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Abstract. In this paper we show that if p is a polynomial of degree d > 2 possessing a neutral
periodic point then a product map of the form (z, w) — (p(z),q(w)) can be approximated by
polynomial skew products (z, w) + (p(z, w), q(w)) possessing special dynamical objects called
blenders. Moreover, these objects can be chosen to be of two types: repelling or saddle. As a conse-
quence, such a product map belongs to the closure of the interior of two different sets: the bifurcation
locus of the space of holomorphic endomorphisms of degree d of P2 and the set of endomorphisms
having an attracting set of non-empty interior. Similar techniques also give the first example of an
attractor with non-empty interior or of a saddle hyperbolic set which is robustly contained in the
small Julia set and whose unstable manifolds are all dense in P2. In an independent part, we use
perturbations of Hénon maps to obtain examples of attracting sets with repelling points and also of
quasi-attractors which are not attracting sets.
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1. Introduction

The concept of blender was introduced by Bonatti and Diaz in [14] to obtain robustly
transitive diffeomorphisms which are not hyperbolic. Since then, blenders have become
an important tool in smooth dynamics especially to build examples exhibiting new phe-
nomena. Even though there is no consensus on a precise definition of a blender A, its
main properties are that it persists under small C'! perturbations and its stable set W3 (or
unstable set) intersects an open family of submanifolds of codimension strictly smaller
than the topological dimension of W7 , i.e., these robust intersections do not have a topo-
logical origin. We refer to [0, 16] and [15] for introductions to the subject.

Recently, blenders (called of repelling type in what follows) were introduced in com-
plex dynamics by Dujardin [25] (see also [12]) in order to prove that the bifurcation locus
as defined in [8] (see Section 2.2 for more details) has non-empty interior in the family
5 (P¥) of holomorphic endomorphisms of degree d of PX foralld > 2and k > 2, i.e.,
there exist robust bifurcations in . (P¥). This contrasts with the case of one complex
variable since the classical results of Mafé, Sad and Sullivan [34] and Lyubich [33] imply
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that the bifurcation locus has empty interior in any family of rational maps of P!, i.e., the
stable set is always an open and dense subset.

To obtain such blenders, Dujardin considers some perturbations of product maps
of C2, (z,w) — (p(2),q(w)), where g(w) = w? + k with « large and p belonging to
a specific subset of the bifurcation locus Bif(Z?;) of the family &; of all polynomials
of degree d. Our main result is that these assumptions can be reduced to p € Bif(Zy),
i.e., blenders always exist near bifurcations of product maps. Notice that p € Bif(Z?;)
is equivalent to that fact that p can be approximated by polynomials with a neutral
periodic point.

Theorem 1.1. Letd > 2. If p and q are two elements of & such that p € Bif(P;) then
the map (p,q) € 7;(P?) can be approximated both by polynomial skew products of the
Sform (z, w) — (p(z, w), g(w)) having an iterate with a blender of repelling type and by
others having an iterate with a blender of saddle type.

We refer to Section 3 for details about these two closely related notions of blenders. In
this introduction, we just point out that in our definition a blender of repelling type (resp.
saddle type) is contained in a repelling (resp. saddle) invariant hyperbolic set.

Remark 1.2. A similar result might be obtained for product maps in higher dimension
where p € Bif(Z?;) is still a polynomial in one variable and ¢ is a polynomial self-
map of C*¥~1 such that (z, w) — (p(2),g(w)) extends to P*. However, some technical
restrictions on g are necessary to easily adapt our proof to that setting.

The main arguments in the proof of Theorem 1.1 are the following. First, we observe
that some perturbations of the map (z, w) — (z, ¢’ (w)) have a blender if I > 1 is large
enough (see Propositions 3.5 and 3.9). Using the fact that p € Bif(£?;) can be approxi-
mated by polynomials with a parabolic cycle, we show that the above perturbations can be
realized as the /-th iterate of perturbations of (z, w) — (p(z), g(w)) (see Theorem 4.1).

Observe that blenders by themselves do not create bifurcations as they are hyperbolic
sets. Their existence has important consequences when they “blend” together different
parts of the dynamics. To insure that this happens, we need additional information on
the dynamics. A more precise (and more technical) version of Theorem 1.1 is given by
Theorem 4.1, where the perturbations have an explicit form. As a corollary of this con-
struction in the repelling case, we obtain a positive answer to a conjecture of Dujardin
[25, Theorem 5.6].

Corollary 1.3. The bifurcation locus of the family P4 x Py is contained in the closure
of the interior of the bifurcation locus in 7} (P?).

On their part, blenders of saddle type give rise to invariant sets with non-empty inte-
rior. Actually, their unstable set has non-empty interior. As a consequence, we obtain the
following result.

Corollary 1.4. The bifurcation locus of the family P4 x Py is contained in the closure
of the interior of the set of maps in 7; (P?) possessing a proper attracting set with non-
empty interior.
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An attracting set A of an endomorphism f is an invariant compact set with an open
neighborhood U (called a trapping region) such that f(U) C U and A = ("),,.o [ (U).
Such a subset of P2 is called proper if A # P2. -

To the best of our knowledge, no previous example of proper attracting sets with non-
empty interior was known. The result above says that they are abundant. Moreover, these
attracting sets are ‘“near to collapse”. An interesting question is then to understand which
part of the bifurcation locus in % (P?) can be approximated by maps with such “collaps-
ing” attracting sets and whether or not these sets can have non-empty interior (when they
are not finite). This can be related to the Lyapunov exponents of the equilibrium measures
on attracting sets introduced in [21] and [36]. Observe that in one variable the full bifur-
cation locus can be characterized by the fact that the number of attracting cycles is not
constant in any neighborhood of a bifurcating parameter.

The technique to obtain Corollary 1.4 is elementary and flexible. It is possible to
adapt it to produce examples with additional properties. In particular, an attractor is an
attracting set which is topologically transitive. The following result gives an example of
attractor whose interior is uniformly wide in some sense.

Theorem 1.5. There exists an endomorphism of P2 which has a proper attractor con-
taining an algebraic curve in its interior.

An alternative way to obtain attracting sets with non-empty interior is to perturb (com-
positions of) Hénon maps. Indeed, an easy observation, which apparently is not present in
the literature, is that all the interesting dynamics of a Hénon map takes place in a proper
attracting set of P2. Hence, small perturbations give rise to endomorphisms of P2 with
an attracting set which inherits several properties of the original Hénon map (see also
Remark 8.3). Even though these examples cannot be transitive, they exhibit other inter-
esting phenomena. The first is the existence of attracting sets possessing repelling cycles.
Another is about quasi-attractors. A quasi-attractor is an infinite decreasing intersection
of attracting sets. These objects play an important role in dynamics and they have been
studied in the complex setting by [28] and [36].

Theorem 1.6. There exist proper attracting sets of P? with infinitely many repelling
cycles. Moreover, there exist quasi-attractors which are not attracting sets.

Observe that this example was first considered by Fornass and Sibony in [27] for
others purposes. This theorem gives a negative answer to [36, Question 3] and also to
[36, Question 1] if we omit the minimality assumption. Moreover, it leads to endomor-
phisms of P2 with uncountably many quasi-attractors (see Remark 8.1). Notice that
in [36] it was shown that a holomorphic endomorphism of P¥ has at most countably
many quasi-attractors which are minimal (with respect to the inclusion). The same paper
established that if (A,),>1 is a decreasing sequence of attracting sets in P2 such that
A := (), An is not an attracting set then the Hausdorff dimension of each 4, has to
be greater than or equal to 3. In the result above, the sets A, have non-empty interior and
thus have maximal Hausdorff dimension 4.

Although recent developments partially filled this lack (see, e.g., [2, 10,24]), complex
dynamics in several variables still misses well-understood and interesting examples. It is
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likely that, as in smooth dynamics, the study of all the different types of blenders in P¥
can help to increase this set of examples and could also provide a general explanation
to some specific phenomena. In that direction, our last result below gives an open set of
endomorphisms of P2 in which each map displays unusual phenomena. The mechanism
behind it is a robust “heterodimensional cycle” between two blenders, one of repelling
type and one of saddle type.

Theorem 1.7. There exist d > 2 and an open set Q@ C #;(P?) which contains skew
products such that Q C Bif(¢;(P?)) and each f in Q possesses a hyperbolic set of
saddle type A with positive entropy whose unstable set W) is a Zariski open set of P2
and

e for each X in the natural extension of A, the unstable manifold W2 is dense in P2,
e for each x € A, the stable manifold W} is contained in the small Julia set _Z>(f).
In particular, we have A C _#>(f).

The small Julia set is by definition the support of the so-called equilibrium measure
of f which is of repelling nature (all its Lyapunov exponents are positive [17]). The
above statement in the case of repelling hyperbolic sets is classical but this result is the
first example of a saddle hyperbolic set which is robustly contained in the small Julia set.
It also provides the first example of an endomorphism of P2 with a saddle point whose
unstable manifold is dense (and moreover in a robust way in J#; (P?)). We believe that
such examples could be useful to understand bifurcations in several complex variables,
which is currently an emerging subject (see, e.g., [1,7, 11]).

We got informed of the paper [25] while we were working on this subject. Our gen-
eral approach is similar, although mostly done independently. In our original approach to
obtain open sets of bifurcation, we considered robust intersections between a saddle cycle
and a blender of repelling type (see Remark 7.3 for more details). However, this approach
was a priori insufficient to obtain Corollary 1.3 for all degrees d > 2. For this reason,
we follow Dujardin’s strategy in order to deduce that corollary from Theorem 4.1. Let us
emphasize that the construction of blenders presented here is somehow more flexible than
the one in [25]. It allows us to easily obtain Theorem 1.5 and Theorem 1.7 and it may be
used to build other interesting examples in a near future.

Organization of the paper. In Section 2, we give the necessary background for the sequel
about hyperbolic sets and bifurcation theory. Then, Section 3 is devoted to the construc-
tion of the two different types of blenders in P2 and in Section 4 we prove that these
objects exist near bifurcations of product maps. In Section 5 and Section 6 we establish
Corollary 1.3 and Corollary 1.4 respectively using blenders of repelling type and of saddle
type. In the latter, we also show how one can adapt the idea of saddle blenders to obtain
attractors with non-empty interior. In Section 7, we give examples of maps with a hetero-
dimensional cycle between a repelling blender and a saddle blender and we show how
the existence of such objects easily imply Theorem 1.7. Finally, in Section 8 we consider
perturbations of Hénon maps in order to obtain Theorem 1.6.
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2. Background

We refer to [23] for a detailed introduction to complex dynamics in several variables. To
an endomorphism f of P¥ of degree d > 2 it is possible to associate different invari-
ant objects. The more classical one is the Julia set of f. More generally, Fornass and
Sibony [26] associated to f its Green current T. For 1 < p < k the Julia set of order p
H»(f) is the support of the self-power 7 7. These sets form a filtration

Ji(f) < /()

of totally invariant sets for f. The smallest one _#i( /), sometimes called the small Julia
set, is the support of the equilibrium measure 4 := T* of f. By [17], the repelling cycles
are dense in _#x (/) andif f is induced by a skew product of C?, then it follows from [31]
that _#>( f) is exactly the closure of the repelling cycles.

2.1. Hyperbolic sets

Another type of interesting invariant object is given by hyperbolic sets. Since an endo-
morphism f of P¥ is non-invertible, the definition of hyperbolicity involves the natural
extension of P¥ given by

K= {(xi)izo € PF)2=0: f(x;) = X141}

(see, e.g., [30, Paper I] for a detailed exposition on the subject). There is a natural projec-
tion 7: P — P¥ defined by 7w ((x;)) = xo and there is a unique homeomorphism f
of P¥ which satisfies

fom=mo f
One can use the projection 7 to lift the tangent bundle of P* to a bundle T px on which

the derivative Df of f acts naturally. And one says that a compact 1nvarlant set A C Pk
is a hyperbolic set if the restriction of this bundle to

A= {(xi)i<o € P¥:x; € Aforalli < 0}

admits a continuous splitting £¥ @ E¥, invariant by Df and such that there exist con-
stants C > 0 and 0 < A < 1 with | Df"u| < CA"[|u|| and [[(Df")~'v|| < CA"||v] for
all (u,v) € ES x E*. A key point about hyperbolic sets is that for all ¥ = (x;);<o in A
there exist an unstable manifold W' and a stable manifold Wy . We define the unstable
set of A by W} = seh W

A hyperbolic set A is sald to be a basic set if_f|a is transitive and if there exists
a neighborhood U of A such that A = Mnez f n (U ) (i.e., A is locally maximal). Such
a set satisfies the shadowing lemma [30, Theorem 2.4] so the periodic points are dense
in A. Another important point about basic sets is that they are structurally stable in the
following sense (see [30, Proposition 1.4 and Corollary 26]). If gis C 1-close to f
and U is a sufficiently small neighborhood of A, then g g is conjugated to f % on the
set Ag = Nyez 2(U) which projects to a basic set Ag of g. If A is repelling (i.e.,
E" = T3), then the conjugation is not only defined in the natural extension but directly
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between A and A,. Moreover, in the holomorphic case these sets can be followed by
a holomorphic motion (see [8, Theorem A.4]).

Theorem 2.1. Let (f))rem be a holomorphic family of endomorphisms such that f,
admits a basic repeller A, for some Lo € M. Then there exist a neighborhood U of Ay,
a neighborhood B C M of Ao and a continuous map h: B x A, — U such that

(i) A hy(x)is holomorphic on B with h),(x) = x for every x € Ay,
(i) x> hy(x) is injective on Ay, for every A € B,
(iii) hyo fa, = faohyon Ay, forevery A € B.

Moreover, the set A := hjy(A},) is a basic repeller for the endomorphism f), satisfying
Ax = Naso [ "W).

2.2. Bifurcations and basic repellers

A bifurcation theory for the small Julia set _Zi () was recently developed by Berteloot,
Bianchi and Dupont [8] for k > 2. A holomorphic family of endomorphisms of P¥ param-
etrized by a complex manifold M is given by a holomorphic map f: M x P¥ — Pk,
We denote such a family ( f3)yenm, where fi(x) := f(A,x). For each A € M we can
consider the small Julia set _Zx (f1) of f3, its critical set C( f3) and its postcritical set

P(f) = J £(Cf).
n>1

In [8], the authors define a special closed subset Bif(M) of M called the bifurcation
locus of the family ( f3)en - They obtain several characterizations of Bif (M) and in the
sequel we will use the following one based on the notion of Misiurewicz parameters.
A parameter Ao € M is called a Misiurewicz parameter if f3, admits a repelling periodic
point x;, in _Zi(fa,) N P(f3,) whose holomorphic continuation as repelling point x;
is outside P( f;) for some A € M arbitrarily close to Ag.

Theorem 2.2 ([8]). If (fi)rem is a holomorphic family of endomorphisms, then the
closure of the set of Misiurewicz parameters is equal to Bif(M).

We refer to the original paper [8] for more details about the others characterizations
of Bif(M). We just emphasize two points. The first one is that unlike the one variable
case this set is not related to the continuity of the small Julia set in general, see [10]. The
same article gives the first example of a family where the bifurcation locus has non-empty
interior. A second difference with the one variable case is that it is still unknown wether
A ¢ Bif(M) is equivalent to the structural stability on _Zi (f1).

From Theorem 2.2, a natural idea in order to have robust bifurcations in . (PX)
is to replace the repelling cycle in the definition of Misiurewicz parameter by a hyper-
bolic repeller which could be chosen to be large. Let ( f3)epm be a holomorphic family
of endomorphisms such that f, admits a basic repeller A,,. We consider the map
F: M x Pk — M x Pk defined by F(,x) = (A, f1(x)) and we also denote by C(F)
its critical set. Using the notation of Theorem 2.1 and following [25], we say that P( f3,)
intersects properly A, if there exist n > 1, an irreducible component V), of C( f3,) and
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a point x € A, such that x € f/{'o(VAO) and arbitrarily close to Aq there is A € M such
that (A, /) (x)) does not belong to the irreducible component of F”(C(F)) containing
{Ao} x fA”O(V,\O). The following proposition is a direct consequence of [25, Lemma 2.3
and Proposition—Definition 2.5].

Proposition 2.3. Let fy € 5, (P¥). Assume that fy admits a basic repeller A fo Con-
tained in _Z( fo) which has a holomorphic continuation Ay for f in a neighborhood
U C Hy3(PF) of fo. If P(f) intersects Ay properly for all f € U, then fy belongs
to the interior of the bifurcation locus Bif(# (Pk)).

Proof. By [25, Lemma 2.3] (see also [9, Lemma 4.9] or [23, Exercise 1.60]) there exists
a neighborhood %’ C % of fo suchthat Ay C Zx(f) forall f € %'. As P(f) inter-
sects properly A s for all f € %', it follows from [25, Proposition—Definition 2.5] that
w' C Bif(Ay(PF)). |

3. Blenders

This section is devoted to the construction of blenders near some product maps. As a pre-
liminary step, we define particular subsets of C which will be the building blocks of the
blenders. The precise definitions of blenders of repelling type and of saddle type will
be given in the two corresponding subsections. However, let us emphasize that our aim
is not to provide a precise definition of what a blender should be in general. The pur-
pose of these definitions is just to give names to the dynamical objects we consider in
what follows. We refer to, e.g., [13] and [3] for attempts to give precise definitions of
blenders.

As we have seen, an f-invariant set A is hyperbolic if the tangent bundle over its
natural extension splits into two bundles E® and E* which are uniformly contracted or
expanded by Df. One says that f has s := dim E*® stable directions and u := dim E*
unstable directions on A. Originally, the notion of blenders was introduced for diffeomor-
phisms on smooth manifolds of dimension larger than or equal to 3 since it needs at least
three distinct directions. In our non-invertible setting, the construction can be started at
k = 2 since the non-injectivity can be considered as an additional stable direction which
is especially strong: the preimages of a point x converge in finite time to x. For simplicity,
in what follows we only consider the case where k = 2. Hence, we will obtain two types
of blenders. If s = 0, u = 2, the blender will be of repelling type and if s = u = 1, it will
be of saddle type.

All the maps that we will use are perturbations of product maps of the form

(z,w) = (p(2),q(w)).

Hence, there are two natural directions. The horizontal direction is the one parallel to
{w = ¢} and the vertical direction is the one parallel to {z = c}. The vertical direction
will always be close to our strong unstable direction.

Roughly speaking, the idea behind blenders of repelling type for a skew product
f(z,w) = (p(z, w), g(w)) of C? is the following. Let Hy,..., Hy and V;,...,Vy be
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2N open sets in C and define H := Ujl-v:1 Hj,V:=UN,Viand Z := UN_, H; x V.

j=1 =1
The set Z contains a blender of repelling type if foreach 1 < j < N,
e g is (strongly) expanding on V; and Vc q(V;),
e pis(weakly) expanding in the horizontal directionon H; x V; and p(H; x V;) C H.

Evenif f isrepelling on Z, its geometric behavior and its action on the tangent space (one
direction is much more expanded that the other) both mimic those of a saddle set. And
actually, the “local stable set” (given by A :=("),.o f " (Z) and which we refer to as
the blender) of the maximal invariant set of f in Z behaves as a one-dimensional stable
manifold: any vertical graph passing through Z has to intersect it (see Proposition 3.3
for a precise statement). Moreover, these properties are stable under small perturbations.
These are the main two properties of a blender of repelling type: intersection with a family
of graphs and robustness.

Roughly speaking, a blender of saddle type is a blender of repelling type for “ f 1
by taking into account that the non-injectivity can be seen as a strong stable direction.

In what follows, we will always take N = 3 and for technical reasons (which will be
clear in Section 4) we may have to replace ¢ with a large iterate.

For the rest of this section ¢ will be an element of 2y, r1, r, r3 will be three distinct
(but possibly in the same cycle) repelling periodic points of ¢ of period m; and y;, y2,
x3 are respectively their multipliers, i.e., y; = (¢™!)'(r;). We also assume that they do
not belong to the postcritical set of g. The construction of the following open subsets is
elementary but will be important for the sequel. The notations given in this lemma will be
used throughout this section.

Lemma 3.1. There exist A > 0 and ly > 1 such that for each index i € {1, 2,3} there is
a sequence (Vil )i>0 of connected neighborhoods of r; such that q™! (V/H) = Vl-l , the
diameter of the set Vil converges exponentially fast to 0 with | and if | > ly, then

e [(g"™y (w)] > A)(f > 1forallw € V[l,
o UiV ca™h,

o ¢'™ is a biholomorphism between Wli = Vl-l Ng~im (le) and le.

Proof. Fori € {1,2,3}, let U; be a connected neighborhood of r; on which ¢™! is con-
jugated to w — x;w and let ¢; be its inverse on U;. There exists /; > 1 such that

3
Ju cd .
j=1
For each (i, j) € {1,2,3}? we choose a preimage a;; € g~hm (rj) N U; with a;; = r;.
Since ¢/ is an open map, it follows that there exists a small neighborhood M of
g M ({ry, L r3)) \ {a;;; : 1 <i,j < 3}suchthatforeachi € {1,2,3},U; := U; \ M
is connected and satisfies

¢"™ (D) = g™ ().

In particular, U]3'=1 lZ - qll’"l (l7,-) foreachi € {1,2, 3}.
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Since the points r; do not belong to the postcritical set of ¢, there also exists I, > 1
such that ¢ (U;) does not contain critical values of g/ . Hence, there exists a small
neighborhood N of the critical set of g/1"™! such that V; := =U \ N is connected and
satisfies

3
U o) c g™ .
j=1
From this, for [ > 0 we define Vil‘H = ¢f(V,-) and Vil‘_l = ¢"™1(V;). Since g™ is
conjugated to w +— y;w on Uj;, it is easy to check that the two first assertions of the
proposition hold if /g > [; + [, is large enough.
To obtain the last assertion, observe that the fact that the points 7; are not postcritical
also implies thatif N;; C V; is a small enough neighborhood of ¢;;, then g™ is a biholo-
morphism between N;; and ghm (Nij). Hence, if I3 > [ is large enough to insure that

3
I
¢ (U) C (g™ Ny,
i=1
then the last point of the proposition holds if [y > [ + I3. |

From this we can obtain hyperbolic basic sets

L= (gt vt u v U,
i>0

The third point in the lemma ensures that ql "1 is conjugated to a shift of three sym-

bols. The repelling blenders constructed in what follows will project injectively in one

of these sets A’ and thus they are contained in a Cantor set and their dynamics are

conjugated to subshifts.

In the horizontal direction, for both the repelling and the saddle case, we will even-
tually use the following subsets which depend on the configuration of three complex
numbers ¢y, ¢z, c3 € C. Here, D is the unit disc of C and if £ C C and t € C*, then
t E denotes the image of E by the homothety of center 0 and ratio ¢.

Lemma 3.2. Let ¢1, 2, c3 € C be three non-aligned points such that ¢c1 + c2 + ¢c3 = 0.
There exist arbitrarily small €p, g > 0 such that if ¢;(z) := pz + egcj with 1 —ag <
ol <1+ o, j €{1,2,3}, then

3
Dc ¢,

Jj=1

and there are three open sets Hy, Hy and H with

D = UH, ¢;(H))CD and ¢,(1 )C3]D>
j=1

Proof. Since c1, ¢, and ¢, define a non-degenerated triangle with ¢y + ¢ + ¢3 = 0, it
follows that the three half-planes {z € C : Re(zcj_l) < 0} cover C*. Therefore, the first
inclusion follows immediately if first we choose €y > 0 small and then «¢g > 0 close to O.
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For the second inclusion, the same elementary arguments yield that, for n > 0 small
enough and p € C*, the sets

Hi =2 'D)U {z e : Jarg(—zpcj h)| < %_ ,7}

satisfy D = Uj3~=1 H;. Here, arg(z) denotes the argument of z with value in | — 7, 7].
On the other hand, if €p > 0 and o > 0 are small enough then ¢; (H;) C D. To see this
for j = 1 we conjugate by a rotation in order to have ¢; € R-¢. Then ¢y (H;) C D is
equivalent to ¢y (—e'(Z=M~22()) ¢ I which holds if

(1 4+ a9)? + (eoc1)? — 2€0c1(1 + ap) cos(g — r/) <1.

Again, this inequality is satisfied if first we choose €p > 0 small and then g > O close to
0. The last inclusion follows with exactly the same arguments. |

Observe that H; depends on the argument of p but not ¢; (H;). Hence, for simplicity
we will not notice this dependency.

3.1. Repelling type

For § > 0, define the cone Cs := {(a,b) € C? : |a| < §|b|}. The natural identification
between the tangent space of x € C? and C? allows us to consider Cs as a (constant)
cone field over C2. We say that a smooth self-map g of C? contracts the cone field Cs on
U C C? if there exists 0 < §' < & such that D, g(Cs) C Cy forallx € U.

In order to state the next result we choose three arbitrary open sets Hy, Hy, H; C C
and we set H := U?=1 H;and Z! := U,'3=1(Hi X Vl.l) with the sets Vil asin Lemma 3.1.

Proposition 3.3. Let K be a compact subset of H. There exist 8o > 0 and Iy > 1 such
that if | > lyand g: Z' — K x C is a holomorphic map of the form

g(z,w) = (h(z,w),q"™ (w))

which contracts Cs,, then there is a > 0 with the following property. If f is another holo-
morphic map defined on Z' such that || f — gllcr,zt Saandifo: Vl.l — Hj is holomor-
phic with ||0” || co 1 < 8o, then

Ap =) f7(ZhH
n>0
intersects the vertical graph T'y 1= {(oc(w), w) : w € Vil} of o.
The same statement holds for smooth maps f', ¢, and o but we only state it for holo-

morphic maps for convenience. Observe that the important point in this result for what
follows is that & is independent of [ > .

Proof. Let K be a compact subset of H and let [j > 1 be as in Lemma 3.1. We will
show that for 8o > O small enough and / > [y the proposition holds. Let [ > [y and
g(z,w) = (h(z, w), ¢"™ (w)) be as above. For simplicity, we first consider the unper-
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turbed case. Let ip € {1,2,3} and leto: Vlf) — H;, be a holomorphic map with

”O/”CU,V-] < dp.
io

Since K is a compact subset of Ui3=1 H;, there exists 1 > 0 such that if z € K, then there
isi € {1,2,3} with D(z,2n) C H;. In particular, such i; exists for h(a(r,o) ri,) since
h(Z') c K. We denote by Yij Vl — Wl - Vl the inverse branch of ¢/ given by
Lemma 3.1. Define o7 on the set V% by

01 (w) = ]’l(O’ o Wi()il (w)a wl'()il (w))

By definition, the graph I';, is contained in the image by g of the graph I';. Since the
vectors tangent to I'; belong to Cs, and g contracts Cs,, the same holds for vectors
tangent to g(I'y). As I'y, C g(I'y), it implies that

llog ”CO,V/l < do.

We claim that if &y is small enough (uniformly on [/ > ), then ol(Vil1 ) C H;,. This sim-
ply comes from the fact that g(I's) is tangent to Cs,, but since this point is important we
give the details.

By the proof of Lemma 3.1, ¢¢~/)™1 is a biholomorphism between Vl-l and Vl0
and we denote by ¢ its inverse. On the other hand, there exists a constant C >0 such
that if w € V fo , then there is a smooth path y between r;, and w of length smaller
than C. The length of 7 := ¢'™1 oy is also bounded by a uniform constant C >0.
Ify(t) ;== h(c opoy(t),oy(t)),thent > (¥(¢),¥(t)) gives a path on g(T'). Hence
the length of 7 is bounded by &y times the one of 7 and thus by 8oC. Since w € V lo
was chosen arbitrarily, it follows that the image of the set Vl by w +— h(o(w), w) is con-
tained in D(h(0 (riy). rig)- 80C). Thus, if § < nC ! then

D(h(a(rio)»rio)’soc) - D(h(a(rio)’ rio)v 77) C Hil

which gives the claim.

We can now conclude the proof in the unperturbed case. As g(I'y) contains the graph
of a map o with the same properties than o, we can define inductively a sequence (i5)n>1
with i, € {1,2,3} and maps oy, : Vil — H;, suchthat I';, C g(I'y,_,). By construction,
Iy, is contained in Z ! and the image by g" of the graph over V-l of the compos1t10n
0 oYy, ©- -0V, _,i,. The sequence of subsets of Vl given by Wtozl o--o i i, (Vi )
is decreasmg and converges to a point w € Vl Thus the point x : (cr(w) w) € F
satisfies g"(x) € I'y, C Z! foralln >0, ie., x e Ag NT.

The perturbed case then follows easily since the size « of the perturbations can depend
on g and thus on /. If f is sufficiently C'-close to g, then the image of I’y by f is a small
deformation of g(I'y) and thus contains a graph of a map t; defined on Vlll which is close
to o1. Since

o1(Vl) € D(h(o(riy). Tig). m) C D(h(o(riy). Tiy). 21) C Hi,,

it follows that rl(Vl) C H,, if f is sufficiently C!-close to g. Then, following this pro-
cedure, we construct a sequence of maps t, suchthat I'y, C f(I'y,_,) N Z ! and conclude
the proof as above. ]
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In other words, Proposition 3.3 says that the set A s intersects any vertical graph tan-
gent to Cs, in H; x Vl.l. In particular, with o constant we obtain that H is contained in the
projection of A s on the horizontal direction. However, Proposition 3.3 gives a much more
robust property which will be the key ingredient to prove Corollary 1.3. Indeed, this prop-
erty can be seen as the main part of the following definition of blenders of repelling type.
Let us recall that this definition is adjusted to our purpose and not as general as possible.

Definition 3.4. If f and A r are as in Proposition 3.3 and if A f is contained in a repelling
hyperbolic set of f, then we say that A ¢ is a blender of repelling type.

In the sequel, we will use such blenders to “blend” robustly the postcritical set P( f)
of amap f with its small Julia set ¢y (/). We will obtain them as infinite intersections
Ar = Nyso S " (Z1), for some set Z!. Thus, J(Ay) C Ay but without equality in gen-
eral. Moreover, such intersections of compact sets do not behave well under perturbations.
It is for these reasons that we require A to be contained in a hyperbolic repeller since
these sets are invariant and can be followed holomorphically under perturbations.

In what follows, we obtain blenders of repelling type using the subsets defined in
Lemma 3.1 and Lemma 3.2. As above, let ¢1, ¢z and c3 be three non-aligned points in C
such that ¢; + ¢2 4 ¢3 = 0. It follows from Proposition 3.3 that good perturbations of the
model map (z, w) = (pz + €oc;, g™ (w)) on 2D x le have a blender.

Proposition 3.5. Let €9 > 0, ag > 0 be as in Lemma 3.2. There exist [y > 1 and 89 > 0
such that if | > ly and p € C satisfies |p| = 1 4+ ag, then a polynomial skew product g
of the form g(z, w) = (h(z, w), g™ (w)) such that

i) |h(z,w) = (pz + €ocj)| < 8o forall (z, w) € 2D x le and j € {1,2,3},
(ii) g contracts the cone field Cs, on Uj3-_1 D x V-l

has two nested blenders of repelling type A C Ag. More precisely, there exist subsets
H,, H, and H3 of D such that 1]D) C ﬂ =1 H and

- ﬂg—l’(o (%Hj) x V/) and Ag = ﬂg—"(o Hj x Vj’).

i>0 j=1 i>0 j=1

The fact that we need two nested blenders is a technical point which will be used in
Section 5. The smallest one A;, could be replaced by any uncountable subset of A, whose
holomorphic continuation for f close enough to g belongs to

3

N (Umr)

i>0 j=1

Proof. Let p € C be such that |p| = 1 + «p. We consider the maps
¢)(2) i= pz + €oc

and the three open sets H;, j € {1,2,3}, as in Lemma 3.2. Since we have ¢; (H;) C D
for each j € {1,2, 3}, there exists 7 > 0 such that ¢;(H;) C D(0,1—2n). Let 6o > 0
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and /y > 1 be the constants obtained by Proposition 3.3 with K = D(0, 1 — ). We can
assume & < 7. It follows that if [ > [y and g satisfies the assumptlons of the present
proposition, it also satisfies those of Proposition 3.3 on U =1 Hj x V By taking — if nec-
essary — a smaller constant &y, Proposition 3.3 also apphes to U _1( H;) x Vl and to
the set A%.

On the other hand, g is repelling on U -1 Dx Vl Indeed, its differential is equal to

(azh(z, w)  Oyh(z, w))
0 @™y (w))”

By Lemma 3.1, if | > lo, then |(¢"™1)'(w)| > 1 oneach V/. Since |h(z, w) — ¢; (2)| < 8o
on 2D x Vl Cauchy’s inequality gives

|02h(z, w) — pl = do

on D x Vl Thus, |0.h(z, w)| > 1 if § is small enough. Furthermore, by Lemma 3.2,
Dc U ‘—1 ¢; (D) and thus there exists a radius r > 0 such that for each z( € D there is

Jo € {1 2 3} with D(zg,7) C ¢;, (D). If wg € U -1 Vl then Lemma 3.1 gives w; € Vl
with ¢’ (w) = wo. Hence, if §y < r, then by Rouche S theorem there is z; € D such that
h(zy1,wy) = wo, i.e., g(z1, w1) = (29, wo) and thus

Hence, A is contained in the invariant repelling set (); g~ (U?:1 D x le ). [

Remark 3.6. An important point is that no estimates on d,,4(z, w) are required, i.e., i
can be far from ¢; in the C! topology as long as g contracts the cone field Cs,- A priori,
it is the situation that occurs in Section 4.

3.2. Saddle type

On P2 the blenders of saddle type are simpler than the repelling ones. Indeed, no cone
field condition is required since one stable direction is given by preimages on which the
contraction dominates that of the one of any “standard” stable direction.

Definition 3.7. Let f be in .7 (P?) and Z an open subset of P2 such that Z C f(Z). If
for all g € 5#;(P?) sufficiently close to f, Ag := (=0 & "(Z) is a saddle hyperbolic
set, then we say that A is a blender of saddle type.

Observe that as we are working with endomorphisms of P2, the first point in this
definition, Z C f(Z), is stable under small perturbations of f. The most direct way
to see this is to use volume estimates (see [26, Corollary 4.14]): is U C 2 (P?) is a
small neighborhood of f then for each € > 0, there exists € such that for all x € P?
and all g € U, B(g(x),€’) C g(B(x,¢)). The second point in the definition is artificially
stable under small perturbations. The examples obtained with Proposition 3.9 will auto-
matically satisfy this stability condition since they will preserve a dominated splitting on
a neighborhood of Z.
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Remark 3.8. Another way to fulfill this condition is to require that Ay is contained in
a locally maximal saddle hyperbolic set Az . In this case, standard results (see [30, Corol-
lary 2.6]) imply that Z is contained in the unstable set of Ay. Keeping in mind that
preimages of a point can be seen as its strong stable manifold, this property could be
considered as the “blender property” of a saddle blender. This remark will be used in the
proof of Theorem 1.7.

The following result is the counterpart of Proposition 3.5 in the saddle case and its
proof is identical.

Proposition 3.9. Let € > 0, ag > 0 be as in Lemma 3.2. There exist [y > 1 and 89 > 0
such that if | > 1y and p € C satisfies |p| = 1 — ag then a polynomial skew product
g of the form g(z,w) = (h(z, w), g™ (w)) with |h(z,w) — (pz + €oc;)| < 8o for all
(z,w) € 2D x V/.l and j € {1,2, 3}, has a blender of saddle type

Ag = ﬂg—"<OD x Vj).

n>0 i=1

4. Existence of blenders near product bifurcations

It follows almost immediately from Proposition 3.5 and Proposition 3.9 that if g has
three non-aligned repelling fixed points which are not postcritical, then some perturba-
tions of (z, w) — (z,g(w)) possess blenders. The aim of this section is to generalize this
to (p(z),q(w)) when p has a parabolic cycle and g is arbitrary.

In order to fix the setting and the notations of this section let (py)iepm be a holo-
morphic family of polynomials of degree d parametrized by a complex manifold M and
such that 0 is a periodic point of p, for all A € M. We denote by mq the period of 0
and by p(A) its multiplier, i.e., p(1) := ( pTO)’ (0). We assume that there exists Ao € M
such that p(A¢) is a primitive #y-th root of unity and we define, for —1 < i < mj; — 1 with
mi .= moly, ) '

bi(A) = (py N (P51 0)). (4.1)
Observe that b_; (1) = p(1)" and b; (A) = p(A)bj4m,(A). We use this last formula to
extend the definition of b; (1) fori € Z if A is close to A¢. In particular, b_;(A¢) = 1 and
b;(Ao) # Oforall i € Z. Finally, let ¢ be an element of &?; and let ry, r, and r3 be three
repelling points of period m; of ¢ which are not in the postcritical set of g. We set

mi;—1

cj =Y bi(ko)g'(rj) 4.2)

i=0
for j € {1,2,3}. We deduce from Proposition 3.5 and Proposition 3.9 the following result.

Theorem 4.1. Assume that the three complex numbers c1, c¢; and c3 are not aligned
and that ¢1 + c2 + c3 = 0. If (Ay)n>1 is a sequence in M converging to Ao such that
|p(An)| > 1 (respectively, |p(Ay)| < 1), then there exist a sequence (In)n>1 of integers
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and a sequence (Bn)n>1 of C* such thatlim, o B, = 0 and for alla € D* the (m1,)-th
iterate of

fn,ot(z» w) = (P)Ln (z) + afpw, q(w))
has a blender A, o of repelling type (respectively, of saddle type) for n large enough.

To prove the theorem, we have to understand how iterations of a small perturbation
of the product map (p,(z), g(w)) look like near the line {z = 0}. To this end, we will
change coordinates in order to focus only on the dynamics close to this line.

LetA € M,e € C* and s € D*. We consider the skew product of C?

J(z,w) = (pa(2) + sew. g(w))

and its renormalization by ¢(z, w) := (sz,w), g 1= ¢ Lo fog.If p, is of the form
pa(z) = Z;jzo a; (A)z', then g satisfies

g(z.w) = (@oM)s™" + a1z + ew + sE(s, 2, w),q(w)),

where E is a polynomial (depending on A).
The following proposition gives estimates on the iterates of g.

Proposition 4.2. If ] > 1 then there exists a polynomial E; in s, z and w such that

mp—1 -1
g™ (z.w) = (pu)fo’z + e( > b Zp(x)m"q”“—l—k)'"l(w))

i=0 k=0
+sE1(s,z,w),qm‘l(w)).

Proof. Since g is a skew product, it follows that g¥ is of the form

g8z, w) = (gk(z, w), ¢ (w))
with

d
gi(z,w) = Za[(k)si_lzi +ew and gryi(z.w) = g1(gk(z. ), ¢F (w)).
i=0

Furthermore, there exist functions gi ; independent of s such that

dk—

1
g(zow) = Y gz w)s'™"
i=0

We are only interested in the sequences (gx,0)k>0 and (gk,1)k>o0 that can be computed
inductively. We easily have that go,0(z, w) = 0 and go¢,1(z, w) = z. Using that

Set1(z.w) = g1(gk (2, w), g* (W),

we obtain that

d
grr10(zw) =Y ai(Mgro(z. w)
i=0
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and J
grr11(zw) = gra(z,w) Y iai(A)(gro(z, w) " + eq* (w),
i=0
i.e.,
gk+1,0(2, W) = pr(gk,0(z, w))
and

gk+1,1(2.w) = gr1(2,0) Py (gk,0 (2. w)) + €¢* (w).
It follows that gx o(z, w) = p’/{ (0) and

k—1 k—1 k—1
g1z, w) = z( I1 p;(p;(o») +ed q'w) [] pilpio).
i=0 i=0 j=i+1

In particular, using that 0 is mg-periodic for p, and the definition of b; (1) given in (4.1),
taking k = m 1= moty gives gm,,0(z, w) = 0 and

mi1—1
g1 (2 w) = pW)°z + € Y bi(g' (w).
i=0
Therefore, we have
mp—1
g (zw) = (;a(x)‘“z + e( 3 big (w)) + SE1(s. 2. w). g™ (w))
i=0
for some polynomial E;. The proposition follows easily by iterating this formula. ]

Proof of Theorem 4.1. Assume as in the statement that the complex numbers c;, ¢, and
c3 defined in (4.2) are not aligned and satisfy ¢ 4+ c2 + c3 = 0 and that (4,),>1 is
a sequence which converges to Ao with |p(1,,)| > 1 (resp. |[p(A,)| < 1).

First, we have to fix all the constants which will be involved in the perturbations. Let
lo > 1,€9 > 0,80 > 0and op > 0 be the constants given by Proposition 3.5 (resp. Propo-
sition 3.9). Since p(A,)’ converges to 1, there exists a sequence of integers (/,;),>1 Which
are all larger than /o and such that |p(A,)%% | converges to 1 + ag (resp. 1 — o). There-
fore, there exist p, € C with |p,| = 1 4 ag (resp. 1 —ag) such that |p(A,)%0 — p,|
converges to 0. Finally, the sequence defined by

p(An)"0 —1
€p 1= €g—0———
pChn)ols — 1

converges to 0.

Now, we consider the neighborhoods le" of rj, j € {1,2,3}, obtained in Lemma 3.1.
As their diameters decrease exponentially fast, there exist a; > 0 and 0 < a, < 1 such
that Diam(le") < alaé" forallm > 1 and j € {1, 2, 3}. By Proposition 4.2, if s € D*,

then the renormalization g, := ¢~ ! o f,, o ¢ by ¢(z, w) = (sz, w) of

Jn(z.w) = (pa, (2) + s€aw. q(w))
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satisfies

mp—1 1,—1
g,’,””"(z,w) — (P(/\n)tolnz +€n( Z bi(An) Z p(An)tqu’+(l”_l_k)ml(w))

i=0 k=0
+ sE;, (s,z,w), qmll” (w)) .

mily

We first show that by taking n > 1 large enough the map g, ' " is arbitrarily close to

(onZ + €0cj. g™ " (w))
on 2D x le”. To this end, observe that c; (,) := Z:”ZIO_I bi(An)q’ (r;) converges to
m1—1

¢j = Z bi(lo)q' (r).
i=0

By definition, we have

pha)oln — 1 " g :
€0cj(An) = en—r———c;i(An) =€x Y _ bi(An) D p(n)%q' (r)).
p(n)o — 1 — ~

On the other hand, since
; I ol
qlml (V'/ ) — I/] 1 ,

we deduce from the estimates on the diameters of the sets le thatif w € le" , there exists
a constant C > 1 depending only on ¢ and m; such that

gt HUn=1=0m1 () — gl (r))| < Carak™!.

Hence, if w € le”, then for C > 1 chosen large enough we have

ml—l ln—l
(en Y bilha) Y p(hg)kg Flnm1mOm (w)) —€0¢j (An)

i=0 k=0

=

mp—1 I,—1
en ) wn)( D Py gi 1M () — q’(rj>)|
i=0 k=0

mp—1 1,—1
<leal Y 16l Y 1pn) O [l =1 =0m1 () — ¢ ()|

i=0 k=0

In—1

< C’ayazlen| Y (aalp(n)®)*
k=0

An)o)n —1
_ C2a1a2|en|(a2|p( n)"1) _.c,.

(azlp(An)0]) — 1
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The last term C,, converges to 0 since 0 < a, < 1. Therefore, on 2D x le” we have

gy (z,w) = (pnz + €0cj, g™ (W)
< 2p(kn)"®" = pul + €0lc; — ¢;(An)| + Cn + IsE1, (5,2, w)].
Observe that for each n > 1 there exists 0 < s, < 1 such that if |s| < s,, then

)
IsEy, (s, 2, w)| < §

on 2D x le”. On the other hand, for n > 1 large enough we have

)
20p(n)®'" — pul + €olej = ¢; ()] + Cn < 7

By Proposition 3.9, this is sufficient to conclude in the saddle case (i.e., |p(A,)| < 1): by
removing the normalization, if 8, := €,s, and o = ﬂin’ then for n > 1 large enough the
(m1,)-th iterate of
Jna(z,w) 1= (pa,(2) + afnw, q(w))
has a blender of saddle type contained in U]3.=1 D(0, |af,|) x le".
For the repelling case (|p(1,)| > 1), it remains to show that g;,'”l" contracts the cone
field Cs, on

B
Up v
j=1

if n > 1 is large enough. The formula above for g;,'”l” gives

D gmll,, — :O()Ln)lol" + SazEln (z,w) ap(w)+ sawEln(z,w)
(z,w)&n 0 (q””l”)’(w) >

where a, () 1= €n X725 by (An) Y070 p(a)F (g =181y (1) By Lemma 3.1,
if y; denotes the multiplier of 7;, then there is a constant A > 0 such that for all w € Vit

(@™ (W) = A, 1) < B and |a,(w)| < Blealx.

where B > 0 is another constant. Since €, converges to 0, by taking smaller 0 < s, < 1

if necessary, we obtain that for n > 1 large enough and |s| < s, the map g’ 1 contracts

Cs, on
3
D x i,
j=1 '

Hence, by Proposition 3.5, if 8, := €,s5, and o = Bin’ then for n > 1 large enough the
(m1,)-th iterate of

frna(zw) i= (P, (2) + afnw.q(w))
has a blender of repelling type contained in UJB'=1 D(0, |aBn|) x le”. [

To conclude the proof of Theorem 1.1, it remains to show that the assumptions on c;,
¢ and c3 are not restrictive. Actually, by an affine conjugation of ¢ we can always
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assume that ¢; 4 ¢ + ¢3 = 0. The fact that they are not aligned is probably true for
a generic choice of g. However, we only prove the following result which is sufficient for
our purpose.

Lemma 4.3. Let g be in Z;. If tg = 3 and my > 2, then q has three repelling points, ry,
ro and r3, of period my 1= motq outside its postcritical set P(q) such that the numbers c1,
ca, c3 defined by (4.2) form a non-degenerated equilateral triangle with ¢1 + ¢ + ¢3 = 0.

Proof. Let q be in 2. Define c(w) := Y /1 Yb; (Ao)q' (w). If r is a periodic point with
period m 1, then using the fact that b; _,,,(A0) = p(Ao)b; (A0), we obtain

m1—1 m1—1

c(@™ () =Y bi(o)g" () = D bimy(Ro)g (1) = p(ho)e(r).
i=0 i=0

and thus ¢(¢2™°(r)) = p(Ao)?c(r). Moreover, p(1) is a primitive third root of unity thus
if ¢(r) # 0, then ¢; := c(r;), j € {1,2,3}, with ry :=r, rp 1= ¢"™0(r), r3 := ¢>™0(r),
form an equilateral triangle with ¢; + ¢ + ¢c3 = 0.

It remains to show that there exists a repelling point r of period m; for ¢ such
that c(r) £ 0 and r ¢ P(q). This simply follows from the fact that ¢(w) is a polyno-
mial of degree d™1~! (since b;(Ag) # O for i € Z) and that, by Fatou’s theorem there
exist at most 3m;(d — 1) periodic points of period m; counted with multiplicity which
are non-repelling or contained in P(g). As there are d™! points of period m; and that
d™ —3mqi(d —1) > d™ ! when d > 2 and m; = 3mg > 6, there exists at least one
repelling point r of period m; such that c(r) # O and r ¢ P(q). |

Proof of Theorem 1.1. Let p and ¢ be two elements of &?; such that p belongs to the
bifurcation locus Therefore, p can be approximated by polynomials having a cycle of
multiplier e 7 Asa consequence, we can obtain a family (p))iecp of polynomials of
degree d which has a persistent periodic point zg which is not ﬁxed with a non-constant
multiplier p(4) and such that there is Ag € M with p(1¢) = e *7 and D, 1s arbitrar-
ily close to p. As p(A4) is not constant, there exists (1,),>1 converging to Ao such that
lo(An)| > 1 (resp. |p(An)| < 1). By conjugating the whole family and p by z > z + zg,
we can assume that zo = 0. Therefore, the combination of Lemma 4.3 and Theorem 4.1
gives a sequence (f5)n>1 of the form f,(z, w) := (pa, (2) + bn 5w, ¢(w)) and such that
some iterates of f, have a blender of repelling type (resp. saddle type). The result follows
since ( fu)n>1 converges to (py,,q) and p;, was arbitrarily close to p. |

We conclude this section with a complement about the repelling case in Theorem 4.1
which will be useful in Section 5. The set Ay defined below will allow us to apply
Proposition 2.3 and the existence of the second blender A}, , is a minor technical point
(see Lemma 5.2). As it was noticed after Proposition 3. S An « could be replaced by
any uncountable subset of A, 4 whose holomorphic continuation for g close enough to
S miln belongs to

3
ﬂg—f(UﬂaﬂuH,-) X V,’).

i>0 ji=1
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Proposition 4.4. In the repelling case of Theorem 4.1, there exists a second blender A;z,a

with n ‘”"‘”’(L_Jl(mﬂn' ) V,ﬂ)

i>0 J

3
Ana =) Soi™" (Uuaﬂnmj) x Vj")
Jj=1

’
An,ot

i>0
for a € D*. Here, H; denote the sets given in Lemma 3.2. Moreover, by reducing B, if
necessary, for each n > 1 there are R, > 0 and a neighborhood %, C #;(P?) of fn.0
which contains the family ( f, o )aep and such that R, > |B,| and for all f € %,

3

Ay o= ) foimin (U(R,,]D)) x V/.l”)
i>0 J=1

defines a basic repeller for f™'n which moves holomorphically for f € %, and which

can only intersect P( f) properly.

Proof. The first point indeed could be immediately deduced from Proposition 3.5 at the
end of the proof of Theorem 4.1.

The last point is a simple observation. Since 0 is a repelling periodic point for p,,
there exists R, > 0 such that p;’ ™0 is conjugated to z > p(A,)z on D(0, R,). Hence,
the set A, o defined as above is'a repelling hyperbolic set contained in {0} x C and
homeomorphic to a Cantor set. Its dynamics is conjugated to a shift of three symbols
and is therefore transitive, i.c., A, .0 is a basic set for £,y m1ln . Moreover, by Theorem 2.1
it can be followed holomorphically as a basic repeller i in a small neighborhood %, of
Jn,0 = (Pa,»q)- Since there exist polynomials arbitrarily close to py, such that 0 is peri-
odic but not postcritical, an intersection between A # and P(f) is necessarily proper. And
if |8, | is chosen small enough, then f, o € %, foralla € D. |

5. From blenders of repelling type to robust bifurcations

A large part of this section is inspired by [25] (see Lemma 5.1 and Lemma 5.4 below).
We show that the blenders of repelling type constructed in Section 4 give rise to open sets
in the bifurcation locus of .7 (P2) arbitrarily close to a bifurcation in 2; x Z;.

Let p and g be two elements of &; such that p belongs to the bifurcation locus. As
in the proof of Theorem 1.1, we choose a polynomial p,, close to p which has a periodic
(and not fixed) point of multiplier e 2 . By conjugation, we can assume that this point
is 0. The following result says that p,, can be approximated by maps such that 0 is
a Misiurewicz point. Its proof is contained in the proof of [25, Corollary 4.11].

Lemma 5.1. If 0 is a parabolic periodic point for a polynomial p,, then there exist
a family of polynomials (p;)yem and a sequence (Ay)n>1 in M converging to Ao such
that, for each n > 1, 0 is a repelling periodic point for py, which belongs to the postcrit-
ical set P(py,,).
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By Lemma 4.3 and Theorem 4.1, there exist sequences (/n),>1 and (8,)s>1, which
are chosen in order to satisfy Proposition 4.4, such that if we fix n > 1 large enough, then
for @ € D* the (ml,)-th iterate of the map

fna(z,w) == (pa,(2) + afrw, q(w))
satisfies Proposition 3.3 for some constant §, > 0 and sets H;, and V;, j € {1,2,3}.
Actually, the map fn,a is a rescaling by af, of the map g, used in the proof of Theo-
rem 4.1 thus 8, = |fB,|8p and H; 4 is contained in D(0, |aB,|) and is the rescaling
by afB, of a set H; C D. And if R, > |Bn|, % C #;(P?) are the objects given by
Proposition 4.4, we define for & in D* and in D, respectively,

3 3
Ag =) fyrimin (U Hjg % V,-) and Ay =) frimh ((Rn]D)) < V,).
i>0 Jj=1 i>0 j=1
By Proposition 4.4 the set Ko, is a basic repeller which can be followed holomorphi-
cally for f € %, thus in particular for f, 4, @ € D. And the set A, has the following
properties.

Lemma 5.2. For each oy € D* there is a neighborhood B C D* such that there exists
Xa, in A, whose continuation as a point of Ay, belongs to Ay for a € B and is of
the form xo = (2o, Wo), where Wy is outside the postcritical set P(q) of q.

Proof. As observed in the proof of Proposition 4.4, KO is contained in {0} x C and can
be identified to ();5, q‘i’”ll" (Uj3.:1 V;) which is a Cantor set independent of «. As the
holomorphic motion of A, preserves the dynamics and f,  is a skew product with the
same second coordinate that fy o, it follows as for all @ € D) the projection on the second
coordinate of the set Ay is a bijection on this Cantor set. Therefore, the second coordinate
of the holomorphic continuation of a point in A is constant.

Now, let oy be in D*. By Proposition 4.4 the set

=) it (C} (30100 ) = Vj)

i>0 1

is a blender. As we observed after Proposition 3.3, this implies that the projection on the
first coordinate of A, contains a non-empty open set. In particular, it is uncountable and
thus there is xo, = (Zo,, Wo) € Afxl such that wq does not belong to P(g). Finally, since
by construction Hj 4, satisfies

I
THia C D(O, |°”2ﬂ"|) C Hiq,

and since the holomorphic motion is continuous and is compatible with the dynamics, we
obtain that in a small neighborhood of ¢ the continuation x4 of x,, verifies

3
fimitn(xy) € | ) Hiw x V
j=1
foralli > 0,1i.e., xq € Ag. [
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The critical set C( f,,o) of fu,« is independent of o and is equal to (C(p;,) x C) U
(C x C(g))- A key point in what follows is that for some parameter the images of a verti-
cal irreducible component of this set intersects the blender. Following [25], we use a result
contained in [8] to obtain such parameter.

Proposition 5.3 ([25, Proposition 2.2]). Let (f3)rem be a holomorphic family of degree
d endomorphism of P*. Let y: M — P¥ be a holomorphic map. If g € M belongs to the
bifurcation locus, there exists Ay € M arbitrarily close to Ay such that y(A1) € P(f3,).

Lemma 5.4. There exist oy € D* and xo, € Aq, such that

Yoo € | 0o (C(Pa,) X C) and  xaqy ¢ | ;4 (C x C(q)).

i>0 i>0

Proof. We consider two cases. First, if the bifurcation locus of the family (f,o)aeD
is not empty, then there exists o; € D* belonging to it since it is a perfect set of D.
By Lemma 5.2, there exists a point Xo, = (Zg,, Wo) in A, such that wg is not in the
postcritical set P(g) and its holomorphic continuation x, satisfies x, € Ay for « in
a small neighborhood of «;. Hence, Proposition 5.3 implies that there exists oo arbi-
trarily close to o1 such that xq, = (z«,, Wo) belongs to the postcritical set of f;, o, i.€.,
Xy € Uiz0 S (C(fr.a0))- As wy is notin P(q), it follows that

Xap € | Sl ao(C(pa,) xC) and  xqo & () £ 40 (C x C(g)).
i>0 i>0

We now assume that the family ( f;, .« )aep is stable. In particular, we can follow holo-
morphically each repelling point for & € D. We choose ap € D*, a repelling periodic
point 7g, = (Zg,, W) in Aoc0 and we denote by ry = (zq, w) its continuation. Since Ao
moves holomorphically for « € D and Ao C {0} x C, we have zog = 0. On the other hand,
as 0 is postcritical for pj,, there are z; € C(p,,,) and i > 1 such that

w0121} x C) = {0} x C.

We use a second time the fact that the family is stable to obtain that ry € f, i na(z1} x C).
Since Ay C A and the repelling points are dense in Aa, this implies that

Aa C fi ({21} % ©).

We then conclude as above by taking a point x4, = (2o, Wo) € Aq, With wo ¢ P(g). =

Lemma 5.5. If g is as in Lemma 5.4, then the postcritical set P( fy,a,) contains a ver-
tical graph tangent to C8a0 in Hj o, % V; for some j € {1,2,3}.

Proof. Letag € D* and let xo, = (2o, Wo) be a point in Ay, for f; 4, such that
Yoo € U £ao(€(p2,) X C) and xaq # | £ 40 (C X C(@)).
i>0 i=0

There exist points z; € C(py,,). io € {1,2,3}, and 72 0 minimal such that x4, belongs
to Hjya, % Vi, and to ~
X = fl . (z1} x O).
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We claim that the image of X by a large iterate of f,,lf'a’f)” contains a vertical graph

tangent to Cé‘ao' Indeed, since wo ¢ P(g) and / is minimal X is smooth at x,, and can-
not be tangent to the horizontal direction. Therefore, X contains a vertical graph over
a small neighborhood U of wy. If (ix)x>o denotes the sequence in {1,2,3} such that
qkl”ml (wo) € Vj,, then for k large enough the set ;y;, o - o ¥y, i, (Vi) is contained
in U. Here,
vij: Vi = Wiy C Vi

is the inverse branch of ¢/”1 given by Lemma 3.1. Hence, f,,’fé;g’"' (X) contains a vertical
graph over V;, . Moreover, by the estimates on D; ) g obtained in the proof of Theo-
rem 4.1, if k is large enough, then this graph has to be tangent to C8a0 and its image is
contained in H;, o, X V;, . This concludes the proof. [

Proof of Corollary 1.3. Let (p,q) bein Pz x ZP;.1f p is in the bifurcation locus of &,
then as we have seen above, there exist a polynomial p,, close to p, a number 8, € C
close to 0 and g € D* such that the postcritical set of the map

Jnao (2. w) := (pa, (2) + cofnw. g(w))

contains a vertical graph tangent to Cs,, in Hjq, % V; for some j € {1,2, 3}. Moreover,
a large iterate of f, o, possesses a blender A, contained in the basic set Ay, and satis-
fies Proposition 3.3 with the constant dq,, and the sets H; o, and V;. Therefore, if [ € %,
is close enough to f; «,, then the continuation of Ay, for f intersects its postcritical
set. By Proposition 4.4 this intersection is proper. Hence, by Proposition 2.3, f; 4, is in
the interior of the bifurcation locus Bif(.7#; (P?)) and thus (p, q) is in the closure of the
interior of Bif(s¢; (P?)). n

6. From blenders of saddle type to fat attractors

In this section, we prove Corollary 1.4 and Theorem 1.5. The former is a direct con-
sequence of Theorem 4.1 and the latter follows from a construction based on Proposi-
tion 3.9. An elementary fact about attracting sets that we will use several times is that
if U is an open subset of P2 and f is a rational map of P2 such that f(U) C U, then
g(U) C U for all small perturbations g of £, i.e., U is also a trapping region for g.

Proof of Corollary 1.4. Let (p,q) be in &y x Z;. Exactly as in the proof of Corol-
lary 1.3, if p is in the bifurcation locus of &4, then arbitrarily close to it and 0, respec-
tively, there exist py, and 8, € C such that for all o € D* the m;/,-th iterate of

Jrna(zw) := (P, (2) + afnw. q(w))

has a blender of saddle type. To be more precise, there are three open sets V1, V, and V3
in C such that

3 3
UJ DCO. lepul) x V; © a0 ( L) DO lpu) x V,-).

Jj=1 Jj=1
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mily

On the other hand, 0 is an attracting fixed point for p, '™ and it is easy to check that the
line {z = 0} is an attracting set in P? for f miln Hence it admits a trapping region U
and if @ € D* is close enough to 0, then

U DO, |eBa]) x V; CU  andfyi"(U) c U,
j=1
i.e., fu,o hasan attracting set containing U3-_1 D(0, |afBr|) x V;. Since the inclusion

U D(O. [aBul) x Vi C g™ ( U D.eu]) V,>
Jj=1 J=1

is stable under small perturbations of f; o, it follows that (p, q) is in the closure of the
interior of endomorphisms possessing a proper attracting set with non-empty interior. m

Note that all these examples are not transitive as they all possess an attracting point
near [0 :1:0]. However, as we will now see it turns out that the composition of an
automorphism and of two such maps can have an attractor with non-empty interior.

The remaining part of this section is devoted to the proof of Theorem 1.5 which splits
into the three elementary lemmas below. We do not try to obtain the existence of attractors
with non-empty interior in a general setting. For simplicity, we only use perturbations of
iterates of the map (z, w) — (z, ¢(w)), where ¢(w) = w*. The ideas are the following.
Even if ¢ is far from being transitive on P!, its postcritical set is particularly simple.
Hence, if we consider the automorphism of P! given by 1//(w) l;‘}’il , it is easy to
check that for all integers a, b > 1 each critical point of the map g% o ¥ o ¢ is eventually
mapped to the fixed repelling point 1. Therefore, its Fatou set is empty and this map
is transitive on P!, In what follows, we obtain an endomorphism f with an attracting
set A containing a blender of saddle type. The interior of the unstable set of this blender
contains an algebraic curve which is thus included in the interior of A. On the other hand,
f preserves a pencil of lines & and its action on &2 is given by g% o ¥ o g® for some
a,b > 1. Hence, arguments going back to [32] (see also [27]) imply that f|4 is transitive,
i.e., 4 is an attractor.

The first lemma is a variation on Lemma 3.1 and Proposition 3.9, where we use

the three repelling fixed points of ¢, r; := 1,15 :=¢ e andrz :=e A .

Lemma 6.1. Let R > 0. There exist 0 < A < 1, €9 > 0, lg > 1 and a family of neighbor-
hoods (U )i=1o Of i such that the diameter of U] I converges exponentmlly fast to O with [
and for eachl > ly and a € C* the map g4(z, w) = (Az + aw, ¢" (w)) satisfies

3
(ae;'D) x (RD \ R-1D) C gq ((aeglm) < U,.l).
i=1
Proof. We consider the open sets Vl given by Lemma 3.1 applied to ¢ and r;. Since
g(w) = w*, obviously there exists /; > 1 such that

3
RD\ R™'D C (4" (V).

i=1
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Then for/ > [, we define U := V' " and we obtain RD \ R='D C ¢t (V%) C ¢! (U}).
Since the diameter of Vl converges exponentially fast to 0 with /, the same holds for U;. !
On the other hand, as r;, r, and r3 are three non-aligned points in C such that

r1 + rp + r3 = 0, by Lemma 3.2 there exist 0 < A < 1 and €y > 0 such that

3
D c (D).
i=1
where ¢;(z) = Az + €or;. Moreover, if [y > [; is large enough and [ > [y, then the sets
Ul are arbitrarily small. Hence if [ > g, then the map g(z, w) := (Az 4+ €qw, ¢ (w)) is
close to (z,w) = (¢i(2),¢' (w)) on D x U!. Thus, by using that RD \ R~!D C ¢! (U}),
it follows exactly as in the proof of Proposmon 3.5 that

3
D x (RD \ R~'D) C g(]D) < J Ul-l).
i=1
This also implies the general case with o € C* since go is the conjugation of g by
(z,w) > (aeg'z,w). n

+1
Recall that ¥ (w) = ’:fj +; - From now on, let R > 0 be large enough in order to get

v ({r1.r2,73)) C RD\ R™ 1]D). We choose [ > [ such that
3

Jw! vy W) c RD\ R7'D

i=1
and for (o, 7) € C? we define

Gagy(z,w) = Az +aw + nql(z),ql(w)).
This map can be seen as a rational map of P? and if n # 0 then G, extends to an
endomorphism of P2 which we still denote by Gg,,. Moreover, the map v extends
to an automorphism W[z : w :t]:= [z :iw + ¢ : it + w] which acts by ¥ on the line
X:={z:w:t]€P?:z=0}
To conclude the proof of Theorem 1.5, we need the two following results.

Lemma 6.2. There exist | > 1 and A > 1 such thatfor each a € C* ifneC*is suffi-
ciently close to 0, then the map Fy(z, w) := ()LZ +1¢'(2). ¢' (w)) satisfies

3

XU ((aeo H x| J Ul) C Fy o W((aey'D) x (RD \ R7'D)).
i=1

Proof. Leth 1 be such that ¢’ o ¥ (RD \ R~'D) = P!. Such T exists since the com-

plementin P! of 1 (RD \ R~!D) consists of two balls centered at i and —i and disjointed

from R. Hence X C F, o ¥((aey'D) x (RD \ R™!D)) for all (a,n) € (C*)2.

For the second part of the inclusion it is sufficient to choose A > 1 large enough in
order to balance the contraction on the z coordinate due to W on C x ¥~ 1(U1—l U ).
Then ((aeg )D x \J;_, U}) € Fy o ¥((eey'D) x (RD \ R™'D)) forall @ € C*. Thus
if @ € C* is fixed then the same inclusion holds for small n € C*. |
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Lemma 6.3. There exist B1 > 0, p > 0 and N > 1 such that for all (o, n) € (B1D*)? the
open subset of P? given by U, := {[z : w : t] € P? : |z| < pmax(|w|, |¢])} is a trapping
region for Iy o W o (G(fxn).

Proof. Observe that for all p > 0, we have Go,0(Up) C U, and [y g G(I,YO(U,,) =X.
Moreover, if p' > 0, then Fy o U(U,) is contained in U, for some p > 0. Hence, there
exists N > 1 such that GéYO(Up) C Uy and thus

FooWo (G (U,) C FooW¥(Uy) C U,,

i.e., U, is a trapping region for Fy o ¥ o G(I)\fo. The result follows since this property is
stable under small perturbations. ]

Proof of Theorem 1.5. Using the notations of the above lemmas, define

3
Zo = (aey'D) x U Ul
i=1

and let ¢ € f1D* be small enough such that Z, C U,. By Lemma 6.1 and Lemma 6.2,
if n € B1D* is close enough to 0, then X U Zy C Fyy o U((aey'D) x (RD \ R7'D))
and (aey'D) x (RD \ R7'D) C Gg,4(Z4), which implies Zg C Gg,4(Z4). Therefore,
Zy C Gé\fn_l(Za) and thus if f := F;oWo G‘fxn, then X U Z, C f(Z,). Moreover,
since (o, ) € (B1D*)?, the set U,, is a trapping region for f which contains Z,. Hence,
A=, f"(Up,) contains Z, thus it also contains f(Z,) which is an open set which
itself contains the line X.

It remains to show that A is an attractor. Obverse that both the maps G, and F;, o W
preserve the pencil & of lines passing through the point [1 : 0 : 0]. With_the standard
identification between & and P!, their actions on 2 are given by ¢’ and ¢’ o v/, respec-
tively. Hence, the one of f is given by ¢’ o ¥ o ¢ which is a transitive rational map
on PL. From this, it follows as in the proof of [32, Lemma 4] (see also [27]) that fj4 is
topologically mixing and thus transitive. ]

Remark 6.4. To such an attracting set Dinh [21] (see also [36]) associates an attract-
ing current and an equilibrium measure. Observe that since in all the examples above
a pencil of line is preserved, the support of the attracting current is exactly equal to the
corresponding attracting set. This contrasts with the examples given in the Section 8.

7. A cycle of blenders

The goal of this section is to explain how one can perturb product maps of the form
(z,w) — (z,q(w)) in order to obtain a cycle between a blender of repelling type A,
and one of saddle type A;. The fact that two hyperbolic sets form a cycle means that the
unstable manifold of one set intersects the stable manifold of the other one and vice versa.
We will see that in our setting it will be sufficient to prove that the unstable manifold of
Ay intersects A,. The proof of Theorem 1.7 will then follow easily form this construction
using classical results in hyperbolic dynamics and complex dynamics.
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We are able to fulfill the construction below in a more general setting but not as gen-
eral as the one of Theorem 1.1. So, for simplicity we restrict ourselves to the following
context. We first define g(w) := w7, ry := 1,7 := eF ,r3i=e ¥ andfori € {1,2,3},
s; := —r;. Observe that these six points are repelling fixed points of ¢ and

rn4+ra+r3=s1+s2+s53=0.

We denote by H; the sets defined in Lemma 3.2 with ¢; = r; and Vil (resp. Ul.l ) the open
sets associated to ry, r, and r3 (resp. 51, 52 and s3) by Lemma 3.1 with m; = 1. Observe
that we can easily require in addition that

3
Vi cdw)
i=1
for all j € {1,2,3}. The idea of the following proposition is to combine Proposition 3.5
and Proposition 3.9 using the fact that the polynomial %(w3 + 1) equals 1 for w = r; and
vanishes for w = s;. The condition 110 > o] > ap > 0 will simplify the end of the proof
of Theorem 7.2.

Proposition 7.1. Let q(w) := w”. Then there exist 35 > oy > oz > 0, €1, €2, R > 0 and

lo > 1 such that for all | > ly the map

(1z + eqw)(w? + 1)
2

has a blender of repelling type Al in D x Ul_l Vl a blender of saddle type Al j
471D x Ul_l Ul andfor each point X in the natural extension OfAl the unstable mani-
fold Wf intersects A Moreover, the sets

3 3
=\ F" (RID) < V,.’) and N, := () F/ (R]D) < U,.’)

nez i=1 nez i=1

Fi(z,w) := (z + —ayz —€2w,ql(w))

are basic sets of repelling type and saddle type respectively with A£ C K£ Aé C Kﬁ
which are topologically mixing on their natural extensions with topological entropy equal
to log 3.

Proof. By Lemma 3.2 and Proposition 3.5, there exist ;5 > a1 > 0,€1,8; > 0and/; > 1
such that for all / > /; a map of the form

(z,w) = (hi(z,w), " (w))

with |h1(z w) — (1 + a1)z + €171)| <81 on 2D x Vl has a blender of repelling type
inD x Ul_l V In particular, this holds for

hi(z,w) =z + E(alz +eaw)(w? + 1)

for / > [, large enough since w is close to r; on Vl.l and thus %(w3 + 1) is close to 1.
Notice that this still holds for perturbations of /; of uniform size with respect to [ > /.
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We now explain how one can perturb such a map in order to obtain in addition
a blender of saddle type. For what follows, we need that this blender is contained in
a smaller set of the form 471D x Ul_l U;. ! Observe that by a simple change of vari-
ables, the blender obtained by Proposition 3 9 can be chosen to be in rID x Ul 1 U; ! with
r > 0 arbitrarily small. Hence, by Lemma 3.2 and Proposition 3.9 there exist oy, €, > 0
arbitrarily small, §, > 0 and /, > 1 such that for all / > [, a map of the form

(z.w) > (ha(z.w). 4" (w)
with
|h2(z, w) — (1 —a2)z — €25i)| < 82
on 271D x Ul has a blender of saddle type in 47D x U,_l Ul Since w? + 1 is close
to 0 on U; ! forl > [, large enough, this inequality holds for

Iy (2o w) = (z n (12 + eqw) (w3 + 1)

2
Moreover, as a5, €2 > 0 can be chosen arbitrarily small, /1, is an arbitrarily small pertur-
bation of the function /; defined above. Hence, there exist /3 > 1 and a5, €5 > 0 such
that for all / > /3 the map F!(z, w) := (h2(z, w), ¢" (w)) has two blenders Aﬁ and Aé of
repelling type and of saddle type, respectively, given by

3 N
L= F;”(U H; x Vl.l) and AL:= () F;”(U 471D x U}).

n>0 i=1 n>0 i=1

— 0z — Ezw).

If R > 0is large enough, it is easy to see that

3 3
RD C hz(R]D) < V/),h2<RD < U}) C RD,
i=1 i=1

and that the sets K£ and Ki are hyperbolic, of repelling and saddle type respectively, and
containing A£ and Afv respectively. Moreover, the dynamics on their natural extensions
are topologically mixing with entropy log 3 since in both cases they are conjugated to the
natural extension of ¢/ on A! := Mu>o g™ (Ul~3=1 Vl-l ) which is a two-sided full shift of
three symbols. N

It remains to prove the last point, i.e., each X in the natural extension of Al satisfies
w2 n Al # @. Recall that, by Proposition 3.3, if a vertical graph in H; x Vl is tangent
to the cone field Cgl , then it intersects Al Since ¢ is uniformly expanding on the annulus
A:={w e C: 3 <|w| <2} for each 0 < § < 6y, there is [ > [3 such that F; contracts
Cs on 2D x A. Hence, the local unstable manifold W% (X) in (47!D) x U; ! of a point
X = (xi)i<o € ;\\é with xg € Al N (471D) x Ul is a vertical graph over U which is
tangent to Cs. If § > 0 is small enough, its image by F; contains a Vertlcal graph in
H; x le for some j € {l, 2, 3} since we have assumed that

3
v/ cdwp.

Jj=1
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Here, we use that 4D C 27D C H; and that § < mm{sn 81}. Moreover, this graph
is tangent to Cs thus to Cs, and therefore by Proposition 3.3, F; (W, )N Al # g, 1e.,

W;f( 9 N Al # @. The result follows since Fl (Al) = l [

An important point about the above proof is that it is robust by small perturbations.
Hence, if we fix a1, a2, €1,€2, R > 0,1 > Iy and F; as above, then there exists 19 > 0
such that an endomorphism f of P2 with

IF; — fllso2RDx2D < 10(2R)”

has two blenders A, (f), As(f) and two basic sets Ay ), As (f) with the same prop-
erties than the ones stated in Proposition 7.1. Moreover, by taking 7o > 0 sufficiently
small, Theorem 2.1 implies that A, ( /) moves holomorphically with f. In particular, this
applies to maps in a small neighborhood in .77 (P2) of the family of polynomial skew
products ( f3)sep* given by

(12 + eqw) (w3 + 1)
2

falz,w) = (Z + —Q2Z — €W+ UOCIZ(AZ)JII(W))-

The following result is a reformulation of Theorem 1.7.

Theorem 7.2. IfQ C 2 (P?) is a sufficiently small connected nelghborhood of the fam-
ily (fu)aep*, then Q C Bif(54;(IP?)) and for each f € 2 the set WA () s a Zariski
open set, for each X = (x;); <o in the natural extension ofA (),

WE=P?> and W C fo(f).

Proof. Recall that, by [31], the closure of the repelling periodic points of a polynomial
skew product of (Ciis equal to the small Julia set. Hence, since the repelling periodic
points are dense in A, (f;), we have A, (f3) C _#2(f1). Moreover, by [25, Lemma 2.3]
if 2 is a sufficiently small neighborhood of the family (f3)1ep* in 725 (P?2), then for all
f € Q, westill have A, (f) C A2(f).

Let X and ¥ = (y;);<o be in the natural extension of As( f) and As(f), respectively.
Let o be a small holomorphic disc transverse to Wy near xo. As we have seen in the proof
of Proposition 7.1, W contains a vertical graph in H X Vl which is tangent to C, . Since
f acts transitively on the latter, it follows from the shadowmg lemma (see [30, Paper I,
Theorem 2.4]) that there exist a periodic point Z in the natural extension of As(f) and
no > 0 such that Z = (z;); <o is close to X and f"°(Z) is close to y. By the continuity
of the stable and unstable manifolds (see [30, Paper I, Theorem 1.2]), Z can be chosen
such that W}lno (z) contains a vertical graph in H; X Vl which is tangent to Cs, and o
is transverse to WS near zgy. By the inclination lemma ([30, Paper I, Proposition 1.3])
there exists n; > 0 such that /"1 (o) also contains a vertical graph in H; x V! which is
tangent to Cs, and thus by Proposition 3.3, "1 (o) N A, (f) # @.But A, (f) C _22(f),
which is totally invariant, so 0 N _#»(f) # @. As _#>(f) is closed and o was an arbi-
trarily small disc transverse to the local stable manifold of x¢, we have that this local
stable manifold is contained in _#>(f). Again, the total invariance of _#>(f) ensures

that Wi, C _72(f).
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Itz := Uz’3=1 471D x Uil , then by the construction of the blender of saddle type, we
have that Z C f(Z). As it has been notice in Remark 3.8, [30, Paper I, Corollary 2.6]
then implies that Z C W%s (r) and so

n u
Ur@cwy ..
n>0
On the other hand, we have just seen that Z intersects _#»( f) so by [22], if £(f) denotes
the exceptional set of f, which is a totally invariant critical analytic set, then

PP\eHclUrr@cwy

n>0

But if €2 is sufficiently small, then for each f € €, As (f) is disjoint from the critical set
so As(f) N E(f) = @ and therefore

u —

ie., W%s(f) is equal to the Zariski open set P2\ &(f). This also implies that W_)%‘ = P?
for each X in the natural extension of Ay(f) since classical results from hyperbolic
dynamics imply that L
u — u
~ "o =5
since f is topologically mixing on the naturel extension of As f).

It remains to prove that Q C Bif(2#; (P?)). This will be done in two steps. First we
show that the postcritical set intersects A, (/) and then that this intersection is proper. The
result will then follows from Proposition 2.3. In both cases, we use the family (f2)rep*-

Let A € D*. Since f is a skew product, if x is a periodic point in Ag(f}), then the
stable manifold W} corresponds to an attractive basin in the fiber associated to x. Hence,
by a classical result of Fatou this basin must contain a critical point, i.e., the critical set
C(f») intersects W.S. Moreover, since the periodic points are dense (and non-isolated)
in the set KS (f2) and all stable manifolds are contained in horizontal fibers, there exists
a periodic point x such that the intersection between C( f3) and W, is transverse. Hence,
by the same arguments than above, the inclination lemma implies that the postcritical
set of f) intersects in a robust way the repelling blender A, ( f3). Since this holds for
all A € D*, if @ C 5 (P?) is a sufficiently small connected neighborhood of the fam-
ily (f2)rep*, then for each f €  its postcritical set P(f) intersects A,(f) C Ar(f).
Finally, P(f) has to intersect properly A, (f). Indeed, otherwise this intersection could
be followed in the family ( f})rep+* and thus in the conjugated family (g))iep* Where
gri=¢po fro ¢>;1 with ¢y (z, w) := (Az, w). At the limit, when A goes to 0, we should
have an intersection between the postcritical set of the limit map and a limit value of the
sets A, (g1)- However, as

gz w) = (z(] + w —az) +Aw(e1(w;+ 1) _62)

+ Anog' (2). 4! (w)),
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the limit map is go(z, w) := (z(1 + "‘71(11)3 + 1) — ), ¢" (w)) and a simple computa-
tion shows that, under the assumption o < o3 < 11—0, its postcritical set does not inter-
sect {(0,w) € C 2. % < |w| < 2} which contains all the possible limit values of the sets

A, (gy) when A goes to 0. |

Remark 7.3. The approach to obtain an open set of bifurcations in the proof above can
be generalized in the following way. Assume that f is a map with a blender of repelling
type A, and a saddle periodic point x such that its unstable manifold W} intersects A,
and is tangent to the cone field of A, near this intersection. By a result of Robertson [35],
the critical set intersects the stable manifold W. If the intersection is transverse, then
as in the above proof the postcritical set must intersect A, in a robust way. And if this
new intersection is proper in the sense of Proposition 2.3, then it gives an open set of
bifurcations. However, these two assumptions on the intersections seem difficult to check
in general.

8. Perturbations of Hénon maps

In this last section we consider small perturbations of polynomial automorphisms of C?2.
It turns out that they can give rise to proper attracting sets containing repelling points and
to infinite sequences of nested attracting sets. The first point is a simple observation and
the second one comes easily from the works of Gavosto [29] and Buzzard [18] on the
Newhouse phenomenon in the holomorphic setting. It turns out that Fornzss and Sibony
considered exactly the same maps in [27] and that in [25] Dujardin uses the same kind
of examples to show that the Newhouse phenomenon is compatible with stability in the
sense of [8].

In [18], Buzzard obtains a volume preserving polynomial automorphism fy of C?2
with a persistent homoclinic tangency. Moreover, using [29, Theorem 4.1], he proves that
if fe is a small perturbation of fy which is volume decreasing near the tangency, then
arbitrarily close to f there exists a map with infinitely many attracting cycles. Actu-
ally, using exactly the same arguments but with a volume increasing perturbation f,
we obtain a map f close to f. with infinitely many repelling cycles near the tangency.
We will see that if f is close enough to fo then all these cycles belong to a proper
attracting set A of f and each time we remove to A one of these cycles, we obtain
a smaller attracting set. Notice that this set A is the counterpart to (the closure of) the
standard set K~ (fo) = {(z, w) € C?: (f;"(z, w))n>o0 is bounded} associated to fy (see
also Remark 8.3).

Proof of Theorem 1.6. Note that the maps with persistent homoclinic tangencies obtained
by Buzzard are of the form fy := F3 o F, o Fj with

Fi(z,w) = (z + g1(w), w),
F(z,w) = (2w + g2(2)),
F3(z,w) = (cz,c 'w)

for some polynomials g; and g, of the same degree d and some 0 < ¢ < 1. As observed
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by Dujardin in [25], f, can also be seen as the composition of two Hénon maps h*
of the form h*(z, w) = (w, c*'z 4+ p*(w)), where p* and p~ are two polynomials of
degree d. It is a standard fact about Hénon maps that if R > 0 is large enough then the sets

VT = {(z,w) € C?: |w| > max(R, |z])}
and
V™= {(z,w) € C?: |z| > max(R, |w|)}
satisfy (V) c V* and (h*)71 (V™) C V. Indeed, with the same proof one can
obtain that if R > 0 is large enough, then (2*)~' (V™) € W~, where
W~ :={(z,w) € C*: |z| = 2max(R, |w|)}.

Moreover, when seen as rational maps of P2 both 4% have as unique indeterminacy

point 7(h%) = [1 : 0 : 0] and contract the line at infinity (minus 7(h¥)) to a single point

[0:1:0]. We deduce from these observations that (2)(P2\ W—) c P2\ V. Hence,

U := P2\ W~ is a trapping region for ¥ and thus for f; and its small perturbations.
On the other hand, the homoclinic tangency of fj has to belong to the bidisc

V= {(z,w) € C? : max(|z|, |lw|) < R}.

We choose a small perturbation f; of fo such that f; is an endomorphism of P? which
is volume increasing on V, injective on f,"!(V) N U and such that f.(U) C U. For
example, the map f; = h_ o h} with

hZ(z,w) = (w + aez¥, ¢tz + p~(w))

and
hE(zow) = (W + acz?, (c + €)z + pT(w)),

where we first choose € > 0 small and then a. # 0 very small with respect to € is appro-
priate. Moreover, if € is small enough, then the results of [18] and [29] yield the exis-
tence of an endomorphism f of P2 arbitrarily close to f, with infinitely many repelling
cycles in V' C U. In particular, U is also a trapping region for f and f is injective
on f~Y(V)NU. Therefore, A := (go f k(U) is a proper attracting set with infinitely
many repelling cycles. Let (Cy,),>0 denote the sequence of these repelling cycles in A.
The injectivity of f on f~!(V) N U implies two facts. First, a repelling periodic point
cannot be accumulated by other periodic points. In particular, there exists a family of
disjoint neighborhoods B, C ANV of C, such that B, C f(B,). The second point
implied by the injectivity of f is that the open sets defined inductively by Uy := U and
Uny1 := U, \ B, are trapping regions. The associated attracting sets

Ap =) S5 W)

k>0

satisfy Ap+1 & An. Hence, Aoo = ﬂn>0 Ay is a quasi-attractor. Moreover, Ao, cannot

be an attracting set since any neighborhood Us, of Ao such that f(Us) C Us, must
contains infinitely repelling cycles Cy, and thus C; C (\g5q f k(Uso) \ Aco. m
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Remark 8.1. Actually, the construction above leads to uncountably many different quasi-
attractors. Let X be an infinite subset of N. Then Ay :=("),cx Ax is a quasi-attractor
which is not an attracting set. And two different infinite subsets X and X’ give different
quasi-attractors Ay and Ax.

Remark 8.2. Notice that in the situation above, the results of Dinh [21] on attracting sets
and attracting currents do not apply directly to the sets A, with n > 1 and a fortiori to
the quasi-attractor As. On the other hand, we obtain in [36] the existence of an attracting
current 7 supported on Aso.

Remark 8.3. Complex Hénon mappings have been extensively studied (see, e.g., [4,5]).
In particular, one can associate to such a map filled Julia sets Kt, K-, K=KtnK"~
and Julia sets J* = 9K=, J = J1t N J~. Moreover, there exist two positive closed
(1, 1)-currents ¥ and p~ with supp(u®) = J*. The measure yt := u* A u~ is mix-
ing, hyperbolic, supported in J, the saddle periodic points equidistribute towards it and it
is the unique measure of maximal entropy log(d). As we have seen, we can perturb such
a map in order to have an endomorphism f of P2 which possesses an attracting set A.
The map f has a Green current 7 whose support is exactly the Julia set ¢ (f) and there
exists an attracting current t supported in A. There is a strong analogy between these
objects. The currents 7" and t correspond respectively to u™ and ™, the sets J ™ and K~
correspond to _#1(f) and A. Moreover, in this situation the combination of the results
of [19-21] gives that the measure v := T A t is mixing, hyperbolic, the saddle periodic
points equidistribute towards it and it is the unique measure supported in A of maximal
entropy log(d), i.e., it can be seen as the continuation of u for f.

Acknowledgments. 1 would like to thank Christian Bonatti for introducing me to blenders and for
many interesting discussions on dynamics.
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