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Abstract. It is well known that, given a 2d purely magnetic Landau Hamiltonian with a constant
magnetic field b which generates a magnetic flux ¢ per unit area, then any spectral island o} con-
sisting of M infinitely degenerate Landau levels carries an integrated density of states d, = M.
Wannier later discovered a similar Diophantine relation expressing the integrated density of states
of a gapped group of bands of the Hofstadter Hamiltonian as a linear function of the magnetic field
flux with integer slope. We extend this result to a gap labelling theorem for any 2d Bloch-Landau
operator Hy, which also has a bounded 72 -periodic electric potential. Assume that H » has a spectral
island o3 which remains isolated from the rest of the spectrum as long as ¢ lies in a compact inter-
val [¢1, ¢2]. Then dj = co + c1¢ on such intervals, where the constant co € Q while ¢; € Z. The
integer ¢ is the Chern marker of the spectral projection onto the spectral island o} . This result also
implies that the Fermi projection on oy, albeit continuous in b in the strong topology, is nowhere
continuous in the norm topology if either ¢1 # 0 or ¢; = 0 and ¢ is rational. Our proofs, otherwise
elementary, do not use non-commutative geometry but are based on gauge covariant magnetic per-
turbation theory which we briefly review for the sake of the reader. Moreover, our method allows
us to extend the analysis to certain non-covariant systems having slowly varying magnetic fields.

Keywords. Bloch-Landau Hamiltonian, gap labelling theorem, Stfeda formula, Chern marker,
magnetic perturbation theory

1. Introduction and main results

It is by now textbook material [22, 29] that each Landau level of an electron moving
freely in two dimensions in the presence of a constant magnetic field b carries a density
of states per unit area equal to the magnetic field flux ¢ = % in a suitable system of
physical units.

Horia D. Cornean: Department of Mathematical Sciences, Aalborg University, Skjernvej 4A,
DK-9220 Aalborg, Denmark; cornean @math.aau.dk

Domenico Monaco: Dipartimento di Matematica, “La Sapienza” Universita di Roma, Piazzale
Aldo Moro 2, I-00185 Roma, Italy; monaco@mat.uniromal.it

Massimo Moscolari: Department of Mathematical Sciences, Aalborg University, Skjernvej 4A,
DK-9220 Aalborg, Denmark; and Fachbereich Mathematik, Eberhard-Karls-Universitét, Auf der
Morgenstelle 10, 72076 Tiibingen, Germany; massimo.moscolari @mnf.uni-tuebingen.de

Mathematics Subject Classification (2020): 81Q30, 81Q70


https://creativecommons.org/licenses/by/4.0/
mailto:{cornean@math.aau.dk}
mailto:monaco@mat.uniroma1.it
mailto:massimo.moscolari@mnf.uni-tuebingen.de

H. D. Cornean, D. Monaco, M. Moscolari 3680

In 1978, Wannier [38] realized by an ingenious counting argument that the integrated
density of states of any isolated group of mini-bands of the Hofstadter Hamiltonian [20],
a discrete analogue of the magnetic Laplacian, is a linear Diophantine function of the
rational magnetic flux. Moreover, its slope is an integer which remains unchanged as
long as the group of mini-bands under consideration remains isolated from the other
ones. More specifically, consider a reference magnetic field by such that by = 27;1’ 0, with
Po.q € Z co-prime integers and g a very large integer. If J;, denotes the integrated den-
sity of states associated to M mini-bands of the Hofstadter Hamiltonian at magnetic field

by, it holds Jp, = M Denoting by J}, the integrated density of states associated to the

same group of mini-bands (which now consists of a different number) but for b = z’fT”,
with integers p, ¢ and p — po small enough, then
qdp =M +c1(p—po). c1€Z. (L.1)

Notice that the left-hand side of the above equality counts the number of charge carriers in
a supercell of area g. Without giving a formal proof, Wannier came to the natural conclu-
sion that this relationship should also hold for all irrational values of the flux: this allowed
him to label the gaps in the spectrum of the Hofstadter Hamiltonian by “diagrams” con-
sisting of linear functions of magnetic flux with integer slopes. No wonder that his paper
was rather cryptically entitled A Result Not Dependent on Rationality for Bloch Electrons
in a Magnetic Field.

In 1982, starting from the linear response ansatz, Stfeda [36] showed that the Hall
conductivity is proportional to the derivative with respect to the magnetic flux of the inte-
grated density of states of the Fermi projection, provided the Fermi energy is in a gap.
Then in [35] he used Wannier’s result from 1978 in order to conclude that the Hall
conductivity is proportional to an integer, namely c; in the above formula (1.1).

Still in 1982, Thouless, Kohmoto, Nightingale and den Nijs [37] showed that the Hall
conductivity is proportional to the Chern number of the Fermi projection whenever the
number of magnetic flux quanta per unit cell is rational, and thus identified the geomet-
ric origin underlying the integer c;: this relation of the Hall conductivity with topological
numbers was later clarified also by Avron, Seiler and Simon, see [1]. Reasoning in analogy
with the Hofstadter model, and inspired by Wannier’s work, Thouless and his collabora-
tors concluded that the results should persist also at irrational values of the magnetic flux.
This led Avron and Osadchy to produce “colored Hofstadter butterflies”, where the gaps
in the spectrum of the Hofstadter Hamiltonian are labelled according to their associated
Chern number [2,27].

For discrete and continuum gapped models of Bloch electrons, Wannier’s result and
its connection with the Chern marker (see (1.8) below) for all real flux values were rigor-
ously formulated by Bellissard [3, 4] in the language of non-commutative geometry. The
equality argued by Wannier, generalizing (1.1) to any b, was dubbed “gap labelling con-
jecture” in [3], and translated in a statement about the K-theory of certain crossed product
C*-algebras. Bellissard proved the gap labelling conjecture for aperiodic crystals without
magnetic field in [5], and the proof has been extended to more general quasi-crystals by
Benameur and Oyono-Oyono in [9]; the full proof of the “magnetic” gap labelling con-
jecture was achieved by Benameur and Mathai in [7, 8]. In the case of periodic potentials,
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the proof of the K-theoretic reformulation of the magnetic gap labelling conjecture can be
traced back to a theorem by Elliott [19] on the K-theory of the rotation C *-algebra, elab-
orating upon earlier results by Connes [13], Pimsner and Voiculescu [30], and Rieffel [32]
for the two-dimensional case which is also of interest for the present paper. Unfortunately,
Bellissard used the term “Stfeda formula” to denote the equality between the derivative
of the integrated density of states and the Chern marker, although Stfeda’s contribution
strictly consisted in relating the derivative with respect to the magnetic field of the inte-
grated density of states with the Hall conductivity, within linear response. We note that
the actual “Stfeda formula”, in the latter sense, was rigorously proved in the gapped
continuum case by Cornean, Nenciu and Pedersen [18].

Schulz-Baldes and Teufel [33] significantly improved the results of Stfeda and also
extended the results of [4] to the case when the Fermi energy is situated in a mobility
gap (see also [6] for the proof of integrality of the Chern marker in the latter regime). Of
a similar flavor are certain higher-dimensional generalizations of the “Stfeda formula”,
presented in the monograph by Prodan and Schulz-Baldes [31]. We note though that their
proofs are formulated for bounded Hamiltonians.

1.1. Goals and structure

In the present paper, we first provide a proof of the Wannier diagrams for unbounded
Bloch-Landau Hamiltonians acting in L?(R?); we achieve this in Theorem 1.1 (i) and (ii).
As a by-product, we show in Corollary 1.2 that while the Fermi projection is everywhere
continuous in the strong topology as a function of the magnetic flux, there are situations
in which this map is nowhere continuous in the norm topology!

Our second novel result, Theorem 1.4, extends the gap labelling (in a weaker sense)
to more general perturbations; in particular, we are interested in perturbations given by
slowly varying magnetic fields, which generically break covariance.

The main tool we use is the so-called gauge covariant magnetic perturbation theory
developed by Cornean and Nenciu [14,16,17,26]. We do not use non-commutative geom-
etry, and clarify the physical meaning of the “gap labelling” through Wannier diagrams.

The structure of the paper is as follows. In the rest of this section we formulate our two
main results, namely Theorems 1.1 and 1.4. In Section 2 we prove Theorem 1.1, in Sec-
tion 3 we prove Theorem 1.4, while in Appendix A we review the magnetic Bloch-Floquet
transform and the Chern number. Then, in Appendix B we review the gauge covariant
magnetic perturbation theory and we end with Appendix C, in which we prove a localiza-
tion estimate for the integral kernel of a Kato—Nagy unitary operator that will be used in
the proof of Corollary 1.2.

1.2. The covariant setting

We consider a Bloch-Landau Hamiltonian acting on L?(R?), defined in Hartree atomic
units by

1
Hp = E(P—bA)2 +V,
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where P = —iV is the usual momentum operator, b € R is the magnetic field strength
divided by the speed of light, A = %(—xz, X1) is the magnetic potential in the symmet-
ric gauge, and V is a Z2-periodic electric potential; although we could handle certain
singularities, in order to streamline the proofs we choose to work with bounded poten-
tials V. We note that we could work with any periodicity lattice ' C R? instead of Z?2,
but for simplicity we only consider Z2-periodic potentials. Under these conditions, H, is
essentially selfadjoint on C$°(R?).

Suppose that the spectrum of Hj has an isolated spectral island op; by definition,
isolated means that it is separated by the rest of the spectrum by one or two gaps. The
edges of these gaps vary continuously with b (see [24]), thus via the Riesz formula we
can define the spectral projection

My = — 95 (Hy —21)"1 dz,
2 €

where € is a positively oriented simple contour encircling o and staying at a positive
distance from the spectrum as long as the two gaps we started with remain open. We
note that the nature and the structure of o3 can dramatically change when b varies, i.e.
internal mini-gaps can open or close, but as a set, o varies continuously with respect to
the Hausdorff distance. It is possible to prove that IT; admits a jointly continuous integral
kernel, see Appendix B. Using Combes—Thomas estimates [12,17] (see also Appendix B)
one can prove the existence of o, C > 0 such that

I (x:x')| < Ce ¥ forall x,x' € R2. (1.2)

These two constants can be chosen uniformly in b as long as b varies in an interval such
that the distance between o} and the rest of the spectrum is bounded from below by
a positive constant.

Let A; be the square of side-length L > 1 centered at the origin and let y;, be its
characteristic function. Due to (1.2) we have that both 7 IT,e®l'l/2 and e=@I1/217,
are Hilbert—Schmidt operators, thus

ATl = {(LTpe®? } {5 II,) (1.3)

is trace class with 0 < Tr(y.Tpxr) = Tr(yLIp) < CL2.
In the above considerations, the periodicity of V played no role. When V is Z2-peri-
odic, we decompose every point x € R? uniquely as

x=y+x, yelZ’ xe(-53]x(-33]=2
Define the Peierls antisymmetric phase by
1
d(x,x) = E(x;x2 —xyxy) forallx,x’ € R?. (1.4)

The phase satisfies the composition rule

dx.y)+ oy, X) =px.X)+p(x—y,y—x) forallx,yx eR2 (1.5)
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The Hamiltonian Hjp commutes with the magnetic translations tp 5, defined for every
n € Z? by '
(T V) (x) 1= 2CMy(x — ) forall y € L2(R?).

Because ITj, then also commutes with the magnetic translations, for every n € Z? we have

My (x,x) = ePPED (x — ;% = p)e P97, (1.6)
We can then define the integrated density of states for the projection IT; by the formula
1
$(Mp) = fim Tt = [ My da (1.7
L—oo |AL| Q

where the second equality is a consequence of the Z2-periodicity of ITj(x; x), implied
by (1.6).

Let X; be the multiplication operator by x;. Due to (1.2) we have that the commu-
tators [X;, IT5] have continuous integral kernels given by (x; — xj/.)Hb(x; x') and which
are exponentially localized near the diagonal. Due to (1.6) we see that these commuta-
tors also commute with the magnetic translations. Again by (1.6), the integral kernel of
ill,[[ X1, Ip], [ X2, T13]] is such that for all n € Z2,

(T [[ X1, TTp], [X2, ] (x:X')
= ePPUN (TT, [ Xy, TT,]. [Xo, T]N) (x — 1.X' — p)e P9
Inspired by the non-commutative Chern character used in [3, 4, 6], by the local Chern

marker defined in [10], and in accordance with the Chern marker recently defined in
a more general setting in [23], we define the Chern marker as

Ch(TTy) := 2 /Q (T [[X1, TT], [Xa. TT4])(x: ) dx. (1.8)

We are now prepared to formulate our first main result, a gap labelling theorem for
Bloch-Landau Hamiltonians.

Theorem 1.1. Assume that Hy, has an isolated spectral island oy, which remains isolated
and varies continuously in the Hausdorff distance as long as b € (b1, by). Let Ty, be its
corresponding spectral projection. Then:

(1)  The map (by,b2) 3 b +— J(I1p) € R is continuously differentiable and

dimy) _ 1
7 = 5-Ch(Ily) (1.9)

with Ch(I1p) as in (1.8).

(ii)  The Chern marker is constant on (b, by) and
Ch(ITp) = ¢; € Z.

Moreover, there exists a rational number ¢y € Q such that

b
J(I1p) = co + ey b € (by1.b2). (1.10)
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As a by-product of the above gap labelling theorem, we can obtain some additional
information about how singular the magnetic perturbation is. To formulate the statement
more precisely, we will need the notion of a localized Wannier-like basis. These are par-
ticular orthonormal bases for the range of the Fermi projection: the definition we choose
below is motivated by [15], where such localized Wannier-like bases are explicitly con-
structed for Fermi projections corresponding to magnetic Hamiltonians with rational flux,
and certain irrational perturbations thereof. In the present context, we say that the Fermi
projection IT; admits a localized Wannier-like basis if

M

Mp6x) =) Y Yy OV, (), ¥, =Py ywj(x), (L1

i=1yez2

where M € N, 9:R? — R, b’ € R, and the functions w; € L?(R?) are such that the
vectors {Y) y }1< j <M, yez2 are orthonormal and

supf |w; x)|2e2 M gx < K
Jj xeR2
for some K, > 0. It is understood that the parameter b’ and the function 6 are chosen
so that the magnetic covariance (1.6) holds.

From the previous L2 estimate we can extract an L estimate on the Wannier-like
functions. First consider that ¥; o = I1,; o; then by using the Cauchy—Schwarz inequal-
ity together with (1.2), we obtain that

lwj (x + y)| < Ce™Il (1.12)

for some C > 0 uniform in j € {1,..., M} and x € Q2. Moreover, notice that (1.12) is
a pointwise estimate since the functions v, admits a continuous representative. Indeed,
the functions v/;, belong to the domain of the Bloch-Landau Hamiltonian, which is
included in the local Sobolev space ngc (R?). Therefore, by a standard Sobolev embed-
ding argument, one can show that all the functions in the domain of the Hamiltonian admit
a continuous representative.

Corollary 1.2. Under the assumptions as in Theorem 1.1, the map (by,b) 3 b +— Il is
continuous in the strong topology.

On the other hand, assume that for b € (b1, by) either (i) c¢1 # 0 in (1.10), or (ii)
c¢1 = 0 and 11y admits a localized Wannier-like basis. Then

lim | TTpye — )l = 1. (1.13)
e—>0

In particular, (1.13) holds true if c; = 0 and % is rational.

Remark 1.3. Corollary 1.2 highlights the singularity of the magnetic perturbation: the
map (b1, b,) > b — Il is continuous in the strong topology, but dramatically fails to be
continuous in the norm topology.

While the case c¢; # 0 is a rather straightforward consequence of Theorem 1.1, the
case ¢; = 0 is more involved. A less general situation of this latter case was already
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treated by Nenciu [25, Lemma 5.8]. He only considered b = 0 while oy was a simple
absolutely continuous band for which he assumed the existence of an orthonormal basis
of exponentially localized Wannier functions. The strategy behind our proof is essentially
the same as Nenciu’s, but we generalize his argument in particular to any rational flux, by
showing in Appendix A that also in this case one can construct an orthonormal basis of
localized Wannier functions for the Fermi projection.

Motivated by magnetic perturbation theory [15], we conjecture that (1.13) and the
existence of a localized Wannier-like basis as in (1.11) should also hold for all irrational
fluxes when ¢; = 0.

1.3. Slowly varying magnetic perturbations

Here we discuss the generalization of the above Diophantine formula (1.10) to magnetic
field perturbations that are slowly varying with respect to the lattice Z2, in the sense of
space adiabatic perturbation theory. Let A (x) = (A1 (x1, X2), #2(x1, X2)) be a C? mag-
netic potential and define B := dy4; — d1 ;. Up to a simple gauge transformation, we
may assume that 4(0) = 0. Moreover, we assume that B is at least C! with bounded
derivatives in the following way:

sup |0*B(x)| < Cy, « € N2, |a| < 1. (1.14)
xeR2
On top of that, we require that in the limit of large scales the magnetic field has a conver-
gent flux per unit area, that is we assume the existence of the limit

1
(B) := lim —— B(x) dx. (1.15)
L—oo [AL| Ja,
Without loss of generality, we assume that (B) > 0.
Let 0 < A < 1 denote the slow variation parameter. Let us introduce #) (x) := #A(AX).
Then 4, produces a slowly varying magnetic field B, (x) := A B(Ax). Let us consider the
perturbed Hamiltonian of the form

1
Hp ) = 5(P— bA + A2+ V, (1.16)

with b, A and V' as before. Up to a gauge transformation, we may assume that - is given
in the transverse gauge

1
Ay (xX) = (/0 sB) (sx) ds)(—xz,xl). (1.17)

Note that Hp, ; remains essentially selfadjoint on C°(R?). Like in the previous sec-
tion, we assume that Hj o has an isolated spectral island oy . Since the perturbing mag-
netic field is of order A, then for A small enough the perturbation given by 4, does not
close the gap between o0y, ¢ and the rest of the spectrum [24,26] (see also Appendix B).
Thus Hy ; still has a spectral island o3, “close to” 0p. Via a Riesz integral we can
define ITj , to be the spectral projection onto the spectral island o 3 .
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The operator Hp, ; is not necessarily covariant anymore (i.€., it need not commute with
some magnetic translations) and we can no longer be sure that I1;, 5 admits an integrated
density of states in the sense of (1.7), namely the existence of the limit

1
lim pL ,  where L — _ Tr I1 ,
L Py, P ALl (xLTp,2)
is not always guaranteed. Nevertheless, lim inf and lim sup of plf 5, always exist because
the sequence is bounded in L (see also (1.3)).
Now we are ready to state the second main result of our paper.

Theorem 1.4. Let I1j 5 be the spectral projection defined above. Assume that the limit
defining (B) in (1.15) exists. Denote by I either limsup; _, o, prA or liminfy o p{;l.
Then (B)

I = d(Tlp) + AECh(Hb,o) + O(A?). (1.18)
Remark 1.5. Theorem 1.4 says that even if the integrated density of states might not
exist, the first order terms in A of lim sup;, plf 5, and liminfz, plf , are equal and propor-
tional to the Chern marker of the unperturbed projection, thus the possible failure in the

existence of an integrated density of states is only quadratic in A.

2. Proof of Theorem 1.1 and Corollary 1.2

2.1. Proof of (i)

Let us fix some b € (b1, by) and assume that € # 0 is such that b + € € (b1, by). Proving
(1.9) is equivalent to showing

I(Mp4e) = I(T1p) + 2—Ch(Iy) +0(c). € 0. @.1)

It is well known in the literature [16,26] that the constant magnetic field induces a singular

perturbation. Fortunately, in order to compute J(IT54.) we only need a good control

on the diagonal values ITp.(X;X) of the integral kernel. The gauge covariant magnetic

perturbation theory provides us with a convergent expansion in € of exactly such objects.
First of all, we define the operator ne given by the following integral kernel:

M@ (x;x) = ™, (x:x). (2.2)

Note that the operator o® is selfadjoint due to the antisymmetry of the Peierls phase
defined in (1.4) and to the selfadjointness of ITp.

Using the gauge covariant magnetic perturbation theory as in [26] (see Appendix B as
well), one can show that there exist two constants «, K > 0 such that

Mpye(x:x) — IO x:xX)| < |e|Ke I, (2.3)

In fact, we could give an explicit formula for the difference on the left-hand side in all
orders of €, but the expression is complicated and contains contributions coming from all
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spectral subspaces of Hp, not just from the one corresponding to IT;. Using such an exact
formula in order to show that the first order contribution in € to J (IT54¢) is proportional
to Ch(I1p) seems to be computationally involved and would surely demand the use of
many rather obscure identities and sum rules.

Instead, to prove (2.1) we will use a quite different strategy which only involves the
integral kernel of 1y, the knowledge that 1y, is a projection, and the a-priori zero-order
estimate (2.3). This strategy consists of two steps:

Step 1. Using the fact that [ is an “almost” projection, we will explicitly construct
an auxiliary “true” projection P which, for || small enough, is unitarily equivalent to
I1p 4. through a unitary operator that satisfies the hypothesis of Lemma 2.1 (see below).
As a consequence, we will show that £ has the same integrated density of states
as [p4e.

Step 2. We will study the asymptotic behavior in € of the integrated density of states
of £(©) and show that

I(PD) = 9(PO) + T-Ch(lly) +0(e). €~ 0. 24
v/ g

2.1.1. Step 1. Define the operator
A© .— (ﬁ(e))2 {0}

The operator A©) measures how far © is from being a projection. Using (1.2) and
(1.5), one can prove (see (2.9) below and also [15, Section 9.3]) that if € is small enough,
then
A x| < Je|Ke P,

where K is a positive constant. Notice that in the following K will denote a generic
positive constant.

Thus, for € small enough, we can construct the following orthogonal projections (see
also [26] for more details):

PO =TT 4 (IO - L1){A +449)2 —1). 2.5)

Since the integral kernel of A(€) is exponentially localized and of order €, one can prove
(see [15, Lemma 8.5]) that

|{(1 + 4A(€))_% -1+ 2A(E)}(x; x/)| < 2Kelx¥Il

This estimate, combined with definition (2.5) and with (2.3), yields the following point-
wise estimate:

|(Mpve = PO (x:x)| < Klele e, (2:6)
Due to (2.6) we have ||TTp1c — P©| < Cle| < % when |€| is sufficiently small, hence we
can consider the Kato—Nagy unitary operator U (see [21]) such that T4, = UEJ’(G)U:.
From its explicit expression one can obtain the following estimate (see [15, Lemma 8.5],
cf. also Appendix C):

[(Ue — D(x:xX)| < Cem@1, 2.7)

which holds for some positive constants C and «, provided |e| is small enough.
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Now we prove that I1;. and £ have the same integrated density of states if |e| is
small enough. In order to do that, we use the following general lemma.

Lemma 2.1. Let Py and P, be two orthogonal projections such that their integral kernels
satisfy (1.2). Assume that there exists a unitary operator U such that Py = UP,U* and
whose integral kernel satisfies (2.7). Then we have

m|Tr(XLP1) Tr(xr P2)| = 0.

In particular, if one projection admits an integrated density of states as in (1.7), then both
of them do and J(P1) = J(P>).

Proof. Reasoning as in (1.3), we observe that the operators yz P, xr P> and y UP, are
trace class. Exploiting the invariance of the trace under unitary conjugation, we obtain the
identity

Tr(xL P1) — Tr(xL P2) = Tr([xL, U] P.U™).

Denoting by W := U — 1 we see from (2.7) that W(x; x’) is exponentially localized near
the diagonal and

Tr([xr, UIP2U™) = Te([xL. W1P2) + Tr([xr, WP, W™).

Both traces can be bounded by a double integral of the type

/R2/ 2 e_a”x_X,”“(L(X)_XL(X/)|dX/dx,
X€ x'€

In the above integral, the integrand is non-zero only if one variable belongs to Ay, and the
other one lies outside Ay . Due to the symmetry, it is enough to estimate

. S—
/ [ e~ =Xl gy dx.
x€A; JX€ER2\Aj

For a fixed x € A we have the inequality
—allx x| <e 2 £ dist(x,0A 1) —7||x—x’|| for all X' € R2 \ AL

By integrating with respect to x’ at fixed x, we can bound the above double integral by
/ e—% dist(x,aAL) dX S CL,
xEA

hence when dividing by L? = |A 1| we obtain the claimed convergence to zero. ]

Using (1.6), one can prove by direct computation that the operator M© commutes
with the magnetic translations 7j 1 . Since £ is a function of 1 it also commutes
with the same magnetic translations, thus e (x;x) and P € (x; x) are periodic functions
and the integrated densities of states J (H(e)), J(P (5)) exist. Due to (2.6) and (2.7) we can
apply Lemma 2.1 to #© and I, = UéfP(E)U: and conclude that

I(Mpye) = J(PO).
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2.1.2. Step 2. We now prove (2.4). Let us begin by studying £ in detail. Using the
same method yielding (2.6) but taking into account also the term of order €, we obtain
the estimate

|<7)(€)(X; xX)— {ﬁ(é) _ 2ﬁ(€)A(€) A(e)}(x % )i < Ce2emlx=x1
This leads to
PO x) — PO(x;x) — { - 2ITOA@ + A©}(x;x)| < Ce?, (2.8)

where we used that T1(© (x;x) = I (x;:x) = PO (x;x), independent of e.
Exploiting the composition rule for the Peierls phase (1.5), the fact that I1 is a pro-
jection, and the exponential localization of the integral kernel of I1,, we obtain

A© (x;X))
B / dy(e'? VT, (x; y)el@ OX) T, (y;x') — ¢, (x; y) [T (y: X))
Rz

. 29)
— 5600 [ ay[x =y - X~ 6= ¥y = X))o ) M (3:x)

+ O(e2e X,

By noticing that
AVx:x) = 0+ O(?),

it follows that only —2TI@OA© (x;x) contributes to the first order expansion in € of
£ (x;x) in (2.8). More precisely,

—2(MOA9)(x;x) = —2 / dx PO, (x; %) A© (%:x)
R2

_ ie/ % T (x: i)/ Y[ = Y10y = X)2 — & — )20y — x01]
RZ ]RZ
T (% V)T, (y; %) + O(e?)

— (T [[X1. Ty, [Xa. T () + O(E2).

This proves (2.4), see (1.8).

The proof of the continuity of Ch(I1) as a function of b € (by, b,) uses the same
strategy and we only sketch it. First, we replace 154, with © in the expression of
Ch(ITp¢) and using (2.3), we obtain

|Ch(Mp4e) — CH(TI®)| < Cle].

Second, using the composition rule (1.5) for the magnetic phases in the explicit expression
of Ch(I1®), we get

Ch(T1¥) = Ch(ITp) + O(e). € — 0.

By combining these two estimates, the continuity of Ch(I1) follows.
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2.2. Proof of (ii)

From Theorem 1.1 (i) we know that the derivative of the integrated density of states
is a continuous function and is proportional to the Chern marker Ch(I1) for every b
restricted to compact intervals in (by, bp) where the spectral island 03 remains isolated
from the rest of the spectrum.

The main observation, proved for the convenience of the reader in Appendix A, is that
the map

(b1,b3) b+ Ch(Ilp) € R

takes integer values when % € Q. Since the map is at the same time uniformly continu-
ous on any compact interval included in (b1, b3), a straightforward argument shows that
it must be constant and thus everywhere equal to an integer ¢; € Z.

In order to prove (1.10), let us fix some by € (b1, by) such that é’—g = g € Q. Then
for every other b in this interval we have by (1.9) that
cp

b
d(I1p) = J(T1p,) + 15—
T

In Appendix A we prove that I1, is a fibered operator. In the magnetic Bloch-Floquet
representation, the fiber of Il at a fixed quasimomentum K is a rank-M orthogonal
projection. Also, oy, is the union of M mini-bands (which might overlap). When we com-
pute J (ITj,) with the help of (A.5), the result is % € Q. Thus setting co := é(M —c1p)
concludes the proof.

2.3. Proof of Corollary 1.2

The continuity of the function b — IT; with respect to the strong topology is known since
at least Kato [21], who used asymptotic perturbation theory. For the sake of the reader we
present here a much shorter proof based on magnetic perturbation theory. By a standard
density argument it is enough to show that

lim [Ty — M)y = 0

for every ¥ with compact support. This limit follows from (1.2), (2.2), (2.3), from the
inequality

e 1
P51 < Jellp(x. X)) < 5 lellx =x[lIx'|

and the fact that the map X’ — [|x/|||y(x’)| belongs to L2(R?).

Now let us continue with proving the discontinuity of the function b + I in the
norm topology. We start with a general fact: if P; and P, are orthogonal projections, then
| P1 — P2|| <1 (see [21, Chapter I, Problem 6.33]). Hence in order to prove (1.13) it is
enough to show that the lim inf cannot be less than one.

Let ¢; # 0. Assume that (1.13) is false. Then there would exist an a € [0, 1) and
a sequence €, # 0, depending on a, such that €, — 0 and lim, o || 14, — 1] = a.
This implies the existence of some 7 such that for every n > ny we have

d+a) _
2

||Hb+en - Hb” =< L.
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Then Iy, and II; would be intertwined by a Kato—Nagy unitary that satisfies the
hypothesis of Lemma 2.1, see Lemma C.1. Thus d (ITp4,) = J(I1p) if n is large enough,
which contradicts that ¢; # 0.
Now let ¢; = 0, and assume (1.11). Let us define the unit vector
Ve (%) i= @My L (x), pe Z2

Using (2.2), (2.3), and the exponential decay (1.12) of w, we obtain the existence of
C > 0 such that for all 7,

(‘Ije,n, Hb+eqje,n) >1—Clel.

Also
||Hb+e - Hb” = (‘pe,ns (Hb+e - Hb)‘ye,n)

M
>1—=Clel =Y Y (Wen. ¥

Jj=lyez2
Since the left-hand side is independent of 7, we have the inequality

Ty —p)| = 1—C le| — 1nf Z > e Vi) (2.10)

]—1y€Z2

We will now show that

lim ZZ"I’MWN =0,

—>00
] i=1yez?

which inserted in (2.10) would finish the proof. By changing y into n + y, we will
investigate

> e Vi)

yeZ?
Due to the exponential localization of the functions w; and using the triangle inequality,
one can prove the existence of two constants o, C > 0 such that

[(We n, ¥jysn)| < Ce™ IVl for all n € Z2.
Thus the proof would be over if we can prove that for fixed y we have

lim (\Ijs,n’l/fj,7+n) = 0.
[n|—o00

Let us compute
e (-.m) i6(- 0
(We g Yjyan) = (€90 Oy g ey w;)
— (ei“b("")fb/,,,wl,eib/"’("’y)tb/,y,fbf,ywj),
where we used the fact that magnetic translations form a projective representation of Z2.

An easy computation, exploiting ¢ (1, 1) = 0, shows that multiplication by the phase fac-
tor e€¢C-" commutes with the magnetic translation T3 - Up to a factor of modulus one,
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the above scalar product is then proportional to the integral

/R M e BN x — )

where [x] € Z? denotes the “integer part” in the decomposition x = x + [x] with x € Q.
The above integral is proportional to the Fourier transform of the L' function

wi (®)e? OBy, (x —y),

evaluated at the point § = 5(—72.71). Since y is fixed and € # 0, the Riemann—Lebesgue
lemma implies that the integral goes to zero when || — oco. The proof is over.

3. Proof of Theorem 1.4

The strategy of the proof resembles that of Theorem [.1. In this section we denote by

IT, = II, j the Fermi projection on the isolated spectral island o3 3 of Hp ;. We start by

showing the existence of an auxiliary projection B4, unitarily equivalent to IT, which

can be used to explicitly compute the first order expansion in A of 7, in Theorem 1.4.
Let us introduce the phase factor given by

x/ 1
o (x,x) ::/ AAE/O Ap(xX +s(x—x)) - (x—x)ds. 3.1

Note that when A (see (1.16)) comes from a constant magnetic field, we obtain the usual
Peierls phase (1.4).
Using results from magnetic perturbation theory [26] (see also Appendix B), we have

I, (x;X) — P2 T (x:x)| < Che PIx¥1, (3.2)
As before, we define the operator I, through its integral kernel:
M (x: X)) := 2o (x; ),

where T1 » 1s selfadjoint due to the antisymmetry of the phase factor defined in (3.1). We
also define the auxiliary projection B4 (the analogue of £ (€ from the previous section)
as

PP = T, + (T — L){A +4AD) 3 —1), AD .= T2 - T, (3.3)

such that
(T — PP (x:x)| < Cre eI, (3.4)

From this, one can prove (see [15]) that if A is small enough, then one can construct the
Kato-Nagy unitary UM such that

I, = U(A)gB(A)U(A)*
and moreover (see [15, Lemma 8.5])

|(UP — 1) (x:x)| < Cem@I1,
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Now we are ready to prove equation (1.18). We only show the proof for the lim sup
case since the lim inf case is completely analogous.
The operator y;, ?B('U is trace class (cf. (1.3)) and we have the trivial identity

1

1 __ _ My o L @)
AL Tr(x.11,) = AL (Tr(xeTn) — Tr(x$Y)) + AL Tr(x L B).

Thanks to Lemma 2.1, the first term on the right-hand side of the above identity
converges to zero as L — 0o, hence taking the lim sup of both sides yields

I, = limsup Tr()(LiB(A)).
L—oo AL
What we have to prove now is that
B
lim sup Tr(yBWY) = 4(IT) + kuCh(Ho) + O(A?). (3.5)
L—soo ALl 2

As we have done in the case of a constant magnetic field, we need to study the expan-
sion in A of the trace on the left-hand side of (3.5) using (3.3), and control the behavior at
large L. We separately analyze each term of (3.3).

Denote by f,(x,y,x’) the magnetic flux generated by the slowly varying magnetic
perturbation through the triangle (x,y, x’) with corners situated at x, y and x':

A Y. X) = $a (%, ¥) + da (%) — pa(x.X) = / ABOR) AR (3.6)

(x,y.x)

Since B has uniformly bounded derivatives (see (1.14)), we obtain

fa(x,y.x)| < ACg[x —yll[ly — x|

with Cp a positive constant that only depends on the magnetic field B. Using equations
(3.4), (3.6), and the fact that 3, is a projection, we obtain

AP (x;x) = / PN (x:y)e 2 OO (y: %) dy — eS0T (x:x)
R
= 192 (&xX) /11{2 MOV, (x: y) T (y: X) dy — €94 T, (x: X)

= 0 / £ (% ¥, X) T (% Y) T (y: X) dy + O(A%e =T,
R2

Given two vectors x and y, we denote by {Xx Ay} := x1y — X2 y1. From (3.6) we have

A - -
fax,y,x) = EB(/\X’){(X —DAQly—X)}+ / A(B(AX) — B(AX)))dx. (3.7)
(x,y.x)
From (1.14) we deduce that B is a Lipschitz function:
|B(x) — B(x')| < Kp||x—x/| forallx,x e R? (3.9)

Using the above estimate, the fact that the diameter of a triangle is less than the sum of
the lengths of any two of its sides, and knowing that the area of the triangle is less than
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the product of the same two side-lengths, we get
‘ / A(B(Ai) - B(Ax’)) dx
(xy.x)

< AKp(lIx = yI*lly = xIl + Ix = yllly = x|I?).

Therefore, exploiting (3.7), (3.9) and the exponential localization of the integral kernel of
I1,, we obtain

1
AP Gex) =ia [ dy BOX)ZUx=3) A (= XL DT (X)

+ OA2ealx X,

Putting x = x’ in the above equation, we see that A®) (x;x) = O(A2) thus AW gives
no contributions of order zero or A to |Az|~! Tr(yz BW), uniformly in L > 1 (cf. the
argument below (2.8)).

For the next term in the expansion (3.3) we have

_2(5‘3 (@) A(l)) (x;X)

= iAB(Ax) f d% o (x; X)
]RZ

(3.9)

[ &= 15 =02~ &= 925 = 0] o N oy ) + O
= AB(Ax)(iTTo[[X1, Mo], [X2, To]]) (x: ) + O(A?).

Thus we need to understand the behavior of

fimsup (= [ BON (o[, Tl 12, Mo ) .

Because the integrand is uniformly bounded, it is enough to consider integer values for L,
and in order to simplify the notation we assume that L. = 2L’ + 1 with L’ € N. In this
case we have

Ap={x=x+y:xeQ, |y| =L}
Let us denote by €(x) := (illo[[X1, ITo], [X2, ITo]]) (x; X). We have C(x + y) = C(x)
for every x € Q and y € Z2. Moreover,

/AL BOXEX) dx= Y /QB(MJrAy)G(z) dx

lyjl<L’

-y /Q BO)E () dx

lyjl<L’

+ 2 /(B(MHJ/)—B(AV))@@)@
lyjl<L’ Q2

_ Ch(Io)

- > BQy)+10(L?)

lyjl<L’
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by (3.8). Therefore, in view of (1.15), in order to complete the proof it suffices to show
that

=0(). (3.10)

lim sup
L—oo

1 1
A 2 BOV = ), B

A
|)/_/'|§L/ Ay

This is a consequence of the formula |Az| = A72|A ;2| and of (3.8). Indeed, a computa-
tion similar to the above yields

A2B(Ay)=/| . B(x)dx+(9(k)
Xj—AYj <

which gives (3.10) upon summing over y € Ay N Z2. In turn, by using formula (1.15),
estimate (3.10) can be rewritten as

lim sup
L—oco |AL|

> B(Ay) = (B)+ 0.

lyjl<L’

This ends the proof of Theorem 1.4.

Appendix A. Bloch-Floquet(-Zak) transform and the Chern number

In this appendix we discuss the magnetic Bloch—Floquet transform and the Chern marker.
The discussion is adapted to the special class of integral operators we work with.

Let by = 2”71’ for some p,q co-prime integer numbers and define the (modified)
magnetic translation of vector 1 € Z?2, 7, ,, to be the following unitary operator:

0'71772

(o f)(X) = e ebod&m £(x —p) forall £ € L2(R?). (A1)

By direct computation one can prove that the set {7p,,y }, cz2 forms a unitary projective
representation of the group 72, that is

Tho,y Thot = € bov2£1 Tpyy+e forall y, & € Z2.
Considering the enlarged lattice
L3y ={neZ’:n=(.qr). vy € 2%},
we have that {fbo,n},, ez2, is a true unitary representation of Z%q), that is
ThonTho.p = Thontpe foralln,p e Zg,.

Let Z( ) denote the dual lattice of 7?2 (g) and denote by B(,) and €2(4) the unit cells of
Z(q) and Z(q), respectively, i.e.

B = (-m 7] x (2. 2], Qg = (—3.3]x (5. 1];

By is usually called the (magnetic) Brillouin zone. We introduce the Bloch—Floquet
unitary (denoted by Ugr) as the operator which maps L2(R?) onto f]B LZ(Q(q)) dk
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and acts on f € CS°(R?) as

(Usr /) (k. y) :=

T 2 ¢ @y ). keBg, y € Q-
(q) ]/GZ2
(@)

Its adjoint acts in the following way:
ik 0'71'12 K
(Ugpy)(y + 1) = T /]; e"Me” bod My (k, y) dk. (A2)
@!1* 7B@

Assume that T is a bounded operator on L?(IR?) with a jointly continuous integral kernel
T (x; x’) for which there exist &, C > 0 such that

IT(x:x)| < C e™ X1 forall x,x' € R2.

We also assume that 7 commutes with the magnetic translations (A.1) which leads to (see
also (1.6))

T(X, X/) — eibOd’(X,W)T(X _ n;xl _ n)e—ibod’(x/,ﬂ) for all n c Z%q)’
or, by replacing X' with y + nandx by x + y,
Tx+yiy+mn= elbod () pibodEM T (x 4y — p; y)e_ibo‘b(y’") forall x, y € Q).

A straightforward computation shows that UgpT UzE is a fibered operator fB t dKk,
where # is bounded on LZ(Q(q)) and has the jointly continuous integral kernel

. ib, .
(x;y) = Z P P e oM (x4 n;y) forallx,y € Q). (A3)

ez,

We observe that the above kernel is Zz* -periodic in k and its Fourier coefficients give us
back the original kernel:

iboningy .

T(x+mny = m A f(x; X)eik'”e 2 0@ gk for all X,y € Q).
q @)
In particular,
1 1
= T(x:x)dx = — ( / Ik (x; x) d&) dk. (A4)
Q@ Jay, 4 Iy \ e,

Most importantly, if 7 is an orthogonal projection like ITj in (1.6) with b = bg, then
its corresponding fiber denoted by py is also an orthogonal projection, real analytic and
periodic in Kk, with finite (and constant) rank, and (A.4) can be restated as

rank(p)

1 1
l — T Ip,) = T dk = € Q. (AS
ALl rr2@2) (1) = — /B(q) TL2(Q ) (PK) Q. (A5

Next we study the operator
T = lnb() [[le Hb()]v [X27 Hbo]]

which appears in formula (1.8) above. The commutators [ X, ITp,] have kernels given by
(xj — xj’-)l'lb0 (x;x’) and thus they are exponentially localized around the diagonal and
commute with the magnetic translations. Let us find the fiber of [X;, 1]
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Denote by U# the fibered unitary operator acting on fIB LZ(Q(q)) dk given by the
fiber

WZy)(x) == e * 2y (x) forally € L2(Q()).
The Zak modification of the Bloch-Floquet unitary is Uggz := U ZUgF, and it will be

called the Bloch-Floquet—Zak (BFZ) transform. The integral kernel of the BFZ transform
applied to I, can be read off from (A.3):

. ib .
PkZ(ﬁ; y)i= Z ok (xtn—y) ,— 7052 e_ubozzw(yv)Hbo(£ +m:y) forallx.y € Q).
r/EZZ

Differentiating with respect to k; and conjugating back with (uk )*, we obtain that the
fiber of [X;, ITp,] in the Bloch— Floquet representation is (uk )*1(0k; p )uk . Thus the
Bloch-Floquet fiber of 7" becomes

t = —i pcUE)* [0k, PE . O, PEIUE .

Introducing this into (A.4) and using trace cyclicity, we obtain

/ T(x;x)dx = T(x;x)dx
Q2 |Q(‘I)| Qq)
i
= i S )TrLZ(SZ(q))(ka[aklpkz, I, PE]) dk.

q

Thus
i —1 1 z z z
2 gy e LD = oo | T (B A Sk i i
=: Ch(p?).

After an elementary but long computation one may show that

Trr2(,,) (PE dpE A dpl) —Triaga,,) (Px dpx A dpy)
= d{TrLz(Q(q))(pk(uk )* A duf)).

The right-hand side is periodic in K, therefore after integration on the Brillouin zone and
an application of Stokes’ Theorem we obtain that Ch(pZ) = Ch(p). The latter is well
known to be an integer from the theory of vector bundles: for a direct proof (showing
that it equals the winding number of the determinant of a certain smooth and 2 -periodic
unitary matrix) see [15, Proposition 5.3]. More about the number Ch(p?) can be found,
e.g., in [28].

In pamcular when Ch(p) = 0, we may find (see, e.g., [15]) an orthonormal basis
{& (k, )}r‘lnk P) in the range of px which consists of real analytic vectors in k and which
are also perlodlc Applying the inverse Bloch—Floquet transform as in (A.2), we obtain
exponentially localized Wannier vectors

i _ 0'71 2 ¢
wi(y + 1) = : /B KM, ibod (¥, n)g k.y)dk, y€Qq). ne€ Z%q)’
(@)

B2
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such that
rank(p)
Mpy(x:X) = Y > (R w))(X) (Tpeyw)) (X))
Jj=1 yeZ(zq)
rank(p)
= > D Ty w)® (Toy,w) ().
J=1 yez?

(@)
Notice that the above is exactly in the form (1.11) in the statement of Corollary 1.2.

Appendix B. Kernel regularity, exponential localization and gauge covariant
magnetic perturbation theory

In this appendix we sketch the main ideas behind estimates (2.3) and (3.2) and collect
all the regularity results on integral kernels that we have used in the proofs, directly or
indirectly. We only focus on (3.2) because (2.3) is nothing but (3.2) when the magnetic
field perturbation vanishes.

Assume that the total magnetic field is given by b + B) (x), where

sup [0%By(x)| < A**H1C,, aeN2? ja| <1.

xeR?2

Define the family of vector potentials depending on the parameter y € R?:

1
Ak, y) = (/0 sBA<y+s<x—y))ds)(—xz T ya 31 — 1),

We have the estimates
0% AL x. Y| < MG x—yll. @ eN?, Jo| < 1. (B.1)

It turns out that they all generate the same magnetic field B) (x). Let 4 (x) := 4, (x,0),
as in (1.17). Then we must have that #, (x) and 4, (x,y) differ by a gradient, and one
can show that

A (X) — ALK Y) = Vxa(x.y).
where ¢, (X, y) is nothing but the magnetic phase defined in (3.1).
An identity which plays a fundamental role in the gauge covariant magnetic perturba-
tion theory is

(Py — Ay (x)e P20V = 2OV (P — A, (x,y)., Pyi=—iVy.  (B2)
For the constant magnetic field b we introduce the linear magnetic potential
bA(x) = g(—xz, X1)
with magnetic phase b (x, X') (see (1.4)), and we have the identity
(Py — bA(x))ePPEY) = (OCY (P _ pA(x —y)). (B.3)



Gap labelling for Bloch-Landau Hamiltonians 3699

Let us recall a general result about the resolvent of any magnetic Schrédinger operator
H = %(P —a)? + V with a bounded magnetic field (the magnetic potential may grow)
and a bounded electric potential, not necessarily periodic. Let K C p(H) be a compact
subset of the resolvent set of H. Then there exist two constants o, C > 0 such that for
every z € K the resolvent (H — z1)~! has an integral kernel (H — z1)™!(x; x’) which is
continuous outside the diagonal x = x’ and moreover (see [11,34])

sup [(H —zD)7'(x:xX)| < CIn@2 + ||x = x| He ® ¥l x£x cR> (B4)
zek

This shows that the resolvent’s kernel behaves like the one of the free Laplace operator
in two dimensions. The constants & and C can be chosen to be independent of the mag-
nitude of the magnetic field due to the diamagnetic inequality. The exponential decay is
a consequence of Combes—Thomas estimates [12, 17].

In the case of a purely magnetic Landau operator H} ynqay 1= %(P — bA)? its resolvent
admits an explicit kernel of the type

(Hianga + 1) 71 (x0X) = P26 F(|x — x'|]),

where F' decays exponentially at infinity (it is in fact a Gaussian if » # 0) and has a local
logarithmic singularity, see [16]. Also, using (B.3), one can show that there existo, C > 0
such that

|(Py — bAX))(Hiangan + 1) 7 (xX)| < Cllx —x/||Tle X1 x £ ¥ € R2. (B.5)

We are interested in the integral kernel of the resolvents of
1 1
HAZE(P—bA—A,x)z—I—V, HOZE(P—bA)Z—kV.

Without loss of generality we may assume that the spectrum of Hj is non-negative. The
second resolvent identity
(HO + 1)_1 = (HLandau + 1)_1 - (HLandau + 1)_1V(H0 + 1)_1

together with (B.4), (B.5) and the fact that V' is bounded lead to the existence of &, C > 0
such that

|(Px—bAX)(Ho + D™ (xix)] < Cllx = x| 'e™ M1 x 2 x e R% - (B.6)
Now if K is some compact set in p(Hy) and z € K, then from the first resolvent identity
(Ho—z1)"' = (Ho+ 17"+ (z+ D(Ho + D)™ (Hp — z1)™"

together with (B.4) and (B.6) we conclude that there exist &, C > 0 such that
suI;; |(Px — PA(X))(Ho — z1) " (x:X)| < Cllx = x| e @I x£x e R2 (B.7)
ze
We are now ready to deal with the magnetic perturbation induced by #4,.If z € p(Hyp),
we define the operator S) (z) given by the integral kernel
S (2)(x: X)) 1= e (Hy — 21) 7 (x: ). (B.8)
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From (B.4) we see that |S; (z)(x;x')| is pointwise bounded by a function of x — x” which
is in L!(R?), thus via Schur’s criterion S (z) defines a bounded operator. The main
observation is that the range of S, (z) lies in the domain of H) — z1 and using (B.2),
we have

(Hy, — z1)S;(2) =: 1+ Ty(2), (B.9)

where T} (z) has an integral kernel given by
2To(2)(x:X) = =262 &X) 4 (x,X) - (Px — bA(X))(Ho — z1) "' (x; X))
+ P2 (A (x, X)) 2 — i divy 2 (x.X) } (Ho — 21) 7! (x:X).

From this formula we see, by using (B.1), (B.4) and (B.7), that |T)(z)(x;x’)| is also
bounded by an L!(IR?)-function of x — x’, namely

1Ty (2)(x;X)| < Cre @1, (B.10)

The factor A ensures that |75 (z)|| < CA < 1 uniformly in z € K if A is small enough.
Hence we have that H; — z1 is invertible and

(Hy—z21)7" = Si){1 + Ta(2)y
Multiplying both sides of (B.9) by (Hj — z1)~! then yields a resolvent-like identity:
(Hy —zD)7' = 8,(2) — (Hy — z1) "' Ty (2). (B.11)

We have just proved that the gaps in the spectrum of Hy are stable. Thus if oy is
an isolated spectral island of Hy and € C p(H)y) is a positively oriented simple contour
which encircles o, then € also belongs to p(H)) if A is small enough and we can define
two Riesz projections as

sziyg(HA—zl)_le, H0=L¢(HO_ZI)_1dZ'
21 Je 2 Je

Using (B.4) and the identities IT; = Hi and I1y = H%, one can show that the integral
kernels of both projections are no longer singular and, at the same time, they have an expo-
nential localization near the diagonal. Moreover, by applying the Riesz integral to (B.11),
using the explicit expression (B.8) for S (z)(x;x’), and noting that

sup [{(Hj — z1) 7' Ty (2)}(x:X)| < C A e @I
zZ€C

from (B.10), we finish the proof of (3.2).

Appendix C. Kernel localization of the Kato—Nagy unitary

In this appendix we explicitly prove that the integral kernel of the Kato—Nagy unitary
appearing in the proof of Corollary 1.2 satisfies the localization estimate (2.7). The strat-
egy of the proof, based on results presented in [17], consists in proving that the building
blocks of the Kato—Nagy unitary are the product of two operators which have an expo-
nentially localized integral kernel as in (1.2).
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Lemma C.1. Consider two projections Iy and Iy, which are spectral projections of
the Hamiltonians Hpy. and Hp, respectively. Assume that Ty and Tl have jointly
continuous integral kernels satisfying (1.2) and such that

[Mpte — Mpl =c < 1.

Then there exists a unitary operator U such that T1, = UTlp4 U™ and the integral kernel
of U satisfies (2.7).

Proof. Define the operator D := Il — I1;. Since the kernel of both operators is expo-
nentially localized, see (1.2), one can find two constants « and C that do not depend on €
such that

|D(x:x)| < Ce~eIxx1, (C.1)

Then, for all 0 < § < §¢ < «, it holds
|D(x; X)X — p(x;x)| < C8e= 31, (C.2)

which is a simple consequence of |e!*l — 1| < ||x||e!*!I. Hence, choosing § small enough,
using the triangle inequality and (C.2) together with a Schur—Holmgren estimate, we
obtain

sup ||ei8”'_x"”DeH”'_"O” || < 1. (C.3)

X()G]R2
Since ¢ < 1, the unitary U is given by the well-known Kato—Nagy unitary, see [21]. From
the explicit formula of U, we have that
1
U-1=(1-D*"2—1)(1+ 2Mpy I, — I — M)
+ 2 pyellp — p — Hpye.
The projections 154 and I1; have an exponentially localized integral kernel, see (1.2),

hence we only have to prove that the operator ((1 — Dz)_% — 1) has an integral kernel that
is exponentially localized, namely that satisfies an estimate analogous to (1.2). Therefore,

consider
o0
ol _ 2k + 1) ok
(1-D»)72-1) = D(;—(k-i- 1)!2(k+1)D D

o0
: D(ZakDZk)D.
k=0

From estimate (C.3) we get that

o0
o= —xol ( 3 aszk)esn =0l
k=0

Moreover, from the estimate

sup <C.

X()G]Rz

— — /_ e Ay | —
le=3Ix=50l D x; )X 0l | < Co= % ¥l
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and the Cauchy—Schwarz inequality, one deduces that

sup |80l pedll-—xoll|
xoG]RZ

where B(L?, L®) is the space of bounded operators from L2(R?) to L (R?). The
previous two estimates imply that

00
e8Il py ( Z akD2k>ez3||~_x()||

k=0

B(Lz,LOQ) S C7

<C, (C4)
B(L2,L)

sup
X0 eR2

hence e41l-—oll O ro ak D2k+1)€8” %ol js a Carleman operator and in particular has
an integral kernel. Furthermore, notice that 1,4, and II; map the Hilbert space into
the domain of the operator Hy. and Hj respectively. A standard argument involving
the Sobolev embedding shows that the domain of the Hamiltonians Hp4 . and Hp can
be embedded in the space of continuous functions. This implies that also the operator
e8Il O reo ak D2k+1)e8l-=x0ll maps the Hilbert space into the space of continuous
functions. Hence, mimicking the strategy in [17, Proposition 3.1], for every y € C$°(R?),
we define the linear functional

CE¥ov A{Z dx(ZakD2k+1)(X0§X)€5"X_x0”’>”(x)-
k=0

Using formula (C.4), we can extend the previous linear functional to the whole Hilbert
space L2(R?). Therefore, Riesz’s Representation Theorem implies that

00
63”'—"0” ( Z akD2k+])(X0; )

k=0

sup
XQGRZ

L2(R2)

oo
oSl —ol ( ZakD2k+l)(.;X0)

k=0

(C.5)

<C.
L2(R2)

= Sup
X0 eR2

Using (C.5), together with (C.1), the Cauchy—Schwarz and the triangle inequality, we
eventually obtain that

sup esllx*x/”|((1 — D 1)(x;x)|

x,x’€R?2

< sup df(eb‘”x_;‘”|D(x;i)|e‘g”’~‘_x,”
x,x €R2 /R2

(Z akD2k+l)()~(; X/)
k=0

00
< sup [ D6 ey sup e (30 aepH ) )
xeR?2 x’eR2 k=0 L2(R2)
<C.

Thus the integral kernel of the unitary operator U satisfies (2.7). ]
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