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Abstract. In this paper, we study random Blaschke products, acting on the unit circle, and con-
sider the cocycle of Perron–Frobenius operators acting on Banach spaces of analytic functions
on an annulus. We completely describe the Lyapunov spectrum of these cocycles. As a corol-
lary, we obtain a simple random Blaschke product system where the Perron–Frobenius cocycle
has infinitely many distinct Lyapunov exponents, but where arbitrarily small natural perturbations
cause a complete collapse of the Lyapunov spectrum, except for the exponent 0 associated with
the absolutely continuous invariant measure. That is, under perturbations, the Lyapunov exponents
become 0 with multiplicity 1, and �1 with infinite multiplicity. This is superficially similar to the
finite-dimensional phenomenon, discovered by Bochi [4], that away from the uniformly hyperbolic
setting, small perturbations can lead to a collapse of the Lyapunov spectrum to zero. In this paper,
however, the cocycle and its perturbation are explicitly described; and further, the mechanism for
collapse is quite different.

We study stability of the Perron–Frobenius cocycles arising from general random Blaschke
products. We give a necessary and sufficient criterion for stability of the Lyapunov spectrum in
terms of the derivative of the random Blaschke product at its random fixed point, and use this
to show that an open dense set of Blaschke product cocycles have hyperbolic Perron–Frobenius
cocycles.

In the final part, we prove a relationship between the Lyapunov spectrum of a single cocycle
acting on two different Banach spaces, allowing us to draw conclusions for the same cocycles acting
on C r function spaces.
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1. Introduction

A well known technique for computing rates of decay of correlation for hyperbolic
dynamical systems is based on identifying the spectral gap for its Perron–Frobenius oper-
ator, acting on a suitable Banach space of functions (different function spaces give rise to
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different spectral gaps, and so to different rates of decay). In particular, exceptional eigen-
values (those outside the essential spectral radius) play a key role in determining rates of
decay of correlation.

In the autonomous case, Keller and Liverani [14] established, in a landmark paper
based on spectral techniques, robust checkable conditions under which the exceptional
eigenvalues, and their corresponding eigenspaces, vary continuously in response to small
perturbations of the dynamics, or more precisely, of its Perron–Frobenius operator.

With Froyland, we have been working towards random analogues of the result of
Keller and Liverani, where instead of the Perron–Frobenius operator of a single map, one
has a random dynamical system (that is, a skew product of the base dynamics � W �! �

with !-dependent maps, T! , in the fibres). One then forms the random linear dynam-
ical system, or cocycle, where the fibre maps are now the Perron–Frobenius operators,
LT! , acting on a Banach X . In the case of cocycles, spectral techniques no longer apply.
A significant motivation for this line of research comes from the fact that Froyland and
collaborators have developed effective tools making use of finite-dimensional approx-
imations of Perron–Frobenius cocycles to identify regions of interest in environmental
dynamical systems (see e.g. [24]). Our program is aimed towards assessing the robust-
ness of these methods.

The non-autonomous analogue of eigenvalues, Lyapunov exponents, are known to be
far more sensitive to perturbations than eigenvalues. Based on an outline proposed by
Mañé, Bochi showed in his thesis [4] that on any compact surface there is a residual set
ofC 1 area-preserving diffeomorphisms that either are Anosov or have all Lyapunov expo-
nents equal to zero. Similar results are established for two-dimensional matrix cocycles.
Bochi and Viana [5] extended this to higher-dimensional systems and cocycles, so that
these results show that Lyapunov exponents are highly unstable.

On the other hand, Ledrappier and Young [16] showed that if one makes absolutely
continuous perturbations to invertible matrix cocycles, small perturbations lead to small
changes in the Lyapunov exponents. Ochs [21] then showed that in the finite-dimensional
invertible case, small changes in Lyapunov exponents lead to small changes (in probabil-
ity) in the Oseledets spaces, the non-autonomous analogue of (generalized) eigenspaces.

In [7], with Froyland, we gave fairly general conditions under which the top Oseledets
space responds continuously to perturbations of the Perron–Frobenius operator cocycle.
In [8], we extended the results of Ledrappier and Young, and of Ochs to the semi-invertible
setting (where the base dynamics are assumed to be invertible, but no injectivity or invert-
ibility assumptions are made on the operators). In [9], we (again with Froyland) also gave
the first result on stability of Lyapunov exponents in an infinite-dimensional setting: we
consider Hilbert–Schmidt cocycles on a separable Hilbert space with exponential decay
of the entries. In this case, there is no single natural notion of noise, but we consider
perturbations by additive noise with faster exponential decay. Again, we recover in [9]
the stability of the Lyapunov exponents and Oseledets spaces. Another related result is
due to Nakano and Wittsten [20], who study random perturbations of partially expanding
maps of the torus (skew products of circle rotations over uniformly expanding maps of the
circle) whose transfer operators have a spectral gap. Using semi-classical analysis, they
show that the spectral gap is preserved under small random perturbations.
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One could interpret the available results collectively as saying that carefully chosen
perturbations may lead to radical change to the Lyapunov spectrum, while noise-like per-
turbations of the cocycle tend to lead to small changes to the Lyapunov spectrum.

The examples that we focus on in this work are expanding finite Blaschke products,
a class of analytic maps from the unit circle to itself. The Perron–Frobenius operators for
single maps of this type, acting on the Hardy space of a suitable annulus, were studied by
Bandtlow, Just and Slipantschuk [3], where they used results on composition operators
to obtain a precise description of the set of eigenvalues. Indeed, the eigenvalues they
obtain are precisely the non-negative powers of the derivative of the underlying Blaschke
product at its unique (attracting) fixed point in the unit disc, and their complex conjugates.
We study a random version, where instead of a single Blaschke product, T , one applies a
Blaschke product T! that is selected by the base dynamics.

In Section 4, we generalize the results of [3] to the non-autonomous setting, and show
that the Lyapunov spectrum of the Perron–Frobenius cocycle is given by the non-negative
multiples of the Lyapunov exponent of the underlying Blaschke product cocycle at the
random attracting fixed point in the unit disc (with multiplicity 2 for all positive multiples
of this exponent). To our knowledge, this is the first time that a complete description of an
infinite Lyapunov spectrum of a Perron–Frobenius cocycle has been given. We find it quite
remarkable that the Perron–Frobenius spectrum (describing what happens to densities on
the unit circle) is governed in this way by the derivative at the random fixed point in the
interior of the unit disc.

In Section 5, we show, to our surprise, that there are natural examples of random
dynamical systems, where natural perturbations of the Perron–Frobenius cocycle lead
to a collapse of the Lyapunov spectrum. We focus on a particular Blaschke product
cocycle (with maps T0 and T1 applied in an i.i.d. way, where T0.z/ D z2 and T1.z/ D
Œ.z C 1=4/=.1 C z=4/�2). The Perron–Frobenius operator of T0 is known to be highly
degenerate [1, Exercise 2.14]. If the frequency of applying T0 is p, then we find a phase
transition: for p � 1=2, the Lyapunov spectrum collapses (so that there is an exponent
0 with multiplicity 1, and all other Lyapunov exponents are �1), while for p < 1=2,
there is a complete (infinite) Lyapunov spectrum. We then consider normal perturbations
(corresponding to adding random normal noise to the dynamical system), L�

0 and L�
1 and

show that for p � 1=4, there is collapse of the Lyapunov spectrum for all � > 0.
In particular, for 1=4 � p < 1=2, the unperturbed system has a complete Lyapunov

spectrum, while arbitrarily small normal perturbations have a collapsed Lyapunov spec-
trum. We also show that collapse can occur for every p > 0 in the setting of uniform
perturbations. Unlike in Bochi’s setting, our perturbations are explicitly described and
arise naturally in the area.

In Section 6, we show that, under natural conditions on the underlying Blaschke
product cocycle, the corresponding Perron–Frobenius cocycle has some hyperbolicity
properties, guaranteeing a uniform separation between fast and slow Oseledets subspaces.
This allows us to give a simple necessary and sufficient condition for stability of the Lya-
punov spectrum. In particular, we show that the set of stable cocycles is open and dense.

In the Appendix we compare Lyapunov exponents and Oseledets splittings of random
linear dynamical systems that arise from restricting the cocycle to a finer subspace. This
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allows us to study the action of the Perron–Frobenius cocycle on coarser Banach spaces
such as C r . (In the case of autonomous systems, this question has been addressed by
Baladi and Tsujii [2].) We construct an explicit example of a cocycle of analytic maps of
the circle (indeed, of Blaschke products) whose Perron–Frobenius operator, when acting
on aC r function space, has negative exceptional Lyapunov exponents. The corresponding
situation in the autonomous case was first established by Keller and Rugh [15], and it was
suggested in [3] that Blaschke products could also exhibit this phenomenon.

2. Statement of theorems

In this section, we state our main theorems. We will assume standard definitions, but for
completeness, some terms used here will be defined in the next section.

For a finite Blaschke product, set rT .R/ WD maxjzjDR jT .z/j. By [27] if the restric-
tion of a Blaschke product to the unit circle is expanding, then rT .R/ < R for some
R < 1. By the Hadamard three circle theorem, R 7! rT .R/ satisfies the log-convexity
property: rT .R1��1 R�2 / � rT .R1/

1��rT .R2/
� for 0 < � < 1. In particular for Blaschke

products rT .1/D 1 so if rT .R/ < R then rT .R0/ < R0 for all R0 2 .R; 1/. We let ˇ.T /D
inf ¹R > 0 W rT .R/ < Rº. Then rT .R/ < R if and only if R 2 .ˇ.T /; 1/.

For a Blaschke product cocycle T D .T!/!2�, we define rT .R/Dess sup!2� rT! .R/.
If T is finite, for R 2 .ess sup! ˇ.T!/; 1/ we have rT .R/ < R. The condition rT .R/ < R
will be imposed throughout the paper.

Theorem 2.1 (Lyapunov spectrum of a Blaschke product cocycle). Let � be an invertible
ergodic measure-preserving transformation of a probability space .�;P /. Let R < 1 and
let T D .T!/!2� be a family of finite Blaschke products, depending measurably on !,
satisfying r WD rT .R/ < R. Let L! denote the Perron–Frobenius operator of T! , acting
on the Hilbert space H 2.AR/ on the annulus AR W D ¹z W R < jzj < 1=Rº.

Then the cocycle is compact and the following hold:

(1) (Random fixed point) There exists a measurable map x W �! NDr .with x.!/ writ-
ten as x!/ such that T!.x!/ D x�.!/. For all z 2 DR, T .N/

��N!
.z/ WD T��1! ı � � � ı

T��N!.z/! x! .

(2) (Critical random fixed point) If P .¹! W T 0!.x!/ D 0º/ > 0, then the Lyapunov spec-
trum of the cocycle is 0 with multiplicity 1, and �1 with infinite multiplicity.

(3) (Generic case) If P .¹! W T 0!.x!/D 0º/D 0, then defineƒD
R

log jT 0!.x!/jdP .!/.
This satisfies ƒ � log.r=R/ < 0.

If ƒ D �1, then the Lyapunov spectrum of the cocycle is 0 with multiplicity 1,
and �1 with infinite multiplicity.

If ƒ > �1, then the Lyapunov spectrum of the cocycle is 0 with multiplicity 1,
and nƒ with multiplicity 2 for each n 2 N. The Oseledets space with exponent
0 is spanned by 1=.z � x!/ � 1=.z � 1= Nx!/. The Oseledets space with exponent
jƒ is spanned by two functions: one a linear combination of 1=.z � x!/2; : : : ;
1=.z � x!/

jC1 with a pole of order j C 1 at x!; the other a linear combination
of zk�1=.1 � Nx!z/kC1 for k D 1; : : : ; j with a pole of order j C 1 at 1= Nx! .
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Corollary 2.2. Let � D ¹0; 1ºZ, � be the shift map, and Pp be the Bernoulli measure
where Pp.Œ0�/ D p. Let L0 be the Perron–Frobenius operator of T0 W z 7! z2, L1 be
the Perron–Frobenius operator of T1 W z 7! Œ.z C 1=4/=.1 C z=4/�2, and consider the
operator cocycle generated by L! WDL!0 , acting onH 2.AR/, whereR satisfies rT .R/<
R.

(a) If p < 1=2, then the cocycle has countably infinitely many finite Lyapunov exponents.

(b) If p � 1=2, then �1 D 0 and all remaining Lyapunov exponents are �1.

We define an operator on H 2.AR/ by

.N�f /.z/ D
1
p
2�

Z 1
�1

f .ze�2�i�t /e�2�i�t�t
2=2 dt:

We show below that this operator corresponds to the operator on functions on R=Z given
by N

R=Z
� f .x/ D Ef .x C �N /, where N is a standard normal random variable. That

is, N
R=Z
� acts on densities by convolution with a Gaussian with variance �2. Let L!

be the cocycle in the theorem above and consider the perturbation L�
! of L! given by

L�
! D N� ıL! .

Corollary 2.3 (Collapse of Lyapunov spectrum). Let�D ¹0;1ºZ, equipped with the map
� and measure Pp as above. If p � 1=4, the perturbed cocycle .L�

!/!2� has �1 D 0 and
�j D �1 for all j > 1. In particular, if 1=4 � p < 1=2, then the unperturbed cocycle
has a complete Lyapunov spectrum, but for each � > 0, the Lyapunov spectrum collapses.

Remark. We remark that in the context of this corollary, we write down an explicit
expression for the one-dimensional space with Lyapunov exponent 0.

Similarly, we define L
U;�
i WDU� ıLi , where U

R=Z
� convolves densities with a bump

function of integral 1 supported on Œ��; ��,

.U�f /.z/ D
1

2

Z 1

�1

f .ze�2�i�t /e�2�i�t dt:

Corollary 2.4. Let � D ¹0; 1ºZ, equipped with the map � and measure Pp as in Corol-
lary 2.2. For every p > 0, there are arbitrarily small values of � for which the perturbed
cocycle .LU;�

! /!2� has �1 D 0 and �j D �1 for all j > 1.

The above corollaries give simple explicit examples and perturbations of Perron–
Frobenius cocycles for which the Lyapunov spectrum collapses. We now give general
conditions for stability and instability.

Theorem 2.5 (Stability of Lyapunov spectrum). Let � be an ergodic invertible measure-
preserving transformation of .�; P /. Let R < 1 and let T D .T!/!2� be a Blaschke
product cocycle satisfying rT .R/ < R.

(a) Suppose ess inf! jT 0!.x!/j> 0. Then if .L!/ is the Perron–Frobenius cocycle of .T!/
and .L�

!/ is a family of Perron–Frobenius cocycles such that ess sup! kL
�
! � L!k
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! 0 as �! 0, then the perturbed cocycle is quasi-compact and ��
k
! �k as �! 0,

where .�k/ is the sequence of Lyapunov exponents of .L!/, listed with multiplicity,
and .��

k
/ is the sequence of Lyapunov exponents of .L�

!/.
In addition, the Oseledets subspaces converge as � ! 0 to those of the unper-

turbed cocycle.

(b) Suppose ess inf! jT 0!.x!/j D 0. Then there exists a family of Blaschke product
cocycles T � D .T �!/!2� such that ess sup! kL

�
! �L!k! 0 as �! 0 with the prop-

erty that the Lyapunov exponents of .L�
!/ are 0 with multiplicity 1, and �1 with

infinite multiplicity, for all � > 0.

Remark 1. We remark that it follows from [9] that the Oseledets spaces also converge in
probability to those of the unperturbed cocycle.

Remark 2. Note that part (a) allows quite general perturbations to the Perron–Frobenius
cocycle, while part (b) shows that if the random fixed point has unbounded contrac-
tion, there are counterexamples even within the class of Perron–Frobenius operators of
Blaschke products. For these counterexamples, the corresponding Blaschke products sat-
isfy ess sup! maxz2 ND1 jT

�
!.z/ � T!.z/j < �.

Let BlaschkeR.-/ denote the set of measurable maps T W ! 7! T! from� to the collec-
tion of Blaschke products such that rT .R/ < R. We equip BlaschkeR.-/ with the distance
d.T ; �/ D ess sup! maxz2 ND1 jT!.z/ � S!.z/j (which, by the maximum principle, is the
same as ess sup! maxz2C1 jT!.z/� S!.z/j). We say that T 2 BlaschkeR.-/ is stable if the
conditions of Theorem 2.5(a) apply.

Corollary 2.6. Let � be an invertible ergodic measure-preserving transformation of
.�;P /. The stable Blaschke product cocycles form an open dense subset of BlaschkeR.-/.

The following theorem allows us to analyse the Lyapunov spectrum of Perron–
Frobenius cocycles of Blaschke products acting on coarser Banach spaces than H 2.AR/.

Theorem 2.7. Let R D .�;P ; �;X;L/ be a random linear dynamical system let X 0 be a
dense subspace of X equipped with a finer norm such that L!.X

0/ � X 0 for a.e. ! 2 �.
Let R0 D .�; P ; �; X 0;LjX 0/ be the restriction of R to X 0. Suppose that R and R0

both satisfy the conditions of Theorem 3.4 .Multiplicative Ergodic Theorem/. Then the
exceptional Lyapunov exponents of R and R0 that exceed max.�.R/; �.R0// coincide, as
do the corresponding Oseledets spaces.

3. Background

Recall that a (finite) Blaschke product is a map from OC to itself of the form

T .z/ D �

nY
jD1

z � �j

1 � N�j z
;
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where the �j ’s lie inD, the open unit disc, and j�j D 1. We say a function from� into the
collection of Blaschke products is measurable if each of the parameters, n, �, �1; : : : ; �n, is
a Borel measurable function of !. We note also that if S.z/D �

Qn
jD1.z � �j /.1�

N�j z/
�1

and .�; �1; : : : ; �n/ is sufficiently close to .�; �1; : : : ; �n/, then maxz2C1 jS.z/� T .z/j< �.
We record the following:

Lemma 3.1 (Properties of finite Blaschke products). Let T be a Blaschke product. Then:

(a) T .C1/ D C1.

(b) T ı I D I ı T , where I is the inversion map I.z/ D 1= Nz.

(c) T maps D1 to itself .and hence T maps OC n ND1 to itself /.

(d) if T is a non-constant map from the closed unit disc to itself that is analytic in the
interior and maps the boundary to itself, then T is a finite Blaschke product.

(e) The composition of two finite Blaschke products is again a finite Blaschke product.

We are interested in finite Blaschke products whose restriction to the unit circle is
expanding. A simple sufficient condition for this, namely that

Pn
jD1

1�j�j j

1Cj�j j
> 1, may be

found in the work of Martin [19].
Let �.x/ D e2�ix be the natural bijection between R=Z and C1, the unit circle in

the complex plane. Let S be an orientation-preserving expanding real analytic map from
R=Z to R=Z and let T D �S��1 be its conjugate mapping from C1 to C1. Then there
exist r < R < 1 such that T maps the annulus AR D ¹z W R < jzj < 1=Rº over Ar in
a k-to-1 way (where k is the absolute value of the degree of S ). We will work with
a family of expanding analytic maps of C1, all mapping CR into NDr (and hence C1=R
intoDc

1=r
). We consider the separable Hardy–Hilbert spaceH 2.AR/ of analytic functions

on AR with an L2 extension to @AR. H 2.AR/ is a Hilbert space with respect to the inner
product hf; gi D 1

2�

�R
@AR

f .z/g.z/ jdzj
jzj

�
: An orthonormal basis for the Hilbert space is

¹dnz
n W n 2 Zº, where dn D Rjnj.1CR4jnj/�1=2 D Rjnj.1C o.1//. More details can be

found in [3].
Let .�i /kiD1 be a family of inverse branches of S and .�i /kiD1 be a family of inverse

branches of T jC1 .
If f 2 C.C1/ and g 2 C.R=Z/, define

LT f .z/ D

kX
iD1

f .�i .z//�
0
i .z/;

LSg.x/ D

kX
iD1

g.�i .x//�
0
i .x/:

(3.1)

In fact, rather than acting on C.C1/, we think of LT as acting on H 2.AR/. This
corresponds to an action of LS on the strip R=Z � .logR=.2�/;� logR=.2�//. Note
that there is a one-one correspondence between elements ofH 2.AR/ and their restrictions
to C1 (which are necessarily continuous).

We record the following lemma which is a version of [25, Remark 4.1]
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Fig. 1. Schematic diagram showing the annulus AR (shaded); the inner boundary, CR (blue); its
image under T (dashed, blue); the outer boundary C1=R (red); and its image (dashed, red).

Lemma 3.2 (Correspondence between Perron–Frobenius operators). The operators LS

and LT defined above are conjugate by the map Q W C.C1/! C.R=Z/ given by

.Qf /.x/ D f .e2�ix/e2�ix :

In particular, the spectral properties of LS and LT are the same, so that even though
LS is the more standard object in dynamical systems, we will study LT since this will
allow us to directly apply tools of complex analysis. Further, if Si1 ; : : : ; Sin are expanding
maps of R=Z and Ti1 ; : : : ;Tin are their conjugates, acting on C1, then LSin

ı � � � ıLSi1
D

Q�1LTin
ı � � � ıLTi1

Q, so the Lyapunov exponents of a cocycle of LS operators are the
same as the Lyapunov exponents of the corresponding cocycle of LT operators (provided
that Q is an isomorphism of the two Banach spaces on which the operators are acting).

We record the following well known lemma.

Lemma 3.3 (Duality relations). Let T be an expanding analytic map from C1 to C1 and
let LT be as above. If f 2 C.C1/, g 2 L1.C1/, then

1

2�i

Z
C1

f .z/g.T z/ dz D
1

2�i

Z
C1

LT f .z/g.z/ dz:

That is, if a linear functional � is defined by integrating against g, then L�T � is given
by integrating against g ı T .

Let � be an ergodic measure-preserving transformation of .�;P /. Let X be a Banach
space and suppose that .L!/!2� is a family of linear operators on X that is strongly
measurable, that is, for any fixed x 2 X , ! 7! L!.x/ is .F�;FX /-measurable, where
F� is the � -algebra on � and FX is the Borel � -algebra on X . In this case we say
that the tuple R D .�;P ; �; X;L/ is a random linear dynamical system and we define
L
.n/
! D L�n�1! ı � � � ıL! .

A cocycle analogue to the (logarithm of the) spectral radius of a single operator is the
quantity

�1.!/ D lim
n!1

1
n

log kL.n/
! k:
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If one assumes that
R

log kL!kdP <1, then the Kingman subadditive ergodic theorem
guarantees the P -a.e. convergence of this limit to a value in Œ�1;1/. Ergodicity also
ensures that �1.�/ is almost everywhere constant, so that we just write �1.

A second quantity of interest is the analogue of the (logarithmic) essential spectral
radius, the asymptotic index of compactness [26]

�.!/ D lim
n!1

1
n

log˛.L.n/
! /;

where ˛.L/ is the index of compactness of an operator L, the infimum of those real
numbers t such that the image of the unit ball in X under L may be covered by finitely
many balls of radius t , so that L is a compact operator if and only if ˛.L/ D 0. The
quantity ˛.L/ is also submultiplicative, so that Kingman’s theorem again implies �.!/
exists for P -a.e.! 2� and is independent of!, so that we just write �. The cocycle will be
called quasi-compact if � < �1. The first Multiplicative Ergodic Theorem in the context of
quasi-compact cocycles of operators on Banach spaces was proved by Thieullen [26]. We
require a semi-invertible version (that is: although the base dynamical system is required
to be invertible, the operators are not required to be injective) of a result of Lian and
Lu [18].

Theorem 3.4 ([12]). Let � be an invertible ergodic measure-preserving transformation
of a probability space .�; P / and let ! 7! L! be a quasi-compact strongly measur-
able cocycle of operators acting on a Banach space X with a separable dual satisfyingR

log kL!k dP .!/ <1.
Then there exist 1 � ` �1, exponents �1 > � � � > �` > � � �1, finite multiplicities

m1; : : : ; m` and subspaces V1.!/; : : : ; V`.!/;W.!/ such that for P -a.e. ! 2 �:

(a) dim.Vi .!// D mi .
(b) L!Vi .!/ D Vi .�.!// and L!W.!/ � W.�.!//.

(c) V1.!/˚ � � � ˚ V`.!/˚W.!/ D X .

(d) For x 2 Vi .!/ n ¹0º, limn!1
1
n

log kL.n/
! xk D �i .

(e) For x 2 W.!/, lim sup 1
n

log kL.n/
! xk � �.

For a bounded linear operator A from X to itself, we defined the following crude
notion of volume growth in [12]:

Dk.A/ D sup
x1;:::;xk

kY
jD1

d.Axj ; lin ¹Axi W i < j º/;

where the supremum is taken over x’s of norm 1; lin ¹y1; : : : ; ynº denotes the linear
span of the vectors y1; : : : ; yn; the linear span of the empty set is taken to be ¹0º; and
d.x; S/ WD infy2S kx � yk.

Lemma 3.5. Let � , .�; P / and ! 7! L! be as in the statement of Theorem 3.4. Let
�1 � �2 � � � � be the sequence of �’s in decreasing order with repetition, so that �i
occurs mi times in the sequence.
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(a) Dk is submultiplicative: Dk.AB/ � Dk.A/Dk.B/ if A and B are bounded linear
operators on X .

(b) There exists a constant ck such that if Y is a closed subspace of X of codimension 1
and A is a linear operator on X , then Dk.A/ � ckkAk kAjY k

k�1.

(c) 1
n

log Dk.L
.n/
! /! �1 C � � � C �k for P -almost every ! 2 �.

The proof of this is in [12, Lemmas 1, 8 and 12].

4. Lyapunov spectrum for expanding Blaschke products

Lemma 4.1. Let R < 1 and let T be a Blaschke product satisfying r WD rT .R/ < R.
Let dR be the hyperbolic metric on DR: dR.z; w/ D dH .z=R; w=R/, where dH is the
standard hyperbolic metric on the unit disc. Then

dR.T .z/; T .w// �
r
R
dR.z; w/ for all z; w 2 DR.

Proof. We may write T as Q ı S where Q.z/ D rz=R and S.z/ D RT.z/=r , so that
S maps DR to itself. By the Schwarz–Pick theorem, dR.S.z/; S.w// � dR.z; w/ for all
z;w 2 DR, so it suffices to show that dR.Q.z/;Q.w// � r

R
dR.z;w/ for all z;w 2 DR.

The metric dR is given, up to a constant multiple, by

dR.z; w/ D inf


Z
jd�j

1 � j�j2=R2

where the infimum is taken over paths  from z tow. Given z andw, let  be the geodesic
joining them. Now .r=R/.t/ is a path (generally not a geodesic) joiningQ.z/ andQ.w/.
The length element is scaled by a factor of r=R and the integrand is decreased, so that
dR.Q.z/;Q.w// �

r
R
dR.z; w/ as claimed.

Corollary 4.2. LetR < 1 and T D .T!/!2� be a measurable cocycle of expanding finite
Blaschke products satisfying r WD rT .R/ < R. Then there exists a measurable random
fixed point x! .that is, a point such that T!.x!/ D x�.!// in NDr such that for all � > 0,
there exists n such that for all z 2 NDR and a.e. ! 2 �, jT .n/��n!.z/ � x! j < �.

Proof. The set NDr has bounded diameter, L say, in the dR metric, and by assumption,
for a.e. ! 2 �, the sets T .n/��n!.

NDR/ are nested. By Lemma 4.1, T .n/��n!.
NDR/ has dR-

diameter at mostL.r=R/n�1. By completeness,
T
T
.n/
��n!.

NDR/ is a singleton, ¹x!º. Since
x! D limn!1 T

.n/
��n!.0/, and so is the limit of measurable functions, we see that x!

depends measurably on !. This equality also implies that x�.!/ D T!.x!/. Since on Dr ,
dR is within a bounded factor of Euclidean distance, we obtain the required uniform
convergence in the Euclidean distance.
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We introduce a non-standard definition of order of singularity for rational functions
on the Riemann sphere: for x 2 C, ordx f is n if f .z/ � a=.z � x/n as z ! x for some
n � 1, and 0 otherwise. If f .z/ � bzn�2 for some n � 1 as z !1 then ord1 f D n
or ord1 f D 0 otherwise. In particular, with this definition ord1 1 D 2. If f is a non-
zero rational function on the Riemann sphere, then

P
z2 OC ordz f � 2: if f is a non-

zero constant function, it has a singularity of order 2 at 1; otherwise f must have at
least one pole by Liouville’s theorem. If f has exactly one pole, of order 1 at x say,
then f � a=.z � x/ (where a is the residue) is bounded and hence constant, but f .z/ D
c C a=.z � x/ has order 1 at1 if c D 0, and order 2 at1 otherwise.

We previously gave a pointwise definition of Perron–Frobenius operators for expand-
ing maps of the circle in (3.1). In fact, the same definition can be extended to rational
maps.

Lemma 4.3. If Q is a Möbius transformation .that is, Q.z/ D azCb
czCd

for some
a; b; c; d 2 C such that ad � bc ¤ 0/, then LQ maps the collection of rational func-
tions on OC into itself. Further, ordQ.x/ LQf D ordx f for all x 2 OC.

Proof. It suffices to check that LQf is meromorphic on a neighbourhood of all points
in OC. If Q.w/ D z with w; z ¤ 1, then it is clear that LQf is meromorphic near z and
ordLQf z D ordf w. If Q.z/ D 1=z, then a calculation shows LQf .z/ D �f .1=z/=z

2

and we can check that ord0 LQf D ord1 f and ord1LQf D ord0 f . Since LSıT D

LS ıLT and every Möbius transformation can be expressed as a composition of maps of
the form z 7! az C b with a ¤ 0 and z 7! 1=z, the proof is complete.

Theorem 4.4. Let T be a rational map. Then LT maps the collection of rational func-
tions on OC into itself. LT does not increase orders of singularities and may decrease
them: ordx LT f � maxy2T�1x ordy f for each x 2 OC.

Further, if T has a critical point at x, and f has a singularity of order greater than 1
at x and no singularity at any other point of T �1.T x/, then ordT.x/ LT f < ordx f .

The inequality in the first paragraph is an equality except at points x such that
T �1.T x/ contains a critical point at which f has a singularity, or contains multiple singu-
larities of f . We remark that the theorem seems quite surprising since the inverse branches
of rational functions are typically not rational. We have since learned from the referee that
this theorem is a corollary of a result in Levin, Sodin and Yuditskiı̆ [17].

Proof of Theorem 4.4. By Lemma 4.3, it suffices, by pre- and post-composing T with
Möbius transformations if necessary, to consider the case z ¤ 1 and T .1/ ¤ z. First,
notice that if T has no critical points or poles in T �1z, then it is clear from the definition
of LT that LT f is analytic in a neighbourhood of z. In particular, LT f is analytic off
the finite set of images of critical points of T and poles of f .

Now let T �1z D ¹y1; : : : ; ykº and let T .w/� z have a zero of order mi � 1 at yi for
i D 1; : : : ; k. Suppose further that ordyi f D oi . Let ı be sufficiently small that T �1Bı.z/
consists of k disjoint neighbourhoodsN1; : : : ;Nk of y1; : : : ; yk . Now for 0 < jhj < ı, we
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have

LT f .z C h/ D

kX
jD1

X
y2T�1.zCh/\Nj

f .y/

T 0.y/
:

If y 2 T �1.z C h/\Nj , we have jy � yj j D O.h1=mj /, j1=T 0.y/j D O.h�1C1=mj / and
jf .y/j D O.h�oj =mj /. Hence LT f .z C h/ D O.h�1�maxj .oj�1/=mj /. This guarantees
that LT f does not have an essential singularity at z, so that LT f is meromorphic on
a neighbourhood of z as claimed. Further, since meromorphic functions cannot exhibit
fractional power growth rates, we have ordz LT f � 1 C maxj

�oj�1
mj

˘
� max oj as

required.

Corollary 4.5. Let T be a rational function and let x 2 C satisfy T .x/ 2 C.
If f .z/ D 1=.z � x/nC1 for some n � 1, then LT f is a linear combination of
¹1=.z � T .x//jC1 W 1 � j � nº.

Proof. Since f has only one singular point, at x, of order nC 1, it follows that LT f is
a rational function on the sphere with only one singular point, at T .x/, of order at most
nC 1. In particular, LT f D O.z

�2/ in a neighbourhood of1, which ensures that there
is no 1=.z � T .x// term in LT f .

We now introduce an operator that commutes with the Perron–Frobenius operators of
Blaschke products, performing inversion at the level of meromorphic functions. This will
allow us to focus on poles inside the unit disc, and avoid dealing separately with poles
at1. A precursor appears in [25, Lemma 3.1c]. Define

LIf .z/ D Nf .I.z//=z2:

Lemma 4.6. The operator LI has the following properties:

(a) If T is a finite Blaschke product, then LTLI D LILT .

(b) LI maps meromorphic functions to meromorphic functions.

(c) LI is a bounded anti-linear involution.

(d) ordI.z/ LIf D ordz f for f meromorphic and z 2 OC.

Proof. We first show (a). Using the identity I ı T D T ı I , we have

T 0.z/ D lim
h!0

T .z C h/ � T .z/

h
D lim
h!0

1

T .1=. NzC Nh//
�

1

T .1= Nz/

h

D lim
h!0

NT .1= Nz/ � NT .1=. Nz C Nh//

h NT .1= Nz/2
D

T 0.1= Nz/

z2 NT .1= Nz/2
:

We deduce T 0.I.y// D y2T 0.y/=T .y/2. Now we have

LTLIf .z/ D
X

y2T�1z

LIf .y/

T 0.y/
D

X
y2T�1z

Nf .I.y//

y2T 0.y/
I
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and

LILT f .z/ D LT f .I.z//=z
2

D
1

z2

X
y2T�1.I.z//

Nf .y/

T 0.y/
D

1

z2

X
y2T�1.z/

Nf .I.y//

T 0.I.y//

D
1

z2

X
y2T�1.z/

Nf .I.y//T .y/2

y2T 0.y/
D LTLIf .z/:

Part (b) is standard; the boundedness follows from the fact that j1=z2j � 1=R2 on @AR;
that LI is an involution and that it preserves orders are simple computations.

Lemma 4.7. Let T be a finite Blaschke product, let x 2C nC1 and let f .z/D 1=.z � x/.
Then

LT f .z/ D
1

z � T .x/
�

1

z � T .1/
;

where 1=.z �1/ is interpreted as the constant 0 function.

Proof. It follows from Theorem 4.4 that LT f is a rational function with singularities of
order 1 at T .x/ and T .1/:

LT f D
a

z � T .x/
C

b

z � T .1/
:

In order that LT f have no singularity at1, we must have b D �a.
If jxj < 1, we see from Lemma 3.3 (taking the function g to be 1) that a D 1, as

required.
If jxj > 1, then LT f D LILTLIf . We calculate LIf .z/ D 1=z � 1=.z � I.x//,

and using the first part LTLIf .z/ D 1=.z � T .0// � 1=.z � T .I.x///. Applying LI

again, we arrive at

LT f .z/ D
1

z � I.T .I.x///
�

1

z � I.T .0//
D

1

z � T .x/
�

1

z � T .1/
;

as required.

Corollary 4.8. Let T D .T!/ be a cocycle of expanding finite Blaschke products. Let
x! 2 Dr be the random fixed point. The space W0.!/ spanned by Oe0;! where

Oe0;!.z/ D
1

z � x!
�

1

z � I.x!/

is a one-dimensional equivariant subspace with Lyapunov exponent 0.
If x 2 Dr and f .z/ D 1=.z � x/, then kL.n/

! f � Oe0;�n!k ! 0.

This corollary may be seen as a random version of a result of Martin [19], expressing
the invariant measure of an expanding Blaschke product as a Poisson kernel.
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Proof of Corollary 4.8. By Lemma 4.7 and the fact that LT1ıT2 D LT1 ıLT2 , we see

L.n/
! f .z/ D

1

z � T
.n/
! .x/

�
1

z � T
.n/
! .1/

:

The claimed equivariance follows. Since jT .n/! .x/ � x�n! j ! 0, we see that 1

z � T
.n/
! .x/

�
1

z � x�n!

! 0:

Similarly, since T .n/! .1/D I.T
.n/
! .0//, Corollary 4.2 yields d OC.T

.n/
! .1/; I.x�n!//! 0,

where d OC is the standard metric on the Riemann sphere. It follows that 1

z � T
.n/
! .1/

�
1

z � I.x�n!/

! 0;

as required.

We now show that the hypotheses of Theorem 3.4 are satisfied by a cocycle of Perron–
Frobenius operators of Blaschke products satisfying rT .R/ < R.

Lemma 4.9. Let 0 < R < 1. If rT .R/; r QT .R/ � r < R, then

kLT �L QT k � C max
x2C1
jT .x/ � QT .x/j;

where C is a constant depending only on r and R. In particular, restricted to Blaschke
products satisfying rT .R/ < R, the map T 7! LT is continuous.

Proof. Recall that H 2.AR/ is a Hilbert space with respect to the inner product hf; gi D
1
2�

�R
@AR

f .z/g.z/ jdzj
jzj

�
: With respect to this inner product, the functions en.z/ D dnzn

form an orthonormal basis ofH 2.AR/, where dnD .R2nCR�2n/�1=2, so that dn�Rjnj.
We now compute

hLT .f /; eni D
dn

2�i

Z
@AR

LT f .z/ Nz
n dz

z

D
dn

2�i

�Z
CR

LT f .z/R
2n

zn
dz

z
C

Z
C1=R

LT f .z/R
�2n

zn
dz

z

�
D
dn.R

2n CR�2n/

2�i

Z
C1

LT f .z/

znC1
dz

D
1

2�idn

Z
C1

f .z/

T .z/nC1
dz:

Let f 2 H 2.AR/ be arbitrary and let n � 0. Let T and QT be any two Blaschke products
satisfying rT .R/� r and r QT .R/� r for some r < R, and let ı Dmaxz2C1 jT .z/� QT .z/j.
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Note by the maximum modulus principle, jT .z/ � QT .z/j � ı for all z 2 D1 also. Then
deforming the contour to C1=R, we see that

jh.LT �L QT /f; enij �
1

2�dn

Z
C1=R

jf .z/j

ˇ̌̌̌
1

T .z/nC1
�

1

QT .z/nC1

ˇ̌̌̌
jdzj

�
1

Rdn
kf k max

z2C1=R

ˇ̌̌̌
1

T .z/nC1
�

1

QT .z/nC1

ˇ̌̌̌
D

1

Rdn
kf k max

z2CR
jT .z/nC1 � QT .z/nC1j

�
.nC 1/rn

Rdn
kf k max

z2CR
jT .z/ � QT .z/j

�
2.nC 1/

R

�
r

R

�n
ıkf k;

where for the third line, we use the fact that Blaschke products commute with inversion,
and for the fourth line, we use rT .R/; r QT .R/� r . If nD�k with k � 1, then an analogous
computation, deforming the contour to CR, shows

jh.LT �L QT /f; enij �
2.k � 1/

R

�
r

R

�k�2
ıkf k:

In particular, since the .en/ form an orthonormal basis, we deduce that

k.LT �L QT /f k � Cıkf k;

where C depends only on r and R, as required.
We note that rT .R/ depends continuously on T . Hence, if rT .R/ < R and QT is suffi-

ciently close to T , then r QT .R/� .RC rT .R//=2 < R and the last statement of the lemma
follows from the argument above.

Corollary 4.10. Let r < �<R<1. There existsC >0 such that if the Blaschke product T
satisfies rT .R/ � r , then kLT kH2.AR/!H2.A�/ � C . In particular, LT is compact as an
operator from H 2.AR/ to itself.

Proof. First, notice by the proof of Theorem 4.4 that LT f is analytic on Ar . As
in the above proof, Qen.z/ D Qdnzn is an orthonormal basis for H 2.A�/, where Qdn D
.�2n C ��2n/�1=2. As above hLT f; QeniH2.A�/ D

1

2�i Qdn

R
C1
f .z/=T .z/nC1 dz. Deform-

ing the contour to C1=R in the case where n � 0 and to CR when n < 0, we obtain
jhLT f; QeniH2.A�/j �C.r=�/

jnjkf k. Since this is square summable, the result follows.

In the context of Theorem 2.1, the map ! 7! T! is measurable, and the map T 7!LT

is continuous, so that the composition, ! 7!LT! , satisfies the hypotheses of Theorem 3.4.
We recall that if U and V are closed complementary subspaces of a Banach spaceX , then
…U kV denotes the projection onto U with kernel V . Also, we use the notation S.X/ to
denote the unit sphere of X .
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Lemma 4.11. Let R be a random linear dynamical system satisfying the conditions of
Theorem 3.4. Let Ej .!/ be the j th “fast space” V1.!/˚ � � � ˚ Vj .!/ and let Fj .!/ be
the complementary “slow space”. If V is a subspace ofX satisfying…Ej .!/kFj .!/.V /D

Ej .!/, then
sup

x2Ej .�
n!/\S.X/

d.x;L.n/
! V /! 0 as n!1.

Proof. We write E and F for Ej .!/ and Fj .!/. Let W be a subspace of V of the
same dimension as E such that …EkF .W / D E. Let Q D .…EkF jW /

�1. Let 0 < 2� <
�j � �jC1 and C! > 0 satisfy, for every x 2 Ej .�n!/, and u 2 E such that L

.n/
! u D x,

kuk � C!e
�.�j��/nkxkI

and for every f 2 F ,
kL.n/

! f k � C!e
.�jC1C�/nkf k:

NowQu�uDQu�…EkFQu2F , so that kL.n/
! .Qu�u/k�C!e

.�jC1C�/nkQu�uk.
Hence,

kL.n/
! .Qu/ � xk � C 2!e

�.�j��jC1�2�/n.kQk C 1/kxk:

Since L
.n/
! .Qu/ 2 L

.n/
! W � L

.n/
! V , the proof is complete.

Lemma 4.12. Let the measure-preserving transformation and cocycles satisfy rT .R/<R
as in the statement of Theorem 2.1. Let V be the subspace of H 2.AR/ spanned
by the Laurent polynomials z�.jC1/ for j D 1; : : : ; N . Then L

.n/
! V is spanned by

1=.z � T
.n/
! .0//jC1 for j D 1; : : : ; N .

In particular, the sequence L
.n/
! V approaches the equivariant sequence of subspaces

P�N .�
n!/ WD lin

²
1

.z � x�n!/jC1
W 1 � j � N

³
:

Proof. It suffices to show that if f .z/ D 1=.z � x/jC1 with x 2 D, then for any finite
expanding Blaschke product, L!f is a linear combination of 1=.z � T .x//kC1 for k in
the range 1 to j , but that was established in Corollary 4.5.

Corollary 4.13. Let the measure-preserving transformation and cocycles be as above.
Let W be the subspace of H 2.AR/ spanned by the Laurent polynomials zj�1 for j D

1; : : : ; N . Then L
.n/
! W is spanned by zj�1=.1 � T .n/! .0/z//jC1 for j D 1; : : : ; N .

In particular, the sequence L
.n/
! W approaches the equivariant sequence of subspaces,

PCN .�
n!/ D lin

²
zj�1

.1 � Nx�n!z/jC1
W 1 � j � N

³
:

Proof. Notice that LI maps z�.jC1/ to zj�1 (and vice versa), and is a continuous oper-
ator on H 2.AR/. So LI .V / D W , where V is as in the statement of Lemma 4.12. Since
L! and LI commute, we see L

.n/
! W D L

.n/
! LI .V / D LI .L

.n/
! .V //. A computation

shows that if f .z/ D 1=.z � x/jC1, then LIf .z/ D z
j�1=.1 � Nxz/jC1.
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Corollary 4.14. Let the dynamical system, Blaschke product cocycle and family of
Perron–Frobenius operators satisfy rT .R/ < R as above. Let E.!/ be an equivariant
family of finite-dimensional fast spaces for the cocycle. Then there exists an N such that
for P -a.e. !,

E.!/ � P�N .!/˚W0.!/˚ P
C

N .!/;

where W0.!/ is as defined in Corollary 4.8.

Proof. Let F.!/ be the corresponding slow subspace to E.!/. Since the (finite term)
Laurent polynomials, L, form a dense subspace ofH 2.AR/, and…E.!/kF.!/ is bounded,
we see that …E.!/kF.!/.L/ is a dense subspace of E.!/ and hence is equal to E.!/.
Pick out a finite-dimensional subspace L1 of L such that …E.!/kF.!/.L1/ D E.!/.
Hence there exists an N such that V D lin ¹z�1Cj W jj j � N º satisfies the hypothesis
of Lemma 4.11. By Lemma 4.12 and Corollaries 4.8 and 4.13, we see

sup
x2E.�n!/\S.X/

d
�
x; P�N .�

n!/˚W0.�
n!/˚ PCN .�

n!/
�
! 0: (4.1)

For a fixed N , let AN be the set of ! for which (4.1) is satisfied and notice that AN is
a � -invariant measurable subset of�. Hence there exists anN > 0 such that for P -a.e. !,

sup
x2E.�n!/\S.X/

d
�
x; P�N .�

n!/˚W0.�
n!/˚ PCN .�

n!/
�
! 0:

It follows from the Poincaré recurrence theorem that if � W �! Œ0;1/ is a measurable
function such that �.�n!/! 0 for P -a.e. ! 2 �, then �.!/ D 0 for almost every !. We
apply this to

�.!/ D sup
x2E.!/\S.X/

d
�
x; P�N .!/˚W0.!/˚ P

C

N .!/
�
;

to deduce that E.!/ � P�N .!/˚W0.!/˚ P
C

N .!/ for P -a.e. !, as required.

Proof of Theorem 2.1. The compactness of the cocycle follows from Corollary 4.10 and
statement (1) follows from Corollary 4.2.

In the light of Corollary 4.14, it suffices to evaluate the Lyapunov exponents when the
system is restricted to the finite-dimensional equivariant subspaces PN .!/ D P�N .!/˚
W0.!/˚ P

C

N .!/. Notice that since each of E0.!/ and P˙N .!/ is equivariant, the Lya-
punov exponents of the cocycle restricted to PN are simply the combination of the
Lyapunov exponents of E0.!/, PCN .!/ and P�N .!/. Since LI .P

˙
N .!// D P�N .!/, LI

is a bounded involution, and L
T
.n/
!
ıLI D LI ıL

T
.n/
!

, we deduce the Lyapunov expo-

nents of the restriction of the cocycle to PCN .!/ are the same as those of the restriction
toP�N .!/. As noted in Corollary 4.8, the exponent of the cocycle restricted to the equivari-
ant space E0.!/ is 0 (this will turn out to be the leading exponent). It suffices to compute
the Lyapunov exponents of the restriction of the cocycle to P�N .!/. Each of these Lya-
punov exponents will then have multiplicity 2 for the full cocycle, being repeated as a
Lyapunov exponent in the restriction to PCN .!/.
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It follows from Corollary 4.5 that the matrix representing the restriction of the cocycle
to P�N .!/ is upper triangular with respect to the natural family of bases, .z � x!/�.jC1/

for j D 1; : : : ; N .
If T 0!.x!/ D 0, then all the diagonal terms of the matrix are 0 by Theorem 4.4. Hence

if T 0!.x!/ D 0 for a set of !’s of positive measure, we see that the Lyapunov spectrum is
0 with multiplicity 1 and �1 with infinite multiplicity.

Otherwise, we compute the leading term of L!f .z/ near x�! for f .z/ D

1=.z � x!/
jC1. Let ˛ D T 0!.x!/. From Theorem 4.4, L!f .z/ has a leading term of

the form c=.z � x�!/
jC1. The corresponding diagonal entry of the matrix is then c. We

compute c as follows:

c D

Z
C1

L!f .z/.z � x�!/
j dz D

Z
C1

.T .z/ � T .x!//
j

.z � x!/jC1
dz:

Since the only pole inside C1 is at x! , we may deform the contour to a small contour
around x! . Since the numerator is ˛j .z � x!/j C O..z � x!/jC1/, we see that c D
˛j D T 0!.x!/

j .
We also verify that the off-diagonal elements of the matrix are bounded: If i < j ,

then the .i; j / entry of the matrix is given by 1
2�i

R
L! Œf �.z/.z � x�!/

i dz, where
f .z/ D .z � x!/

�.jC1/ and the integral is over the unit circle. Since by Corollary 4.10,
the operators L! are a uniformly bounded family on H 2.AR/, we see that the entries of
theN �N matrix, representing the restriction to P�N .!/, are uniformly bounded. (In fact,
we give more refined estimates in Section 6.)

The Lyapunov exponents of the cocycle restricted to PCN .!/ are therefore given by
the values

lim
n!1

1

n
log

n�1Y
kD0

jT 0
�k!

.x�k!/j
j
D j lim

n!1

1

n

n�1X
kD0

log jT 0
�k!

.x�k!/j

D j

Z
log jT 0!.x!/j dP .!/ DW jƒ;

where j ranges from 1 to N , and we use the Birkhoff ergodic theorem in the last line.
Finally, to show that ƒ � log.r=R/, notice that the restriction of dR to NDr

agrees with Euclidean distance up to a bounded factor. The above shows that ƒ D
limn!1 log j.T .n/! /0.x!/j. Lemma 4.1 shows that dR.T

.n/
! .x! C h/; T

.n/
! .x!// �

ajhj.r=R/n, where a D dR.x! C h; x!/=jhj is a uniformly bounded quantity. Hence
jT
.n/
! .x! C h/ � T

.n/
! .x!/j=h � c.r=R/

n. The fact that ƒ � log.r=R/ follows.

5. Spectrum collapse

In this section, we focus on an example. Let

T0.z/ D z
2 and T1.z/ D

�
z C 1=4

1C z=4

�2
;
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so that both T0 and T1 are expanding degree 2 maps of the unit circle, mapping the unit
disc to itself in a 2-to-1 way. We take the base dynamical system to be the full shift �
on � D ¹0; 1ºZ with invariant measure Pp , the Bernoulli measure where each coordinate
takes the value 0 with probability p and 1 with probability 1 � p.

We let L0 and L1 be the Perron–Frobenius operators corresponding to T0 and T1
acting on the unit circle with respect to the signed measure, dz, we consider the cocycle
L! WD L!0 and we study the properties of L

.n/
! WD L!n�1 ı � � � ıL!0 .

Lemma 5.1. Let T0 and T1 be defined as above. Then:

(a) T0 fixes 0 and T1 fixes a D 1
2
.7 � 3

p
5/ � 0:146.

(b) T0 and T1 both map the subset Œ0; a� of the unit disc in an increasing way into itself
.with disjoint ranges/.

(c) Both maps act as contractions on Œ0; a�: 15
32
� T 01 �

2
3

on Œ0; a� and 0 � T 00 � 2a on
Œ0; a�.

For ! 2 �, let x! denote the random fixed point as described in Theorem 2.1.

(d) If ! D : : : 10n � 0 : : : ; then 2b2
n
� T 0!0.x!/ � 2a

2n , where b D T1.0/.

Proof. We just prove statement (d). Let !�.nC1/ D 1 and !�n D � � � D !�1 D !0 D 0.
Then since x��n! D T1.x��.nC1/!/, we have b � x��n! � a. Since x! D T n0 .x��n!/,
we have b2

n
� x! � a

2n and 2b2
n
� T 0!.x!/ � 2a

2n .

Proof of Corollary 2.2. For (a), using Theorem 2.1, it suffices to prove ƒ > �1, where
ƒD

R
log jT 0!.x!/jdP .!/. The set�may be countably partitioned (apart from the fixed

point of all 0’s) into Œ�1� WD ¹! 2�W !0 D 1º and the sets Œ10n � 0� WD ¹! 2�W x�.nC1/ D
1, x�n D � � � D x0 D 0º for 0 � n <1. On Œ�1�, by Lemma 5.1(c), logT 0!.x!/ � log 15

32
.

On Œ10n � 0�, logT 0!.x!/ � 2
n logb by Lemma 5.1(d). Since P .Œ10n � 0�/D .1� p/pnC1,

we seeZ
log jT 0!.x!/j dP .!/ D

Z
Œ�1�

log jT 0!.x!/j dP C
1X
nD0

Z
Œ10n�0�

log jT 0!.x!/j dP

� .1 � p/ log 15
32
C p.1 � p/ log b

1X
nD0

.2p/n > �1:

For (b), arguing as above, we see that on Œ10n � 0�, log jT 0!.x!/j � 2
n log a C log 2

(where log a � �1:925). Hence

ƒ � Pp.Œ1�/
�
log 2

3

�
C

1X
nD0

.2n log aC log 2/Pp.Œ10n � 0�/

D .1 � p/ log 2
3
C p log 2C p.1 � p/ log a

1X
nD0

.2p/n D �1:
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5.1. Gaussian perturbations

We now consider a perturbed version of the cocycle, where Li is replaced by L�
i WD

N� ıLi , where N� has the effect of convolving a density with a Gaussian with mean 0
and variance �2. On R=Z, we have

.N R=Z
� f /.x/ D

1
p
2�

Z 1
�1

f .x � �t/e�t
2=2 dt D Ef .x C �N /;

where N is a standard normal random variable. The corresponding conjugate operator on
C.C1/ is N� WD N

C1
� D Q�1N

R=Z
� Q, where Q is as in Lemma 3.2. A calculation using

that lemma shows

.N�f /.z/ D
1
p
2�

Z 1
�1

f .ze�2�i�t /e�2�i�t�t
2=2 dt:

Proof of Corollary 2.3. From the definition of L0, we check

L0.f /.z/ D
1

2

�
f .
p
z/

p
z
C
f .�
p
z/

�
p
z

�
;

where˙
p
z are the two square roots of z. We define Oen.z/ D zn�1 and verify that

L0. Oen/ D

´
Oen=2 if n is even,
0 otherwise.

(5.1)

We compute

N�. Oen/.z/ D
1
p
2�

Z 1
�1

Oen.ze
�2�i�t /e�2�i�t�t

2=2 dt

D zn�1
1
p
2�

Z 1
�1

e�2�in�t�t
2=2 dt

D e�2�
2n2�2

Oen.z/:

Combining the two, we have

.L�
0/
n
Oe` D

´
exp.�2�2�2m2.4n�1 C � � � C 4C 1// Oem if ` D 2nm,
0 otherwise.

We let H 2
0 .AR/ be the subspace of H 2.AR/ consisting of those functions whose

Laurent expansions have a vanishing z�1 term. Let f 2 H 2
0 .AR/ be of norm 1 and let

f D
P
n2Z anz

n be its Laurent expansion. We recall janj � Rjnj � 1 for all n 2 Z and
a�1 D 0.

Now

.L�
0/
nf .z/ D

X
m2Zn¹0º

exp.�2�2�2m2.4n�1 C � � � C 4C 1//a2nm�1zm�1:
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so that for z 2 AR and n > 0,

j.L�
0/
nf .z/j �

X
m2Zn¹0º

exp.�2�2�2m2.4n�1 C � � � C 4C 1//Rj2
nm�1jR�jm�1j

�
2

1 �R
exp.�2�2�24n�1/:

Since if g is a bounded analytic function on AR, kgkH2.AR/ � 2kgk1, we see
that k.L�

0/
njH2

0
.AR/
k �

4
1�R

exp.�2�2�24n�1/. By Lemma 3.5(b), D2..L
�
0/
nL�

1/ �

A exp.�2�2�24n�1/, where A D 4kL1k
2c2=.1 �R/.

Now let N.!/ D min ¹n > 0 W !n D 1º. We consider the induced map on Œ1�:
Q�.!/ D �N.!/.!/. The induced cocycle is defined for ! 2 Œ1� by QL�

! D L�
!
.N.!//, so

that QL�
! D .L

�
0/
N.!/�1L�

1. By QL�
!
.n/ we mean QL�

Q�n�1.!/
ı � � � ı QL�

! , and by QP the nor-
malized restriction of P to Œ1� (so the convention is that quantities marked with tildes refer
to the induced system).

We define the return times for ! 2 Œ1� by N1.!/ D N.!/ and NnC1.!/ D Nn.!/C
N.�Nn.!/.!// for n � 1. Now we have, using Lemma 3.5(a),

1

Nn.!/
log D2.L

�
!
.Nn.!/// D

1

Nn.!/
log D2. QL

�
!
.n//

D
n

Nn.!/

1

n
log D2. QL

�
Q�n�1!

ı � � � ı QL�
!/

�
n

Nn.!/

1

n
log
�
D2. QL

�
Q�n�1!

/ � : : : �D2. QL
�
!/
�

D
n

Nn.!/

1

n

n�1X
iD0

log D2. QL
�
Q� i!
/

�
n

Nn.!/

1

n

n�1X
iD0

.�2�2�24N.Q�
i!/�1

C logA/:

Since
R
Œ1�
4N.!/ d QPp.!/ D

P1
nD1 4

npn�1.1 � p/ D 1, we see that the average
1
n

Pn�1
iD0.: : : / in the last displayed line converges to �1 almost surely by Birkhoff’s

theorem applied to the ergodic transformation Q� of .Œ1�; QPp/. As n=Nn.!/! 1=Pp.Œ1�/

for QPp-almost every ! 2 Œ1�, we see that 1
Nn.!/

log D2.L
�
!
.Nn.!///! �1 for QPp-a.e.

! 2 Œ1�. Since this is a subsequence of the convergent sequence 1
n

log D2.L
�
!
.n//, it fol-

lows that 1
n

log D2.L
�
!
.n//! �1 for Pp-a.e. !.

This establishes, by Lemma 3.5(c), that �2 D �1. We recall from [12, Theorem 13]
that the exceptional Lyapunov exponents of a cocycle and its adjoint cocycle coincide. By
Lemma 3.3 (taking g D 1) and a calculation showing

R
C1

N �.f /.z/ dz D
R
C1
f .z/ dz

for all f 2 H 2.AR/, we see that �.f / D 1
2�i

R
C1
f .z/ dz satisfies �.f / D �.L�

!f /, so
that .L�

!/
�� D �. Hence �1 D ��1 D 0.
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Remark. We briefly explain how to identify the family of equivariant functions, or top
Oseledets spaces V1.!/ for L� . For ! 2 � and t D .tn/n2Z� 2 RZ� , we define

ˆ.!; t/ D lim
k!1

R2��t�1T��1! ı � � � ıR2��t�kT��k!.0/;

where R� .z/ D ei�z. Existence of the limit follows as in Corollary 4.2. The equivariant
function is then given by

f!.z/ D

Z
RZ�

�
1

z �ˆ.!; t/
�

1

z � I.ˆ.!; t//

�
d�.t/;

where � is the measure on RZ� where each coordinate is an independent standard normal
random variable. The fact that L�

!f! D f�! essentially follows from Lemma 4.7 and
Corollary 4.8. Since the range of ˆ is contained in NDr , it is easy to see that f! lies in
H 2.AR/ for all ! 2 �.

5.2. Uniform perturbations

We now consider another perturbed version of the cocycle, where Li is replaced by
L
U;�
i WD U� ıLi , where U

R=Z
� has the effect of convolving a density with a bump func-

tion of support Œ��; ��. On R=Z, we have

.UR=Z
� f /.x/ D

1

2�

Z �

��

f .x � t / dt D
1

2

Z 1

�1

f .x � �t/ dt D Ef .x C �U /;

where U is a uniformly distributed random variable on Œ�1; 1�. The corresponding con-
jugate operator on C.C1/ is U� WD U

C1
� D Q

�1U
R=Z
� Q, where Q is as in Lemma 3.2.

A calculation shows

.U�f /.z/ D
1

2

Z 1

�1

f .ze�2�i�t /e�2�i�t dt:

As before, we let Oen.z/ D zn�1 and compute, for n 2 Z n ¹0º,

U�. Oen/.z/ D
1

2

Z 1

�1

Oen.ze
�2�i�t /e�2�i�t dt

D
zn�1

2

Z 1

�1

e�2�in�t dt D
sin.2�n�/
2�n�

Oen.z/:

Also, U�. Oe0/.z/ D Oe0.z/. Hence, for ` 2 Z n ¹0º,

.L
U;�
0 /n Oe` D

´
.2�m�/�n2�n.n�1/=2

Qn
jD1 sin.2jm��/ Oem if ` D 2nm,

0 otherwise.

Proof of Corollary 2.4. Let � D b=2k for some odd integer b and k 2 N. Then for
every ` 2 Z n ¹0º and n � k we get .LU;�

0 /n Oe` D 0. This immediately implies that
.L

U;�
0 /njH2

0
.AR/
D 0, and so �2.L

U;�
! /D�1. The fact that �1.L

U;�
! /D 0 follows exactly

as in Corollary 2.3.
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6. Lyapunov spectrum stability

It is natural to ask for an explanation of the instability of the Lyapunov spectrum, exhibited
in Corollaries 2.3 and 2.4. From the finite-dimensional theory of hyperbolic dynamical
systems, we know that a key issue in the stability is control of the angle between the
fast and slow subspaces. In general, the various versions of the Multiplicative Ergodic
Theorem show that for Oseledets spaces with different exponents, the angle between the
subspaces is bounded away from 0 at least by a quantity that is at worst sub-exponentially
small in n, the number of iterations. In the uniformly hyperbolic situation, this angle is
uniformly bounded away from 0.

One way to quantify the angle between complementary closed subspaces that is partic-
ularly well suited to the infinite-dimensional case is to compute k…EkF k, where…EkF is
the projection that fixesE and annihilates F : for Hilbert spaces the norm of the projection
is the reciprocal of the sine of the angle between the spaces. (See [12] for an alternative
way of measuring angles.)

With this in mind, we study …Ek.!/kFk.!/ where Ek.!/ is the span of the Oseledets
vectors with exponents �1; : : : ; �k and Fk.!/ is the complementary space of vectors
that expand at rate �kC1 or slower (the .2k � 1/-dimensional fast space and .2k � 1/-
codimensional slow space respectively).

For the unperturbed cocycle appearing in Corollaries 2.3 and 2.4, we claim that
k…Ek.!/kFk.!/k is essentially unbounded in !. To see this, let � be the shift map on
¹0; 1ºZ equipped with the Bernoulli probability measure Pp and .L!/ as before. Set
h!.z/ D .z � x!/

�2 and g.z/ D z�2. Note that if !0 D 0, then L!g D 0 (see (5.1)),
so that g 2 F2.!/. Also h! 2 E2.!/ by Lemma 4.12, and if !�n D � � � D !�1 D !0 D 0,
then x! � a2

n
, where a < 1 is as in Lemma 5.1. In particular ess inf! kh! � gk D 0.

However, since …E2.!/kF2.!/.h! � g/ D h! and kh!k is bounded away from 0, we see
that k…E2.!/kF2.!/k is essentially unbounded for the cocycle, so that the fast and slow
spaces become arbitrarily close.

The core of the issue is that the kernel of L0 includes all even integer powers of z � 0
(0 being the critical point of T0), while combinations of negative powers of z � x! appear
in the fast spaces. To avoid the situation above, one is led to consider situations in which
the critical point(s) of T! are bounded away from the random fixed point x! . We impose
this by assuming a lower bound on jT 0!.x!/j.

In this section, we show that if we impose the condition that jT 0!.x!/j is bounded
below, then the projections …Ek.!/kFk.!/ are uniformly bounded, and hence the fast and
slow spaces are uniformly transverse. We deduce the existence of a field of cones around
Ek.!/, and use this to prove Theorem 2.5, showing that the Lyapunov spectrum of the
Perron–Frobenius cocycle is stable under small perturbations. Conversely, if T 0!.x!/ is
not bounded below, we show that small perturbations to the Perron–Frobenius cocycle,
even within the class of Perron–Frobenius operators of Blaschke products, can lead to
collapse of the Lyapunov spectrum.

In the first part of the section, we replace the Blaschke product cocycle .T!/ with a
conjugate cocycle . QT!/, almost all of whose elements fix the origin. We first prove the
theorem in that context, and then show how the full theorem follows.
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6.1. Bounded projections

Let � W .�;P /! .�;P / be an invertible ergodic measure-preserving transformation and
let T D .T!/!2� be a Blaschke product cocycle satisfying the following conditions:
(a) T!.0/ D 0 for P -a.e. ! 2 �.
(b) ess inf! jT 0!.0/j > 0.
(c) rT .R/ < R.

Notice that for Blaschke product cocycles satisfying these conditions, Theorem 2.1
applies and the quantity ƒ D

R
log jT 0!.0/j dP is finite (and negative), so that the Lya-

punov exponents are �j D .j � 1/ƒ, where �1 D 0 has multiplicity 1 and the remaining
exponents have multiplicity 2. Notice that (b) gives uniform control on jT 0!.x!/j, while
the condition ƒ > �1 in Theorem 2.1 for a non-trivial Lyapunov spectrum gives only
average control on jT 0!.x!/j.

The proof of Theorem 2.1 (in the special case x! D 0) shows that for j > 1, one
can identify a natural basis for Vj .!/ consisting of a Laurent polynomial f!;j with
z�2; : : : ; z�j terms and its inversion LIf!;j with z0; : : : ; zj�2 terms.

We set r D rT .R/. We shall also require that jT 00! j is uniformly bounded above onDr ,
but in fact, this condition is true automatically since

T 00.z/ D
2Š

2�i

Z
C1

T .w/

.w � z/3
dw

and jT .w/j D 1 whenever jwj D 1, so that jT 00.w/j � 2=.1 � r/3 on Dr .
Let �.n/! denote j.T .n/! /0.0/j in all what follows.

Lemma 6.1 (Random fixed point distortion estimate). Under the conditions above, there
exists a c1 such that for P -a.e. ! 2 �, for all z 2 CR,

jT .n/! .z/j � c1�
.n/
! :

Proof. Let !;n.z/ D jT
.n/
! zj=�

.n/
! and r D rT .R/ < R. Then

!;nC1.z/ D
jT
.nC1/
! z � 0j

�
.nC1/
!

�

max
y2Œ0;T

.n/
! z�
jT 0�n!.y/j � jT

.n/
! z � 0j

�
.n/
! T 0�n!.0/

D !;n.z/ max
y2Œ0;T

.n/
! z�

jT 0�n!.y/j=jT
0
�n!.0/j;

where Œa; b� denotes the line segment joining a and b. Since we showed in Lemma 4.1
the existence of a c such that for P -a.e. ! 2 �, jT .n/! .z/ � 0j � c.r=R/n�1, we see
that for y 2 Œ0; T .n/! .z/�, using the uniform boundedness of T 00! , we obtain the inequal-
ity jT 0�n!.y/=T

0
�n!.0/� 1j � c

0.r=R/n, so that !;n.z/ is bounded essentially uniformly
in ! and uniformly in n and z as z runs over CR.
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LetH 2.AR/
� be lin ¹z�j�1 W j > 0º andH 2.AR/

C be lin ¹zj�1 W j > 0º. (We choose
to offset the indices by 1 as we have seen that this is well suited to the calculations in the
rest of the paper). We set Oej .z/ D Rjj�1jzj�1, as a convenient rescaling of the standard
orthogonal basis of H 2.AR/ described earlier (in particular their norms are between 1
and 2).

Lemma 6.2. Let � < R and let f lie in the unit sphere of H 2.A�/
�. Then f may be

expanded as f .z/ D
P
m>0 a�m Oe�m where ja�mj � .�=R/m. In particular, the partial

sums of the series for f given above are convergent in H 2.AR/.

Let U�
k

be the subspace of H 2.AR/
� spanned by Oe�1; : : : ; Oe�.k�1/ and define

V �k .!/ D
®
f 2 H 2.AR/

�
W lim sup 1

n
log kL.n/

! f k � kƒ
¯
;

so that H 2.AR/
� D U�

k
˚ V �

k
.!/. In particular, U�

k
is the span of those Oseledets vec-

tors, mentioned above, with Lyapunov exponents �2; : : : ; �k that are polynomials in z�1.
Let Q� denote the orthogonal projection of H 2.AR/ onto H 2.AR/

� and let QC be
the orthogonal projection of H 2.AR/ onto H 2.AR/

C D lin ¹zn�1 W n � 1º. We write
H 2.AR/

˙ for H 2.AR/
C ˚H 2.AR/

� and note that H 2.AR/
˙ D .lin ¹z�1º/?. We now

show that under the conditions above, U�
k

and V �
k
.!/ are uniformly transverse.

Lemma 6.3. Let the Blaschke product cocycle satisfy conditions (a)–(c). Then for each
k 2 N, there exists a constant M > 0 such that k…U�

k
kV�
k
.!/k �M for P -a.e. ! 2 �.

Proof. Let c1 be as in Lemma 6.1, and let Oe�j be as defined earlier. We compute the
matrix of L! with respect to the . Oe�j / basis.

For j > 0, write L!. Oe�j / as
Pj
iD1 aij Oe�i (such an expansion exists with no higher

order terms by Corollary 4.5). We now have, for 0 < i < j ,

aij D
1

2�i

Z
C1

L!. Oe�j /.z/R
�i�1zi dz D

R�i�1

2�i

Z
C1

Oe�j .z/.T!.z//
i dz

D
Rj�i

2�i

Z
CR

.T!.z//
i

zjC1
dz:

For i D j , we have ajj D .�!/j as shown in Theorem 2.1.
Similarly, using Lemma 6.1, we see that for a.e. ! 2 �, a.n/!;ij , the coefficient of L

.n/
!

with respect to . Oe�j / and . Oe�i /, satisfies

ja
.n/
!;ij j D

ˇ̌̌̌
Rj�i

2�i

Z
CR

.T
.n/
! .z//i

zjC1
dz

ˇ̌̌̌
� .c1�

.n/
! =R/i for all 1 � i � j . (6.1)

For i D j we have a.n/jj D .�
.n/
! /j , and for i > j , a.n/ij D 0. Letting c2 D .c1=R/k�1, we

see that for a.e. ! 2 �,

ja
.n/
!;ij j � c2.�

.n/
! /i for all 1 � i � k � 1 and all j 2 N. (6.2)
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Define …�k to be the orthogonal projection from H 2.AR/
� onto U�

k
. Now consider

the operators ƒ.n/
!;k
D .L

.n/
! jU�

k
/�1 ı…�k ıL

.n/
! . We write

ƒ
.n/

!;k
D .L! jU�

k
/�1 ı .L.n�1/

�! jU�
k
/�1 ı…�k ıL.n�1/

�! ıL! :

By (6.2), the matrix representing the restricted operator .L.n�1/
�! jU�

k
/ with respect

to the bases Oe�1; : : : ; Oe�.k�1/ and Oe�1; : : : ; Oe�.k�1/ may be factorized as DA where D
is the diagonal matrix with entries .�.n�1/�! /j for j D 1; : : : ; k � 1 and A is an upper
triangular matrix with 1’s on the diagonal and with entries with absolute value bounded
above by c2 above the diagonal for a.e. ! 2 �. Of course we have .DA/�1 D A�1D�1,
and by the above, A�1 has uniformly bounded entries (i.e. with entries that are uniformly
bounded for P -a.e. ! 2 � and all n > 0 by a constant depending only on k). The matrix
B D .bij /1�i�k�1Ij2N of .L.n�1/

�! jU�
k
/�1…�kL

.n�1/
�! is B D A�1D�1PL.n�1/, where

P is the .k � 1/ �1 matrix with 1’s on the diagonal and the remaining entries 0, and
L.n�1/ is the matrix of L

.n�1/
�! . Combining (6.2) with the expression for D, we obtain a

constant c3 such that for a.e. ! 2 � and all n, jbij j � c3 for 1 � i � k � 1 and j 2 N.
(Note that c3 does depend on k.)

Let r < � < R. By Corollary 4.10, there a constant c4 such that kL!kH2.AR/!H2.A�/

� c4 for almost all ! 2 �. Now if f 2 H 2.AR/
� satisfies kf kH2.AR/ D 1, we have

kL!f kH2.A�/ � c4, so that by Lemma 6.2, for j > 0, the coefficient of Oe�j in the expan-
sion of L!f is at most c4.�=R/j .

Combining this with the estimate for bij above, we see that the Oe�i coef-
ficient of .L.n�1/

�! jU�
k
/�1…�n!;kL

.n/
! f is bounded above by c3c4

P1
jDi .�=R/

j D

c3c4.�=R/
i=.1� �=R/. Since .L! jU�

k
/�1 is essentially uniformly bounded in! (because

it is upper triangular with uniformly bounded entries, and has diagonal elements uni-
formly bounded away from 0), we deduce that the operatorsƒ.n/

!;k
are uniformly bounded

in n and ! (but not in k), say kƒ.n/
!;k
k � M for all ! 2 � and n 2 N. It is immediate

that ƒ.n/
!;k
f D f for all f 2 U�

k
and it is not hard to verify from the definition of ƒ.n/

!;k

that ƒ.n/
!;k
f ! 0 for f 2 V �

k
.!/. Hence ƒ.n/

!;k
converges strongly to …U�

k
kV�
k
.!/, so that

k…U�
k
kV�
k
.!/k �M .

We define further spaces: UC
k
D LIU

�
k

, V C
k
.!/ D LIV

�
k
.!/ and W0 D lin ¹ Oe0º.

Since LI commutes with L! , the L! equivariance of U�
k

implies that of UC
k

and sim-
ilarly equivariance of V C

k
.!/ follows from that of V �

k
.!/. The equivariance of W0 was

noted in Corollary 4.8 (note that x! D 0 for the cocycles we are considering). Since
H 2.AR/

C D LI .H
2.AR/

�/, we see that H 2.AR/
C D UC

k
˚ V C

k
.!/.

Corollary 6.4. There exists M 0 > 0 such that k…
U
C

k
kV
C

k
.!/
k �M 0 for P -a.e. ! 2 �.

Proof. We can verify that …
U
C

k
kV
C

k
.!/
D LI ı…U�

k
kV�
k
.!/ ıLI . Since LI is bounded,

the result follows.
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Next, let Ek D U�
k
˚ W0 ˚ U

C

k
and Fk.!/ D V �

k
.!/ ˚ V C

k
.!/. These are the

.2k � 1/-dimensional and .2k � 1/-codimensional fast and slow spaces for the cocycle
respectively.

We observe that …0 WD …W0kH2.AR/˙
is just the orthogonal projection onto W0, so

that k…W0kH2.AR/˙
k D 1.

Corollary 6.5. There exists M > 0 such that k…EkkFk.!/k �M for P -a.e. ! 2 �.

Proof. We have

…EkkFk.!/ D …0 C…U�
k
kVk.!/

� ıQ� C…
U
C

k
kVk.!/

C ıQ
C:

Since all the operators appearing on the right hand side are uniformly bounded in !, so is
…EkkFk.!/.

6.2. Invariant cone field

In this subsection, we shall show that there is a cone aroundEk attracting a neighbourhood
in H 2.AR/. Consider the cone

C!;� D ¹f 2 H
2.AR/ W k…Fk.!/kEkf k � �k…EkkFk.!/f kº:

Lemma 6.6. Let � be an ergodic invertible measure-preserving transformation of .�;P /
and let the Blaschke product cocycle satisfy conditions (a)–(c) from �6.1. Then for each
k 2N, there exists anN such that for each n�N and a.e. ! 2�, L

.n/
! .C!;�/�C�n!;�=2

for all � > 0.

Proof. Let …�k be as in the proof of Lemma 6.3, the orthogonal projection onto
lin ¹ Oe�1; : : : ; Oe�.k�1/º, and let …k be the orthogonal projection onto lin ¹ Oe1; : : : ; Oek�1º.
Let Sk D …�k C…k and let …0 be the orthogonal projection onto lin ¹ Oe0º.

We make the following claims:
(i) There exists a constant K > 0 such that for a.e. ! 2 �, n 2 N and f 2 U�

k
,

kL.n/
! f k � K.�.n/! /k�1kf k:

(ii) There exists c5 > 0 such that for a.e. ! 2 �, n 2 N and f 2 Ek ,

kL.n/
! f k � c5.�

.n/
! /k�1kf k:

(iii) There exist c > 0 and n0 2 N such that for a.e. ! 2 �, n � n0 and f 2 H 2.AR/
�,

k.I �…�k/L
.n/
! f k � c.�.n/! /kkf k:

(iv) There exist c6 > 0 and n0 2 N such that for a.e. ! 2�, n � n0 and f 2H 2.AR/
˙,

k.I � Sk/L
.n/
! f k � c6.�

.n/
! /kkf k:
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To establish (i), first notice that there is a constant c > 1 such that for P -a.e. ! 2 �
and all vectors .a1; : : : ; ak�1/,

k.a1; : : : ; ak�1/k2=c �
k�1X
iD1

ai Oe�i

 � ck.a1; : : : ; ak�1/k2;
where k � k2 denotes the Euclidean norm on Rk . Hence it suffices to demonstrate that
there exists c > 0 such that kL.n/! vk � c.�

.n/
! /k�1kvk for all v 2 Rk , where L.n/! is the

matrix of L
.n/
! with respect to . Oe�j /k�1jD1. This is equivalent to showing the existence of a

c > 0 such that k.L.n/! /�1k � c.�
.n/
! /�.k�1/ for all n 2 N and ! 2 �. We have shown

that L.n/! may be expressed as DA where D is the diagonal matrix with entries .�.n/! /i ,
with i going from 1 to k � 1; and A is an upper triangular matrix with bounded entries
and 1’s on the diagonal. It follows that k.L.n/! /�1k � c.�

.n/
! /�.k�1/ as required, so that

we have demonstrated (i).
To show (ii), let f 2 Ek , and write f D f C C f 0 C f � where the components lie

in UC
k

, W0 and U�
k

respectively. Clearly at least one of the components has norm at least
kf k=3. Since L

.n/
! f ? D …?

!L
.n/
! f , where ? is each ofC, 0 or �, we have

kL.n/
! f k � max.kL.n/

! f Ck; kL.n/
! f 0k; kL.n/

! f �k/:

Hence it suffices to show that for each of �, 0 and C there exists a c? > 0 such that for
all ! 2 � and n 2 N,

kL.n/
! f k � c?.�.n/! /k�1kf k (6.3)

for f lying in U ?
k

.
The first of these was demonstrated in (i). If f 2 W0, then L

.n/
! f D f , so that

kL
.n/
! f k D kf k. Hence (6.3) is satisfied when ? is 0. If f 2 UC

k
, then L

.n/
! f D

LIL
.n/
! LIf . Since LI is a bounded involution, it follows that there exists c > 0 such

that kLIf k � ckf k for all f 2H 2.AR/. Combining this with (i) establishes the required
result for f lying in UC

k
.

We now demonstrate (iii). Let � be as chosen in the proof of Lemma 6.3 and let f 2
H 2.AR/

� be of norm 1. We showed in the proof of Lemma 6.3 that the Oe�j coefficient of
L!f is at most c4.�=R/j . Applying L

.n�1/
�! and recalling the estimate (6.1), we find that

the coefficient of Oe�i is at most
P
j�i c4.�=R/

j .c1�
.n�1/
�! =R/i . This gives the estimate

k.I �…�k/L
.n/
! f k �

X
i�k

X
j�i

c4.�=R/
j .c1�

.n�1/
�! =R/ikOe�ik

�
2c4

1 � �=R

X
i�k

.�c1�
.n�1/
�! =R2/i

D
2c4

1 � �=R
.�c1=R

2/k.�.n�1/�! /k
X
i�0

.�c1�
.n�1/
�! =R2/i :
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From the final part of the proof of Theorem 2.1, there exists c0 > 0 such that for a.e.
! 2 �, �.n/! � c0.r=R/n for all n. Thus, there exists an n0 such that for all n � n0 and
a.e. ! 2 �, �c1�

.n�1/
! =R2 < 1=2. Since jT 0!.0/j is essentially uniformly bounded below,

we have �.n�1/�! � �
.n/
! = ess inf! jT 0!.0/j a.e. Now for n � n0, and all f in the unit sphere

of H 2.AR/
�,

k.I �…�k/L
.n/
! f k � c.�.n/! /k ;

where c D 4c4.�c1=R2/k=..1 � �=R/ inf! jT 0!.0/j
k/, proving (iii).

Finally, to show (iv), let f 2 H 2.AR/
˙, and write f D f C C f �. Since QC and

Q� are orthogonal projections, both kf Ck and kf �k are bounded above by kf k. The
above shows k.I � Sk/L

.n/
! f �k � c.�

.n/
! /kkf k. Also .I � Sk/L

.n/
! f C D LI .I �

Sk/L
.n/
! LIf

C. Since LIf
C 2 H 2.AR/

�, we see

kLI .I � Sk/L
.n/
! LIf

C
k � kLIk

2c.�.n/! /kkf k;

so that the desired conclusion follows by summing the two estimates.
Now let f 2 C!;� and let f D uC v where u 2 Ek and v 2 Fk.!/. Applying the

above inequalities, we have

kL.n/
! uk � c5.�

.n/
! /k�1kuk;

and since Fk.!/ � H 2.AR/
˙, for n � n0,

k.1 � Sk/L
.n/
! vk � c6.�

.n/
! /kkvk:

Notice that …EkkFk.�
n!/.1 � Sk/L

.n/
! v D �SkL

.n/
! v, so that by Lemma 6.3,

kSkL
.n/
! vk �Mk.1 � Sk/L

.n/
! vk. Hence

kL.n/
! vk � .M C 1/k.1 � Sk/L

.n/
! vk � c6.M C 1/.�

.n/
! /kkvk:

Now there exists an n1 such that for all n � n1 and a.e. ! 2 �, c6.M C 1/�
.n/
! �

1
2
c5.

Hence if n � max.n0; n1/, we see that L
.n/
! f 2 C�n!;�=2.

6.3. Stability of exponents

Our theorem in this section is similar to a theorem of Bogenschütz [6]. In his setting, there
were two key assumptions: uniformity of the splitting and uniformity of convergence to
the Lyapunov exponents. The first of these is satisfied in our setting by the above, while we
relax the second condition by not imposing any convergence conditions on the Lyapunov
exponents.

Lemma 6.7. Let � be an ergodic invertible measure-preserving transformation of .�;P /,
let the Blaschke product cocycle satisfy conditions (a)–(c) from §6.1, and let L! be the
corresponding family of Perron–Frobenius operators. For each � > 0, let L�

! be a family
of operators such that ess sup!2� kL

�
! �L!k! 0 as �! 0. Then the perturbed cocycle

is quasi-compact. If .�n/ are the Lyapunov exponents of the unperturbed cocycle listed
with multiplicity, then for each n, ��n! �n as �! 0 where .��n/ are the exponents of the
perturbed cocycle.
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Proof. Notice that �.L�
!/ � �.L!/C kL

�
! �L!k, which, together with the hypothesis

ess sup!2� kL
�
! �L!k ! 0 as � ! 0, implies the quasi-compactness of the perturbed

cocycle.
Let ƒ D

R
log jT 0!.0/j dP .!/ < 0, so that by Theorem 2.1, the Lyapunov exponents

are �j D .j � 1/ƒ for j D 1; 2; : : : ; where �1 D 0 has multiplicity 1 and the remaining
exponents have multiplicity 2. List the exponents with multiplicity as �1 D 0, and �2k D
�2kC1 D kƒ for each k 2 N.

Let N be as in the statement of Lemma 6.6 and M be as in the statement of Lemma
6.3 and c5 be as in the proof of Lemma 6.6. Let � > 0. Pick n >N so that .3

4
c5/

1=n > e�� .
Now by Corollary 4.10, ess sup!2� kL!k is finite. By an application of the triangle
inequality, ess sup!2� kL

�
!
.n/
�L

.n/
! k ! 0 as �! 0. Pick �0 > 0 so that � < �0 implies

ess sup
!
kL�

!
.n/
�L.n/

! k <
c5 ess inf! jT 0!.0/j

n.k�1/

8.M C 1/
: (6.4)

Suppose that � < �0 and let uC v 2 C!;1, where u 2 Ek and v 2 Fk.!/. We claim
that for a.e. ! 2 �,

L�
!
.n/
.uC v/ 2 C�n!;1; (6.5)

k…EkkFk.�
n!/L

�
!
.n/
.uC v/k �

3c5

4
.�.n/! /k�1kuk: (6.6)

Writing ….n/

EkF
for …EkkFk.�

n!/ and ….n/

F kE
for I �….n/

EkF
, we have

…
.n/

EkF
L�
!
.n/
.uC v/ D L.n/

! uC…
.n/

EkF
.L�

!
.n/
�L.n/

! /.uC v/;

so that

k…
.n/

EkF
L.n/
! .uC v/k � c5.�

.n/
! /k�1kuk �M

c5 ess inf! jT 0!.0/j
n.k�1/

8.M C 1/
2kuk

�
3
4
c5.�

.n/
! /k�1kuk;

establishing (6.6). On the other hand,

…
.n/

F kE
L�
!
.n/
.uC v/ D L.n/

! v C…
.n/

F kE
.L�

!
.n/
�L.n/

! /.uC v/;

so that

k…
.n/

F kE
L�
!
.n/
.uC v/k � 1

2
c5.�

.n/
! /k�1kvk C .M C 1/

c5 ess inf! jT 0!.0/j
n.k�1/

8.M C 1/
2kuk

�
3
4
c5.�

.n/
! /k�1kuk:

This implies L�
!
.n/.uC v/ 2 C�n!;1.
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Using (6.5) inductively, we see that L�
!
.mn/.uC v/ 2 C�mn!;1 for all m 2 N. Then

an inductive application of (6.6) shows that for any m 2 N,

k…EkkFk.�
mn!/L

�
!
.mn/

.uC v/k � .3c5=4/
m.�.mn/! /k�1kuk

� e��mn.�.mn/! /k�1kuk:

Since .mn/�1 log.e��mn.�.mn/! /k�1/ converges to �k � � for P -a.e. ! 2 �, we
have identified a .2k � 1/-dimensional subspace, namely Ek , on which every vector
has Lyapunov exponent at least �k � �, so that the Lyapunov exponents of the per-
turbed cocycle, ��j (again listed with multiplicity), satisfy ��

2k�1
> �2k�1 � � and

��
2k�2

� ��
2k�1

> �2k�1 � � D �2k�2 � �. Since � and k are arbitrary, this establishes
lower semicontinuity of each Lyapunov exponent for arbitrary small perturbations of the
original cocycle.

To prove the continuity of the exponents for perturbations of the cocycle, it suffices to
show the standard property of upper semicontinuity of the partial sums of the Lyapunov
exponents: for each l and each � > 0, for all sufficiently small � > 0, one has

��1 C � � � C �
�
l < �1 C � � � C �l C �:

To show this, define

El .L/ D sup
f1;:::;fl I �1;:::;�l

det.�i .Lfj //1�i;j�l ;

where f1; : : : ; fl and �1; : : : ; �l run over the unit sphere of H 2.AR/ and the unit sphere
of the dual space respectively. The quantity El is submultiplicative (this is standard for
Hilbert spaces, and was demonstrated for arbitrary Banach spaces in [22]). Results of [12]
combined with the Kingman subadditive ergodic theorem show that

inf
n

1

n

Z
log El .L

.n/
! / dP .!/ D �1 C � � � C �l :

In particular, for any � and any l there exists an n > 0 such that 1
n

R
logEl .L

.n/
! /dP .!/ <

�1 C � � � C �l C �=2.
For any collections F D .f1; : : : ; fl / of functions in the unit sphere of H 2.AR/

and ˆ D .�1; : : : ; �l / of elements of the unit sphere of H 2.AR/
�, let EF;ˆ.L/ D

det.�i .Lfj //. These maps are equicontinuous, and indeed uniformly equicontinuous
when restricted to ¹L W H 2.AR/! H 2.AR/ W kLk � Kº for any K, so that L 7! El .L/

is continuous when restricted to operators of norm at mostK. It follows using Lemma 4.9
that there exists � > 0 such that for a.e. ! 2�, jEl .L�

!
.n//� El .L

.n/
! /j < �=2. Hence for

sufficiently small � > 0,

1

n

Z
log El .L

�
!
.n/
/ dP .!/ < �1 C � � � C �l C �;

so that the sum of the first l Lyapunov exponents of the L�
! cocycle is at most �1 C � � � C

�l C �. This establishes, for each l , the upper semicontinuity of the sum of the first l
Lyapunov exponents under perturbations of the original cocycle as required.



C. González-Tokman, A. Quas 3450

We now show that we can deduce Theorem 2.5 as a corollary of the above.

Lemma 6.8. Let � be an ergodic transformation of .�; P / and let n 2 N. Then there
exists k, a factor of n, and a �n-invariant subset B of � of measure 1=k such that
� D

Sk�1
iD0 �

�iB and �njB is ergodic. The ergodic components of P under �n are the
restrictions of P to the sets ��iB . If .A!/ is a matrix or operator cocycle over � , then
the cocycle .A.n/! / over �n restricted to ��iB has Lyapunov exponents .n�j / where .�j /
are the exponents of the original cocycle.

For a proof, one finds the largest factor k of n such that e2�i=k is an eigenvalue of the
operator f 7! f ı �n on L2.�/. The set B is a level set of the eigenvector.

For a 2 D1, let Ma be the Möbius transformation Ma.z/ D .z C a/=.1C Naz/, send-
ing 0 to a and preserving the unit circle, so that in particular these transformations are
Blaschke products. We record without proof the following straightforward facts about
Möbius transformations.

Lemma 6.9. Let jaj < 1 and let the Ma be as above. Then:

(a) M�1a DM�a.

(b) For z in the closed unit disc, jMa.z/� zj � 2jaj=.1� jaj/. In particular if jaj < 1=3,
then jMa.z/ � zj < 3jaj whenever jzj � 1.

(c) jM 0a.z/j �
1Cjaj
1�jaj

for all z in the closed unit disc.

Proof of Theorem 2.5. We first prove part (a). Let � , .�;P / and .T!/ be as in the state-
ment and let R < 1 satisfy r WD rT .R/ < R. Let x! be the random fixed point of .T!/, as
guaranteed by Theorem 2.1. We now define a new conjugate family of cocycles:

QT! DM
�1
x�!
ı T! ıMx! ;

so that QT!.0/ D 0 for P -a.e. ! 2 � and QT .n/! D M�1x�n! ı T
.n/
! ıMx! . If jzj � A WD

.R � r/=.1 � rR/ then for any x 2 NDr , jMx.z/j � R, so that T .n/! ıMx! .
NDA/ is con-

tained in the intersection of NDr with a disc of radius c.r=R/n about x�n! . Since the
Lipschitz constant of Mx is 1Cjxj

1�jxj
and M�1x�n! .x�n!/ D 0, we see that QT .n/! . NDA/ � NDa

where a D 1Cr
1�r

c.r=R/n. Let n be chosen so that a < A. Since neither a nor A depend on
!, nor does n. Let B be an ergodic component of �n as guaranteed by Lemma 6.8 and
consider the cocycle QL.n/

! restricted to B . For P -a.e. ! 2 �, condition (c) of Lemma 6.7
is satisfied. Condition (a) is clearly satisfied and the above Lipschitz estimates combined
with the assumption that ess inf! jT 0!.x!/j > 0 show that ess inf! j. QT

.n/
! /0.0/j > 0. Hence

the Lyapunov spectrum for the cocycle . QL.n/
! /!2B , with base dynamics �n W B ! B , is

stable as shown in Lemma 6.7. Together with the final part of Lemma 6.8, this implies
stability of the Lyapunov spectrum for the cocycle . QL!/ over �. Since this cocycle is
conjugate to the original cocycle: L

.n/
! D LMx�n!

ı QL
.n/
! ı LM�1x!

, and L
M˙1x

is uni-
formly bounded as x runs over Dr , we deduce the stability of the Lyapunov spectrum of
the original cocycle.
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To show part (b) by Theorem 2.5, we first conjugate the Blaschke product cocycle to
a new cocycle with 0 as the random fixed point. Write . QT!/ for the conjugate Blaschke
product cocycle QT!.z/ D M�1x�! ı T! ıMx! .z/, that is, the cocycle where the random

fixed point is conjugated to 0, so that QT!.0/D 0 and QT .n/! .z/DM�1x�n! ı T
.n/
! ıMx! .z/.

The proof will work by modifying the Blaschke product cocycle . QT!/ to give a new
nearby Blaschke product cocycle . QS!/ where the random fixed point is still 0. In the last
step, we invert the conjugacy operation to give a new Blaschke product cocycle .S!/ D
.Mx�! ı

QS! ıM
�1
x!
/ that has the same random fixed point, .x!/, as .T!/.

Notice that since QT!.0/ D 0, QT!.z/ may be written as QT!.z/ D zP!.z/ for a rational
function P! that is analytic on the unit disc. We see that P! maps the unit circle to itself
so that by Lemma 3.1(d), P!.z/ is another Blaschke product.

We now let 0 < � < 1 and set ı D �.1 � r/=.3.1 C r//. Define a new family of
Blaschke products by

Q! D

´
M�1
P!.0/

ı P! if jP!.0/j < ı;
P! otherwise,

where the fact that Q! is a Blaschke product follows from Lemma 3.1(e). We can check
thatQ!.0/D 0whenever jP!.0/j< ı. By Lemma 6.9, we see that jQ!.z/�P!.z/j � 3ı
for each z in C1. Now set QS!.z/ D zQ!.z/ so j QS!.z/ � QT!.z/j � 3ı for each z 2 C1.
Next, observe (from the product rule) that QT 0!.0/ D P!.0/ and QS 0!.0/ D Q!.0/ so that
QS 0!.0/ D 0 whenever j QT 0!.0/j < ı. Now

max
z2C1
jS!.z/ � T!.z/j D max

z2C1
jMx�! ı

QS! ıM
�1
x!
.z/ �Mx�! ı

QT! ıM
�1
x!
.z/j

D max
z2C1
jMx�! ı

QS!.z/ �Mx�! ı
QT!.z/j

� Lip.Mx�! /max
z2C1
j QS!.z/ � QT!.z/j:

By Lemma 6.9(a, c) and since jx�! j � r , we have Lip.M�1x�! / �
1Cr
1�r

so that
maxz2C1 jS!.z/ � T!.z/j � �. By Lemma 4.9, ess sup kL�

! � L!k � C�. The new
cocycle has the same random fixed point as the old one, but for a subset of � of positive
measure we have S 0!.x!/D 0, so that the perturbed cocycle is in case (2) of Theorem 2.1
as required.

Proof of Corollary 2.6. We first show that the stable elements of BlaschkeR.-/ form an
open subset. Let T 2 BlaschkeR.-/ be stable. Let r D rT .R/ < R, let r < � < R, and let
C be such that jw � zj � dR.w; z/ � C jw � zj for all w; z lying in ND�.

Now let � D ess inf! jT 0!.x!/j=3. Pick

ı < min
�
� � r; .1 � r/2�; �.1 � �/3.1 � r=R/=.2C /

�
and let d.� ; T / < ı. We first show that the random fixed point, y! , for the � cocycle
satisfies dR.y! ; x!/ � Cı=.1 � r=R/. To see this, suppose y and x satisfy dR.y; x/ �
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Cı=.1 � r=R/, T!. NDR/ � NDr and maxz2C1 jS!.z/ � T!.z/j < ı. Then

dR.S!.y/; T!.x// � dR.S!.y/; T!.y//C dR.T!.y/; T!.x//

� C jS!.y/ � T!.y/j C
r

R
dR.y; x/

� Cı C
r

R

Cı

1 � r=R
D C

ı

1 � r=R
:

Applying this inductively, we see that for a.e. ! 2 �, dR.S
.n/
��n!.0/; T

.n/
��n!.0// �

Cı=.1 � r=R/ for all n. Since for a.e. ! 2 �, S .n/��n!.0/ ! y! and T .n/��n!.0/ ! x! ,
we see that dR.y! ; x!/ � Cı=.1 � r=R/ a.s. Hence jy! � x! j � Cı=.1 � r=R/.

Now we have, for a.e. ! 2 �,

jS 0!.y!/j � jT
0
!.x!/j � jS

0
!.x!/ � T

0
!.x!/j � jS

0
!.y!/ � S

0
!.x!/j

� 3� �
ı

.1 � r/2
�

2

.1 � �/3
Cı

1 � r=R
� �;

where we use Cauchy’s formula and the fact that jx! j � r to estimate j.S 0! � T
0
!/.x!/j

and the fact that jS 00!.z/j � 2=.1 � �/
3 on ND� for the last term. Hence � is stable as

required.
Now for the density, let T be a Blaschke product cocycle and suppose r WD

rR.T / < R. Write x! for the random fixed point. We shall obtain a new cocycle � with
the same random fixed point as T , in a similar way to the proof of Theorem 2.5(b), but
where we ensure that the derivative of S! at x! is bounded away from 0. Let � < R � r
and set ı D 1�r

6.1Cr/
�.

As before, define QT! DM�x�! ı T! ıMx! , so that QT D . QT!/ is a conjugate cocycle
fixing 0. Since QT!.0/ D 0, we have QT!.z/ D zP!.z/, where P! is another Blaschke
product and QT 0!.0/ D P!.0/. To form the perturbation, let

Q! D

´
M2ı ı P! if jP!.0/j � ı,
P! otherwise.

We can check that jQ!.0/j > ı for each !. We then let QS!.z/ D zQ!.z/ and S!.z/ D
Mx�!

ı QS! ıM�x! , so that S!.x!/ D x�! . As in the proof of Theorem 2.5(b), we see
jS!.z/� T!.z/j � � for all z 2 C1. From the definition of QS! , j QS 0!.0/j > ı and so, using
Lemma 6.9(c), we see jS 0!.x!/j >

�
1�r
1Cr

�2
ı for a.e. ! 2 �. Hence � D .S!/!2� is an

�-perturbation of T , which is stable.

6.4. Examples

For a simple example of a cocycle satisfying the conditions of Theorem 2.5, let a and b be
any numbers in .0; 1=3/, and T1.z/D Œ.aC z/=.1C az/�2, T2.z/D Œ.bC z/=.1C bz/�2.
Let � be the full shift on ¹1; 2ºZ and P any shift-invariant ergodic probability measure.
Then one can check that x! � 0 for all ! while the critical points are at �a and �b.
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Now given any cocycle satisfying the above conditions, one may apply Theorem 2.5
in each of the following situations:
(1) (Static perturbation) Suppose for each � > 0, .T �!/ is a cocycle of Blaschke products

such that jT!.z/ � T �!.z/j � � for each z 2 C1. Then by Lemma 4.9, we have
sup! kL

�
! �L!k ! 0, so that by Theorem 2.5, ��n ! �n as � ! 0.

(2) (Quenched random perturbation) -1 Let � W „ ! „ be an invertible measure-pre-
serving transformation such that � � � is ergodic. Then consider a family of cocycles
of Blaschke products .T �

!;�
/ over the transformation � � � such that jT �

!;�
.z/�T!.z/j

� � for each z 2 C1. Then the Lyapunov exponents of the perturbed cocycle converge
to those of the unperturbed cocycle as � is shrunk to 0. This follows by considering
both cocycles as cocycles over � � � (even though the initial cocycle depends only
on the first component). The result then follows by the previous example.

(3) (Annealed random perturbation) Let L�
! D N � ıL! define a cocycle over � , where

N � is convolution with a Gaussian kernel as in Section 5.1. We have L�
!f �L!f =

.N � � I /L!f . By the calculations in Lemma 4.9, for any r < � < R, there exists a
c > 0 such that the en coefficient of L!f is of absolute value at most c.�=R/jnjkf k.
By the calculations in Section 5.1, N � � I is a diagonal operator with respect to
the en’s, scaling en by e�2�

2n2�2 � 1 � 2�2n2�2. Hence for any ! 2 � and any f 2
H 2.AR/, the coefficients in the Laurent expansion of .L�

! �L!/f are of absolute
value at most 2�2�2cn2.�=R/jnj. In particular, sup!2� kL

�
! �L!k ! 0 as � ! 0,

so that we can apply Theorem 2.5. Hence the Lyapunov exponents vary continuously,
in strong contrast to the situation in Section 5.1 involving an application of the same
perturbations to another cocycle.

Appendix A. Comparison of Lyapunov spectrum and Oseledets splittings on
different function spaces

Let R D .�;P ; �; X;L/ be a random linear dynamical system and suppose the Banach
space X 0 embeds densely as a subspace of X , equipped with a norm k � kX 0 such that
kxkX 0 � kxkX for all x 2 X 0 and L!.X

0/ � X 0. Then we say R0 D .�;P ; �; X 0;LjX 0/
is a dense restriction of R. We restate Theorem 2.7 more precisely in this language.

Theorem A.1 (Comparison of Lyapunov exponents for Oseledets splittings). Let R D

.�;P ; �;X;L/ be a random linear dynamical system with ergodic invertible base and let
R0 be its dense restriction to the Banach space X 0. Suppose the two systems satisfy the
assumptions of Theorem 3.4.

Let X D W.!/ ˚
Ll
jD1 Vj .!/ and X 0 D W 0.!/ ˚

Ll 0

jD1 V
0
j .!/ be the splittings

associated to R and R0, respectively, and let ¹�j ºljD1 and ¹�0j º
l 0

jD1 be the corresponding
exceptional Lyapunov exponents. Then, whenever max.�j ;�0j / >˛ WDmax.�.R/;�.R0//,
we have:

(1) �j D �0j .

(2) For P -a.e. !, Vj .!/ D V 0j .!/.
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For each ! 2�;f 2 X , we let �X .!; f /D lim supn!1
1
n

logkL.n/
! f kX . If f 2 X 0,

we define �X 0.!; f /D lim supn!1
1
n

logkL.n/
! f kX 0 . The following result will be needed

in the proof.

Lemma A.2 (Coincidence of external exponents). Let R, R0 and ˛ be as in Theorem A.1.
Then for every f 2 X 0 for which �X 0.!; f / > ˛ one has �X .!; f / D �X 0.!; f /.

Remark. A slightly different result was established in [10, Theorem 3.3]. We include a
proof of Lemma A.2 for completeness.

Proof of Lemma A.2. Let f 2X 0 satisfy �X 0.!;f / > ˛. Clearly �X .!;f /� �X 0.!;f /.
Since �X 0.!; f / > ˛, there exists a j such that �X 0.!; f / D �0j . Write V 0j .!/ for the
corresponding Oseledets subspace of X 0 and note that V 0j .!/ is also a subspace of X .
Since V 0j .!/ is finite-dimensional, there exists a positive measurable function c.!/ such
that kgkX � c.!/kgkX 0 for all g 2 V 0j .!/. Now write f D g C h with g 2 V 0j .!/ and
h 2 F 0j .!/. We have

kL.n/
! f kX � kL

.n/
! gkX � kL

.n/
! hkX � kL

.n/
! gkX 0 c.�

n!/ � kL.n/
! hkX 0 :

Taking a limit along a positive density sequence of n’s where c.�n!/ is bounded away
from 0, we see that �X .!; f / � �X 0.!; f /, so that the two quantities coincide.

Proof of Theorem A.1. We prove the result by induction. Suppose �i D �0i and Vi .!/ D
V 0i .!/ for P -a.e. ! 2� for i D 1; : : : ; j � 1, with j � 1. If �0j >˛, then letting f 2 V 0j .!/
and applying the lemma above, we see that �j � �0j .

Using continuity of …Fj�1.!/kEj�1.!/ and the induction hypothesis, we find
that Fj�1.!/ \ X

0 D …Fj�1.!/kEj�1.!/.X
0/ is dense in Fj�1.!/ and therefore

…Ej .!/kFj .!/.X
0 \ Fj�1.!//D Vj .!/. Let U be a subspace of X 0 \ Fj�1.!/ of dimen-

sion mj D dim Vj .!/ such that …Ej .!/kFj .!/.U / D Vj .!/. Now if h 2 U n ¹0º, then
�X 0.!; h/ D �X .!; h/ D �j .

It follows that �j is an exceptional exponent of R0 and �0j � �j , so that �j D �j 0 .
Since U is mj -dimensional, we claim that V 0j .!/ is of dimension at least mj . To see
this, notice that if not, there would be a non-zero element of U whose projection under
…V 0

j
.!/ would be trivial, so that the growth rate of this element would be strictly smaller

than �j , giving a contradiction. By Lemma A.2, we see that V 0j .!/� Vj .!/ and the above
argument shows that dimV 0j .!/ � dimVj .!/, so that V 0j .!/ D Vj .!/ as required.

A.1. Example

We consider finite Blaschke products of the form

B.z/ D z

nY
jD1

z C �j

1C N�j z
:
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Note that B.0/ D 0 and B 0.0/ D
Qn
jD1 �j . Furthermore, [19, Proposition 1] ensures that

inf
jzjD1
jB 0.z/j � 1C

nX
jD1

1 � j�j j

1C j�j j
> 1:

For 0 < a < 1, let

Ba.z/ D z

�
z � a

1 � az

�2
:

Notice that B 0a.0/D a
2 and infjzjD1 jB 0a.z/j � 1C

2.1�a/
1Ca

. Let�D ¹0; 1ºZ, � be the shift
map, and P be the Bernoulli measure with P .Œ0�/D 0:5. Let L0 be the Perron–Frobenius
operator of B0:5, L1 be the Perron–Frobenius operator of B0:6 and consider the operator
cocycle R D .�;P ; �; X;L/ generated by L! WD L!0 , acting on X D C 3.S1/, as well
as the dense restriction R0 D .�;P ; �; X 0;LjX 0/, where X 0 D H 2.AR/. To see that X 0

embeds densely as a subspace of C 3.S1/, notice that for any f 2 C 3.S1/, f 000 may be
approximated uniformly by a trigonometric polynomial. Since both B0:5 and B0:6 are
expanding, R may be chosen so that rBa.R/ < R for a 2 ¹0:5; 0:6º. By Theorem 2.1,
the Lyapunov spectrum of R0 is †.R0/ D ¹0º [ ¹nƒ W n 2 Nº, where ƒ D log.0:5/C
log.0:6/ > �1:204.

Note that infjzjD1; a2¹0:5;0:6º jB 0a.z/j � 1C 2
0:4
1:6
D 1:5 DW  . The work of Ruelle [23]

ensures that the essential spectral radius of each of L0;L1 acting on the space of C r

functions satisfies �e.LB/� 1=
r . This result may also be established relying on Lasota–

Yorke type inequalities, for example, following the strategy presented in [13, Lemma 3.3
& Corollary 3.4] for the C 1 case. A random version of Ruelle’s result hence follows from
[11, Lemma C.5], which provides a random version of Hennion’s theorem. Thus, we have
�.R/ � �r log  D �3 log 1:5 < �1:21 < ƒ < 0. Theorem A.1 implies that ƒ is an
exceptional Lyapunov exponent of R.
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