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Abstract. We present a method to construct a Ruelle—Pollicott spectrum for the geodesic flow on
manifolds with strictly negative curvature and a finite number of hyperbolic cusps.
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The spectrum of Ruelle—Pollicott resonances is a notion that was developed in the 1980s
[51,53,54] to associate Axiom A flows [58] with a discrete set of complex numbers
that describe its mixing properties. Let us recall their definition: if ¢; is a flow on some
manifold M, dy an invariant measure and A, B € C°(M ) two observables, then we can
define the correlation function

pra®)i= [ (Aop)-Bdn,

as well as its Laplace transform p4, g (s) which is holomorphic for Re(s) > 0. Pollicott
[51] and Ruelle [54] proved that, for Axiom A flows, this Laplace transform p4,p extends
meromorphically to a small strip Re(s) > —e for a certain class of measures. Its poles
are called Ruelle—Pollicott resonances of ¢; with respect to w. In the following decade,
several works [22,29, 34,55] were dedicated to obtaining sharp bounds on the maximal
strip on which the continuation is possible in terms of the regularity of the flow. More
recently, it has been understood that these resonances can be seen as the discrete spectrum
in the usual sense of the generator of the flow on some carefully chosen Banach spaces.
They appear as the poles of the meromorphic continuation of the resolvent kernel. See [10,
15,17,20,23,39], and also [2-5,19,25] for the related case of hyperbolic diffeomorphisms.
A wide generality of dynamical systems is considered in these articles; however, all these

Yannick Guedes Bonthonneau: IRMAR, CNRS, Rennes, France;
yannick.bonthonneau @univ-rennes1.fr

Tobias Weich: Institut fiir Mathematik, Fakultit fiir Elektrotechnik, Informatik und Mathematik,
Universitéit Paderborn, Paderborn, Germany; weich@math.uni-paderborn.de

Mathematics Subject Classification (2020): 37C30, 58J50, 35B34, 35A27


https://creativecommons.org/licenses/by/4.0/
mailto:yannick.bonthonneau@univ-rennes1.fr
mailto:weich@math.uni-paderborn.de

Y. G. Bonthonneau, T. Weich 852

results have in common that they assume the system has a compact trapped set

K(g) :={x € M | liminfd(x,¢;(x)) < +o0}.
t—>+o0

Since this is where the “non-trivial” part of the dynamics happen, one can crucially use
Fredholm theory. In this paper, we consider a family of hyperbolic flows whose trapped set
is not compact. For this class, we explain how Ruelle—Pollicott resonances can be defined.
We are convinced that the methods developed in this article will also apply to more general
settings and that they will lead to subsequent results such as meromorphic continuation
of zeta functions, and decay of correlations results. However, the new arguments that we
introduce to handle the non-compact trapped set are already a bit more involved than the
usual ones. We have thus chosen to restrain ourselves to the following setting, where they
can be cleanly developed.

The class of dynamical systems we are considering are geodesic flows on mani-
folds with cusps. We assume that (N, g) is a complete, smooth, (d + 1)-dimensional
Riemannian manifold, that decomposes into a compact core with strictly negative vari-
able sectional curvature, and a finite union of hyperbolic cusps with constant negative
curvature, that are attached to this core (see Definition 1.1 for more precision). We con-
sider the geodesic flow ¢; acting on the cosphere bundle M = S*N and denote its
vector field by X. When endowed with the Sasaki metric, M is a (2d + 1)-dimensional
Riemannian manifold. From the inclusion M C T*N, M inherits the Liouville measure
oz which is preserved by the geodesic flow, and gives finite volume to M. As N has
strictly negative curvature, the geodesic flow is uniformly hyperbolic, and due to the par-
ticular structure of the cusps, its trapped set (in forward and backward times) has full
measure in M.

As X is an antisymmetric unbounded operator on L2(M) := L?(M, j1), we deduce
that its resolvent

R(s) = (X —s) L L* (M) — L*>(M)

is a holomorphic family of bounded operators for Re(s) > 0. We prove the following
theorem.

Theorem 1. The resolvent has a meromorphic continuation as a family of continuous
operators Z(s): C2°(M) — D'(M) from Re(s) > 0 to the whole complex plane, and for
any pole of this meromorphic continuation, the residue is a finite rank operator.

Note that, for A, B € C2°(M) and py4,p the correlation function with respect to p1.,
it is easy to check that, for Re(s) > 0,

p4,B(s) = (Z(s)A, B) o/ c2°.

Thus the meromorphic continuation of the resolvent gives the continuation of p4,p to the
whole complex plane and its poles coincide with the poles of Z(s) — when A and B vary
in C2°(M). Consequently, we call the poles of Z(s) Ruelle—Pollicott resonances of the
geodesic flow (with respect to the Liouville measure).
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To the best of our knowledge, such a global definition of Ruelle—Pollicott resonances
of the geodesic flow on cusp manifolds was so far not known, even in the case of constant
negative curvature manifolds. We therefore want to mention another consequence.

Corollary 1. Let I' C PSL(2,R) be a co-finite Fuchsian group such that there is a tor-
sion-free, normal subgroup T' <\ T of finite index'. Let us consider the orbifold

Mrp := S*(I' \ H) = I" \ PSL(2, R).

Then the resolvent %(s) := (X —s)~': L>(Mr) — L?>(Mrt) has a meromorphic con-
tinuation Z(s): C°(Mr) — D' (Mr).

Proof. Theorem 1 applies to the smooth manifold M = T"\ PSL(2, R). The corollary
then follows by definition of smooth functions and distributions on orbifolds and because
the resolvent commutes with isometries. |

We now want to mention some results related to Theorem 1. In order to study eigen-
values of the Laplacian on moduli spaces, Avila and Gouézel [1] develop a functional
analytic framework for the Teichmiiller flows which are also a class of dynamical systems
with non-compact finite volume trapped set. They obtain a meromorphic continuation
of the resolvent to a neighbourhood of zero (cf. [1, Proposition 3.3]). It would prob-
ably be possible to adapt their method to geodesic flows on cusp manifolds in order to
obtain a continuation to a small strip along the imaginary axis (instead of C in our case).
However, their functional analytic tools are quite different from ours.

Another series of related results have been obtained for the special case of surfaces
of constant negative curvature with cusps. It has been shown in a series of articles by
Mayer, Morita and Pohl [41, 45,49, 50] that one can associate the geodesic flow with
one-dimensional expanding maps, using a carefully chosen discretization. Out of this dis-
cretization, one can build transfer operators with discrete spectrum, and these spectra have
interesting relations to number theory and the theory of Maass cusp forms [7, 38, 43].
One should be able to recover these spectra as a subset” of the resonances defined from
Theorem 1. It will be subject to further research to establish this connection precisely.

As Ruelle—Pollicott resonances are an important tool to study decay of correlations,
let us shortly mention that the question of mixing is not yet satisfactorily answered for our
class of cusp manifolds: for constant curvature manifolds with cusps, exponential decay
of correlations for the Liouville measure was proved in [44], while for variable curvature,
only its mixing property is known [12]. Two other recent results on the mixing of Weil—
Petersson geodesic flows on manifolds with cusp-like singularities® have been obtained

INote that a particular example of this situation is I' = PSL(2, Z) and T’ = I'(2) the principal
congruence subgroup (see e.g. [32, Section 2.3]).

ZMore precisely, the connection should be to the so-called first band of Ruelle—Pollicott
resonances (cf. [14,27,28]).

3Note that their notion of cusp singularities differs from ours: they consider singularities where
the distance to the cusp is bounded, but the curvature is divergent.
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in [8,9]. We hope that the analytic tools that we develop in this article will prove to be
helpful in the future for studying mixing properties of geodesic flows on manifolds with
hyperbolic cusps.

The meromorphic continuation of dynamical zeta functions is another important field
where meromorphically continued resolvents of flow vector fields have successfully been
applied. If & denotes the set of primitive periodic orbits of a hyperbolic flow and £(y)
their lengths, then the Ruelle zeta function is defined for Re(s) >> 0 by

¢r(s) == [T(1—e7®).

yeP

Smale [58] raised the question if, for Axiom A flows, the Ruelle zeta function* has a mero-
morphic continuation to C? This question has recently been affirmatively answered by
Dyatlov and Guillarmou [16] following a long series of precedent works that prove mero-
morphic continuation under additional assumptions [15, 17,22,23,47, 52] (we refer to
[2,60] for a recent overview of the literature). In all the recent accounts [15-17,21,23] of
these meromorphically continued zeta functions, a meromorphically continued resolvent
was the central ingredient. Consequently, Theorem 1 indicates’ that the Smale conjecture
could hold for geodesic flows on cusp manifolds, i.e. beyond the class of Axiom A flows.
So far, such a result is only known in the particular case of constant negative curvature
where it is a rather direct consequence of Selberg’s trace formula.

Contrary to the “classical” Ruelle—Pollicott resonances, the definition of “quantum”
resonances of the Laplace—Beltrami operator Ay on a cusp manifold N has been estab-
lished for a long time starting with works of Maa} [40] and Selberg [56]. See the intro-
duction of [37] for the constant curvature case, and [11, 46] for the variable curvature
case. In fact, the proof of our main result borrows ideas from the definition of quantum
resonances (such as the compact Sobolev embedding, Lemma 4.12).

Let us shortly sketch the further ingredients for proving the meromorphic continuation
of the resolvent to the whole complex plane (Theorem 1). As a first step, we construct
a family of anisotropic spaces HY™ that are adapted to the hyperbolic structure of the
flow. These are Hilbert spaces of distributions on M, and C2°(M) is dense in each H"™.
They are an adaptation of the spaces defined by Faure—Sjostrand [20] and Dyatlov—
Zworski [17]. Using a mix of their techniques, we obtain much in the same way a first
parametrix, which inverts X — s up to a smoothing remainder. However, this parametrix
is — contrary to the compact case — not sufficient for a meromorphic resolvent. Therefore,
it was necessary to introduce another technique. We chose to use ideas from Melrose’s
b-calculus to deal with the explicit form of the generator X in the cusp. From the very

4Actually, Smale considered a different version of a dynamical zeta function which is rather an
analogue of Selberg’s zeta function. The question of meromorphic continuation is however trivially
related to {R.

SIn fact, the full statement of our result (Theorem 3) already provides several further ingredients
necessary for the meromorphic continuation of {z such as the extension to differential forms and
wavefront estimates.
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nature of these techniques, they work independently of the dimension of N. It is not
entirely clear whether the technique could be applied or not to the case that the curvature
is not exactly equal to —1 in the cusps, only close to —1. However, by analogy to the
resonances of the Laplace operators, we conjecture that the meromorphic continuation to
the full complex plane will not hold true when assuming only pinched negative curvature
in the cusps.

Let us present the structure of the paper. In Section 1, we introduce the precise set-
tings in which we are working and collect several properties of the geodesic flow on cusp
manifolds, that will be crucial in the sequel. To prove our theorem, we then build a first
parametrix in Section 2.2 following the arguments of [17,20]. The geometric construction
of the escape function is presented; however, the technical microlocal lemmas are proved
in Appendix A. Section 3 is devoted to introducing techniques adapted from b-calculus
and proving the meromorphic continuation of the resolvent of a certain class of transla-
tion invariant operators. These operators show up precisely when restricting the geodesic
flow to the zeroth Fourier mode in the cusp. In Section 4, such a resolvent is used for
the construction of a parametrix (up to compact remainder) of the geodesic flow vector
field. Then, using analytic Fredholm theory, we conclude on the meromorphic continu-
ation announced in Theorem 1. In Sections 3 and 4, we work in a more general setting
under a list of assumptions. This should allow for an easy generalization to more gen-
eral settings (such as fibred or complex hyperbolic cusps) in the future. In Section 5, we
finally compute explicitly the indicial roots for the b-operators associated to the geodesic
flow on our class of cusp manifolds and we check that all the necessary assumptions in
Section 3 and 4 are fulfilled.

Note that, in fact, we prove more general and more precise versions of Theorem 1.
For example, we continue the resolvent for a certain class of derivations on vector bundles
(cf. Definition 1.4) including the geodesic vector field with smooth potential, Lie deriv-
atives on perpendicular k-forms and general associated vector bundles over constant
curvature manifolds (cf. Examples 1.5-1.7). Furthermore, we give a precise descrip-
tion of the wavefront set of the resolvent. For a full statement, we refer the reader to
Theorems 3 and 4.

1. Geometric preliminaries

1.1. The geodesic flow on cusp manifolds
Let us give a precise definition of the manifolds on which we are working.

Definition 1.1. A manifold N will be called an admissible cusp manifold if the fol-
lowing assumptions hold. First, (N, g) is a (d + 1)-dimensional Riemannian manifold,
connected and complete when endowed with the corresponding Riemannian distance.
Second, it decomposes as the union No U Z; U --- U Z,, where Ny is a compact manifold
whose boundary dNy is a finite disjoint union of d-dimensional tori. At each component
£ =1,...,k of Ny is glued the hyperbolic cusp Z;, which takes the form

Zy = la, +ool, x (R?/Ag)s.
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Fig. 1. Schematic sketch of a cusp manifold

(Here, Ay is a lattice in Rd, and we can impose the normalization condition that it is
unimodular.) We require that the metric g has strictly negative curvature in the whole
of N, and additionally, we fix, foreach £ = 1,...,«,

dy? + do?
y:o
Then the sectional curvature is —1 in each cusp, and the volume of N is finite. Since

the sectional curvature of N is pinched, we deduce that its geodesic flow ¢; is a uni-

formly hyperbolic flow® on its cosphere bundle. More precisely, we have the following
proposition.

(1.1)

81z¢ =

Proposition 1.2. Let M = S*N be the cosphere bundle of an admissible cusp manifold.
There is a splitting
T™M = Ey® E; ® E,

into dy-invariant subbundles, which is Holder continuous with uniform constants. Fur-
thermore, the angle between any pair of the invariant bundles is bounded from below by
a uniform constant. Finally, there are global constants ¢, C, 8, B > 0 such that

ce B || < |I(de)v] < Ce_ﬂ’||v|| forallv e Eg, t >0,
ce Bl | < |(do—s)v| < Ce_ﬁt||v|| forallv e E,, t > 0.

Proof. Let N be the universal cover of N. Itis a simply connected, complete Riemannian
manifold with pinched negative sectional curvature (—k2, < K < —k2. < 0) because
the non-compact ends Z; are endowed with a constant negative curvature metric. For
the same reason, all derivatives of the sectional curvature are bounded. Thus [48, The-
orem 7.3 and Lemma 7.4] apply to this situation and they provide the splitting into invari-
ant bundles over S*N with the above properties. As the invariant bundles are invariant

under isometries, taking the quotient, we obtain the desired result. ]

60Often, uniformly hyperbolic flows are also called Anosov flows. Several authors use the term
“Anosov flow” however only in the more narrow setting of hyperbolic flows on compact manifolds.
For this reason we refrain from using the term Anosov in our setting to avoid confusion.
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For the proof of Theorem I, it will be crucial to have a precise understanding of
the geometry and the dynamics on the non-compact ends of S*N. We therefore start by
introducing explicit coordinates on S*Z,. In order to simplify the notation, we will drop
the indices £ = 1,.. ., x that number the cusps.

Recall that a cusp is Z = [a, oo x R? /A, and since we have assumed that A is uni-
modular, we have canonical coordinates y € [a,o0[, 8 € R?/A. In many cases, it will
be convenient to perform the change of variables r = log y € [loga, oo[, and the metric
becomes

g=dr*>+e 2" dbh>.

A single cusp has the local isometry pseudo-group given by R x R which is realized by
linear scaling and translations in the y, 6 variables,

Tr0,(.0) 1= (e"y.e"0 + 6p), (1.2)

or in r, f-variables,
Trp,(r.0) :=(r + 1,70 + 6). (1.3)

Using the y, 6 variables, we can write § € 7)'pZ as § = Y dy + J d6 for Y € R and
J € R, and the Riemannian norm of such a cotangent vector is given by

Elg =y /Y2 + 1 a-

Elements & € S}y Z of a cosphere fibre are thus in bijection with
ti=y¥,J)esS? c R,

In particular, the cosphere bundle over the cusp is trivializable S*Z = Z(y g x S . The
usual metric on S*Z, the Sasaki metric (see e.g. [26] for an easily accessible 1ntr0duc—
tion), is not a product metric. However, one can check (see the expression of the Sasaki
metric in [6, Section C.2]) that it is equivalent to the product metric gz ® gga, where
gsa 1s the usual metric on the sphere. We will use the product metric in the sequel.

For the study of the geodesic flow, some more precise variables on the spheres are
useful. We choose a orthonormal base of coordinates 61, ..., 6 in R, We fix

Y =1,J =0~y ldy

to be zenith, and we fix y~! df; to be the azimuthal reference. With these conventions,
apoint{ € A v.9Z is non-ambiguously determined by its inclination ¢ — the angle it makes
with the Zemth and its azimuthal position, u € S?~! Wthh is determined by the choice
of base in R?. As a point in R+, ¢ = (cos ¢, singu) ~ y~' cospdy + y ' singu - df.

We single out two important points, the North Pole JV € S? with ¢ = 0 that corres-
ponds to the cotangent element y~! dy = dr € S*Z pointing into the direction of the
cusp and the South Pole § corresponding to —y~! dy = — dr pointing perpendicularly
to the bottom of the cusp.

The geodesic flow is known to be the Hamiltonian flow with Hamiltonian

h(x.€) = 38x(5.8) = 302 + [T |ga).
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N
) /4

a 0

0 s

Fig. 2. This figure illustrates the dynamics of the geodesic flow on a cusp. The left part shows the
fundamental domain of a cusp (for d = 1) in the y, 6 variable. The black solid line is the trace of
a geodesic projected from S*Z to Z. The arrows indicate the direction of the flow and correspond
to the cotangent vectors. On the right, each of these arrows is represented by its { coordinate in s4,
evidencing the transient dynamics from N to S.

and a straightforward calculation with the canonical symplectic structure on 7*Z gives
the associated Hamiltonian vector field

Y2Ydy + y2J -9 — y(Y2 + J?)dy.

Restricting this vector field to S*Z and using the spherical coordinates ¢, u, we obtain
an explicit expression for the geodesic vector field,

X = ycos(p)dy, + ysin(g)u - dg + sin(@)d,
= cos(¢)d; + ¢" sin(p)u - dg + sin(¢)dy,.

Note that u - dg is understood after identifying u € S¥~1 € R? = Ty(R?/A).
The dynamics of the geodesic flow vector field is illustrated in Figure 2. Let us
emphasize two important properties of the geodesic flow dynamics on S*Z.

(A) The Hamiltonian 4 is independent of the 6 variable, which implies that the corres-
ponding momentum variable u is a constant of motion under the geodesic flow.

(B) The dynamics of the variable ¢ € S =~ Sy*’gZ is decoupled from the dynamics
on Z. By property (A), this dynamics is even rotationally invariant around the axis
through A and §, and it is precisely the gradient flow on the sphere S with the
obvious height function.
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This has the following consequence for the dynamics of the geodesic flow on the cusp.
Assume that trajectories stop when they reach the lower boundary y = a. Then the only
wandering trajectories are those with { = N or { = §. They correspond to the geodesics
that leave or enter the cusp, parallel to the y-axis. All other trajectories only rise up to
a finite height into the cusp and are thus “trapped”. However, by choosing ¢ arbitrary close
to N, this height can be made arbitrary large and the trapped set is non-compact. Since
the non-compactness of the trapped set is the central problem in extending the techniques
of [17,20], these regions around N and § will become crucial in the analysis.

Finally, let us add a third remark that is not directly related to the dynamics of the
geodesic flow, but rather to its action as a differential operator.

(C) As the geodesic vector field commutes with local isometries, it commutes in partic-
ular with the R?-action by translation and thus preserves the Fourier modes in the 6
variable. If k is an element in the dual lattice A* C R9, then restricting the geodesic
flow vector field to the Fourier modes e%? yields a differential operator

Xi = cos(@)dr + sin(@)dy, + ie” sin(p)u - k. (1.4)
When k = 0, this is a vector field with coefficients that do not depend on r.

Remark 1.3. The structure of the flow restricted to the zeroth Fourier mode is essential
to our proof. Indeed, since it is translation invariant, we can use techniques adapted from
Melrose’s b-calculus to find an exact inverse for the model flow on a “full” cusp (cf. Sec-
tion 3). The fact that, in the other Fourier modes, the flow does not have such a nice
structure is compensated by the fact that we have a compact injection for functions in H'!
whose zeroth Fourier mode vanishes in each cusp (cf. Lemma 4.12).

1.2. Admissible vector bundles

As mentioned in the introduction, we want to prove the meromorphy of the resolvent
not only for the geodesic vector field acting on functions but also for a larger class of
admissible vector bundles. In order to precisely define these admissible vector bundles,
let us first recall how to write the non-compact ends S* Z, as locally homogeneous spaces.

Given a cusp Z; = [ag, oo[ x R? /A, we will consider the associated full cusp to
be the space Zy r = (Ry), X (R?/A¢)g with the metric g defined in equation (1.1)
extended to Zy ¢ in the obvious way. Let G = SO(d + 1, 1); then using the Iwasawa
decomposition, we can write G = N A K, where A = (R,,-), N = (R?, +) are abelian
groups and K = SO(d + 1) is the maximal compact subgroup in G. Then a full cusp
is simply the double quotient Z; r = Ay \ G /K, where we consider Ay C N = R,
The unit cosphere bundle can then be simply written as S*Z; r = Ay \ G / M, where
M = SO(d) (see e.g. [27,30] for more details). Recall furthermore that the Bruhat de-
composition on the Lie algebra

g=mdadny Gn_

is AdM invariant. Accordingly, G / M is a reductive homogeneous space, and for any
orthogonal representation (z, V') of M, the associated vector bundle G %V is a homo-
geneous Riemannian vector bundle with a canonical compatible connection.
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Now we can define admissible vector bundles.

Definition 1.4. Let N = No U ((J;y_, Z¢) be an admissible cusp manifold in the sense
of Definition 1.1 and M = S*N. Let L — M be a Riemannian bundle endowed with a
compatible connection V. Moreover, L is an admissible vector bundle if, for each cusp
Zy, £ =1,...,k, there is an orthogonal M-representation (¢, V) such that L| Z, CO-
incides with the associated vector bundle

Liz, = A\ G xg, Vi

(The Riemannian bundle metric and connection of L are also assumed to coincide with
those of the associated bundle.)

Let X be a derivation on sections of L that lifts the geodesic flow vector field X . That
is to say that it satisfies the Leibnitz relation

X(fs)=(Xf)s+ fXs for f €e C®°(M), s e C®°(M,L).

We say that X is an admissible lift of X if there is a fixed A, € End(Vy)™ for each
cusp Z; such that, when restricted to L|z,, X acts as X := Vyx + Ay.

Let us mention three important examples of admissible vector bundles and differential
operators.

Example 1.5. Let VV € C° (M) be so that, in each cusp, V' is just a constant. Then X + V/
is an admissible operator on the trivial bundle.

Example 1.6. Let I' C G be a non-uniform torsion-free lattice. Then I" \ G / K is a non-
compact manifold of constant curvature whose ends are cusps in the sense we have
defined; it is thus an admissible cusp manifold. There is a finite number of ends. Given
an orthogonal representation t of M on V', we can then construct globally the bundle
L; =T\ G x.V and the corresponding connection. Then the operator Vy is an admiss-
ible lift of the geodesic flowon M =T\ G / M.

Example 1.7. Let us take N an admissible cusp manifold, M = S*N and X the corres-
ponding geodesic vector field. We can consider the Lie derivative £x acting on A(T* M),
the bundle of forms of arbitrary degree over M ; it is an admissible lift of X . Further, define

AN(T*M) :={w e L(T*M) | ixw = 0}.

This sub-bundle of A(T*M) is invariant under £x. Also, £x preserves the Liouville
one-form «, which is a contact one-form. In particular, we can identify the action of £x
on A+(T*M) with the action of £y on A((kera)*). This is also an admissible lift of X.

2. Anisotropic space and first parametrix
The main idea that was presented in [20] was to resort to usual semi-classical techniques

to prove the meromorphic continuation of the resolvent of the flow generator for Anosov
flows on compact manifolds. This is not the only method available for compact mani-
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folds — see [10] — but it is the one we will extend to our case. Another paper [17] used
propagation of singularities to obtain the wavefront set of the resolvent, in order to sim-
plify the proof of meromorphic continuation of the zeta functions. We will use a mixture
of both, since we use the approach of [20] to continue the resolvent, and ideas from [17]
to obtain the wavefront set of the resolvent.

We consider L — M = S*N an admissible bundle and X an admissible lift of X the
geodesic flow on M. Since we will use semi-classical techniques, we introduce a small
parameter 0 < h < hg, and we let X := hX. We refer to Appendix A where we collect
the definition of the notions of microlocal and semi-classical analysis (pseudo-differential
operators, symbol classes, . ..) which we will use in the sequel.

The first result in this section is the following proposition.

Proposition 2.1. For each y > 0 and h > 0, we can build a space of L-valued dis-
tributions HY™ on M that contains C°(M, L), and a pseudo-differential operator Q
microsupported in an arbitrarily small neighbourhood of the zero section in the fibres
of T*M, so that there exists hg > 0 so that, for 0 < h < hg and for [Ims| < h='/2 and
Re(s) > —y,

X — Q — hs is invertible and ||(X—Q —hs) Y gym = O/ h).
As h varies, the spaces HY™ remain the same as vector spaces, with equivalent norms.

The space H?™ will take the form (see Definition 2.7)
Op(e™7%) - L2(M, L).

In this formula, G denotes a so-called escape function, and Op a semi-classical quant-
ization that we define in Appendix A (see equation (A.4)). The construction of G will
be done first for X acting on functions. Then the general case is obtained by tensorizing
Op(e~79) with the identity 1 € End(L).

Remark 2.2. As should be clear after reading the proof, the construction of the escape
function is local in the sense that it can be done in the universal cover. In particular,
Proposition 2.1 should hold in any geometrically finite negatively curved manifold whose
universal cover has bounded geometry. We do not prove this general result because that
would require the construction of an explicit quantization with uniform bounds on these
non-compact spaces. This seemed too much a detour considering that our aim is to study
cusp manifolds and that a suitable quantization in this setting has already been developed
by the first author in [6].

2.1. Building the escape function

In this subsection, we want to construct an escape function in complete analogy to [20,
Lemma 1.2]. As we deal with a non-compact situation, we however have to take care that
the required uniform bounds hold.
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The escape function G will be a function on the cotangent bundle 7*M, and we
introduce the decomposition

T*"M =E;®E, ®E; (2.1)
so that E(’; = Ra, where « is the Liouville one-form —£ - dx. Furthermore, we have
E=(E*® E%tand E} = (E* ® E®)*.

We have to introduce some notation regarding the dynamics. We lift the geodesic
flow ¢, symplectically to the flow

Qi (x,€) > (e (x), (deg)) ! - €).

It is the Hamiltonian flow associated to the Hamiltonian

p(x,8) =& X(x), (2.2)

which is the symbol of —i X, and we denote by X¢ its Hamiltonian vector field. Decom-
position (2.1) is preserved by the flow, and

(x.§) € Ef = |®:(x,8)| < Ce™P|(x,§)| fors >0. (2.3)
(Likewise in negative time for E}.)

Lemma 2.3. For any sufficiently small uniform conical neighbourhoods Ny, Ny, Ng of
EJ,E}, EY, there are constants Cg, R > 0 such that, for any § > 0, there is an escape
Sunction G € C*°(T*M) with
(1) XoG > 1 outside of {|€] < RS} U Ny,
(i) XoeG > 0 globally on {|&| > 6},
(iii) for|&| > RS
+Cq logl§| + O(1), § € Ny,
G(x,§) = | —Cglogl§[ + O(1), £ €Ny,
0, & € No,
(v) e%e Sl‘;‘g (M): it is an anisotropic symbol of order m(x, §), withm € Sc({ (M) being
a 0-homogeneous classical symbol (see Definition A.6 for a definition of classical
symbol classes) with

+CG, 56 Nu,
m(x,§/[§]) = { —Cg, &€ N;,
0, SE Np.

In order to prove Lemma 2.3, it will be helpful to restrict ®; to the unit sphere
bundle S*M. In order to do this, let us interpret S*M =~ (T*M \ {0})/R, where R
acts on each fibre by linear multiplication. Then, by homogeneity, ®, factors to a flow
®,: S*M — S*M with vector field X5. By an abuse of notation, we can see Ej, E;;
and E as subsets of $* M . From the uniform estimates in Proposition 1.2, we obtain the
following lemma.
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Lemma 2.4. For e > 0, let US C S*M be the e-neighbourhood of E;; and likewise let
Uss C S*™M be the e-neighbourhood of Eg @ EJ. Then there exists € > 0 such that Uy
and Uy  are disjoint. Furthermore, for any fixed € as above, there is a finite maximal
transition time Tmax > 0 such that, for t > Tyax,

(1) forall (x,§) € S*M \ U, ®_;(x.£) € U§,,
(2) forall (x.§) € S*M \ U§., ®,(x.§) € Ug.

Finally, for any T > 0, there is €' > 0 such that U;, C &>T(U,f) and U(i/s C &D_T(U&S).
The same statement holds for E§ @ E; and E.

Proof of Lemma 2.3. Let us first construct the weight function m. This decomposes into
two symmetrical steps.

Take an € > 0 from Lemma 2.4 such that U3¢ N U03§ = . In a first step, we want to
smooth the characteristic functions 12€, 1125 € LIIOC(S M) on these two sets. Therefore,

take ¥, € C°(]—€, €[), with ), > 0 and )(m (0) > 0. Then we define a smoothing kernel
€ C®(S*M x S*M) by

Xm(d(x,x))
Jsers Am(d(x.x")) dx"
and we denote by K, the corresponding smoothing operator. Now we define the function

mg s = Km (12¢ — ﬂgfs) which, by the construction of the smoothing operator, fulfils the
following assumptions:

Xm(x,x) =

(1) mg ¢ € €°(S*M) — this means that all derivatives are bounded, see the discussion
at the start of Appendix A;

(2) mg ; equals +1 on Uy; and —1 on U ;
(3) mg , takes values in [—1, 1].

Now take the time T' = 27,x (With 7, being the transition time from Lemma 2.4), and

set
T ~
m; = /ng,s o @, dt.

‘We have
Xemy = mg 0 & —mp ;o P_r.

By Lemma 2.4, for any (x,£) € S*M, either &1 € US or &_1 € Us - Since mg ; takes
values in [—1, 1], we deduce that everywhere

Xgm3 > 0.
Now let us define V,, := &7 (S* M\UOS) CUSand Vy 5 := d_7(S* M\ U) C UOS
Then, for (x,&) ¢ (V, U Vo), O (x, é) € US and O_7(x,£) € Uy.s> and consequently,
X&,mT(x,S) =2.

On the other side, if (x,§) € V,,, then mOS(CIJ (x,&)) =1 for t > —t,, and from the

definition of T', we deduce that m T(x,&) > T. For the same reason, m;f < =T on Vp .
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Finally, with € > /0, from L§mma 2.4, we deduce that mJTr is constantly equal to 27
(resp. —2T) on Uy; (resp. Ug ).

The second step is to build a similar function m7, replacing E;; by E;, and going
through the same procedure. Taking

+ —
mT+mT
2 9

we get

(&) meE>®(S*M),

(b) Xgm >0in S*M,

() Xem=>1lonS*M \ (V,, U Vs UUS),

(d) on U,f/ (resp. U;/, U(f/), m equals 2T (resp. =27, 0),

) m>TonV,andm < —T on V.

The actual weight function m will be m multiplied by a constant that we will determine
at the end.

Now comes the second part of the proof: building the symbol G. Choose N, (resp.
Ny, No) to be the cone in 7*M generated by V,, C S*M (resp. V, U§). We want to
choose a symbol f € S'(M) to be a positive elliptic symbol so that, outside of |£| < &,
on Ny, it equals |p|. We also want that, on N, (resp. Ny), it satisfies X¢ log f > /2
(resp. < —f/2). We would like to set f to be just the norm |§| in a neighbourhood

of E; @ E7, but this is not suitable because the constant C in estimate (2.3) is not
necessarily 1. However, we find that, for (x,£) € EJ,

1! log C
Xol| — log|® _—
¢(2I/t ol s(x,s>|ds)s S

This suggests to pick 77 > 21og(C)/B and define, for (x, £) in a fixed conical neighbour-
hood of E; @ E,

I
Jus(x,§) = exp(zT/ /_T/ log|d>,(x,§)|dt).

This is not a norm anymore, but is still 1-homogeneous and smooth — except at 0. On E,
Xolog fus < —3B/4 so that, if € > 0 was chosen small enough, X¢ log f,,s < —8/2
in Ny. We also have the corresponding estimates in N,,. We can piece together f,; and
| p| around Ny to obtain a globally defined elliptic 1-homogeneous symbol. Let cr be its
infimum on {|¢| = 1}.

We have all the pieces to define

o= (S o £ s 250

where Cj; > 0 is a constant fixed later and y¢ is a C2°(]—1, 1[) function that equals 1 in
[—%, %] and takes values between 0 and 1. It is there to ensure that G is smooth at £ = 0.
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We can check that G > 0. By the properties of m from above, we directly deduce that
Lemma 2.3 (iii) holds.
Now we can compute

2 2 X
XoG = ~C4(XoxgImlog 2 + Ch(1 — xo)| (Xamylog 22 + m ™2 ],
crd crd f
Let us discuss the different terms: X¢ y vanishes outside {|&| < 6}; thus the first line is
irrelevant for properties (i) and (ii) of Lemma 2.3. Let us consider the second line case

by case.

o (x,§) ¢ (NoU N, U Ny): Note that |m| and | X f/ f'| are globally bounded by a con-
stant Cy. By property (c) above, Xgm > 1. By the fact that f is elliptic, there is a con-
stant R > 0 such that, when {|§| > R}, log(2f/cs) > 1 + CZ. Then, for |£| > RS,
we also have log(2f/c/8) > 1 + C¢; thus XoG > C¢ for [E] > RS

e (x,&) € Ny,:Now we only know that X§m > 0, so we need a uniform lower bound for
the second term. But, from the choice of f, it is precisely there that X¢ f/f > B/2.
Together with property (e) of m above, we deduce XoG > BT C[; /2 for |£] > 6.

e (x,§) € Ny: As in the previous case, we obtain XeG > BT C(; /2 for |£| > 6.

e (x,&) € Ny: As f is a function of p on Ny and X¢ is the Hamiltonian flow of p, we
have X f = 0. Since Xgm > 0, we conclude XoG > O for |£] > 6.

Let N, (resp. N]) be the conical neighbourhood corresponding to U,f/ (resp U;/).
We have N, C Ny and N] C Ny. On N,, (resp. Ny), G = 2C T log|é| + O(1) (resp.
—2C( T loglé| 4+ O(1)). So we choose C/; > max([%, 1). This gives Cg = 2C;T and
m = C.m.

At last, we have to verify that m and G are symbols in the right class in the sense of
Definition A.6. The weight was constructed as a 4 function on S*M, and that is the
definition of being in S$(M). For e to be elliptic in Siow (M), it suffices then to check
that (1 — xg(|€])) f itself is elliptic in S}(M). By definition, this means that f/|£| is

a ¢’ function on S$*M . That is also a direct consequence of the construction. ]

Actually, in our case, we can say something a little better, that will simplify the rest
of the proof.

Lemma 2.5. We can assume that, for y > a with a large enough, both G and m are
invariant under the local isometries Ty g, defined in equation (1.2).

Proof. Recall from the discussion in Section 1.2 that each cusp Z; can been seen as a sub-
set of the full cusp Z; r = A \ G /K. The geodesic flow on the hyperbolic space G \ K
or rather on its sphere bundle S(G /K) = G /M is known to be uniformly hyperbolic
with analytic stable and unstable bundles ES/* which are invariant under all isometries of
the hyperbolic space G /K, i.e. under the left G action. Consequently, these bundles des-
cend to the full cusp SZy, ¢ and can thus be restricted to the cusps. We call them the stable
and unstable bundles corresponding to constant curvature and denote them by Ej ;. By
the invariance under isometries of hyperbolic space, the bundles Ej, /; are invariant under
the local isometries 77 g, defined in equation (1.2).
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c

Let us now explain that Ey/; and Ey s become O(1/y)-close high in the cusp. Let
us do this for the example of Ej. First, note that £, @ E; = E @ EY (this is because
the contact form of both flows coincides. Now, for trajectories whose past is included in
the cusp, E* and E have to coincide, so at the bottom of the cusp (y = a), directions
that are close to the South Pole (i.e. incoming trajectories), £° and Ef are transverse
(by continuity of the bundles). Now, high in the cusp (¥ > a) in an arbitrary direction
(except in N), its trajectory, when it exits the cusp, has to be almost vertical, i.e. in the
neighbourhood of the South Poles considered above; now the uniform hyperbolicity of
both splittings implies that E* and E¢ are O(1/y)-close as y — +o0.

As a consequence of the fact that the bundles Ej /¢ and Ey/s become close, when
building the functions mg ¢ and my ,, we can actually choose them to be invariant by
T% g, high in the cusp —say y > yo.

Since it takes at least a time ~ log y to go from height y in the cusp to the compact
part Ny, and since all the constructions above make use only of propagation for a global
finite time under the flow, we obtain that, for y > yoeT, m is also invariant under T g, .

The last thing to check is the invariance of f. In the cusp, the vector field X is also
invariant under local isometries of the hyperbolic space so that f also can be chosen to
be T% g, invariant for y > yOeT/. |

Remark 2.6. We can choose a so that it coincides with the a in Definition 4.3. It will be
smaller than the a of point (7) of Proposition A.8.

2.2. A first parametrix

Now that we have built our escape function, we focus on building an approximate inverse
for X — hs. Recall that we use semi-classical analysis: we had defined X = A X, and
we will work with the semi-classical quantization OpZi 7, acting on sections of L; see
Appendix A, equation (A.4). For a simpler notation, we simply write Op in the sequel.
A priori, for Op(o) to make sense, we need that ¢ is valued in End(L). If o is just a func-
tion, we can consider Op(c ® 1). This operator will be denoted by abuse of notation just
as Op(o).

Definition 2.7. Let § > 0, and let G5 be the corresponding escape function given by
Lemma 2.3. Let y > 0. We denote by H 51’ ™ the set of distributions

HY™ = Op(e™79%)- L>(M. L).
It is endowed with the norm
I | ym = 10p(e™ )" fllL2ar.1)-

The space actually does not depend on % or on §, but the norm does. As a convention, we
denote Hl? =L%*(M,L).

We will drop the § indices in the notation, to lighten a bit the presentation, and just
write HY™(= Hb?/m). Only at the end of Section 4 in the proof of Theorem 3, we will let §
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go to 0. From the properties of G, we directly obtain the following regularity properties,
which show that H 8" ™ is an anisotropic space’ .

Lemma 2.8. Foranyy > 0, § > 0, we have the continuous inclusions
+Cgy ym —Cgvy
H CHy CH .

Furthermore, near E, Hg’m is microlocally equivalent to HECSY | and near E:, ngym is
microlocally equivalent to H=CGY . In particular, for A € S°(M, L),

WF;,(A) eNy, — ||Au||H§/m < C”AMHH—Cc;y,
WEL(4) € Ny = [ Aullegy < ClAulm.

The differential operator X, which is a priori defined on C2°(M, L), has a unique
closed extension [20, Lemma A.1] to the domain D, :={u € H"™ : Xu € D,}. The
domain D,, is naturally a Hilbert space with respect to the scalar product

(o )p, = (. Ymrm + (X X ) gym.

The action of X — is on HY™, is equivalent to the action on H 0= 120f
Op(e™%) ™1 (X — hs) Op(e7%) = X — h(y Op({p. G}) + ) + OR*W1 ™).

Since X¢ is the Hamiltonian vector field of the Hamiltonian p defined in (2.2), we have
{p,G} = XoG. We will need the following observation.

Lemma 2.9. There are constants C,C’ > 0 such that X — hs: D, — HY™ is invertible
forRe(s) > C(1 + y). We denote the inverse by Z(s), and its operator norm is bounded.:
| % ()| gym—sgym < C'h™ 1.

Proof. From the sharp Garding inequality (Lemma A.10), we conclude that there are
C,& > 0 such that Re((X — As)u, u)gym < —z;h||u||%1),m for Re(s) > C(1 + y) and all
u € CX(M) (C does not depend on y).

We deduce that ||(X — As)u||gym > eh|u||gym. Consequently, the image of (X — /)
is closed. We deduce that it is the orthogonal of the kernel of the adjoint. We also get
that the kernel of (X — As) is empty. Additionally, we observe that the adjoint of X — &s
satisfies the same sharp Garding estimate so that it also is injective, and thus (X — As) is
surjective. We conclude that it is invertible. ]

For each § > 0, we pick Q (= Qs), a self-adjoint semi-classical pseudo-differential
operator, of the form Op(g), with ¢ € S° equal to 1 in {|§| < 2R§}, everywhere posit-
ive, and supported in {|£| < 3R§} — the constant R was given in Lemma 2.3. This is an
absorbing potential. Let us define

Xo(s) =X—- Q0 —hs.

"The spaces that show up here are distributions that are regular in the E  direction and irregular
in the £ ;" direction. This is no contradiction to precedent works like e.g. [15] where the authors
continue the resolvent of the operator —X and thus obtain the converse regularity properties.
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Then we have the following key estimate.

Proposition 2.10. Let § > 0; then there is a constant Cs > 0. Assume that s satisfies
Re(s) > Cs —y + 1 and [Ims| < h=Y2. Then, for sufficiently small h, the operator Xo(s)
is invertible on HY™. Denoting by Z¢ (s) its inverse, we get |Zo(s)| = O(h™1).

Proof. We fix a tempered family of functions u € C°(M, L). We consider the regions

Qe i= {(x,8) | [§] <3R8/20r|p(x,§)] > €(§)},
QGarding = {(x,§) | [§] > RS and §/§[ & Noj.

If € > 0 is chosen small enough, then they overlap, so we can build a partition of unity
1 = Aent + AGarding, With Aey (resp. Agarding) microsupported in ¢y (resp. £2Garding)> and
both A’s in WO,

In the region Qg, the principal symbol of Xo(s) is elliptic, so we deduce®, from
Proposition A.14,

[ Aeuul|vm < C [ Xg (s)ullym + O (™) [[ullgym.

Now we can concentrate on the region of interest Q2garding. By definition, the action of
X (s) on HY™ is conjugated by Op(e %) to the action on L? of

Xo(5) =X~ 0 —h(yOp(ip +iq. G} +5)) + O(h2 ¥} ).

We denote by Im the operator obtained after conjugation by Op(e~*9), and define
it ;= Op(e™ %)~y € L?. We consider

—Re(X o () Acardingls Acardingtt) 2 = (PA2AGrdingt > AGarding) 1.2
+ h(Re(s) + )| Agirang i3 2.
where A is a microlocal cutoff in a slightly bigger neighbourhood of WF}, (Agarding) and
P:=—ReX+ Q0 +hyOp(ip.G} — 1) + O(h>¥ ).

(Here, ReX is the real part of X acting on L2, and it is an @ (k) order 0 operator.)
By Lemma 2.3 (i) (recall that {p, G} = X¢G), we conclude that PA, € WO has non-
negative principal symbol, and by the sharp Garding inequality A.10, we deduce that

—Re(X () Agiraingil. Aciraingil) 2 > h(—Cs + Re(s) + ¥) | Aaraingii |25

8Note that Proposition A.14 (2) is stated in terms of ordinary Sobolev spaces and not in terms
of anisotropic Sobolev spaces. The statement on anisotropic spaces can however be deduced
by applylng Proposmon A.14(2) to the conjugated operators Op(e_y )1 Aey Op(e™ vG ) and
Op(e™ YG)y=L(X — Q — hs) Op(e™ vG) respectively. Note therefore that the conjugation does not
affect the ellipticity.
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The constant depends on Q, which depends itself on §. Using Cauchy—Schwarz and our
assumption Re(s) > Cs — y + 1, we get

| Aardingtill2 < Ch™" | X o (s) Acirdingti |l 2

| AGardingtt vm < Ch™" X0 (s) Airdingt | HHym.
Gathering our estimates, we find that
[l zym < Ch™Y X0 (5) Acaraingtt || zrvm + C [ X ($)ul| zrym 4+ O (h™) [[ue]| zrovm.
Now let us consider
X0 (5) Acarding | Hvm < || AGardingX 0 ()| rym + [[[Xo (5), AGarding]t || rym.

We have [Xo (s), Airing] € hW°, and as WF,([Xg (). Agarding)) C et N Lirding: We
get by elliptic regularity |[[Xo (s). Agirginglu[[rm < ClIXo (s)ulzym + O ™) |u| zym.
By continuity of Agsrding, we deduce || AgardingX o () ||gym < C||X g (s)u| gvm, so alto-
gether, we get || X g (5) Agarding | zvm < C[|X g (s)u||gvm, and consequently,

C
lellzrm = 21X ()l rrrm + OBZ) ]| rm.

This estimate implies that, for sufficiently small /, the operator X ¢ (i) is injective and has
closed range. Performing exactly the same estimates for the adjoint operator, we deduce
that X g (s) is surjective. |

In the case of compact manifolds, the end of the proof of the equivalent of Theorem 1
is based on the fact that, by writing

X—hs)Zo(s) =1+ 0Zp.

we have that X — /s is invertible modulo a smoothing operator, and smoothing operators
are compact on compact manifolds, so X — ks is invertible modulo compact operator.
Hence it is Fredholm, of index 0, and its inverse is a meromorphic family of operators in
the s parameter.

However, in our case, smoothing operators are not compact. We will present a spe-
cial ingredient in the next section to overcome this problem. Before that, we consider
wavefront sets.

Proposition 2.11. Let Q2 be the subset of phase space
Qp = {((x.8): ¢ (x.8)) | p(x.§) =0, 1 =0} CT*"M x T*M.
Recall that A(T* M) is the diagonal in T* M. The wavefront set of %o (s) satisfies

WE),(Z0(5)) N (T*M x T*M) C A(T*M) U Q.
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Proof. First, by ellipticity in {p(x, &) # 0} U {|] < 2R4}, the wavefront of Zg(s) is
contained in A(T*M) U {p(x,&) = p(x',&') =0, |&], |¢'| > 2RS}.
Next, note that, by Lemma A.13, we have to prove that, for

((x.§). (x". ) e T"M xT*M
fulfilling

p(x.8) = p(x" &) =0, JEIE']>2RE, and ((x.£).(x".&)) ¢ Qy,
there are 4, A’ € S, elliptic in (x, £) (resp. (x', £’)) such that

In order to achieve this, let ((x, &), (x’,&")) € T*M x T*M be such a point. Recall
that, as 1 — 400, |®,(x’, £’)| either goes to 0 or to co. Hence we can chose two rel-
atively compact open sets U, U’ C T*M such that ®,(U) N U’ = @ for all 1 > 0, and
(x,§) e U, (x',€") e U'.Fix A, A’ € ¥° microsupported in respectively U and U’.

Let us prove that AZg(s)A’ = Og—co— goo (h™). Let u be a tempered family of
distributions. Let T’ > 0, and B, B elliptic on respectively ®7(U) and | Jo, .7 @ (U).
Observe that A% (s)A’u is in all Sobolev spaces because A4, A’ are compactly microsup-
ported. Then we get by propagation of singularities (Lemma A.16) that, for k € R,

/ C (e.9)
A% (s)A'ullgx < CIIBZo(s)A'ull g + z”BlA/u“Hk + O (h).

By the assumption on the microsupport of 4 and A’, by taking the microsupport of B;
small enough, we can ensure that By A'u = @ (h°°); hence

1A% (s)A'ull g < Cl|BRo () Aull i + Ok u(h™). 2.4)
Now we just have to consider what happens when the time 7" becomes larger. For
(x.§) e{p=0CT"M,
there are only two possibilities: either there is 7 > 0 such that

o7 (x.§) Celli(Q) = {|§] < RS},

or ®,(x, ) converges to E;f N T*M (see Definition A.6 for the radial compactification).

In the first case, take U sufficiently small such that ®7(U) C ell;(Q). Thus we can
assume that B in the propagation estimate (2.4) is microsupported in ell; (Q). Taking
B’ € W elliptic on the microsupport of B, the elliptic estimate (Proposition A.14) gives

I1BZg(s)Aullgr < ClIB"A'ullgx + Omu(h™).

Since we can choose B’ such that WF(B") N WF(A') = @, the right-hand side is @ (h*°).

Now we turn to the second case which we will treat using the high regularity radial
estimate (Proposition A.18). Note that £ N 9T*M is a sink in the sense of Defini-
tion A.17. Next, let us choose C € W° such that E N dT*M C ell;(C) and such that
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WEF;,(C) N WFy,(A") = @. Then Proposition A.18 provides us with an order 0 operator
C; which is elliptic in a neighbourhood of E} N dT*M. Furthermore, we can assume
WE;,(Cy) C Ny.

Since C1#ZpA’'v € HY™ and it is microsupported in Ny, by Lemma 2.8, we know
that C1Zo(s)A'u € H vC6 | and taking yCg > ko, we have the necessary regularity for
the sink estimate. We get, for any k > kj,

C
IC1%o () AUl gr < S-1CAUllgx + OR%) = Oh). (2.5)

Finally, for U sufficiently small and by propagation of singularity for a long enough
but finite time 7', we can assume that ®7(U) C ell; (C). Combining (2.4) and (2.5), we
obtain as desired || A% (s)A'u|| g = O(h™). [

‘We have a final remark for this section.

Definition-Proposition 2.12. Ify > Oand N € R, we say thatk = ym + N is a weight.
Such a weight is said to be large if y is large and N /vy is small. We define

H{§) (M. L) := Op(e 7)) HY (M. L).

Then the conclusion of Proposition 2.10 holds on the space H* when |Ims| < h=1/2,

Res > Cs — y + CN + 1 for some constant C independent of y, N, and for h > 0 small
enough.

The proof is completely analogous to the proof of Proposition 2.10.

3. Continuation of the resolvent for translation invariant operators

In this section, we will be considering a vector bundle over some compact Riemannian
manifold L — F, endowed with a bundle metric and a compatible connection. We will
always see the space R x L as a fibre bundle over (R), x (F)¢, endowed with the product
structure. We will also use the natural measure dr d¢, and L?(R x L) will be understood
as the space of square-integrable sections with respect to this measure.

Let us first see how bundles of this type can be naturally obtained from admissible
vector bundles in the sense of Definition 1.4.

Example 3.1. Let L — M = S*N be an admissible vector bundle, and fix a cusp Z;.
Then, over this cusp, the bundle takes the form L = Ay \ G x, V. Using the Iwasawa
decomposition G = N A K and identifying A =~ (R, +),N = (R%, +), we obtain

L =R%/Ag) xR x (K xq, Vo).

In Section 4, we will study sections of these bundles that are independent on the variable
6 € (R?/Ay), and these sections are naturally identified with sections of R x (K Xz, V).
This shows that studying 6-independent sections of admissible vector bundles L sz,
leads to the study of sections of R x Ly — R x FwithLy = KX,V > K /M = sS4 =F.
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Remark 3.2. For the proof of Theorem 3 on vector bundles, one could restrict the dis-
cussion of the whole section to the special case in the example above. As all arguments,
however, hold without any further complications in the general case of vector bundles
L — F over general compact manifolds F, we announce and prove all results in this sec-
tion in this setting. Additionally, we expect that this wider class is likely to show up when
studying uniformly hyperbolic flows on fibred cusps.

3.1. b-Operators

We will consider a particular class of operators on R x L — R x F. Recall that, by the
Schwartz kernel theorem, any continuous linear operator A: C°(R x L) — D' (R x L) is
represented by its kernel K4 € D'(R x R x LK L). We call such an operator A a convo-
lution operator if there is KieD (R x LXIL) such that K4 = p*IZ 4, Where

P:RXRXLELS (r,r, IR~ (r—r, IR eRxLKL.

Definition 3.3. The set of semi-classical pseudo-differential operators acting on sections
of R x L that are convolution operators in the r variable will be denoted by W5 (R x L).
It is the set of b-operators.

Such operators that additionally are supported in {|r — r’| < log C} will be denoted
W, c (R x L). We say that they are b-operators with precision C. When C = 1, the ker-
nels are supported on {r = r'}.

Remark 3.4. Our notion of b-operators is, as its name suggests, strongly inspired by
Melrose’s b-calculus (see e.g. [42]). However, in this article, we use a much more restrict-
ive class of operators. Let us shortly explain the relation of our b-operators to the usual
class of b-differential operators in the sense of Melrose. Let [0, oo[, x R be the simplest
model of a manifold with boundary. Then the b-differential operators are those in the
algebra of operators generated by b-vector fields that take the form a(x, {)x9, 4+ b(x, {)0¢
with a,b € C*([0, 00[, x R¢). Using a Taylor expansion, the leading order near the
boundary of these operators takes the form ao({)x9x + bo({)d¢. After a variable trans-
formation r = log(x), these are in the form ao({)d, + bo({)0;. Such operators are then
translation invariant in the r variable, i.e. are convolution operators. Their kernels take the
form
ao(§)8(r —r') + bo(9)8(¢ — ¢).

In some sense, our class of b-operators contains just those which are equal to their lead-
ing part in the asymptotic expansion near the boundary of the usual class of b-(pseudo-)
differential operators. For our purpose, this is sufficient, and the restriction to this class
allows us to concentrate on the difficulties that arise from the fact that we have to construct
a parametrix for an operator that is not elliptic (even in a b-calculus sense).

Example 3.5. The generator of the geodesic flow acting on functions supported in a cusp
and not depending on 6 is a differential operator acting on the trivial bundle, i.e. on
L2(R x S?,e774dr d ) given by (cf. equation (1.4))

X,? = cos @0, + sin@d,.
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In order to make it a b-operator acting on L2(R x S?, dr d ), we conjugate it with e 74/2

and get
d .
Xp = cos@d, + 5 cosg + singd,. (3.1)

In order to work in the semi-classical calculus, we write Xp := hX}.

The aim of Section 3 is to show that the resolvent of X can be continued meromorph-
ically from Re(s) > 0 to C. In fact, for the reasons discussed in Remark 3.2, we will treat
a more general class of operators Xp, € W, o(R x L) whose precise assumptions will be
formulated in Section 3.2

Next, let us introduce symbols and quantizations that lead to b-operators.

Definition 3.6. Denote by g the metric on F and by T(T* F) = H & V the splitting into
vertical and horizontal directions with respect to the Levi-Civita connection. We endow
T*(R x F) with the metric described in Definition A.l. Consider its restriction g, to
(TeR) x (T™* F)(¢,5)- It can be expressed as

Sy X"+ Y 00y WY+ 2"+ 1/0))

=g:(Y,2) [ge (X, W) + pp'].

1
+
1+ ge(n.m) + A2
By Lemma A.2, g, has bounded geometry.

Definition-Proposition 3.7. We denote by S l? (R x L) the set of € sections of T*(R x
F) — End(L) with uniformly bounded derivatives with respect to g, which addition-
ally are independent of the r variable. They are the translation invariant elements of
SO(R x F,R x L) from Definition A.3. Similarly, we define S;)),E, Sl?,e,& and Sl?,log' We
call them order 0 b-symbols. Given my € S l(;) (R x F), we can also define S Zl f(’) g(R x L) as
(&Y™ Sg’log(R X L). It is the set of anisotropic symbols of order my,.

These symbol classes are stable by all the usual symbolic manipulations (because gy,
has bounded geometry).

Consider a semi-classical Weyl quantization Opj,’ for sections of L — F (see e.g. [59,
Theorem 14.1] or Appendix A.2). Given a finite open cover Uy of F and a trivializa-
tion #: pribp(U) — V x RIMEx) as well as a quadratic partition of unity 3", x2 = 1,
Xk € C°(Ux,Rxp), such a quantization can be written for o € S™(L) by

OpyL(0) ==Y xity OPY pame (L7 ) *0) (1) 1k (3.2)
k

where Ophw ramr 18 the usual Weyl quantization on RdimF
Now we can use Op;ﬁL to define a quantization of b-symbols o € S;"(R x L) on
R x L by

1 ; /
(Op*(08) ), 0) 1= 5 — / eMACTI0PR (03 (-, M) O, DIQ) dAdr', (3.3)
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which yields an element of W5 (R x L). If, additionally, we choose a smooth cutoff y¢
supported in ]—log C,log C[, equal to 1 in ]—log C/2, log C'/2[, we can multiply the
kernel of Opb (0p) by yc (r — r’) and obtain an operator Opb (0)c in ¥pc (R x L).

It should be noted that plugging in (3.2) into (3.3) and writing

fe: R x prL_—l>F(U) s, () eRxV x Réim(Lx)

we get
O @) /) §) 1= 3 it OPY ame 1 (G ) *00) ) * 1
k

From this expression, we see that all usual properties of quantizations, such as composi-
tion formulas, L2 estimates, sharp Garding inequalities, etc., that hold for the quantization
on RIMF+1 (see e.g. [18, Appendix E]) directly transfer to Op® (o). The same holds for
Opb (0p)c because the cutoff away from the diagonal modifies the operator only by an
element of KW,

Remark 3.8. We will see in Proposition 4.11 that there will be a method to construct
b-symbols from any symbol ¢ € S(L — S*Z) which is invariant by the local isometries
of the cusp T7 . (Recall that e.g. the escape function had this property.)

3.2. Approximate inverse
Definition 3.9. Let Xj € \II;,I(R x L), Gp € S;H'(IR x F) and Qp € \D;?(R x F). We
will say that this triple is admissible if

e —iX, and Qp have scalar, real principal symbols,

e ¢¥Cis elliptic in Sg’lf;g for some my, € Sg,

e X; = hX,, where X} is a differential operator independent of ,

e letting i p, be the principal symbol of X, there is a §’ > 0 such that

|pp| < 8'|El and [§] > &' = {pp.Gp} > 1,
e for the same §' > 0, Q is elliptic on |§] < 26’ and microsupported in |§] < 38’.

Example 3.10. We will see in Section 4 that X, G and Q defined in Section 2.2 will
give rise to an admissible triple after restricting to -invariant sections. The constant &’ is
just RS when § > 0 is small enough.

Definition 3.11. As in Definition-Proposition 2.12, we say that k;, € S g is a weight if it
is of the form ymj; + N. When we say that a weight is large, it means that y > 0 is large
and that N/y is arbitrarily small.
Given a weight k; and p € R, we will work with the space of L-valued distributions
onR xF,
eyl = e Op (e (§) ™M) LAR x L),
endowed with the corresponding norm

. b, —yG —N\—1_— 2
||”||=7¢’1’,‘1;, = ||Op”(e7""? (&) )c e pr””Lz-
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(Note that, for h > 0 small enough, Op? (e=7%» ()N )El exists because of the ellipticity

of e %0 (£)~N in 5, "N (R x F).)

The main result in this subsection is the following.

Lemma 3.12. Assume that (Xp, Gy, Qp) is an admissible triple. Then there is a constant
C > 0 such that, for Re(s) > 1 4+ Cs + C(|p| + |N|) — y and [Ims| < h~'/2, and for
small enough h > 0, Xy, — Qp — hs is invertible on Jﬁ’y p¥N

Proof. We can apply the same arguments as in the proof of Proposition 2.10. Note that, in
the positive commutator part, which uses the sharp Garding inequality, it is important that
the real part of X — Qp — hs on J; Vm”+ is unitarily equivalent to the action on L? of

ReX;, — Qp — h(Re(s) + ¥ Op° ({ps. Gp})c
+ N Op”({pp. log(§)})c — e [i Im Xp, e”"]) + Opa,12(h%). (3.4)

It is crucial that the absolute value of the second line in (3.4) is bounded by C(|p| + |N|) -
it would not be the case a priori replacing log(&) by mj log(&), where m) € Sg. |

3.3. The indicial family

For the following constructions, it is useful to bear in mind the elementary method of
inversion of convolution operator on R. Consider some f € D'(R) compactly suppor-
ted and the operator T¢: g — f x g. Obviously, the Fourier transform of Ty g is just f 8.
To invert Ty, is suffices then to invert § — f g. Our aim is to invert the b-operators intro-
duced in Section 3.1, which motivates us to introduce an analogon to the above appearing
Fourier transform.

Let A€ Wy c(RxL), f € C®(L). For A € C, we consider Ml f(ry e CPR xL).
By the support properties of the kernel, A is a properly supported pseudo-differential
operator and thus defines a continuous operator on C°°(R x L). Moreover, by the fact
that A is a convolution operator, (r, ) — e~/ (Ae**/" f(@))(r, ) is independent of r;
thus & > e *70/h(4e2%/ R f(@))(r, £) is independent of o and is a well defined smooth
section of L.

Definition 3.13. Given A € ¥, ¢ (R x L) and A € C, we define the indicial family asso-
ciated to A as the family of operators 1(A4, A): C*°(L) — C*°(L) given by

(I(A ) [)(C) = e 270 (g7 f(@))(ro. Q)

Note that, given a second operator B € Wy, ¢ (R x L), it follows from the definition
that I(AB,A) = I(A,A)I(B, ).

Example 3.14. If X, is obtained from the geodesic flow on a cusp, i.e. is the operator in
equation (3.1), the corresponding indicial family is

I1(Xp,A) = Acosg —i—h(g cos¢ + sin(paq,).
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An equivalent description of the indicial family is the following: fix y € C°(R) with
[ x(r)dr = 1; then the indicial family is the family of operators

I(4,1):C*®°(L) - D'(L)
such that, for any f1, f, € C*®°(L),
(f2, I(A, }) fi)coo ),/

= / x(e £, (AerT f1(0))(r, )y, dr. (3.5)

This expression is helpful for two purposes. First, by taking complex derivatives of the
right-hand side with respect to A, we conclude with the following lemma.

Lemma 3.15. For A € W, ¢ (R x L), I(A, A) is holomorphic in A as a family of operators
C®(L) — D'(L).

Secondly, it allows to extend the definition of the indicial families to convolution
operators on R x L that fail to be in Wj, ¢. Note that we will work with non-elliptic prob-
lems; thus the appearing inverse operators (like for example (Xp — Qp — hs)™! from
Lemma 3.12) will not be pseudo-differential operators, so it will be crucial to have the
following extended definition.

Lemma 3.16. Let A be a convolution operator C°(R x L) — D'(R x L) such that, for
some N1, Ny € R and py < p1,

1Al 63, ez, <00 and || All gy, g3, < 00

Then equation (3.5) defines for Re(1) € |po, p1[ a holomorphic family of linear operators
C®(L) — D'(L). Furthermore, for p € |pg, p1[, we have

[1(A, p + iw)ll gvy s V2 1) = C(w)\Nl I+IN2]
Given a second convolution operator B fulfilling || B|| ng’Ygo/l N ‘7‘1’9’/30/1 < 00, we have, for

any Re(1) € |po. p1],
I(AB,X) = I(A,A)I(B,}). (3.6)

Proof. We want to show that, for f; € HV1(L) and Re(X) € ]po, p1[, Ae**’? fi(e) is
well defined. Let us choose a partition of unity Wy, ¥, € C*°(R), supp(¥;) € |—o0, 1],
supp(V2) € ]-1,00], ¥; + ¥, = 1. Choose p € |po, p1[, and set A = p 4+ iw. Then the
maps

{HNI L) 3 f1Q) = B (e f1(0) € H),

HY (L) 5 £1(0) = Wa(n)et ! £1(0) € 30,

are continuous with operator norm bounded by C ( w)'N il By the compact support of the
cutoff function y appearing in (3.5), for any p’ € R, the linear operator

H™2(1) 5 £o(0) = x(r)e ™" £,(0) € J,
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is well defined and bounded by C (w)!V2!. Using the continuity of A: Jé’bAf b0 = ;fY 20 and

A: J(’;fv o= Jfév 5, respectively yields that
(f2, 1(A,X) fi)coo), 0/ 0)
= (x(N)e " £,0), (AT (0)e**" £1(9))) oo ®xL). D/ ®RxL)-
+ (e h £5(0), (A2 (0)e** * f1(0))) oo ®x1). 0 ®xL):
< Cw)M N £l —ma ol Al g v -

This shows the well-definedness of 7(A4, A) for Re(A) € ]|po, p1[ and the bounds on the
operator norm. The holomorphicity is again deduced from the fact that the right-hand
side of (3.5) is holomorphic in A. The above calculations also show that

A fi(0)) = *M (A M) £,
and from this equation, the composition property (3.6) follows directly. ]

Lemma 3.17. Let 0, € Sp(R x L). Then there is a holomorphic family . — op 5 € Sp(L)

such that
1(0p” (0)c. A) = O} (0p,1)-
It is given by
1 L =il =)
b p () = o / 0p(¢. 1. M) e (=) N, (3.7)
27ch R h
Furthermore, if o, € S ,;" ]’Z)g (R x L), thenop ) € S{:g”’o (L) and the leading asymptotics in
the high frequency limit is given by op(-,-,0), i.e.
0.1 — 0p(+.+.0) € (1 + log(E)) SO (L). (3.8)

In particular, the leading asymptotics of o5 in the high frequency regime is independent
of A.

Proof. We use Definition 3.13 and choose r¢ = 0 for simplicity. Then, using (3.3), we
get

1 : I(r—r" r
HOP (0p)e 1) f = 5 [ /MO e (e 1M0pY @@y ) f1 A dr
1 R (—M’ -2
2xh ] AN

)I0pE @n(-+s ) f1dN.

Now the fact that the d A’ integral can be interchanged with Op}f’L is justified by the fact
that Opf’l_ is defined in a finite number of charts (see (3.2)).
It remains to study the leading asymptotics of 0 . Let 0 € Slr(:’gb (R x L), and choose

N > 0 such that —N < mj < N. By the symbol estimates, we deduce

10898 9505 (2. 0. M| < C(1 + log(E) X FIPIHE () ()yme EnA=IFI=k (3.9
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In particular, we have 8’/{01, (¢,n,0) € log(2 + Sz)kSl’ggb(z’”’O)_k (L). Now, by remainder
estimates on the Taylor series in A, forany (¢,7) € T*Fand A € R, there is | pg ;2| < |A]
such that

2N AZN_H

1
ob(n.2) = ) 15950560 048 + g Y o) (. pga).
2kl .

Plugging this into the formula for o}, , yields

2N
o516 1) =05 1.0) + Y i - 95058 1.0)
k=1
1 A2N+1 —iA=\
— | (3N H! fol————)d).
o e on i@ e peanie (=)

Now (3.9) assures that the last term is in S~V ~1(L). Putting everything together, we

conclude a1 — 05 (-, -, 0) € log(2 + £2)Smr-0~1(L). "

Now we can define spaces on L — F.
Definition 3.18. Let k, = ymj + N be a weight. We denote by H} ™ *N the space
10p (779 (€)™ MLA (L),
endowed with the corresponding norm.

Remark 3.19. The different letters are associated to functional spaces on different ob-
jects. First, H Kor HY(M,L) is a space on the whole manifold. Then, Jkb is the cor-
responding space “restricted” to the zeroth Fourier mode in a cusp. Finally, H’;” is the
“Fourier transform” of J¢» .

Let us discuss the A subscript in the notation of the spaces Himb N 1t may seem that

these spaces depend on the parameter A, and since we want to consider analytic families
of operators depending on the parameter A, this may be problematic — recall that, for
the theory of Kato [33] to apply, we need that operators are of type (A), which basically
means that they all act on the same domain. To address this problem, we start with the
following lemma.

Lemma 3.20. For any weight ky, the space H];b (L) does not depend on the A parameter.
Only the norm does, and it varies continuously with A.

Proof. Recall from Definition 3.11 that Opb (e7vOs (g)~N )El exists for small enough
h > 0, and by the fact that /(A4, A) is an algebra homomorphism, we get

1Op° (e (£) ™). )7 = 1(0pP (e 7797 (£)~M) " A).
It suffices to check that the operators
1Op® (e (£) ™). M) I(0p (771 (£) M) 1),
1Op® (779 (&)™) . M I(OpP (€77 (£) ™). V)
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are bounded on L? for A, 1’ € C (and depend continuously on A, A’). Since they are
pseudo-differential and their symbols have the same asymptotics for large 7 (see (3.8)),
this is a consequence of usual pseudo-differential arguments. ]

Besides the indicial family, we will need the following inverse construction.

Definition-Proposition 3.21. Let py < p1, and for Re A € |pg, p1], let A +— I(L) be a
holomorphic family of continuous operators I1(A): C*° (L) — D’(L). Also assume that it
is tempered, i.e. |[I(AM) | g~y y»ma-~ @) < C({Im MWV with C, N > 0 depending continu-
ously on Re A.

Then, for p € |po, p1[, there is a continuous operator

A(1,p):CP[R xL) - D'(R x L)

with kernel given by
PTG (I (p + i) (r — 1),
The resulting operator does not depend on p, so we denote it by A(I). In the case that
I(A) = I(A, X) for A € Wy ¢ or some A as in Lemma 3.16, we get that A(I) = A.
Further, for two families 11(A), I2(A) of operators holomorphic on Re(A) € |p1, p2[
Sfulfilling
Ny

[11(p + iw)l g s ey < CW)M (1200 + 1w | grra s i3 @) = C(w)™>,

one has
A(l2 1) = A(12)A(I).

Proof. Let us first check that the given kernel defines a well defined continuous oper-
ator A(1, p): C°(R x L) - D'(R x L). The expression of the kernel means that, for
Si. f2€ CX(L), g1, 82 € CX(R), one has

(f181. AL, p) [282) co°(RxL),D'(RxL)

1 : ' ’
= 2T[h/etw(r—r ) hpo(r—r )/hgl(r)gz(r/)
(fi.-1(p +iw) fr)coo ), 0 dr dr' dw,

_ / Zi e g1) (W) P (e " g2) (w)
(/1. 1(p +iw) f2)cooy, vy dw- (3.10)

As the Fourier transform of compactly supported functions extends holomorphically to
C, the independence from p follows from Cauchy’s theorem. The fact that A(/, p) can
be extended continuously to arbitrary (non-product) elements of C°(R x L) can be seen
by letting any of the fi, fo € C*®(L) or g1, g2 € C°(R) to zero in the corresponding
topologies. Then the temperedness assumption of 7(A) implies that (3.10) goes to zero.
Astowhy A(I(A)) = A, this follows by Fourier inversion after plugging in the definitions
(3.5) and (3.10) and a few lines of straightforward calculations. Also the multiplicativity
A(I1h) = A(I2)A(I) follows from a straightforward calculation which is completely
analogous to the calculations needed to show that the Fourier transform of a product is
the convolution of Fourier transforms. ]
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Next, we have the following lemma on boundedness.

Lemma 3.22. Consider I(1) as in Definition-Proposition 3.21. We have the following
identities. For hp € |pg, p1| and two weights kp = ymp + N and £y, = y'mp + N,

VAL o) 3kt ael, = sup 1O i (3.11)
Re A=hp

Proof. The first step is to reduce to the case p = 0. Since
1A eh8,— 045, = lle™P" AU)e?” || geft 0%

the action of A (/) is equivalent to the action of A pon J(’If b= J(’lf ’6 where A, is an oper-
ator whose kernel is that of A multiplied by e?"'~") i.e. it is T YU (hp +i-))(r—r1).
Let I,(A) = I(A + hp). We deduce that the action of A(1, hp) is equivalent to the action
of A(Ip, 0) on Jé’b 0> J(’b o- Next, we conjugate to an operator L? — L. By definition,
LA(T,) 1 3¢kt el = Ople™ 7 (&) ™V 1! A1) Ople™ 7 (8) e 2 12,
(W) llo sule = [ 1(0p(e™ 2 (&)™), T T I(Op(e ™% (&)™), Ml 25 2.

Now both maps A — I(A) and I — A([) are multiplicative. We deduce that it suffices
to prove the lemma in the case that kj, = £; = 0.
After this additional reduction, we are left to prove that

[A(DNL2—r2 = sup [T(A)]p2— 2.
ReA=0

This is just an avatar of the Plancherel formula. By the definition of A(I) (see (3.10)),
one has, for fi, fo € C°(L), g1, 82 € CZ(R),

(f181, AL, p) f282) L2 (Rx1)
= ﬁ/%(gl)(w)(fl,l(p+ iw) £2) 120 Fn(g2)(w) dw,

and from this, formula (3.11) can be read off directly. [

Finally, we get the following proposition.

Proposition 3.23. Let X; € W} c R x L), and let kb be a weight. Then each 1(Xp, A)
has a unlque extension as a closed operator on H ”(L) The domain, as a subset of
b(L) =H b(L) C D’(L), does not depend on A.

Proof. Since X} is of order 1, I(Xp, A) and I(Xp, A') differ by an order 0 operator, which
acts boundedly on each Hk (L) So it suffices to check the case A = 0. The operator
I1(Xp,0):C®°(L) CH, kp (L) — H, kp (L) is unitarily equivalent to the operator

W =1(0p”(e77% (&)™), 0) ™ (X5, 0)
1(0p°(e77%2 (£)7N)c,0): C°(L) € LA(L) — L2(L),

and W is a PDO of order one in L. Now the uniqueness of the closed extensions follows
from the proof of [20, Lemma A.1]. [
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As a consequence, the family 7(Xp, A) is a type (A) family so that we can apply the
results from [33].

3.4. Fredholm indicial families

We now come back to admissible triples and will prove that their indicial families are
Fredholm.

Lemma 3.24. Assume Re(s) > 1 4+ Cs + C(h™'|Re A| + |N|) — y and |Ims| < h™1/2,
Then I(Xp — Qp — hs, A) is invertible with norm O(1/ h) on HKmH_N, uniformly in A.
Additionally, if either

Ims| < h~'/2,
Re(s) > 1+ Cs + C(h ™' |ReA| + |N|) — v, (3.12)
[ImA| > 46,

or
Re(s) > C(1 +y +h™'ReA| + |N]),

then 1(Xp — hs, A) is also invertible with norm O(1/ h) on HKmb+N, uniformly in A.

Proof. We start with the invertibility of /(Xp — Qp — ks, 1). By Lemma 3.12, we deduce
that (X, — Qp — hs)™! is a well defined convolution operator for s in the announced
domain. It furthermore fulfils all requirements of Definition 3.16, and thus we conclude
that 1((Xp — Qp — hs)™1, 1) is well defined. By the multiplicativity of (-, 1), we con-
clude

I(Xp = Qp —hs), 1)~ = I(Xp — Qp —hs)"", 1),

and Lemma 3.22 implies that it is O (1/ /) uniformly in A.

Now we turn to the case of /(X — hs, A), in the region that /(X — Qp — ks, A) is
invertible. First, we study 1(Qp, A). Since Q is microsupported for || < 38, we can use
Lemma 3.17 and equation (3.7) to deduce that, when |[ImA| > 44’, I(Qp, A) = O(h™)
in W~ uniformly in Im A and locally uniformly in Re A. This implies that (Xp — hs, A)
is invertible because

IXp —hs, VIXp— OQp —hs, )V =14+ 1(Qp, NI(Xp — OQp —hs, 1)}
=1+ 0(h) (3.13)

(the remainder being bounded on the relevant spaces).

Finally, when Re(s) > C(1 4+ y + h~'|Re A| + |N|), recall formula (3.4) (remov-
ing the Qp part). We deduce that the sharp Garding inequality applies to show that
I(X — hs, A) is invertible with norm @(1/ k) uniformly in A, provided C is large enough
(as in the proof of Lemma 2.9). ]
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Now we get to the aim of this section. Recall from Definition 3.9 of Xj and Defini-
tion 3.13 that I(Xp — hs, hA) = h(P) — s), where P, is an h-independent holomorphic
family of differential operators on L. By Lemma 3.24, we know that

I(Xp —hs, hA)" 1 L2(L) — L?(L)
is well defined and holomorphic on {Re(s) > C(1 + [Re A|)} C C2.

Proposition 3.25. We have meromorphic extension of I(Xp —hs, hA)™': L2(L) — L2(L)
to C? as operators 1(Xp —hs, hA)~1: C®(L) — D'(L).

Proof. All the work has already been done in some sense, since formula (3.13) shows
that, up to an invertible operator, /(Xp — hs, A) can be written as 1 + K(A,s), where
K is a holomorphic family of compact operators (recall that 1(Qp, A) € W~°°(F)). The
statement then follows from analytic Fredholm theory. |

3.5. Effective continuation

In this last subsection of Section 3, we want to establish a meromorphic continuation of
Xp — hs)_l .

Before going on with the proof, let us come back to the convolution operator on the
real line Ty: g > f * g, with f € D'(R) compactly supported In the language above,
I(Tr,hA) = f (—iA). Since f is compactly supported, f is an entire function and acts by
multiplication on the whole of C. Given s € C, the function ( f — 5)~! is a meromorphic
function. So one can define, for g € C°(R) and pp € R,

5(—il
e g(—iA)

_ dx.
270 Jrermpy  f(—iM)—s

Ry (po.5)g(x) 1=

Note that, in the general notation from Definition-Proposition 3.21, we can identify after
setting h = 1, Ry (po.s) = A((I(Ty,A) — )", p). One finds that (T — s)Rs(0,5) =1
when s is not in the closure of f(R). By Cauchy’s theorem, Ry (po,s) = Ry (p1,s) when
f (=iA) does not take the value s in the region Re A € [po, p1]. Now consider A; € C
such that f( il1) =s, f (—iAy) # 0, and f( i -) does not take the value s another
time in a region Re A € |Re A1 — €,Re A; + €[ for some € > 0. Another application of
Cauchy’s theorem gives

/\,lx g( lkl)
f( lkl)

Using this argument, one can hope to obtain a meromorphic continuation of the re-
solvent of a translation invariant operator X from the meromorphicity of the resolvent
of its indicial family /(Xp, A). This is done by replacing “multiplication” by “action in
the ¢ variable”. This heuristics is at the core of Melrose’s b-calculus and will be pursued
here. As one can expect, just as it is crucial to follow the solutions of f (iA) = s for the
convolution by f, we have to follow the (A, s)’s such that 1(Xp — hs, hA) is not invertible.

(Rf (Re(A1) +€,5) — Rr(Re(A1) — €, s))g(x) = (3.14)
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Definition 3.26. Given an admissible triple Xp, Gy, Qp, let us consider the meromorph-

ically continued family of indicial operators I(X — hs, hA)~! from Proposition 3.25.

(1) For fixed s € C, the set of A € C such that /(X — hs, hA)~! is singular is the set
of (s-)indicial roots of Xp. It will be denoted by Specy(s), and by construction, it is
independent of /.

(2) If there are ag € R\ {0}, |ax| < C uniformly in k, by € C such that
Specy(s) = {axs + bkj,

then we say that the roots are affine.

(3) For affine roots, say that a root Ag(s) = ags + by is positive if a; > 0 (resp. negative
if ax < 0), and we denote the set of positive/negative roots by SpecbjE ().

(4) For any —oo < p < p/ < 00, we define
Specy ™ (s, p. o) := {4 € Specy ™ (s) | p < Re A < p'}.

In particular, we call elements of Specy™ (s, —00,0) (resp. Specy, ™ (s, 0, +00)) the
positive (resp. negative) visible roots.

By the analytic Fredholm theorem, the set
€ :={(,s) | I(Xp — hs, hA) is not invertible}

is a complex analytic submanifold of C2, possibly with algebraic singularities — corres-
ponding to intersection of indicial roots. The set Specy(s) is the intersection of € with
{(A,s) | A € C}. From Proposition 3.25, we deduce that the set of roots depends neither
on the choice of Qj nor on that of G,. From now on, we work under the assumption
that all indicial roots are affine. (This implies in particular that there are no algebraic
singularities in €.)

Example 3.27. In Section 5, we will be able to explicitly compute the indicial roots for
the geodesic flow vector field (and even for admissible lifts in the sense of Definition 1.4).
In the scalar case, we get (see Proposition 5.5)

Specy(s) = {j:(s + (% + n)), ne N}.

Conjecture 3.28. The roots of an admissible triple are always affine, and for Res = 0,
no root is on the imaginary axis.

The next theorem is the technical heart of our article. In order to formulate it, we
introduce

Pmax (8) := max{0} U {|ReA| | A € Spec,™ (s, —00,0) or A € Specy, ™ (s,0,00)}, (3.15)

which encodes the maximal real part of the visible indicial roots. Note that, under the
assumption that the roots are affine, we deduce that p.(s) is continuous and depends
only on Re(s). Furthermore, {t | p(t) # 0} is a semi-bounded interval |—o0, 79[ on which
Pmax 18 strictly decreasing.
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Im(}) Im(1)
Specb+ (s) Specy T (s, —00, 0)
Im(s) ® o o0 o0 o 0o 00 0000 00 00
d/2 Re(1) Re(1)
Specy ™ ()

Specp ™ (s, 0, 00)

Fig. 3. Indicial roots for the geodesic flow on a (d + 1)-dimensional cusp. On the left, the situation
is depicted for Re(s) = 0 and on the right for negative Re(s) = —(d /2 + 4.5). The visible positive
and negative roots that have crossed the imaginary axis are marked in red.

Theorem 2. Assume that, for some h-differential operator Xy, there exist Qp and Gy,
such that (Xp, Gy, Qp) form an admissible triple with affine roots. Then the inverse
(Xp — hs)™L, defined as a bounded operator on L*(R x L) for Re(s) > C for some
constant C > 0, has a meromorphic extension RX?(s) to C, as an operator mapping
CPR xL) to D'(R xL).

Additionally, given any T,N € R, y > 1 4+ Cs + C(|pmax(7)| + |N|) — T (With the
constants of Lemma 3.12), then RX? (s) is a meromorphic family of bounded operators

RX (s): e—pmax(r)(r)%g’gb+N N epmzlx(t)(r>ﬂg/’(;lb+N (3.16)

on the domain Re(s) > © and [Ims| < h™'/2. At the eventual poles, the order is finite,
and the rank of the Laurent expansion is also finite.

The remainder of this section is devoted to the proof of Theorem 2. We start with
some observations. As a direct consequence of Lemma 3.24, we get the following lemma.

Lemma 3.29. Ler Spec, ™ (s) = {ak,+5 + bi,+}; then there is a constant C € R such
that =Re(bg +) > C. Furthermore, for all R > 0,

sup{|Im dg| : |[Re(by)| < R} < o0

Proof. For the first statement, we recall from Lemma 3.24 that there is a constant C such
that, for Re(s) > C, there are no indicial roots with Re(A) = 0. Consequently, all posit-
ive indicial roots satisfy Re(ags + bx) > 0 if Re(s) > C. By the assumption that aj are
uniformly bounded, the assertion follows for positive roots and is completely analogous
for negative ones.

The second statement follows directly from considering (3.12) inthe case s = 0. =
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We call p € R s-regular if Specy(s) N (p + iR) = @. The above bounds on ay and by
imply that, for any s € C, the set of s-regular p € R is open and dense. Furthermore, for
an s-regular p, Lemma 3.24 implies that

I1(Xp —hs,hp +iw) ™" HZ;”f;}N —> HZ;Z}—’:I;N

is uniformly bounded in w € R with norm O(1/h) provided that
y > 1+ Cs+ C(p+ |N|) —Re(s).
Thus we can define
RY? (s) 1= A(I(Xp — hs, )" hp): J N — gey ot
which is again bounded with norm O(1/ h). Indeed, one directly checks that
(Xp — hs) R)p(” (s) = Rif” (s)(Xp —hs) = 1.

However, th (s) depends strongly on the choice of p due to the fact that 1(Xp, — hs, 1)~}
has singularities, i.e. that there exist indicial roots. In order to understand the mero-
morphic continuation, one has examine what happens if indicial roots cross the integration
contours.

In order to shorten the notation in the sequel, it is convenient to define

F:(s,A) > he* " [(X, — hs, hA) ™",

seen as a meromorphic function on C? taking values in convolution operators on R x L.
The £ factor is actually chosen such that it becomes /-independent, and using the defini-
tion of A(/) (Definition-Proposition 3.21), we write

R}’ (s) = F(s,A)dA. (3.17)

2wih Re(A)=p

When freezing the s variable, the poles of F(s,-) are precisely Specy(s). We can integ-
rate F over a small closed curve y around a pole Ag, enclosing only Ag, and obtain its
residue Res(F (s, ), Ao) in the A variable. With this notation, we can state an equivalent
to equation (3.14).

Lemma 3.30. Let —0o < p < p/ < 00 be s-regular for some s € C. Then Specy(s, p, p')
is finite and
RY(s)—R¥(s)=h"" > Res(F(s.-).A).
A€Specy(s,0,0)

Proof. That the sets are finite follows from the uniform estimates on ay, bg. The identity
is a consequence of Cauchy’s theorem and (3.17). ]

The following lemma is crucial in the proof.
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Lemma 3.31. Define B(s, ) := h™' Res(F (s, ), A) which is by definition a convolution
operator on R x L. Consider a parametrized indicial root A (s) = ays + by and Then
the map

s+ B(s, Ak (s))

is a meromorphic function of s, and the set of poles is contained in the set of s’s such that
Ak () crosses another root.

Proof. Since we already know that we can parametrize the roots without algebraic singu-
larities — in the words of Kato, there is no branching point — this is a direct consequence
of [33, Theorem 1.8, p. 70]. [

Now we can come back to the proof of our theorem.

Proof of Theorem 2. First, we focus on the meromorphic continuation of the Schwartz
kernel of the resolvent. Recall from Lemma 3.24 that there is C such that /(X — hs,i§)
is invertible for Re(s) > C, and in this half plane, we define

R (s) = A(I(Xp — hs, 2)~",0).

If p; < 0 < p; are such that {Re A € [p1, p2]} does not intersect Specy (), we deduce that
R* (s) is bounded on all spaces J(’lff’p for p € [p1, p2], given that the weight k;, is large
enough.

We want to construct a meromorphic continuation of RX» (s) to all C, and therefore,
we have to take care of the indicial roots that cross the contour at Re(1) = 0. We define the
set of positive (resp. negative) visible roots at s as Spec, ™ (s, —00, 0) and Specy, ™ (s, 0, 00),
respectively (see Figure 3 for the case of the geodesic flow for cusps).

By the uniform bounds on ay, by, we deduce that, for any s € C, there are finitely
many visible roots.

Let % be the set of s € C such that 0 is s-regular, i.e. Specy(s) N iR = @. Fors € %,
we set

RY(s):=Ry’()— > BMH+ Y B(s.d). (I8

AeSpecy T (s,—00,0) A€Specy,~ (s5,0,00)

As Rgb (s) is holomorphic on any connected component of %/ and as B(s, A¢(s)) are
meromorphic by Lemma 3.31, this defines a meromorphic family on % . It remains to
prove that we can patch the different connected components of % (which are vertical
strips because the roots are affine) together.

Therefore, take 5o such that 0 is not so-regular; we consider p < 0 < p’ small enough
such that Specy,(so, p, p') C iR. Then, for s in a small vertical strip D around s¢, p and p’
are still s-regular. For s € D, we define

R} (s) == R¥ (s) + > B(s,A) — > B(s, )
A€Specy ™ (5,p,00) AESpecb""(s,—oo,p)
=Ry~ Y, BsMH+ ) BGA.

)LeSpecb""(s,—oo,p/) A€Specy~ (s,07,00)
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The equality between the two expressions follows from Lemma 3.30. By construction and
by Lemma 3.31, R}y X (s) defines a meromorphlc operator on the strip D. It only remains to
check that, on % ﬂ D, both definitions of R%b (s) and R} ¥b (5) coincide. But this is again
a direct consequence of Lemma 3.30. We can thus patch the definitions to a globally
meromorphic operator which we denote by R¥? (s).

Now we will determine on which functional spaces this meromorphic continuation
acts. Let us focus on the structure of the residues B of F. If we assume that Ao is an
s-indicial root and that, for € > 0, there are no other indicial roots in {1, | — Ag| < €}.
In that case,

B(s, ho) = F(s,A)dA.

2imh [A—Ag|=¢€
We will need the following lemma.

Lemma 3.32. Fore > 0and p € R, we have the equality of spaces
P opb (e VY HN (R x L) = Op?(e77 %)+ HN (R x L).
The corresponding norms are equivalent with O (1) constants as h — 0.
Proof. 1t suffices to prove that both
e OopP(e779) e OpP (77 F),  OpP (e 9) e OpP (€779 ) e

are bounded on L2(R x L). However, since the quantization is properly supported, these
operators are pseudo-differential with symbolsin 1 + O (hS _1+). Hence they give rise to
bounded operators on L2(R x L). ]

With A, € as above, we deduce

[ B(s, Ao) ”e_ze(’)Jffg’]’{eloeek(r)ﬂfg}l’{elo

=

sup ”e—ReAOr—Ze(r) Op(e—yG—Nlog(S))—l F(S, )&)

TR
1A=Aol=¢ Op(e—yG—N log(E))eRe Aor—2¢(r) ||L2—>L2'

If W is the multiplication by e ~2¢{"), the operator in the norm is the composition W .S, W

so that S is a convolution operator whose kernel takes the form
he()t—Re)L())(r—r/)I (Op(e—yG—Nlog(‘g‘))—l (Xb . hS) Op(e—yG—N log(é)), h)t)_l )
Recall that Res > 1+ Cs + C(|pmax(s)| + |N|) — y and [Ims| < h~1/2, so we can apply
Lemma 3.24. In particular, the indicial operator in the last line is bounded on L? with
norm C(e€). Since the kernel of S decomposes as a product, we see directly that it
is bounded from eRe(A—20)r—€(r) [ 2 o gRe(A=Ao)r+e(r) 12 Byt since |A — Ag| = €, it is
thus bounded from e=2¢") L2 to ¢2¢") 2 uniformly in A. Finally, since W maps L2 to
e~ 2¢" 12 and ¢2¢(") .2 to L2, we obtain the desired result
C (s, €)

| B(s, /\O)||e_2€<r>:7€§'f{“0—>e25< Jé’b Rerg = T» (3.19)
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for some C(s, €) > 0 locally uniform. On the other hand, using Lemma 3.22, we obtain
that, when p is s-regular,

”R;(b (S)”Jf;:’;lb—n%:';'b =< Cs,p- (3.20)

If Re(s) is such that there are no visible roots, i.e.
Specb+(s, —00, 0) U Specy,™ (s,0,00) = @,

then the boundedness estimate (3.16) follows directly from (3.18) and (3.20).

Else, if s € C with Re(s) > t such that there are visible roots, let us choose & > 0
such that

max [Re(A)] 4+ 2& < pmax(T)-
A€Specy T (5,—00,0)USpecy, ~ (s,0,00)

Note that this is possible because we are in the case p(t) > 0, and thus, as was discussed
after (3.15), p is strictly monotonous. Now, combining equations (3.18), (3.19) and (3.20),
we deduce that

||RXb (S)”e_pmaX(I)(r)Jel]:,lipmax_)epmaX(T)(r)Jei]f,bpmax < Cs,p-

To obtain the boundedness for s € C \ %, one can use similar arguments.

Consider a pole s of RX? (s) corresponding to an indicial root crossing Ao. From the
considerations above, it follows that the Laurent expansion has its image contained in the
direct sum of

eAOrHO DB rke)toer’

where Hy, ..., Hy are finite-dimensional subspaces of H];b (L), related to the images of
the Laurent expansion of (X — As, A)~! around Ag. In particular, this is finite-dimen-
sional. [

Note that, in the case of a geodesic flow, we will see in Section 5 that the reson-
ant states of X coming from the indicial resolvent can be explicitly expressed by Dirac
distributions and homogeneous distributions on the North and South Pole of F = S¢,

4. Black box formalism and main theorem

In this section, we introduce a black box formalism in the spirit of [57]. For the same
reason as in Section 3, we work in a geometric setting that is more general than the
admissible bundles L — S*N from Definition 1.4. Again, this bigger generality comes
without any additional effort in the proofs. Let us define the geometric setting of this
section.

Definition 4.1. Let us consider a cusp Z = [a, +00) x R?/A and a product Z x F with
(F, gr) a compact connected Riemannian manifold. The product (Z x F, gz + gf) is
a trivial fibred cusp.
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Definition 4.2. Let (M, g’) be a complete connected Riemannian manifold, and assume
that it can be decomposed as the union of a compact manifold My and several ends
My, ..., M, that are trivial fibred cusps. Then we say that M is an admissible manifold.

Observe that if M is admissible, then its curvature tensor is % °° bounded.

Definition 4.3. Let (M, g’) be an admissible manifold. Let L — M be a vector bundle
with Riemannian bundle metric || - ||z and compatible connection V. We say that L is
a general admissible bundle if, over each cusp Z; x F, for y > a, L has a product struc-
ture L|z, >~ Zy x Ly, where L is a Riemannian bundle over Fy.

Again, if L is general admissible, its curvature and derivatives are bounded.

Example 4.4. Let (N, g) be an admissible cusp manifold, and let L - M = SN — N
be an admissible bundle. Then L — M is a general admissible bundle and the fibre F is
just the sphere S¢.

Let L — M be a general admissible bundle, with « cusps Zq,..., Z,. Take a > a,
and let

L2(M,L) = {f e L*(M,L) ‘ /f|y>ad0 = o}.

We have the orthogonal decomposition

L*(M,L)=LZ(M,L) ® (@ L%(Jloga, +o0[ x Ly, e ™ dr d;)). 4.1
(=1

In Section 3, we used the measure dr d ¢ instead of e "% dr d . In particular,
L¥(e7 drdg) = "2 L*(dr db).

In equation (4.1), the first term will be regarded as a black box and the second one as the
free space. In the black box, we will use the variable y (more appropriate for geometric
purposes), and in the free space the r variable (more appropriate for analysis). In the case
of elliptic operators, one can really isolate the black box because it can be embedded in
another space where the relevant operator — mostly the Laplacian — has compact resolvent.
However, in our case, since being uniformly hyperbolic is a global property, such surgery
cannot be performed a priori. It is the fact that the flow is exactly translation invariant that
will save us.

We can define extension and restriction operators. Let ¢ € C*°(M, L). We let Z}¢
be the function in C*°([log a, +o0[, x F¢, L) obtained by restriction to the cusp Z; and
averaging in the 6 variable. Conversely, let ¢ € C°(]Jloga, 4+-00[, x F¢,L). We consider
it as a function &7¢ supported in cusp Zy, not depending on 6. We have #7872 = 1. We
extend these definitions to distributions by duality: for distributions v € D’(M, L) and
u € D’'([loga, +oo x F,L),

(Efu.9) = (. Z3¢) and (Pfv.¢) = (v.57¢).

Note that, after this extension, we can apply &7 equally to C*°([loga, oo[) and the com-
position &7 277 is well defined. Given a function y € C*°([loga, +o0]) that is constant
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near a, we can define the associated black box multiplication operator as the operator

B(x) = x(loga) + Y _ &2(x(r) — x(loga)) Z;. (4.2)
L
(Here y(r) is the multiplication operator.) Note that, with this definition, the operator
B(y) acts on L2(M, L) simply by multiplication with the constant x(loga) and on the
free spaces L2(Jloga, oo[ x L¢) as a multiplication operator with y (r).
In this section, we will define a class of operators that preserve this structure, and
review some of their properties. Then we will conclude on the meromorphic extension of
the resolvent of admissible such operators.

4.1. The class of cusp-b-pseudors

Now that we have added some structure to our space L2(M , L), we need to determine
areasonable class of operators that will preserve the structure. First, consider a differential
operator P that commutes with ydg and yd, in each cusp, for y > a. It thus acts on the
space of smooth functions supported in a cusp that do not depend 8. We denote by Pz?, ‘
that restriction for each cusp Zy. Then we find that, fori = 1,...,k, acting on D’'(M, L),

PP = PP}
We also have the dual statement, acting on C°(]Ja, +o00[ x Fy¢, Lg),
EfPy, = P&,

Since we want to use anisotropic spaces that can only be defined using pseudo-differential
operators, we have to accept slightly different relations. Indeed, pseudo-differential oper-
ators cannot be exactly supported on the diagonal.

Definition 4.5 (Cusp-b-operators). Let 4 be an operator C2°(M, L) — D'(M,L). We
say that A is a black box operator with precision C > 1 at height a if, acting on C>°(M, L),

PLAAN - ERPY) =0 foralll = 1,...,k, (4.3)
and acting on C2°(Jlog(Ca), +oo[ x F, L),
(1 —EFPHAEL* =0 foralll =1,...,k. (4.4)

If additionally, for each £ = 1,...,k, QZA@@ZC" acts on C°(Jlog(Ca), +oo[ x F, L) as
the restriction of a translation invariant operator Ag , on sections of R x L, that is suppor-
ted for |r — r’| < log C, we say that A4 is a cusp-b-operator.
We define
Ab,e — e—rd/ZAg,eerd/Z’
which is again translation invariant. In this way, while Ag ¢ acts naturally on
L2R xL, e drdb),

Ap ¢ acts on
L*>(R xL,drdb).
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Finally, if A € W(M, L) is also a pseudo-differential operator, we say that A is a cusp-
b-pseudor and write A € Wy ¢ (M, L).

Example 4.6. In the case of the geodesic flow M = S* N, the vector field of the geodesic
flow X is a cusp-b-operator with precision 1. We also have

d
X,?,e =cos@d; +singd, and X, = cosed, + 7 cos @ + sinpd,,.

In what follows, the constant a will be fixed a priori, it is a geometric data of the prob-
lem, and we will mostly not mention it. Let us give a word of explanation. Condition (4.3)
implies that if f has zero mean value in the 6 variable in each cusp for y > a, then the
mean value of Af in the 0 variable vanishes when y > Ca. Condition (4.4) is the dual
version of the assumption: it means that if  was supported only in cusps for y > Ca and
did not depend on 6, then A f would be supported in y > a and also not depend on 6.

Proposition 4.7. Let A € Wy c (M, L). Then, for £ = 1,...,«, the operator Ap 4 defined
from A by Definition 4.5 is an element in W ¢ (R x Ly) — see Definition 3.3.

This follows directly from the definition. Recall from Section 1.1 that covectors de-
composeas § =Y dy +JdO +ndc.

Definition 4.8. Let o € S°(M, L). Assume that, in each cusp, dgo = 0 for y > a, and
forr >loga, £ =1,...,k,let

ope(r.5iA, ) i==0lz,(e",0,5:e7"A,J =0,n).

Assume that o3¢ does not depend on r for £ = 1,...,k. Then we say that ¢ is a b-
symbol of order O and write 0 € S g (M, L). Given a cusp-b-symbol m of order 0, we
correspondingly define S}’ (M, L) the set of cusp-b-symbols of order m.

By a direct computation, one gets the following proposition.

Proposition 4.9. For a general admissible bundle L — M — N, any o € S(M, L) that
is invariant under the action of local isometries Ty g (see equation (1.3)) in each cusp is
a cusp-b-symbol.

We also get the following lemma.

Lemma 4.10. Let 0 € Sp(M, L). Then, for £ = 1,...,k, we have opy € Sp(R x L) —
see Definition-Proposition 3.7.

Proof. From the considerations in Section A.1.1, we deduce that op ¢ satisfies usual
symbol estimates on R x L. The r-invariance follows from the definition. ]

Let us consider o € S3(M, L) and the corresponding operator Op(c). According to
Proposition A.8, by adjusting the parameter a > a, we get that Op(o) satisfies equa-
tion (4.4). It is not difficult to check that it also satisfies equation (4.3) for similar reasons.
We now consider its restriction to functions f supported in the cusp Z, and not depending
on 0. Actually, we want to compute directly {Op(c)}; ¢ instead of {Op(a)}l?’ ¢- Thus we
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take a function of the form e”4/2 f(r, ) so that the action of Op(c) on L?(L) — with the
measure e "¢ dr d ¢ — will correspond to the action on L2(R x L, dr d¢). By definition
of the quantization — see equations (A.2) and (A.3) — and already replacing

(Zﬂh)_d [ ei(B—e/,J)/h 4o’
by 87—, we get, for e 74/2 Op(0)e’?/2 £,

1 o Y\ i/ h((y—y' Y )+(E—¢ )
(2mh)1+k /X p<10g?)el o ’

y+y i+ e Y e
, Y, J =0, . =dy'dt'dYy d
o, (55 1) 1008\ v de ay dn

(recall k is the dimension of F). We take the coordinate change

Y
r=1logy and A= (y +y’)5.

The volume form becomes

28r’+(r—r’)/2
—_dr'dade dn,
e’ +e”

and the phase
r—r

O(r, A Ln) = (¢ — . y) + 2\ tanh 2’.

The symbol under the integral giving Op(c) f is now in the form
T4+e" " ¢+ s )
3 Ty A N)

where f = P f. Since op ¢ does not depend on r, we deduce that

O VIGR NI (AT

{Op(0)}p.e f (r0) = / e/ hPALm ) O (- — ) F (7', ¢
e+l 22 4y d ) de dn
Ob E( b b ) /7
’ 2 et +e’ (2mh)ltk

Provided that the support of the cutoff yc chosen after equation (3.3) is slightly larger
than the support of y°P, we can find a symbol 5 ¢ € Sp(R x L) such that

{Op(0)}p.e = Op” (Gho)c-
We have proved the following proposition.

Proposition 4.11. Leto € Sp(M, L). Then Op(c) € Wy c (M, L), where C > 1is a con-
stant chosen in the construction of the quantization and there is a symbol Gp 4 € Sp(M, L)
such that {Op(0)}p ¢ = op? (Op.t)c. When the height a at which o starts being invariant
varies, we can change the quantization and keep the same constant C.
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4.2. Meromorphic continuation of resolvents of admissible b-operators
In this section, we will need the following crucial compactness lemma.

Lemma 4.12. Let L — M be a general admissible bundle as in Definition 4.3. Leta > a
and

H!(M,L):={f e H'(M,L)| 2°f =0}.
This is a closed subspace of H (M, L), and the injection H}(M, L) < L*(M, L) is
compact.

Proof. We can adapt the argument of Lax—Phillips [36]. Let y € C>°(R, [0, 1]) be equal
to one in a neighbourhood of 0, and set y,(y) := y(y/n). Consider the multiplication
operator y,(y) in each cusp Z; of M. From Rellich’s theorem, the multiplication operator
Xn is compact for all n from H}!(M, L) to L?>(M, L). Now assume that, as n — 400, x
restricted to H) (M, L) has the injection H} (M, L) < L?*(M, L) as norm limit. Then
that injection has to be compact also.

To show that it is a norm limit, we have to show that, for f € Ha1 (M, L),

I f 2,2y, 50 < Cull f e a,1

with a constant C,, — 0 as n — +00. We use the Poincaré inequality: consider a unimod-
ular lattice A € R and T, = R?/A. For f € H'(Ty) with ff = 0, we have

1 £ L2 < CAlV flga.
Now, with k the number of cusps,
K
dyd¢
2 _ V(2
||f||L2(M,L),y>n = Z/ yd+1 I f(y,¢, )”LZ(TAZ)

=1 y>n

dyd

2
= Cn_2||f||H1(M,L)
We have a statement for general weights.

Definition-Proposition 4.13. Pick a smooth function v’ (r) equal to loga for r < log Ca,
and equal to r when r > log C?a. Then, given y, N, p € R and the corresponding black
box multiplication operator B(eP™") from (4.2), we define

H™N(M, L) := B! )H"™ N (M, L).
Let p < p'. Then the injection Hgm+N+1(M, L) — HZ,m+N(M, L) is compact.

Proof. From the choice of r’ and pseudo-differential operator symbol calculus, we can
reduce directly to the case of y = 0 and N = 0. Applying B(e®*)""), we can also
reduce to the case p < 0 = p’. Then we can adapt the argument from before, adding
a contribution from the zeroth Fourier mode that decays as e 127 || £ || ,.2. [
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Definition 4.14. Let L — M be a general admissible bundle. Let X be a derivation on
sections of L extending a vector field X on M. Also assume that X := hX € Vu(M, L).
Assume that the flow generated by X is uniformly hyperbolic and that we can con-
struct escape functions G € Sy (M, L) for any § > 0 satisfying conclusions (i)—(iv) of
Lemma 2.3 as well as the invariance properties from Lemma 2.5. Then we say that X is
a general admissible operator. We denote by E*>* and Ej; ; the corresponding stable and
unstable bundles.

Given a general admissible operator, the proofs of Propositions 2.10 and 2.11 apply,
so we get a first parametrix Zg (s) := (X — Q — hs)~! with norm O (h~!). Furthermore,
from Definition 4.5 and Proposition 4.11, we deduce straightforwardly the following
proposition.

Proposition 4.15. Let L — M be a general admissible bundle, and let X a general
admissible operator. Let § > 0. Let G be a corresponding escape function. Moreover,
let Q € W,°°(M, L) be microsupported in |§| < 3RS and elliptic in |§| < 2RS — as the
O used in Proposition 2.10. Then, for each £, (Xp ¢, Gp ¢, Op,¢) is an admissible triple in
the sense of Definition 3.9.

Consequently, from Lemma 3.12 and Theorem 2, we deduce that
Ro¢(s) i= Xps — Qpe —hs)™!

and that RX»-¢(s) are analytic, respectively meromorphic families of operators on the
appropriate anisotropic spaces. We now choose y € C°(R) such that

0 forr <log(Ca),
x(r) = )
1 forr > log(C<a)

and define

R (s) = Ro(s) + Z E xR (s) =R ()] x Z%.
J4
Next, let us define, for 7 € R,

Pmax(f) *= SUP Pmax, (7).
L
Recall that pya,¢ was defined in equation (3.15). Also keep in mind that weights are
functions of the form k = ym + N, and they are large when y is large and so is y/| N |.
Lemma 4.16. Let t < 0, and let k be sufficiently large. Then, for
Re(s) >t and |Im(s)| < h™"/2,

the operator family %b (s) is @ meromorphic family of bounded operators from HX
to HY, )" Additionally, we can write

Prmax
(X — hs)Zp(s) = 1 + K(s),

Phax (T)

where K(s) is a meromorphic family of compact bounded operators on HX Addi-

Prnax ()
tionally, 1 + K (s) is invertible for Re(s) large enough.
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As a consequence, we get the main theorem of this article.

Theorem 3. Let X = hX be a general admissible operator (see Definition 4.14) on
a general admissible bundle L — M (see Definition 4.3), and assume that the indicial
roots are affine in the sense of Definition 3.26. The Schwartz kernel of Z(s) := (X —s)~!
has a meromorphic continuation to C. The corresponding poles are finite order, finite
rank. We also have the wavefront set statements

WF (Z(s)) = WF},(Z(s)) N T*(M x M) C AT*M)U Q4 UEF x EX.  (4.5)

Furthermore, if sg is a pole and
J A
R(s) =Y —L— +Rnu(s
() ,Z::I Gy T A

is the Laurent expansion, with holomorphic part Z (s), then
WF'(4;) C E; x E; and WF (Zu(s0)) CA(T*M)UQ UE;XE;. (4.6)
Proof of Lemma 4.16. Recall that
K(s) = (X —hs)Zp(s) — 1.

The meromorphy of ,%”Q (s) and K has already been proved, and so has the invertibility
for large Res > 0 of 1 4+ K(s). It suffices now to show that K(s) is compact on the
appropriate space. We will use the fact that if k is large, then so is k & 1.

The first observation is that, from a standard resolvent identity, for £ = 1,...,k, we
have

R*2L(s) —Rg ¢(s) = R*¢(s)Qp ¢ Ro ¢ (s).

This is a bounded operator from e ~Pmax.¢(D)(r) J(’l';_l to ePmax.¢ (D)) J(’;;‘H (it is smoothing).
Now we compute (X — hs)%’/Q (s) and find that the operator K(s) = K1(s) + Kz(s)
writes as the sum of two terms. The first one is

Ki(s) =) &ilXpe, XJR4(5)0p e Ro £ () Py
L

This operator is compact on HX pmax (z) SINCE it maps it continuously to 1y<c H k+1 _ here
we are applying Theorem 2 crucially.
The other term in K(s) is

Ka(s) := QR0 (s) = Y _ Etx Qe Rou(8)x Pt
l

Applying (X — Q — hs) on the right, we obtain

Q= ExQbix P+ Y EuxQviRou()X- X0 — Q] Pt
¢ ¢

=K3 =Ky
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Since y(y) = 1 when y > C?a, we get that
3
70 =3 6uxQnex ] =0
14

Using that Q is smoothing together with Lemma 4.12, we deduce that K3(X — Q — hs)~!
is a compact operator on H @) Accordlng to Lemma 3.12, provided k is large enough,
Ry ¢(s) is bounded on spaces H "p with p < —pmax (7). Recall that y was chosen to
be constant outside a compact set, so [x, Xp ¢ — Qb ol Hre o — J® ", 1s bounded for
arbitrary p1, po. We deduce that K4(X — Q — hs)~! maps HX , o (o) t0 Hp k+1 for some
0 < —pmax(7), and by Lemma 4.13, it is compact. This concludes the proof. ]

Proof of Theorem 3. From Lemma 4.16, using the Gohberg—Sigal theorem [24] — see [18,
Theorem C.7] for a version in English — we deduce that %’/ (s)( 1 + K(s))~! is a mero-
morphic right inverse to (X — As), bounded on H e (1) —> H pna () fOr Res > 7 and k
large enough. As, for Re(s) > 0, X — hs is 1nvert1ble it has to coincide with the inverse
there, and we deduce it is a meromorphic continuation of (X — hs)~!. Since C>(M, L)
is contained and dense in all spaces H) ym+N , we deduce the meromorphic extension of
the Schwartz kernel. In particular, the poles do not depend on the choice of space.

It remains to show the announced property on the wavefront set. We can use the
arguments from [17, page 18 of the arXiv version] again as in the end of the proof of
Theorem 2. We reproduce the argument here. We have by the second resolvent identity

K(s) = hZo(s) —hHo(s) QX0 (s) + Ho(s) QX (s) QX0 (5). (4.7)

(One can check that all the terms in the equation are well defined.) The wavefront set of the
first term in the right-hand side is contained in the announced wavefront set for Z(s), so
we concentrate on the second and third term. For both of them, their WF, NT*(M x M)
is a subset of

{(x,& x", &) | there exists (x1, &1, x7, &) such that (x, &, x1,&1) € WF,(Zo(s)Q).
(x1,§1, X", &) € WF,(QZ0(5))}.
This is contained in Ej” x Ej, where

Egt = {(x,€) € T*M | there exists T > 0 such that |®+7(x,§)| < 3RS}.

Since the wavefront set of Z(s) does not depend on &, we can let it go to 0. The intersec-
tion of the E; x E5 for 8 > 0is exactly Ey x Ej.

For the wavefront set at a pole 59, we consider (4.7). Comparing the Laurent coeffi-
cients, we obtain

Ay =Z9(s)QA10Z9(s).

We can apply the same argument as above and obtain WF'(4;) C E¥ x E¥. For the
other coefficients as well as Zg (s¢), we can argue inductively. Indeed, formula (4.7) will
provide us with a formula for the Laurent coefficients that will involve other Laurent
coefficients A; of higher order and derivatives of Zo(s) in the s parameter. But, as
05 %0 (s) = —Z o (s)?, the wavefront set of its derivatives is contained in the same set. m
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5. Explicit computations for the geodesic flow

In this section, we come back to the case of admissible bundles over S*N with N an
admissible cusp manifold. Let us denote by A, the maximum of Re(A) when A ranges
in the eigenvalues of the endomorphisms 4. Then we define

d
Pmax, L (77) = max(O, Amax — T — 5)
Note that, for functions, i.e. L being the trivial bundle, we have Ay,.x = 0. We prove the
following theorem.

Theorem 4. Let N be an admissible cusp manifold, L — M = S*N an admissible
bundle and X an admissible lift of the geodesic flow vector field (see Definitions 1.1
and 1.4).

Then the resolvent Z(s) := (X — s)~! which is defined on L>(M, L) for Res > 0
has a meromorphic continuation to C as a family of continuous operators

Z(s):C®(M, L) — D'(M, L).

More precisely, for any © <0 and N € R, there is a sufficiently large y such that, on
Re(s) > 1, |Im(s)| < h'/2, the resolvent is a meromorphic family of bounded operators
. gym+N ym+N
%(S) H_pmax.L(r) - HpmaxAL(f).

Finally, the wavefront set of % (s) satisfies estimate (4.5), and its polar part satisfies (4.6)
as in Theorem 3.

According to the proof of Theorem 3, it suffices to show that the roots are affine in the
sense of Definition 3.26. This will be shown in Lemma 5.11.

We will explicitly calculate the indicial roots for an admissible lift of the geodesic flow
in the sense of Definition 1.4. We do this in three steps. First, we compute the family of
indicial operators for admissible lifts. Then we determine the indicial roots for the scalar
case, and finally deduce the precise formula for the indicial roots of an admissible vector
bundle.

5.1. The indicial operator for admissible lifts

From now on, let M = S*N be the sphere bundle over an admissible cusp manifold,
L — M an admissible vector bundle and X an admissible lift in the sense of Defini-
tion 1.4. Set X = h X, and fix a cusp Z,. Then, as a first step towards the indicial family,
we want to calculate the b-operator Xp, ¢ acting on sections of R x Ly — R x F. Recall
that, in Example 3.1, we have already determined that Ly = K x¢, V; - F=K /M = s,
In order to give an explicit expression of the operator, we use the coordinates » € R and
spherical coordinates (¢, 1) € [0, 7] x S¥~ on S¢ as introduced in Section 1.1.
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Lemma 5.1. X € Wy, (M, L) is a cusp-b-operator, and its associated b-operator Xp 4 in
Uy 1 (R x Lg) as defined in Definition 4.5 is given by

d
Xpo = h[cos(go)ar + 5 cos() + Ve + Ag], (5.1)

where V® is the canonical connection on Ly, Ay € End(Vy)™ is given by Definition 1.4
and acts as a zeroth order operator on Ly, and Xy = sin@d,, is the vector field of the
gradient flow on S%.

Proof. Let us fix a cusp Z; and consider a section f € C*°(S*Z,, L) supported in
{y > a}. Recall that Lig+z, = Ay \ G x, V;; thus we can identify f with a function
f A¢\ G — V} that is right M-equivariant, i.e. f(Aggm) = te(m™ 1)f(/\gg) Note
that the geodesic flow on S*Z; r = Ay \ G / M is given by the right A-action and we
can write’

d
X eg) =l .

for a suitably normalized H € a = Lie(A). Let us check that X preserves sections that
are independent of the ¢ variable. Note that, with respect to the N A K decomposition,
this means that f(Agng) = f(Agg) (cf. Section 1.2). That such functions are preserved
under X is obvious by (5.2). Consequently, X is a black box operator according to Defin-
ition 4.5.

Let us thus remove the dependencies in 8 € Ay \ N and consider the operator Xg,e
acting on sections f € C*°(R x F, R x Lg). Further, identify these sections with right
M-invariant functions f: A xK — V. By the N A K-Iwasawa decomposition, we can
write any ¢ € G in a unique way as ¢ = nyax (g)anak (g)knax (g). With this notation,
we can write

Fhege™) + acf (Meg)] (52)

Xy f(a.k) = [:lit f(aNAK(akth),kNAK(akth)) + Azf(a,k)]
= h[%‘t=0_/;(aaNAK(k€Ht),kNAK(kth)) + Azf(a,k)],

where we used the identities ay4x (ag) = a - ayax(g) and kyax(ag) = knax(g). This
formula shows directly that XO b, COmmutes with translations in the A direction, and we
have thus shown that X is a cusp-b-operator according to Definition 4.5. It finally remains
to express Xb, ¢ 1n the coordinates r, ¢, u of R x S? >~ A x K /M as introduced above.
In particular, we have to identify the differential operators

d d
—  aanag(kefyon A~R and —  kyax(ke")on K/M =~ S?.
dt|t=0 dt|t=0

The identification of the canonical connection on reductive homogeneous spaces can be found
in many geometry textbooks. For a short exposition in the context of geodesic flows on vector
bundles over locally symmetric spaces, we refer to [35, Section 1.1.5].
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As these differential operators are independent of the choice of the vector bundle, we can
simply restrict to the scalar case and compare to the expression of the geodesic flow vector
field in coordinates that have been calculated in Example 3.5 (cf. also equation (1.4)).
Thi§ yi§1ds %n:oaaNAK(k?%h) & cos @d, apd %hzok{vAK(keH’) >~ singd, = X
Taking into account the definition of the canonical connection on Ly = K x, Vi, we get

X} ¢ = hlcos 9o, + V;ér + Ag).

In order to pass from Xg , t0 Xpyg, one simply has to conjugate the differential operator by
e74/2_which creates the additional d /2 cos ¢ term in (5.1). L]

Now, from equation (5.1) and the definition of the indicial family (Definition 3.13),
we directly obtain the following corollary.

Corollary 5.2. For Xy as in Lemma 5.1, one has

d
I(Xpg.2) = Acosg + h[E cosp + Vi + Ae]. (5.3)

5.2. Finding the indicial roots for functions

In this section, we focus on the action on functions. In that case, X = X and X = h X.
Since the flow is the same for each cusp, we can safely drop the dependence in the index £.
We compute the indicial roots of 7(Xp, A) — hs. As this operator will frequently show up
in the sequel, we introduce the shorter notation

Py = I(Xp,A) = hsingd, + [)L + h%] cos ¢. (5.4)

Le us introduce some notation which we will need to formulate the spectral proper-
ties of Pj. Recall that we have introduced the coordinates (¢, u) € [0, 7] x S¥~1 on S?.
Consider the projection of S? to the equatorial plane. It is a smooth chart on both strict
hemispheres. We denote these smooth restrictions by

T

ewi{ow es? g < Zh > xR | x| < 1),
T

Ksl{((p,u) es? ‘90 > 5} —{x eRY||x| <1}

Note that (p,u) := (sing,u) € [0, 1] x S¢~! are exactly the radial coordinates in both
charts.

For further reference, we recall that the Taylor expansion in radial coordinates at O for
f € C™"(R?) can be written in the following fashion:

w
S =3 BT vy topr) asp0 69)
lul<n '

Here p € N9 is a multi-index, T, € C>°(S¢~1) is the monomial x#, x € R?, of degree
|| restricted to the unit sphere S~! ¢ R¥.
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Let us come back to P,. According to Lemma 3.20, to determine the indicial roots,
it suffices to consider the action of P, on Hgmb (S%), that we denote just H (S%).
Inspecting formula (5.4), we see that it is a gradient vector field plus a complex poten-
tial. Ruelle—Pollicott resonances for Morse—Smale gradient flows were studied in detail
by Dang and Riviere [13]. In particular, the spaces they defined are quite similar to
HY™» (S?). Recall that Cg was defined in Lemma 2.3

Lemma 5.3. There is an € > 0 such that the following holds.
o Let f € D'(S?) be supported in the e-neighbourhood of the North Pole. Then

feHm st — feH (ST
o Let f € D'(S?) be supported in the e-neighbourhood of the South Pole. Then
fenm(s?) « feHYSY).

Proof. Let us prove the first assertion. By Definition 3.18 of H””» and standard pseudo-
differential operator arguments, it is enough to prove that mp o € S (L) is constantly
equal to —Cg in a neighbourhood of N modulo some lower order terms S ~!*¢(L). By
Lemma 3.17 and Proposition 4.11, the leading term is given by

mpo(C,n) =m(r,0,{,A =0,J =0, mod ST,

where m € S®(M, L) is the order function constructed in Lemma 2.3. By construction
of m, we know that, high enough in the cusp, m = —Cg in a neighbourhood of

Er, = (ES® E) .

Here E$ and E? are the stable and neutral bundles corresponding to constant curvature
(see discussions in the proof of Lemma 2.5). If we consider some point (r, 8, N) € SZ
and write T(r, 0, N)(SZ) = T,R @ Ty(R¢/A) & TyS?, then by standard hyperbolic
geometry, we have (E2)-.0.4) = TrR and (Ef) =Ty (R%/A). Consequently, E; is
precisely given by A = 0, J = 0. Putting everything together, we know that, at leading
order, my ¢ is constantly equal to —Cg around N, which implies the first assertion.

The second statement follows from similar arguments. ]

The following lemma shows that, in the charts ks, the operator P, takes a particu-
larly simple form — recall that here p = sin ¢.

Lemma 5.4. On the northern hemisphere, the function 2tan(g/2)/sin ¢ is an analytic,
non-zero function, and expressed in the (p, u)-charts, defined above, we have

2t 2)\~s 2t 2)\$ d

(M) (Py — hs)(M) = V1= 02 (hpdp —hs + 2 +h5).
sin ¢ sin ¢ 2

On the southern hemisphere, the function 2 tan(¢/2) sin ¢ is an analytic, non-zero func-

tion, and expressed in the (p, u)-charts, defined above, we have

(2tan<%> sin (p)_S(P,l — hs) (2 tan(%) sin (p)s
= V1= p?(~hpdy — hs = —h%).
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Proof. The results follow from a straightforward calculation using standard trigonometric
identities. |

Let u € N9 be a multi-index; then we define the standard Dirac distributions on R¥
by 8(()” ). CX(R?) 5 f > (3% £)(0). Recall that all distributions on R, supported in 0
are linear combinations of finitely many 80” . Furthermore,
8,897 = —(|u] + )89, (5.6)
If k 4 is the chart of the northern hemisphere, then we define for any A € C the distribution
(2 tan(p/2) )A/h—(lul+d/2)
sin ¢

5(//0) .

o= K889 e D'(s7),

and for kg the chart of the southern hemisphere, we define the distribution
—A/ R+l +d/2)
8;’2 = (2tan<%> sin (p) K;S(()”) e D'(S).

Combining (5.6) with Lemma 5.4, we obtain
4\
[ (= + )} <o

[P+ (1= + 5)) J2 =0

and up to linear combinations, these are the only eigendistributions of P, supported in
the North or South Pole.

We next want to study the kernels of the operators Pj on HY™»(S%). According to
Proposition 3.23, each P; has a unique closed extension, and the domain DY (S%)
does not depend on A, so that A — P, is a type (A) family as in [33]. Further, to prove
Proposition 3.25, we proved that Py — hs is Fredholm of index 0 when

(5.7)

d A
Re(s) > —yCq + = + ‘Re(—)‘.
2 h
The rest of this section is devoted to the proof of the following proposition.

Proposition 5.5. The indicial roots of Xp acting on functions are affine, and they are
given by

d
Specy(s) = {j:(s + (5 + n)), n e N}.
We start with the following lemma.

Lemma 5.6. Lety > 0, A € C. Then, forRe(s) > —yCg + d /2 + |Re(A/ h)|, the oper-
ator (Py — hs): DY™» (S4) — HY™>(S?) is injective unless

A= h[s + (%-i—n)]

for some n € N.
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Proof. Assume that w € D’(S9) is a distribution that fulfils (P; — is)w = 0. Then we
can distinguish two cases: either wiga\(y sy = 0 or not.

In the first case, w must be a linear combination of 85{,‘} s> and from (5.7), we deduce
that the possible solutions are either A = h(s + n + d/2) and w is a linear combination
of 5%’)/1 with || =n, or A = —h(s + n + d/2) and w is a linear combination of 559‘3,
again with || = n.

Whether these distributional solutions belong to H*™»(S?), or not, depends on y.
Suppose that yCg > n + d/2, n € N; then locally around the South Pole, according to
Lemma 5.3, distributions in HY"*» (Sd) have to be of positive Sobolev order, so none of
the Dirac distributions 8;” /{ are allowed. Near the North Pole, distributions are allowed
to be in H"~4/2—¢(s4 ),’again from Lemma 5.3, and consequently, all the distributions
S%L with || < n are contained in H"™> (S¢).

In the second case, i.e. Wisd\(¥,$} # 0, we work in s4 \ {N, §} with the coordin-
ates (¢, u) €10, 7[ x S?~1. As P, is independent of u, we can choose a product form
Wisd\(w.5y = J ® g with € D'(J0, 7[) and g € D’(S4~1). Thus the PDE reduces to
the (ordinary) differential equation (P, — hs) f = 0. By ellipticity, f has to be a smooth
function on 0, 7z [, and for every A, s, there is a unique solution

S (@) := (sin go)_d/Z—A/h(ztan(g))s‘

We now have to discuss under what conditions f ® g can be extended to a distribution
in HY>(S). For d/2 > € > 0, let @ = yCg — d /2 — €; then from Lemma 5.3 and the
Sobolev embedding theorem, distributions have to be C*(S?) in a neighbourhood of the
South Pole. Going to the charts kg, we obtain

—S
(Ztan(g) Sin(p) w = pd/2Ah=s g o

As, in a neighbourhood of the South Pole, (2 tan(¢/2) sin ¢) ™ is a smooth non-vanishing
C>(S?) function, we have to extend p~%/27*/"=5 @ g to a C*-function on R¥. Accord-
ing to (5.5), this is possible if either Re(—d /2 —A/h —s) >aorif —d/2—A/h—s =n
for some n € N and g is a linear combination of Y, with || = n (or in other words, g
is a homogeneous polynomial of degree n). Note that the first case is ruled out since we
assumed that —Re(s + A/ h) < —d /2 + Cgy so that we would have @ < Cgy — d, and
€ > d /2, contrary to our assumption. L]

Now, to complete the proof of Proposition 5.5, we have to check that, for
d
A= :I:h(s—i— ) —i—n),

the kernel is not empty. We have already done this in the proof for A = h(s + d /2 + n)
for n € N, so we concentrate on the case that A = —h(s + d /2 + n).

The question is whether the functions f ® Y, || = n, can be extended to distribu-
tions over the whole sphere S?. We have hs = —A — h(n 4+ d/2). Let T € R (S¢™1),
where R (S?~1) denotes the space of homogeneous polynomial of degree n restricted to



Resonances and hyperbolic cusps 903

the unit sphere. We introduce the notation

@\\—(n+d/2+A/h)
) ®

fSra = (sing) 274/ (21an( % T@. (58

If we express these functions in the (p, ) coordinates in a neighbourhood of the North
Pole, we get

2tan(<p/2) n+d/24+A/h e _
( sin ¢ ) fSO,T,)L =p d=2r/h " (u).

Since 2tan(¢/2)/sin ¢ is a non-vanishing C > (S%) function near ', we conclude that
fSO,T, , isin L} (S?) and a legitimate distribution whenever n +2Re/h < 0. Now,
using the ideas of Hadamard regularization as in [31, Theorem 3.2.4], we can show that
/3§, extends from Re A < —hn/2 to the whole of C as meromorphic family of distri-
butions Fsx. When ¢ € C>°(S?) is not supported around N, the value of Fsx (V)
is given by f, SOT , (), so we can concentrate on the case of ¥ supported around N, and
consider a smooth function ¥ supported in {p < €} in R¥ such that, when Re A < —hn/2,

2t D)\ n+d/2+A/h € ~ L
( E‘S‘:I(l‘fo/ )> Ssra ) Z/O /Sd*l p M A==y (pu) Y (u) du dp.

Integrating by parts in the p variable, N times when Re A < —hn /2, we obtain that

p—2/l/h—n—l T(l//)

N-1
: ‘ —2A/h—n+N-1 N
jl:!) 20/ h+n—j /0 /Sd—l P () (3, ¥ (pu)) du dp

The expression in the right-hand side is obviously meromorphic for Re A < h(N —n)/2.
The poles are situated at A = h(j —n)/2, with j = 0,..., N — 1, and they are of order 1.
At such a point, we find s = —(n +d + j)/2and A = h(s + d/2 + j). In other words,
the poles of Fg v correspond to root crossings. This is sufficient to ensure that the
indicial roots are exactly the h(s + d/2 + n) with n € N and finishes the proof of
Proposition 5.5. u

Now, while not necessary for the proof of the main theorem, we want here to describe
the Jordan block structure at the root crossings. Since the residue of Fg v at a pole
does not depend on the level of regularization N (as long as N > j + 1), we can choose
N = j + 1. Then the residue is given by

i ‘ Jj+1
2j!/0 /Sd_, Y )@,y (pu)) dp du.

But, as v is supported in {p < €}, this is just

h d0\J _ h 1 )
271 Jous T(u)((a—p)lpzow(pu)) du = 2 “;::j m(/;d Yy ()Y (u) du)&o“ W),
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where the equality can be read off (5.5). Writing a,, = 1/u! [qa—1 Y (u) Y, (u) du, the
residue of Fg v j at A = h(j —n)/2 is thus given by

h w
2 D Wiy
ll=j

The finite part of Fg v, at such a point is a distribution A4; such that A; coincides with
Js th(j—n)/2 in S9 \ N. Additionally, since we have, for all A,

d
(P,x + A +h(n + 5))F3,T,,1 =0,
differentiating in the parameter A, we deduce that
n—+ j + d ]’l (w)
T)Aj =—(1+ cos<p)§ Z aMSN,h(j_n)/z.

[ul=Jj

(Ph(j—ro/z +h

Consequently, the finite part of Fg v, is an eigendistribution of P, if all the a,, vanish.
If Y is chosen such that this is not the case, we can however modify A; in order to get
a generalized eigendistribution. Consider E; the space of distributions supported in {V },
of order smaller than j. Choosing a basis of such distributions of decreasing order, we find
that Py(;j_pn)/2 acts on E; in an upper triangular fashion, and the diagonal coefficients are
non-singular. We deduce that Py(;_p)/» is invertible on E;. In particular, since

(Phij-nmy2 + h#)z&» € E,
we can find ¢; € E; such that
n+j+d
2
In particular, the kernel is non-empty, and there is an order 2 Jordan block.
Definition 5.7. When A # h(j —n)/2 with j,n some integers, and Y € R, (S9), we

denote by fs v the continuation Fsy . When A = h(j —n)/2, fsy,  will instead
refer to the distribution A; + e; thus defined.

2
(Ph(j—n)/z +h ) (4 +¢j) =0.

Before we proceed, it will be useful to introduce some notation. Given real-valued
g, f € C®(S4), we let

(o= [, re

We recall that R,,(S?~1) is the set of functions on the sphere that are restrictions of real
homogeneous polynomials of order 7 on R¥.

As a consequence of the proof of Lemma 5.6, we get the following explicit description
of the generalized eigenstates of P; .

Lemma5.8. Let A € C,n € Nand yCg > d + n + 2|Re(A/ h)|; consider the operator
P;: Db (S%) — HY™> (S9) and the kernel of Py + h(d /2 4 n) &+ A.
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o If A & hZ./2, then for any n € N, there are no Jordan Blocks, and
d
ker(Py+h(F +n) +1) = span{ fs.x, | Il = n}.

ker(P,x + h(% + n) — /\) = span{Sj(f’))t | || = n}.

o [fA=hk/2,k e N,andn =0,...,k — 1, thenfor Py + h(d/2 + n) — A, there are
no Jordan Blocks, and one has

d+2n—k

) = span(8Y, | [ul = ).

o fFor A =hk/2, k e N, andn =k,k + 1,..., one has Jordan Blocks of index 2 for
Py +h(d/24+n)—A, and

ker(P,x +h

d+2n—k\2
ker(Py +h=—"———)" = span{6§,. fs x| [l = . [v] = n =k},
d+2n—k
ker(PA + h—) = span{(?:()ff’))L | |n| = n}

U{fsra | T €Rge(ST7H, (. 1) =0
forall |v| = n}.

o If A =—hk/2, ke N,andn =0,...,k — 1, then for Py + h(d/2 + n) + A, there
are no Jordan Blocks, and one has

ker(P + h(d +2n —k)/2) = span{fs v, | |u] = nj.

o For A =—hk/2, k e Nandn = k,k + 1, ..., one has Jordan Blocks of index 2 for
Py +h(d/2+n)+ A, and

d +2n—k\2 )
ker(P,x + hT) = Span{fS,Tu,A’Sﬁv?A | lul = n, |v] =n—k),
d+2n—k )
ker(Py +h=————) = span(s{y); | v = n—k}

Ulfsral T eR(ST™, (T, Tu) =0
forall \|u| =n—kj}.

5.3. Indicial roots for fibre bundles

After this study of the action on functions, we come back to the action on admissible vec-
torbundles L = K x,, V; - K/ M = S¢. For the moment, let us fix a cusp and drop the
index £. Note that Definition 1.4 does not assume that 7 is an irreducible M representation.
However, we can reduce the problem to the irreducible case. Consider the complexi-
fied representation (t, V) which decomposes into irreducible unitary representations
(07, W;). We then get

L* (S K x. V) = P L*(S? . K xo; W). (5.9)

i=1
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Furthermore, using the explicit form of 7(Xp, A) from (5.3) and the fact that, according
to Definition 1.4, the non-scalar zero order term A is M equivariant, we conclude that
I(Xp, L) preserves this splitting. Finally, we have to take into account that we do not
want to study the operator acting on L? but rather on the anisotropic spaces H?”% (S%  L).
Recall that the escape function is a purely scalar symbol. We can pick the quantization so
that scalar symbols are mapped to operators that preserve the decomposition (5.9) — that is
a lower order term condition. In particular, / (Opb (e779), A) acts on L2(S?, K Xo; Wi)
as a principally scalar operator. Thus we assume from now on that we have fixed a cusp
and that (z, V') is unitary and irreducible. Since it is irreducible, the M equivariant term A
has to be scalar by Schur’s lemma and the indicial operator

d
I1(Xp, 1) = Acosg —i—h[zcosqo + V)L(gr + A]

becomes the sum of a covariant derivative and a scalar term. It will thus be convenient to
study its action on local trivializations by orthogonal parallel frames. Let b‘lN e ,bg}fm v
be an orthonormal basis of the fibre L4 over the North Pole &' € S¢. Any point

(p.u) € S\ (S}

can be connected to N by a path [0,1] 3 ¢ +— (t¢,u) in a unique way, and via parallel
transport along these paths, we can define the orthonormal basis blfN (¢) of the fibre over
¢ € S\ {8}. By definition, this means
N
Vi b = 0.
Similarly we chose a orthonormal parallel frame b;g (¢) on S¥ \ {N}. Comparing these
two orthonormal frames on the equator ¢ = 7/2, u € S?~!, we get a smooth gluing
function ¢: S~ — U(V) such that
g(u)blf’v(%,u) = bf (%u) fori =1,...,dimV.

With this gluing function, we can express the transformation under the change of trivial-
ization for w € D'(S% \ {N, §},L) as follows:

dimV dimV (dim 14

w = ]; THHCENES I DY (g(u)b,{(%,u),b;v(%,u)>v w,f)b;v(u,q)),

I=1 \k=1

=91,k )
Having introduced these orthonormal frames, we can prove the following lemma.
Lemma 5.9. If we fix a cusp and consider L = K %,V for an irreducible unitary M

representation (t, V), then the operator I(Xp — hs, A): DY (S?,L) — HY">(S9 L) is
injective unless

)tz:l:h[s—A+<%+n)],

where A € End(V)M has been identified with a scalar by Schur’s lemma and n € N.
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Proof. Let us reduce the problem to the case of functions, dealt with by Lemma 5.6. Sup-
pose that w € DY™»(S4, L) \ {0} with (X} — hs, A)w = 0. Then one of the following
cases holds.

First case: supp(w) \ {N, S} # @. Then we can expand the restriction of w to S¢ \ {N'}
in the orthonormal trivialization b,f and get

Wsa\(n} = Z we by (@.u)

for scalar distributions w,f € D'(S? \ {N}). From the fact that ngrb,f = 0, we deduce
that

[h(Xgr + %cosw) + Acosg — h(s —A)]wf =0.

Next, using that w € H””» (S, L) and Lemma 5.3, we conclude that w,f € HC7 (S%),
in a small neighbourhood around §. Furthermore, at least one w;f must be non-vanishing
on S¢\ {N,S8}. We are thus precisely in the setting of the second case in Lemma 5.6,

and we deduce with the same arguments that such a distribution only exists if

s—A:—i—&—n for somen € N
2 h
and the eigendistributions are precisely given by a linear combination of fs 3 v, with
Il = n.
Second case: supp(w) = {S}. Then we use the same trivialization as above. This would
require distributions w,f € H"™>» (S?) with supp w,‘f = §. But, as Lemma 5.3 requires
these distributions to have positive Sobolev regularity, they have to be zero.

Third case: supp(w) = N. Then, using the trivialization on S¢ \ {S}, we write
w = Zw,’?/b;?/(tp,u) with w,‘c"/ € HY™b(S9), supp(w,‘c”) =N,
and
d N
[h(Xgr + ) cosgo) 4+ Acosg —h(s — A)]wk = 0.
We are thus precisely in the setting of the first case in Lemma 5.6, and we deduce that

such distributions only exist if (s — A) = A — h(n + d/2) for some n € N and they are
precisely given by linear combinations of 85\‘,‘ 5 with |u] = n. |

As in the case of functions, we have to care about the extension of those distributions
coming from fs vy, a1 and check which still remain in the kernel of the indicial operator.
Therefore, the following notation is convenient: given

T=®,. 1Y) e R, (ST,

define the section Fg v ; = Z(l]i;nlv s, Abf. In order to understand the extension in
the sense of homogeneous distributions at the North Pole, we use the definition of fs v ;
(equation (5.8)) and pass to the trivialization b;’v :

' ~ ~ —(n+d/2+/l/h)dimV dim V .
Fs . = (sing) /2 Mh(Ztan(%)) Z (Z gl,i(u)T(’)(u) b;N.

=1 i=1
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We see that each coefficient in front of b;’v is again a homogeneous distribution around N
of degree p~4=24/"=" and we can apply the discussion before Definition 5.7 to extend
each of the coefficient distributions. We conclude that the extension remains in the kernel
of the indicial operator if and only if one of the following condition holds:

o A ¢ hZ/2,
e 2ReA/h+n) <0,
e A =—hk/2,k € Z,k <nand

dimV
/Sd_l (Tu(u) Y g (u)T""(u)) du =0 (5.10)

i=1
forall/ =1,...,dimV,|u| =n —k,and Y, € R,_x(S971).

We will denote the setof all X' € (R, (S4=1))dimV that fulfil (5.10) by A5, k. Obviously,
M-k C Ry (S4=1y)dmV s 4 subvectorspace.

Lemma 5.10. Fix a cusp and a unitary irreducible representation (t, V). Consider
L=Kx.V — S¢.
Let A € C,n € Nand yCg > d + n + 2|Re(A/ h)|; consider the operator
I(Xp. 1): DY (S, L) — H™ (S, 1),
and identify A € End(V)™ with a complex number by Schur’s lemma. We give the fol-
lowing description of the generalized eigenspaces:
i d J
K = Ner(10Xp 1) + (5 +n— 4) £ 1)

by distinguishing the following cases.

o IfA & hZ/2, then for alln € N, there are no Jordan Blocks, i.e.

*%//lz,n,:l: = '%/Al,n,:t

and
‘%/Al,n,+ = Span{fS,TM,AblS |l =1,...,dimV, |u| = n},
A = span{8Y0 b | 1= 1,....dim V. || = n}.
o IfA=hk/2, keN,andn =0,...,k — 1, there are no Jordan Blocks, i.e.
Holon = Koo -
and
)

o1,

_= span{S%?Ab;v |l =1,...,dimV, |u| =n}.
e ForA =hk/2andn =k,k + 1,..., one has Jordan Blocks of index 2, i.e.
K = Ko
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and
A2 = span{8 b Fs x| |ul=n.1 <dimV, X € R, (S*~H)m},
5 = span{8 b Fs x| |lnl=n.1 <dimV, X € Ay pn}.
o IfA=—hk/2,k e N,andn =0,...,k — 1, there are no Jordan Blocks, i.e.

2 1
ez/’h”,‘i‘ = L%/A,}'L’_|_
and
Ji//\l,n,+ =span{Fsy | X € Rn(gd)dimv}_

o ForA =—hk/2andn =k,k + 1,..., one has Jordan Blocks of index 2, i.e.
Jg}in,-ﬁ- = ’){)Lz,n,-i-
and
A2 =span{890 Y Fsx ;| lul =n—k I <dimV, X € R, (S~ ")4mV},
L%/Al’n’Jr = span{S%,)Abl‘N, Fsx,llpl=n—k, [ <dmV, X €A .}

Taking into account that an admissible cusp manifolds has only finitely many cusps
and that, over each cusp, the finite-dimensional unitary representation t;, V; that describes
the admissible vector bundle over the cusp splits into finitely many irreducible subrepres-
entations, we obtain the following corollary.

Corollary 5.11. For an admissible cusp manifold and an admissible vector bundle in the
sense of Definition 1.4, the indicial roots are affine. Their multiplicities are finite and can
be calculated by Lemma 5.10.

Appendix A. Quantization on manifolds with cusps and propagation
of singularities

A.1. Symbols on non-compact spaces

Since we are working with pseudo-differential operators acting on fibre bundles over
non-compact manifolds, it is important to clarify what notion of symbols we are using.
We want to use symbols in the usual Kohn—Nirenberg class, but we have to be slightly
careful to take into account the lack of compactness of the manifold. Throughout our
arguments, we refer to C¥ functions as functions with C* regularity, and €* functions as
elements of the corresponding Banach space. The notation €% implies the use of a metric
to measure the size of the derivatives. Given a Riemannian or Hermitian vector bundle
L — M over a Riemannian manifold, endowed with a compatible connection, we can
also define €% (M, L) spaces as well as Sobolev spaces H*(M, L). We introduce the
following definition.
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Definition A.1 (Kohn—Nirenberg metric). Assume that (M, g) is a Riemannian manifold.
Then its cotangent bundle decomposes as

T(T*M)=H®YV,

where V = kerdr, with 7: T*M — M the usual projection. The so-called horizontal
space H is given by the Levi-Civita connection. We have natural identifications

Vo~H>~TM,

so we can define horizontal and vertical lifts — see [26]. We define the metric g on T* M
by

oo X+ Y WY +ZM) = (v, Z) + gx(X. W).

1
1+¢(5.8)
Lemma A.2. Assume that the curvature tensor of (M, g) is bounded and so are all its
covariant derivatives. Then the same holds for (T*M,g).

This can be proved using the expressions for the curvature tensor of such a metric
presented in [26]. From now on, whenever M is a Riemannian manifold, its cotangent
bundle will be endowed with g.

Definition A.3 (Symbol classes). Let (L, | -||) — (M, g) be a Riemannian or Hermitian
vector bundle over M with compatible connection V. Assume that both the curvatures of
L and M are bounded, as are all their covariant derivatives. Then the semi-classical Kohn—
Nirenberg symbols S™ (M, L) on L of order n are family of sections oy,: T*M +> £ (L, L)
parametrized by a parameter 0 < & < h¢ such that, for all k € N, there is Cj, independent
of & such that

IV on(x, £ < Cr(§)".

Note that VX0, is a section of the bundle (T*(T*M))®* @ £(L,L) — T*M and the
norm | e|| is constructed by the operator norm on £ (L, L) and the Kohn—Nirenberg metric
gonT*(T*M).

For the definition of the anisotropic Sobolev spaces, we need the following class of
anisotropic symbol classes.

Definition A.4. Letm € S°(M) be an order zero Kohn—Nirenberg symbol which we call
an order function. The space of anisotropic symbols S,’g'g(M , L) consists of those sections
op: T*M +— £ (L, L) parametrized by a parameter 0 < & < hq such that, for all k € N,

there is Cy independent of / such that
V%04 ]| < Cllog(1 + (£)[F (&)™),

Note that the loss of log(£) is necessary for the space of anisotropic symbols to contain
sufficiently interesting elements such as for example (£)*-8).

In the sequel, we will usually drop the parameters £ to simplify the notation unless
we want to emphasize dependence on /.
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Consider two symbols o, ¢ € S(M, L). We say that o is scalar if it takes the form ¢”’1
with 0’ € S(M, R). In this case, we define the Poisson bracket

{o.¢} = Vnu_zq,
where H,- is the Hamiltonian vector field of 6’ € S(M, L) C C*®(T*M).

Proposition A.5. Under the assumptions of the definition, the sets of symbols, i.e. the
union S(M, L) :=J, S"(M, L) and Siog(M, L) :=J, Sl’(’,g(M, L), satisfy all the usual
properties. They are stable by product, sum, division by elliptic symbols, and graded by
the order in the usual sense. They are also stable under the Poisson bracket provided one

of the symbols is scalar.

It is important to notice that the set of symbols S(N, R), where N is an admissible
cusp manifold, is exactly the same class of symbols as was described in the paper [6]. It is
straightforward to show that the proofs there apply to S, (the largest of all classes here).

To close this section, we consider the radial compactification of the cotangent space.

Definition A.6. Let T*M be the radial compactification of the cotangent space. It has
a structure of continuous manifold, but not of C*® manifold a priori. We consider the map

) 3 _ ,
comp: (x, &) — (x, g (5)> = (x,&).

This is a homeomorphism of T*M to B(0,1) in T*M, and it endows T*M with the
structure of a smooth manifold with boundary. Let g = comp* g, and define (fk norms
on T*M using g. Then we define the classical symbols as

SIM) := G2 (T*M),
and for k € Z, we set SK(M) := (g)k%g(FM).

Note that, for the prescribed smooth structure on 7* M, (€)' is a boundary defining
function. In particular, because classical symbols are smooth up to the boundary, they
have a homogeneous expansion as & — 0.

Proposition A.7. We have the inclusion S3(M) C S°(M).

Proof. We set g = comp,, g — it is a metric on the open ball B(0,1). Then, close to
&' =1,
F= o (EdE) + g
1— 1§ ’
where g’ is a smooth symmetric 2-form, and g < Cg’. Passing back to "M , we deduce
& < Cg. This is sufficient to deduce that the € norms of g control those of g.

Since g has bounded curvature, and derivatives thereof, one can estimate its €* norms
using flat derivatives in exponential coordinates in balls of size ~ 1. In other words, we
can restrict our attention to the open unit ball in R”, and assume that g > 1. We then have
to show that the exponential map expg has uniformly bounded derivatives (on the unit
ball for g).
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We start by observing that it maps the unit ball for g inside the standard unit ball
(because geodesics for g travel at speed ~ 1/]/g]|'/2 < 1). The derivative of the exponen-
tial map can be expressed in terms of Jacobi fields along geodesics through 0, and these
fields satisfy equations involving only the curvature tensor of g. For the higher derivat-
ives, we also have a description using fields satisfying a Jacobi equation, with a forced
term this time. The forcing term is itself a covariant derivative of the curvature tensor
along Jacobi fields. In this way, one sees that the derivatives of the exponential map are
all controlled using only the curvature of g and its covariant derivatives. Since those are
bounded with respect to g, they are also bounded with respect to 1, and we are done.

This proves that C &?" C Cg’, and thus the inclusion

Sq(M) =62(T*M) C 6°(T*M) = S*(M). "

A.l1.1. Symbols on cusps. Symbols on cusps have a particular structure that is central
to all the arguments of the article. Consider a cusp Z and a symbol o € S"(Z). For the
extension to trivially fibred cusps, nothing different happens, so we concentrate on S”(Z).
The symbol estimates take the form (recall that § = Y dy + J d6)

n—a’—|p|

1(03,)* (v3e)P (Y10 (10 o] < C(1+ Y2 (X2 + %) 2

We change variables to r = log y, yY = A. We get that
n—a’—|p'|

1(0,)%(e"39)P (0)* (e TT0)P ol < CU+ A2+ 2?2 .

Now a case of special importance will be symbols that do not depend on 6. When that is
the case, we deduce from the estimate above that

o=0o(r;A,e"J), (A1)
where & is a symbol on R, x ]Rg in the usual sense that

02005 < C (&) 1A,

A.2. Quantization on fibred cusps

We will use a quantization procedure similar to that presented in [6]. For most of the
technical details, we refer to that article; we will only clarify a few points.

We want to obtain operators on trivially fibred cusp Z x F (see Definition 4.1). The
Schwartz kernels will be understood as taken with reference to the Euclidean volume
form on the cusp, dy d6 dvolg({).

First off, let us write k = dimF; given an open set U C RK , and a symbol o on
T*(Z x U), we define an operator Op;f,’zo>< y (o) on nyfal) x Ug by the kernel

1 . vy 040 0 @+1)2
- - i/h® y y l
Qrh)d 1Tk fe o(F5 S 5 Y don) dk (y,) . (A2
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where © is the usual phase function

(y=y.Y)+(0—-0"J)+(—.n).
Here, we have identified the symbol o with the corresponding A z-periodic function on
T*(H?*! x U). The operator we obtain is well defined on A z-periodic functions, pre-
serves them, and so we obtain an operator acting on Z x U — as was explained in [6,
page 319].

Actually, there is the shght inconvenience that we do not know exactly how the
kernel of the quantization Oph 7y decays far from the diagonal. To avoid this discus-
sion altogether, we take a function %O € C(]-C, CJ) equal to 1 around 0, and we let
Oph’ 7« (0) be the operator on Z x U whose kernel is

Op R
Kopro 1™ (log y,). (A3)

Taking local charts on F, we can thus build a quantization OpZ’, g On a trivially fibred
cusp.

We next want to define a quantization on general admissible vector bundles L — M
in the sense of Definition 4.3. Given a relatively compact open set U C M, we can take
a coordinate patch to R4*+1 x R¥ that maps the volume form to the standard volume form
of R4*1+k _Such a chart will be called a compact chart, and we will use the ordinary Weyl
quantization on these compact charts (see e.g. [59, §4.1.1 and Theorem 14.1]). Now we
have another type of charts: they are supported on open sets of the form UaZ x U with

={z € Z|y(z) > a} and U C F with a > a. They can be mapped to open sets of
the form UaZ x U with U relatively compact in R¥. We will also impose that the volume
form on the fibres F is sent to the standard volume of Rk, which is possible because the
metric takes a product form. Such a chart will be called a cusp chart.

On any such open chart, we can define a quantization for sections of L by tensorizing
a quantization on functions with a local orthogonal frame for L. This can be done over
cusp charts because of the product structure of L.

In particular, we can choose a > a and find a corresponding finite cover U, of M by
compact charts or cusp charts and a corresponding partition of unity x% = 1. Then we
define for o € S(M, L) its quantization Op}ﬁL (0):C(M,L) — C>®(M, L) by

Opy () f =Y _ xeOPyy,.L (@) xef (A4)
)4
The notation will soon be shortened to just Op, and we obtain the following proposition.

Proposition A.8. Let L be an admissible bundle, and consider (for j = 1,2),
o€ S (M,L) fornj eR

(respectively in Sl withn; € S°(M, L)). We have several properties, valid in the limit

h — 0.
(1) There exists a third symbol w € S™T"2(M, L) (respectively Slré:;"z (M, L)) such
that

Iog

Op(o1) Op(02) = Op(w) + R,
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where the remainder |R|g-~_.g~ = O(h*®®) for all N € N and R is uniformly
properly supported. Furthermore, we have

w — 0105 € hS™ T2 (resp. hlog(1 + (£))SpL ™™ 7h).

(2) Assume that 0y is scalar. Then we have the commutator formula

(Op(01). 0p(62)] = Op(ior. 02}) + O (25" +7272)

The remainder worsens to h* log(1 + (E))le’;;+n2_2 in the case of exotic symbols.

(3) If o is hermitian valued, Op(0) is symmetric.

4) Foro € Sl?)g(M, L), s eR, Op(o): H*(M,L) — H*(M, L) is bounded uniformly

inh>0.
(5) Forn € S°(M, L), ifo € Sl’gg(M, L) is elliptic, i.e. ifo~ ! € Slgé’ (M, L), then Op(o)

is invertible on Sobolev spaces for h small enough so that we can let
H"(M,L) :=Op(0)"'L*(M, L).

(6) Assume that dgo = 0 for y > a. Consider f supported in some fibred cusp end
My = Z; X F, and assume that f takes the form e'*%g(y,¢), where k € A}, and
g is supported in {y > Ca}. Taking C > 1 large enough depending only on the par-
tition of unity appearing in (A.4), Op(0) f has the same form except that it is now
supported in {y > a}. In particular, Op(c) preserves Fourier modes exactly.

The stabilization of Fourier modes is a nice feature from which we profit because we
have assumed that the curvature is constantly —1 in the cusps. In a more general case of
curvature tending to —1, one would have to look for more subtle estimates.

Remark A.9. The remainder R in the product formula can actually be written as a Op’(r),
with r an @ (h*S~°°) symbol, if Op’ is another quantization built in the same fashion, but
where the cutoff away from the diagonal has been changed to another one with sufficiently
larger support.

We will also need a sharp Garding lemma.

Lemma A.10 (Sharp Gérding). Let o € S'(M, L). Assume that Re(c) > 0. Then
Re((Op(0)u, u)) = —=ChlulZ,.
We will prove together Proposition A.8 and Lemma A.10.

Proof. Proofs for (1)—(5) can be found in [6] for non-exotic symbols. The arguments,
however, all transfer to exotic symbols. Note that the key argument in [6] is that, for
a symbol on a cusp, in an interval at height yo, the cusps can be rescaled such that one
transfers the problem to an Euclidean cylinder. The crucial point is that the symbols trans-
form uniformly in yo under this rescaling (see [6, Section 1.3]). Furthermore, since we
introduced a cutoff away from the diagonal in our quantization (A.3), we can rescale the
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whole operator from a neighbourhood of y = y¢ to a fixed Euclidean cylinder with uni-
form estimates. Much as in [6], the proof of boundedness and other estimates follow from
the estimates holding on R”. It is also the case for the sharp Garding estimate.

Let us say a word on property (6) in Proposition A.8. Inspecting formula (A.2), we
observe that, in the @ variable, the kernel is just a Fourier transform of ¢ in the J variable.
Such an operator commutes with dg and thus preserves Fourier modes. To be able to use
this formula, we just need that the support of f* does not intersect the support of the cutoff
function y; corresponding to compact charts, hence the condition that g is supported in
{y > Ca}. "

Following [6, Lemma 1.8], we can prove that our operators actually act as pseudo-
differential operators, and that our quantization is a quantization in the usual sense.

Definition-Proposition A.11. Take m € S°(M,R) scalar. Let W™ (M, L) be the algebra
of operators generated by operators of the form Op(c) with o € Slrg’g(M, L). We call
them the algebra of semi-classical pseudo-differential operators (or also just pseudo-
differential operators in short).
On W™, we have a principal symbol map o, which is defined independently of the
choice of quantization Op as a map o2: V™ — Sl’;’g/ hSl’g’g_l, with 0°(Op(0)) = [o].
Once we have fixed a quantization, we obtain by iterations a full symbol map

oM s §M | RO SO0,

A.3. Semi-classical ellipticity and wavefront sets
Let us recall the notions of wavefront set and ellipticity.

Definition A.12. Let A € U™ (M, L). We say that (x,£) € T*M is not in the wave-
front set WF;,(A) of A if and only if |jo(A)(x’, )| = O(h°°{£')~°°) in an open neigh-
bourhood of (x, ). We say that A is microsupported in a set S C T*M if and only if
WF,(A) C S.

For an order m pseudor A € W™ (M, L), we also define the §-elliptic set for some
5§ >0,

ells(4) = {(x.&) | [(§)"a (A7 <871},

and we define the set of elliptic points by ell(4) = (Js- ¢ ells (A).

A family of distributions uy, € D’(M, L) parametrized by 0 < h < hy is called A-tem-
pered if there is N € N such that |[uy | z-~ = @(h~N). For any h-tempered family of
distributions uy,, we say that (x, £) is not in WFy, (u) if and only if there is 4 € WO(M, L),
8 > 0, such that (x, §) € ells(A4) and

We let WF(u) = WFy,(u) N dT*M. As usual, we call WF the classical wavefront set,
and WFy, the semi-classical wavefront set. The first measures the regularity in terms of
C* spaces, while the second additionally measures a finer regularity as & — 0.
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Finally, we also have a concept of wavefront set for operators. Given an operator K
with kernel K(x, x’), we let

WF, K = {(x, &:x', =) | (x,§:x",§') € WER(K(-,-))} C T*(M x M).

When A € W(M, L), WFéh) (A) is the image of WF)(A) under the diagonal embed-
ding T*M — T*(M x M).

Lemma A.13. Let K be an operator on sections of L — M. Then
(x,&:x', ') € T*(M x M) is not in WF},(K)

if and only if there are pseudors A and B, 1-elliptic respectively at (x, &) and (x',§') so
that
AKB = Og-oo_s oo (h™).

Proof. See e.g.[17, Lemma 2.3]. [

Proposition A.14 (Elliptic regularity). Take P € WK(M, L), A € WO(M, L) and u a tem-
pered family of distributions. Then the following statements hold.

(1) Let§ > 0 and WFy(A) C ells(P); then there is
Q e VXM, L) with WF,(Q) C WFj,(A)

such that
A= QP + O(h®V™>).

(2) Let§ > 0, r € R and WF,(A) C ellg(P); then there is a constant C such that
|Au||gr < Cg”Pu”Hr—k + Opgoo (™).

(3) As a consequence,
WEF;, (1) Nell(P) C WF,(Pu).

Proof. (1) follows from a standard inductive parametrix construction (see e.g. [18, Pro-
position E.32]). The notion of §-elliptic set has been introduced precisely to assure that
the construction yields a symbol in the uniform symbol classes.

(2) follows from ||Aul||gr = ||QPu|gr + O(h*) after applying the uniform oper-
ator norm estimate (Proposition A.8 (4)) to Q.

For (3), assume that (x, £) € ell(P); then this particular point is also in ellg(P) for
some § > 0. Assume further (x, £) ¢ WFj,(Pu). By definition, there is B € (M, L)
with (x, &) € ellg(B) such that BPu € Ogo (h®). Now we apply (2) to the operator
B and use that (x, £) € ells(BP). We thus get A € W with (x, £) € ells(A) fulfilling
Au € Opoo (h®™). [

A.4. Propagation of singularities and other estimates

Throughout the paper, to obtain results on the wavefront sets of several operators, we have
used lemmas that were almost identical to some lemmas in [17]. In this section, we give
the versions on admissible cusp manifolds.
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For the most part, the proofs given in [17, Appendix] are also valid in our case. As
a consequence, this is a cursory review of some special technicalities, destined to the
reader already acquainted with the detail of the arguments in [17].

Remark A.15. The only difference in our setting from the usual quantization on com-
pact manifolds is that we do not have the conclusion of Beal’s theorem, i.e. we cannot
incorporate smoothing O (£°°) remainders that are not properly supported in the symbols.
However, that is not a problem because Beal’s theorem is not invoked in [17].

Since we will refer to [17] for details, we explain the correspondence between our lem-
mas and theirs. Proposition 2.11 is where the following lemmas will be used. It is the equi-
valent of the wavefront set part of [17, Proposition 3.4]. Its proof employs Lemma A.13
and Propositions A.14, A.16 and A.18. Lemma A.13 is equivalent to [17, Lemma 2.3];
Proposition A.14 is similar to [17, Proposition 2.4], and Proposition A.18 to [17, Pro-
position 2.6]. Now we turn to the most involved one, the propagation of singularities
(Lemma A.16), equivalent to [17, Lemma 2.5].

Lemma A.16 (Propagation of singularities). Let X € W (M, L) have a scalar principal
symbol of the form

lip—q)eS'/hS°,
with p, q real, and q > 0. Also assume that p € Scll (M). Take a tempered family uy, and
5 >0.

(1) Consider A, B, B, € WO(M, L) such that B, B, §-control A in time Ty. That is,
whenever (x,£) € WE,(A), there exists 0 < T < Ty such that eTHr (x, £) € ells(B)
and eHr (x,£) € ellg(By) for all t € [0, T]. Then, for each weight m € S°(M,R),

Cs
| Aullgmar,n) < CsllBullgma,r) + 7||31Xu||Hm(M,L) + O(h*).

(2) As a consequence, if (x,&) ¢ WE(u) and e Hr (x, £) ¢ WE(Xu) fort € [0, T], then
e"THr (x, £) ¢ WF(u).

The constants are @ (1)e®T0) but we will not need this fact. One can mimic the proof
in [17] step by step. Be mindful that Re P has to be replaced by —Im X, and Im P by Re X.

Proof. In the whole proof, when working on subsets of T*M , we work with the notion
of distance obtained on T* M obtained by pulling back the distance on B(0,1) C T*M
by the map comp defined in Definition A.6. Since p € Scll, e'fr is a smooth flow for this
structure. Additionally, we can always assume that the symbols of A, B and B; are in S, 3,
i.e. smooth up to the boundary of 7* M.

To start with, applying a partition of unity argument, we can assume that A is micro-
supported in a ball with small radius €9 > 0. Then we can also assume that B is microsup-
ported in a 3€o-neighbourhood of the image e 7 (WF},(A)) for some T € [0, Tp], and B;
is microsupported in a 3¢g-neighbourhood of the union [ J 1€[0.T] e'fr (WFy(A)).

Since the proof in [17] is based on local considerations along the trajectories of the
flow in bounded time, and we are not seeking to determine the behaviour of the constants
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when the time 7Ty goes to infinity, we already observe that the estimate holds if A is
supposed to be microsupported in a fixed compact set of M, with constants that depend
on the compact set. As a consequence, we can restrict our attention to the case when 4,
B, Bj are supported in a fibred cusp end My, above a set of the form {y > yo} with yg
arbitrary large, and satisfy symbol estimates with constants not depending on yy.

From the structure of symbols estimates in the cusps — see equation (A.1) — we deduce
that we can find operators B s El such that

WEF,(B) C ells/»(B), eTHr (WF,(A)) Cells/»(B) and [d, B] =0,

and similarly for B and B;. The idea is that the symbols of B and B, are almost invariant
under rotations in the 6 variable high in the cusp so that we can forget that variable
altogether. Indeed, then we replace A by A such that |A] < A, and A also is invariant
under rotations, and its wavefront set takes the form

WE;(4) = {(y',0.8) | (/. 00,8) € B((,00,8); 2€0), 6 € RY /A 7).

(¢ designates a generic point in the generic fibre M of M — N).

Let us do some more reduction. The vector field H), acts in a uniform C* fashion
on T*M, and as such, |VHp|Lo < 0o. Additionally, by symbol estimates, we know
that dgp = O(y~>°). As a consequence, for y large enough, an escape function for
P = [ pd0 is also an escape function for p. In other words, we can assume that p does
not depend on 6. Then H, commutes with dg.

Consider that, in the cusp, we have an additional fibre structure. Indeed, write

M, = (Rd//\g)g xRy x Fe.
Then we can see T* My as a fibre bundle
Proj: T* My = [(R?/A¢)s x RY] x T*[R, x F¢] = M® := RY x T*(R x F)

by forgetting the 6 variable. Seeing M? as a vector bundle over R x F, we can also extend
Proj as a map 7*M; — MO. Since H, commutes with dg, it projects to a vector field ng)
on the base M. Then, for §’ > 0, let

Us = {(x,§) € T*Mq | |H(x.§)| < §'e”CT0),

with C/|V Hp|poo > 1. These are 6 invariant sets.
Provided C was chosen large enough, when (x,£) € Uy, e'fr(x, &) € U,ctyg for
t € [0, Ty] so that
d (Proj(x, &), Proj(e"#7 (x, £))) = O(8").

Since the symbol estimates on the symbol of B are uniform over the whole manifold,
we deduce that, when e?#7 (x, &) € ellg(B) for some T € [0, Ty] and (x, £) € Uy, then
(x,&) € ells/2(B), provided &’ is small enough — and smaller and smaller as the symbol
of B is allowed to become more singular. In such a case, we can apply directly the elliptic
estimate (Proposition A.14) to conclude.
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Now we can concentrate on the case when WFy(A4) N Uss = @. But the injectivity
radius of R x F is positive, and the vector field HI? is €°°. As a consequence, on the
complement of Uy, we can apply a formal form for non-vanishing vector fields to obtain
tubular coordinates.

We can build a local section of the flow z — (x(z),§(z)) from a small open set
Uwbe C R around 0 to MO with (x(0), £(0)) = (x, £), and a local diffeomorphism

Coord: (2. 7) € Uupe X |=4. To + L[ > e*H2 (x'(2)) € Proj(US,,—c 1, )-

We can choose these coordinates so that they satisfy €% estimates that do not depend on
the central point (x, £), and the size of the open set Uy, is fixed also independently of
(x, &). If the point (x, &) is close to a periodic orbit, this map is not injective, but the map
is injective on each set of the form {|t — 79| < 8"} for §” > 0 small enough.

Consider a function y € C2°(Uype) equal to 1 around 0, and ¢ € C° (]—% T + %[)
such that ¢ (t) > 1 for T € [0, Ty], ¥ > 0 everywhere, and

Y/'(t) = Cy(r) forre[-3.T-1]
Finally, let
f&LE) = Y @Y. (A5)

Coord(z,7)=(x",£’)

When the trajectory of (x, &) is sufficiently far from periodic trajectories, the sum is
reduced to 1 element, but there may be periodic points. Now we need to check that f
thus defined satisfies symbol estimates independently of (x, £). There are two things to
verify. First, since the tubular coordinates were constructed with uniform ¢” norms, each
branch in equation (A.5) satisfies uniform %™ estimates. Then we need to check that
there are a finite number of such branches. But, from the local injectivity of the tubular
coordinates, the sum has at most 7'/8” non-vanishing terms.

Now that we have an escape function adapted to the problem, the rest of the proof
in [17] follows through. ]

Before going to the equivalent of [17, Proposition 2.6], let us recall the definition of
radial sinks.

Definition A.17. Let L be a conic subset of 7*M \ {0}. Assume that it is invariant
under ®,. Also assume ﬂat, for some € > 0, its e-conic neighbourhood U is such that if
K is the projection on 07 * M,

dk(erU), k(L)) > 0 ast — +o0,

and for some constant Co > 0, |e'Hr (x, £)] > Ce€t|&|, whenever (x,£) € U. Then L
is a radial sink.

Note that E C T*M is a radial sink (cf. Lemma 2.4). Now we can state the high
regularity radial sink estimate analogous to [17, Proposition 2.6] (note that their termin-
ology of sink and source is reversed compared to ours, as they propagate in the opposite
time direction). We will not introduces sources since we will not use them.
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Proposition A.18 (Sink estimate). Let X be as in Lemma A.16. Let L be a radial sink.
Then there exists ko > 0 such that, for some € > 0,

(1) for all C € W, with k(L) C ell.(C), there exists C; € W° also e-elliptic around
k(L) such that, whenever u is tempered and k > k,

Ciu e H — ||Cu| gk < Ch7Y|CXu|| gx + Oh™),
(2) as a consequence, if Cu € H* and WE(Xu) N k(L) = @, then WE(u) N k(L) = 0.

Proof. Inspecting the proof in [17], the arguments are very similar to those in the proof of
Lemma A.16. The only novelty is the introduction of a lemma “C.1” on the construction
of escape functions. These escape functions are simplified versions of the escape func-
tion we built in Section 2.1, which itself is adapted from [20]. Since we have put in the
definition of sinks that the neighbourhood U is actually a uniform e-neighbourhood, the
constructions are valid. ]
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