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Abstract. In this paper we show that, after completing in the -adic topology, the Turaev cobracket
on the vector space freely generated by the closed geodesics on a smooth, complex algebraic
curve X with a quasi-algebraic framing is a morphism of mixed Hodge structure. We combine
this with results of a previous paper on the Goldman bracket to construct torsors of solutions to
the Kashiwara—Vergne problem in all genera. The solutions so constructed form a torsor under
a prounipotent group that depends only on the topology of the framed surface. We give a par-
tial presentation of these groups. Along the way, we give a homological description of the Turaev
cobracket.
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1. Introduction

Denote the set of free homotopy classes of maps S' — X in a topological space X
by A(X) and the free R-module it generates by RA(X). When X is an oriented surface
with a nowhere vanishing vector field £, there is a map

8 : RA(X) > RA(X) ® RA(X),

called the Turaev cobracket, that gives RA(X) the structure of a Lie coalgebra. The
cobracket was first defined by Turaev [33] on RA(M)/R (with no framing) and lifted
to RA(M) for framed surfaces in [34, §18] and [2]. The cobracket 8¢ and the Goldman
bracket [9]

{ ., }:RAMX)® RA(X) > RA(X)

endow RA(X) with the structure of an involutive Lie bialgebra [6,27,34].

The value of the cobracket on a loop @ € A(X) is obtained by representing it by an
immersed circle o : S' — X with transverse self-intersections and trivial winding number
relative to £. Each double point P of « divides it into two loops based at P, which we

Richard Hain: Department of Mathematics, Duke University, Durham, NC 27708-0320, USA;
hain @math.duke.edu

Mathematics Subject Classification (2020): Primary 17B62, 58 A12; Secondary 57N05, 14C30


https://creativecommons.org/licenses/by/4.0/
mailto:hain@math.duke.edu

R. Hain 3890

denote by o, and a;. Let ep = £1 be the intersection number of the initial arcs of o)
and o/ . The cobracket of a is then defined by

Sg(a) = Zep(a} Qap —ap ®ap), (1.1)
P

where a’, and a’, are the classes of ), and o/, respectively.

The powers of the augmentation ideal / of Ry (X, x) define the I -adic topology on it
and induce a topology on RA(X). Kawazumi and Kuno [27] showed that § is continuous
in the [-adic topology and thus induces a map

8¢ : RA(X)® — RA(X)" ® RA(X)"

on [ -adic completions. This and the completed Goldman bracket give RA(X)” the struc-
ture of an involutive completed Lie bialgebra [27].

Now suppose that X is a smooth affine curve over C or, equivalently, the complement
of a non-empty finite set D in a compact Riemann surface X . In this case QA(X)” has a
canonical pro-mixed Hodge structure [10]. In particular, it has a weight filtration

= © WoQAX)™ € W QAX)" € WoQA(X)" = QA(X)"
and its complexification CA(X)”" has a Hodge filtration
<D F2CAMX)" D FTICA(X)" o F'CA(X)" D FICA(X)" = 0.

The Hodge filtration depends on the algebraic structure on X, while the weight filtration
is topologically determined and so does not depend on the complex structure.' This pro-
mixed Hodge structure contains subtle geometric and arithmetic information about X.
Together with the image of ZA(X)”, the mixed Hodge structure on QA(X)/13 deter-
mines, for example, X up to isomorphism, X up to finite ambiguity, as well as the point
in the intermediate jacobian of the jacobian of X determined by the Ceresa cycle of X .
Our first main result is that the Turaev cobracket is compatible with this structure.

Theorem 1. If & is a nowhere vanishing holomorphic vector field on X that is meromor-
phic on X, then

8 : QA(X)" ® Q(—1) — QA(X)" ® QA(X)"

is a morphism of pro-mixed Hodge structures, so that QA(X)" ® Q(1) is a complete Lie
coalgebra in the category of pro-mixed Hodge structures.

IThe weight filtration on QA(X)” is the image of the weight filtration of Qmy(X, x)*,
which is determined uniquely by the conditions that W_1Qm1 (X, x) = I, W_2Qn1(X, x)" =
ker{I — Hq(X)}, and by the condition that W_,,—»Qm1(X, x)" is the ideal generated by
W_1W_m_1 and W_zW_m.
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We call such a framing & an algebraic framing. The previous result also holds in the
more general situation where the framing £ is a section of a twist of the holomorphic
tangent bundle of X by a torsion line bundle. We call such framings quasi-algebraic
framings of X . (See Definition 7.1.)

The main result of [18] asserts that

{. 11 QA" @ QAX)" - QAX)" @ Q1)

is a morphism of mixed Hodge structure (MHS), so that QA(X)" ® Q(—1) is a complete
Lie algebra in the category of pro-mixed Hodge structures.

Corollary 2. If & is a quasi-algebraic framing of X, then (QA(X)*,{ , }.8z) is a
“twisted” completed Lie bialgebra in the category of pro-mixed Hodge structures.

By “twisted” we mean that one has to twist both the bracket and cobracket by Q (1)
to make them morphisms of MHS. There is no one twist of QA(X) that makes them
simultaneously morphisms of MHS.

Let V be a non-zero tangent vector of X at a point of D. Standard results in Hodge
theory (see [18, §10.2]) imply:

Corollary 3. Hodge theory determines torsors of compatible isomorphisms

@A) L },(Sg)i(l_[GrKVm QAN GV (. }.arY 55) (1.2)

m=>0

of the Goldman—Turaev Lie bialgebra with the associated weight graded Lie bialgebra
and of the completed Hopf algebras

QmX.V" > ] 6%, Qmi(x.9)" (1.3)

m=>0

under which the logarithm of the boundary circle lies in GrH/2 Q1 (X, V). These isomor-
phisms are torsors under the prounipotent radical U ;IVT of the Mumford—Tate group of the

MHS on Qmy (X, V).

In the terminology of [2], such isomorphisms solve the Goldman—Turaev formality
problem.

There are many potential applications of these results to the study of the geometry
and arithmetic of algebraic curves. In this paper, we will focus on an application to the
Kashiwara—Vergne problem [2], a problem in Lie theory related to Poisson geometry and
the study of associators. Additional applications can be found in [17].

Solutions of the Kashiwara—Vergne problem of type (g,n + 1), where 2g — 1 4+n >0,
are automorphisms P of the complete Hopf algebra

Q(X1,- . Xg, Y1, -, Vgs Z1s- -1 Zn))

that solve the Kashiwara—Vergne equations. They correspond to automorphisms & that
induce isomorphisms of the Goldman—Turaev Lie bialgebra with the completion of its
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associated weight graded that satisfy certain natural boundary conditions. Corollary 3,
combined with [1, Thm. 5], implies that the automorphism & constructed from a Hodge
splitting of Q7 (X, V)" in [18, §13.4] solves the KV equations. The following result is a
special case of Corollary 10.2.

Corollary 4. Suppose that X is an affine curve of type (g,n + 1), where2g — 1 +n > 0.
If € is a quasi-algebraic framing of X, then the isomorphisms ® constructed in [18, §13.4]
from the canonical MHS on Q1 (X,V)" are solutions of the Kashiwara—Vergne problem.
The solutions constructed in this manner form a torsor under the unipotent radical Ui\g

of the Mumford-Tate group of the canonical mixed Hodge structure on Qm1(X,V)".

Our solutions of the Kashiwara—Vergne problem have the property that the corre-
sponding splittings of the filtrations are compatible with those of the Lie algebra of the
relative completion of the mapping class group constructed in [11]. (See [18, Thm. 6].)
Whether or not all solutions of the Kashiwara—Vergne problem have this property is not
known.

The Kashiwara—Vergne problem concerns smooth surfaces and does not require a
complex structure. Let S be a closed oriented surface of genus g and P = {xo, ..., X}
a finite subset. Set § = S — P. Assume that S is hyperbolic, that is, 2g — 1 4+ n > 0.
Suppose that &, is a framing of S. Denote the index (or local degree) of &, at x; by dj;.
Letd = (do. ....d,) € Z"*! be the vector of local degrees of £,. The Poincaré—Hopf
Theorem implies that ) d; = 2 — 2g.

In [2] it is shown that the Kashiwara—Vergne problem admits solutions for all framed
surfaces of genus g # 1 and for surfaces of genus 1 with certain, but not all, framings.”
(See [2, Thm. 6.1].) We obtain an independent proof of their result by showing (in Sec-
tion 9) that the framings for which the KV-problem has a solution are precisely those that
can be realized by a quasi-algebraic framing. The proof combines work of Kawazumi
[25] with the existence of meromorphic quadratic differentials, which is established in
the works of Kontsevich—Zorich [28] and Bainbridge, Chen, Gendron, Grushevsky and
Moller [4].

Theorem 5. If g # 1, then there is a complex structure (X, D) on (S, P) such that &, is
homotopic to a quasi-algebraic framing of X. When g = 1, there is a complex structure
on (S, P) for which &, is quasi-algebraic if and only if the rotation number rotg, (y) of
every simple closed curve y in X is divisible by gcd{dy, ..., d,}.

Solutions of the Kashiwara—Vergne (KV) problem for (S, &) form a torsor under a
prounipotent group, denoted K JZVZ i in [2]. It depends only on the vector d of local

degrees and not on other topological invariants of &,. Corollary 4 implies that each quasi-

2To compare the two statements, one should note that if yj is the boundary of sufficiently small
disk in X, centered at x;, then d; + rotg(y;) = 1. Note that the boundary orientation conventions

used in [1-3] differ from those used in this paper. Their “adapted framing” has the property that
do =2—2ganddj =Oforall j > 1.
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algebraic structure B o
¢ : (X, DV, &) = (S, P.Vo.5)

determines an injection ‘L(MT — K m“ +i . Letting the stabilizer of &, in the mapping

class group of (S, P) act on the complex structure ¢ by precomposition, we obtain a
larger torsor of solutions to the KV-problem. These form a torsor under a prounipotent
group ‘w‘ i whose construction and structure is discussed below. It is a subgroup of

KRve i’ We conjecture that it is equal to K R'Vd i Equivalently, we conjecture

g.n
that all solutions of the Kashiwara—Vergne problem arlse from the Hodge-theoretic con-
structions for some quasi-algebraic structure ¢.

In order to state the next theorem, we need to introduce several prounipotent groups.
Denote the category of mixed Tate motives unramified over Z by MTM(Z). Denote by K
the prounipotent radical of its tannakian fundamental group 71 (MTM, w®) (with respect
to the Betti realization w®). Its Lie algebra ¥ is non-canonically isomorphic to the free
Lie algebra

¥ >~ LL(03,05,07,09,...)".

Denote the relative completion of the mapping class group of (S, P,V,) by § e+l and
its prounipotent radical by ‘ug e (See [11] for definitions.) These act on Q{ (S, V,)".
in AutQm;(S,V,)" by U e +i- The vector field &, deter-
— H,(S) that depends only on the vector d of local

Denote the image of U gnti

mines a homomorphism U gn+i
degrees of &. Denote its kernel by U, +1 * The group ‘ud it mentioned above, is the

subgroup of K fRVd .7 generated by e gn+iand ‘L(MT

Thara and Nakamura [23] construct canonical smoothmgs of each maximally degen-
erate stable curve X, of type (g,n + 1) over Z[[q1, ...,qn]] for all n > 0, where N =
dim Mg 1. Associated to each tangent vector v = +3/dq; of Mg 41 at the point cor-
responding to X, there is a limit pro-MHS on QA (X)”, which we denote by QA (X;)".

Hypothesis 1.1. The limit MHS on QA(X3;)" is the Hodge realization of a pro-object of
MTM(Z). Equivalently, the Mumford—Tate group of the MHS on QA (X;)” is isomorphic
to w1 (MTM, a)B).

A more detailed description of this hypothesis is given in the proof of Proposition 13.3.
The author claims that this hypothesis is true. The proof is expected to be available in [19].
Brown’s result [5] is a significant ingredient in the proof, and also the (0, 3) case.

3Conjecturally, the homomorphism § — Aut Qm1 (S, Vo)” is injective, which would

o g ,n+f
imply that ‘l,(g,n+i = ug,n+i'

4Explicit presentations of the Lie algebra of ‘ng ai] are known for all n > 0 when g # 2
[11,16,21]; partial presentations (e.g., generating sets) are known when g = 2 [35]. Presentations
of U4 +i can be easily deduced from these.

g.n
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Theorem 6. If 2g +n > 1 (i.e., S is hyperbolic), then the group ‘a‘; ntd does not depend
on the choice of a quasi-algebraic structure ¢ : (S, P,Vy, &) — (X, DV, £). The group

o574 . . q . . . L
Uy, n+7 is normal in ud . If we assume Hypothesis 1.1, there is a canonical surjective

group homomorphism JC — ‘ud
of w1 (MTM).

574 . .
+1/‘l,(g,n+1, where K denotes the prounipotent radical

This result follows from a more general result, Theorem 12.5, which is proved in

Section 13. We expect the homomorphism KX — ud -/ ﬂg n41 to be an isomorphism.

n+1
The injectivity of this homomorphism is closely related to Oda’s Conjecture [30] (proved

in [32]) and should follow from it.

In genus 1, the associated graded Lie algebra Grl’ Uy i = of the Lie algebra of ‘ul pti
contains the derivations 85, of [2, Thm. 1.5] (denoted €5, in [21]). The first statement of
Theorem 6 implies [2, Thm. 1.5] as well as higher genus generalizations.

Conjecture 1.2. The inclusion ﬂd ati ™ K R"Vd i is an isomorphism if and only

if the inclusion of 71 (MTM) into GRT the de Rham version of the Grothendieck—Teich-
miiller group, is an isomorphism. In this case, K mﬂ; wti will be a split extension

1> Ui — KRVE 5 K 1.

g.n+ g.n+1

Remark 1.3. The precise relationship between Theorem 6 and the conjecture is not clear
to the author. The group GRT is an extension of G, by a prounipotent group that we
denote by URT. Brown’s Theorem [5] implies that there is an inclusion KX < URT. It is
shown in [2] that there is a natural inclusion URT «— X 32"\7‘; ntd when2g +n—1>0.
To understand the relation between the theorem and the conjeeture one has to understand

the “geometric part” URT N ‘ug a1 of GRT. If it is trivial, then ‘ug ntuu = J{{R'Vd wti

would be an isomorphism if and only if X — URT were an isomorphism (or, equ1va1ently,
71(MTM) — GRT were an isomorphism).

A few remarks about the approach and the structure of the paper. As when proving
that the Goldman bracket is a morphism of MHS [18], the proof of Theorem 1 consists
in:

(i) Finding a homological description of the cobracket 8¢ analogous to the homolog-
ical description of the Goldman bracket given by Kawazumi—Kuno [26, §3]. This
description gives a factorization of the cobracket.

(i) Giving a de Rham description of the continuous dual of each map in this factoriza-
tion.

(iii) Proving that, for each quasi-complex structure on (E, P,V,, £,), each map in this
factorization of the dual cobracket is a morphism of MHS.



Hodge theory of the Turaev cobracket 3895

The homological description of the cobracket is established in Sections 4 and 5. This
description appears to be new. The de Rham descriptions of the factors of the dual
cobracket are given in Section 6. The proof of Theorem 1 is completed in Section 7
where it is shown that each map in the factorization of the cobracket is a morphism of
MHS for each choice of a complex structure. The group ‘u‘; i is defined and analyzed

in Section 12, and Theorem 6 is proved in Section 13.
This paper is a continuation of [18]. We assume familiarity with the sections of that
paper on rational K (s, 1) spaces, iterated integrals, and Hodge theory.

2. Notation and conventions

Suppose that X is a topological space. There are two conventions for multiplying paths.
We use the topologist’s convention: The product o of two paths «, 8 : [0, 1] — X is
defined when (1) = $(0). The product path traverses « first, then . We will denote the
set of homotopy classes of paths from x to y in X by 7 (X;x, y). In particular, 71 (X, x) =
7(X; x, x). The fundamental groupoid of X is the category whose objects are x € X and
where Hom(x, y) = n(X; x, y).

As in [18], we have attempted to denote complex algebraic and analytic varieties by
the roman letters X, Y, etc. and arbitrary smooth manifolds (and differentiable spaces)
by the letters M, N, etc. This is not always possible. The diagonal in 7" x T will be
denoted A7.

The singular homology of a smooth manifold M will be computed using the complex
Co (M) of smooth singular chains. The complex C*(M) will denote its dual, the complex
of smooth singular cochains. The de Rham complex of M will be denoted by E*(M).
The integration map E*(M) — C*(M;R) is thus a well-defined cochain map.

The notation ( , ):C*® ® Co — k will often be used for any (natural) pairing between
a chain complex C, and a dual cochain complex C*. For example, it will be used to denote
Kronecker pairings and integration pairings.

2.1. Local systems and connections

Here we regard a local system on a manifold N as a locally constant sheaf. We will denote
the complex of differential forms on N with values in a local system V' of real (or rational)
vector spaces by E*(N; V). As in [18], we denote the flat vector bundle associated to V

by ¥ and the sheaf of j-forms on N with values in V by @@1\]1 ® ¥.So EJ(N;V) is just
the space of global sections of éj{, ® 7. There are therefore isomorphisms

H*(E*(N:V)) =~ H*(N: V).

The pull back of a local system V over Y x Y along the interchange map 7 : Y2 — Y2
will be denoted by VP,
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2.2. Cones

Several homological constructions will use cones. Since signs are important, we fix our
conventions. The cone of a map ¢ : Ae — B, of chain complexes is defined by

Co(¢p) := cone(Ae — Bao)[—1],

where C;(¢) = B; & A;_; with differential d(b, a) = (0b — ¢(a), —0a). The cone of a
map ¥ : B* — A® of cochain complexes is defined by

C*(Y) := cone(B* — A®*)[-1],
where C/ () := B’ @ A/~ with differential d(8,«) = (dB, —da — ¥*B). Pairings of
complexes
(, y: A ®Ae—V and (, )p:B*®Be—>V
induce the pairing
(. ):CW)RCelg) >V

defined by (8, ) ® (b,a) — (a,a)q + (B, b)p. It satisfies (dz, c) = (z, dc) and thus
induces a pairing

(. ):HY(C'(Y) ® Ho(Ca(9)) —> V.

3. Preliminaries

We recall and elaborate on notation from [18]. Fix a ring k. Typically, this will be Z, Q, R
or C. Suppose that M is a smooth manifold, possibly with boundary. All paths [0, 1] - M
will be piecewise smooth unless otherwise noted. Denote the space of paths y : [0, 1] - M
by PM . This is endowed with the compact-open topology. For each ¢ € [0, 1], one has the
map

pt: PM - M

defined by p;(y) = y(¢). Itis a (Hurewicz) fibration.

3.1. Fibrations
The most fundamental path fibration is the map
poXp1:PM —>MxM. (3.1)

Its fiber over (xo, x1) is the space Py, x, M of paths in M from xo to x;. When xo =
X1 = x, the fiber is the space Ay M of loops in M based at x. The local system over
M x M whose fiber over (xo, x1) is Ho(Px,,x, M ; k) will be denoted by P .

More generally, for (¢1,...,t,) € [0,1]" with0 < ¢#; <1, <--- <t, < 1, one has the
fibration

n
[1p::PM — M"
j=1
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whose fiber over (x1,..., x,) is

P le X le,sz X oeo X Px"_l’ng X PXn:,M'

Here P M denotes the space of paths terminating at x € M and P,, M denotes the

space of paths emanating from x. Since Py, M and P M are contractible, the fiber of
the corresponding local system over M” is

TPy @y 3Py ® - @ p—1,nPu,

where 7;x : M" — M x M denotes the projection onto the product of the jth and kth
factors.

The “pull back path fibration” obtained by pulling back (3.1) along a smooth map
f N — M x M will be denoted by PrM — N. When f is the diagonal map M —
M x M, the pull back is the fibration

piAM > M (3.2)

of the free loop space of M over M. Its fiber over x € M is the space Ay M of loops
in M based at x. The corresponding local system will be denoted by L,s. It has fiber
Ho(AxM:k)overx € M.

3.2. Homology

The following result follows easily from the fact that a non-compact surface is a K (7, 1)
and has cohomological dimension 1. Cf. [18, Prop. 3.5].

Proposition 3.1. If M is a surface and if M is not closed, then Hj(AM) vanishes (with
all coefficients) forall j > 1. [ ]

4. Factoring loops

In this section M is a smooth manifold and k is any commutative ring. Recall from
[18, §3.3] the construction of the Chas—Sullivan map

Bcs : Ho(AM) — Hy(M; Ly).

It is induced by the map that takes a loop « : S! — M to the horizontal lift & : S' — Ly
of o defined by &(6)(¢) = a(¢p + 6).

We now describe a generalization of the Chas—Sullivan map. It arises from the factor-
ization of a loop into two arcs. The evaluation map

Po X prjai AM — M x M 4.1)

is a fibration. Its fiber over (x, y) is Px,y, M x Py x M. The corresponding local system
over M x M is

Py ® P;g
where P°P denotes the pull back of the local system V on M x M along the map (x,y) —
(¥, x). The restriction of Py ® P;}} to the diagonal Apy == M is Lys @ Lyy.
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Remark 4.1. When M is a K(m, 1), each path component of Py, x, M is contractible.
The Leray—Serre spectral sequences of the fibrations (3.2) and (4.1) imply that there are
natural isomorphisms

Ho(M;Ly) = Ho(AM) = Ho(M?* Py ® P3)).

Composing Bcs with the maps induced on homology by the two maps L —
Ly ® Ly defined by

A=A Q Iy and & lye ®a,
where 1 denotes the horizontal section of L s whose value at x is 1, gives two maps
Bcs ® 1.1® Bes : Ho(AM) — Hi(M: Ly ® Ly).
Composing these with the diagonal map
Ax: Hi(M;Ly ® Ly) > Hi(M? Py ® P}y
yields two maps
Av(Bes ® 1), Ax(1® Bes) - Ho(AM) — Hi(M*; Py ® Pyy).
Proposition 4.2. There is a horizontal section sy : [0,2mwi] x S of Py ® Pﬁ satisfying
Isg =1Qa—a® 1.
Consequently, Ax(Bcs ® 1) = Ax(1 ® Bcs).

Proof. Eachloop o : S' — M induces amap o? : S! x S! — M x M. This lifts to the
horizontal section s of Py ® P}o‘g defined over S! x S — A1 by

se(0,0) =o' ®a”,

where o is the restriction of « to the positively oriented arc in S! from 6 to ¢ and a” is
its restriction to the arc from ¢ to 6. This lift does not extend continuously to S! x S1,
except when « is null homotopic.

To extend the lift, we replace S' x S! by U := [0,27] x S!. The map

U—StxSt  (t,¢)— (t+¢,9), 4.2)

is a quotient map that takes the boundary of U onto the diagonal A g1. It induces a homeo-
morphism (0,27) x S! ~ S x S — A and identifies (0, ¢) with (27, ¢). The horizontal
lift s4 : ST x ST — Ag1 — Py ® P3; of o extends uniquely to a horizontal lift

U— Py ® Py,
which we will also denote by s,. The boundary of U is {27} x S — {0} x S!, which
implies that dsq = 1 Q& — & ® 1. (]

When M is a K(r, 1), both maps Ax(Bcs ® 1) and A«(1 ® Bcs) are easily seen to
correspond to Bcs : Ho(AM) — H{(M, Lys) = H;(AM) under the isomorphism given
in Remark 4.1.
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5. A homological description of the Turaev cobracket

Throughout this section, M will be a smooth oriented surface without boundary’ and k
arbitrary. Denote space of non-zero tangent vectors of M by M and the projection by
7 : M — M. Denote the composition of the projection 7 : M — M with the diagonal
map A: M — M x M by A.

Remark 5.1. When reading this section, it is worth keeping in mind that, by an elemen-
tary case of a theorem of Hirsch [22] (that goes back to Whitney [36]), the set of regular
homotopy classes of immersed loops in M corresponds to the set JTO(AM ) of homotopy
classes of loops in M . The formula (1.1) gives a well-defined map

Ho(AM) — Ho(AM) ® Ho(AM).

The key point in this section is to give a homological description of this map.

5.1. A homological description of Bcs : Ho (AM) — Hi(A ]\2)

The first step in giving a homological description of the cobracket is to give a homolog-
ical description of the homology of AM that is suitable for computing the intersection
product. It uses a cone construction and the homotopy s, constructed in Proposition 4.2.

Define
(:Ly — A(Py® P} 5.1

to be the map whose restriction to the fiber L ;7 | over v € M is defined by
Ha) =1, ®(roa)—(Toa)® 1y € Hy(AxM) ® Ho(AxM),

where a € Av@ and x = 7 (v).
The maps A and ¢ induce a chain map

AN ®1:Co(M;Lg) — Co(M% Py @ Py
of singular chain complexes. We can therefore form the cone
Co(Ay ® 1) = cone(Co(M; L ) — Co(M?; Pyr ® PS))[-1].

Set
HoM? M;L g — Py ® PY)) i= Ho(Co(Ay ®1)).

For each @ € AM we have the 2-cycle (Spoq. @) € C2(A4 ® 1), where
S,tanU—>PM®P;§

is the section defined in Proposition 4.2.

SIf M has boundary, replace it by M — dM , which is homotopy equivalent to M.
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Proposition 5.2. The map that takes the class of a loop « € AM to the class of the cycle
(Soe, @) € Co(Ax ® 1) defines a homomorphism

¢ Ho(AM) — Hy(M*, M;L gz — Py ® P3)) (5.2)
whose composition with the map Hy(M2, M:; L;— PyQ®Py)— H (M; L ) is the
Chas—Sullivan map Bcs for M.

The following result is the homological description of Scs that we will need in the
homological description of the Turaev cobracket.

Lemma 5.3. If M is a surface that is not S?, then there is a diagram

Ho(AM)

l Bcs
@

—— Hy(AM) —— Hx(M?, M;Lg — Py ® PS)) — Hi(AM) ——>0
whose bottom row is exact. If M is not closed, then H,(A M) vanishes so that the map
is an isomorphism.

Proof. The bottom row is part of the long exact homology sequence associated to the cone
Co(A« ® ) after making the identifications from Remark 4.1. Under these identifications,
the connecting homomorphism d : He (AZVI ) = Ho(AM) vanishes as it is induced by the
mapo > T ow — T od. |

5.2. The groups H&(Mz, N)

Denote the singular cochain complex of a pair (Y, Z) with coefficients in k by C*(Y, Z).
For a continuous map h : T — M 2 define

CA(M?,T) := cone(C*(M?, M?* — Ap) LA C*(T))[-1].

Denote its cohomology groups by H{ (M 2,T). These can also be computed by the com-
plex

cone(C* (M) ZE c*(M? — Ay & CH(T))[-1).
where j : M? — Ay — M? is the inclusion.
Lemma 5.4. There is a long exact sequence
o= HITYT) - HJ(M?,T) - H{(M?) - H/(T) - --- .
Proof. The long exact sequence comes from the short exact sequence
0— C*(T)[-1] = CX(M?,T) - Cx(M?*) — 0

of complexes. u
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We are interested in three cases: T is empty; T = Ay and £ is the inclusion; 7' = M
and £ is the composition of the projection 7 with the diagonal map. When 7' is empty,
the Thom isomorphism gives an isomorphism H/ (M) = H AH (M?). We will consider
the case T = M in the next section. Here we consider the case T = A M-

We will suppose that £ is a nowhere vanishing vector field on M . The normal bundle of
the diagonal Ay in M? is isomorphic to the tangent bundle TM of M. Fix a riemannian
metric on M. The exponential map induces a diffeomorphism of a closed disk bundle
in TM with a regular neighborhood N of Ay in M?. By rescaling £, we may assume
that the exponential map takes £ into dN. We will henceforth regard £ as the section exp &
of AN . Denote the closed unit ball in R? by B. We can choose a trivialization

7xqg:N>MxB

suchthatg o & : M — B — {0} is null homotopic. This condition determines the homotopy
class of the trivialization.
Since M is empty, the inclusion (N, dN) < (M?, M? — Ayy) induces an isomor-
phism
HX(M?,Ap) = H*(N, Apr UON).

The Kiinneth Theorem implies that ¢* : H?(B,dB) — H?(N, dN) is an isomorphism.

Proposition 5.5. There is a short exact sequence
0— H'(Ap) — H?>(N,Apy UON) — H?*(N,dN) — 0.

Proof. This is part of the long exact sequence of the triple (N, Ay U dN, dN ). Exactness
on the left follows from the Kiinneth Theorem (or the Thom Isomorphism Theorem);

exactness on the right follows as Ay — N 2 B is the constant map O. ]
The projection ¢ : N — B induces a homomorphism
q* : H*(B,dB) = H*(B,{0} U dB) — H*(N,Ap UJN).

This map depends on the homotopy class of the trivialization £. Denote the positive inte-
gral generator of H?(B, dB) by tp. Define

e :=q*tp € H*(N, Apy UON).

The image of 7z in H2(N, N ) is the Thom class tps of the tangent bundle of M.

Choose a representative wg € C%(B, dB) of 5. Set wg = ¢*wp. Since the restriction
of wp to the diagonal vanishes, the pair (wg, 0) represents 1z € H2(N, Ay U N).

To better understand t¢, suppose that y : § 1 — ON. Since M is empty, there is a
diffeomorphism dN ~ M x 0B that commutes with the projections to M. Define the
rotation number rotg(y) of y with respect to § to be the rotation number of g o y about
0eB.Ify:S! — M is the tangent map lift of an immersed loop y in M, then rotg(y)
equals the standard rotation number rotg (y).
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Let I, be the relative 2-cycle
T, : (I xS 9l xS' — (N,Ay UIN) ~ M x (B,{0} U dB)
that corresponds to the map
(I xS"0I xS')y > M x (B,{0}UdB), (1.60) — (mwoy(t).1q0y(H)).
Give I x S the product orientation.

Lemma 5.6. We have (t¢, ")) = rotg(y).

Proof. Write wg = dng in C?(B). Observe that rotg(y) = (18, q o ). Since T, =
¥ — co, where ¢ denotes the constant map S' — B with value 0,

(e, I'y) = (wB,qxTy) = (dnp.q+T'y) = (nB,qx0y) = (np,qoy) =710te(y). m

5.3. The class cg

In this section, we show that each non-vanishing vector field £ determines a class cg €

H i (M2, M ). Pairing with this class corresponds to intersecting with the diagonal and is
a key component of the homological description of .

Lemma 5.7. Each section & of M — M determines a class feeH I(M ; Z)) whose pull
back £* f¢ to M vanishes and whose restriction to each fiber M, is the positive integral

generator of HI(MX; 7). It is characterized by these properties. If y : ST — M is the
tangent map lift of an immersed loop y in M, then rotg(y) = (f¢, 7).

Proof. This follows from the Kiinneth Theorem and the fact the section § determines a
trivialization r : M > M x (R% — {0}) with r o & constant. It is unique up to homotopy.
Take f to be the pull back of the positive generator of H!(S!;Z) under the projection
M S M x (R? —{0})) > R2 — {0} — S!.

The last statement follows from Lemma 5.6. ]

Lemma 5.8. When M — M is a trivial bundle, there is a short exact sequence
0— H' (M) — H}(M? M) — H2(M?) — 0.

Each framing & of M induces a natural splitting sg : Hﬁ (M?) — Hi (M2, M) which
depends only on the homotopy class of €.

Proof. This is part of the long exact sequence in Lemma 5.4. Exactness of the sequence
follows from the Thom isomorphism H/(Ap) = H £+2(M 2), which implies that
H i (M?) = 0. The triviality of the tangent bundle of M implies that the normal bundle
of the diagonal in M? is trivial, which gives the exactness on the right.
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Since Hi (M?) is freely generated by the Thom class 7ps of M, to construct the lift
it suffices to lift a7 to H3 (M2, M). To do this, note that 7 : M — Ay induces a map
7t HE(M?, Ay) — H3 (M2, M)
and recall that Hg(Mz, Apm) = H?(N, Ay U ON). Define s¢(tpr) = m*1s. |

Definition 5.9. Define ¢z := %1z + f¢ € Hﬁ (M?2, ]\2), where f¢ € HI(M) is identified
with its image in H2 (M2, M).

5.4. The pairing

Here we define a pairing and compute its value on ¢ () ® cg forall o € AM . Itis closely
related to the value 8¢ (7 o &) of the cobracket on o.

Proposition 5.10. There is a well-defined pairing
_N_:Hy(M*M:Ly — Py ®PS)) ® HR(M?, M) — Ho(M; Ly ® L).

Proof. We continue with the notation above. Let U = N —dN.Letr : U — Ap be a
retraction. Let U = {M? — Ay, U}. It is an open cover of M?2. We can compute the
product using U-small chains C¥ and cochains Cgq, via the pairing

cone(C.(M:LM) — CHM?* Py ® PiD)I-1]
®cone(C{l(M2,M2—AM) %C.(M))[_l]
— Co(U; Py ® P}

defined by

(s.u) N (&m) = (C.s) + (. u),
where, as usual, { , ) denotes the natural pairing between cochains and chains. The
induced pairing between H, and H? takes values in Ho(U, (Py ® P;,‘;)|U). This group
is naturally isomorphic to Ho(M; Lys ® L) as the homotopy equivalence r : U — M
induces a natural isomorphism r*(Lys ® Lpr) =~ (Py ® PKE)|U. |

The following computation is the main ingredient in the computation of ¢(a) N cg,
where it is used with « € AM and B = 7 o «. Recall from the introduction the notation
for ep, B and B Recall that wg = g*wp is a 2-cocycle that represents c¢.

Lemma 5.11. If B : S — M is an immersed circle with transverse self-intersections,
then

(wg,sp) =10t (B)BR1—-1®P) — Z@(ﬂ} ® Bpr — Bp ® Bp) € Ho(AM)®?,
P

where P ranges over the double points of B.



R. Hain 3904

Proof. We use the notation of Section 5.2. Since the map B2 : S' x S! — M? maps
the diagonal Agi in S! x S! to the diagonal in M2, B2 cannot be transverse to Ayy.
However, by shrinking N if necessary, we may assume that f is transverse to N, for all
0 < r <1, where N, denotes the disk subbundle of N of radius r, where N = Nj. In this
case, the inverse image of N under 82 is a disjoint union

INVE |} R/
(6.9)

where T is a neighborhood of Ag: diffeomorphic to [—1, 1] x S!, and where U, is a
disk about the point (0, ¢) € S! x S' — A g1 that corresponds to a double point of 3.

Each double point P of B determines a pair of points (6, ¢) and (¢, 0) in
S x 8T — Ag1, where f(8) = B(¢) = P. As in the introduction, B denotes the restric-
tion of B to the positively oriented arc in S' from 6 to ¢, and Bp denotes its restriction
to the arc from ¢ to 6. Denote the initial tangent vectors of f} and f% by V' and V. The
intersection number €p is defined by

V' AV” € ep x (a positive number) x (the orientation of M at P).

An elementary computation shows that the intersection number of g2 : S! x §1 — M?
with Aps at (6, ¢) is —ep, and is €p at (¢, ). Consequently,

(wg, Z') = —ep and (wg, Z") = €p

where U’ (resp. U”) denotes Uy 4 (resp. Uy ¢) and Z’ (resp. Z”) is the positive generator
of Hy(U',0U’; Z) (resp. H,(U"”,0U"; Z)).
The contribution of the double point P to {wg, sg) is thus

(we, Z") Bp ® Bp + (0, Z") Bp ® Bp = —ep(Bp ® Bp — Bp ® Bp).  (5.3)

It remains to compute the contribution of the strip I" to (wg, sg). The derivative ,8 :
S — TM of B corresponds to a section of the circle bundle 9N — Ay, unique up to
homotopy. By the construction preceding Lemma 5.6, this determines a relative chain I' §
in (N, Apy UON).

The inverse image of T in [0, 27] x S! under the map (4.2) is the disjoint union of
two strips, I'g, a regular neighborhood of 0 x S!, and T'»;, a regular neighborhood of
27 x S

Give Ty and T, the orientation induced from S! x S!. Then, as classes in
H,(N, Apy UON), we have

[Co]l = [[g] and [Ian] = —[I'4].

As observed in the proof of Proposition 4.2, the restriction of sg to I';; is homotopic to
1 ® B, and its restriction to I'g is homotopic to 8 ® 1.
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Lemma 5.6 now implies that the contribution to {wg, sg) from I' is

(0g.T) = {wg. T2x) 1 ® B+ (wg. To) PR = —(we. T5) 1 @ B+ (g, T';) R 1

=rote(B)(BR1—-1® B). (5.4)
The result follows by adding the contribution of the strip (5.4) to the sum of the contribu-
tions (5.3) of the double points P. [

Corollary 5.12. Ifa € AM and 7 o o is immersed in M with transverse self-intersec-
tions, then

pla) Neg = —Zep((noa})) Q(moa’)—(road”)® (moa)).
P

Proof. The class ¢(«) is represented by (Szoq, @) and 7z by (wg, 0). Applying Proposi-
tion 5.10 with 8 = 7 o @, we obtain

@(0o) N cg = rotg(mw oa)((n ca)®1—-1Q (w oa))
- ZeP((n oap)®(moa”)—(roa”)® (wod)).
P

The definition of the pairing N implies that

@) N fi = (fr.a) = —totg(moa)((Toa) ® 1 — 1 ® (7 o).
The result follows as cg = ¢ + f. m

5.5. A homological description of §¢

We can now give a homological description of the Turaev cobracket of a non-compact
oriented surface M. Recall that when V is a local system over M, Ho(M; V) is the
maximal trivial quotient of V. Applying this when V = Ljs ® Ly, we see that there is
a canonical map

Ho(M; Ly @ Lpyg) > Ho(M; Ly ) @ Hy(M; L) = Hy(AM) ® Hy(AM).
For a section & of M — M, define
pe Ha(M? M;L g — Py ® Py) — Ho(M; Ly) ® Ho(M; Lyy) = Ho(AM)®?

to be the composite
~ N
Hy(M2, M L g — Py ® PS) ——> Ho(M: Ly ® Lag) — Ho(AM) ® Ho(AM).

Each section £ : M — M of 7 induces a map A§E: AM — AM and thus a homo-
morphism R
(AE)s : Hy(AM) — Ho(AM).
It is injective as its composition with (A7) is the identity. The image of a free homotopy
class of f : S' — M corresponds to the regular homotopy class of an immersed circle o
with rotg (@) = 0 that is freely homotopic to f.
The following factorization of 8¢ follows directly from Corollary 5.12.
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Theorem 5.13. If M is a non-compact oriented surface and & is a section of 7 : M— M,
then the diagram

Ho(AM) —2 Ho(A ) Hy(A )

g T e

Ho(AM) @ Ho(AM) P Hy(M2, M: Lz — Py ® P

commutes.

6. De Rham aspects

In this section, in preparation for applying the machinery of Hodge theory in Section 7, we
construct de Rham versions of the continuous duals of the maps used in the homological
description of the Turaev cobracket given in Section 5.

6.1. Preliminaries

Suppose that N is a smooth manifold with finite first Betti number and that k is a field of
characteristic zero. We are especially interested in the case where N is a rational K (7, 1)
space.

Recall from [18, §7] that Ho(Px,.x, N: k) and Ho(AN; k) have natural topologies
and that their continuous duals are denoted

HO(Pyyx, N: k) := Hom{®(Ho(Pyyx; N). k)

and 5
H°(AN;k) := HomS"(Ho(AN), k).

Recall from [18, §8] that L n denotes the continuous dual of the local system L y. There
is a natural isomorphism [18, Thm. 6.9]

H°(AN:;Kk) =~ H°(N; Ly).
Denote the local system over N x N whose fiber over (xg, x1) is H O(Pyyx, N; k)
by i’N and its pull back along the interchange map N2 — N2 by IV’(I)\},’.

Lemma 6.1. Let p : N X N — N be projection onto the first factor. If N is a rational
K(m, 1), then there is a natural isomorphism of locally constant sheaves

Ly, k=0,

Rfp (Py ® Py =~
p*( N & N) {0, k;«éO,

over N.

Proof. This follows directly from [18, Cor. 9.2]. ]
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Corollary 6.2. If N is a rational K(7, 1), then there is a natural isomorphism
H/(N* Py ® Py) =~ H/(N: Ly).

Proof. Apply the Leray spectral sequence of the projection p : N x N — N. The previous
result and the fact that N is a rational K (s, 1) imply that

ik JHI(N:Ly), k=0,
Ej" =
0, k>0,

so that the spectral sequence collapses at E5. ]

6.1.1. Differential forms. Now k will be R or C. We regard a local system on N as a
locally constant sheaf. We will denote the complex of differential forms on N with values
in a local system V of real (or rational) vector spaces by E*(N; V). In [18], we denoted
the flat vector bundle associated to ¥V by ¥ and the sheaf of j-forms on N with values in

V by & ® ¥. So EJ(N, V) is just the space of global sections of &y ® #. There are
therefore isomorphisms
H*(E*(N:V)) =~ H*(N: V).

To connect with [18], we point out that the flat vector bundle associated to L N is denoted
by £, and the flat vector bundle associated to Py by Py

6.2. Continuous DR duals

In this section, M is an oriented surface of non-positive Euler characteristic and 7 : M —

M is the bundle of non-zero tangent vectors of M. Both M and M are rational K (7, 1)
6

spaces.

6.2.1. The continuous dual of He(M?, M; Ly — Py ® P;’lf;). As in Section 5, we

denote the composition of the projection 7 with the diagonal map M — M2 by A. There
is a natural restriction mapping

PN (Py ® Py) — Ly
dual to the map (5.1). Its restriction
HO(AxM)® HO(AxM) — H°(A, M)
to the fiber over v € M, where x = w(v), is

fogr fly)®@*g) — (" f) ® g(1x).

%For M this is proved in [18, §5.1]. That M is also a rational K(m, 1) follows from this using
the fact that an oriented circle bundle over a rational K (=, 1) is a rational K(x, 1).
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Since Pys and L iz are local systems of algebras, A and ¢ induce a DGA homomor-
phism
N @ E'M% Py @ Pyy) — E*(M,Lg).
Define

E*(M?; PM®PM) — 5 E*(M, L )I=1].
Denote its cohomology groups by

H* (M2, M; Py ® Py — L ).
These cohomology groups are dual to the homology of the cone defined in Section 5.
Proposition 6.3. The pairing

(. ):E"(M2M; Py ® Py — L) ®Cu(Bhy®0) =k,

(@, ), (5,1)) = /w +/us,

defined using integration and the pairings
Py®Py—k and Ly®Ly—Kk
respects the differentials and thus induces a pairing
(. ):HM> M;Py®Py —Lg) @ H(M>, M;Ly; > Py @ P) > k. =

Proposition 6.4. If M is an oriented non-compact surface, then there is a natural iso-
morphism

Vo H' (ML) S HX(M? M; Py @ Py — L)
that is dual to the isomorphism \r in Lemma 5.3 with respect to the pairing { , ).

Proof. The cohomology long exact sequence of the cone is
- v 3 ~
> H' (M Py @ Py S HY(M: L)
/ W : TN
1) H>(M? M: Py ®P;,I; — L) — H*(M?; Py ®P$)_> cee .

It is dual to the long exact sequence of the cone Co(A ® ¢) in Lemma 5.3.

Since M is a non-compact surface, it is homotopy equivalent to a wedge of
circles and therefore a rational K(m, 1) of cohomological dimension 1. In partic-
ular, H2(M2 i’M ® IV’;,I;) vanishes. Finally, Corollary 6.2 gives an isomorphism
HY(M?; Py ® PM) ~ HY(M; LM) As in the proof of Lemma 5.3, the connecting
homomorphism 3 vanishes, which implies that 1// is an isomorphism. ]
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Recall [18, Prop. 8.1] that there is a map
Bes : H'(M: L g) — H(AM).
dual to the Chas—Sullivan map fB¢s : HO(AM) — H; (1\71, L ;) under ( , ).
Corollary 6.5. If M is an oriented non-compact surface, there is a map
¢ HZ(MZ,M;PM ® Iv’jo‘,l; — lv,ﬁ) — I:IO(AM)
that is dual to ¢ under the pairing ( , )and corresponds to BCS in the sense that Bcs =
Qo ]

6.2.2. The cup product. The de Rham incarnation of the complex C{ (M 2 M ) defined
in Section 5.4 is

EX(M?,M) := cone(E*(M?) — E*(M?— A) @ E*(M))[-1].
De Rham’s Theorem and the 5-lemma imply that it computes H { (M 2 M; k).
Lemma 6.6. There is a well-defined product

< HO(M;Ly ® Ly) ® HY (M2, M) — HX (M2, M; Py ® Py — L ). (6.1)
It is dual to the pairing
(. ):Hy(M* . M:Lg — Py ® Pyy) ® HR(M*. M) — Ho(M: Ly ® Lys)
of Proposition 5.10 in the sense that
(f < e2)= (.0

for all
feH'M;Ly ® Lyy), ce HX(M?* M), ze Hy(M> M;Lg — Py ® P$)

Proof. This result can be proved using differential forms or singular cochains. We will
use differential forms. The proof using singular cochains is similar.

Choose regular neighborhoods U and V of the diagonal A in M2, where V C U,
V is closed and U is open. Since A < U is a homotopy equlvalence every ﬂat section

of L MR L M over the diagonal extends uniquely to a flat section of P MR Py p overU.
It follows that restriction to the diagonal induces a quasi-isomorphism

E*(U: Py ® Pyy) — E*(M. Ly ® Luy).
Since the inclusion A — V is a homotopy equivalence, the map

EXN(M?) — Ey,(M?) := cone(E*(M?*) — E*(M*> - V))[-1]
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is a quasi-isomorphism. Denote the complex of forms of M? that vanish on M2 — V by
E®*(M?,M? — V). The 5-lemma implies that the cochain map

E*(M?*, M?* V) — Ey(M?)
that takes w to [w, 0] is a quasi-isomorphism. Together these imply that £} (M 2 M ) is
quasi-isomorphic to the complex
cone(E*(M2, M? —V) — E*(M))[-1].

The cup product pairing (6.1) is induced by the map of complexes

E*(U, Py ® Pyy) ® cone(E* (M2, M? — V) — E*(M))[-1]
— E*(M?,M: Py ® Py — L)
defined by F ® [w, ] — [F A w, (—1)!Fl(z* F) A n]. This is a chain map according to

the conventions in Section 2.2.
To prove the remaining assertion, suppose that z is represented by [s,u] in Co(Ax ® t),

f is represented by F € E°(U; Py ® Iv’ig), and ¢ is represented by [w, 5] €
cone(E*(M? , M? —V) — E®*(M))[—1]. Then f — c is represented by [Fw, 7*F - 1]
and

(fvc,z)=([Fa),n*F-n],[s,u])=/Fa)+/F77.

On the other hand, since F is locally constant,

odze)) = sl [s, ul)) = <F,/sw+/un> - [st+/an. .

6.3. Factorization of the continuous dual of the Turaev cobracket

Define 5 5 5 5
8¢ HY(AM) ® H(AM) — H°(AM)

so that the diagram
HO(AM)®2 Z> HO(M: Lpr) @ HO(M: Lpg) —™ > HOM: Ly ® Lyy)
Ss l ~Cg
v Ny
70 MO rociy. ¢ 2002 N P poP ¥
HO(AM) HOM; L ) <—2— H2 (M2, M:; Py @ Py — L)

commutes. The next result follows directly from Theorem 5.13 and the results in Sec-
tion 6.2.

Proposition 6.7. The map g; is the continuous dual of 8¢ in the sense that

Be(f ® g).0) = (f ® £.8:())
forall f,g € H*(AM) and o € AM.
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7. Proof of Theorem 1

In this section, k will be Q, R or C, as approgiate, and X will be a smooth affine curve
over C. Equivalently, X is the complement X — D of a finite subset D of a compact
Riemann surface X . Denote the holomorphic tangent bundle of X by T'X.

7.1. The map (A&)* is a morphism of MHS

Definition 7.1. Suppose that m is a positive integer. An algebraic m-framing of X is a
meromorphic section of L ® 7' X whose divisor is supported on D, where L is a holomor-
phic line bundle over X whose mth power L®™ is trivial. Equivalently, £ is the mth root of
a meromorphic section of the mth power of the holomorphic tangent bundle of X whose
divisor is supported on D. A quasi-algebraic framing of X is an algebraic m-framing for
some m > 0. An algebraic framing of X is, by definition, a 1-framing.

Since torsion line bundles on X, such as L, are topologically trivial, each quasi-
algebraic framing of X determines a homotopy class of smooth framings of X and a
cobracket 8¢. In this section, we prove the following stronger version of Theorem 1.

Theorem 7.2. If £ is a quasi-algebraic framing of X, then
8 : QAX)" ® Q(=1) = QA(X)" ® QA(X)"
is a morphism of pro-mixed Hodge structures.

Throughout this section, m is a fixed positive integer, and £ is an algebraic m-framing
of X . Its mth power £™ is a meromorphic section of (7 X )®™. The theorem is proved by
showing that each group in the factorization of

8¢ - H(AX) @ H(AX) — H(AX) ® Q(—1)

given in Section 6.3 has a mixed Hodge structure (MHS) and that each morphism in the
factorization is a morphism of MHS. The twist by Q(—1) occurs in the map — c¢. Note
that the topological factorization of 8¢ in Section 5 implies that all of the maps in the

factorization of Sg in Section 6.3 are also defined over Q. So we need only show that each
preserves the Hodge and weight filtrations after extending scalars to C.

For a positive integer d, denote the set of non-zero elements of (7X)®? by X, 4. Thisis
a smooth quasi-projective variety. The map 77X — (7'X) )®4 that takes a tangent vector v
to v induces a covering map pg : X > X, 4. Since X, X, 4 are smooth algebraic varieties,
HO(AXd) and HO(AX) have natural MHSs by [18, Cor. 10.7].

Lemma 7.3. Forall d > 1, the map (Apg)* : H(AX4; Q) — H°(AX: Q) is an iso-
morphism of MHS.

Proof. Since pg : X > )?d is a morphism of varieties, (Apg)* is a morphism of MHS.
So, to prove the result, it suffices to prove that it is an isomorphism of vector spaces.
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To this end, fix a smooth section &, of X — X.Then for all k > 1, éff is a smooth sec-
tion of X — X. Since X; — X isa principal C*-bundle with section Sé‘, it is trivialized
by the map

G X XxC* > Xp,  (x,1) > tE(x)F. (7.1)

This trivialization induces an isomorphism
(Agi)* : HO(AXi: Q) — HO(AX x C*) = H(AX:Q) ® H(AC*: Q)

as there is a canonical isomorphism A(A4 x B) =~ AA x AB.

The d-fold covering map y4 : C* — C* induces an isomorphism on unipotent funda-
mental groups and therefore an isomorphism y7 : H°(AC*; Q) - H(AC*; Q). Since
the diagram

Xx(C*Lg
idxxaj Pa
XXC*(»—d)),(\d

commutes, so does

HOAR:Q) 2% FOAX;Q) ® HO(AC*: Q)

(Apd)*L lid@x:}
HOAX: Q) — 22 HOAX:Q) ® HO(AC*: Q)

The result follows as the two horizontal maps and the right-hand vertical map are isomor-
phisms of MHS. ]

When m > 1, it is not immediately obvious that (A£)* is a morphism of MHS. How-
ever, this is the case.

Corollary 7.4. The map (A§)* : H*(AX) — H®(AX) is a morphism of MHS.

Proof. Regard & as a smooth section of X — X. Since &™ is homotopic to p,, o &, the
diagram

v A~ AEM)* v
HOA R, 220 Foax: @)

] |
v ~ AE* v
HOAX) —225 Foax: Q)

commutes. Since £™ is algebraic, the map (AE™)* is a morphism of MHS. The result
follows as (Apy,)* is an isomorphism of MHS by the previous result. ]
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7.2. The multiplication map is a morphism of MHS

Each fiber H 0(A X) of Ly is a commutative Hopf algebra in MHS. The product induces
a map Ly ® Ly — Ly of local systems. It is a direct limit of morphisms of admissible
variations of MHS over X. The Theorem of the Fixed Part (or a direct argument that uses
the construction of these MHSs) implies that

mult : HO(X, Lyx)®* — HO(X,Ly)
is a morphism of MHS.

7.3. The map ¢ is a morphism of MHS

To prove that the remaining groups have natural MHSs and that the maps between them
are morphisms, we need to recall the following standard fact about cones of mixed Hodge
complexes, which is implicit in [7].

Lemma 7.5. The cone C*(¢) of a morphism ¢ : B®* — A® of mixed Hodge complexes is
a mixed Hodge complex, and the corresponding long exact sequence

= HITHA®) > HY(C(¢) — H(B®) > H/(A%) — -+
is a long exact sequence of MHSs. ]

Proposition 7.6. If X is an affine curve, then H*(X?, X; Px ® IV’;(p — L %) has a nat-
ural MHS and Iﬁ HY(X; lv,}?) — H?*(X?, X: Py ® IV’;p — lv,f) is an isomorphism of
MHS. Consequently,

¢ HZ(XZ,)/(\;IV’X ® IV’;p — lvlf) — FIO(Af)
is also a morphism of MHS.

Proof. The work of Saito [31] implies that if V' is an admissible variation of MHS over
the complement of a divisor W with normal crossings in a smooth variety Z, then the
complex E*(Z log W; V') of smooth forms on Z with values in the canonical extension
of V to Z and log poles along W is part of a mixed Hodge complex and is naturally quasi-
isomorphic to E*(Z — W; V). In particular, it computes H*(Z — W; V) ® C, together
with its Hodge and weight filtrations.

The compactification P = P(TX & O ) of the tangent bundle TX of X is a com-

pactification of X whose complement W is a divisor with normal crossings. The cone
cone(E*(X",1og((X x D) U (D x X)); Px ® Py), E*(PlogW; L 3))[~1]

is quasi-isomorphic to E*(X?, X: i’X ® IV’;)(p — lv,)?). Lemma 7.5 implies that it is the
complex part of a mixed Hodge complex that computes H*(X?2, X, P x ® IV’;)(p — L £)-
In particular these cohomology groups have natural MHSs. It also follows that xb being
a map in the cohomology sequence, is a morphism (and thus 1s0morphlsm) of MHS

The map ,BCS is a morphism of MHS by [18, Lem. 11.1]. Since ¢ = ,BCS o w ,1tis
also a morphism of MHS. [ ]
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7.4. The class cg is a Hodge class

Proposition 7.7. The group HJ (X 2 x ) has a natural mixed Hodge structure and cg is
a Hodge class of type (1, 1).

Proof. Let Y be the blow up X x X at Ap. Then X2 — A is the complement of a normal
crossing divisor E in Y. Write E = E’ 4+ A. The restriction of E’ to the diagonal Ay
is A D.

Let Z be the normal crossings compactification of X constructed in the proof of
Proposition 7.6. The commutative diagram of morphisms of complex algebraic maps

A

X u X X2 X2 — Ay

Z-W——X-D——-Y—E <~——Y—-E

induces a commutative diagram

E*(YlogE)<—— E*(YlogE') —— E*(X log D) — E*(Z log W)

| | L]

E*(X?— Ax) ~——— E*(X?) — 2 S E'(X)— "~ E%(X)
of DGAs in which each vertical map is a quasi-isomorphism. Each DGA in this diagram
is the complex part of the natural mixed Hodge complex associated to the corresponding
variety. The 5-lemma implies that the complex E3 (X2, X) is naturally quasi-isomorphic
to
cone(E*(Y logE') — E*(Y log E) & E*(Z log W))[—1]. (7.2)

Lemma 7.5 implies that it is the complex part of a mixed Hodge complex. It follows that
HQ (X, X) has a natural MHS and that the exact sequence of Lemma 5.8,

0— H'(X) > H}(X%, X) - H}(X?) — 0,

is an exact sequence of mixed Hodge structures.

It remains to show that c¢ is a Hodge class that spans a copy of Q(—1). Recall the
notation and the construction of ¢¢ from Section 5.3. In particular, cg = 7*7¢ + f¢. Since
n* : H} (X2, Ax) — HZ(X?, X)isa morphism of MHS, to prove that c¢ is a Hodge
class, it suffices to prove that both f and 7z are Hodge classes.

We first show that f¢ is a Hodge class. Let 1, : X — C* be the composite

)?ﬂ"—))?me(C*
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where the second map is the composition of the inverse of the isomorphism ¢,, (7.1) with
the projection X x C* — C* given by £™. Since £ is algebraic, this is a morphism
of varieties and thus induces a morphism of MHS on cohomology. The map r used in
Lemma 5.7 in the construction of f¢ is the topological mth root of r,,. Since r,,dt/t =
mr*dt/t, we have

2rify = r*? = n%r;;# € H'(X:Q) c H3(X%.X),
which spans a copy of Q(—1) as H'(C*; Q) = Q(—1). Thus f; is a Hodge class.

Since 1¢ € Hﬁ (X2, X;Q), to prove that it is a Hodge class, it suffices to show that it
is a real Hodge class. To do this, we use the fact that the MHS on H } (X2, Ax) depends
only on X and the normal bundle of Ay in X2, which is just the (holomorphic) tangent
bundle 7X of X. This follows from the construction of a (real) mixed Hodge complex
for the punctured neighborhood of one variety in another that was constructed in [8]. That
construction implies that the natural isomorphism

Hy(TX,X) = HX(X? Ax)

that is constructed using topology is an isomorphism of real MHS. There is also a natural
isomorphism
Py Hy(TX)®? . X) = Hy(TX. X)

of MHS for all d > 1, where Hy ((TX)®?, X) is defined to be the homology of the
complex R
cone(C'((TX)®d, Xq) = C*(X))[-1].

The map r,, extends naturally to a map r,,, : (TX)®™, X, m) — (C,C*). It induces a
MHS morphism
re H*(C,C*) — Hg((TX)®™, X).

The class ¢ is the image of the positive generator g of H*(C, C*) = Z(—1) under the
sequence
Pm

H?*(C,C*) = H,(C) Im, HZ(TX)®™, X) % HE(TX,X) < HX(X? Ax).

It follows that ¢ is a real (and therefore rational) Hodge class, which completes the proof.
(]

Corollary 7.8. The cup product (6.1) is a morphism of MHS. Consequently, cupping
with ce,

— g HO(X; Ly ® Ly) —» HX (X%, X: Px ® Py — L) ® Q(~1),

is a morphism of MHS.
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8. Mapping class group orbits of framings

In this section, we recall Kawazumi’s classification [25] of mapping class group orbits of
framings of a surface. As we shall see subsequently, this classification is closely related to
the classification of the strata of meromorphic 1-forms studied by Kontsevich and Zorich
[28] in the holomorphic case, and by Chen, Gendron, Grushevsky and Moller [4] in the
meromorphic case.

We first recall the definition of mapping class groups and our notation for them. Sup-
pose that Q is a finite subset of S with #0Q = m, and V is a set of r non-zero tangent
vectors that are anchored at r distinct points, none of which are in Q. The mapping class
group Iy ,,, 1 7 is defined to be the group mo Diff" (S, Q. V) of isotopy classes of S that
fix the points Q and the tangent vectors V. The indices m and r are omitted when they
vanish.

Suppose that Q is non-empty. Set S = § — Q. The mapping class group Iy m acts
on framings of S by push forward. Kawazumi [25] determined the set of mapping class
group orbits. They depend on the vector d(§) = (dy)ge0 € 7.2 of local degrees of £ at
the points of Q. We say that d(£) is even if each d;; is even. When g > 0 and d(£) is even,
we can associate the IF, quadratic form

Fe H((S;F2) > F,, a1+ rotg () mod 2,

to &, where « is an imbedded circle that represents a. Denote the Arf invariant of this form
by Arf(§).

Theorem 8.1 (Kawazumi). Suppose that &y and &, are framings of S.
(i) If g =0, then & and &, are in the same Ty ,-orbit if and only if d(§p) = d(&;).
(ii) If g > 1 and d(&o) is not even, then &y and &, are in the same I'g ;,-orbit if and only
if d(§0) = d(§1).
(iii) If g > 1 and d(&o) is even, then &y and &, are in the same I'g p-orbit if and only if
d(§0) = d(§1) and Arf(§o) = Arf(§1).

(iv) If g =1, then &y and &, are in the same 'y p,-orbit if and only if d(§o) = d(§1) and
A(§,) = A(61), where

A(§) := ged{rotg () : « is a non-separating simple closed curve in S'}.

Remark 8.2. The role of the quadratic form Fg is not mysterious. When d(£) is even,
there is a unique “square root” \/§ of £. It is a section of a rank 2 vector bundle that is a
square root of 7'S whose local degree at ¢ € Q is d(£)/2. This bundle corresponds to a
spin structure on S. As is well known, spin structures correspond to F» quadratic forms
on H;(S;F,). There are only two Sp(Hz)-orbits of these, and they are distinguished by
the Arf invariant.

We can regard the topological tangent bundle T'S of the oriented surface S as a com-
plex line bundle 7'. This allows us to define the section £’ of the complex line bundle
T®" over S for all m > 0. These are well defined up to homotopy. The obstruction to
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two “even” framings being in the same mapping class group orbit vanishes when we take
squares.

Corollary 8.3. When g > 1, &2 and &% are in the same Tg j-orbit if and only if d(&o)
=d(1).

Proof. If any d; is odd or if all d; are even and Arf(§y) = Arf(§;), then Kawazumi’s
result implies that & and & are in the same mapping class group orbit, so &2 and &7 are
as well. Now suppose that all d; are even and that Arf(£y) # Arf(&;). Observe that &7
has 228 square roots. These are indexed by elements § of H'(S;TF,). We need to give a
construction of the corresponding square root &5 of Eg

Denote the flat line bundle of order 2 over S that corresponds to § € H!(S;IF,) by Ls.
Since Ly is topologically trivial, TS ® Ls = T'S. Since L is flat, its square is canonically
isomorphic to the trivial bundle, so that one has a canonical isomorphism (7'S ® L)®? =
(T'S)®2. Thus one has the commutative diagram

p— 2 p—
TS ® Ls > (T5)®2

+&s < l l >53
§ _— §
where the top row is the squaring map v > v®2. The preimage of the image of Sg under

the squaring map splits into two components. The section corresponding to either is the
square root & of 2. Observe that

Fga = Ffo + 6.

Choose § so that Arf(Fg, + §) = Arf(£1). Then Arf(§s) = Arf(§1), so that &5 and §; are
in the same orbit. Since £ = &7, this implies that £§ and £7 are in the same orbit. n

9. The existence of quasi-algebraic framings

In this section we prove Theorem 5. We first fix the notation to be used in this and subse-
quent sections.

Suppose that 2g + n > 1, where g and n are non-negative integers. Suppose that S is
an (n + 1)-punctured surface of genus g. Write S = § — P, where P = {xo,...,x,} is
a subset of S. Fix a vectord = (dy, ..., d,) € Z"T! with > i—odj =2 —2g. Suppose
that V, is a non-zero tangent vector of S anchored at the point xo and that £, is a nowhere
vanishing vector field on S with local degree d; at x;.

A complex structure on (S, P) is an orientation preserving diffeomorphism

¢:(S.P)— (X.D), 9.1)

where Xisa compact Riemann surface and D a finite subset. It induces the complex struc-
ture (S, P,V,) — (X, D, ¢4V,) on (S, P,V,). A complex structure ¢ : (S, P) — (X, D)
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determines a base point of Mg ,4; and a natural isomorphism ¢y : I'g 41 —
(Mg n+1.9).

Definition 9.1. Suppose that m is a positive integer. A complex structure on (S, P,E™) (or
on £ for short) is a complex structure ¢ : (S,P)— (X,D)on (S, P) and a meromorphic
section 7 on X of (T X)®™ (an algebraic m-framing) whose divisor is supported on D and
whose pull back ¢|§n to S is homotopic to £'. A quasi-complex structure on (S, P.&)
is a complex structure on (S, P, £ ) for some m > 0. These correspond to quasi-algebraic
framings on (X, D).

Remark 9.2. The residue theorem implies that (S, P, £,) does not have a complex struc-
ture when, say, do = 1 and all other d; are negative. However, £2 can have a complex
structure in this case. For example, suppose that g > 1 and that X is the smooth projec-
tive model of the hyperelliptic curve

2g

¥ =[]e-a

J=0

where the a; are distinct elements of C*. Let x; be the point of X lying over a; and
X2g+1 the point lying over co. Then the meromorphic section 7 of (7°X)®? dual to the

quadratic differential
2g 2
d
W= | | (x —aj)_df (_x)
y

J=0

is a 2-framing. It has divisor 2 ij.gzgl djx;.Each square root of w is a topological framing

of X. In particular, we can take do = 1 and all other d; < 0.

Remark 9.3. When ¢ = 1 and d = 0, X is a punctured elliptic curve. So X = C/A
for some lattice A. Since T'X is a trivial holomorphic line bundle, the only holomorphic
sections of (TX)®™ are multiples of the translation invariant section (9/9z)™. All other
smooth sections £ of TX with d = 0 differ from it by an element e(£) of H'(X; Z). If
e(§) # 0, then (S, §) does not admit a quasi-complex structure.

Proposition 9.4. For each g below, d € Z" ! satisfies Z?:o dj =2-2g.

() If g = O, then for all d, there is exactly one mapping class group orbit of homotopy
classes of complex structures on (S, P, &,).

(i) If ¢ > 3 and d satisfies d; < 0 for j =0, ..., n, then there is at least one mapping
class group orbit of complex structures on (S, P, &,).

(iii) If g > 1, then there is at least one mapping class group orbit of homotopy classes of
complex structures on (S, P, £2) for all d.

(iv) If g = 1 and d = 0, then there is exactly one complex structure on (S, P, £,).
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(v) If g = 1 and d # 0, then there is a quasi-complex structure on (S, P, £,) if and only
if A(€,) = ged{do, ..., dn}.

(i) If g =1, #{j : dj # 0} > 2 and A(§o) = ged{do, ..., dn}, then (S, P, &) has a
complex structure for all complex structures (X, D) on (S, P).

Proof. The proof of the genus 0 case (i) is elementary and is left to the reader. We now
assume that g > 0.

Suppose now that g > 1. Denote the locus of (n + 1)-pointed curves (C; xg, - . ., Xp)
in Mg 41 for which m Zj djx; is a (—m)-canonical divisor by .#". This locus may be
empty and may be disconnected. Each connected component of . determines a I'g , 4 1-
orbit of m-framings & of the punctured reference surface S. When g > 3, the classification
of strata of abelian differentials [28, Thm. 1] implies that if all d; are negative, then fdl
is non-empty when at least one d; is odd and that it has exactly two non-hyperelliptic
components, distinguished by the Arf invariant, when all d; are even. This and Theo-
rem 8.1 imply (ii). The classification of meromorphic differentials in [4] implies that .7}
is non-empty for all d. Combined with Corollary 8.3 it proves (iii).

Suppose now that g = 1 and X = C/A. Every algebraic m-framing of (X, D) is of
the form

n = f(z)(@/0z)"

where f is a non-zero meromorphic function whose divisor is }_; d;x;, where D =
{x0,...,xn}. If £ is an mth root of 5, then as A(d/dz) = 0, it follows that the rotation
number rotg (y) of every closed curve in X lies in the ideal generated by the d; . It follows
that A(§) = ged{d;} for all quasi-algebraic framings of X . This proves (iv) and the “only
if” part of (v). If d = +(—m, m), where m > 0, then we can take x; — x¢ to be a non-zero
m-torsion point of the jacobian of X and f to be a function whose divisor is m(x; — xg).
We prove the remainder of the converse by proving (vi).

Suppose that g = 1 and d # 0. By decreasing n if necessary, we may assume that
all d; are non-zero. Suppose that n > 1. Define

Fa: X""! > JacX

by Fa(xo,...,Xn) = Zj d;jxj. We have to show that the fiber ¥ of Fyq over O is not
contained in any of the diagonals A x := {x; = xi}. To see that ¥ cannot be contained
in Aj ¢, choose £ such that j, k, £ are distinct. This is possible asn > 1. If (xo,...,x,) €Y
then for all but finitely many u € Jac X, (yo,...,ys) isnotin A; ;, where

Xa, a#kt,
ya = Xk“‘deu, a:k,
xg—dru, a==~.

This completes the proof of (v) and (vi). ]

"The condition that A(£,) = ged{dy, ..., dy} is equivalent to the condition that rotg, (@) is
divisible by ged{d; } for all simple closed curves « in S.
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Remark 9.5. This result implies that the framings that occur in [2, Thm. 6.1] are precisely
those that admit a quasi-complex structure. See footnote 2 on page 3892 for conventions.

10. Torsors of splittings of the Goldman-Turaev Lie bialgebra

In this section, we explain how Hodge theory gives torsors of simultaneous splittings
(1.2) and (1.3) and explain how these give solutions to the Kashiwara—Vergne problem.
In particular, we prove Corollary 4 and take the first steps towards proving Theorem 6.

Proposition 10.1. Each homotopy class of quasi-complex structures on (S, P,V,, &,)
gives a torsor of simultaneous splittings (1.2) and (1.3) of the Goldman bracket
and Turaev cobracket. The splittings constructed from a fixed complex structure on
(S, P,V,) = (X, D,V,) are torsors under the prounipotent radical ‘Mg‘(/{T of the Mumford—

Tate group of Qmi(X, V)"

Proof. By [18, Thm. 6], the MHS on Qr (X, V)" determines a torsor of isomorphisms

QmX. V" = [] Gl Qi (X, 9) (10.1)

m<0

each of which solves the KV-problem KVIE"+D o defined in [1]. These are a torsor
under ‘L(}("g Corollary 2 implies (via the discussion in [18, §10.2]) that the induced iso-
morphism

QA" = [] Gy @A)

m=0
is an isomorphism of Lie bialgebras. ]
These Hodge-theoretic splittings give solutions to the KV-problem KV((lg D Thig

result implies Corollary 4.

Corollary 10.2. Each homotopy class of quasi-complex structures on (S, P,V,, £,) gives

a torsor of solutions to the Kashiwara—Vergne problem KV.(ig D These solutions form
a torsor under the prounipotent radical ‘U?g of the Mumford-Tate group of Qm1(X,V)".

Proof. This follows from Proposition 10.1 and [1, Thm. 5], which implies that the auto-
morphism @ of

Q(X1,.- . Xg, Y1, e s Vgs Z1se s Zn))

constructed from the choice of a lifting y of the canonical central cocharacter
X G — 7 (MHS®)
in [18, §13.4] is a solution of KVI&-1+1), u

Remark 10.3. In view of Remark 9.5, this gives a new and independent proof of the main
result, Theorem 6.1, of [2].
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Solutions of KV((ig’"H) that arise from Hodge theory will be called motivic solu-
tions as they arise from a complex (and thus algebraic) structure on (E, P, v,, ™) for
some m > 0. All solutions of KVc(lg nt1) comprise a torsor under a prounipotent subgroup

J{RV‘; i of AutQr,(S,V,)". For each complex structure ¢ on (S, P, V,, M), there

is an inclusion ¢ : UYL — K JR'V‘; o7~ These homomorphisms depend non-trivially
on ¢ and are, in general, not surjective.

11. The stabilizer of a framing

A second way to generate solutions of the KV-problem KVc(lg D from a given solution
is to conjugate it by an element of the Torelli group T R (defined below) that fixes the
framing &,. In this section, we compute the stabilizer of a framing.

Suppose that S is a compact oriented surface of genus g and that 2g —2 +m + r > 0.
For each commutative ring A set Hqy = H; (S; A). The intersection pairing Hy @ Hy — A
is a unimodular symplectic form. Denote the corresponding symplectic group by Sp(Hy4).
We will regard both H and Sp(H) as affine groups over Z whose A-rational points are
H 4 and Sp(H4), respectively. The Torelli group Ty ,, 17 is defined to be the kernel of the
homomorphism

p: Fg,m-i—? — Sp(Hz)
that is induced by the action of I’y ,,, 7 on Hz. This homomorphism is well known to be
surjective.

For the remainder of this section, (S, P) will be an (n 4 1)-pointed surface of genus g,
where 2g —2 + n > 0, and &, will be a framing of S with vector of local degrees d. Denote
the push forward of &, by ¥ € Diff" (S, P) by ¥«£,. The homotopy class of this push
forward depends only on the class of ¥ in the mapping class group g 441 of (S, P).
Since ¥ fixes the punctures P, ¥4, and &, have the same local degrees. The homotopy
class of their ratio

(Y+€0) /601 S — C*
is an element of H!(S;Z) that we denote by Je, (¥). It vanishes if and only if v fixes &,.

Lemma 11.1. The function fg, : Tg 1 — Hgz is a 1-cocycle. Its restriction to the Torelli
group Tg n41 is an Sp(Hgz)-equivariant homomorphism whose kernel is the stabilizer

of & in Ten+1.

Proof. Tt is clear from the definition that € I'g ,4; stabilizes the homotopy class of §,
if and only if f¢, () = 0. Suppose that ', " € T’y ,41. Since

W'y _ Vi WV _ Vi, (w::éo)
& L Vi b\ ks

as homotopy classes of functions S — C*, it follows that fe, satisfies the 1-cocycle
condition

Je, W'Y = fe, W) + Vi fe, (W7).



R. Hain 3922

The restriction of fg to Ty ,11 is a homomorphism as the Torelli group acts trivially
on Hy. |

In the next section, we will need to know that the class of f¢, is a Hodge class. In
preparation for proving this, we give an algebro-geometric interpretation of fg,.

The vector d of local degrees of &, determines a section Fqg of the universal jacobian
Fent+1 0ver Mg ,41. Itis defined by

n
Fa(C:xo.....xs) = Kc + Y _djx; € JacC (11.1)
j=0
where C is a compact Riemann surface of genus g; xo, . .., X, are distinct labeled points

of C; and K¢ denotes the canonical class of C.%

Fix a base point 0 of Mg 4. Denote the identity of Jac C, by z,. The fundamental
group of J¢ »4+1 With base point z, is an extension of I'g ,+1 by Hz. The identity section
induces a splitting of this extension and thus a canonical isomorphism

T (gg,n-&-l,zo) ~ g ny1 X Hg

where we are identifying 71 (Mg ny1,0) with I'g , 41 and Hz with H,(C,; Z). The stan-
dard representation I'g , 41 — Sp(Hz) induces a homomorphism

71($g.n+1,20) = Sp(Hz) X Hz.

The section Fy of g4 41 over M 41 induces a homomorphism

Tt D1 = m1(Fgn+1.20) = Sp(Hz) x Hyz,
which determines a cohomology class [tq] € H!(Tg n+1, Hz).

Proposition 11.2. The cohomology classes of fg, and tq in H Y(Tg nt1: Hz) are equal.
In particular, the class of fg, depends only on the vector d of local degrees.

Sketch of proof. These classes clearly vanish when g = 0. So suppose that g > 0. First
observe that H!(I'y »+1; Hz) is torsion free. This can be proved using the cohomology
long exact sequence of

N
0—>HZX—>HZ—>HZ/N—>O,

the vanishing of H O(Tgn+1; Hzyn) for all N > 0, and the finite generation of
HJ (Tg ny1; Hz). It therefore suffices to show that the classes of f¢, and 74 agree in
Hl(Fg,nHZ Hg).

8The image of (C; xg, ..., X,) under Fq corresponds to a C isomorphism of the line bundle
Oc (3_djx;) with TC under which the section of Oc (D _ d;x;) with divisor ) d; x; corresponds
to a framing with local degree vector d. This gives an m-framing of C — {xo, ..., x, } if and only if
Fa(C:xo, ..., xp) is an m-torsion point of Jac C. If g # 1, orif g = 1 and gcd{d; } = A(&,), this
gives a complex structure on £'.
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By the “center kills” argument H*(Sp(Hz); Hg) vanishes. This implies (via the
Hochschild-Serre spectral sequence) that the restriction mapping

Hl(rg,n+1§ Hg) — Homspa,) (H1(Tgn+1), Ho)

is an isomorphism. .
Denote the pure braid group on n + 1 strings of S by mg ,11. The inclusion of the

configuration space of S into """ induces an isomorphism H; (g pny1) = H 2"'1. (See
[11, Prop. 2.1].) When g > 1, the inclusion 774 n+1 — Tg n+1 induces an isomorphism

Homsyr,) (H1(Tg n+1), Hg) — Homsym,) (Hi (g nt1), Ho) = Q"1 (11.2)

When g > 2, this follows from Johnson’s work [24] as in [11, Prop. 4.6]. When g = 2,
this follows similarly from results in [35]. When g = 1, there is an exact sequence

0—- Hz - Hi(mgnt1) > Hi(T1n41) = 0

where the left-hand map is the diagonal embedding, which is induced by the diagonal
action of an elliptic curve E on E"*!. This implies that (11.2) is injective with image the
hyperplane consisting of those (uy, . .., u,) with Zj uj =0.

These observations imply that to prove the equality of the classes of fg, and 74, we
just have to see that they agree on the “point pushing” subgroup of Ty , 4 1, that is, on the
image of mg , 41 in the Torelli group.

Both f¢, and 74 have image d € Q"*!. The computations for zq can be found in
[15, Prop. 11.2] for g > 1 and [15, §12] for g = 1. We now sketch a proof for fgo.g

Suppose that « is a loop in S whose closure is a loop in S based at xj. Denote the
corresponding point pushing element of I'y , 11, that “pushes x; around a”, by V. For
all loops y in S we have

JeWa) 1y > 10ty £(y) — rote (y).

We have to show that f¢(V«) = d; (a - _), where (_ - _) denotes the intersection pairing.
Equivalently, we have to show that

10ty (y) —rotg(y) = dj(a - y).

It suffices to prove this when « is a simple closed curve and when both the geometric and
algebraic intersection numbers of o and y are 1.

Since « is a simple closed curve, it has a regular neighborhood 4 ~ S! x [—1, 1] that
is an annulus where o corresponds to S x 0. We may assume that y intersects A in the
interval 1 x [—1, 1] and that ¥, is supported in A. We refer to Figure 1 for additional
notation. Regard y as a loop based at the point of intersection of y and «. It is homotopic

9Morita [29, Prop. 4.1] has proved the n = 0 case.
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Fig. 1. Point pushing

to yap in S and ¥4 (y) is homotopic to yo;. Applying the formula in footnote 2, we have

Je@Weg () = rot,—1,(y) —rote(y) = rotg (Y © y) — 1otz ()
= rotg(01) —rotg(0p) = (1 —d;) — 1 = —d;.

This implies that fi (Va) = — /e (Wg") = d; = d; (@ ). .

Corollary 11.3. The stabilizer of &, in I'gn41 equals the kernel of tq : I'g py1 —
Sp(Hz) x Hz.

Proof. This follows from the general fact that the kernel of an element of a cohomology
group H(T'; V) is well defined. This is because elements of this group correspond to
lifts of the action I' — Aut(}) of I on V to a homomorphism I"' — Aut(V') x ¥ modulo
conjugation by elements of V. Conjugating such a homomorphism by an element of V'
does not change its kernel. ]

12. Relative completion of mapping class groups and torsors of splittings

In this section, we consider the torsor of splittings of the Goldman—Turaev Lie bialgebra
obtained by combining those constructed in Section 10 using Hodge theory with those
coming from the stabilizer of &, in the Torelli group. We will use the notation of the
previous section. We replace mapping class groups by their relative completions, which
allows us to prove stronger results.

Recall from [11] that the completion of 'y 7 relative to p : I'y 17 — Sp(Hg) is
an affine Q-group §, ,, 7 that is an extension

l— cug,m-l—i" - gg,m-i—? — Sp(H) — 1

of affine Q-groups, where U, ,, 7 is prounipotent. There is a Zariski dense homomor-
phism p: Ty 17 = G, 4 7(Q) whose composition with the homomorphism &, . :(Q)
— Sp(Hg) is p. When g = 0, Sp(H) is trivial and &, 7 is the unipotent comple-

1 un
tion FO,m+7'
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Remark 12.1. The homomorphism T ,, 7 — U, ,47(Q) induced by p has Zariski
dense image when g > 1. This follows from the right exactness of relative comple-
tion [13, Thm. 3.11] and the vanishing of H'(Sp(Hz); V) for all rational representa-
tions V of Sp(H) when g # 1. (See [13, Thm. 4.3].) However, when g = 1, Ty wii—™
‘UL wti (Q) is not Zariski dense. For example, 77, is trivial, while the Lie algebra of U ;
is freely topologically generated by an infinite-dimensional vector space as explained in

[11, Remarks 3.9,7.2] and in [21, §10].

The action of the mapping class group Fg ati on Qmy (S, Vo) induces an action
on QA(S) which preserves the Goldman bracket. The stabilizer of &, preserves the Turaev
cobracket. The universal mapping property of relative completion implies that § g+ ACtS

on Qm1(S,V,)" and QA(S)". Since the image of the mapping class group in ﬁg’nJrI is
Zariski dense, this action preserves the Goldman bracket. However, since § et does
not generally preserve framings, it is not clear which subgroup of U preserves the
cobracket. Our next task is to determine this subgroup.

The universal property of relative completion implies that the homomorphism g :

Fg,n +i = Sp(Hz) x Hz constructed Section 11 induces a homomorphism

g.n+1

Tq: gg,n-;—f — Sp(H) x H.

It is surjective as the image of 74 is Zariski dense in Sp(H) x H.

Proposition 12.2. For all quasi-algebraic framings &, of S, the action of ker Tq on
QA(S)" preserves the completed Turaev cobracket

8g, : QA(S)" = QA(S)" ® QA(S)™. (12.1)

Proof. When g = 0, 74 is trivial. Since Ly 41 Preserves the homotopy class of &,, the
result is trivially true. Now assume that g > 0. For the rest of the proof, we assume the
reader is familiar with the general theory of relative completion as explained in [13, §3].

When g > 2, every framing is quasi-algebraic by Proposition 9.4 and the algebraic
nature of the framing will not play any explicit role in the proof. The computation
[13, Ex. 3.12] and the right exactness of relative completion [13, Prop. 3.7] imply that
the completion of Sp(Hz) x Hz relative to the obvious homomorphism to Sp(Hg) is
Sp(H) x H; the canonical homomorphism Sp(Hz) x Hz — Sp(Hgq) % Hg is the inclu-
sion. Right exactness of relative completion implies that the sequence

(kerta)™ — 9, 7 —> Sp(H) x H — 1

is exact, where ()" denotes unipotent completion. Since every group is Zariski dense
in its unipotent completion, the exactness of this sequence implies that ker 74 is Zariski
dense in ker 7q. Since ker 74 fixes &,, it preserves the completed cobracket. It follows that
ker 74 does as well.

In view of Remark 12.1, the proof is more intricate when g = 1. We first consider the
case when n = 0. We take S to be the group S! x S! and P to be its identity. In this case,
&, is a translation invariant vector field. Since any two translation invariant vector fields
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are homotopic, it follows that their homotopy classes lie in one SL;(Z)-orbit of framings.
Since the cobracket depends only on the homotopy class of the framing, SL,(Z) preserves
the completed cobracket (12.1). Since SL(Z) is Zariski dense in ‘51 7> it follows that it
also preserves the cobracket. Since the image of 7q : §, ; — Sp(H) x H is Sp(H), it
follows that ker 7g = u1,i preserves the completed cobracket.

Suppose now that g = 1 and n > 0. Since &, is quasi-algebraic, A(§,) = ged{d;}. So
there exist two transversely intersecting simple closed curves « and 8 in S with rotg, (o) =
rotg, (B) = 0. A regular neighborhood of the union of o U B is a genus 1 surface with one
boundary component. Since rotg, (o) = rotg, (8) = 0, the restriction of the framing to the
genus | subsurface is homotopic to a translation invariant framing.

The inclusion of the genus 1 subsurface induces an inclusion Fl i > I 47 By the
n = 0 case, the image of I'; 7 in I', | | 7 preserves the homotopy class of 5,, The kernel

1,n+
of the restriction of 7g : T} n +T — Hyz also preserves the class of &,. So the subgroup
Te, = (kerrg N T, at+ir T ~)

of T, i generated by these two groups stabilizes the class of &, and thus preserves
the cobracket. The prounipotent radical Ug, of the Zariski closure of I'g, in &, 5 is
generated by the image of U, ; and the kernel of 74 : T“" i H . 1t is precisely the

kernelof 7q : U, , .7 — H. Smce I'g, preserves the cobracket so does Ug, . L

Denote ker 74 by U¢ + There is a natural homomorphism
g.n

d d
‘L( I K R'V il
Denote the image of ‘u 7 in Aut Q1 (S, V,)" by ﬂg,n—i—f and the image of ‘L(‘;JH_T
by ug nti B o
A complex structure ¢ : (S, P,V,) — (X, D,V) determines a Mumford—Tate group

MTy ;, which acts faithfully on Qm(X,V)". Denote the corresponding subgroup
PMTy ;0" of Aut Q1 (S, V,)" by MT(¢) and its prounipotent radical by UM (¢).

Definition 12.3. The group ‘L(d ~(¢) is the subgroup of Aut Qmy(S,V,)" generated
by UMT(¢) and ‘Ug n+i-

Recall that a MHS on an affine Q-group G is, by definition, a MHS on its coordi-
nate ring O(G). Equivalently, a MHS on G is an algebraic action of 71 (MHS) on G.
A homomorphism G; — G, of affine Q-groups with MHS is a morphism of MHS if it is
71(MHS) equivariant. A MHS on G induces one on its Lie algebra.

Lemma 12.4. A quasi-complex structure ¢ on (S, P, vo, &,) determines pro-MHS on the
Lie algebras (and coordinate rings) of ud i and ud ~(¢) The natural homomor-

phism ‘ud ﬁ(¢) — AutQn (X, V)" isa morphzsm ofMHS.
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Proof. The quasi-complex structure ¢ determines a MHS on ‘L( . Observe that
‘L(d i is the kernel of the homomorphism

Gy nsi = Fent1 — Sp(H) x H

induced on completed fundamental groups by the morphism of pointed varieties

(Mg,n+ia(Y»D,‘7)) —>( gnt1, (X, D)) (X (Jac X, 0))

where X' — g is the universal abelian variety over +g, the moduli space of principally
polarized abelian varieties. Since morphisms of pointed varieties induce morphisms of
MHS on completed fundamental groups, it follows that ‘MZ 3 has a natural MHS.

This MHS corresponds to an action of 71(MHS) on it, so that one has the group
1 (MHS) x ‘Ud i The pro-MHS on Q1 (X, V)" corresponds to a homomorphism

71(MHS) — Aut Qmi(X, V). By [l1, Lem. 4.5], the homomorphism ‘l,{d P s
AutQmy(X,V)” is a morphism of MHS. It thus extends to a homomorphism

71 (MHS) x ‘ug,nﬁ — AutQmy (X, V).

Its image is U? - (¢). The inner action of 71 (MHS) on U . gives it a MHS. The
g.n+1 g.n+1

inclusion ﬂz nti ™ AutQmrq (X, V)" is 1 (MHS)-equivariant, which implies that it is a
morphism of MHS. u

The following theorem is proved in Section 13. It and the previous lemma imply
Theorem 6.

Theorem 12.5. For each quasi-complex structure ¢ : (S, Py, &) — (X,D,V,£), there
is an injective homomorphism ‘ud Q(¢) — K fR"Vd + of prounlpotent Q-groups. Its

image does not depend on the quast complex structure gb The group ‘Ll n41 18 a normal

jd d o
subgroup of ‘L( t i There is a canonical surjection KX — ‘L{g i /‘u nii where K

is the proumpotent radical of w1 (MTM).

. d .. . . id
Since ug,nﬁ((p) is independent of the choice of ¢, we denote it by ug’m.
Remark 12.6. The complex structure on (F, P.V,, &,) defines a C-point, and thus
a geometric point, p of the moduli stack M gn+i1/0" Its étale fundamental group
”T[(Mg 241> P) 18 an extension

LT = T (M0 p) = Gal@/Q) — 1.

where FgAn-l-_f denotes the profinite completion of the mapping class group. For each

prime number £, there is a homomorphism nf‘(u\l p) = Sp(Hz,) x Hz,. Denote

g,n+f’
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its kernel by 75! (M )4, There is a homomorphism

g,n-i-f’ p

o m' (M, 5. 0)" = KRV Qo).

Using weighted completion [14, §8], one can show that the Zariski closure of the image
of gris U +(Qo).

Recall from [18, §10.2] that natural splittings of the weight filtration of a MHS corre-
spond to lifts of the central cocharacter y : G, — w1 (MHS*) to 71 (MHS). Each MHS on
the completed Goldman—Turaev Lie bialgebra and each lift of y gives rise to a splitting
of the Goldman-Turaev Lie bialgebra.'” It also gives a grading of ﬁg o4 Thus

Corollary 12.7. Each choice of a quasi-complex structure ¢ - (S, P,Vo, &) — (X, D,V,£)
and each choice of a lift of the central cocharacter y : G, — w1 (MHS*) gives isomor-
phisms
d ~ w . .d S\A A~ w =
Ui S HGrm Wi and Qm(X,v)" = HGrm Qm1(S,v)
m m

such that the diagram

ad Der Qmy (X, V)"

S

I1,, Gt% ﬁ‘; wai—— Der[l, G Qi (S,V)

commutes. Each of these splittings descends to a splitting of the weight filtration of the
Goldman—Turaev Lie bialgebra (QA(S),{ . }.6¢,). |

13. Proof of Theorem 12.5

We will use the notation of the previous section. We begin a reformulation of the definition
of U4 +I(¢>) associated to a quasi-complex structure
g.n

¢:(§vpvvo»éo) - (Y,D,\?,E)

on (S, P.V,, £,). This determines an isomorphism Fg,n+i >~ (‘Mg,n+i’ ¢,). The cor-

responding MHS on the relative completion § R corresponds to an action of 71 (MHS)

on ﬁg,n +1- The quasi-complex structure ¢ determines a semidirect product

1 (MHS) x ﬁg,n_ﬁ.

10This is called Goldman—Turaev formality in [2].
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Since the natural homomorphism ﬁ +i — AutQm (X, Vo)” is a morphism of MHS,
[11, Lem. 4.5], the monodromy homomorphism extends to a homomorphism

71 (MHS) x § entl = Aut Qi (X, Vo).
Denote its image by g et and the image of § et by ﬁg n4i- 1t is normal in ‘5g ntis
The group ‘5 i 18 an extension

1> U - - — GSp(H) — 1,

gn+1 g.,n+1

where GSp denotes the general symplectic group and U is prounipotent.'!

g, n+1

Proposition 13.1. For each complex structure ¢ : (S, P,Vo) = (X, D,V), the coor-
dinate ring (9(§ n+1/§g ati) has a canonical MHS. These form an admissible
variation of MHS over M 7 with trivial monodromy. Consequently, the MHS on

o, /U

g.n+

g.n+

aun +1) does not depend on the complex structure ¢.

Proof. The first task is to show that the g 241 form a local system over M pa— This

is not immediately clear, as the size of the Mumford—Tate e group depends non- tr1V1a11y on

complex structure on (S, P, V,). To this end, let x = (X, D, V) be a point of ‘Mg,n+1'

Denote the relative completion of 71 (M x) by §¢. Let y = (Y, E, V') be another

gn+1’

point of M 241 and let gy be the relative completlon of my (M +i+Y)- Denote the
relative completlon of the torsor of paths in M 7 from x to y by gx, y. Its coordinate
ring has a natural MHS and the conjugation map

G xGxy > 8§,
is a morphism of MHS [12]. This is equivalent to the statement that the map
(1 (MHS) X §x) x §;,y — 71 (MHS) x §,

defined by (0, A, y) — (0, y"'Ay) is a m;(MHS)-equivariant surjection, where o €
1 (MHS) acts by

a: (oA y) = (@oaa-Aa-y) and a: (o, pn) — (@oa ' a-p).

The diagram
(1 (MHS) X §x) x §; y — 71 (MHS) x §,

| |

Athﬂl (Xv v)/\ X gx,y E—— AUthl(Yv é/)/\

HOne can argue as in [20] that, if g > 3, then U;‘(ATV — ‘ug 41

if 71(MHS) — GSp(H) is surjective; the Griffiths invariant v(X) € ExtMHS (Q, PH3(Jac X (2)))
of the Ceresa cycle in Jac X is non-zero; and if the points Kj = (2g —2)x; — K% € (Jac X)®Q,

is an isomorphism if and only

0 < j < n, are linearly independent over Q. This holds for general (X, D, V).
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commutes, where Y =Y — E and where the bottom arrow is induced by parallel transport
in the local system whose fiber over x is Aut Qmy (X, v)”. This implies that there is a
morphism 9y x gy , — &, that is compatible with path multiplication. It follows that the

%, form a local system over Mg’n +i

We now prove the remaining assertions. The monodromy action of I' enti

9y i/ ¥ g nii is the composite

on

Fg,n+f - gg,n-‘ri(Q) g Aut(g n+1/gg n+1)(Q)

where the first homomorphism is the canonical map, and the second one, induced by

conjugation, is easily seen to be trivial as ﬁ a4 18 normal in g "

The coordinate ring of § n+1/‘§g wti has a MHS as the inclusion ﬁ i~ ﬁg pti
is 1 (MHS)-equivariant. ThlS variation has no geometrlc monodromy, and so is constant

by the theorem of the fixed part. Since ‘ug nti = ‘L(g atriN ﬁg 47> the map

ug,n+i/ug,n+f - gg,n+i/§g,n+1
is also a constant
[ ]

is a 71 (MHS)-equivariant inclusion. It follows that ‘ﬁg nti /U
variation of MHS over M

g,n+i
g,n-i-i'

The homomorphism g : ﬁg,n +1 — Sp(H) x H lifts to a homomorphism

ta: 9,7~ GSp(H) = H

A~

. > . . . . 574
Its kernel is the group U? . defined in the previous section. Since U i=ut .n
g.n+1 g:n+ g.n+1

‘Ug nti> We have:

-
-/ WUy 1) is a constant VMHS over M

Corollary 13.2. O(U?
g.n+1

gn+1

Proposition 13.3. Assuming Hypothesis 1.1, there is a canonical surjection

71 (MTM) —> € n+l/§gn+1

The prounipotent analogue of the proof of Oda’s Conjecture [32] should imply that
this is an isomorphism.
Sketch of proof. Since the variation O(ﬂg il /ﬂg " +i) is constant, it extends over
the boundary of Mg »+1. Since the variation of MHS over M, 7 with fiber L
is admissible, it has a limit MHS at each tangent vector of the boundary divisor A
of M +i- These tangent vectors correspond to first order smoothings of an (n + 1)-

pomted stable nodal curve of genus g together with a tangent vector at the initial point x.
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For each such maximally degenerate stable curve'”> (X g, P, Vo) of type (g.n + T), Ihara
and Nakamura [23] construct a proper flat curve

X — SpecZ[lq1,---.9n]], N = dimﬂg,nﬂ =3g+n-2,

with sections x;,0 < j < n, and a non-zero tangent vector field v along x that specialize
to the points of P and the tangent vector & at ¢ = 0. The projection is smooth away
from the divisor q; ...gny = 0. These are higher genus generalizations of the Tate curve
in genus 1.

There is a limit MHS on each of

Qm1 (X, W), OU, 1), OU

g.n+ g,n+T)

corresponding to the tangent vector g := ZJN=1 d/dq; of M gntiat the point correspond-
ing to (X, P, Vo). These can be thought of as MHSs on the invariants of (X3 V), where
73 denotes the fiber of X over g and X; 5 the corresponding affine curve.

Hypothesis (1.1) — which we claim is proved in [19] — is that these MHS are Hodge
realizations of objects of MTM. This implies that each has an action of 71 (MTM) and
that the action of 71 (MHS) on each factors through the canonical surjection 771 (MHS) —
71 (MTM). Brown’s result [5] asserts that 771 (MTM) acts faithfully on

Qi (P! —{0, 1, 00}, V,)".

This implies that it also acts faithfully on Qm(Xz, V)" because (by the construction
in [19]) the unipotent path torsor of Xj is built up from the path torsors of copies of

Pl — {0, 1, 00} (and consists of six canonical tangent vectors) in 76' In other words,
MTXa,V is naturally isomorphic to w1 (MTM). This implies that the homomorphism

71(MHS) — g

¢ n+1 / ﬁg’n i induces a surjective homomorphism

h: 7 (MTM) — gg,n+1/gg,n+i'
Recall from the introduction that X is the prounipotent radical of 71 (MTM, w®).

Corollary 13.4. Assuming Hypothesis 1.1, there is a canonical surjection
~d —d 3
K — ‘llg,n+i/‘llg5n+l.
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