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Abstract. We prove Zilber’s Trichotomy Conjecture for strongly minimal expansions of 2-dimen-
sional groups, definable in o-minimal structures:

Theorem. Let M be an o-minimal expansion of a real closed field, (G; +) a 2-dimensional
group definable in M, and D = (G; +,...) a strongly minimal structure, all of whose atomic
relations are definable in M. If D is not locally modular, then an algebraically closed field K is
interpretable in &, and the group G, with all its induced D-structure, is definably isomorphic in D
to an algebraic K-group with all its induced K -structure.
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1. Introduction

1.1. Zilber’s Conjecture (ZC)
In [41], Boris Zilber formulated the following conjecture.

Zilber’s Trichotomy Conjecture. The geometry of every strongly minimal structure D
is either (1) trivial, (ii) non-trivial and locally modular, or (iii) isomorphic to the geometry
of an algebraically closed field K definable in D. Moreover, in (iii) the structure induced
on K from D is already definable in K (that is, the field K is “pure” in D).

The conjecture reduces by [8] to: if a strongly minimal structure D is not locally
modular, then it interprets a field K, and the field K is pure in D.

In the early 1990s, Hrushovski refuted both parts of the conjecture. Using his amal-
gamation method he showed the existence of a strongly minimal structure which is not
locally modular and yet does not interpret any group (so certainly not a field) [10]. In
addition he showed the existence of a proper strongly minimal expansion of a field [9],
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thus disproving also the purity of the field. Nevertheless, Zilber’s Conjecture stayed alive
since it turned out to be true in various restricted settings, and moreover its verification
in those settings gave rise to important applications (such as Hrushovski’s proof of the
function field Mordell-Lang conjecture in all characteristics [11]).

A common feature to many cases where the conjecture is true is the presence of an
underlying geometry putting strong restrictions on the definable sets in the strongly min-
imal structure . This is for example the case when D is definable in an algebraically
closed field [7,19,35], in a differentially closed field [17], in a separably closed field [11],
or in an algebraically closed valued field [16]. This is also the case when D is endowed
with a Zariski geometry [13].

Thus, it is interesting to examine the conjecture in various geometric settings. In this
paper, we consider Zilber’s Conjecture in the o-minimal geometric setting, introduced
in the 1980s [15,33,37]. O-minimality imposes strong conditions on definable complex
analytic objects, forcing them in many cases to be algebraic (see [28] for a survey, and [1]
for a recent application). The results of this paper can be seen as another manifestation of
the same phenomenon.

1.2. The connection to o-minimality

The complex field is an example of a strongly minimal structure definable in the o-
minimal structure (R; 4, -, <), and indeed the underlying Euclidean geometry is an
important component in understanding complex algebraic varieties. This leads to examin-
ing in greater generality those strongly minimal structures definable in o-minimal ones,
and to the following restricted variant of Zilber’s Conjecture, formulated by the third
author in a model theory conference at East Anglia in 2005.

The o-minimal ZC. Let M be an o-minimal structure and D a strongly minimal struc-
ture whose underlying set and atomic relations are definable in M. If D is not locally
modular, then an algebraically closed field K is interpretable in D, and moreover K is a
pure field in D.

Remark 1.1. (1) Because every algebraically closed field of characteristic zero (ACF)
is definable in an o-minimal real closed field, Zilber’s Conjecture for reducts of algeb-
raically closed fields of characteristic zero is a special case of the o-minimal ZC. This
variant of the conjecture is still open for reducts whose universe is not an algebraic
curve.

(2) The purity of the field in the o-minimal setting was already proven in [26], thus the
o-minimal ZC reduces to proving the interpretability of a field in .

(3) Since every definable algebraically closed field in an o-minimal structure has dimen-
sion 2 (see [30]), it is not hard to see that the above conjecture implies that the
underlying universe of £ must be 2-dimensional in M. Therefore, it is natural to
consider the o-minimal ZC under the 2-dimensionality assumption on £, which is
the case of our Theorem 1.3 below.
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(4) By [6], if D is strongly minimal, interpretable in an o-minimal structure and in
addition dimy¢ D = 1, then O must be locally modular, thus trivially implying the
o-minimal ZC in the case when dimy D = 1.

(5) The theory of compact complex manifolds, denoted by CCM (see [42]), is the
multi-sorted theory of the structure whose sorts are all compact complex manifolds,
endowed with all analytic subsets and analytic maps. It is known [42, Theorems 3.4.3
and 3.2.8] that each sort in this structure has finite Morley rank, and also that the
structure is interpretable in the o-minimal structure R,,. Hence, every sufficiently
saturated structure elementarily equivalent to a CCM is interpretable in an o-minimal
structure.

By [20], every set of Morley rank 1 in any model of CCM is definably isomorphic
to an algebraic curve. Thus, Zilber’s conjecture for reducts of CCM whose universe is
analytically 1-dimensional reduces to the work in [7]. The higher-dimensional cases
may also reduce to the conjecture for ACFy but this is still open.

In [5] the following case of the o-minimal ZC was proven.

Theorem 1.2. Let R := (R, +,-, <,...) be an o-minimal expansion of a real closed
field, K := RJi] its algebraic closure. Let f : K — K be an R-definable function If
D = (K;+, f) is strongly minimal and is not locally modular (equivalently, f is not
an affine map), then up to conjugation by an invertible 2 x 2 R-matrix and finitely many
corrections, f is a K-rational function. In addition, a function © : K*> — K is definable
in O, making (K; +, ®) an algebraically closed field.

In our current result below we replace the additive group of K above by an arbitrary
R-definable 2-dimensional group G. Moreover, we let O be an arbitrary expansion of G
and not only by amap f : G — G. Since strongly minimal groups are abelian [34, Corol-
lary 3.1], we write the group below additively. Here is the main theorem of our article.

Theorem 1.3. Let M be an o-minimal expansion of a real closed field R, and let (G; @)
be a 2-dimensional group definable in M. Let D = (G; @, ...) be a strongly minimal
structure expanding G, all of whose atomic relations are definable in M.

Then there are in O an interpretable algebraically closed field K, a K-algebraic
group H with dimg H = 1, and a definable isomorphism ¢ : G — H, such that the
definable sets in D are precisely those of the form ¢~ (X) for X a K -constructible subset
of H".

In fact, the structure O and the field K are bi-interpretable.

Note that the theorem implies in particular that G is definably isomorphic in O to
either (K; +), (K*;-) or an elliptic curve over K.

1.3. The general strategy: from real geometry and strong minimality to complex
algebraic geometry

Let M, G and D be as in Theorem 1.3. Since G is a group definable in an o-minimal
expansion of a real closed field R, it admits a differentiable structure which makes it into
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a Lie group with respect to R (see [31]). We let § be the collection of all differentiable
(with respect to that Lie structure) partial functions f : G — G, with f(0g) = Og, such
that for some {-definable strongly minimal Sy C G2, we have graph(f) C S r. We let
Jo f denote the Jacobian matrix of f at 0. The following is easy to verify, using the chain
rule for differentiable functions:

Jo(f®g) =Jof +Jog. Jo(fog)=Jof-Jog,

where on the left hand side of each equation we use the group operation and functional
composition, and on the right hand side the usual matrix operations in M5 (R). Let also

N={Jof € Mx(R): f €&}

The key observation, going back to Zilber, is that via the above equations we can
recover a ring structure on R by performing addition and composition of curves in D.
Most importantly, for the ring structure to be D-definable, one needs to recognize tan-
gency of curves at a point $-definably. The geometric idea for that goes back to Rabino-
vich’s work [35], and requires us to develop a sufficient amount of intersection theory for
D-definable sets, so as to recognize “combinatorially” when two curves are tangent.

This paper establishes in several distinct steps the necessary ingredients for the proof.
In each of these steps we prove an additional property of D-definable sets which shows
their resemblance to complex algebraic sets. We briefly describe these steps.

We call S € G? a plane curve if it is D-definable and RM(S) = 1 (we recall the
definition of Morley rank in Section 2.1). In Section 4 we investigate the frontier of plane
curves, where the frontier of a set S is cl(S) \ S. We prove that every plane curve has
finite frontier in the group topology on G.

In Section 5 we consider the poles of plane curves, where a pole of S € G?2 is a point
a € G such that for every neighborhood U > a, the set (U x G) N S is “unbounded”. We
prove that every plane curve has at most finitely many poles.

As a corollary of the above two results we establish in Section 6 another geometric
property which is typically true for complex analytic curves. Namely, we show that every
plane curve S whose projection on both coordinates is finite-to-one, is locally, outside
finitely many points, the graph of a homeomorphism.

Next, we discuss the differential properties of plane curves, and consider in Section 7
the collection, R, of all Jacobian matrices at 0 of local smooth maps from G to G whose
graph is contained in a plane curve. Using our previous results we prove that this collec-
tion forms an algebraically closed subfield K of M,(R), and thus up to conjugation by
a fixed invertible matrix, every such Jacobian matrix at O satisfies the Cauchy—Riemann
equations.

In Section 8 we establish elements of complex intersection theory, showing that if two
plane curves E and X are tangent at some point, then by varying E within a sufficiently
well-behaved family, we gain additional intersection points with X. This allows us to
identify tangency of curves in £ by counting intersection points.

Finally, in Section 9 we use the above results in order to interpret an algebraically
closed field in O and prove our main theorem.
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2. Preliminaries

We briefly review the basic model-theoretic notions appearing in the text. We refer to any
standard textbook in model theory (such as [18, §6, §7]) for more details. Standard facts
on o-minimality can be found in [38] whose Sections 1.1 and 1.2 provide most of the
basic background needed on structures and definability.

2.1. Strong minimality and related notions

Throughout the text, given a structure N, by N -definable we mean definable in N with
parameters, unless stated otherwise. We drop the prefix ‘N -’ if it is clear from the context.
In the next subsection, we will adopt a global convention about this prefix to be enforced
in Sections 4-9.

Let N = (N,...) be an w-saturated structure. A definable set S is strongly minimal
if every definable subset of S is finite or co-finite. We call N strongly minimal if N is a
strongly minimal set.

Let & = (N, <,...) be an expansion of a dense linear order without endpoints. We
call N o-minimal if every definable subset of N is a finite union of points from N and
open intervals whose endpoints lie in N U {£oo}. The standard topology in N is the
order topology on N and the product topology on N”.

Now let N be a strongly minimal structure or an o-minimal structure. The algebraic
closure operator acl in both cases is known to give rise to a pregeometry. We refer to
[18, §6.2] and [31, §1] for all details, and recall here only some. Given A C N anda € N”,
we let dim(a/A) be the size of a maximal acl-independent subtuple of a over A. Given a
set C € N definable over 4 we let

dim C = max {dim(a/A) : a € C},

and we call an element a € C generic in C over A in N if dim(a/A) = dim C. We also
note that N eliminates the 3°° quantifier. Namely, if ¢(x, y) is a formula, then the set of
all x for which there are infinitely many y such that ¢(x, y) holds is a definable set. We
say that 3*°y ¢(x, y) defines that set.

If NV is a strongly minimal structure, then dim(C) coincides with the Morley rank
of C, and we denote dim(a/A) and dim C by RM(a/A) and RM(C), respectively. We
denote the Morley degree of C by MD(C). In the o-minimal case, dim C coincides with
topological dimension of C, and we keep the notation dim(a/A) and dim C.

Let NV be any structure. Given a definable set X, a canonical parameter for X is an
element in N ¢ which is interdefinable with the set X, namely a is a canonical parameter
for X if p(x,a) defines X and ¢(x,a’) # X forall @’ # a. Any two canonical parameters
are interdefinable over @, and so we use [X] to denote any such parameter. Note that if
X = X, for some definable family of sets over @, {X; : ¢ € T}, then [X] € dcl(Z), but
to need not be a canonical parameter for X .

A structure N = (N, . ..) is interpretable in M if there is an isomorphism of structures
a: N — HN', where the universe of N and all N'-atomic relations are interpretable in M.
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If N is interpretable in M via o and M is interpretable in N via 8, and if in addition
B o« is definable in N and « o § is definable in M, then we say that M and N are
bi-interpretable.

Note that if M is an o-minimal expansion of an ordered group, then by definable
choice, every interpretable structure in M is also definable in M.

2.2. The setting

Throughout Sections 4-9, we fix a sufficiently saturated o-minimal expansion M =
(R;+,-,<,...)of areal closed field. As described in [38, Chapters 6-7], definable sets in
M admit various topological properties with respect to the underlying order topology on
R and the product topology on R”. In addition, a theory of differentiability with respect
to R is developed there, allowing notions which are analogous to classical ones, such as
manifolds, differentials of definable maps, Jacobian matrices, etc. We are going to exploit
this theory heavily, similarly to the way R-differentiability is often used when developing
complex algebraic geometry.

Throughout the same sections, we also fix a 2-dimensional M-definable group G.
By [31], the group G admits a definable C !-manifold structure with respect to the field R,
such that the group operation and inverse function are C! maps with respect to it. The
topology and differentiable structure which we refer to below are always those of this
smooth group structure on G. Note that the group G is definably isomorphic, as a topolo-
gical group, to a definable group whose domain is a closed subset of some R", endowed
with the R"-topology (see, for example, [29, Claim 3.1]). Thus, we assume that G is a
closed subset of R” and its topology is the subspace topology.

Finally, throughout Sections 4-9, we fix a strongly minimal non-locally-modular
structure O = (G;...) definable in M. We treat M as the default structure and thus use
“definable” to mean “definable in M”, and use “-definable” to mean “definable in D”.
Similarly, we use acl, dim and “generic” to denote the corresponding notions in M, and let
aclp, RM, “D-generic” and “D-canonical parameter” denote the corresponding notions
in D.

Since the underlying universe of the strongly minimal structure O is the 2-dimen-
sional set G, it follows that for every D-definable set X € G”, we have

dim X = 2RM(X).
Also, fora € G" and A € G, we have
dim(a/A) < 2RM(a/A),

and in particular, if X € G" is definable in O and a € X is generic in X over A, then
it is also dD-generic in X over A. The converse fails: indeed, let M be the real field and
D the complex field, interpretable in the real field M. The element & € C is D-generic
in C over @ but it is not generic in C over @ because it is contained in the definable,
1-dimensional set R.
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2.3. The field configuration
Recall the following definition.

Definition 2.1. Let N be a strongly minimal structure. A set {a, b, ¢, x, y, z} of tuples is
called a field configuration in N if:

X y
a
b z
c

(1) All elements of the diagram are pairwise independent and RM(a, b, ¢, x, y,z) = 5.

(2) RM(a) = RM(b) = RM(c) = 2, RM(x) = RM(y) = RM(z) = 1.

(3) All triples of tuples lying on the same line are dependent, and moreover RM(a, b, ¢)
=4,RM(a,x,y) = RM(b, z,y) = RM(c, x,z) = 3.

(4) RM(Cb(x, y)/a) = RM(a), RM(Cb(y, z)/c) = RM(b) and RM(Cb(x, z)/c)
= RM(c).

(For the notion Cb of a canonical base, see [32, p. 19].)

Remark 2.2. Consider the following minimality condition on a set {a, b, c, x, y, z} of

tuples in N:

(4)’ There are no a’ € acl(a), b’ € acl(b) and ¢’ € acl(c) with RM(a’) = RM(b’) =
RM(c") = 1 such that (1)—(3) above hold with a’, b, ¢’ replacing a, b, c.

Standard Morley rank calculations show that the above conditions (1)—(4) are equivalent

to (1)=(3) and (4)'.

For a proof of the following theorem, see [4, Main Theorem, Proposition 2] and the
discussion following Proposition 2 there.

Fact 2.3 (Hrushovski). If a strongly minimal structure N admits a field configuration,
then N interprets an algebraically closed field.

Let Gy, and G, denote the multiplicative and additive groups of an algebraically closed
field K. The action of G, x G, on G, (defined by (a, c) - b = ab + c¢) gives rise, nat-
urally, to a field configuration on the structure (K, +, -) as follows: take g, h € G, x G,
independent generics (in K), and b € G, generic over g, i. Then

F :=1{h,g.gh,b,h-b,gh-b}
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gh-b

gh
where - denotes the action of G, X G, on G,, is readily verified to be a field configuration
in the field K (we will prove a slightly more general statement in Lemma 3.20 allowing
us to construct field configurations from certain families of plane curves).

When constructing a field configuration in Section 9, we will need the lemma below.
Given an algebraically closed field K, denote by AGL;(K) the group of its affine trans-
formations. Let M be an o-minimal expansion of a real closed field, and O a 2-dimen-
sional definable strongly minimal structure. Here and below, we follow the conventions
mentioned in Section 2.2. Namely, notions such as definability, genericity, dim and acl
refer to M, unless indexed otherwise.

Lemma 2.4. Let K be a definable algebraically closed field and h, g € AGL{(K)
independent generics. Let b € K be a generic independent from g, h. Let ¥ =
{W,g' k',b',c',d'} C D" be such that:

o I/, g’ b are interalgebraic over @ with h, g, b respectively.

e k', c',d’ are interalgebraic over @ with gh,h - b, gh - b respectively.
Then Y is a field configuration in D if and only if it satisfies (3) of Definition 2.1.

Proof. Because D is 2-dimensional, if S is a D-definable set, then by what we have
already explained in Section 2.2, dim S = 2 RM(S). Since o-minimal dimension is pre-
served under interalgebraicity, it will suffice to show that (1), (2) and (4) of Definition 2.1
hold with RM replaced by 1 dim.

Because dim K = 2 we get dim AGL(K) = 4. By exchange (in M), we see that (1)
and (2) above hold. So it remains to verify (4). Note that, by genericity of b, for example,
the point (b, k - b) is generic on the affine K-line (x,h1x + hy) where & = (hq, h3). Since
any two distinct affine lines intersect in at most one point, any automorphism fixing the
affine line (x, iy x + hy) setwise must also fix & (pointwise). So & is a canonical base
for tpg (b, i - b/ h). Using the interalgebraicity it follows that 4’ is D-interalgebraic with
Cb(b’, ¢’/ h'). Similarly, the rest of clause (4) carries over from K to D. n

2.4. Notation

If S is a set in a topological space, its closure, interior, boundary and frontier are denoted
by cl(S), int(S), bd(S) := cl(S) \ int(S) and fr(S) := cl(S) \ S, respectively. Given
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a group (G, +) and sets A, B € G, we denote by A — B the Minkowski difference of
thetwosets, A— B ={x—y:x € A, y e B}).Givenaset X and S C X2, we denote
S = {(y.x) € X?: (x,y) € S}. The graph of a function f is denoted by I'y. If y :
(a,b) — R™ is a definable curve we will let y also denote the image of y in R". Thus,
if for some definable function f we have y(¢) € dom(f) for all z, we may write f(y)
instead of f(Im(y)). For M = (R;+,-,<,...) as above and x = (x1,...,Xx,) € R", we
write |x| = /X7 + - + x2.

3. Plane curves

In this section, we work in a strongly minimal structure £ and prove some lemmas about
the central objects of our study, plane curves. When D expands a group G and is not
locally-modular, we construct in Sections 3.3 and 3.4 two special definable families of
plane curves which will be used in the subsequent sections.

3.1. Some basic definitions and notations
Let D be a strongly minimal structure.

Definition 3.1. A D-plane curve (or just plane curve) is a D-definable subset of G2 of
Morley rank 1.

Definition 3.2. For two plane curves C1, C;, we write C; ~ C, if |[C; A C,| < 0o. Note
that this gives a $-definable equivalence relation on any $-definable family of plane
curves. A D-definable family of plane curves, ¥ = {C, : t € T}, is faithful if for t; # t,
inT, Cyy A Cy, is finite (ie., C1 » Cy). It is almost faithful if all ~-equivalence classes
are finite.

Note that if ¥ = {C; : t € T} is a faithful family of plane curves, then ¢ is a canon-
ical parameter for C;. If ¥ is almost faithful, then ¢ is interalgebraic with a canonical
parameter of C;.

Given a D-definable family & of plane curves, there exists a -definable almost
faithful family ¥' = {C/ : t € T’} of plane curves (possibly over additional parameters)
such that every curve in ¥ has an equivalent curve in & and vice versa (see for example
[9, p. 137)]." It is not hard to see that RM(T") is independent of the choice of ¥'. Thus,
we can make the following definition.

Definition 3.3. A D-definable family of plane curves ¥ as above is said to be n-dimen-
sional, written RM(¥) = n, if in the corresponding almost faithful family ¥’ as above,
we have RM(T”) = n. We call ¥ srationary ift MD(T') = 1.

We call D a non-locally-modular structure if there exists a D-definable family of
plane curves ¥ with RM(¥) > 2.

! Allowing imaginary elements, we can always obtain faithful families of plane curves. The
point here is to work in the real sort only.
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In fact, by [32, Proposition 5.3.2], if O is not locally modular, then for every n there
exists an n-dimensional -definable family of plane curves. We will sketch a proof of a
slightly stronger result in Proposition 3.21 below.

The following terminology is inspired by [13].

Definition 3.4. Let ¥ = {C; : t € T} be a D-definable family of plane curves. For every
p € G2, denote

T(p)={teT:peC}, F(p)=1{C::peC}.

We say that F is (generically) very ample if for any p # q € G? (each D-generic
over the parameters defining ¥),

RM(T'(p) N T(q)) < RM(T(p)).

In the rest of this section, D = (G; +, ...) denotes a strongly minimal expansion of a
group G.

3.2. Local modularity
Here we recall some basic facts about local modularity.

Definition 3.5. A D-definable set is G-affine if it is a finite boolean combination of cosets
of D-definable subgroups of G.

We use the following simple observation without further reference (see, for example,
[18, Lemma 7.2.5, Corollary 7.1.6 and Corollary 7.2.4] for details).

Remark 3.6. If S € G? is D-definable and strongly minimal, then S is G-affine if and
only if S ~ H + a for some D-definable strongly minimal subgroup H < G?2.

Definition 3.7. Given a strongly minimal plane curve C, the stabilizer of C is the set
Stab*(C) ={g € G?:C ~ C + g).

The stabilizer of C is easily seen to be a D-definable subgroup of G2. The next
properties are easy to verify.
Lemma 3.8. For C a strongly minimal D-plane curve, and p,q € G2:
(1) C+ p~C +qifandonlyif p—q € Stab*(C).
(2) Stab*(C) is trivial if and only if {C + p : p € G2} is a faithful family.
(3) Stab*(C) is finite if and only if {C + p : p € G?} is almost faithful.
(4) Stab*(C) is infinite if and only if C is G-affine.

‘We only use here the following characterization of non-local-modularity in expansions
of groups, which follows from [12].

Fact 3.9. If D is a strongly minimal expansion of a group G, then D is not locally
modular if and only if there exists a D-plane curve which is not G -affine.



Strongly minimal groups in o-minimal structures 3361

Note that if # = {C + p : p € T} is a D-definable family of plane curves, with C
strongly minimal and T = G?, then for every p € G2,

T(p)={qeT:peC+q}=p-—C.

In particular 7'(p) is strongly minimal so that, in fact, if RM(T (p) N T'(¢)) = RM(T (p)),
then 7' (p) ~ T (g). We thus have the following lemma.

Lemma 3.10. If C is a strongly minimal plane curve and ¥ = {C + p : p € G?}, then
the following are equivalent:

(1) F isvery ample.
(2) F is faithful.
(3) Stab*(C) is trivial.

Finally, we will need the following definition.

Definition 3.11. Let ¥ = {C; : t € T’} be a D-definable family of plane curves. We call
C; a D-generic curve in ¥ over A if t is D-generic in T over A. We say that F is
generically strongly minimal if every D-generic curve in ¥ is strongly minimal.

3.3. Dividing by a finite subgroup of G

The main goal of this subsection is to prove Lemma 3.12 below, which will be used in
the proof of Theorem 1.3 in Section 9. It will also allow us to assume, without loss of
generality, the existence of a $D-definable faithful, very ample family of strongly minimal
plane curves of Morley rank 2 (Proposition 3.14 below).

Given a strongly minimal plane curve C which is not G-affine, we plan to work with
the family ¥ = {C + p : p € G?}. We know that Stab*(C) cannot be infinite but it can
be a finite, non-trivial group, in which case ¥ is neither faithful nor very ample. We prove
below that dividing the structure D by a finite group is harmless.

Given a finite subgroup F € G, D-definable over @, we consider the map wp :
G — G/F, and still use np : G" — (G/F)" to denote the map 7wr(g1,...,8&n) =
(mF(g1). - TF (gn))-

We let DF be the structure whose universe is G/ F and whose atomic relations are all
sets of the form 7 f (S) for S € G" a ¥-definable set in . The structure D is again an
expansion of a group.

The following result implies that for the purpose of our main theorem we may work
with O instead of D.

Lemma 3.12. Assume that the group G has unbounded exponent. Then the structures
D and DF are bi-interpretable, without parameters. In particular, O is bi-interpretable
with an algebraically closed field if and only if DF is.

Proof. Because F and rf are #-definable in D, the structure D is interpretable, with
no additional parameters, in D, via the identity interpretation (g + F) = g + F.
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Next, let us see how we interpret D in Of. Letn = |F|,and let 75 : G/F — G be
the map defined as follows: given y € G/ F, and x € G for which 7 (x) = y, let

T () = .

Because G is commutative, if 7(x) = w(x’) = y, then nx = nx’ + ng for some g € F.
Since ng = 0, this proves that 7y is a well-defined group homomorphism with kernel
7r (G[n]), where G[n] = {x € G : nx = 0}.

Since G is strongly minimal and has unbounded exponent, the group G [r] is finite and
hence ker(ry) is finite, so dimIm(r}) = dim G/F = dim G. Because G is definably
connected, my. is surjective. Thus the homomorphism 7y induces an isomorphism of
(G/F)/nr(G[n]) with G. Its inverse 8 : G — (G/F)/nF(G|n]) is given by

B(g) = (g/n + F) + nr(G[n)),

where g/n is any element 4 € G such that nh = g (note that a strongly minimal group
of unbounded exponent is divisible [34, §3.3]).

By our assumptions, 7 (G[n]) is @-definable in DF, and hence (G/ F)/nr(Gn]) is
@-definable in Dr . Now, given any @-definable X € G¥ in D, the set {(g,-/n)f-‘=1 e Gk
g € X} is also @-definable in D, and hence its image in (G/F)¥/nr(Gn])* is @-
definable in DF. We have thus shown that D is interpretable, without parameters, in Df
via .

To see that this is indeed bi-interpretation, we first note that the isomorphism between
D and its interpretation in DF is & o B, which equals B. It is clearly definable in D.

Let us examine the map induced on G/ F by § o « and prove that it is definable in Dp.
We denote by F/n the preimage of F in G under the map g — ng. It is not hard to see
that the image of F inside 8(G) is the group nr (F/n) + nr(G[n]) = nr(F/n), and
hence the isomorphism which 8 o « induces on G/ F is

g+ Frg/n+np(F/n).

This map is definable in the group G/ F by sending g + F to the unique coset 7 + F/n
suchthatnh + F = g + F.
This completes the proof that D and DF are bi-interpretable over @. ]

Note that in our case, when the group G is abelian and definable in an o-minimal
structure, by [36] the group G has unbounded exponent, so the above result holds.

For the rest of this subsection, assume that & is not locally modular, and fix (after
possibly absorbing into the language a finite set of parameters) a strongly minimal plane
curve C € G? which is D-definable over @ and not G-affine. By Lemma 3.8(4), F' =
Stab*(C) € G? is a finite subgroup and let F € G be a D-@-definable subgroup such
that F/ C F x F. Consider the structure D expanding (G/F, +) as above.

Claim 3.13. 77 (C) is strongly minimal in DF and Stab*(np (C)) in (G/ F)? is trivial.
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Proof. The strong minimality of ¢ (C) is immediate from the strong minimality of C
in D.

Assume that ¢ € Stab* (7 (C)) € (G/F)?, namely ¢ + 75 (C) ~ np(C). Let F =
F x F € G?and fix p € G2 such that 7 (p) = ¢. Then p + C + F N C + F is infinite
and since F is finite, there exist g, h € F such that C 4+ p + g N C + h is infinite. But
then p + g — h € Stab*(C) C F, implying that p € F, and hence 0 = 7x (p) = g.

We have thus shown that Stab* (7 g (C)) is trivial. |

Combining Lemmas 3.10, 3.12 and Claim 3.13, we can deduce the following state-
ment.

Proposition 3.14. Assume D is not locally modular, expanding a group G of unbounded
exponent. Then there exists a finite group F C G, possibly trivial, and in the structure D g
defined above there exists a definable family £ = {l; : t € Q} of strongly minimal plane
curves, which is faithful, very ample, and RM(Q) = 2.

The structures O and DF are bi-interpretable, over the parameters defining F.

Assumption: for the rest of the article, we replace the structure O with the structure D,
and thus assume that a family £ as above is definable in D.

3.4. Very ample families of high dimension

The goal of this subsection is to construct a larger family £’ of plane curves which still
has the geometric properties of the family £ from Proposition 3.14. The main method is
to use composition of binary relations and families of plane curves. Recall the notion of a
composition of binary relations, extending composition of functions: given Sy, S» € G2,
we let

S108, ={(x,z) € G*:3y (x,y) € S and (y,z) € ;).

Clearly, if S1, S, are D-definable, then so is S; o S,. We will be mostly interested in the
composition of plane curves, and even more so, in the composition of families of plane
curves: if £, £, are D-definable families of plane curves, welet £1 0 £, :={C; 0 C5 :
C1 (S é(il, C2 € :ﬁz}

Definition 3.15. A plane curve S € G?%isa straight line if there exists a € G?2 such that
either S ~ {a} xGor S ~ G x {a}.

As a rule, geometric properties are not preserved under compositions of (families of)
curves. The composition of two strongly minimal curves which are not both straight lines
has, indeed, Morley rank 1, but it need not be strongly minimal. More generally, a O-
generic curve of &£ o £, need not be strongly minimal, and even if it were, £; o £,
need not be faithful. In fact, although the dimension of £ o &£, cannot decrease, it need
not be greater than that of £ or &£,. For example, if both families are the family of affine
lines in A2, then £1 o £, = £;.

We will need a series of lemmas to address these issues. We start with the following
easy observation.
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Lemma 3.16. Assume that £1 ={C;:t € T}and £, ={D, :r € R} are two D-definable
almost faithful families of plane curves, none of which is a straight line, and let £ =
L10oLos.

(1) For every D-generic p in G?, we have RM(£(p)) = RM(R) + RM(T) — 1.

(2) If £1 and £, are generically very ample, then so is L.

Proof. (1) Let £ := £1 0 £,, C € £ a D-generic curve and (a, b) € C a D-generic
point. So [C] forks over (a, b) and therefore RM([C]/(a, b)) < RM(R) + RM(T) — 1.
Let us see that equality holds, or equivalently RM(£(a, b)) = RM(R) + RM(T') — 1. Fix
some D-generic e € G. Then (e, b) is D-generic in G2. So £1(e, b) has Morley rank
RM(T) — 1. Similarly £, (a, e) has Morley rank RM(R) — 1. So the set

£(a,b)e :={(t,r) e T xR :(a,e) € D, A(e,b) € Cy}

has rank RM(R) + RM(T') — 2. But because for D-independent generics e, ¢, the sets
£(a,b). and £(a, b), are disjoint up to a set of lower rank, £(a, b) has rank RM(R) +
RM(T) — 1.

(2) In order to show that £ is generically very ample it will suffice to show that
£L(a,b) N £(c, d) has rank at most RM(R) + RM(T) — 2 for (a, b), (¢, d) distinct D-
generics. Fix some r € R. Then for ¢t € T we find that (¢,7) € £(a, b) only if for some e
such that (a, e¢) € D, we also have (e, b) € C,. If in addition (¢, r) € £(c, d), then there
exists e’ such that (a, e’) € D, and (¢, b) € C;. But as there are only finitely many e
such that (a, ¢) € D, and only finitely many ¢’ such that (¢’, b) € C; it follows that there
is a D-generic (over a, b, ¢, d) element of £1 (e, b) that is also an element of £1(e’, d).
Unless b = d, this contradicts generic very ampleness of &£;. So we are reduced to the
case where b = d, in which case a symmetric argument will show that unless also a = ¢
we get a similar contradiction. But since (a, b) # (c, d), we are done. |

Definition 3.17. Given two D-definable families of plane curves, £ and £, we say that
&£ extends &£’ if for every C’ € £’ there exists C € £ such that C' C C.

In the next couple of lemmas we show that although the composition of two families
of curves need not preserve the properties of the original families (as already discussed),
it extends a family of curves that does.

Lemma 3.18. Let £ be a k-dimensional almost faithful D-definable family of plane
curves. Let E be a plane curve. Assume neither E nor any D-generic plane curve is
a straight line. Then E o £ extends a k-dimensional almost faithful D-definable family
of plane curves whose D-generic members are strongly minimal. In fact, if C € £ is D-
generic over [E), then for any strongly minimal Cg C E o C we have RM([Cg]/[E]) = k.

Proof. Fix some C € £ which is D-generic over [E] and Cg C E o C strongly minimal.
Note that (E “1sC £) N C is infinite, and since C is strongly minimal, E “loCg is
a set of Morley rank 1, containing the set C, up to a finite set. It follows that [C] €
aclp ([Ce][E]). Since RM([C]/[E]) = RM([C]), we see, by exchange, that RM([C]) =
RM([C]/[E]) = RM([CEe]/[ED).
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Absorbing [E] into the language, we can find ¢ € aclp([C]) and a formula ¢(x, ¢)
defining Cg. By compactness, there is a formula 6 € tp(¢) such that whenever ¢’ |= 6
there is some C’ € £ such that ¢(x,¢’) C E o C’, and for all D-generic ¢’ = 0 the
formula ¢(x, ¢") is strongly minimal. We may further require — by compactness again —
that if ¢(x, ¢") A @(x, ") is infinite, then the symmetric difference ¢(x,¢’) A ¢(x,¢"”) is
finite for all ¢/, ¢” |= 6. By rank considerations, the family {¢(G?2,¢’) : 6(c’)} is almost
faithful of rank k. u

As an immediate application (since the only families of straight lines are 1-dimen-
sional), we get the following statement.

Corollary 3.19. Let £1, £, be almost faithful k-dimensional D-definable families of
plane curves, with k > 1. Then £1 o £, extends an almost faithful, stationary, generically
strongly minimal family of plane curves of dimension at least k.

We can now show that a 2-dimensional family of plane curves closed under composi-
tion (such as the family of affine lines in a field) gives rise to a field configuration.

Lemma 3.20. Let £, £, be almost faithful 2-dimensional families of plane curves.
Assume that £, £, are D-definable over §. Let X € £1 and Y € £, be D-independent
generic curves, and E C X oY strongly minimal.

(1) If RM([E]/9) = 2, then D interprets an infinite field.

(2) If RM([E]/9) =k >2and £1, £, are generically very ample, then £1 o £, extends
a k-dimensional almost faithful, generically strongly minimal, stationary and gener-
ically very ample family of curves.

Proof. (1) As we note at the beginning of the proof of Lemma 3.18, each of [X], [Y], [E]
is in the algebraic closure of the other two. Since £, and £, are almost faithful and
2-dimensional, we have RM([X]/@) = RM([Y]/¥) = RM([E]/¥) = 2, and the Morley
rank of any two of [X], [Y], [E] is 4.

Now choose a D-generic (x, y) € X, and z so that (y,z) € Y, and hence (x,z) € E.
We claim that {[X], [Y],[E], x, y, z} is a field configuration as in Definition 2.1. We have

RM([X], x,y/0) = RM([Y], y,2/@) = RM([E], x,z/9) = 3

and
RM(x/0) = RM(y/®@) = RM(z/0) = 1.

Also, the Morley rank of the whole configuration over @ is 5. It thus remains to verify (4)
of Definition 2.1.

Because (x, y) € X and RM([X]/¥) = 2, we have RM(Cb(x, y/[X])) = 2. We sim-
ilarly verify the other conditions and therefore {[X], [Y], [E], x, y, z} is indeed a field
configuration. By Fact 2.3, an infinite field is interpretable in .

2)Let £ := £ 0 £,. Let ¥ be an aclgp (@)-definable, generically strongly minimal,
almost faithful and stationary family of plane curves, so that E is contained, up to finitely
many points, in a £-generic member of £ (such a family always exists). The family £
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extends ¥ and by Lemma 3.16(2) is generically very ample. We need to show that so
is ¥.

Since ¥ is k-dimensional and almost faithful, for every £-generic p € G? we have
RM(¥F (p)) = k — 1. It is thus sufficient to prove that for p, g, each D-generic in G2, we
have RM(¥ (p) N F(q)) < k — 1.

We write £1 ={C; :t € T} and £, = {D, : r € R}. By our assumption on E,
it is a strongly minimal subset of C; o D, for some (¢, r) D-generic in T x R. That
is, RM(z, /@) = 4. It follows that RM(¢, r/[E]) = 4 — k and thus for every {D-generic
(t',1") € T x R there exists a strongly minimal E' C* Cy» o D,s in & with RM(¢/,r'/[E'])
= 4 — k. Here C* means “contained up to finitely many points”.

Now let p,q be D-generic in G? and assume towards a contradiction that
RM(F (p) N F(q)) = k — 1. Take E’ D-generic in F (p) N F (q) over p, q. Consider
the set

P ={(t1,r1) €T xR:E C* Cy oDy}

Since RM(t',r’'/[E’]) = 4 — k and (¢t',r’) € P, we have RM(P) > 4 — k. Fix (tg, ro)
D-generic in P over [E'], p and q. We have

RM(t9.70.[E"]/ p,q) =RM(to.70/[E"], p.q) + RM([E']/p.q) = (4—k) + (k —1) = 3.

Finally, since [E'] € aclg(to, o), we have RM(fo, ro/p, g¢) > 3 and in addition
(to.r0) € (£1 0 Ly)(p) N (L1 0 £2)(q) (because E’ € Cy, o Dy,)). However, by Lemma
3.16(1,2) we have RM(&£1 o £2)(p) N (L1 o £2)(q)) < 3, a contradiction. Thus ¥ is
indeed generically very ample. ]

Under our standing assumptions at the end of Sections 3.1 and 3.3, we can finally
deduce the last result of this section.

Proposition 3.21. There exists a D-definable almost faithful, stationary family of gener-
ically strongly minimal plane curves, ¥ = {C; : t € T}, which is generically very ample,
and RM(T) > 3.

Proof. Let £ be an almost faithful family of rank 2 as in Proposition 3.14 and consider
the family &£ o £. Let C € £ o £ be D-generic. By Lemma 3.18, there exists a strongly
minimal £ C C with RM([E]) > 2. Either RM([E]) = 2 and by Lemma 3.20(1) there
is an infinite field interpretable in £, in which case a family as required exists (take the
family of graphs of polynomials of degree d > 1 over K); or RM([E]) > 2, in which case
Lemma 3.20(2) gives a £D-definable family of curves as required. ]

From now on, until the end of the paper, we fix a sufficiently saturated o-minimal
expansion of a real closed field M = (R; +,-, <, ...), and a 2-dimensional group G =
(G; ®) definable in M. We also fix a strongly minimal non-locally-modular structure
D =(G;®,...) definable in M. As discussed in Section 2.2, we include the index D
when referring to definability, genericity etc. in the structure D, and omit the index when
referring to M. We also assume the existence of a D-definable, very ample stationary
Sfamily of plane curves £, as noted after Proposition 3.14. In Sections 4-6, we denote &
by +, for simplicity.
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4. Frontiers of plane curves

4.1. Strategy

Our goal is to show (Theorem 4.9) that if S C G?isa plane curve, then its frontier fr(S)
is finite and in fact contained in aclgp([S]). The geometric idea originates in [26] and
it is implemented in Lemma 4.7 below, as follows. We consider the family &£ from the
assumption following Proposition 3.14. We also fix b € fr(S) and consider a curve /; € £
going through b with ¢ generic over [S]. If /; meets S transversely at every point of
intersection and b is sufficiently generic in G2, then by moving /, to an appropriate I,/
close to /4, the curve [, will intersect S near all points of /; N S, and in addition at a new
point near b. Since b itself was not in S, it follows that a generic /, through b intersects .S
at fewer points than a generic curve in £. Thus b is D-algebraic over [S] and in particular
fr(.S) is finite.

While this strategy works well when the curves in £ are complex lines in C2, the
problem becomes more difficult when they are arbitrary plane curves and b is not neces-
sarily generic in G2. To get around this problem, the idea in [5] was to replace S by its
image under composition with a “generic enough” curve from a new “large” family &£’
(Proposition 3.21). We carry out this replacement in Lemma 4.8 below. An additional
complication of this strategy in the current setting is that instead of the functional lan-
guage in [5] we need to work with arbitrary curves, and control their composition.

4.2. Two technical lemmas about 2-dimensional sets in G>
The following lemmas will be used in what follows.

Lemma 4.1. Assume that {Y, : e € E} is a definable family of 2-dimensional subsets
of G? with dim E = k > 2. Assume that for all e € E there are at most finitely many
e’ € E such that |Y, N Ye | = 00. Then dim | J,cp Ye = 4.

Proof. The set
{(e,s):e € E, s €Y}

has dimension k + 2. Therefore, if the union of the Y, had dimension smaller than 4,
then for a generic s in this union, the dimension of E(s) = {e € E : s € Y,} is at least
k — 1 > 1, and in particular, is infinite. Hence, there are e, e, € E(s), independent and
generic over s. Therefore, dim(ey, e/s) = 2k — 2 and hence

dim(eq,ez,5) =2k —24+3 =2k + 1.

But this is impossible since dim(e;, /@) < 2k and, by our assumption on the family, the
set Y, N Y, is finite, so s € acl(eq, e2). [ ]

Definition 4.2. We say that two 2-dimensional sets Cy and C, intersect transversely at
p € C; N C, if C; and C; are both smooth at p, and their tangent spaces at p generate
the full tangent space of G2 at p, namely 7,Cy + T,C2 = T,G>.
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Lemmad.3. Let £ = {l, :q € Q} be a B-definable family of 2-dimensional subsets of G2,
and S C G? a @-definable 2-dimensional set. Let q be generic in Q over @ and assume
that l; and S intersect transversely at s. Then for every neighborhood U C G? of s, there
is a neighborhood V- C Q of q such that for every ¢’ € V, we have [y N S NU # @.

Proof. Without loss of generality, U is definable over @ and [, N U is smooth (we can
shrink it so that ¢ is generic in Q over the parameters defining it). Reducing U further,
if needed, we may — by cell decomposition, and the assumption that /; is smooth at s —
write [; N U as the zero set of a definable C'-map F, : U — R?, and similarly write S
as the zero setof a C'-map G : U — R?. The transverse intersection of /, and S implies
that the joint map (F,, G) : U — R* is a diffeomorphism at s, so in particular there is
Uy C U such that (Fy, G) is a diffeomorphism on Uy and 0 € R*is in its open image. We
may choose Uy so ¢ is still generic over the parameters defining Uy. It follows that there
is a neighborhood V' € Q of ¢ such that for every ¢’ € V, Iy N U = F, q_,l(O) for some
definable Fys : Uy — R?, and the map (Fy/, G) is still a diffeomorphism on Uy € U, with
0 in its image. But now, if (F;/, G)(s') = 0, thens’ € Uy NIy N S. [

4.3. Bad points

Recall that £ = {l; : ¢ € O} is a faithful and generically very ample D-definable family
of strongly minimal plane curves, with RM(Q) = 2. Notice that for b € G2 generic, the set
Q(b)={q € Q :bely}has Morley rank 1. Asin Section 3, welet £(b) ={l, : g € Q(D)}.

Definition 4.4. Let U C G? be an open set and b € G2. We say that £(b) fibers U if
for every s € U there exists a unique ¢ € Q(b) such that s € /g, the set Q(b) is smooth
at ¢ and furthermore the function s — ¢ : U — Q(b) is a submersion at s (that is, the
differential map between the tangent spaces is surjective).

Definition 4.5. For b € G2, we say that a point s = (s1,52) € G2 is b-good if:

(1) There exists an open neighborhood U € G? of s such that the family £ (b) fibers U.
(2) Forallg € Q(b) such that s € [, the curve [, is smooth at s.

Otherwise, we say that s is a b-bad. We denote by Bad(b) the set of all b-bad points.

Clearly, the set Bad(b) is definable over b.

Lemma 4.6. For every b € G2, the set Bad(b) has dimension at most 3.

Proof. Note that since £(b) is faithful, it follows that RM(G? \ | J qeom) la) = 1.

By cell decomposition, for a fixed generic ¢ € Q, the set of points s € [, failing (2) is
at most 1-dimensional. So the set of all points s failing (2) is at most 3-dimensional.

We now fix s € G? generic over b, and show that it satisfies (1). The set of singular
points ¢ on Q(b) has dimension 1, and for every such ¢, /; has dimension 2. Thus, the
union of all such /; has dimension at most 3, and does not contain s. So if s € /; for some
q € Q(b), then g is a smooth point on Q(b).

Since s is generic in G2, there are at most finitely many curves in £(b) containing s.
Hence, there is an open neighborhood W C Q(b) such that W N Q(b) N Q(s) = {q}.
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We may choose W to be definable over generic parameters. Hence the first order prop-
erty over b, “p(s’) := [W N Q(s") N @(b)| = 17, must hold for all s" in a neighborhood
U C G?ofs.Let g: U — Q(b) be the map sending s’ to the unique ¢’ € W N Q(b)
with 5" € I,/. Note that for every ¢’ € g(U), g~'(¢') = I, N U. Since the family £(b)
is faithful, we have dim g(U) = 2 = dim Q(b), and by the genericity of s in dom(g), the
function g is a submersion at s, thus s is a b-good point. ]

4.4. Finiteness of the frontier

The heart of the geometric argument is contained in the following lemma showing that in
a generic enough setting the frontier of S is indeed contained in aclg ([S]).

Lemma 4.7. Let ¥ = {S; : t € T} be a D-definable stationary almost faithful family
of plane curves with RM(T) > 3. Assume that b € G? with dim(b/@) = 4, andtg € T
generic over 9. If b € 1r(Sy,), then b € aclg(to).

Proof. We may assume first that S, is strongly minimal. Indeed, Sy, is a finite union
of strongly minimal sets, each definable over aclgp(#9), and b is in the frontier of one
of them, so we may replace Sy, by this strongly minimal set, and modify the family ¥
accordingly.

Denote S = Sy, and B = Bad(b).

Claim 1. dim(S N B) < 1.

Proof of Claim 1. Since dim(ty/@) > 6 and dim(b/@) < 4, we obtain dim(ty/b) > 2.
Assume towards a contradiction that dim(S N B) = 2. Let

I ={teT:dim(S; N B) =2}

Notice that I is defined over b and tg € I, so dim I > 2. Because ¥ is almost faith-
ful, {S; N B : t € I} is a definable family of 2-dimensional subsets of G? satisfying the
assumptions of Lemma 4.1. It follows that dim | J,(S; N B) = 4. But | J(S; N B) € B,
contradicting Lemma 4.6. [ ]

Claim 2. Foreveryq' € Q, S Ny is finite.

Proof of Claim 2. If not, then by strong minimality of S, we would have S ~ [,/ for some
g’ € Q, implying — since S = Sy, and ¥ is almost faithful — that #y € acl(q’). However,
we have assumed that dim(¢y/@) > 6, while dim(q’/@) < 4, a contradiction. [

We fix an element g € Q () generic over fp and b. Since dim(b/@) = 4, q is generic
in Q over @, hence we have dim(g /@) = 4.

Since &£ is very ample, no two points in G2 belong to infinitely many curves in £, and
hence each s € S N/, is interalgebraic with g over ¢y and b. Thus such an s is generic
in S over ¢y and b. So in particular S is smooth at s. It is not hard to see now (using the
fact that ¥ is almost faithful) that dim(s/b) = 4.

For the rest of this proof, we fix an element s € S N /.
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Claim 3. The curve l; is smooth at s, and S and 1, intersect transversely at s.

Proof of Claim 3. Because dim(s/b) = 4, it follows from Claim 1 that s is b-good, so in
particular /, is smooth at s and there exist neighborhoods U € G2 of s and W C Q(b)
of ¢, and a D-definable parameter choice function g5 : U — W such that g(s’) is the
unique ¢’ € W with s” € [, N U. Restricting U, W if needed we may assume that [, N U
(which equals g;'(¢)) is a C'-submanifold of G2. Thus, the tangent space to [, at s,
Ts(ly), equals ker(ds(gp)), where d,(gp) is the differential of g, at s viewed as a linear
map between the tangent spaces (see Definition 4.4). If the intersection is not transverse,
then dim(7(/4) N T5(S)) > 1. It follows that dim(d,(g5)(Ts(S))) < 1, and by genericity
of s in S over tg, b, the same is true of any s’ € S in some open neighborhood U’ > s.
Thus, the image of g, (S N U) is a 1-dimensional manifold (or finite), and it follows that
for some ¢’ in this image, Iy N S is infinite. This contradicts Claim 2. [

Claim 4. For every neighborhood V C Q of q, there exists a neighborhood U < G? of b
such that for every b’ € U there are infinitely many g’ € V with b’ € Iy

Proof of Claim 4. By assumptions, b € I, is generic in G2 over @. Thus, by shrinking V'
if needed, we may assume b is still generic in G? over the parameters defining V. Since
Q(b) NV is infinite, the first order statement

p(b)) = 3¢ € V) € ly)
holds for b and therefore there is a neighborhood U > b for which it holds. ]

Let N be the number of intersection points of a curve from &£, generic over ¢y, with S
(recall that MD(£) = 1, so £ has a unique generic type).

Claim 5. The curve /; intersects S in less than N points.

Proof of Claim 5. We write [; NS = {s1,..., sy} (note that b is not among them). We
first fix some open disjoint neighborhoods Uy, ..., U, C G2, 0f 51,...,Sn, respectively.
By Claim 3 and Lemma 4.3, applied to each of the s;, there is a neighborhood V' € Q
of ¢ such that for every ¢’ € V, the curve [, intersects S at least n times — at least once
in each U, i = 1,...,n. Next, we apply Claim 4 to V and find Uy > b, which we may
assume is disjoint from all the Uj;, as in Claim 4.

Because b is in cl(S) \ S, we can find in S N Uy some s’, an element D-generic
over ty, and by Claim 4, we can find in V some ¢’ € Q(s’) generic over s’ and #y. But
now /, intersects S at least n + 1 times: at s” and in each of Uy, ..., U,. Since S N [y is
finite, the curve [,/ is generic in £ over fp. Sowehave N >n +1>n=1;NS|. =

Finally, let us see that b € aclgp(t9). The set Y of all ¢; € O such that |l;, N S| < N
is D-definable over oy and has Morley rank at most 1. Since ¢ is generic in Q(b) over ty
and b, it follows from Claim 5 that RM(Q(b) N Y) = 1. Also, there are at most finitely
many b’s such that RM(Q(bh) N Y) = 1, for otherwise there would be b; # b, such that
Q(by) N Q(by) is infinite, contradicting the very ampleness of £. Thus b € aclgp(¢p).
This ends the proof of Lemma 4.7. ]
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In our next step we show that the assumptions of Lemma 4.7 can be met for a O-
definable set S with RM(S) = 1, after replacing S by its composition with a generic
enough curve in a family £’ as in Proposition 3.21.

Lemma 4.8. Let S C G2 be a D-definable strongly minimal set which is not a straight
line, and assume that c is generic in G2 over @ and belongs to fr(S). Then there are:

(1) An almost faithful stationary family of plane curves 8’ = {S; : t € T}, D-definable
over [S], with RM(T) > 3.

(2) to genericin T over ¢ U aclgp([S]).
(3) b which is D-interalgebraic with ¢ over ty U [S].
(4) b € fr(S;)) with dim(b/9) = 4.

Proof. Let £’ = {C; : t € T} be a D-definable family of plane curves as in Proposition
3.21. Recall that, for every (a, b) € G2,

T(a,b):={teT:(a,b)eC}.

If we write ¢ = (¢, c2), then by assumption, ¢, is generic in G over @. Fix by €
G generic over ¢, U aclp([S]) (abusing notation, in the present proof we will write
[S] for aclp([S])), and let ¢ty be generic in T'(cz, by) over ¢y, c2, by and [S]. Note
that (cp, b,) € G? is generic and Cy, is generic through the point (c2, b2). So
dim(tgczb2) = dim T + 2, whereas dim(tg/c2b2) = dim T — 2. Since b, € aclgp (tgc2),
we find that dim(¢y/c,) = dim T'. Because fy was chosen generic over c1, [S] too, we get
dim(zg/c1c2[S]) = dimT.

We set b := (c1, b2). Since (c2, b2) € Cy, and RM(Cy,) = 1, b, and ¢, are interal-
gebraic in D over fy and [S], and hence so are (cy, b2) and (cy, ¢3).

Claim. b € fr(Cy, 0 S).

Proof of Claim. Since ¢, is generic in G over @, (c2, by) is generic in G2 over @ and
therefore, by our choice of ¢, the point (c2, b>) is also generic in Cy, over #. Hence, the
curve Cy, is a homeomorphism at (cz, ;). Denote this local map by fy. It follows that
the map (x, y) — (x, fo(»)) is a local homeomorphism on a neighborhood W of (cy, ¢3),
sending (¢, ¢3) to (c1, by). It is easy to verify that it sends every point in S N W to a
point in Cy, o §, and therefore sends every point in cI(S) N W to a point in cl(Cy, © S).
We conclude that (c1, b2) € cl(Cyy 0 S).
It remains to see that (c1,b2) & Cy, 0 S. Let

Se, ={y €G :(cr.y) € S} ={dy.....di}.

Note that since (c1,c2) ¢ S, we have ¢z ¢ S¢,. Also, (c1, b2) € Cy, o S if and only if
thereis some i = 1, ...,k for which (d;, by) € C4,.

Since £’ is very ample, for every i = 1,...,k, dim(T(ca2, by) N T(d;, bs)) <
dim 7'. But ¢ is generic in T(cz, by) over {c1, c2,d1, ..., dy, ba,[S]} and therefore
to ¢ T(c2, b2) N T(d;, by). That is, none of the points (d;, b,) are in Cy,. It follows
that (c1,b2) ¢ Cy, 0 S, so we may conclude that b = (cy, b3) € fr(Cy, 0 S). L]
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Since S is not a straight line, we have RM(Cy, © §) = 1, and hence there is a strongly
minimal C € Cy, o § such that b € fr(C). By Lemma 3.18, RM[C] = RM[C,,] = RM(T)
and is therefore contained in an almost faithful family §’ of the same rank. This gives
condition (1) of the lemma; (2) is by the choice of #y; (3) is the line before the above
claim, and (4) is what we have just shown. So the lemma is proved. ]

‘We can now conclude the main result of this section.

Theorem 4.9. Let S € G? be a D-definable set with RM(S) = 1. Then fr(S) C aclg ([S])
and hence fr(S) is finite. In particular, S is locally closed, namely every p € S has a
neighborhood U > p in G? such that S N U is closed in U.

Proof. Since RM(S) = 1, S can be written as Ule S; for some strongly minimal sets
D-definable over aclgp([S]). Since fr(Uf-;l Si) C Uf-;l fr(S;), it suffices to prove the
theorem for S strongly minimal. Moreover, if S is a straight line, then clearly its frontier
is contained in finitely many points, which are in aclg ([S]). So we may assume that S is
strongly minimal not coinciding with any straight line.

Fix ¢ € fr(S). Replacing S by S + p for p generic in G? over ¢ and [S], we may
assume that dim(c/@) = 4. We can now apply Lemma 4.8 and obtain f, S,’0 and b in
fr(S t/o) as in the lemma. Working first in a richer language where [S] is @-definable, we
may apply Lemma 4.7, and then conclude that b € aclg (o, [S]).

By Lemma 4.8, c is interalgebraic with b over o and [S], hence ¢ € aclg(¢g, [S])-
Since dim(zg/c, [S]) = dim(#p/c), we find that ¢ € aclgp ([S]).

For p € §,1let U > p be any neighborhood such that U N fr(S) = @, and so S N U is
closed in U. ]

4.5. Two structural corollaries on plane curves
The first corollary will be used in the next subsection.

Corollary 4.10. Let £ be a family of plane curves. Assume £ is D-definable over 0.
Then there exists a family of plane curves £, also D-definable over @, such that:

(1) Every curve in £’ is closed.

(2) For every curve X5 € &, there exists a curve X}, defined over the same parameters,
such that Xy ~ X.

(3) Forevery X, € &', there exists Xy € £, defined over the same parameters, such that
X, ~ Xs.

Proof. Let x(x,y) define £ and ¥ (y) := (3*°x) y(x, y). We prove the corollary by
induction on (RM(v), MD(4)). For RM(¥) = 0, the corollary is Theorem 4.9.

In the general case, fix s |= ¥ (y) generic. By definition, [X;] € dclp(s). By The-
orem 4.9, there is a finite set R, $-definable over [X;], so a fortiori also over s, such that
fr(Xs) € R;s. Let ¢(x, s) define R;. By compactness, there is a formula 6(y) € tp(s) such
that for all » |= 6 the formula y(x, r) is algebraic and, if not empty, its set of realisations
contains fr(X;). So, for all r = 6, the formula ¢(x, r) V x(x, r) defines a closed plane
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curve ~-equivalent to X,. Because 8(y) € tp(s) and X was generic in £, we see that
¥ (y) A —=0(y) has smaller (RM, MD) (in the lexicographic order) than v (y). So we are
done by the induction hypothesis. ]

The second corollary below will be used several times in the rest of the paper.

Definition 4.11. Let S € G? anda = (a;.a,) € S. We say that S is injective at a over a,
if there is an open neighborhood U; x U, € G x G of a such that for every y € U, there
exists at most one x € U; such that (x, y) € S. Namely, S N (U; x U) is the graph of
a function from a subset of U, into U;. We say that a is an injective point of S if S is
injective at a over a1 and S°P is injective at (a,, a1) over a,. Otherwise, we say that a is
a non-injective point of S.

Let S € G? and a; € G. We say that S is injective over ay if for every a = (ay,a>) € S,
the set S is injective at a over a;.

Note that S is injective at every isolated point. Also, we cannot yet rule out the pos-
sibility that a is an injective point of S belonging to a 1-dimensional component of S.

Corollary 4.12. Let S C G? be a D-definable strongly minimal set. If S is not ~-equi-
valent to any fiber G x {a}, then the set of x € G such that S is non-injective over x is
finite and contained in aclg ([S]). If S is not a straight line, then the set of non-injective
points of S is finite and contained in aclg ([S]).

Proof. By Theorem 4.9, we may assume that S is closed. Let
S ={(x1.%2) € G? 1 x1 # x2 &Iy ((x1. ) € S A (x2.y) € S)} = (§P 0 5) \ A.

The set S; is D-definable over the same parameters as S. Since S is not ~-equivalent
to any fiber G x {a}, we have RM(S7) < 1. Note that (x, x) ¢ fr(Sy) if and only if
there exists an open U > x such that for all y € G there exists at most one x” € U such
that (x’, y) € S. It follows that (x, x) ¢ fr(S) if and only if S is injective over x. By
Theorem 4.9, fr(S1) < aclgp([S]) thus the set of x € G such that S is non-injective over x
is finite and contained in aclg ([S]).

The second clause follows immediately by applying the first one also to .S°P. ]

4.6. On D-functions

Every plane curve S C G?2 gives rise to a definable partial function from G into G
around almost every point in S (except when S is contained in finitely many straight lines
{a} x G). The goal of this subsection is to establish the basic theory of such functions.

Definition 4.13. Let U C G be a definable open set and f : U — G be a definable
continuous function.

(1) We say that f is a D-function if there exists a plane curve S € G2 such that T’y C S.
We say in this case that S represents f.

(2) We say that f is D-represented over A if there exists S representing f which is
D-definable over A.
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(3) We say that a plane curve S represents the germ of f at xo € U if there exists an
open neighborhood W 3 x¢ with W C dom( /) such that I's|,,, € S.

Note that our definition does not require that S is, locally at (xo, f(xo)), the graph
of a function, but only that it contains the graph of f. Indeed, at least for some of the
D-functions we need to consider, we do not know whether this stronger property can be
achieved as well.

Lemma4.14. Let U C G be a definably connected open setand f : U — G a continuous
D-function, D-represented over A. Then [ can be D-represented over aclgp(A) by a
strongly minimal set.

Proof. Assume that f : U — G is D-represented over Aby S. Welet S = S; U---U S,
be a decomposition of S into strongly minimal sets, definable in £ over acl(A4). By
Theorem 4.9, we may assume, by adding finitely many points in aclg(A), that each
S; is closed in G2, but now the intersection S; N S; for i # j may be non-empty and
finite. We claim that one of the S; must contain I'r. Indeed, for each i =1,...,r, let
Ci = n(S;i NTy) C U, where 7 : G — G is the projection on the first coordinate. By
the continuity of f, these are definable, relatively closed subsets of U, whose pairwise
intersection is at most finite.

LetU":=U \ U;,,(Ci N C;). Because U is open and definably connected, sois U’.
Fori =1,...,r let C/ = C; N U'. The C/’s are pairwise disjoint and still relatively
closed in U’. Hence each C/ is clopen (having a closed complement) in U’, so for some j,
C; = U'. Because C; is closed in U it follows that C; = U. L]

Proposition 4.15. Let {S; : t € T} be a family of plane curves. Assume that this family
is D-definable over A, and that for every t € T, (0,0) € S;. Then there exists a family
F ={fs :s € Ty}, definable (in M) over A, of functions in & (defined in Section 1.3),
such that:

(1) Foreveryt € T, if Sy represents the germ at 0 of a D-function f € §, then there
exists s € To and an open W > 0 such that f|lw = fs|w.

(2) Foreverys € Ty there existst € T such that Sy represents the germ at 0 of f.

Proof. By Corollary 4.10, there exists a D-definable family &£’ of closed plane curves
such that each curve in £ is ~-equivalent to one in &£’ and vice versa. Note that whenever
S; represents the germ of a D-function f; at 0, if S] € £’ is ~-equivalent to S;, then
it also represents the germ of f at 0. Thus, we may replace £ with £’ and assume that
every curve S; is closed.

By fixing a coordinate system near 0, we can identify some neighborhood W > 0
in G with an open subset of R?. For each r > 0, we consider the disc B, centered at 0,
and let S{ = §; N (B, x W). By o-minimality, there exists a uniform cell decomposition
of the sets {S] : ¢t € T,r > 0}. In particular, there is a bound k € N such that every
such decomposition contains at most k cells. By allowing cells to be empty, we obtain a
definable collection of cells {Ct’,i :teT,r>0,i=1,...,k}suchthat foreveryt € T
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andr > 0,
k
s;=Jcr,
i=1

Recall that the notion of a decomposition implies that for Ct’i, Ct’ IE

G? — G is the projection onto the first coordinate, then either n(C/;) = n(C];) or
n(C/)Na(C] ;) = 0.

if m:

Claim. Foreveryt € T, and a D-function f € &, the following are equivalent:
(1) S; represents the germ of f at 0.
(2) There existr > 0and A C {1,...,k} such that

Ltig, = U Ctr,i-
ied
Proof of Claim. (1)=(2). We assume that S; N (B, x G) contains the graph of f|,,
for all r > 0. To simplify notation we omit r and consider the cell decomposition S; =
CiaU---UCyy.

Welet A C {1,...,k} beall i such that C; N I'y # @. We fix a cell C = C; with
i € A and claim that C C T'y. Without loss of generality dim C > 0, and since C C I'y,
the projection w : C — G is injective. Since C is definably connected, it is sufficient to
prove that C N I'y is clopen inside C. Because C is locally closed and f is continuous,
it follows that C N I'f is closed in C, so we need to prove that it is also open in C.

Fix some xo € n(C N Ty). Since I'r C S;, there exists a cell C’ in the decompos-
ition of S; containing I'y N [(U N 7 (C)) x G] for some open set U > xo. But then
7(C) N (C’) # @ and therefore 7 (C) = 7 (C’). By the continuity of f, it follows that
(x0, f(x0)) € C’, forcing C’ = C. It follows that C N I's is clopen in C, and therefore
C C Ff.

We have shown that C; C I'y foreach i € A, and hence I'r = | J;c4 Ci.

(2)=(1). This is immediate, since I'r|, < S;. m

We now return to the proof of Proposition 4.15 and consider the uniform decomposi-

tion
k
s;r=Jcr
i=1
Foreach A C {1,...,k}, we consider
tr,A = U Ctr,i~
ied
The family
F ={G/ 4 : G 4 is the graph of a continuous function on B, }

is definable in M, as ¢ varies in T', A varies among subsets of {1,...,k} and r > 0. By

the above claim, this family satisfies our requirements. ]
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Remark 4.16. (1) Note that in the above family & of D-functions, each germ of a func-
tion appears infinitely often since we allow arbitrarily small r. One can divide the
family, definably in M, by the equivalence of germs at 0 and then, using definable
choice in o-minimal structures, obtain a unique D-function in the family represent-
ing each germ. Thus, if f € ¥ is represented by the plane curve S, then there exists
g € & which has the same germ as f at 0 and is definable in M over ¢.

(2) It follows from the above that if S; represents f € &, then Jo(f) is in dcl(¢) (recall
from Section 1.3 that Jy f is the Jacobian of f at 0 with respect to some fixed differ-
ential structure on G).

Notation. For a D-function f, we reserve the notation Sy for a strongly minimal set
representing f. Note that Sy is unique only up to ~-equivalence.
We conclude this section with an open mapping theorem for D-functions.

Theorem 4.17. Let U C G be an open definably connected set and f : U — G a con-
tinuous non-constant D-function. Then f is an open map.

Proof. By Lemma 4.14, there exists a -definable strongly minimal Sy € G2 represent-
ing f. Because f is not constant, the projection of Sy onto both coordinates is finite-
to-one, so it is not a straight line. By Corollary 4.12, S is injective at co-finitely many
points, and therefore so is also f. By the o-minimal version of Brouwer’s invariance of
domain [14], it follows that f is open at every injective point of its domain. So f is open
after possibly removing finitely many points from its domain. It is easy to check (see, for
example, the proof of [5, Proposition 4.7] for details) that a function which is continuous
on a disc and open on the punctured disc is open on the whole disc. So f is open.

5. Poles of plane curves

Recall that we assume that G is a definable closed subset of some R”", equipped with the
subspace topology, making it a topological group.

The goal of this section is to prove that just like affine algebraic curves in C2, every
plane curve has at most finitely many poles. We may assume that 0g =0 € R".Forx € G
and € > 0 in R, we write

B(x;e) ={g€G:|x—g|<e}
and B¢ for B(0;¢). For A € G and € > 0, we let
B(A;e) ={yeG:3x € Ay € B(x;¢€)}.

In this section, we will also consider definable curves, that is, definable maps y :
(0,1) > U < R", which we will denote, for simplicity, by y(¢) € U. We recall from
[38, §6.1] that if x € cl(X) for some definable X C R”", then by curve selection for M,
there is a definable path y(¢) € X with lim,— y(¢) = x.
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Definition 5.1. Let S € G2 be a definable set. We call a € G a pole of S if for every open
U C R" containing a, the set (U x G) N S is an unbounded subset of R”. We denote the
set of poles of S by S,

Given S € G?2 and U C G, we define
SWU):={yeG:3qxeU (x,y) € S} CG.

Note that then a € S, if and only if for every open U C G containing a, S(U) is unboun-
ded. Another remark is that if S is G-affine, then S, = @. Indeed, if S is a subgroup
of G? or its coset, then its projection onto the first coordinate is a finite-to-one topological
covering map, and hence S has no poles.

The main result of this section is the following.
Theorem 5.2. If S € G? is a D-definable set and RM(S) = 1, then S, is finite.

Notice that if G is a definably compact group (for example, a complex elliptic curve),
then G is a closed and bounded subset of R"”, and hence S,, = 9. So the theorem is of
interest for those G which are not definably compact.

Let us first introduce the key notion of “approximated points” and then discuss the
strategy of our proof. Recall that for S € GZand x € G, welet Sy ={y € G : (x,y) € S}.
Definition 5.3. Let S € G2,b,x;,x2 € G,and I C G. We say that:

(1) o bis S-attained at (x1,x2) ifb € Sy, — Sx,.

e b is S-attained in I if it is S-attained at some (xq, x3) € 1.

(2) e b is S-attained near (x1, x5) if for every € > 0, b is S-attained in B((xy, x3);€).

e b is S-attained near I if for every € > 0, b is S-attained in B(/;¢€).

(3) e b is S-approximated near (x1, x3) if for every € > 0, some b’ € B(b;€) is S-
attained at (x1, x).

e b is S-approximated near I if for every € > 0, there are x1, x, € B(/;€) such that
B(b;€) N (Sx, — Sx,) # 0. The set of such points b is denoted by A(S, I).

We omit S from the above notation whenever it is clear from the context.
The following claim is immediate from the definitions.

Claim 5.4. Forany S C G2andI C G,
b attained at | = b is attained near I = b is approximated near I .

If, in addition, S and I are closed and bounded, then the above notions are equivalent
and A(S, 1) =SU)—-SU).

Here is a simple example.

Example 5.5. Let G = (C, +) and consider the complex algebraic curve

S={(z,w)eC?:zw=1}.
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The following are easy to verify: S,, = {0}, every b € C is attained near 0, and thus
A(S.{0}) = C.

The strategy of the proof of Theorem 5.2 is as follows. Assume towards a contradic-
tion that the theorem fails. It is easy to see that we may assume that S is closed, strongly
minimal and not G-affine. Now, for any such D-definable set S and infinite definable
I C G, we first find an infinite definable set Iy € I and an open bounded ball B C R" such
that the set A(S, Ip) \ B is at most 1-dimensional (Proposition 5.6(1)). Then, using fur-
ther the fact that S, is infinite, we construct (Proposition 5.10) another £-definable set S s
again closed, strongly minimal and not G-affine, and an infinite definable I € G, such
that for every infinite definable set T C I and open bounded ball B, the set A(§ ,T)\' B
is 2-dimensional. This gives the desired contradiction.

5.1. An upper bound on the dimension of the set of approximated points
The goal of this subsection is to prove the following proposition.

Proposition 5.6. Assume that S C G? is a D-definable strongly minimal closed set which
is not G-affine, and let I C G be an infinite definable set. Then there is a definable
1-dimensional 1o C I such that:

(1) There exists a bounded B C G such that the set A(S, Iy) \ B is at most 1-dimensional.

(2) For every definable open V > 0in G there exist € > 0 and a bounded ball B’ > 0 such
that for all x € G \ B/,
x4+ V Z S(B(y,¢)).

The rest of this subsection is devoted to the proof of Proposition 5.6. Throughout,
we fix S as in its assumptions. Since dim S = 2 RM(S) = 2, it follows easily from cell
decomposition for M that dim S, < 1. Absorbing [S] into the language, we assume that
S is D-definable over @.

We begin with an observation regarding the notions of Definition 5.3.

Lemma 5.7. Let I C G be a definable bounded set over @.

(1) If b € G is attained near 1, then there are x1, x5 € cl(I) such that b is attained near
(x1,x2).

(2) If b € G is generic over @ and b is approximated near I, then b is attained near I .

Proof. (1) By assumption, and by curve selection in M, there are definable curves
x1(€), x2(€), y1(€), y2(€) € G such that for every €, we have xi(€), x2(¢) € B(I;¢€),
(xi(e),yi(e)) € S,i =1,2,and b = y;(€) — y2(€). Since [ is bounded, the curves x; (€)
have limits x1, x» € cl(1), so b is attained near (xy, x3).

(2) Fix b generic in G over @, and assume that it is approximated near /. It follows
from the definition that for every € > 0, the element b is in the closure of

Ye ={y2—y1:3x1,x2 € B(I;€) (x1,y1), (x2,y2) € S}.
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Notice that the collection of Y, forms a definable chain of definable sets decreasing
with €. We may now take e sufficiently small, so that b is still generic in G over ¢, and
therefore b is generic in cl(Y,) over €. Hence, b ¢ fr(Ye), a set of dimension at most 1. It
follows that b € Y, for all sufficiently small €, and so b is attained near 1. [

The following technical claim about definable and JD-definable sets will be used in
the subsequent lemma.

Claim 5.8. Let P € G? x G be a D-definable set of Morley rank 1 whose projection on
the G?-coordinate is finite-to-one. Then for any definable sets 1,J < G of dimension at
most 1,

dm(P N xJxG))<1.
Proof. Since the projection 7 : P — G? is finite-to-one,
dim(P N (I x J x G)) =dim(z(P N (I x J x G))) <dim(I x J),

so if one of I and J is finite, then dim 7 (P) < 1 and we are done.

Suppose now that dim / = dim J = 1. Since P is D-definable and infinite, the pro-
jection of P on one of the coordinates of G2 has infinite image. Let us assume it is the
projection on the first coordinate. Hence, since RM(P) = 1, for every D-generic a € G,
the set {(w,z) € G X G : (a,w,z) € P} is finite. Since I C G is infinite, every generic of /
is also D-generic in G. But then, for such ana € [ the set {(w,z) € J x G : (a,w,z) € P}
is finite. It follows that dim(P N (I x J x G)) =dim [ = 1. [ ]

We proceed with a lemma towards the proof of Proposition 5.6.

Lemma 5.9. There exists a finite set F C G with F C aclp (@) and a definable set X C G
with dim X < 1 such that for every b € G \ X and for every (x1,x5) € G>\ F2, ifb is
attained near (x1, x3), then b is attained at (x1, X3).

Proof. Consider the O-definable set
T = {(x1,x2,b) €G> : b € Sy, — Sx, ).

Since every generic fiber Sy is finite, RM(7T) = 2. Also, by fixing x; and letting x; vary,
it is easy to see that the projection of 7" on the last coordinate is infinite and hence for
every dD-generic b € G the set

T = {(x1.x2) € G? : (x1,x2,b) € T}

has Morley rank 1. Note that (x, x») € T'? if and only if b is attained at (x1, x,), and
(x1.x2) € cl(T?) if and only if b is attained near (x1, x»). We also note (although we will
not use this) that (x1, x5, ) € cl(T) if and only if b is approximated near (x1, x2).
Claim 1. For b € G and x1, x» € G, the following are equivalent:

(1) b is attained near (x1, x») but not attained at (x1, x3).
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(2) (x1.X2) € fr(T?) and x,, x5 € S,,..
(3) (x1.x2) € fr(T?).

Proof of Claim 1. (1)=>(2). The fact (x;, x2) € fr(T®) is immediate from the notes just
above the claim. Since b is attained near (x, x2), by curve selection in M, we can find
definable curves (x1(¢), y1(¢)) € S and (x2(¢), y2(¢)) € S such that x;(t) — x; fori =
1,2, and y;(¢) — y2(t) = b. Notice that y; (¢) is bounded if and only if y,(¢) is bounded,
in which case, since S is closed, their limit points y1, y; satisfy (x1, y1), (x2,y2) € S and
y2 — y1 = b, so b is attained at (x1, x3). Because we have assumed that this is not the
case, y1(¢) and y,(¢) are unbounded, hence x;, x5 are both in S,,.

The other implications are easy, thus ending the proof of Claim 1. ]

By Theorem 4.9, for each b € G, fr(T?) C aclg (b) (recall that [S] was absorbed into
the language). By compactness, we may therefore find a set P € G? x G, D-definable
over @, such that for every b € G the set P is finite and contains fr(7?). It follows that
RM(P) = 1. Note however that we do not claim that P? = fr(T?) for every b € G. Thus,
for example, we allow at this stage the possibility that the set of b for which T°? is not
closed is 1-dimensional.

Now, by Claim 1, if b is attained near (x1, x») but not at (x1, x2) then (x1, x3) € P?b,

Assume first that the image of P under the projection onto the G2-coordinates, call
it Fy, is finite, and let F C G be a finite set, -definable over aclgp (), such that F; C F 2,
We may take X = @ and complete the proof of the lemma in this case. Assume then that
F; is infinite.

Let Fo € G? be the set of all p € G2 such that P, C G is infinite. This is a finite
set, D-definable over aclgp (¥), and because we have assumed that F; is infinite, the set
P* := (G?\ Fy) x G still has Morley rank 1, and the projection map from P* onto the
G?2-coordinate is finite-to-one.

Set

X ={beG:f(T\ Fy # 0},

a definable set in M.
Claim 2. dimX < 1.

Proof of Claim 2. Assume towards a contradiction that dim X = 2. For every b € X
there exists (x1, x2) € fr(T?) \ Fy. By Claim 1 and our choice of P, (x1,x2) €
(P*)® N (S, X S,,), so since dim X = 2, it follows that

dim(P* N (S,y X S, x X)) > 2.
This contradicts Claim 5.8. [

By Claim 1, for every b € G and every (x1, x2) € G?2, if b is attained near (x1, x2)
but not at (x1, x), then (x1, x2) € fr(T?) € P®. Now, either (x1, x2) € Fo,orb € X.
Thus, we may take any finite set F C aclg (@) with Fy € F? to complete the proof of
Lemma 5.9. [
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We now fix a definable 1-dimensional set / C G. Fix also a finite set ¥ C G as in
Lemma 5.9, and a definable 1-dimensional closed set Iy € I such that Io N F = @.

Proof of Proposition 5.6(1). Because S N (Ip x G) is a 1-dimensional subset of G x G,
we may shrink I further and assume that the set S N (Ip x G) is closed and bounded.
Thus, the set

B ={b € G : bisattained at Iy} = S(Iy) — S(p)

is a closed and bounded subset of G. By Lemma 5.9 and the choice of Iy, there is a
definable X € G with dim X < 1 such that for every b € G \ X, if b is attained near
(x1, x2) € I2, then it is attained at (x1, x»). Assume towards a contradiction that the set
A(S, Ip) \ B has dimension 2. By Lemma 5.7(2), the set L of all b € G \ B which are
attained near I has dimension 2, and therefore there is some b € L which is not in X.
By Lemma 5.7(1), b is attained near some (x1, xp) € cl(lp) = Iy, and since b ¢ X, it is
attained at (xq, x2). Thus, b € S(Iy) — S(Ip) = B, a contradiction. [

The rest of this subsection is devoted to the proof of Proposition 5.6(2). Fix an open
V C G containing 0. We may assume that V' is bounded and symmetric, thatis, =V = V.
Given r > 0, let P, = cl(B;) N G and S, = fr(B;) N G, where B, is defined at the
beginning of this section. Let B be as in Proposition 5.6(1).

Claim 1. There are r1 > ro > 0 sufficiently large such that B C P, € P, and Sy, +V C
P, \ B.

Proof of Claim 1. Since B + V is bounded, there exists ro > 0 such that B € P, and
B 4+ V does not intersect Sy,. Since V' is symmetric, it follows that (S, + V) N B = @.
Because Sy, + V is bounded there exists 71 > rg such that S;, + V' C P, . It follows that
S +V S P\ B. |

Fix such rq, r1. For € > 0 let, as in Lemma 5.7,

Ye = {y2 — y1:3x1,x2 € B(lp; €) (x1,y1), (x2,y2) € S}.
Claim 2. There exists €p > 0 such that no translate of 'V is contained in (P, \ B) N Y.

Proof of Claim 2. The family of Y, decreases with €, and it is immediate from the defini-
tions that

A(S. Io) = [ el(Yo).

€

We restrict our attention to the definably compact set P, \ int(B) and let
Y1 =cl(Ye) N (P, \int(B)) and A4, (S, ly) = A(S, Ip) N (P, \ int(B)).

Thus, A, (S, Ip) = [Neso Ye ' Since each ¥ is definably compact, so is A4, (S, Io).
By the choice of B, Proposition 5.6(1) implies that dim(A(S, /o) \ B) < 1, and hence,

since the boundary of B is at most 1-dimensional, also dim(A(S, Ip) \ int(B)) < 1. It

follows that A,, (S, Ip) is a definably compact set which is at most 1-dimensional. Using
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that, it is not hard to see that for a sufficiently small open W > 0 the set A, (S, Io) + W
does not contain any translate of our open set V. Fix such a set .

Because A, (S, lp) = ﬂe I_’Erl it is not hard to see that there exists €9 > 0 such that
)7:01 C Ay, (S, Ip) + W. It follows that Yerol does not contain any translate of V', proving
Claim 2. ]

It remains to show that setting € := €¢ with € as in Claim 2, the requirements of
Proposition 5.6(2) are satisfied.

Claim 3. There exists r > 0 such that x +V € S(B(ly, €0)) forall x € G \ P,.

Proof of Claim 3. Assume towards a contradiction that no such r exists. Then we can
find an unbounded, definably connected curve I' € G such that I' + V < S(B({p, €)).
It follows from the definition of Y, that (I' + V) — (I' + V) C Y.

Fix any y9 € I' and let I'g = I" — yo. The curve I'y is unbounded, definably connected,
with0 € I'g and in addition [y + VS (I' + V) — (' + V) € Y,,. Note that I'o N S, # 0
with 7 as in Claim 1. Indeed, although S;, = fr(B,,) N G need not be definably connec-
ted, I'o N By, # 0 because I'y is unbounded, definably connected and contains 0. Fix
X0 € I'p N S;,. This intersection point necessarily lies in Sy, .

By our choice of I'g, xo + V € I'g + V C Y, and by our choice of rp in Claim 1,
Xo + V C P, \ B. However, by Claim 2, no translate of V' is contained in Y¢, N (Pr, \ B),
a contradiction. [ ]

Choose r as in Claim 3. Setting B’ = P, and € = ¢ finishes the proof of Proposi-
tion 5.6(2). [

5.2. A lower bound on the dimension of the set of approximated points

In this subsection, assuming that Sy, is infinite, we modify the set S from Proposition 5.6
to a set S as in the next proposition, using an idea from [5, Section 4]. The proof of
Theorem 5.2 in the next subsection is by contradiction, and towards that we need this
proposition.

Proposition 5.10. Let S € G? be a D-definable, strongly minimal, closed set which is
not G-affine, and assume that S,, is infinite. Then there is a strongly minimal closed set
S € G2 which is not G-affine, definable in D (over additional parameters), and there
exists an infinite definable I € G, such that for every infinite definable set T C I and any
bounded ball B, the set A(SA', T) \ B is 2-dimensional.

The rest of this subsection is devoted to the proof of Proposition 5.10. We fix the
sets S and S, as in its assumptions. Applying Proposition 5.6 to S and Sy (in the role
of I there) we fix a definable 1-dimensional Iy C S,,, satisfying clauses (1) and (2) of that
proposition.

Lemma 5.11. There is a definable smooth 1-dimensional 11 C Iy and

o a definably connected bounded open U C G,
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e a definable continuous function f : U — G with'y C S, and
o a definable family {yx : x € I} of curves y. : (0,1) = U
such that
tli_I)I(l))/x(l)Zx, tli_%f(l/x(f))=oo,

and for all x1,x, € I,

lim (f(yx, (1) = f (r, (1)) = 0.

Proof. Using o-minimality and the fact that the projection of .S onto G is finite-to-one, we
may partition S and Iy into finitely many cells and reach the following situation. There is
a definable, definably connected bounded open set U C G and a definable 1-dimensional
smooth set 11 C [, with I; on the boundary of U and U U [; a manifold with boundary.
We may assume that cl(U) N S,,, = cl({1). Furthermore, there is a definable, injective,
continuous function f : U — G whose graph is contained in S, such that for every x¢ € I3
and every curve y : (0,1) — U tending to x at 0, the image of y under f is unbounded.

After applying a definable local diffeomorphism, we may assume that /; =(a, b) x{0}
C R?and U = (a,b) x (0,1) C R?. By shrinking I; if needed we may assume that f is
defined on the box [a, b] x (0, 1]. For € < 1, let

U = (a,b) x (0,e) CU

and
Ce = f([a.b] x {€}),

Fe1 = f({a} x(0,¢)),

Fep = f({b} x (0. €)).
When € = 1, we denote C;,I';,; and I'1 » by C, I'; and I';, respectively. For every € < 1,
the set Ce is bounded and I'¢; are unbounded curves for i = 1, 2. Recall that df (Uc)
denotes the boundary of f(U) (which is contained in G, since G € R" is closed).
Because f : U — G is continuous and injective, it is in fact a homeomorphism, by [14],

hence
af(Ue) = Fe,l ) 1-‘6,2 ) Ce

(we use here the fact that the limit of | f(x)| as x tends to any point in /; is 00).
The next claim roughly says that for an infinitesimal €, the set f(Ue) is contained in
two infinitesimal tubes around I'y and I's.

Claim 1. For every €1 > 0 there exists €, > 0 such that

2

fWUe) S |JTi + Be,.

i=1
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Proof of Claim 1. We fix €; > 0. Using Proposition 5.6(2), we can find € > 0 and a
bounded neighborhood B’ € G of 0 such that y + B¢, € f(Ue) for every y € G\ B'.
Next, choose 0 < €, < min{e, €} such that f(Ue,) does not intersect the bounded sets B’
and C¢ + Be,. This can be done since the limit of | f(x)| is oo as x tends in U to any
point in /;. We claim that this €, satisfies our requirements.

Indeed, given x € U,,, we have f(x) ¢ B’ and hence f(x) + B¢, € f(Ue). How-
ever, clearly f(x) € f(Ue) (since €, < €) and so, because f(x) + B¢, is definably
connected, we must have (f(x) + Be¢,) N df(Ue) # 9. Since f(x) & Ce + Be,, we have
(f(x) + Be;) N Ce = 9, and therefore f(x) + B¢, must intersect I'c ; U I'¢ 2, and hence
also I'; U I';. It now follows that for some i = 1,2, f(x) € I'; + Be,. [

Claim 2. There is a definable 1-dimensional subset I, C I, and a definable family {yy :
x € I} of curves yx 1 (0,1) = U withlim;_,o yx(t) = X, such that for every x1, x5 € I,

lim (f(yx, (1) = f (r, (1)) = 0.

Proof of Claim 2. Consider the unbounded curves 'y, ', € df(U), and foreach i = 1,2
fix a definable parametrization y; (¢) : (0,1) — G for I'; such that lim,_¢ |y; (¢)| = oo.
Now fix a definable family {y : x € I1} of curves yx : (0,1) — U with lim;_,¢ y(¢)
= x. By Claim 1, for each x € Iy, the curve f(yx(t)) approaches one of the I'; as ¢ tends
to 0, and therefore, after possibly re-parameterizing y,, we can find y;, i = 1, 2, such
that lim;_o( f (yx(z)) — yi(t)) = 0. The re-parametrization can be done uniformly in x.
We can now find an infinite subinterval I, C Iy and i € {1, 2} such that if x € I,, then

lim;—o(f(yx(1)) —yi (1)) = 0. .
Replacing I, by I, finishes the proof of Lemma 5.11. ]

The rest of this subsection is devoted to the proof of Proposition 5.10. We fix 11 C Iy,
U, f,{yx :x € I} asin Lemma 5.11.

Because [y is smooth on the boundary of U, we can find an infinite subcell I C Ipand
¢ € G generic over @ such that cl(f + c¢) is contained in U. We fix such [ and c. We say
that two definable sets X, Y have the same germ at 0 if there is some open neighborhood
W > 0such that X N W =Y N W. With this in hand, the key initial observation is the
following.

Claim 5.12. For any infinite definable set T C I, the set Vo = f(T +¢) — f(T +¢) is
a 2-dimensional bounded set.

Proof. Since f is continuous and cl(f + ¢) C U, it follows that V, is bounded. Assume
now towards a contradiction that dim V, = 1. By shrinking 7 further if needed, we deduce
from [21, Lemma 2.7] that f(T + ¢) is G-linear, that is, the sets f(7T + ¢) — g and
f(T + ¢) — h have the same germ at O for all &, g € f(T + ¢).

By shrinking 7 if needed, we may assume that c is still generic in G over the paramet-
ers defining T'. It follows that there is an open neighborhood W > ¢ such that for all ¢’ € W
the set f(T + ¢’) is G-linear. By definable choice, there is a definable function g : W — G
such that g(¢’) € f(T + ¢’) forall ¢’ € W.Denote H(c') := f(T + ¢’) — g(c’) and define
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an equivalence relation £ on W by E(cy, ¢3) if H(c1) and H(c;) have the same germ
at 0. Since f(T + ¢’) was G-linear, we easily get (see [21] for details) that H(c') is a
local subgroup.

We claim that there is a generic E-equivalence class that is infinite. Since W is
2-dimensional, it will suffice to show that the class of germs at O of the sets H(c’) is
at most 1-dimensional as ¢ varies on W. Since the tangent space to H(c) at 0 is a sub-
space of the 2-dimensional tangent space to G at 0, our claim will follow from the fact that
H(c) and H(c’) have the same germ at 0 if and only if they have the same tangent space
at 0. This latter fact is [23, Claim 2.20] (note that the argument given there for definable
subgroups goes through verbatim for germs of definable local subgroups).

If we now fix generic and independent x, y,z € T sufficiently close to each other,
then there is w € T and there are infinitely many E-equivalent ¢’ such that

fx+c)—fO+c)+fz+) = fw+c).

Since I'y C S, it follows readily from the above that Stab*(S) is infinite and therefore,
by Lemma 3.8(4), that S is G-affine, a contradiction. [

Consider now the -definable set
S"={(x,y1=y2) 1 (x + ¢, y1), (x,y2) € S}.
and the continuous function f U — G,
[ = fx+o) = fx).

Clearly, RM(S "y =1 and T'( f ) € S’. By Lemma 4.14, there is a P-definable strongly
minimal set $ € S’ containing I"( f ). Clearly, I'( f ) S,o- Since fr(S ) is finite, we may
assume that S is closed.

Claim5.13. / € S,

po] —

Proof. 1t suffices to prove Ic I'( f )po- Take x € I, and denote by y our fixed yy :
(0, 1) > U. Then limy_q y(t) = x. Also f(y(1)) = f(y(t) + ¢) — f(y(t)). Since
lim; ¢ y(¢) + ¢ = x + ¢, it follows that lim;—¢ f(y(¢) + ¢) = f(x + ¢), and because
lim; ¢ | f(y(t))] = 00, also lim; ¢ | f (y(t))| = 00, so x is a pole of T'( f). L]

Since Spo. Z# 0, it follows that $ is not G-affine.

We can now proceed with the proof of Proposition 5.10. Let 7" be any infinite defin-
able subset of /, and B any open bounded ball. We want to prove that A(S.T) \ B has
dimension 2.

Claim 1. There is a definable unbounded 1-dimensional subgroup H C G such that for
everyx € T and h € H, there is a definable 7 : (0,1) — (0, 1) with 7 (0") = 0T and

lim (f (7 (7())) = /(1)) = h.
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Proof of Claim 1. We first recall a theorem from [30]: given a definable curve o :
(0,1) > G with lim;_,¢ |o(¢)| = oo, the set of all limit points of a(t) — o(s), as s
and ¢ tend to 0, forms an 1-dimensional torsion-free unbounded subgroup H, € G.
In particular, for each h € H, there is a definable function 75 : (0, 1) — (0, 1) with
7(07) = 0% such that lim;_,¢(o (7 (¢)) — o (t)) = h. It follows from the definition of
H,; that for any other definable curve ¢’ : (0,1) — G, if lim;—o(0’(¢) — o (¢)) = 0, then
Hy; = Hy . We now apply this result to the unbounded curves f(yx(¢)), x € T, and obtain
the desired H. ]

Claim 2. For every b € Vi := f(T +c¢)— f(T +c¢) and h € H, we have b + h €
A(S,T).

Proof of Claim 2. Letb = f(x1 4+ ¢) — f(x2 4+ ¢) € V1, where x1,x, € T, and let 7 be
as in Claim 1, for x = x, and 4. Hence h = lim; o ( f (yx, (7 (t))) — f(yx,(?))). We have

F G @) = f G (@) = f e, () = f ey (0(@©)) + f s (@) = f(ras (1))
= [f(ra, (1) + ) = f(yx, ()]
~[f s () + €)= fFGra (ON] + ¥z (1)) = f (s (1))
= [f (s, (1) + ©) = f(ya, ((t)) + ©)]
e (©) = F ey O] + [f s (1)) = f (s ()],

As t tends to O, for i = 1,2, the curve yy, (7w (t)) + ¢ still tends to x; + c,
since w(0T) = 07, so its image under f tends to f(x; + ¢). By Lemma 5.11(3),
lim;—o(f(yx, (t)) — f(yx,(¢))) = 0. Thus, by Claim 1, the above expression tends to
f(x14+c¢)— f(x2+c¢)+ h=b+ h,proving that b + h can be approximated near 7. =

We can now conclude the proof of Proposition 5.10, as follows. Because V; and B
are bounded, we can find ro > O such that V; +h € G \ B forevery h € G \ By,. In
particular, b + (H \ B,,) € G \ B for every b € V. Moreover, since H is unbounded,
H \ By, has dimension 1. Hence, by Claim 2, the 2-dimensional set V; + (H \ By,) is
contained in A(S' ,T)\ B, as needed.

5.3. Proof of Theorem 5.2

Assume towards a contradiction that S, is infinite. Since for any S;, > € G2, (S1uU SZ)po|
= S1,0 U 82,4, and S, = cl(S),,,, we may assume that S is strongly minimal and closed.
Since S,, # @, we infer that S is not G-affine. By Proposition 5.10, there is a -definable
set S which is closed, strongly minimal and not G-affine, and an infinite definable IcG
such that for every infinite set 7 C I and any open bounded ball B, A(S T)\ B is
2-dimensional. This contradicts Proposition 5.6(1) for Sand /.

Example 5.14. One of the difficulties in the above proof was the need to replace the initial
set S with a set S, in order to reach a situation where d1m(A(S T)\ B) = 2, for every
infinite definable T € I C § . and any open bounded ball B. The following example
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shows that the initial S' can indeed have infinitely many poles and yet dim A(S, Ip) = 1
for some (in fact, any bounded) infinite /o C S,,,. Consider the graph of the function
f : R? — R2? defined by

(x,0) if y =0,
(xy,1/y) ify #0,

with G = (C, +). The function f is a bijection of C which is its own inverse. Its set of
poles is the x-axis. For every x € R, as (x, y) — (x,0), f(x, y) approaches the y-axis
with | f(x, y)| — 00. Thus, for any bounded Iy C R x {0}, A(S, Iy) = y-axis. After
moving to S as in the proof of Proposition 5.10, we can see that dlm(A(S TY\B)=2
for any infinite T C SPO, and any bounded ball B.

f(x,y)={

6. Topological corollaries

We establish here several topological properties of plane curves, typically true for com-
plex algebraic plane curves. These properties are used later on in our proof of the main
theorem. Our first definition generalizes the notion of a function being open at a point.

Definition 6.1. Let S € G2 anda = (a1,az) € S. We say that S is open at a over a; if
for every open neighborhood U of a, a; is in the interior of 771 (U N S). We say that S is
open at a if S is open at a over a; and S°P is open at a over a,.

Let S € G? and a; € G. We say that S is open over a; € m(S) if for every
(a1,az) € S, S is open at a over ay.

We note that if B > a = (a1, a3) is an open box such that a; ¢ int(r1 (B N S)), then
the same remains true for all smaller open boxes.

Lemma 6.2. Assume that S  G? is a plane curve. Then there are at most finitely many
ay € m1(S) such that S is not open over ay. In particular, S does not contain any 1-
dimensional components.

If S does not contain any straight line, then there are at most finitely points a € S
such that S is not open at a.

Proof. First note thatif § = §; U S, and § is not open at a over a; € G, then either S
or S, is not open at a over a;. Thus we may assume that S is strongly minimal. Without
loss of generality, S is O-definable over @.

Assume towards a contradiction that the set N of all x in 7r1(S) over which S is not
open is infinite. Pick a; generic in N over @. Because RM(771(S)) = 1, the point a; is
D-generic in 71 (S) over @.

Fix a = (ay,a3) € S and B = By X B, 2 a such that a; ¢ int(71(S N B)). Let
Bs = S N B and write By := cl(Bg). Note that a is D-generic in S over @.

By Theorem 5.2, S has finitely many poles and since dim(a;/@) > 1, the point a; is
not a pole of S. By Corollary 4.12, there are at most finitely many points in 771 (S) over
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which S is non-injective, and each of them is in aclp ([S]) = aclp (@). Thus S is injective
over a1. By Theorem 4.9, fr(S) C aclgp (@) and hence ({a;} x G) N fr(S) = 0.

Since a; ¢ int(;r1(Bys)), there exists a definable curve y : (0,1) — By \ 71(Bs) such
that lim;_,¢ y(¢) = a;. Notice that for ¢ small enough y(¢) must be £D-generic in G, and
therefore, because 71 () is co-finite in G, y(¢) is D-generic in 71 (S) over @. So, we may
assume that the fiber S, (;) has constant size n > 1. For each ¢, let y1(¢),..., y.(f) € G be
distinct such that (y(¢), y;(¢)) € S. Because y(¢) ¢ 71(Bs), none of the y; (¢) is in Bs.

Since a; ¢ S, each of the curves y; (¢) is bounded, and hence has a limit y; € G \ B.
Since ({a;} x G) N fr(S) = @, each of the limit points (a;, y;) is in S and in addition
(a1,az) € S, with a, # y; for all i. However, since a; is &-generic, we must have
|Sq,| = n. This implies that y; = y; for some i # j, so S is non-injective at (a;, y;), a
contradiction.

Assume now that the intersection of S with any straight line is finite. We apply the
above to both S and S°P, and then by removing from 1 (S) and 71 (S°P) finitely many
points, we remain, by our assumption on S, with a co-finite subset S” of S such that S is
open at each point of S’. [

Corollary 6.3. Assume that S € G? is strongly minimal and a = (a1, a») is a non-
isolated point of S.

(1) If S is not a straight line, then S is open at a.

(2) Ifthereisy € G suchthat S ~ G x {y}, then y = a, and there exists an open U > a,
such that U x {a,} C S. In particular, S is open at a over aj.

(3) If S? is injective at (a3, ay1) over as, then either S ~ G X {as} or there exists an
open B = By X By 3 a such that S N B is the graph of an open continuous map from
By into B».

(4) If S is not a straight line and a is D-generic in S, then there exists an open U > a
such that S N U is the graph of a homeomorphism from 71 (U) onto 7(U).

Proof. (1) We assume that S is not a straight line and show that S is open at a. Assume
towards a contradiction that .S is not open at a over a;. In order to reach a contradiction it
is sufficient, by Lemma 6.2, to deduce that there are infinitely many points in 771 (S) over
which S is not open.

By Theorem 4.9, we can find an open box B = Bj X B, containing a such
that S N cl(B) is closed, and a; ¢ int(w;(B N S)). Let Bs = B N S and denote
Bs = cl(Bg). Repeating the argument with a smaller box, we see that also a; ¢
int(sr1 (Bs)) = int(71 (S Ncl(B))). Because S N ({a1} x G) is finite, we may also assume
that S N ({a1} x cl(B3)) = {a}.

The set 771 (Bs) is closed in G and since, by Lemma 6.2, S has no 1-dimensional com-
ponents and 7 is finite-to-one, it is 2-dimensional. The point a; belongs to the boundary
of 1 (Bs), so by o-minimality, there exists a definable curve y; : (0, 1) — d(7r1 (Bs)) with
ay = lim;_o y1(t). Since Bg = S N cl(B), there exists a definable curve y, : (0,1) —
cl(By) such that (y1(¢), y2(¢)) € S Ncl(B) for every t. Let b = lim;—¢ y2(t) € cl(By).
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Since S N cl(B) is closed, it follows that (a1, b) € S, and therefore by our choice
of By, b = a,. But then the curve y(¢) = (y1(¢), y2(¢)) tends to a, so for ¢ small enough,
it must belong to the open set B, and its projection is not in int(7; (Bg)). Therefore for
all ¢ small enough, S is not open over y;(¢). This contradicts Lemma 6.2 and ends the
proof of (1).

(2) Assume that S; := S N G x {y} is infinite. Because S is strongly minimal and a
is non-isolated we must have (a,az) € S1, so y = a,. The set Sy is strongly minimal,
thus its projection on the first coordinate is co-finite and so S; (and therefore S) is locally
near a the graph of a constant function. In particular, S is open at @ over a;.

(3) Assume now that S°P is injective at (az, a;) over a, and that we are not under
clause (2), so the intersection of S with any line G x {y} is finite.

By definition of injectivity, there exists an open box B = B; x B, such that BN S
is the graph of a function, call it fg, from a subset of B into B;, so the intersection of
each {x} x G with § is finite. We may also assume that B N S has no isolated point (by
o-minimality, there are only finitely many). By (1), we may shrink B so that Bg is open
over every point in 71 (Bg) and B§1 is open over every point in 771 (Bg). It follows that
the domain of fg is the whole of B and in addition fg is continuous and open.

(4) By Corollary 4.12, S is injective at a over a; and S°P is injective at (az, ay)
over a;. The result follows from (3), applied to S and to S°P. ]

Notice that even though, by o-minimality, the set of isolated points of any plane
curve S is finite we do not know yet that it is contained in acl g ([S]).

7. The ring of Jacobian matrices

7.1. The ring R

Our next goal is to show that if f is a £-function, then its Jacobian matrix vanishes at O
if and only if f is not locally invertible at 0. This will be done in this and the next section.
In the present section we prove that similarly to a complex analytic function, the Jacobian
matrix is non-zero if and only if it is an invertible matrix.

Throughout this section we fix a definable local coordinate system for G near Og,
identifying Og with 0 € R2. From now on we identify G locally with an open subset of RZ.
For a differentiable D-function f in a neighborhood of 0, with f(0) = 0, the Jacobian
matrix at x, denoted by Jy f, is computed with respect to this fixed coordinate system,
and we denote by |Jx f]| its determinant. We use dy f to denote the differential of f,
viewed as a map from the tangent space of G at x, denoted by 7% (G), to Tr(x)(G). As we
soon observe, the collection of all matrices Jo f is a subring of M5 (R), and the main goal
of this section is to show that it is in fact a field (thus every non-zero matrix is invertible).

We first observe the following statement.

Lemma 7.1. Let f : U — G be a non-constant D-function. Then:
(1) The set of a € U at which |J, f| = 0 is at most 1-dimensional.
(2) The set of a € U at which J, f = 0 is finite.
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Proof. (1) By strong minimality, for every open V C U, we have dim f(V') = 2, for
otherwise the preimage of some point is infinite and co-infinite. By the o-minimal ver-
sion of Sard’s Theorem [39, Theorem 2.7], the set of singular points of f is at most
1-dimensional. For (2), note that if J, f = 0 on a definably connected path then f must
be constant there, which by strong minimality implies that f is constant on U. ]

Definition 7.2. Recall from Section 1.3 that § is the collection of all £-functions f
which are C! in a neighborhood of 0, with f(0) = 0. We let

N={Jof € Mx(R): | € F}.

It is important here to distinguish between the group operation in G and the usual ring
operations in M5 (R). Thus we reserve the additive notation + for matrix addition, and let
@, © denote the group operations in G.

Lemma 7.3. The set R is a unital subring of M>(R) and for every A € R which is
invertible, A7' € R.

Proof. We first note that the collection of germs of functions in & is closed under @ and
functional composition. Indeed, if Sy and S, represent O-functions f and g in &, then
the plane curve Sy o S, represents f o g and the plane curve

SfEESg :{(X,YIEB)/Z) : (X»YI) Eva (X,YZ)eSg}

represents f & g.
Using the chain rule it is easy to verify that for f, g € &,

Jo(f ®g) =Jof +Jog and Jo(fog)=Jof-Jog.

Since the germs in § are closed under @ and functional composition, it follows that 3t is
aring. If Jo f is invertible, then f is a locally invertible function, in which case it is clear
that 1 is also in &, and therefore (Jo f)~! € K. n

Note. Given D-functions f, g € § it seems possible that every strongly minimal set rep-
resenting f o g (or every set representing f @ g) will have a nodal singularity at (0, 0)
and thus will not be locally at (0, 0) the graph of a function.

7.2. Definability and dimension of R

Our aim is to show that R is a definable field isomorphic to R(+/—1). This is achieved in
several steps. We first show (Theorem 7.13) that 3R is a definable ring of one of two kinds,
and then — by eliminating one of these possibilities — we deduce the desired result.

We are going to use the following operation extensively.

Definition 7.4. For a D-function f whichis C lina neighborhood of some a € G, we let

Jof = Jo(f(x®a)© f(a)). daf =do(f(xDa)© f(a)).
Note that f(x ® a) © f(a)is in % and thus J, f € K. We let £,(x) = x & a.
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Lemma 7.5. (1) dyf = (dolya)) ™" o daf o dola.

(2) Foreverya € dom(f), Jq f is invertible if and only if J, f is invertible, and J, f =0
o I f =0.

(3) For any two differentiable D-functions f, g : U — G and xo € U, Jo(f S8 =
Jxof — Ix08-

Proof. (1) is easy to verify and (2) follows easily, so we prove (3). Note that

Teo (f © 8) = Jol(f © g)(xo ®x) & (f ©g)(xo).

which equals
Jo[((f (x0 & x) © f(x0)) © (g(x0 & x) © g(x0))]-
As noted in the proof of Lemma 7.3, Jo(h1 © hy) = Johy — Joh2, so the above equals

Jo(f(xo ® ) © f(x0)) = Jo(g(x0 ® ) © g(x0)) = Jro(f) = Jxo(8)- u

Definition 7.6. We say that a D-function f : U — G is G-affine if there exist non-empty
open sets V' € U and W > 0 such that for all x1,x, € Vandx € W,

S+ x1)— flx1) = f(x +x2) = f(x2).

We note that a O-function f is G-affine if and only if Sy is G-affine if and only if
Stab*(Sy) is infinite. Indeed, by Lemma 3.8(4), Sy is G-affine if and only if Stab™(Sy)
is infinite, and strong minimality implies that if f is G-affine, then so is Sy. Further-
more, since Sy is unique up to ~-equivalence (as noted in the concluding paragraph of
Section 4.6), this does not depend on the choice of S.

Remark 7.7. If f is G-affine and f(0) = 0, then f is a partial group homomorphism
in a neighborhood of 0. It follows that for all @ in some open V 3 0 we have J, f =
Jo(f(x @ a) © f(a)) = Jof.Thus,if Jo f = 0, then f vanishes on V. Since f is rep-
resented by some strongly minimal Sy, if f vanishes on some infinite set, it vanishes on
its domain.

As we already saw in Fact 3.9, since D is not locally modular, there exists at least one
D-function which is not G-affine.
We are going to need the following lemma.

Lemma 7.8. There are invertible matrices in i arbitrarily close to the zero matrix.

Proof. We go via the following claim which is also used later in the text.
Claim 7.9. There exists g € & which is not G-affine, with Jog = 0.

n times

. ’_/% . . .
Proof. Fory € G andn € N we writeny :=y @ ---® y.Fix f : U — G in § which
is not G-affine, and for n € N, let g, (x) = f(nx) —nf(x). Itis easy to see that g,, € &
and Jogn = nJo f —nJo f = 0. We want to show that for some n € N, the function g,
is not G-affine, so gives the desired g.
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Notice that if g, is G-affine, then since Jyg, = 0, the function g, must vanish on its
domain (by Remark 7.7). Assume towards a contradiction that for every n € N, the func-
tion g, vanishes on its domain, so f(nx) = nf(x) whenever nx € U. Pick a -generic
x € U sufficiently close to 0 so that for all n, we have nx € U and nf(x) € U (we can
do it by saturation). For all n» we have

fx+nx) = f((n+1Dx) = A +n)f(x) = fx) +nf(x) = fx)+ fnx).

Thus, since x is generic, it is not torsion, and hence there are infinitely many y € G such
that f(x + y) = f(x) + f(y). Because f is a D-function it follows that for almost all
ywithx+yeU, f(x+y)= f(x)+ f(y). Since x is D-generic, the function f must
be G-affine, a contradiction. [

We return to the proof of Lemma 7.8. Take the function g : V' — G from Claim 7.9.
By Lemma 7.1, for every x € V generic, J,g and hence J, g is invertible. Because g is
smooth and Jog = 0, there are invertible matrices of the form Jx g € N arbitrarily close
to the zero matrix. n

Definition 7.10. Given aset W C N and a family ¥ = {f; : t € Ty} of D-functions, we
say that W is realized by ¥ if W = {Jo f; : t € To}.

Proposition 7.11. The ring R is a definable subring of M (R) which is also an R-vector
subspace.

Proof. We first show that R is a \/-definable subring of M5 (R), that is, R is a bounded
union of definable subsets of M>(R). Let M € JR. By definition, there exists some D-
function f* € & such that Jo f = M. Let Sy represent f. Let ¢(x,a) D-define Sy such
that ¢(x, y) is a family of plane curves all passing through (0, 0). By Proposition 4.15,
there is a #-definable family ¥ of D-functions in & such that the germ of f at 0 is rep-
resented in ¥ . Since Jo f only depends on the germ of f at 0, we find that M is realized
as the Jacobian matrix at 0 of some D-function in ¥ . Let T# be the set of all Jacobian
matrices of D-functions in ¥, where ¥ is a @-definable family of D-functions in F. We
have thus seen that Jt can be covered by all the sets 7. There are a bounded number of
such sets, where the bound is given by the cardinality of the language of D.

It follows that there is a definable open neighborhood U € M, (R) of the zero matrix
such that U N R is definable (for more on \/-definable groups and rings see [25]). More
precisely, there exists a #-definable family of £-functions which realizes U N R.

We now proceed to show that R is actually a definable subset of M>(R). Let U > 0
be a neighborhood of 0 in M, (R) such that U N $ is definable as above. We claim that

R ={AB"': A, B e UnNR, Bisinvertible}.

Indeed, for every C € i we can find, by Lemma 7.8, an invertible matrix B € U N N,
sufficiently close to 0, such that CB € U N R. It follows that R is definable.

Finally, the subring of scalar matrices in i is in particular a subgroup of (R, +), and
it is non-trivial since it contains 1. By o-minimality, the only non-trivial definable sub-
group of (R, +) is (R, +) itself. So R contains all diagonal matrices, and is therefore an
R-vector subspace of M;(R). |
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Proposition 7.12. Let U C G be an open neighborhood of 0, and assume that f : U — G
is a continuously differentiable D-function which is not G-affine. Then the set J(U) =
{Jaf € Ma(R) : a € U} has dimension 2. In particular, dim % > 2.

Proof. Since dimU = 2, we have dim J (U) < 2. Assume towards a contradiction that
dimJ(U) < 1.

Claim. There exists go € G \ dcl(9) and infinitely many a € G such that J.f =
Jaf(x ® go).

Proof of Claim. For every matrix A € J(U) let C4 := {x € U : J,f = A}. By our
assumptions, there exists A € J(U) such that dim C4 > 1, and by possibly shrinking U,
we may assume that C4 is definably connected. Consider By = C4 © C4 C G. There are
two cases to consider:

Case 1. There exists A € J(U) such that dim B4 = 1.

We may apply [21, Lemma 2.7] and conclude that the set C4 is contained in a coset
of a \/-definable 1-dimensional subgroup J¢ of G. It follows that for go € J suffi-
ciently close to 0, there are infinitely many a € Cy4 such that a & go € C4, and thus
Jaf = Jaf(x @ go) = Jatgof-

Case 2. Forall 4 € f(U), dim B4 = 2, so B4 contains an open subset of G.

Given A generic in J(U) we may find an open set W C G in By such that A is still
generic in J (U) over the parameters defining W . Thus there are infinitely many A € J (U)
for which W C By. Pick go generic in W and then for each A such that gg € By there
are a,b € Cq suchthata © b = go,s0a = b® go. By definition of Cy4, we know that
for every such pair (a, b) we have Jof =Jpf,s0 Jb@gof =Jyf. We get

I f(x ®go) = Jo(f(x Db D go) © f(b® &) = Jpagy f = Jbf.
Since there are infinitely many such pairs b, b @ go as A varies, we are done. |

To conclude the proof, fix g¢ as in the claim and infinitely many a such that Ju f=
Ja f(x @ go). By Lemma 7.5(3), for each such a, J,(f(x & go) © f(x)) = 0. But then,
by Lemma 7.5(2), for the D-function k(x) = f(x & go) © f(x) there are infinitely
many a, such that J,k = 0, so k(x) is constant on its domain, say of value d. By strong
minimality of D, (go,d) is in Stab*(Sy). Since go is not in dcl(#), it is not a torsion
element so Stab™(Sy) is infinite and therefore f is G-affine, a contradiction. |

7.3. The structure of R
The main result of this section is the following theorem.

Theorem 7.13. There exists a fixed invertible matrix M € M»(R) such that one of the
following two holds:
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- —1fa —b :
(1) ER_{M (b a)M.a,beR}.
In particular, R is a field which is definably isomorphic to R(~/—1).
- —1fa 0 .
2) ER_{M (b a)M.a,beR}.

We need some preliminaries.

Lemma 7.14. Let U C G be a definably connected open neighborhood of 0. Let f :
U — G be a non-constant D-function. Then |Jy f| has constant sign at all x € U where
f is differentiable and Jy f is invertible.

Proof. By Corollary 4.12, we may assume — possibly removing finitely many points
from U — that f is locally injective. The result now follows from [27, Theorem 3.2]. =

Now, for f € & non-constant we denote by o (f) the sign of |J, f| for all x suffi-
ciently close to 0 at which J f is invertible.

Proposition 7.15. Every invertible A € R has positive determinant.

Proof. Fix Ag € I generic over @, and W C R a definable open neighborhood of Ag. Fix
also a definable family { f; : t € T'} of D-functions, realizing W, provided by Proposi-
tion 7.11. Let ag be generic in T such that Jo f5, = Ao. We may assume that 7T is a cell
in some R¥, and by definable choice in o-minimal structures further assume that the map
t — Jo fr is a homeomorphism of 7" and W. By Proposition 7.12, dim 7 = dim W =
dimR > 2.

Foreveryt € T, let U; C G be the domain of f; (containing 0). We can find a definably
connected neighborhood Uy > 0 and a definably connected neighborhood 7" 2 Ty > ay
such that Uy C U; for every t € Ty. The definitions of the sets Uy and Ty may use addi-
tional parameters but we may choose them so that ag is still generic in Ty over those
parameters. Let Wy = {Jy f; : t € Ty} be the corresponding neighborhood of A in .

Consider now the set of matrices Wo = Wy — Ap € R. It is an open neighborhood
of 0 in M, which is realized by the family { f; © fa, : t € To}.

Our goal is to show that every invertible matrix in Wo has positive determinant. Let
us first see that they all have the same determinant sign. Note that for all # € Ty \ {ao},
the function f; © fg, is non-constant on Uy, thus by Theorem 4.17 it is an open map. We
now show, using the above notation, that o (f; © fq,) is constant as ¢ varies in a punctured
neighborhood of ay.

Fix x¢ € Uy which is generic over ag. Since (ag, Xo) is generic in Ty x Uy, there
exist an open T(; > ay inside Ty and an open 00 > x¢ inside Uy such that the map
F(t,x) = fi(x) © fay(x) is continuous on T x Up. Because dim Ty = dim W > 2, the
set Ty = T5 \ {ao} is still definably connected, and for each ¢ € Ty, the function ft © Jao
is open on Uy. Given 1 #1 € Ty, there exists a definable path p : [0,1] — T, connect-
ing 7, and 15, and by possibly shrinking Uy, the induced map (s, x) > F(p(s),x) is a
definable proper homotopy (see [27, Section 3.5.1]) of f;, © fa, and fi, © fa,. hence
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by [27, Theorem 3.19], for every x generic in 00, |Jx(f1, © Jfao)| and |Jx(f1, © fao)l
have the same sign. It follows that

O(ft] e fao) = a(ftz e fao)'

Thus, every invertible matrix in W has the same determinant si en.

Next, note that for every invertible A € Wo sufficiently close to 0, the matrix A? is
also in Wo and clearly has positive determinant. Thus all invertible matrices in WO have
positive determinant.

Finally, as we saw in the proof of Proposition 7.11, i = {AB7':A4,Be Wo, B invert-
ible}, and hence all invertible matrices in St have positive determinant. [

Proof of Theorem 7.13. Assume first that every non-zero A € R is invertible, so R is a
definable division ring. It follows from [30, Theorem 4.1] that $R is definably isomorphic
to either R or R(+/—1) or the ring of quaternions over R. Because dim $%t > 2, we are left
with the last two possibilities. The ring of quaternions, H (R), is not definably isomorphic
to a definable subring of M5 (R). Indeed, if A € M,(R) is such a ring then, as we have
seen in the proof of Proposition 7.11, it contains all scalar matrices. Because H (R) has
o-minimal dimension 4 the same must be true of A4, so A is a 4-dimensional R-vector sub-
space of M>(R). So A = M,(R), but the latter is not isomorphic to H(R) since M>(R)
is not a division ring.

So M is necessarily isomorphic to R(~/—1). Since R(~/—1) = R @ iR and R is a
subring of M5 (R), we immediately see that i is generated, as a vector space over R, by
the diagonal matrices and some matrix M (i) such that M(i)?> = —1. It follows that the
eigenvalues of M (i) are £i, so M(i) is diagonalizable and conjugate to (_01 (1)), say via
some matrix M. It is now immediate that 3t is of the form (1) with that M.

Now assume that there exists at least one matrix A that is not invertible, of rank 1. We
want to show that there exists an invertible M € M5, (R) such that R is as in (2).

We conjugate i by some fixed matrix so that A, written in columns, has the form
(w, 0) for some w € R?. We now show that every matrix in R is of the form (¢ 9) for
some a,b € R. Consider the set

H ={(u,0) e R :u e R?}.

It is a definable R-vector subspace of f that is also closed under ring multiplication. As
an R-vector space it has positive dimension over R (since H is a non-trivial subring of J)
and dimgp H < 2.

Claim 1. dimg H = 1.
Proof of Claim 1. Write the matrices in H in the form B = (¢ ), and note that for
d
C=(c%)
IB+C|=|C|+ (af —bd). (7.1)

Assume towards a contradiction that dim H = 2, so H consists of all matrices of the
form (¢ 3). We may now take C = (¢ 4 ) € R invertible, sufficiently close to 0, and since
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d, f cannot both be 0, it is easy to see that by choosing a, b appropriately, we may obtain
amatrix B + C € i whose determinant is negative, a contradiction. [

Thus, H is a 1-dimensional R-vector space.

Claim 2. There is no o € R such that all matrices in H are of the form B = (Ofa g).

Proof of Claim 2. Assume that there is such an «. Take any invertible C = (i ff ) e N.
Then forevery B = (% 9) € H, wehave |B 4+ C| = |C| + (af — aad). By choosing a

aa 0

appropriately, we obtain |B + C| < 0 (contradicting Proposition 7.15), unless f = ad.
Hence f = ad and C = ( add) € M. We have

c
e

c d\ (a 0\ _(alc+ad) O
e ad aa 0)  \a(e+a?d) 0)°
But the left hand side is in R, and H is the collection of all matrices in $R of the form
(u,0) for u € R?. Hence, (:g::zﬁ) g) € H. By assumption, a(c + ad) = e + o?d,
implying that e = ac. However, this would make C non-invertible, a contradiction. m
We are thus left with the case that all matrices in H are of the form (2 8). If we now

take an arbitrary (i f{ ) € 3 and multiply it on the right by a non-zero element of H, we

obtain another element of H, forcing d to be 0. Thus all matrices in J#t are lower triangu-
lar. Because H contains all matrices of the form (2 8), every matrix in 3t can be written
as the sum of a diagonal matrix in & and a matrix in H.

Claim 3. The diagonal matrices in R are precisely the scalar matrices.

Proof of Claim 3. The set of diagonal matrices in J is a definable additive subgroup of
the ring of all diagonal matrices

s (5 O) e,

We have already seen that all scalar matrices are in R, so if @ contains any matrix in A

that is not scalar, it contains all of A, contradicting Proposition 7.15. [
It follows that all matrices in R are of the form ( g 2), as required. This ends the proof
of Theorem 7.13. [

7.4. From ring to field
Definition 7.16. We say that R is of analytic form if it satisfies (1) of Theorem 7.13.

Our goal in this section is to prove that case (2) of Theorem 7.13 contradicts the
strong minimality of . Thus, our negation assumption is that there exists a matrix
M € GL(2, R) such that all matrices in M ~'9 M are of the form

a 0
(b a) fora,b € R. (7.2)
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Let us first note that we may assume that all matrices in 3 itself are of the form (7.2).
Indeed, if f € &, we have defined Jj f* with respect to some fixed atlas giving G its defin-
able differentiable manifold structure. Let g be the chart in that atlas mapping a neighbor-
hood U € R? onto a neighborhood of 0. Consider 4 : M~'U — G given by x — g(M x).
Since £ is a diffeomorphism, we can replace g in our atlas with /. Denoting by 3}, the
ring {Jo f : f € &} with respect to this new atlas we see that R, = M 'R M, as needed.

For G = (R?,+), [5, Corollary 2.18] immediately eliminates the possibility that R is
the ring of upper triangular matrices. The goal of this subsection is to prove an analogue
of that result in the context of an arbitrary group G.

We first need the following version of the uniqueness of definable solutions to defin-
able ODEs. It can be easily deduced from [22, Theorem 2.3].

Proposition 7.17. Let Gr(k,n) be the space of all k-dimensional linear subspaces of R".
Let U C R" be an open set and assume that L : U — Gr(k,n) is a definable C3-function
assigning to each p € U a k-dimensional space Ly. Assume that C1,Cy C U are defin-
able k-dimensional smooth manifolds such that for every p € C; N Cy, the tangent space
of C; at p equals L. Then for every p € Ciy N Cy there exists a neighborhood V > p
suchthatCiNV =CyNV.

Definition 7.18. A definable vector field on an open U C G is given by a definable partial
function F : U — T'(U) from U to its tangent bundle 7' (U) such that F(g) € T, (G) for
every g € G.

Every definable non-vanishing vector field F on U gives rise to a definable line field,
still denoted by F', where to each g € U we assign the 1-dimensional subspace of T (U)
spanned by F(g).

We say that a line field F is (left) G-invariant if for all g,h € U,

F(h) = dg(byg-1) - F(g).

Given a line field F, we say that a definable smooth 1-dimensional set C C U is a
trajectory of F if for every g € C, the tangent space to C at g is F(g).

Lemma 7.19. Let F be a definable non-vanishing G-invariant line field. Assume that
C C G is a definably connected smooth 1-dimensional trajectory of F. Then C is a coset
of a definable local subgroup of G.

Proof. Recall that we identify an open neighborhood U of 0 with an open subset of R2,
and T'(U) is identified with U x R?. The line field can be viewed as a map F : U —
Gr(1,2).

It will suffice to show that if 2 € C, then & © C is a local subgroup. Hence we may
assume that 0 € C. Since F is left-invariant, for any g € G, g @ C is also a trajectory
of F. By Proposition 7.17, C and g & C coincide on some neighborhood of g, provided
that g € C. It follows that for every x € C and g € C sufficiently small, we also have
x @ g € C. Thus C is a local subgroup of G. ]



P. E. Eleftheriou, A. Hasson, Y. Peterzil 3398

We can now return to our main goal: proving that 3t is of analytic form. Recall that
we assume that for a D-function f and b € dom( f') we can write

= af(b) 0
bt ‘(ﬂf(b) af<b>)' 7.3)

When f is clear from the context we omit the subscript f.
Let vy = (‘1)) € To(G) and consider the non-vanishing G-invariant vector field F
given by
{dogb c Vg . b e G}

For b € G, let vy, = dolp - vo € Tp(G).
Lemma 7.20. For every D-function f : U — G and b € dom( f), we have

dp f -vp = a(D)vrp) € Rusp),

so the line field induced by F is invariant under df .
If in addition a(b) = 0, then

dp f - Tp(G) S Rvsp).

Proof. By assumption on the form of matrices in R, we have d, f -vo = a(b) - vg. Writ-
ing dp, f explicitly (and composing on the left with dofr(z)), we obtain

(dp f)(dolp) - vo = a(b)(dols@p) - Vo).

which implies the first clause. ~
For the second clause, notice that the special form of dp, f implies that if a(b) = 0,
then dp f - v € Rug for every v € To(G). The result easily follows. |

Lemma 7.21. Assume that f : U — G is a D-function, and that C C U is a definable
smooth curve which is a trajectory of F. Then so is f(C).

Proof. By the first clause of Lemma 7.20, the image of C under f is also a trajectory
of F. ]

Lemma 7.22. Assume that [ is a D-function, and C C dom( f) is a definable smooth
curve such that a(b) = 0 at every b € C (in the above notation). Then for every generic
b € C, the tangent space of f(C) at f(D) is the R-span of vgw), so f(C) is a trajectory
of F in a neighborhood of f(b).

Proof. Consider the restriction of f to C, and pick a generic b in C. Since b is generic,
themap f|C : C — f(C)is asubmersion, so Trp)(C) = dp f - Tp(C). By the second
clause of Lemma 7.20, we conclude that Ty (f(C)) equals Rvs ). |

Lemma 7.23. There exists a D-function h and a definable curve C < G such that h(C)
is a trajectory of F.
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Proof. This is similar to the proof of the claim in Proposition 7.12. Fix any £-function f,
and ay as in (7.3) above.

Claim. There is ag € G such that ay (b) = ar (b @ ay) for infinitely many b € G.

Proof of Claim. Forr € R,1let C, = {b € G : as(b) = r}. Pick r generic in the image
of ay. By Proposition 7.12 (and in the notation of that proposition), dim J(U) = 2. There-
fore, genericity of r implies that C, is 1-dimensional. Consider D, = C, © C,. If D, is
still 1-dimensional, then as we have already seen several times, C; is contained in a coset
of a \/-definable subgroup H,, and then picking a9 € H, small enough will work with
any b € C,.

Otherwise, D, is 2-dimensional. We may now pick ag € D, generic over r. Since r
is still generic over ag, there are infinitely many r’ such that ag € D,-. For each such r’,
there exists b € C,» with b @ ag € C,. [ ]

Fix ay as above, and consider the OD-function h(x) = f(x & ag) & f(x). Itis easily
verified that for each b € G we have

Joh = Jp(f(x ® ao) © f(x) = Jp f(x ® ao) — Jp [ (x).

It follows that a;, (b) = 0 for every b € G such that ar (b ® ap) = ay(b). Let C be the
collection of all those elements b. By the claim, C is a curve. By Lemma 7.22, the curve
h(C) is a trajectory of F near b. L]

We can now deduce the following theorem.

Theorem 7.24. The ring R is of analytic form.

Proof. We still work under the negation assumption that we are in Case (2) of The-
orem 7.13. Using Lemmas 7.23 and 7.19 we obtain a definable local subgroup H which
is a trajectory of the vector field F', and thus all of its cosets are also trajectories of F. Let
U be a neighborhood of 0 which can be covered by cosets of H, all trajectories of F.

Fix any O-function f € ¥ which is not G-affine. By Lemma 7.21, for every a € U
such that f(a) € U, the image f(H @ a) is also a coset of H. Fix ag € H close enough
to 0 and consider the D-function k(x) = f(x) © f(x & ap). Since f is not G-affine, the
function k is not constant.

Notice that for every x sufficiently close to 0, the elements x and x @ ao belong to
the coset x @ H, and therefore as we just noted, f(x) and f(x @ ap) belong to the same
coset of H. It follows that k(x) € H and therefore k sends an open subset of G into H,
contradicting strong minimality (the preimage of some point will be infinite). ]

Note that the above argument does not really use the definability of the trajectory C
but merely its existence. Thus, if we worked over the reals, then we could have used the
usual existence theorem for solutions to differential equations in order to derive a contra-
diction.
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8. Some intersection theory for D-curves

Our ultimate goal is to show, under suitable assumptions, that if two plane curves C, D
C G? are tangent at some point p, and C belongs to a D-definable family ¥ of plane
curves, then by varying C within ¥ one gains additional intersection points with D, near
the point p (see Proposition 8.12(2)). This will allow us to detect tangency {D-definably.

The main tool towards this end is the following theorem, whose proof will be carried
out in this section via a sequence of lemmas.

Theorem 8.1. Assume that [ isin §. If Jo(f) = 0, then there is no neighborhood of 0
on which f is injective.

We now digress to report on an unsuccessful strategy, which nevertheless may be of
some interest.

8.1. Digression: on almost complex structures

Let K = R(+/—1). In analogy to the notion of an almost complex structure on a real man-
ifold, we may define a definable almost K -structure on a definable R-manifold M to be
a definable smooth linear J : TM — TM sending each T (M) to T, (M) and such that
J? =—1.

Note that every definable K-manifold admits a natural almost K-structure, induced
by multiplication of each Ty (M) by i = ~/—1. It is known that when K = C any 2-
dimensional almost complex structure is isomorphic, as an almost complex structure, to
a complex manifold. The proof of this result seems to be using integration and thus we
do not expect it to hold for almost K-structures in arbitrary o-minimal expansions of real
closed fields.

Returning now to our 2-dimensional group G, we can endow G with a definable
almost K -structure in the following way. Just as we did at the beginning of Section 7.4, we
may first assume that every matrix in & has the form ( ¢ _ab ) Next, we naturally identify
To(G) with R? ~ K and let J : To(G) — To(G) be defined by J(x, y) = (x,—y). Next,
use the differential of £, to obtain J : TG — T'G as required. Note that since TG is a
trivial tangent bundle, this step can be carried out for any definable group of even dimen-
sion. However in the case of G, our choice of J and the fact that for each D-function f,
J, f has analytic form, imply that f is J-holomorphic: for each a € dom( /') we have

Jodsf =dpgayoJ.

Now, if our underlying real closed field R were the field of real numbers, then G
would be isomorphic as an almost complex structure to a complex manifold G, and this
isomorphism would send every J-holomorphic function from G to G to a holomorphic
function from G to G. In particular, by our observation above, every -function would
be sent to a holomorphic function. This would give an immediate proof of Theorem 8.1,
due to the fact that the result is true for holomorphic maps.

Unfortunately, we do not know how to prove for arbitrary K that every 2-dimensional
almost K-manifold is (definably) isomorphic to a K-manifold, and hence we cannot use
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the theory of K-holomorphic maps in order to deduce Theorem 8.1. We thus use a differ-
ent strategy.

8.2. A motivating example

If f were holomorphic, then the above theorem would follow from the argument principle
and the open mapping theorem. Since our functions are not necessarily holomorphic, we
describe a different, more topological proof of Theorem 8.1 for an analytic function f:
we let i(z) = f(z)/z (complex division) for z # 0 and /(0) = 0. The assumption that
Jo f = 0 implies that % is continuous at 0 and hence holomorphic. Thus # is either locally
constant or an open map in a neighborhood of 0. Now, if 4 were locally constant, then
f = O near 0 and thus is clearly non-injective, so assume that /4 is an open map.

We now consider the complex function M(z, w) = z - w, and for a, b € C near 0, let
M, p(z) = M(z —a, h(z) — b). Notice that Mo o(z) = f(z). Let deg,(f) be the local
degree of f at O (see details below). Since the local degree is preserved under definable
homotopy (see Fact 8.2 below), it follows from the general theory that degy(M, ;) =
deg,(f) for sufficiently small a, b. Because each M, ; is holomorphic, the sign of
|J; M, p| is positive at a generic z in a small disc around 0, and therefore

dego(Map) = M} (w)]

for all w close to 0.
If we take w = 0, then we get

|M;(0)] =2

(the points a and h~!(b) being two such preimages), implying deg,(f) = degy(M, )
> 2. This implies that f is not locally injective near 0.

Our objective is to imitate the above proof, using -functions instead of holomorphic
ones. The main obstacle is that we do not have multiplication or division in £, so we want
to produce a D-function which sufficiently resembles the multiplication function M .

8.3. Topological preliminaries

Throughout this section we will be implicitly using the o-minimal version of Jordan’s
plane curve theorem (see [40]). We recall some definitions and results (see [26, Sections
2.2-2.3]). Given a circle C € R?, a definable continuous f : R> - R? and w ¢ f(C),
we let We (f, w) denote the winding number of f along C around w. If £ ~!(w) is finite,
p € R? and f(p) = w, then deg, (/) is defined to be We (f, f(p)) for all sufficiently
small C around p. We need the following results.

Fact 8.2. Let C C R2 be a circle oriented counterclockwise.

(1) If{f; : t € T} is a definable continuous family of functions with w ¢ f;(C) for any
t € T and T definably connected, then We (fr,, w) = Wc (fr,, w) forallt1,t, € T.
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(2) Assume that C is a circle around p, f : C — R? definable and continuous, and
w1, wy are in the same component of R*\ f(C). Then We (f,w1) = We (fwy).

(3) If f is definable and R-differentiable at p and Jp f is invertible, then deg,(f) is
either 1 or —1, depending on whether |J,(f')| is positive or negative.

(4) Assume that f is a definable M-smooth, open map, finite-to-one in a neighborhood
U of p and that f(z) # f(p)forall z # p in U. Assume also that J, f is invertible
of positive determinant for all generic z € U.
Let C C U be a circle around p. Then for all w € f(int(C)), if w and f(p) are
in the same component of R? \ f(C), then Wc (f. f(p)) > | £~ (w) Nint(C)|, and
if w is also generic, then We (£, f(p)) = | f~1(w) Nint(C)|.

Proof. (1) follows from [26, Lemma 2.13(4)]. (2) is just [26, Lemma 2.15]. The proof of
(3) is the same as the classical one, so we omit it.

(4) It follows from (2) that W (f, f(p)) = We(f, w). We let {zq,...,zx} =
f~Yw) Nint(C). By [26, Lemma 2.25], W (f. w) = Zle deg,, (f), so it is suffi-
cient to see that deg, (/) > 1 for each i. We fix a small circle C; around z; such that
We,; (f;w) = deg,, (f), and then fix a generic wo € f(int(C;)) sufficiently close to w, so
in particular the Jacobian of f at each preimage of wy is invertible of positive determinant.
By [26, Lemma 2.25], deg, (f) = Zj deg,,. (f), where the p; are the preimages of wy
in int(C). By (3), for each p;, we have deg,, (f) =1, thusdeg, (f) = | F~Y(wo)| > 1.

The same argument shows that for generic wy near p, we have W (f, f(p)) =

| £~ (wo)l. n

8.4. Back to D-functions

We still identify an open neighborhood of G with an open subset of R? and identify Og
with 0 = (0, 0). For an open set U € G and a function f : U — G, sending xg to yo, we
say that f is generically k-to-one at x if for every open V 3 xg and W > y there exists
an open yo € Wy € W such that | f~!(y) N V| = k for any generic y € W.

Below we use the notion of a D-function M from an open U C G? into G. By that
we mean that there exists a D-definable set S € G2 x G of Morley rank 2 containing the
graph of M.

Lemma 8.3. Let U C G? be a definable open neighborhood of (0, 0). Assume that
M U — G is a continuous D-function such that M(0, y) = M(x,0) =0 forall x,y
close enough to 0. Assume that f,h € & and:

(1) For any a, b in some neighborhood of 0, the function g, p(x) = M(f(x) © a,
h(x) & b) is not locally constant near 0.

(2) f and h are, respectively, generically k-to-one and m-to-one near 0.
Then g(x) = M(f(x), h(x)) is, generically, at least k + m-to-one near 0.

Proof. By the assumptions on f, h and M, for a,b in some neighborhood of 0, the
function g, p is a non-locally-constant O-function on some neighborhood of 0, so it is
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continuous and its graph is contained in a rank-1 $-definable set. By Theorem 4.17, it is
open as well. Since it is definable in £ and not locally constant, it is finite-to-one near 0.
Also, it follows from Corollary 7.15 and Proposition 7.24 that the Jacobian matrix of
ga.b has positive determinant at every point where the matrix does not vanish, which by
Lemma 7.1 is a co-finite set.

We now fix a simple closed curve C around O such that 0 ¢ g(C) = g0,0(C) and
deg,(g) = Wc(g.0). By continuity of M and g we can find an open U; > 0 and an open
disc U, > 0 such that for all a, b € Uy, g,,5(0) € U, and g, ,(C) N U, = 9. It follows
that g, 5 (0) and 0 are in the same component of R? \ g, ,(C).

Take independent generics a, b € U;. By Fact 8.2,

degy(g) = Wc(g.0) = We(gap:0) = We(gap- £a,5(0) = 12, (0)].

Because a, b are independent generics, f~!(a) N h~1(b) = @. Also, by our assumptions
on M and the definition of g, 5, we have

FTH@ URTH(b) € g, ,(0).

Hence, |g,;(0)| > m + k. It follows from Fact 8.2(4) that degy(g) > m + k and g is
generically at least k 4+ m-to-one near 0. ]

8.5. Producing the function M

We now proceed to construct the desired £D-function M as in Lemma 8.3. We start with
a D-function k(x) which is not G-affine and fix a generic ag € dom k. Define

M(x,y) = (k(ao ® x & y) © k(ao ® x)) © (k(ao ® y) © k(ao)).
We write M,(y) = M(a, y).
By definition,
(A) For x, y near 0, M(0, y) = M(x,0) = 0.
Our next goal is to show that M can be used, similarly to multiplication, to “divide
(an appropriate) function f by x”, so that we can implicitly solve M(x, y) = f(x) in
some neighborhood of x = 0. This is the purpose of the next few results.

By Theorem 7.24 and the discussion in Section 7.4, we may assume that for a smooth
f € &, the matrix Jo f has the form

(C _e) with ¢, e € R.
e C

We consider the partial definable map d : G — R?, mapping a to the first column of
the Jacobian matrix JoM, (so if JoM, = (&), then d(a) = (c, e)). Note that d(a)
completely determines JoM,, and in particular d(0) = 0 if and only if JoM = 0. By
Lemma 7.5 (and using the fact that Jo f = Jo /), we find that

JoM, = Jo([k(ao ® a & y) © k(ao & a)]) — Jo([k(ao & y) © k(ao)])

= jaoéBak - jaok- (T)
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By Proposition 7.12 applied to k(x), the image of every open U > 0 under x > Jyk is
a 2-dimensional subset of R, hence by o-minimality this map is locally injective near the
generic ag. Equivalently, the map x +— Jaoeaxk is locally injective near 0. Since Jaok is
constant, it follows that d(x) is locally injective at 0. In particular,

(B) d(0) = 0, and there is a neighborhood of 0 where d(a) # 0 for all a # 0.

We are going to use several different norms in the next argument, so we set

[Ge I = VX2 + y2,

and for a linear map 7' we denote the operator norm by

ITllop = max {IT )|/l x]l = x # O}

Observe that ||d(a)|| = ||JoMa||op- It is well-known (and easy to see) that if we identify

every linear map with a 2 x 2 matrix, then ||T'||op and || 7'|| are equivalent norms.

We need an additional property of M. Given two functions o, 8 : U* — RZ% on a
punctured neighborhood U* € R? of 0, we write o ~ 8 if lim,—¢ ct(¢)/B(t) is a positive
element of R. We will show:

(C) There are definable R™°-valued functions e(a) and §(a), in some punctured neigh-
borhood U* of 0, with e(a) ~ ||d(a)|| and §(a) ~ ||d(a)||?, such that for every a € U*,
the function M, = M(a, —) is invertible on the disc B,(,) and its image contains the
disc Bj(g) (recall that for a = 0 we have M, (x) = 0 near 0).

In order to prove (C), we use an effective version of the inverse function theorem, as
appearing in [38, §7.2]. We give the details, with references to [38].

Proposition 8.4. There exists a constant C > 0 such that if e(a) = ||d(a)||/(4C) and
8(a) = e(a)?/2, then for all a in a small punctured neighborhood of 0 the function M, ()
is injective on Be(q) and its image contains a ball of radius §(a) around 0.

Proof. We start with some observations. If

C —e
A= JoM, = (_e i )

then [|Allop = v/¢2 + €2 = ||d(a)|. And if A is invertible, then || A~ ||op = 1/|d(a)]|.

Consider the partial map D : G x G — R* defined by D(a, y) = JyM, € Ma(R).
For any a, y, we view D(a, y) both as a linear operator and a vector in R*. Since M is a
C2-function, || J(4,y) D |lop is bounded by some constant C as (a, y) varies in a neighbor-
hood By x B; of (0,0), and we may assume that C > 1. By [38, Lemma 7.2.8] applied
to D, for all (ay, y1), (a2, y2) € By X B, we have

1 Jys May = Jy, Ma, || < Cli(ar, y1) — (a2. y2)|I- (%)

Note also that D(0,0) = Jo M, = 0, so restricting further B, B, we may also assume
that || D(a, y)|| < 1 for all (a, y) € By X Bs.
‘We now need a version of [38, Lemma 7.2.10].
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Lemma 8.5. For every a € By such that JoM, is invertible, and for all y1, y2 € B», if
[yill, [y21l < e(a), then:
(1) The matrices Jy,, My and J,, M, are invertible.

(2) |Ma(y1) — Ma(32)|l = e(@)ly1 — y2ll. In particular, M, is injective on B,(g).

Proof. We fix a with JoM, invertible and we write JoM, = (5, ). By (x), for every
y € Byandevery E > 0,if ||y|| < E/(2C), then

[JyMa — JoMal| < Cllyll = Cll(y,a) = (0,a)|| < E/2.

In particular, since JoM, # 0, we may take £ < |d(a)| = ||JoMa||op and then J, M,
must be non-zero. Because M, is a D-function it follows that J, M, is invertible.
Let ¢/ = 1/][(JoMg) ™" ||op. As pointed out earlier, in our case

oMz Dllop = (JoMa) ™ llop = 1/l1d (@),

hence ¢’ = ||d(a)||. Now, for all non-zero vectors w, we have ||(JoM,) ' (w)| < % lwll,
so if we replace w with (JoM,)~1(z), we get ’|z|| = ||d(a)]| - |z]| < |JoMa(2)]|.
Hence, for any y, y € R?,

IJoMa(yr — y2)ll = ld(@)]l - lyr — y2]I- (x%)

By [38, Lemma 7.2.9], applied to the function M,, we also have for all y;, y» € By,
[Ma(y1) — Ma(y2) — JoMa(y1 — y2)|l < ly1 — y2ll tel[l;aP; : /e My — JoMyg|lop,
1,2

where [y1, y,] is the line segment in R? connecting y; and y,. Hence, by the triangle
inequality,

[Ma(y1) — Ma(y2)|l = [[JoMa(y1 — y2)Il = ly1 — y2ll  Jhax |Je Mg — JoMq||op-

»1,¥2]

Putting this together with (x) and (), we find thatif y;, y, € B, and || y;|| < E/(2C)
fori = 1,2, then

IMa(y1) = Ma(y2)|l = (ld(@)[l = Cliyr = y2lDlly1 = y2l.
If in addition ||y; — y2|| < [|d(@)||/(2C), then

d(a)|l o ld@)l
[y1 —y2ll =

[y —yall. Gkxx)

IMa00) = M)l = ()~ 1% :

We summarize what we have shown so far: for any £ < ||d(a)|, if |y1]l, vz <
E/(2C) and ||y1 — y2|| < ||d(a)||/(2C), then J, M, is invertible and (#x*3x) holds.

We now fix the parameters as follows: set E = ||d(a)| /2, e(a) = ||d(a)|/(4C) =
E/Q2C). So, if [[y1]. [ly2ll < E/(2C), then ||yy — y2|| < E/C = [d(a)[/(2C), so we
may apply (*#*) and conclude that J,, is invertible for i = 1,2 and

d
140~ MaGr)ll 2 S5 )= ety = ol .



P. E. Eleftheriou, A. Hasson, Y. Peterzil 3406

By the proof of [38, Theorem 2.11],
i lly = Ma(0)]| < e(@)?/2} € {Ma(2) : |12 < e(a)}

(apply the claim of [38, p. 113, second line] with €, ¢ there both replaced with e(a) here,
and our M, substituted for f there). Thus, the image of the disc B,(,) under M, contains
a disc of radius e(a)?/2 around M, (0) = 0. We do not repeat the proof here. |

8.6. Proving Theorem 8.1

We now fix a D-function M : G2 — G satisfying conditions (A)—(C) above, with d(x)
the first column of Jo M,.. We first need a simple observation.

Fact 8.6. Assume that f : R> D U — R? is a definable C?-function sending 0 to 0. If
Jof =0, thenlimzo || f o f(x)]/]x]> = 0.

Proof. As already mentioned, the operator norm and the Euclidean norm on R? are equi-
valent — so we may work with either.

We first claim that there exists some neighborhood U of 0 and a constant C such that
I £ < C|lx]||? forall x € U.

We use the following corollary of [38, Lemma 7.2.8]: Let g be a definable C!-map
from an open ball B € R™ centered at 0 into R” with g(0) = 0. Then for all x € B,

gl < sup [ Jagll [l x]l- 8.1)
a€B(0;x|)

We now consider the map a(a) = J, f, as a map from an open ball B around 0 € G
(identified with a ball centered at (0,0) € R? ) into R*. Since f is a C2-map the map «
isaCl -map and hence, by (8.1), there is some constant C (a bound on the norm of d, (&)
as q varies in B) such that for alla € B,

Vo fIl = lla(@)] = Clla].

It follows that sup,ego. x|y /o f || < Cllx] for all x € B.
Next, we apply (8.1) to the map f itself and conclude, using what we have just shown,
that for all x € B,

I/l < sup  [afllxll < Clx|?.
a€B(0;]1x])

This ends the proof of our first claim.
It now follows that || £(f(x))|| < C| f(x)||> < C?||x||*. This yields the desired con-
clusion. -

We also need the following lemma.

Lemma 8.7. If x(¢) : (a,€) — R? is a definable curve tending to 0 as t — 0, then

lim/—o [|d(x@)[I/[lx @) # 0.
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Proof. Recall that d is a map from U into R? mapping a to the first column of JoM,,
and recall that d(a) completely determines JoM,.

We claim that Jo(d) is invertible. Indeed, we have seen in (}) above (Section 8.5)
that JyM, = ~a0@ak - jaok. By Proposition 7.12, the function a jaf is a diffeo-
morphism in a small neighborhood of the generic point @ onto an open subset of J.
Since x > ag @ x is a diffeomorphism (between open subsets of G) in a neighborhood
of 0, we get that a — fao@ak is a diffeomorphism near 0 between an open subset of G
and 3. Since faok is a constant matrix, it follows that a — JoM, is a diffeomorphism
near 0. Thus, from the special form of Jy M, and the definition of d we deduce that Jod is
invertible.

It follows from the definition of the differential that

- (d(x(t)) _ Jod -x(t)) —0
=0\ [lx@®)| x|l

As Jyd is invertible, the limit of % is a non-zero vector, and so

o 19O

=0 [lx (@)l

Corollary 8.8. Let e(a) and 6(a) be as in Proposition 8.4. Assume that f : G — G isa
smooth non-G -linear D-function such that f(0) =0and Jof =0.Let g = f o f. Then
there is an open neighborhood U > 0 such that for all non-zero a € U, we have:

@ llg@ < é(a).
(ii) There exists a unique y € Be(q) such that M(a,y) = g(a).

Proof. Assume that (i) fails. Then there exists a definable function x (¢) tending to 0 in G
such that for all ¢,

lgCx @)l = 8(x () = lld(x())]*/(32C?).

Because Jof = 0, Fact 8.6 implies that lim,_q ||g(x(¢))||/||x()]|*> = 0. Com-
bined with the above inequality we get limy()—o [[d(x(2))[|*/]x(#)||> = 0, hence
limy—¢ || d(x(@))||/]x(¢)|| = O, contradicting Lemma 8.7. Thus there exists U > 0 such
that for all @ € U \ {0} we have ||g(a)|| < 6(a). It now follows from our choice of 6(a)
that there exists a unique y € B,(q) such that M(a, y) = g(a). L]

Corollary 8.9. Let f and g be as above, and e(a), §(a) as in (C) above. Let U = {x :
lg(x)] < é(a)} and U* = U \ {0}. For every x € U*, let h(x) be the unique y in Be(q)
such that M(x,y) = g(x). Then:

(1) U contains an open disc around 0.

(ii) h is differentiable on U* and limy_, h(x) = 0 (so it extends continuously to 0).
Moreover, if f is not constant, then neither is h.

(iii) The continuous extension of h to U is a D-function.
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Proof. Clause (i) is just Corollary 8.8. To see that 4 is differentiable everywhere we apply
the Implicit Function Theorem to M (x, y) — g(x). By Lemma 8.5, J, My is invertible for
every x € U* and |y| < e(a), so indeed /(x), the solution to M(x,y) — g(x) =0, is
differentiable at x.

To see that the limit of / at 0 is 0, we compute the limit along an arbitrary curve x ()
tending to 0. By definition, |2 (x(¢))| < |le(?)|| ~ ||d(?)]|, so since d(0) = 0, also h(x(t))
must tend to 0. The second clause of (ii) follows since if & were constant with 2(0) = 0
then necessarily 4 would vanish on its domain, implying that g was identically 0 (because
M (x,0) = 0 for all x). Because f is not constant its image is infinite, and because it is a
D-function it follows that also g = f o f is non-constant.

For (iii), note that the graph of & is contained in the plane curve B = {(x, y) :
(x,y,g(x)) € M (x, y)} where M is a D-definable set of Morley rank 2 containing the
graph of M. ]

We note that locally near the point (0, 0) itself, the D-definable set B need not be the
graph of a function, but this does not come up in the argument.

Proof of Theorem 8.1. Assume that f € % and Jo(f) = 0. We will show that f is not
injective near 0.

Consider g(x) = f(f(x)), and assume towards a contradiction that f and thus also
g is injective near 0. By Corollary 8.9, there exists a £-function % in a neighborhood U
of 0, with 2(0) = 0, such that for all x € U,

M(x, h(x)) = g(x).

We now wish to apply Lemma 8.3 to the functions x — x and x > h(x). For that we
just need to note that for a and b near 0 the function g, 5(x) = M(x © a, h(x) © b) is
non-constant near 0. Indeed, we can find a fixed definably connected open W > 0 such
that W C dom(g, ) for all a, b close to 0. Since each g, 5 is a O-function, its graph is
contained in a strongly minimal set, and hence if it were constant near 0, it would have to
be constant on the whole of W. But then, by the continuity of M, the function g = go,0
must also be constant on W, a contradiction.

By applying Lemma 8.3, we conclude that g(x) is at least 1 + k-to-one near 0, where
k > 1. This contradicts the assumption that f and thus g were locally injective. ]

The following example shows that the proof of Theorem 8.1 uses more than just the
basic geometric properties of the function f.

Example 8.10. A crucial point in our above argument was that f(z)/z, or in the language
of our proof, the implicitly defined function 4, is an open map. This followed from the
fact that it was a D -function.

Consider the function f(z) = |z|?z from C to C. It is smooth everywhere, Jo f = 0,
and yet it is injective everywhere. However, the function f(z)/|z| is clearly not an open
map.



Strongly minimal groups in o-minimal structures 3409

8.7. Intersection theory in families

Based on the topological properties we have established thus far we can develop some
intersection theory resembling that of complex analytic curves.

Definition 8.11. Let X, Y be two plane curves, and p = (p1, p2) € X N Y. We say that
X and Y are tangent at p if there are D-functions f, g which are C'! in a neighborhood
of p1,withT'y € X and I'y C Y, such that

f(p1) =p2=g(p1) and Jp f =Jp¢g.

The following proposition is the key technical tool for identifying tangency in the
reduct D. The first part of the proposition uses mainly the topological properties of -
functions to show that if X, E are -plane curves intersecting generically enough, then
the number of intersection points cannot drop under slight perturbations of the curves.
The second part of the proposition uses the differential properties of O-functions (and in
particular Theorem 8.1) to show that if X and E are tangent at a point, then the number
of intersection points is expected to increase under slight perturbations.

Proposition 8.12. Let ¥ ={E, : a € T} be a D-definable almost faithful family of plane
curves, D-definable over O, and let X be a strongly minimal plane curve not almost a
straight line.

Assume that a is generic in T over @, E, strongly minimal, X N E, is finite and
p = (x0.y0) € Eo N X.

(1) If p is D-generic in E, over a, non-isolated on E,, non-isolated in X and also D-
generic in X over [X], then for every neighborhood U > p, there is a neighborhood
V 3 ainT such that for every a’ € V, Ey intersects X in U.

(2) (Here we do not make any genericity assumptions on p.) Assume that for some open
W > a, whenever a’ € W the set Ey represents a D-function fu in a neighborhood
of (xo, yo) and the map (a’, x) — fu/(x) is continuous at (a, Xo). Assume also that X
represents a function g at p and Jx, fo = Jx,g. Then for every neighborhood U > p
there is a neighborhood V > a in T such that for every a’ € V, either E; and X are
tangent at some pointin U or |Ep, N X NU| > 1.

Proof. (1) Fix an open U = U; x U, > p definably connected. Since p is non-isolated
and D-generic in E, over a, it follows from Corollary 6.3, applied to E,, that there are
three possibilities: (i) E, is locally at p the graph of a constant function in the first vari-
able, (ii) E, is locally at p the graph of a constant function in the second variable, or
(iii) E, is locally at p the graph of a homeomorphism.

In all cases, E, is locally at p either the graph of a continuous function mapping xo
to yg or vice versa. Since our assumptions on p are symmetric with respect to the coordin-
ates, we may assume that there is an open U = Uy x U, > p such that E, is locally the
graph of a continuous function f, : Uy — Us,.

Since, in addition, a is generic in 7" over @, we may shrink U and find an open defin-
ably connected V 2 a in T such that for every a’ € Vjy, the set E,» N Uy x U, is the graph
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of a D-function f,/ : Uy — U, and furthermore, the map (a’, x) — f,/(x) is continuous
on Vy x Uy.

Since p is not isolated in X, £-generic in X over [X], and the projections of X on
both coordinates are finite-to-one, it follows from Corollary 6.3, applied to X, that, after
possibly shrinking U further, the set X N U is the graph of an open continuous map
g U 1 — Uz.

Notice that for every a’ € Vy and (x, y) € U,

(x,y)€eEyNX < fu(x)Og(x)=0.

Because X N E, is finite, the function f, & g is not constant on its domain, so by The-
orem 4.17, f, © g is open on Uj.

Claim. There exists V 3 a such that for every a’ € V \ {a}, the function fy © g is an
open map on Uj.

Proof of Claim. Indeed, assume towards a contradiction that for a’ € Vj arbitrarily close
to a the map f,» © g is not open. Thus, by Theorem 4.17, it is constant on Uj. It follows
from continuity that f, & g is constant on Uj, contradicting our assumption. ]

Thus, we have shown that there exists V' > a such that for all @’ € V, the function
far © g is open and finite-to-one on Uj. In addition, the map (a’, x) = (fo © g)(x)
is continuous in a neighborhood (a, x¢). Because 0 € (f; © g)(U) it follows from
Fact 8.2(1,4) that for some open Vy > a small enough and for all @’ € Vj, the set
(for © g)(U) contains 0, so X N E,» N U # @. This ends the proof of (1).

(2) Let g be a D-function with g(x¢) = yo suchthat I'; € X and Jy, fo = Jx,g. Note
that (f4 © g)(x9) = 0 and f; # g. So, for C C G a sufficiently small circle around x¢
the only zero of f, © g in the closed ball B determined by C is x¢. By continuity of
(x,a") > far(x), we may find some neighborhood V' C W of a such that forevery a’ € V,
0 ¢ (for © g)(C). It follows from Fact 8.2(1) that

We(fa ©8.0) = We(fa©g.0)

foreverya’ € V.
By our assumptions, Jx,(f; © g) = 0 and therefore by Theorem 8.1, f, © g is not
injective in any neighborhood of xy, that is, for every generic y near 0,

(fa©8) 'l > 1.

It follows from Fact 8.2(4) that W (f, © g,0) > 1. Thus, W (for © g,0) > 1 for all
a eV,

We can now conclude that for every a’, either 0 is a regular value of the function
far © g on int(C), in which case it has more than one preimage and then E, and X
intersect more than once in int(C), or 0 is a singular value, in which case the curves E,
and X are tangent at some point in int(C). ]
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9. The main theorem

We are now ready to prove our main result. Our proof follows that of [5, Theorem 7.3].
We begin with a series of useful technical facts. Throughout this section we let K := R.

Lemma 9.1. There exist D-definable families € = {EJ : a € To}, €1 = {E} : b € T1}
of plane curves all passing through (0, 0) such that:

(1) Fori = 0,1, T; is strongly minimal and €; is almost faithful.

(2) Every generic curve in €;, i = 0,1, is closed, strongly minimal and has no isolated
points.

(3) There are definable open neighborhoods U C G of 0 and definable open sets Ty < To
and T1/‘ C Ty such that for everyi = 0,1 and a € T}, the curve E}, represents a func-
tion f} U — Ging.

4) Fori = 0,1, the sets ‘

Wii={Jo fp 1a T/}

are open subsets of K with 0 € cl(Wy) and 1 € cl(W).

(5) Foreachi = 0,1, the map (a,x) + f}(x) is continuous on T/ x U.

Proof. By Claim 7.9, there exists a D-function f : U — G which is not G-affine and such
that Jo f = 0. Let S € G? be a strongly minimal set representing f. By Theorem 4.9,
we may assume that S is closed, and by allowing parameters we may assume that S has
no isolated points. Let

Co={Sep:peS}

Let Tp := S and fora € S let E := S S a.
For every a = (xg, f(x0)) € S, the curve S, represents the D-function f(x & xg)
© f(xg). By Proposition 7.12, the set

W = {Jo(f(x & x0) © f(x0)) : X0 € U}

of elements of K has dimension 2, and by applying the same proposition to a smal-
ler U, we see that Jo f = 0 is in the closure of a 2-dimensional component of W. By
o-minimality, we can find an open U’ € U such that the set Wy = {Jo(f(x & x0) ©
f(x0)) : xo € U’} is an open subset of K with the zero matrix in its closure. We let
Ty :={(x0. f(x0)) : xo € U’}. By its definition, the sets U’, T;; and W} satisfy all clauses
of the lemma.

In order to obtain €;, we replace f with the function i(x) = f(x) @ x. Itis a D-
function which is not G-affine, with Joh = 1 € K. We repeat the above process and obtain
the rest of the lemma. ]

Our aim is to construct a field configuration in O (see Definition 2.1). We will pull
a field configuration from K into O by using the properties of Jacobians of -functions
as studied in the previous sections. Lemma 9.1 provides us with the families of curves
we will be using to construct the field configuration. For simplicity of notation we will
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absorb into the language all the parameters needed to define all the objects appearing in
Lemma 9.1.

Observe that although Wy and W; from Lemma 9.1, are not neighborhoods of 0 and 1,
respectively, it is still the case that for every B € Wy, if A € W and C € W, are suffi-
ciently close to 1 and 0, respectively, then AB + C is still in Wy (since Wy is open).
Similarly, for every A € Wy, if C € W is sufficiently close to 1, then AC € Wj.

Let e = (1, 0) be the identity of G, x G,, and choose b € Wy and h, g in Wy x Wy C
Gm X G, sufficiently close to e so that gh € W) x Wy, and h - b and hg - b are in W
Note that we may choose g, &, b to be independent generics in the sense of M (and thus
also independent in the sense of K).

To simplify notation, we denote the functions in €y by f; and the functions in €; by
gs, and abusing notation, we will sometimes write f € €; for a D-function f which is
represented by a curve in €;. In particular, let us denote, fori = 1,2,

€ =/l 1eT)

We will construct a field configuration of Jacobian matrices of £-functions in €
and €}, and show that the corresponding configuration of parameters of $-definable
curves representing those -functions is a field configuration in D.

We get the following corollary to Lemma 9.1.

Corollary 9.2. There are a;,a; € Wiy € K and b, by, by, € Wy C K such that g =
(a1, b1),h = (az,by) € Wy x Wy and the following hold:

(1) There exist g1, g2 € €; and f1, fo, k1 € €) with Jogi = a; (for i = 1,2) and
Jofi = b;i (fori = 1,2) and Jok, = b.

(2) hg € Wi x Wy, and there are f3 € € and g3 € €| with (Jogs. Jo f3) = hg.
(3) There are k., k3 € € such that Jok, = h - b and Joks = hg - b.

For a O-function ¥, we denote by [¥] the {D-canonical parameter of some fixed
strongly minimal set representing it. Our goal is to prove the following proposition.

Proposition 9.3. In the above notation,
Y :={(Al.1g1D. ([12]. [g2D. ([/3]. [g3D). [k1]. [k2]. [k3]} (%)
is a field configuration in D.

Proof. We have to verify that the following diagram satisfies (1)—(4) of Definition 2.1:
(k1] (k2]

([f1]. [g1D)

(£ [22D) [ks]

([f5] [g3])
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The families €y and €; are almost faithful, so for a function f, € €} we have aclp(a) =
aclp ([ f4]). Since field configurations are stable with respect to D-interalgebraicity
(over @), we may assume that a = [ f;]. The same is true for €.

By construction, ¥ satisfies the assumptions of Lemma 2.4. So we are reduced to
proving (3) of Definition 2.1. That is, we have to show that all lines in the above diagram
represent D-dependencies. For example, we have to show that {[k3], [k3], ([ f2], [g2])}
is D-dependent, and similarly {[k,], [k3], ([ f5], [g3])}, etc. Since all the arguments are
similar, we only prove in detail the latter case.

It will suffice to show the following statement.

Lemma 9.4. k3 € aclg ([ f3], [k1]. [g3]).

Proof. The geometric idea behind it goes back to Eugenia Rabinovich’s work [35]. Write
fa = k3 with a € Ty. By our assumptions, Jg f, is generic in K over @. To simplify the
notation, we denote the curves in €y by E,/, a’ € Ty, and the curves in €; by C,, g € Ty.

Let X be a strongly minimal subset of S := (Ep, o Ey, ) B Cg,, representing the func-
tion (f3 o k1) @ g3 (see Lemma 7.3 for the notation). We want to show that a € aclgp ([S]).
Assume towards a contradiction that this is not the case.

Claim 1. The projections of X on both coordinates are infinite and all isolated points
of X are in aclgp ([S]) .

Proof of Claim 1. By our choice of €y, the curves Er, and Ej, are strongly minimal
without isolated points. It follows that each of these curves has a finite intersection with
every straight line, and thus E¢, o Ey, hasno isolated points. Indeed, if (a,b) € E #5 0 Eg,
there is some ¢ such that (a,c) € Eg, and (c,b) € Ey,. Since these curves are not straight
lines and have no isolated points, they are open over ¢ at (a, c¢) and (c, b), respectively
(Corollary 6.3). So for every open U > (a, c) there is ¢’ € m>(U N Ey,) distinct from c.
Hence there is some a’ such that (a, ¢’) € U N Ej,. A similar argument will provide us
with some (¢’,b") € Ef, so (a’,b") € Ey, o Ey, with (a’, b’) arbitrarily close to (a, b).

Note also that the curve Cy, has no isolated points. An argument similar to the one
in the previous paragraph shows that the H-sum § of E¢, o Ej, and Cy, has no isolated
points either. Let 1(X) be the set of isolated points of X. Let X’ := X \ I(X). Then, as
S has no isolated points, 7(X) C cl(S \ 7(X)). Butcl(S \ I(X)) =cl(S \ X) Ucl(X),
and since 7(X) N cl(X’) = 0 we find that 7(X) C fr(S \ X). Since [X] € aclgp(S), we
deduce from Theorem 4.9 that fr(S \ X) € aclg ([S]).

Since X is a strongly minimal set representing a function ( f3 o k1) @ g3, its projection
on the first coordinate is finite-to-one. Since the function has a non-zero Jacobian matrix
at 0, it is non-constant and hence has an infinite projection in the second coordinate as
well. ]

It follows from Claim 1 that the (finite) set of isolated points of X is contained in a
D-algebraic set D-definable over [S]. Thus, by removing this £-definable set there is no
loss of generality in assuming that X contains no isolated points.
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Note that the assumption that a ¢ aclgp ([S]) implies that a ¢ aclgp ([X]). We will ulti-
mately show that this leads to a contradiction. Because E, is strongly minimal, it follows
that £, N X is finite.

Since Ty is strongly minimal, there exists some natural number n such that | X N Ej|
= n for all b € Ty which are D-generic over [X]. Thus, the set

F=1{beTy:|XNEy <n)

is finite, defined in O over [X]. We will show that a € F, thus reaching a contradiction.
By our choice of a, dim(Jy f; /%) = 2 = dim G and since Jy f; € dcl(a), we also have
dim(a /@) = 2. Thus we also have a € dcl(Jy fy).

Claim2. Let{xy,...,x;}:= X N E,. Thenforeveryi =1,...,k, either RM(x;/a) =1,
or x; € aclgp(9).

Proof of Claim 2. We consider the family
37/ = {(Eal ° Eaz) H Cb .ayp,ay € To, b e Tl},

and for simplicity write the members of ¥’ as {X; : t € T'}. By our choice of X, there is
to € T generic such that X is a strongly minimal subset of X, so definable over aclgp (fo).
We may now replace ¥’ by another family of the same dimension, defined over @, such
that the generic member of # is strongly minimal and X belongs to the family. We call
this new family ¥ .

Thus X = Xy, with F = {X; : t € T'} a -definable almost faithful family of plane
curves, and 7y generic in 7" over ¢. Our underlying negation assumption implies that
RM(a/ty) = 1.

Assume now that RM(x; /a) # 1. Since x; € E, it follows that x; € aclgp(a). Because
RM(a/ty) = 1 it follows that ¢y is D-generic in T over a and hence also over x;. But then
x; isin X; for every ¢t which is £-generic in T'. This necessarily implies that x; € aclg (9)
because there can only be finitely many points in G x G belonging to every {D-generic
curve X;. This ends the proof of Claim 2. |

We now return to the proof of Lemma 9.4. By Claim 2 we may assume that RM(x; /a)
=1fori =1,...,r,and x; € aclp(@) fori =r + 1,..., k. Without loss of generality,
xr = 0.

In order to show that a € F, we have to show that k < n. Towards that end, we will
show that there are infinitely many a’ € Ty such thatn = |X N Ey/| > k + 1.

LetUy,...,U,, Uy be pairwise disjoint open neighborhoods of x1,. . ., x,, xi, respect-
ively. Since x,41, ..., Xg are in aclg (@), each of these points belongs to all but finitely
many E,.

Because X and E, have no isolated points, we can apply Proposition 8.12. We first
apply Proposition 8.12(2) to 0 = xj, and obtain V > a such that for every a’ € V,
|Eq; N X N Ug| > 2, counted with multiplicity. Because JoE, is generic in K, it is
attained at most finitely many times and hence by choosing V' sufficiently small and
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a' €V,a' # a,the curves E; and X are not tangent at 0, so there exists p € E,» N X N Uy
which is non-zero. It follows that for all but finitely many a’ € V, |E; N X N Uy | > 2.
We now apply Proposition 8.12(1) to x1, ..., x,, and obtain a subneighborhood V'
of a such that foreverya’ € V'andi = 1,...,r, Ex N X NU; # 0.
Summarizing, we see that for every a’ # a close to a, we have |[E; N X| > k + 1,
and therefore a is in the finite set F' defined above. This ends the proof of Lemma 9.4,
and also the proof of Proposition 9.3. ]

‘We can now prove our main result.

Theorem 9.5. Let D = (G; @, . ..) be a strongly minimal expansion of a group G, inter-
pretable in an o-minimal expansion M of a field R, with dim(G) = 2. If D is not locally
modular, then there exists in D an interpretable algebraically closed field K ~ R(~/—1),
and there exists a K-algebraic group H such that G and H are definably isomorphic
in D and every D-definable subset of H" is K-constructible.

Moreover, the structure O and the field K are bi-interpretable.

Proof. By Proposition 9.3, the configuration ¥ of (x) is a field configuration in .

By Fact 2.3, an algebraically closed field K is interpretable in . By strong minimal-
ity, there exists a £-definable function f : G — K with finite fibers (this is standard using
the symmetric functions on K). By [24, Lemma 4.6] (and using strong minimality of G),
there exists a finite subgroup F' < G such that G/ F is internal to K in the structure D
(it is in fact the proof of the lemma that provides us with the finite subgroup F). By [26,
Theorem 3.1], every D-definable subset of K" is K-constructible, and therefore G/ F is
D-definably isomorphic to a K-constructible group. By Weil-Hrushovski [3, Theorem 1],
it is therefore definably isomorphic to a K-algebraic group H (of algebraic dimension 1).
It is known that H, as an algebraic curve with all its induced K-algebraic structure, is
bi-interpretable with K (this follows, for example, from the main result of [13]). For the
sake of completeness let us sketch this argument.

If C is an algebraic curve in K, then clearly C is interpretable in K. Since, up to
finitely many points, C is affine, it is interalgebraic in K with K. Using this interalgeb-
raicity, we can pull back any field configuration from K to C allowing us to interpret a
field K’ in C (with its K-induced structure). By [34, Theorem 4.15], K’ is K-definably
isomorphic to K, so in particular K is interpretable in C . Finally, the isomorphism from K
to K’ takes C to a C-interpretable curve C’. The induced map from C to C’ is K-defin-
able, hence it is definable in C. This shows that C and K are bi-interpretable.

So H and hence also G/ F, with all its induced D-structure, is bi-interpretable with K.
By Lemma 3.12, the structure D is also bi-interpretable with K. ]

9.1. Concluding remarks

Note that as a result of the main theorem, the almost K-structure on G which we intro-
duced in Section 8.1 turns out to be definably isomorphic to the K-structure of the algeb-
raic group H. Thus, in this very special setting, we are able to mimic the classical result
about the integrability of 2-dimensional almost complex curves.
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Also, note that the general o-minimal version of Zilber’s conjecture remains open for
general strongly minimal structures whose universe has dimension 2. As noted earlier, the
more general conjecture, allowing underlying sets of arbitrary dimension, is open even
for reducts of the complex field.
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