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Abstract. Let 7' be an m-linear form defined on a product of £,-spaces and let A C N, We inves-
tigate the best exponent s such that the sequence of coefficients of T belongs to £5(A). The cases
A = N"™ and A is the diagonal of N are already known. We study the intermediate cases using
notions like combinatorial dimension of sets, multiple summing maps and random polynomials.
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1. Introduction

Let T be an m-linear form defined on a product of £,-spaces. We are interested in the
sequence of its coefficients (7'(e(j)))jen=, where j stands for (j1, ..., jm) and e(j) for
(ej,,---.ej,). In particular, we are interested in which s-space this sequence belongs. If
m = 1, the answer is given by the duality of the £,-spaces. For m > 2, this problem has
attracted the attention of many mathematicians for one century since the seminal work of
Littlewood [19]. For p = (p1,..., pm) € [1,+00]” and A € R, we set
Ap = (Ap1,...,Apy) and ‘l‘ = i + -4 L

P P1 Pm
We shall denote Z, = {,, for | < p < +00 and Zx, = co. The works of [19], [12], [17],
[23] and [14] culminate in the following statement. Assume that |1/p| < 1. Then there
exists a constant Cy, p > 0 such that, for all m-linear forms T : Z,, x--- x Zp,,, — C,

m+1—[2/p|

—_zm m l
(X TG mm) T < CuylT provided‘— =5 O
jeNm p
. 1-[1/pl 1 1
(Z IT(e(.i))Il—‘/P) < g7 provided‘— =5 @
jeNm p

Moreover, the exponents in (1) and (2) are optimal.
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It is also natural to ask what happens if we look at the summability of (7' (e(j)))jea for
some subset A C N™. The most obvious case is A = Diag(N") :={(j,...,j); j € N}
Then, from the work of Defant-Voigt, Aron and Globevnik [4] and Zalduendo [25], we
know that, provided |1/p| < 1, for all m-linear forms T : Z,, x---x Z,, — C,

| 1-[1/p|
> Ted ) <7 ©)

jeDiag(N™)

(here, the constant may be taken equal to 1). Again, the exponent is optimal. For prod-
ucts of diagonals, namely when A = A x--- x A, where each A; = Diag(N"™) and
my + -+ + mp, = m, the sharp exponent has been obtained in [3] for p = (oo, ..., 00)
and in [1] for the general case. We do not state the precise statement here because it is not
so easy to write it and because we will get a simpler one soon.

In this paper our aim is to get similar inequalities for general subsets A C N™. The
case p = (00, . ..,00) has already been considered by Blei [9] (see also a very nice account
of that work in the book [10]). We consider the other cases. The exponent that we will get
will depend on the size of A, more precisely on its combinatorial dimension. For A C N™
and n > 0, define

Ya(n) ;= max {card((A; X --- X A) N A); A; CN, card(4;) < n}.
The combinatorial dimension of A, denoted by dim(A), is defined as

1
dim(A) = limsup ZEYAM) b6 > 0:3C > 0, ya(n) < Cn® forall n € NJ.
ogn

n—+o00 1

We will also say that dim(A) is exact if Y5 (n) < Cn9™@) for some C > Oand alln € N.

We introduce the Hardy—Littlewood exponent of A of index p as follows: H L(A, p)
is the set of those s > 1 such that there exists C > 0 satisfying, for all m-linear forms
T:Zy x--x2Z,, —C,

1/s
(X iremr)” =cirl. )
JEA
The Hardy-Littlewood exponent H L (A, p) is the infimum of # £(A, p).
Our first main theorem now reads:

Theorem 1.1. Let A C N™ be infinite and p € [1, +00]™ with |1/p| < 1. Then

_; _ dim(A) + 1 1 1 1
HL(A,p)™' = — ided |—| < .
(@) AP = = im®) dim(A)p‘ provide ‘p =32
Moreover, if dim(A) is exact, then (diz";i(ﬁ()x)l — | dimh)P ’)71 belongs to X L (A, p).
. 1 o
(b) HLA,p)” =1—|—| provided |—| > —.
P pl 2

Moreover, (1 — |1/p|)~! belongs to HL(A, p).
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We may observe that the two inequalities (a) and (b) coincide if |[1/p| = 1/2.

Since dim(N™) = m and dim(Diag(N™)) = 1, this result covers (1)—(3). It is not
difficult to see that it also covers the case A = Diag(N™1) x --- x Diag(N™») with a
more pleasant-looking result. It should be noticed that case (b) only appears for aesthetic
reasons. Indeed, it is already known, since HL(A,p)~! > HL(N™, p) and the result
follows from (2).

Of course, it is natural to ask whether the inequalities on HL(A, p) are optimal
with respect to dim(A). At this level of generality, this cannot be the case except if
p = (oo, ...,00). For instance, let m = 2 and p = (p, p) with p > 2, A| = Diag(N?)
and A, = {(j,1); j € N}. In both cases, dim(A;) = dim(A,) = 1 whereas the opti-
mal value of s such that (4) holds for all 2-linear forms T : Z, x Z, — C is given by
1/s1 = 1 —2/p for A; (the optimality is shown in [25]) and by 1 /s, = 1 — 1/p for A,
(we can replace the bilinear T by the linear S(-) = T'(-, e1)).

Thus, the right question seems to be the following: for a fixed d € [1, m), does there
exist A C N with dim(A) = d and such that the inequalities of Theorem 1.1 are optimal?
For the sake of simplicity, we will assume that p = (p, ..., p) for some p € [1, +00].
Again, in case (b), the result is already known from [25]: the optimality of the exponent
in (3) tells us that H L(Diag(N™),p)~! < 1 —|1/p|. Taking for A any subset of N of
dimension d and setting A = Ao U Diag(N™), we clearly have HL(A,p)~! <1—|1/p|
with dim(A) = d

We have been able to show the optimality of part (a) of Theorem 1.1 when the dimen-
sion d is sufficienly large or when m/d is an integer.

Theorem 1.2. Letm > 2 and let d € [1,m]. There exists A C N™ with dim(A) = d such
that, for all p € 2, 4oco] withm/p < 1/2,

nLap = S8 ‘

in the following cases :
o misevenandd > 3/2;
e misoddandd > 3/2 +

e m/d is an integer.

2|_m/2J’

As is usual in this context, the reverse inequality is proved by using a random con-
struction of the multilinear form. Nevertheless, a new difficulty arises: we also have to
find the right subset A of N™ with prescribed dimension. This will be done using an
argument that is partly probabilistic and partly deterministic, starting from the so-called
fractional cartesian products.

The paper is organized as follows. In Section 2, we prove an extension of an inequality
due to Bohnenblust and Hille on sequences indexed by N when we restrict summation
to a subset A C N™. We apply this inequality in Section 3 to the sequence of coefficients
of an m-linear form, using the notion of multiple summing maps. Section 4 is devoted to
the proof of Theorem 1.2. Finally, in Section 5, we discuss some related problems.
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Notations. For positive integers m, n,
M(m,n) ={j= (1, s jm); 1 < j1,.-o, jm < n}.

Ifke{l,...,m}, jy eN andek = (J1r-+» Jh—1> Jk+1s---»Jjm) € N™—1 are given,
thenj = (j1,..., jks---»Jm) E N If Ay,..., Ay aresetsand k € {1, ..., m}, then Ay
denotes Ay} X ++- X Ag—1 X Ag41 X+ X Ap.

For p € [1, +00]™, By, denotes the product of the unit balls By, x---x By, . For
x =M . xM)e By,, and j € N™, x;j stands for the product xj(-ll) cox™ Ina
similar way, if x* = (x*(1),...,x*(m)) € X x---x X  and x = (x(V, ..., x™) ¢
X1 X -+ x Xy, then

x* () = o (DD om) ().

Finally, for p € [1, 400], p* is the conjugate exponent of p.

2. A Blei-Bohnenblust-Hille inequality

In their pioneering work on coefficients of polynomials [12], Bohnenblust and Hille
showed the following inequality: for all sequences u € £ (N™),

m-+1 m

(T o)™ =Y (Y wor)”. 0

jeNm k=1 jxeN j/]:eNm—l

In modern developments, this inequality has been overpassed by variants of an inequal-
ity due to Blei which allow better constants (see e.g. [8]). Nevertheless, at our level of
generality, we will need to extend (5) to sequences indexed by a subset of N, This was
inspired by [10, Chapter XIII].

Theorem 2.1. Let A C N™, let d > 1 and let Cp > 1 satisfy ya(n) < CAnd for all
n € N. Let also g > 1. Then for all a € Loo(A) and all y € [1, q],

(Z Ia(j)ls)l/s < Cy i(z ( 3 |a(j)|q)y/q>1/y
jEA k=1 jreN j’/:eNmﬂ

where
1 1 d—1

s dy T dg

We shall prove this result by duality. Hence, we need a kind of dual version of it.
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Lemma 2.2. Let A C N and let Cp > 1 with Yo (n) < Can? forall n € N. Let also
p € (1,400). Then forall p €[p,dp/(d —1)], allu € £,(A) and all n-subsets Ay, . .., Am
of N, there is a partition Gy, ...,Gy of Ay X --- X Ay, such that, forall k € {1,...,m},

(X (X worte®)™)"" < calu,

: o~

where

1 d d-1

rp P
We prove the case p = pd/(d — 1) following an argument of [10]. The case p = p
is trivial. The general statement will follow by interpolation. However, we have not been
able to use the standard interpolation theorems because the partition designed in the state-
ment depends on the sequence u. The following lemma, first proved in [24, Lemma 5.1]
is the starting point of our study. We formulate it as in [10, Lemma 21]. We recall that a
finite set is called an 7n-set if its cardinality is 7.

Lemma 2.3. Let ¢ : N™ — C be such that there exists D > 0 satisfying, for alln € N
and all n-sets Ay, ..., Am CN,

> leG) < Dn.
jEAIX'“XAm
Then for any n € N and any n-sets A1, ..., Am C N, there exists a partition Gy, ...,Gp

of Ay X -++ X A satisfying, forallk € {1,...,m},

max >, le@e, () < D.
Jk€Ak
Proof of Lemma 2.2. Let p € [p,dp/(d —1)],u € By, (p),n € N, Ay, ..., Ay n-subsets
of Nand # € [0,1] be such that 1/p = (1 — 0)(d — 1)/dp + 6/p. A small computation
shows that & = p/t,s0 1/t = (1 — 0)/oco + 8/ p. To simplify the notations, we set py =
dp/(d — 1), p1 = p, to = oo and t; = p. We also define ¢ = |u|PP/P0_ Then, using
Holder’s inequality with exponents d and d/(d — 1), we get

Yoole@l= Y P«

JEA XX Am JEA XX A,

<card(A N (A; x---x Am))l/d < Ci/dn.

By Lemma 2.3, there exists a cover (G, ..., Gy) of A} X --- X A, satisfying, for all
kef{l,...,m},
max u(j)|PP/Po1g, () < CcV4. (6)
max > Gl () =Cy
Jk €Ak
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We now fix k € {1,...,m}. For qo,q1 € [1,4+00], we shall denote by £, ({4, ) the space
of sequences (v(j))jed, x--x4,, such that if we set V(ji) = (v(j))j',:ei; for all j; € Ag,
the sequence (||V(jk)ll¢,)jxc4, belongs to £,,, endowed with the norm

) 1/q0
Iolegyen = (20 IVGRIE)

Jk €Ak

Of course, £4,({g,) depends on k and on Ay x -+ X Ay, but we prefer to avoid cum-
bersome notations. We intend to prove that |u|lg, belongs to £;({,) (we extend u on
A1 X .-+ x A\ A by setting it equal to zero outside A). By duality we fix w in the unit
ball of £;+(£,+) and we have to prove that

> uliw@)ic, ()] < Ca- ™
J

For fe(z) € [0, 1], we set
1 _ 1—z z
p(2) po P
u(j)(z) = [u()?'?e,
t*(1/t5—1/t)(0~2)

w() () = w WG

We finally define
@) =) u@@w@ )16, ().

J

which is analytic in the open strip 0 < Nfe(z) < 1 and bounded and continuous in the
closed strip 0 < Ne(z) < 1 (recall that all the sums are finite). We now observe that, for
ally e R,

1yt (/15 —1/t1)0

.ty RN 59 .
[0 O, 0y = T IWGOIZ: X WG
Jk

= 2 IWGOI: = Il q,e) =1

Jk

where we have used 0/t5 — 6/t =1/t5 —1/t*. Since |u(j)(iy)| = lu(@j)|?/?0, (6) means
that () (i) lle, ¢,y < Ca/®®. Hence duality implies that for all y € R,

| fliy)| < C)/ D

In a similar way, we prove that

RN . * *
0O+ 0 = 1O+ DI = 0l 0 =1
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Moreover since [u(§)(1 4 iy)| = [u(j)|?/? we know that (u(-)(1 + iy)) belongs to Ly(A)
with [[u(-)(1 +iy)|, < 1. This yields, forall y € R,

|f(I+iy) =1

The three-lines theorem allows us to conclude that | £(0)| < < Cx, which is
exactly (7). [

c1=9)/@n)

Proof of Theorem 2.1. Let Ay, ..., Ay be n-subsets of N. Set p = s*, p = ¢™ and let u
in the unit ball of £,(A N (A; x --- x Ap)) be such that

(X wor)” =Y atui.

JEANA XxAm JeEA
Let G4, ..., Gy, be the partition of A; x -+ x A, associated to u given by Lemma 2.2.
Then
m
YoaGu@ =) > > alu(ic, ).
JjEA k=1jx€Ax J/]:E/I;

A small computation shows that the three conditions y € [1,q], s € [dq/(d +¢q — 1), 4]
and p € [p,dp/(d — 1)] are equivalent. Hence, by Holder’s inequality and Lemma 2.2,

Sain@ =y 3 (X ko) (2 woriee)”
j€A k=1jk€Ar jocdy jkedy
2T (Z o))" (2 (X mores)”)”
k=1 jk€dk jped, Jk€Ak e dy

IA

~

Jk€Ak ey

S5 (3 o))

where
1 d d-1
t p p
It is easy to check that t* = y, which concludes the proof. |

Theorem 2.1 is optimal in a very strong sense.

Proposition 2.4. Let A C N, letd > 1 and let C > 0 be such that Y (n) > Cn? for
infinitely many n € N. Let also ¢ > 1 and y € [1, q]. The smallest s > 0 such that there
exists D > O with

(Z|a(j)|S>I/S5Di(Z< > i) )" ®

JEA JjkeN j’]:eNm—l
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forall a € £ (M) satisfies

1 1 n d—1 ©)
d dg
Proof. Let n be very large and let Ay, ..., A, be n-subsets of N such that

card(A N (Ay X -+ X Ap)) = Cn? . Fork =1,...,m, we write Ay = {j1(k),.... jn(k)}
and we denote by u; (k) the cardinality of A; X -++ X Ag—1 X {Ji(k)} X Ag X ++- X Ap,.
Leta € {oo(A) besuchthata; = 1if j € AN (A4 x -+ x A,) and a; = 0 otherwise,

so that s
(Zla(j)ls) > Cspdls, (10)
JEA
On the other hand,
m
S (X o))" = ()"
k=1 jxeN jreNm—1 k=1 i=1

Now elementary considerations show that, for any finite sequence of nonnegative real
numbers Uy, ..., U, satisfying uy + -+ +u, > Cnd, we have

n
» uly/q)”y < CUr iy pd=Da

i=1

(the optimal choice being u; = Cn¢~!, recall that y/q < 1). Therefore,

i(iui(k)y/q)l/y < mCYvytlv,@d=1/q (11)

k=1 i=1
In view of (10) and (11), (9) is a necessary condition for (8) to hold foralla € £oo(A). =

3. Lifting summability

Theorem 1.1 has a natural statement in the context of multiple summing maps, more
precisely in the context of A-multiple summing maps, a notion introduced independently
in [7] and in [22]. Let X4, ..., X,4, Y be Banach spaces, T € £(X1,..., Xm:;Y), r €
[1,+00) and p € [1, +o00]™. We say that T is A-(r, p)-summing if there exists a constant
C > 0 such that for all sequences xW ¢ XJN, 1<j<m,

/r
(ITe@I) " < Cupy (x0) -1y, ()
jeA

where T'(x(j)) stands for T(x](-ll), ... ,x](Z)) and wp (x) stands for the weak £#-norm of
x € XN defined by

wp(x) = sup (le )

Ix*l=1
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The least constant C for which the inequality holds is denoted by nf}p(T). When A =N
we recover the notion of a multiple (r, p)-summing map and we shall write simply 7,5 (T")
instead of nfpm (T).

In [6], following the pioneering work of [13], it was studied for which s > 1 an
m-linear map is multiple (s, p)-summing when the restriction of 7 to each X (fixing
the other coordinates) is (1, px)-summing. We do the same now with N replaced by
A C N™. The value of s will depend on the combinatorial dimension of A.

Definition 3.1. Let 7 € £(" Xy, ..., X;n; Y). We say that T is (r, p)-summing in the
k-th coordinate if, for all x = (x®, ... x®=D x&+D xm) e X, the linear map
Tx(k)(y) = T(x(l), L xD, v, x&+D ,x(m)) is (r, p)-summing. In that case, we
shall denote

IT® N cwer,py = sup {mr p(TE O IxP) < 1,7 € {1,...,m}\ {k}}.

Theorem 3.2. Let T € £(" X1, ..., Xm; Y) with Y a cotype q space and let p,r €
[1, +00)™. Assume that T is (ri, px)-summing in the k-th coordinate and that there
exists 0 < 0 such that 1/ry — 1/px = 6 forall k. Set 1/y =1+ 6 — > 7, 1/pg. Let
finally A € N and Cp > 1 with Y5 (n) < Can? foralln e N. If y € (0,q), then T is
A-(s, p)-summing with

1 d-1 1

= 4 12
= @ (12)

Proof. We use the results of [6]. In particular, in [6, proof of Theorem 2.1], it is shown
that there exists ¥ > 0 depending only on r and on the cotype ¢ constant of ¥ such that,
for all sequences xW ¢ X]N, 1 <j <m,with Wp; (x(f)) <l,andallk =1,...,m,

(Y( % ||T<x(j))||q)”q)wsxkl"[IIT(k’Illc/v'S(rk,pky
=1

~

Jk€N jreNm—1

Then we may apply Theorem 2.1 to get

s 1/s i
(CIran) ™ < wea TTIT®1ER 6, 00

JEA k=1
with
1 d-1 n 1
s dg dy’
This exactly means that T is A-(s, p)-summing. ]

Remark 3.3. If y > ¢, then we know that T is A-(y, p)-summing since this is true for
A = N™_ Observe that if y = ¢, then (12) implies that s = q.

To deduce Theorem 1.1 on the summation of coefficients of multilinear froms, it is
convenient to use the following reformulation (see [21, Corollary 3.20] for the proof of a
similar statement for multiple summability).
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Lemma 3.4. Letp € [1,+00]™, A C N and s > 1. The following assertions are equiv-
alent:

(1) forallT € £("Zp,,....Zp,,;C), (T(e(j)))jen belongs to £s(A);

(2) for all Banach spaces X1,..., Xy and all S € £("X1,..., Xm;C), S is A-(s, q)-
summing where q; = p;‘ foralll < j <m.

We conclude by proving the following corollary, which itself easily implies Theo-
rem [.1.

Corollary 3.5. Let A C N be infinite. Assume that there exist CA > 0 and d > 1 such
that Yyp(n) < Can? for all n € N. Let also p € [1, +00]™ with |1/p| < 1. Then there
exists a constant D p p such that, for all m-linear forms T : Zp, x -+ x Z,, — C,

(S irer)” < bayiri
JEA

1 _ d+

1
where 5= 54

— |dlp{provided |%{ < %, and% =1- |%}pr0vided |%} > %

Proof. As pointed out in the introduction, we only have to consider the case |1/p| < 1/2.

Let X1,..., X;, be Banach spaces and let S € £(" X1,..., Xpn; C). Then S is (p]’:, p,’:)-

summing with respect to the k-th coordinate. Applying Theorem 3.2 withy = 1 —|1/p|,

we see that S is A-(s, q)-summing with
1 d-1

+1 1| d+1 1
s 2d d |dp| 2d

d_p‘ and gq; = pj.

An application of Lemma 3.4 gives the result. ]

Our method allows us to extend the results of Defant—Voigt, Aron—Globevnik and
Zalduendo quoted in the introduction. Let us recall that we say that an m-linear map
is absolutely (7, p)-summing if it is Diag(N")-(r, p)-summing. Using Lemma 3.4, Zal-
duendo’s theorem may be reformulated by saying that each m-linear form in £("{,) is

r

absolutely (p_—m, p*)-summing for all p > m. Observe that any linear form £, — C is

(p*, p*)-summing. We get the following abstract extension.

Corollary 3.6. Let X1, ..., Xy, Y be Banach spaces with Y of cotype q. Assume that
each linear map Xy — Y is (r, p)-summing and that y € (0, q) is defined by

Then every m-linear map in £(X1, ..., Xm;Y) is absolutely (y, p)-summing.

Proof. This follows from Theorem 3.2 with d = 1. ]
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4. Optimality

4.1. General considerations

We begin with a general statement whose proof is a variant of [5, Theorem 3.1]. We recall
that a Young function v is a convex increasing function on R4 with lim;_, ¥/ (¢) = 00
and ¥ (0) = 0. The Orlicz space Ly = Ly (82, A, P) associated to y is defined as the
space of all real valued random variables Z on (2, 4, P) such that E(y(|Z]/c)) < oo
for some ¢ > 0. Recall that it is a Banach space for the norm

IZ|ly =inf{c > 0: E(y(|Z]/c)) < 1}.
We shall use the following Young function ¥, with s > 2:
Ys(x) = exp(x’) — L.

Proposition 4.1. Let m > 2, B € (0,1) and s > 2. There exists Cp, g s > 0 with the
following property: for all m > 1, all Banach spaces X1, ..., Xy of dimension n, all
sequences of random variables (11(j))jenm defined on (2, A, P), and all (x(j)*)jenm C
X{ x---x X, setting

T(.x) = > () @)x{)*).

jeNm
we have

sup IT(@,x)] < Cppsn'/* sup ITC, )y

X€By | XXBx, X€Bx | x-XBx,,
for all w in a set of probability greater than B.

Proof. Fixw € Q andlet x,y € By, x -+ x By,,. Then, writing
m
T(w,x)—T(w,y) = Z T(w,yW, ... y*=D x® _ & (EFD )y
k=1
we get

IT(w,x) = T(w, y)| = me||T(w.-)|

provided |[x® — y®| <eforalli =1,...,m. Setting ¢ = 1/(2m), and since each X; has
dimension n, we can find a finite e-covering F' of By, x --- X By,, with card(F) < A7,
where the constant A,, does not depend on n. Thus, for all w € Q,

1T (w, )|l <2 sup |T(w,x)|.
xeF
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Now, for R > 0,
P(sup [TC.0] > R) = 3 PATC0)| > R)
X€ xeF
o) = (rcon)
P{ vy Z Vs
=2 (‘”(HT( ollv. ) = P \Tc o,
Ar, - exp(nlog A,,)

= R = RS :
¥Us(rreoms) — oP(reom, — 1)
It remains to choose R* = A||T (-, x)||3, n log(Anm) for a sufficiently large A. L]

As soon as finite subsets of M (m, n) satisfying certain properties can be exhibited,
Proposition 4.1 can be used to prove the optimality of our estimation of HL (A, p).

Proposition 4.2. Letm > 2,d € [1,m], T’ C [1, +o0] and C > 0. Assume that, for all
N > 1, there exist n > N and a set A, C M(m, n) such that, for all p € T, setting

p=(p,....p)
Ya,(s) < Cs? foralls > 1;
YA, () = C 1nd;
/2
sup (Z |x;] ) < Ccpd/2-1/el,

xEB[p jeAn
Then there exists A C N™ with dim(A) = d and, forall p € T,

d+1
HL(A,p) ! < L _ ‘

Proof. By induction, it is easy to construct a set A C N, a constant C > 0 and an
increasing sequence of integers (7¢) such that

o Ya(s) < Cs9 forall s > 1;
e forall £ > 1, there exist subsets Ay, ..., A, of N with card(4;) = n, and

card(A N (A1 X -+- X Apy)) > C~'nd,

1/2
sup ( Z |xj|2) < Cnd/z |1/P|
*€Bey e AN(A) XX Am)

Fix £ > landset Ag = A N (A; X+ x Ay). Consider a sequence (£(j))jea, of inde-
pendent Bernoulli variables defined on the same probability space (2, 4, P). Applying
Proposition 4.1 with s = 2, n(j) = (), Xx = £p(Ax), and xj*(x) = Xxj, we get an m-

linear form 7'(x) = Y, §G)xj with [8G)| = 1 and | T|| < Cny/>**/>7V/P! (we recall
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that the y,-norm of a Rademacher process is comparable to its L2-norm [18]). Pick now
s € HL(A,p). Using this particular T', we get

n?/s < an/Hd/z_“/p‘.

leading to the result. ]

4.2. Random sets

Proposition 4.2 shows the importance of producing subsets A of N with big combina-
torial dimension and such that sup, ¢ 5 t Zje A |xj|? is as small as possible. We will partly
construct such sets using a probabilistic argument, which modifies a construction of Blei
and Korner [11], who produce sets with arbitrary combinatorial dimension, to include the
control of sup,¢p t ZJ.E A |xj|2. This last property will be ensured using again Proposi-
tion 4.1, but not for a Bernoulli sequence.

We begin with a lemma allowing the modification of a set of precise combinatorial
dimension into a subset of another combinatorial dimension, with additional properties.

Lemmad4.3. Letm > 1,8 € [1,m)], d € [1,8). There exists D > 0 such that, for alln > 2,
all C > 0, all Ay C M(m, n), satisfying

Yao(s) < Cs® foralls > 1, Yp,(n) > Cnd,

alla, B,y > 0and all p € 2, +00)" satisfying, with q; = p;/2,

sup Y |yl < Cn%, (13)
yGng J€Ao
1/2
sup (Y- 1wP) = cnf (14)
yEB[q Jj€Ao
sup |yl = Cn?, (15)
yGng Jj€Ao

there exists A C M(m,n) with

Yals) < CDs? foralls > 1, (16)
Yaln)=C' D7l (17)
1/2 1/4+B/2
sup (Z |xj|2> <CD max(n(d_‘H"‘)/z, n—H)’ (18)

ceBy (logn)1/
dst nl/2+a/2
sup |x;| < CD max(n AR —) (19)

Remark 4.4. It will be clear from the proof that if we only assume (13) and (14), we still
get a set A satisfying (16)—(18).
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Proof of Lemma 4.3. Let (£(j))jer, be a sequence of independent random variables
defined on (£2, 4, IP) such that, for all j € Ao,

PEG =1 =n?"? PEG=0=1-n""

We set A(w) = {j € Ao; |E(j)] = 1} and we show that, with high probability, A(w)
satisfies (16) and (17). We will need the following elementary result about the binomial
distribution (see for instance [10, Chapter XIII]): if S follows the binomial distribution
with parameters N and p and if k > 2Np, then

]P’(Szk)fz(]]\!)pk. (20)

Letse{l,...,n}andlet A = A; x --- X A, be an s-hypercube of M (m,n) (meaning that
card(4;) = s for all 5). Let also k = Bs? for some B > max(2C, 1) whose precise value
will be fixed later. Observe that k > 2C s%19~% . Hence (20) with N = card(A¢ N A) and
p = n?% implies that

) NY ; _2N* s 2Ck g5k
P2 swzk) =2y ot = T s
JeEANAg
We take the sum over all s-hypercubes of M (m, n). Since there are ('S')m such hypercubes,

we get

) n\"  2Cks%k
IP’( Z £(j) = k for some s-hypercube A) < (s) Kok G-Dk
jeANAo

nms 2Ck 8k 2Ck ktms (S)(S—d)k—ms
X .

< —
= Gmsg-ms * Bhydkg—k,G-dk — gk "

If we choose B > 2Ce™ 12, then

k ,k+
2C%e TS < e—kem(s—k) < =S
Bk
since k > 5. On the other hand, if we choose B > (m + 1)/(§ — d), then (6 — d)k — ms
> § so that
s (6—d)k—ms P s
_ <|=].
G =)
We deduce that

N

. . s s
]P( Z £(j) = k for some s-hypercube A4, s = 1,...,n) 5265(;)

JEANA( s=1
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and this last quantity goes to zero as n — +o00. Moreover, since
E(Z S(j)) >C ' =C7'n?  and Var(z g(j)) <cn?,
i€ho j€Ao

it follows from Chebyshev’s inequality that, provided B is large enough, we can require
]P(Zje Ao §0) = (BC )~'n?) to be as small as we want, independently of . Hence, with
large probability, the random set A (w) satisfies (16) and (17).

Let us turn to the proof of (18) and (19). We first observe that

sup Y glP=sup Y y= sup Y £y

*€Bey e A (w) Y€Beq je A (w) Y€Beq jeng

Set n(j)(w) =£(j)(w) — n?=% 5o that (n(3))jen, is a family of independent and zero-mean
random variables. Then

Do ED@yi=nT Y v+ Y (@)

j€Ao j€Ao j€Ao

By Proposition 4.1 with s = 2 and (13) we get, with large probability,

sup | 3 £ @)| = Cnt =+ G sup I7C, )

Y€By, j€Ao Y€By,
where T(w, y) = Zjer n(j)(w)y;. Now it is well-known that

_ATC R
ITC |y, = P

Moreover, the L,-norm of a sum of nonsymmetric Bernoulli variables has been estimated
in [20]. With ¢ = n9~%, Theorem 2.1 of [20] implies that

1—/8 lf}" > 10 1 8).
ITC )y < Don/r TG y)|2 x 4 Y loel7e) > log(1/e)
(1/e)Y/27Vr ifr <log(1/e).

Since

ITEI3 =) (=8 + 21— o) |yi*> < Die Y [yl

jEAO jEAQ

it follows from the increase of the map r — (1/¢)'/271/7 / \/r on the interval [2,log(1/¢)]
that

ITC )y, =

D, B
Ter (2 )" =
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by (14). Hence we get, with large probability,

; - CD, 1/2+8
sup ‘ E(.])(a))yj‘SCnd St 4 ~72 L, ,
y€By, jg\:o Jlogn

which gives in turn (with large probability) (18) for A = A(w), by taking the square root.
The proof of (19), again with A = A(w) and with large probability, is completely similar
and left to the reader. ]

Let us show now what happens if we apply the previous lemma, starting from Ag =
M(m,n). From now on, we fix p € [1, +o00] and consider p = (p, ..., p) € [1, +o0]™.

Corollary 4.5. Letm > 2 and letd € [(m + 1)/2,m]. There exists A C N™ with dim(A)
= d such that, for all p € [2,4o0] withm/p < 1/2,

_ d+1 1
HL(A,p) 1=7—‘d—p-

Proof. We apply Lemma 4.3 with p =4, Ag = M(m,n),§ =m,a =m—|2/p|, B =
m/2—12/p| = 0. Since d > (m + 1)/2, we know that d —§ + o > 1/2. Hence we get
forall n > 1 a set A, C M(m,n) satisfying ¥4, (s) < Cs? forall s > 1, YA, (n) >
C~'n? and SUPep,, (Xjen,, 1xiH)1/? < Cnd/2711/Pl This last property is also true for

p = oo (it is a consequence of Y, (n) < C n?). Thus by interpolation, it is true for all
p € [4, +00], in particular for all p € [2m, +00]. We now conclude by applying Propo-
sition 4.2. ]

To get the full range of d given by Theorem 1.1, we will need to iterate the construc-
tion and to start from sets different from M (m, n). Observe that in the proof of Corollary
4.5, we applied Lemma 4.3 without the assumption (15) (and thus we did not get the con-
clusion (19)). The full strength of Lemma 4.3 will be needed only when we iterate the
construction.

4.3. Fractional cartesian products

Let/ >1,1 <k <landletU = {S;,...,Sn} be ak-cover of {1,...,[},i.e. each S;

is a subset of {1,...,/} of cardinality k and their union is {1, ..., /}. The cover is said
to be uniformly q-incident if each j € {1,...,[} belongs to exactly ¢g different sets in
Styeee, Sm-

If [ is fixedand U = {S1,...,Sn}isak-coverof {1,...,/}, we define
NY = {(TTg,(j)...., s, () j € N'} € NF x ... x N¥ (m times)

where 5 (j) = (jx)kes. We may and will see NU as a subset of N”” by identifying N¥
with N through any bijection. For a single set S, NS will simply denote N<d4(S) Tt is
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shown in [10, Theorem 14 and Corollary 16, Chapter XIII] that, provided U is uniformly
incident, there exists C > 0 such that, forall s > 1,

C R < yyu (s) < CsP*.
In particular NU has combinatorial dimension [/ k.
We shall need the following variant of the left hand inequality.
Lemma 4.6. Let U = {S1,..., Sy} be a k-cover of {1, ...,1}. For all n large enough,
the set Ao = NV N ({1,...,nY*)" satisfies 1//A0(nk) > nt.

Proof. Setting, for j =1,...,m, A; ={1,.. .,n}k, it suffices to observe that the map
{(I,....n}l 3j— (s, G),.... g, () € (A1 x -+ x Ap) N NV is a bijection. |

To illustrate this part of the work, let us provide an example: S; = {1, 2}, S»
{3, 1} and S3 = {2, 3} is a 2-cover of {1, 2, 3} which is uniformly 2-incident. Let U
{Sl, S2, S3} Then

NY = {((1. /). (k.1). (j.K)): (. j. k) € N*} € N? x N? x N2,
If we fix a bijection ¢ : N2 — N, NY may be seen as a subset of N3:
NY = {(p(. /). ¢(k.0).¢(j.K)): (0. j.k) € N*}.

With this point of view, NY becomes a subset of N with combinatorial dimension 3/2.

We will need a result allowing us to estimate (ZjeNU |xj|2)1/2 for all x € By,. This
is provided by the next lemma, where we do not need that the cover is made up of subsets
of the same cardinality (this will be important during the proof). Because of the identi-
fication between N5 and N and to avoid the confusion with the product xj, an element
x € Loo(N*) will be denoted (x;);ens -

Lemma 4.7. Let | > 1, and let U = {S1, ..., S} be a cover of {1,...,1} which is
uniformly q-incident. For any x = (x(U, ..., x") € £oo(NS1) x -+ x Lo (NS™) with
nonnegative entries,

m 1/
3 ng‘;k@ < 1‘[( 3 (x](_k))q> “
jeN! k=1 k=1 jeNSk

In our example, this inequality simply says that, for all x, y, z € £o(N?) with non-
negative entries,

/ /
> iz = (Sat) (202) 7 (22)
i i

(i,j,k)eN3 i,j

1/2
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Proof of Lemma 4.7. We use induction on /. The case / = 1 is easy: reordering the sets

if necessary, we have S; =+ = S, = {1}, Sq+1 = -+ = S;» = 0 and the inequality
q q 1/q
(k) (k)
> T2 < TT(X )
jeEN k=1 k=1 jeN

is just Holder’s inequality. Assume now that the result has been shown up to / — 1 and let
us prove it for /. Reordering the sets Sk if necessary, we may assume that/ € Sy,..., S,
(thus ! & Sg+1,--.,Sm). We then write

m
anl(ikéku) > H Hsk(n Z 1_[ gc;kcv

jeN! k=1 jreNi—1 k=g+1

(the notation I1g, (j;\) is well-defined for k = ¢ + 1, ..., m because [ ¢ Si). We then
write

Z Hxnsk(p = Z 1_[ ns,\g,) H(Z( s (J))q)

jeN/ k=1 J[eNl 1 k=g+1 k=1 j;eN

by Holder’s inequality. Set Ty, = Sx \ {{}ifk €{l,...,q}, Tx = Sy ifke{qg+1,...,m},

k k . . k k)
( ) = = (2, I%;k(j,jl))q)l/q if k e{l,...,q} and j € N7k and y]( ) = xj(. )ifk e

{q +1,...,m}and j € N7k Then the previous inequality reads

m
ang(;ko) Z l—[yﬁ‘ikay

jeN! k=1 jeNI—1 k=1

Now, {T1,..., T;y} is a uniformly g-incident cover of {1, ...,/ — 1} and the induction
hypothesis leads to

Z 1‘[ gc;k ﬁ( Z (y(k))q) < ﬁ( Z (x;('k))q)l/q- .

jeN! k=1 k=1 jeNTk k=1 jeNSk

In particular the previous lemma implies that if U = {Sy, ..., Sy} is a k-cover of
{1,...,1} which is uniformly g-incident, then the set A = NY C N satisfies dim(A) =
I/ k and sup,p o Zje A |xj|? < 400 for p = 2¢. These sets are good candidates in order
to apply Proposition 4.2. Therefore, it is important to exhibit this kind of sets. This can be
done easily.

Lemma4.8. Letm >2and q € {1,...,m}. There exists a g-cover U = {Sy,...,Snu} of
{1,...,m} which is uniformly q-incident.



Summability of the coefficients of a multilinear form 1179

Proof. For 1 <k < mgq, define x; = r with r € {1,...,m} and k = r (mod m). For
Jj=1...,mletS; ={x(-1)g+1---->X(j—1)g+q)- Since each r € {1, ..., m} appears
g times in the sequence X, ..., Xmg, {S1, ..., Sn} is a g-cover of {1, ..., m} which is
uniformly g-incident. =

It could be observed that the sets S; in the previous covering are not necessarily dis-
tinct. For instance, if m is even and ¢ = m/2, then Sp;4+; = {1,...,m/2} for all j. We
can also think of the sets NU obtained thanks to the previous lemma as a way to gener-
alize Diag(N") to higher dimensions. The set Diag(N") itself corresponds to the case
Sy =---=8n ={1,...,m}. We can also observe that our example above corresponds
to the proof of the lemma withm = 3 and g = 2.

As an immediate consequence of this construction, we get the last part of Theorem 1.2.

Corollary 4.9. Let m > 2 and let d € [1, m] with m/d an integer. There exists A C N™
with dim(A) = d such that, forall p € 2, +oo] withm/p < 1/2,

d+1 ‘ 1

2d dp|

Proof. Let ¢ = m/d and let U be the covering designed in Lemma 4.8. We set A =

NY N M(m, n), where we have identified N¢ and N in the definition of NVY. Observe
that for all x € By,,, Lemma 4.7 ensures that

2 M 1/2q
( |xj|2) < ( |x(.k>|2q) < 50 = ,d/2-11/a)l
> <1 Ix < _
jeA

k=1 jeN

HL(A,p)~!' =

By interpolation, for all p € [2¢, +0o0], in particular for all p € [2m, +00], we get
1/2
sup (X f2) " < iz,
x€Bg, jeA

We conclude by using Proposition 4.2. ]

4.4. Mixing the arguments

In this section, we iteratively apply the random methods of Section 4.2 in the fractional
cartesian products NV described in Section 4.3.

Proposition 4.10. Letm>2, poe{l,....m}, k>1, andd €[14(m/ po—1)/2¥"1 . m/ py].
There exists C > 0 such that, for all n € N, there exists A C M(m, n) satisfying, for all
p € 2% po, +o0],

Ua(s) < Cs? foralls > 1, yan)>C 'n?,

sup Z |xj| < Cnd=11/Pl, (21)
X€Bey jep

1/2 4
sup (Z |xj|2) < cnd/21/pl (22)

x€Bey Njea
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Observe that the case pg = 1, kK = 2 has already appeared in the proof of Corollary 4.5.

Proof of Proposition 4.10. We fix m > 2, pg € {1,...,m} and for all k > 1, set d =
L+ (m/po — 1)/257Y, pr = 2% po, o = di — m/p. P = di/2 — m/pr. vk =
dy —m/ pr+1. We use induction on k. For the base case, we observe that d; = m/ py and
thus we only have to consider the case d = d;. We consider the set NU devised in the
proof of Corollary 4.9 for ¢ = pg. Inequality (22) for p = p; has already been obtained
in that proof, whereas (21) follows in the same vein from Lemma 4.7: for x € ngl s

m n
Z ;] < H(Z |x(_k)|Po>l/p0 < (n'=Po/Prym/po < ym/po=m/py _ yen
< : < < .

jeA k=1 j=1

Since these inequalities are clear for p = 400, we obtain their validity for all p €
[pl s +OO] .

Assume now that the proof has been done until step k. Let n > 1 and let Ay be the
set obtained at step k for d = dj. Then the assumptions of Lemma 4.3 are satisfied with
Ao = Ak, p = pr+1,a = oy, B = B and y = y (we apply the induction hypothesis to
p = pr toget(13)and (14) and to p = pg+1 to get (15)). Now, since dx+1 = (dx + 1)/2,
forall d € [di41,di] we get

m 1
d—dy +or >diky1 —— > = + Bk,
pe 2

- 1+Olk.

d—di +yr > dit1 — >
DPk+1 2

Therefore, we obtain a set A (depending on d) satisfying YA, ,, (s) < DC s? for all
5> 1L Yp,, () > D 1C~1n4 and

sup Z |xj| < DCné=9%+vk — pCpd—m/rr+1
X€Bipiy jeAgt

sup ( 3 |xj|2)1/2 < DCnl—di+a)/2 — pCpd/o-mipiin
*€Bey iy jehrs

For p € [pg+1, +00] we conclude the proof by interpolation. |

Combining Propositions 4.2 and 4.10, we immediately get the following ranges of m,
d and p such that inequality (a) in Theorem 1.1 is optimal.

Corollary 4.11. Letm >2, po €{1,...,m} and k > 1 be such that m > 2K~ p,. Then for
alld € [1 + (m/po —1)/2571 m/ po), there exists a set A C N™ such that dim(A) = d
and, for all p > 2m,
d+1 1
HL(A,p) ™' = —— —|—|. 23
(A.p) 7d ‘dp (23)
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Observe that the statement of Corollary 4.11 remains true for all kK > 1 (without the
assumption m > 2571 pg) provided we assume p > 2K pg. Therefore, if we only want to
prove the validity of (23) for p in a smaller interval than [2m, +o¢], then we are allowed
to choose smaller values for d.

We now prove the first two points of Theorem 1.2. Our strategy is to apply
Corollary 4.11 to several values of pg, hoping that the union of the intervals
[1 4+ (m/po—1)/2K71 m/ po] for po € {1,...,m} and m > 2%~1 py covers a large part
of [1, m].

Proof of Theorem 1.1. We first apply Corollary 4.11 with po = 1 (this means that we
start the iteration with M(m,n)). If m = 2 or m = 3, we may only choose k = 1. This
shows that for d € [3/2,2] if m = 2, ford € [2,3] it m = 3, and for p > 2m, we may
findaset A C N™ with dim(A) = d and HL(A,p)~" = 451 — | 1|, This is exactly the
content of Theorem 1.1 form = 2 orm = 3.

Assume now that m > 4 and let £ > 1 be such that 2k—1 <m< 2k Then
m—1 2(m—1) <3

e <1+

I+

This implies that for all d € [3, m], we may find A C N™ with dim(A) = d and
HL(A,p)™" = &5 — || forall p > 2m.

To allow d become smaller than 3, we will start from a fractional cartesian prod-
uct NV instead of M (m, n). We write m = 2|m/2] + u, u € {0, 1} and we apply Corol-
lary 4.11 with pg = |m/2] and k = 2 so that 2¥~1 py < m < 2¥ py. After a small com-
putation, we find that the desired conclusion holds true provided d belongs to

I — 3 u 5 u
”’_[5+2Lm/2j’ +Lm/zJ]'

We then write m = 2|m/4| + v, v € {0, 1,2, 3}, and we apply Corollary 4.11 for
po = |m/4] and k = 3. This time we find that the conclusion holds true for d in

7 v v
Im = [Z T amgaptt LM/4J}'

The proof is finished if we are able to prove that

3 u
I, UJ — — 3.
" m3[2+2Lm/2J ]

This is clear if v = 0 or v = 1, because in these cases the minimal element of J,, is less
than or equal to 2. If v = 2, then u = 0 and we have to verify that

LR B
4 " 2lm/al =7
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This inequality is true starting from m = 10; unfortunately, it is false for m = 6 where
Ie U Jg = [3/2,2] U [9/4, 6]. When v = 3, we know that u = 1 and we have to verify

that
7 3

- <24 —.

27 amyal =7 T 2wy

This is true for m > 11, but false when m = 7 where I7; = [5/3,7/3] and J; = [5/2,7].
Thus it remains to handle the cases m = 6 and m = 7. We again apply Corollary 4.11,

this time with py = 2 and k = 2. Then the result holds true for all d in K, with K¢ = [2, 3]

and K7 = [9/4,7/2]. The interval K,, fills the gap between I,, and J,, for m = 6 and

m="17. ]

We conclude this section by a result which may be seen as an extension of the Kahane—
Salem—Zygmund strategy to produce multilinear forms with many unimodular coeffi-
cients and small norm. It follows immediately from the arguments given throughout this
work.

Corollary 4.12. Letm > 2, pg € {1,....m}, k > 1,d € [l + (m/po — 1)/2%, m/ po]
and let p > kao. There exists C > 0 such that, for all n > 1, there exist A C M(m,n)
with card(A) > C™'n? and T = ZjGA e(j)x; with |e(j)| = 1 satisfying

1Tl eene,) < Cnl/2td/2=11/pl

5. Steiner systems and different norms of multilinear forms

5.1. Steiner systems

In [16], the authors produce multilinear forms (more precisely, polynomials) with
around n™~! unimodular coefficients and small norm. More precisely, they show that
there exists A C M (m,n) with card(A) > C™'n™~! and T(x) = Y ;e &(j)x; with
le(j)| = 1 an m-linear form on £, satisfying

IT | £eme,) < C(logn)3/Pp™/2=m/P  forall p > 2. (24)

Their subset A satisfies a very special combinatorial property: A is a partial (m — 1,m,n)
Steiner system, meaning that A is a collection of subsets of {1, ..., n} of size m such that
every subset containing m — 1 elements is contained in at most one element of A. They
use this combinatorial property to produce (with a random method) such a multilinear
form with spectrum in A.

Our results improve when p > 4 that of [16] by deleting a logarithmic factor. Indeed,
provided m > 3 (to be sure that m — 1 > (m + 1)/2 but the case m = 2 is easy by
taking for A the diagonal of M (2, n)), Corollary 4.12 gives us a set I' C M (m, n) with
card(A) > C~'n™~! and an m-linear form T'(x) = Y_;cx £(j)x; on £p, with [e(j)| = 1
for all j € A, satisfying

IT || geme,y < Cn™2=mIP, (25)
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Unfortunately, our method does not give a bound similar to (24) when p € [2,4). In
particular, we do not recover the very interesting fact that for all ¢ > 0, there exists C > 0
such that, for all n, there exist A C M (m,n) with card(A) > C ™ 1n™ 1, T = ZjeA e(j)xj
with [¢(j)| = 1 and ||T|| g¢n¢,) < Cn®. We shall explain below why we think we cannot
obtain this by using our arguments.

This leads us to the following problem.

Problem 5.1. Let m > 2 and d € [1, m]. Define

Toae(m, d) = {p > 1; for all € > 0, there exists C > 0 such that, for alln € N,
there exists A C M(m,n) with card(A) > C'n? and
T = ZSG)Xj with |e(j)| = 1 satisfying || T || gne,) < Cns}
jeA
and Ymue(m, d) = sup T (m, d). What is the value of ymuc(m, d)?
The work of [16] shows that yy1(m,m — 1) > 2 by taking for A a partial (m — 1,m,n)

Steiner system whereas Yy (772, 1) > m by choosing for A the diagonal of M (m, n).
Problem 5.1 is related to the following one, which is reminiscent of Lemma 4.7.

Problem 5.2. Let m > 2 and d € [1, m]. Define ypoa(m, d) as the supremum of those
p > 1 for which there exists A C N™ with dim(A) = d and

sup Z |x;] < 4o0. (26)

x€By, jeA

What is the value of Yproa(m, d)?

It is clear that Yproqa (1, d) < Ymui(m, d). Moreover, when m/d = q is an integer, tak-
ing for U a uniformly g-incident g-cover of {1, ..., m} and setting A = NV Lemma 4.7
tells us that ypa(m,d) > m/d.

Although we do not know the answer to Problem 5.1, we can at least give upper
bounds and lower bounds for Yy, (7, d) which allow us to settle certain cases.

Proposition 5.3. Letm > 2 and d € [1,m]. Then

2m
mute (72, d) < mi —[d]+1,——).
o) = min(m ] 1.2 )

Moreover, if d is an integer and m = k(d + 1) for some k € N, then yyu(m,d) = dz—fl

Corollary 5.4. Letm > 2.
o Ifd e (m—1,m], then ypu(m,d) = 1.
o Ifd e (m—2,m—1], then ypy(m,d) = 2.
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This corollary explains why our method does not seem clever enough to produce
multilinear forms with norm less than n® on £,, with at least n? unimodular coefficients
and with an optimal relation between d, m and p. In particular, the map d +— ypu(m,d)
is not continuous at m — 1, a property which seems difficult to capture with a probabilistic
construction.

We shall give a proof of Proposition 5.3 in the next subsection.

5.2. The sup-norm vs norm of the coefficients of multilinear forms

The proof of Proposition 5.3 is linked to the following general problem: given
m,n, p,r, what is the best constant A7, (n) such that, for all m-linear forms 7'(x) =
Zjem(m n T (e()xjon{p, we have |T'|, < A7, (n)||T || g(m¢,) where

= Y rear)’

JEM(m,n)

In particular, we are interested in the growth with respect to n of Ay, (n), m, p, r being
kept fixed. The Hardy—Littlewood inequality gives conditions for A"’ (n) to be bounded.
So far, the best known estimates of A’" ,(n) come from [15] (see also [2D).

For two sequences (a,) and (bn) of real numbers, we will write a, < b, if there
exists C > 0 such that a, < Cb, for every n, and a,, ~, b, if a, < b, and b, K a,.

Theorem 5.5 ([15, Theorem 2.1]). Let m
1

>
(A) AZ,(n) ~ 1 when (3 < + < %—%)or(%f%and’;’ <1-3).
(B) AT, (n) ~n™PTr=1 \when %ﬂf%f%andl—%f%f%.
C) A (n) ~ AP T=UD =3 when (ML < Land L < L) or (L <1 <t <
1 1

< + andp < 5)
(D) A%, (n) ~n™/TTVP~  yhen 1 < %andl —% <1
(B) A7, (n) «n™D/Twhen 3 <4 <1-1
(F) A7,(n) ~n'/" when "L <1—Land o < 5 < 215

Moreover, the power of n in (E) cannot be improved.

Observe in particular that the situation is completely clear for m = 2 (in that case, the
region (F) does not appear). We can now control A7', () in some other regions.

Proposition 5.6. Letk > 1 and m > k + 1. Define

1 1 1 —k 1
Fr(m) = {(P,r)€[1,+00]2§ m——k—l—1§;§ m—kandmp <1—;}.

Then Ay, (n) < nk!" forall (p,r) € Fi.(m).
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Proof. The result is already known for k = 1 (F;(m) is nothing other than the region (F)
in Theorem 5.5). The other cases are proved by induction. Indeed, let us assume that
the result has been proved until k for all m > k + 1 and for all (p,r) € Fy(m). Let us
prove it for k + 1. Thus let m > k + 2 and (p,r) € Fry1(m). Let T € £(™{p) and for
i=1,...,nletT; € £("'L,) be defined by T; (x@, ..., x™) = T(e;, x?, ..., x").
Then

YooATEGI =Y Y TGl

j€M(m,n) =15 e Mm—1.n)

n
<CY nFlTillgem-14,) < Cn* T gens,)

i=1

where we use the induction hypothesis for the (m — 1)-linear forms T7;, since (p,r) €
Fi.(m—1). [

We are now ready for the proof of Proposition 5.3.

Proof of Proposition 5.3. Let m > 2 and d € [1, m]. We first prove that ypu(m, d) <
m—[d]+1.
Let p < Ymue(m, d) and assume that p > m — [d] + 1, so that % < m. If

1/p > 1/m, there exists k € {1,..., [d] — 1} such that m+k+1 < % < ﬁ We then

select a very large value of r so that mTjk <1- % Now, let ¢ > O be such thatk +er < d.
For any large integer n, one may find A C M (m, n) with card(A) > C~'n? and T'(x) =
ZjeA e(j)x; with [e(j)| = 1 and [|T||g(n¢,) < Cn®. Furthermore, |T|, > c—VYrpdlr,
Applying Proposition 5.6, we obtain n?/" « n*/7*+¢_a contradiction.

If we now assume 1/p < 1/m, then we select r > 2 such that m/p < 1 —1/r and
we get a similar contradiction by using case (A) of Theorem 5.5.

Let us now show that yp,(m, d) < dz—fl Let p < Ymu(m, d). For all ¢ > 0 and
all n € N, we consider A C M(m, n) with card(A) > C~'n? and T = ZjeA e(j)x;,
le(i)| = 1, satisfying || T || g(m¢,) < Cn®. Using Holder’s inequality, we find that

IT 2@ty < 0" P2 T |gons,y < Cam/P12%e,
Now by Theorem 1.1 or by case (A) of Theorem 5.5, for r ! = 1/2 — &,
oy 1/r
(X 1TEimr) " = CITlzeme.
jeNm

which implies
nd(l/27£) < Cnm/P*1/2+s'

Letting n — +o00 and then ¢ — 0, we get the inequality p < 2m/(d + 1).
Finally, assume that d is an integer and m = k(d + 1). We modify the proof of [16,
Theorem 2.5] and we refer to that paper for the details we do not state here.
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Let Ag C M(d + 1,n) be a partial (d,d + 1,n) Steiner system with at least n?
coefficients. We define the random m = k(d + 1)-linear form T (w, x) on £,; by

X e X

— (1) . xd+D ([d+2) d+2)  _(kd+k)
T(w,x) = Z 8(']) Xjarr % Ja+1 Xjgan

j€hAo

where (£(j))jen, is a sequence of independent Bernoulli variables. The work done in [16]
implies that it is sufficient to show that

1T x) =T )2 < cl sup Ix®@ — @

for any x,y € By, . Thus, let us fix x, y € By, and compute

1 1/2
I =76l = (320 6 =50 ey )

jeAo u=1
<Z(Z| D (0 _ 00y )1/2
y/d-‘rl
u=1 JEAO
(in these sums, if [ € {0,...,k — 1} is the single integer such that u belongs to

{dd+1)+1,....1(d + 1) +d + 1}, then j is linked to u by u = I(d + 1) + j).
We shall prove that, forall u € {1,...,m},

1/2

1

(Z' ., (u)_y](_u)) yl(:lnll|2) < [Ix® — 300
j€Ao

To simplify the notations, assume that ¥ = 1. Using Holder’s inequality, we have

1/2
§ : 1 2 m
( |(x( ) y]l))y( ) yj( )1|2>

j€Ao
1/2k
1) D2k |,,(2) 2k (d+1) 2k
= (X K = PP DRy 0 )

JGAO
1/(2k)
A@+D+D) | ([@+DE+D) 2k
xH(Zl D) T
=1 JGAO
Now, it is clear that, foralll = 1,...,k — 1,
(Z' (d+D+1) ((l+1)(d+l))|2k)1/(2k)
a1
j€Ao
1/2k)
(l(d+1)+1) ((d+1)(d+1)) 2k
=( X D) T s,

jeNd+1
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whereas it is explained in [16] why, because Ag is a partial Steiner system and
y® o y@ED arein £y,

1 1 2 d+1 1/2k
(20 Wl =P P ) 1 Ve
j€hAo

Question 5.7. Is it true that Yy (m, d) belongs to N forallm,d ?

Funding. The author was partially supported by the grant ANR-17-CE40-0021 of the French
National Research Agency ANR (project Front).
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