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Abstract. In this article, we establish the existence of a family of hypersurfaces (I'(t))o<¢<T
that evolve by the vanishing mean curvature flow in Minkowski space and that, as ¢ tends to 0,
blow up towards a hypersurface that behaves like the Simons cone both near the origin and at
infinity. This issue amounts to singularity formation for a second-order quasilinear wave equation.
Our constructive approach consists in proving the existence of finite-time blow up solutions of this
hyperbolic equation of the form u(f, x) ~ t"T1Q(x/t"*1), where Q is a stationary solution and v
an arbitrarily large positive irrational number. Our approach roughly follows that of Krieger, Schlag
and Tataru [22-24]. However, in contrast to these works, the equation to be handled in this article
is quasilinear. This brings about a number of difficulties to overcome.
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1. Introduction

1.1. Setting of the problem

In this article we address the question of singularity formation for the hyperbolic vanish-
ing mean curvature flow of surfaces that are asymptotic to Simons cones at infinity.
In [5], Bombieri, De Giorgi and Giusti proved that the Simons cone defined by

Co={X=(x,y) e R"xR" : [x|* = |y|*} (1.1)

is a globally minimizing surface if and only if n > 4. It is clear that the Simons cone has
dimension d = 2n — 1, is invariant under the action of the group O(n) x O(n), where
O(n) is the orthogonal group of R”, and can be parametrized in the following way:

Ry xS"!'xS" ! = C, CRY™,  (p,01,w2) > (pw1, pws). (1.2)

The Simons cones are linked to Bernstein’s problem,1 which can be stated as follows: if
the graph of a €2 function u on R™~! is a minimal surface in R”, does this imply that
this graph is a hyperplane? This amounts to asking if the solution u to the equation

mizla (L):
Y\ V1 + [VuP

Jj=1

I'This problem is named after Sergei Natanovich Bernstein, who solved it in the case of m = 3
in 1914.
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known as the minimal surface equation, is linear. This is true in dimensions m < §, but
false for m > 9. For further details on Bernstein’s problem and related issues, we refer for
instance to [1-3,5,8,9,27,30,34,35] and the references therein.

From [5,38], it is known that for n > 4 the complement of the Simons cone (which has
two connected components |x| < |y| and |y| < |x]) is foliated by two families of smooth
globally minimizing surfaces (Mg)a>0 and (Mg)a=o, asymptotic to the Simons cone at
infinity. These families are scale invariant: M, = aM and M, = aM with M and M
admitting respectively the parametrizations

Ry xS" ' xS 5 (p, w1, w2) > (po1, Q(p)w2) € R, (1.3)
Ry x S""1xS" 1 5 (p, 01, 02) = (Q(p)wr. pws) € R, (1.4)

where Q is a positive radial function that belongs to € (R") and satisfies Q(0) = 1,
Q(p) > p for any positive real number p, and

do
O(p) =p+ p_"‘(l +o(1))

as p tends to infinity, with d, some positive constant and

=—1+3(@n-1)—v(@2n—1)2—16(n - 1)).

Minimal surfaces asymptotic to the Simons cone at infinity also exist for 2 <n < 3,
but they are no longer minimizing, which will be a crucial property for our analysis.

The minimal surface equation in Riemannian geometry has a natural hyperbolic ana-
logue in the Lorentzian framework. In particular, working in the Minkowski space RIN
equipped with the standard metric dg = —dt? + Z]N=1 dsz, and considering surfaces

that, for fixed ¢, are graphs of functions u over RN-! , we find that u satisfies the equation

Uy N-l Ux:
3, — E 3x4 / =0
(\/1—(u,)2+|Vu|2) = j(\/l—(u,)2+|Vu|2)

There is a broad literature devoted to this model, including results both on the local well-
posedness of the corresponding Cauchy problem and on the stability of certain stationary
solutions (see for instance [6, 10, 13,16, 19,25,26] and the references therein).

In this paper, we focus on the case of time-like surfaces in the Minkowski space R 2"
that, for fixed ¢, can be parametrized in the following way:

L) :R*xS" !5 (x,w) — (x,u(t, x)w) € R?", (1.5)

with some positive function u. This leads to the following quasilinear second-order wave
equation (see Appendix A for the corresponding computations):

at( il )—Zaxj( o )+ n] =
V1=(us)?+|Vul? st V1—=(uy)?+|Vul? u /1—(u)2+|Vul|?



H. Bahouri, A. Marachli, G. Perelman 3804

which can also be rewritten as
(NW)u = (1 + [VuP)ugy — (1 — (ur)? + |Vu|?) Au

n
n—1
D gttt — 200 (Vi Vatg) + (1= @) + |Vul) = 0. (1)
Jk=1

Note that this equation is invariant with respect to the isometries of the Minkowski
space R!" and also invariant under the scaling transform

Ug(t,x) = au(t/a,x/a), (1.7)

in the sense that if u solves (1.6) then u, is also a solution to (1.6). In the framework of
Sobolev spaces?, H"+?/2(R") is invariant under the scaling (1.7).

In this paper, we shall consider the case of n = 4 and assume that v is radial, which
implies that for fixed ¢ the surfaces we are considering are invariant under the action of
the group O(4) x O(4). We can readily check that in this case the function u satisfies the
following equation:

1+ u%)ut, — (1= uP)upp — 2usuptp + 3(1 + u% —u?) (5 - uf) =0. (1.8)
Note that the Simons cone and the minimal surfaces M, are stationary solutions of our
model with u(¢, p) = p in the case of the Simons cone and u(t, p) = Q4(p), Q4(p) =
a@Q(p/a) in the case of M,. Let us also emphasize that in the case of n = 4, we have

d
0(p) = p+ —(1+0(1)) (1.9)
P

as p tends to infinity, with d; some positive constant.

We shall be interested in time-like surfaces of the form (1.5) that are asymptotic to the
Simons cone as |x| — co. To handle this asymptotic behavior we introduce the spaces Xy,
with L a sufficiently large integer, that we define as being the set of functions (ug, u1)
such that V(1o — Q) and u; belong to HL~1(R*), and which satisfy

infug >0 and inf(1 + |[Vuo|*> — (u1)?) > 0. (1.10)

The Cauchy problem for the quasilinear wave equation (1.6) is locally well-posed in X7,
provided that L is sufficiently large. More precisely one has the following theorem, the
proof of which is given in Appendix C.

%Throughout this article, we shall denote by H*(R"™) the non-homogeneous Sobolev space and
by H*(R™) the homogeneous Sobolev space. We refer to [4] and the references therein for all the
necessary definitions and properties of these spaces.
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Theorem 1.1. Consider the Cauchy problem

(1.6)u =0,
U|p=0 = U, (1.11)
(01u) =0 = u1.

Assume that the Cauchy data (ug, uy) belongs to the space Xy with L > 4. Then there
exists a unique maximal solution u of (1.11) on [0, T*[ such that

(. d,u) € €([0, T*[, X1). (1.12)

Furthermore, if the maximal time T™ of existence of such a solution is finite (we then say
that the solution blows up), then

1
Lo i H (14 [Vul? = (@0:u)*)(.-)

u(t,-)

lim sup(
tT*

+ sup Ha;vt,xuum) = 0.
L~ |y|=1

(1.13)

The question we would like to address in this paper is that of blow up, i.e., the descrip-
tion of possible singularities that smooth hypersurfaces may develop as they evolve by
the Minkowski zero mean curvature flow. This amounts to investigating blow up dynam-
ics for the corresponding quasilinear wave equations. There is by now a considerable
literature dealing with the construction of type II blow up solutions for energy criti-
cal and energy supercritical semilinear heat, wave and Schrodinger type equations that
become singular via a concentration of a stationary state profile (see for instance the arti-
cles [7,11,12,15,17,18,20-24,28,29,31-33,37, 38] and the references therein). In the
hyperbolic setting, the first constructions of such blow up solutions go back to the semi-
nal works of Krieger, Schlag and Tataru [22,24] and Rodnianski and Sterbenz [33] on the
energy critical wave equation in dimension 3 and on the energy critical wave map prob-
lem. The goal of the present paper is to extend the approach initiated by Krieger, Schlag
and Tataru [22,24] to the quasilinear setting under consideration in order to show that this
blow up mechanism exists as well for the wave equation (1.6).

1.2. Statement of the main result
Our main result is given by the following theorem.

Theorem 1.2. For any irrational number v > 1/2 and any positive real number § suffi-
ciently small, there exist a positive time T and a radial solution u to (1.6) such that’

(u,du) € €(0,T], X,) with Lo:=2M +1, M =[3v + 3]. (1.14)

3Throughout this paper, [x] denotes the integer part of x.
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and such that it blows up at t = 0 by concentrating the soliton profile: there exist two
radial functions qo € HT'(R*) and g, € H*(R*), where 0 < s < 3v + 2, such that

u(t,x) = " 11O (x/t" ) + go(x) + n(t, x),
ut(lsx) = gl(x) + nl(l»x)s
with

t—0

||V77(t,-)||H2(R4) + [l . ')||H2(R4) — 0.

Moreover, writing

u(t,x) =" HQ(x/t" ) + ¢t x /1),
u(t,x) = é‘l(t,x/t”‘H),

we have
t—0
||Vé'(l, )“H‘(R“) + ||§1(l, )”HY(R4) — 0, V2<s < LO —1.
Additionally, go, g1 are compactly supported, belong to € (R* \ {0}) and satisfy

||VQO||H3(R4) + lla1 ||HS(R4) <G8V V0 <s <3v+2,

d
go<x)~3vj4|ﬁx|3v+l, g1(x) ~ da|V2 x|, asx — 0,

where dy denotes the constant involved in (1.9).

Corollary 1.1. There exists a family (I'(t))o<:<T of hypersurfaces in R8 that evolve by
the hyperbolic vanishing mean curvature flow, and that, as t tends to 0, blow up towards
a hypersurface that behaves asymptotically like the Simons cone, both as x — 0 and as
|x| — oco. Moreover,

OOy 2% M,
uniformly on compact sets, where M denotes the hypersurface defined by (1.3).

Remark 1.1.

e Combining Theorem 1.2 with the asymptotics (1.9), we readily gather that the blow
up solution u to (1.6) given by Theorem 1.2 satisfies

M IV (u(,-) — Q)||L°°((O,T],HS(R4)) S1L,V0=<s <2,
t—0
@) V@@, ) = |x[ = g0l gs @ty —> 0, VO =5 <2,
t—>0
3) IV(u(,-)— Q)||HS(R4) —> 00, V2 <s=<Lo—1
e Theorem 1.2 gives the existence of blow up solutions with the prescribed pure power

blow up rate 1~V for any irrational v > 1/2, in the spirit of the original results of
Krieger, Schlag and Tataru [22-24]. The blow up rate is related both to the singular
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behavior of the solution near the light cone that determines its finite degree of reg-
ularity (1.14) (see Section 4 for the details) and to the asymptotics of the radiation
part go, g1 as x — 0. Let us mention a recent work of Jendrej, Lawrie and Rodriguez
[16] on the energy critical one-equivariant wave maps that provides an explicit link
between the asymptotic behavior of the radiation near the origin and the blow up rate
in the context of general one-bubble blow up solutions.

e The assumption that v is irrational allows one to prevent the formation of additional
logarithms in the construction of an approximate solution to (1.6), while the limitation
to v > 1/2 is related to the local well-posedness result given by Theorem 1.1, which
is not optimal.

e For the mean curvature flow which is a parabolic analogue of the flow we are consid-
ering in this paper, a similar result* was established by Veldzquez [38] for all n > 4.
We expect that our result also holds for any n > 4. However, we limit ourselves here
to the case of n = 4 in order to avoid some additional technical difficulties related to
a more complicated behavior of Q at infinity for n > 5.

e The mechanism of singularity formation described by Theorem 1.2 is not the only
possible one for the model under consideration: (1.6) also admits finite-time blow up
solutions of self-similar type (see Appendix A).

1.3. Strategy of the proof

We shall prove Theorem 1.2 by a two-step procedure, first building an arbitrary good
approximate solution (Sections 3-5), and then completing it to an exact solution by means
of energy estimates and compactness arguments (Section 7). As we shall see, the blow up
result we establish in this article heavily relies on the asymptotic behavior of the soliton Q
at infinity. Therefore we shall focus on its analysis in Section 2.

To build an appropriate approximate solution, we shall analyze separately the three
regions that correspond to three different space scales: the inner region correspond-
ing to p/t < t°!, the self-similar region where %lfl < p/t < 10t7¢2, and the remote
region defined by p/t > 172, where 0 < €; < v and 0 < €5 < 1 are two fixed posi-
tive real numbers. The inner region is the one where the blow up concentrates. In this
region the solution will be constructed as a perturbation of the concentrating soliton pro-
file 1”1 Q(x/t"™1). In the self-similar region, the profile of the solution is determined
uniquely by the matching conditions coming from the inner region, while in the remote
region the profile remains essentially a free parameter of the construction.

Compared to the corresponding constructions in the semilinear setting, there are some
modifications that we introduce in order to take care of the quasilinear character of (1.8).
This concerns on the one hand the construction of the approximate solution in the self-
similar region where we need to build up the solution at the same time as its characteristic
set (see the discussion below), and on the other hand the energy estimates that we establish

4But with a countable family of blow up rates.
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in Section 7, where we have to use the nonlinear energies tracing carefully the contribution
of the quasilinear terms.

In Section 3, we investigate the equation in the inner region p/¢ < ¢€!. In this region,
we shall look for an approximate solution as a power expansion in ¢2¥ of the form

N
ui(r{\’)(t’p) — vl thvkvk(p/tv+l)’ (1.15)
k=0

where V} is the soliton Q, and the functions V%, for 1 < k < N, are obtained recursively,
by solving a recurrent system

LVi = Fr(Vo, ... Vi—1),
Vik(0) =0 and V/(0) =0,

where £ is the operator defined by

=09+ (S + Bl)ay + By (1.16)
with 5
Bi(y) =92 %,
1y+ 02 (1.17)
Bo(y) =3 02 >

As will be established in §3.2, these functions Vj grow at infinity as follows:

k
V() =) (logy)" > durey™
{=0

n>2-2(k—{)

To obtain a meaningful approximate solution, we are then constrained to restrict the con-
struction to the region p/t < t€!.

The aim of Section 4 is to extend the approximate solution built in Section 3 to the
self-similar region %tél < p/t < 10¢t~¢2. Taking into account the matching conditions
coming from the inner region, we seek this extension in the following form:

u(t,p) =A@t)(z + Wi(t,z)), z=p/r@), (1.18)
with
€(k)
Wit.z) =Y 1" ) (og 1) wiee(2).
k>3 =0
L(k)
At) = t(l +3°) A t”k(logt)z), (1.19)
k>34=0

where £(k) = [(k — 3)/2].
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Substituting (1.18) into (1.8), we get the following equation for W:
(22° — 1+ Ag) Woz + A1 =0, (1.20)

where A and A; can be explicitly expressed by means of W and A(¢) as well as their
derivatives.’

The introduction of the modified self-similar variable z = p/A(¢) in (1.18) instead
of the semilinear one p/t, is related to the quasilinear nature of (1.8): taking A(t) = ¢
gives a recurrent system for wy ¢ leading to a loss of regularity at each step, which is
not surprising since to propagate the regularity properly one has to follow the light cone
of (1.8) that depends on the solution itself. Technically, this amounts to constructing W
simultaneously with A(¢) by requiring

Agpse) gz = 0. (1.21)

Substituting (1.19) into (1.20) and (1.21), we get a recurrent system that allows us to suc-
cessively determine the coefficients A ¢ and the functions wy ¢ without loss of regularity.
It will be shown in §4.2.1 that the functions wy ¢ obtained in this way are €°° away from
the light cone z = 1/+/2, and behave near z = 1/+/2 like (1/+/2 — 2)3*+4(1 + o(1))
plus a regular function, which explains the finite degree of smoothness of our solutions.
Furthermore, at infinity the functions wg ¢ have the following asymptotic behavior:

Wi ¢ (2) ~ crg 25V (log 2) k—3/2~¢,

This forces us to restrict the self-similar region to p/t < ¢t 2 with0 < €5 < 1.
In Section 5, we construct an approximate solution uf,lu\{) , which extends the approx-
imate solution built in Sections 3, 4 to the whole space. This is done by solving the

quasilinear wave equation (1.8) by means of the following ansatz:

N
ule (t.p) = p + go(p) +1a1(0) + Y t* gk (), (1.22)

k=2

where the Cauchy data (- + go, g1) are determined by the matching conditions coming
from the self-similar region. Substituting (1.22) into (1.8), we get a recurrent relation

ar = 8k(gj,j <k-—1),

which allows us to successively determine g for k > 2. As will be seen in §5.2, the func-
tions qx, k > 0, are compactly supported and behave like p!=%+3" close to 0, which
ensures that (1.22) provides a meaningful approximate solution in the remote region
p/t >17%2,

The aim of Section 7 is to complete the approximate solution u~) constructed in
Sections 3— 5 to an exact solution. This is achieved by considering a sequence (u,) of

5The computation of Ag and A will be performed in Section 4.
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solutions of (1.8) with initial data u,;—,, = u™ (1), Orun)jt=1, = @, u™)(1,), where
1, \ 0. Performing energy estimates of the remainder ¢¥) = u —u™) we obtain uniform
control of this sequence on time intervals [¢,, T'], with T > 0 independent of n. This allows
us to conclude the proof of Theorem 1.2 by passing to the limit 7, — 0. The proof of the
energy estimates for ¢V) relies heavily on the positivity property (2.12) of the operator £,
which will be proved in Appendix B and which is closely related to the minimality of the
surfaces M, and ]l7!a.

For the sake of simplicity, we shall omit in this text the dependence of all the functions
on the parameter v. All along this article, 7 and C will denote respectively a positive time
and a constant that depend on several parameters, and that may vary from line to line. We
also use A < B to denote an estimate of the form A < CB for some absolute constant C.

2. Analysis of the stationary solution

2.1. Asymptotic behavior of the stationary solution

Our analysis in this paper is intimately connected to the behavior at infinity of the sta-
tionary solution to the quasilinear wave equation (1.8). In this subsection, we collect the
properties of Q that we will use throughout this paper.

Lemma 2.1. The Cauchy problem

1 90
— 3(1 2(___"):0,
Qpp +3(1+ 0p) 0 )

Q) =1 and Q,(0) =0,

has a unique solution® Q € €® (R ) which satisfies the following properties:

(2.1)

e O has an even Taylor expansion’ at 0:

Q) =Y yanp™ 2.2)

n>0
with some constants Y,y such that yy = 1,

o Q enjoys the following bounds for any p in R,.:
Q(p) >p and Q"(p) >0, (2.3)

o (O has the following asymptotic expansion as p tends to infinity:

Q) =p+ Y dup™". (2.4)

n>2

with some constants d, such that d, > 0 and d4 = 0.

6 All along this paper, we identify radial functions on R” with functions on R .
7 All the asymptotic expansions throughout this paper can be differentiated any number of times.
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Proof. Tt is well-known (see for instance [5, 38] and the references therein) that the
Cauchy problem (2.1) admits a unique solution Q in €*°(R ) satisfying (2.2), (2.3) and
which behaves like

0(p) = p+ %(l +o(l)) asp— oo,

with dp > 0.
Writing Q(p) = pv(log p), we get the following equation for v:

—(vyy +vy) + 31+ (v +v,)*)(1/v = v —vy) =0. 2.5)
Observe that the function v = 1 solves (2.5) and the linearization of (2.5) around v = lis
—Wyy — Twy — 12w = 0. (2.6)

The characteristic equation of (2.6) has two real distinct roots r; = —3 and r, = —4. This
ensures that Q admits an asymptotic expansion of the form (2.4) as p tends to infinity,
with dy = 0.

Finally, one can easily check that the formulae (2.2) and (2.4) can be differentiated to
any order with respect to the variable p, which completes the proof of the lemma. ]

2.2. Properties of the linearized operator of the quasilinear wave equation around the
ground state

The blow up solution we construct in this paper is a small perturbation of the pro-
file " T1Q(p/t"*1), and thus the linearization of the quasilinear wave equation (1.8)
around Q will play an important role. This linearized equation has the form

(1+ Q}wy —Lw =0, 2.7)

where £ denotes the operator introduced in (1.16). We claim that the kernel of &£ contains

the function AQ := Q — pQ,, which is positive. Indeed, by Lemma 2.1, AQ tends to 0

at infinity and satisfies (AQ), = —pQ ,,. Recalling that 0 ,,(p) > 0, we get the claim.
Setting w = Hg with

(1+ Q314

Hi= 2.8)
one can rewrite the above equation (2.7) in the following way:
g +8g=0, (2.9
where |
R=—qAqg+ P, ¢ (2.10)

=G o

and & is a €2 potential satisfying

P(p) = —%(l +o(1)) asp— oo. (2.11)
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The operator £ is self-adjoint on L2(R*) with domain H2(R*). Its spectral properties
which are investigated in Appendix B rely on the asymptotic behavior J at infinity of the
potential > given by (2.11). It follows from this spectral analysis that

@S 2@ty Z IV oy VS € HygRY), (2.12)

with some positive constant c.

3. Approximate solution in the inner region

3.1. General scheme of construction of the approximate solution in the inner region

In this section, we shall build, in the region p/t <! (where 0 < €; < v is a fixed positive

real number), a family of approximate solutions uﬁv ) to the quasilinear wave equation

(1.8) as a perturbation of the profile £’ 1 Q(x/¢"*1). Writing
u(t,p) ="'Vt p/t"*h), 3.1)
by straightforward computations we get

up(t, p) = Vy(t,p/1"™),
1
Upp(t. p) = prEs Viy(t, p/t" 1),
ur(t,p) ="Vt p/ 1) + (v DY AV p/t ) =tV (V) (@ p/ 1T,
uip(t, p) =t~ (CV), (1, p/t" ™),
"y (¢, p) = 2V [T2V =TV, p/t° ),

where we denote

TV :=t3,V+ v+ DAV with AV =V —yV, and y=p/t"T'. (3.2

tv+1

Substituting (3.1) into (1.8) and multiplying by , we get

(14 V[TV —TV] = (1 =2 (TV)*)V,,
1 N
=2V, (TV)(TV)y 4+ 3(1 + V7 — tz"(FV)z)(7 — —y) =0. (3.3)
y
Observe that the equation (3.3) multiplied by V/Q is polynomial of order 4 with respect

to (V. Vy, Vyy, TV, (I'V),, I2v).
In what follows, we shall look for solutions V' to (3.3) of the form

Vi, y) =Y > Vi(y) (3.4)
k>0

with Vo = Q, where Q is the stationary solution introduced in Lemma 2.1.
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Substituting this ansatz into (3.3) multiplied by V/Q, we obtain the recurrent system
LVie = Fr(Vo, ..., V1), (3.5)

where k > 1 and where Fy dependson Vj, j =0,...,k —1, only.
Here £ is defined by (1.16). The asymptotic formula (2.4) leads to the following
asymptotic expansions of By and By as y — o0

3
Bi(y) = 3 + Zﬂny_",

¢ "t (3.6)
Bo(y) = — + Y _any ™",

n>5

with some constants 8, and «, that can be computed in terms of the coefficients d,
involved in (2.4).

Along the same lines, in view of (2.2) we find the following asymptotic formulae
when y is close to O:

Bi(y) = azns1y>" ",

n>0
= (3.7)
Bo(y) =3+ Y ban y™",
n>1
with some constants (a2,+1) and (b,,) that can be expressed in terms of the coeffi-
cients y», appearing in (2.2).
The source term Fj can be split as

_ 2
Fe=F '+ F~,
with F 1(1) = 0, where Fk(l) comes from the expansion of the expression

¥ z(i_m)
vay+3(1+vy) 0 30)

while F; k(z) comes from the terms containing I'V and I'2V:

14 1 4% (1)y,2vk
——Vyy +3(1 + Vyz)(— - —y) =) (Vi + F ek,
0 0 o =

Vv Vv

) (1+VHT?V -TV]+ 0

4 1 VY,
(TV)*Vyy =25V (TVIEV); = 3(rv)2(§ _ y_Qy)

— Z Fk(2)[2v(k—1).
k>1
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According to (3.4), this gives explicitly®

1 Vi
RO =5 T v (0r3t)

J1+i2=k
Jizl
3 3
50 2 Vi UhWahVit g 20 (i), (8
J1ti2+jz+ja=k J1tj2=k
Ji<k—1 Jiz1
and
Vi 3(Vi,)
FI§2) = Z 6(sz Vio)(Tjs VJ'3)((VJ'4)yy + %)
J1ti2+j3tja=k—1
Ji=0
v Vi (Vi)y (Vi)
DI SV A Y. AR -Twv
J1+j2=k—1 J1t+i2tj3+ja=k—1
Ji=0 Ji=0
Vi, (Vi) 3
-2 Z %(FJ} Vi) Via)y = Z E(Fjl Vi@ Via),
J1ti2+j3+ja=k—1 J1+j2=k-1
Ji=0 Ji=0
(3.9
where 'y = 2vk + (1 + v)A, so that
L2k V) = 12k Ty V. (3.10)
We subject (3.5) to the initial conditions
Vik(0) =0 and V/(0) =0. (3.11)

3.2. Analysis of the functions Vi
The goal of the present subsection is to prove the following result:

Lemma 3.1. The recurrent system (3.5)—(3.11) has a unique solution (Vi )x>1 such that
for any k > 1, the function Vi, is in €°(R4.) and has the following asymptotic behavior:

Ve(y) = coniy™ asy~0, (3.12)
n>1
k
Ve(y) =Y (ogy)* > dugey™ asy~ oo, (3.13)
(=0 n>2-2(k—"0)
with
d_sk—2) k1 = 0. (3.14)

8Here and below, we use the convention that the sum is null if it is over an empty set.
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Proof. Let us first emphasize that by classical techniques of ordinary differential equa-
tions, for any regular function g, the solution to the Cauchy problem

{"ff =& (3.15)

f(0)=0 and f'(0)=0,
can be written in the form

V(LA (Qr ()P [T Q3(5)5*(AQ)(s)
Q3 (N)r3(AQ)(r) Jo (1 + (Qs(s))»)*?

1) =000 [ ¢ dsdr (3.16)
(see Appendix D).

Let us start by considering the case when k = 1. With notations (3.2) and in light of
(3.8) and (3.9), we have

Fi(Q) = FP(0) = (1 + 02)((1 + v)*A2 = (1 + 1)A)Q
2
-2(1+ V)zQy(AQ)(AQ)y + (14 v)%(A0)? 0yy(Qy) .

It 0l (3.17)

According to (2.2), this implies that for y close to O the following asymptotic formula
holds:

Fi(Q) =) gan1y™". (3.18)

n>0

Moreover, in view of (2.4), we get the following expansion as y — oo:

Fi(Q) =) 1oy (3.19)

n>2

By Lemma 2.1 which asserts that” ds 0,0 =: dy = 0, we find that c4,1,0 = 0. Indeed,
invoking (2.4) together with (3.17), we easily check that

c4,1.0 = 10(1 + 1) (4 + 5v)da.0.0,

which implies that the coefficient c4,1 0 is zero.

This ensures in view of the Duhamel formula (3.16) that for k = 1, the Cauchy
problem (3.5),(3.11) has a unique solution V; in €°°(Ry) admitting the asymptotic
expansions (3.12) and (3.13) respectively close to 0 and at infinity.

Regarding the expansion coefficients d, ;¢ of V; at infinity, we can find them by
substituting

1
Vi(y) =) (ogy)* > duray™
{=0

n>24

9In what follows, the coefficients dp introduced in (2.4) will be denoted by dp,0,0.



H. Bahouri, A. Marachli, G. Perelman 3816

into (3.5) and taking into account (3.6) and (3.19). This gives rise to

Zd
S S@n A+ D — G+ Ddy1,0)y™
n>2
( +Z,Bny )( ;10+Z(dn11 ndp,1,0)y" _ann,l,l(k)gy)y_n_l)
n>4 n>2 n>2

( +Zany )( n,1,0Y +Zdn,1,l(10gY)y_n)
n>5 n>2 n>2

+ Y n+ Dduai(logy)y ™2 =3 caroy™.  (3.20)

n>2 n>2
In particular, the identification of the coefficient of y~* in (3.20) gives
dr1,1 =c4,1,0 =0, (3.21)

which proves that (3.14) is fulfilled for k = 1.
Now using the fact that the coefficient of (log y)y ™2 in (3.20) is null, we find that
for any integer n > 2,

2
dpga(n*=5n+6)+ > dipaatk, — Y. kadiy1aBk, = 0.
ki +ko=n+2 ki+ka=n+1
k1=5,kx>2 k1>4,k2>2
Along the same lines, by computing the coefficients of y™"~2 we get

dy1o® =50 +6)+ (5 =2mdnis+ Y B, (diyp11 — kadiy.10)

ki+ky=n+1
ki>4,ky>2
+ Z ky dky,1,0 = Cn42,1,0-
ki1+ky=n+2
k1=5,ky>2

This implies that all the coefficients d, ;¢ can be determined successively in terms of
the coefficients of F;(Q) involved in (3.19) and the coefficients d»,1,0 and d3 ;o that are
fixed by the initial data.

We next turn our attention to the general case of any index k > 2. To this end, we shall
proceed by induction assuming that, for any integer 1 < j < k — 1, the Cauchy problem
(3.5),(3.11) has a unique solution V; in €*°(R ) satisfying formulae (3.12) and (3.13)
as well as condition (3.14).

Invoking (3.8) together with (3.12) and (3.13), one can easily check that

FO 0o Vi) () = Zgz,, WV asy ~0, (3.22)

n>0

k
FOWoo. VicD() =Y ogy)t Y ) y™ asy~oo.  (3.23)
n>7-2(k—{)



Blow up dynamics for surfaces asymptotic to the Simons cone 3817

Similarly from (3.9), (3.12) and (3.13), we deduce that

FP Voo Vic)(0) = Y g2 v asy ~0, (3.24)

n>0

and
FOWoo oo Vie) = 1+ 0T, — T )it + EP (Voo Vic). (3.25)

where F, k(2) has the following expansion at infinity:

k—1
FER o, Vic) () = Y (ogy)t Y &2y (3.26)
{=0 n>7-2(k—1)

Recall that by definition
ey =2vk—1D)+ (1 +v)A =ta(v,k—1)+ (1 +v)A,
which by straightforward computations gives rise to'’

(Ti_y = Tk=)Vier = e = DVior + (14 0)Qa = DAViy + (14 )2 A%V

Setting
Bi=al@—1)+1+v)2x—1)+ 1+ v)?,

we easily gather that
(Tooy = Tk)Vier = BVier — (L +0) Qo = Dydy Ve + (1 4+ 0)% 283 Vi

It follows from (2.4) and (3.13) that the following expansion holds at infinity:

k—1
(14 0)(TE, TV () = Y (ogy)t > A y™ 621

£=0 n>2-2(k—1-¢)

where for any integer 0 < ¢ <k — 1,

202, i iee = B+ )2 = 1) + (1 + )21 + 1)) da 2ge—1-0k-1..
In view of the induction assumption (3.14) for the index k — 1, we get

2 —
) k=2 k1 = 0. (3.28)

Combining (3.22) with (3.23), (3.24), (3.26), (3.27) and (3.28), we deduce that

Fe(Vo.... Vier) = Vo, Vie) + EP Vo Vi)

10Ty order to make notations as light as possible, all along this proof we shall omit the dependence
of the function o on the parameters v and k.
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admits the following asymptotic expansions:

Fx(Vo,.... Vi) (9) = ) gan iy asy ~0, (3.29)
n>0
k
Fe(Vo,.... Vic)() = Y (logy»)* Y~ copey™ asy~oo,  (3.30)
{=0 n>4-2(k—{)
with
Crnk—2) k1 = 0 (3.31)

Therefore the Duhamel formula (3.16) implies that the Cauchy problem (3.5), (3.11)
admits a unique solution Vj in €°° (R ) satisfying the asymptotic formulae (3.12) and
(3.13) respectively close to 0 and at infinity. As for V;, we can determine all the coef-
ficients d, x ¢ in terms of Fy and d, ko and d3 ko that are fixed by the initial data, by
substituting the expansion

k
Ve() =) (ogy)* > duguy™"
=0

n>2-2(k—£)
into (3.5). In particular, for0 < £ <k —1landn = 2 —2(k — £) we get
(n* =51 + 6)dn it = Cns2kts

which by (3.31) ensures that
d—k-2)k1 =0

and proves (3.14). This concludes the proof of the lemma. ]

3.3. Estimate of the approximate solution in the inner region

Under the above notations, for any integer N > 2 set
N
ul (1, p) = TV @ o/ with ViY@ 0) =Y 2R Ny). (3.32)
k=0
Our aim in this subsection is to investigate the properties of Vir(lN) in the inner region
Qi i={Y eR*:y=|Y| <97} (3.33)

Thanks to Lemma 3.1, we easily gather that ViﬁN) satisfies the following L°° estimates
on Qj:
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Lemma 3.2. For any multi-index o in N* and any integer p < |ct|, there exist a positive
constant Co g and a small positive time T = T («, B, N) such that forall0 <t < T,

10YEVEWVE (1) — O)llLse(n) < Capt™. (3.34)
1990, V¥ (1, ) oo (@) < Cat™ 7, (3.35)

12V V)@, ) o) < Cap- (3.36)

19 (CVM) (@ ) ooy < Cr2 71, (3.37)

1629 (T2 = TV (1) oo @) < Canpe (3.38)

where as above I' = td; + (v + 1)A.

Along the same lines, taking advantage of Lemma 3.1, we get the following L? esti-
mates:

Lemma 3.3. With the previous notations, for all 0 <t < T we have

IV @) = Oz < Cr”. (3.39)
IV ) = Oz < Cat®. Vel = 2, (3.40)
IV )2y < Clogt, VE=1.2, (3.41)

IV @)@ ) 2@y < Cas Vel > 1,¥e=1,2. (342

Remark 3.1. Denoting
Qf ={xe R* x| < ¢ltery,

and combining (3.32) with the above lemma, we infer that the radial function ul(rfv ) on QF
satisfies forall0 <t < T,

IV @A () = O/ 1) | p2iayy < Cat™FIIIOTD e > 1, (3.43)
IV49,ul (1. ) 120y) < Cat"FIA=D0ED - yjg| > 1, (3.44)
180l (1. ) 2 gy < Cr' 73+ D log s, (3.45)
Let us end this section by estimating the remainder term

) ._ ™)
RV = 33PN,

Lemma 3.4. For any multi-index «, there exist a positive constant Co, N and a small
positive time T = T («, N) such that forall0 <t < T,

” <'>3/2va‘ﬂi(r{\,) (l, ')”Lz(Qin) < Cot,Ntzv+2N€] —%(v—el)' (3.46)
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Proof. In view of the computations carried out in §3.1, we have

g[(&s)(Zﬂ”k Vk)] = > (~£Vi + k.
k>0

k>1

Thus recalling that %[(3.3)V] is a polynomial of order four and taking into account
Lemma 3.1, we deduce that

=) _ V) o 20k
Ry =RV = 3 127G, (3.47)
Q N+1<k<4N

where Gy, is defined, as the function Fy, by formulae (3.8) and (3.9), where we assume in
addition that the indices j; involved range from O to N.

This of course implies that the function G, N + 1 < k < 4N, admits the following
expansions, respectively close to 0 and at infinity:

Gr(») =) Zaniy™". (3.48)
n>0
k
Gr(y) =) (ogy)* Y sy (3.49)
{=0 n>4-2(k—{)

with some constants g5, x and ¢, ¢ that can be determined recursively in terms of the
functions V; with j =0,..., N.
Recalling that by definition

) Q s
e(Rin = T)‘ﬂin ’
Vin

we deduce taking into account Lemma 3.2 and (3.33) that for any multi-index «, there
exist a positive constant Cy, y and a positive time 7" = T («, N) such that for any time 0 <
t < T, we have

1622V REV 2@y < Cant® T2NA=307),

This ends the proof of the lemma. ]

4. Approximate solution in the self-similar region

4.1. General scheme of construction of the approximate solution in the self-similar
region

Our aim in this section is to build, in the region %tfl < ? < 10¢7¢2, an approximate

solution u{"” to (1.8) that extends the approximate solution ul(rfv )

region p/t < t€!. Here 0 < €5 < 1 is fixed.

constructed in the inner
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We shall look for this solution in the following form:
u(t,p) =At)(z+ Wi(t,z)) with z = p/A(2), 4.1)

where A(¢) is a function that behaves like ¢ for ¢ close to 0 and that will be constructed at
the same time as the profile W. In fact, A(¢) will be given by an expression of the form

L(k)

A1) = z(1 + > Zxk,ez“k(logz)f) with €k) = [(k —3)/2]. (42

k>3{=0

By straightforward computations, we find that

up(t, p) =1+ Wz(t, p/A(1)),
Upp(t, p) = A@) ™ Wez (2. p/ A1),

ur(t, p) = Mt) Wi, p/ A1) + X' O AW(2, p/ A1) =: Wi(t, p/A(2)),  (4.3)
uip(t, p) = A1)~ (3 W1) (1, p/A (1)),

A@us(t, p) = Wa(t, p/A(1)). (4.4)
with
Wa(t,z) := AN ()AW 4 20N () AW, + A2 () Wy + (A (1)) 22 Wy,
= 22 Woo(t,2) + 2 Wy (2. 2) + 20AW (1, 2) + Wa(t, 2), (4.5)
where
Wa(t,z) = ((X(1))> = D22 Wez + (A2(1) = 2)Wyr + 200N (1) — ) AW,
+ AN (AW, (4.6)

and where as above AW =W — zW,.
Thus substituting (4.1) into (1.8) multiplied by A(¢), we find that the function W
solves the following equation:

A+ A+ W)HWa — (1 — (W))W, —2(1 + W)Wy (Wh),
314+ (14 W)= <w1>2>(g + g) —0. @)

where W = W/(1 + W/z). Introducing the notations

Wy = Wy — (A)222 W, = A2 Wy + 200 AW, + AL AW,

4.8
W3 = AW;Z, ( )

we readily gather that (4.7) can be rewritten as

(2z2 =14+ AW,z + A1 =0 (4.9)
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with
Ao = W W +AW)2 422z W + AWy) +2((A)2 = 1)22,

A= L+ 1+ W)HW, —2(1+ W) Wi W3 =3(1+ (1 + Wz)z—(Wl)z)(Z—2 + g)

Denoting by L the linear operator defined by o
L= (222 - 1)02 4 26207 + 4tAd, — 62719, — 6272, (4.11)
we infer that (4.7) takes the form
LW = —AgW,, — 2W, + (Wp)2]W) — 2W) + 2(1 4+ W,) W, Ws
— Z%WW +302W; + (W2)? - (Wl)z)(W + K) (4.12)
where
Wy = Wy — 12Wy — 2t AW; = Wy — (M)? = 1)22 W, (4.13)

It will be useful later on to notice that with the above notations, (4.12) can also be rewritten
as

LW = —2W, — [2W, + (W2)2IWa — (W1)* Wzz + 2(1 + W)Wy (Wh):
6 W W,
- S w0 - i) (5 + ) @.14)
The asymptotics of the solution (4.1) at the origin has to be consistent with that of

(3.1) at infinity. To determine this asymptotics, we combine the expansion (4.2) with
formula (3.13), which gives

(k)
ke
walt, ) =0z + Y ozt P oga® Y ki)
k>3 £=0 0<a<(k—3)/2—¢ B=1—k+2(a+0)

(4.15)
as z — 0, with the coefficients cz fz admitting the representation

kit _ k€0 k,l,1
cot, - ozﬂ tc otB ’

where ci’g’o are independent of A and are given by

if B+ k —11isodd,
C%’O = fatt : :
, (—v) o d_ﬂ,BjLécfl el if B +k —liseven,
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and where the coefficients ¢ ﬁ depend only on A, , involvedin (4.2) with3 < p <k —3
and are zero if § + k — 1 —2(0[ +{4) <2orifk <6oriff > (k—6)/2.

Let us point out that taking into account Lemma 2.1 together with (3.14), which
respectively assert that d4 0,0 = 0 and d4—2m,m,1 = O for any integer m > 1, we infer
that

g2y =0 and cyp=0, VB (4.16)

Formula (4.15) makes us look for the approximate solution in the self-similar region
in the form

u(t, p) = p+ AW, p/A(1)), (4.17)
where
L(k)
W(t.z) =) ¥ Z(log 0 we o (2). (4.18)
k>3

To fix A(t), we require that the function Ao defined by (4.10) satisfies
A0|Z=1/\/§ == O. (4.19)

One difficulty that we face in solving (4.12) is handling the degeneracy of the operator L
defined by (4.11) on the light cone z = 1/ V2. The condition (4.19) ensures that the
coefficient of W, involved in the equation we deal with vanishes at z = 1/ /2. This will
enable us to determine successively the functions wyg ¢ involved in (4.18) without loss of

regularity at each step. 5 5
Invoking (4.2) together with (4.18), we infer that the functions Wy, Wa, W, W,, W,

W3, W and Ap defined above admit expansions of the same form as W. More precisely,

Wit.z)=>Y " Y (ogn'wf(2). i=123,

k>3 0<t<(k—3)/2

Walt.z) =Y 1" Y (logn)* @} 4(2),

k>6 0<t<(k—6)/2

Wyt.z) =Y 1k 3 (logt)[wkz)(z),

k>3 0<{<(k—3)/2

Wyt.zy=> 1k 3 (logt)[wke)(z),

k>6 0<l<(k—6)/2

Wez)y=) " Y (logn) ().

k>3 0<{<(k—3)/2
A z)=) "k 3" (ogn) A 4(2),
k>3 0<t<(k—3)/2
where wH, i =1,2,3, and wk() depend only on wyr ¢, 3 <k’ <k, and Agr v, 3 <
k" <k — 3, where wk ¢ and Wy e) depend on wy ¢ and Agr g7, 3 < k', k" <k — 3, and
Ag’Z on wg ¢ and Agr gr with 3 < k' k" < k.
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Observe also that!!

wli,Z = (vk + A)wk,(z + €+ 1)wk,(+l + @i,ev

w/i,ﬁ = Z )Lkz,ez(Vkl wkl,el + (61 + l)wkl,el-f—l)
ky+ko=k, €1 +Lr=¢
+ > [(1 4 vk2)Aiy.t, + (L2 + DAy by 1] AWk, gy (420)
ki+ko=k,l1+l>=L
and
wi,e = vk wre + (€ + 1), wk ¢4+1 + wli,ﬁ’
Ty, = > My by (VK102 Wk, 0, 4+ (€1 + 1)0z Wk, 0, 4+1)- (4.21)

kit+ky=k, L1 +lr=¢L
In addition, one has'?
wg ¢(2) = 2202w ¢ + vk (vk + 1—220;)wye g
+ L+ D) @vk +1-220)wp g1+ E+ DE+Dwi 42+ Wiy, (422)
and
w) = vk(k + 1= 220)wiee + (€ + DQ@vk + 1= 220;)wie 041
+ (€ + D+ Dwpgra + B (4.23)

Now substituting expansions (4.2) and (4.18) into (4.12) and (4.19), we deduce the
following recurrent system for (Wg ¢, Ak ¢)k>3, 0<t<t(k):

{fkwk,e = Fry, 0<{<{(k),

(1 + v Ak + €+ DAggsr = =(( + v wie + €+ Dwiert) .oy gz + 8kt
~ (4.24)
Here £}, is the operator

~ 6 6
Lr = (222 - 1)9* - (4zvk + Z)az + 20k(1 + vk) — = (4.25)

and the source term Fj ¢ can be divided into a linear part and a nonlinear part as follows:

Fre= Fiy + FY. (4.26)

1 With the convention all along this section that Ay =0and wg g =0if k <3 or >
[ =3)/2). /

120ne can give explicit expressions for ID]%’ , and ﬁ](f ) of the same type as for ,i’ ,and wg, o
but for simplicity, we will not specify them.
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where

FiYy = =2(2vk + (€ + Dwg g1+ 42(€ + (Wi gg1)z — 2(€ + DL + 2)wpe g2,
4.27)
and F,?l[ depends only on wy/ ¢ and Ay gn, for 3 < k', k" < k — 3. Similarly, the coef-
ficients 8k, depend only on the values of the functions wg/ ¢ at z = 1/ V2 and the
coefficients Ag» g for 3 < k', k" <k —3 (F,?}Z and g ¢ are identically null if k < 6
orl > (k—6)/2).
In other words, for any integer k > 3 the functions (wg ¢)o<e<t(k) satisty

ScWe = 7 (4.28)

where $; denotes the matrix operator

i Ac(0)+B(0,2)0- €(0) o ..
0 Lk Ar()+8(1,2)d: €1) 0
. 0 Ex e 0
Lx
fk Ak(e(k)*l)JF;éé(((k)*l,Z)az
Zx
with

Ar(f) = —2Qvk + 1)L + 1),
B,z) =4z + 1),
() = —2(L + 1)(€ +2),

and 1
n
Wk,0 Fk,o
We=| wee |- F=| FY
1
Wk (k) Feleqe

Let us emphasize that we do not subject the above system to any Cauchy data as was
the case for the system (3.5) corresponding to the inner region. In order to get a unique
solution to (4.24), we shall take into account the matching conditions coming from the
inner region: we require that

we(z) = 3 ckillogz)®zf  asz 0. (4.29)

0<a<(k—3)/2—¢
B=1—k+2(a+¢)

where cﬁé = ci’f; (A) are given by (4.15).
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In view of (4.12), one can write F ,?le explicitly as follows:
nl __ pnlLl nl,2 nl,3 nl,4
Fk,e = Fk,e + Fk,l + Fk,Z + Fk,e , (4.30)
where
nl,1 __ ~(2,)
Fk,l = _2wk,2 , 4.31)
1 1 ,
nl,2 __ M 2.
Fk,e - Z 6(wj1,@1)2(;(w1'2,52)2 + Z_zwjzlz) - z(wjl,fl)zwjz,ﬁz
J1+j2=k
Li+Lr=¢L
2wt , w? © oy 2 432
+ Z wj],elez,ez - ;w./hzl Wjp,dss ( . )
J1+iz2=k
1+Lr=L
nl,3 _ 1 3 @)
Fk,i - Z 2wj1 41 Whs b (Wjs3)z = (Wjr,61)z (W 0)z Wis.t5
J1tj2+j3=k
L1+l +HE3=L
1 1
+3 Z ((wll ,Kl)z(wjz,ﬁz)z - wj],elez,fz)
AR
1 2 3= II) W
X( 132,53 + ( 13,53)2)’ (4.33)
z z
nl,4 __ 0
Foi == 2 A W) (4.34)
J1t+j2=k
Li+Lr=¢L
For our purpose, it will be useful to point out that, according to (4.14),
1 _ oLl ~nl,2 ~nl,3
Fo=Fep T B+ (4.35)
where
~nllo ~2
Fk,K = —2Wjc ¢, (4.36)
~ 1 1
nl,2 __ v 2
Fk,l - Z 6(w1'1,51)2(;(wj2,52)2 + Z_zwjzlz) _2(wj1,£1)2wj2,62
J1t+j2=k
Li+Lr=¢L
! (] 6 o b, 437
+ Z w.illl(wjz,ﬁz)z - Z_3w11,51wJ2,52’ (4.37)
J1+j2=k

L1+La=L
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~nl,3 ’ . .
Fk,[ - Z (wjl,zl)z(wj2,22)zwj3,e3 + wjl,elez,EZ(wj&l?;)ZZ
tj2t+j3=k
L1+l +HL3=L
1 1
+2 Z wjl,fl(wjz,fz)Z(sz,h)Z
J1t+i2tjz=k
L+l +E3=L
W), (W)s,05)2
1 1 J3,43 J3,L3
3 Z ((wj1.01)z(W).05)z — wjlllez,b)( 232 *+ 3Z ; )
J1+i2tjz=k
L1+l +E3=L

(4.38)

4.2. Analysis of the vector functions Wy,

4.2.1. Study of the linear system Sg. In order to determine successively wg ¢ and Ag g,
let us start by investigating the homogeneous equation

Sk X =0. (4.39)
We will prove the following lemma:

Lemma d.1. For j in{0,...,(k)}, define (£} )o<e<eqx) by

11/ 2 £ |00
/24270 — | , (4.40)

FEEE) = (Q) (log[1/¥2 £ z|)/
=0 forj+1<e<tk),
where a(v, k) = vk + 4, and denote

jok
Tio

. it
fkj’i = fkéj

0
The vector functions ( fk] ’i)OS j<t(k) constitute a basis of solutions to the homogeneous
equation (4.39) on the intervals 10, 1/~/2[ and ]1/~/2, 0o].
Proof. Consider the linearization of (1.8) around p:

2vs — lpv =0, (4.41)
where

i 1
_ 92 P
Iy = 8p + 6(? + /?) (4.42)
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Writing
v(t,p) =tw(t,z) with z = p/t,

we clearly get, with the notation (4.11),
Lw =0.
Observe also that (4.41) is equivalent to
2(0*0)i = (P*v)pp = 0. (4.43)
Set

1/ N2 £ z|2 R
G(t.z) = t"** (logt + log|1/v2 + Z|)]|/\/_—32|.
z

Since

G(t,z) = (logt/~2 £ p|)’

t/V2 £ p*P  F(t/V2 % p])
o3 p?
for some function F, we infer that L(t~!G) = 0. This implies that
N1/8/2 £ 2200
L(z"k(logt +log|1/+/2 + z|)’ |/\/_—32|) =0.
z

Since

1/82 £ z|200)
t”k(logt+10g|l/ﬁiz|)fw——32|
z

J
=183 ogt) £l (2). (444
£=0
we obtain the result, recalling that
i . .
L(t"k ) (log )" fkff(z)) —0 — S f)F =0 -
=0

Remark 4.1. Note that in view of the above lemma, the homogeneous equation £ xf =0
has the following basis of solutions:

, (1/v/2 + )20
feo @) = ] :
e z a(vk) 4.45)
fO,—(Z) — |1/ 2_Z| ’
k,0 23 .

Before concluding this section, let us collect some useful properties of the basis
& .
(f{")o=j=tw) given above.
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Lemma 4.2. With the above notations, the following asymptotic expansions hold:

[vk +A]f F(2) (L + nf £+1(Z) = 7%k Z Z yll,ia(logz)"‘z_p asz — oo,

0<a<j—{peN
(4.46)

[2285 + vk(vk +1—-2z0 )]f (Z) + (ﬁ + 1) [2vk +1— 2232]fk £+1(Z)
+(€+1)(ﬁ+2)fk[+2(z)—z Z Zypa(logz)“z P asz — oo,

0<a<j—{ peN

4.47)
for any integer k > 3 and any j,€ in {0, ..., L(k)}, for some constants )/Zf’a and )71],"“.

Proof. In view of (4.44), for large p we have

a(v,k)
(log(p £ l‘/\/i))’ %

J
="K og ) £ (p/ ). (4.48)

£=0

Therefore taking the derivative of the above identity with respect to ¢, we deduce that
o + t/\/i)a(u,k)—l
03
+a(v.k)(log(p % 1/72))!

% (j(log(p SNk

(p +1//2)2 01
P> )

J
= "% Y (log ) ((vk + M 7 + €+ DA D0/n). (449
{=0

Performing the change of variables z = p/t, we infer that

lvk (Zi]/ﬁ)a(v,k)—l
V2 z3

(j(logt+log(z£1/+/2))’ " +a(v, k) (logt +log(z +1/v/2))7)

J
= " Y (o (k + M) fIE + €+ DfIE )@, @50
{=0

which concludes the proof of (4.46).
Along the same lines, taking the derivative with respect to ¢ of (4.49) ensures (4.47),
which ends the proof of the lemma. ]

4.2.2. Study of the functions wy g. The goal of this subsection is to prove by induction
that the system (4.24) has a solution satisfying the matching conditions (4.29).
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For this purpose, let us start with the following useful lemma, which stems from stan-
dard techniques of ordinary differential equations. For the sake of completeness and the
convenience of the reader, we outline its proof in Appendix D.

Lemma 4.3. With the above notations, " the following properties hold:
e For any function g in €°(RY), the equation fkf = g admits a unique solution f

in €®(R*) satisfying f(1/+/2) = 0.
e For any function h in €*(]0,1/~/2]), any y > 0, and any integer q, the equation
Licf(2) = (1/¥2 = 2)" (log(1/~2 = 2))h(2) (4.51)
has a unique solution f of the form

f() = 1/V2=2)""" 3" (log(1/v/2—2) hy(2),

0<t=<q

where for all 0 < £ < g, the function hy is in €%°(]0, 1/+/2]), provided that the expo-
nent y satisfies
vk +4—y ¢ N*, (4.52)

e Let g be a function in € (|0, 1/~/2[) with an asymptotic expansion at 0 of the form
g(2) = (log2)* | gpzP~2,
B=PBo

for some integers g, Bo, then any solution f of the equation
Lf=¢g (4.53)
elongs to , and has for z close to 0 an asymptotic expansion
belongs t0 € (10, 1/~/2[) and has for z cl 0 ymptotic expansi
f@ =3 fopzf+ D Y fupllogz)*z?
B>-3 l<a=<wao B>Po
when By > —1, and
f@= > s+ Y D fupllogn)*zh
B=min(Bo,—3) l=a=ao B>

+ ). fuprrplogz)®tiZh,
B=max(Bo,—3)

when By < —2.

13 Again with the convention that the sum is null if it is over an empty set.
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o Ifg € €2(]1/~/2,00[) has at infinity an asymptotic expansion
g@) = Y Y fupllogz)®z4?
0<a<ag peN
for some real A < vk and some integer oy, then the equation
fif=¢ (4.54)
has a unique solution f in €®(]1/~/2, oo[) such that
f(z) = Z Z f;’fp(]ogz)"‘zA_p as z — oo.
0<a<ap peN

The key result of this subsection is the following proposition:

Proposition 4.1. With the above notations, the following properties hold:

(1) (Existence) The system (4.24) a solution (W ¢, Ak, ¢)k>3,0<t<e(k) such that for any
integer k > 3 and any £ € {0, ..., L(k)}, the function wi ¢ belongs to elev.h] RL)N
€®(R%\ {1/+/2}) and has the form'*

wie(2) = a; 5 (2)
+ /N2t B () og(1/V2 = 2) X10.1/v3)(2)

O<a<(k—3)/2—L

Y B /NI P log(1/V2 = 2) g0 a2
055?565—166)_/32—‘5

(4.55)
where
@ 1 forz <1/2,
Z) =
0.1/ 0 forz>1/2.
In addition, the following asymptotics hold:
Wi (2) = Z di’é (logz)*z?  asz —0, (4.56)
0<a<(k—3)/2—¢
B>1—k+2(a+L)
with "y y
do) - = 0 L0, dy/ 3 = 0 L0, (4.57)

where cg,’f; (L) are the coefficients introduced in (4.15).

14Here and below, the notation "€ means that the corresponding function belongs to ‘€°°(R ).
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Moreover, for z > 1/«/5, Wk ¢ can be split as
wi e (2) = Wiy + wy, (4.58)

where the nonlinear part w}gl(Z is null if k < 6 or £ > (k —6)/2, and in all other
cases, as z — oo, it has an asymptotic expansion

5kl _
w,ﬂl’e (z) = Z da,ﬂ,p(log Z)O‘Zﬁ“'H p
3<B<k-3
0<a<(k—6)/2—L, peN
4 vk > dyy (logz)*z ™7 (4.59)

0<a<(k—3)/2—¢, p=2

. Tk L . lin .
with some constants d(x,ﬂ,p’ and the linear part wy"y is given by

i i+ it o~ )~
wih @) = Y T e (4.60)
0<j=<t(k)
with some constants ai’i. Here fk"’ﬂE = (fk];’zi)osjsl(k) are the solutions of the
homogeneous equation (4.39) defined in Lemma 4.1.
(2) (Uniqueness) Let (Ag ¢)k>3,0<t<t(k) be fixed, and let (w2,£)35k5M,05gsg(k) and
(w,ix)xkﬁM, o0<t<t(k) be two solutions of

Lrwre = Fro(iiw), 3<k <M, (4.61)

defined and € in a neighborhood of 0, with wéyl = 0fori € {0, 1}, and which have
an asymptotic expansion of the form (4.56) as z tends to 0O:

wh o (2) = 3 d;‘;;"' (log 2)*z5.
0<a<(k—3)/2—L
B=1—k~+2(a+4)

If
dyty = dgty,  dyty =dgty, (4.62)

then wge = w,ie forall3 <k <M andall0 < { < £(k).
Similarly, lf(w/(c),e)SsksM,Oslsl(k) and (w]l,l)35kSM,OSfo(k) are two solutions

of (4.61) defined and €°° around + oo, with wg’l = 0fori €{0, 1}, and which satisfy,
as z tends to infinity,

i JR SIS U Sy -
Wy ¢ = Z o e o

0<j=t(k)
D
3<f<k-3
0<a<(k—6)/2—L, peN
Tk,,i —
+ ZVkH1 > dy (logz)*z 77, (4.63)

0<a=(k—6)/2—¢, p=2
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then
a0 = ol V3<k<Mand0 < j < (k) (4.64)

implies that
wpy =wy, forall3<k <M andall0 < { < (k).

Remark 4.2. By Lemma 4.1 and formulae (4.59) and (4.60), the functions wg ¢ have an
asymptotic expansion

Wi ,e(2) = > Wk ¢ .p,p(log 2)* 2P +1 7P

3<B<k-3
0<a<(k—6)/2—t, peN

+ kvl Z Wi t.0,p(logz)*z7?  asz — oo, (4.65)
0<a<(k—3)/2—¢
PEN

for some constants wk ¢,¢,8,p and Wi ¢ o, p-

Proof of Proposition 4.1. Let us start with the existence part of the proposition, and first
consider the indices k = 3,4 and 5.

In view of the computations carried out in §4.1 (see (4.16)), we have in this
case ws,; = 0 and

Lrwro =0, k=345 (4.66)
In view of Remark 4.1, this implies that for k = 3,4, 5,

Wo = af . fio () +af_fiy (2) forz <1/v2, 467)
’ 0+fk0+(z) forz > 1//2,
where ag, L= —ag’ and where { fk 0 fk o  denotes the basis of solutions associated to

the operator £ k given by (4.45). The coefficients ao, . are determined by (4.57):

2(3v + 4)(1/f)3v+3ag L= cg 02,
(1/2)"**(ag 4 + a5 ) = co %5 (4.68)
vk +8)(1/V2)* 3@k, —ak ) =c§%. k=4.5

Clearly the functions wy o, k = 3, 4, 5, satisfy properties (4.55)—(4.60).

Let us now consider the general case of any index k > 6. To this end, we shall proceed
by induction, assuming that, for any integer 3 < j <k —landall0 < <{(j), (wj ¢, Aj¢)
satisfies the conclusion of part (1) of Proposition 4.1.

The first step consists in establishing the following lemma:
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Lemma 4.4. Assume that (wj ¢, A; ¢)o<e<e(j) is a solution of the system (4.24) with 3 <
Jj <k — 1 which satisfies (4.55), (4.56), (4.58), (4.59) and (4.60). Then

Fl(2) = £5)
+ (/2= N A (@) log(1/V2 = 2)% X013 (2)

0<a<(k—6)/2—¢

+ Y St a@/N2= )P 0g(1/V2 = 2)* 1301/ y2 (2),
3<B<k-3
0<a<(k—6)/2—L (4.69)

and has the following asymptotic expansions:

Fly(z) = > frtaplogz)®zP=2 asz -0, (4.70)
0<a<(k—6)/2—¢
B>1—k+2(ax+£)

Fly(z) = 27! > Jxtap(logz)*z7?
0<a<(k—6)/2—L, peN
+ Z fk,g,a,ﬂ,p(log )2z gz o0, (471)
3<f<k—3

0<a<(k—6)/2—L, peN

where the coefficients ];];’({,a’ﬁ (resp. fAk’g,a, p and fAk’g’a’ﬂ’ p) are uniquely determined in
terms of the coefficients d é fl (resp. wzé p) involved in (4.56) (resp. (4.65)).

Proof. Let us first address the behavior of F “l near z = 0 and at infinity. To establish
(4.70) and (4.71), we will use formulae 4. 35) (4.38), combining them with the corre-
sponding asymptotics of w!l i / o wk o w2 w; e and W 74> which we start to describe now.

Consider IE}Z. It follows from (4.20) that if w;¢,3 < j < k — 1, satisty (4.56) and
(4.65), then forany 6 < j <k + 2, ﬁ} ¢ has the following asymptotic expansions:

ﬁ?}’ﬁ(z) = Z w; ( o ﬂ(log 2)%z8 asz —0, (4.72)

0<a<(j—6)/2—L
B=4—j+2(a+b)

~ ~1, -

W} (2) = Z B s 008 2% as 7 s 0. (4.73)
0<a<(j—6)/2—L
3<B=<j-3,p20

Combining (4.20) with (4.56) and (4.72), one can easily check that w} , has the same
asymptotic form as wj ¢ as z tends to 0: '

wl(z) = > w; M p(logz)*z A, (4.74)
O<a=(j—3)/2—¢
B=1—j+2(a+L)
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Furthermore, invoking (4.20), (4.58), (4.59), (4.60), (4.73) and taking into account (4.46),
one obtains, as z — 00,

@ =" ), ,(ee) s
0<a<(j—3)/2—L
peN
+ > w};;;’ 5., (10g 7)%zvB+1-p (4.75)
0<a<(j—6)/2—¢
3<B<j-3,peN
for any integer 3 < j <k-1
The function @? ¢ can be analyzed along the same lines as ! .- In particular, using
the definition (4. 22) one can show that under the assumptlons of Lemma 4.4, for any
6<j<k+2 wJ behaves in the same way as w] when z — 0 and z — o0:

{17,2,4(2) = Z ﬁi’(oﬂ,ﬁ (logz)¥z? asz —0, (4.76)
0<a<(j—6)/2—¢
B=4—j+2(a+L)
7,(2) = > @7 5,(10g2)* 2P 1P as 2 — oo, (4.77)
0<a=(j—6)/2—L
3<B<j-3,p>0
Combining (4.22) with (4.56), (4.58)—(4.60), (4.76) and (4.77), and taking into account
(4.47), we deduce, as we have done for w} ;> that w} ; has the same form as wj, w} ‘
asz — 0:
2,0
w}(2) = > wiy, pogz)*z?, (4.78)

0<a=<(j—3)/2—¢
B=1—j+2(a+0)

and as z — oo,

2 jv—1
w;,(z) =277 Z wJ e .j.p10g 2)%z7P
0<a<(j—3)/2—¢
peN
+ Yoo wive s ,(logz)¥hrITL, (4.79)

0=a=<(j—6)/2-L
3<B=<j-3,peN
forall3 <j <k —1.
Next we address w; ¢. Writing

v —1_1—
e = > d =D TP ), g, (4.80)
p=1 14t jp=J
U+t b=t
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it is easy to check that if w; ¢, 3 < j < k — 1, satisfy (4.56) and (4.65), then the same is
true for w; ¢, 3 < j <k —1:

Wje(z) = Z li)?,eya’ﬂ (logz)*z? asz — 0, (4.81)
0<a<(j—3)/2-¢
B=1—j+2(a+4)
W(z) = 2/"*! Z W7 .a.j,p(0g2)* 27"
0<a<(j—3)/2—¢
peN

+ > W9 4 g, p(logz)?z PP (4.82)
0<a=<(j—6)/2—L
3<B<j-3,peN
as z — oo. Combining (4.30)—(4.34) with (4.74)-(4.79), (4.81) and (4.82), we obtain
(4.70) and (4.71).
To end the proof of the lemma, it remains to establish (4.69). To this end, we will use
the representations (4. %O) (4.34).
Let us start with F™ k. ! defined by (4.31). It stems from the definition of @' e given
by (4.23) that forany 6 < j <k + 2, w(z{ ) has the form

fE@+ Y (/V2=2)P" P log(1/V2 = 2))*hy % (D) 130.1) v2 (2)
0<¢3:5<16;/32 L
(4.83)

which means that (4.69) holds for F ,? 121

nl,i

We next consider F; K i = 2,3, defined by (4.32) and (4.33) respectively. In view of
(4.20) and (4.21), we deduce that W wl ‘ and w wJ have the form (4.83) forany 6 < j <k 4+ 2,
and therefore the functions w} ¢, and w; ¢ can be written in the following way:

SR+ /2= 3 (log(1/v2 = 2)* B (D) )01y (2)

0<a<(j—3)/2—L

+ Z (1/v2 = 2)P"* 3 (log(1/v2 — z))“hﬁ,a’ﬂ (2 X10,1/y2(2)-  (4.84)

3<B<j-3
0<a=<(j—6)/2—¢

Similarly, by (4.23) the same is true for w(2 ) . Finally using (4.80), one can easily check
that the functions w; ¢, 3 < j <k —1, are of the form (4.55), which can be viewed as a
particular case of (4.84).

Since all the functions involved in (4.32) and (4.33) have the form (4.84), one easily

deduces that F,j‘;, i = 2,3, satisfy (4.69).
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Now consider F ,?lf given by (4.34). It follows from the definition of Ay (see (4.10))
that, for all 3 < j < k — 1, the function A;’ ‘ admits a representation of the same form
as wj g

AY(2) = A7)
+ (1/4/2 = z)/v T4 > (og(1/vV2=2)* AT (D019 (2)
0<a<(j—3)/2—¢

+ » (1/vV2 = )P log(1/V2 = 2)* AT5 |, 1) X10.1/v3) (2)-
3<B=<j-3
0<a=(j—6)/2—¢ (4.85)

Furthermore, by the required condition (4.19), the functions A;) o 3 <j <k —1, vanish

onz=1/v2:
(A;{E)lm/ﬁ =0, (4.86)

which together with (4.34), (4.55) and (4.85) gives (4.69) for F,:lf. [

The second step in the proof of Proposition 4.1 relies on the following lemma:

Lemma 4.5. For k > 6, consider the nonhomogeneous equation
SeX = F, (4.87)

where Sy is defined by (4.28) and ?,fl = (F;?lg)oﬁsak)- Then the following properties
hold:

(1) The system (4.87) has a unique solution X0 = (Xo,0)o<t<tk) such that Xy ¢ = 0 for
any integer £1(k) < £ < L(k), where £1(k) = [(k — 6)/2], and such that if £ < £1(k),
then Xo ¢ belongs to €RFV+H(R* ) N €®(R* \ {1/+/2}) and has the form

Xor() = X22(2)
+(1/V2=)F T Y (log(1/V2-2)" Xgh () 0.1/31 ()
0<a<(k—6)/2—¢

+ Y (V2P log(1/V2—2)* X 4 o (D 1101/ v (2

3<B<k-3
0<a<(k—6)/2—L

Xo(1/4/2) = 0.

). (488)

Moreover; it has an asymptotic expansion of the form (4.56) as z — 0:

Xou(z) = > Xo.t.a.p(ogz)%z5. (4.89)

0<a<(k—4)/2—¢
B>1—k+2(a+b)
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(2) The system (4.87) has a unique solution X' = (X1,0)0<t<t(k) such that X, 4 =0
for any integer £1(k) < £ < {(k), and such that if £ < £,(k), then X, 4 belongs to
€ (]1/+/2, 00[) and has the following asymptotic behavior as z — oo:

X1,(2) = k1 Z X1 4,0,p(logz)*z7?
0<a<(k—6)/2—¢, peN
+ > X1,0.0,8,p(logz)*z P17, (4.90)
3<B<k-3

0<a<(k—6)/2—L, peN
Proof. We use induction on £. Since for any integer k > 6, we have
F,?"( =0, {Li(k) <l =<{L(k),
we get
Xoe=0, Vii(k) <t =<L(k).
Consider now 5
LiXot, k) = Fi'e, i) 4.91)

Invoking formulae (4.69), (4.70) together with Lemma 4.3, we easily check that the above
equation has a unique solution X ¢, (k) that satisfies (4.88) and has an asymptotic expan-
sion of the form (4.89) for z close to 0.

Let us assume now that for any integer £ < g < £;(k), the equation

£iXog = Frq
has a unique solution X , satisfying (4.88) and (4.89). Then by (4.27), we find that
Fly(2) = Fj(2)
+ (1/v2 = z)kvts > (log(1/V2 = 2)* FiS (D) X103 (2)

0<a<(k—6)/2—L—1
+ Do (V2= og(1/V2 = 2)* B, 5 1501/ v2 (2)-

3<f<k-3
O<a<(k—6)/2—{—1

4.92)
and behaves as follows as z — 0:

i@ = ) Frapllog)™z? 2, (4.93)
O0<a<(k—6)/2—L
B>5—k+2(a+L)
which implies that Fi ¢ = F;", + F}", satisfies (4.69) and (4.70).

Therefore taking into account Lemma 4.3, we infer that the equation fk Xoe = Fry
has a unique solution Xy ¢ that satisfies (4.88) and (4.89).
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The proof of the second part of the lemma is also by induction on £. First taking into
account Lemma 4.3 together with (4.71), we infer that the equation

~ 1
L X0 = Flo,mo

has a unique solution Xy ¢, k) € €>°(]1/ V2, o0[) of the form (4.90). Then assuming that
for any integer £ < g < £(k), the equation

LiX1q = Fry

has a unique solution X 4 satisfying (4.90), we deduce that F ,i”k defined by (4.27) has an
expansion of the following form at infinity:

Flii,[;i(z) = Z ﬁk,(,a,ﬂ,p(bg Z)azﬂv+1—p
3<B<k-3
0<a<(k—6)/2—{—1, peN
_ Ak, _
+ kvt > ity 1022)%2 77 (4.94)
O<a<(k—6)/2—(—1
peN

Since Fy ¢ = Flg% + F];ﬂ(,
tion kaLg = Fy ¢ has a unique solution X; ¢ in ©%°(]1/4/2, 00[) with an asymptotic

expansion of the form (4.90) as z — oo. This completes the proof of the lemma. ]

it follows from (4.71), (4.94) and Lemma 4.3 that the equa-

We now return to the proof of Proposition 4.1. Taking advantage of Lemma 4.5(1),
we get Wi =: (Wk,¢)o<e<(k—3)/2 by setting

X° + Z (“.ﬁ+fkj’+ +a;€,7fk.’_) forz < 1/+/2,

W, = 0=/=t) (4.95)

X0+ Z af-,Jkaj’Jr forz>1/\/§,

0=/ =<t(k)

where ( fkj ,i)()s j<t(k) is the basis of solutions of §x X = 0 introduced in Lemma 4.1,
X0 is given by Lemma 4.5(1), and in view of (4.15), the coefficients aﬁ . are determined
by the following relations:

Wk k k.t
Xo,e0-3 + Z Miol@j 4 +aj ) = ¢y 3,
L<j=<t(k)
Jl ; k k kL (496)
Xo,e,0-2 + Z Mg (aj 4 —aj ) =gy,
L<j<t(k)

with Xo,¢,0,—3, Xo,¢,0,—2 and c§,’f3, cg”fz given by (4.89) and (4.15) respectively,'> and
with /Li’f) and /,Liel defined by

.4 Jit
i+ Feo | M 1
fk,( (Z) = 2—3 —+ Z—2 + (9 2 as z — 0 (497)

1With the convention that Xo ¢ 9 g = 0if £ > £1(k) and ¢’ 5 = 0if £ = (k —3)/2.
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By of (4.40), we easily deduce that
ull = (1/42)0 ">( )(loga/«f )yt

it —4 ,z
wpy = f(a(v k) — lg(\/—))

(4.98)

By Lemma 4.5(2),

We=X"+ > (@S +alT KD,
0<j=<l(k)

with some coefficients a,’c’i, which concludes the proof of the first part of Proposition 4.1.

In order to establish part (2), we again proceed by induction. First, let us investigate
the uniqueness of solutions to (4.61) near 0, and consider the indices k = 3,4 and 5. By
the computations carried out in §4.1 (see (4.16)), we have in this case w,’;,l = 0 and

~ i _
kak,o = O,

which implies that _
ik(wg’o — w,i’o) = 0.
Invoking Remark 4.1 together with assumption (4.62), we easily gather that w) ; = wy ,
in a neighborhood of 0, for k = 3,4 and 5.
Let us assume now that under assumption (4.62), w,?’l = wi,e forall3<k <ko—1<
M — 1 and all 0 < £ < {(k). Since F,;‘('),E(/\; w) depends only on wj¢, j < ko — 3, this
ensures that

Sko(Wp, — Wi ) =0, (4.99)
where ]
w;co,o
Wi = A (4.100)
wi
ko,£(ko)

In order to prove that WO = 'W1 , we shall proceed by induction on £ starting from £ (k).
Taking into account (4. 28) together with (4.101), we infer that

> 0 1 _
Lo Wk ko) ~ ko t(ko)) =0

Thanks to Lemma 4.1 and (4.62), this implies that

0 _ 1
Wo,tko) = Wko,t(ko)*
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Assume now that wgo = w,io J for any integer £ < g < {(ko). Then, in view of the
definition of g,

sz (wgo,f - wlio,ﬁ) = 0
which, due to Lemma 4.1 and (4.62), easily ensures that wgo (=W 110 ¢~ This completes
the proof of the uniqueness of solutions to (4.61) near 0.
Second, let us investigate the uniqueness of solutions to (4.61) near +oc0. Again, we
shall proceed by induction starting with the indices k = 3, 4 and 5. In this case, we have
fk wIic,O = 0,

and the conclusion follows easily from (4.64). Now, assuming that under assumption
(4.64), the uniqueness holds for any index k < kg — 1 < M — 1, let us consider the
index ko. Again, by the induction assumption, we have Sg, (W — "W,io) = 0. This gives
the result thanks to Lemma 4.1 and condition (4.64), which ends the proof of the propo-
sition.

Remark 4.3. It is important to note that by the uniqueness established above,

dyg =cig().  Vk.La.B. (4.101)

4.3. Estimate of the approximate solution in the self-similar region

With the above notations, for any integer N > 3 set

t”'H
V@, ) =y + 2™ @) tw V) (,, y )

™
AR (4.102)
u® +11/(N) p
) =V (1)
with
N L(k)
WM, z) =Y 1 Z(logt) wie ¢ (2),
k=3 =0 (4.103)
N L(k)
AM () = z(l +> Zlk,gtw{(logt)e).
k=3{=0

The purpose of this subsection is first to estimate the radial function VSEN) defined by
(4.102) in the self-similar region

Qu = {Y e R*: 117V/10 < |Y| < 101727V, (4.104)

and second to study, for N sufficiently large, the remainder term.
Combining (4.15) with Lemma 4.1, we first get the following lemma:
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Lemma 4.6. There exist a positive constant C and a small positive time T = T (N) such
that forall0 <t < T,

[V VI (@) = Q) lLee(an)
< C[30=D) 4 0= V|| <3044, (4.105)

”()ﬁ VQ(VSEN)(Z‘, ')_Q)”LOO(Q;S)f C[I2v+2(v_el)+[(v_€1)(N+1) +tv+1+(3v—1)(1—52)]’
VB <|a|—2and1 < |a| <3v+4.  (4.106)

In addition,

||3tVS£N)(ta ')||L°°(st) < Ct—z—v[t1+v+2(v—el) + t(1+31))(1—€2)]’ (4.107)
[V¥a, VAV (1, )| oo @y < Ct7 1300 43072 v | < || < 3v + 3.
(4.108)

. . .16 (N .
Moreover, for any multi-index a with |o| < 3v + 3, the function' Vsi’l)(t, y) =

@u)(t, p) satisfies

N — _
1BV (2, Yooy < CrV P07 412007 W < ja| -1,

ss, 1
(VYD (1, ) ooy < CIEP 720 4 13 0-)), (4.109)
18 VIV (1, ) lpoo(yy < Co1 20726 4 -], (4.110)

Finally, for any multi-index o of length |o| < 3v + 2 and any integer f < |«|, we have

”(_)ﬂvaV(N)(t’ ')”L°°(SZSS) < C[l2v+2(v_€1) + tv+1+(3v—1)(1—62)], 4.111)

$s,2
where V3D (1, y) = 1 @2ul) (. p).
In the spirit of Lemma 3.3, we also have the following result.
Lemma4.7. Forall0 <t <T,
||Va(VS§N)(l‘, ')_Q)”Lz(ﬂsg) < C[tvlal—él(la\—2)+t(v—€1)(N+\a|—3)+tV|a|—62(3V+3—|a|)]’
V1<|o|<3v+4+1/2, (4.112)
N
IV I 2
< croleHD—elal 4 ymaGri2=lal] - v < |o| <30 4+3+1/2,  (4.113)
N
VeI 2.

< CprlelFp=ealel L meGrii-lad (4 3v=20)y) - v < |o| < 3v4+241/2.
(4.114)

16We recall that p = y¢+1.
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Let us now consider the remainder
N . N
KW, y) = (33NN, y).

Clearly,

) tv+1 =) tv+1
R%) = 313y %5 (47 7 )

where 5
RM(t,2) = [ W1, 2).

By construction,
RW.z)= D 1" ogn)rie(z) with ree(z) = Fy (WM AW,
k>N+1
t=(k—6)/2
In view of the computations carried out in Section 4.1, we have

() =rs )+ (/Y220 N HE () (log(1/V2-2)" X101 /v3 ()

0<a<(k—6)/2—L

- » Metap @A/ V2= )P 2 log(1/V2 = 2)* 301/ g5 (2).  (4.115)
3<B<k-3
0<a<(k—6)/2—¢

Furthermore, as z — 0 and as z — oo, ry ¢ satisfies (4.70) and (4.71) respectively.
As a direct consequence of these properties, we obtain the following lemma:

Lemma 4.8. There exist a small positive time T = T(N) and a positive constant Cy
such that forall0 <t < T,

||()3/2$(N)(t )”HKO(Q ) < CN[l(v—el)(N—3/2) + tv(l—ez)(N+1)—%(v+l)] (4 116)
ss ’ o) = s .
where Ko = [3v + 5/2].

Let us end this section by investigating Vir(lN) — ngN) in the intersection of the inner
and self-similar regions,

QinN Qs ={Y eR*:17Y/10 < |Y| <177},

In view of (4.15), (4.55) and Remark 4.3, for any multi-index « and any integer m we
have
|ag8;n(VH(lN) . VSEN))(I7 y)‘ < t2v(N+1)—my2N—|ot\ + t—my—N—lotl

if y € Qin N Qg and ¢ is sufficiently small, which leads to the following result:

Lemma 4.9. For any integer m and any multi-index «,

”Vaa;n(VH(IN) _ VSEN))(t’ ')”LOO(QinﬂQSS) < CN,a,ml_m+|a|(v_€1)(t2v+2N€1 + tN(v—el))
“4.117)
forall 0 <t <T =T(a¢,m,N).
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5. Approximate solution in the remote region

5.1. General scheme of construction of the approximate solution in the remote region

In the previous section, we have built, in the self-similar region, an approximate solu-

(N) (N)

tion ugs © which extends the approximation solution u,,"* constructed in Section 3 in the

inner region. Our goal here is to extend ugs ) to the Whole space.

Recall that the approximate solution ugs ) built in Section 4 has the form

N L(k)

u(tp) = p+ 20 Y 17y (ogn)’ w”(w;;(:))’

k=3 £=0

where £(k) = [(k — 3)/2], and where AN (¢) is given by (4.103).
To achieve our goal, let us start by introducing the function

N £(k)
™M p) =1y ") (logn) wily(p/1), (5.1)
k=3 £=0

where w"" denotes the linear part of the function wg ¢ given by (4.60).
The functlon u'™ V) solves the Cauchy problem

(202 — Lyu"™WN) =0,

Llin (V) =0 = ul(;n,(N), 5.2)

(3;14““’(N))\z=0 — l/tllin’(N),

where [, is defined by (4.42), and where

N L)
in,(N
g™ (o) = Y D" puf  p* T (log )",
k=3 (=0
N (k) (5.3)
11n N
Mp) =33k, o (log )",
k=3t=0
with
e = O‘k + O‘k ;
5.4

Milc,e = —((vk + 4)(a£’ O‘k )+ (€ + 1)(0/“ .+ a]l;—f—l,—)),

V2

i o+ being the coefficients arising in (4.60). Here we again use the convention that ae
=0if£+ 1> (k—3)/2

+1,+
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Indeed, combining (4.60) with (5.1), we infer that
L(k)

ulin,(N) (l, p) Z tvk—i-l Z(log l‘)[ Z ( f (p/l‘) + O[k f (p/t))

0=j=<(k—3)/2

Taking advantage of (4.44), this gives rise to

wm M p) = kN (oc,i’+(logt +log(p/t + 1/3/2)) = ﬁ3
k= 0<j<(k—3)/2 (£)
k+4
TRy

+ oz,]c"f(logt + log(p/t — l/ﬁ))J

)vk+4

N . _ (p + _t
=> (a,mog(p + z/ﬁ)v+

1™ (log(p — 1/v/2))/ (%)
0

which ensures the result.

Let now yo be a radial smooth cutoff function on R* equal to 1 on the unit ball
centered at the origin and vanishing outside the ball of radius 2 centered at the origin, and
consider, for a small positive real number &, the compactly supported functions

30(0) = 1sug” ™ (), ai(p) = 25" N (p), (5.5)

lin,(N lin,(N)

where u, ) and Uy are the functions defined by (5.3), and where ys(p) = yo(p/9).

Remark 5.1. Invoking (5.3) together with (5.5), we infer that there!” exists §o(N) > 0
such that for any 0 < § < §o(N) and any integer m < 3v + 2, the above functions go and
a1 belong respectively to the Sobolev spaces H™T1(R*) and H™(R*), and satisfy

83v—m+2 83v—m+2

||Q0||Hm+l(R4) <C and ||g1||Hm(R4) <C

We shall look for the solution in the remote region in the form
woult, ) = p+ go(p) + 181(p) + D * gk (p). (5.6)
k>2

To this end, we shall apply the lines of reasoning of Sections 3 and 4 and determine by
induction the functions gy, for £ > 2, making use of the fact that 1, is a formal solution
to the Cauchy problem

(1.8)uou = 0,

Uoutlt=0 = P + Go, (5.7

(0:uou)r=0 = G1-

7In what follows, the parameter 8o(N) may vary from line to line.
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For this purpose, we substitute (5.6) into (1.8), which by straightforward computations
leads to the recurrent relation

1
k(k —1)(2 +2(g0)p + (30)7)

where the source term J¢; has the form

ar = Hi(gj.j <k—-1), k=2, (5.8)

Hy = H + H2 + (5.9)
with
3 = lar—a, (5.10)
#P =-2 > kil —1—k2)ak, (6k,)p
k1+ko=k
k2>0
u g, | (8k,)
+6 Y. ( Gk 5 +(Qk1)p( > == p)), (5.11)
ki1+ky=k—2 p p p
K = X kb =000 @) + 200 0k2)s(0)s
ki1+ko+ks=k

g0 (2 + Bk
? P

— > kil = Dk, (8k)o(8k3)s

ki1+kr+kz=k
2<ki<k
(3k3)
+3 > (gkl)p(gkz)p( + =2 (5.12)
e+ k3 =k—2 p? p
where 1y, is given by
i = 1+u 5=tk (5.13)

k>0

Note that iy depends only on g, with k; < k.

5.2. Analysis of the functions gy

The aim of this section is to investigate the functions gz defined above by (5.8)—(5.12).
To this end, let us start by introducing the following definition.

Definition 5.1. Let A be the set of functions a in € (R?.) supported in {0 < p < 26},
where § is the positive parameter introduced in (5.5), and having for p < § an absolutely
convergent expansion

a) =) Y. aup”(logp). (5.14)

J=30<€=(j-3)/2
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Remark 5.2. The function space + given by Definition 5.1 is an algebra, and for any
function a in 4 and any integer m we have

0ma € p " A. (5.15)

Our aim now is to establish the following key result that describes the behavior of the
functions g

Lemma 5.1. There exists 8og(N) > 0 such that for any 0 < § < §o(N),
gk € plszA, Vk e N.

Proof. First note that in view of (5.3) and (5.5), go € ps and g; € 4 for any § > 0, and
there exists 8o (N) > 0 such that

1 1
_— A CA, ——A
1+ (1+ (g0)p)? 1+ gao/p

for any 0 < § < §p(N).

Let us now show that for any 0 < § < §o(N), gk € pl_kA for all k > 2. To this end,
we shall proceed by induction assuming that, for any integer j < k — 1, the function g;
belongs to p! =/ .

Recalling that

C A, (5.16)

v v
lov=v +6(—+—”),
o op 02 P

we infer, taking into account (5.15), that the function J(’,El) given by (5.10) belongs
to p' 7k A.
Since 11, is defined by

. u—=—p k~
i = g = i
p k>0

it readily follows from the induction assumption that 11; € o'/ Aforany j <k —1.
Combining the fact that 4 is an algebra with (5.15) and (5.16), we deduce that the
function J-’(’,Ez) defined by (5.11) belongs to p' =% .

Along the same lines, taking into account (5.11), we readily gather that # 153) epl kA,
This concludes the proof of the result thanks to (5.8), (5.9) and (5.16). [ ]

Remark 5.3. Combining Definition 5.1 with Lemma 5.1, we infer that for any integer k,
the function gz has an absolutely convergent expansion

sk =p"F>" > df, " (logp) (5.17)

J=30<t<(j—3)/2
for p < §, where

aly=uy aj,=pjif3<j <N, a),=a},=0ifj>N+1. (518
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5.3. Estimate of the approximate solution in the remote region

With the above notations, for any integer N > 3 set

N
N
uSs(t.p) = p+ Y *ai (o).
k=0

N — N
VN @, y) = 00U vy,

(5.19)

Invoking Lemma 5.1, and recalling that for any integer k the function gz is compactly
supported in {0 < p < 2§}, we infer that VO(L,IX) defined by (5.19) satisfies the following L*°
estimates in the remote region

Qo i ={Y eR*:y =|Y|>1727V)

Lemma 5.2. For any multi-index a, there exists §o(a, N) > 0 such that for any 0 < § <
So(a, N),

1V WV (1, ) = 0) Loy < Cat~¢FVE T, (5.20)
1 =1 (VS (1) = O)lLeou < Cub™. (5.21)
IEEVE VY () = Ollzee(@un < Cap (PO +17F1), VB < o] -2,
(5.22)
18: VI (1, ) | Loy < C10F283v+L (5.23)
out (Qou)
1YV N () oo @) < Cad™. (5.24)
1P VYN (1) oo @ < Cap@OFY 407, VB < fa| -1,
(5.25)
19 V) (1. ) | oo @y < 17167, (5.26)
1V ) Lo (@u) < Cap @ CFD 483717 VB < al,
(5.27)

forall0 <t < T withT =T (a,8, N), where

v @ yy = 0l ). V@ y) = T @2, p).

out, 1 out,2
Moreover, for any multi-index o with || > 1,
N _
1V, V. (1. )l ooy < Cat 183 (5.28)
forall0 <t <T.
Denote

Qx

out

= {x e R*: |x| > 172}, (5.29)
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Lemma 5.3. With the previous notations, for any 0 < § < §o(a, N)and all0 <t <T =
T(a,8,N),

N
“V;Cx (u(()ul)(tv ) - tv+l Q('/tv+1) - 90) HLZ(Q())(‘")
< Cot (1 4 t17DCvF27lely gy > 1, (5.30)
va(afugi\:)(h D — gz)”Lz(ng) < Cut(1+ t(l—ez)(3v+2—l—la\))’ V]| >0, (5.31)
forl =1,2.
Remark 5.4. Combining (5.19) with Lemma 5.3, we infer that satisfies, forall0 <7 < T,
N
VeV (0. = Dl 2@
< Ca[(\a|—3)(v+1)[83v+3—|a| + t(l—ez)(3v+3—|a|)], VlOl| > 1, (532)
N
IV Vg2 ) 2220
< Cat(\a|—3+€)(v+l)[831)+3—4—\01| + t(1—€2)(3v+3—¢—|06|)], V]| >0, (5.33)
forl =1,2.
Let us now consider the remainder
RN .= 33y, (5.34)
‘We have
N S(N S(N N
RGP y) =" TRED @0 y), where ROV (. y) = [(18)ul ). "1 y),
It follows readily from the proof of Lemma 5.1 that
~(N L o
“l . |3/2V;CIR(()u[)(ta ) ||L2(Q§m) S Ca,NtN 1-(1 62)(|a|+N 3v 7/2) (535)
for any || > 0 provided that N > 3v + 7/2, which leads to the following lemma:

Lemma 5.4. For any multi-index «,

_5
132V RN (1) 2y, < 12N 720D (5.36)

out) —

forall0 <t <T = T(a,§, N) provided that N > 3v + 7/2.

We next investigate VOE,JY) - ngN) in Qg N Q5. Assuming p < §, and rewriting ugﬁ)

in terms of the variable z = p/A®) (1), we get

u (. p) = 2™ (1)

N
D ST D S O

k=30<{<(k—3)/2 3<B<k-3
0<a<(k—6)/2—L, p>0
k+1 t -
+z" Z wl(;l,lé,a,p(logz)az p)]v

0=<a=(k—3)/2—L, p>0
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: H out out L :
with some coefficients w kb B Whitp that can be expressed explicitly in terms of the

coefficients A; ¢ with 3 < j < N,0 <{ < {(j) and of the constants a;‘( withk >0, j >3,
0 < ¢ < £(j), introduced in Remark 5.3.
In particular,

a+l
wfhan = (0 ) ahuse 537

forallk >3,£ < (k—3)/2, 0 <(k—=3)/2—4¢,p>0.
Combining (5.4), (5.18) with (5.37), we infer that

o+ it Ay -
Z " T el D)
0<j=<{(k)

- Z ZVkF1=P (Jog )W p T O(z"* 1 (log z)! 4

0<a=<(j—3)/2—¢
p=0,1

as z — 00, which by Proposition 4.1(2) (uniqueness near infinity) implies that

out _ out —
Wetapp = WkitaBpr  Wiyigp = Wkilqg,ps (5.38)

forany3 <k <N,0<{<{(k),0<a<(k—-6)/2—€,0<qg=<(k—-3)/2—-£,3<B<
k —3, p > 0, where wk ¢ o 8, p» Wk,£,q,p are the coefficients involved in (4.65).
As a direct consequence of (5.38), we obtain

Lemma 5.5. For any o € N* and any integer m,

N —m— _ _
1979 (Vo = V)@ ) oo @puna < TN et (med
(5.39)
forall0 <t <T =T(a,m,N).

6. Approximate solution in the whole space

Let ® be a radial function in D (R) satisfying
ow-fy 152
Set
V(. y) =00 V@) + @01 2) — eV . y)
+ (1= 00" )V (. ), ©6.1)
uM (1, p) = "IV (¢ o/,

Combining Lemmas 3.2, 4.6 and 5.2 with Lemmas 4.9 and 5.5, we infer that for N
sufficiently large there exists a positive parameter 8o (V) such that for any 0 < § < §o(N)
there exists a positive time 7 = T'(§, N) so that the approximate solution V) defined
by (6.1) satisfies the following L°° estimates:
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Lemma 6.1. The following estimates hold for V™), forall 0 <t < T:

VeV — 0) (1) ooy <870 VO <o <3V +4, 6.2)
IEEVEWV N = 0)(t, )| poogey = C1¥, V1< o <3v+4and B < |a| -2,
(6.3)
HV"‘L-V(V(N)—Q)(I ) <Ct', VO<|a|<3v+3 (6.4)
2 ’ - ’ - ’ '
¥ Lo®Y)

Moreover; the time derivative of VW) satisfies
||8tV(N)(l, ')”LOO(]R“) < Ct 2Vl (6.5)
VOOV @), vommay < Ct718%, V1< |a| <3v+3. (6.6)
L (R™)

In addition, for any multi-index a with |a| < 3v + 3, the function VI(N)(t, y) =
0:u™M)(t, p) and its time derivative satisfy

16V M o gy < €8 6.7)
1PV, ooy < C1¥. VB <ol — 1. (6.8)
10V (1) oo ety < 1716 6.9)

Finally, for any multi-index o with || < 3v + 2 and any integer § < |/,
N
(Y2 VeV, )(t,-)IILoo(R4) <Ct”, (6.10)

where Vz(N)(l, y) =" TL@2uM)(t, p).

Along the same lines, taking advantage of Lemmas 3.3, 4.7 and 5.3, we get the follow-
ing L2 estimates, as before for N sufficiently large, 0 < § < §o(N)and 0 <t < T'(§, N):

Lemma 6.2. Forany 1 < |a| < 3v + 3,
IV @™, ) =" O/ = o)l oty
<C@+ t(l—ez)(3v+3—\a|) + t3+5v—|a|(1+v))’ 6.11)
and for any 0 < || < 3v + 2,
||VOI(MSN)([’) _ Ql)||L2(R4) f C(t + t(l—ez)(3v+2—\a|) + t2+3v—|a\(1+v)). (612)
Moreover,
IVEVI (1) = Ol 2may < C12, V3v+3<|a|<3v+4+1/2,  (6.13)
L2(R™)
IV agey S CY. ¥3v+2<al <3v+3+1/2,  (6.14)
IV ) pagey < €12 Vv +1<le| <3v+2+1/2.  (6.15)
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Remark 6.1. Lemma 6.2 implies that
||Va(V(N)(Z, ) _ Q)||L2(R4) < C(Z2v + t(1+v)(|a|—3)83v+3—\a|)’
V1<|oe|<3v+4+4+1/2, (6.16)
IV ()| oy < € 1 EmDg3r2e),
VO<|a|<3v+3+1/2, (6.17)

and

t—0 2v
IV @™ @) =1 O/t ) — g0l gy —> 0. V1<l <3+ ——

v+ 1
IV @™ (1) = g0 o sy —> 0, VO<|al <2+ ﬁ
Finally, if we denote
RN = 33y W),
then invoking Lemmas 3.4, 4.8, 4.9, 5.4 and 5.5, we get the following result:
Lemma 6.3. There exist Ng € N and k > 0 such that
1R @) g xo sy < 1V (6.18)

forall N > Ny and 0 <t < T(8, N), where Ko = [3v + 5/2] was introduced in Lem-
ma 4.8.

Relabeling N, one can always assume that the approximate solutions V) are defined
and satisfy Lemmas 6.1-6.2 for any integer N > 1, and that (6.18) holds with x = 1 for
all N > 1.

7. Proof of the blow up result

7.1. Key estimates

The approximate solutions u™) constructed in the previous sections satisfy, for any inte-
ger N > 1,
(V™ —0).9u™) e €(o.T]. HFT (RY),

with'® some T = T(8, N) > 0. Furthermore, by (6.2) and (6.8), there are positive con-
stants cg and c; such that

uM(t,) > cor”*1, (7.1)
1+ |Vu™M P2 — @u™M)?) (1, > e, (7.2)

1811 what follows, § is assumed to be less than 8o (N), which may vary from line to line.
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for any integer N > 1, and all 7 in ]0, T']. This ensures that
@M., 0,u™M(,) € Xgy12. V2 €]0,T).

The goal of this subsection is to finish the proof of Theorem 1.2 by showing that for N
sufficiently large, the approximate solution ) can be completed to an exact solution u
to (1.8) that satisfies

16)>720: (= u™) @, ) g o1 @y + 12V = u™) @) g 2o-1 3
<tM?2  vielo,T], (13)

for some positive 7 = T'(§, N) and"” Ly = 2M + 1 with M = [K,/2]. Note that since
v > 1/2, we have M > 2, and thus Ly > 5.
The mechanism for achieving this will rely on the following crucial result:

Proposition 7.1. There is Ng € N such that for any integer N > N, there exists a small
positive time T = T (8, N) such that, for any time 0 < t; < T, the Cauchy problem

(1.6)u = 0,
W)™ Sy = u® (g, ), (7.4)
QW) r=s, = atu(N)(fl,'),

has a unique solution u on the interval [t1, T| which satisfies

16)>20: e = u™) (@, ) g o1 ®ay + 162V @ = u™) (@) | o1 gay < 12
(7.5)
forallt € t1,T].

Proof. As mentioned above, for any ; sufficiently small, the initial data (u™)(z, ),
d;u™(z1,-)) belongs to Xko+2, and thus satisfies the hypothesis of Theorem 1.1. By
construction u™) (¢, p) — p is compactly supported. Thus, to establish Proposition 7.1, it
is enough to show that there exists 7 = T'(§, N) > 0 such that the solution to the Cauchy
problem (7.4) satisfies the estimate (7.5) for any time t; <t < min{7T(§, N), T*}, where
T* is the maximal time of existence. This will be achieved in two steps:

(1) First writing u(¢, x) = "'V, y), V(. y) = VNV (@, y) + ez, y), with y =
x/t"T x € R*, we derive the equation satisfied by the remainder term ¢®). We
next set

M@, y)y=Hy)rMa,y),

where H is the function defined by (2.8), and rewrite the resulting equation in terms
of r™) . As we will see later, the equation for r™) involves the operator £ introduced
in (2.10).

19%We choose Lg to be an odd integer to make the estimates we are dealing with easier.
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(2) We deduce the desired result (inequalities (7.5)) from suitable energy estimates by
making use of the behavior of the approximate solution u¥) described by Lem-
mas 6.1 and 6.2, and the spectral properties of the operator £, which turns out to
be close to the Laplace operator.

In order to make notations as light as possible, we shall omit the dependence of the
functions ™) and ¥ on N.
Denote

Vl([s y) = a(t)Vl(l» y) + a/(Z)AV(ts y) = ut(tvx)v (76)
Va(t,y) i= a@®)(V1)u(t,y) —d' (0)(y - VV)(E, p) = 1" luy (1, %), (7.7)

witha(t) = t"Tland AV =V —y-VV.
Multiplying the quasilinear wave equation (1.6) by a(¢) and rewriting it in terms of V,
one gets

A+ |VVVa =2(VV -VV)Vi — (1 = VE+|VVP)AV
4
3
+ YV V2,V V(l—V12+|VV|2)=O. (7.8)
J.k=1

Thus recalling that the approximate solution V) satisfies (7.8) up to a remainder
term RN, we infer that the function u solves (1.6) if and only if the remainder term &
satisfies the following equation:

(14 |VV[P)ey — L& —2ViVV - Ve + (VE — |Ve|?) Ae

4
+ Y eyendy e+ F +RM =0, (79
k=1
where
g2 =a(t)(e1)r —a' (t)(y-Vey), e =a(t)e, +a'(t)Ae, (7.10)

&£ is the linearized operator introduced in (1.16):

<3y-VQ)VQ_2VQ),V JLHIvOP
IE 0 ) VT Tz ®

ie:Ae—i-S(

and the term ¥ is given by
F = (VVP = |vy™ Ry —2(V vy —vMvym™) . yy ™
N N
+ (V2= av® - VRV — M2y

1 2 )2 1+|VV[2 1+(|VO[?
+3[W(IVVI —|VV |)—§VQ-V8 —3¢ Y

VvV (N)

N
—9(VV P~ Vo) lv g2 YV
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Next, set
et,y) = H(y)r(t.y) (7.11)
with
(14 |VOP)/*
Q 3/2
Let us emphasize that in view of Lemma 2.1, the function H enjoys the following prop-
erty: for any @ € N*, there exists a positive constant Cy, such that for any y in R%,

H = (7.12)

1 Ca
Cay)/2Hal = IVEHO)! < (y)3/2tlel” 719

Now in light of the definitions introduced in (7.10), we have
e1(t.y) = Hy)ri(t,y), et y) = H(y)r2(t, y),
where

y-VH
H

ri=ar; +a'Ar—a r,

-VH
H

Thus taking advantage of (7.9), we readily gather that the remainder term r given by
(7.11) satisfies

(7.14)

rm=a(r);—dy-Vri—d 1.

2V,
A+ |VVPra+ 0+ VO &r — Flvv “V(Hry) + (V2= |V(Hr)|*)Ar

2V, V2 — |V(Hr)]2 4
—FIVV-V(HH)-}- IT[A, Hlr + Z (Hr)yj(Hr)ykaijykr
Jk=1
4
(Hr)y~(Hr)yk 2 F RW)
+ > JT[aym,H]r +g =0 (1)

Jk=1
where [A, B] = AB — BA denotes the commutator of the operators A and B, and where
1

Let us recall that in view of (2.10),
L =—qgAqg+ P,

where g = W and & is a radial €% function which satisfies

3
P =—-——(140()) asp— oo.
8p?
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Dividing the equation at hand by 1 + |V V|2, we get

1+|VQ? 21 VZ—|V(Hr)|?
SEIVET o 2 gy Ly, 4 A UDE
R I R BN Nt vvp
4

1 -
P EEr——— H H s (N) _
+ L+IVVE Z( Ny, (Hr)y 85 r + % + R =0, (7.17)

with
R = %’ (7.18)
= 1+ |$V|2)H 1+ |2VV[1/|2)HVV -(VH)ry
% Hr + Z Dy i o gy 7.19)

(T WV H %

Observe that ¥ depends only on the remainder term r and its first derivatives. This
achieves the goal of the first step.

The bound (7.5) will be proved by a bootstrap argument based on the following
lemma, which we establish by combining the positivity property of the operator £ (see
(2.12) and Appendix B) with the estimates obtained in Lemmas 6.1 and 6.2.

Lemma 7.1. There is Ny € N such that for any integer N > Ny, there exists T =
T(N, 8) > 0 such that for any t; € 10, T and any t € [t;, T] the following property
holds. If forall t € [t1,15],

lIr1 (2, ')||2L0—1(R4) +[|Vr(, ‘)lev_ILO—l(sz) <N, (7.20)
then c
”rl ([’.)||§1L0_1(R4) + ”Vr(t")”HLO I(R4) Nt (7'21)

foranyt € [t1,t,], where C is an absolute constant.

Proof of Lemma 7.1. In order to prove (7.21), let us start by applying the operator £ to
(7.17). This gives

1+|VQ? 21 |Ve|?
M DXL oM, T gy .yeM —AEM
RSN "I vre Nt Tt
4
1 ~ ~
+ o5 2 (Hr)y (Hry 85, (&Mr) + Fyr + M RN =0 (7.22)

2
1+ |VV] frmd
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with fM =eM 7 4 G, where

L+|VOP vV
Gy = |eM, T e, oleM L _yp.y
M [ T+ vt T+ VY "
4

V2 — |Vel|? (Hr)y, (Hr)

M 1 M Y Yk q2

+[>3 TIVVE A}r+ Ej[z ,—1+f|w|2 amk}r. (7.23)
Jk=1

Now let us multiply (7.17) by a~'r; and (7.22) by a='€Mr;, and then integrate
over R*. This easily gives rise to the identity

a_l(t)/4[r1(7.l7) + (&Mr))(7.22)(t. y) dy = 0. (7.24)
R

Making use of (7.17) and (7.22), we deduce that (7.24) can be split as follows:

—a'(1) / [r(F + RN + @Mr)(Fy + M RN, y) dy
]R4
= (I) + (II) + (III) + (IV),
with

() = a_l(t)/ (rar + &M &Mr))(t, y) dy,

1 VOI|?
m=ao [ el ||v§||2 (@ + @M EM e, ) dy,

(1) = —2a7 (1) / WW (Vr)m + (VEM ) @M )]0, ) d,

av)=a"'@) Z / gi (82, + @2, €M) (EM )] (. y) dy,

i,j=1
where for all 1 < i, j < 4 the coefficients g; ; in the last integrand are defined by

V12—|V€|2 o (Hr)yi(Hr)yj
14|V 2" 1+ |VV|2

8i,j = (7.25)

and obviously satisfy the symmetry relations g; ; = g;.;.
First, let us investigate the term (/). By definition

.VH
rz=a(r1)z—a’y-Vr1—a’ q r,
and thus
My, = a(@Mr), —d'y -VE&Mr) —d'X
with

y-VH
H

X =M,y -V]r + &M ri.
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We deduce that

1 d
(D) = 5 U@ gs + 1€ 1O )

14+v
t

H
/4[71Y'VV1 + @Mr)y - VEMr) + 1 Y r+ (ﬁMrl)X](l,Y)dJ/-
R

Integrating by parts and taking into account that ||X||L2(R4) < |In ||HL0_1(R4)’ we find
that

1d 1
(1) = 52l O gy + 1€ 1 O o] + 2O E N g1 ) (726)
in the sense that (and all along this proof)
1O(lr1(z, ')||2L0—1(R4))| < lIne, ')||§{L0—1(R4)‘

Let us now estimate (/). First, we point out that it stems from the Hardy inequality
and the asymptotic expansion (2.4) that for any f in H'(R*),

”V(CIf)”L2(]R4) = C||Vf||L2(]R4)- (7.27)
Therefore performing an integration by parts, we get
1+ |VOP " "
) = VI ————— |- \Y LYrV(gR t,y)d
) [1;4 (1+|VV|2 lgriVigr) +q rV(q N, y)dy

1+|VO[?
+/R4 %[V(qu)-V(qr)—i—V(qBMrl)-V(qi’,Mr)+e7°(rr1+53Mr2Mr1)](t,y) dy.

A straightforward computation gives

1+ |VOI*\ IVOI?—|VV[I*\ _ o((VO—-VV)VQ+VV)
V(1+|VV|2)_V(1+ T+ VI )‘V( T+ VIV )

We claim that there is a positive constant C such that for any ¢ € [t1, 2] with 0 < #; <
=T,
1+|VQ|?
V(Y2 o
14+ |VV|?
To see this, first observe that for any ¢ € [t1, 15],%

”Vz(V - Q)(ta ')||Loo(]R4) = Ct".

<Crt". (7.28)
Loo(R*Y)

Indeed, by definition,
V=VWM 41 with ¢= Hr,

20Here and below, we assume that N > v.



Blow up dynamics for surfaces asymptotic to the Simons cone 3859

which gives the result, by applying the triangle inequality and making use of Lemma 6.1,
the Hardy inequality, the estimates (6.3), (7.13) and the bootstrap assumption (7.20).
Along the same lines, we find that

16TV = 0) ()L = Ct¥, [()V2V(E,)llzee < €, |IVV(E.)llzee < C.

which completes the proof of the claim (7.28).
We deduce that

1
1) = ~O(Ir1 o1 gy + 197 1 )

1+|VO?
+/ YHVOL 9 (gr) Vigr) + V(g€ 1) V@M )+ 2 (ri +2M 1M (e, v) d.
R4 1+|VV|2

Moreover, remembering that

-VH
rn=ar;, +a'Ar —a’ 4 i T,
we obtain
V(gry) = ad,(Vqr) +ad' AVqr —d'¥,
with
Yo = V(qy : VHr) —[Vgq, A]r.

Invoking (2.4) together with (7.13) and the Hardy inequality, we infer that
||3/0||L2(R4) < ||Vr||L2(R4). (7.29)
Along the same lines, we readily gather that
My =ad, (&Mr) + d AMr —d'Y,,
Vg&Mr = ad,(VgeMr) + d' AVgeMr — d'Y,,
with

Y, =M

VH
yTr CIeM A, Yo = —[Vg, AJEMr + V(@Y

which clearly satisfy
||y1||H1(R4) + ||y2||L2(R4) < ||vr||HLo—l(R4)' (7.30)
Taking advantage of (7.29) and (7.30), we infer that

d 1
(1) = &1 (@0) + (U1 + (D)2 + O (Ir (I Lo gy + 1V -1 )
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with
1 1+|V 2
6100 =5 [ 1o G (V@R + TG P4 264 €. dy,
(7.31)
(D)
1 1+|V 2
=3 L (o JIV @R +V e P 2+ (M ) .
1 1+ |VOJ?
(1= [ Y AV + Vge ) AV €M e, dy.

Again combining the bootstrap assumption (7.20) with (6.6), we claim that for any
t e [[1,1‘2] withO <t <t <T,

1+|V 2
3t(+|—Q(y)|2)(s,-) <cr . (7.32)
1+ [VV(, y)l LR
It is obvious that (7.32) reduces to
19:VV () ooty < C1 (7.33)

Now to establish (7.33), let us first recall that
V=vV®™ e with e=Hr
Applying the triangle inequality and invoking (6.6), we deduce that
10:V V(M ooty = 107V O ooty + 10V HPE )| oo
< Ct7 '+ IV(Hr) () | ooty
But in view of (7.14), we have

-VH
ar, =ar1—a’Ar+a/y

r,

which ends the proof of (7.33) thanks to the bootstrap assumption (7.20).
Consequently, we get

1
(In, = ;O(IIVr(t, 3] (7.34)

p )
HLO_l (R4) .

To end the estimate of the second part, it remains to investigate the term (/7). For that
purpose we perform an integration by parts, which implies that

\V/ 2
2= 50 [ (7 IV + Ve P ) dy.
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Taking into account Lemma 6.1 and the bootstrap assumption (7.20), this gives rise to

1
(WD) = ~O(IVr () -1 ges)) (7.35)

In summary, we have

(I = —81(I)+ (9(||r1(t IIE +IVr@.)l;

HLO_I(R4)) ° (736)

HLo—1 (R4)

Moreover, it stems from the definition of the operator £ and the estimates (6.2), (7.20)
that there is a positive constant C such that

161() = 2(&r(t.)r(t,) 2 — 2 (&M r (1. 0)|&M 7 (1,9) .| < C8||Vr@, )|

HL()—I .

(7.37)

Let us now estimate the third term (ZI). Integrating again by parts, we easily get
V
= —2q7! L yy. M M
() = —2a (t)/‘4 T |VV|2VV [(VrD)r + (V&Y r) (&Y r)(t, y) dy
a1 2 M
t dy. V g t,y)dy-
()[ (1+|VV|2 Yj )[(rl) +( rl) ]( y) Yy

Arguing as above, we infer that for any ¢ € [t;, ;] with0 < t; <1, < T,

.
HV(HWWW)“ )

This estimate is a direct consequence of the inequalities

<Ct". (7.38)
Loo

IVVi(t. )z = Ct¥ [0 VaE )z < €10 [I()V2V(2 )L < C,

which readily follow from the bootstrap assumption (7.20) and Lemma 6.1. Hence

1
i = O (I )3 o1 gay) (7.39)

Finally, the last term (/V) can be dealt with along the same lines as (/7). First, per-
forming an integration by parts, we get

W=—3 @t / 1,118y, P) By, 1) + (B, €M 1) @, &M )1, ) dy

i,j=1
Sy e / By, 2@y )1 + (3, £ P(EM ]2, y) dy,
i,j=1

where the coefficients g; ; are defined by (7.25).
Forany ¢ € [t;,t;] withO < ¢; <, < T, the functions g; ; for 1 < i, j < 4 satisty

||gi,j(t)||Loo(R4) =< C§% and ||vgi,j(t)||Loo(R4) <Ct". (7.40)
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Indeed, by definition

VE—|Vel? | (Hr)y (Hr)y,
1+ |VV|2 ™ 1+ |VV]2

8i,j =

which leads to the result thanks to the estimates

VE—|Vel? p V2 —|Vel?

— (¢, < C§°, v-L——— t,-
‘(1+|VV|2 @) - 1+ |VV|? @)
‘v

fwhichthat can be proved in the same way as (7.28), making use of the bootstrap assump-
tion (7.20) and Lemma 6.1.
Remembering that

<Ct',

Lo [RY)

Y (Hr)yj (Hr)y,
(S e

LooR%Y)

<ce?N

— ’

Loo(R*Y)

£=0,1,

y-VH
H

ri=ar; +a'Ar —a’ T,

we find that 5
V(r1) = ad;(Vr) +ad’AVr —a' ¥,

_ VH
Gy = v(y - r) N

Along the same lines as for ¥, we have

with

||g0||L2(R4) < ||Vr||L2(R4). (7.41)
Similarly, we easily check that
VeMr =40, (VeMr) + ' AVEMr — d' Yy,
with 5
Yy = [V, A1€Mr + V(¥)),

which clearly satisfies _
||y2||L2(R4) < ||Vr||HL0_1(R4). (7.42)

Therefore

d | o
(V) = —&(0) + 5 ”_ZZI [R 008 )@y @y, 1) + @y, M) 0y, M), y) dy
v+1

t

4
> /R4 8,10y, 7 Ady, T + (0, &M r) (A, &M 1)](t., y) dy

ij=1

1 2 2
O g1 gty + VPN o1 )
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with
&
=5 Y [R 80 L@y, By, + By V) By, S (1 y) dy. (7.43)
ij=1
In view of the bootstrap assumption (7.20) and Lemma 6.1,
1)V 8ii oo, < C- (7.44)

which follows easily from the fact that for any ¢ € [y, 2],
V2 —|Ve|?

AV -t 7 t,-

v (S ) e

(H )y, (Hr)y,
H('W( T )(t")

Lo°(R%Y)

< Cr?V.
LR

An integration by parts thus gives rise to

d 1<
) = 60+ 5 Y [ @)@y, 1) + 0,200y, L) dy

ij=1

1
+ ;@(Ilrl(lw)ll + IVr(.)l

2 2 )
HZLo—1 (R4) HLofl(]Rét) .

Now we claim that
1928171l oo gy < C171 (7.45)

This is again a consequence of the bootstrap assumption (7.20) and Lemma 6.1 which
assert that there is a positive constant C such that for any ¢ € [t1, 2],

VZ_ |Vg|?
Bz(l—w)(t, ) <Cr !,
1 + |VV|2 L°°(R4)
Hr),. (Hr
‘at(( )y/( )yk)(t,') SCIN.
1 + |VV|2 L°°(R4)
Therefore we obtain
d 1
V) = &) + O (I Lo gay + IVr @G Lo gs)- (7:46)
Observe also that by (7.40),
|82()] < C8% (Ir1 () 1y gy + IV E N i ge)- (4D

We finally address the terms ¥, Far and RV, Using the bootstrap assumption (7.20)
and Lemmas 6.1 and 6.2 it is not difficult to show the following estimates.



H. Bahouri, A. Marachli, G. Perelman 3864

Lemma 7.2. There exists a positive constant C such that under assumption (7.20), for
anyt € [t1, ] with0 <t; <t, <T,

||3?(t, ')”HLO*I(]R“) = Ct”(||Vr(t, ')”HLO*I(]R“) + (2, ')”HLo*l(]R“))» (7.48)
IRM . ) grro—1 ey < CHV T, (7.49)
1302ty < € (IVr @ gromi gty + 1) | gro-1gs)-  (7.50)
We now combine the last lemma with the bootstrap assumption (7.20) and the above
estimates (7.26), (7.37), (7.39), (7.47), (7.49) and (7.50) to get
d
—&(t) < C?NT! (7.51)
dt
with
1 2 M 2
E(1) = 5l (02, + 1L PO, ga) + E1(0) + Ex(0).

where &1 and &, are respectively given by (7.31) and (7.43).
It follows from (2.4), (2.12), (7.37) and (7.47) (see Remark B.1) that

€)= C(|r(, ‘)||§_1L071 +IVr(, ')”iILofl)

for some positive constant C provided that § is taken sufficiently small. Therefore, inte-
grating inequality (7.51) and taking into account that r(¢1) = r1(t;) = 0, we get

C v
Zen,

which completes the proof of Lemma 7.1. ]

[[r1(z, ’)||12LIL0—1(R4) + | Vr(, ')||31L0—1(R4) =

Since by construction, we have
w—u™MY @, x) ="V = VI, x /et = T H ) (e, x /0,
3 —u™M) (1. x) = (Vi = V)@ x /") = (Hry) (@, x /"),

Proposition 7.1 follows readily from (7.13) and Lemma 7.1 by standard continuity argu-
ments. "

Remark 7.1. Combining Proposition 7.1 with the bounds (7.1) and (7.2), we find that for
any t € [t1, T, the solution to the Cauchy problem (7.4) satisfies

u(t,”) > et and (1 + |[Vul®> — 0:u))(t,-) = & (7.52)

with some positive constants ¢ and ¢, provided that N is sufficiently large.
Furthermore, injecting the bounds (7.20) into (7.17) and taking into account Lemma
7.2, one obtains

16207 e — ™)@, ) | g ro—2 sy <tV Vi€ [, TI. (7.53)
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7.2. End of the proof

We are now in a position to finish the proof of Theorem 1.2. Let (#,),en be a sequence
of positive real numbers in ]0, 7'] converging to 0, and consider the Cauchy problem

(1.6)u =0,
(NW),,’N Uip=g, = u(N)(tn»'),
0eu)jp=s, = (atu(N))(;,,, ).

In view of Proposition 7.1 and Remark 7.1, the following uniform local well-posedness
result is straightforward:

Corollary 7.1. There exists an integer Ng such that for any n € N, the Cauchy problem
(NW),, n, has a unique solution u, on [ty, T| which satisfies

14329t = u ™) (@) gy 01 ety

+ 12V n —uN) @) o1 @ay < VP Vi€ [, T]  (7.54)
Furthermore,

Up(t,x) = ot 14 |Vu,(t, %)% — 0;un(t,x))? = 61, V(1. x) € [tn, T] x R*,
(7.55)

By the Ascoli theorem, the bounds (7.54) and (7.55) imply that there exists a solution
u to the Cauchy problem (1.11) on ]0, T'] satisfying (u, d;u) € €(]0, T], X1,) and such that
after passing to a subsequence, the sequence ((Vuy, 0,4, ))nen converges to (Vu, d;u) in
C([Ty.T], HS"'(R*)) forany T} €]0,T] and any s < L. Clearly the solution u satisfies

19 u—2 ™) (1, )| g o1 ety F IV =t NN (1, ) | g1 gay < 1072, V1 €]0, T,
u(t,x) = G 1+ |[Vu(, )P — @, x)* = &, V(1 x) €]0,T] xR,

Taking into account Lemma 6.2 and Remarks 5.1 and 6.1, this concludes the proof of
Theorem 1.2.

Appendix A. Derivation of the equation

In this appendix, we carry out the derivation of the equation in the case of time-like
surfaces with vanishing mean curvature that for fixed ¢ are parametrized as follows:

R” x S 5 (x,w) — (x,u(t, x)») € R?", (A.1)

with some positive function u. An elementary computation shows that in this case the
volume density corresponding to the pull-back metric is given by

L, ug, Vu) =u""' /1 — (uy)? + |Vul2. (A.2)
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Using the fact that the mean curvature is the first variation of the volume form, we can
determine the equation of motion by formally considering the Euler-Lagrange equation
associated to the density &, which gives rise to®'

L 3 DAt
ou = dxj Quy, 0t du,

According to (A.2), this leads to

n B u"_lux.
(n—Du" 21— )2+ |[Vul2 =y — 2
,; 9% /T (us)? + |Vul?
9 n—1
FRANN =0. (A3
0 T—@)? + [Vul?
Therefore the quasilinear wave equation at hand takes the form
n
Uy Ux;
dl )- Lo (=mrmr)
V1= ()2 + |Vul? J; Y\ VT = )2 + [Vul?
-1
" —0. (A4

+
uy/T— ()2 + [Vul?

Straightforward computations show that this can be rewritten as

n
e (14 [Vul?) = Au(l = ue)® + [Vul?) + Yttt
Jk=1

1
— 2u,(Vu - Vi) + ”T(l — )+ |Vu)?) =0, (AS)
which is (1.6).

Let us emphasize that in the particular case when u(¢, x) = R(¢) with R a positive
regular function, the above equation reduces to

RR" + (n —1)(1 — (R)*) =0. (A.6)
Integrating this equation using the fact that 1 — (R’ )2R_2(”_1) is constant, one readily
gathers that if R(0) > 0 and —1 < R’(0) < 0, then there exists a finite positive time T'
such that R(7) = 0, and furthermore

Rt)=T—-t+0(T-0)*"Y, t->T.

2IThese computations are justified by the invariance of our flow under the action of the
group I, x O(n).
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So, as ¢ tends to T, the cylinders defined by
R” x "' 5 (x,0) — (x, R(t)w) € R*"

shrink to the R” space.”

Appendix B. Study of the linearized operator of the quasilinear wave equation
around the ground state

The aim of this section is to investigate the linearized operator £ introduced in (1.16). To
this end, let us consider the change of function

(1+0p)"*

w(p) = H(p) f(p) with H = 03/2

By easy computations, we deduce that
fw=-H(+ Q)L with £=—gAg+ P,

where g = 1/(1 + 02)"? and 2 = V"/(1 + 02) with
,  —31+07) 1 1, 3 1+ 02 1 0,

In view of Lemma 2.1, the potential &> belongs to €29 R*) and satisfies

3
P =——(140(l)) asp— oc. (B.2)
802
The operator £ with domain H2(R*) is self-adjoint on L2(R*). The following positivity
property of £ is at the heart of the analysis carried out in this article.

Lemma B.1. There is a positive constant ¢ such that for any function f in I-'Irlld(R“),

@S0 2@t = IV LI 2 gey- (B.3)

Remark B.1. Taking into account (2.4), one easily deduces from (B.3) that for any inte-
ger m, there exists a positive constant ¢, such that

@ 1) @ty H @ F 1) oty 2 em IV F 12gey Y € HL®RHNA™HI(RY),
and

(£m+1f|f)L2(R4) + (flf)L2(R4) = cm||f||zm(R4)» Vf € Hrzld-i_l(R“)'

22Obviously, (A.6) has a trivial solution T — ¢ with T some positive constant. But to ensure that
the surface is time-like, we must impose that R’ (t)2 < 1 forall z.



H. Bahouri, A. Marachli, G. Perelman 3868

Proof of Lemma B.1. Recalling that the positive function AQ = Q — pQ, solves the
homogeneous equation Lw = 0, we infer that the function

_AQ
Gi=— (B.4)

defines a positive solution to the homogeneous equation £ f = 0. In a standard way this
implies
£=0. (B.5)
In order to prove inequality (B.3), assume for contradiction that there is a sequence
(Un)nen in H! (R*) satisfying [Vunll,2gs) = 1 and
n—0o0
(Sun|un)L2(R4) — 0. (B6)

Since (4, )neN is bounded in Hrlad(R4), there is a function u in I-'Irzd(]R{‘l) such that, up to
a subsequence (still denoted by u, for simplicity),

n—

un =Xy in HY(RY). (B.7)

We claim that u # 0 and Lu = 0. Indeed,
(Latn ) 2 gty = / IV (qua) ()2 dx + / (qun) )PV () dx.
R* R*

First, observe that there is a positive constant C such that, for any integer 7,

”V(qun)||L2(R4) > C. (B.8)
Indeed,

1
—V(qun)
q

Vit 2 ety < + IV (/@) qunl 2 g,

L2(R%)
which, in view of the Hardy inequality and Lemma 2.1, leads to (B.8).
Second, consider a smooth radial function 6 valued in [0, 1] and satisfying

0 forl|x| <1,
for |x| > 2,

6(x) = {
and write

(Lun|un)p2ge)

= [ a@ur a3 [P i s [P ds,

where
3 0(x)

V(x) = V()—|—4| B
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Invoking formula (B.2), we infer that there is a positive constant § such that

|I7(x)| =< (x)—2+8

Invoking the Rellich theorem and the Hardy inequality, we deduce that
~ — ~
/R Nqua) )PV (x) dx —= fR @@V () dx. (B.9)

Now for any functions f and g in H'(R*), denote

- 9 -
afe)= | VaHm -Vaomd—> [ 1Yy dx.
R* 4 Jr4 |x|

Combining the Hardy inequality with Lemma 2.1, we easily gather that there exist positive
constants g < o such that for any function f in H'(R*), we have

a0||vf||L2(R4) a(f f) =< aq ||Vf”L2(R4)7
which ensures that a( f, g) is a scalar product on H'(R*) and that the norms /a(-, -) and
I+ Il g1 (#) are equivalent.

Since u, X win HI(R4), we deduce that a(u, u) < liminf, oo a(uy, u,), and
thus
(£u|u)L2(R4) = I}ln_'l)})%f(gunmn)Lz(R‘t)-

Taking into account (B.5), (B.6) and (B.9), we obtain
(Rulu)p2gsy =0, (B.10)

which, according to the fact that £ is positive, implies that £u = 0.
To end the proof of the claim, it remains to establish that u # 0. For that purpose, let
us start by observing that by (B.6), (B.9) and (B.10),

/ 'V(‘f“")(xﬂzdx——/ |(qun) ()1 |(|2)

22 [ o= [ qu )|2|(’|2dx. B.11)

But in view of the Hardy inequality and the bound (B.8), we have

L w@uwpar =3 [ auemp (5 dx

1 2y C
=5 V@R = 5. @

By passing to the limit, we obtain

f|V<qu>(x)|2dx——[ qu)(0)?

which proves that u is not null.

o), C
x| =7
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By construction the function u belongs to H!,(R*) and satisfies
3
—gAqu + Pu=0 with P = —8—2(1 +o0(1)) asp— oco.
P

Therefore in view of the Hardy inequality, Pu € erad(R4) and thus gAqu belongs
to L2,(R*), which ensures that u € H2,(R*).

rad
In the radial setting the homogeneous equation Ly = 0 admits a basis of solutions

{/1. f2} given by’

P U+ (Qrr))
1 Q3()r3(AQ)(r)
where G denotes the function defined by (B.4). By Lemma 2.1, one has

filp) ~ 1, falp) ~1/p%,

near p = 0. Since f> & Hrfid (R*), we deduce that u is collinear to G. This yields a con-
tradiction because in view of (2.4), the function G behaves like 1 /+/p when p — oo and
thus it does not belong to H !, (R*). This completes the proof of the lemma. |

fi(p) = G(p),  fa(p) = G(p)

Appendix C. Proof of the local well-posedness result

The aim of this appendix is to give an outline of the proof of Theorem 1.1. Since the
subject is well known, we only indicate the main arguments. One can proceed in three
steps:

(1) First, one proves that for some sufficiently small positive time
T =T(IVuo— Q)llgr—1. llurllgrz—1.infug,inf(1 + |Vuo|* — (u1)?)),

the Cauchy problem (1.11) has a solution u such that (u, u,) belongs to the function
space €([0, T], X1), us € ‘61([0, T1, HL_I), and for all ¢ in [0, T,

IV = O) (. ) z—1 + llue (. ) -1
= C(IVo = Dllgr-1 + lurllgr-1)
for some positive constant
C = C(IV@o— Dllgrr. lurllgr-1,infuo, inf(1 + [Vuo|> — (u1)?)).

(2) Second, one shows the uniqueness of solutions by a continuity argument.
(3) Third, one establishes the blow up criterion (1.13).

23See Appendix D for the proof.
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So let us consider the Cauchy problem (1.11) and assume that V(g — Q) and u;
belong to HL~1(R*), with L an integer strictly larger than 4, and that there exists & > 0
such that 5 )

L= @)™+ [Vuol”

>2 d
Ho=<e T Vo>

Defining, for 1 <i,j <4,

(ut)2 Ux; Ux;
aij (Vit,ue) = 5’7(1 TR VeE) T TT VuE
Uy Up
by (Vi uy) = —xitte C1
3(1 = (ue)* + |Vul?)
5v 3 = — )
c(u, Vuu, ur) u(l + [Vul?)

we readily gather that (1.6) takes the form

4 4
Upr — Z ajj (Vu,u)uy; x; — Zbi(Vu,u,)u,x,. —cu,Vu,u;) = 0. (C2)

i,j=1 i=1
To prove existence, we shall use an iterative scheme. To this end, introduce the
sequence (1), cn defined by u(® = Q, which according to (2.1) satisfies

4
c(Q.VQ.00+ Y a;i;j(VQ,0)Qxx, =0,

i,j=1
and
4 4
ugrtl+1) _ Z ai (Vu(n)’ ugn))u;rgijl) _ Zbi (Vu(n), ugn))ugz;i—l)
i,j=1 i=1
W)nt1 — ™, vu® 4™y = o,
M("H)\z:o = Uy,

(3t”("+1))\z=0 =Uuz.

In order to investigate the sequence (1), cy defined above by induction, let us begin
by proving that this sequence is well defined for any time ¢ in some fixed interval [0, T']
which depends only on | V(4o — Q)||gz—1, ||[u1]|gz—1 and e. This will be deduced from
the following result.

Proposition C.1. Let u be such that (u,u;) € €([0,T], X1), us: € €([0,T], HX™2) for
some integer L. > 4 and some 0 < T < 1. Assume that

luellpooqo,rp, 1) + IVW — Q) Looqo, 71, HL-1) < 4, (C.3)

lueellpooqo, 1, HE—2) < A1, (C.4)

1 — (us(t,x))? + |Vu(t, x)|? -

1+ |Vu(z, x)|? -

u(t,x) > e, e, Y(t,x)€[0,T]xRY. (C.5)
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Consider the Cauchy problem

4 4
D, — Z aij(Vu,up)®y,x; — Zb,-(Vu,ut)CI)txl. = c(u, Vu, uy),
i,j=1 i=1 (C.6)
D;=0 = Do,
(0:P)1=0 = P1,

assuming that V(®o — Q) and ®1 belong to HE1(R*). Then the Cauchy problem (C.6)
has a unique solution ® on [0, T| and the following energy inequalities hold:

@ (2, ) -1+ V(. )= D)l -1
< Cee! A (|1l gzt + V(o — Q) r2—1)

t
+ Ce,a,4, /0 (e (s Mz—1 + 1V @ = Q) (s )|ge—1) ds,  (C.T)

and
[ @ (2, ) rr—2 < Ca([|[Pe (@, )| gz—1 + V(R ) — Q)| gz—1)
+ Cealllue(t, )lge—1 + [V — )@, ) gr-1). (C.8)

Proof. Invoking hypothesis (C.5), we easily check that for any £ € R* \ {0}, the charac-
teristic polynomial of the wave equation (C.6),

4 4
=) bi(Vuu)E — Y ai (Vi u)gi) (C9)

i=1 ij=1

has two distinct real roots 71 and t,. Indeed, taking into account (C.1), we find that the
discriminant of (C.9) is given by

O A)® N2 A=) VuP) o, 4 Lo\
a W(;Mx,f‘» + 1+ |Vul? g _1+|Vu|2(;uxi§l>
A=) HVuP) A=) VP (O b (e 2
= e (Y ‘(g”xtf’) )
which implies that
- 4(1 = (u)? + |[Vul?) IE[2. (C.10)

T (I [VuP)?
This ends the proof of the fact that the polynomial (C.9) has two distinct real roots 71
and 15, and ensures that (C.6) is strictly hyperbolic as long as

1 — () + |Vul® > 0,

and thus, in view of (C.5), on [0, T'] x R*.
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Consider the function ® := & — Q. It satisfies

4 4
Dy — Z ai,j(Vu,u,)&‘)xixj —Zbi(Vu,u,)étxi = f(u,Vu,u,),
_ B i=1 (C.11)
q>|t=0 = Qg — Q,
(ata))lt:O = @y,
with
4
fu,Vu,uy) = c(u, Vu,uy) + Z a;ij(Vu,u)Qx;x; - (C.12)

i,j=1

First, note that the source term f belongs to L*°([0, T], HL~'(R*)) and thus
to L1([0, T], HE"1(R*)). Let us start by establishing that f € L*®([0, T], L2(R*)).
Recalling that by (2.1), we have

4
c(Q.VQ.0)+ Y a;j(VQ.0)Qyx; =0,

i,j=1

we deduce that f can be rewritten in the following way:

4
f=c.Vuu)—c(Q.V0.0)+ Y (ai;j(Vu.u) — ai j(VQ.0)Ox,x,
i,j=1

11 ~
-=5(5-g)+ 7

- 3 4
f=clu Vuu) + = + D (@i (Vuug) — ai j(VQ.0)) O, (C.13)

ij=1

where

Combining Lemma 2.1 with the hypotheses (C.3) and (C.5) we obtain, making use of
Taylor’s formula

|1 = Coalluel + 1V~ Q))),
which easily ensures that for all ¢ in [0, T'], we have

172 < Cealllue ()2 + V@ = Q) 12)- (C.14)

Therefore we are reduced to the study of the term

We claim that
(C.15)
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On the one hand, according to estimate (C.3), the function u — Q is bounded on
[0, T] x R*. Then writing

u=0+u-0),
and recalling that the stationary solution Q behaves like p at infinity, we infer that there
is a positive number Ry = Ro(A) such that for any |x| > Ry and any ¢ in [0, T'], we have

u(t,x) > Q(x)/2.

On the other hand, invoking (C.5) together with Lemma 2.1, we infer that there is a posi-
tive constant C (g, Ro) such thatif |[x| < Ry, thenforall0 <7 < T,

1 < C(S, Ro)
u(t,x) = Q(x)
Now taking advantage of the Sobolev embedding H! (R*) < L*(R*), we deduce that

1 1 1
H (z - a)“

< Coall(u—0). )L 0?

L2 L4
= Con IV —0)(. )12 PR
which according to the fact that 1/Q(p) < 1/(p) ensures that
1 1
(3-5)e)| = coarvu- o 16
u Q L2

Together with (C.14), this implies that for all  in [0, 7],
£ @) 2 < Cea(llue @, )2 + IV = Q) )l 2)- (C.17)

Thanks to the bound (C.3), this ends the proof that f € L>®([0, T], L2(R*)).

In order to establish that f € L ([0, T], HL~'(R*)), first observe that by the assump-
tion (C.3), the functions (b; (Vu,u;))1<i<a, (@i, j (Vu,u;) —a; j;(VQ,0))1<i, j<4 as well
as the function ¢(u, Vi, u;) + 3/u belong to L ([0, T], HL~1(R%)).

Thus taking advantage of Lemma 2.1 and recalling that L > 4, we find that f belongs
to L([0, T], HL~1(R*)) and satisfies the following estimate uniformly on [0, T]:

1f @ -1 = Coa(llue (@) lgr—1 + 1V = Q). ) gr-1).
Moreover, applying Leibniz’s formula to the term "u_Q and taking into account (C.16),
we infer that there is a positive constant C, 4 such that for all  in [0, T'], we have

1 1
-5

u 0
Combining the last two inequalities, we get

1M ae-1 = Coallue@.)lgr—1 + 11V = O)(t. ) gr—1). (C.18)
This concludes the proof of the fact that f € L°([0, T], HL~'(R*)).

< CoalVu - )lge-1.
HL-1
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Finally, since the coefficients of equation (C.11) as well as their time and spatial
derivatives are bounded on [0, T] x R*, applying classical arguments we infer that the
Cauchy problem (C.6) admits a unique solution on [0, T] x R*.

To simplify the notations, in the rest of this proof we shall denote by + the matrix
(ai,j)1<i,j<4 and by b the vector (b1, ..., bs), and omit the dependence of all the func-
tions a;,; and b; on (Vu, u;) and of the source term f on (u, Vu, u;).

Now to establish the energy 1nequahty (C 7), we can proceed as follows. First we take
the 2-scalar product of (C.11) with d>, -2 VCD which gives rise to

b b b, ~
([8f(©’_§ vq>) Z ai,j ®x;x, — 2 vq>t+3 V@}(z )'(cp,—— ch)( ))L2

i,j=1
= (f(t,-)'(it - Q-Vi)(t,-)) :
2 L2

Performing integrations by parts, we deduce that

~ ~ b ~
L TE@)(1) = Io() + (f(r,-)‘(cbt -2 v<b) . -))Lz, (C.19)
where
- - b~ 2 4 » -
6®10.i= | (-5 98) 0]+ 3 (0080018, 0)5
L2 ;i
b _~ 2 J
+ H (_ . vq;) @9 . (C.20)
2 L2
and where [/, admits the estimate
[Io(0)] < ao@)(I(VR)(t, )12 + D (2. )IIZ5) (C.21)

with

ao(t) = T([AE, )Loe, [(VexA) @, )Loo, |6(, )lLoe, [(Vexb) (@, )|Lee).  (C.22)
T denoting a polynomial function of all its arguments.
By (C.3) and (C.4), we have
”aOHLOO([O,T]x]R“) < Cyq,4,. (C.23)
Observe also that thanks to (C.10), we have
E(@)(t.) < 4(I(VRY. )11 + [Pt ) 31)-

2 (C24)

6@ = |(8-3 V8| +elvBelE,
L2
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Now in order to estimate ®;(z,-) and V(® — Q)(t,-) in HL!, we differentiate the
nonlinear wave equation (C.11) with respect to the space variable up to order L — 1.
By straightforward computations we formally obtain, for any multi-index « of length
lo| < L —1,

4 4
@D — Y ai (0 P)yn, — O 510Dz, = fo.
i=1

- i,j=1 (C.25)
(0%®) ;=9 = 0%(Po — Q).
(at(aaa)))|t=0 = 0"®y,
with 5
Ja=0"f + fa.
where
4 4
o 2 Y (5) @ Pan@ i, + 3 X (§) @ @@, 20
i,j=1pB<«a i=1 fB<a

Then taking the L2-scalar product of (C.25) with (3% ), — %’ - V(3*®) and applying the
same line of reasoning as above, we get

Ld e ex b
S L8 B 1) = L) + (fa(z,-)‘[(a &), -2V @)](n-))Lz, ©27)

where

1o ()] < a0 (IVE* ). )17> + 137D (1, )]175)- (C28)
Now since the functions (Va; j)i1<i,j<4 and (Vb;)1<;<4 belong to the Sobolev space
HL=2(R*), the function f, belongs to L2(R*) and satisfies, uniformly on [0, T,

I fa(t, M2 < CalllVOE, ) il + 1P () ] (C.29)

Therefore taking into account (C.18) we get, for any |o| < L — 1,

'(fa(z, -)‘ [(a%)t . wa“é)] “ -))
L2

+ (1Y, ) gier + 12t M gpren) (e 0 ) -1 + V@ = ), ) gre—1)]-
(C.30)

< Cea[IIVOE )20 + 19 ()12 10

Combining (C.19), (C.21), (C.23), (C.27), (C.28) and (C.30), we easily gather that
4 e@®)1.| < ¢ V()| ®,(t,)|?
> 8@ ®))| = Cona [IVOE G + 190 ()71
loe|<L—1

+ IV g1+ 1B ) g (e @) gz + 1V @ = 0@ ) g-1)]-
(C.31)
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Applying the Gronwall lemma and taking into account (C.24), we deduce that for all
tin [0, T1],

VO Ygr—1 + @t ) gr—1 < Cee'CAA1 (@] grz—1 + V(Do — Q)| g2—1)

t
+ Ce.a.4, /0 (Ihes (s, M gz—1 + IV — O) (s, )l gz—1)ds.  (C32)

To complete the proof of the energy estimates, it remains to estimate || D (7, ) || -2 g4y-
To this end, we make use of equation (C.11) which implies that

4 4
O = Y aij (Vi u) P, + O bi(Vu,u) P, + £, Vu, ).
ij=1 i=1
This ensures the result according to (C.3) and (C.18). [

Let us now return to the proof of Theorem 1.1. The first step can be deduced from
Proposition C.1 by a standard argument that can be found for instance in the monographs
[4,14,36]. The key point consists in proving that the sequence (1), cn defined by W),
(see page 3871) is uniformly bounded, in the sense that there exist a small positive time

T =T(luillgr—1. Vo — O)llgr-1.¢). (C.33)

and a positive constant C = C(||u1||gr—1, |V (1o — Q) || g-1,¢) such that for any integer
n and any time ¢ in [0, T'], we have

e @) g1 + 1V@™ = Q). ) gzt + [uf . )gr—2 < €. (C34)

D@,y >e and (1— @)+ |Vu®?)(1,) > e (C.35)
In order to establish the uniform estimate (C.34), set

A =2C(llurllgr—r + V(o — Q) 1), (C.36)

A1 = (Cq+ Cga)A, (C.37)

where C, C4 and C, 4 are the constants introduced in (C.7)—(C.8).
We claim that there exists a positive time 7" < 1 of the form (C.33) such that for any
integer n > 0 the following property holds. If for all ¢ € [0, T], we have

1@ ) gt + IV@® = 0)t, )y < 4, (C.38)
1P @ ) g2 < A, (C.39)

L= @) + Vu @R e

(n) t >
u™(t,x) > e, 1+ [Vu®(, x)|? B
(C.40)

then the same bounds remain true for u®+1.
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Indeed, by the energy estimate (C.7) in Proposition C.1, u®+V satisfies, for all
t €[0,T],

V@) g + IV@D = 0)(e, )| g
< Cee'Cettt (Juy | -1 + |V (o — Q)llg—1) + ACe 4 4,1,

which implies that there exists T(A, ) > 0 such thatif ¢t < T'(4, ¢), then

™D g+ V@D = )@ gy
< 2C(llurllgr—1 + IV — Q)llg-1) = A.
Invoking then (C.8) we get, forall t < T'(4, ¢),
luft @ e < (Ca+ Ce)d = Ar.

This ends the proof that 1) satisfies (C.38) and (C.39).
Finally, (C.40) results directly from the following straightforward estimates:

t
||u(n+1)(t~ )= uo“LOO(]R“) = / ||asu(n+1)(sa ')”LOO(]R“) ds < At,
0
t
1)) = ur ]l oo gy < / 183D (5. ) | oo ety ds < Ant,
0

t
(V" 0) (@) = Vutoll ooy < / 105 V" 0)(5. ) | oo ety ds < A,
0

which implies (C.40) provided that T = T (A, Ay, ¢) is chosen sufficiently small. This
completes the proof of the claim.

To end the proof of the local well-posedness for the Cauchy problem (1.11), it suffices
to establish that the sequences (3,4),en and (V(u™ — Q)),en are Cauchy sequences
in L>([0, T], HL~2(R*)). By a standard argument, this fact follows easily from (C.34).
Indeed, setting w1 1= 4 ®+D — 3 we readily gather that for all n > 0,

4 4
U)gl+l) _ Z ai (Vu("), ugn))ngj]) _ Zbl(vu(n)! ugn))wt(zj“l) — g(n),
i,j=1 i=1
w(n+1)|t=0 = Oa

(3tw(n+1))|z=0 =0,
where

4
g = D fany (VU ™) —apy (VD)

XiXj
ij=1
4
+ (b (V™) = by (VD )y
i=1
+ c(u(”), vu(n)’ ugn)) _ C(u(n_l), Vu(n_l), 2/lgn—l)).
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Since by construction we have, for any (¢, x) in [0, T] X Rd,
L= @ (6,0 + [Vu® @, )P
14+ |Vu®(, x)? -

arguing in a similar way to the proof of Proposition C.1 we obtain

u(")(t,x) >¢ and

)

1
lw 0 (, Mrooqo.rr.mt-2) + IVWTV )| Looo.71.12-2)

< CT (i ()| ooqo,rym-2) + VW™ €)oo,y r2-2))-

This ensures the result provided that 7" is small enough and completes the proof of the
first step.

Let us now address the second step, and establish the uniqueness of solutions to the
Cauchy problem (1.11). For this purpose, we shall prove the following continuation cri-
terion which easily gives the result:

Lemma C.1. Let u and v be two solutions of the Cauchy problem (1.11) respectively
associated to the initial data (ug,u,) and (vg, v1) in Xy, such that (u,u;) and (v, vy) are
in €([0, T], Xs) and u; and v; belong to €1 ([0, T], H*™') for some s > 4. Then there is
a positive constant C such that, for all t in [0, T,
(v —v), (2, ')“LZ(]R“) + [IV(u —v)(, ')”Lz(R“)
= C(””l — U1 ||L2(]R4) + [[V(uo — v0)||L2(R4))~

Proof. By straightforward computations, the function w := u — v solves the Cauchy prob-
lem

4 4
Wy — Z ai,j (Vi up) Wy, x; —Zbi(Vu,u,)w,xi =g,
i,j=1 i=1 (C.41)
Wit=0 = Uo — Vo,

(O;w)jr=0 = uy — v1,

where

4
g = Z (aij (Vu,us) — aij(Vo,v0)) vy,

4
+ Z(bi (Vu,us) — b (Vu, v,))v,xi 4+ c(u, Vu,u;) —c(v, Vo, vy).

Therefore, taking the L2-scalar product of (C.41) with w, — % - Vw we get, as in the proof
of Proposition C.1, the energy inequality

”wt(t’ ')”LZ(]R“) + ||Vw(t, ')||L2(R4)

t
<C (”ul — V1 ||L2(R4) +[IV(uo — UO)”L2(R4) + / llg(s, ')”Lz(]R“) ds)»
0



H. Bahouri, A. Marachli, G. Perelman 3880

As before, by straightforward computations we have
182ty < € (et oty + VW 2 g)-
which easily completes the proof of the continuation criterion. ]

Finally the blow up criterion (1.13) results by standard arguments from the fact that if

1
L°°+H (1 + |Vul> = 0:)*)(t.)

+ sup ||axvt,xu||mo) < o0,

limsup(
L>  |yl=1

t/'T

1
u(t,-)

then the solution to the Cauchy problem (1.11) can be extended beyond T'. This ends the
proof of Theorem 1.1.

Appendix D. Some simple ordinary differential equations results

D.1. Proof of Duhamel’s formula (3.16)
The formula results from the following lemma:
Lemma D.1. With the previous notations, the homogeneous equation
Lf=0 (D.1)

has a basis of solutions {e;, e} given by

e1(y) = (AQ)(»).

y )22 (D2)
() = (AQ)(Y) /1 1+ (@r()1)

03(Nr3 (A2 "

Moreover, for any regular function g, the solution to the Cauchy problem

Lf =¢ (D.3)
f(0)=0 and f'(0) =0, '

can be written in the form

YA+ (Qr()))2 [T Q3(5)5°(AQ) ()
Q3(Nr3(AQ)2(r) Jo (1 +(Qs(s))»)*?
Proof. It has already been mentioned that e; := AQ is a positive solution of the homo-

geneous equation £ f = 0.
In order to obtain e; it is convenient to remove the first order derivative in £ by setting

f= I:If where X
2(HA)y = —(E + Bl) (D.4)
H y

g(s)dsdr.

£O) = —(AQ)() /0
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with B; defined by (1.17). Then

with g = H$ and

where

~

. 3 H H
<‘P=Bo+(—+31)( )y+w.
y H

Since for any two solutions fl and fz of the homogeneous equation
£f =0, (D.5)

the Wronskian W ( f] fz) is constant, the functions €, €, defined by
d

A Yy — A A y S
&r=H7le;, &(y) = 61()’)/ FOYRS (D.6)
1 €7(s)
constitute a fundamental system of solutions to (D.5). Since
902 ¢
Bi(y) = —> — &
y Q
in view of (2.1) we get
noy=3(L - 222)
0 1+ 05
Therefore 3 0
y
—+ B =3|log| ———~ ,
3 5100 =3(og( Q;)I/Z))y
and thus taking into account (D.4), one can choose
A (14 (0,)%(»)**
A(y) = 9y . (D.7)
(yo))

This completes the proof of (D.2).

To end the proof of the lemma, it remains to establish Duhamel’s formula (3.16). For
this purpose, let us start by noticing that since by construction W (€1, €;) = 1, the solution
of (D.3) can be written in the form

[V er()eas) —er(s)ea(y)
o= )

g(s)ds.
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In view of (D.2), we deduce that
B y S H2(s") ds’ Y H2(s")ds'\ g(s)
fy) = el(y)/(; (el(s)/; ef(—s’) —e1(s) 1 e%(s’) )]_}2(5) ds
_ Yei(s)gls) (¥ H(s)ds'
B el(y)/o H2(s) Js e2(s') ds

Finally, performing an integration by parts, we readily gather that

YAS) [T elsNgls)
eis) Jo H2(s) ’

FO) = —e1(y) /0

which ends the proof of the lemma by (D.7). |

D.2. Proof of Lemma 4.3

To prove the first item, let us, for g in €°(R?), look for the solution f of the inhomo-
geneous equation

.fkf = (22 - 132 f — (g + 4zvk)82f — (z% —2vk(1 + vk))f =g,
J(1/v2) =0,

in the form

N+1

f=fO+ 0 with fO@) =) amz=1/V)",

m=1

where N := [kv] + 3 and where the coefficients «,, for | <m < N + 1 are uniquely
determined by the requirement that the function

Fi=g—Zis©

satisfies
g®a/v2)=0, VvLe{o,....N}. (D.8)
Then f® has to satisfy
EifY =3
fR/V) =0, fOee R,
and can be recovered by the Duhamel formula:
5 ~
g(s) 1 0,— 0,+ 0,+ 0,—
1o = [ (12 OLET ) — 1@ 12 ) ds,
1/\/5 232 _ 1 W( kO’,O-‘r7 fko,b )(S) k,0 k,0 k,0 k,0
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where
0, 0,—y . 0, 0,— 0,—( 10,
W few ) = Tio o)z — fio Ui )
denotes the Wronskian of the basis { fkoi;r, fkob_} defined by (4.45). By straightforward
computations, we have

V2a(v,k)sgn(z — 1/2)]z% — 1/2[*0R)—1
26

3

W(fo s oo )(@) =

which implies that

0,— 0,+
Wy = R ( feo @ Jeo @ )
(@) NPT /1/ﬁs g(s) 1 AR G 1/ R ds.
(D.9)

The uniqueness follows immediately from Remark 4.1.

Now we turn our attention to the second item. Our task here is to solve uniquely (4.51)
in €°(]0, 1/+/2]) under condition (4.52). Let us start with the case ¢ = 0 and look for a
solution f to the equation

Lif(2) = (1/V2=2)"h(z)
in the form
f= f(O) + f(l)

with

N
FO@) = /2=y em(1/V2= 2",

m=0

where again N = [kv] + 3. Due to (4.52), the coefficients ¢, for 0 <m < N can be fixed
so that 5 5
L f V() = (1/V2=2)h(z2), (D.10)

where 7 is a function in €0, 1/ \/5]) that satisfies
HO1/v2) =0, VLe{0,....N}.
But any solution to (D.10) is of the form

! T S ( fin@  RG@ )
NN /1/ﬁs (1/32 = 5)"Ii(s) (/42— 5D~ 5 1 1/ e ds

+ a;fko,bJr(Z) + al:fko,;)_(z)

for some constants a,': and a; . Invoking the fact that we look for solutions in

€(]o, 1/«/5]) vanishing at z = 1/«/5 we end up with the result, in the case ¢ = 0,
by taking a,j =a, =0.
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To establish the result for any integer ¢ > 1, we shall proceed by induction assuming
that under condition (4.52), for any integer 1 < j < g — 1, the inhomogeneous equation

£i f(z) = (1/¥2 = 2) (log(1/v2 — 2)) h(z)

has a unique solution f of the form

@) =/V2=2"" 3" (log(1/v2 = 2)* he(2).

0<{<j
where for all 0 < £ < j, hy is in €°(]0, 1/«/5]). Then we look for a solution f* to
Lif(2) = (1/¥2 = 2)" (log(1/v/2 = 2))h(2)
of the form 5
f(2) = (og(1/vV2=2))" f(z) + f P (2), (D.11)

where

L1 f(2) = (1/vV2=2)h(2).

Thanks to the above computations, this implies that
f@) = 1/V2=2)" i (2),

where 1, belongs to €% (]0, 1/+/2]).
Since in view of (D.11),

L fPE) =0/V2=2) Y (og(1/V2—2) hu(2),

0<f{<g-—1

with hy € €*°(o,1/ ﬁ]) this completes the proof of the second item by the induction
assumption.

Let us now establish the third item. To this end, for g € €%°(]0, 1/+/2[) with an asymp-
totic expansion at 0 of the form

g(z) = (logz)™ Y ggzh~2
B=Bo

with some integers o and By, we investigate the nonhomogeneous equation fk f=g
Fixing some z( in 0, 1/ \/E[ and invoking Duhamel’s formula, we readily gather that for
all z in ]0, 1/+/2[, we have

0,— 0,+
fo) = Jeo (@) fro (2) )ds

(1/VZ=$)=0R) (s 4 1/3/2)00
+aif fio (@) +ag fily @)

1 7,
242 a (v, k) /zo : g(s)(

for some constants a,j and a -



Blow up dynamics for surfaces asymptotic to the Simons cone 3885

Taking into account (4.45), we infer that any solution to fk f = g has, for z close
to 0, an asymptotic expansion

f@ =3 fopzP+ Y D fapllogz)*zP
B=-3 I=<a=ap B>Po
when ¢ > —1, and
f@= Y fopP+ D D faplogz)®z?
B>min(By,—3) 1<a=<agp B>Bo

+ (log z)®0*! Z fa,ﬂzﬂ

B=max(Bo,—3)

when ¢ < —2. This completes the proof of the third item.
To end the proof of the lemma, it remains to establish the fourth item. Applying
Duhamel’s formula, we get

£) [T fes @) G )a
Z)=—— s7g(s - s
2 2aw k) ) DS G S 1VRe00 T (5 1 142w
+ai [l (@) + ag [y ()
for some constants a,j and a,; . Since A < vk, the unique solution to (4.54) that has at
infinity an asymptotic expansion

f@= >3 fk (ogz)* z477

0<a=<oap peN

is given by the above formula with a,:' = a;, = 0. This ends the proof of the lemma.
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