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Abstract. We develop an approach that allows one to construct semiorthogonal decompositions of
derived categories of surfaces with cyclic quotient singularities whose components are equivalent
to derived categories of local finite-dimensional algebras.

We first explain how to induce a semiorthogonal decomposition of a surface X with rational
singularities from a semiorthogonal decomposition of its resolution. In the case when X has cyclic
quotient singularities, we introduce the condition of adherence for the components of the semiortho-
gonal decomposition of the resolution that allows one to identify the components of the induced
decomposition of X with derived categories of local finite-dimensional algebras. Further, we present
an obstruction in the Brauer group of X to the existence of such a semiorthogonal decomposition,
and show that in the presence of the obstruction a suitable modification of the adherence condition
gives a semiorthogonal decomposition of the twisted derived category of X .

We illustrate the theory by exhibiting a semiorthogonal decomposition for the untwisted or twis-
ted derived category of any normal projective toric surface depending on whether its Weil divisor
class group is torsion-free or not. For weighted projective planes we compute the generators of the
components explicitly and relate our results to the results of Kawamata based on iterated extensions
of reflexive sheaves of rank 1.
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1. Introduction

1.1. Overview

In this paper we study bounded derived categories of coherent sheaves on singular sur-
faces with rational singularities over an algebraically closed field k of characteristic zero.
We are primarily interested in rational surfaces X but for most of the arguments it is
sufficient to assume that

pg(X) =¢q(X)=0. (1.1

Our aim is constructing semiorthogonal decompositions of the form
Db (X) = (DP (K -mod), ..., Db (K,-mod)), (1.2)

where K; are (possibly noncommutative) local finite-dimensional algebras. We con-
sider (1.2) as a generalization for singular varieties of the notion of a full exceptional
collection.

An instructive example is given by the nodal quadric X = P(1, 1,2), where a semior-
thogonal decomposition can be constructed using [24]: X admits an exceptional pair of
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line bundles whose orthogonal is equivalent to the derived category of the even part of a
degenerate Clifford algebra which is Morita-equivalent to k[z]/z?; thus we have a decom-
position

D(P(1,1,2)) = (Db(k), Db (k), D°(k[z]/z%)).

So, here K1 = K, = k and K3 = k[z]/z2.

A new feature that we want to emphasize is the appearance of the Brauer group Br(X)
as an obstruction to the existence of a decomposition (1.2). We give a complete answer
for existence of such decompositions in the case of normal projective toric surfaces,
that is, for a projective toric surface X we construct the decomposition (1.2) as soon
as Br(X) = 0 and describe the algebras K; in terms of singular points of X explicitly,
following [18].

Our approach to construct (1.2) is based on descending semiorthogonal decomposi-
tions from a resolution X of X. Before going into details, we mention that some results
in this direction were obtained earlier by Kawamata [19]. He used a completely different
approach based on the study of deformations of so-called simple collections of reflex-
ive sheaves. In particular, he obtained decompositions of the above type for P(1, 1, n)
and P (1,2, 3) (see Examples 5.12 and 5.13). On the other hand, in [27] a semiorthogonal
decomposition of the same type was constructed for any normal sextic del Pezzo surface
(there are six isomorphism classes of such, four of them, including P (1, 2, 3), are toric,
and two are non-toric).

1.2. Descent and adherence

Now let us explain our approach and results in more detail. Let X be a normal projective
surface with rational singularities over an algebraically closed field k of characteristic
zero and let

X > X

be a resolution of X. Note that under this assumption the exceptional locus of 7 is a
disjoint union of trees of smooth rational curves whose intersection matrix is negative
definite. The first result of this paper is a “descent procedure” that allows one to con-
struct a semiorthogonal decomposition of X from a semiorthogonal decomposition of X
satisfying a certain compatibility condition.

To be more precise, we say (Definition 2.7) that a semiorthogonal decomposition

DY(X) = (A, ..., A) (1.3)

is compatible with m if for every component E of the exceptional divisor of 7 (so that £
is a smooth rational curve) the sheaf @g(—1) is contained in one of the components
of the decomposition, i.e., Og(—1) € A; for some i. Under this assumption we show
(Theorem 2.12) that the categories #4; := . (+;) give a semiorthogonal decomposition

DE(X) = (A1, ..., A (1.4)



J. Karmazyn, A. Kuznetsov, E. Shinder 464

Furthermore, in some cases (for instance, when X is Gorenstein) we prove that the cat-
egories AX" = A; N DP(X) give a semiorthogonal decomposition

DP(X) = (AR, AR

of the category of perfect complexes on X.

The next question we address is an explicit description of each component +4; of the
induced semiorthogonal decomposition of D?(X), which we provide under some addi-
tional hypotheses. Let X be a normal projective surface satisfying (1.1) with only cyclic
quotient singularities and let : X — X be its minimal resolution. Let X1,..., X, € X
be a collection of points such that Sing(X) C {xy,...,x,}. Let E;1,..., E;;,, be the
irreducible divisorial components of 1 (x;); this is a (possibly empty) chain of smooth
rational curves.

Our main hypothesis is that D?(X) has a semiorthogonal decomposmon (1.3) in
which each component A; is adherent to the chain of curves {E; p}lJ , (see Defini-
tion 3.6 for a slightly generalized version of this condition), i.e., morally, the compon-
ent A; is the smallest admissible subcategory in D? (X) that contains all 9 E;.,(=1)

for 1 < p < m;. Explicitly this means that A is generated by all Og; ,(—1) and an
additional line bundle &£; ¢ that has prescribed intersections with E; , (depending on
di.p = —Eiz, ) which guarantees admissibility of e;ﬂ,-. In fact, the category a:(i can also be
generated by an exceptional collection of line bundles &£; ,,0 < p < m;, where for p > 1
we define &£; , = £i p—1(Ei,p). Note that any line bundle on X is exceptional by (1.1)
and rationality of singularities of X .

A result of Hille and Ploog (Theorem 3.9) implies that under these assumptions
the category +; is equivalent to the derived category of modules over a certain finite-
dimensional algebra A; of finite global dimension. The algebra A; has exactly m; + 1
simple objects S; ,, 0 < p < m;, which under the above equivalence correspond to the
line bundle &£; o and the sheaves Og; ,(—1), 1 < p < m;, respectively. Denoting by P; p
the corresponding indecomposable projective A;-modules, we define a finite-dimensional
algebra

K,' = EndAl. (P,"o).

These algebras, studied by Kalck and Karmazyn [18], are finite-dimensional local non-
commutative monomial algebras (see Lemma 3.13 for an explicit description) that only
depend on the type of the cyclic quotient singularity (X, x;). Our second main result
(Theorem 3.16) is that under the above assumptions we have an equivalence

A; = DP(K;-mod)

of the component #; of the induced semiorthogonal decomposition (1.4) of D?(X)
with the derived category of finite-dimensional modules over the algebra K;. In fact,
DP(A;-mod) is a categorical resolution of singularities of D?(K;-mod) in the sense
of [28], and moreover we expect that the algebra A; can be recovered from K; via the
Auslander construction.
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Combining the above results we show (Corollary 3.18) that if X is a normal project-
ive surface satisfying (1.1) with cyclic quotient singularities, 7: X — X is its minimal
resolution, and there is a semiorthogonal decomposition (1.3) in which every component
is adherent to a connected component of the exceptional divisor of m, then the induced
semiorthogonal decomposition (1.4) of D?(X) has the form

Db (X) = (DP(K -mod), ..., Db (K,-mod)), (1.5)

where all K; are Kalck—Karmazyn algebras. Furthermore, if an additional crepancy condi-
tion is satisfied, e.g., if X is Gorenstein, we check that (1.5) also induces a semiorthogonal
decomposition of the category of perfect complexes

D (X) = (DPT(K;-mod), . .., DPF(K,-mod)). (1.6)

1.3. Brauer obstruction

The next important observation we make is that the Brauer group Br(X) provides an
obstruction to existence of such decompositions. Indeed, if we have (1.5), it is easy to
see (Lemma 4.1) that the Grothendieck group Go(X) of the category D?(X) is torsion-
free. On the other hand, assuming that the surface X is rational, it is easy to show that
Go(X)tors = CI(X ) 1ors, Where C1(X) is the class group of Weil divisors, and that this group
is trivial if and only if Br(X) = 0. To be more precise, there is a natural isomorphism

Br(X) = Ext!(CI(X), Z) = Ext!(Go(X), Z)

(Proposition 4.4), and so the Brauer group Br(X) of the surface X provides an obstruction
to the existence of (1.5). One of the simplest examples of a surface X with Br(X) # 0 is
the toric cubic surface

X =P?/puy = {23 — 212223 = 0} C P3 (1.7)

that has three A,-singularities, CI(X) =~ Z & Z/3, and Br(X) = Z/3. Consequently,
its minimal resolution does not admit a semiorthogonal decomposition with components
adherent to the components of the exceptional divisor, and D?(X) does not have (1.5).

More generally, one can see that for an arbitrary projective toric surface X, the Brauer
group Br(X) is a finite cyclic group of order r, where r is the greatest common divisor of
the orders r; of the toric points on X (see Lemma 5.1 and Remark 5.2), so that vanishing
of Br(X) is equivalent to the orders rq, ..., r, being coprime. In particular any weighted
projective plane P(wy, w;, w3) has vanishing Brauer group.

In Section 5 we show that the Brauer group provides the only obstruction to the exist-
ence of (1.5) in the toric case. Specifically, we construct decompositions (1.5) for any
projective toric surface X satisfying Br(X) = 0. These results can be considered as a
generalization to singular projective toric surfaces of a standard method of constructing
exceptional collections on smooth projective toric surfaces by iterative twisting of a line
bundle by the sequence of boundary divisors [14].
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For instance, for the weighted projective plane P(1, 2, 3) we obtain the semiortho-
gonal decomposition

DP(P(1.2.3)) = (D (k). 0°(E), P (X)),

Since P (1,2, 3) is Gorenstein we also obtain a similar semiorthogonal decomposition
of DP(P(1,2,3)). For a non-Gorenstein example, let us consider P(2, 3, 11), where we
obtain

DP(P(2.3, 11))—<ng( 2y, pb(Elzizal ) pb(_ Kz )>

(z1 ,Z122, 22) (z] ,Z122, zzz1 22)

This time it does not induce a semiorthogonal decomposition of DP(P (2,3, 11)).

1.4. Twisted adherence and twisted derived categories

As we already observed, for surfaces X with Br(X) # 0 there is no semiorthogonal
decomposition (1.5) with local finite-dimensional algebras K;. However, there are two
things we can say.

First of all, in the toric case, resolving any of the singular points of X will produce
a toric surface with trivial Brauer group, so that its structure can be analyzed with our
methods.

At the deeper level, the same Brauer group that obstructs the existence of (1.5) can be
incorporated into the problem providing a generalization to the results described above.
Namely for every 8 € Br(X) we can ask about semiorthogonal decompositions for the
twisted derived category DP(X, B). To analyze these we consider semiorthogonal decom-
positions of D? (X ) with components that are adherent to the components of the excep-
tional divisor up to a line bundle twist (individual for each component). We call such
decompositions twisted adherent, show that they correspond to some explicit elements in
the Brauer group Br(X), and prove that they induce semiorthogonal decompositions of
the twisted derived category of X:

DO (X, B) = (DP(Ki-mod), . .., DP(K,-mod)) (1.8)

(see Theorem 4.19), where K; are finite-dimensional algebras constructed from singularit-
ies of X in the same way as in the untwisted case. As usual, under the additional crepancy
assumption there is a decomposition for DP*'(X, B) analogous to (1.6). We also obtain
a description of the Grothendieck group Go (X, B) of D?(X, B) (Proposition 4.15), and
check in Proposition 4.17 that

Ext' (Go(X, B), Z) = Br(X)/(B),

so the existence of (1.8) implies that 8 is a generator of Br(X).
For example, for the cubic surface X defined by (1.7) we obtain

D°(X. p) = (0° (%), 0° (K), 0° (X)),
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where f is a generator of the Brauer group Br(X) = Z /3, and this decomposition induces
one for DPf(X, B) (again, since X is Gorenstein).

Let us point out that we do not have an answer to the following question: is it true that
decomposition (1.8) exists for any generator 8 € Br(X)? In Lemma 5.16 we explicitly
present the set of all generators S of the Brauer group Br(X) of a toric surface for which
we obtain a decomposition (1.8) using twisted adherent exceptional collections on X.In
particular, we check that in the Gorenstein case our construction produces just one 8, up
to sign.

1.5. Generators

Finally, we discuss the relation of our approach to the one developed by Kawamata [19].
We show that our construction in many cases also produces some natural reflexive sheaves
on X and their versal noncommutative thickenings (in the terminology of Kawamata).
We generalize Kawamata’s results to all toric surfaces with torsion-free class group (see
Proposition 6.8) and illustrate the result in the case on an arbitrary weighted projective
plane (Example 6.11).

Structure of the paper. In Section 2 we explain how to induce a semiorthogonal decom-
position for a surface with rational singularities from a compatible semiorthogonal decom-
position of its resolution. The main result of this section is Theorem 2.12.

In Section 3 we introduce the notion of (twisted) adherence, define the algebras of
Hille-Ploog and Kalck—Karmazyn, and under the adherence assumption identify in The-
orem 3.16 and Corollary 3.18 the components of the induced decomposition of D?(X).

In Section 4 we discuss the Brauer group of a rational surface X, construct the Brauer
class B corresponding to a twisted adherent semiorthogonal decomposition of its resolu-
tion X, and describe in Theorem 4.19 the induced semiorthogonal decomposition of the
twisted derived category D% (X, B).

In Section 5 we apply our constructions in the case of toric surfaces. The main results
of this section are Theorem 5.9 and Corollary 5.10.

In Section 6 we discuss the relation of our results to the approach of Kawamata, in par-
ticular we investigate under which conditions generators of the components #4; C D?(X)
of (1.4) constructed above are reflexive or locally free sheaves on X. Moreover, we expli-
citly describe the reflexive generators of the components of the semiorthogonal decom-
position for any weighted projective plane P (wy, wa, w3).

Notation and conventions. We work over an algebraically closed field k of characteristic
zero. All varieties and categories are assumed to be k-linear. All surfaces are assumed to
be irreducible.

For a k-scheme X we denote by £D?(X) the bounded derived category of coherent
sheaves on X and by DPT(X) the category of perfect complexes on X, i.e., the full
subcategory of D?(X) consisting of objects that are locally quasi-isomorphic to finite
complexes of locally free sheaves of finite rank.
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Similarly, for a k-algebra R we denote by R-mod the category of finitely generated
right R-modules, by D? (R-mod) its bounded derived category, and by DP*(R-mod) the
category of bounded complexes of finitely generated projective R-modules.

We denote by =" and =’ the canonical truncation functors at degree t. For a set { F; }
of objects of a triangulated category 7 we denote by ({F;}) the minimal triangulated
subcategory of 7 containing all F;, and by ({F;})® the minimal triangulated subcategory
of T closed under all direct sums that exist in 7 and containing all F;. For a subcategory
A C T we denote by s and LA its right and left orthogonals:

AL ={F € T | Ext®(s4, F) =0}, 1A ={FeT |Ext°(F,#4)=0}.

For a morphism f we denote by f. the derived pushforward functor, and by f* the
derived pullback. Similarly, ® is used for the derived tensor product. If we need underived
functors, we use R® f, and L f* respectively.

For an abelian group A we denote by A its torsion part.

2. Inducing a semiorthogonal decomposition from a resolution

The main goal of this section is to set up a framework in which a semiorthogonal decom-
position of the bounded derived category of a singular surface X can be constructed from
a semiorthogonal decomposition of the bounded derived category of its resolution. For
this we use the approach developed in [27], with a suitable modification. The main differ-
ence between the situation of [27] and ours is that here X is not necessarily Gorenstein,
and the resolution is not necessarily crepant; therefore we have to modify some arguments
of [27] that used these assumptions.

2.1. Resolutions of rational surface singularities

Let X be anormal surface, and let 7r: X — X be its resolution of singularities. We assume
that X has rational singularities, i.e. we have an isomorphism 7.0 g >~ Ox. In this case
every irreducible component of the exceptional divisor of 7 is a smooth rational curve,
and every connected component is a tree of rational curves with transverse intersections;
see e.g. [4, Lemma 1.3].

Below we discuss what such a resolution does on the level of derived categories.
Most conveniently this is expressed at the level of bounded above categories of coherent
sheaves, D~ (X) and D~ (X). This could also be done at the level of the unbounded
derived category, but we prefer to work with D™

The derived pushforward and pullback provide an adjoint pair of functors

T D (X) > D (X) and 7*: D7 (X) > D (X),
and since X has rational singularities, by the projection formula we have

meom® ~ido-(x) - (2.1)
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Consequently, we have a semiorthogonal decomposition
D™ (X) = (Ker 7y, 7% (D~ (X))). (2.2)

Using [3, Lemma 3.1] and [1, Theorem 7.13] one can describe the category Ker 7, as
follows.

Lemma 2.1 ([27, Lemma 2.3]). Let X be a normal surface with rational singularities and
let m: X — X be its resolution. An object ¥ € D~ (X) is in Ker 7y if and only if every
cohomology sheaf ' (F) is an iterated extension of the sheaves Qg (—1) for irreducible
exceptional divisors E of m.

However, we are mostly interested in the bounded derived category and the category
of perfect complexes, which are not preserved by the adjoint pair of functors (7*, 74);
in fact 7* only preserves the category of perfect complexes, while 7, only preserves the
bounded derived category. At the level of these categories we have no semiorthogonal
decomposition analogous to (2.2), but using small dimension effects we can deduce many
results for them.

Lemma 2.2 ([27, Lemma 2.4]). Let X be a normal surface with rational singularities
and let w: X — X be its resolution. If § is concentrated in degrees > k, then

(3 2n*6) =0 and § =~ m. (2 'n*(9)).
The above implies that . is essentially surjective on bounded derived categories.

Corollary 2.3 ([27, Corollary 2.5]). Under the assumptions of Lemma 2.2, for any
object § € DP(X) there exists F € DY (X) such that § = m.(F).

Lemma 2.5 below is very useful, in particular we will often use the (1)=(3)
and (2)=(3) implications to descend vector bundles from X to X. In the proof we need
the following standard result in commutative algebra [2, X.3, Proposition 4].

Lemma 2.4. Let (A, m) be a noetherian local ring and k = A/m. If M € D™ (A) isa
bounded above complex of finitely generated A-modules, then M is a perfect complex if
and only if Ext'y(M,k) = 0 for |t]| > 0.

Proof. Let F* be the minimal free resolution of M, i.e., a bounded above complex of
finitely generated free A-modules quasiisomorphic to M such that all its differentials are
zero modulo m (such a resolution can be constructed by a standard procedure: see [6,
§1.3] for the case when M is a module). Then the complex Homy4 (F*, k) has zero differ-
entials so that we have

Exty(M,k) ~ (F" ®4 k).

Since F~* is free, we have F~* ®4 k = 0 if and only if F~* = 0, hence Ext, (M, k) = 0
for |¢] > 0 if and only if F* is bounded, and since F~ are finitely generated and free
this holds if and only if M is perfect. ]

Below % | £ stands for the derived pullback of # along the embedding E <> X.
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Lemma 2.5. Let X be a normal surface with rational singularities and let 1 X = X be
its resolution. Let ¥ € D? (f ). The following properties are equivalent:

(1) for any irreducible exceptional divisor E of w one has ¥ |g € (Og);

(2) for any irreducible exceptional divisor E of w one has Ext*(¥ |g, Og(—1)) = 0;
(3) there exists § € D*(X) such that ¥ = n*§;

@) 7xF € O (X) and F = 7* (w4 F).

If additionally ¥ is a pure sheaf, or a locally free sheaf, then so is w«F .

Proof. We prove (1)=(2)=3)=#)=(1).
(1)=(2) This implication is trivial, since £ ~ P! and Exty, (0,0(=1)) = 0.
(2)=(3) It follows from (2.2) and Lemma 2.1 that ¥ belongs to the image of the
functor 7*: D~ (X) — D~ (X), thatis, ¥ = 7*¢ for some § € D~ (X). Letx € X be
a point and let X € X bea point over x. Then 7,05 = Oy, hence by adjunction

Ext* (9, 0,) = Ext* (¢, m.0z) = Ext* (7§, OU5) = Ext*(F, O3),

which is finite-dimensional by smoothness of X. By Lemma 2.4, § is perfect in a neigh-
borhood of x. Since this holds for each point of X, we conclude that § is perfect.
(3)=(4) This is clear since if ¥ =~ 7*§ then

T F =8 = 8.

@=(1) Letg = 7,F . Then ¥ = n*§ by assumption. It follows that the restriction
Flg = n*(§)|g is isomorphic to p%(§]x) where pg: E — Spec(k) is the structure
morphism and x = 7(E) € X. We have p% (DP(k)) = (Of) and the result follows.

Now assume that ¥ € Db(X) is an object for which all the equivalent conditions
hold. Let X € X and x = 7 (X). For every ¢t € Z by adjunction and property (4) we have

Hom(rrs %, Ox[t]) = Hom(rrs %, 7+ O5[t]) = Hom(r* 7., O[t]) = Hom(F, Ox[t]).

If ¥ is a pure sheaf, then the Hom-space on the right-hand side is zero for all X € X and
t < 0. Therefore, the left side is zero for all x € X (since 7 is surjective) and ¢ < 0, hence
the complex 7, F is concentrated in nonpositive degrees. But since 7 is left exact, it is a
pure sheaf.

If ¥ is locally free, then the Hom-space on the right-hand side is also zero for
all ¥ € X and ¢ > 0. Therefore, the left side is zero for all x € X and ¢t > 0 as well,
hence 7. ¥ is locally free by [2, X.3, Proposition 4]. |

We will also use the following corollary.

Corollary 2.6. Let X > Xbea resolution of a normal surface with rational singularities.
If§ € D (X)and n*6 € DP(X), then § € D (X).

Proof. Set ¥ = 7*§.By (2.2) and Lemma 2.1 the property (2) of Lemma 2.5 is satisfied
for ¥ . Therefore, by property (4) the object 7+ F = m.7w*§ = § is perfect. |

Later we will state an analog of Lemma 2.5 for categorical resolutions of finite-
dimensional algebras (see Lemma 3.11) and twisted derived categories (see Lemma 4.14).
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2.2. Compatibility with contraction

Let X be an irreducible normal surface with rational singularities. Let 7: X — X beiits
resolution of singularities. Let D be the exceptional locus of &. Recall that each irredu-
cible component of D is a smooth rational curve.

Definition 2.7. A semiorthogonal decomposition D?(X) = (J]; Lyeves :/1?,,) is compatible
with the contraction m if for each irreducible component E of D one has

Op(-1) € A
for one of the components A; of the decomposition.

Note that for an irreducible component E of D the component A; to which O (=1
belongs is uniquely determined. Let

Di:= | JiE | Or(-1) € A} 23)
be the union of those irreducible components £ C D for which Og (—1) belongs to e

We will need the following simple observation.

Lemma 2.8. Ler DY(X) = (g:(l, e a:(n) be a semiorthogonal decomposition. If E
and E’ are components of D such that

Op(—=1) e A; and Op/(—1) € Ay withi # i,
then ENE' = & and so O (—1) and Og/(—1) are completely orthogonal. In particular,
DiNDy =g f()?’i?él'/.

Proof. Let i’ . Then Ext*(Of/(=1), Op(—1)) = 0 by semiorthogonality of A
and +;/. Since E and E’ are irreducible curves on a smooth surface X, an easy computa-
tion shows that in fact E N E’ = @&. But then Ext*(Og(—1),Og/(—1)) = 0as well. =

Thus, a semiorthogonal decomposition compatible with 7 induces a decomposition
D=DyU---UDy, 24

of the exceptional divisor D of m into n pairwise disjoint components, where n is the
number of components in the semiorthogonal decomposition (some D; may be empty).

Recall that a morphism : X > Xis crepant if the canonical line bundle O 5 (K ) is
isomorphic to a pullback from X, i.e., by Lemma 2.5 if K - E = 0 for each irreducible
component E of the exceptional divisor D of m. This condition can be reformulated in
many ways.

Lemma 2.9. Let (X, x) be an isolated rational surface singularity and let 7: X — X be
its resolution. The morphism 7 is crepant if and only if (X, x) is Gorenstein and 7 is its
minimal resolution. Furthermore, in this case K § = m*(Kx).
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Proof. Assume that 7 is crepant. By Lemma 2.5 we have O 5(Kg) = 7*£ for a line
bundle £ on X. Furthermore, if D is the exceptional locus of 7, we have

O(Kx\x) = O(Kg\p) = 7" Llg p = Llx\x,

hence O(Ky) ~ £ and Ky is a Cartier divisor, so x is Gorenstein. It also follows
that K ¢ = m*(Ky). Furthermore, if 7 is not minimal, there exists a (—1)-component E
of D. Then by adjunction formula K i - E = —1, hence 7 is not crepant. This proves one
direction.

For the other direction just note that if x is Gorenstein then the singularity (X, x) is
Du Val by [21, Corollary 5.24 and Theorem 4.20]; in particular it has a crepant resolu-
tion (see [21, Definition 4.24]). Since a crepant resolution is minimal and the minimal
resolution is unique, we conclude that 7 is crepant. ]

Definition 2.10. Assume that a decomposition (2.4) of the exceptional divisor of a bira-
tional morphism 7 is given. We will say that 7 is crepant along D; if Kg - E = 0 for
each irreducible component E of D;.

According to Lemma 2.9, when X is a surface with rational singularities, its minimal
resolution 7 is crepant along a connected component D’ of the exceptional divisor D
of X if and only if the point x = 7 (D’) € X is Gorenstein.

In the next lemma we apply Serre duality on X to rotate the components of the semi-
orthogonal decomposition; for that we need to assume that X is projective.

Lemma 2.11. Let X be a normal projective surface and let m: X — X be a resolution of
singularities. Assume that D (X) = (A1, ..., Ay) is a semiorthogonal decomposition.
For each 1 < k < n we have semiorthogonal decompositions

DV(X) = (Ars1(Kg)s . An(Kg), A1, ..., Ar),

DP(X) = (k... An. AU (=Kg). ... A1 (—Kg)) &
ks ooy dop, 0] T Pk—1 )

Assume further that the original decomposition is compatible with 1, and let (2.4) be the
induced decomposition of its exceptional divisor.

If 7w is crepant along D; for all j > k then the first decomposition in (2.5) is compat-
ible with m, and if 7 is crepant along Dj for all j < k then so is the second. In both cases
the induced decomposition (2.4) of the exceptional divisor is obtained from the original
one by an appropriate cyclic permutation of indices.

Proof. The fact that (2.5) are semiorthogonal decompositions follows easily from Serre
duality. To prove compatibility with 7 of the first of them, let £ be an irreducible com-
ponent of the exceptional divisor of 7 and assume that Og (—1) € ;. If j < k there is
nothing to check. If j > k + 1, we twist the containment by K 7>and since Kg - E =0
(by crepancy of & along D;), we conclude that Og (—1) € A j (K ). Compatibility of the
second semiorthogonal decomposition is proved analogously. ]
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Recall that a functor ®: 77 — 7, between triangulated categories endowed with
t-structures has finite cohomological amplitude if there is a pair of integers a_ < a4
such that for any k_ < k4 one has

e L

where ’fl[k_’k” denotes the subcategory of 77 consisting of objects whose cohomology
with respect to the t-structure is supported in degrees between k_ and k4, and similarly
for 7 "[k ta—ki+at]l Biniteness of cohomological amplitude is a useful finiteness condi-
tion (see, e.g., [26]).

Recall that a triangulated subcategory & C T is called left (resp. right) admissible if
the embedding functor of # has a left (resp. right) adjoint functor, or equivalently there
is a semiorthogonal decomposition T = (A, - ) (resp. T = (AL, A)). If 4 is both left
and right admissible it is called admissible.

The main result of this section is the next theorem.

Theorem 2.12. Let X be a normal projective surface with rational singularities and let
7: X — X be its resolution. Assume that X admits a semiorthogonal decomposition

DU(X) = (A1, ..., A (2.6)

compatible with w and let (2.4) be the induced decomposition of the exceptional divisor.

(1) There is a unique semiorthogonal decomposition
DP(X) = (Ar..... An) 2.7)

with 1y (:/1:,-) = A;. The projection functors of (2.7) have finite cohomological am-
plitude. Moreover, the functor mwy: A; — A; induces an equivalence of 4; with the
Verdier quotient, _
A ~ A /[(Op(=1))EcD;.

where E runs over the set of irreducible components of D;.

(ii) If m is crepant along Dj for j > i then A; is right admissible in D2(X), and if n
is crepant along D; for j <i then A; is left admissible in DP(X). In particular, if
7 is crepant, then all 4; are admissible in DP(X).

(iii) Setting fA?erf = A; N D" (X) we have
JT*(A?erf) C (A, Air1 NKermy, ..., Ay NKermy). (2.8)
(iv) If m is crepant along D; for j > i, we have
T* (AN C Ay

Furthermore, if mw is crepant along D; for all j > 2, there is a semiorthogonal
decomposition of the category of perfect complexes

DPT(X) = (AR AR, (2.9)

n

Finally, if w is crepant, then all components Aferf of (2.9) are admissible.
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Remark 2.13. In fact, a semiorthogonal decomposition of the category D?(X) for a
projective scheme X always induces some semiorthogonal decomposition of DP(X)
(see Theorem A.1). However, we are mostly interested in the case when the intersections
of the components of D?(X) with DPF(X) form a semiorthogonal decomposition; this
is why we state a criterion for this.

The proof of Theorem 2.12 takes up Sections 2.3 and 2.4. This proof is rather tech-
nical, and the reader not interested in technicalities can easily bypass it and go directly
to Section 3. Before we give the proof, let us illustrate the theorem in an example, at the
same time motivating results in the further sections.

Example 2.14. Let X be a projective surface satisfying (1.1) with a single cyclic quotient
singularity of type %(1, 1) (see Section 3.1 for a discussion of cyclic quotient singularit-
ies), and let 7: X — X be its minimal resolution, so that 7 contracts a smooth rational
curve E C X with self-intersection —d . Assume that there exists a line bundle &£ € Pic()? )
such that £ - E = d — 1 (this holds if and only if £ is primitive in Pic(X)). Under these
assumptions (£, £(FE)) is an exceptional pair on X. Then we have a semiorthogonal
decomposition

DP(X) = (A1, ), where A = (£, £(E)) and A, = LA,.

It is easy to see that O g (—1) is isomorphic to the cone of a morphism £ — £(E), hence
it belongs to +41, so that the semiorthogonal decomposition is compatible with . In this
case Theorem 2.12 gives a semiorthogonal decomposition

DO(X) = (A1, A2)

where A, = T[i(e)l:]) = (4(L)) = (mx(L(E))) (however, m«(L) is not exceptional)
and Ay = 7, (A2). Furthermore there is an induced decomposition for Dref(X).

In Section 3 we show that the above category +; is the simplest example of a category
adherent to E and explain how to describe the constructed category +; explicitly. In
Section 6 we study under which conditions 7, (£) is a reflexive sheaf on X.

In Section 4 we show that primitivity of E, i.e., the existence of a line bundle £ as
above, is in general controlled by the Brauer group Br(X) of the surface X (this follows
from Remark 4.5). See also [35, Example 5 in Chapter 4] for an example of a projective
rational surface with a single ‘1—‘(1, 1)-point and the exceptional curve E of the minimal
resolution divisible by 2 (in this case Br(X) = Z/2). Note also that if d is square-free, £
is always primitive.

2.3. Decomposition of the bounded above category

We keep the assumptions and notation from the previous subsection. Moreover, we
assume that X is projective and fix a semiorthogonal decomposition (2.6) compatible
with 7. Recall the decomposition (2.4) of the exceptional divisor D of w with com-
ponents D; defined by (2.3). For each D; we denote by E; 1, ..., Ej;; its irreducible
components, so that

Di=FE,U---U Ei,m,j- (2.10)
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Recall that by definition of D; we have
Of; ,(—1) € :/Ii foreach 1 < p < m;. (2.11)

Note that a combination of (2.4) and (2.10) shows that any irreducible component of the
exceptional divisor of 7 is equal to one of Ej .

Since X is smooth and projective, every component Ai of DP (f ) is admissible,
hence (2.6) is a strong semiorthogonal decomposition in the sense of [26, Definition 2.6].
Therefore, by [26, Proposition 4.3] it extends to a semiorthogonal decomposition of the
bounded from above derived category

D™ (X) = (A]..... A). (2.12)

where A; C J;i_, al:l-_ is closed under arbitrary direct sums that exist in i)_(f ), and one
has A; = A7 N DP(X). We define a sequence of subcategories A; C D~ (X) by
AT = Tl (A)). (2.13)

In Proposition 2.17 below we will show that these subcategories are triangulated and form
a semiorthogonal decomposition of O~ (X ). Then in Proposition 2.19 we will check that
this decomposition induces a decomposition of D?(X). 5

We start with a lemma that describes the intersections of the categories ;" with the
kernel category of the pushforward functor 7.

Lemma 2.15. (i) Foreach1 <k < n we have

Ap NKerme = (Og, ,(=1),.... OF,,, (-1)®, (2.14)

where (—)® denotes the minimal triangulated subcategory closed under arbitrary
direct sums that exist in D~ (X).

(ii) Forany ¥ € Kerm, C !D*()’(H) there is a canonical direct sum decomposition
n
F = @?i, where F; € A; N Ker my.
i=1
(iii) We have the semiorthogonality
Ext®(A; . 4; NKermy) =0 (2.15)
if either i < j and m is crepant along D;, ori > j.

Proof. Let ¥ € Kermy C JD‘()? ). By Lemma 2.1 every cohomology sheaf J! (%) is an
iterated extension of sheaves O, » (—1),where 1 <i <mnand1 < p < m;. In particular,

Supp(¥) C | J Eip =D = DyU---U D,.
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We denote by ¥; the summand of % supported on D;. Then ¥ = @ ¥;, and the
summands are completely orthogonal. Moreover, the summand %; is an iterated exten-
sion of shifts of sheaves (DEi.p(_l)’ where 1 < p <m;, so in view of (2.11) we
have ¥; € &Il_ N Ker 7. This proves (ii).

Since 7y commutes with infinite direct sums, we have

(OE,-,p(—l))?spimi C a:\:,: N Ker(m).

Conversely, if ¥ € a:ttl_ N Ker 4 then in the direct sum decomposition of part (ii)
all summands of ¥ distinct from ¥; vanish (because of semiorthogonality of (2.12)).
Thus ¥ = ¥; and from the above argument we conclude that ¥ is an iterated extension
of sheaves Of, ,(—1), where 1 < p < m;, hence belongs to (O, ,(— )% This
proves (i).

Finally, let us prove (iii). If i > j, semlorthogonahty of <A; and A N Ker 7, fol-
lows from semiorthogonality of (2.12). So, leti < j, ¥ € A and ! é A N Ker 7.
Using (2.14) for k = j and crepancy of & along D;, we deduce

1<p<m;"

F' = F'(Kg) € A; (Kg).

Therefore the required vanishing Ext* (¥, ') = 0 follows from semiorthogonality of the
decomposition of D~ (X) obtained from the first line in (2.5) with kK =i by an application
of [26, Proposition 4.3]. [

Denote by &: D~ (X) - D~ (X ) the projection functors of the decomposition (2.12);
so the essential image of each ¢; is A, C D™ (X).

Remark 2.16. By [26, Proposition 4.3 and Lemma 3.1] the projection functors of (2.6)
are given by the restrictions of & to D?(X). In particular, the functors &; preserve
boundedness.

Proposition 2.17. (i) The subcategories A7 C D™ (X) defined by (2.13) are triangu-
lated and form a semiorthogonal decomposition

D(X) = (A]..... A

n

with projection functors given by

o =Tmxod;om”. (2.16)

In particular, o; |A,l_— = ida-

(i1) Foreach 1 <i <n we have
(A7) C (A7, Ay NKerma, ..., A, N Ker ). (2.17)

(iii) If m is crepant along D; for all j > i, a stronger property holds:

T (A]) C AT
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Proof. Letus prove (2.17). First, take any object ¥ € ,%; and define & from the standard
triangle
7' F) > F - F.

Then by (2.1) we have ¥’ € Ker .. By Lemma 2.15(ii) we have ¥’ = J'Tj’ with
T/ 11—
Fi e Aj N Ker .

If j <i we have Ext*(¥, J’7j’) = 0 by (2.15). On the other hand, by adjunction we
have Ext® (™ (. %), fF/ ) = 0 since 377]-/ € Ker 7. Combining these vanishings with the
above triangle we deduce Hom(F", ¥/) = 0 for j <. Therefore, ¥/ = 0 for j <i since
it is a direct summand of . 5 5

This proves that ¥ € (4; N Ker 7y, Ay NKermy, ..., A, NKermy), and from the
triangle we conclude that 7* (7. %) € (a;gl_ JE‘H N Kermy,. .., JI; N Ker ). Since A,
is formed by the pushforwards 7, ¥ for ¥ € JI,.—, this proves (2.17) and part (ii).

Further, if 7 is crepant along D; for j > i, then Ext*(¥, 5‘7]/ ) =0 forall j #i
by (2.15), hence the above argument shows that J’Tj’ = 0 for all j # i. Thus, in this case
we have 7' = 7/ € JI,— N Ker 74, hence also 7* (7 F) € e;t:i_, and arguing as above we
conclude that 77*(4; ) C e;(i_. This proves part (iii).

To prove (i) we take § € +; . It follows from (2.17) that there is a distinguished
triangle

G - 1"8 — a;(7*9)
with §’ € (a:(ijrl N Kermy,..., e;‘;; N Ker mx) C Ker mw,. Applying 7, to the triangle we
obtain
G > (7*9) = (@ (779)) = a; (9).

Thus, the functor (2.16) is isomorphic to the identity functor when restricted to »; . Since
the functor o; is triangulated and is the identity on »4;, and by (2.13) the image of «; is
contained in s, it follows that the subcategory +; C D™ (X) is triangulated as well.

Next, note that for ¥ € A; and § € Aj_ with i > j we have
Hom(¥ ,7+¢) = Hom(n*%,8) =0

by (2.17). Since A]-_ is formed by the pushforwards 7. § for § € a:g]_, this proves that the
subcategories +; and Aj_ are semiorthogonal fori > j.

Finally, take any ¥ € D~ (X). Then F =n*F ¢ D (X), so we can decompose it
with respect to (2.12). This means that there is a chain of maps

O=§'H—>---—>3€'2—>}:1—>3':0=$:,
whose cones are @; (3': )€ A; Pushing this forward to X, we obtain a chain of maps
0= n*(ﬂ*:n) — e — n*(fz) — n*(}:l) — n*(fl:"o) = n*(fﬁ:) ~ 7,

whose cones are 7, (&; (37')) = 74 (@ (7" F)) = o; (F) € A; . This proves the semiortho-
gonal decomposition and shows that its projection functors are given by «; . ]
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Corollary 2.38. The functor @; o w*: A — &Il_ is fully faithful and is left adjoint to the
functor my: A7 — A; . Moreover, we have a semiorthogonal decomposition
A7 = (A7 N Ker s, @ (1% (A7) (2.18)
and in particular
& (1 (A7) = Ok, ,(=1).....OF,,, (1)) C A;. (2.19)

Proof. The adjunction follows from the adjunction between the pullback 7 * and the push-

forward 7., and between the embedding fii— > (efti_, x;w ey OI;) and the projection
functor @;: (&Z;, x;v e, OZ;) — x;. Full faithfulness follows from the adjunction
and the isomorphism 74 o &; o 7* =~ id |£; on Jt.?; proved in Proposition 2.17(i). This
proves (2.18), and (2.19) follows from (2.18) and (2.14). ]

Note that if 7 is crepant along D; for j > i, we have @; o 7* = n* on A, by
Proposition 2.17(iii).

2.4. Decomposition of the bounded category

Now we show that the semiorthogonal decomposition of D~ (X) constructed in Proposi-
tion 2.17 induces a semiorthogonal decomposition of D?(X).

Proposition 2.19. (i) The subcategories
A= A7 N DE(X)

provide a semiorthogonal decomposition (2.7) with the projection functors o; given

by (2.16).
(ii) The functors o preserve boundedness and have finite cohomological amplitude.
(i) A; = 7y (e;gi) and 1 induces an equivalence of triangulated categories

A JQ,/(K, N Ker m4),
where the right hand side is a Verdier quotient.

Proof. For (i) it is enough to check that the projection functors «; preserve bounded-
ness. Take any object ¥ € D¥—k+1(X). Then n*(¥) € i)(_°°’k+](f). By (2.1) we
have 74 (7*(¥)) = %, hence Lemma 2.2 shows that t=¥==2(7*(¥)) € Ker 4. Con-
sider the triangle

& (=2 (X (F) = @ (7 (F)) — & EFT N w(F))

obtained by applying the projection functor @; to the canonical truncation triangle. By
Lemma 2.15(ii) the functor &; preserves Ker 4, hence the first term of the triangle is
in Ker 7. Applying the pushforward and using (2.16) we obtain an isomorphism

i (F) = mel@ (7 (F))) = 7 (@ (=7 (7 (F))). (2.20)
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It remains to note that 7=~ (7*(%)) € D¥*-—1*+1(X), hence the object on the right-
hand side of (2.20) is bounded, since both &; (see Remark 2.16) and 74 preserve bounded-
ness. This completes the proof of (i).

Moreover, if the cohomological amplitude of &; is (a—, ay) (it is finite since X is
smooth [25, Proposition 2.5]), then from (2.20) and from cohomological amplitude of 7.
being (0, 1), we deduce

@i (F) = ma(@; (157 (% (F))) € D-Fe-—bhrtartll(y),

In particular, ¢; has finite cohomological amplitude. This proves (ii). _

Let us prove (iii). By (2.13) we have m.(+4;) C +;, and so m«(A;) C A; since s
preserves boundedness. To check that this inclusion is an equality, take any F € ;.
By Corollary 2.3 there exists & e Db (X ) such that ¥ = 7.(¥). Let § be the cone of
the natural morphism 7*¥ — ¥ . Then § € Ker 7. Moreover, by Lemma 2.15(ii) we
have @;(9) € Ker 74, hence applying the functor 74 o @; to the distinguished triangle
T*F > F — &, we deduce an isomorphism ¥ = «; (¥) = m.(q; (37 )), and it remains
to note that @; (¥) € A;. 5

Finally, as we have already shown that m,: #4; — s; is essentially surjective, it
remains to show that the induced functor m.: A; / (A; N Ker i) — oA; is fully faith-
ful; to show this we use the argument from [33, Lemma 2.31] which goes as follows.
From the commutative diagram

AT [ (A7 N Ker ) ——— A7

| J

J(,-/(,;(i N Ker 74) A;

(the top arrow is an equivalence by Corollary 2.18) we deduce that the bottom horizontal
functor is fully faithful if and only if the left vertical functor is fully faithful. To show
that the latter is the case, we use the Verdier criterion [36, Theorem 2.4.2]: it suffices to
show that every morphism § — §’ in A with § € A N Kermy and €' € A; factors
through an object from A N Ker . Itis easﬂy seen that for such an object we can take
a; (127N g) for N large enough. [

Now we can prove the theorem.

Proof of Theorem 2.12. Part (i) follows from Proposition 2.19.

(ii) Let 1 <i < n and assume that 7 is crepant along D; for j > i. By Lemma 2.11
besides the semiorthogonal decomposition (2.6) also the first of the semiorthogonal
decompositions (2.5) for k = i is compatible with 7. Hence, as we proved in part (i)
of the theorem, it gives rise to a semiorthogonal decomposition

DP(X) = (ma(Aig1(Kg))s - - o, Ta(An(K ), a (A1), ..., 1 (A)),
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of DP(X). The category #A; = 7 (xi) is its rightmost component, hence is right admiss-
ible in D?(X).

Similarly, assuming that m is crepant along D; for j < i and using the second of
the semiorthogonal decompositions (2.5) for k = i, we deduce that #A; is left admissible.
Thus, if 77 is crepant for all j # i then 4, is an admissible subcategory in D?(X), and if
7 is crepant then all 4; are admissible.

(iii) Follows from Proposition 2.17(ii).

(iv) The inclusion n*(eA)?ert) C A; under the appropriate crepancy assumptions fol-
lows from Proposition 2.17(iii).

Assume now that 7 is crepant along all D; for j > 2. Let ¥ € DPT(X) and
let #1...., %, € DP(X) be its components with respect to the semiorthogonal decom-
position (2.7). By Proposition 2.17 we have 7*¥; C A:i_, hence 7 *¥; are the components
of 7* % with respect to the semiorthogonal decomposition (2.12). But 7*% € D?(X),
hence by Remark 2.16 we conclude that 7*%; € D? ()? ), and Corollary 2.6 finally shows
that ¥; € OPT(X). This proves that the projection functors «; of (2.7) preserve perfect-
ness, hence we obtain (2.9).

Finally, if 7 is crepant, then rotating the decomposition left or right as in the proof
of (i) we show that each A} el PPerf(X) is left and right admissible. n

Note that for each i the category Ai provides (via the functors 74 and &; o 7*) a
categorical resolution for the category +; in the sense of [28].

3. Components of the induced semiorthogonal decomposition

In this section we will provide a description of the components of the semiorthogonal
decomposition D?(X) = (Aq, ..., #A,) constructed in Theorem 2.12 under an additional
assumption on the components of the decomposition D (f ) = (A1, ..., Ay) we started
with. If this assumption holds for a component +4;, then we will show that #A; is equi-
valent to the bounded derived category D?(A;-mod) of finitely generated right modules
for a noncommutative algebra A; and the corresponding component +4; can be realized
as DP(K;-mod) for a finite-dimensional algebra K;, which we describe explicitly.

The additional assumptions we impose will require the exceptional divisor D; associ-
ated with the component 4; by (2.3) to be a chain of rational curves, and this restricts us
to the situation where the singularity obtained by the contraction of D; is a cyclic quotient
singularity (see Proposition 3.1).

3.1. Cyclic quotient singularities

An isolated singularity (X, x) is a cyclic quotient singularity if it is étale-locally iso-
morphic to the quotient A" /u,., where p, is the group of roots of unity of order r that
acts on A" linearly and freely away from the origin. The latter condition means that the
action is given by a collection (a1, ..., a,) of characters

ai € Hom(u,,Gn) = Z/r
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such that each q; is invertible in Z/r. Thus we can think of the a; as integers such that
0 < a; <r and ged(a;, r) = 1. Moreover, the a; are only well-defined up to the action of
Aut(p,) = (Z/r)*, so we can assume that a; = 1. The singularity corresponding to the
I .-action with weights (1,as, ..., a,) will be denoted by

%(l,az, co.,dp).

In this paper we stick to the case of dimension 2. Accordingly, any cyclic quotient
singularity of a surface is isomorphic to one of the singularities

1l,a), O0<a<r, geda.r)=1.

The following well-known result is crucial for us.

Proposition 3.1 (see e.g. [4, Satz 2.10 and 2.11]). Let (X, x) be a rational singularity
of a surface and let m: X — X be its minimal resolution. The following properties are
equivalent:

(1) (X, x) is a cyclic quotient singularity;
(2) the irreducible components E; of the exceptional divisor of m are smooth rational

curves forming a chain, i.e., after a possible reordering each E; intersects E;q
transversely at a single point and E; N E; = @ for |i — j| > 2.

If (X, x) is a cyclic quotient singularity of a surface and x: X — X is its minimal
resolution, the self-intersections of the components E; (ordered as in Proposition 3.1(2))
of the exceptional divisor of & are encoded in a Hirzebruch—Jung continued fraction.

For a collection of positive integers dy, . .., dy, > 2 we denote

1

[dl,...,dm] = dl— (31)

—-
dy - ds—...

This is a rational number greater than 1. Conversely, every rational number greater than 1
can be written as a Hirzebruch-Jung continued fraction [dy, ..., dy,] with d; > 2 in a
unique way.

Proposition 3.2 (see e.g. [4, Satz 2.11]). Assume that (X, x) is a cyclic quotient singu-
larity of type }(1, a) and let
r/a =ldy,...,dn] (3.2)

be the Hirzebruch—Jung continued fraction representation for r/a. Then the intersection
matrix of (ordered in a chain) irreducible components of the exceptional divisor of a
minimal resolution w: X — X of (X, x) is the tridiagonal matrix

—d 1 0 0
1 —d, 1 0
tridiag(dy,...,dm) = . (3.3)
0 1 —dn 1
0 0 1 —dm
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Conversely, the type of the singularity can be recovered from the intersection matrix.
Denote by
tridet(dy, ..., dn) := (—1)" det(tridiag(dy, . .., dn)), (3.4)

the determinant of a tridiagonal matrix (continuant) with the sign. Note that the assump-
tion d; > 2 implies that tridet(dy, ..., dy) > 0.

Lemma 3.3. Foranyi < j we have

tridet(d;, ..., d;)

(i, dj] = tridet(di11.....d;)

where the numerator and denominator on the right side are coprime. In particular,
ifgcd(r,a) = landr/a = [dy,...,dy] then

r = tridet(dy,...,dn) and a = tridet(ds,...,dn). (3.5
Proof. This can be proved by an elementary induction on j —i. ]

Remark 3.4. Inverting the order of the chain of exceptional curves leads to the continued
fraction

rja’ = [dp, ..., di],

where 0 < a’ < r satisfies a - @’ = 1 mod n. Note that %(l,a) and %(l,a’) are isomorphic
singularities.

3.2. Adherent components

Assume we are in the setup of Theorem 2.12, fix some component :/Ii of (2.6), and
assume that the corresponding divisor D; C X defined by the condition (2.3) is a chain
Ei1,..., Eim; of rational curves. Recall that this means that Og; ,(—1) € #4;, and E;
are the only exceptional curves with this property. Note that the category generated by the
sheaves Of; ,(— 1) 1 < p < mj, is not admissible in D?(X). The assumption we want
to make is that A; is, in a sense, the smallest possible admissible subcategory of D? (X)
containing all Og; ,(—1).

For convenience we slightly generalize this setup: we fix a sequence b; ,, 1 < p < m;,
of integers, and instead of considering line bundles O, ,(—1), replace them by the twis-
ted collection {Og; , (=1 + bi p)}1<p<m;. We denote

dip = —E} (3.6)

so that the intersection matrix of E; , is the tridiagonal matrix tridiag(d; 1, ..., dim;) as
in (3.3). We set x := 7 (D;) C X. A combination of Proposition 3.2 and Lemma 3.3 shows
that (X, x) is a cyclic quotient singularity of type rl_,-(l ,a;), where

rp = tridet(d,»,l, ce, di,m[) and a; = tridet(d,-,z, Ceey di,mi)~

The main definition of this section will be given in terms of the following lemma.
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Lemma 3.5. Let X be a smooth projective surface such that
H*(X,05) = k. (3.7)

Let D = U;n=1 E}, be a chain of smooth rational curves on X with Ej =—d, < —-2and

let A C DP ()’(~ ) be a triangulated subcategory. The following conditions are equivalent:
(1) There exist a line bundle £¢ on X and integers by, ..., by, such that

A is generated by the sheaves £, 0, (=1 +b1),....0g, (=1 4+ by), (3.8)

and
£0-Ey = {21—2:; e 69)
(2) The category A is generated by an exceptional collection of line bundles
A= (Lo, L1..... L), (3.10)
where for all 1 < p < m we have
Lp:=Lo(E1+ -+ Ep). 3.11)
Proof. Assume (2). The standard exact sequence
0—0g5(-Ey) >0 - 0O, —>0
after tensoring by &£, gives
0—>&p1—> £y = Op,(=14+by) =0, (3.12)
where b, is defined by
by =%, Ep,+ 1. (3.13)

This shows that the subcategory (3.10) is at the same time generated by the line bundle £
and the sheaves O, (—1 + b,). Furthermore,

fo-Ev=%1-E1—E} =—1+by +di.
and foreach 2 < p < m,
fo-Ep=&p-Ep—Ep 1-Ep—E)=—1+4b,—1+d,.

This proves (1).

Conversely, assume (1) and define sequence of line bundles by (3.11). A compu-
tation similar to the above shows that &£, - E, = —1 4 b,, hence we have an exact
sequence (3.12) for each 1 < p < m. This proves that Ais generated by the sequence £,

with 0 < p < m. Finally, the sequence of line bundles is exceptional by [16, Lemma 2.1],
hence (2) holds. ]
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Definition 3.6. Let X be a smooth projective surface such that (3.7) holds. We will say
that a triangulated subcategory 4 C D? ()7 ) is twisted adherent to a chain D = U;"zl E,
of smooth rational curves if any of the equivalent conditions of Lemma 3.5 hold.

The sequence (b1, ..., by) is called the rwist of an adherent category. When we do
not want to specify the twist we will just say that #4 is adherent to D, and when all b,, are

zero, we will say that 4 is untwisted adherent to D.

In [16] Hille and Ploog suggest thinking of an adherent category A asa “categorical
neighborhood” of the sheaves O, (—1 + bp).

Example 3.7. Let us illustrate the concept of untwisted adherence for the singularit-
ies %(1, 1) and %(1, r—1):

e inthe %(1, 1) case the exceptional divisor is a single (—r)-curve E, and the adherence
condition for the line bundle &£ from Lemma 3.5 is £¢ - E=r — 1 (cf. Example 2.14);

e inthe %(1 r — 1) case the exceptional divisor is a chain of (—2)-curves Ey,..., E,_1,
and the adherence conditionis £o-E1 =1, Lo Ex =--- =Ly E,—1 = 0.

Actually, for the main results of this section (see Subsection 3.4) we use only untwis-
ted adherence. However, the twisted version will become important in Section 4, so in this
subsection we work in the more general case of twisted adherence.

Remark 3.8. We want to consider the case of empty D as a special case of the above
situation: explicitly, a category adherent to the empty divisor is just a category generated
by a single line bundle £ with no conditions imposed.

Below we provide a reformulation of a result of Hille and Ploog that is crucial for us;
it allows one to relate adherent exceptional collections to finite-dimensional noncommut-
ative algebras.

When A is a noncommutative algebra we write A-mod for the abelian category of
finitely generated right A-modules. Recall that a finite-dimensional algebra A is called
basic if A/R =~ k x --- x k, where N is the Jacobson radical of A. Assume the copies
of the field k on the right hand side of the above equality are indexed by the integers

0,1,...,m. The corresponding idempotents ég, €1, ..., €, in A/R lift to unique idem-
potents eg, €1, . .., e, in A. Then foreach 0 < p < m,
Sp = & (A/R)

is a simple (one-dimensional) A-module, and every finite-dimensional A-module has a
filtration with factors S,; in particular every simple A-module is isomorphic to one of S,.
Similarly, for each 0 < ¢ < m,

Py =e4A

is a projective A-module and we have

k ifp=gq,

0 ifp+#gq. (3-14)

Ext*(P,. Sp) = Speg = 6,(A/R)e, = {
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In particular, all P, are indecomposable, pairwise non-isomorphic, and every projective
A-module is a sum of Py.

Theorem 3.9 ([16 Theorem 2. 5]) Let X be a smooth projective surface satisfying (3.7),
letDi =E;1U---UE; ;. C X be a chain of rational curves oflength m; with Ezp <=2
for each 1 < p < m;, and assume that a subcategory Ai C Db (X ) is adherent to D;.
Then:

(1) The subcategory A C DP ()Z ) is admissible.

(ii) There is a sequence &P; p, 0 < p < m; of vector bundles on X such that

A 5—Endx(€/10® Pi1® D Pim;) (3.15)
is a finite-dimensional basic algebra of finite global dimension and
m;
7 DP(Aj-mod) S Ai. M > M @, (ED fi,,,), (3.16)
p=0

is an equivalence of categories.

(iii) The algebra A; is quasi-hereditary with m; + 1 simple modules S;,, and indecom-
posable projective modules P; p, 0 < p < m;, and

Yi(Pip) = Pip, 0<p=<m,
Yi(Si0) = Lio, (3.17)
Vi(Si.p) = OF; , (=1 + bip), 1<p=<m,

where (b;,p) is the twist of Ai.

Proof. By Lemma 3.5 the category <A~>i is generated by an exceptional collection
formed by &£;0 and &£;, = £;0(Ei1 + -+ Eip), 1 < p < m;, for an appropri-
ate line bundle &; o, hence is admissible. Furthermore, the sequence of line bundles
&£;,p is obtained from the sequence in [16, Theorem 2.5] by a line bundle twist,
and so all the properties (i)—(iii) for the category A; have been established in [16].
Namely, the vector bundle &; , is constructed as the iterated universal extension of &£; ,
by £i p+1,...,Lim,, and the functor

m;
RHom(@ Pip. —): A 3 DP(A;-mod) (3.18)
p=0
is shown to be an equivalence of categories. The functor y; is its left adjoint, hence defines
the inverse equivalence. Furthermore, in the proof of [16, Proposition 1.3] it is shown that
the sheaves J;,, correspond to the indecomposable projective modules P; , and the fact
that the sheaves £;,0 and Of, ,(—1 + b;,p) correspond to simple modules S; 0 and S,
was explained just before [16, Theorem 2.5] (see also [16, proof of Corollary 1.9]).
The algebra A; is basic because it is isomorphic to the endomorphism algebra of the
sum of its indecomposable projective modules P; . ]
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Remark 3.10. Note that the pair of functors defined by (3.16) and (3.18) extend
to an_adjoint pair of functors between the bounded above categories D~ (A;-mod)
and +; (defined by (2.12)) and a standard argument shows that they induce an equi-

valence O~ (A;-mod) = A; .

In what follows we call A; the Hille—Ploog algebra. In case of a category adherent to
the empty divisor as in Remark 3.8, we have A; =~ k.

3.3. Hille-Ploog algebras as resolutions of singularities

Following [18, Definition 4.6], from the algebra A; we construct the algebra
K; := End g (Pi0) = Endy, (Pi0). (3.19)

We call K; the Kalck—Karmazyn algebra. Every K; is a local finite-dimensional algebra
with explicit generators and relations (see Lemma 3.13 for its explicit description).
The projective A;-module P; g is a K;-A;-bimodule, hence defines a pair of functors

pix: D7 (A;-mod) — O~ (K;-mod), M + RHomy,;(Pio, M),

¥ e _ (3.20)
p;: D™ (K;-mod) - D~ (A;-mod), N — N Qk; Pipo,

(where the tensor product is derived). In case of a category adherent to the empty divisor
as in Remark 3.8, we have K; = A; = k and the functors p; and p; .« are equivalences.

In general, we suggest thinking about the pair of functors (o], p;«) as making A; into
a noncommutative, or rather categorical, resolution of Kj; see [28] for a discussion of
this concept. We expect that the algebra A; is the Auslander resolution of the algebra K;
as defined in [28, §5]. Below we show that the pair of functors (p], p;«) satisfies the
same properties as the resolution (7*, 74) of a rational surface singularities does (see
Section 2.1).

First of all, by (3.20) the functor p}" is the left adjoint of p;« and preserves perfectness,
while p; . preserves boundedness:

oF (D™ (K;-mod)) € DP(A;-mod),  pi(DP(A;-mod)) € DP(K;-mod).
Moreover, on the bounded above categories these functors satisfy
pix © p; = id; (3.21)

in particular, p/ is fully faithful. It follows immediately from (3.14) and the defini-
tion (3.20) of p;« that the kernel of p;« is spanned by the simple modules (except S;, o),
hence

Ker pix = (Si1,.--, Si,m)Ga C D™ (A;-mod),

n (3.22)
Im p} = +(Si1..... Sim) C D™ (A;-mod),

where (—)® denotes the minimal triangulated subcategory closed under arbitrary direct
sums that exist in D~ (A;-mod).
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The following lemma is an analog of Lemma 2.5 and can be proved by a similar (in
fact, even simpler) argument.
Lemma 3.11. Ler M € DP(A;-mod). The following properties are equivalent:
(1) M € (Pio);
(2) Ext*(M, S;,p) =0 foranyl < p <m;;
(3) there exists N € D" (K;-mod) such that M = piN;
@) pixM € DP"'(K;-mod) and M = p} (pixM).

Finally, we will need the following simple consequence of the above facts.

Lemma 3.12. The restriction of the functor p;« to the bounded derived category is essen-
tially surjective, i.e.,

i (DP(A;-mod)) = DP(K;-mod).

Moreover,
pix(Si0) =k,  pix(Pio) = K;. (3.23)

Proof. As before, for a € Z let T=? denote the canonical truncation of a complex in
degree a. The functor p;, is exact with respect to the standard t-structures, because the
module P; o is projective over A;, hence

Pix (T=4(M)) = 7=%(pix(M))

forany M € D~ (A;-mod) and any a € Z.
If N € D?(K;-mod) then t2%(N) = N for a < 0 and if we set

M = t=(o} (N))

then
pix(M) = pix (=% (p] (N))) = v (pix (p] (N)) = t*(N) = N.

It remains to note that M € D?(A;-mod) since p; is right exact.
The first isomorphism in (3.23) follows from (3.14) and RHomy, (P; 0, Pi,0) = K; by
definition of K;. [

For completeness we also include a brief explicit description of the algebras K; using
the intersection data of the corresponding chain D; of rational curves Ej 1,. .., E; »; (and
for details we refer to [18]). We look at one such algebra, and to ease notation we drop the
i subscripts. Recall that the intersection data of the chain is encoded in the Hirzebruch—
Jung continued fraction (3.2), where E 3 = —d,, and there is also an associated “dual”
Hirzebruch—Jung fraction (see [34, Section 3] or [18, Section 6])

r

=[c1,...,c¢1]
r—a

determining the integers /, cy, ..., ¢;. This data can be used to give a presentation of the
algebra K = K(r,a).
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Lemma 3.13 ([18, Corollary 6.27, Proposition 6.28]). The Kalck—Karmazyn algebra
K = K(r, a) associated to the cyclic surface singularity %(1, a) is a local, monomial
algebra, dimg (K(r,a)) = r, and

]k(Zl,...,Z[)

K(r,a) = - )
(r.a) Z;’:O forall j >

zjzk =0 forall j <k

< EETT) T =0 forall j >k

where k(z1,...,z;) is the free associative algebra on generators zy, . .., z; and the para-
meters | > 1 and the c¢; > 2 are defined by the dual Hirzebruch—Jung continued fraction
expansionr/(r —a) = [c1,..., ]

Example 3.14. The Hirzebruch—Jung continued fractions

r r
=[2,....,2], ==]r]
r—1 N’ 1
r—1
are dual.
(1) The intersection data [2, ..., 2] corresponds to the %(1, r — 1) singularity, the dual

continued fraction is [r], and the corresponding Kalck—Karmazyn algebra is
K(r,r—1) = k[z]/z".

(2) The intersection data [r] corresponds to the %(1, 1) singularity, the dual continued
fraction is [2, ..., 2] and the algebra is

K1) =Kk[zi,....2,1]/(z1. .. .. 2r—1) .

In all other cases the algebra K(r, a) is not commutative. One example is the following:

(3) The intersection data 7/5 = [2, 2, 3] corresponds to the %(1 ,5) singularity; it has dual
fraction 7/(7 — 5) = [4, 2], and the algebra is

k(Z],Zz)
4

(z},22, 2122, 2223)

K(7.5) =~

Remark 3.15. As can be seen from its presentation, the algebra K(r, a) depends on
the directional ordering of the chain of divisors Eq, ..., E,, determining the intersec-
tion data r/a = [dy, ..., dn] and the dual fraction r/(r — a) = [c1, ..., ¢;]. Swapping
the direction of the chain yields the fraction r/a’ = [d, ..., d;] and the dual frac-
tion r/(r —a’) = [c;,...,c1] where aa’ = 1 mod r, and it is explicit from the algebra
presentation that K(r,a) = K(r,a’)°". Note that the corresponding cyclic quotient sin-
gularities %(1, a) and %(1, a’) are isomorphic; at the same time the vector spaces duality
induces an equivalence of abelian categories

K(r,a’)-mod = K(r,a")°-mod = K(r,a)-mod.
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3.4. Kalck—Karmazyn algebras and the components A;

Assuming that a component A; C DP ()? ) of a semiorthogonal decomposition (2.6) com-
patible with 7 is untwisted adherent to a chain of rational curves D;, we describe the
corresponding subcategory #4; C D?(X). Recall that the functors 7; from (3.16) are well-
defined on the category D~ (A;-mod) (see Remark 3.10).

Theorem 3.16. Let X be a normal projective surface satisfying (3.7) with rational sin-
gularities and let 7: X — X be its minimal resolution. Let (2.6) be a semiorthogonal
decomposition compatible with 7w and let (2.4) be the corresponding decomposition of
the exceptional divisor D of 7. Assume that one of its components D; C X is a chain of
rational curves and the correspondzng subcategory A C Db (X ) is untwisted adherent
to Dj. Let Ai, K;, yi, pf, and pix be the corresponding algebras and functors defined
by (3.15), (3.19), (3.16), and (3.20). Then the functor

Vi := mx 0P o pf: D™ (K;-mod) - D™ (X). (3.24)
is fully faithful, preserves boundedness, and induces an equivalence

yi: DP(Ki-mod) > A; := . (A;) C DP(X)
onto the component A; of the induced semiorthogonal decomposition of D®(X).

Note that in case of empty D; (see Remark 3.8), so that g:\:,- is generated by an excep-
tional line bundle &£; o, the theorem just says that -4; is generated by an exceptional object
TT (131 ,0)'

Proof. We keep the notation introduced in the proof of Theorem 2.12. In particular, we
denote by &; the projection functor to +4; . Consider the diagrams

D= (Ai-mod) —Y— D~(X) D (A;-mod) —— D~ (%)
p[ Ln* and prT Taim* (3.25)
D~ (K;-mod) ——= D~(X) D~ (K;-mod) ——~ D~ (X)

We will show that both of them are commutative.

By definition y; o pjx = 74 0 ¥; 0 p} 0 pj«, so for commutativity of the first diagram
it is enough to check that for any object M € D~ (A;-mod) the cone M’ of the canon-
ical morphism p] (p;xM) — M is killed by the functor 4 o ;. Indeed, by (3.21) we
have p;«(M’) = 0, hence by (3.22) we have M’ € (Si 1, ..., Sim;)®, hence by (3.17)
we have 7;(M') € (Og, ,(-1),....0Og,,, (=1))®, and hence by (2.14) we finally
have 7. (7;(M")) = 0.

For commutativity of the second diagram note that by (3.22) the image of p} is the
left orthogonal +(S; ..., Sim ;) C D7 (A;-mod). Therefore, from (3.17) and full faith-
fulness of y; we deduce that the image of y; o p is contained in the left orthogonal

O, ,(=1)...., OF,,, (=1)) C A7, which by (2.19) is equal to & (*(4A;)). Since
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7y 0 @; ow™* = id on +A; by Proposition 2.17(i), we conclude that &; o 7* o 7, = id on
@; (*(+4;)), hence

~ * .~ * ~ * .o *
Viop; = AOT OMxOY;0p; XA OT OV,

so the second diagram commutes.

Now let us show that the functor y; is fully faithful. Indeed, by commutativity of
the second diagram in (3.25), this follows from full faithfulness of pl.* (see (3.21)), i
(Theorem 3.9), and &; o 7* (Corollary 2.18).

Next, let us check that y; preserves boundedness. Indeed, take any N € D?(K;-mod).
By Lemma 3.12 there exists M € D?(A;-mod) such that N 2 p;(M). Then by com-
mutativity of the first diagram in (3.25) we have y; (N) = y; (pi«(M)) = m(y; (M)).
But y; (M) is bounded by Theorem 3.9, hence so is . (y; (M)) = y;(N).

It remains to show that y; (D?(K;-mod)) = ;. For this we restrict the first commut-
ative diagram to the bounded derived categories, and note that y; is essentially surjective
onto +4; by Theorem 3.9, and 7, restricted to +; is essentially surjective onto +#4; by
Theorem 2.12. ]

With this new technique we now develop Example 2.14 in a special case.

Example 3.17. Let X = P(1, 1, d) be a weighted projective plane and let
X =F; >P1,1,d) =X

be its minimal resolution by the Hirzebruch surface Fy; = Pp1 (O & O(d)). The sum-
mands of @ & @ (d) provide two disjoint divisors E, C C F; with self-intersections —d
and d respectively (so that E is the exceptional divisor of 7). Let also H be the pullback
of the point class from P!. Using the projective bundle formula and Lemma 2.11 (note
that Ky, = —E — C — 2H) we can write the following full exceptional collection on [F;:

D*(Fq) = (O(=H — E),0(=H),0,0(C)).
We use this collection to describe the derived category of P(1, 1, d). We let
A1 ={0(-H —E).O(-H)), Ay =(0). A;=(0(C)):
then the semiorthogonal decomposition
D (Faq) = (A1, Az, As)

is compatible with 7 and untwisted adherent to the components Dy = E, D, = D3 = &
of the exceptional divisor of 7. Using Theorem 3.16 we deduce that

DE(P(1,1,d)) = (A1, Ay, As)

with A ~ DP(K(d, 1)-mod) and 4, ~ A3 ~ DP (k). Explicitly, A, and A3 are gen-
erated by the exceptional line bundles O and O(d) on P(1, 1, d), and 4A; is generated
by R = n.(O(—H — E)) ~ n.(O(—H)) = O(—1), a reflexive sheaf of rank 1 (this
agrees up to a line bundle twist with the decomposition described in Example 6.12).
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When we have a semiorthogonal decomposition of i)b(}? ) into adherent compon-
ents, a twist by a line bundle keeps the adherence property but changes the adherence
twists. It is a natural question whether in this way all components may be made untwisted,
and hence compatible with the contraction, thus providing a finite-dimensional algebra
description for all of the #;. This question is addressed in Section 4, and now we sum-
marize the results of Theorems 2.12 and 3.16 in the case when such untwisting is possible.

Corollary 3.18. Let X be a normal projective surface satisfying (3.7) with cyclic quotient
singularities and let w: X — X be its minimal resolution of singularities. Let

DY(X) = (A1, ..., A,)

be a semiorthogonal decomposition compatible with w such that every component A:i is
untwisted adherent to a chain of rational curves D; where D = | | D; is the exceptional
locus of . Let K; and y; be the corresponding algebras and functors defined by (3.19)
and (3.24). Then the functors y; induce a semiorthogonal decomposition

Db(X) = (Db (K -mod), ..., DP(K,-mod)). (3.26)

Let A; = 74 (o:\;i) = ¥ (D’ (K;-mod)) and A?erf = A; N D" (X). Foreach1 <i <n,
if w is crepant along Dj for j > i then y; also induces an equivalence

D™ (K;-mod) S AP,
In particular, if w is crepant along Dj for j > 2, there is a semiorthogonal decomposition
DP(X) = (DP(K;-mod), . .., DP(K,-mod)). (3.27)

Note that we allow some components D; to be empty: see Remark 3.8 and
Example 3.17.

Proof of Corollary 3.18. The semiorthogonal decomposition (3.26) follows from a com-
bination of Theorem 2.12 together with Theorem 3.16 applied separately for each com-
ponent ;.

Now assume that 7 is crepant along D; for j > i. Forany N € DP(K;-mod) we have
a chain of equivalences

N € D™ (K;-mod) <= p’N € D’(A;-mod) (by Lemma 3.11)
> Ji(pfN) € D°(X)  (by Theorem 3.9)
— 7*(yiN) € D°(X)  (by (3.25) and Proposition 2.17)
— y;N € D™ (X) (by Corollary 2.6).

To be more precise, in the second line we use the fact that the functor y; and its adjoint
provide an equivalence between D~ (A;-mod) and A; (see Remark 3.10), restricting to

an equivalence between D?(A;-mod) and Ai. Similarly, in the third line we use the fact
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that 7*(y; N) C %; by Proposition 2.17(iii), hence
7 (yiN) = & (7" (yiN)) = 7i(p; N)

by commutativity of (3.25), and in the fourth line we use that y; N € D?(X) by The-
orem 3.16.

Since y; is an equivalence of Db (K;-mod) and +4;, we conclude that it also induces
an equivalence of DP(K;-mod) and A’ ! Thus, (2.9) gives (3.27). n

Remark 3.19. Assume that 7: X — X is a minimal resolution of a normal projective
surface X satisfying (3.7) with cyclic quotient singularities, and that D = U?_, D; is the
decomposition of its exceptional divisor such that D; = E; 1 U---U E; ,, is a chain
of smooth rational curves with self-intersections £ 2 = —d; p. To apply Corollary 3.18

and get the required semiorthogonal decomposmon of i)b(X ) we need to construct a
semiorthogonal decomposition of D? (X ) with components A; adherent to D;. For this
we need to find a sequence {&£; o}7_; of line bundles on X with prescribed intersections
with E; , such that the concatenation of the exceptional collections &£; 0, £;,1, ..., Lim;,
where

Lip=Lio(Eix+-+ Eip)

is a full exceptional collection on X . These conditions (in a slightly generalized form to
include twisted adherence) can be spelled out as

(D) EXt.(xi,o,cfj,o) =0fori > j;

dip+bjp,—2 ifi <j,
2) Lio-Ejp=13djp+bjp,—2+6, ifi=],
bip ifi > j;

(3) the collection {{&£; ,}y~,}7_, of line bundles is full.

As we will see in Corollary 4.10 below, the second condition can always be fulfilled if the
class group CI(X) is torsion-free. Moreover, the collection of line bundles &£; o satisfying
this condition is unique up to a twist of each &£; o by a line bundle pulled back from X.
The hard question is to choose these twists so as to satisfy the first and the last conditions
above. In Section 5 (see Proposition 5.6) we will explain how to do this when X is a toric
surface.

4. Brauer group of singular rational surfaces

In this section we show that for a projective normal rational surface with rational singu-
larities the torsion subgroup of Go(X) = Ko(D? (X)) is dual to the Brauer group Br(X)
and we give an explicit identification of elements of the Brauer group in terms of vector
bundles on the resolution X of X. We also explain that semiorthogonal decompositions
of D(X) with components twisted adherent to connected components of the excep-
tional divisor give rise to semiorthogonal decompositions of twisted derived categor-
ies DY (X, B) for B € Br(X) depending on the twist (bi,p)-
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4.1. Grothendieck groups

Let T be a triangulated category. The Grothendieck group Ko (77) is defined as the quo-
tient of the free abelian group on isomorphism classes of objects by the subgroup gener-
ated by the relations [#3] = [#1] + [F3] for all distinguished triangles

?1—)?2%373

in 7. Note that these relations imply that [¥ & F'] = [#] + [¥'] and [F [1]] = —[F] for
all objects ¥, F' € T.
For a k-scheme X we write

Go(X) = Ko(D (X)), Ko(X) = Ko(D™(X)).

When X is smooth we have D?(X) = DP(X) and Go(X) = Ko(X).
The Grothendieck group is additive with respect to semiorthogonal decompositions:
if 7 = (Aq,...,A,), then

Ko(T) = Ko(A1) @ --- @ Ko(An).
This implies a very simple necessary condition for the existence of (3.26).
Lemma 4.1. If a k-scheme X admits a semiorthogonal decomposition
Db (X) = (DP(K;-mod), . .., DP(K,-mod))

into derived categories of finitely generated modules over local finite-dimensional al-
gebras, then Go(X) = Z". In particular, Go(X) is torsion-free.

Proof. Since the Grothendieck group is additive for semiorthogonal decompositions, and
the Grothendieck group of finitely generated modules over a finite-dimensional local
algebra is isomorphic to Z (via the dimension function), the lemma follows. ]

Below we relate torsion in Go(X) to more basic invariants of X, namely the class
group CI(X) of Weil divisors. Recall that there is a natural group homomorphism

c1:Ko(X) — Pic(X),

and if X is normal, then we can also define the homomorphism c;: Go(X) — CI(X) as a
composition

Go(X) = Go(X \ Sing(X)) = Ko(X \ Sing(X)) — Pic(X \ Sing(X)) =CI(X)  (4.1)

where Sing(X) C X is the singular locus of X and the first map is induced by restriction.
For a coherent sheaf ¥ we denote by y(¥) its Euler characteristic; for a complete
variety it gives homomorphisms y: Go(X) — Z and y:Ko(X) — Z.
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Lemma 4.2. Let X be a quasi-projective rational normal surface. If X is complete, then
we have an isomorphism

(tk. 1. 1): Go(X) S Z & CU(X) & Z. (4.2)
and if X is not complete, then we have an isomorphism
(tk, ¢1): Go(X) > Z & CI(X). (4.3)

If X is a smooth projective surface, we call the right side of (4.2) the Mukai lattice
of X. In Subsection 4.5 we introduce the Mukai pairing on this lattice.

Proof of Lemma 4.2. Let us first assume that X is complete. We compare Go(X) to the
Chow groups CH; (X) of i-dimensional cycles on X (see [13]). We have CHz(X) = Z,
CH; (X) = CI(X) by definition, and since X is rationally connected, CHo(X) = Z.
Consider the morphism (4.2). Both its source and target come with a three-step filtra-
tion (the filtration F*Gg(X) by the codimension of support on Go(X) and the filtration
induced by the direct sum decomposition on the target). The map is compatible with these
filtrations (since rank vanishes on objects supported in codimension 1, and ¢, vanishes on
objects supported in codimension 2). Therefore, we obtain maps between the factors

Go(X)/F'Go(X) = Z,
F1Go(X)/F2Go(X) = CI(X),
F2Go(X) 5 7.

On the other hand, we have maps in the opposite direction defined by

]
2 5L Go(x)/ F1Go(x),

c1x) 221920 F1Go(x)/ F2Go(x).
2 L k26,00
(in the middle row the map takes the class of an effective Weil divisor D to the class of
its structure sheaf; this map when taken modulo F2G(X) respects linear equivalence of
Weil divisors). The second collection of maps is surjective [13, Example 15.1.5]. On the
other hand, it is evident that tk(Ox) = 1, ¢;(Op) = D and x(Oy) = 1, hence it is also
injective. Therefore, the maps on the factors of the filtration are isomorphisms. It follows
that the original map (4.2) is also an isomorphism.
Assume now that X is not complete, and let X C X be the closure of X in a projective
embedding. Let Z = X \ X be the closed complement of X in X . We have the localization
sequence of Chow groups [13, Proposition 1.8]

CHy(Z) — CHy(X) — CHo(X) — 0
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and since X is a rational projective surface we know that CHo(X) = Z, generated by any
rational point. As Z is nonempty, the first map in the exact sequence is surjective and we
have CHy(X) = 0.

Thus we have CH,(X) = Z, CH; (X) = CI(X), CHo(X) = 0 and the same argument
as we used to show (4.2) proves (4.3). [

Remark 4.3. Using [22, Corollary 1.5] one can also prove an analogue of this result
for Ko(X) under the additional assumption that X has rational singularities: if X is a
quasi-projective rational surface with rational singularities, then if X is complete, there is
an isomorphism

(tk, c1, y):Ko(X) > Z @ Pic(X) & Z,

and if X is not complete, then

(tk,c1): Ko(X) > Z & Pic(X).

4.2. Torsion in rational surfaces

In this subsection we interpret the condition that Go(X) is torsion-free in terms of the
Brauer group of X.

Recall that the Brauer group Br(X) of a scheme X is the group of Morita-equivalence
classes of Azumaya algebras on X with the operation of tensor product [30]. The Brauer
group Br(X) is closely related to the cohomological Brauer group of X,

Br'(X) := H}(X,Gp);
in fact Br(X) is isomorphic to the subgroup of torsion elements in Br'(X):
BI'(X) = Br/(X)tors;

see [17, Cor. 9] in the surface case and [8] for the general situation. In particular, if Br'(X)
is a finite group, there is no difference between the Brauer group and the cohomological
Brauer group: Br(X) = Br'(X).

Proposition 4.4. Let X be a normal projective rational surface with rational singularit-
ies. Then we have the isomorphisms

GO (X)tors = Cl(X)tors

and
Br'(X) = Br(X) ~ Ext!(CI(X), Z) ~ Ext}(Go(X), Z).

Furthermore, Pic(X) is free of finite rank and the intersection pairing gives an isomor-
phism
Pic(X) ~ CI(X)".
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Proof. The isomorphism (4.2) implies that
CI(X)tors = GO (X)tors~

Let 7: X — X be a resolution of singularities. Denote by
CI(X/X) = Ker(CI(X) =5 CI(X)) (4.4)

the kernel of the pushforward map. Since the surface X is smooth, Cl(f /X) is the sub-
group of CI(X) = Pic(X). If Eq, ..., E,, are the exceptional curves of 7, then

CUX/X) = P ZIEi. (4.5)

i=1

We consider Cl(f /X) as a sublattice of Cl()? ) with respect to the intersection pairing.
We also consider the dual abelian group ClI(X /X )Y and denote by &g, the delta-function
corresponding to the generator E; of Cl()?/X), so that §g; (E;) = §;;.

By [5, Proposition 1] we have an exact sequence

0 = Pic(X) 2> Pic(X) > CI(X/X)Y — BY (X) 2> BY(X) =0,  (4.6)

where IP is the intersection pairing morphism, which takes a line bundle £ on X to the
linear function on CI(X /X)) defined by

m

fe=TP(&) =) (£ E)SE,. 4.7)

i=1

On the other hand, by (4.4) we have the exact sequence
0 — CI(X/X) — Pic(X) =5 CI(X) — 0. (4.8)

Its first two terms are free abelian groups (the first is free by (4.5), and the second is free
since X is a smooth rational surface). Dualizing (4.8) we obtain an exact sequence

0 — CI(X)Y — Pic(X)" — CI(X/X)¥ — Ext'(CI(X),Z) — 0. (4.9)

The intersection pairing defines a linear map IP: Pic()? ) — Pic()? )V, which is an
isomorphism, since the surface is rational and smooth. Moreover, its composition with
the map Pic(X)¥ — CI(X/X)Y in (4.9) coincides with the map IP in (4.6). Thus, the
exact sequence (4.9) can be identified with the sequence (4.6), and in particular we obtain
isomorphisms

CI(X)Y ~ Pic(X) and Ext!(Cl(X),Z) ~ Br'(X),

the first of which is induced by the intersection pairing. In particular, the group Pic(X)
is free of finite rank, and Br’(X) is a finite abelian group. Thus, by [17, Cor. 9] we have
Br(X) = Br'(X) = Ext!(Cl(X), Z). |
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Remark 4.5. The exact sequence (4.6) gives an isomorphism

~ IP ~
Br(X) ~ Coker(Pic(X) — CI(X/X)Y).
In Proposition 4.9 below we construct this isomorphism explicitly.
The following corollary is an immediate consequence of Proposition 4.4.

Corollary 4.6. If X is a normal projective rational surface with rational singularities
then the following conditions are equivalent:

(1) Br(X) = 0;
(2) Cl(X)tors == O;
(3) GO(X)tors =0.

Based on this observation, we suggest the following.

Definition 4.7. Let X be a normal projective rational surface with rational singularities.
We call X rorsion-free if any of the equivalent conditions of Corollary 4.6 holds.

Of course, every smooth projective rational surface is torsion-free. See [5] for a clas-
sification of del Pezzo surfaces with du Val singularities that are not torsion-free. In
Section 5 (see Lemma 5.1) we will explain which toric surfaces are torsion-free.

Summarizing the above discussion, we obtain the following criterion.

Corollary 4.8. Let X be a normal projective rational surface with cyclic quotient sin-
gularities and let 7: X — X be its minimal resolution of singularities. U"(Db(f) admits
a semiorthogonal decomposition with components untwisted adherent to the connected
components of the exceptional divisor D of &, then X is torsion-free.

Proof. Assume that D?(X) has such a decomposition. By Corollary 3.18 we have a
semiorthogonal decomposition (3.26) for D (X), hence by Lemma 4.1 the Grothendieck
group Go(X) is torsion-free. Therefore, X is torsion-free. |

4.3. Explicit identification of the Brauer group

In this section we construct the isomorphism of Remark 4.5 explicitly. Let X be a normal
projective rational surface with rational singularities and let r: X — X be its resolution of
singularities. As in the proof of Proposition 4.4, we consider the lattice (4.5) and denote
by g, the basis of the dual group CI(X /X)V.

Let R be an Azumaya algebra on the surface X of rank r2 for some r > 0. Then its
pullback R := 7*R to the resolution X of X 1is also an Azumaya algebra. But Xisa
smooth rational surface, so Br(X ) = 0, hence R is Morita-trivial. This means that there
exists a vector bundle 'V on X such that

R~ End(V) =V V. (4.10)

In this case we say that v splits or trivializes the Azumaya algebra R. Note that such a
bundle V has rank r and is defined up to a line bundle twist.



J. Karmazyn, A. Kuznetsov, E. Shinder 498

For each irreducible exceptional divisor E; of the resolution 7 consider the restric-
tion V|E Since R|E =~ (n*R)|Eg, is atrivial bundle and E; =~ P, it follows from (4.10)
that 5

VlE,’ = (DE,' (bEi)eBr

for some bg; € Z. Consider the linear function
fr=Y bgdg €Cl(X/X)". 4.11)

Denote by f the image of fg in the group Coker(Pic(X) LA CIX/X)Y).
Proposition 4.9. The map

Br(X) — Coker(Pic(X) &> CI(X/X)Y), [R]— fx. (4.12)
is well defined, and is an isomorphism of groups.

Proof. First, note that if we replace the vector bundle V in (4.10) by a line bundle
twist V ® £, then the function fg will change by the function fg = IP(£) defined

by (4.7), hence its image f;R in Coker(Pic(f ) Lt Cl()? /X)Y) will not change.

Next, let us replace R by a Morita equivalent Azumaya algebra R’ and let P be
the bimodule providing a Morita-equivalence. Then 7* 4 provides a Morita equivalence
between the Morita-trivial Azumaya algebras 7*R =~ &nd(V) and n* R’ =~ End(V'),
hence o 5

TP =2VRLR (V)
for a line bundle £. Replacing Vv by Ve £, we may assume there is no £ factor.
It V|g, = OF, (bg,)® and V'|g, = OF, (b )@’ from triviality of 7*% on E; it follows
that bg, = b) F;» hence far = fg . This proves that the map (4.12) is well defined.

Similarly, if R = R ® R and the bundles 'V1 and 'V2 trivialize the Azumaya algeb-
ras 7 R and 7w * R,, then the bundle V= "Vl ® Vz trivializes 7* R, and

VIg, = Vilg, ® Valg, = O, (bp)®" ® O, (b7)®"? = O, (b, + by,)®" ",

which shows that fg = f®, + f®,, hence the map (4.12) is linear.

Since both Br(X) and Coker(Pic(X) — CI(X/X)V) are finite groups of the same
order (by Remark 4.5), to show that the map (4.12) is an isomorphism it is enough to
check its injectivity. So, assume that R is an Azumaya algebra on X such that fg = 0.
This means that the algebra 7*R can be trivialized by a vector bundle V on X that
restricts trivially to each exceptional divisor E; of 7. By Lemma 2.5 we conclude that

Vo g*y
for a vector bundle V on X. Therefore,
TR = &nd(V) = End(n*V) = 7* End(V),

and since 7* is fully faithful, we conclude that R =~ &nd(V). Clearly, this is an isomor-
phism of algebras, hence R is Morita-trivial. ]
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The following simple consequence of this result will be very useful later.

Corollary 4.10. Let X be a normal projective rational surface with rational singularities,
let 1: X — X be its resolution, and let f =) bg,6g, € CI(X/X)Y.

(1) There is an integer r > 0 and a rank r vector bundle Von X such that for all i,
V|g, = OF, (bg,)®".
(2) If X is torsion-free, there is a line bundle £ such that foralli,
£|E; = O, (bE,);
such a line bundle is unique up to a twist by the pullback of a line bundle on X .

Proof. Let R be the Azumaya algebra corresponding to the image of the function f in
the group Br(X) = Coker(Pic(X) — Cl(f/X)V). Then fg differs from f by fz fora
line bundle £ on X, hence we can take V to be an appropriate vector bundle trivializing
the algebra 7w *R.

If X is torsion-free the map IP: Pic(X) — CI(X /X)V is surjective by (4.6), which
means the existence of &£ as required. Moreover, Ker(IP) = 7 *(Pic(X)), again by (4.6),
which gives the uniqueness of £. ]

The proof of Proposition 4.9 shows that the map
B:CI(X/X)Y = Br(X). f =) bgdg > R =mnd(V), (4.13)

where V is a vector bundle from Corollary 4.10(1), is a well-defined surjective homo-
morphism whose kernel is the image IP(Pic(X)) of Pic(X) under the intersection pairing
map. We call B the Brauer class map.

4.4. Resolutions of twisted derived categories

Given an Azumaya algebra R on a scheme X we denote by Coh(X, ) the abelian
category of sheaves of right R-modules on X which are coherent as @x-modules. By
definition, the category Coh(X, &R) up to equivalence depends only on the Brauer class j
of R. Accordingly, we will usually denote this category by Coh(X, B).

For any class B € Br(X), if R is an Azumaya algebra on X representing it we denote

Db (X, p) = DP(X,.R), D™(X,B) = D(X,R), D (X,f)=D (X,R)

the corresponding bounded, perfect (note that any sheaf of JR-modules which is locally
free over Oy is automatically locally projective over R (see [23, Lemma 10.4]), hence a
complex of R-modules is perfect if and only if it is perfect as a complex of Ox-modules),
and bounded above twisted derived categories respectively.

Now let X be a normal projective rational surface with rational singularities and
let 7: X — X be its minimal resolution. As in Section 4.3, we denote by V a vector
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bundle on X trivializing the Azumaya algebra R = m*R. Note that V is a left R-module
and VV is a right R-module.
We consider the following pair of functors defined as compositions:

75DT(X,R) > D (X, R) =D (X), § ("9 oz, w1
7l DTX) 2 DX R) > D (X.R). F o m1uF @0, V).
As before, we consider the pair of functors (]T% th ) as a categorical resolution of the

twisted derived category of X by the derived category of X. Below we check that it has
similar properties to the resolution (77*, x) of the untwisted derived category.

Lemma 4.11. The pullback functor n% is left adjoint to the pushforward functor nf .
Furthermore, the pullback n% preserves the category of perfect complexes and the push-
forward JT,Y preserves the bounded category. Finally,

7'[27 o JT% = idg)f(X,m) .

In particular, the pullback functor 7'[%"7 is fully faithful.

Proof. The adjunction is standard (note that ¥ R0y VYV >~ RH om('ﬁ F)). The second
statement is evident from the definition of the functors. For the last one, note that

7l (15(9) = m(179) @5 V @0y V) = mul(7*9) @5 R) = mu(n*) = 7,
and we are done. [

Let Ey, ..., E, denote the irreducible components of the exceptional divisor of 7.
We use the notation from Section 4.3.

Lemma 4.12. Assume that we have '\7|El ~ O, (bg;)®", so that fg =Y bg,8g,. An

object ¥ € i)_(f) is contained in Ker v} if and only if every cohomology sheaf ' (F)
is an iterated extension of sheaves Og; (=1 + bg,).

Proof. It follows immediately from Lemma 2.1 that an object ¥ is contained in Ker nf if
and only if every cohomology sheaf of # '(¥) is. So from now on we will assume that &

is a pure sheaf in Ker 7, and we must show that ¥ € (O, (—1 + bg,)).

Using again Lemma 2.1 we see that ¥ ® Ve (OF,(—1)).Let ¥ ® VW - Of (-1
be an epimorphism, where E is one of the F;. By adjunction we obtain a nonzero morph-
ism¥ — V® Og(—1). Let ¥’ be its cone. Using the defining triangle of ¥,

F—>Ve0p-1)—>7F,

it is easy to see that 7Y (') = 0, hence from the observation at the beginning of the proof
we conclude that #*(¥’) € Ker ) for each ¢.
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Now let § be the image of the (nonzero) morphism of sheaves 7 — VRo e(—1).
Note that § is a nonzero subsheaf in ¥V ® Og(—1), hence § is supported scheme-theor-
etically on the smooth rational curve E. Furthermore, we have an exact sequence

0> HF)>F >80, (4.15)

which implies that § € Ker nf It follows that § ® V¥ ~ O (=1)®* for some s > 0,
hence
9>~ Op(=1+bp)®/.

On the other hand, the sum of the lengths of #~!(¥") at generic points of E; is less than
that for ¥ (since s > 0), hence by induction we have

HNF') € (OF, (—1 + bE,)).
Now the statement follows from (4.15). [ ]
Lemma 4.13. Forany § € Db (X, R) there exists ¥ < JDb()?) such that § =~ nf(?).
Proof. Analogous to the proof of Corollary 2.3. ]

Lemma 4.14. Let ¥ € D? ()7 ). The following properties are equivalent:
(1) F|g; € (OF, (bg;)) for each i,

(2) Ext* (¥ |g;, O, (=1 + bg,)) = 0 for each i;

(3) there exists § € D*(X, R) such that F == n%ﬁ;

@) 7V F € DX, R) and F =~ n%(nf?’).

If additionally ¥ is a pure sheaf, or a locally free sheaf, then so is nf F.

Proof. Analogous to the proof of Lemma 2.5. ]

4.5. Grothendieck groups of twisted derived categories

Let X be a normal projective rational surface with rational singularities. Let 8 € Br(X)
be a Brauer class. We denote by Go(X, 8) = Ko(D?(X, B)) the Grothendieck group of
twisted coherent sheaves on X . By Proposition 4.9 there is an element

f= ZbEiSE,. eClX/X)V

i=1

such that B = B( f), where B is the Brauer class map defined in (4.13).
To study Go(X, 8) we consider the following subgroup of Go(X):

Go(X/X,B) = ([0, (=1 + bg)].....[0E, (=1 + bg,)]) C Go(X)  (4.16)
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(see Proposition 4.15 below for a conceptual interpretation of this subgroup). Under the
isomorphism (rk, ¢y, y): Go(X) >~ Z & CI(X) & Z of Lemma 4.2, this subgroup can be
written as

Go(X/X.B) ~ ((0.[E1].bE,). ... (0,[En).bE,)) C Z & CI(X) & Z.

When all bg, are zero, so that 8 = 0, we have Go(X /X, B) = CI(X/X) C Go(X).
Also note a slight abuse of notation: strictly speaking Go(X /X, B) C Go(X) depends
not only on § but also on the choice of f € ClI(X /X)Y representing . Note however that
Gy (X /X, B) C Gy ()? ) is well-defined up to multiplication by the class of a line bundle
on X.

Proposition 4.15. We have an exact sequence of abelian groups

. .
0 — Go(X/X, ) — Go(X) = Go(X, B) — 0. (4.17)
In particular, Go(X, B) is a finitely generated abelian group.

Remark 4.16. If all bg, are zero, then 8 = 0 and (4.17) follows from (4.8) and Lem-
ma 4.2 as Go(f/X, 0) corresponds to 0 & Cl(f/X) e0CzZe Pic(f) P 7L~ Go(f).

Proof. The morphism nf :Gy ()? ) = Go(X, B) is surjective by Lemma 4.13 and the sub-
group Go(X /X, B) is contained in its kernel by Lemma 4.12, so it remains to identify the

kernel of nf with the image of the first arrow in (4.17). Let Eq, ..., E,, be the compon-
ents of the exceptional divisor of . Consider the open subscheme

U::X\On(E,-)zf\OE,-

i=1 i=1
and the natural embeddings u: U — X and u: U — X, so that 7 o ii = u. The Azumaya

algebra Ry = u*R = u*n*R = ii*R is Morita trivial, and trivialized by the vector

bundle Vy := u*V, so we have a functor

wh DX, R) > DP(U),  §— w9 dg, Vu,

such that u’% omy = ii*: Db (}? ) — DP(U). Therefore, we have a commutative diagram

Go(X) il Go(X. B)

=
<
< ¥

Go(U)

giving an exact sequence

v
~x Tk
0 — Kerm) — Kerii* —> Keru%.
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On the other hand, using the isomorphisms (4.2), (4.3) of Lemma 4.2 we have
Kerii* =06 CI(X/X) ® Z[0z] C Z & CI(X) & Z = Go(X),

where X is a point on X . So, it remains to note that this subgroup is freely generated by

the elements [O g, (—1 4 b, )] and by [O%], and that 77 ([0%]) is a non-torsion element
of Go(X, B) (for the last fact just note that the composition

Forget

Go(X) =55 Go(X. B) = Go(X, R) —= Go(X) 5 Z

(where Forget is the linear map induced by the functor forgetting the structure of
R-module) takes [Oz] to x (4 (Oz @ VV)) = rk(V)). |

In the next proposition we relate the torsion part of Go(X, ) to the Brauer group
of X, providing a generalization of Proposition 4.4 to the twisted case. We use more or
less the same proof as that of Proposition 4.4, but instead of CI(X) and Pic(X) we use
Go(X) and Ko (X) respectively. Recall the direct sum decomposition

(tk.c1. ): Ko(X) = Go(¥) ~ Z @ Pic(X) ® Z
described in Lemma 4.2, and consider on it the Mukai pairing defined by
MP((r,D,s),(r',D",s")) :==rs' +r's—D-D’. (4.18)

Note that it is unimodular; in particular it gives an identification Kq (X )Y =~ Ko(f ). Note
also that for elements &, = (0, D1, s1) and & = (0, D3, 52) of Go(X /X, B) we have

MP(§1,&2) = —D1 - Do = —1P(c1(61). c1(52)). (4.19)
so the two pairings agree up to sign. In particular, the map
c1:Go(X/X. ) — CI(X/X)
is an isomorphism of lattices up to sign.

Proposition 4.17. We have a natural isomorphism
Ext' (Go (X, B), Z) = Br(X)/(B).
In particular Go(X, B) is torsion-free if and only if B is a generator of Br(X).
Proof. Using (4.17) as a free resolution for Go (X, ), we obtain
Go(X)" = Go(X/X. )" — Ext'(Go(X. §).Z) — 0.

Using the Mukai pairing to identify Gg (f )Y =K ()? )V with Ko ()? ), we rewrite this as

Ko(X) X Go(X /X, )Y — Ext'(Go(X, B),Z) — O,
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where the first map takes [F] = (r, D, s) to

D MP([F], [0k, (=1 + bg))8g; = Y _(r-bg; — D - ;)8
=rY bgdg, —IP(D). (4.20)

Here g, € Go(X/X, B)Y is defined as the dual basis for the basis [OF; (=1 + b;)]
of Go(X /X, B). Note that we have an isomorphism

Go(X/X.B)Y =~ Cl(X/X)

that identifies their bases § E; - Thus, to compute the cokernel of MP, we should take suc-
cessively the quotients of C1(X/X)Y by the images of the three summands of

Ko(X) = Z @& Pic(X) & Z.

It follows from (4.20) that the third summand is mapped to zero. Furthermore, the map
on the second summand agrees up to sign with the map IP, hence by Remark 4.5 the
quotient is isomorphic to Br(X) via the Brauer class map B defined in (4.13). Finally,
comparing (4.13) with (4.20) we see that the composition B o MP takes the generator 1 of
the first summand of Ko (X) to B(3_bE,;8g;) = B. Therefore, the cokernel is isomorphic

to Br(X)/(B). -

Remark 4.18. Propositions 4.15 and 4.17 show how to compute Go(X, B) using the
sublattice Gg (f /X,B) C Gy ()? ) =Kp (f ). This sublattice can also be used to compute
the group Ko (X, B) = Ko(DP*(X, B)). Indeed, one can show that there is a natural exact
sequence

0 — Ko(X. B) -5 Ko(X) % Go(X/X, )Y — Br(X)/(B) — 0.

Injectivity of n{} is nontrivial; it can be established as in [33, Theorem 2.19].

4.6. Semiorthogonal decompositions of twisted derived categories

Assume that X is a normal projective rational surface with cyclic quotient singularities,
and let 7: X — X be its minimal resolution with exceptional divisor

sothat D; = U;"’= 1 Ei,p for each i is a chain (possibly empty) of smooth rational curves.
The next result is a twisted analogue of Corollary 3.18.

Theorem 4.19. Let X be a normal projective rational surface with cyclic quotient singu-
larities and let w: X — X be its minimal resolution. Let

DY(X) = (A1, ..., A
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be a semiorthogonal decomposition such that every component fzi is (bi, p)-twisted adher-
ent to a chain of rational curves D; where D = |_| D; is the exceptional locus of . Let
V be a vector bundle on X such that

VI, , = OF, ,(bip)®"

for some positive integer r and all i and p (see Corollary 4.10(1)). Let

p = B(Zbi’PSEi.p) € Br(X)

be the corresponding Brauer class. Let K; be the Kalck—Karmazyn algebras associated
with the components D; of D (see (3.19)). Define

y, :=m) oo pf: D (Ki-mod) - D™ (X, B).

Then the functors )/if] are fully faithful, preserve boundedness, and induce a semiortho-
gonal decomposition

Db (X, B) = (DP(K -mod), ..., DP(K,-mod)). (4.21)
If 7 is crepant along Dj for j > i then 7/? also induces a fully faithful functor
DPT(K;-mod) — D™ (X, B),
and if 7w is crepant along D; for j > 2 there is a semiorthogonal decomposition
DX, B) = (D" (K -mod), ..., D (K,-mod)). (4.22)
Proof. The proof repeats the proof of Corollary 3.18 in the twisted setting. ]

Corollary 4.20. If D° (X) has a semiorthogonal decomposition each of whose compon-
ents is (b;,p)-twisted adherent to a connected component D; of m, the corresponding
Brauer class B = B(}_b; p0E; ,) € Br(X) is a generator of Br(X).

Proof. 1f such a semiorthogonal decomposition exists, then using (4.21) and arguing as
in Lemma 4.1 we see that Go(X, B) is torsion-free. Then Proposition 4.17 proves that
generates Br(X). |

Remark 4.21. Let D? ()? )= (K 1,-- -, hy) be a semiorthogonal decomposition which is
adherent to the exceptional divisor D = | | D; with a twist (;,,). Let £ be a line bundle
on X. Then D?(X) = (Jf.?l QL,.... Ay ® f) is a semiorthogonal decomposition which
is adherent to the exceptional divisor D = |_| D; with a twist (b; , + £ - E; ). Note that

B(Y iy + £ Eip)oe,,) = B(X bipbr,, + P(E) = B(Y bipie,, ).

so the Brauer class corresponding to the new decomposition coincides with the original
Brauer class . If 'V is a vector bundle as in Corollary 4.10 and R is an Azumaya algebra
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on X such that 7*R =~ 8nd(1~7) then we also have 7* R =~ 8nd(17 ® f), hence we have
a commutative diagram

ozgi —et C’A:i ® f
¥ ﬁ@’f
DP(X, R)

which shows that with these choices we obtain the same semiorthogonal decomposition
of Db (X, B) = DP(X, &) in the end. On the other hand, if &£ is a line bundle on X, we

can replace the functor JT;Y by JT;Y ®7"Z Then we have a commutative diagram

A

S ~
ﬂ>y®7 JT:;

DE(X, R) et DE(X, R)

which shows that a different choice of the resolution functor results in a twist of the
resulting semiorthogonal decomposition of D? (X, R).

5. Application to toric surfaces

In this section we apply the results of previous sections to projective toric surfaces. We
refer to [7, 12] for general information about toric varieties. When reading this section it
is instructive to keep Example 3.17 in mind.

5.1. Notation

A toric surface is an irreducible normal surface X endowed with an action of a two-
dimensional torus T = G2 with a free T-orbit. In particular, every toric surface is rational.
We only consider toric surfaces which are projective. Note that for each resolution X of
such a surface the condition (3.7) is satisfied.

We denote by M = Z? the lattice of characters of T, and by N := MY = Z? its dual
lattice. A projective toric surface X is determined by a complete fan ¥ in N ® R. We
denote the primitive generators of the rays (one-dimensional cones) in the fan by

Vi,...,U, € N. (5.1

We assume that v; are indexed in counterclockwise order on the plane N ® R. We also
set

Un+1 = V1.
The rays of X correspond to irreducible torus-invariant divisors C; C X. Since X is pro-
jective, each C; is isomorphic to P!.
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Similarly, two-dimensional cones in the fan ¥ correspond to T-invariant points on X .
We denote by x; € X the T-invariant point corresponding to the cone (v;, v;+1) of the
fan, so that

xi = Ci N Ciqq, (5.2)

and let U; be the toric chart containing x;. Since the vector v; is primitive, we can choose
a basis in N such that v; = (1, 0). Then we can write v;+; = (r; — a;, r;), where

ri = det(v;, vi+1) (5.3)

is positive and a; € Z. Moreover, changing the second basis vector in N and taking into
account the primitivity of v; 4+, we can assume that

0<a; <r; and gcd(ri,a;) = 1.

Then the dual cone to R - v; + R0 - v;4+1 C N ® R is isomorphic to the cone generated
by (1,0), (a;, r;) in the dual space M ® R, and one has U; == Az/url_, where p,. acts
on A? with weights (1, a;), so that x; is a cyclic quotient singularity of type rii(l, a;).
In particular X has cyclic quotient singularities. We call r; the order of the T-invariant
point X;.

Note that if we change the orientation of N ® R, that is, if we replace the counter-
clockwise ordering of the vectors v; by the clockwise ordering, the construction above
will describe the singular point x; as of type %(l, a;) where a; is the inverse of a; mod-
ulo r; (cf. Remark 3.15).

5.2. The Brauer group of toric surfaces

As explained in Section 4.2, the Brauer group of a smooth projective toric surface is zero;
the following lemma describes the Brauer group of a singular toric surface in terms of
its singularities. See [9, 10] for more general statements about the Brauer group of a toric
variety.

Denote by v the canonical map

v:Z" - N
that takes the i -th basis vector of Z” to the corresponding vector v; € N.

Lemma 5.1 ([9, Corollary 2.9(c)]). Let Ny :=Im(v) C N be the sublattice generated by
all ray generators v; of the fan X of a projective toric surface X. Then

Br(X) =~ N/N7y.

Moreover, Br(X) is a cyclic group of order gcd(ry, . . ., ry), the greatest common divisor
of the orders r; of the T-invariant points of X. In particular, if X has a smooth T-invariant
point then X is torsion-free.

Furthermore, Pic(X) = Ker(v) and C1(X) = Coker(vT:M — Z").
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Remark 5.2. One can also show that forevery 1 <i <n,
ged(ry, ... ) = ged(ry, ..., Fiy ..o ).

Example 5.3. Let wq, wy, w3z > 1 be pairwise coprime. Then the weighted projective
plane P (w1, wy, w3) has three torus-invariant points of types L(wz, w3), u}2 (w3, wy),

and —(wl, w,) of orders wi, w;, and w3 respectively, in particular it is torsion-free. One
mterestmg special case is P (1,2, 3) which is given by the fan

v = (1, 1), Uy = (—2, 1), V3 = (1,—1).

It has one A; and one A singularity, Pic(X) = CI(X) = Z, Br(X) = 0.
Example 5.4. Let X = (P! x P!) / L5, where i, acts diagonally and the action on each
factor is given by [x : y] — [—x : y]. Then X is a projective toric surface with the fan
given by

V1 = (1, 1), Vy = (—1, 1), V3 = (—1,—1), Vg4 = (1,—1)
It has four A; singularities and Pic(X) = Z2, Br(X) = Z/2, CI(X) = Z* ® Z/2. In
particular, X is not torsion-free.

Example 5.5. Let X = P? / I3, where 5 acts on P? with three different weights. Then
X is a projective toric surface with the fan given by

V1 = (1, 1), Uy = (—2, 1), U3 = (1,—2).

It has three A, singularities and Pic(X) = Z, Br(X) = Z/3, Cl(X) = Z & Z/3. In par-
ticular, X is not torsion-free.

The fans of the above toric surfaces are presented below.
(Pl x P 1)/ IL2

| | | | |
U2 | U1, | V2
ST TR T A -
| | | | | | | |
T ¢S [E—"
I I | I I I I I
| | I I | |
[ PR e T A [
\U3\ I \v4\ I I
-t - "It == —I= =1 = =
| | | | | | |
S T Y R [

5.3. Minimal resolution

Let X be a toric surface and let : X — X be the minimal resolution of singularities of X'.
Then X is also a toric surface, with an action of the same torus T. The fan Y of X isa
refinement of X.
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To be more precise, % is obtained from X as follows: for each two-dimensional
cone (vj, vi+1) of X consider the convex hull of all nonzero integral points of the cone
generated by v; and v; 41, i.e.,

Piit1:= Conv((Rxov; + Rxovi+1) N (N\{0})),

where the sum on the right side is the Minkowski sum of two rays (see [7, 8.4] or [12,
Exercise (a), p. 46]). Consider all integral points on the boundary of P; ; 11 that do not lie
on two infinite ray segments R>;v; and R>;v;41. Let

vi,l7 L] Ui,mi
be these points in counterclockwise order. Also set
Vi,o = Vj.

Then v; p, 1 <i <n,0 =< p < m,, are all generators of rays in the fan ¥. Note that
if det(v;, vi+1) = 1, i.e., if x; is a smooth point of X, we have m; = 0.

The fans of the resolutions of the toric surfaces in Examples 5.3-5.5 are presented
below.

The exceptional divisor of the resolution 7 is the union

n m;

p=LUE.,

i=1p=1

of the irreducible toric divisors E;, , corresponding to the rays v; , of ¥ that are not in %,
ie., with 1 < p < m;. Its connected components are

mj
D =) Ei,
p=1
(so that if the point x; on X is smooth then D; is empty). As usual we denote by
d,‘,p = —Eiz,p

the self-intersections of the exceptional divisors. Furthermore, we denote by E; o the irre-
ducible toric divisors on X corresponding to the rays v; ¢ (they are the strict transforms
of the toric divisors C; on X).
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5.4. Adherent exceptional collections

There is a standard way [14] to construct a full exceptional collection of line bundles on a
smooth toric surface. One should choose a ray in the fan and a direction (counterclockwise
or clockwise) and starting with any line bundle add at each step the divisor corresponding
to the next ray in the fan.

In the case of the minimal resolution X of a toric surface X , to make this collection
(twisted) adherent to the connected components D; of the exceptional divisor D, one can
start for example from @ (E;,9), add Ey,; at the first step, and go in counterclockwise
direction.

This procedure gives the collection &£; 5, 1 <i <n,0 < p < m;, defined by

i—1 mj
Lio = (9)‘(“ (Z Z Ej;+ Ei,()), 5.4
j=1g=0
Lip=ZLio(Eix+ -+ Eip). (5.5)
Then we have the equality
Lio Exp =06ik0p,1 + Oknbpm, if1=<i=<k=<n. (5.6)

Indeed, if i < k and 1 < p < my the only summands on the right hand side of (5.4) that
have nontrivial intersection with the curve Ey , are the last summand E;o (if i =k
and p = 1) and, since the curves form a cycle, the first summand E; o (if k = n
and p = my). This allows us to deduce the following.

Proposition 5.6. The collection of line bundles £; ,, 1 <i <n, 0 < p < m;, defined
by (5.4) and (5.5) is a full exceptional collection consisting of n blocks and its i-th block

,Xi = (fi,(), f,i,l, ey :Ei,mi)

is adherent to the connected component D; of the exceptional divisor D with the twist

bi p= {2_ disp’ (l7 p) # (nvmn)9 (57)

3 dn,mn, (l., ]7) = (n,mn).

In particular, if mp, = 0, i.e., if there are no exceptional curves between E, o and E1 o,
the formula (5.7) simplifiesto b; , =2 —d; p foralll1 <i <n,1 < p <m;.

Proof. The collection is full and exceptional by [14, Theorem 5.1], and adherence follows
from (5.5) by definition. Comparing (3.9) with (5.6) for k = i we get

di,p + bi,p -2+ Sp,l = 8]),1 + Si,ngp,mno

which gives the formula (5.7) for the twist. ]
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Remark 5.7. One can use the same method to construct a full exceptional collection of
line bundles with 7 blocks adherent to components D; of the exceptional locus D of
the minimal resolution for any normal projective rational surface X with cyclic quotient
singularities, if the chains D; can be included into a cycle of smooth rational curves
summing to —K .

We consider the element
f=Y bipdE,, € Cl(X/X)"
i,p

corresponding to the twist (5.7). By the adjunction formula, K § - E; , = d;,, — 2, hence
f +1P(Kg) = 8E, ,,, - This means that the Brauer class corresponding to the function
f under the Brauer class map (4.13) is equal to

B(Z b,-,,,sEl.,p) =B(g, ,, ) € Br(X). (5.8)

In particular, if m, = 0 (i.e., if D, = &) then B(f) = 0.

Remark 5.8. More generally, if X is torsion-free, then B( /) = 0 (because Br(X) = 0),
and we are able to explicitly untwist the exceptional collection of Proposition 5.6 as fol-
lows. Let M be a line bundle on X such that forall 1 <i <n,1 < p <m;,

0.  (@.p)# (n.my),

5.9
L G p) = (1.my). 69

Such a line bundle exists by Corollary 4.10(2). Note that as usual, if x,, is smooth then the

second case in (5.9) does not occur and we can take M = @ 5. Now using (5.7) it follows
that if £; , are defined by (5.4) and (5.5), the full exceptional collection

{(Mip=2Lip® MKg)}ip (5.10)

consists of n blocks untwisted adherent to Dy, ..., D, respectively. Note also that it
follows easily from (5.6) and (5.9) that

M,"() . Ek’p = 5,',](51;,1 + dk,p -2 5.11)
foralli <kand1 < p < my.

The next theorem summarizes our results on semiorthogonal decompositions for sin-
gular surfaces in the toric case. We use the notation and conventions introduced above.

Theorem 5.9. Let X be a projective toric surface with T-invariant points xi, ..., Xp,
and let m: X — X be its minimal resolution with the exceptional divisor D = |_|?=1 D;,
where w(D;) = x;. Let K; be the Kalck—Karmazyn algebra corresponding to the chain
of rational curves D;. Let

B =BGk, ,,,) € Br(X)
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be the corresponding Brauer class. Then there is a semiorthogonal decomposition
Db(X, B) = (DP(Ky-mod), ..., D®(K,-mod)).

Moreover; if the T-invariant points x; for j > 2 are Gorenstein, this decomposition
induces a semiorthogonal decomposition

DX, B) = (D" (K -mod), ..., D (K,-mod)).
Proof. This is a special case of Theorem 4.19 in the toric situation. ]
When X is torsion-free so that Br(X) = 0, we get the following:

Corollary 5.10. If X is a projective torsion-free toric surface, there is a semiorthogonal
decomposition

Db (X) = (Db (Ky-mod), ..., DP(K,-mod)).
If the T-invariant points x; for j > 2 are Gorenstein, this decomposition induces a semi-
orthogonal decomposition

DP(X) = (D (K -mod), . .., D (K,-mod)).

Remark 5.11. If X is not torsion-free, the Brauer class f is always nontrivial by Corol-
lary 4.20.

Recall that weighted projective planes are torsion-free (Example 5.3).

Example 5.12 (cf. Example 3.17). If X is the weighted projective plane P(1, 1, d), we
obtain a semiorthogonal decomposition

DP(X) = (DV(kz1.....2a1]/(21s - 2a—1)P). DO (k). DO (k)

and a similar decomposition for the category DP*f(X). Recall that the isomorphism
Kgi1 ~K[z1,...,24-1]/(z1, .., Z4—1)* has been explained in Example 3.14(2). Note
that we have placed the non-Gorenstein singular point of X in the first position to achieve
the decomposition of DPT(X).

Example 5.13. If X is the weighted projective plane P(1, 2, 3) (see Example 5.3), we
obtain a semiorthogonal decomposition

DP(X) = (D (k). D" (k[z]/z%). DO (k[z]/2?))
and again a similar decomposition for D (X).
Example 5.14. If X is the surface of Example 5.4, we obtain
DY (X.B) = (D (k[z]/z?). D° (k[z]/2%). DP (k[z]/2%). DO (k[z]/2%)).

where f is the nontrivial element of Br(X) = Z/2, and a similar decomposition for
Dref(X).

Example 5.15. If X is the surface of Example 5.5, we obtain
DP(X. B) = (D°(k[z)/2%). D°(k[z]/2%). D (k[z)/2%)),

where B is a nontrivial element of Br(X) = Z/3, and again a similar decomposition
for DP(X).
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5.5. Special Brauer classes

The exceptional collection of Proposition 5.6, as well as the Brauer class 8 on X and
the semiorthogonal decomposition of D? (X, B) of Theorem 5.9 depend on some choices.
First, they depend on the choice of a cyclic order of rays of the fan of X (this is equivalent
to a choice of orientation of the plane N ® R). Second, they depend on the choice of the
linear order xy, ..., x, of torus-invariant points on X compatible with the chosen cyclic
order. Changing these choices we obtain a semiorthogonal decomposition of a differently
twisted category with the same components up to reordering. The next lemma explains
how twist changes.

We denote by §; the Brauer class corresponding to the choice of the point x; as the
last point, so that the linear ordering of the torus-invariant points is

Xit1s-+5Xn—1,Xn, X1 ..., Xi—1, Xi—2, X,

and by B/ the Brauer class corresponding to the same choice of the last point with the
opposite cyclic order, so that the linear ordering is

Xi—15Xi=25++ > X1, Xn, Xn—1, .-, Xi+1, X

Lemma 5.16. If for each 1 <i < n the point x; is a cyclic quotient singularity of
type rl_,»(l’ a;) then the following relations are satisfied by the classes Bi, ..., Bn,
and By, ..., B, € Br(X): for every 1 <i < n we have

Bi = aile{’ Bi+1 = —ait+1Bi.
In particular, if X is Gorenstein then B; = B, and B, = —p1 forall 1 <i <n.
Proof. By (5.8) we have
Bi =B@E,,, ). Bi=B(Eg,,)

Using standard recursions for determinants of tridiagonal matrices it is easy to check that

m;

IP()_ tridet(diz. . dip—1) Eip) = 8,y —tridet(diz .. . diym;)3E, 1,

p=2

Using (3.5) and B o IP = 0, we conclude that 8; = a; ;. Similarly

IP(Ei+1,0) = 8E; 1, +0E; 11,

hence B; , = —B;. Finally, if X is Gorenstein then a; = r; — 1, and since Br(X) is
a cyclic group of order ged(rq, ..., 7r,) by Lemma 5.1 and Remark 5.2, so that r; acts
trivially on Br(X), we see that 8; = B, B; = —p forall 1 <i <n. ]

In the Gorenstein case we thus obtain a bunch of semiorthogonal decompositions
of Db (X, B1) and D? (X, —p,). Using Remark 4.21 one can show that all these decom-
positions of D?(X, B1) are the same up to line bundle twist, and all decompositions
of DP(X, —p,) are obtained from the above decompositions by dualization.
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6. Reflexive sheaves

An alternative approach to construct a semiorthogonal decomposition of D? (X ) was sug-
gested by Kawamata [19]. Starting with an object F' € Coh(X), take Gy = F and consider
a sequence G; of iterated nontrivial extensions,

0—-F—>G,—Gi_1—>0
in Coh(X). If the sequence terminates with some maximal element G = G, le.,
Exty (G, F) =0,

then G is said to be a maximal iterated extension of F. When such an object exists it is
unique [19, Corollary 3.4], and can be interpreted as the versal noncommutative deforma-
tion of F over Endy (é ) [19, Corollary 4.11]. Furthermore, Kawamata proves that, under
appropriate conditions the sheaf G generates an admissible subcategory of D?(X), and
in some examples (for the weighted projective planes P (1, 1,n) and P(1, 2, 3), see [19,
Examples 5.5, 5.7, 5.8]) he constructs a semiorthogonal decomposition into derived cat-
egories of finite-dimensional algebras. In this section we explain the relation between our
approach and that of Kawamata.

6.1. Criteria of reflexivity and purity

Let X be a normal surface. Recall that by definition a reflexive sheaf is a coherent sheaf ¥
on X satisfying
(FVYW ~F

via the natural morphism (here the duality is underived); an equivalent definition is that
F ~ Ru,Fy

where u: U — X is the embedding of an open subset with zero-dimensional complement,
and Fy is a locally free sheaf on U. Furthermore, recall that the set of isomorphism
classes of reflexive sheaves on X is a group with respect to the operation

(F1.72) = (F1 @ F2)7)"

(the tensor product and duality are underived), and this group is isomorphic to the class
group CI(X) via the first Chern class map (4.1). If D is a Weil divisor on X we write
O (D) for the reflexive sheaf with the first Chern class D; equivalently @ (D) may be
defined as Ru.© (D N U), where U is the nonsingular locus of X as above.

We will be interested in coherent sheaves on X obtained by pushing forward line
bundles from a resolution X, and we will rely on the following criterion for reflexivity.
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Lemma 6.1. Let (X, x) be a cyclic quotient surface singularity and let : X > X
be its minimal resolution with the chain Ey, ..., Ey of exceptional divisors with self-
intersections El2 = —d;. Set D = ) E;. If a line bundle £ on X satisfies

m
E(D)-E; <0 foralll <j<m, and Zé[i(D)-Ej <0, 6.1)
j=1

then Rm, (L) is a reflexive sheaf of rank 1 on X.

Proof. Let y
U=X\{x}=X\D.

Letu:U — X and#i: U — X be the embeddings and set Ly := u* L. Since 1 is an affine
morphism, we have
(£y) = RO (Ly) = lim £(D),

where on the right hand side the colimit is taken with respect to the sequence of the natural
embeddings £ — £(D) — L£(2D) — ---. Therefore, there is an exact sequence

£(tD)
£

— 0.

0—>é€—>u*(§€U)—>h_r>n

Pushing it forward to X we obtain an exact sequence

6.2)

0 R7a(£) > ROma(@a(£0) — @Ron*(ﬂlm)

£

(the pushforward functor commutes with the colimit since 7 is quasicompact).

Let us show that the last term in (6.2) is zero. We prove that RO, (£42)) = 0 for all
t > 0 by induction. The short exact sequence

o £E=DD)  £eD)
- ¥z Ty

shows that it is enough to check that H%(D, £(tD)|p) = 0 for all ¢ > 1. Since D is a
chain of curves Ej, it is enough to check that all the degrees £(¢D) - E; are nonpositive
and their sum is negative. For t = 1 this is ensured by (6.1). For ¢ > 1 the same follows
from (6.1) combined with the inequalities

— £(D)|p — 0

D-Ej =2—5j1—8jm—dj <0,

which hold true since d; > 2 for all j by minimality of the resolution.
Now we conclude from (6.2) that R, (£) = ROm«(ii+(£v)) = R%u.(Ly). Since
X is a normal surface, it follows that R%7, (&£) is reflexive. [
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Corollary 6.2. In the notation of Lemma 6.1, if the multidegree vector (£ - E;)T j)jey is
equal to one of the vectors

(i —2.d> =2, dypy — 2, dyy —2),
(dy—2,dy =2, ... dys —2,dp — 1),
(dl_17d2_2s---sdm—1_2vdm_2)s

then the derived pushforward 1w« L is a reflexive sheaf of rank 1 on X.

Proof. Letus write [; = &£ - E;. It is easy to see that the condition (6.1) is equivalent to
the following condition: if m > 1 the degrees /; satisfy

h<di—1, [j<di—2 2=2j=<m-1), bLp=<dn-

and requiring that one of these inequalities is strict; and if m = 1 then /1 < d;. This
condition holds by assumption and Lemma 6.1 implies that R, & is a reflexive sheaf.
To show that higher direct images vanish we note that for every 1 < j < m we
have K - E; = d;j — 2 so that by assumption on the degrees /; we deduce that £(—K )
is w-nef. By the Kawamata—Viehweg vanishing [20, Theorem 1-2-3], we have the required
vanishing RP £ = 0 for all p > 0. |

Example 6.3. For the %(1, 1) singularity X = Spec(k[x2, xy, y?]) let E be the single
exceptional curve on the minimal resolution X, so that d = 2. Let £ be a line bundle
on X, and let / be the degree of & restricted to E. By Corollary 6.2, for/ = 0 and [ = 1,
w«L is a reflexive sheaf of rank 1. In fact one can see that the same is true for / = —1.

However, for [ > 2, m,&£ is a pure sheaf which is not reflexive, while for [ < —2,
R'7, & is a nonzero torsion sheaf so that 7, & is not a sheaf.

Remark 6.4. In the case of a Gorenstein cyclic quotient singularity of type %(1, m—1)
with m > 1 the exceptional divisor of the minimal resolution is a chain Ey, ..., E;—
and we have dj =2 for all 1 < j < m — 1. The condition of Corollary 6.2 is that &£
restricts trivially to all exceptional curves except possibly either £, or E,, where it may
have degree 1.

Remark 6.5. Other criteria for reflexivity can be found in the literature, e.g. [37, §A1,
Theorem, part (b)], [11, Lemma 2.1].

6.2. Extension of reflexive rank 1 sheaves

Now we relate the components of the semiorthogonal decomposition (3.26) to the subcat-
egories defined by Kawamata [19]. So, we assume that X is a normal projective rational
surface with cyclic quotient singularities and 7: X — X is its minimal resolution. Let D;

be a connected component of the exceptlonal divisor D of 7 and let x; = 7(D;) € X be
a quotient cyclic singularity of type .- (1 a;). Assume that the subcategory A C DP (X)
is untwisted adherent to D;, let f,,g be the corresponding line bundle on X so that (3.8)
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holds and let y;: D?(K;-mod) — DP(X) be the functor of Theorem 3.16. We define a
complex of sheaves
R; := yi(k) € D*(X), (6.3)

the image of the simple K;-module k under the functor y;, and
M; = yi(K) € D°(X), (6:4)

the image of the free K;-module K; under the same functor. Since K; is an iterated exten-
sion of k, M; is an iterated extension of R;. Here, given F,G € Db (X) by an extension
of G by F we mean a cone of any morphism G[—1] — F, so that if F and G are coherent
sheaves extensions are precisely those in the sense of abelian categories. In particular,
if R; € D?(X) is a pure sheaf, then so is M;. Denote by (R;) and (M;) the minimal
triangulated subcategories of D?(X) containing R; and M; respectively.

Proposition 6.6. There is a semiorthogonal decomposition
DP(X) = ((R1). ... (Rn))

with (R;) ~ DP(K;-mod), and if x». ..., x, € X are Gorenstein then there is a semi-
orthogonal decomposition

DP(X) = ((Mi), ..., (Mn))
with (M;) ~ DPT(K;-mod).
Proof. Consider the semiorthogonal decomposition of Corollary 3.18. We have
Ai 2 yi (D°(Ki-mod)) = yi (k) = (R;).

so that the first decomposition of the proposition follows from (3.26). For the second
decomposition we use (3.27) together with the fact that DP*'(K;-mod) is generated by K;
so that the essential image of DP*(K;-mod) in D?(X) is (M;). [

As y; is fully faithful it is immediate to see that the objects R; and M; satisfy
Exty (Mi, Ri) =k,  Exty(M;, M;) = K. (6.5)

where the vector spaces on the right-hand side are concentrated in degree 0. In this sense
decompositions of Proposition 6.6 provide an analog of a full exceptional collection for
the singular surface X. In particular if D; = &, then R; = M; is actually an exceptional
object.

As we already noticed, M; is an iterated extension of R;. As Ext}( (M;, R;) = 0 this
extension is maximal; in the language of [19, Definition 5.1], M; is said to be relative
exceptional. We are going to investigate under which conditions R; (resp. M;) are reflex-
ive (resp. locally free) sheaves on X . 5

Recall the locally free sheaves & o € #,; defined in Theorem 3.9.
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Proposition 6.7. (i) Forany 1 <i < n we have natural isomorphisms of complexes
Ri = mu(Lip), M = mu(Pip).

(i1) Each R; is a locally free sheaf of rank 1 at X \ {x;, ..., X, } and a reflexive sheaf of
rank 1 at x;. Each M; is a locally free sheaf of rank r; at X \ {xi41,...,Xn}.

(iii) If singular points Xjy1, ..., xn are Gorenstein, then R; is locally free of rank 1
on X \ {x;} and reflexive of rank 1 at x;, and M; is a locally free sheaf on X.

@iv) If R; is a reflexive sheaf on X, then M; is the unique maximal iterated extension of
R; in the sense of Kawamata [19].

Proof. (i) We rely on (3.17), (3.23) and the first diagram in (3.25) to compute

Ri = yi(k) = yi(pix(Si0)) = me(7i(Si,0) = me(Lio),
M; = yi(K;) = yi(pix(Pip)) = me(7: (Pi0)) = 74 (Pi0).

(i1) and (iii) We start by noticing that since 7 induces an isomorphism on the nonsin-
gular locus of X, both R; and M; are locally free sheaves on X \ {x1,...,x,}.
Let us now check that R; is reflexive of rank 1 in the neighbourhood of x;. Set

Vi = f\UDj and V; = Jt(17,-),
J#i

so that V; is an open neighborhood of x; and the restriction of 7 to Vi (which we still
denote by ) is a resolution of the singularity (V;, x;).

It follows from (3.9) where all b; , are zero that the condition of Corollary 6.2 for
the morphism : 171 — V; 1is satisfied so that R; is a reflexive sheaf of rank 1 on the
neighborhood V; of x;.

To show that R; (resp. M;) is locally free at x; for some j, by Lemma 2.5 we
need to check that Ext*(£;,0, Og; ,(—1)) = 0 (resp. Ext*($; 0, O, ,(—1)) = 0) for all
1 < p <mj.Forj <i,orforj > i under the Gorenstein condition, the Ext-groups are
vanishing by (2.15).

Finally, for j =i we have, for every 1 < p < m;,

Ext* (P10, O; ,(—=1)) = Ext* (i (Pi,0), 7i (Si,p)) = Exty, (Pi0, Si,p) =0

by (3.14) and the correspondence between projective and simple K;-modules, so that M;
is locally free at x;.

Each M; has rank r; since by Lemma 3.13 we have dimg (K;) = r; so that M; has a
filtration with subquotients being r; copies of R;, and R; has rank 1.

(iv) We know that M; is an iterated extension of R; and (6.5) shows that it is maximal.
The uniqueness follows (see [19, Corollary 3.4]). ]

We note that if a point x; is nonsingular, then K; = k and M; = R;.
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6.3. Toric case

Assume now that X is a torsion-free toric surface and let 7: X — X be the minimal
resolution. Let M be a line bundle on X satisfying conditions (5.9) and set

C := my(c1(M)) € CI(X).

We note since M is well-defined up to twist by a line bundle from 7 *(Pic(X)), the class
C is well-defined up to adding a Cartier divisor class on X.

The full exceptional collection (5.10) provides a semiorthogonal decomposition of the
category JDb(f ) untwisted adherent to the components D; of the exceptional locus D
of . Recall the objects R; and M; of {Db(X) associated in (6.3) and (6.4) to this semi-
orthogonal decomposition.

Proposition 6.8. Let X be a torsion-free projective toric surface with torus-invariant
points X1, . . ., Xn, and with torus-invariant divisors C1, . .., C, with the ordering fixed by
the condition (5.2).

(1) Forany 1 <i < n the object R; is a reflexive sheaf of rank 1 on X, explicitly
Ri ~O(Kx +C+Cy+--+C). (6.6)

Moreover, for every j < i the sheaf R; is locally free at the torus-invariant point x;.
If x3,...,x, are Gorenstein, then each R; is locally free at X \ {x;}.

(ii) Forany 1 <i < n the object M; is a reflexive sheaf on X and is locally free at all x;
with j <i.lIfxa,...,Xx, are Gorenstein, then each M; is locally free on X.

(iii) Each M; is the unique maximal iterated extension of R;.

Proof. Using Proposition 6.7 we only have to check that R; is a reflexive sheaf of rank 1
at Xj41,...,Xx, and to prove (6.6). Recall that by Proposition 6.7(1) we have R; = myxM; ¢.
To prove reflexivity we rely on the criterion of Corollary 6.2. By (5.11) we have

Mi o Erp= dk,p -2

fori < k < n, and Corollary 6.2 applies to show that R; = 7« (M; o) is reflexive at x.
To get the expression (6.6) for R;, note that a reflexive sheaf is determined by its first
Chern class and that the functor 7, commutes with ¢y by (4.1), hence

c1(Ri) = c1(mmx(Miy0)) = mx(c1(Miy0)) = mx(c1(Lio ® M(Kg))).

Taking into account (5.10) and (5.4), the equalities 7+(K ) = Kx, m«(E;,p) = 0 for
p > 1 and 7« (E; o) = C;, and the definition of C, we deduce (6.7). [ ]

We now explain how one can compute C, and hence the reflexive sheaves (6.6) in
some important special cases.
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Proposition 6.9. Let X be a projective toric surface with T-invariant points xi, . .., X,
of orders ry, ..., r, and T-invariant divisors Cy, ..., C, with convention (5.2). Assume
that gcd(ry, r1) = 1. Let s be an integer such that

s=0modr; and s=-—1modr,.

Then C = sCy is a Weil divisor class on X corresponding to a line bundle M on X
satisfying (5.9). In particular, reflexive sheaves defined by (6.6) generate (3.26).

Proof. Let us check that M can be chosen in the form
M= Og(Fy +sEr o+ F1),

where Fj, is a linear combination of £, ,, 1 < p < my, and F; is a linear combination
of Eq,p, 1 < p < m;.Indeed, any divisor of the form F, + sE1,0 + F; has trivial inter-
section with E; , forall2 <i <n —1and 1 < p < m;. Furthermore, for any F,, we
have

Fn . El,p =0 and SE1’0 . El,p = S81p,

and since the determinant of the intersection matrix tridiag(di.1, ..., d1,m,) of E14 is
equal to 1 by (3.5) and r; divides s, it follows that there exists (a unique) F; such that
Fy - Ey,p = —s8p,1. Similarly, for any F; we have

Fi- En,p =0 and SEL() . En,p = S(Sp,m” = (S + I)Sp,mn — SP,m/w

and since the determinant r,, of the intersection matrix tridiag(dy,1, . ... dn,m,) of Enq
divides s + 1 there exists (a unique) F, such that Fy, - E, , = —(s + 1)3p,m,,-

With the choices of F; and F,, made as above, we have (5.9). It remains to note
that w4 (F1) = 7+ (F,) = 0, hence C = w4 (c1(M)) = m4(sE19) = sC;. |

It is curious that the quality of the collections R; and M; of objects in D?(X) may
depend on the choice of indexing of torus-invariant points. For instance, if only one of
these points is non-Gorenstein, then it makes sense to choose indexing such that it is
the point x; (like we did in Example 5.12). With this choice all the sheaves M; become
locally free.

The reflexive sheaves R; have an especially simple form when one of the T-invariant
points of X is smooth and we choose an ordering to make this point the last point.

Corollary 6.10. Let X be a projective toric surface with T-invariant points x1, ..., Xy
and T-invariant divisors C1, . .., Cy. Assume that x,, is smooth. Then we have the follow-
ing semiorthogonal decomposition of D®(X):

D (X) = ((0x(Kx + C1)), ... {(Ox(Kx + C1 + -+ + Cp))). 6.7)

Note that since Ky = — Z:’l:l C;, the last reflexive sheaf in the semiorthogonal
decomposition (6.7) is trivial.
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Proof of Corollary 6.10. Since x, is smooth, so that r, = 1, we can take s = 0 in Pro-
position 6.9 and then obtain C = 0. We plug this into the semiorthogonal decomposition
given by Proposition 6.8, and (6.7) follows. ]

The following two examples generalize [19, Examples 5.7, 5.8] and refine the predic-
tion of Kawamata [19, end of Section 5].

Example 6.11. Let us construct three reflexive sheaves which provide a semiorthogonal
decomposition of P(w;, w, w3) for any pairwise coprime positive integers w;. Using
Lemma 5.1 it is easy to compute that C1(X) = Z, and if @(1) is the ample generator
of CI(X), then Pic(X) =~ Z and is generated by @ (w;w,ws3). We order the torus-invariant
points in such a way that x; has order w;. Then

0(Cy) = O(w2), O(Cy) = O0(w3), O(C3) = O(wy).
Let s be an integer such that
s=0mod w; and s = —1mod ws.
Then by Proposition 6.9 we have
R =0O(swy —wy —w3), Ry =0((w,—w;), R;=0(ws).

Note that permuting wj, wy, w3 we get various semiorthogonal decompositions of the
same category D? (P (w1, wa, w3)).

Example 6.12. As a special case of the previous example, let X := P (1, a, b) for coprime
integers a, b > 0. If we order the singular points so that x; has type %(l,a), X2 has
type %(1, b), and x3 is smooth, then

O(C) =0(a), O(C2)) =0(1), 0O(C3) =0,
and by Corollary 6.10 we have
Ry =0(-b—-1), R,=0(-b), R;3=0.

By Proposition 6.8 we have reflexive sheaves My, M,, M3 constructed as maximal iter-
ated extensions of the rank 1 reflexive sheaves Ry, R>, R3 on X.

Furthermore, M has rank b, Endy (M) = K}p 4, M> hasrank a, Endy (M>) = K, p,
where b’ = b~ mod a, and M3 = R3 = 9, Endy (M3) = k, and by Proposition 6.6 there
is a semiorthogonal decomposition

DP(P(1,a,b)) = ((R1), (Ra), (R3)) = (DP(Kpa), DP(Kupr), DP(K)).

In this case M3 = R3 and M, are locally free while M is locally free at x; and x3, but
is locally free at x if and only if > = —1 mod a and otherwise is only reflexive.
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Appendix A. Semiorthogonal decomposition of perfect complexes

The next result was explained to us by Sasha Efimov.

Theorem A.1. If X is a projective scheme over k and 4 C DP(X) is right admissible
then AP = A N OPN(X) is left admissible in DPT(X).

The proof of this result takes the rest of this section and uses the machinery of DG-
categories. We refer to [28, Section 3] and references therein for all prerequisites.

Let Dy, be an essentially small DG-category. Recall that a left DG-module over Dgg
is a DG-functor M: 9y, — D (k) to the DG-category of complexes of k-vector spaces.
We will say that a DG-module is finite-dimensional, resp. acyclic, if for every ¥ € Dy,
the complex M (¥) is perfect, i.e., has total cohomology finite-dimensional, resp. acyclic.

We denote by Dgo-mod, Dye-mod sy, and Dyg-mod 4cyei the DG-categories of left DG-
modules, left finite-dimensional DG-modules, and left acyclic DG-modules over Dg,,
respectively. Furthermore, we denote by

D(i)dg) = [i)dg‘m()d/i)dg‘m()dacycl]v Dfd(i)dg) = [i)dg'mOdfd/i)dg'mOdacyCI]

the homotopy categories of the corresponding Drinfeld quotients, i.e., the derived cat-
egory of Dy, and the finite-dimensional derived category of {Dg, respectively. We note
that D(Dy,) is triangulated and D ¢4(Dy,) is a full triangulated subcategory in D(Dyg).
We say that a full subcategory #45 of a DG-category Dy, is right (resp. left) admiss-
ible if its homotopy category [ge] C [Dyg] is right (resp. left) admissible, i.e. admits a
right (resp. left) adjoint functor.
The proof of the theorem is based on the following observation.

Proposition A.2. Let Dyg be an essentially small DG-category. If +qg; C Dyg is right
admissible then D(Aqg) C D(Dyg) and Dg(qg) C Dia(Dag) are right admissible.

Proof. Let o g, — Dy be the embedding functor, and let Resy: D(Dyg) — D(gg)
and Indg: D(sAgg) — D(Dyg) be the restriction of scalars and induction functors:

Rese (M)(F) = M(@(F)), Inda(N) = Ap,, &%, N

where in the second formula the diagonal fDyg-bimodule A g,, is considered as a right
Agg-module by restriction of scalars. Note that Res, is the right adjoint of Ind, and full
faithfulness of o implies that of Ind, [28, Proposition 3.9]. Therefore

Resq 0Indy 2 idp(ay,). (A.1)

and in particular D(Ag,) is right admissible in D(Dyqg).

Now assume that M is a finite-dimensional £4,-module. Then Resy (M) is a finite-
dimensional +y,-module by definition.

Let us also show that Ind, (V) is finite-dimensional for any finite-dimensional -
module N. Let Aj;g C Dyg be the full DG-subcategory formed by objects with classes

in the right orthogonal [Age|t C [Dyg] of [Ade] C [Dagl Since Aqg is right admissible,
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every object of &y, is an extension of an object from g, and an object from :A)dLg. So, to
show that Ind, (V) is finite-dimensional it is enough to check that its values on the objects
of Ay and of Ajé are finite-dimensional. In other words, if ': Aj;é — Dy, is the embed-
ding of At,, it is enough to check that Resy(Indg (N)) and Resq/(Indy(N)) are both
finite-dimensional. The first follows immediately from (A.1). For the second just note
that the composition Resy’ o Ind,, is given by the derived tensor product with the (A)(J];g-
sqg-bimodule that is equal to the restriction of the diagonal bimodule A g,,. However,
this restriction is quasiisomorphic to zero (by semiorthogonality of g4, and =A)j{g),
hence Res, o Ind, = 0, and finite-dimensionality of Indy (V) follows.

From these observations we see that the restriction and induction functors preserve
the categories of finite-dimensional DG-modules, and since they form an adjoint pair
and (A.1) holds, we conclude that D ¢q(sgg) is right admissible in D t4(Dqg). [ ]

Next we show that the category of left finite-dimensional DG-modules over Dy, in
some cases can be identified with a certain subcategory of Dg,. We write i)gg for the
opposite DG-category of fqy,. For any DG-category Dy, there is a natural Yoneda functor

h:[Dy7] = D(Dyg),  F +> hg (=) := Homp, (¥, ),

that takes an object & to the corresponding representable left DG-module hg . Note that
the Yoneda functor is fully faithful, due to the DG-version of the Yoneda Lemma.

We denote by JDgg C Dy, the full DG-subcategory formed by all homologically finite-
dimensional objects of Dgy,. By definition this is just the preimage of the category of left
finite-dimensional DG-modules over £y, under the Yoneda functor, i.e.,

i)gcg‘ :={F € Dyg | hy € D(Dyy)}-

Recall that the minimal subcategory of D(Dg,) containing all representable DG-
modules and closed under shifts, cones and homotopy direct summands is called the
category of perfect DG-modules (and its objects are called perfect DG-modules over Dg,).
We will say that a DG-category Dy, is perfectly pretriangulated if the Yoneda functor
induces an equivalence between [!Dgg ] and the category of perfect DG-modules over Dg,.
Recall that a DG-category Dy is smooth if the diagonal DG-bimodule A g, is perfect.

Lemma A.3. If Dy, is a smooth perfectly pretriangulated DG-category then the Yoneda
functor induces an equivalence [(ﬂ)gg)"p] = D(Dqg) of triangulated categories.

Proof. As already mentioned, the Yoneda functor h is fully faithful. Moreover, by defin-
ition it takes [(@g‘;)"p] to Dq(Dqg). So, it only remains to show that its restriction to
[(i)gg)‘)l’] is homotopically essentially surjective onto D ¢q(Dqg). Let M be a finite-dimen-
sional left DG-module over £y,. Since A p » is perfect, we conclude that

M = Ag, ®5)dg M

is a perfect DG-module over {Dg,. Furthermore, since Dy, is perfectly pretriangulated, we
have M = hg for some ¥ € Dy,. Since the DG-module M is finite-dimensional, we see
that ¥ € Dj. n
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In combination with Proposition A.2, this gives the following.

Corollary A.4. Let Aqy C Dag be a right admissible DG-subcategory in a smooth per-
fectly pretriangulated DG-category Dqg. Then Ag‘fg C i)fl‘gl is left admissible.

Proof. Note that #g, is also smooth and perfectly pretriangulated. Therefore, from Pro-
position A.2 and Lemma A.3 we deduce that (Afjdg)"f’ > Diy(Aqg) is right admissible

in (Dj3)*, hence Af is left admissible in D .

Finally, we observe in geometric situations that the categories 4, and D are closely

related to the category of perfect complexes. In the next lemma we consider D?(X) as
a DG-category (via any appropriate DG-enhancement) and DP*T(X) as its DG-subcat-

egory. To emphasize this we will write JDé’g(X ) and i)g;rf(X ) for these DG-categories.

Lemma A.5. Let X be a projective scheme over k. For the DG-category Dgy = !Dé’g(X )
we have .
fd r
CDdg = °D(11)§ (X)

Moreover, if Aqs C JDé’g (X) is right admissible then
fd f
AL = AR

Proof. Since X is projective, the category !Dgg coincides with the subcategory of homo-
logically bounded objects in gy, as defined in [32, Definition 1.6]. Therefore, the first
part is just [32, Proposition 1.11] and the second part follows from this by [32, Proposi-
tion 1.10]. [

Proof of Theorem A.1. The category Dgy = éDj’g(X ) is smooth (even when X is singu-
lar, see [29]) and perfectly pretriangulated. Let g, C g, be the full DG-subcategory
formed by objects with classes in A C [Dgg] = DP(X). By Corollary A.4 the subcat-
egory Ag‘; - Jl)gg is left admissible. By Lemma A.5 this gives the required result. ]

Remark A.6. One can also prove Theorem A.1 replacing the machinery of DG-categor-
ies by the technique of [31]. The crucial result here is [31, Theorem 0.2] identifying the
category D (X)°P with the category of triangulated functors D?(X) — D (k) for any
proper scheme X over k.
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