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Abstract. As an analogy to the Gopakumar—Vafa conjecture on CY 3-folds, Klemm-Pandhari-
pande defined GV type invariants on CY 4-folds using GW theory and conjectured their integrality.
In this paper, we define stable pair type invariants on CY 4-folds and use them to interpret these GV
type invariants. Examples are computed for both compact and non-compact CY 4-folds to support
our conjectures.
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1. Introduction

1.1. Background

Gromov—Witten invariants are rational numbers counting stable maps from complex
curves to algebraic varieties (or symplectic manifolds). They are not necessarily integers
because of multiple cover contributions. In [24], Klemm—Pandharipande gave a definition
of Gopakumar—Vafa type invariants on Calabi—Yau 4-folds using GW theory and con-
jectured that they are integers. For dimensional reasons, GW invariants for genus g > 2
always vanish on Calabi—Yau 4-folds, so the integrality conjecture only applies in genus 0
and 1. In our previous paper [13], we gave a sheaf-theoretic interpretation of g = 0 GV
type invariants using DT, invariants [4, 12] of one-dimensional stable sheaves, analogous
to the work of Katz for 3-folds [22] (see [14] for an extension to the g = 1 case).

In this paper, we propose a sheaf-theoretic approach to both genus 0 and 1 GV type
invariants using stable pairs on CY 4-folds. For CY 3-folds, a Pairs/GV conjecture was
first developed in work of Pandharipande and Thomas [34,36]. Our paper may be viewed
as an analogue of their work in the setting of CY 4-folds.

1.2. GV type invariants on CY 4-folds

Let X be a smooth projective CY 4-fold. As mentioned above, Gromov—Witten invariants
vanish for genus g > 2 for dimensional reasons, so we only consider the genus 0 and 1
cases.
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The genus 0 GW invariants on X are defined using insertions: for integral classes
yi € H™ (X,Z), 1 <i < n, one defines

GWog(y1.---.¥n) :/ ]_[ev (i),

(Mo, (X8 ; 1

where ev;: MO,n (X, B) — X is the i-th evaluation map.
The invariants

”0,;3(3/1,--~s)’n)e(@ (l)
are defined in [24] by the identity

o0
ZGWO,B(VI’ crg? = Zno,ﬁ(yl, cees¥n) Z d"3q4B.
d=1

B>0 B>0

For genus 1, virtual dimensions of GW moduli spaces without marked points are 0, so
the GW invariants

Gwl,ﬁ = \/.7 1e Q
[M1,0(X.B)]E

can be defined without insertions. The invariants

nig €Q (2)

are defined in [24] by the identity

SGWipaf = Y g Z 7D g4 4 23 mop(ea(X) log(1 — )

B>0 ﬁ>0 B>0

_4 Z mpg, g, log(1 _qﬂ1+ﬂz)’
B1.B2

where o(d) =3 _; ;i and where mg, g, € Z, called meeting invariants, can be inductively
determined by genus 0 GW invariants. In [24], both of the invariants (1), (2) are conjec-
tured to be integers, and GW invariants on X are computed to support the conjectures in
many examples by either localization techniques or mirror symmetry.

1.3. Our proposal

The aim of this paper is to give a sheaf-theoretic interpretation for the above GV-type
invariants (1), (2) via stable pairs, using Donaldson—-Thomas theory for CY 4-folds intro-
duced by Cao—Leung [12] and Borisov—Joyce [4].
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We consider the moduli space P, (X, ) of stable pairs (s : Ox — F) with ch(F) =
(0,0,0, 8,n). By Theorem 2.4, one can construct a virtual class

[Pn(X, B € Han(Pn(X, B),Z), A3)

which depends on the choice of orientation of a certain (real) line bundle over P, (X, §).
On each connected component of P, (X, ), there are two choices of orientation, which
affect the corresponding contribution to the virtual class (3) by a sign (for each connected
component).

When n = 0, the virtual dimension of the virtual class (3) is 0. By integrating, we
define the stable pair invariant

Po’ﬂ = / ' 1eZ.
[Po(X,B)]r

When n = 1, the (real) virtual dimension of the virtual class (3) is 2. We use insertions to
define invariants as follows. For integral classes y; € H™ (X, 7Z),1 <i <n, let

wH™(X) » H"2(Pi(X.B)).  ©(y) = np«(nzy Uchs(F)), “4)

where 7y, mp are the projections from X x P;(X, B) to the corresponding factors, [ =
(my Ox — IF) is the universal pair, and ch3(IF) is the Poincaré dual to the fundamental
cycle of FF.

Then we define stable pair invariants

n

Pig(yi,-- ¥n) :2/ [T=00)-

[P1 (X, BV 4
We propose the following interpretation of (1), (2) using stable pair invariants.

Conjecture 1.1 (Conjecture 2.5). For a suitable choice of orientation, we have

Pl,lg(yl""’yn)z Z nO,,B](ylv"'vyn)'PO,,Bzv
Bi+B2=8
B1.82>0

where the sum is over all possible effective classes, and we set no,o(y1,...,¥n) := 0 and
Po,o := 1. In particular, when B is irreducible,

Pig(y1,....¥n) = nog(V1,-- ., ¥n)-

Conjecture 1.2 (Conjecture 2.6). For a suitable choice of orientation, we have

> PopqP =[] M@P)e.

B>0 B>0

where M(q) = []js,(1 — g*)7* is the MacMahon function and Py =1
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For instance, when the Picard number of X is 1, for an irreducible curve class S, the
above identity implies

Popg =ni,

I’ll,ﬁ
P(),z/g = I’ll,zﬁ + 3n1’ﬂ + ( ) ),

n n

by comparing the coefficients of ¢#, ¢2# and ¢3#.

One issue with our current proposal (as in our earlier conjecture [13]) is that we do
not have a general mechanism for choosing the orientation in the above conjectures. Cur-
rently, in the cases we examine in this paper, we choose orientations on a case-by-case
basis to show the correct matching. It would be very interesting to construct canonical
choices of orientation for these moduli spaces and study our conjectures using them.

Our proposal is based on a heuristic argument given in Section 2.5, where we show
Conjectures 1.1 and 1.2 assuming that the CY 4-fold X is ‘ideal’, i.e. curves in X deform
in some family of expected dimensions. Apart from that, we verify our conjecture in
examples as follows.

1.4. Verification of the conjectures, I: compact examples

We first prove our conjectures for some special compact Calabi—Yau 4-folds.

I

Sextic 4-folds. Let X C P° be a degree 6 smooth hypersurface and [I] € H»(X, Z)
H, (P>, Z) be the line class. We check our conjectures for 8 = [/], 2[I].

Proposition 1.3 (Propositions 3.1, 3.2). Let X be a smooth sextic 4-fold and [I]
H, (X, Z) be the line class. Then Conjectures 1.1 and 1.2 are true for 8 = [I], 2[/].

m

Elliptic fibrations. We consider a projective CY 4-fold X which admits an elliptic fibra-
tion 7 : X — P3, given by a Weierstrass model (17). Let f be a general fiber of 7 and
h be a hyperplane in P3, and set

B=n*h, E =1(P3 e He¢(X.2),
where ¢ is a section of 7r. Then we have

Proposition 1.4 (Propositions 3.4, 3.6). (1) Conjecture 1.1 is true for the fiber class
B=I[flandy = B% B -E.
(2) Conjecture 1.2 is true for the multiple fiber classes B = r[f] (r = 1).

In the above cases, we can directly compute the pair invariants and check the compat-
ibility with the computation of GW invariants in [24].

Product of elliptic curve and Calabi-Yau 3-fold. Let X = Y x E be the product of
a Calabi—Yau 3-fold and an elliptic curve E. We check our conjectures when the curve
class comes from either Y or E.
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Theorem 1.5 (Theorem 3.13, 3.15, Proposition 3.17). Let X =Y X E be as above. Then:

(1) Conjecture 1.1 is true for any irreducible curve class p € Ho(Y) C Hy(X) if Y isa
complete intersection in a product of projective spaces.

(2) Conjecture 1.2 is true for any irreducible curve class f € H>(Y) € Hy(X).
(3) Conjecture 1.2 is true for the classes f = r[E] (r > 1).

The proof of these results is briefly reviewed here.
For (1), when 8 € H,(Y) € H,(X) is an irreducible curve class, we have an isomor-
phism
Py(X,B)= P,(Y,B) X E.

The corresponding virtual class satisfies (see Proposition 3.11)

[Pu (X, B = [Pu(Y. B)]ai; ® [E]

for a certain choice of orientation in defining the LHS, where the virtual class of P, (Y, )
is defined using the deformation-obstruction theory of pairs (Lemma 3.9) instead of the
deformation-obstruction theory of complexes in the derived category used by [34].

In this case, we have a forgetful morphism

fPl(Y’ﬂ)%Ml,ﬂ(Y)v (OY%F)'_)Fv )

to the moduli space My g(X) of 1-dimensional stable sheaves F with [F] = 8 and
x(F) = 1. We show that the map satisfies Manolache’s virtual push-forward formula

(Proposition 3.10),
[ 1= / !
[P1Y. )]0 [My g (V)]

Then Conjecture 1.1 can be reduced to Katz’s conjecture on the CY 3-fold Y [22] (Corol-
lary 3.12). Combining with our previous proof of Katz’s conjecture for primitive classes
[13, Cor. A.6], we can deduce (1) of Theorem 1.5.

As for (3), this is one of few cases where we can compute non-primitive curve classes
and form generating series. The point is to identify pair moduli spaces on X with Hilbert
schemes of points on Y and compute zero-dimensional DT invariants of Y.

Hyperkiihler 4-folds. When the CY 4-fold X is hyperkéhler, GW invariants vanish, and
so do the GV type invariants. To verify our conjectures, it remains to prove the vanishing
of pair invariants. A cosection map from the (trace-free) obstruction space is constructed
and shown to be surjective and compatible with Serre duality (Proposition 3.18). We
expect the following vanishing result then follows.

Claim 1.6 (Claim 3.19). Let X be a projective hyperkihler 4-fold and P, (X, B) be the
moduli space of stable pairs withn # 0 or B # 0. Then the virtual class satisfies

[Pa(X, )" = 0.
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At the moment, a Kiem-Li type theory of cosection localization for D-manifolds is
not available in the literature. We believe that when such a theory is established, our claim
should follow automatically. Nevertheless, we have the following evidence for the claim.

1. Atleast when P, (X, ) is smooth, Proposition 3.18 gives the vanishing of virtual class.

2. If there is a complex analytic version of (—2)-shifted symplectic geometry [37] and
the corresponding construction of virtual classes [4], one could prove the vanishing
result as in GW theory, i.e. taking a generic complex structure in the S2-twistor family
of the hyperkéhler 4-fold which does not support coherent sheaves, and then vanishing
of virtual classes follows from their deformation invariance.

1.5. Verification of the conjectures, II: local 3-folds and surfaces

For a Fano 3-fold Y, we consider the non-compact CY 4-fold
X = Ky.

In this case, the stable pair moduli space P, (X, ) is compact (Proposition 4.3), so we
can formulate Conjectures 1.1 and 1.2 here (even though the target is not projective).

When the curve class 8 € H,(X) is irreducible, we study this as follows. Similar
to the case of the product of a CY 3-fold and an elliptic curve, for a certain choice of
orientation, the virtual class of P, (X, ) satisfies (Proposition 4.3)

[Pa(X. B = [Pa(Y. Bl
under the isomorphism
Pn(X,B) = Pp(Y, B).

And we have a virtual push-forward formula (Proposition 4.2)

SelPL (Y B = [My g (V)]

where f : P1(Y,B8) = M, 4(Y), (Ox — F)— F,is the morphism forgetting the section,
M, g(Y) is the moduli scheme of one-dimensional stable sheaves £ on Y with [E] = f8
and y(E) = 1. Then Conjecture 1.1 is easily reduced to our previous conjecture [13,
Conjecture 0.2]. Combined with computations in [6], we have

Theorem 1.7 (Propositions 4.4, 4.5). Let X = Ky be as above. Then:

(1) Conjecture 1.1 is true for any irreducible curve class B € Hy(X) =~ H,(Y) provided
that (i) Y C P* is a smooth hypersurface of degree d < 4, or (ii) Y = S x P! fora
toric del Pezzo surface S.

(2) Conjecture 1.2 is true for an irreducible curve class f € Hy(X) = Hy(Y) when
Y =P3.

Similarly for a smooth projective surface S, we consider the non-compact CY 4-fold

X =Tots(L; & L),
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where L, L, are line bundles on § satisfying L; ® L, =~ Kg. In particular, when 8 is
irreducible and L; - B < 0 (i = 1, 2), the moduli space P, (X, ) of stable pairs on X is
compact and smooth (Lemma 4.6 and Proposition 4.7). So pair invariants are well-defined
and we can also study our conjectures in this case. In particular, we have

Proposition 1.8 (Proposition 4.8). Let S be a del Pezzo surface and LT, L3 be ample
line bundles on S such that L1 ® L, = Kg. Let B € Hy(X,Z) = H,(S,7Z) be an irre-
ducible curve class on X = Tots (L1 & L3). Then Conjectures 1.1 and 1.2 are true for B.

In fact such a del Pezzo surface must be P2 or P! x P! (see the proof of Proposi-
tion 4.8), and the corresponding X is given by

Totp2 (O(=1) ® O(=2)), Totpi,p1 (O(=1,—1) & O(=1,—1)).

By using computations due to Kool and Monavari [26], one can check Conjectures 1.1
and 1.2 for small degree curve classes on such X (see Section 4.3 and [10] for details).

1.6. Verification of the conjectures, Il1: local curves

Let C be a smooth projective curve. We consider a CY 4-fold X given by
X =Totc(L1 @ L, & L3),

where L;, L, L3 are line bundles on C satisfying L1 ® Ly ® L3 = wc. The three-
dimensional complex torus 7 = (C*)*3 acts on X fiberwise over C. The T-equivariant
GW invariants

GW, qic1(X) € Q(A1, 12, 43)

can be defined via equivariant residue. Here A; are the equivariant parameters with respect
to the T -action.

On the other hand, there is a two-dimensional subtorus 7o < (C*)? which preserves
the CY 4-form on X. We may define equivariant pair invariants

Ppaic1(X) € Q(A1,12)

as rational functions in terms of equivariant parameters of 7, following a localization
principle for DTy invariants (see Section 5.2, [12], [13, Sect. 4.2]).

When C = P! and X = Op1(l1,12,13), we explicitly determine Py 4(c)(X) ford <2
(Proposition 5.5). Note in this case Py p17(X) = 0 and there are no insertions, so an
equivariant analogue of Conjecture 1.1 is given by the following conjecture:

Conjecture 1.9 (Conjecture 5.6). Let X = Opi1(l1,12,13) forly + 1, + I3 = =2. Then
GWo2(X) = Py op1)(X) + § Py p1y(X).
We can verify the above equivariant conjecture in a large number of examples.

Theorem 1.10 (Theorem 5.7). Conjecture 1.9 is true if |l1], |l2| < 10.
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When C is an elliptic curve and L;’s are general degree O line bundles on C, one can
define pair invariants and explicitly compute them.

Theorem 1.11 (Theorem 5.10). Let C be an elliptic curve, L; € Pic®(C) (i =1,2,3)
general line bundles satisfying L1 ® L; ® Lz =~ wc and X = Totc (L1 & L, & L3).
Then stable pair invariants Py 41c](X) are well-defined and fit into the generating series

> Poaicr(X) g™ = M(g).
d>0

where M(q) 1= ]_[kzl(l — ¢*)7* is the MacMahon function.

Similarly, if we have n; g (8 € H,(X, Z)) such elliptic curves, then they contribute
to pair invariants according to the formula

> Pogg? =[] MgPyms.
B=0 B>0

This calculation arises in the heuristic argument for our genus 1 conjecture (Conjec-
ture 1.2) in the ‘ideal’ situation as families of rational curves do not contribute to pair
invariants Py g (see Section 2.5 for more details).

1.7. Speculation on the generating series of stable pair invariants

As before, if we allow insertions, we can use the virtual class (3) and insertions to define
stable pair invariants of P, (X, ) for any n.
Fory € H*(X,Z), we have 7(y) € H?(P,(X. B).Z), so we may define

Pop(y) = / o)
[Pn(X,B)]Vr

Our computations and geometric arguments indicate that we may have the following for-
mula, which generalizes the formula in Conjecture 1.1:

n
Pup(y) = S Poger[res ). 6)
Bo+B1++Bn=Pp i=1
BosB1se-:Bn =0

To group these invariants into a generating series, we introduce notation
Pnp(y)
PT(X)(exp(y)) := y_ —2220yngP.
wp M

Assuming Conjecture 1.2, (6) is equivalent to the following Gopakumar—Vafa type for-
mula:

PT(X)(exp(y)) = l—[(exp(yqﬁ)no.ﬁ(y) - M(gPyms),
B
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where n9,g(y) and n, g are genus 0 and 1 GV type invariants of X (1), (2) respectively
and M(q) = [, (1 — ¢*)7* is the MacMahon function. As mentioned before, GW
invariants on CY 4-folds vanish for g > 1, so they do not form a nice generating series as
in the 3-fold case. Here the advantage of considering stable pair invariants is that we can
use them to form a generating series which is conjecturally of GV form.

A heuristic explanation of the formula will be given in Section 2.5. Some more anal-
ysis will be pursued in a future work (see e.g. [15, 16]).

1.8. Notation and convention

In this paper, all varieties and schemes are defined over C. For a morphism 7: X — Y
of schemes, and for ¥, % € D°(Coh(X)), we denote by RHom, (¥, €) the functor
Rr.RHomy (¥, §). We also denote by ext’ (¥, §) the dimension of Ext}} (7.,9).

A class B € Hy(X, Z) is called irreducible (resp. primitive) if it is not the sum of
two non-zero effective classes (resp. if it is not a positive integer multiple of an effective
class).

2. Definitions and conjectures

Throughout this paper, unless stated otherwise, X is always a smooth projective Calabi—
Yau 4-fold, i.e. Ky =~ Oy.

2.1. GW/GYV conjecture on CY 4-folds

Let M4, (X, B) be the moduli space of genus g, n-pointed stable maps to X with curve
class B. Its virtual dimension is given by

—Kx-B+dimX -3)(1—-g)+n=1—g+n.
For integral classes
vi€e HM"(X,Z), 1<i<n, 7
the GW invariant is defined by
n
GWg g(¥1,....¥n) = /7 , HGV?(%), ®)
Mg (X B ;4

where ev;: M g, (X, 8) — X is the i-th evaluation map.
For g = 0, the virtual dimension of M, (X, 8) isn + 1, and (8) is O unless

n

> (mi—2)=2. 9)

i=1
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In analogy with the Gopakumar—Vafa conjecture for CY 3-folds [18], Klemm—-Pandhari-
pande [24] defined invariants 19 g (y1, . .., ¥») on CY 4-folds by the identity

o0
Y GWos(ri,- o v)d® =) nopriovm) Y d g,
d=1

B>0 B>0
and conjecture the following
Conjecture 2.1 ([24, Conjecture O]). The invariants no g(y1, ..., Yn) are integers.

For g = 1, the virtual dimension of MI,O(X , B) is 0, so no insertions are needed. The
genus 1 GW invariant

GWL/; = \/\7 € Q
[M1,0(X,B)]¥r

is also expected to be described in terms of certain integer valued invariants.
Let Sy, ..., Sk be a basis of the free part of H4(X, Z) and

> g[Si®S;] € H3(X x X.Z)

i,J
be the (4, 4)-component of the Kiinneth decomposition of the diagonal. For 8;, 8, in
H>(X, Z), the meeting number mg, g, € Z is introduced in [24] as a virtual number

of rational curves of class ; meeting rational curves of class 8,. They are uniquely
determined by the following rules:

(i) The meeting invariants are Ssymmetric: mg, g, = mg, g, -

(ii) If either deg(B1) < 0 or deg(B>) <0, then mg, g, = 0.

(iii) If B # B, then

mg,.po = Znoam(si)gunoyﬁz (Sj) +mp, g,—p, +mp,—p,.p,-

i,J

(iv) If B; = B> = B, then

mg.g = no,g(c2(X)) + Z”O,B (5)87no,p(S;) — Z mp, B,-
i,J Bi+B2=8

The invariants n g are uniquely defined by the identity

S GWigf =3 g Z 7D gas 4 o anczo{)) log(1 — ¢°)

B>0 /3>0
20 X g logl PP,
B1.82
where o(d) = 3 ;141
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Conjecture 2.2 ([24, Conjecture 1]). The invariants ny g are integers.

For g > 2, GW invariants vanish for dimensional reasons, so the GW/GV type inte-
grality conjecture on CY 4-folds only applies for genus 0 and 1. In [24], GW invariants
are computed directly in many examples using localization or mirror symmetry to support
the conjectures.

2.2. Review of DTy invariants

Let us first introduce the set-up of DTy invariants. We fix an ample divisor @ on X and
take a cohomology class v € H*(X, Q).

The coarse moduli space M, (v) of w-Gieseker semistable sheaves £ on X with
ch(E) = v exists as a projective scheme. We always assume that M, (v) is a fine moduli
space, i.e. any point [E] € M, (v) is stable and there is a universal family

& € Coh(X x M, (v)). (10)
In [4, 12], under certain hypotheses, the authors construct a DTy virtual class
[My ()] € Hyy(v.0) (Mo (v), Z), (11)

where y(—, —) is the Euler pairing. Notice that this class may not necessarily be algebraic.
Roughly speaking, in order to construct such a class, one chooses at every point [E]
in My, (v), a half-dimensional real subspace

Ext}(E, E) C Ex*(E, E)

of the usual obstruction space Ext>(E, E), on which the quadratic form Q defined by
Serre duality is real and positive definite. Then one glues local Kuranishi-type models of
the form

k4 = 74 ok : Ext'(E, E) — Ext3.(E, E),

where « is a Kuranishi map of M, (v) at E and 7y is the projection according to the
decomposition

Ext*(E, E) = Ext.(E, E) ® v—1-Ext{ (E, E).

In [12], local models are glued in three special cases:
(1) when M, (v) consists of locally free sheaves only;
(2) when M, (v) is smooth;
(3) when M,,(v) is a shifted cotangent bundle of a derived smooth scheme.

And the corresponding virtual classes are constructed using either gauge theory or alge-
bro-geometric perfect obstruction theory.
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The general gluing construction is due to Borisov—Joyce [4]', based on Pantev—
Toen—Vaquié—Vezzosi’s theory of shifted symplectic geometry [37] and Joyce’s theory
of derived C°°-geometry. The corresponding virtual class is constructed using Joyce’s
D-manifold theory (a machinery similar to Fukaya—Oh—Ohta—Ono’s theory of Kuranishi
space structures used in defining Lagrangian Floer theory).

In this paper, all computations and examples will only involve the virtual class con-
structions in situations (2), (3) mentioned above. We briefly review them as follows:

e When M, (v) is smooth, the obstruction sheaf Ob — M, (v) is a vector bundle endowed
with a quadratic form Q via Serre duality. Then the DT, virtual class is given by

[My(0)]"" = PD(e(0D, Q).

Here e(Ob, Q) is the half-Euler class of (Ob, Q) (i.e. the Euler class of its real form
Ob ), and PD(—) is its Poincaré dual. Note that the half-Euler class satisfies

e(0b, 0)? = (=1)*OD/20(0b)  if tk(Ob) is even,
e(0b, Q) = 0 if rk(Ob) is odd.

e When M,,(v) is a shifted cotangent bundle of a derived smooth scheme, roughly speak-
ing, this means that at any closed point [F] € M, (v), we have a Kuranishi map of type

k:Ext!(F,F) — Ex®*(F,F) = VF & V7,

where « factors through a maximal isotropic subspace Vg of (Ext?(F, F), Q). Then
the DT, virtual class of M, (v) is, roughly speaking, the virtual class of the perfect
obstruction theory formed by {Vr }Fenm,, ). When M, (v) is furthermore smooth as a
scheme, it is simply the Euler class of the vector bundle {VF } Fepm,, v) Over My, (v).

On orientations. To construct the above virtual class (11) with coefficients in Z (instead
of Z,), we need an orientability result for M, (v), which is stated as follows. Let

&£ = det(RHomy,, (€, 8)) € Pic(My(v)), mm:X X My(v) = My(v), (12)

be the determinant line bundle of M, (v), equipped with a symmetric pairing Q induced
by Serre duality. An orientation of (£, Q) is a reduction of its structure group (from
O(1,C)) to SO(1,C) = {1}; in other words, we require a choice of square root of the
isomorphism

0. £L — (9Ma,(v) (13)

to construct the virtual class (11). An orientability result was first obtained for M, (v)
when the CY 4-fold X satisfies Hol(X) = SU(4) and H°%(X,Z) = 0 [11, Thm. 2.2]
and it has recently been generalized to arbitrary CY 4-folds by [7]. Notice that if an
orientation exists, the set of orientations forms a torsor for H%(M,,(v), Z,).

'One needs to assume that M, (v) can be given a (—2)-shifted symplectic structure as in [4,
Claim 3.29] to apply their constructions. In the stable pair case, we show this can be done in
Lemma 2.3.
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2.3. Stable pair invariants on CY 4-folds

The notion of stable pairs on a CY 4-fold X can be defined similarly to the case of 3-folds
[34]. It consists of data

(F,s), F €Coh(X), s:0x —F,

where F' is a pure one-dimensional sheaf and s is surjective in dimension 1.
For B € Hy(X,Z) and n € Z, let

Py (X, B) (14)

be the moduli space of stable pairs (F,s) on X such that [F] = B and y(F) = n. Itis
a projective scheme parametrizing two-term complexes

I = (Ox > F) € D’(Coh(X))

in the derived category of coherent sheaves on X.

Similar to moduli spaces of stable sheaves, the stable pair moduli space (14) admits
a deformation-obstruction theory, whose tangent, obstruction and ‘higher’ obstruction
spaces are given by

Ext!(1,1)g, Ext*(1,1)o, Ext3(I,1)o,

where (—)o denotes the trace-free part. Note that Serre duality gives an isomorphism
Ext} =~ (Ext3)" and a non-degenerate quadratic form on Ext3. Moreover, we have

Lemma 2.3. The stable pair moduli space P, (X, B) can be given the structure of a (—2)-
shifted symplectic derived scheme in the sense of Pantev—Toen—Vaquié—Vezzosi [37].

Proof. By [34, Thm. 2.7], P,(X, B) is a disjoint union of connected components of the
moduli stack of perfect complexes of coherent sheaves of trivial determinant on X, whose
(—2)-shifted symplectic structure is constructed by [37, Thm. 0.1] (see [37, Sect. 3.2,
p. 48] for pull-back to determinant fixed substack). ]

Letl = (Oxxp,(x,8) — F) be the universal pair. The determinant line bundle
&£ := det(RHomy, (I,1)o) € Pic(P,(X, B))

is endowed with a non-degenerate quadratic form Q defined by Serre duality, where
wp: X x Py(X, B) — P,(X, B) is the projection. As before, the orientability issue for
the pair moduli space P, (X, ) is whether the structure group of the quadratic line bun-
dle (£, Q) can be reduced from O(1,C) to SO(1,C) = {1}. By [7], these moduli spaces
are always orientable.

Theorem 2.4. Let X be a CY 4-fold, B € Hy(X,Z) and n € Z. Then P,(X, B) has a
virtual class

[Pu(X, B)]'" € Hpn(Pu(X.B).Z), (15)

in the sense of Borisov—Joyce [4], depending on the choice of orientation.
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Proof. By Lemma 2.3, P,(X, f) has a (—2)-shifted symplectic structure. By [7],
P, (X, B) is orientable in the sense stated above. Then we may apply [4, Thm. 1.1] to
Pn(X, B). |

When n = 0, the virtual dimension of the virtual class (15) is zero. We define the
stable pair invariant

Pog = / lez,
[Po(X,B)]¥r

as the degree of the virtual class.
When n = 1, the (real) virtual dimension of the virtual class (15) is 2, so we consider
insertions as follows. For integral classes y; € H™ (X,Z),1 <i <n, let

T H™(X) — H™2(P1(X, B)),
7(y) := (wp)« (g y U ch3(F)),

where 7y, wp are the projections from X x P;(X, B) to the corresponding factors, [ =
(myOx — ) is the universal pair and ch3(F) is the Poincaré dual to the fundamental
cycle of IF.

We define the stable pair invariant

Pig(yi,....vn) = / (¥i).
[P1(X,B)]Vr l:[

2.4. Relations to GW/GV conjecture on CYy4

We use the stable pair invariants defined in Section 2.3 to give a sheaf-theoretic approach
to the GW/GV conjecture of Section 2.1.

Conjecture 2.5 (Genus 0). For a suitable choice of orientation, we have
Pigyr,....yn) = Z no,8,(Y1s---.¥n) - Pog,.
Bi1+B2=8
B1.B2>0

where the sum is over all possible effective classes, and we set noo(y1,...,¥n) := 0 and
P() 0 .= 1.

Conjecture 2.6 (Genus 1). For a suitable choice of orientation, we have

Y Popq’ =[] M),

B>0 B>0

where M(q) = []js,(1 — g*)7* is the MacMahon function and Pyo:=1
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2.5. Heuristic approach to conjectures

In this subsection, we give a heuristic argument to explain why we expect Conjectures 2.5
and 2.6 (and equality (6)) to be true. Even in this heuristic discussion, we ignore questions
of orientation.

Let X be an ‘ideal’ CY,4 in the sense that all curves of X deform in families of
expected dimensions, and have expected generic properties, i.e.:

1. Any rational curve in X is a chain of smooth P!’s with normal bundle Op1(—1,—1,0),
and moves in a compact 1-dimensional smooth family of embedded rational curves,
whose general member is smooth with normal bundle Op1 (—1, —1, 0).

2. Any elliptic curve E in X is smooth, super-rigid, i.e. the normal bundle is L, & L, &
L5 for general degree O line bundle L; on E satisfying L; ® L, ® L3 = Of. Fur-
thermore any two elliptic curves are disjoint and disjoint from all families of rational
curves on X.

3. There is no curve in X with genus g > 2.

Po(X, B) and genus 1 conjecture. Under our ideal assumptions, a one-dimensional
Cohen—Macaulay scheme C supported in one of our families of rational curves has y(O¢)
> 1, so for any stable pair I = (Ox — F) € Py(X, B), the sheaf F can only be supported
on some rigid elliptic curves in X . For a rigid elliptic curve E with [E] = § and ‘general’
normal bundle (i.e. direct sum of three degree O general line bundles on E), its contribu-
tion to the pair invariant is

> Pomeid™ = M(q). where M(q) = [[(1—g")7*.

m=>0 k>1

by a localization calculation (see Theorem 5.10). Similarly, if we have n; g (B €
H,(X, Z)) many such elliptic curves, then they contribute to pair invariants according

to the formula
D Popd” =[] M@y,
B>0 B>0

P1(X, B) and genus 0 conjecture. Given a stable pair I = (Ox — F) € P1(X, B),
F may be supported on a union of rational curves and elliptic curves. Let C := supp(F).
Then C = C; U C;, is a disjoint union of ‘rational curve components’ and ‘elliptic curve
components’. Note that a Cohen—-Macaulay scheme D in Totp:(—1, —1, 0) (resp. in
Totg (L1 & L, & L3), where E a smooth elliptic curve and L;’s are degree 0 general
line bundles on E) satisfies y(Op) > 1 (resp. x(Op) > 0).

Thus from the exact sequence

0> 0c - F— Q0 —0,

we know that if C; # @, then Q = 0and F = Oc,uc, (with x(Oc,) =1, x(Oc,) = 0).
Note that when C; = @, i.e. when F is supported on elliptic curves, once we include
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insertions, these stable pairs do not contribute to the invariant

f T(y)
[Py (X,B)]MF

So we only consider the case when F' = Oc,uc, with C; supported on rational curves in
a one-dimensional family {C;};er. We may further assume the support of C; is smooth
with normal bundle Op1(—1, —1, 0) due to the presence of insertions, at which point it
must have multiplicity 1 as well.

Since the families of rational curves are disjoint from the elliptic curves, the moduli
space P;(X, B) of stable pairs is a disjoint union of products of rational curve families
(with curve class B;) and Po(X, B2) (where 81 + B2 = B). And a direct calculation
shows the corresponding virtual class factors as the product of the fundamental class of
those rational curve families and [Py (X, B2)]"". For y € H*(X), we then have

(y) = no,8, () - Po,g,-
/[PI(Xﬁ)]vir 2 ! :

B1+B2=8
B1,82=0

P,(X, B) and generating series. For the moduli space P, g(X) of stable pairs with
n > 1, we want to compute

/ (). v e HY(X.2),
[Pn(X,B)]Vr

when X is an ideal CY 4-fold. Let {Z;}7_, be 4-cycles which represent the class y. For
dimensional reasons, we may assume for any i # j the rational curves which meet Z;
are disjoint from those which meet Z;. The insertions cut out the moduli space and pick
up stable pairs whose support intersects all {Z;}?_,. We denote the moduli space of such
‘incident’ stable pairs by

Qn(Xvﬂ; {Zi}?zl) - Pn(X’ /3)

Then we claim that

On(X, B:AZiY,
= 11 Po(X, Bo) x Q1(X, B1: Z1) X --- X Q1 (X, Bu: Zn),  (16)

Bo+B1+-+Bun=B

where Q1(X, Bi; Z;) is the moduli space of stable pairs supported on rational curves (in
class ;) which meet Z;.

Indeed, take a stable pair (Ox — F) in Q,(X, B;{Z;}!_,). Then F decomposes
into a direct sum €D;_, F;, where Fy is supported on elliptic curves and each F; for
1 <i < n is supported on rational curves which meet Z;. As explained before, a Cohen—
Macaulay scheme C supported in the family of rational curves (resp. elliptic curves)
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satisfies y(Oc) > 1 (resp. x(O¢) > 0), so x(Fop) = 0 and y(F;) > 1for 1 <i <n.
Hence y(Fp) = 0 and y(F;) = 1for 1 <i < n. Therefore (16) holds.

Moreover each Q1(X, Bi; Z;) consists of finitely many rational curves which meet Z;,
whose number is exactly ng g, (y). By counting the number of points in Po(X, Bo) and
01(X, Bi; Z;)’s, we obtain

n
Pup(y) :=[ T(y)” =[ 1= > Po gy - [ [ n0.8:()-
[Pn (X, B)]VT [On(X,B;y)]Vi Bo+B1+—+Bn=8 i=1
BosB1s--:Bn =0

The above arguments give a heuristic explanation for the formula

Py,
Z %(V)ynqﬂ = H(CXP(J’CIﬂ)nO’B(” -M(qﬂ)”lﬂ)

n,B B

mentioned in Section 1.7.

3. Compact examples

In this section, we verify Conjectures 2.5 and 2.6 for certain compact Calabi—Yau 4-folds.

3.1. Sextic 4-folds

Let X be a smooth sextic 4-fold, i.e. a smooth degree 6 hypersurface of P>. By the
Lefschetz hyperplane theorem, H (X, Z) = H,(P>,Z) = Z. In order to verify our con-
jectures, we may use deformation invariance and assume X is general in the (projective)
space P(H°(P>, ©(6))) of degree 6 hypersurfaces.

Genus 0. For the genus 0 conjecture, we have:

Proposition 3.1. Let X be a smooth sextic 4-fold and [I] € Hy(X, Z) be the line class.
Then Conjecture 2.5 is true for B =[], 2[l].

Proof. In such cases, Py g(X) = 0 by Proposition 3.2. So we only need to show

P1g(X) (Y1 ¥n) = no (V1. ... Vn).

We consider 8 = 2[/], since the degree 1 case follows from the same argument. A Cohen—
Macaulay curve C in X with [C] = B has y(O¢) = 1. For a stable pair (Ox — F) in
P1(X, B), there is an exact sequence

0—>0Oc—F—Q—0,

where C is the support of F. Since 1 = y(F) = y(Oc¢c) + x(Q), we must have Q = 0
and F = Oc¢.
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When X is a general sextic, C is either a smooth conic or a pair of distinct intersecting
lines (see e.g. [5, Prop. 1.4]). The morphism’

PiX.8) > Mp(X), I =0Ox—F)~F,

to the moduli space M; g(X) of one-dimensional stable sheaves, with [F] = B and
x(F) = 1, is an isomorphism. Furthermore, under the isomorphism, we have identifi-
cations

Ext!(I,1)g = Ext!(F, F) = C, Ext*(I,I)y = Ext>(F,F) =0,

of deformation and obstruction spaces [5, Prop. 2.2]). So one can identify the virtual
classes

[P1(X. B = [M1g(X)]™,

for a certain choice of orientation. Then Conjecture 2.5 reduces to our previous conjecture
[13, Conjecture 0.2], which has been verified in this setting in [5, Thm. 2.4]. [

Genus 1. From [24, Table 2, p. 33], we know genus 1 GV type invariants of X are O for
degree 1 and 2 classes. In these cases, pair invariants are obviously 0.

Proposition 3.2. Let X be a smooth sextic 4-fold and [I] € Hy(X, Z) be the line class.
Then Conjecture 2.6 is true for B =[], 2[l].

Proof. Let B = [l], 2[l]. For a stable pair (Ox — F) € Py(X, B), there is an exact
sequence

0—>0c—F—Q0—0,
where C is the support of F' and Q is zero-dimensional. A Cohen—Macaulay curve C

in X with [C] = B has x(Oc¢) > 1, contradicting y(F) = 0. So Po(X, ) = 0. |

3.2. Elliptic fibration

For Y = IP3, we take general elements
ue H°(Y,Oy(—4Ky)), v e H°Y,Oy(—6Ky)).
Let X be a CY 4-fold with an elliptic fibration
X —>Y (17)
given by the equation

z2y? = x3 +uxz? + vz

2The map is well-defined as O¢ is stable [5, Prop. 2.2].
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in the P2-bundle
P(Oy(—2Ky) ® Oy (—3Ky) & Oy) — Y,

where [x : y : z] is the homogeneous coordinate of the above projective bundle. A general
fiber of & is a smooth elliptic curve, and any singular fiber is either a nodal or a cuspidal
plane curve. Moreover, 7 admits a section ¢ whose image corresponds to the fiber point
[0:1:0].

Let i be a hyperplane in P3, let f be a general fiber of 7: X — Y and set

B =n*h, E =1(P? e H¢(X.Z). (18)

Genus 0. We consider the stable pair moduli space P; (X, [f]) for the fiber class of 7
and verify Conjecture 2.5 in this case.

Lemma 3.3. Let [f] be the fiber class of the elliptic fibration (17). Then we have an
isomorphism

PiX.[f]) — X,
under which the virtual class satisfies
[P1(X, [fD]™ = £PD(e3(X)),
where the sign corresponds to the choice of orientation in defining the LHS.
Proof. Since [ f] is irreducible, we have a morphism
¢ PL(X,[f]) > Mypa(X) = X

to the moduli space M, [ r1(X) of one-dimensional stable sheaves on X with Chern char-
acter (0,0,0,[f],1) (which is isomorphic to X by [13, Lem. 2.1]). The fiber of ¢ over F'
is P(H°(X, F)) [36, p. 270].

By [13, Lem. 2.2], any F' € M [r1(X) is scheme-theoretically supported on a fiber,
and F = (i;)«m) for some x € X, := 7~ 1(¢), where i; : X; — X is the inclusion and
my is the maximal ideal sheaf of x in X;. By Serre duality, we have

HY (X, F) = H'(X;.,m)) = H*(X,,my)" = 0.

Hence H%(X, F) = C, and ¢ is an isomorphism.

Next, we compare the obstruction theories. Let I = (Ox — F) € P1(X,[f]) be a
stable pair. By applying RHomy (—, F) to I — Ox — F, we obtain a distinguished
triangle

RHomy (F, F) — RHomy (Ox, F) — RHomy (1, F),

whose cohomology gives an exact sequence

0= H"(X,F)— Exty(I,F) - Ext}(F, F) - H*(X, F) = 0. (19)
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From the distinguished triangle
F — I[1] = Ox[1],
we have the diagram

RI'(Ox)[l] ==————==RT'(0x)[1]

l |

RHomy (I, F) — RHomy (/, I)[1] —— RHomy (I, Ox)[1]
RHomy (1, I)o[1] RHomy (F, Ox)|[2]

where the horizontal and vertical arrows are distinguished triangles. By taking cones, we
obtain a distinguished triangle

RHomy (I, F) — RHomy (/, I)y[1] = RHomy (F, Ox)[2],
whose cohomology gives an exact sequence
0 — Exty (I, F) — Exty(I,I)o — H'(X, F)¥ = 0. (20)
Combining (19) and (20), we can identify the obstruction spaces
Ext} (1, 1) = Ext}(F, F).

Then under the isomorphism ¢, their virtual classes can be identified. The identification
of the virtual class of M [ r1(X) with the Poincaré dual of the third Chern class of X can
be found in [13, Lem. 2.1]. [

Then by [13, Prop. 2.3], we have the following
Proposition 3.4. Let v : X — Y be the elliptic fibration (17). Then Conjecture 2.5 is true
for the fiber class B = [f] and y = B?, B - E (see (18)).
Genus 1. We consider the stable pair moduli space Po(X, 7[f]) for multiple fiber classes

r[f] (r = 1) of & and confirm Conjecture 2.6 in this case.

Lemma 3.5. For any r € Z>1, there exists an isomorphism
Po(X, r[f]) = Hilb" (P?),
under which the virtual class is given by
[Po(X, r[fD]™ = (=1)" - [Hilb" (P*)]""

for a certain choice of orientation in defining the LHS, where [Hilb" (P3)]¥" is the DT
virtual class [40].
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Proof. The proof is similar to the one in [41, Prop. 6.8]. We show that the natural mor-
phism

a* Hilb" (P?) — Po(X, r[f]) (21)

is an isomorphism. Let (s : Ox — F) € Po(X, r[f]) be a stable pair. By the Harder—
Narasimhan and Jordan—Holder filtrations, we have

O=FCFhHC---CF=F
where the quotients E; = F;/F;_1 are non-zero stable sheaves with decreasing slopes

X(EY o X(En)

r I'n

Here the slope of a zero-dimensional sheaf is defined to be infinity.

Since F is a pure one-dimensional sheaf, so £y = F; cannot be zero-dimensional
(r1 = 1). Therefore ch(E;) = (0,0,0, r;[ f], x(E;)) for some r; > 1. The stability of E;
implies that it is scheme-theoretically supported on some fiber X, = 7 (p;) of m, ie.
E; = (1p;)«(E]) for some ¢, : X, < X and stable sheaf E; € Coh(X),).

Since s : Ox — F is surjective in dimension 1, so is the composition Oy — F — E,,.
By adjunction, there is an isomorphism

HOl‘nx(@)(, En) = HOHlXpn ((OXpn s E;l) 75 0,

which implies that y(E;,) > 0, hence y(E,) > 0. Then

0=x(F)=) x(E)=0 (22)

i=1

implies that y(E;) = 0 for any 7, and hence E; = Oy, [19, Prop. 1.2.7].
By diagram chasing, we obtain a morphism Iy, —> F,—1 for the ideal sheaf Ix,
C Ox of X, which is surjective in dimension 1. Then so is the composition

Ix,, — Fn-1 = Ep—1. (23)
We have the isomorphism

Homy (Ix,,, , En—1) = Homy, (L;n_1 Ix,, . E,_) #0.

Notice that Iy, = 7*I,, for the ideal sheaf 1), € Op3 of p, € IP3 by the flatness of 7,
SO

o JT*N{\;H_I}/P3 ~ ((9Xpn_l)€93 if pp_1 = pn.
(9Xpn . if pn—1 # Pn.

In either case, as before, we have E;;—l ~ (9;9,”7l . Moreover the morphism (23) is the
pull-back of a surjection I, — Op, _, by 7*.
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By repeating the above argument, we see that each E; is isomorphic to (9Xpi,
s:Ox — F is surjective and given by the pull-back of a surjection Op3s — Oz by 7*
for some zero-dimensional subscheme Z C P* with length n. Using the section ¢ of
7: X — IP3, we have the morphism ¢*: Py (X, r[f]) — Hilb” (P3), which gives an inverse
of (21). Therefore the morphism (21) is an isomorphism.

It remains to compare the virtual classes. We take Iz € Hilb” (IP?) and use the spectral
sequence

Extps(Iz. Iz ® R*n.Ox) = Exty (n* Iz, 7% 17),

where R*m,Ox =~ Op3 @& Kps[—1]. This gives canonical isomorphisms

Ext}((n*lz,n*lz) = EXt];G(Iz, 17),

Ext)Z((n*Iz,n*Iz) =~ EXt%P3(Iz, I17)® EXt]ZP,3(Iz, Iz)v.

Furthermore, Kuranishi maps for deformations of 7*Iz on X can be identified with
Kuranishi maps for deformations of /z on P3. Similar to [12, Thm. 6.5], we are done. m

Proposition 3.6. Let 7 : X — Y be the elliptic fibration (17) and [ f] be the fiber class.
Then Conjecture 2.6 is true for B = r[f] (r = 1), i.e.

o0
> Posisia” = M(g)™°
r=0

for a certain choice of orientation in defining the LHS, where M(q) = szl (1—qgk)*
is the MacMahon function and we define Py o ] = 1.

Proof. Combining Lemma 3.5 (where we choose the sign to be (—1)" according to the
parity of r) and the generating series for zero-dimensional DT invariants [27,28,32], we
obtain the formula. Notice that from [24, Table 7], we have ny [} = —20 and ny g} = 0
for k # 1 (which can also be checked from GW theory). |

3.3. Quintic fibration

We consider a compact Calabi—Yau 4-fold X which admits a quintic 3-fold fibration struc-
ture 7 : X — P!, ie. 7 is a proper morphism whose general fiber is a smooth quintic
3-fold Y C P#. Examples of such CY 4-folds include a resolution of degree 10 orbifold
hypersurface in P°(1, 1,2, 2,2,2) and hypersurface of bidegree (2, 5) in P! x P* (see
[24, pp. 33-37]).

In this section, we discuss the irreducible curve class in a quintic fiber for these two
examples. Here we only consider genus 1 invariants.

Genus 1. Conjecture 2.6 predicts that for an irreducible class 8 and a suitable choice of
orientation, we have

Pog =n1p:=GWy g+ 5-GWq g(c2(X)).
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Note that the genus 1 invariants n, g for irreducible 8 are 0 for both quintic fibration
examples in [24], where the computations of GW g are based on BCOV theory [3]. The
pair invariant Py g is obviously 0 in this case since we have

Lemma 3.7. Let B € Hy(X,Z) be an irreducible class. The pair moduli space Py(X, B)
is empty if and only if any curve C € Chowg(X) in the Chow variety is a smooth rational
curve.

Proof. <) Given a stable pair (s : Ox — F) € Py(X, ), F is a torsion-free sheaf (in fact
aline bundle) over a curve C 2 P!, Since y(F) = 0, we have F = O¢ (—1), contradicting
the surjectivity of s in dimension 1.

=) For C € Chowg(X) in an irreducible class 8, the restriction map (Ox — Oc)
gives a stable pair. Since Py(X, ) is empty, we have

x(0c) =1-h'(C.0c) >0,
i.e. h1(C,O¢) = 0, which implies that C is a smooth rational curve. [

With this lemma, we can verify Conjecture 2.6 for an irreducible classes in more
examples.

Proposition 3.8. Conjecture 2.6 is true for irreducible class p € H,(X,Z) when X is
either

(1) one of the quintic fibrations in [24];
(2) a smooth complete intersection in a projective space;

(3) one of the complete intersections in Grassmannian varieties in [17].

Proof. In all the above cases, any curve C in an irreducible class [C] = B is a smooth P!,
by Lemma 3.7, Py g(X) = @ and hence Py g = 0. Meanwhile for those examples in (1)
and (3), Klemm—Pandharipande [24] and Gerhardus—Jockers [17] used BCOV theory [3]
to compute genus 1 GW invariants and found that ny g = 0. As for (2), we have Popa’s
computation of genus 1 GW invariants using hyperplane principle developed by Li—
Zinger [38,43]. [

3.4. Product of an elliptic curve and a CY 3-fold

In this subsection, we consider a CY 4-fold of type X = Y x E, where Y is a projective
CY 3-fold and E is an elliptic curve.

Genus 0. We study Conjecture 2.5 for an irreducible curve class of X =Y x E. If
B = [E], P1,g = 0, the conjecture is obviously true (in fact for any r > 1, one can show
Conjecture 2.5 is true for § = r[E]). Below we consider curve classes coming from the
CY 3-fold.



Stable pairs and GV type invariants for CY 4-folds 551

Lemma 3.9. Let B € Hy(Y,Z) be an irreducible curve class on a CY 3-fold Y. Then the
pair deformation-obstruction theory of P, (Y, B) is perfect in the sense of [1,29]. Hence
we have an algebraic virtual class

[Pa(Y, B)lysic € An—1(Pu(Y. B),Z).

Proof. For any stable pair Iy = (s : Oy — F) € P,(Y, B) with B irreducible, we know
F is stable [36, p. 270], hence

Exty (F, F) = Homy (F, F)" = C.
Applying RHomy (—, F) to Iy — Oy — F, we obtain a distinguished triangle
RHomy (F, F) — RHomy (Oy, F) — RHomy (Iy, F), (24)
whose cohomology gives an exact sequence
0= H*(Y, F) — Ext} (Iy, F) — Exty (F, F) — 0 — Exty (Iy, F) — 0.

Hence Exty, (Iy, F) = 0 for i > 3 and Ext} (Iy, F) =~ Ext}(F, F) =~ C. By truncating
Ext%, (Iy, F) = C, the pair deformation theory is perfect. |

In particular, when n = 1, the virtual class [P (Y, ﬂ)]ggr has zero degree. We show
the following virtual push-forward formula.

Proposition 3.10. Let 8 € Hy(Y, Z) be an irreducible curve class on a CY 3-fold Y.

Then
/ 1 - / 1’
[P1(Y,B)] [My g(Y)]vr

where My g(Y') is the moduli scheme of one-dimensional stable sheaves on Y with Chern
character (0,0,0, 8, 1).

vir
pair

Proof. Since B is irreducible, there is a morphism
fiPi(Y.B) > Mp(Y), (Oy - F)~— F, (25)

whose fiber over [F]is P(H?(Y, F)). Let F — M; g(Y) X Y be the universal sheaf. Then
the above map identifies Py (Y, B) with P(mar«IF) where mar: My g(Y) x Y — My g(Y)
is the projection. Then the universal stable pair is given by

I = Oyxp,p —FH, Fi=(idy x £)*F ® 0(1).

where (1) is the tautological line bundle on P (777 «IF) and s is the tautological map.
Let mp : P1(Y,B) x Y — Pi(Y, B) be the projection. There exists a distinguished
triangle

(RHomy, (FT, FH[1])Y — (RHomy, (1,F))Y — (RHomz, (Oyxp,v.p).FHY.
(26)
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By considering a derived extension of the morphism f of (25), the first two terms in (26)
are the restriction of cotangent complexes of the corresponding derived schemes to the
classical underlying schemes. They are obstruction theories (see [39, Sect. 1.2]), which fit
into a commutative diagram

(RHomy, (FT,FH[1])Y —= RHomy, (1, F1))Y —= RHom,, (Oy xp,v,p). F))"

| | |

f*Lmy yory ——Lpp) Lp,v.8)/M, 5(¥)

| | |

N Ly pr) ——— T Lpyrp) —— T 'Lp (v p)/My 5 (1)

where the bottom vertical arrows are truncation functors.
Note the above obstruction theories are not perfect. To kill h™2, as in [20, Sect. 4.4],
we consider the top part of the trace map

t : RHomz, (FT,FN[1] — R37p.(Oyxp,v.p)) 2],

whose cone is (t=!(RHomy, (FY, FNH[1]))[1]. Then we have a commutative diagram
(R37px(Oyxp,(v.8)[-2)" = R37p.(Oyxp (v.5)[-2])"

(RHomy, (BT, FH[1])Y —— RHomy, (I, FT))Y —= (RHomz, (Oyxp,v.p), F))Y

| |

(t=' (RHomy, (FT, FH)[1]))” ———— Cone(a)

By taking cones, we obtain a distinguished triangle
(v=! (RHom,, (FT, FT)[1]))" — Cone(er) — (RHomy, (Oyxp,v.p)F1)).

Since (R*7p«(Oyxp,(v.p))[—2])" is a vector bundle concentrated in degree —2 and
7271(—) has cohomology in degree greater than —2, so we have a commutative diagram

(r='(RHomy, (FT, W)[l]))v — Cone(a) — (RHom, (Oyxp, (v,8). F))
=N Ly p ) —— 7 L r,p) — T Lpy(v.8) /My 5 (1)

To kill 2! of the left upper term, we consider the inclusion

Op,.p)[1] = T=' RHomy, (FT, FH[1)),
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whose restriction to a closed point / = (Qy — F) induces an isomorphism C —
Hom(F, F). The cone of the inclusion is 7[*1] (RHomy, FT, FH[]).
Then we have a commutative diagram

Cone(B) —————— (¢ (RHom,, (F1, FH)[1]))"

| |

(RHomyp, (Oy xp(v,8) F)V[—1] — (rfl(RJfomn,, (F*, ]FT)[I]))V — Cone(a)

| |

Op,v.p[1))Y Op,v.p[1])Y

As (Op,v,p)[1])" is a vector bundle concentrated in degree 1, we get a commutative
diagram

(e (R FHomy, (FT, F)[1])) ——= Cone(@) ——————= Cone(B)[1]

¢1L ¢2L ¢3L
=N Ly, yv) —— T Lpyv,p) — T L (v.p) My p(Y)

It is easy to see that ¢p; and ¢, define perfect obstruction theories. By diagram chasing on
cohomology, ¢3 defines a perfect relative obstruction theory. Then we apply Manolache’s
virtual push-forward formula [30]:

S PL (Y. B = ¢ - [My g (V)]

where the coefficient ¢ is the degree of the virtual class of the relative obstruction the-
ory ¢3 and can be shown to be 1 by base-change to a closed point. ]

Now we come back to the CY 4-fold X =Y x E and show the virtual class
[P1(Y, ﬂ)];gir defined using pair deformation-obstruction theory naturally arises in this
setting.

Proposition 3.11. Let X = Y X E be a product of a CY 3-fold Y with an elliptic curve
E. For an irreducible curve class B € Hy(Y,Z) C Hy(X, Z), we have an isomorphism

P,(X,B) = P,(Y,B) X E.
The virtual class of P, (X, B) satisfies
[Pu(X. B = [Pa (Y. B)]yii; ® [E]

for a certain choice of orientation in defining the LHS. Here [P,(Y, ﬂ)];:u S
An—1(P, (Y, B), Z) is the virtual class defined in Lemma 3.9.
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Proof. As B is irreducible, for Iy = (s : Ox — E) € P,(X, B), E is stable [36, p. 270],
hence E is scheme-theoretically supported on some Y x {t},t € E (e.g. [13, Lem. 2.2]).
Leti; : Y x {t} — X be the inclusion. Then E = (i;)« F for some F' € Coh(Y). By
adjunction, we have
Homy (Ox, E) = Homy (Oy, F).

Hence, the morphism

Py(Y.B) x E — Pu(X. B), (27)
(Iy :==(s:iOx = F),t) > (s : Ox = (i)« F) =: Ix

is bijective on closed points. Next, we compare their deformation-obstruction theories.
Denote i = i;. From the distinguished triangle

i« F — Ix[1] = Ox[1], (28)
we have the diagram
RI'(Ox)[1] ==———————==RI(Ux)[]]

l L

RHomy (Ix, i« F) — RHomy (Ix, Ix)[1] —— RHomy (Ix, Ox)[1]
RHomy (Ix, Ix)o[1] RHomy (ix F, Ox)|[2]

where the horizontal and vertical arrows are distinguished triangles. By taking cones, we
obtain a distinguished triangle

RHomy (Ix, i« F) — RHomy (Ix, Ix)o[1] — RHomy (i« F, Ox)[2]. (29)
On the other hand, from the distinguished triangle
Ix — Ox — i, F
and the isomorphism (see e.g. [13, Proposition-Definition 3.3])
Li*isF = F ® (F ® Ny, x)[1],  where  Nyxiy/x = Oyx,
we can obtain the isomorphism
Li*ly ~ Iy @ F, (30)
which implies that

RHomy (Iyx,ixF) =~ RHomy (Iy, F) ® RHomy (F, F).
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Therefore by (29), we have the distinguished triangle
RHomy (Iy, F) @ RHomy (F, F) — RHomy (Ix, Ix)o[1] — RHomy (i« F, Ox)|[2].
It follows that we have the distinguished triangle
RHomy (Iy, F) — RHomy (Ix, Ix)o[1] — T, 3D
where T fits into the distinguished triangle
RHomy (F, F) - T — RHomy (i F, Ox)[2]. (32)
By Serre duality, adjunction and degree shift, (32) becomes
T — RHomy (Oy, F)"[-2] — RHomy (F, F)¥[-2],
whose dual gives a distinguished triangle
RHomy (F, F)[2] — RHomy (Oy, F)[2] — T". (33)
Combining (24) and (33), we obtain
T =~ RHomy (Iy, F)V[-2].
Combining this with (31) and taking the cohomological long exact sequence, we have
— Exty(Iy, F) — Exty (Ix, Ix)o — Exty(Iy, F)¥ — .
We claim that the above exact sequence breaks into short exact sequences

0 — Ext) (Iy, F) — Exty (Ix, Ix)o — C — 0,
0 — Ext}, (Iy, F) — Ext¥(Ix, Ix)o — Exty(Iy, F)¥ — 0,

since Ext? (Iy, F) = C (see the proof of Lemma 3.9) and in view of a dimension counting
by Riemann—Roch. The first exact sequence above implies that the map (27) induces an
isomorphism on tangent spaces. The second exact sequence implies that the obstructions
to deforming stable pairs on LHS of (27) vanish if and only if those on RHS of (27) van-
ish. Therefore, the map (27) induces an isomorphism on formal completions of structure
sheaves of both sides at any closed point. So (27) must be a scheme-theoretical isomor-
phism.

Next, we show Ext} Iy, F) C Ext§( (Ix, Ix)o is a maximal isotropic subspace with
respect to the Serre duality pairing on Ext)zf (Ix, Ix)o. Foru € Ext%, (Iy, F), the corre-
sponding element in Ext)zf (Ix, Ix)o is given by the composition

. .
I S ity 25 0 i 22 e,
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where « is the canonical morphism and § is given by (28). For another u’ € Ext%, Iy, F),
it is enough to show the vanishing of the composition

[ % 1 2 iu'[2 3
e S ity 25 0 P 2 e 22 i 22 e 2B e G4

Since Ext(}), (F,Iy ® Ky) =~ Ext% (Iy, F)Y = 0 (see the proof of Lemma 3.9), the com-

1 2
position i, F[1] M Ix[2] ﬂ i« Iy [2] can be written as i,y . Therefore the composition

[ 1 2 s [2
inly 5 0 P 2 e 22 iy 22 L )

vanishes, again because Extg’, (Iy,F)=0.
Moreover, a local Kuranishi map of P, (X, B) at Ix can be identified as

(k1y,0) : ExtY (Iy, F) x T,E — Ext}(Iy, F),

where k7, is a local Kuranishi map of P, (Y, 8) at Iy. Similarly to [12, Thm. 6.5], we
have the desired equality on virtual classes. ]

Combining the above result with Proposition 3.10, our genus O conjecture can be
reduced to Katz’s conjecture [22].

Corollary 3.12. Let X =Y X E be a product of a CY 3-fold Y with an elliptic curve E.
Then Conjecture 2.5 holds for an irreducible curve class B € Hy(Y,Z) C Hy(X,Z) if
and only if Katz’s conjecture holds for B.

Proof. To have non-trivial invariants, we only need to consider insertions of the form
y = [pt) € H*(Y,Z) ® H*(E, 7).

By Propositions 3.10 and 3.11, we have

P =0ip [ 1=01-p) L

(M g(Y)]¥r

pair
Thus Conjecture 2.5 reduces to Katz’s conjecture. ]

Katz’s conjecture has been verified for primitive classes in complete intersection CY
3-folds [13, Cor. A.6]. So we obtain

Theorem 3.13. Let Y be a complete intersection CY 3-fold in a product of projective
spaces, and X =Y x E be the product of Y with an elliptic curve E. Then Conjecture
2.5 is true for an irreducible curve class B € H,(Y,Z) C Hy(X,Z).

Genus 1. Similar to Lemma 3.5, for X = Y x E and 8 = r[E], we have
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Lemma 3.14. For any r € Z >, there exists an isomorphism
Po(X,r[E]) = Hilb" (),
under which the virtual class is given by
[Po(X, r[ED]™ = (=1)" - [Hilb" (¥)]""

for a certain choice of orientation in defining the LHS. Furthermore, their degrees fit into
the generating series

o0
> Porigig” = M@,
r=0

where M(q) = szl(l — ¢*)7* is the MacMahon function and we define Pooie; = 1.
We check Conjecture 2.6 for this case.

Theorem 3.15. Let X =Y X E be the product of a CY 3-fold Y with an elliptic curve E.
Then Conjecture 2.6 is true for B = r[E] € Hy(X,Z) forany r > 1.

Proof. By Lemma 3.14, it remains to show n; (g] = x(Y) and ny (g} = 0if r > 2. Since
genus 0 Gromov—Witten invariants GW _,[g1(X) are O for any r > 1, this is equivalent to

ZGWM[E](X)C]' =x(Y)- Z ?CI{

r=1 d=1

where 0 (d) = Z”d i. We have an isomorphism
MI,O(X5 V[E]) = Hl,O(E“’r[E‘]) xY

for the moduli space M1 (X, r[E]) of genus 1 stable maps to X . Note that M | o(E,r[E])
is smooth of expected dimension and consists of o (r)/r points (modulo automorphisms)
(see e.g. [33]). And the genus 1 invariant for the constant map to Y is y(¥). So
GW1,1(X) = x(Y)-o(r)/r. u

When the curve class 8 € Hy(Y) € H,(X) comes from Y, we have

Lemma 3.16. Let X = Y X E be the product of a CY 3-fold Y with an elliptic curve E.
Then for B € Hy(Y) C Hy(X), we have

GWo.5(y) = deg[Moo(Y. )] - /ﬁ " /E 2 ify =y ®ys € HAY) ® H2(E);

GWop(y) =0 ify e H*Y)C H*(X); GW,p5=0.
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Proof. We have an isomorphism
Mo1(X,B) = Mo1(Y,B) X E, (35)
under which the virtual class satisfies
[Mo, (X, B = [Mo,1(Y, B)]™ ® [E].

By the divisor equation, one can compute genus 0 GW invariants. Wl’o(X ,B) has a
similar product structure to (35). The obstruction sheaf has a trivial factor TE = O
in E direction. So genus 1 GW invariants vanish. ]

Then it is easy to show the following:

Proposition 3.17. Let X = Y x E be the product of a CY 3-fold Y with an elliptic
curve E. Then Conjecture 2.6 is true for any irreducible class B € Hp(Y) € Hy(X).

Proof. By Lemma 3.16, we know n; g = 0. By Proposition 3.11, the virtual dimension
of [Po(Y, )] is negative, so Py g = 0. .

pair

3.5. Hyperkdhler 4-folds

When the CY 4-fold X is hyperkidhler, GW invariants on X vanish as they are
deformation-invariant and there are no holomorphic curves for generic complex structures
in the S2-twistor family. Another way to see the vanishing is via the cosection localization
technique developed by Kiem-Li [23].

Roughly speaking, given a perfect obstruction theory [1,29] on a Deligne—Mumford
moduli stack M, the existence of a cosection

@ :0by — Oy

of the obstruction sheaf Objs makes the virtual class of M localize to the closed subspace
Z(¢) € M where ¢ is not surjective. In particular, if ¢ is surjective everywhere (in GW
theory this is guaranteed by the existence of holomorphic symplectic forms), then the
virtual class of M vanishes. Moreover, by truncating the obstruction theory to remove the
trivial factor @y, one can define a reduced obstruction theory and reduced virtual class.

To verify Conjectures 2.5 and 2.6 for hyperkihler 4-folds, we only need to show the
vanishing of stable pair invariants of Py(X, 8) and P1(X, B).

Cosection and vanishing of DT, virtual classes. Fix a stable pair / € P,(X, B). By
taking wedge product with the square At(1)? of the Atiyah class and contraction with the
holomorphic symplectic form o, we get a surjective map

2
/\At(l)

¢ Ext(I, I)g —— Ext*(I.1 ® Q2) 25> Ext*(I, 1) > H*(X, Ox).
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In fact, we have

Proposition 3.18. Let X be a projective hyperkdihler 4-fold, I be a perfect complex on X
and Q be the Serre duality quadratic form on Ext?>(I, I)o. Then the composition map

AA1(1)2 B
¢ ExC(I,1)g —— Ext*(I, ] ® Q%) 5 Ext*(I, 1) > H*(X, 0x)
is surjective if either ch3(I) # 0 or cha(1) # 0. Moreover,
(1) ifcha(I) # O, then we have a Q-orthogonal decomposition

Ext*(I, )¢ = Ker(¢) ® C(At(I)%. o),

where Q is non-degenerate on each subspace;
(2) ifchq(I) = 0 and ch3(I) # 0, then we have a Q-orthogonal decomposition

Ext®(1, 1) = C(At(I)?2 0, kx o At(1))
® (C(AU(I)? 0, kx o At(I)))™,

where Q is non-degenerate on each subspace. Here kx is the Kodaira—Spencer class
which is Serre dual to chz(I).

Proof. See [13, proof of Prop. 2.9]. ]

We claim that the surjectivity of cosection maps leads to the vanishing of virtual
classes for stable pair moduli spaces (it also applies to other moduli spaces, e.g. Hilbert
schemes of curves/points used in DT/PT correspondence [8, 9]).

Claim 3.19. Let X be a projective hyperkdhler 4-fold and P, (X, B) be the moduli space
of stable pairs withn # 0 or B # 0. Then the virtual class satisfies

[Pu(X. )" = 0.

At the moment, a Kiem—Li type theory of cosection localization for D-manifolds is
not available in the literature. We believe that when such a theory is established, our claim
should follow automatically. Nevertheless, we have the following evidence for the claim.

1. Atleast when P, (X, B) is smooth, Proposition 3.18 gives the vanishing of the virtual
class.

2. If there is a complex analytic version of (—2)-shifted symplectic geometry [37] and
the corresponding construction of virtual classes [4], one could prove the vanishing
result as in GW theory, i.e. taking a generic complex structure in the S2-twistor family
of the hyperkihler 4-fold which does not support coherent sheaves and then vanishing
of virtual classes follows from their deformation invariance.
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4. Non-compact examples

4.1. Irreducible curve classes on local Fano 3-folds

Let Y be a Fano 3-fold. When Y embeds into a CY 4-fold X, the normal bundle of
Y C X is the canonical bundle Ky of Y. By the negativity of Ky, there exists an analytic
neighborhood of Y in X which is isomorphic to an analytic neighborhood of Y in Ky.
Here we simply consider non-compact CY 4-folds of the form X = Ky.

Similar to Lemma 3.9, we have

Lemmad.1. Let 8 € Hy(Y,Z) be an irreducible curve class on a Fano 3-fold Y . Then the
pair deformation-obstruction theory of P, (Y, B) is perfect in the sense of [1,29]. Hence
we have an algebraic virtual class

[Pa (Y, B € An(Pa(Y, B), Z).

Proof. For any stable pair Iy = (s : Oy — F) € P,(Y, B) with g irreducible, we know
F is stable [36, p. 270], hence

Exty (F, F) = Homy (F, F ® Ky)¥ = 0.
Applying RHomy (—, F) to Iy — Oy — F, we obtain a distinguished triangle
RHomy (F, F) — RHomy (Oy, F) — RHomy (Iy, F), (36)
whose cohomology gives an exact sequence
0= H?*(Y,F) — Ext}(Iy, F) — Ext}(F, F) — 0 — Exty (Iy, F) — 0.
Hence Ext’} (Iy, F) = 0fori > 2. Then we can apply the construction of [1,29]. ]
When n = 1, similar to Proposition 3.10, we have

Proposition 4.2. Let § € Hy(Y,Z) be an irreducible curve class on a Fano 3-fold Y .
Then

Sl Pr(Y, Bl = [My g (YT,
where [ P1(Y,B) = My g(Y), (Ox — F)— F, is the morphism forgetting the section,
M, g(Y) is the moduli scheme of one-dimensional stable sheaves E on Y with [E] = 8
and y(E) = 1.

Now we come back to the CY 4-fold X = Ky. Similar to Proposition 3.11, we have

Proposition 4.3. Let Y be a Fano 3-fold and X = Ky. For an irreducible curve class
B € Hy(X,Z) = Hy(Y,Z), we have an isomorphism

Pu(X, B) = Pu(Y, B).
The virtual class of P, (X, B) satisfies
[Pa(X. B = [Pu(Y. By

for a certain choice of orientation in defining the LHS, where [P, (Y, ,B)];f;lr is the virtual
class defined in Lemma 4.1.
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Proof. The proof is the same as the proof of Proposition 3.11. Just note that as in (29),
there is a distinguished triangle

RHOInx(]X, i* F) — RHOInx(Ix, ]X)O[l] g RHOInX (i*F, (9X)[2],

where the cohomology of RHomy (Ix, Ix)o[1] is finite-dimensional as F has compact
support (although X is non-compact) and we may work with a compactification of X. m

Genus 0. Combining Propositions 4.2 and 4.3 shows that Conjecture 2.5 for irreducible
curve classes on Ky is equivalent to the genus 0 GV /DT, conjecture [13, Conjecture 0.2]
on Ky (see also [6, Conjecture 1.2]), which has been verified in the following cases
[6, Prop. 2.1, 2.3, Thm. 2.7].

Proposition 4.4. Conjecture 2.5 is true for any irreducible curve class p € Hy(Ky,Z) =
H, (Y, Z) provided that (1) Y C P* is a smooth hypersurface of degree d < 4, or (ii)
Y = S x P! for a toric del Pezzo surface S.

Genus 1. When any curve C in an irreducible class § € H,(Y) is a smooth rational
curve, Py(Y, B) = 0 by Lemma 3.7, so Py g(X) = 0 (by Proposition 4.3). In this case, to
verify Conjecture 2.6, we are reduced to computing GW invariants and show ny g = 0.

Proposition 4.5. Let Y = P3 and X = Ky. Then Conjecture 2.6 is true for any irre-
ducible curve class B € Hy(X,Z) = Hy(Y, Z).

Proof. WhenY =P3,n1’5 = 0 by [24, Table 1, p. 31]. [

4.2. Irreducible curve classes on local surfaces
Let (S, O5(1)) be a smooth projective surface and
m:X =Tots(L1 @ L) = S 37
be the total space of the direct sum of two line bundles Ly, L, on S. If we assume that
L ® L, = Kg, (38)
then X is a non-compact CY 4-fold. For a curve class
B € Hy(X,Z) = H»(S,7),

we can consider the moduli space P, (X, ) of stable pairs on X, which is in general non-
compact. In this section, we restrict to the case when the curve class § is irreducible such
that L; - B < 0, in which case P, (X, B) is compact and smooth.

Lemma 4.6. Let S be a smooth projective surface and B € H,(S, Z) be an irreducible
curve class such that Kg - 8 < 0. Then the moduli space P, (S, B) of stable pairs on S is
smooth.
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Proof. Similar to the proof of Lemma 4.1, for any stable pair Is = (s : Os — F) €
P, (S, B) with g irreducible, F is stable, hence

Ext}(F, F) =~ Homg(F, F ® Ks) = 0.
Applying RHomg(—, F) to Is — Os — F, we obtain a distinguished triangle
RHomg (F, F) - RHomg(Os, F) — RHomg (s, F), (39)
whose cohomology gives an exact sequence
0 — Homg(F, F) — H°(F) — Homg(Is, F) — Ext§(F, F)
— H'(F) — Ext§(Is, F) — Ext:(F, F) = 0,
and Ext’;9 (Is, F) = 0fori > 2. We claim the map
Extg(F, F) — H'(F)

above is surjective; then Extg (Is, F) = 0 follows from the exact sequence (so the smooth-
ness of moduli follows).
In fact, we only need to show the surjectivity of

H'(Oc) > H'(Hom(F, F)) C Exth(F. F) — H'(F),

where C is the scheme-theoretical support of F'. However, the above map is simply mul-
tiplication by the section s, which fits into an exact sequence

H'(Oc) > H'(F) - H'(Q) =0,
where Q =~ F/s(Oy) is zero-dimensional. L]

Proposition 4.7. Let S be a smooth projective surface and Ly, L, be line bundles on S
suchthat L1 ® Ly =~ Kg. Then for any irreducible curve class B € Hy(X,7) = H>(S,Z)
such that L; - B < 0 (i = 1,2), we have an isomorphism

Pp(X.B) = Pp(S.B).
And the virtual class satisfies
[Pu(X. B = [Pu(S. B)] - e(—RHomy, (F.FmLy))
for a certain choice of orientation in defining the LHS. Here
Is = (Osxp,(s.8) = F) € D’(S x Py(S, B))

is the universal stable pair and wpg: S x P, (S, B) — Pn(S, B) is the projection.
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Proof. Under assumption L; - 8 < 0 and f is irreducible, as in the proof of [13, Prop. 3.1],
one can show, for the zero sectioni : § — X, that the morphism

Pn(S.B) = Pu(X. ),

. : (40)
Is ;= (s:i"Ox > F) > (s : Ox — i, F) =: Iy,
is bijective on closed points. And we have distinguished triangles

ixF — Ix[l] - (9)([1],
RHomy (Ix, i« F) — RHomy (Ix, Ix)o[1] — RHomy (i« F, Ox)[2], (41)
Li*lx xIs®(F® L)@ (F® L") @ (F® KgH[1l.

where the last isomorphism is deduced similarly to (30).
It follows that we have a distinguished triangle

RHomg (/s, F) @ RHomg (F, F ® L1) — RHomy (Ix, Ix)o[l] — T, 42)
where T fits into the distinguished triangle

RHomg (F, F ® L;) ® RHomg(F, F ® Ks)[—1] = T — RHomy (i F, Ox)[2].

(43)
By Serre duality, degree shift and taking duals, (43) becomes
RHomg (F, F ® L1)[1] ® RHomg(F, F)[2] — RHomg (U5, F)[2] = T".
Combining this with (39), we obtain a distinguished triangle
RHomg (F, F ® L1)[1] — RHoms(Is, F)[2] = T,
whose dual is
T — RHomg(Is, F)¥[-2] — RHomg (F, F ® L)V [-1]. (44)

By taking cohomology of (44), we obtain exact sequences
0— H%T) — Ext}(Is, F)¥ — Exty(F, F ® Ly)¥ — HY(T)
— Bxt§(Is. F)¥ — Homg(F,F ® L;)” =0,
where ExtfgZl (Is, F) = 0 by the proof of Lemma 4.6. Hence
H%T)=0, HYT)=~Extg(F,F®L)".
By taking cohomology of (42), we obtain

Ext}(Is, F) = Exty (Ix, Ix)o,
0—Ext§(F, FQL,)—Exty (Ix, Ix)o— H"(T)—Exti(Is, F)®Ext}(F, FQL,)=0,
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hence also the exact sequence
0 — Ext§(F, F ® Ly) — Ext; (Ix, Ix)o — Ext§(F, F ® L;)¥ — 0.

By the first isomorphism above, we know the map (40) induces an isomorphism on tan-
gent spaces. Moreover since P, (S, B) is smooth (Lemma 4.6) and (40) is bijective on
closed points, the map (40) is an isomorphism.

As in Proposition 4.3, we can show Ext}9 (F, F ® L) is a maximal isotropic subspace
of Ext§( (Ix, Ix)o with respect to the Serre duality pairing on Ext}Z( (Ix, Ix)o.

Since ExtY(F, F ® L1) = Ext%(F, F ® L) = 0, Extg(F, F ® L) is constant over
P, (S, B), it forms a maximal isotropic subbundle of the obstruction bundle of P, (X, )
whose fiber over Iy € P,(X, ) is Exti (Ix, Ix)o. Then the virtual class has the desired
property [12]. ]

It is easy to check Conjectures 2.5 and 2.6 for irreducible curve classes on
Tots (L1 @ L») in the following setting.

Proposition 4.8. Ler S be a del Pezzo surface and Ll_l, L;l be ample line bundles on S
such that L1 @ Ly = Kg. Let B € Hy(X,7Z) = H,(S,Z) be an irreducible curve class
on X = Tots(L1 @ Lj). Then Conjectures 2.5 and 2.6 are true for f.

Proof. We claim that S does not contain any (—1) curve. In fact, if C is a (—1) curve,
then

—2 > deg(L|c) + deg(Lz|c) = deg(Ks|c) = —1.

So S is either P2 or P! x P!, and any curve in an irreducible class is a smooth ratio-
nal curve. By Lemma 3.7, Py(S, B) = @, so [Po(X, B)]' = 0 by Proposition 4.7. This
matches Klemm—Pandharipande’s computation [24, pp. 22, 24], i.e. Conjecture 2.6 is true
for B.

As for the genus 0 conjecture, for any stable pair (s : Os — F) € P1(S,B), F is
stable and supported on some C = P! in S. Then F = O¢ and the morphism

¢: Pi(S,B) = Mys(S), (Os — F)>F,

to the moduli space M; g(S) of one-dimensional stable sheaves F' on S with [F] = 8
and y(F) = 1 is an isomorphism.
As for the moduli space M ,o(X, B) of stable maps, we have isomorphisms

Moo(X,B) = Moo(S,B) = My g(S),

where the first isomorphism is by the negativity of L; (i = 1, 2) and the second one is
defined by mapping f : P! — S to Orp1y-

Next, we compare obstruction theories. By Proposition 4.7, the ‘half’ obstruction
space of P1(X,f) at (s : Ox — O¢) is Exté(@c, Oc ® Li) which fits into the exact
sequence

0— H'(C,Li|c) = Ext§(Oc,Oc ® L1) — H°(C,Li|c ® N¢ss) — 0.
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Since S is either P2 or | P! x P! and B is irreducible, all stable maps are embeddings.
The obstruction space of Moo(X, B) at f : P! — Sis H'(C, N¢,x) =~ H (P!, f*TX)
with C = f(P'), which fits into the exact sequence

0=H"(P', f*TS) - H'(P'. f*TX) - H'(P', f*(L1 ® L)) — 0.
Note that
H'(P', f*(L1 & L2)) = H'(C, L1|¢) ® H*(C. Li|c ® N¢ys)*.
The family version of these computations shows the virtual classes satisfy

[P1(X. B)]'" = [Mo,o(X, B

up to sign (for each connected component of the moduli space). It is easy to match the
insertions and then verify Conjecture 2.5. More specifically, when S = P2, Py ([pt]) =

no,1([pt]) = —1 and when S = P! x P1, Py 1 0)([pt]) = 10,1,0)([Pt]) = P1.0.1)([pt]) =
ng,0,1)([pt]) = 1 for a certain choice of orientation. |

4.3. Small degree curve classes on local surfaces

We learned from discussions with Kool and Monavari [26] (see also [10]) that by using
relative Hilbert schemes and techniques developed in Kool-Thomas [25], one can do
explicit computations of pair invariants in small degrees for non-compact CY 4-folds

Totps(O(=1) ® O(=2)), Totpi,p1 (O(—1,—1) ® O(—1,—1)).

We list the results as follows (where pair invariants are defined with respect to certain
choices of orientation).
If X = Totp2(O(—1) & O(-2)), then
o Py =Pyp=0, Pop3=—1, Ppsy=2,
o Pri([pt) = -1, Pra(lpt) = 1, Prs(fpt]) = —1, Pra([pt]) = 3.
If X = Totp1,p1(O(—1,-1) & O(—1,—1)), then
e Popa =1 Poes =2 Poea=>5 Poisz =10,
e Preo(pt]) =2, Pies(pt) =5
Comparing with [24, pp. 22, 24], we see that our Conjectures 2.5 and 2.6 hold in all the

above cases.
5. Local curves

Let C be a smooth projective curve of genus g(C) = g, and

p:X=Totc(L1® L, ® L3) > C (45)
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be the total space of a split rank 3 vector bundle on it. Assuming that
Li®L,® L3 = wc, (46)

the variety (45) is a non-compact CY 4-fold. Below we set /; := deg L; and may assume
that [y > I, > I3 without loss of generality.

Let T = (C*)3 be the three-dimensional complex torus which acts on the fibers of X .
Its restriction to the subtorus

To={ttz=1}CT

preserves the CY 4-form on X and also the Serre duality pairing on P, (X, ). In this sec-
tion, we aim to define equivariant virtual classes of P, (X, B) using a localization formula
with respect to the Tp-action [12, 13], and investigate their relations to equivariant GW
invariants.

Let o be the point Spec C with trivial 7 -action, C ® #; be the one-dimensional 7 -
representation with weight 1, and A; € H7 (e) be its first Chern class. They are generators
of equivariant cohomology rings:

ClA1, A2, A5]

Hr(®) = Clhr, A2 A3}, Hpy(9) = 2=y

= (C[/Xl,kz]. (G

5.1. Localization for GW invariants
Let j: C — X be the zero section of the projection (45). We have
Hy(X,Z) = Z[C].
where [C] is the fundamental class of j(C). For m € Z~¢, we consider the diagram

S

ce—~1 ¢
My(C,m[C])

where € is the universal curve and f is the universal stable map.
The T-equivariant GW invariant of X is defined by

GWi acy(X) = GWia(X) i= / e(—Rhu f*N) € Q1. Az, A3),
[My(C.d[CD]vr

where N is the T -equivariant normal bundle of j(C) C X:
N=L1®th)D(L®1)® (L3 R13). (48)
If g(C) > 0, the vanishing of genus 0 GW invariants
GWoa(X)=0, g(C)>0, deZs
follows from M ((C,d[C]) = @.
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If g(C) = 0, we have

GWoa(X) = /

e(—Rh*f*(Q]p] (l])[l D (9]p1 (Zz)tz 5 (9IP’] (13)[3)).
[Mo(PL,d)]

For example in the d = 1 case, M, (P!, 1) is one point and
GWo1(X) = A7 bt (49)

In the d = 2 case, a straightforward localization calculation with respect to the (C*)2-
action on P! gives

L o opi 1201 —20a1, 52~
GWO,Z(X):§AI2II 1)(.2212 1}132[3 1{(11—(11—1)2+"')A1_2
+ == 12+ 2+ = (= 1) 4 --)A52
+ l]lzkl_lkgl + 1213/1;1/\;1 + 111311_1151}. (50)

Here we write ] = [ for] > 0and! = —I — 1 for [ < 0.

5.2. Localization for stable pairs

Similarly, for m € Z >, we want to define an (equivariant) stable pair invariant
Pumic)(X) = [Pa(X,m[CDTO]™ - e RHomy,, (T, 1)§)"/2, (51)

where [ = (Oxxp, (x.mic)) = F) € D*(X x P,(X,m[C])) is the universal stable pair and
wp : X X Py(X,m[C]) - P,(X,m[C]) is the projection. Of course, the above equality
is not a definition as the virtual class of the fixed locus as well as the square root needs
justification. We will make this precise in specific cases where we compare with GW
invariants of X.

Let us first describe stable pairs (s: Ox — F) € P,(X,m[C])T which are fixed by the
full torus T': decompose F into T-weight spaces,

pF= @ Fn,

(i1,i2,i3)€Z3
where the T-weight of Fi1:22:3 is (i}, i, i3). We define an index set
A= {(ir,iz,i3) € Zy : FT07275 £ 0}, (52)
We also have the decomposition
pOx= P L"eL?eLy?
(i1,i2,i3)€Z3

into the direct sum of weight (—iy, —iz, —i3) factors L7 ® L, ® L3".



Y. Cao, D. Maulik, Y. Toda 568

The T -equivariance of s induces morphisms
s11,12,13:L1*’1 ® L;lz ® L;B — Fimi2,713

in Coh(C) which are surjective in dimension 1. It follows that each F~1>=2:73 ig either 0
or can be written as

Frivmimis = Ll_l1 ® L;z ® L;ls ® Oc (Zil,iz,i3)
for some effective divisor Z;, ;, ;; C C. Moreover, the p.Ox-module structure on F
gives a morphism
Frin—h.mis o Ll_l —s Fir—l—iz,—i3

which commutes with 5123 and st ¥1-2:3_ Similar morphisms with L replaced by L,
and L3 exist and have similar commuting properties. Hence, for (i1, i2,i3) € A, we have

Zil—l,iz,i,%’ Zi1>i2—1,i3’ Zi1=i2,i3—1 = Zilaiz,iy

as divisors in C. So the set A of (52) is a three-dimensional Young diagram, which is
finite by the coherence of F'.

In general, it is difficult to explicitly determine 7y -fixed stable pairs. In fact, a Ty-fixed
stable pair is not necessarily 7'-fixed. Nevertheless, for a Ty-fixed stable pair (s: Ox — F),
Oc,- := Ims and the corresponding ideal sheaf /¢, are actually T-fixed.

Lemma 5.1. Let [ = (s: Ox — F) € P,(X, m[C])T0 be a Ty-fixed stable pair and
Oc :=1Ims C F. Then the ideal sheaf Ic,. < Ox is T-fixed.

Proof. Since I¢,. equals J°(1), it is To-fixed. For t € T, we have the diagram

0 ICF OX (QCF 0
0—>Z*1CF t*Ox l*@cF—>0

The above diagram induces a morphism ¥ € Hom(/c,.,t*Oc,.). It is enough to show
u = 0. For a general point ¢ € C, let X, = p~1(c) = C?3 be the fiber of p at c. Then
Icy|x, is an ideal sheaf of Ty-fixed zero-dimensional subscheme of C3. Then it is also
T -fixed by [2, Lemma 4.1]. This implies that the morphism restricted to X, is a zero map.
Then Imu C t*Oc,. is 0 on the general fiber of p, hence Imu = 0 by the purity of Cr. =

Another convenient way to determine Tp-fixed stable pairs is when P, (X, m[C])7 is
smooth and Homy (/, F)T0 = Homy (1, F)T forany I = (Ox — F) € P,(X,m[C])T
(see e.g. [35, Sect. 3.3] on toric 3-folds). Then one has P, (X, m[C])T = P,(X,m[C])To.
In the examples below, we will explicitly determine the Ty-fixed locus, mainly using
Lemma 5.1.
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5.3. Pimic)(X) and genus 0 conjecture

Let C = P! be a smooth rational curve and X = Op1(ly, 15, 13) with [y + I, + I3 = 2.
This serves as the local model for a neighborhood of a rational curve in a CY 4-fold.
For some special choice of (/1, /5, /3), we can determine Py ,,,[c](X) for all m.

Proposition 5.2. If X = Op1(—1,-1,0), then Py ,,;jp11(X) is well-defined and satisfies
Pipn(X) =+A3",  Pupiy(X)=0 whenm > 1.
If X = Op1(=2,0,0), then Py ,,,;p11(X) is well-defined and satisfies

A
oAz’

Proof. Let (s : Ox — F) be a Ty-fixed stable pair and Oc,. = Im(s). Then
1= x(F) = x(Oc;) + x(F/Oc).

So x(Oc,) = 1or0. By Lemma 5.1, (s : Ox — Oc,.) is T-fixed. From the characteri-
zation of T'-fixed stable pairs, it is of the form

Pl,[]pl](X)::i: Pl,m[]pl](X):O whenm > 1.

Ox > P i)™ ®0p1(2)™2 & Opi1(13)™ ® Op1(Ziy iy i3)-

(i1,i2,i3)€A

If (I1,05,13) = (—=1,—1,0) or (=2, 0, 0), it is obvious that the only possibility is x(Oc) =
1 (so F = Oc,.) and CF is the zero section of X. So Py (X, m[P!]) = @ unless m = 1.
By (51), we have

\/(_1)%ext§((lpl Ip1do . er, (EXt)z((IP] , I]Pl)O)
ETO(EXt}((Ipl,IPl)o)
er,(H'(PL, L1 ® 11 ® Ly @1, & L3 R 13))
erg(HOPL L1 @ &Ly ® 1 ® L3 ®13))

Py piy(X) =+

Then the calculation is straightforward. ]

By comparing the above computations with the corresponding GW invariants, we
obtain the following equivariant analogue of Conjecture 2.5 (note that from the above
proof, we know Py ,(c1(X) = 0 for m > 1 since Po(X, m[C]) = 9).

Corollary 5.3. Let X be Op1(—1,—1,0) or Op1(—2,0,0). Then
1
GWo,m(X) = Z ﬁpl,(m/k)[]P’l](X)
klm,k>1

for suitable choices of orientation in defining the RHS.
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Proof. If X = Op1(—1,—1,0), by the Aspinwall-Morrison formula we have
1
GWom(X) = — Azt

If X = Op1(—2,0,0), from GW invariants of Kp1 (e.g. [31, Thm 1.1]) we can conclude
that

1 At
GWom(X) = — - .
O,m( ) m3 AZA:{
Comparing this with Proposition 5.2, we are done. ]

For a general local curve X = Op1(l1, 2, 13), we study P(X,m[P!]) form = 1,2
as follows.

Degree 1 class. When m = 1, it is easy to show that the canonical section
(s : Ox — Op1)
gives the only Tp-fixed stable pair in Py (X, [P!]). Similar to Proposition 5.2, we have

P (X)_eTO(Hl(IP",Ll®11@L2®z2®L3®t3))
LRI = o (HOPL L ® 1 @ Ly ® 1, & Ls ® 13))

i1y —lh—14—I3—1
_Al A2 )LS ’

which coincides with the corresponding GW invariant (49). Here we have chosen the plus
sign in defining Py pp17(X).

Degree 2 class. Whenm = 2, let
(s: Ox — F) € Pi(X,2[P])
be a Ty-fixed stable pair. Then F is thickened in one of the L;-directions, i.e.
p«F =Fo® (Fi®t ),

where Fy, F; are line bundles on P!, hence F is also T-fixed. As the T-weight of F;
is not of the form (I, 1,1), Typ-invariant sections of F are also T-invariant. So we have a
commutative diagram

1 s° -1
(9]}»1 ® Li —— F() ® Li

|k

-1 st 1
L7 ————F®1
where s° and s’ are injective, and surjective in dimension 1, ¢ defines the p.Ox-module

structure (which is also injective, and surjective in dimension 1 by the diagram).
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Denote Fo = Op1(dp) and F/ = F; ® L; = Op1(d;). Then the above diagram is
equivalent to a commutative diagram

D
Op1 — = Op1 (do)

|,k

1

Op1 —— Opi1(d;)
where s°, s and ¢ are injective. These impose conditions
0<do=<di, do+di=1I—1,
where the last equality is because y(F') = 1. It is not hard to show

Lemma 5.4. We have an isomorphism

3
px2P'p ST J]  PicoW(®) x P(HO(Opi(do)).  (53)
=1 (do.d;)eZ?
do+d;=1;—1
0=<do=(l;—1)/2
where Pic'%?) (P1) denotes the moduli space of triples
(L,L',1), (L,L)€Pic*(P") xPic®’(PY), L <L,
and t is an inclusion of sheaves.

To determine the virtual class [Py (X, 2[P!])70]"'" and the square root in (51), we take
a To-fixed stable pair I = (s : Ox — F) and view it as an element in the Ty-equivariant
K-theory of X. Then

xI, 1) = x(F,F)— x(Ox, F)— x(F,0Ox) € Kg,(pt),

where both sides can be written using grading into Tp-weight spaces.
Similar to [13, Sect. 4.4], we set

X(F, F)l/z = x(j«Fo, jxFo) + X(j*FO,j*Fi)ti_l7 (54)
X Dy/% = x(F. F)!/? — y(Ox. F),

where F = Fo + F; ® ti_l € Kr,(X) and j is inclusion of the zero section of X.
The Ty-fixed and movable part satisfies

2. D/ >™ = y(F. F)/2™ — y(Op1., Op1 (do)),
XD/ >™ = g (F,F)Y2™ — y(Op1, Op1 (d; — 1)) - 17",
where y(F, F)'/2% and y(F, F)!/2™" were computed in [13, Sect. 4.4]. In particular,
dimc y(F. F)Y/>™ =1—d; + dy, dimc x(Op1,Opi(dy)) = do + 1.
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So dimc (—yx (1, I)(l)/z’hx) = d; is the dimension of P;(X,2[P'])70. Thus the virtual class
of the associated Ty-fixed locus P; (X, 2[P1])70 may be defined to be its usual fundamen-
tal class.

We can now give a definition of Py ,p17(X) € Q(41, A2) based on the localization
formula (51) and the above discussion. Denote by

(Fo, F 1), vFo— F,

the universal object on Pic(d"’df)(Pl) x P, where %, .’Fi’ are line bundles on
Pic(@0:4)(P1) x P! and ¢ is the universal injection. Let %; := %/ ® L', and consider its
push-forward

j«Fi € Coh(Picl@o-d)(Ply x X), i=1,2,3.

From (51) and (54), we define P; 5p17(X) as an element in Q(41, A2) by

3
P X):= et (N / et (M )
o)=Y % ( /Pic(dw(m B0 [ oy o)

i=1 (do,d;)eZ?
do+di=l;i—1
0<do=<(l;—1)/2 (55)

where

N1 := RHoms, (jxFo, juFo)" + RHoma, (juFo, juFi -1, )™,

Na = —R(72) 5 (Opdgopr (1, di — 1) - 171).
Here 7, : Pic@0-4) (P1) x X — Pic@0-4)(P1) and 1, : P9 x P! — P9 are the natural
projections. and we have used the isomorphism (53).

In the above definition, the second integral can be easily shown to be 1 and the first
one has been explicitly determined before [13, Corollary 4.9]. So we obtain

Proposition 5.5. Let X = Op1(l1,12,13) withly + 1, + 13 =—2andl; > I > [3. Then
Prapn(X) = = A7 72252072 (0 4 ) 7

(X bbb+ Y BLbIK),

1<k<l;, 1<k<l,
k=l (mod2) k=I5 (mod 2)

where
A(ly, Iy, 13, k) := Resp—o{h K (A1 + h)2(Aa + W2 (=1 — Ay + R)FHD

(=1 + A+ DITRTR (20 = Ag o+ )T TR (<20 4 k2,
B(ly. 2. 13, k) := Resp—o{h ™ (=Aa + h)2(A1 + B)* T (=dy — Ay + B)KTD3

(Ao A+ PETITR (20, — ay + By TR (20, 4 p)k 222y,
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We pose the following equivariant version of Conjecture 2.5 (note in this case
Py p171(X) = 0 as x(Op1) > 0). It is consistent with our previous conjecture on one-
dimensional stable sheaves [13, Conj. 4.10].

Conjecture 5.6. Let X = Op1(l1,12,13) forly + 1, + I3 = —2. Then
GWo2(X) = Py opp1)(X) + 5 P pp1y(X).

Combining Proposition 5.5 and [13, Thm. 4.12], we can verify the conjecture in a
large number of examples.

Theorem 5.7. Conjecture 5.6 is true if |l11| < 10 and |l5| < 10.

5.4. Py mic)(X) and genus I conjecture

To complete the heuristic argument for our genus 1 conjecture in Section 2.5, we consider
X =Totc (L1 & Lo & L3) where C is an elliptic curve and L1 ® L, ® L3 = wc = O¢.

Lemma5.8. Let I C Ox be the ideal sheaf of a closed subscheme Z C X withdimZ < 1.
Then we have canonical isomorphisms

Exty (I, 1) = H°(X, Exty (1, 1)), (56)
Exty(I,1)o = HY(X,&xt3(I,1)) @ H' (X, Exty (I, 1)).

Furthermore, if px 8xt)1( (1,1)and p*gxt}% (1, 1) are locally free, then
H'(X,&xty(I, 1)) = H*(X,Ext3(1,1))".

And HO(X, 8xt§(1, 1)) and H'(X, EXI)},(I, 1)) are maximal isotropic subspaces of
Ext)zf (1, I)o with respect to the Serre duality pairing.

Proof. We have the local-to-global spectral sequence
EP? = HP(X,8xtl(1, 1)) = Extt ™4 (1, I)o.

And

12

Exty(I,1)o =0, &xtg'(I,1)o=Exty (I,1)

are supported on Z. Therefore E;’O =0 and EJ? =0 for p > 2, ¢ > 1. Then the
above spectral sequence degenerates and (56) holds. The latter statement follows from
the adjunction

Extly (p*Oc. Ext) (I, 1)) = Exth(Oc, p«Ext (I, 1)),
and the Grothendieck duality
Rp«RHomyx (1, I)o[4] = RHomc (RpRHomx (1, 1)o, wc[1])

for the projection p : X — C of (45). |
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We describe the torus fixed locus Py (X, m[C])T0 as follows.
Lemma 5.9. Let C be an elliptic curve and L; € Pic’°(C). Then (Ox — F) €
Po(X, m[C)) is Ty-fixed if and only if it is of the form
ox > P Li"eL?eL;® (57)
(i1,i2,i3)€A

for some three-dimensional Young diagram A C Z;O. In particular, in this case
Po(X.m[CDT = Po(X.m[C]™.

Proof. The stable pair (57) is obviously 7T'-fixed, hence Ty-fixed. Conversely, for a Tp-
fixed stable pair (s: Ox — F) with y(F) = 0, we denote Oz = Im s and then Iz is
T-fixed by Lemma 5.1. It follows that Ox —> Oz is of the form
Ox > P L"®L?®L" ®0c(Ziiis)-
(i1.i2,i3)€A
Since c1(L;) = 0 and F/Oz is zero-dimensional, we have
0=x(F)=x(0z)+ x(F/Oz) = x(F/0z) = 0.
So F =~ Oz and Zi1,i2,i3 =0. u

We determine stable pair invariants for X = Totc(L; @ Ly & L3) when the line
bundles L; € Pic®(C) over the elliptic curve C are general.

Theorem 5.10. Let C be an elliptic curve, L; € Pic®(C) (i = 1,2,3) general line bundles
satisfying L1 ® L, ® L3 = wc and X = Totc (L1 ® L, & L3). Then the stable pair
invariants Py ;,ic1(X) of (51) are well-defined and fit into a generating series

> Pomie1(X) g™ = M(q),

m=>0
where M(q) := [ [, (1 - gk)7* is the MacMahon function.

Proof. By Lemma 5.9, Po(X, m[C])T0 is the finite set of three-dimensional partitions
of m, and any (s : Ox — F) € Po(X, m[C])T0 satisfies F = Oy for some Cohen—
Macaulay curve W in X. We denote by / the ideal sheaf of W.

Let U C C be an open subset on which the L; are trivial. Then p~'(U) = U x C3
and 7 |,—1 g is isomorphic to 7* Iz for the T-fixed zero-dimensional subscheme Z C C3
corresponding to A. Therefore we have an isomorphism of 7'-equivariant sheaves on U,

peExtf (1. Dy = Extis (17, 17) ®c Ou. (58)
Let

k k iy in i
Extes(Iz, 1z) = @ Vil inis ® 11157157

(i1,i2,i3)€Z3
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be the decomposition into 7 -weight spaces. By (58), we have

p*Sxt§(1,1); @ Vlllclzh(g)Lll ®L12®Ll3 ®t1 t2 t3 .
(i1,i2,i3)€Z3
The relation (46) and Lemma 5.8 imply that
T, T,
Exty (1, 1) = D Vil EXGUD* =D Vi @ Vidi-
i€Z i€Z

By [2, Lemma 4.1], we have V!, ; = V%, = 0 (note (V2 )" = V!, _, ). Therefore

i,1,i 1,1,0 i,1,0

[Po(X.m[C)]"™ = [Po(X.m[C])).
For the movable part, there are decompositions
EXtX(] I)mov _ @ ” inis ® HO(L” —i3 ® Ltz 13) ® t” l3t12 13’

(i1—i3,i2—i3)#(0,0)
EXtX I, 1)y

— @ v, 11’12’13 ® Vz? lz’l%) ® HO(Lill—i3 ® Léz—i3) ® til_i3t£2_i3.
(i1—i3,i2—i3)#(0,0)
For a general choice of (L1, L,), we have H(L¢ ® L5) = H'(L¢ ® L5) = 0 for any
(a,b) # (0,0), so the movable part also vanishes. Thus
Pomic)(X) = H(Po(X.m[CT),

which is the number of three-dimensional partitions of m. ]

6. Appendices

6.1. Stable pairs and one-dimensional sheaves for irreducible curve classes

When € H(X, Z) is an irreducible curve class on a smooth projective CY 4-fold X,
we have a morphism
$n 2 Pu(X. B) > My p(X)

to the moduli scheme of one-dimensional stable sheaves with Chern character
(0,0,0, 8,n) (e.g. [36, p. 270]), whose fiber over [F]is P(H°(X, F)). Note that M,, g(X)
is in general a stack instead of scheme when B is arbitrary. The virtual dimension of
M, g(X) satisfies

vir.dimg (M, g (X)) = 2,

by [4, 13]. One could use the virtual class to define invariants.
For integral classes y; € H™i(X,7Z),1 <i <1, let

T H™(X) » H" ?(My p(X)), t(y) = nps(mgy Uchs(F)),
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where mx, mp are the projections from X x M, g(X) to the corresponding factors,
F — X x M, g(X) is the universal sheaf, and ch3(IF) is the Poincaré dual to the fun-
damental cycle of F.

Then we define the DTy invariant by

1

DT4(n. B | y1...-.71) :=/ [Tt

[Mn,ﬁ(X)]Vir i=1
We propose the following conjecture.

Conjecture 6.1. For an irreducible class B € Hy(X,Z), the invariants

DT4(n, B | v1,---, 1)

are independent of the choice of n for a certain choices of orientation in defining them.

In all compact examples studied in this paper, one can check that Conjecture 6.1 holds.
In particular, when X = Y x E is the product of a CY 3-fold Y with an elliptic curve E
and the irreducible class B € Hy(Y,Z) C H,(X, Z) sits inside Y, then Conjecture 6.1
reduces to a special case of the multiple cover formula ([21, Conjecture 6.20], [41, Con-
jecture 6.3])

1
Nup = Z ﬁNl,ﬂ/k
k>1,k|(n,B)

for any B in a CY 3-fold Y, where N, g € Q is the generalized DT invariant [21] which
counts one-dimensional semistable sheaves £ on Y with [E] = B, y(E) = n. The above
formula is proved when S is primitive in [42, Lemma 2.12] (see also [13, Appendix A]).

It is an interesting question to define a ‘generalized DTy4 type invariant’ counting
semistable sheaves on CY 4-folds and search for a similar multiple cover formula on CY
4-folds.

6.2. An orientability result for moduli spaces of stable pairs on CY 4-folds

Let X be a smooth projective CY 4-fold and ¢ € H®*"(X). For a moduli stack M, of
coherent sheaves on X with Chern character ¢, we define

£ := det(R(ppyr)«RHom(F ,IF))

to be the determinant line bundle, where F — M, x X is the universal sheaf of M. and
pm M. x X — M, is the projection. By Serre duality, we have a non-degenerate pairing

Q:&x&— Oun,,

which defines an O(1, C)-structure on &£. The quadratic line bundle (£, Q) is called
orientable if its structure group can be reduced to SO(1, C) = {1}. An orientability
result is recently proved on arbitrary CY 4-folds [7]; the proof uses involved tools like
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semi-topological K-theory. To be self-contained, we include here a simpler proof of an
orientability result for CY 4-folds with the technical assumptions Hol(X) = SU(4) and
H*Y(X,7Z) = 0.

Lemma 6.2. Let X be a CY 4-fold with Hol(X) = SU(4) and H°Y(X,Z) = 0. Let M. be
a finite type open substack of the moduli stack of coherent sheaves with Chern character
¢ € H®(X). Then the quadratic line bundle (£, Q) is orientable.

Proof. By the work of Joyce—Song [21, Thm. 5.3], the moduli stack M, is 1-isomorphic
to a finite type moduli stack of holomorphic vector bundles on X via Seidel-Thomas
twists, under which the universal family can be identified (so is the determinant line
bundle and Serre duality pairing). Thus we may assume M. to be a moduli stack of
(rank n) holomorphic bundles without loss of generality.

Fix a base point xo € X. A framing ¢ of a vector bundle E is an isomorphism

¢ Ely, = C".

There is a natural GL(n, C)-action on ¢ changing the framing.

Let M/[™md denote the moduli stack of framed holomorphic bundles with Chern char-
acter ¢, on which GL(n, C) acts by changing framings. Note that M Cframed is a scheme as
the stabilizer is trivial and we have a 1-isomorphism

[Mfamed/GL(n,C)] = M., (E,¢)w E,
of Artin stacks. The universal family
& - Mframed x X
c
descends to the universal sheaf [F of M. Let
£ := det(RpRHom(E, &))

be the determinant line bundle of M4 where p : Mframed x x — ) framed jg the pro-
jection. One may reduce the orientability problem of M, to the orientability of (£, Q),
where Q is the quadratic form on &£ defined by Serre duality.

We view a holomorphic bundle as an integrable d connection on its underlying topo-
logical bundle. Then there is a natural embedding of MCframed (with induced complex
analytic topology) _

Mgramed s BE

into the space Bi= s xg Ex, of framed (not necessarily integrable) connections on the
underlying topological bundle E. The determinant line bundle &£ on M [framed j5 the pull-
back of a line bundle cfj_%; on B g defined as the determinant of the index bundle of certain
twisted Dirac operators, and the quadratic form Q on £ extends to £ defined using the
spin structure of X (see [11, pp. 50-51]). By [11, Thm. 1.3], the quadratic line bundle
(£%, Q) is orientable. Hence we are done. [ ]

Then orientability for moduli spaces of stable pairs follows from the orientability of
moduli stacks of one-dimensional sheaves.
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Theorem 6.3. Let X be a CY 4-fold with Hol(X) = SU(4) and H°(X,Z) = 0. Then
for any B € Hy(X,Z) and n € Z, the quadratic line bundle (£, Q) over P,(X, ) is
orientable.

Proof. There is a morphism
¢: Py(X,B) > M(0,0,0,8,n), ¢(F,s)=F,

to the moduli stack of one-dimensional sheaves on X with Chern character (0,0, 0, 8, n).
Parallel to the quadratic line bundle (£ = det(R(wp)RHom(l, 1)), Q) over
P, (X, B), there exists a determinant line bundle

£y = det(R(7rpr)«RIHom(F, F))

with a quadratic form Qs over M(0,0, 0, 8, n), where mp : M(0,0,0,8,n) x X —
M(0,0,0, 8,n) is the projection, and we use F to denote the universal sheaf for both
P, (X, B) and M(0,0,0, 8, n).

Via the morphism ¢, we have an isomorphism

¢* Ly = det(R(mp)«RHom(F , F)), (59)

where 7p : X x P,(X, B) — Pn(X, B) is the projection.
Since I = (Oxxp,(x,p) — ), we have a distinguished triangle

RHom(F,F) — RHom(Oxxp,x,p), F) = RHom(I,F),

which gives an isomorphism

det(R(rp)«RHom(F,F)) ® det(R(mp)«RHom(I, F))
= det(R(zp)«RHom(Oxxp, (X,8)> F)) (60)

between determinant line bundles.
Similarly, from the distinguished triangle

RHom(I,F) — RHom(I, I)o[1] — RHom(F, Oxxp,x,8))[2],
we have an isomorphism
det(R(p)«RHom(I,IF)) ® det(R(mp)«RHom(F, Oxxp,(x,8)))
= (det(R(7rp)«RHom(I,1)9))" L.  (61)
Combining (60), (61) and Serre duality, we obtain
det(R(mp)«RHom(L, I)o) = det(R(p)RHom(F,F)),

under which the natural quadratic forms on them are identified.
By Lemma 6.2, the structure group of the quadratic line bundle (£, Q) can be
reduced to SO(1, C), and so can (£, Q) via the pull-back (59). |
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