma 7.10. For & in Sy, one has
2(ap)® 6
_— < —.
sinh(ap/2) 4
Proof. Same as that of Lemma 4.6, relying on Lemma 7.11 and using (7.5) and (7.6). O

Qy(hR(gl())s I’ZR()C)) <
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Lemma 7.11. Forall € in Sy andr < £y, one has d(y, hg(&:)) > p/2.
Proof. Same as that of Lemma 4.7, using Lemma 7.7 and (7.7). ]

Lemma 7.12. There exist &, nin Ugy \ Ay o (no) with 0y, (f(&¢,), f(ne,)) = 6p.

Proof. Recall that o := o0, ¢, denotes the harmonic measure at x for S(x, £o). Let o¢ :=
o/(4c). According to Lemma 7.8, one has

o (Uygy) > o9 > 0.

Since the harmonic measure o is (M, 1/N)-Frostman (Proposition 4.9), one may apply
(6.8) of Proposition 6.13 to o and get, using (7.3),

an

EE

0(Ay q(ng)) < MCse™ =< = 09/2.

gl

Therefore, there exists an element & € Uy, \ A, o (o
harmonic measure o = oy ¢, to get, using (7.3) again,

~

. On may now apply (6.10) to the

ang

o(Bﬁ’a(no)) < MCye 2N < — 09/2.

gl=

Therefore, there exists an element n € Uy \ (A o (no) U Bf,a (np)). It satisfies

0y ([ (Eey), [ ney) = €217 /2 = 6y
because of (7.3), (7.4) and Proposition 6.15(e). ]

End of proof of Proposition 7.4. Let &, n € Uy, \ Ax,«(no) be given by Lemma 7.12.
Applying Lemmas 7.9 and 7.10 to £ and 7, one gets

Oy (f (o), f(ney)) < 0y(f(ey), hr(x)) + 0y (hr(x), f(n¢y)) < 6o,
which contradicts Lemma 7.12. O

The first version of this paper containing Sections 1 to 5 was released in February 2017. In this
second version, Sections 6 and 7 were added. In between, two related preprints were posted on the
arXiv: [30] and [39].
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