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Abstract. Assume that (X, g ) is an asymptotically hyperbolic manifold, (M, [k]) is its conformal
infinity, p is the geodesic boundary defining function associated to 7 and g = p 2¢%. For any y in
(0, 1), we prove that the solution set of the y-Yamabe problem on M is compactin C 2(M) provided
that convergence of the scalar curvature R[g"‘] of (X, g"') to —n(n + 1) is sufficiently fast as p
tends to 0 and the second fundamental form on M never vanishes. Since most of the arguments in
the blow-up analysis performed here are insensitive to the geometric assumption imposed on X, our
proof also provides a general scheme toward other possible compactness theorems for the fractional
Yamabe problem.

Keywords. Fractional Yamabe problem, nonumbilic conformal infinity, compactness, blow-up
analysis

1. Introduction

Given any n € N, let (X"*!, ¢*) be an asymptotically hyperbolic manifold with con-
formal infinity (M", [ﬁ]). According to [33, 61, 42, 12, 30], there exists a family of self-
adjoint conformally covariant pseudo-differential operators P? [g*, ] on M defined for
generic ¥ and whose principal symbols are the same as those of (—Aj;)”. If (X, gT)
is Poincaré-Einstein and y € N, the operator PY[g™T, h] coincides with the GIMS op-
erator constructed by Graham et al. [32] via the ambient metric; refer to Graham and
Zworski [33]. In particular, P? [g, h]is equal to the conformal Laplacian or the Paneitz
operator for y = 1 or 2, respectively.

Let us call Q7 [gt, h] = PV [g* h](l) the y-scalar curvature. One natural question
is if there exists a metric 4’ conformal to 4 on M whose y-scalar curvature Q¥ [g™, h']
is constant. By virtue of the conformal covariance property of P”, this is reduced to
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searching a smooth solution of the equation
PY[g", hlu =cu? and u >0 on(M", h) (1.1)

for some constant ¢ € R providedn > 2y and p =2, , — 1 = (n+2y)/(n — 2y).

For y = 1, the study of the existence of a solution to (1.1) was initiated by Yamabe
[75] and completely solved through the successive works of Trudinger [73], Aubin [5] and
Schoen [67]. See also Lee and Parker [48] and Bahri [6] where a unified proof based on
the use of conformal normal coordinates and a proof not depending on the positive mass
theorem are devised, respectively. If y = 2 (and n > 5), existence theory of (1.1) becomes
considerably harder because of the lack of a maximum principle. Up to now, only partial
results are available such as those by Qing and Raske [65], Gursky and Malchiodi [36] and
Hang and Yang [38]. In [38], the authors could treat a general class of manifolds having
the property that the Yamabe constant (1.4) is positive and there exists a representative
of the conformal class [/2] with semipositive Q-curvature Q2. It is worth mentioning a
related work of Gursky et al. [35] which examined a conformally invariant condition for
the existence of a conformal metric having positive scalar and Q-curvatures. Meanwhile,
equation (1.1) with y = 1/2 has a deep relation to the boundary Yamabe problem (or the
higher-dimensional Riemann mapping theorem) formulated by Escobar [23]; refer also to
Remark 1.2(1). The existence theory for the latter problem has been completed due to the
effort of Cherrier [14], Escobar [23, 24], Marques [57, 58], Almaraz [1], Chen [13] and
Mayer and Ndiaye [59].

If y ¢ N, it is not a simple task to solve (1.1) directly, since the operator P¥ [g*, /]
is nonlocal and defined in a rather abstract way. However, Chang and Gonzalez [12]
discovered that (1.1) can be interpreted as a Caffarelli-Silvestre-type degenerate elliptic
equation of [9], which is indeed local, for which a variety of well-known techniques like
constraint minimization and the Moser iteration technique can be applied; see Proposi-
tion 2.1 for a more precise description. From this observation, Gonzédlez and Qing [30]
succeeded in finding solutions to (1.1) for y € (0, 1) under the hypothesis that M = 9X
is nonumbilic and of sufficiently large dimension. Their approach was further developed
in the works of Gonzélez and Wang [31] and the present authors [46], which cover most
cases when the local geometry dominates. In [46], the authors also established the exis-
tence result for 2-dimensional or locally conformally flat manifolds provided that a certain
technical assumption on the Green’s function of P? holds. Recently, Mayer and Ndiaye
[60] and Daskalopoulos et al. [16] pursued the critical point at infinity approach and the
flow approach, respectively, removing the technical condition imposed on the Green’s
function.

Furthermore, Case and Chang [11] obtained an extension result for y € (1,n/2)
which generalizes [12]. By utilizing it and adapting the argument of Gursky and Mal-
chiodi [36], they also deduced that P?[g*, h] satisfies a strong maximum principle for
y € (1, min{2, n/2}) when [/] has a metric whose scalar curvature is nonnegative and the
y-curvature is semipositive. It is plausible that this with some further ideas in [36] may
allow one to get certain existence results for (1.1) under the prescribed conditions.

In many cases, (1.1) may have higher Morse index (or energy) solutions as shown in
[68, 64] fory = 1. If (X, g+) is the Poincaré ball whose conformal infinity is the standard
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sphere, it follows immediately from the noncompactness of the conformal group that the
solution set to (1.1) is unbounded in L°°(M) for any y > 0. Indeed, classification results
by Obata [63] and Jin et al. [40, Theorem 1.8] show that there is a correspondence between
an element of the conformal group and a solution to (1.1) for y = 1 and y € (0, 1),
respectively.

In this connection, for manifolds M that are not conformally diffeomorphic to the
standard sphere, Schoen [70] raised the question of C2(M)-compactness of the solution
set to (1.1) with y = 1 and suggested a general strategy towards its proof. The first
affirmative answer was given by Schoen himself [69] in the locally conformally flat case.
Li and Zhu [55] obtained it for n = 3 and Druet [22] did it for n < 5. If n > 6, the
analysis is more delicate because one needs to prove that the Weyl tensor vanishes to the
order greater than [ (n — 6)/2] at a blow-up point. By solving this technical difficulty,
Marques [56] and Li and Zhang [52] could deal with the situation that either n < 7 or
the Weyl tensor never vanishes on M. Assuming the validity of the positive mass theorem
and performing a refined blow-up analysis on the basis of the linearized problem (as in
our Section 4), Li and Zhang [53] extended the result up to dimension 11, and Khuri et
al. [43] finally verified it for n < 24. Surprisingly, according to Brendle [7] and Brendle
and Marques [8], there are C°°-metrics on the sphere S” with n > 25 such that even
though they are not conformally equivalent to the canonical metric, a blowing-up family
of solutions to (1.1) does exist.

For y = 2, Y. Li and Xiong [51] obtained the C*(M)-compactness result assuming
that the kernel of the Paneitz operator P2 is trivial, its Green function is positive, the
positive mass type theorem holds for P2 and one of the following assumptions holds:
5 <n <9,or M is locally conformally flat, or n > 8 and the Weyl tensor never vanishes.
See also the previous works [39, 65, 49]. On the other hand, Wei and Zhao [74] established
a noncompactness result for n > 25. While it is expected that C*(M)-compactness holds
in general up to dimension 24, a rigorous proof is not known yet.

For the boundary Yamabe problem, corresponding to the case y = 1/2, compactness
results were deduced when X"*! is locally conformally flat [28], n = 3 [29,4] and n =
4,5 [47]. Compactness of the solution set also follows under the assumption that n > 6
and the second fundamental form on M vanishes nowhere [1, 47]; refer to [37, 21] for
more results. Almaraz [3] showed that a blow-up phenomenon still happens if n 41 > 25.

If 2y is a noninteger value, only a little has been revealed up to now. As far as we
know, the only article that investigates compactness of the solution set to (1.1) for y in
[1, n/2) is [66] due to Qing and Raske, which concerns locally conformally flat manifolds
M with positive Yamabe constant and with Poincaré exponent less than (n —2y)/2. As for
noncompactness, the present authors [45] constructed asymptotic hyperbolic manifolds
which are small perturbations of the Poincaré ball and exhibit a blow-up phenomenon for
n>24ify € (0,y*)andn > 25if y € [y*, 1) where y* is a number close to 0.940197.
However, the compactness issue for (1.1) with y € (0, 1) has not been discussed in the
literature so far, unless the underlying manifold is the Poincaré ball; see [40].

In this paper, we are concerned with the compactness of the solution set to the y-
Yamabe problem (1.1) provided y € (0,1) and ¢ > 0. As can be predicted from the
representation theorem of Palais—Smale sequences associated with fractional Yamabe-
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type equations in [27], the conformal covariance property of P? enables us to perform a
local analysis even though it is a nonlocal operator.

We will state the main theorem in a slightly more general setting; more precisely, we
will allow p to be subcritical. Since we always assume that the metric g+ in X is fixed,
we write Pﬁy = PY[g*, h] and QL-’ = Q"[g™, hl.

Theorem 1.1. Lety € (0, 1),

for0 <y < JI1/19,
Jor JT/19 <y < 1/2,
for1/2 <y < J/5/11,
for J5/1T <y < 1,

(1.2)

IRV e RN

and (X"t', g%) be an asymprotically hyperbolic manifold with conformal infinity
(M", [h]). Denote by p a geodesic defining function associated to M, i.e., a unique defin-
ing function splitting the metric § = p>g™ on the closure X of X as dp* + h, near M
where {h,}, is a family of metrics on M such that hy = h.

Assume that § € C*(X, RHDX0+Dy he first L2(X)-eigenvalue A (—Ag+) of the
Laplace—Beltrami operator — A+ satisfies

M(=Agr) > n? /4 —y?, (1.3)
the y-Yamabe constant defined as

fMuP;udv,-l

AY (M, [h]) = Hyinng . — — (1.4)
is positive, and
R[g+] +nn+1) = 0(p2) as p — 0 uniformly on M (1.5)

where R[g™] is the scalar curvature of (X, g7).

If the second fundamental form v of (M, h) as a submanifold of (X, §) never van-
ishes, then for any ey > 0 small, there exists a constant C > 1 depending only on
X" % b,y and &g such that

Cl'<u<C onM and |ullc2 <C (1.6)

for any solution in H (M) to (1.1) with 1 + &9 < p <2, , — L

Here HY (M) is the fractional Sobolev space defined via a partition of unity on M. Also,
the values of \/1/19 and /5/11 are approximately 0.229 and 0.674, respectively.
A couple of remarks regarding Theorem 1.1 are in order.
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Remark 1.2. (1) It is remarkable that the dimension restriction (1.2) is exactly the same
as the one appearing in the existence result [46, Corollary 2.7] for equation (1.1) on
nonumbilic conformal infinities.

(2) Condition (1.5) makes the boundary Yamabe problem and the 1/2-Yamabe prob-
lem identical (modulo the remainder term) in view of the energy expansion. This fact is
essentially contained in [34, Section 4]. Also, (1.5) and the property that & # 0 at each
point of M are intrinsic in the sense that they do not depend on the choice of a represen-
tative of the class []. Refer to [46, Lemma 2.1 and Subsections 2.3, 2.4].

(3) Hypothesis (1.5) implies that the mean curvature H is identically 0 on M see [46,
Lemma 2.3]. As a particular consequence, 1 = m — H g on M, the latter tensor being the
trace-free second fundamental form. Thus our theorem generalizes the result of Almaraz
[2, Theorem 1.2] on the boundary Yamabe problem (corresponding to the case y = 1/2)
under the further assumption that H = 0 on M.

(4) If R[g"] = —n(n + 1) in X, which is a stronger condition than (1.5), one can
check that AY (M, [h]) > 0 implies (1.3); see [10, Proposition 5.1]. It is an interesting
open question whether (1.3) follows from AY (M, [7]) > 0 and (1.5).

(5) The standard transversality argument implies that the set of Riemannian metrics
on X whose trace-free second fundamental form is nonzero everywhere is open and dense
in the space of all Riemannian metrics on X. On the other hand, there exists an asymp-
totically hyperbolic manifold X”*+! that can be realized as a small perturbation of the
Poincaré half-space, for which the solution set of the y-Yamabe problem is noncompact
provided that n > 24 or n > 25 according to the magnitude of y € (0, 1); refer to [45].
In this example, the conformal infinity M is the totally geodesic (in particular, umbilic)
boundary of X.

(6) While the condition that M is nowhere umbilic is generic and conformally co-
variant, it does not hold for typical asymptotically hyperbolic metrics such as Poincaré—
Einstein metrics. We expect that for such metrics, a compactness result analogous to
Theorem 1.1 continues to hold under suitable conditions. For example, in light of the
existence result [46, Corollary 3.4], imposing the conditions that M is umbilic, the Weyl
tensor on M never vanishes, and n > 7 for y € [1/2,1) and n > 8 for y € (0,1)
seems enough. Also, if a suitable condition on the Green’s function on P’ is given, a
compactness result may be obtained provided that M is either locally conformally flat or
2-dimensional, as in [28, 29]. An interesting question is whether the dimension assump-
tion in [45] is optimal for a blow-up phenomenon of the solution set to (1.1) to occur. To
answer it, one needs a positive mass type theorem for P), which is out of reach at the
moment. On the other hand, by applying the extension theorems and the energy identities
established in [11, 10] and the methods of this paper, it should be possible to obtain a
compactness result for y > 1.

One can deduce Theorem 1.1 from the next theorem and elliptic regularity theory; see
Subsection 6.2 and Appendix A.

Theorem 1.3 (Vanishing theorem for the second fundamental form). For y € (0, 1)
and n € N satisfying (1.2), let (X"*1, g%) be an asymptotically hyperbolic manifold
with conformal infinity (M", [h]) such that (1.3) is valid. Moreover assume that p is a
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geodesic defining function associated to M, g = p>g+, AY (M, [h]) > 0, and (1.5) holds.
If {(Un, Ym)}meN is a sequence of pairs in C°(M) x M such that each u,, is a solution
of (1.1), yy, is a local maximum point of u,, satisfying u,, (y,) — oo and y,, — yo € M
as m — oo, then the second fundamental form w at yy vanishes.

As a corollary of Theorem 1.1, we can compute the Leray—Schauder degree of all solu-
tions to equation (1.1) if every hypothesis imposed in the theorem holds. Since P- isa

self-adjoint operator as shown in [33], any L?*!(M)-normalized minimizer of
Sy uP udvy

inf
ueHV(M)\{O} (fM |u|P+1 dvj)2/ (D

forl§p§2z’y—l
(which is the same as (1.4) if p = ZZ,V — 1) solves

P{u:g(u)w’*lu on (M,h) where 5(u)=f uP,{udu,; (the energy of u).
M
(1.7)

Furthermore, if the y-Yamabe constant A (M, [ﬁ]) is positive, then it is easy to check
that the operator T : L2/ n+2y) (M) — HY (M) is well-defined by the relation

T(v) =u if and only if P}-Zyu =vonM.

Hence, it is natural to define a map F,, : Do — L®(M) by Fp(u) = u — T(Em)u?)
where

Do ={ueL®M):u>A""and |lu|pom < A} foreach A > 1;

this map has the property that F,(u) = 0 if and only if u is a solution of (1.1). The
elliptic estimate in Lemma A.2 below implies that F, is the sum of the identity and a
compact map. Moreover we infer from Lemma 6.6, a consequence of Theorem 1.1, that
0¢ Fp(@Dp) forall1 < p <2, — 1if A is sufficiently large. Therefore the Leray—
Schauder degree deg(F), Dy, 0) of the map F), in the domain D, with respect to the
point 0 € L°°(M) is well-defined.

Theorem 1.4. Under the assumptions of Theorem 1.1,
deg(]:pv DAa O) = -
In particular, the fractional Yamabe equation (1.1) has a solution.

Theorem 1.4 gives a new proof of the existence of a solution to (1.1) under rather restric-
tive assumptions. Compare it with [30, 46]. We also expect that a strong Morse inequality
holds in our framework; refer to [43, Theorem 1.4].

Our proof of the main theorems relies on Schoen’s argument [70] yielding the com-
pactness theorem for the classical Yamabe problem. It has been further developed through
the works of Li and Zhu [55], Druet [22], Marques [56], Khuri et al. [43] (for the
Yamabe problem), Han and Li [37], Felli and Ould Ahmedou [28, 29], Almaraz [2],
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Almaraz et al. [4], Kim et al. [47] (for the boundary Yamabe problem), G. Li [49],
Y. Y. Li and Xiong [51] (for the Q-curvature problem), Schoen and Zhang [71], Li [50],
Jin et al. [41] (for the classical and fractional Nirenberg problem) and Niu et al. [62]
(for the critical Lane—Emden equation involving the regional fractional Laplacian) among
others.

Although certain parts of the proof can be obtained by minor modifications of the clas-
sical arguments, there are still plenty of technical difficulties which demand new ideas.
We will pay attention to, for instance, the following features.

e For the fractional Yamabe problem, it is not the best idea to apply conformal changes
on the whole manifold X, because one needs to properly control the interior geometry,
which is a nontrivial issue. Therefore we will control only the boundary metric through
conformal changes. This restriction does not allow us to use the standard conformal
Fermi coordinates on X (given in [57, Proposition 3.1]), and forces us to work with
more geometric quantities, especially those appearing in the low-order terms of some
asymptotic expansion of a Pohozaev-type identity; refer to Section 5. To handle the
interior of the manifold, we will employ the geometric assumption (1.5) and examine
the first-order partial differential equation satisfied by the geodesic defining function.

e We largely depend on the extension result of Chang and Gonzdlez [12] to analyze
solutions. Because of the degeneracy of the extended problem (2.4), it is not easy to
study the asymptotic behavior of the Green’s function near its singularity; see Appendix
B.1 where some of its qualitative properties are obtained. Hence, in showing the decay
property of rescaled solutions, we do not use potential analysis, but iteratively apply
the rescaling argument based on the maximum principle.

e Regularity theory that we require is technically more difficult to deduce than ones for
the classical local problems, or even nonlocal problems on the Euclidean space.

e Suppose that y € (0, 1)\{1/2}. In this case, it is not easy to compute integrals involving
the bubbles by using their integral representations (related to the Poisson or Green
kernels). We will solve this technical issue by further developing the Fourier transform
technique due to Gonzélez and Qing [30].

To reduce overlaps, we will omit the proofs of several intermediate results which closely
follow standard arguments, giving appropriate references. Our main concern is to clarify
the novelty of the nonlocal problems defined on general conformal infinities.

The paper is organized as follows: In Section 2, we recall some analytic and geomet-
ric tools necessary to investigate the fractional Yamabe problem (1.1). In Section 3, we
introduce some concepts regarding a blowing-up sequence {u,, },en of solutions to (1.1)
and perform an asymptotic analysis near each blow-up point of {u,,},en. Section 4 is
devoted to deducing a sharp pointwise estimate of u,, near each isolated simple blow-
up point. This allows one to establish the vanishing theorem for the second fundamental
form at any isolated simple blow-up point, which is discussed in Section 5. Finally, the
main theorems are proved in Section 6 with the aid of a local Pohozaev sign condition
which guarantees that every blow-up point is isolated simple. In the appendices, we pro-
vide technical results needed in the main body of the proof as well as their proofs. Firstly,
in Appendix A, we present several elliptic regularity results. Then we study the asymp-
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totic behavior of the Green’s function near its singularity in Appendix B.1. We also derive
a fractional Bocher’s theorem in Appendix B.2. Finally, a number of integrals involving
the standard bubble W o, whose precise definition is given in Subsection 2.2, will be
computed in Appendix C.

Notations

e The Einstein convention is adopted throughout the paper. We shall use the indices 1 <
i,j, k1 <n.

e Forany r € R, set 7 = max {t, 0} and 7_ = max {—z, 0}. Clearly, t = ¢ —7_.

eLet N =n+ 1. Also, for any x eRﬁ ={(x1, ..., Xpn, XN) e RN : xy > 0}, we denote
X =(x1,..., %) € R" ~ JRY.

eForany x € R", x = (x,0) € BRﬁ and r > 0, B"(x, r) signifies the n-dimensional
ball with center x and radius r. Similarly, Bi’ (x,r) is the N-dimensional upper half-
ball centered at x having radius . We often identify B" (x,r) = aBiV (x,r)N 8]1%1. Set
3 BY((x,0),r) = dBY (x,r) NRY.

— L

e For a function f on RY, we often write 9; f = % and oy f = T

o |S"~ 1] is the surface area of the unit (n — 1)-sphere "~

e The spaces WI2(RY; x}\fzy) and DL2(RY; xllvfzy) are the completions of Cfo(@)
with respect to the norms

172
_ 1-2y 2 2
”U”WI'Z(RQ;X}JZV) - (41 'xN (lVU| + U )dx> )

1/2
_ 1-2y 2
”U”DI.Z(RQ;X}\;%’) - (‘/1;1 xN |VU| dx) )

respectively. The natural function space W12(X; p!=27) for the fractional Yamabe prob-
lem (2.4) is analogously defined.

e For any 8 € (0,00) \ N and domain Q, we write C#(Q) for the Holder space
ClPLP=LBI(Q) where | B] is the greatest integer that does not exceed f.

° Asgume that (M, k) and (X, g) are compact Riemannian manifolds. Then Bj(y,r) C
(M, h) stands for the geodesic ball centered at y € M of radius r > 0. Moreover, dvg is
the volume form of (7, g) and do represents a surface measure.

e C > 0 denotes a generic constant possibly depending on the dimension »n of an un-
derlying manifold M, the order y of the conformal fractional Laplacian P¥ and so on. It
may vary from line to line. Moreover, a notation C (¢, 8, ...) means that the constant C
dependsona, g, . ...
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Remark 1.5. By [26, Lemma 3.1] (or we may follow [20, proof of Proposition 2.1.1] by
replacing [25, Theorem 1.2] with [72, Lemma 2.2]) and [9, Section 3.2], we have
_ 2(n—2y+2) _ _
DY xy s LT RY:x) and DMARY: XY o HY®RY).
(1.8)

Hence we infer from [19, Corollary 7.2] that the trace embedding DI’Z(Rf ; x]lv_zy) —

L9(L2) is compact for any g € [1, 2,’;’1,) and a smooth bounded domain 2 C R”.

2. Preliminaries

2.1. Geometric background

We recall the extension result involving the conformal fractional Laplacian P? obtained
by Chang and Gonzélez [12]; see also [9, 30].

Proposition 2.1. Suppose that y € (0,1), n > 2y and (X, g¥) is an asymptotically
hyperbolic manifold with conformal infinity (M, [h)). Also, assume that p is a geodesic
defining function associated to M, g = p>g™* and the mean curvature H is 0 on M. Set
s=n/2+y and

Ez(p) = ,o_l_s(—Ag+ —stn—s)p" ™ inX.

Then

-2
& - Y[R3 - (n(n + 1) + RIgTDp2]p' %

n—2y ) ap\/|é—’|p72y
2 Vgl

in Aix (0, ro) for some small ro > 0, where R[g] and R[g™] are the scalar curvatures
of (X, g) and (X, g™m), respectively, and |g| is the determinant of g.

(1) Define

Ez(p) =

(by [46, (2.5)]) (2.1)

2—(1-29)p oUu
Ky = —(V) >0 and YU = —«, lim pl—z”— onM (2.2)
ra-y p—0+ ap

where v denotes the outward unit normal vector with respect to X and T is the
Gamma function. If a positive function U € W-2(X; p'=2) satisfies

{—divgj(pl_ZVVU) + Ez(p)U =0 in(X,3), 23)

U=u on M,

then
AU = P{u on M.
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(2) If (1.3) is also true, then there is a special defining function p* such that Eg«(p*) = 0
in X and p*(p) = p( + O0(p?)) near M. Moreover the function U* =
(p/p*) =22 solves

—divg: ((p*)'YVU*) =0 in (X, g"),
33U*=P{M—Q;—/u on M.

Here §* = (p*)?g* and Q; = Pg(l) are called the adapted metric on X and the
fractional scalar curvature on (M, l_l), respectively.

The spectral requirement (1.3) in the second assertion was pointed out in [11, Section 6],
from which the term “‘adapted metric” comes.
Note that the condition AY (M, [h]) > 0 (see (1.4)) implies that the functional

JY(U) :/(p1—2V|VU|§+Eg(p)U2)dvg forU € Wh2(X; p'=%)
X

is coercive, that is, there exists C > 0 independent of U such that JY(U) >
C\U ”%}V‘i(xpl—ZV)' See [18, Lemma 2.5] for the proof. Therefore, givenany u € HY (M),
the standard minimization argument guarantees the existence and uniqueness of the ex-
tension U € W12(X; p'=27) of u which satisfies (2.3). Furthermore, testing (2.3) with
u_, we easily observe thatif u > O on M, then U > 0 in X. If u > 0 on M, then the
strong maximum principle for elliptic operators gives U > 0 on X.

On the other hand, without loss of generality, we can always assume that the constant
¢ > 0 in equation (1.1) is exactly 1. As a result, (1.1) is equivalent to the degenerate
elliptic problem

—divg(p' "' VU) + Ez(p)U =0 in (X, g),

U>0 X,

~ on 2.4)
U=u on M,
U = u? on M.

Next, choose any y € M and letx = (x, xy) € Rﬁf be Fermi coordinates on X around v,
ie., X = (x1, ..., x,) are normal coordinates on M at y and xy = p.In [23, Lemma 3.1],
the following expansion of the metric g near y is given.

Lemma 2.2. In terms of Fermi coordinates x on X around y € M,

VIgl) = 1=nHxy+5(n* H ||z >~ Ryn[g)xy —nH ixixy — Rij[1xix;+ O (|x[)
and

g7 ) = 5ij+27TinN+%Rika[fl]XkXI+§ij,NkXNXk+(3mk7Tkj+RiNjN[§])x12V+0(|x|3)~
Here

o §;j is the Kronecker delta;
o 7|2 = h’khflrrijnkl is the square of the norm of the second fundamental form m;
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° Rikjl[i_z] is a component of the Riemannian curvature tensor on M and Rinjn|[g] is
that of the Riemannian curvature tensor on X;

e R;j[h] = Rixjxlh] and Ryn[g] = Ryinilg].

Every tensor in the expansion is evaluated at y = 0 and commas denote partial differen-
tiation.

Suppose that a term consists of exactly one copy of xy but any number of x;’s, as in xy,
x;xy and x;xjxy. If H = 0 on M, the coefficient of this term in the expansion of Vgl
is 0. In particular, condition (A.5) holds.

As explained in the introduction, in dealing with the fractional Yamabe problem, it is
better to control only the boundary metric through conformal changes and then to work
with special metrics on X described in Proposition 2.1. This is a distinguishing property
compared to the boundary Yamabe problem. The following lemma is a reformulation of
[46, Lemmas 2.4 and 3.2].

Lemma 2.3. Let (X, g%) bean asymptotically hyperbolic manifold such that (1.5) holds.
Then the conformal infinity (M, [h]) admits a representative h € [h], a corresponding
geodesic boundary defining function p and the metric § = p>g ™" such that

(1) Rij[h1(y) = Rijxlh1(y) + R,-k;,-[lﬁky) + Ryi; j1h1(y) = 0;
. —2n
(2) H=00nM and R;5[Z1(y) = mnn(y)llz,

for a fixed point y € M. Here the semicolon designates covariant differentiation.

2.2. Definition and properties of bubbles

Suppose that y € (0, 1) and n > 2y. For arbitrary A > 0 and 0 € R”, let w; , be the
bubble defined as

—2y

A
M4|x—o0ol?

n
- 2 _ n n=2y
Wi, o (X) = oy for x € R", Qpy =272

r n—2y

We also introduce the y -harmonic extension W),  of w, o, the unique solution of

{—div(x}\,‘”vwk,g) =0 inRY, 26

W)\”O' = Wj,o on R”.

Then it is well-known that

n+2y

. 1-2 n—
N Wi o =—ky XNh_%erN "oNWio = (M) wy o =w; ;" onR” 2.7)

where k), is the positive number appearing in (2.2) and v is the outward unit normal vector
to RY.
+
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Lemma 2.4. (1) [Symmetry] The value of W1 0(x, xy) for (X, xy) € R_’X is determined
by |x| and x . In particular, 9; W1 o(x, xy) = —0; W1,0(—X, xy) foreach 1 <i < n.
(2) [Decay] There exists a constant C > 0 depending only on n, y and € such that

Cc 2
ViWi0| = e and by Wil < 238

L |x|"

forall x € RY and ¢ e N U {0}.
(3) [Classification] Suppose that ® € Wli)’f (RY; x}v_zy) is a nontrivial solution of

—div(xy V) =0 inRY,
®>0 in Rﬁ,
o =P on R,
Then p > 2:;,}, — 1. Moreover, if p = 2;’), — 1, then ®(x) = W, o (x) forall x € R_IX

and some (1, o) € (0, 00) x R
(4) [Nondegeneracy] The solution space of the linear problem

. 1-2y . N

—div(x, V<I>)4= 0 inRY,
Y

85@:%10;;2"(1) on R",

P, 0| oo wr) < 00

is spanned by

oW« o IWis oWy o
doy T TR oy, ar
Proof. Since wj 0(x) depends only on |x|, claim (1) follows from the uniqueness of
y-extension. Moreover the sharp decay estimate [46, Section A] for Wy o gives (2). As-
sertions (3) and (4) are implied by the results of Jin et al. [40, Theorem 1.8, Remark 1.9]
and Davila et al. [17], respectively. O

Z,, = and 79, = - (2.9)

2.3. Modification of (2.4)

Suppose that (X, g™) is an asymptotically hyperbolic manifold with conformal infin-
ity (M, []). Consider sequences of parameters {p;;}men C [1 + €0, 2;,)/ — 1] for any
fixed &g > 0, metrics {fzm}meN C [hl on M, corresponding geodesic boundary defin-
ing functions {p;,}men and positive functions { fi,}meny on M. Set g, = ,o,%ng and
Sm = (2;1/ — 1) — pm = 0. It is convenient to deal with the following form of the
equation:

—divg, (om " VUn) + Eg, (om)Un =0 in (X, Z).

Uy, >0 on X,

Uy =upy on M,

O Un = fu " uf on M,

(2.10)

rather than (2.4).
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We further assume that p,, — po, 8n = p2g"T — 8o in C*(X, RV*V) for a met-
ric goon X and f,, — fo > 0in C>(M) as m — oo. Then, in particular, the sequence
{Ez,, (om)}Imen is bounded in C 2(X). This property will be needed when we apply Lem-
mas A.3 and A.4.

Suppose that i1, = wi! """, on M for a positive function w,, on M such that

oWy, .
Wi (Ym) = 1, B—(ym)=0 foreachi =1,...,n. 2.11)
X

If pp is the geodesic boundary defining function associated to Ry and g, = ,5,2,, gt
then g, = (jm / ,om)2 &m on X. Furthermore, a direct computation using [12, Lemma 4.1]
shows that U,, = (o /pm) 22U, solves

. =2y - . -

—divg,, (Om VU, + Ez, (0m)Upn =0 in (X, gm),

U, >0 on X,

iy on M. 2.12)
~ _ n+2y 5

WU, =wy," 73 U, = ,,75’"125,'" onM,

where fm = Wy, fm, Which is the same form as that of (2.10).

As a matter of fact, the resemblance of (2.10) and (2.12) is no accident. The differ-
ential operator in each equation can be realized as a weighted conformal Laplacian on a
smooth metric measure space and its associated conformally covariant boundary operator.
Their forms do not change under conformal changes. For more detailed accounts, refer
to [11, 10].

2.4. Pohozaev’s identity

Pick a small 1 € (0, ro) (see (2.1)) such that the g,,-Fermi coordinates centered at y € M

are well-defined in the closed geodesic half-ball Bjy (y,r1) C X for every m € N and
yeM.
In this subsection, we provide a local version of Pohozaev’s identity for

—div(xy YVU) =xy 0 in BY(©0,r) CRY,
U=u>0 on B"(0, 1) C R", (2.13)
AU = foup on B"(0, r1)

where p € [1,2 , — 1], Q € L®(BY(0,r1)) and f € C'(B"(0, r1)).

Lemma 2.5. Let U € W2(BY (0, r1); xy >7) be a solution to (2.13) such that U, ;U

and lev_zy onU are Holder continuous on Biv (0, r1). Given any r € (0, r1), define

9 2 Jdv 2
r
+
p+1

y|n—=2y ou r
P(U,V)=Ky/ x,lv 2y[—yu———|Vu|2+r
1BY(0.r)

/ FluP*! do (2.14)
aB"(0,r)
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where K, is the positive number in (2.2) and v is the outward unit normal vector to
31BY (0, 7). Then

_ -2
P(U,r)=—:cy/ W7o [x,»aiU+xNaNU+" YU} dx
BY .
s [ wag g eterttan s (A B [ s
p+ 1 B"(0,r) p+ 1 2 B"(0.r)
forallr € (0, ry).
Proof. The proof is similar to that of [40, Proposition 4.7]. O

3. Basic properties of blow-up points

3.1. Various types of blow-up points

We start by recalling the notion of blow-up, isolated blow-up and isolated simple blow-
up. Our definition is a slight modification of the one introduced in [2, Section 4] (cf. [40,
43, 51)).

Definition 3.1. As before, let (X, g*h) be an asymptotically hyperbolic manifold with
conformal infinity (M, [h]). Here we use the notations of Subsection 2.3 and the small
number 1 > 0 picked in Subsection 2.4.

(1) yo € M is called a blow-up point of {Up}men C WI2(X; p'=27) if there exists a
sequence {y;,}men C M such that y, is a local maximum point of u,, = Upylyu
satisfying u, (y,) — oo and y,, — yo as m — oo. For simplicity, we will often say
that y,, — yo € M is a blow-up point of {U,, };neN-

(2) yo € M is an isolated blow-up point of {U,, }ueN if yo is a blow-up point such that

_ .
um(y) < Cdj (v, ym) P»=1  foranyy € M\ {yn} withd; (y,ym) <r2 (3.1)

for some C > 0, rp € (0, r;] where Iy = gmlTm and dﬁm is the distance function in

the metric ,,,.
(3) Define a weighted spherical average of u,, by

2 " U, doj
ﬁm(r)zrpTy—lfaB Om,r) 7 TR e 0, 1), (3.2)

98" (ymr) 4O%,,

We say that an isolated blow-up point yg of {U, }men is simple if there exists r3 in
(0, r2] such that u,, has exactly one critical point in (0, r3) for large m € N.

Roughly speaking, item (2) (or (3), respectively) in the above definition describes the
situation when clustering of bubbles (or bubble towers, respectively) is excluded among
various blow-up scenarios.
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Hereafter, we always assume that {(u;,,, ym)}men 1S a sequence of pairs in
C%®°(M) x M such that u,, is a solution to (1.1) with ¢ = 1, and y,, is a local max-
imum point of u,, satisfying u,,(y,) — oo and y,, — yo € M as m — oo. Then
Ym — Yo € M becomes a blow-up point of a sequence {U,}en C Wh2(x; pl=27)
where each Uy, is a solution to (2.10) with g,, = g, hy = h, pm = pand f,, = 1. Set
My = i (ym) and € = My """ /@Y for each m € N. Obviously, M,, — oo and
€n — 0asm — oo.

Also, we denote by h,, a representative of the class [h,] satisfying properties (1)
and (2) in Lemma 2.3 with y = y,, and by U, a solution to (2.12). Inspection of the
proof of Lemma 2.3 (found in [46]) shows that one can choose representatlves {hm}meN
in such a way that hm — ho in C4(M) as m — oo for some metric ho on M. Then the
C*-smoothness of the metric g on X and regularity of noncharacteristic first-order partial
differential equations imply that g,, — &o in C*(M x [0, r]) for some metric gy and a
small r > 0. Refer to Step 5 of the proof of Proposition 3.7 where the proof is essentially
given. By extending g,, in a suitable manner, we may assume that g,, — go in C*(X).

We shall often use x € Rﬁ to denote g,,-Fermi coordinates on X around y,, so that
ﬁm can be regarded as a function on Rﬁ near the origin.

3.2. Blow-up analysis

We study the asymptotic behavior of a sequence {U,,},en of solutions to (2.10) near
blow-up points.

Proposition 3.2. Assume that p € [1 + &g, 2;),

R > 0, there are constants Cy, C1 > 0 depending only on (X, g*), h, n, Y, €0, €1 and
R such that if U € wh2(x; ,01_27’) is a solution to (2.4) with maxy U > Cy, then
2 ny — 1D —p <€ and Uly has local maximum points yy, ..., ynN € M for some
1 <N =N U) €N, for which the following statements hold:

— 1]. For any small 1 > 0 and large

(1) Let 7y, = Ra,(f)fl)/(zy)u(ym)_(/’_l)/(zy) where oy, ,, is the positive number defined
in (2.5). Then

Bj;(Ymys Fmy) N By (Vs Fmy) =0 for 1 <my #moy < N.

(2) Foreachm =1,...,N and some B = B(N,y) € (0, 1),

“an,yU(ym)_lU(an y U()’m) ) - Wl,O”

p=

p—1
ey ) (o) wCm) ™7 ) = wi0] cas oz < €1 B3)

CP(BY(0,2R))

in g-Fermi coordinates centered at yy,.
(3) We have

2y
Uiy, (y1,-...yxDrt =Cp foryeM.
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Proof. The validity of this proposition comes from a Liouville-type theorem [40, Theo-
rem 1.8] (see our Lemma 2.4(3)) and an induction argument. See [55, proof of Proposi-
tion 5.1] for a detailed account for the Yamabe problem. O

We have a remark on (3.3): According to Proposition A.8, only C#-convergence is guar-
anteed on the closed half-ball Bi’ (0, 2R). However, we have lokar -convergence on its
bottom B"(0, 2R).

Lemma A.2 and the standard rescaling argument readily give the annular Harnack
inequality around an isolated blow-up point.

Lemma 3.3. Suppose that y,, — yo € M is an isolated blow-up point of a sequence
{Unm}men of solutions to (2.10). In the g,,-Fermi coordinate system centered at y,,, there
exists C > 0 independent of m € N and r > 0 such that

max U,<C min Uy,
BY (0,2r)\BY (0,r/2) BY(0,2r\BY (0,r/2)

foranyr € (0, ry/3) where ry > 0 is defined in Definition 3.1(2).
Proof. The proof is similar to that of [40, Lemma 4.3]. O

If y;, = yo € M is an isolated blow-up point of solutions {U,, };,en to (2.10), Proposi-
tion 3.2 can be extended in the following manner.

Lemma 3.4. Let y,, — yo € M be an isolated blow-up point of a sequence {Uy,}meN
of solutions to (2.10) with f,, > 0 in B"(0, rp). In addition, suppose that { R, }meN and
{tm}men are arbitrary sequences of positive numbers such that R,, — oo and t,, — 0 as
m — 00. Then py, — 2 ny — 1, and {U¢}een and {pe}een have subsequences {Uy,, }imeN
and {pe, }meN such that for some B € (0, 1),

m

27
APl — ~ I’em
— <
”Ggm Us,, (€¢,,-) — WI,OHC;}(BN(O R ” ulzm (€e,7) — wLochw(Bn(o’Rm)) < Tm
(3.4)
in gm-Fermi coordinates centered at yy, and Ry, éy,, — 0 as m — oo. Here
]7[m71 p5m71 pZn171 P, —1
N _ 2y — 2y _ 2y _Pbm
6[m - Oln’y MZ,,, - a"»V uge, (ygm) z

forallm e N.

In order to prove this, we first need the following analogue of the Hopf lemma.

Lemma 3.5. Suppose that g is a smooth metric on Biv 0,1, A e C()(Biv 0, 1)) and
U e Wl’z(Biv(O, 1); x}v_zy) is a solution to

{ divg(xy Y VU) +xy YAU =0 in BY(0, 1),
U>cy>0 onBiV(o, D,
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such that x}vfzy oyU € CO(BQ' (0, 1)). Assume also that there exist a small r > 0 and
X0 € B"(0,r) \ B*(0,r/2) such that U(xy,0) = co and U(x,0) > co on {x € R" :
|x| =r/2}. Then

. 1-2 _
lim x, YanU (%o, xy) > O.
xy—0

Proof. Our proof is in the spirit of those in [30, Theorem 3.5] and [11, Proposition 7.1].
Let

W) =3 ey + Cixd) e O —e=®ryin BY 0, 1)
with C 1, Cz > 0 sufficiently large. Then there exists a small § > 0 such that
{ divg(xy VW) +xy T AW <0 in BY(0, 1),
U—38W=>cp/2>0 on BY (0, 1).
Therefore

{ —divg (e VU —8W) +xy VAU —8W) =0 inTy,
U—-8§W > ondl'y,

where I'y = (B"(0, 1)\ B"(0, 1/2)) x (0, 1/2). By the maximum principle, U —8§W > ¢g
in I'1. Since (U — §W)(xg, 0) = cp, the assertion follows. ]
Proof of Lemma 3.4. We set

2y
Vin(x) = 4" Up(énx)  forallx € BY (0,r26,,1).

Then we infer from (2.10) and (3.1) that

{ divg, & On Y VVin) + €250 7 Ap(Em) Vi =0 in BY (0, r2é;,1), 3.5)
O Vi = fu " Em ) VA" on B"(0, r2é,, ),
where
Am (l ZV)Egm( N 27)

in g,, (€,,-)-coordinates centered at y,,, and

Vi (%,0) < C|X|” T forall ¥ € B™(0, ¢, 1.
Thus Lemma 3.3 yields

Vu(x) < Clx|” T forall x € BY (0, ré)h. (3.6)

Also, by Definition 3.1(1),

Vn©) =auy,  ViViu(0) =0 forallm e N. 3.7
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On the other hand, Lemma 3.5 implies

inf Vo= inf 'V, foreachr e (0, 1]. (3.8)

xed BY (0,r) xeBY(0,r)

Indeed, since V,, is positive on its domain, we have

. 1-2 A2 1-2 ~ .

—divg, @)@y Vi) +énxy 7 (An)+(En)Vim = 0 in BY (0, 1).
Because of the classical maximum principle, V,, does not attain its infimum in the interior
of Bfrv (0,r) for any r € (0, 1], unless it is a constant function. However, it cannot be
constant, because otherwise we get the absurd relation

0=0"Vy = fro(€n)VE"™ >0 on B"(0,r).

Moreover, the infimum of V,, is not achieved on the bottom B"(0, r), because the exis-
tence of a minimum point x,, € B"(0, r) of V,, and the Hopf lemma produce the contra-
dictory relation

0> 37 Vi (G, 0) = £, (€mEm) Vit (. 0) > 0.

m

Therefore (3.8) must be true.
Now one observes from (3.7), (3.8) and Lemma 3.3 that V,,(x) < C for |x| < 1. In
light of (3.6), this reads

Vim(x) < C  forx € BY(0, ¢, 3.9)

where C > 0 is a constant independent of m € N.

Accordingly, by making use of (3.5), (3.7), (3.9), (A.3), (A4), (A.6), (A.17) and
Lemma 2.4(3), we deduce the existence of S € (0, 1) such that
®RY) and V(- 0) = wyoin CotP (R")

loc

Pm - 2:;’)/ - 1! Vm — WI’O in Cﬂ

loc
after passing to a subsequence. The assertion of the lemma is true. O

Keeping in mind that our proof is not affected by picking a subsequence of {U,}¢ecN, we
always select { Ry, }men first and then {Uy,, }men satisfying (3.4) and R,,é;,,, — 0. From
now on, we write {Up, }nen to denote {Uy,, }men to simplify notation.

The next result is a simple consequence of the previous lemma for v, = wi,0(Rm)/2.

Corollary 3.6. (1) Suppose that y, — yo € M_is an isolated blow-up point of a se-
quence {Upy}men of solutions to (2.10). If {Up}men is a sequence of solutions to
(2.12) constructed as in Subsection 3.1, then ym — yo € M is an isolated blow-up
point of {Up}men.

(2) Assume that yo € M is an isolated blow-up point of {Uy}meN. Then the function
iy defined in (3.2) has exactly one critical point in (0, R,,€,,) for large m € N. In
particular, if the isolated blow-up point yo € M of {Up}men is also simple, then
i, (r) <Oforallr € [Ryén, r3); see Definition 3.1(3).
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Proof. Choosel, L > Osuch that/ < w;ll = Uy /uy < Lon M forall m € N. If we use
the normal coordinates on M at y,,, it follows from (3.4) that

le(wl,O(é\yzl')_Tm) = Upy Up < LMm(wl,O(én_zl')"f'Tm) in B (0, Rmém) (3.10)

Hence there exists a sufficiently large R > 0 independent of m € N such that R < R,
and i, (-) < i, (0)/2 on dB"(0, Réy,) for each large m € N, from which we infer that
iy has a local maximum point y,, on M satisfying dj; (ym. Ym) = |ym| =< Rép,. Now it
is easy to check that y,, — yg is a blow-up point of {l7m}meN. Furthermore, since (3.10)
implies the existence of a constant C > 0 depending on R > 0 such that

_ ~ _ 2y % . R
Uy < CMy < C(yl+ [Iml) =T < Cly — Y| pm=T  if |y| < Rép,

one finds

- I - . -
um(y) < Cdj (y, ym) rn-t forany y € M\ {ym} withdj (v, m) <12

where the magnitude of 7, > 0 may be reduced if necessary. As a result, an applica-
tion of the proof of Lemma 3.4 to i, shows that for R’ > R large enough, i, is
C 2(35’" (¥m, R'én))-close to a suitable rescaling of the standard bubble w; ¢ so that it
has a unique critical point on B;lm (Jm, R'én), the local maximum point 3,,. However, by
Q.11),y, € B,;m (Ym, R'€p) is already a critical point of i,,, and so it is equal to 3,,. This
completes the proof of (1). The verification of (2) is plain. O

3.3. Isolated simple blow-up points

Let y — yo € M be an isolated simple blow-up point of {Uy, };men. By Corollary 3.6(1),
Ym — Yo is an isolated blow-up point of {Uy }nen. The objective of this subsection is
to show that the behavior of each Uy, in the geodesic half-ball Bz, (yu,r) N X can be
controlled whenever r > 0 is chosen to be sufficiently small. We will use g,,-Fermi
coordinates centered at y,;, so Bz, (Y, r) N X is identified with Biv ©,r) C Rf.

Proposition 3.7. Assume n > 2+ 2y and y,, — yo € M is an isolated simple blow-up
point of a sequence {U, }men of solutions to (2.10). Then one can choose C > 0 large and
r4 € (0, min {r3, Ro}] small (refer to Definition 3.1(3) and Proposition B.2), independent
of m € N, such that
Lry —(n—2y+0) _
{M’”Wf_lé’;’(x)l,f Ch i@ =012 o< il<n G
Mm|xN INUn(x)| < Clx|™"

where My, = u,, (ym) and Uy, is the function constructed in Subsection 3.1.
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Proof. The proof consists of six steps. Let o(1) denote any sequence tending to O as
m — o0.

Step 1 (Rough upper decay estimate of {ﬁm }men). For any fixed sufficiently small n > O,
set Ay = (n — 2y — n)(pm — 1)/(2y) — 1. We shall show that there exist r, = r; (1) €
(0, 3] and a large constant C > 0 independent of m € N such that

MM Uy (x) < Clx|~ =274 in Ty = BY (0, 74) \ BY (0, Riuén). (3.12)

This can be proved as in [28, Lemma 2.7] and [40, Lemma 4.6]. However, since this is
one of the places where hypothe51s (1.5) is used, we sketch the proof.
Because U,, < CU,, in B (0, r3) for some C > 0, it suffices to verify that

MUy, (x) < Clx|7®=2%1 in Ty, (3.13)
Thanks to Lemma 3.3 and Corollary 3.6(2), it turns out that
pm—1 —2y+o(l)| =2y . pN N A
Un (x) < CRy |x] n B+ 0, 73) \ B+ (0, Riném). (3.14)

Let
{Sm(U) —divg, (xy ' VU) + Eg, (xy)U  in BY (0, r3),
By (U) = 00U — fu " ub on B"(0, r3),

where u = U on B"(0,r3). By (2.10), we clearly have U,, > 0, £,(U,) = 0 in
BY (0, r3) and B, (Uy) = 0in B"(0, r3).
Assume that 0 < ¢ < n — 2y. Then one can calculate

(X1 = x5 (wn — 2y — ) + O(x)|x| "¢+, (3.15)

Moreover, [46, Lemma 2.3] tells us that (1.5) ensures H = 0 on M. Hence dy+/1g2m| =
O (xy) by Lemma 2.2 and

dlvgm(x/v 2yV(x2y|x| (H+2y)yy dlv(xN 2VV(x27|x| +27)))
= xy TO(x Dy 8ij1x) =2 10 (1x)xy) 8 x| =40 (o) @y ) [~HH)]

= xy VIO(xDxy x|~ ¢ 272)
(cf. (5.2)). This implies that

Sy 11702 = 7 (- 29) (0 = ) + O (x)Ix] 2 ey /Ix P (3.16)
From (3.15), (3.16) and the computation

_ 2 _ m—1 2
By (3] 7 — cxy) x| 7By = x| W2 2y, ¢ + frlmub T (cxy — 1x2T)]

= x|~ W“V)[zyxy;+0<R,;2V+"“>)] (by (3.14))
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in BY (0, r3) \ BY (0, Ryé,) for a fixed ¢ € R, we observe that the function

@1 (6) = Ly (x| 77 = o3 [x|7F20) o LMy (e =208 — g QY e 7,
with a suitable choice of Lo, L,, > 0large and ¢, n > 0 small, satisfies
Ln(@1,)>0 inTy, B, (P)>0 ondlHNR" and U, <®y, ondlH\R".

Consequently, the generalized maximum principle (Lemma A.S) yields U,,, < ®1,, in 5.

From this and the assumption that y,, — 1y is an isolated simple blow-up point of
{Un }men, we infer that (3.13) or (3.12) holds.

Step 2 (Lower decay estimate of {ﬁm}meN). We claim that there is a large constant C > 0
such that ~
My Up(x) = C7H x| 772 inT, (3.17)

where the magnitude of r is reduced if necessary.
Let G,, be the Green’s function that solves (B.1) provided g = g, and B =
BiV(O, r[‘). By (2.10), (3.4) and (B.3), we find that U = M,,,U,,, — c~1G,, solves

—divg, (xy 'VU) +xy VAU =0 inTy,
WU = My £ mulm > 0 on T, NR",
U=>0 on dl \ R",

provided that C > 0 is large enough. Hence the weak maximum principle discussed in
Remark A.6 shows that U > 0 in I'y. Inequality (3.17) now follows from the inequality
Un < CUy in BY (0, 7)) and (B.3).

Step 3 (Rough upper decay estimate of derivatives of {ﬁm}meN). We assert

{Mi'"wfﬁm(x)l SCA+ &M 0@ =12, L

My 1y Oy D (0)] < C(1+ gy x|t

We apply the standard rescaling argument described, e.g., in [29, proof of Lemma 2.6].
Given any m € Nand R € [2R;,é,, 1/2], set

Ur(x) = MM R0, (Rx) inT3=BY(0,2)\ BY(0,1/2),
which solves

{_dngm(R.)(x}v_zy VUR) + Eg,(r)(xn)Ug =0 in T3, (3.19)

N Ug = Em/ R fur™ (R UL on Ty = a3 NR™.

Inequalities (3.18) will be valid if there exists C > 0 independent of m and R such that

2
N IVEURG)| + xy T anUr (0] < €1+ &M)  for x| = L. (3.20)
=1
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Because of relatively poor regularity property of degenerate elliptic equations, especially
when y € (0, 1) is small, derivation of (3.20) is rather technical. In particular, as we will
see shortly, it requires the lower estimate (3.17) of M,f{” n 1n contrast to the local case

y =1

In light of (3.12), we have Ug(x) < C in I';3. Applying the Holder estimate (A.3),
a bootstrap argument with the Schauder estimate (A.17), and the derivative estimate (A.6)
for (3.19), we obtain

IVelrllcogy < CLL+ Em/R)V*"] < C (3.21)
for any proper compact subset K of I's U 3T';. Furthermore, (3.17) yields

_ C forn < 6y
em/ R UL (x <{ '
Em[RITURT 00 = @ Ry Am=12-mmeg® < ceo®  forp = 6y,

on 8F§. This together with (A.17) and (3.21) gives

. =2
1URNcp gy = CI1 + (/R (1 + IURN ce (k) + g Vilrllcogy)]
<C+eWm)y (3.22)
for all compact subsets K’ C K of I'; and exponents 1 < 8 < B’ < min{2, B + 2y}.

The desired inequality (3.20) is now derived from (3.21), (3.22), (A.6) with £y = 2 and
(A.11).

Step 4 (Estimate of §,,). For §,, = (2;’]/ —1)—pn >0,

_i_}_ 1
bu=0My 7" "") and M 51 asm— co. (3.23)

m

The proof makes use of Pohozaev’s identity in Lemma 2.5 and is analogous to that in [40,
Lemma 4.8]. Hence we omit it.

Step 5 (Estimate of {ﬁm}meN on {|x| = r4}). We demonstrate

max My, Uy (x) < C(rs) (3.24)

[x|=rs

for any sufficiently small 4 € (0, rj‘].
Suppose this does not hold. Then there exists a sequence {z,,}nmen Of points on the
half-sphere {x € Rﬂ\_’ . |x| = ra} such that

MUy (2) — 00 asm — oQ.

Let Eg, (xy) = x}vfzyAm where {A,,}men is a family of functions whose CZ-norm is
uniformly bounded. We divide into cases according to the sign of A,,.

Case 1: A, > O in Bi’(O, r"‘) for all m € N. In this case, one can argue as in [56,
Proposition 4.5] or [2, Proposition 4.3] to reach a contradiction. The proof is omitted.
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Case 2: A, > Oin Biv (0, r[‘) is violated for some m € N. In this situation, we will
recover positivity of A,, by employing a conformal change of the metric g,, on M. Owing
to (1.5) (or the condition H = 0 on M), (2.1) and Lemma 2.2, we have

_ —2y i
xy Y Am = Eg, (xn) = %x}v 71 =27, | vzl | LOO(Bﬁ(o,rg»]

% [lm O + Ryn13m1(0) = 74|V (x5 03 v/1am 1) | o 5 0,17 ]

in Biv (0, r[t), where 7, is the second fundamental form of (M, ﬁm) C (Y, gm). Also,
inspecting the proof of [46, Lemma 2.4], we see that

1 .
I7m O)I* + Ryn[Zm](0) = 30— 1) Rl ©) = 177 (0) 1%).
(n—1)

We want to find a representative Jm of the conformal class [/1,,] and a small ry € (0,ry]
such that

Eg, n) =xy TAn =0 inBYO,r))

for all m € N, where gvf,y is the metric on X defined via the geodesic boundary defining
function associated to h,,. To this end, it suffices to confirm that given a fixed small
number ¢ > 0,

R [7tm1(0) — |7 (O)]|* > 1/¢ (3.25)
and

= _ < 1
ry|v |gm|||Lo<>(Bl+V(o,r;’)) =¢ d’lW(lean |gm|)||Lo<>(BiV(o,r;’)) = 2e (3.26)

Here 7, is the second fundamental form of (M, fvlm) c (X, gm).
Set fn(X) = —K|%|? in B"(0, ry) for some large K > 0 and then extend it to M

suitably so that f,, € C®°(M). If we let ﬁm = ¢%2/m},,, then the transformation law of
the scalar curvature and the umbilic tensor under a conformal change (see [23, (1.1)] and
[46, (2.2)]) gives

R [hn]1(0) = (|7 (0) ]
= e 2 O(R[An] = |mmll* = 200 — DAz fu — (0 — D(n — 2)| Vi fu]*)(0)
> 4dn(n — DK — sup (IR [hm]| + 17w ) (0) = 2n(n — DK > 0,

meN

which establishes (3.25).
Verifying (3.26) requires a little more work. We extend f,;, on M to its collar neigh-
borhood M x [0, r}) by solving a first-order partial differential equation

o)
(dfm, dom) g, + 7m|dfm|§,m =0 onM x[0,r}).
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Since the equation is noncharacteristic, a solution exists and is unique provided r small.
Locally, it is written as

2
fm "_N[gif% m <%> ] =0 inBY.r). (3.27)

8xN 2 " 8xi 8x]' axN

We easily see that g,, = e>/7g,, on M x [0, r;). Hence, by the assumption H = 0 on M
and (3.27), it is sufficient to find a small rj’ = ;' (K) > 0 such that

||me||LOO(Bz+v(O’rX)) <e¢ and ||V2fm||L°°(B’+V(0,rg’)) <C/e forallmeN

so as to ensure the validity of (3.26). Given any x € B"(0, 2r‘/{ ), the characteristic equa-
tion of (3.27) is the system of 2N + 1 ordinary differential equations for the functions

p=p@;X)=(p1,...,pNn)(s3X),  z=2z(s5;X), X=X(5;X)=(x1,...,xn)(s;%)

defined as
' XN . i XN . i »
p= —(781514 RPipjs -+ -0 (X)PiPj> 3@ ()i + pﬁ)),
:=xN8nX)pipj + pn(L+xNPN),
X=(ngi®pis ..., xngHX)pi, 1+ xnpN),

p(0; ¥) = (—2Kx,0), z(0;%) = —K|%>, x(0; %) = (&,0).

Here the dot stands for differentiation with respect to s and the domain of the functions
(P, 2, X)(+; X) is assumed to be [0, ZrA’(). The asymptotic analysis of the system indicates

.- -1
IV fnll ooy gy = SUP IR OllLoeqo2ry)) = SK
£€B(0,2r)

and

||V2fm ||L°°(B}+V(O,r!;)) <2 sup (||V)EP(, i)”Loo([O,Zri)) + ||p(, X) ||L°°([0,2r!())) <5K
xeB"(0,2r))

for any fixed rj € (0, K ~2), thereby establishing the desired inequalities.
Now, with the fact that x}v_zyfim > 0 in Bi’ (0, ry), we may consider the family

{ﬁm }men of solutions to (2.10) in which the tildes are replaced with checks. Notice that
since H = 0 is an intrinsic condition that comes from (1.5), the new metrics g,, on X still
satisfy necessary conditions for the regularity results in Appendices A and B.2. Hence
our situation is reduced to Case 1 and we get the same contradiction.

Step 6 (Completion of the proof). Finally, reasoning as in [56, Proposition 4.5] or [2,
Proposition 4.3] with estimates (3.23) and (3.24), we get the desired inequality M,, U, (x)
< Clx|=®=2") in BY(0,r4) \ {0}. The other estimates in (3.11) are established as in
Step 3. This finishes the proof. O
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4. Linear theory and refined blow-up analysis

4.1. Linear theory

Let x : [0,00) — [0, 1] be a smooth function such that x(¢) = 1 on [0, 1] and O in
[2, 00). Set also () = x(et) for any € > 0.

Proposition 4.1. Letn > 2 + 2y, € > 0, and w be a symmetric 2-tensor (that is, an
n X n-matrix) whose trace tr(w) is 0. Also, suppose that Wi o and w o are the stan-
dard bubbles appearing in (2.5) and (2.6), respectively. Then there exists a solution

v e D 2(RN, V) to the linear equation
{ div(xy 2VWJ) "7 2exy xe(xDijoi Wi inRY,
4.1
GV\IJ_ZJ%; " 2V\I—’ onR",
such that
Ce|r| -2 Celm|oo
¢ 0 4
[ViW(x)| = TF 21+ IxN INV(x)| = To T (4.2)
forany x € RY, £ € NU {0} and some C > 0 independent of € > 0,
ow
‘I’(O)Z—(O)=~-~=—(0)—0 (4.3)
ax] 0xy,
and
n+2y
/ Xy AT VW]odx—f wi o’ Wdi =0. (4.4)
RN n
Here |7t|oo = max; j=1,.. n |7ijl.
2(n—2y+2)
Proof. Givenafixede > 0,let Q € L "~ =Ty (RN V) be defined by
O(x) = 2exy xe (Ix)7ij0;; Wio(x) forx = (x,xn) € Rf
By the symmetry of the functions Z?,O, ..y ZY o given in (2.9) and the assumption that
tr(;r) = 0, we see that
/ xy 7020 ydx = / xy 0zl gdx = = / xy 7 QZdx = 0.
RY RY RY

Therefore, from the nondegeneracy result in Lemma 2.4(4) and the Fredholm alternative,
we get a unique solution ¥ € DV2(RY: xll\,fzy) to (4.1) satisfying

0
/RN xy IV VZlodx_/R xy TV .VZgdx =

+

-2 T
/RN xy VY. VZ] dx =0.
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Furthermore, by repetitive applications of the maximum principle and the scaling method
with the help of Lemmas A.3 and A.4, we can prove that W satisfies (4.2). See [18, proof
of Lemma 3.3] for the details. Multiplying the first equation and (2.6)~(2.7) by Wi o
and W, respectively, also reveals that

+2 nt+2y _ - n+2y
: y/ wiy” W d¥ = V/ xy 2}/V‘IJ'VVVI,de:/ w7 W d5.
n—2y Ri Rn

Hence (4.4) holds for the function U,
Now, if we set

~ 20(0) L 3W(0) ;
vV=v-— 1, Z — 11,0’
— o, y(m—2y)

Qpn,y (n—2y)
then it can be easily shown from (2.8) that W is the desired function that satisfies (4.1)—
(4.4). This concludes the proof. ]

4.2. Refined blow-up analysis

As before, let y,, — yp € M be an isolated simple blow-up point of {U,,};sen. In view
of Corogary 3.6(1) agld (2.11), y,, — yo is an isolated blow-up point of {ﬁm}meN and
M, = Uy (ym) (= Uy (0) if the g,,-Fermi coordinate system around m, is used). Also,
Proposition 3.7 ensures the validity of the pointwise estimate (3.11) for {U,, },,en near yp.
The objective of this subsection is to refine it by analyzing the €,,-order terms. Recall
the functions Wj o and W, defined in (2.6) and constructed in Proposition 4.1 (where
the tensor 7, is replaced by the second fundamental form 7, (y,,) at y, of (M, fzm) C
(X, gm)), respectively.

Proposition 4.2. Suppose that n > 2 + 2y. Let ey = M, /@) ¢

(pmfl)/(ZV)
Apn,y €m>

m

2y

Vi) = &0 U @mx)  in BY (0, rjénh), (4.5)

and oy, and ry be the positive constants introduced in (2.5) and Proposition 3.7, re-
spectively. Then one can find C > 0 and rs € (0, r4] independent of m € N such that

2

~ Ce
4 4 m
[ViVin — V(Wi + Wn)|(x) < TH -2+ (4.6)

—2y—2+¢
fort =0,1,2and

2
Ce;,

2y 2y
|XN aNVm —XN ON(Wi0+ Wp)l(x) < W

4.7

or |x| < rse!
S5€m
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Proof. Our main tool will be the maximum principle; compare the proof of [2, Proposi-
tion 6.1] for the boundary Yamabe problem which makes use of Green’s representation
formula. The proof is split into three steps.

Step 1 (An estimate of \7,,, — (W10 4+ Wy)). We assert that
|V —(Wio+ Yl < Cmax{em, m) in Biv(O, mé,;l) 4.8)
where §,, = (2, , — 1) — pm. Set
Am= max |V — (Wig+ W) () = Vi — (Wi 0 + W) | Gm).

x|<raéy'
If |R| > nraé,, ! for any fixed small 5 € (0, 1), we obtain an inequality
A < CEan™ = 0(e2)
stronger than (4.8). Thus we may assume that |%,,| < nrsé,, I Let
Om = A Vi — (Wi g + )]

and
£(0n) = —divg, (x5 7 VOu) + En(xy)Op

in BY (0, 74é,,1). Then

{Em@ m) =Xy ZYQIm in BN (0, r4é; 1), 49)
av O — Bp®,, = sz on B"(0, m@,;l), .
where g, = &m(€m-),
~ 2y
Ep(xy) = — " Y [Rgm] — (n(n + 1) + RIgT1Enxy2]x (4.10)

-2

=2 " Y2 [RIgm1En) + o]y (by (1.5)),
|gm|

Oim = A, [(A” — 80)3;;(Wy0 + W) 42

+ NV ioml aN\/ |§m
V1&ml

— 2€mxN Xom (X ) (70 0ij W10 — En(en) (Wi o + ‘Um)]

Al] aj(Wl 0+ WYm)

\/IgTI

—— (Wi 0+ V) +azg]3](W1 0+ W)

—~ ~ n+2y _
O = Ay;l I:(fmfsm -1 (wl,O + LIjm)pm + (wl,O + W) {(wl,O + W) S _ 1}

n42y n+2y n+2 4y
oy =2 Y a2
+{(w1,o+‘-11m)”21’ —U)]n,oy —n_—wl’lyoy‘ym ,

- (wl,O + \I/m)pm
— (w10 + Yn)

and fr = finEm-).
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As a preliminary step, we first deduce pointwise estimates of the functions Q Lm» @2,11
and B,,. By (3.9), (A.6), (3.11), (2.8) and (4.2),

~ C Cé
4 l ? m
IViVin ()| + [V Wy o(x)| < W and |Vi¥,(x)| < W
(4.11)
in BY (0, r4é,,) for £ = 0, 1. Moreover, by (3.4) and (3.11),
v oz ¢ : n ~—1
Vm(x) > W in B (0, r4€,, ) (412)
From these inequalities and Lemmas 2.2-2.4 (especially, H = 0 on M), we discover
—~ CA;'e? . A
[Q1m(x)] < # in B_IX(O, raé; ), (4.13)

5m log(1 + |%]) €
1+ |)E|"+2V+0(1) 1+ |)_c|"_2+27’

|Q2m (%)] < CA,;I[ } on B"(0,r4¢, 1), (4.14)

|Bn(®)] < CIVE" ™ + (i 0+ W)Pn '] < on B"(0, r4é; ).

(4.15)

1+ |i|4y+o(l)

Reducing 74 if necessary, we have wj o(x) > 2|W¥,,(x)| on B" (0, mé,;l). Using this fact,
(4.11), (4.12) and the inequality

C(1 —x)’min{l,xP72} forp e (1,2),

P _ + — 1 <
|x px (p )| = {C(l—x)2(1+xp_2) fOI'[)EZa

in (0, 00), we also deduce that

_ Sm 1
IV B (X)| < C[l TR T |x|1+4y+0<1>}’ (4.16)
~ _ Sme Sm log(1 + |x]) €2
_ 1 m<m m m
Vs Qan () = CA,, |:1 + |x|r 2y o) 1 + |x|r+1+2y o) 1+ |x|n—H2r |
4.17)

on B"(0, r4€,;1).
Next, we claim that there is a number n € (0, 1) such that
ALNEL +8m)

L+ x|y 14 |x|"=2=%

|Om(x)] < C[ } in BY (0, nr4é, ). (4.18)

To verify it, we construct a barrier function

Do (x)
L+ AN + 8@ — [x?) = cxyf @ — [x[772)] for [x| < 1,
= JLI(xI™Y = ey 16173+ AR €2 + 8m) (x| =722 — o) x| =)

for 1 < |x| < nraé, !,
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with L > 0 large and ¢ > 0 small. Indeed, we see from H = 0 on M, (4.9) and (4.11)—
(4.15) that

A C’)Cl_zyj\_lé2 1=2y =~ A . N Al
L (Do) > W > £xy 7 Qim = L (£60,) in BY' (0, nrae,, ),
1 AN (€L +68) ~
Y &y > C O > |B R
v = [1 + xR T4 xP2 } = Bl 1ol o o, nraéyh),
== M C
Doy > CAGlen ™ > +0, on 37 BY (0, nraé; ),

(4.19)

for sufficiently small n € (0, 1). Thus, rescaling (4.19) and employing the weak maximum
principle in Remark A.6, we establish that |©,,| < ®2,, in BY (0, nr4é,,1). This implies
(4.18).

Suppose now that A;,' (2 + §,,) — 0asm — oo. By Lemmas 3.4, A.2, A.7 and
(4.13)—(4.17), there exist a function ®¢ and a number 8 € (0, 1) such that
(RY) N CJ.(R") and weakly in WL2(RY: xp ) (4.20)

ocC

0, > 0y in Cﬁ

loc

along a subsequence, and so
—div(xy VO =0 inRY,

: N
|®o| < inRY,

14 |x|”
4

Y
14 n+2y . n=2y n
0, ©g = a2y W0 ®9 onR".

Consequently, from the fact that ‘7,,1 0) = V; Vm (0) = 0, Lemma 2.4(1), (4.3) and (4.20),

we see that
BRION)

Xn

RIC)
®9(0) = 3710(0) =.. 0) =0.

In view of Lemma 2.4(4), ®y = 0 in R_’Z . It follows from (4.20) that |x,,| — oo as
m — oo. However, the uniform estimate (4.18) on ®,, then implies 1 = ®,,(%;;) — 0,
so we get a contradiction. Estimate (4.8) must be true.

Step 2 (Estimate of §,,). We assert
Sm < Ce2. (4.21)

Its proof can be done as in [2, Lemma 6.2] with minor modifications, so is omitted.
As a particular consequence of (4.8) and (4.21), we get

[Vin — (Wio 4+ W)l (x) < Ce forallx € BY (0, raéyh). (4.22)
Step 3 (Completion of the proof). We can now deduce (4.6) with £ = 0. Redefine

O, = e,;z[Vm — (Wio+ ¥l forxe Biv(ov raéy ")
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so that it solves equation (4.9) once each quantity A,, in the definition of Q 1m and @2,,1
is replaced with e,zn. Asin (4.13) and (4.14),

~ C ~ C
|Q1m(X)| = Tr 2 and  |Qon(X)| = T Epr2 (4.23)

for x € BY(0,r4¢,,") and X € B"(0, r4¢,,'). By (4.22) and (4.11),

n—2y-—2

|Om| < C inBY(0,14¢,") and [©,| < Cey on 3;BY (0,r4¢,,").  (4.24)

Forany 0 < u <n — 2y — 2, we define

By () {LM[(2—|x|2>—§MxN Q= xP7)] for x| < 1,

. X) =
i Ly (x| = g2 |x|~#=2) for 1 < |x| < raé,
where L, and ¢, are a large and a small positive number respectively depending only on

w, nand y. If we set ug = min{y,n — 2y — 2}, a direct computation using H = 0 on
M, (4.9), (4.15), (4.23) and (4.24) shows

Cxllvizy N el
Lo (Pamipg) = Ty 2 > £,(£0,,) inBl(0,ré "),

+ (4.25)
3 Dy > £3) O on B"(0, rié, 1),
D3y > £ on 3;BY (0, rle, "),

for 5 € (0, r4] small enough. Hence we deduce from the weak maximum principle in
Remark A.6 that

C . A
[Om| < P3pmypy < m in B_’A_](O, rgeml). (4.26)

If uo = n — 2y — 2, we are done. Otherwise, we put (4.26) into the second inequality of
(4.25) in order to improve it so that

c N re— 1
|Om| < (D?ym;ul = —1 T |x|“l 1nB (0 Ts )

for 4y = min {2y, n — 2y — 2} and r§ € (0, r§]. Iterating this process, we can conclude
the proof of (4.6) for £ = 0.

The remaining inequalities, i.e., (4.6) for £ = 1,2 and (4.7), are derived as in the
Justification of (3.18). Indeed, a tedious but straightforward calculation shows that the
second-order derivatives of the functions B, (x) and Q2,, (x) have the required decay rate
as |x| — oo. The proof is now complete. O
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5. Vanishing theorem for the second fundamental form

Let us denote by (go, ho) the C*-limit of the sequence {(g, fim) hmen given in Subsec-
tion 3.1. For each m € N, let 77, and 77( be the second fundamental forms of (M, ﬁm) C
(X, &) and (M, hg) C (X, &o), respectively. By employing the sharp pointwise estimate
of Proposition 4.2, we now prove that 7o = 0 at an isolated simple blow-up point yg € M
of a sequence {U,, }nen of solutions to (2.10).

Proposition 5.1. Suppose that y € (0, 1), n € N satisfies the dimension restriction (1.2)
and ym — yo is an isolated simple blow-up point of the sequence {Up}men so that the
description for {Upy }meN in the first paragraph of Subsection 4.2 holds. Then

17Tm Ym)ll = 0 asm — oo. (5.1)

In particular, 77o(yo) = O.

Proof. We will use Lemma 2.3 with g = g, h = h,y, and Y = Ym, and think as if Um is
a function in Rﬁf near the origin by applying g,,-Fermi coordinates on X around y,,.

Denoting g,, = & (€, ) and fm = fm (€ +), we set

i i i 18ml Aij NV I8ml A
Qom (V) O (U) = (& —8”)al~U+[ Sl gl U 4 NV Emiy U] +oigHoU
g Sl T S Y !
= Q1w (U) + Qo (U) + Qam (D). (5.2)

Also, let Em be the functions introduced in (4.10) so that \7m in (4.5) is a solution of

{ dlv(xN 2V, 4 Em(n) Vi —xN 2 O0m(Vy) in BY(0,rsé,h),
O Vi = fu Vi on B"(0, rsé;,h).

Thus in view of Pohozaev’s identity in Lemma 2.5, one can write

P(Vm, r@,;l) = le(fim, r@,;l) + sz(fim, r@,;l) for any r € (0, rs]

where
Pin(U, ) =k, / Y [00n (U) = Qu(U)]

BY (O,r) ~2y

x [x,-a,-U T xyoyU + 2 U:| dx,

_2 n _

Pom (U, r)=—/ X0 fon o Ot Dy pmtl g 4 7// Ftmypn 1 g
B"(0.r) B"(0,r)

(5.3)

foru = U on B"(0, r).
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For a fixed r € (0, rs5], let

Fn(V1, Vo) = Ky/ Xy 7 1Qom (Vi) = Qu(V)]

BY©0,réy")

n—2y

X [xiaiV2+xN8NV2+ Vz] dx.

Owing to (4.6) and (4.7), we are led to
/le({;m’ rérzl)

= Fn(W1.0. W1,0) + Fun (W10, W) + Fuu (¥, Wi.0) + Fou (W, W) + 0(€z)  (5.4)
provided that n > 2 + 2y.

We first estimate fm( W1.0, W1,0). This amounts to calculating the integrals

Fom =k, /N Xy Y Qe (Wi o) 20 gdx  fore=0,1,2,3
R

+

where Z(])0 =x-VWio+ ((n —2y)/2)W; o is the function described in (2.9). For the
value Flm, we discover from Lemmas 2.4(1), 2.2 and 2.3 that

=~ A~ 2-2
Fim =y [ZGm(nm)ij/NxN yaijWL()Z?’de
R

+

1, ~ 1-2
+§€,2,,Rikjl[hm]/RN Xy VXkXIaijWLoZ]O,odx
+

AN 22y 0
+é€,,(8m) Nk ANXN xkaijWL()Zl’de

+

~ ~ ~ ~ 3-2
+ &5, BGEm)ik Tt + RinjN[Gm)) / o Vai,-wl,OZ?,odHo(e,b}
R+

R - - 1 3-2
:"V[0+0+0+6y2n(3||ﬂm||2+RNN[gm])';A;NXN VAW 0Z10dx +o(e2)]

N
(since Hy = R[An] = 0)

o 4n—>5 3-2
:Gi”n’m”2l€ym RNxN VAXWI,OZ?)()d-x"_O(G;i) (55)
+

where H,y, = tr(f,y)/n. Similarly,
~ 1 _
A2~ 2 22y 0 2
Fom = €, |7Tm || Kym /M xy TONWILZ] gdx + o(ey,), (5.6)
Fm = 0(€2). (5.7)
Moreover, the Gauss—Codazzi equation and Lemma 2.3 yield

~ ~ ~ ~ ~ n ~
R(gn] = 2RNNI&n] + 1700 I + RlUn] = Hy = ———||Znl*  atyn € M.
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Hence we find
~ - n—2y 1-2
Fom = —63,,||nm||2;<y—f Xy TW10ZY o dx 4 o(e2). (5.8)
40— 1) Jry ’

Consequently, by combining (5.5)—(5.8) and employing (C.1), we obtain
3n2 4+ n(16y2 — 22) +20(1 — y?)
8n(n — (1 — y2)
for some constant Cy > 0 depending only on n and y. We note that the coefficient of 631

(or é,%l) is positive if and only if n satisfies (1.2) for each y € (0, 1).
On the other hand,

Fn(Wy0, Wi 0) = €21 7m%ky Co+o(€2) (5.9

Fon (W10, W) + Fop (W, Wig) > 0(€2), (5.10)

whose verification is deferred to the end of the proof. Also, a direct computation using
(4.2) and Lemma 2.2 yields

Fou (W, W) = 0(€2). (5.11)

By plugging (5.9)—(5.11) into (5.4), we arrive at
3n% +n(16y2 — 22) +20(1 — y?)

8n(n — 1)(1 —y2)
Using (3.11), (3.23) and (4.5), we deduce
VEV, ()] < Clx|=®=27+0 (£ =0, 1,2),
{|x}V2yaNVm(x)| < Clx|™"
Thus, it follows from (5.3) that

PV, ré D < Cep ™ and  Pop(V. réy) = 0

7 ~A—1 ~2 1= 2 2
Pim Vi, re,, ) > 6m||7'[m|| Ky CO+0(6m)~

in BY (0, &, 1).

if » > 0 is selected to be small enough. As a result, estimate (5.1) follows.

Derivation of (5.10). Since 7,, — 7o in C!' (M), the norm |, |~ (see the statement of
Proposition 4.1) is uniformly bounded in m € N. Thus, by virtue of (5.2), (2.8), (4.2),
Lemma 2.2 and integration by parts, we observe

Fm(Wl,O» W) + Epy (W, Wi0)

. 2-2y n—2y
= =26, (Tm)ij Ky N Xy 0ij W1,01 Xk 0k Wi + xNIN W + > v,
R

+

n—2

+3ij‘lfm{Xk3kW1,0+xN8NW],o-I- yW]yo}] dx—l—o(erzn)

Ao~ 2-2
= 2 (m)ij Ky / LN [ =2y +2)0 W00 W + 3 W00k 0jk W + XN i N Yin)
R

¥
+ (xx0ik W10 + xNOiN Wl,o)aj\l-’m] dx + 0(6,2n)

A~ 2-2
= —2&, (m)ij ky /NxN 9 W1.00; Wy dx + 0(€2)
R

+
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provided that n > 2 4 2y. On the other hand, applying another integration by parts and
inserting W,, in (4.1) lead to

A ~ 2-2
—2em(nm),~j;<y/NxN Y9 W1.00j Wy dx + 0(€2)
R

+

4y
172)/ 2 n +2V/ n—2y 2 = 2
=K X VY, |“dx — w Ve dx +o(es).

y./Rﬁ vVl n—2y Jgn M0 " (n)

=7
It is well-known that the Morse index of w19 € H” (R") is 1 due to the contribution of
wy o itself. Hence we see from (4.4) that Z > 0; see [18, proof of Lemma 4.5] for more
explanation. This completes the proof. O

6. Proof of the main theorems

6.1. Exclusion of bubble accumulation

Set

_ -2y 0 a
. 2}/[ Vu_"‘__|v A e u
IB ©0,r) 2 ar ar

which is a part of the function P defined in (2.14).

2
i|dox, 6.1

P'(U,r) =k, /

0

Lemma 6.1. Assume that y € (0,1) and the dimension conNdition (1.2) holds. Let
Ym — Yo be an isolated simple blow-up point of {Up }men, and {Uy, }imen be the sequence
of functions constructed in Subsection 3.1. Suppose further that 7wo(yo) # 0. Then, given

m € N large and r > 0 small, there exist universal constants Cy, ..., C4q > 0 such that
A=2Y 157 /77 ~ 22 ~24n.2—n =2y —n42y+1 m!"C4
€m P UnO)Up,1r) = €,C1—¢, Tr 7 "Cr—éy ~r C3— o)

ém + r2n+0(l)

(6.2)
in gm-Fermi coordinates centered at y,,. Here, n > 0 is an arbitrarily small number.
Proof. We have

~—1
P Un (U, 1) = ém<”2”+"<”[7>(vm &) — —m / fordm Gt dmz}
p+ 1 Jypno.renh

where V, is the function defined in (4.5) and €, oM 5 1asm — oo. Inspecting the proof

of Proposition 5.1 and using the assumption that 7o(yo) # 0, we obtain
P(Vm,réﬁl) > @%Cl 2+nr2 e, — An 2y —n+2y+1c
for some Cy, C>, C3 > 0 and small n > 0. Also, by (4.11),
Caélr"
6,2””+0(1) + y2n+o(1)

~A—1 5, ~[7m+1 _
ré, [ - Jn V" dog| <
B"(0,ré, ")

for some C4 > 0. Therefore (6.2) holds. ]
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We shall use the following Liouville-type lemma to prove Lemma 6.3.

Lemma 6.2. IfU ¢ WIL’CZ(RN DX ]1V—2y) is a solution to

—div(xy YVU)=0  inRY,
AU =0 onR", (6.3)
liminfm_)oo U(x) =0,

then it is a nonnegative constant.

Proof. A_ccording to the Holder estimate (A.3) and the asymptotic condition in (6.3), U is
in c? (Rﬁ) and bounded from below. Let mg = infRﬁ Uand Uy, = U —mp = 0. By

loc
the Harnack inequality (A.4) and scaling invariance of (6.3), we have

sup Uy, < C inf Uy, foranyr >0 (6.4)
BY(0,r) BY (0.r)

where C > 0 is independent of r. Letting r — oo in (6.4), we find that U,, = 0 or
U =mpin Rﬁ . One more application of the asymptotic condition on U forces mg > O.
O

Lemma 6.3. Assume that y € (0, 1) and the dimension condition (1.2) holds. Let y,, —
Yo € M be an isolated blow-up point of the sequence {Up,}men and mwo(yo) # 0. Then yg
is an isolated simple blow-up point of {Uy, }imenN.

Proof. Thanks to Corollary 3.6(2), the weighted average u,,, of u,, = U, |y (see (3.2) for
its precise definition) has exactly one critical point in (0, R;,€,,) for large m € N. Suppose
to the contrary that there exists another critical point g, of i1, such that R;;,€, < 0 — 0
as m — 00. Define

2y

T () = 0" Un(omx) in BY(0, 05,1r5).

Then, using Propositions 3.7 and B.4, Lemma 6.2 and (3.17), one can verify the existence
of ¢y > 0and B € (0, 1) such that

T T — cr(x7"2) + 1) in CLRY\ (0D N Cl R\ {0 (65
up to a subsequence; see [2, Proposition 8.1]. It follows from (6.2) that

A2 n

A (1—27) A2 A24n 2-n a2y —n42y+1 €m 0y Ca
€m (€nC1 — €570, "Co — €m " Om G3) — ~2n+o(1) 2n+o(1)
€m + om

< P (U, 0m) = 00" VP (T, 0T, 1. (6.6)
Note that

-2 1) A—(n—-2 A N _ An—2 —n+2 1
o oW T @2 0y _e2inglongy _eh = o m ey > 00,05 >0 (6.7)
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and

27 n 2\ 2y+o(D)

_ € € C

om el Azn+o(1)m Qm2n+o<1> = C( m) = ate 0 (6.8)
€m + om Om R

as m — oo. Hence, taking the limit on (6.6) and employing (6.7), (6.8), (6.5) and (6.1),
we obtain

0< lim P (T Ty, 1) =P (c1(lx]""2) + 1), 1)
m—0o0

1-2
/ Xy Vdo, <0,
3rBY (0.1)

which is a contradiction. The assertion in the statement must be true. ]

We rule out bubble accumulation by applying Lemma 6.3.

Proposition 6.4. Assume the hypotheses of Theorem 1.1. Let €9, €1, R, Co, C1 be pos-
itive numbers in the statement of Proposition 3.2. Suppose that U € WY2(X; p' =27 is
a solution to (2.10) and {y1, ..., yn'} is the set of its local maximum points on M. Then
there exists a constant Cy > 0 depending only on (X, g*), h, n, y, €o, €1 and R such that
ifmaxy U > Co, then dj(ym,, ym,) = Ca forall 1 <my # my < N (U).

Proof. By applying Propositions 3.2, 3.7 and B.4, Lemmas 6.1 and 6.3, the maximum
principle and the Hopf lemma (Lemma 3.5), one can argue as in [2, Proposition 8.2] or
[40, Proposition 5.2]. O

By Proposition 6.4, sup,,cn N (Uy,) is bounded. Therefore we have

Corollary 6.5. Assume the hypotheses of Theorem 1.1. Then the set of blow-up points of
{Un}men is finite and it consists of isolated simple blow-up points.

6.2. Proofs of the main theorems

We are now ready to complete the proofs of the main theorems. All notations used in the
proofs are borrowed from Subsection 3.1.

Proof of Theorem 1.3. According to Corollary 6.5, any blow-up point y,, — yg € M
of {Uy; }men is isolated simple. Therefore Proposition 5.1 implies the validity of Theo-
rem 1.3. m]

Proof of Theorem 1.1. We first claim that ¥ < C on M. Indeed, if this does not hold,
then by Proposition 2.1, there is a sequence {U,; }nen C W12(X; p'=2¥) of solutions
to (2.4) which blows up at a point yop € M. By applying Theorem 1.3, we conclude that
7 (yo) = 0. However, this contradicts the assumption that 7 never vanishes on M.

A combination of (1.4), Lemma A.2 and Proposition A.8 now yields the other esti-
mates in (1.6), that is, the lower and C2*#-estimates of u on M. |

At this stage, only Theorem 1.4 remains to be verified. To define the Leray—Schauder
degree deg(Fp, D, 0) forall1 < p < 2;:’}, — 1 and apply its homotopy invariance, we
need the following result.
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Lemma 6.6. Assume the hypotheses of Theorem 1.1. Then one can choose a constant
C=CX"t gt h,y) > 1such that

c! <u<C onM
foralll < p < 2:,1, — land u > 0 satisfying (1.7).

Proof. We consider the extension problem (2.4) where the fourth line is replaced by
3/ U = Eu)u” on M. By adapting the proofs of [28, Lemmas 4.1 and 6.5] and ap-
plying Theorem 1.1, we get the result. O
Proof of Theorem 1.4. From the previous lemma, we find that 0 ¢ J,(dD,) for all
1 <p=<2;, —1provided A > 0 large enough. Therefore

deg(Fp, Da,0) = deg(Fi, Dp,0) foralll <p < 22’)/ —1.

Since AY (M, [h]) > 0, the first L?(M)-eigenvalue of P{ must be positive, for

| upfudv; = a7 On DI
M L2V (M)

> AV (M, [hD M2 ull3, ue H"(M).

(M)’
Also, in [30, Theorem 4.2], it was proved that the first eigenspace of P}-Z/ is one-dimen-
sional and spanned by a positive function on M. By L*(M)-orthogonality, the other eigen-
functions must change their signs. Using these characterizations, one can follow the ar-

gument in [69], up to minor modifications, to derive deg(Fi, Da, 0) = —1. The proof of
Theorem 1.4 is complete. O

Appendix A. Elliptic regularity
For a fixed point xg € R” ~ R and R > 0, let

Bg = BY((x0,0), R) cRY, 9By = B"(xo, R) CR", 3B} = 3;BY ((x0,0), R),
(A.D)
so that 9 Bg = d B, U d By. Suppose also that y € (0, 1) and
(g1) g isasmooth metric on By such that g;y = 0, gyy = 1 and Agl&lz < gij(x)&& <
Agl |2 on By, for some positive numbers Az < Az and all vectors § € R";
(Al) A € L2n=2r+D/(=2y+4) (g - lev—Zy)’ 0c LI(BR;X,IV_ZV),
F=(F,..., Fy, Fy) € L'\(Bg; x5 7);
(al) a € L/ F2V)(3By) and g € L' (9 B}).

In this section, we will examine regularity of a weak solution U € W1’2(BR; X 11\]—2;/) toa

degenerate elliptic equation

—divg(xy T VU) +xy VAU = xy 7 Q 4+ div(xy ' F) in Bg,
U=u ondB,, (A2
83’FU:au+q on d By,
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where

) - aUu . 1-2
3 U =1, 1 S py - 22 )= 97U 1 Y Fy.
vF ny;vgr(!)-‘f-XN N a)CN v +K)/XNE)I})+XN N

Notice that 3] = 83: o- We first recall the precise meaning of a weak solution to (A.2).

Definition A.1. Assume (g1), (A1) and (al) are valid. A function U € W'2(Bg; x ")
is called a weak solution to (A.2) if

KV/B a7 (YU, V) + AUD)dvg
R
=Ky / Xy T (QP — Fio;® — Fyoy®)dvg +/ (au+q)¢pdv;
Br 3B},

for every ® € C!(Bpg) such that & = ¢ on dBj and ® = 0 on 3 By. Here u is the trace
of UondBjp and h = 8lagy,-

A.l. Holder estimates

By applying the Moser iteration technique, we can deduce Holder estimates for weak
solutions to (A.2).

Lemma A.2. Assume that the metric g satisfies (g1) and U € W12 (Bg; xllv_zy) is a
weak solution to (A.2). Suppose also that

(A2) A, Q € LY (Bg; xy ') and F € L%2(Bg; xy ') for i > (n — 2y +2)/2 and
g >n—2y +2;
(a2) a,q € LB3(dBy) for g3 > n/(2y).

Then U € CP(Bg2) and

10l < CUUN g2, + 1Q0 oy g0,

F P gty + IlLnny)  (A3)

where C > 0 and B € (0, 1) depend only on n, y, R, Az, Ag, |All 12y and
N

L9 (Bg;x
||a||Lq3(3B;e). Moreover, if U is nonnegative on Bg, then also

1531;}32 U= C(ég/fz U120 pext=2) T IFN Loy gy -27) + ||51||L‘13(3B;Q)) (A.4)

for some C > 0 depending only onn, y, R, Az, Ag, AN, 4, (Brixl27) and ||a||L‘13(BB;e).

Proof. Derivation of (A.3) and (A.4) can be found in [44, Lemma 5.1 and Remark 5.2].
O
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A.2. Derivative estimates

If the functions A, O, a and ¢ have classical derivatives in the tangential direction, weak
solutions to (A.2) have higher differentiability in the same direction. The following result
is a huge improvement of [44, Lemma 5.3] in that a much milder condition on g is im-
posed. The reader is advised to see carefully why handling (A.2) becomes more difficult
if g is non-Euclidean and how it is resolved in the proof.

Lemma A.3. Assume that the metric g satisfies (gl) and U € W12(Bg; x}v_zy) is a
weak solution to (A.2). Suppose also that £y is 1, 2 or 3, and

(g2) we have
IVEan/131(x)] < Cxy  onBg (A.5)
forany £ =0, ..., Ly,
(A3a) A,...,Vo A, 0,..., VO 0 e L(Bg)and F, ..., V' F € CF (Bg) for
B €, 1);
(A3b) VA, V00 € L9(Bg:ixy ) and VOF € L2(Bgixy ') for q1 >
n—=2y+2)2and gy >n—2y +2;
@3) a,...,V%a,q,...,V € LBBY}) for gz > n/2y).

Then V°U € CP (Bgy2) and

Lo—1

14 L 14
IV Ulles g < C(IUN gyl 2, + ; IVEA ) + 19 ALy 12
Lo—1 ‘ Lo—1
4 4
+ ZZO IVEQUL= B + IV5° Qll gy 12, + g IVEFllcs )

Lo Lo
14
IV FllLe s + ) IVEal Lo oy + ||V§61||Lq3(33;e)> (A.6)
(=1 =0

for C > 0 and B € (0,1) depending only on n, y, R, g, A, ||Cl||Lq3(aB}?) and
lo—1

Lo IVEU Lo (Bg)-
Proof. Assuming that £y = 1, we shall derive (A.6). Given any vector & € R” with |h|
small, we define the difference quotient D"U by
UXx+h,xy)—U(x, xy)

|hl

DhU(iva)z for ()E,XN)EB3R/4.

Then it weakly solves

—divz(xy V(DU + x)y Y ADMU) = x) Y Q* + divi(xy Y F*) in Bagsa,
3} p«(D"U) = a(D"U) + ¢* on dBjp 4,
(A.7)
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where U (X, xy) = U(X + h, xn),

F* = (D"F, + D"(/131g") - 9;U", D" Fy + D"\/|3| - onU"),
0*=D"Q—-D"B-U" and ¢*=D"a -U"+ D"q.

The most problematic term in analyzing (A.7) turns out to be div(x Ilvfzy F*), espe-

cially its subterm dy (x ]lv—Zy D"/|g]- dnU"™). Let us consider it in depth. If we fix a small
number ¢ > 0 and write

B3rjae = Bagya N {xy > ¢} and aBéRM’S = B3g/a N{xy = ¢},
then an integration by parts shows

/ X7 (DM /1Rl UM oy ® dx = —/ (D" 1ghaw (xy 7 anU") P dx
B3R/a.e

B3Rya.e

—f x}vfzy(aNDh\/|g|)8NUh<I>dx—f xy V(D" U" ¢ dx
B3g/4.e A

Birjae

(A.8)

for any ® € Cl(B3R/4) such that ® = ¢ on BBgR/4 and ® = O on BBg’RM. On the other
hand, we deduce from (A.2) that

—h 1-2
/ VIgl an(xy VavU" @ dx
B3rya.e

— _f Xy (13187 U" 9 @ dx —/ xy VAU dx
B3g/a.e B

3R/4.e

+ / xy Q"o dx - / Xy 2 (F)'9;® dox
B3Rya.e B3gya.e

_ _ —h _
—/ Xy 2V(F]v)ha]\,epdx+/ Xy Vgl ovU" g dx
B3ryae 9B,

BSR/4,£

— —h _ )
i / xy " (ovVIET w0 @ dx + / v Y (Fy)' — oy UM di
B3Ryae

BéR/4.s

where 4/ |g|"(;z, xn) = +/|gl(x 4+ h, xn) and so on. Consequently, after substituting

g = (V/izl") " 0"izho

for @ in the above identity, combining the result with (A.8) and then taking ¢ — 0, we
get
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/ Xy (DM1g] - an U)oy @ dx
B3rya

z_f Xy ( Iglgij)haiU]’Bjde—/ xy VAU E dx
B3rja B

3R/4

+/ x,l\,_zthde—/ xy Y (F)"o, E dx
B3pya B3ry4
1-2 — 1-2 = —
—/ Xy V(FN)h8Nadx+/ xy T (@Ony1ED aNU"E dx
B3gya Bigya

—/ lev_Zy(aNDh\”é_’DaNUhCDdx+K;1/ (au+ q)pdx. (A9)
B3g/a !

3R/4

We have two remarks on (A.9): First, & has the same regularity as ® and vanishes on
E)Bé’R e Second, by virtue of (g2), there exists a constant C > 0 such that

—h = .
|(OvV/181)avU" | +10n D"18DaNU"| < COxndnU)" i Bagys.
Furthermore, as pointed out in [44, proof of Lemma 5.3], a rescaling argument gives
XN ONUllLo(Bogss) < CUU N L% (Bsrsa) + I1F oo gy + 1Q11L%(BR))

where C > 0 depends only 7, R, g and || A|| .~ (g). Therefore no terms on the right-hand
side of (A.9) are harmful.
Now, we introduce a number

195 AN oy g2y 195 QN 20y IV Ny 12,
k= + XN ONU Lo (B3 FIViallLas sl +11VigliLasapy,)  if it is nonzero,
any positive number otherwise.

In the latter case, we will let k — 0 at the last stage. For a fixed K > 0 and m > 0, we
define

Vi = (D"U)y +k,  Vig =min{V,, K} and Zj,, = V"2

We test (A.7) with & = )Z(Vh”fK Vi — k™1 where ¥ € C*®(Bpg) denotes a suitable
cut-off function. Employing (A.9), Holder’s inequality, Young’s inequality, the weighted
Sobolev inequality and the weighted Sobolev trace inequality (see (1.8)) and then letting
K — oo, we derive

VG ZnmI? B <Cm'7/ G2 viHZ?  dx
IVGZhml s ) < [BR V@ HIVIDZE,,

-2V ~
+f xy yszh’”(IVthIer||xN8NU||QOO(BZR/3))dx} (A.10)
Br
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for some C > 0 depending onlyonn, y, R, g, A, ||a||Lq3(aB;g) and ||U |1 (Bg), and n > 1
depending only on n and y; refer to the proofs of [26, Proposition 1] and [44, Lemma
5.3] which provide more detailed descriptions. Combining (A.10) with the corresponding
inequality for (D"U)_ + k and letting h — 0, we see

m+2
LD (Bgixy )’

m+2
L(m+2)

[IV=U |+k| <Cm" |Vl g | IVEUI+k]|

n=2y+42 12
=2y (BrN{x=1}xy )

Hence the Moser iteration argument implies that
ViU llL>(Bg ) < (the right-hand side of (A.6) with £p = 1).
Similarly, one can obtain the weak Harnack inequality as well as the Holder estimate
for VzU. The cases £g = 2 or 3 can also be treated. We omit the details. |
In the following lemma, we take into account Holder regularity of the weighted derivative

xll\,_zy dn U of a weak solution U to (A.2).

Lemma A.4. Suppose that the metric g satisfies (g1) and U € W'2(Bg; x}v_2y) is a
weak solution to (A.2) such that U, ViU, V%U e CP(Bg) for some B € (0, 1). Further-
more, assume that the following conditions hold:

(Ad) A € CP(Bp), SUPxye0.R) N1QC. XMl e agry + 18 Fi o xw)ll o ) < 00 and
Fy =0;
(ad) a,q € CP(IBY).

Then x> dyU € C™n1B-2-27)(By ) and

2
1-2 4
ey On Ul comipa—2n gy = (X2 IVEUllengay
=0

+ sup (1QC, xM)l ~p 757 + 10 Fi (- xn) | op 577) + gl 7/) (A.11)
v e(O.R) CP(3BY) il CP(3BY) CP(3Bf)

for C > 0 depending only onn, y, R, g, ||A||Cﬁ(BfR) and ||a||Cﬁ(@).

Proof. Refer to [44, Lemma 5.5]. O

A.3. Two maximum principles

In this part, we list two maximum principles which are used throughout the paper.
The following lemma describes the generalized maximum principle for degenerate
elliptic equations.
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Lemma A.5. Suppose that A € L*(Bg), a € L*(dBYy) and there exists a function
V € C%(Bg) U CX(Bg) such that ViV, x5 > 9y V € CO(Bg) and

—div(xy ' VV) +xy YAV =0 in B,
V>0 on Bg,
AV +av >0 on dBp.

If U € C°(Bg) U C?(Bg) satisfies ViU, x}v‘zyaNU € CY%(Bg) and solves

—div(xy ' VU) +xy VAU >0 in Bg,

WU +aU =0 on 3B, (A.12)
U=>0 on By,

then U > 0 on Bg. Furthermore, the same conclusion holds if Bg and dBj, are replaced
by Rﬁ and R", respectively, and the third inequality in (A.12) is replaced with the condi-
tion that |U (x)|/V (x) — O uniformly as |x| — oo.

Proof. Moditfy suitably the proofs of [40, Lemma A.3] and [45, Lemma 3.7]. O

The next remark concerns the weak maximum principle when the size of the domain is
sufficiently small.

Remark A.6. For any fixed R > 0, we introduce the space

Wi (Br: xy ') = (U € W'(Bg; xy 27) - U = 00n dBj), (A.13)

endowed with the standard W'-2(Bg; x}(”)-norm. As shown in [20, Lemma 2.1.2],

the map Dl'Z(RN ; x,]\,_zy) — L2(B R; xllv_zy) is compact. Therefore a minimizer of the
Rayleigh quotient

1-2y 2
f VU|* dx
. BN |
M(R) = o inf s T
UeWy (Brixy N0} [, Xy UZdx

always exists, and so A1 (R) > 0. Moreover, we see from dilation symmetry that
M(R) = (R'/R)’11(R") forany0 < R < R'.

Thus, if |A| < M for some constant M > 0, there exists R6 = R(/) (M, g) > 0 such that

172
Ul = (f xy (VU + AUz)dvg) for U € Wy (Br; xy Y)  (A.14)
Br

is a norm equivalent to the WS’Z(BR; x,l\,_zy)-norm for R € (0, R/O).
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In particular, we have a weak maximum principle: Given any R € (0, R;)), suppose
that U € W12(Bg; x}v_zy) satisfies

—divz(xy ' VU) +xy AU >0 in Bg,
WU>0 on 9B, (A.15)
U=>0 on dBy.

Then U > 0 in Bg. To check it, we just put a test function U_ € Wl'z(BR; x}lv—z;/) into
(A.15) and use the equivalence between the x-norm and the Wé’z(BR; X ]{,_zy)—norm.

A.4. Schauder estimates

In this subsection, we prove the Schauder estimate for solutions to

—divz(xy ' VU) + x5 AU =0 in Bg,
U=u>0 on 3B, (A.16)
NU=g¢q on dBj,

which is a special case of (A.2).
Lemma A.7. Assume that the metric g satisfies (g1) and (g2), and q € C B(BR) for some
0 < B ¢ N. Suppose also that
(g3) gij(0) = &;j where §;; is the Kronecker delta;
(A3c) A,...,VIPTA € L®(Bg)and B € (0, B+ 2y1N (0, [B]).

If U € Wh2(Bg: x]lv_zy) is a weak solution to (A.16), then u € Cﬁ,(aB;e/z) and

(8]
4
Il en iz < €IV 2ty T Wl caagy + D VA=) (AIT)
£=0

Here [B] is the smallest integer exceeding B and C > 0 depends only onn, v, B, R, g
and A.

Proof. We shall closely follow the argument in [40, proof of Theorem 2.14].
Considering a finite open cover of Bg which consists of balls and half-balls with small
diameters, we may assume that R > 0 is so small that the x-norm in (A.14) is equivalent

to the standard WI’Z(B R; x}v_zy)-norm. For simplicity, we set

[8]
M = 11qll ¢y + D IVEAlL=Be)-
=0

Assume that 8 € (0, 1). Form € N, let W, be the unique solution in Wl'z(BR/gm; lev_zy)
to ) 5

—divg(xy VW) + x5y Y AW, =0 in Bgjon,

3 Wi = q(0) — q(¥) on B} (A.18)

Wn,=0 on 83;{./2,,,.
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Then an application of the weak maximum principle (Remark A.6) to the equation of the

function 5
2 2 2 14
ey (X)) 1 MRP[2R? — |x| N 2R —xy
m 28m [ p+2 -2y 2y Ky
shows
cCM
Wi ll oo (B ) = SEr2rm (A.19)
for every m € N. Define h,, = W,,1 — W,,,. Thanks to Lemmas A.2 and A.3, we have
¢
V(U + Wo)llLoo(Bg n) = C(IIUIILZ(BR;X}V—zy) + M), (A.20)
th M A2l
Vs m||L°°(BR/2m+2) = STz —Om’ (A.2D)

for £ =0, 1 and all m € N. By (A.19)—(A.21) and the mean value theorem,
[u(x) —u)] < [Win(0,0)| + Wi (X, 0)| + [(U + Wo)(x, 0) — (U + Wp)(0, 0)]

m—1
+ ) 1hj(E,0) — h; (0, 0)]
j=0
< CUU o gpat-2ry + M)|x|™intB+2v 1 forall x € By,
AN

sothatu € C# (3B, 1) and (A.17) holds.
Suppose S € (1, 2). In this case, we modify W,, by replacing the second equation of
(A.18) with
3 Wy = q(0) + Vig(0) - X —g(X) on BB}e/zm.

Then we use the above argument to conclude that u € C ’3/(83;e /2) and (A.17) holds.
The case B > 2 can be treated similarly. This finishes the proof. O

A.5. Conclusion

From the results obtained in the previous subsections, one gets the following regularity
property of solutions to (1.1) and its extension problem (2.4).

Proposition A.8. Suppose that U € W'2(X; p'=2) is a weak solution of (2.4) with a
fixed p € (1, 2;’), — 1] and condition (1.5) holds. Then the functions U, ViU, V)%U and

xll\,_zy dnU are Holder continuous on X. In particular, the trace u € C*(M) of U on M
satisfies (1.1) in the classical sense.

Proof. The above regularity properties are local. Therefore Lemmas A.2, A.3, A.4 and
A.7 can be used. O

Appendix B. Green’s function and Bocher’s theorem

In this section, we keep the notations of (A.1).
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B.1. Green’s function

Given a small number R > 0, we shall examine the existence and the growth rate of the
Green’s function G in B, a solution of

—divz(xy ' VG) + Ez(xy)G =0 in B,
3G =26 on 9 B, (B.1)
G=0 on d By,

where g is the metric satisfying (g1) and § is the Dirac measure centered at 0 € RN, Our
argument is based on elliptic regularity theory and does not rely on parametrices.
We start by deriving an auxiliary lemma.

Lemma B.1. Given a small R > 0, suppose thata = g = 0 on dB},, A € L°*°(Bg) and
Q € L9 (Bg; x}v_zy)for

|:2(n—2y+2) n—2y +2>' B.2)

n—2y+4"° 2

Assume also that U € Wé’2(BR; x]lv_zy) is a weak solution to (A.2) and the x-norm is

equivalent to the W&’Z(BR; xllv_zy)-norm; see (A.13) and (A.14). Then
”U”Lq“(BR;x,l\fN) =< C” Q”qu (BR;XIIV*ZV)

for any pair (q1, q4) satisfying 1/q1 = 1/q4 +2/(n — 2y + 2) and some constant C > 0
depending only onn, v, R, Az, Az, q1 and g4.

Proof. One can follow the lines of [15, proof of Lemma 3.3]. The main difference is that
we need to apply the Sobolev inequality instead of the Sobolev traced inequality as used
in that reference; see (1.8). ]

Appealing to the previous lemma, we prove the main result in this subsection.

Proposition B.2. Assume thatn > 2+2y. Then there exists 0 < Ry < min {R6, r1} small

(refer to Remark A.6 and Subsection 2.4) such that (B.1) possesses a unique solution

Ge Wli)f(BR \ {0}; lev—Zy) satisfying

N5t
a2 (y)
(B.3)

|x|"72”G(x) — gn,y uniformly as|x| — 0 where g, , =

for any fixed R € (0, Ry).
Proof. The proof is divided into four steps.

Step 1 (Existence). By using (1.5) and (2.1), we rewrite the first equation of (B.1) as

—divg(xy 'VG) +xy YAG =0 in Bg
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where A € C2(Bg). In view of Remark A.6, there exists Ry > 0 such that || - || in (A.14)
serves as a norm equivalent to the standard WY2(Bg: x 11\,_2V)—norm for all R € (0, Ryp).
Then a duality argument in [46, proof of Lemma 4.2] shows that the desired function G
exists and is contained in Wli)f(BR \ {0}; x,l\,_zy) N wWha(Bg; lev_zy) forany 1 < g <

n—2y+2)/(n—2y +1).
Step 2 (Regularity). Recall that

gn,y
|x|n—2y

Gy (x) = in RY (B.4)

solves
. 1-2y . N
{—le(xN VG]M) =0 inRY,
3 Gy = 8o on R".
+

Hence G satisfies (B.1) if and only ift H = GRQJ -G — g,,,),R_(”_ZV) is a solution of

—div(xy T VH) + xy T AH = x}v_zy(Q(GM) — Agny R™2)) in Bg,
WH=0 on 3 BY,
H =0 on d By,
(B.5)
where
T div181 _;j In+/18l
QWU) = —(g" —68Y)9;;U — —g"Y9,;U — —aJyU
VT NEl
_ii n— 2)/ _
—9;8"0;U + in (R[g] +o0(1))U.
By a direct calculation, we see that
1-2 1-2
H e WioZ (Br\ {0} xy ") N Wh(Bg; xy ") (B.6)
and
QG| = ——o € LI(Bas <) (B.7)
RY/1 = =27+ Ry Xy .
foralll <g < —2y +2)/(n — 2y + 1). We claim that
H h ~242yandl <q <22 gy
I ||L‘1/(BR;x]1\;zy) < oo whenevern >2+4+2yandl <q < m (B.8)

To justify it, we consider the formal adjoint of (B.5),

—div(xy VU) +xy VAU =xy Qi Bg,
AU =0 on d Bj, (B.9)
U=0 on d By,
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where Q is an arbitrary function of class C!(Bg). Then

1-2y - 1-2y - W 1-2y
(xy TINU)(X, xn) — (xy TTONU) (X, ) = on(xy T ONU)dxy
&€

XN
- _/ xy (AU — AU + Q) dxy
&

for any small ¢ > 0. Since (x,l\,_zy oayU)(x,e) — 0as ¢ — O thanks to the boundary
condition and A;U € C%(Bg) in light of Lemma A.3, we observe

[ovU (X, xy)| < Cxy in Bg

and in particular U € C 1(Bg). Thus one may use H and U as test functions for (B.9) and
(B.5), respectively. As a consequence,

/ Xy T HQdx =/ Xy Y (VH - VU + AHU) dx
Br Bg

:/B x}V‘ZV(Q(GM)—Agn,yr—("—M)de
R

< 1Q(Ggn) — Agnyr ™ "N wayin
+ Ln=2y+I1 W(BR;X

1oy W0 e ey

= CIOIl n-2p+2
L B

for any Q € C'(Bg) and small > 0. Here 5’ and n” are small positive numbers
depending only on 7. Also, the last inequality is due to (B.7) and Lemma B.1, and the
assumption n > 2 + 2y is required to ensure that g = (n — 2y + 2)/3 + n” satisfies
condition (B.2). By duality, the assertion (B.8) follows.

Step 3 (Blow-up rate). We use the rescaling argument of [54, proof of Proposition B.1].
For 0 < R’ < R/3, we define

H(x) = (R ?H(R'x) inB3\ B

It clearly solves

{—div(x}v‘zyvﬁ) +xy Y (RY2AR'x)H = x) Y O(R) in B3\ B3,
YH =0 on 8B§\8B{/3,
where O(R") < CR’. The local integrability condition (B.6), Lemma B.1 and estimate
(B.8) show that

IH N Lo (By\Byj2) = C(”H”LanVJrZJrn + O(R))

. 1-2
=2 (B3\Bizixy )

= C((RY'IHI wzpszen  +O(R)) < C(R)
L

" (Brixy )
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forasmallp > 0and ' = (n — 2y)n/(n — 2y + 2 + n). Therefore
[H@)| < Clx|" =217 in By, (B.10)
On the other hand, by virtue of (B.6) and (B.7), we can apply Lemma B.1 to (B.5), getting
|H(x)| < C in Bg \ Bagy3. (B.11)
Putting (B.4), (B.10) and (B.11) together gives the blow-up rate (B.3) of G.

Step 4 (Uniqueness). The uniqueness of G follows from Bdcher’s theorem stated in
Proposition B.4. o

Corollary B.3. Assume that n > 2 + 2y. The regular part H of the Green’s function G
defined in the proof of the previous proposition satisfies

|VeH (x)] < cL and x5 avHO)| < C bxI”
X - |x|"_2V+l N N - x|
for any fixed R € (0, Ro) and small n’ > 0.
Proof. The result follows immediately from (B.10) and the rescaling argument. O

B.2. The proof of Bocher’s theorem

We present the following version of a fractional Bocher’s theorem, which is needed in the
proof of Proposition 3.7. The Euclidean case was considered in [40, Lemma 4.10] and
[62, Proposition 3.4].

Proposition B.4. Fix any R € (0, Ro). Suppose that the metric g satisfies (g1) and (g2),
||A||LOO(BR0) <M, and Vi A € L9 (BRg,; xll\,fzy)for q1 > (n — 2y 4+ 2)/2. If a function

U is nonnegative in Bg \ {0}, belongs to W2 (Bg \B_’; xllvfzy) and weakly solves

{—dng(x}V‘ZVVU) +xy AU =0 inBg\ B},
WU =0 on 3B} \ 3B,

forall & € (0, R), then for any R’ € (0, R),
U=ciG+E inBg\ {0}

Here ¢y is a nonnegative constant, G is the Green’s function that satisfies (B.1) (where R
is replaced with R") and E € Wl’z(BR; x,l\,_zy) solves

{—dng(x}v2VVE) +xy VAE=0 inBg,
WE=0 on dBj,.
The numbers Ry and M were chosen in Proposition B.2 and Remark A.6. To prove

the proposition, we will use the strategy from [55, Section 9] and [62, Section 3]. As a
preliminary step, we derive two results.
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Lemma B.5. Assume that U satisfies all the conditions in Proposition B.4. If U(x) =
o(lx|~ =21y a5 |x| — 0, then 0 is a removable singularity of U and there exists  in
(0, 1) such that U € W"2(Bgs; xN “2yN CP(Bg) forany R € (0, R).

Proof. We argue as in [62, Lemma 3.6] with minor modifications. The maximum prin-
ciple of Remark A.6 combined with the asymptotic behavior (B.3) of G near the origin
shows that U is bounded in Bg/. Owing to the regularity hypotheses on g and A, we can
apply the scaling method with Lemmas A.3 and A.4, deducing U € C#(Bg/) for some
B€(0,1)and

x| VU (x)| + IXIzVIXN 7oyU)| <C  inBg.
.. . . 1.2 1-2y
This in turn implies that U € W"“(Bg/; xp, ™). m]
Lemma B.6. Assume that U satisfies all the conditions in Proposition B.4. Then

lim sup max |x|" "2 U (x) < oo.
r—0+ [x|=r

Proof. This can be checked as in [55, Lemma 9.3] or [62, Lemma 3.7]. O

Proof of Proposition B.4. One can carry out the proof by adapting the ideas of [55,
Proposition 9.1] or [62, Proposition 3.4]. Lemmas B.5 and B.6 are required. O

Appendix C. Computation of the integrals involving the standard bubble

We obtain the values of several integrals involving the standard bubble W ¢ and its deriva-
tives, which are needed in the proof of the vanishing theorem in Section 5.

Proposition C.1. Suppose y € (0,1) and n > 2 + 2y. Then there exists a constant
Co > 0 depending only on n and y such that

3-2
/NXN VA,;WL()Z(I),de = Cop,
R

3
A
20+ ) °

1-2y 0 3
x Wi0Zi gdx =
fM N L =05

Here Wy o and Z? o are the functions given in (2.6) and (2.9).

2-2
/RN xy TONWi0Z] gdx = (C.1)
N

Its proof is based on the Fourier transform technique which was introduced by Gonzalez
and Qing [30] and soon improved by Gonzélez and Wang [31] and Kim et al. [45, 46],
where the authors studied the existence and C2(M )-noncompactness of the solution set
of (1.1). We first need to recall a lemma obtained in [30, Section 7] and [45, Subsec-
tion 4.3].
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Lemma C.2. (1) Assume thatn > 3 and y € (0, 1). Let ngo(é, xnN) be the Fourier
transform of Wio(x,xn) in X € R" for each fixed xy > 0 and K, the modi-
fied Bessel function of the second kind of order y. Also choose appropriate numbers
di, dr > 0 depending only on n and y so that the functions ¢(t) = dit” K, (t) and
Wwi,0(t) = dat 7V K, (2) solve

1-2
¢" (1) + Tyfﬁ/(t) —¢@®) =0, ¢0) =1 and ¢(c0)=0
and
" 1+2y , L2 - 172t
¢" (1) + ¢ () —¢p(t) =0 and }lr%t V¢(t)+tlggoty ept)<C

t

for some C > 0, respectively. Then

Wi 0@, xy) = b1.0(E)@(Elxy) forevery € R" and xy > 0.

) Let

0 o0
Ay = fo TR dt, A, = /0 1" () (1) dt,
o
Ay = / 17 (@ (1)) dt,
0
o o0
B =f0 PRt e, B;F/O P o () B ()" dt
o0
B; =/0 PR @ ()" dt,

fora, B € NU{0}. Then
a+2 a+1)\? - a+1 - ,
A“=a+1'[( 2 )_yz] A"”=_< 2 _V> !

a+1 a—1 - .
() ()

fora odd, o > 1 and

By = 4(n — B+ 1)Bp _ 2By
(n—PB)n+2y —p)n—2y —p) n+2y — g’

(n—2y —B)B;_,

n+2y—p+2

Bﬂ_z =

for B even, B > 2.

With the help of the previous lemma, we evaluate the following nine integrals.
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Lemma C.3. Assume thaty € (0, 1) andn > 2+ 2y. Set Co = |S" | A3B,. Then

1721/ 2 3
A Wiad
e / i T
f 122 W 0(9, Wi 0) d _n .
= r X = — s
1,000, W10 PITRE) 0
22y 3
= Wi o0(@nWi0)d —— o,
/Mx 1L,o(OnWi0)dx = 2(1+y)0
3n—2(1+y)
:/ x2 zyr(arwl,o)(aNWl,O)dx S 0,
RY 41 +y)
=/ x3 2}/W10(A Wi,0)dx = —Co,
RY
=/ 7 (0, W00 dx = Co.
RN
N
2—vy
-2y 2
= Xy ovwW dx = Co,
/R (OnW1,0) Tty 0
n
= f "2 P (8, W1,0) (8 Wi 0) dx = -5 Co,

Iy = /RN XN_ 7 (ONW1L0) (A Wi 0) dx = (2 — y) Co,

¥
forr = |x|.

Proof. The quantities 71, Zg, Z7 were computed in [30, Lemma 7.2]. Moreover, [46,
Lemma B.4] provides the value of Zg, and its proof suggests a way to calculate 7, 73.
Accordingly we only take into account the others. Throughout the proof, we agree that the
variable of 1,9 and W] , is |€] and that of ¢ and ¢" is [§]xy. Also, " is used to represent
differentiation in the radial variable |&].

It follows from Parseval’s theorem that

o
2-2 —
/0 Xy y(/R Xiain,oaNW1,0d§>dXN

o0
=—/O “V[/ (nW10+s,aW10>aNW10ds}de

Iy

o0
_/ 2-2y [/ (ny,00 + |E1W] o9 + xn €100 € D109 dé] dxy
0
= —IS" (1 AB) + A\ By + A{B3).

Therefore Lemma C.2(2) gives the value in the statement. On the other hand, we observe
by applying integration by parts that

3-2
Ts = —/ xy VIViWi ot dx = —Ts.
RN

+
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Also one can verify

o0
Ty =— /O Xy [ /R |5|2W1,o<aNW1,o)d§} dxy = —|S"V AL By,

finishing the proof. O
Proof of Proposition C.1. We have

n—2

Y
W10,

Z(I),O =ro,Wio+xyonWio+
AiWio = 3, Wi+ (n— Dr 18, W,

for r = |x|. Hence

. -2
/NX?V 2yAfW‘>OZ(1)odx=Is+(n—1)16+19+” Y 1.
RY ;
- -2
/lez\, 2Va"’Wl’OZ?O”lx=I4 + T+ =1,
RY :
- n—2
/ x]lv 2VW1,OZ(1)’Od‘x ZIZ +I3+ VII
RY
Now an easy application of Lemma C.3 completes the proof. O
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