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Abstract. We prove that a minimal disc in a CAT(0) space is a local embedding away from a finite
set of “branch points”. On the way we establish several basic properties of minimal surfaces: mono-
tonicity of area densities, density bounds, limit theorems and the existence of tangent maps. As an
application, we prove Fary—Milnor’s theorem in the CAT(0) setting.
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1. Introduction

1.1. Motivation and main results

Minimal surfaces are an indispensable tool in Riemannian geometry. Part of their suc-
cess relies on the well-understood structure of minimal discs. For example, by the clas-
sical Douglas—Rado Theorem, any smooth Jordan curve I in R” bounds a least-area
disc. Moreover, this disc is a smooth immersion away from a finite set of branch points.
Recently, Alexander Lytchak and Stefan Wenger proved that a rectifiable Jordan curve in
a proper metric space bounds a least-area disc as long as it bounds at least one disc of
finite energy [33]. As in the case of Douglas and Rado, the minimal disc is obtained by
minimizing energy among all admissible boundary parametrizations. The existence and
regularity of energy minimizers or harmonic maps in metric spaces was studied earlier,
usually under some kind of nonpositive curvature assumption [20, 24, 27]. For instance,
Nicholas Korevaar and Richard Schoen solved the Dirichlet problem in CAT(0) spaces
and showed that the resulting harmonic maps are locally Lipschitz in the interior [27].

The intrinsic geometry of minimal discs was studied in [35,38,43]. There, it is shown
(with varying generality) that minimal discs in CAT(0) spaces are intrinsically nonposi-
tively curved. However, apart from regularity nothing else is known about the mapping
behavior of minimal discs. The first aim of this paper is to establish topological proper-
ties. We obtain the following structural result for minimal discs, similar to the classical
statement that minimal surfaces are branched immersions.

Theorem 1. Let X be a CAT(0) space and I' C X a rectifiable Jordan curve of finite
total curvature. Let u : D — X be a minimal disc filling T. Then there exists a finite set
B C D such that u is a local embedding on D \ B.

This is proven in Section 4.5 as Theorem 70. Unlike in the smooth case, the corre-
sponding result for harmonic discs fails, even if the target is of dimension two and has
only isolated singularities, see work of Ernst Kuwert [28]. We then aim at topological
applications and prove the Fary—Milnor Theorem for CAT(0) spaces, generalizing the
original theorem, proven independently by Istvan Fary [18] and John Milnor [39].

Theorem 2 (Fary—Milnor). Let I be a Jordan curve in a CAT(0) space X. If the total
curvature of T is less than 47, then T" bounds an embedded disc.

See Theorem 5 for a more general result and Section 2.4 for the definition of total
curvature.

Our proofs of both theorems rely heavily on the monotonicity of area densities (Corol-
lary 63 in Section 4.4):

Theorem 3 (Monotonicity). Let X be a CAT(0) space. Suppose that u : D— X is
a minimal disc and p is a point in u(D) \ u(dD). Then the area density
area(u(D) N B,(p))

O, p,r) = P

is a nondecreasing function of r as long as r < |p,u(aD)|.
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1.2. Overview and further results

On the structure of minimal surfaces. In order to obtain control on the mapping behavior
of minimal discs, we make intensive use of the intrinsic point of view, developed by
Alexander Lytchak and Stefan Wenger in [34] and [35]. (See also [43].) They showed that
if X is CAT(0), then any minimal disc ¥ : D — X factors through an intrinsic space Z,,,
which is itself a CAT(0) disc. Furthermore, it turns out that the factors = : D — Z,, and
u: Z, — X are particularly nice. Namely, 7 is a homeomorphism and u preserves the
length of every rectifiable curve, cf. Theorem 4 1. Therefore, in order to prove Theorem 1,
we only need to investigate the induced map u. For this purpose we introduce the notion of
intrinsic minimal surfaces which by definition is a synthetic version of the induced map u.
We then prove several basic properties for intrinsic minimal surfaces, all well known
in the smooth case. The most important of these is the monotonicity of area densities
and a corresponding lower density bound (see Proposition 62 and Lemma 65). As in the
classical case, monotonicity is accompanied by a rigidity statement (Theorem 73).

However, the proof of rigidity is more involved and we were unable to directly derive
it from the monotonicity of area densities. Instead, we first investigate intrinsic minimal
surfaces on an infinitesimal scale. We show that intrinsic minimal surfaces have tangent
maps at all points. Tangent maps for harmonic maps into CAT(0) spaces were also inves-
tigated by Misha Gromov and Richard Schoen [20] and later by Georgios Daskalopoulos
and Chikako Mese [15]. However, our results are independent, as we aim for “intrinsic
tangent maps”. In our setting, we show that each such tangent map is itself an intrinsic
minimal map which in addition is conical and even locally isometric away from a single
point. (See Lemma 68 and the prior definition.) Building on this, we prove the rigidity
supplement to monotonicity and our main structural result:

Theorem 4. Let X be a CAT(0) space and Z a CAT(0) disc. Suppose that f : Z — X is
an intrinsic minimal surface. If zo is a point in the interior of Z, whose link X.;, Z satisfies
1 (220Z) < 4m, then f restricts to a bilipschitz embedding on a neighborhood of zy. In
particular, if Z is a CAT(0) disc, then f is locally a bilipschitz embedding in the interior
of Z away form finitely many points.

Together with Theorem 41 this then yields Theorem 1.

On Fdry—Milnor’s theorem. The original theorem of Fary—Milnor from 1949 says that
a knot in R3 has to be the unknot if it is of finite total curvature less or equal than 4.
The first generalization of this theorem to variable curvature came about 50 years later
and is due to Stefanie Alexander and Richard Bishop ([2]). We also refer the reader to
their work for the history of the problem. Their result extended the Fary—Milnor Theorem
to simply connected 3-dimensional manifolds of nonpositive sectional curvature. More
precisely, it is shown in [2] that a Jordan curve of total curvature less or equal to 47 in
a 3-dimensional Hadamard manifold bounds an embedded disc. In the same paper it was
noticed that the analog statement cannot be true for CAT(0) spaces. There is an example
of a Jordan curve of total curvature 47 in a 2-dimensional CAT(0) space which does not
bound an embedded disc, see Example 1. However, Theorem 2 shows that Foiry—Milnor’s
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theorem does hold for CAT(0) spaces, at least if the strict inequality for the total curvature
is fulfilled. We actually prove the following more general result.

Theorem 5 (Rigidity case of Fary—Milnor). Suppose that " is a Jordan curve in a CAT(0)
space X. If the total curvature of T is less than or equal to 4, then either I bounds an
embedded disc, or else the total curvature is equal to 4w and I" bounds an intrinsically
flat geodesic cone. More precisely, there is a map from a convex subset of a Euclidean
cone of cone angle 4w which is a local isometric embedding away from the cone point
and which fills T'.

Our proof relies on minimal surface theory and follows the strategy of Tobias Ekholm,
Brian White, and Daniel Wienholtz in [16], where the authors show that a minimal sur-
face X in R” of any topological type is embedded if the total curvature « of the boundary
is less than or equal to 47r. Their approach was also used in [14] to prove the Fary—Milnor
Theorem in n-dimensional Hadamard manifolds.

We quickly recall their argument. If ¥ is such a surface in R”, then for any point p not
in the boundary of ¥ one augments ¥ by an exterior cone E, over dX. More precisely,
we have

E,=J{p+ig=p) =1}

qeix

The monotonicity of area densities continues to hold for £ U E, and now it even holds
for all times. Since the area growth of E), is equal to «, this relates the number of inverse
images of p to the total curvature of dX. The completion of the proof is then based on
a lower density bound.

In our case there is no exterior cone. Additionally, for an ordinary minimal disc in
a CAT(0) space the required lower density bound is unclear. However, for intrinsic min-
imal discs the lower density bound is obvious and the above argument still shows the
following (Corollary 77).

Theorem 6. Let X be a CAT(0) space and f :Z—>Xa proper intrinsic minimal plane.
Suppose that the area growth of [ is less than twice the area growth of the Euclidean
plane. Then f is an embedding.

In order to prove the Fary—Milnor Theorem we then show an extension result for
intrinsic minimal discs. Roughly, it says that for each intrinsic minimal disc f : Z — X
with finite total curvature « of the boundary we can embed X isometrically into a CAT(0)
space X such that f extends to a proper intrinsic minimal plane f in X (Proposition 80).
The space X is obtained from X by gluing a flat funnel along the boundary of f.

2. Preliminaries from metric geometry
We refer the reader to [11], respectively [9], for definitions and basics on metric geometry

and to [8, 10,26] for metric spaces with upper curvature bounds. However, we include this
short section to agree on some terminology and notations.
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2.1. Generalities

Let D be the open unit disc in the plane and denote by S the unit circle.

For a metric space X we will denote the distance between two points x,y € X by
|x, y|,i.e.|-,-]|is the metric on X. If A > 0, we define the rescaled metric space A - X be
declaring the distance between points to be A times their old distance.

For a subset A C X we denote by A its closure. If x € X is a point and 7 > 0 is
a radius, we denote by B, (x) the open ball of radius r around x in X . More generally, for
asubset P C X we denote by N, (P) the tubular neighborhood of radius r.

A Jordan curve in X is a subset ' C X which is homeomorphic to S!. If I is a Jordan
curve in R2, then its Jordan domain is the bounded connected component of R? \ T'.

A geodesic in X is a curve of constant speed whose length is equal to the distance
of its endpoints. A space is called geodesic if there is a geodesic between any two of its
points and it is called uniquely geodesic if there is only one such geodesic. If X is uniquely
geodesic, then xy will denote the (image) of the unique geodesic between x and y. For a
point p € X we call a geodesic p-radial if it starts in p. A map f : X — Y to another
metric space Y is called radial isometry (with respect to p) if it preserves distances to
p. As usual, a map f : X — Y between metric spaces X and Y is called Lipschitz
continuous or simply Lipschitz if there exists a (Lipschitz-)constant L > 0 such that
| £(x), f(x)| < L-|x,x’| holds for all x,x’ € X. Further, f will be called bilipschitz
if it is bijective and has a Lipschitz continuous inverse. Distance nonincreasing maps or
1-Lipschitz maps between metric spaces will simply be called short. For n € N we will
denote by J” the n-dimensional Hausdorff measure on X .

A surface is a 2-dimensional topological manifold, possibly with boundary. If ¥ is
a surface and f : ¥ — X is a map into a space X, then we denote by df : 0¥ — X the
restriction f|ss.

If (X%, xx) denotes a pointed sequence of metric spaces, we can always take an ultra-
limit (X, Xo) With respect to some nonprincipal ultrafilter @ on the natural numbers.
If (Y, yx) denotes another such sequence and fi : X; — Y are Lipschitz maps with
a uniform Lipschitz constant L > 0, then we obtain an L-Lipschitz ultralimit

Jo : (Xo, X0) = Yo, Vo).

For a precise definition and basics on ultralimits of metric spaces we refer the reader
to [3].

2.2. Intrinsic metric spaces

A metric space X is called intrinsic metric space or length space if the distance between
any two of its points is equal to the greatest lower bound of the lengths of continuous
curves joining those points. Let M be a topological space and X a metric space. If
f M — X is a continuous map, then we can define on M an intrinsic (pseudo-)metric
associated to f. Namely, the intrinsic distance between two points in M is equal to the
greatest lower bound for lengths of f-images of curves joining these points. If any pair of
points in M is joined by a curve whose image under f is rectifiable, then one can identify
points of zero f-distance in M to obtain an associated intrinsic metric space My . For
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instance, this is ensured if M is a length space and f is Lipschitz continuous. We will say
that a map f has some property intrinsically if the associated space My has this property.
If M is equal to X and f is the identity, then we obtain the intrinsic space associated
to X and we denote it by X’ .

2.3. CAT(k)

For the definition and basic properties of CAT (k) spaces we refer the reader to [10] or [9].
We just point out that all our CAT («) spaces are assumed to be complete. If X is a CAT (k)
space and p, x, y € X are points with x, y € B_z_(p) \ {p}, then there is a well-defined
angle Z,(x, y) between x and y at p. Each point 13( in a CAT(k) space X has an associated
space of directions or link X, X which is the metric completion, with respect to angles, of
germs of geodesics starting at p. Recall that ¥, X is a CAT(1) space with respect to the
intrinsic metric induced by Z. The tangent space at p is defined as the Euclidean cone
over X, X and denoted by 7, X. In particular, 7, X is again a CAT(0) space. Note that
if X is CAT(0), then there is a natural short logarithm map log, : X — T, X which is
aradial isometry and preserves initial directions of p-radial geodesics.

The following two theorems by Reshetnyak will be used repeatedly. The gluing theo-
rem is useful in order to check if a certain space is CAT(0). For a detailed discussion and
a proof we refer to [9] and [3]. The majorization theorem provides controlled Lipschitz
fillings of circles.

Theorem 7 (Reshetnyak’s gluing theorem). Let X and X' be two CAT(0) spaces with
closed convex subsets C C X and C' C X'. If 1 : C — C’ is an isometry, then the space
X U, X', which results from gluing X and X' via 1, is CAT(0) with respect to the induced
length structure.

Theorem 8 (Reshetnyak’s majorization theorem). Let X be a CAT(0) space and let
¢ :[0,L] = X be a closed curve of unit speed. Then there is a convex region C C R?,
possibly degenerated, bounded by a unit speed curve ¢ : [0, L] — R2, and a short map
n:C — Xwithjtoc =c.

As a consequence, the Euclidean isoperimetric inequality for curves holds in CAT(0)
spaces.

Theorem 9 (Isoperimetric inequality). Let X be a CAT(0) space and let ¢ : S' — X
be a Lipschitz circle. Then there exists a Lipschitz extension ¢ : D — X of ¢ with the
property that area(¢) < iﬂlength(c)z, where the area of ¢ is the Hausdorff 2-measure
counted with multiplicities, cf. Definition 37.

2.4. Total curvature

Let X be a CAT(0) space. A curve o : [a,b] — X is called a k-gon if there is a subdivi-
siona = 1to <11 <--- <t = b such that the restrictions o[, 1, , ] are geodesics. Note
that every ordered k-tuple (x1, ..., xx) of points x; € X determines an k-gon. The points
X; := o(t;) are called vertices of o. If the number of vertices is not important, we will
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simply call o a polygon. The total curvature k(o) of a k-gon ¢ with vertices (x;) is
defined by

k—1

K(0) 1= D (1 = Ly (xiei xi41)).

i=2
A k-gon o with vertices (x;) is inscribed in a curve y if there is a parametrization y
of y such that $71(x;) < 771 (x;4+1) for 0 <i < k — 1. If a polygon o is inscribed in
a polygon p, then k(o) < k(p) because the sum of the interior angles of triangles in
CAT(0) spaces is bounded above by . (See [2, Lemma 2.1].)

Definition 10. Let y be a curve in a CAT(0) space X. Then its fotal curvature k(y) is
defined as
k(y) := sup{x (o) : o is an inscribed polygon in y}.

Note that this definition generalizes the Riemannian definition of total curvature.
A curve of finite total curvature is rectifiable and has left and right directions at every inte-
rior point. Moreover, Fenchel’s theorem holds, i.e. the total curvature of a closed curve y
is at least 2 and equality is attained if and only if y bounds a flat convex subset or
degenerates to an interval (cf. [2, Section 2]).

2.5. Lipschitz maps

We have the following version of Rademacher’s theorem is contained in [29]. Since it is
not explicitly stated in [29], we will provide a sketch.

Proposition 11. Let X be a CAT(x) space and let K C R" be a measurable subset.
Let [ : K — X be a Lipschitz map. Then f is almost everywhere differentiable in the
following sense. For almost all p € K there exists a unique map df, : T,R" — Trp) X
whose image is a Euclidean space, which is linear and such that

logs(,) (f(p + hv))
- )

Proof. By [25] we know that for almost every point p in K there exists a unique seminorm
|dfy(-)| on R" such that

dfp(v) = gl_r)%

i L@ V). S = dfp @) _

v—0 |v|

0.

Since X is CAT(k), this seminorm is almost everywhere induced by a possibly degener-
ated inner product (cf. [27, 33]). In [29, Section 12] it is first shown that any Lipschitz
curve y : (0,1) — X has for almost all # € (0, 1) left and right derivatives y*(¢) which
are antipodal. More precisely, we have

log,, () (y(t = h)
h

and Z(yT(¢), y~(t)) = 7. By Fubini’s theorem it is concluded that for almost all points
and a countable dense set of directions there exist directional derivatives. Since f is

:|: .
1) =1
Y= (@) Jim,
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Lipschitz, it follows that almost everywhere f is directional differentiable. Hence at
almost every point p we have an induced map Fj, : R” — Tr,) X. If p is such that the
metric differential |df,(-)| comes from an inner product, then R” splits orthogonally
into V't & Vp, where V; is the kernel of |df,(-)|. The map F), restricts to an isometric
embedding (V. |dfy(-)|) = Tr(p)X. In particular, df, := F,, is linear. n

Lemma 12 ([25, Theorem 7]). Let X be a CAT(0) space. Let K C R? be measurable, let
[+ K — X bea Lipschitzmap with f(K) =Y. Let Ny : Y — [1, 00] be the multiplicity
function Ne(y) =#{z € K : f(z) = y}. Then the following area formula holds true:

[ Nrmamo) = [ gara.
Y K

where $(df;) denotes the usual Jacobian of the linear map df.

Corollary 13. Let X be a metric space. Let K C R? be measurable and let f : K — R?
be a monotone Lipschitz map with f(K) = Y. Further, lets : Y — X be a Lipschitz map.
Then area(s o f) = area(s).

Proof. We have Ny, > Nj. Since f is monotone, it only takes the values 1 and oco
on Y. We conclude Nyo s = N for J?-almost all points in X and the claim follows from
Lemma 12. ]

We will need the following special case of the general coarea formula.

Lemma 14 ([7, Theorem 9.4]). Let Z be a countably J#?-rectifiable CAT(0) space and
let g : Z — R be a Lipschitz function. Then, for any Borel function 0 : Z — [0, co],

/ 0(2)|Vg(2)| d 2 (z) = / ( / 9(x)d3€1(x)) ar.
z R g~ 1@

Proof. Note that Z has Euclidean tangent planes at almost all points. Hence the coarea
factor C; (d  g(z)) appearing is the general coarea formula is given by |V g(z)| for almost
allz € Z,see[7, (9.2)]. [

We will repeatedly make use of the following proposition which is a consequence
of [1, Theorem 2.5].

Proposition 15. Ler f : D — R be a Lipschitz map and denote by O, := f~Y(y) its
fibers. Then for almost every value y € R the following holds.

()  H(1,) is finite.
(i)  Each connected component of I1, which has positive length is contained in a rec-

tifiable Jordan curve T' C R2. Moreover; the union of those components has full
H-measure in T1,,.

Proof. Extend f to a Lipschitz map F : R? — R with compact support. Denote by
Hf := F~1(y) its fibers. By [1, Theorem 2.5], almost every fiber Hf of F decomposes
as Hf = N UJ2, T;, where #!(N) = 0 and each I is a rectifiable Jordan curve.
Moreover, # ! (IT1F) is finite and equal to 322, H(T;). The claim follows. ]
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Definition 16. Let f : D — R be a Lipschitz map. We call y € R an quasi regular value
if the conclusion of Proposition 15 holds for the fiber IT, of f.

2.6. Preparation for cut and paste

Lemma 17. Let X be a CAT(0) space, p € X a point and r > 0 some radius. Suppose
thaty : S' — X is a Lipschitz circle with image contained in B,(p). Letv : D — X be
the p-radial extension of y. Then v is Lipschitz continuous with

area(v) < % -length(y).

Moreover, equality holds if and only if y lies at constant distance r from p and the
geodesic cone over y with tip p is intrinsically a flat cone.

Proof. Recall that v maps radial geodesics in D with constant speed to p-radial geodesics
in X. We first show that v is Lipschitz continuous by estimating distances using piece-
wise radial and spherical paths. For x € D set A, = |y(ﬁ), p|. If L > r is a Lipschitz
constant for y, then we have

(), v < Ax - |lIxll = Iyl + L - ZoGx.y) - Iyl <3L-|lx — y|.

At almost every point x € D we can estimate the Jacobian by g (dvy) < A - |y(”x7”)|
Hence

1 2n
area(v) < / Agly(0)|s ds do
o Jo

1 2r
< r-/o 5- (/0 |)'/(9)|d9) ds = g length(y).

Equality implies Ay = r and that the length of distance spheres in the intrinsic space
grows exactly linearly. Hence the claim follows from the rigidity statement in the Bishop—
Gromov Theorem (Theorem 24). [ ]

Lemma 18. Let X be a CAT(0) space andy : S' — X a Lipschitz curve of length equal

to 21. Then the following holds.

(i) Forf €[0,2m)let Ry : S* — S be the counter clockwise rotation by the angle 6.
For each such 0 there exists a Lipschitz homotopy hg : S' x [0,1] = X form y to
y o Rg with im(hg) = im(y).

(i1) Let y be an arc length parametrization of y, then there is a Lipschitz homotopy
h:S!x[0,1] = X form y to y with im(h) = im(y).

In particular, all of the above homotopies have zero mapping area.

Proof. For the first part we simply set hg(e'?,s) = y(e!“T59). For the second part,
denote by /() the length of the curve y (e’ )io,6) and set 7(0) = ¢! Note that the map
1 :[0,27] — [0,27] is Lipschitz continuous and % (8, s) = 7 (e!({(1=9)0+51)) provides
a homotopy as required. ]
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Lemma 19. Let X be a CAT(0) space and let € > 0 be a number.

(i) Fori =1,2, lety; :[0,1] = X be Lipschitz curves with Lipschitz constant L > 0.
If sup;epo,17 [71(2), yz(t)| < €, then there exists a Lipschitz homotopy h from y;
to y, with area(h) < ; -L-e

(i) Let yT :[0,1] = X be an L-Lipschitz curve with L > 0 and denote by y~ the
geodesic from yT (1) to y ™ (0). Suppose that im(y*) C Nc(im(y™)). Let y denote
the concatenation of y¥ and y~. Then there exists a Lipschitz disc w filling y and
such that area(w) < % -L-e.

Proof. Choose n € N such that 5% < % < 7. On each interval {%} x[0,1],1 <k <n,

we define the homotopy / to be the constant speed parametrization of the geodesic from
)/l(k ) to yz(k ). To extend the definition to the remaining domains in [0, 1] x [0, 1], we
use the isoperimetric inequality 9. The boundaries of these domains map to curves of
length < 4¢. Therefore & is a Lipschitz map of area bounded above by 7 - (45) < ﬁLe.
This proves part (i).

For part (ii) we choose n as above. Denote by xj the nearest point projection of y*( ).
Using the geodesics between y+( ) and x, we can cut y into n Lipschitz circles of length
bounded above by 4¢. We can now finish the proof as above, using the isoperimetric
inequality. |

3. CAT(0) geometry

3.1. Funnel extensions of CAT(0) spaces

Definition 20. For o > 0 denote C, the Euclidean cone over a circle of length . A met-
ric space E, is called a flat funnel (of angle «) if it is isometric to the complement of
a relatively compact convex neighborhood of the vertex of Cy.

Definition 21. Let C, be a Euclidean cone over a closed interval of length . A metric
space Sq 18 called a flat sector (of angle o > 0 and radius r > 0) if it is isometric to the
closed r-ball around the vertex of C,. An infinite flat sector will be called an ideal flat
sector. The legs [; and I, of 5o, are the two radial geodesic segments of length r lying in
the boundary of s, . They intersect in a single point p, the tip of sq .

Lemma 22. Let X be a CAT(0) space and let q,x,y be three points in X such that
r:=|gx|=|qy|>0and o := £, (x,y). Denote I, and [, the legs of a flat sector s25—q, .
If f : 11 Ul — X isan intrinsic isometry onto gx U qy, then X Uy S25_qo r is a CAT(0)
space.

Proof. By the theorem of Cartan-Hadamard, it is enough to show that X Uz 5254, is
locally CAT(0). Since geodesic segments in CAT(0) spaces are convex, Reshetnyak’s
theorem implies the claim away from the point g. We show that the r-ball around ¢
is CAT(0).

One can obtain B, (q) C X Uy $27—q,r from B,(q) C X in two steps. First we glue
a flat sector s;_q,  along one of its legs to the geodesic segment gx. In the resulting
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CAT(0) space the second leg of 5,4, extends the geodesic segment gy to a geodesic o
of length 2r. In a second step we can now glue a flat half-disc of radius r to o, thereby
producing B,(q) C X Uf Saz—q,r. Hence X Ur s27 o, is CAT(0). [ ]

Lemma 23. Let y be an embedded closed curve in X with finite total curvature k(y).
Then there is a flat funnel E.,) and an intrinsic isometry f :y — 0E(,) such that
X Ur Ec(y) is a CAT(0) space.

Proof. Let us assume that y is a k-gon. We will glue the flat funnel E, to X in two
steps. First, let us choose for every pair of adjacent vertices x; and x;+q of y a flat half-
strip h; == [0, |x;, xj+1|] x [0, 00). We then glue these flat half-strips to X via isometries
[0, |x;, X; 1] X {0} — x;x;1.In the resulting space we see two geodesic rays r;” C h;_q
and rl-+ C hij+1 emanating from every vertex x;. The distance between the directions
of rl.+ and r;” at x; is given by 7 + Zy; (x;—1, X;+1). As a second step we insert ideal
flat sectors s; of angle o; > m — Zy, (x;—1, X; 1), thereby completing the angle at every
vertex of y to a total angle > 2. Altogether we obtain X U E,, and from the construction
it is clear that we can achieve o = k(). The CAT(0) property follows from Lemma 22
together with the theorem of Cartan—-Hadamard.

The case for general y follows by approximating y by inscribed polygons y,. For
each n we choose the completing angles «; slightly larger than necessary in order to
ensure that each funnel E, is contained in E, (). After passing to a subsequence, we
may assume that 0£,, Hausdorff converges to 0E,(,) and the gluing maps ¢, : 0E, — ¥y
converge pointwise to a limit map ¢ : dE,(,y — y. Since ¢ is short and

lim length(y,) = length(y),
n—>o0

it follows that ¢ is an intrinsic isometry. Now any quadruple of points in X U E,(,) can
be approximated by quadruples in X U E, such that pairwise distances converge. Then
[10, Theorem 3.9] implies that X Us E, () is CAT(0). [

3.2. CAT(0) surfaces

A CAT(0) space Z which is homeomorphic to a topological surface is called a CAT(0)
surface. Since CAT(0) spaces are contractible, the topology of CAT(0) surfaces is rather
simple. In particular, any compact CAT(0) surface Z is homeomorphic to the closed unit
disc D in R2. In this case, Z is called a CAT(0) disc. If Z is a CAT(0) surface and
z is a point in the interior of Z, then small metric balls around z are homeomorphic
to D and the link X 2 Z is homeomorphic to a circle. Moreover, a metric ball around
an interior point is even bilipschitz to the corresponding ball in the tangent space and
the Lipschitz constant can be chosen arbitrary close to one as the radius of the ball
tends to zero [12]. Using bilipschitz parametrizations, we can define the area of Lipschitz
maps with domain a CAT(0) surface and target an arbitrary metric space. Moreover, the
Hausdorff 2-measure on a CAT(0) surface behaves similarly to the Lebesgue measure on
a smooth Hadamard surface. For instance, the following volume comparison holds, cf.
[40, Proposition 7.4]. We will refer to it as Bishop—Gromov’s theorem in analogy to the
case of lower curvature bounds.
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Theorem 24 (Bishop—Gromov). Let Z be a CAT(0) surface. Let p be a point in Z and
suppose that | p, dZ| > r. Then we have

B () = = 35, 2).

Moreover, equality holds if and only if B, (p) is isometric to the radius r ball around the
tipinTyZ.

Note that each CAT(0) surface is geodesically complete in the sense that any geodesic
segment is contained in geodesic segment whose boundary lies in the boundary of the
surface. This is immediate from the fact that a pointed neighborhood of an interior point
cannot be contractible. Hence the interior of a CAT(0) surface is GCBA in the sense of
Lytchak and Nagano [31].

Lemma 25. Let (Z}) be a sequence of CAT(0) discs with rectifiable boundaries. Assume
that (Z1) Gromov-Hausdorff converges to a CAT(0) disc Z. If boundary lengths are uni-
formly bounded, #'(0Z}) < C, then the total measures converge, #*(Zy) — H?(Z).

Proof. By [31, Theorem 12.1] it is enough to show that no measure is concentrated near
the boundary.

Let € > 0. Since Z \ 0Z is an intrinsic space, we can find a Jordan polygon o in
the set Z \ 0Z such that the arc length parametrization of ¢ is uniformly e-close to an
arc length parametrization of dZ. Then we lift ¢ to Jordan polygons o in Z;. Denote
by W C Z the closure of the Jordan domain of o and by Wj the closure of the Jordan
domain of oy C Zj. Then Wy — W and it is enough to bound #2(Z; \ Wy) uniformly.
But since #1(3Z;) < C and length(oy) — length(o), it follows from Lemma 19 below
that #2(Zy \ Wi) < C’ - € with a uniform constant C’ > 0. Hence the claim follows. =

If Z is a CAT(0) disc, then its interior ¥ := Z \ 0Z is a length space which is still
locally CAT(0). As such it is a surface of bounded integral curvature in the sense of
Alexandrov [4]. For a detailed account to surfaces of bounded integral curvature we refer
the reader to [5]. Here we only collect a few facts needed later. On Y there exists a (possi-
bly infinite) nonpositive Radon measure u, called curvature measure, such that if a Jordan
triangle A is contained in a Jordan domain O, then the excess of A is bounded below
by w(O). In particular, £(O) = 0 for a Jordan domain O C Y is equivalent to O being
flat. The atoms of p correspond to points in ¥ where the tangent cone is not isometric to
the flat plane. More precisely, it holds

n({y}) =21 — H'(Z,Y)
foryeY.

Lemma 26. Let Z be a CAT(0) surface and let (z;) be a sequence in Z. Further, let (€;)
be a nullsequence of positive real numbers. If (z;) converges to a point z in the interior
of Z, then the following holds.

() olim(2Z,z)=R? fo-lim @ = 400

(i) lim(LZ, z) =T Z fo-lim 2242l < o0,
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Proof. If w-lim ‘ZG—Z” < 400, then a)-lim(iz, z;) is isometric to w-lim(% Z, z), although
possibly not pointed-isometric. Then the second claim follows from '
1
w-lim (—Z,Z) ~T,7.
€

‘Z Z’I = 400 and set

1
W := w-lim (—Z,z,-).
€j

Then W is a complete CAT(0) surface without boundary and we need show that it is flat.
Notice that lim, o (B, (z) \ {z}) = 0. Hence for each fixed R > 0 we have

Tim j1(Beg(2)) = 0.
1—>00

Now assume that w-lim

Now if Aisa geodesic triangle in W, then we can find geodesic triangles A; in (Z, z;)
such that w- hm -/A; = A and all three angles converge ([23, Proposition 2.4.1]). Since
there exists Ry > 0 such that A; C Be; r,(zi) for w-all i, we see that the excess of A;

goes to zero. It follows that W is flat and therefore W =~ R2. ]

Lemma 27. Let Z be a CAT(0) disc and assume that its boundary 0Z is a polygon with
positive angles. Then Z is bilipschitz to D.

Proof. The double Y of Z is a closed Alexandrov surface of bounded integral curvature.
By [13, Theorem 1] it is therefore bilipschitz to the round sphere S2. By the Lipschitz
version of the Schonflies Theorem in [47] we conclude that Z is bilipschitz to D. [

Lemma 28. Let Z be a CAT(0) surface. Let T be a rectifiable Jordan curve in Z and
denote by Qr its Jordan domain. Then Qr equipped with the induced intrinsic metric
is a CAT(0) disc. If T is a Jordan polygon with positive angles, then this space is even
bilipschitz to Qr.

Proof. To proof the first claim, we will use Theorem 39 and Theorem 41 below. By Theo-
rem 39, there is a solution u : D — Z to the Plateau problem for (I, Z). By Theorem 41,
u factors over the associated intrinsic space Z, and induces a short map u : Z,, — Z
which restricts to an arc length preserving homeomorphism 0Z,, — I'. Moreover, Z,, is
a CAT(0) disc. Now since Z is a surface, we infer from [36, Theorem 6.1] that u is
a homeomorphism from D to Qr. This implies that i provides an isometry Z,, — Qr.
We turn to the second claim. Any metric is bounded above by its associated intrinsic
metric. By compactness, it is enough to locally control the intrinsic metric on Qr by the
induced metric. However, near an interior point both metrics coincide. But in a neigh-
borhood of a boundary point the two metrics are still bilipschitz equivalent because the
angles of I" are positive. Hence the claim holds. ]

Lemma 29. Let Z be a CAT(0) disc with rectifiable boundary 0Z and suppose that
c:S' = 0Z is a simple L-Lipschitz parametrization. Then for every € > 0 there exists
an (L + €)-Lipschitz curve o : S' — Z \ 0Z which parametrizes a Jordan polygon of
positive angles and is uniformly e-close to c.
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Proof. Choose n € N such that L4” < 5 and then choose § > O such that 4-n -8 < §
Next, choose points 0( L2ty in Z \ dZ such that |o (X2 2”) c(k2z 2”)| < 6. By the tr1angle
inequality we obtain

((k—l)-Zn) (k-2n)‘ L2
o Nl < +2-6.
n n n

Since Z \ 0Z is a length space ([35, Theorem 1.3]), we can define o|[«=b2r k277 {0 be
a constant speed parametrization of a polygon in Z \ dZ whose length is bounded above
by L 2” + 3 - 4. Hence the Lipschitz constant of ¢ is less than L + %% 3” 8 which is less
than L + € by our choice of 8.

Again by the triangle inequality we obtain

L-4
o0(1),c(t)] < =—"Z 1 4.5 <e

and therefore o is uniformly e-close to c.

Now let us take a sequence €, N\, 0 and polygonal circles oy : S — Z which are
(L + €x)-Lipschitz and uniformly €-close to c. Note that the image of oy is a finite
planar graph. We denote by I'x a longest Jordan curve in im(oy). Set My = o} L(Ty).
Then Ty converges to dZ with respect to Hausdorff distance. Set My = o Y(Ty) and
let J; C S! be a component of S\ M. Since oy converges uniformly to the simple
curve ¢, the diameters of o (J;) go to zero. Assume that k is large enough such that
the diameter of the image of any component of S!\ M is less than 5. Then we define
a new map G which equals o; on My and is constant on each component of S!\ M.
Note that 63 parametrizes ['x. By construction, & is uniformly (e + %)—close to ¢ and
still (L + € )-Lipschitz. At last we modify 65 in order to guarantee positive angles at
all vertices. Let x, v and y be consecutive vertices of 65 and Z,(x, y) = 0. Since 'y is
a Jordan curve, the edges xv and vy intersect only in v. We take any point v’ # x, v on
the geodesic xv, then £,/ (x, y) # 0 by the uniqueness of geodesics. |

Recall that a map between topological spaces is called monotone, if the inverse image
of every point is connected.

Lemma 30. Let Z be a CAT(0) disc with rectifiable boundary 0Z. Let ¢ : S' — 0Z
be a Lipschitz parametrization. Then ¢ extends to a Lipschitz continuous monotone map
nw:D—Z.

Proof. Pick a point p in the interior of Z. Then extend ¢ by mapping radial geodesics
in D to constant speed p-radial geodesics in Z. Lipschitz continuity follows in the same
way as in Lemma 17 above. Observe that if y and z are two points in dZ such that
the geodesics py and pz intersect in a nontrivial geodesic segment px, then the union
xy U xz separates Z. Hence one of the two components of dZ \ {y, z} has the prop-
erty that the geodesic from any of its points to p contains px. This implies the claimed
monotonicity. ]

We will need to recognize when a CAT(0) surface is flat away from a finite number of
cone points. We begin with a definition.
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Definition 31. Let X be a CAT(0) space. Fix a point p € X and a radius r > 0. Then we
call an element v € X, X r-regular, if there exists a unique geodesic of length r starting
in p with direction v. This induces a decomposition of the link into regular and irregular
directions,
Iy X = =X U S, (p).

We denote by R, (p) the regular star of radius r around p. By definition, it is the union
of all p-radial geodesics of length r starting in a r-regular direction. Let R, (p) denote its
closure.

Now let Z be a CAT(0) surface and let p € Z be an interior point. For r < |p, 0Z|
we consider the restriction of the logarithm to the distance sphere, log,, : Sy (p) - £, Z.
Note that S,(p) is homeomorphic to a circle. The inverse image of an irregular direc-
tion v € §,(v) is a nondegenerate interval logljl(v) =[x, x;]. In particular, we see
that there are at most countably may irregular directions. Now consider the logarithm
on the closed ball, log, : Br(p) > £,Z, and let v € £, X be an irregular direction.
On log[j1 (v) define the equivalence relation

x~x" if|p.x|=|p, x|
Lemma 32. The set B,(p)/~ is a CAT(0) disc with respect to the quotient metric.

Proof. Choose an antipode v of v and a geodesic y of length r in the direction 0. Denote
by y* the geodesics from p to xvi. Let Z* C B, (p) be closure of the component left
respectively right from the concatenation § % y*. Then the quotient space is obtained by
gluing Z* to Z~ along the boundary geodesic and the claim follows from Reshetnyak’s
gluing theorem (Theorem 7) . ]

We now obtain a regularized version of the CAT(0) disc B,(p) by dividing out the
equivalence relation

x &~ x"if log,(x) = log,(x") and |p, x| = |p, x'|.

Corollary 33. The space Q,(p) = B,(p)/~ is a CAT(0) disc with respect to the quo-
tient metric.

Proof. Let us count the irregular directions, S,(p) = {v1,v2,...}. By Lemma 32 we
know that the space Z, which results from collapsing log;I(vl-) fori =1,...,nis
a CAT(0) disc. The quotient maps 7, : Z, — Q,(p) are short and the diameter of inverse
images of points 7, (¢) go to zero uniformly. It follows that Z, converges to Q,(p)
with respect to Gromov—Hausdorff distance. Hence Q,(p) is CAT(0) disc retract, see
[43, 4.1 Compactness lemma]. If p denotes the image of p under the quotient map
7 Br(p) = Qr(p), then Q,(p) is equal to the closed r-ball around p. Hence 90, (p)
is a Jordan curve and Q,(p) is a CAT(0) disc. |

Note that the restriction of the quotient map 7 : B,(p) — Q,(p) to the regular star
is area preserving. By the Bishop—Gromov Theorem (Theorem 24),

2 2
HERAP)) = HE(Qr(p) = T H (Sar)(Qr(p) = T (Z,2).
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Moreover, equality holds if and only if @ (p) is isometric to a Euclidean cone of cone
angle #1(X,Z); or informally, if R, (p) is isometric to a Euclidean cone which is cut
open along some radial geodesics.

Before we come to the criterion when a CAT(0) surface is flat away from a finite set
of cone points, we provide an illustrating example.

Let C = C4(0) be aflat cone of cone angle equal to 4. Consider two points p~ and
pt atdistance 2 from each other and suppose that o is their midpoint. Set P = {p~, p™}.
We are interested in the tubular r-neighborhoods of P for varying r. Clearly, if r < 1,
then N,(P) is a disjoint union of the two flat discs B,(pT). In particular, we have
H2(N,(P)) = 27r2. On the other hand, if > 1, the p*-radial geodesics branch at o.
However, the regular stars R, (p¥) are still disjoint and the equation #2(N, (P)) = 271>
continues to hold.

Lemma 34. Let Z be a CAT(0) surface and let P = {p1, ..., px} C Z be a finite sub-
set. Let R > 0 be such that |p;,0Z| > R for all p; € P. Suppose that the regular stars
Ry (pi) are disjoint for all r < R and such that

) k
JH2(N,(P)) = % > (2, 2).

i=1
Then NR(P) is flat away from a finite set of cone points.

Proof. By Bishop—Gromov (Theorem 24), our assumptions guarantee that each quotient
0, (pi) of R,(p;) is flat away from p;. In particular, if r is smaller than the distances
between the different p;, then N, (P) is the disjoint union of the flat cones B, (p;). Also,
there exist a definite time before p;-radial geodesic start to branch. Let v be an irregular
direction at p; and let z be the first branch point in direction v. Since Ule Rr(pi)
has full measure in N,(P), there exists j 7 i such that z € f/_?,(pj). Since the total
angle at z as seen from within R,(p;) is 27 and R,(p;) N R, (p;) = @, we conclude
HY(ZxZ) > 3m. It follows that there are only finitely many irregular directions at p;
and R, (p;) is isometric to a flat cone cut open along finitely many p;-radial geodesics.
By a similar argument we can conclude the proof. Note that a small ball around a bound-
ary point of R, (p;) is either isometric to a flat half disc or a flat disc cut open along
a single radial geodesic. Hence if x is any point in Ng(P) \ {P}, then a small ball
around x is either flat or isometric to a flat cone of cone angle at least 3. This completes
the proof. |

4. Minimal discs

4.1. Sobolev spaces

We will collect some basic definitions and properties from Sobolev space theory in metric
spaces as developed in [22,27,33,45]. For more details we refer the reader to these arti-
cles. We denote by 2 an open bounded Lipschitz domain in the Euclidean plane and fix
a complete metric space X. Following Reshetnyak [46], we say that a map u : 2 — X
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has finite energy, or lies in the Sobolev space W12(Q, X) if
e u is measurable and has essentially separable image.

e There exists a map g € L2(R2) such that the composition f o u with any short map
f : X — R lies in the classical Sobolev space W !2(2) and the norm of the weak
gradient |V(f o u)| is almost everywhere bounded above by g.

Any Sobolev map u has a well-defined trace tr(u) € L2(9$2). (Cf. [27] and [33].)
If u has a representative which extends to a continuous map i on , then tr(u) is repre-
sented by ]9 . If the domain 2 is homeomorphic to the open unit disc D, then we call
amapu € WH2(Q, X) a Sobolev disc.

We say that acircle y : 9D — X bounds a Sobolev disc u if tr(u) = y in L2(dD, X).

4.1.1. Energy and the Dirichlet problem. Every Sobolev map u € W12(Q, X) has an
approximate metric differential at almost every point. More precisely, for almost every
point z € Q there exists a unique seminorm on R2, denoted |du (- )| such that

[u(w), u(z)| —|duz (w — z)|

aplim,, ., w—z| =0,

where aplim denotes the approximate limit, see [17].

Definition 35. The Reshetnyak energy of a Sobolev map u € W12(Q, X) is given by

E(u) :=/ max |du;(v)|* dz.
Q veS!

Theorem 36 (Dirichlet problem, [27]). Let y be a circle in a CAT(0) space X which
can be spanned by a Sobolev disc. Then there exists a unique Sobolev disc u which mini-
mizes the energy among all Sobolev discs spanning y. The energy minimizer u is locally
Lipschitz continuous in D and extends continuously to D.

Moreover, the local Lipschitz constant of u at a point z depends only on the total
energy of u and the distance of z to the boundary dD.

4.1.2. Area and the Plateau problem.

Definition 37. The parametrized (Hausdorff) area of a Sobolev map u € W12(Q, X) is
given by

area(u) :=/ F(duy)dz,
Q

where the Jacobian ¢ (s) of a seminorm s on R? is the Hausdorff 2-measure of the unit
square with respect to s if s is a norm and J(s) = 0 otherwise.

For a given Jordan curve I" we denote by A(T", X) the family of all Sobolev discs
u € W12(D, X) whose traces have representatives which are monotone parametrizations
of T, cf. [33].

Definition 38 (Area-minimizer). Let I be a Jordan curve and u € A(T", X) a Sobolev
map. The map u will be called area minimizing if it has the least area among all Sobolev
competitors, i.e. if area(u) = inf{area(u’) : u’ € A(T, X)}.
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The following theorem is a special case of [33, Theorem 1.4].

Theorem 39 (Plateau’s problem). Let X be a CAT(0) space and I' C X a rectifiable
Jordan curve. Then there exists a Sobolev disc u € A(T', X) with

Ew) =inf{EW’) : u’ € AT, X)}.

Moreover, every such u has the following properties.
(i)  u is an area minimizer.

(i) u is a conformal map in the sense that there exists a conformal factor A € L?(D)
with |duz| = A(z) - so almost everywhere in D, where so denotes the Euclidean
norm on R2.

(i) u has a locally Lipschitz continuous representative which extends continuously
to D.

Definition 40. Let X be a CAT(0) space and I' C X a rectifiable Jordan curve. A map
u € A(T', X) as in Theorem 39 above is called a minimal disc or a solution of the Plateau
problem for (T, X).

4.2. Intrinsic minimal surfaces

The following result is a consequence of [35, Theorem 1.2] and [45, Theorem 7.1.1]. The
factorization and the fact that the intrinsic space is a CAT(0) space can also be deduced
from [43, Theorem 1.1].

Theorem 41 (Intrinsic structure of minimal discs). Let X be a CAT(0) space and " C X
a rectifiable Jordan curve. If u : D — X is a minimal disc filling T, then the following
holds. There exists a CAT(0) disc Z,, such that u factorizes as u = u o 7 with continuous
maps m : D — Zyandu : Z, — X. Moreover:

(1)  m is locally Lipschitz.

(i)  m is monotone and restricts to an embedding on D.

(ii) 7 € AZy.Zy) C WL2(D, Zy).

(iv) u is short.

(v)  u restricts to an arc length preserving homeomorphism 0Z,, — T'.
(vi) u preserves the lengths of all rectifiable curves.

(vii) For any open subset U C D it holds
H2(n(U)) = area(u|y) = area(r|y).
Note that Corollary 13 implies
area(v o ) = area(v)

for every Lipschitz map v : Z,, — X. As a consequence, the induced map u is area
minimizing in the sense of the following definition.
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Definition 42 (Intrinsic minimal surface). Let Z be a CAT(0) surface and X be a CAT(0)

space. A map f : Z — X will be called intrinsic minimal surface or intrinsic (area)

minimizer if

(1)  f is short and proper,

(i) f is area preserving in the sense that area( f|y) = #2(U) for every open set
UcZ,

(iii) for each closed disc Y embedded in Z the map f |y has the least area among all
Lipschitz competitors, i.e.

area( f|y) = inf{area(f’) | f':Y — X Lipschitz with f’|sy = flav }.

If Z is homeomorphic to a plane or a closed disc, we call f intrinsic minimal plane,
respectively intrinsic minimal disc.

4.2.1. Basic properties.

Lemma 43. Let X be a CAT(0) space and f : Z — X an intrinsic minimal surface.
Suppose that I’ C Z is a rectifiable Jordan curve with Jordan domain Qr. Then the
restriction fflr is an intrinsic minimal disc, where Qr is equipped with the induced
intrinsic metric.

Proof. By Lemma 28, Qrisa CAT(0) disc. The other properties are immediate. ]

Lemma 44 (Convex hull property). Letu : D — X be a minimal disc in a CAT(0) space
X and p € X apoint. If u(dD) C By,(r), thenu(D) C B,(r).

Proof. Since the nearest point projection w : X — Ep (r) is short, the energy of m o u
is bounded above by the energy of u. Note that 7 o ¥ and u have the same boundary
values. Because u is the unique energy minimizing filling with respect to its boundary,
we conclude w ou = u. ]

Lemma 45 (Maximum principle). Let u : D — X be a harmonic disc in a CAT(0)
space X. Let ¢ : X — R be a continuous convex function. Then the function ¢ o u attains
its maximum at the boundary. If ¢ is even Lipschitz continuous and 1-convex, then the
maximum can only be attained if u is constant.

Proof. By [19, Theorem 2 b)], ¢ o u is subharmonic. Hence the maximum principle yields
the first claim. For the second claim, we use the strong maximum principle to conclude
that ¢ o u is constant. The claim follows from [32, Corollary 1.6]. |

We will make use of the following elementary observation.

Lemma 46. Let y : S' — X be a Lipschitz circle and assume that y(p) = y(q) for
p # q € S'. Denote ST the two components of S' \ {p.q} and let y* : S*/3S* — X
be the induced loops. Suppose thatu™ : D — X are Lipschitz discs filling y*. Then there
exists a Lipschitz disc u : D — X which fills y and such that

area(u) < area(u™) + area(u™).
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Proof. Letm : S' — S'/{p = g} be the quotient map. Glue two discs D* to S'/{p = ¢}
such that the resulting space Y is a union of two discs which intersect in a single point.
Denoteby ¢ : S!'/{p = q} — Y the canonical embedding. Note that the mapping cylinder
IT of ¢ o 7 is homeomorphic to a disc. Write
M=5"%[0,1]/(x,1) ~ (ton(x),h)uDTUD".

Then we obtain a Lipschitz map v defined on IT by setting v| 5+ = u* and Vlgixgy =7
The area of v is equal to area(u™) + area(u™). The desired map u is then given by
precomposing v with the quotient map D — II. ]

We record a special case using the same notation as above.

Corollary 47. If the image of y~ is a tree, then

length(y )2
4
Proof. Since the filling area of a tree is equal to zero, the claim follows from Lemma 46
and the isoperimetric inequality 9. ]

The following will be used repeatedly. It is a consequence of Lemma 17.

Corollary 48. Let f : Z — X be an intrinsic minimal surface. If Z contains a closed
convex subset W which is isometric to a Euclidean disc, then f restricts to an isometric
embedding W — X.

Proof. We may assume that W is isometric to the closed unit disc. Let w be the center of
W,ie. W = Bj(w) C Z.Letc : S' — Z be an arc length parametrization of dW . If the
distance between f o ¢ and f(w) would be less than one, then by Lemma 17,

HE(W) = area(f|w) < %length(f oc)<m.

A cut and paste argument based on Lemma 17 would then show that f is not area min-
imizing. Hence f o ¢ is at constant distance one from f(w) and f restricts to a radial
isometry on W. Repeating the same argument for subdiscs of W with different centers
shows that f is an isometric embedding. ]

Corollary 49. Let X be a CAT(0) space and f : Cy — X an intrinsic minimal plane
where Cy is a Euclidean cone of cone angle a > 2m. Then the following holds.

(1) f is a locally isometric embedding away from the tip o of Cy. In particular, f is
a radial isometry with respect to o.

) If f(x) = f(y) for x # y and vy, v, € X,Cq denote the directions at o pointing
to x respectively y, then the intrinsic distance between vy and vy is at least 27.

(iii)) Ifa < 4m, then f is injective. If even @ = 2, then [ is an isometric embedding.

Proof. Claim (i) is immediate from Corollary 48. If  would not be injective, then X r(5) X
would contain a geodesic loop of length < . Since Xy, X is CAT(1), we conclude
claim (ii) and the first part of (iii). The supplement in the third claim follows directly
from Corollary 48. ]
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Remark 50. In the case o < 4 above, f does not have to be an isometric embedding,
as can be seen in a product of two ideal tripods.

Lemma 51. Let " be a Jordan curve in X. Let f : Z — X be an intrinsic minimal disc
filling T. Then for p € Z,
length(I"
p.iz| < PEND)
g
Furthermore, equality holds if and only if Z is a flat disc and f is an isometric embedding.

Proof. Set R = |p,dZ|z. Then length(I") > ¥ 1(dBR(p)) since the nearest point pro-
jection onto Bg(p) is short. By Bishop—Gromov (Theorem 24), we have

H'(Br(p)) = 27R.

This proves the inequality. The case of equality follows from the rigidity statement in
Bishop—Gromov together with Corollary 48. ]

4.2.2. Minimal vs. intrinsic minimal.

Lemma 52. Let X be a CAT(0) space and Z;, i = 1,2, CAT(0) discs with rectifi-
able boundaries. Let ¢; : S' — 0Z; be L;-Lipschitz parametrizations and suppose that
fi + Z; — X are L-Lipschitz maps. Then there exists a constant C = C(L, L1, L) such
that the following holds. If the compositions f; o c¢; are uniformly e-close to each other,
then there exists a Lipschitz map f1 : Z1 — X withd f, = df1 and

area(fl) < area(fz) + C - €.

Proof. By Lemma 29, we can choose parametrized Jordan polygons o; : S1 — Z; \ 9Z;
which have positive angles and are uniformly e-close to ¢;. Moreover, the Lipschitz con-
stant of o; is bounded above by (L; + €). We denote the associated Jordan domains
by ;. By Lemma 28, Q; is intrinsically a CAT(0) disc and there is a bilipschitz map
¢; : D — Z;.In order to obtain f; we will cut and paste f; g, -

By Lemma 18, there are Lipschitz homotopies /; of zero area between 9( f; o ¢;)
and f; o g;. By our assumptions, the properties of o; and the triangle inequality we
conclude sup,cg1 | f1 001, f2 002 < (2L 4 1) - €. Hence Lemma 19 gives a Lipschitz
homotopy /& between f o g1 and f; o g, with

area(h) <C-L- max2 L;-e.
i=1,

Now we define a Lipschitz map @ : D — X with 9® = 3(f} o ¢1) as follows. We par-
tition D into a central disc and three concentric annuli. Then we use /; on the outmost
annulus, then /, then /1, and on the central disc we use f> o ¢,. In particular,

area(®) < area(f) +C - L - max L;-e.
i=1,

Again by Lemma 19
area(filz\@,) < L?- H*(Z1\ Q1) < L*-C-Ly .



S. Stadler 3542

Now we cut fi |S—21 and use ¢ to paste ®. This defines fl Combining the estimates above
gives the necessary area bound for f;:

area(f1) < L2+ C - Ly e +area(fo) + C- L max L; €. .
=1,

The following is a special case of [36, Theorem 1.2]. It can also be deduced from
[44, Theorem 1.2] and Corollary 13.

Lemma 53. Let Z be a CAT(0) disc and I C Z a rectifiable Jordan curve with Jordan
domain Qr. Suppose that u : D — Z is a minimal disc filling T. Then im(u) = Qr,
area(u) = H2(Qr) and for any Lipschitz map f : Z — Y to a metric space Y it holds
area( f ou) = area(f|qr).

By Theorem 41, every minimal disc yields an intrinsic minimal disc. The following
proposition provides a converse.

Proposition 54. Let X be a CAT(0) space and f : Z — X an intrinsic minimal surface.
Suppose that I' C Z is a rectifiable Jordan curve. Let u : D — Z be a minimal disc fill-
ing T. Then f o u is conformal and harmonic. If in addition f restricts to an embedding
on T, then f ou is a solution to the Plateau problem for (f ("), X).

Proof. Let us settle the claim on conformality first. For almost every x € D we have
|dux| = A - so where so denotes the Euclidean norm; dfy(y) is a linear isometric embed-
ding; u is differentiable at x with a linear differential and the chain rule holds [29]. Hence
f ou is conformal.

We will show that f o u is harmonic. Choose a small p > 0 and set u, := u|(17p).[).
Let v, € Wh2((1 — p) - D, X) be a solution to the Dirichlet problem with the property
that tr(v,) = tr(f ou,). By Theorem 36, v, extends continuously to (1 — p) - D. The
extension will still be called v,. In particular, dv, = d(f o u,). Then we have

area(v,) < E(v,) < E(f oup) =area(f oup) = area(f|im(up)).

Now u,, is a Lipschitz embedding. Therefore Z, := im(u,) is intrinsically a CAT(0) disc
(Lemma 28) and f, := f/|z, is an intrinsic minimal disc (Lemma 43).
By [37, Proposition 3.1], for every € > 0 there exists a Lipschitz disc

i,:(1—p)-D— X

with 00, = dv, = f o du, and area(v,) < area(v,) + €. Since du , is a Lipschitz param-
etrization of dZ,, Lemma 52 implies area(f,) < area(v,). Hence E(v,) = E(f ou,)
and by uniqueness v, = f ou,. As p > 0 was arbitrary, we conclude that f o u is har-
monic.

If f|r is an embedding, then we use Lemma 52 and argue as above to show that f o u
is area minimizing which completes the proof. ]

Corollary 55. Let X be a CAT(0) space and let f : Z — X be intrinsic minimal sur-
face. Let I' C Z be a rectifiable Jordan curve and denote by Qr its Jordan domain. Let
¢ : X = R be a Lipschitz continuous 1-convex function. Then ¢ o f |S-21_ cannot attain its
maximum in Qr.
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Proof. By Lemma 43, f |Qr is an intrinsic minimal disc. Therefore we may assume that
Z is a disc and I = 0Z. Let u solve the Plateau problem for (T, Z). By [36, Theo-
rem 1.1], u is a homeomorphism. Hence if ¢ o f attains a maximum in Qr, thengpo f ou
attains a maximum in D. By Proposition 54, f ou is harmonic and hence our claim
follows from the maximum principle (Lemma 45). [

Corollary 56. Let X be a CAT(0) space and let f : Z — X be a intrinsic minimal
surface. Let p € X be a point and set f, :=|f(-), p|. Let r > 0 be a quasi regular
value of f, withr < |p, f(3Z)|. Suppose that T1, = N U\ Ji2, T is the corresponding
decomposition of the fiber, cf. Proposition 15. Then the associated Jordan domains Q2; are
all disjoint.

Proof. Assume that 1 C £25. Then f, g, attains its maximal value r in §2,. The squared
distance function |-, p|? is locally Lipschitz continuous and 1-convex. Hence Corollary 55
implies that f is constant equal to p on €2,. Contradiction. ]

4.3. Limits of minimal discs

Lemma 57. Let (X, xi) be a sequence of pointed CAT(0) spaces. Denote by (X, Xo)
their ultralimit. Let (Zy) be a sequence of CAT(0) discs which Gromov—Hausdorf{f con-
verge to a CAT(0) disc Z. Assume that each Zy, is bilipschitz to D and that the boundary
lengths ' (0Zy) are uniformly bounded. Suppose that f : Z — X,, is a Lipschitz map
and set y := df. Furthermore, assume that for some L > 0 there are L-Lipschitz cir-
cles yx : 0Zy — Xy with w-lim y, = y. Then, for every € > 0 there exist Lipschitz maps
fr 1 Zix — Xi with 0fy = yx and such that for w-all k it holds

area( fy) < area(f) + e.

Proof. Letp: S! — 0Z be a constant speed parametrization. Set ¢ := y o p. By assump-
tion, we can find constant speed parametrizations pg : S 1 5 9Z; such that ¢ := Yk © Pk
w-converges to ¢. By Lemma 30, p extends to a monotone Lipschitz map j : D — Z. Put
v:= f opu. By Corollary 13, we have area(v) = area(f). For given ¢ > 0, [48, Theo-
rem 5.1] provides a sequence (vy) of Lipschitz maps vg : D — Xy filling ¢ and such
that area(vg) < area(v) + € holds for w-all k. The statement follows since each Zj is
bilipschitz to D. "

Remark 58. The condition on the Zj is necessary because if dZ has a peak, then there
might not be a single Lipschitz map Zy — Xy filling c.

Proposition 59. Let (X, xr) be a sequence of pointed CAT(0) spaces and denote by
(Xw, Xw) their ultralimit. Further, let (Zy, z) be a sequence of CAT(0) discs, each
bilipschitz to D. Suppose that (Z) Gromov—Hausdorff converges to a CAT(0) disc Z
and such that the boundary lengths ' (3Zy) are uniformly bounded. For each k € N let
Jfr 1 Zx — X be an intrinsic minimal disc with f(zy) = xi. Then

fo = w-lim fi : Zy, > X,

is an intrinsic minimal disc with area( fy,) = w-limarea( fx).
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Remark 60. If we remove the condition on Z,, being a disc, then f,, is still area mini-
mizing and its domain is a CAT(0) disc retract, cf. [43].

Proof. Since all the f; are short, we obtain a well-defined short limit map f, : Z,, — X,.
Since each f is area minimizing, we conclude from Lemma 57 area(¢) > w-lim area( fx)
for any Lipschitz map ¢ with dp = df,. By our assumption, Z,, is isometric to Z. From
Lemma 25 we know #2(Z) = limy_, o #2(Z). Hence

area( f,,) < H*(Z,) = klim H*(Zy) = w-limarea( fy).

Therefore, equality holds and f, is an intrinsic minimal disc. ]

4.4. Monotonicity

A key property of minimal surfaces in smooth spaces is the monotonicity of area ratios.
The aim of this section is to prove monotonicity in a more general setting.

Lemma 61. Let X be a CAT(0) space and let f : Z — X be an intrinsic minimal disc.
Suppose that there is a point p in X and a radius r > 0 such that f(0Z) C 0B, (p). Then
area(f) < 5 - H1(32).

Proof. Let € > 0. By Lemma 29, we find a parametrized Jordan polygon o : S! — Z
with positive angles which is uniformly close to an arc length parametrization of dZ
and such that length(c) < (1 4 €) - #1(3Z) holds. Denote by Q the associated Jordan
domain. By Lemma 19, we have

area(f|z\0,) = H*(Z\ Q) < C - H'(3Z) -
with a uniform constant C > 0. By Lemma 28, Q, is intrinsically a CAT(0) disc which
is bilipschitz to D. Hence Lemma 17 implies

(1+e€)-r
2

area(fa,) < % length(o) < - H(DZ).

The claim follows since € > 0 was arbitrary. |

Proposition 62 (Intrinsic monotonicity). Let X be a CAT(0) space and Z a CAT(0)
surface. Suppose that f : Z — X is an intrinsic minimal surface. Then for any point
p € X the area density

H(f~1 (B ()

wr?

O(f.p.r):=
is a nondecreasing function of r as long asr < |p, f(0Z)].

Proof. We put f,(x) :=|f(x), p| and define Q, := fpfl([O,r)) and II, := fp’l(r).
Moreover, we set A(r) := #2(Q,) and L(r) := #'(I1,). Then, since f, is short, the
coarea formula (Lemma 14) yields A(r) > [o |V fp| = Jo L(t) dt. Therefore

A'(r) = L(r) (1

for almost all < | p, f(0Z)].
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The desired monotonicity follows if we can show that
A(r) = 5L0) @

holds almost everywhere. By Proposition 15, almost all r are quasi regular. By Corol-
lary 56, all Jordan domains resulting from a decomposition of a quasi regular fiber are
disjoint. Hence we may assume that I1, is equal to a single rectifiable Jordan curve. By
Lemma 43, fl|g is an intrinsic minimal disc and therefore the required area estimate
follows from Lemma 61. u

Corollary 63 (Monotonicity). Let X be a CAT(0) space. Suppose that u : D — X is
a minimal disc and p is a point in u(D) \ u(dD). Then the area density
area(u(D) N B,(p))
wr?
is a nondecreasing function of r as long as r < |p,u(dD)].

O, p,r) =

Proof. Factorize u as u o r as in Theorem 41. Then

area(u(D) N By (p)) = H2@ (B, (p))),

by Theorem 41 (iv). Since u is an intrinsic minimizer, Proposition 62 applies. ]

4.5. Densities and blow-ups
The monotonicity of area densities justifies the following definition.

Definition 64 (Density). For an intrinsic area minimizer f and a point p € f(Z)\ f(0Z)
we define the density at p by

O(/.p) = lim O(f. p.1).

If Z is compact, then the density is finite. The function p — O(f, p) is upper semi-
continuous by monotonicity (Proposition 62).

Lemma 65. Let X be a CAT(0) space. If f : Z — X is an intrinsic area minimizer, and

p € f(Z)\ f(Z), then ©(f. p) = #f " (p).

Proof. Let{xy,...,x;} be afinite subset of the inverse image of the point p under f. For
r< %min{|x,-,xj| 11 <i < j <k}, the balls B,(x;) are disjoint and since f is short,
we have

k
area(f ™' (Br(p))) = > _ area(B,(x;)).
i=1
The claim follows from Bishop—Gromov (Theorem 24). [

Corollary 66. Let X be a CAT(0) space and f : Z — X an intrinsic minimal surface of
finite area, area( f) < oo. Then the fiber of each point p € f(Z)\ f(3Z) is finite.

Proof. For r < |p, f(0Z)] it holds O(f, p,r) < % Hence the claim follows from
monotonicity and Lemma 65. ]
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Definition 67. Let @ be a nonprincipal ultrafilter on N. Let X be a CAT(0) space and let
f : Z — X be an intrinsic minimal surface. Fix a point zo € Z. For any r > 0 we define
the rescaled maps f : (r - Z,zo9) — (r - X, x0), where xo = f(z¢). A tangent map at zy
is an ultralimit of rescalings f 1 for some nullsequence (¢;):

dfzy : T20Z = (X, X))
Here X, denotes the pointed ultralimit w—lim(eii - X, xo).

Lemma 68. Let X be a CAT(0) space and f : Z — X an intrinsic minimal surface.
Let df, : T;oZ — X, be a tangent map at a point zg in the interior of Z. Then df is
an intrinsic minimal plane which is a locally isometric embedding away from the tip 0,
of Ty, Z. In particular, it is of constant area density

Jel ) P4
Oy XoT) = —(Zno ).

Moreover, if xo € f(Z)\ f(0Z) and £~ (xo) = {z0,...,z} is a finite fiber, then

k

> 0(dfs;. x0) = O(f. x0).

i=0
Proof. Since zg lies in the interior of Z, the tangent cone 77, Z is isometric to a Euclidean
cone Cy witha = H1(E;,Z) > 2. Foreach r > 0 and i large enough, f|B€ »(z0) 1S an
intrinsic minimal disc in X and Be » is bilipschitz to D. By Proposition 59, we conclude
that dfz,|B, (o,) is an intrinsic minimal disc. Hence dfz, is an intrinsic minimal plane. By
Corollary 48, df;, is a locally isometric embedding away from o,. In particular, it is
radially isometric and therefore has constant area density

Jfl(EZOZ)
2 ’

Now assume that the fiber of xy is finite, ¥ ~!(xo) = {zo., ..., zx}. (By Corollary 66,
this is automatic if Z is compact.) For simplicity we assume that k& = 0 so that zg is the
only inverse image of xg. The proof for k > 0 is identical. We know that

O(dfzy. Xw) = O(f. x0)

Odfzg: X, T) =

since f is short.
To see the converse inequality, let r > 0 and choose a sequence €; — 0. Now define
ri > 0 to be the smallest radius such that f~'(Be,,(x0)) C By, (zo). In particular,

H(f 1 (Ber (x0))) = sz(l?r,» (20))-

Since dfz, is a radial isometry, we obtain that »- hm -L = r. Since a subsequence of the
ﬁ - By, (z0) converges Gromov—Hausdorff to B, (020) we get from Lemma 25 that
1
2

lim 362(; B, (zO)) = KB (0m) = H'(S4y2)-

i—00

This shows O(f, xo) < O(dfz,, Xe») and completes the proof. L]



The structure of minimal surfaces in CAT(0) spaces 3547

From Lemma 68 above and [30, Proposition 1.1], we can conclude that an intrinsic
minimal surface f : Z — X is alocally bilipschitz embedding on an open dense set of Z.
However, our situation is more special and we actually get:

Theorem 69. Let X be a CAT(0) space and f : Z — X an intrinsic minimal surface.
If zo is a point in the interior of Z with ' ($;,Z) < 4, then f restricts to a bilipschitz
embedding on a neighborhood of zy. In particular, if Z is a CAT(0) disc, then f is locally
a bilipschitz embedding in the interior of Z away from finitely many points.

Proof. Let zy be a point in the interior of Z with # 1(220 Z) < 4. Assume that the
claim is false. Then we can find sequences (xi) and (yx) in Z with x; # yg, and such
that xg, yx € B% (zo) and

FG0). ) = e, vl

We set € := |xg, yi|. We consider the rescaled maps

1 1
fy (2 zom) = (2 xorew)
€k €k €k
and build the blow up

fo 1 o-lim (6i . Z,xk) — w-lim (i - X, f(xk)).
k

By Lemma 26, we know that w- hm( Z, xy) is isometric to a Euclidean cone C, with
cone angle o < #!(X,,Z). (Note that the tip of Cy might be different from x,,.) As
in the proof of Lemma 68, we conclude from Proposition 59 that dfy,, is an intrinsic
minimal plane. Corollary 49 implies that dfy,, is injective. But by construction we have
Jo(xe) = fo(¥e) and |X4, Y| = 1. This contradiction completes the proof. |

Combining Theorem 69 with Theorem 41, we obtain our main structure result:

Theorem 70. Let X be a CAT(0) space and T' C X a rectifiable Jordan curve. Let
u: D — X be a minimal disc filling I'. Then there exists a finite set B C D such that
u is a local embedding on D \ B.

Corollary 71. Let X be a CAT(0) space and ' C X a rectifiable Jordan curve. Suppose
that u : D — X is a minimal disc filling T'. Denote by Y the image of u. Then there
is a finite set P in Y such that on Y \ P the intrinsic and extrinsic metrics are locally
bilipschitz equivalent.

4.6. Rigidity

We will make use of the following auxiliary lemma which gives a lower bound on the size
of links in domains of intrinsic minimal surfaces.

Lemma 72. Let f : Z — X be an intrinsic area minimizer. Let X1 # X, and y be points
in the interior of Z with f(x;) = p,i = 1,2, and f(y) = q. Assume that f maps the
geodesics x; y isometrically onto the geodesic pq. If v; denotes the direction at y pointing
to x;, then |vy, va| > 2m.
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Proof. Recall that T), Z is a Euclidean cone of cone angle o > 2. By Lemma 68, each
tangent map df), is an intrinsic minimal plane. The claim follows from Corollary 49. m

Theorem 73 (Rigidity). Let X be a CAT(0) space. Let f : Z — X be an intrinsic min-
imal disc and let p be a point in f(Z)\ f(0Z). Assume that there exist ©® > 0 and
aradius R > 0 with R < |p, f(0Z)| such that the area ratio with respect to p is constant,

e
A(r) = Erz forallr < R.

Then Qg := f~Y(Br(p)) is flat away from a finite set of cone points z1, . .., zx. More-
over, f is a locally isometric embedding on Qg \ {z1,...,zr} and f(LR) is a union of
p-radial geodesics.

Proof. The supplement follows from Corollary 48, so it is enough to show that Q2 g is flat
away form finitely many points. By Corollary 66, we know that f has finite fibers. Let

P :={x1,...,x,} be the finitely many inverse images of p. We claim that it is enough to
show that the regular stars Rg(x;), i = 1,...,n, are disjoint. Indeed, if this holds, then
we get

(C)] o.

_ H2(QR) - Zn: H2(RR(xi)) - Zn: HY(Ey, Z) _

nR2 T« - TR2 4 " 2
1= 1=

The last equality follows from Lemma 68. As | J!_; Rg(x;) C Nr(P) C Q2g, we obtain

R <
H(NR(P)) = — ;Jf%zx,. z)

and Lemma 34 applies.

To see that the regular stars are disjoint, we let 7m;; denote the midpoint of x; and x;.
Further, we will denote by v; the direction at m;; pointing at x;. If we can show that
|vi,vj| > 27, then clearly the regular stars have to be disjoint. Suppose this is not the
case for m,. Moreover, we may assume that it holds for all (i, j) with |x;, x;| < |x1, x2|.
Setr := % Then the R, (x;) are disjoint and f restricts to a radial isometry on each
of them. It follows that f maps the geodesics x1m12 and xpm, isometrically to the
geodesic pf(m12). Hence Lemma 72 shows |vy, v2| > 2. Contradiction. |

Remark 74. Notably, the proof shows that the link at any midpoint m;; as above has
length at least 4.

4.7. Extending minimal discs to planes

Recall that a map between metric spaces is called (metrically) proper if inverse images of
bounded sets are bounded. .

Let X be a CAT(0) space and f : Z — X a proper intrinsic minimal plane. Then we
know that the monotonicity of area densities holds for all times. More precisely, for all
points p € f(Z) the function r — ®O(f, p,r) is nondecreasing for all » > 0.
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Definition 75 (Area-growth). Let f :Z — X be a proper intrinsic minimal plane. Then
we define the density at infinity or area growth of f by

O%(f) == lim ©(f, p.r).
r—>00
We say that f is of quadratic area growth, if ®°°(f) € (0, 00).

Combining the monotonicity of area densities with Lemma 65, we obtain:

Lemma 76 (Key estimate). Let f :Z—>Xbea proper intrinsic minimal plane in an
arbitrary CAT(0) space X. Then for every point p in the image of f we have

#/7(p) = ©%()).
In particular, if f is of quadratic area growth, then it has finite fibers.

Corollary 77. Let X bea CAT(0) space and f 7 — X a proper intrinsic minimal
plane. Suppose that the area growth of f satisfies O ( f ) < 2. Then f is an embed-
ding. If the area growth is even Euclidean, ©>( f ) = 1, then Z is isometric to the flat
Euclidean plane and f is an isometric embedding.

Proof. The first claim is immediate from Lemma 76. We turn to the second claim. Since f
is short, the area growth of Z is bounded above by ®*°(f) = 1. It follows from the
Bishop—-Gromov Theorem (Theorem 24) that Z is isometric to the flat Euclidean plane.
Then f is an isometric embedding by Corollary 48. ]

Our goal now is to extend a minimal disc to a minimal plane such that the area growth
of the minimal plane is controlled by the total curvature of the boundary of the minimal
disc. If we can do this, then we can argue as above to control the mapping behavior of the
minimal disc.

So let T" be a Jordan curve of finite total curvature x in a CAT(0) space X. Denote by
X := X Ur E, the CAT(0) space obtained from the funnel construction, see Section 3.1.
Let f : Z — X be an intrinsic minimal disc spanning I" and such that f restricts to
a homeomorphism Z — I'. Then we can glue the space Z := Z Uyz E, via f. Using
the identity map on E,, we obtain a natural extension

f:Z-X.
Clearly, this is a proper, area preserving short map.

Lemma 78. The map f is area minimizing. More precisely, if Y is an embedded disc
in Z, then f|y minimizes the area among all Lipschitz mapsh : Y — X with 0h = 8f|y

Proof. Denote by dx the distance function to X C X Letro > 0.Set Ag := dy 1((0, ro))
and Yy := f 1(A¢) U Z.1tis enough to show that f|yO is area minimizing for all large ry.
Note that

area( f|y,) = H(Ao) + area(f).

We claim that there is a Lipschitz continuous monotone map D — Y.
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Recall that E, is the complement of an open convex neighborhood V of the tip in
a Euclidean cone C of cone angle «. Hence there is a short retraction r : ,O(V) - V.
Let o be an arclength parametrization of dN,,(}'). Denote by A ; the closed annulus
in R? centered in 0 and of radii 2 and 1. We obtain a Lipschitz continuous monotone map

1: 421 — NrO(V) \ V by sending radial geodesic with constant speed to the unique
geodesic between o (¢) and 7 o 0(¢) in C,. By Lemma 30, there is a Lipschitz continu-
ous monotone map v, : D — Z extending 7 o o. Concatenating vo and v; provides the
required map.

By the claim, it is enough to show that a solution u to the Plateau problem of (I'o, X )
has at least the area of f |y, . For topological reasons, any continuous disc filling I'¢ has to
contain Ay in its image. Therefore, it is enough to show that the part of ¥ which maps to X
has at least the area of f. Let € > 0 be a small quasi regular value of dy o u. By Proposi-
tion 15, the corresponding fiber 1, decomposes as [I¢ = N¢ U U}iil Iy, where N¢ has
J!-measure zero and each I'y C D is a rectifiable Jordan curve. Because u is minimiz-
ing, each u[I';] has to be nontrivial in the first homology group with integer coefficients,
H{(E,). Since u is locally Lipschitz continuous, the decomposition can only contain
a finite number of Jordan curves, say I'y, ..., I',. Denote by 2; the Jordan domain asso-
ciated to I';. By Corollary 56, the different Q are all disjoint. Then the sum Y /_; ux[I]
is equal to u4[dD] in H;(E,). Choose Lipschitz maps v; : D — D which extend arc
length parametrizations of I'; and such that area(u o v;) < area(u|q,) + 7 . Since each
u o v;|y5 maps onto ¢ := dy 1(¢), we can construct a Lipschitz map v : D — X which
fills I'¢ and such that area(v) < Y '_,area(ulg,;) + € and v|,; represents a generator
of Hy(E,). By Lemma 18, we can adjust the boundary parametrization to obtain a new
Lipschitzdisc ¥ : D — X with area(v) = area(v) and such that |5 is uniformly e-close
to an arc length parametrization of I". By the minimality of f and Lemma 19, we obtain
area(v) > area(f) — C - € with a uniform constant C > 0. We conclude

area(u) > H2(Ap) + area(f) — (C + 1)e.
This holds for every small quasi regular value € and therefore finishes the proof. |

Lemma 79. The extended space Zisa CAT(0) plane.

Proof. Note that Zisa geodesic space which is homeomorphic to the plane. Moreover, Z
contains Z as a closed convex subset since the nearest point projection £ — 9dFE is short.

By [36, Corollary 1.5] it is enough to show that any Jordan domain D, in 7 bounded
by a Jordan curve c satisfies

#2(Dy) < length(c)z-

4

Let ¢ be a rectifiable Jordan curve in Z and denote by D, the associated Jordan
domain. By Lemma 79 we know that f |p, is an area minimizing filling of f ocinX.
But since X is CAT(0), the Euclidean isoperimetric inequality holds and therefore

o length 2
area(f|p,) < L VA if °¢) .
7T

Since f is short and preserves area, the claim follows. ]
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Hence, from Lemma 78 and Lemma 79 we obtain:

Proposition 80. Let I' be a Jordan curve of finite total curvature x in a CAT(0) space X.
Denote by X := X Ur E, the CAT(0) space obtained from the funnel construction. (See
Section3.1.) Let f : Z — X be an intrinsic minimal disc filling T". Then Z:=Z Uy Ei is
a CAT(0) plane and the map f extends canonically to a proper intrinsic minimal plane
f :Z — X. Moreover, f has area growth ©®( f) equal to 5

This proposition allows us to relate the total curvature of the boundary curve to the
multiplicity of points via our key estimate Lemma 76.

5. The Fary-Milnor Theorem

In this last part we will apply the above results on minimal discs filling curves of finite
total curvature in order to obtain the general version of the Fary—Milnor Theorem.

Theorem 81 (Fary—Milnor). Let I" be a Jordan curve in a CAT(0) space X. If k(") < 4,
then either T bounds an embedded disc, or kK (I') = 4w and T bounds an intrinsically flat
geodesic cone. More precisely, there is a map from a convex subset of a Euclidean cone

of cone angle equal to 4w which is a local isometric embedding away from the cone point
and which fills T'.

Proof. Let u: D — X be a solution to the Plateau problem for (I', X) provided by
Theorem 39. Denote by f :=u : Z — X the induced intrinsic minimal disc. Then, by
Theorem 41, the map df :0Z — T is an arc length preserving homeomorphism. Next,
let X := X Ur E, be the CAT(0) space obtained from the funnel construction, see Sec-
tion 3.1. By Proposition 80 we can extend f to an intrinsic minimal plane f Z—>X
with area growth ®°°( f ) equal to 5. Then, for any point p in the image of f our key
estimate Lemma 76 reads

#f7(p) < % 3)

Now if k¥ < 47 holds, then f is injective. Hence I" bounds the embedded disc f(Z).

So we may assume that k¥ = 47 and our intrinsic minimal disc f filling T is not
embedded. Hence we find a point p € im( f ) where equality in (3) holds, i.e. which has
exactly two inverse images x+ and x~. Moreover, by monotonicity (Proposition 62), we
must have

forall r > 0.

Let m be the midpoint of x™ and x~. Set r : = 3 |, Then H%(Br(x%)) = mr?
and B, (x¥) C Z is a flat disc. Hence, by Corollary 48, the restriction f | B, (x*) is an iso-
metric embedding. Consequently, the geodesw xTx™ is folded onto the geodesic f (m)p.
From Lemma 72 we conclude that #1(%,, Z ) = 4. But the area growth of Z is equal
to 2. Hence from Bishop—Gromov (Theorem 24) we conclude that Z is isometric to
a Euclidean cone of cone angle 4 and the proof is complete. ]
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Example 1. Let X be the CAT(0) space which results from gluing two flat planes along
a flat sector of angle @ < 7. Then X contains a Jordan curve of total curvature equal to
47 but which does not bound an embedded disc. The picture shows an example in the
case « = m. Note that I', as shown in the picture, surrounds some points in X twice and
therefore cannot bound an embedded disc.
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