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Abstract. Using a recent breakthrough of Smith [22], we prove that /*°-class groups of cyclic
degree [ fields have the distribution conjectured by Gerth under GRH.
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1. Introduction

Class groups have a long and rich history going back to Gauss, who studied them in the
language of binary quadratic forms. In modern terms, Gauss gave an explicit description
of CI(K)[2] for K a quadratic number field with narrow class group CI(K). This is now
known as genus theory. Since then class groups have been extensively studied leading to
the development of class field theory and the Langlands conjectures.

Nowadays the class group is typically thought of as a ‘random’ object. Cohen and
Lenstra put forward conjectures on the average behavior of class groups. Their conjecture
predicts that for all odd primes p and all finite, abelian p-groups 4,

i |{K quadratic : 0 < Dg < X and CI(K)[p™®] = A} [I2,(1—1/p")
] =
X—00 [{K quadratic : 0 < Dg < X} |A| |Aut(A)|

b

where Dk denotes the discriminant of our field K. They also proposed a similar conjec-
ture for imaginary quadratic fields, namely
i [{K quadratic : —X < Dg < 0and CI(K)[p*>°] = A}| [[2,(1—1/p")
m =
X—00 [{K quadratic : —X < Dg < 0} |Aut(A4)|

Although the Cohen and Lenstra conjectures have attracted a great deal of attention, there
are very few proven instances. Davenport and Heilbronn [2] obtained partial results in the
case p = 3, while the case p > 3 is still wide open. Cohen and Lenstra originally stated
their conjectures only for odd p, but the case p = 2 is also very interesting. In the case
p = 2 we have a very explicit description of CI(K)[2], and the class group can no longer
be thought of as a random object.

Gerth [6] proposed the following modification of the Cohen—Lenstra conjectures;
instead of CI(K)[2°°], it is (2C1(K))[2°°] that behaves randomly. Fouvry and Kliiners
[3, 4], building on earlier work of Heath-Brown on 2-Selmer groups [11], proved that
(2CI(K))[2] has the correct distribution for both imaginary and real quadratic fields.
A major breakthrough came when Smith [22], extending his earlier work [17], proved

lim [{K quadratic : —X < Dg < 0and 2CI(K))[2°°] = A}| [[2,(1—1/29)

l =

X—>00 [{K quadratic : —X < Dg < 0} |Aut(A)|

for all finite, abelian 2-groups A. In the course of the proof Smith develops several power-

ful and versatile methods. Using the same methods, Smith also deals with the distribution
of 2K-Selmer groups of elliptic curves.
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Essential to Smith’s method is the explicit description of C1(K)[2], i.e. genus theory.
This allows us to study complicated sets such as 2¥~1CI(K)[2¥] via its natural inclusion
in C1(K)[2]. Now let / be an odd prime and K be a cyclic degree / field, so that C1(K)
becomes a Z[¢;]-module in / — 1 different ways depending on the identification between
Gal(K/Q) and (¢;). Fortunately, since K is cyclic, the isomorphism type of CI(K) as a
Z[¢;]-module does not depend on this identification.

Genus theory gives an explicit description of CI(K)[1 — ¢;]. Klys [12] proved condi-
tional on GRH that ((1 — &;)CI(K))[1 — ¢;] has the expected distribution [7, p. 312] and
also gave an unconditional proof in the case [ = 3. Both these results use the Fouvry—
Kliiners method [3,4]. Our main theorem proves that ((1 — &;)C1(K))[(1 — &;)°°] has the
expected distribution using the breakthrough method of Smith [22].

Theorem 1.1. Assume GRH. Then for all odd primes | and all finitely generated, torsion
Z1[¢;]-modules A the limit

lim {K cyclic of degree | : rad(Dg) < X and ((1 — &)CI(K))[(1 — {;)*°] = A}|
X0 {K cyclic of degree | : rad(Dg) < X}

exists and is equal to _
[172,(1—1/1%)
|A| |Autz, ¢,1(A)]

We order our fields by the radical of the discriminant for technical convenience. The
interested reader should have no trouble proving Theorem 1.1 when the fields are instead
ordered by the absolute value of the discriminant. Let Field(N, /) be the set of cyclic
degree | number fields K over Q with rad(Dg) < N. For 0 < j < n let P(j|n) be
the probability that a uniformly chosen n x (n + 1) matrix with entries in [F; has rank
n — j. Furthermore, for k > 2 and n > 0 let D; i (n) be the set of cyclic degree / fields K
satisfying

dimg, (1 — &) ' CUK)[(1 = &)F] = n.

Theorem 1.1 will fall as a consequence of the following theorem that we prove in Sec-
tion 13.

Theorem 1.2. Assume GRH and let | be an odd prime. There are ¢, A, Ny > 0 such that
forall N > Ny, all integers m > 2 and all sequences ny > ++-+ > ny,+1 > 0 of integers we
have

‘ m+1

‘Fleld(N nn N le(nk)‘ — P(fims1 |nm) - [Field(N, 1) N ﬂ le(nk)”
k=2

=

(log log N) m2(12+/)m

One could also wonder what happens without GRH. One of the first steps in Smith’s
method is to fix the Rédei matrix of K. This is a rather complicated matter, and Smith
proves a weak equidistribution statement with ingenious use of the large sieve. The large
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sieve for /-th power residue symbols is currently not as well-developed as the classical
quadratic large sieve. It is for this reason only that we need GRH and it may very well be
possible to remove this assumption if one obtains a suitable version of the large sieve. An
additional benefit of GRH is that it makes several other proofs in this paper substantially
easier and shorter.

If K is a quadratic field, (2CI(K))[2°°] was traditionally studied from the viewpoint
of governing fields. Cohn and Lagarias [1] conjectured that for each integer k > 1 and
each integer d # 2 mod 4, there exists a normal field extension My over QQ such that
the 2% -rank of CI(Q(+/dp)) is determined by the splitting of p in My ;. Such a field My x
is called a governing field. Stevenhagen [23] proved their conjecture for k < 3. For k > 3
the Cohn and Lagarias conjecture is not known to be true or false for any value of d, but
widely believed to be false with compelling evidence found by Milovic [19] and later by
Koymans and Milovic [13-15].

One of the major insights in Smith’s work is the notion of a relative governing field.
To explain this notion, let { p1,0. p1,1}, .., {Pk,0. Pk,1)} be primes and let d be a negative
squarefree integer. For any function f : {1,...,k} — {0, 1} define

k
d]] Pi,f(i))-

i=1

K(f) = @(

Choose any function f’:{1,...,k} — {0, 1}. Under suitable conditions Smith shows that
the 2%-ranks of K(f) with f # f’ together with the splitting of Dk,0 and pg ; in a field
depending only on {pi,0, p1,1},-...{Pk—1,0. Pk—1,1} determine the 2%_rank of K(f).
This field can be thought of as a relative governing field, and the resulting theorem can
be seen as an extremely general ‘reflection principle’. Amazingly enough, this is the only
algebraic result about class groups used in Smith’s paper. The rest of his paper is dedi-
cated to rather ingenious combinatorial and analytical arguments that prove the desired
equidistribution.

Our paper borrows heavily from the ideas introduced by Smith; and in particular his
proof strategy. We start by generalizing his reflection principle. To do so, we introduce
a generalized notion of Smith’s relative governing fields. One has to be slightly careful,
since Smith relies on the fact that ¢, € Q. Furthermore, Smith uses that Gal(K/Q) = IF,
has trivial automorphism group to make several important identifications. However, if K
is cyclic of degree [ with [ > 2, we have Gal(K/Q) = I}, which does not have trivial
automorphism group. To work around this, we need to work with characters y : Gg — (1)
instead of fields. During our proofs, it will be very important to carefully keep track of
the characters y : Gg — ({;) that we have chosen, since we use these characters to make
the necessary identifications in a canonical way.

Once we have generalized Smith’s notion of relative governing fields, the proof is
mostly a straightforward adaptation of Smith’s work with the exception of three major
changes. Suppose that we have chosen characters y, : Gg — ({;) of conductor p for all
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p = 1 mod /. We need to deal with sums of the type

>~ xp(Frob(q))

X<p<Y

for fixed ¢. If y runs over quadratic characters, one may prove cancellation of such sums
by an application of Chebotarev or the large sieve. However, if y runs over more gen-
eral characters, such a sum may be biased for a bad choice of the characters y,. To work
around this issue, we average over all choices of characters y,, and use a mixture of Cheb-
otarev and combinatorial arguments to show that there is cancellation for most choices of
characters yp.

The second issue is the earlier mentioned lack of an appropriate large sieve, and we
work around this by assuming GRH. Finally, there is one important point where the anal-
ogy between CI(K)[2°°] for K imaginary quadratic and C1(K)[(1 — ¢;)*°] for K degree [
cyclic breaks down. Indeed, the relation between the ramified prime ideals in CI(K)[2]
is explicitly given by Gauss genus theory. On the other hand, the relation between the
ramified prime ideals in CI(K)[1 — {;] should be thought of as being random. It is for this
reason that CI(K)[(1 — ¢{;)°°] is more similar to C1(K)[2°°] for K real quadratic.

It is not hard to adapt our arguments to also deal with real quadratic fields. The main
obstacle is that one needs to make the Markov chain analysis of Gerth [6] effective,
and also generalize his Markov chain analysis to include even discriminants. One fur-
ther needs to be careful with ramification at 2, because {, € Q, while {; & Q; for odd /,
but this is a mere technicality. The authors plan to conduct a deeper study of the arithmetic
of real quadratic fields in future work including the Markov chain analysis necessary to
extend our results here to real quadratics.

2. Set-up

In this section we introduce the most important objects and notation. Our first subsection
defines the central objects in this paper. Once this is done, we devote the next subsection
to the necessary notation and conventions.

2.1. The Artin pairing

Let [ be an odd prime number, which is treated as fixed throughout the paper. Whenever
we use O(-) or <, the implicit constant may depend on / and we shall not record this
dependence. Fix once and for all Q, an algebraic closure of Q. If K C Q is a number
field, we denote by Gx := Gal(Q/K). Also fix an element ¢; of @* with multiplicative
order equal to /; this is a generator of the group u; (Q) := {o € Q : &/ = 1}. We define

FM[ Q) := Homtop.gr.(GQ’ 129 (@))

Here Gg has the Krull topology and u; (Q) the discrete topology. For a character

x € I'y, (Q), we denote by

—ker(x)
K, =Q
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the corresponding extension of Q. This is a cyclic extension with degree dividing /, and
equal to 1 if and only if y is the trivial character. We denote by C1(K ) the class group
of K. Observe that C1(K,)[/*°] is a Z;[Gal(K, /Q)]-module. Since Z is a PID, the norm
element

Noaky /@ = ), &
g€Gal(K,/Q)

acts trivially on C1(K ). From this, we deduce that C1(K)[/°°] has naturally the structure
Z;[Gal(Ky /Q)]

of a
Naal(k y /Q)

-module. Moreover, y gives a natural isomorphism of Z;-algebras

DlCARL 7101 = 21 @2 24,
Nea(k, /)

In this manner C1(K,)[/°°] is naturally equipped with the structure of a Z;[{;]-module. In
what follows, it is always with respect to this structure that we will talk about C1(K, ) [/ *°]
as a Z;[¢;]-module.

The ring Z;[{;] is a local PID with the unique maximal ideal generated by 1 — ¢;.
Therefore for every finite Z;[{;]-module A, there is a unique function fy : Z>1 — Zso

such that @
Zl[él] ) l
~ e .
A Z;[81] @ ((1 _El)lzl[gl]

iezzl

Since A is finite, the map f4 has finite support and it can be reconstructed from the
decreasing sequence of numbers

k= k(g g,y A 1= dimp, (1= )71 AL = 0)").
defined for every positive integer k. Therefore the sequence

{rk(lffl)k Cl(Kx)}kezzl

determines completely the structure of the Z;[{;]-module C1(K,)[/°°]. Here, for brevity,
tk(j_¢,)x CI(Ky) stands for rk(;_¢, & CI(Ky)[/°°], which has been defined above. The
following Z;[{;]-module will have a big role for us:

Qi)
N= 2

For a finitely generated, torsion Z;[{;]-module A, we define

AY = Homg,¢,1(4, N).
The following is not hard to see.

Proposition 2.1. The Z,[¢;]-modules A and AV are isomorphic.
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For every integer k > 1 we next define a pairing of Z;[{;]-modules
Art(A) 1 (1= )AL = ) x (1= ) AV = )] > N[1 = 8],

Leta e (1 —g) YA[(1 —¢)* and y € (1 — &)1 AV[(1 — &)¥]. Let ¢ € AY be an
element such that (1 — &)1y = y. We put

Artg (A)(a, ) = Y (a).

Observe that since a € (1 — &)~V A[(1 — &;)¥], the definition does not depend on the
choice of ¥. The following fact is straightforward.

Proposition 2.2. The left kernel of Arty(A) is (1 — &)KA[(1 — &)*T1] and the right
kernel is (1 — &)k AV[(1 — &)k +1].

Hence, instead of directly dealing with

{rk(—g,)x CUK ) kezo s

our goal is to control the sequence of pairings

{Artk (Cl(Kx))}kezzl .

Here Artx(CI(K,)) is an abbreviation for Artg (CI(K,)[/°°]), which has been defined
above. Proving equidistribution for this sequence of pairings is the main goal of this paper.
We start with some algebraic tools, which culminate in an extremely general reflection
principle. In the next section we fix identifications between some cyclic groups of order /
that occur in this paper, as well as some other important conventions regarding notation.

2.2. Identifications and conventions

Throughout the paper we will encounter the groups [F;, (¢;) and N[1 — ¢;]. These three
groups are isomorphic, but not in a canonical way. Working with each group has its own
advantages. Kummer theory is most naturally stated using ({;), while [F; has a natural
product structure that we will take advantage of. Finally, N[1 — ;] is a subgroup of N,
which is the image of the various Artin pairings. We need to identify these three groups
at several points in the paper, and it is of utmost importance this is done in a consistent
manner. We refer to the following diagram whenever such an identification is made.

()

Ji(a) = ¢ g = g

I N1 =]
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Any other identification is made by inverting the arrows and maps. The symbol C will
denote, as usual, the complex numbers. The symbol i denotes a fixed element of C* of
multiplicative order equal to 4. The function exp : C — C* denotes the exponential map.
The group u;(C) is generated by the element exp(2mi/ /). We also fix the identification
hy = pi(C) — (&) given by

hi(exp(2ri/ 1)) == §;.

We denote I'r, (Q) := Homyep gr. (G, F7). The map j; induces an isomorphism I'y, (Q) —
[y, (Q). We also define I'y,, (c)(Q) := Homygp g (G, p1(C)), so h; induces an isomor-
phism T, c)(Q) — T, (Q).

If ¢ is either equal to / or to a prime number that is congruent to 1 modulo /, then there
exists a unique cyclic degree / extension of Q that is totally ramified at ¢ and unramified
elsewhere. By class field theory, if ¢ # [, this is the unique cyclic degree [ extension
contained in Q(¢,)/Q. If g = [ this is the unique cyclic degree / extension contained in
Q(¢&52)/Q. Here ¢, and {;> are elements of Q of multiplicative order equal to ¢ and /2
respectively. We denote these extensions by L, for ¢ # [, and by L2 in the case ¢ = /.
For each g congruent 1 modulo / we fix a character

Xq €Ty, (Q)

such that ker(y,) = G, . There is no way to make such a choice in a canonical manner,
and we fix one simply for notational purposes. Similarly, we fix a character

x1 €Ty, (@Q)

such that ker(y;) = Gle. All our algebraic results work for a fixed choice of characters,
but later on we will have to vary the choice of characters to make our analytic results
work.

The set {xq}g=1mods U {x1} is a basis for I';;, (Q). In particular any cyclic degree /
extension ramifies only at primes congruent 1 modulo / or at /, see Proposition 4.5 for a
generalization of this fact. By the conductor-discriminant formula we see that a positive
integer D equals Ak, /@ for some y € ', (Q) if and only if

D=(q-...-q)""

with {g; }1<i<r a set of r distinct elements each either a prime equal to 1 modulo /, or
equal to /2. In case D admits such a factorization then D = A K,/ for (I —1)" different
choices of y, which amounts to a total of (I — 1)"~! different fields. From now on we
say that a positive integer D is [-admissible if it is the discriminant of a cyclic degree /
extension of Q. For each /-admissible integer D we define an amalgama for D to be a
map € : {q | D}4 prime = {1,...,] —1}. For an /-admissible integer D, the set of characters
X € Ty, (Q) such that Ak, o = D corresponds bijectively to the set of amalgamas for D,
via the assignment
e xe(D) := H)(fl(q).
q|D
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We denote by x > €, the inverse assignment. Let y € ', (Q) and ¢ | Ak, /q- Then there
is a unique prime ideal in Ok, lying above g. We denote such a prime ideal by Upg, (q).
For a positive integer b and for a prime number ¢ dividing b, we write € (¢q) for the unique
integer in {0, ...,/ — 1} with €,(¢) = vg, (b) mod /. In particular, ]_[q‘b gD equals b
in Q*/Q*!. We also define [d] := {1,...,d} for any integer d.

We shall frequently encounter maps from some profinite group G to some finite set X .
Whenever we encounter such a map, it will be continuous with respect to the discrete
topology on X.

Lemma 2.3. Let G be a profinite group, let X be a discrete topological space and ¢ :
G — X a continuous map. There exists a largest (by inclusion) open normal subgroup
Ny of G such that the map ¢ factors through the canonical projection G — G/ Ng.

Proof. This is straightforward. ]

Thanks to Lemma 2.3 we can make the following definition.

Definition 2.4. Let ¢ : Gog — X be a continuous map, where X is a discrete topologi-
cal space. The group of definition of ¢ is the open normal subgroup Ny in Lemma 2.3.
Furthermore, we define L(¢) to be the fixed field of Ng, which will be called the field of
definition of ¢.

3. Ambiguous ideals and genus theory

In this section we study C1(K)[1 — ¢;] and CI(K)"[1 — ¢;]. The material collected here
is well-known to experts and can be found in various forms in the literature, but we have
decided to include it for the sake of completeness.

3.1. Ambiguous ideals

The material in this subsection is known as the theory of ambiguous ideals. Since in
7Z,1[¢;] we have the equality of ideals (1 — ¢;)!~! = (I), in particular CI(K,)[1 —¢]is an
F;-vector space. From the definition of the structure of C1(K,)[/*°] as a Z;[{;]-module,
it is clear that CI(K,)[1 — ¢;] = CI(K )% &/ Thus we can obtain a description of
CI(K,)[1 — ¢;] by taking Galois invariants of the sequence

1 — Pr(Ky) — g, — ClI(Ky) — 1,

where Jg, denotes the group of fractional ideals of Ok, and Pr(K,) denotes the group
of principal fractional ideals of Ok, . To take advantage of this sequence we shall begin
with the following simple fact.

Proposition 3.1. We have
H'(Gal(K,/Q),Pr(Ky)) = 0.
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Proof. We take the exact sequence
I — Og, = Ky — Pr(Ky) — L.
Thanks to Hilbert 90, we can canonically identify the H! in the statement with
ker(H?(Gal(K,/Q), Og ) — H?(Gal(K,/Q), K})).

Hence it is sufficient to show that H?(Gal(K,/Q), OI”;X) = 0. Since Gal(K,/Q) is cyclic,
it follows from [25, Section 6.2] that this last H?2 is isomorphic to

z* _ =1
NKX/Q(OI*{X) B (_1>

where in the first equality we have used that / is odd. This concludes the proof. ]

= {1}

Therefore we have the following corollary.
Corollary 3.2. The natural map J%‘:(KX o _, CI(K X)Gal(KX /D) induces an isomorphism

Gal(Ky /Q)
dg

x ~ Gal(Ky/Q)
Pr(K,)Cal(Kx/Q) — CLRG)™

We next focus on the group J%‘:(KX /®) Recall from Section 2.2 that for a prime g with
q | Ak, /q the symbol Upg (g) denotes the unique prime ideal of O, lying above g. We
have the following fact.

Proposition 3.3. For any element I € J%‘:(KX D there is a unique pair (€,n) where € is

amap € :{q | Ag,/Q}q prime = {0,....1 — 1} and n is a positive rational number, with
the property
I'=m [] Upk, @

qalAky /0

Proof. Let I bein JET(KX /®) and factor I asa product of prime ideals. Then inert primes
can clearly be bunched together into a rational fractional ideal. For split primes, the Galois
invariance and unique factorization of ideals imply that every exponent is invariant in each
Galois orbit of split primes. Hence also the split primes can be bunched together to give a
total contribution that is a rational fractional ideal.

The remaining primes are exactly the ramified primes. For each ramified prime, we
can always pick the largest multiple of / smaller than the exponent, and throw this contri-
bution into a rational fractional ideal. This shows the existence part of the proposition.

For the uniqueness, suppose that the pairs (€1,71) and (€2, n,) give the same ideal.
Observe that when we norm down to @, we obtain for ¢ a prime not dividing the dis-
criminant that / - vg, (n1) = [ - vg, (n2) and hence v, (11) = vq, (n2). Finally, if g is
ramified, we obtain

[ -vg,(n1) +€1(q) =1 -vq,(n2) + €2(q).
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Since €1 (q) and €3(g) are in {0, ...,/ — 1}, it must be that €1 (q) = €2(¢) and v, (n1) =
vQ, (n3). So €; = €, and the two rational numbers 71 and n, have the same valuation at
all finite places and they are both positive, hence they coincide. ]

Since the surjection Jgil(KX/Q)

surjective map of [F;-vector spaces

— CI(K,)[1 — ¢;] factors through d, it induces a

CI(K,) = CI(K)[1 -],

where CI(K ) denotes the subgroup consisting of those « in 8—* such that v(e) is divis-

*[
ible by / for all places v € Qg not dividing A, q. It follows from Proposition 3.3 that

we have an identification
JlGal(Kx/ Q)

Cl(Ky) =~ KXT

via the norm map, which sends every invariant non-zero ideal to its norm in Q*/ Q*. By
construction, the kernel of the map C1(K,) — CI(K,)[1 — ;] equals

pr(KX)Gal(Kx/Q)
Jo i
Due to Hilbert 90 this group is canonically isomorphic to H!(Gal(K,/Q), O,*(X).
Proposition 3.4. The group H'(Gal(K,/Q), O;;X) is a 1-dimensional F;-vector space.

Proof. Fix a non-trivial element o of Gal(K,/Q). Then o generates Gal(K, /Q). Since
Gal(K, /Q) is a cyclic group, an elementary calculation with 1-cocycles shows that the
H' in the statement is isomorphic to

{a € OI";X : Nk, 0@ =1}
{o(B)/B: B € Ok}

Observe that this is an [F;-vector space, which also follows from the size of the Galois
group being /. Thus we can compute it also by first completing at /, i.e. considering

{e € Ok, : Nk, jo(@) = 1} ®2 Z; = Ok ®z 7.

Through y, this can be naturally viewed as a Z;[{;]-module. But the Z;-torsion of
0}’;% ®z Z; is trivial, since / is odd and the Z-torsion of OI’QX is equal to (—1). Hence the
Z1[¢;]-torsion is also trivial. Therefore, using Dirichlet’s Unit Theorem and the fact that /
is odd, it must be that

Ok, ®z Zi ~z,1¢) Zi1&1]-
Therefore the H'! we are after is isomorphic to (ZI’_[Z ]) ~ ;. ]

Combining Corollary 3.2 with Proposition 3.4, we deduce the following.
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Corollary 3.5. The map o
Cl(Ky) = CUK 1 =&

has 1-dimensional kernel. Moreover, a generator of the kernel can be obtained by taking
Nk, /() € %for anyy € Ky such that

o))y € Of, —{o(B)/B: B O} }.
where o is any non-trivial element of Gal(K,/Q).

The second part of Corollary 3.5 suggests that we should not expect a simple descrip-
tion for the relation among the ramified prime ideals as is the case for the 2-torsion of
imaginary quadratic number fields. Instead we should expect it to be a genuine ‘random’
piece of data. It is for this reason that cyclic degree / fields are analogous to real quadratic
number fields.

3.2. Genus theory

The material of the previous subsection is sufficient to determine the structure of
CI(K,)Y[1 — ] right away. We remind the reader that we have fixed an identification i;
between (¢;) and N[l — ;] in Section 2.2. Also recall that we have a canonical iden-
tification CI(K) = Gal(Hg,/K,) via the Artin map, where Hg, is the Hilbert class
field of K. Finally, y, denotes a fixed choice of an element in I', (Q) of conductor
dividing p°.

Proposition 3.6. Let y be in 'y, (Q). The set {i; © )plker(x) }I"AKX/@ is a generating set
for CI(K,)V[1 — ¢;]. Moreover, any relation among these characters is a multiple of the
trivial relation X|Gx, = 1.

Proof. 1tis clear that the set {i; o y, |ker(x)}p|A1<X/@ belongs to C1(K )Y [1 — ¢;], with any
relation a multiple of the trivial one. This combined with Proposition 2.1 and Corollary 3.5
gives the conclusion by counting. ]

It is possible to give a more direct proof of Proposition 3.6 by completely different
considerations. This relies on the following fundamental fact that will anyway play a
crucial role for us.

Proposition 3.7. Let F/E be a cyclic degree | extension of number fields. Let v € Qg
be a place of E ramifying in F/E. Suppose moreover that L/ F is an abelian extension
of F, Galois over E and unramified at the unique place in Qr lying above v. Then the
exact sequence

1 — Gal(L/F) — Gal(L/E) — Gal(F/E) — 1

splits, i.e. the surjection Gal(L/E) — Gal(F/E) admits a section.
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Proof. For a number field F', we let Q r be the set of places of F. Since L/ F is unrami-
fied at the unique place in Qr lying above v, and since v is totally ramified in F/E, we
deduce that for every place v € Q lying above v in L/ E, the inertia group [/, has size
exactly /. Therefore either it is fully contained in Gal(L/F) or it intersects Gal(L/F)
trivially providing the claimed section.

We assume that /5, is fully contained in Gal(L/ F') and derive a contradiction. Since
Gal(L/F) is a normal subgroup, it follows that all conjugates of /5, are also contained
in Gal(L/ F). Then we conclude that

Gal(L/F) 2 [T tupw

weRy 1wy

which is equivalent to
Fc () LM,

we wlv

This implies that v is unramified in F/E, which is the desired contradiction. |

Alternative proof of Proposition 3.6. Let L/K, be a degree | extension coming from a
character in C1(K )" [1 — ;). Note that L is a Galois extension of Q with degree /2. By
Proposition 3.7 we conclude that

Gal(L/Q) ~ [F; x IF;.

Hence the extension is of the shape KK, /K,, where K is a cyclic degree [ extension
of Q. Let ' € T',(Q) be a character with K,» = K. If y’ ramifies at any prime ¢ not
dividing Ak, /@, then the resulting extension of K, will ramify at the primes of Ky lying
above ¢. Hence y’ must be one of the characters listed in Proposition 3.6, which clearly
satisfy only the trivial relation stated there.

4. Central extensions

In this section we prove several important facts about central [;-extensions that we will
extensively use in the coming sections to deal with the first and higher Artin pairings.
The main tool established here is Theorem 4.10, which provides sufficient conditions to
realize central embedding problems with as little ramification as possible.

Let E be a field and fix a separable closure E*P of E. We extend the notation from
Subsection 2.2 in the natural way to our more general setting; in particular we will use
G and I'y, (E) without further introduction. Let F € E*P be a finite Galois extension
of E. The most important object in this section is the set

Centy, (F/E)

consisting of degree dividing / extensions F/ F in E*P that are Galois over E and such
that Gal(F / F') is a central subgroup of Gal(F/E). For Fy, F> in Centy, (F/E) we say
that F is equivalent to F; if at least one of the following two statements is true:
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[ Fl = FZ = F,
e the compositum F\ F, contains a non-trivial cyclic degree [ extension of F that is

obtained as E F, where E is a cyclic degree / extension of E.

One can easily see that this is an equivalence relation, and we use the symbol Fi ~ F>to
express the fact that F is equivalent to F,.

Every cyclic extension of F with degree dividing / can be obtained as (EP)ker()
for some y € I'p, (F). This can be done only with the trivial character if the extension is
trivial, and in all the other cases with precisely the / — 1 non-zero multiples of a non-trivial
character. It can be easily seen that for this extension to be in Centy, (F/ E) it is necessary
and sufficient that y is fixed by the natural action of Gal(F/E) on ', (F). Therefore we
have a natural surjective map

T, (F)SUUF/E) s Centy, (F/E),
which descends to a map

F]Fl (F)Gal(F/E)

I, () — Centy, (F/E)/~.

. . o I'p (F)Gul(F/E)
The map attains the class of F/E precisely on the trivial element of W and on
1

the remaining points isa (/ — 1) : 1 assignment.

. F]F (F)Gal(F/E)
Given a class y € W we can naturally attach a class
1

ri(x) € H*(Gal(F/E). Fy).

where the implicit action is declared to be trivial. This uses the group-theoretic interpre-
tation of H2(Gal(F/E),TF;), and goes as follows. Using y we have an identification

Gal((E*P)*" ™) /) ~ .
Therefore this transforms the sequence
1 — Gal((E*P)*0 / F) - Gal((E*?)*" 0 /E) — Gal(F/E) — 1
into a sequence
0 — F; — Gal((E*?)*"W /E) - Gal(F/E) — 1,

which naturally provides us with a class r1(y) € H?(Gal(F/E),F;). It is not hard to
show that the resulting map
F]Fl (F)Gal(F/E)

i e (B) — H?(Gal(F/E).,F))

is an injective group homomorphism. Hence we can use r; to identify the group
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F]F] (F)Gal(F/E)

5 (5) with its image in H?(Gal(F/E),F;). We define
¥y

Centy, (F/E) := Im(ry).

Our next goal is to characterize the elements of H 2(Gal(F/E), F;) that belong to
Centy, (F/E). To do so we write another natural map

. FF; (F)Gal(F/E)

o e (B) — H?(Gal(F/E).,F)),

this time using Galois cohomology in the following manner. Firstly observe that
Iy, (F) = H'(Gp,F;) and I'r, (E) = H'(Gg,F), since the action of Gg on F; has
been declared to be trivial. In this manner the natural map coming from restriction
I, (E) = I'r, (F )GAU(F/E) pecomes the natural restriction homomorphism

Res: HY(Gg.F;) — HI(GF,]FI)GHI(F/E).

Therefore the generalized inflation-restriction long exact sequence gives us a connecting
homomorphism r,, which provides a canonical isomorphism

HI(GF,]FZ)GaI(F/E)
2T HY(GE )

~ ker(Inf : H*(Gal(F/E),F;) - H*(Gg,[F))).

The map Inf maps a 2-cocycle for Gal(F/E) to a 2-cocycle for Gg simply by precom-
posing the 2-cocycle with the projection of Gg onto Gal(F/E). So the kernel consists
of the 2-cocycles § € H?(Gal(F/E), ;) for which there exists a continuous 1-cochain
¢ : Gg — F; withd(¢) = 6.

We stress that this does not imply that @ is trivial as an element of H2(Gal(F/E),[F;),
since the field of definition of ¢ need not be a subfield of F. We claim that r; and r, are
actually the same map. Indeed, by the general formula for the connecting homomorphism
for the inflation-restriction exact sequence, one finds that the map r, can be written as
follows. For each element o of Gal(F/E) fix alift & € G and take y € I'y, (F )/ E).
Then r»(y) is represented in H?(Gal(F/E),F;) by the cocycle

— 11
(01,02) = (010202 01 ).

It is a pleasant exercise to show directly, using that y € I'g, (F )Gal(F/E) that the choice
of the lift only changes the expression by a coboundary. On the other hand, one readily
sees that this is the same class as 71 (). Therefore we get the following fundamental fact.

Proposition 4.1. We have
Centy, (F/E) = ker(H*(Gal(F/E),F;) — H*(Gg,T))).

In other words, a class 0 € H*(Gal(F/E), F;) is equal to ri(y) for some y €
I'r, (F)GFIE) if and only if 0 is trivial when viewed as a class in H*(G g, F;). In this
case, the set 1~ (0) consists precisely of a single coset for the group I's, (E).
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Loosely speaking, the above criterion tells us that the group-theoretic [F;-extensions
of Gal(F/E) that can be realized with a field extension are precisely equal to the classes
of H?(Gal(F/E),T;) that become trivial in H?(Gg.,F;). This criterion takes an even
simpler form if we assume that E contains an element {; € E5P of multiplicative order
exactly /.

Recall from Section 2.2 that we identified F; and ({;) with the isomorphism
Ji(a) = ¢f for each a € F;. Observe that if {; € E, then j; is an identification of Gg-
modules. In particular j; induces an isomorphism

ji : H*(Gg,F;) — Brg[l].

T'r (F)Gal(F/E) . . L .
Also the group W can be identified via j; with
i

F*\Gal(F/E)
( F*l )
E* ’
and one can quickly re-obtain in this special case a proof of Proposition 4.1 by using
Kummer sequences, which provide a natural identification
F*\Gal(F/E)
( F*l )
E*

= ker(H?(Gal(F/E),F;) — Brgll]).

It turns out that as long as char(E) # [ we can always verify the realizability of a coho-
mology class 6 in terms of the vanishing of a class attached to 6 in a Brauer group.

Proposition 4.2. Suppose F/E is a finite Galois extension with char(E) # I. Then
the group Centg,(F/E) consists of those classes 6 € H*(Gal(F/E),F;) such that
JroResg ., (0) is trivial in Brg ¢,).

Proof. By Proposition 4.1 we know that 6 is realizable if and only if 8 becomes trivial in
H?(Gg,F;). There is a map Co-Res : HZ(GE@,), F;) — H?(Gg,F;) with the property

Co-ResoRes(0) = [E(g;) : E]- 0.

But /-0 = 0and [E({;) : E] divides |Autg(({;))| = [ — 1. Hence 6 becomes trivial in
H?(GEg,TF) if and only ifReSGE(;Z) (0) is trivial in H2(GE(§I),]F1). Finally, since j; is an
isomorphism, the triviality of 6 in H*(G g(,), ;) is equivalent to the triviality of j; o 6
in BrE(fz)' ]

In particular for E = Q we derive the following criterion. The group IF; will be implic-
itly considered as a trivial G-module whenever a symbol suggests an action of a group G
on [F;.

Proposition 4.3. Let F/Q be a finite Galois extension. Then the following are equivalent
for 0 € H*(Gal(F/Q),F;):

(1) 6 € Centy, (F/Q), i.e. § = ry() for some y € Ty, (F)FF/Q);
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(2) there exists a continuous 1-cochain ¢ : Ggo — F such that d(¢) = 0;
(3) forevery v € Qqq,) we have invy(j; o 0) = 0.

Proof. This is an immediate consequence of Proposition 4.1, Proposition 4.2 and the fact
that Brg(¢,) embeds in the direct sum &, .o Qe Brg()), - m

The following fact will help us to cut down in practice the set of places one needs to
check in part (3) of Proposition 4.3. The proposition could easily be derived from local
class field theory. Instead we give an elementary proof here based on Proposition 4.2.

Proposition 4.4. Let E be a local field and F/E a finite unramified extension.
Then Centy,(F/E) = H*(Gal(F/E),F)), i.e. each § € H*(Gal(F/E),F,) is trivial
in H*(Gg,F)). In particular, if u;(E) # {1}, then invg(j; o 0) = 0 for each 6 €
H?(Gal(F/E),T)).

Proof. Since Gal(F/E) is cyclic, H?(Gal(F/E),F;) equals Ext(Gal(F/E),F;). Indeed,
if G is a group with a central subgroup H and cyclic quotient G/H , then G is abelian. We
can assume that / divides [F : E] otherwise the H? collapses and the statement becomes
a triviality. In this case Ext(Gal(F/E), F;) is cyclic of order /. Therefore it is enough
to provide one non-trivial element of Centy, (F/E) for which we take the unramified
degree [ extension of F. The other statements now follow from Propositions 4.1 and 4.2.

|

Thus, in practice, when we use Proposition 4.3, it is enough to check at the places
v € Qqg,) that ramify in F($;)/Q(;). The following general fact explains why we need
only deal with elements of Q¢ ¢,) with residue field degree 1.

Proposition 4.5. Let F/Q a finite Galois extension of degree a power of 1. If a prime g
divides Ap g thenq =1 orqg = 1 mod [.

Proof. Let q be a prime different from / that ramifies in F/Q and choose some inertia
subgroup I, < Gal(F/Q) at g. Observe that since ¢ # [ it must be that ged(| 14|, q) = 1.
Hence |1, divides ¢/«(F/@ — 1. On the other hand, f,(F/Q) divides [F : Q], which is
a power of . We conclude that ¢/«(F/@ — | = g — 1 mod [. Because |14] is a non-trivial
power of [, this implies that ¢ is 1 modulo /. ]

Recall that if we have two conjugate subgroups H;, H, of Gg and a class 6 in
H?(Gq, F;) then Resg, (9) = 0 if and only if Resg, (§) = 0. Thus the following def-
inition makes sense.

Definition 4.6. Let v € Qg be a place and 6 be a class in H?(Gg, [F;). We say that
0 is locally trivial at v if Res;x(Gg,)(0) = 0 for some (equivalently any) choice of an

embedding i : Q — Q,.

Proposition 4.7. Let F/Q be a finite Galois extension. Let 6 be a class in
H?(Gal(F/Q),F;). Then the following are equivalent:
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(1) 6 € Centg, (F/Q);
(2) the inflation of 0 to Gq is locally trivial at all places v € Qq;
(3) the inflation of 0 to Gq is locally trivial at all places v € Qq that ramify in F/Q;

(4) forany v € Qg and v € QF lying above v, we have 0 € Ce~ntFl (F5/Qy).

Proof. Parts (2) and (4) are equivalent in view of Proposition 4.1. Thanks to the same
proposition, (1) certainly implies (2). Furthermore, (2) trivially implies (3). On the other
hand, thanks to Proposition 4.4, (3) implies (2) as well. It remains to show that (2)
implies (1). But (2) implies that part (3) of Proposition 4.3 holds. Now use Proposi-
tion 4.3. ]

The equivalence between (1) and (4) in Proposition 4.7 tells us that a class 6 is realiz-
able if and only if it is realizable locally everywhere, and moreover it is sufficient to check
that it is realizable locally at the places of QQ that are ramified in F.

In our applications, we will not merely be interested in writing the relevant 6 as r1 ()
for some y € I'g, (F YGAUCF/Q) put it will also be important for us to find a representative y
in the I'y, (Q)-coset r; ! (9) such that Q ker(o) /Q has as little ramification as possible.

Proposition 4.8. Let F/Q a finite Galois extension and let 0 e Cent]Fl (F/Q). Then there

exists y € I'y, (F)GF/D) sych that ri(y) = 0 and Q /Q is unramified at all primes q
not dividing Afq.
Proof. Take any y € I'p, (F YGAF/Q) with ry () = 6. If ler(X) /Q is unramified at all

primes ¢ not dividing A r,q, we are done. So suppose that there is a rational prime g that

does not ramify in F but does ramify in Q et

that ramifies in Q ker)
As observed in the proof of Proposition 4.4, the group H?(Gal(F,/Qy),F;) is cyclic
of order /, generated by an unramified character of G, of order /. This means that we
can always find ' € Gg g of order / such that y 4 y’ is an unramified character for G, .
Moreover, we can take y’ to be a multiple of x, (see Subsection 2.2 for the notation). So
we can find y" € I'y, (Q) such that g does not ramify in Q ket x
We claim that this implies that y + y’ does not ramify at any prime above ¢. Indeed,
for each 0 € G, the character o - (y + y’) is certainly unramified at o (q). On the other
hand, o - (x + ') = x + x/, since by assumption y € I'f, (F)Cal(F/Q) This proves our
ker(x+x")

. Then there is a prime g of Of above ¢

claim. Finally, observe that Q /F does not ramify at any new prime, since y,
ramifies only at ¢. Hence continuing in this manner we get rid of all such g and we have
proved the proposition. ]

A stronger control on the ramification can be achieved at the cost of having a stronger
notion of local triviality, which will be given in the next definition. Recall again that if
H,, H; are conjugate subgroups of a finite group G and if § € H?(G,TF;), then Resg, (6)
= 0 if and only if Resg, (#) = 0. This shows that the following definition makes sense.
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Definition 4.9. Let F/Q be a finite Galois extension, § € H?(Gal(F/Q),F;) and g a
prime number. We say that 6 is locally split at q if the restriction of 6 to one (equiva-
lently any) subgroup Dg/, is trivial, where q is a prime above ¢ in F and D/, is the
corresponding decomposition group. Moreover we say that 6 is locally split at inertia at
g if the restriction of 6 to some (equivalently any) subgroup I/, is trivial, where I/,
denotes the inertia subgroup relative to q.

Theorem 4.10. (1) Let F/Q be a finite Galois extension. If 6 € H?(Gal(F/Q),F)) is
locally split at all primes dividing AFq, then 6 € Centg, (F/Q). Moreover, there

exists y € I'y, (F)CF/Q) gych that ri(x) = 6 and @ker(X)/F is unramified.

(2) Suppose that all the primes dividing A g are 1 modulo I. Then the same conclusion
as in (1) can be reached assuming only that 0 is locally trivial and locally split at
inertia at all primes dividing A q.

(3) Suppose that [F : Q] is of degree a power of | and does not ramify at l. Then the same
conclusion as in (1) can be reached assuming only that 0 is locally trivial and locally
split at inertia at all primes dividing A ;q.

Proof of (1). Observe that if 6 is locally split at a prime ¢, then it is certainly also locally

trivial at g. Hence by Proposition 4.7 we deduce that 6 € ant]F, (F/Q). Due to Proposi-

tion 4.8 there is y € T'r, (F)%F/Q) with 6§ = ry(y) such that @ker(X)

all primes q in Op that lie above primes ¢ in Z not dividing A /q.

Now take a prime ¢ dividing Ar/qg and let g in Of be a prime above ¢ that ram-
ifies in @ker v, By assumption 6 is locally split at each such prime ¢g. Hence locally at
each such ¢ the character y is a character from Gq,,. Following the logic of the proof of
Proposition 4.8, we may employ multiples of x4 to get rid of this additional ramification
whenever that is required. ]

/ F is unramified at

Proof of (2). The assumption that 6 is locally trivial at all primes dividing Ar,q guar-

antees that 6 € ant]pl (F/Q) due to Proposition 4.7. Again, by Proposition 4.8, write

0 = ri(y) with @kerm / F unramified at all primes of Of above a rational prime not

dividing the discriminant.

Let ¢ be a prime divisor of A /@ and let g be a prime above it in Of. Let F{™ be the
largest unramified extension inside F/Qg. This is precisely the field fixed by the inertia
subgroup /4 /4. The assumption that ¢ is locally split at inertia at g guarantees precisely
that x restricted to any copy of G, in GF equals the restriction of a character coming
from G pgw. Since ¢ is 1 modulo /, any such character equals the product of a multiple
of x4 and an unramified character. Hence we can use the same logic as in part (1). ]

Proof of (3). This follows from part (2) and Proposition 4.5. |

We state the following simple fact, which is a consequence of elementary properties
of H?(F?,T;). Fix a field K and a separable closure K*P. Denote by G the group of
K-algebra automorphisms of K*°P. For a continuous character y : Gx — [y, let K(y) be
the corresponding field extension of K.
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Proposition 4.11. Let x1, x2 be two independent continuous characters from Gg to Fy.
Then x1 U x2 is in Centr, (K(x1)K(x2)/K) if and only if there exists a Galois extension
L/K containing K(y1)K(y2) such that

Z1[&1]
(1=8)?

We end this section by mentioning the following fact concerning extensions having
Galois group (IZL [é’)]z x (&) that can be used to prove Corollary A.4 for fields of charac-
teristic different from /. One way to prove this fact is to use the material in this section.

The interested reader can also look at [18, Theorem 3.1].

Gal(L/K) ~g x ({r).

Proposition 4.12. Suppose K has a primitive [-th root of unity. If b € K*, we define
15 : Gk — Ty to be the unique character such that for each B € K*® with B! = b we
have

o(B) = (1o xp(0))B.
Let by, by, € K* be independent in K*/ K*!. Then

Koy U xb, € Cent, (K (16, K (x5,)/K) <= 3w € K(xp,)" : b2 = Ng,, /k(®).

In that case the image of xp, U xp, in Centr, (K(x»,)K(xp,)/K) is obtained by taking
the extension K(xp,)K(xp,)(¥/a) with

-2
o= 1_[ ol (w717,
i=0

where o is a generator of Gal(K(xp,)/ K).

5. The first Artin pairing

In this section we study the first Artin pairing. This culminates in a description of the
spaces (1 — &)CU(K)[(1 — &)?] and (1 — &)CU(K,)V[(1 — &;)?] given respectively in
Corollary 5.5 and Corollary 5.6.

Let ybeinI'y,(Q)and b € CI(K x)- We extend the notation introduced in Section 2.2
by defining Upg, (b) to be the unique product of ramified prime ideals of K whose
norm is precisely b. We will sometimes attribute properties of Upg (b) to b € CI(Ky).
For example, we shall often say b is in (1 — &;)*CI(K ») for some positive integer k, which
means that Upg (b) is in (1 — é‘l)kCl(KX).

From the description of CI(K)[1 — ¢;] and C1(K )" [1 — ¢;] combined with Proposi-
tion 2.2, we readily obtain the following description of (1 — £;)CI(K,)[(1 — ;)?] and of
(1 = &)CUK ) V(1 = &)%)
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Proposition 5.1. (1) An element b € a(KX) isin (1 — &)CU(Ky)[(1 = &)?] if and only
if for every prime q dividing Ak, /@, the Artin symbol

[qu Ky /Ky }
Upg, (b)

is the identity.

(2) A character y' € CI(K,)V[1 — & isin (1 —§)CUKy)V[(1 — &)?] if and only if for
every prime q dividing Ak, /q,

X’(FrobUpKX @) =1

Proof. This follows immediately from the material in Subsection 3.1, Subsection 3.2 and
Proposition 2.2. ]

Proposition 5.2. Let x be in Ty, (Q). Suppose that q and q' are two distinct primes
dividing Ak, /- Then

Xq(Froby, Ky (¢")) = Xq(Frobg).
Proof. Observe that ¢ splits in Ky, if and only if Upg (¢’) splits in K Ky, . Hence we
can safely assume that they are both non-split. In that case, since ¢ # ¢’, they must be

both inert. It follows from the defining property of Frobenius that restricting Froby, Ky (@)
to K, /Q gives Frob, . Hence we obtain the desired conclusion. m

Recall that if y is in [, (Q), then €, denotes the unique amalgama for Ag /@ with

the property
)
x= 1_[ XZX(q ]
alAky /0

We will now define an w(Ag, /) X @(Ag, /@) matrix with coefficients in IF;. We index
the matrix by the product set {g prime : ¢ | Ak, /q} X {g prime : ¢ | Ak, /q}, where in the
row {g} x {q' prime : ¢' | Ak, g} we put for each g # ¢’ the element

Jit o x5 (Froby),
and we impose that the sum on each row is 0. This uniquely determines the so-called
Rédei matrix that we denote as

. ime : g|A X ime : g|A

Rédei(K,) € IFl{qprlme qlA g, /@}x{q prime : g| K,(/@}.

In what follows, exponentiation by an element v of [F; has to be read as the conventional
powering with the only integer between {0, ...,/ — 1} that is congruent to v modulo /.
Then we have the following important conclusion.



P. Koymans, C. Pagano 1210

Corollary 5.3. (1) The elements b of a(KX) that are in (1 — ¢)CU(K,)[(1 — &;)?] are
precisely those b such that

Upg, ()= ] Uk, @™
qalAky /0
for (vq)q\AKX/@ an element of the left kernel of Rédei(K).

(2) The elements x' of C(K,)V[(1 — &)] that are in (1 — {)CUK)V[(1 — §)?] are
precisely those x' such that

X/ _ 1_[ X;”qfx(q)’

qalAky /0
where (wq)qux/@ is in the right kernel of Rédei(Ky).
Proof. This follows upon combining Propositions 5.1 and 5.2. ]

In Subsections 5.1 and 5.2 we investigate more closely the structure of respectively
the left and the right kernel of the Rédei matrix. The resulting characterizations are con-
tained in Corollaries 5.5 and 5.6. In these subsections we additionally provide alternative,
and more direct, proofs of these corollaries. The material in Subsection 5.2 relies on the
material in Section 4 about central [F;-extensions.

5.1. (1= &)CUK (1 —&1)?]

Let y € I';,, (Q). We begin by rewriting Rédei(K ) as a matrix of symbols coming from
cyclic algebras. See Appendix A for the notation and the basic facts used from the theory
of such algebras over local and global fields. We use the convention that A(i, j) denotes
the element on the i -th row and j-th column of a matrix A.

Proposition 5.4. For all primes q, q' dividing Ak, /g we have

Rédei(K)(q.4") = ji " o hy o ng, (1 a)).

Proof. This follows immediately from Proposition A.1 combined with the definition of
the Rédei matrix Rédei(K ) and the bilinearity of (x, 8) — {y, 6}. |

The following important corollary furnishes an interpretation of the left kernel that
will be crucial in handling the higher pairings as we shall see in the later sections.

Corollary 5.5. An element b in a(KX) is in (1 — &) CUK)[(1 — &)?] if and only if b is
anormin K.
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Proof. Fix a prime divisor ¢ of Ak, . For now assume that ¢ does not divide . Then
the pairing of y, and b is trivial if and only if

[ 170, (xg.0h) = 1.

plb

Indeed, this follows from Proposition 5.4 and the fact that the result in Proposition A.1
is independent of the choice of uniformizer; the latter observation also follows from a
combination of Propositions 4.4 and A.3. From these propositions, we see that the only
other place in Q¢ where the cyclic algebra {y,. b} could possibly be non-trivial is q.
Therefore by Proposition A.2 (Hilbert reciprocity), we learn that

no, ({xq.b}) = 1.
This implies that
no, ({x.b}) =1
for each ¢ that does not divide b by Proposition 4.4. Next assume that g divides b. Denote

b i=b/q"@a®,

From the definition of the pairing we see that y, and b have trivial pairing if and only if

X;X @ and b have trivial pairing. This is equivalent to

[Tro, g @sn-( TT no s ®.n) =1

plv’ PlAky /0
P#q
By Proposition A.2 (Hilbert reciprocity) applied to the first factor, this happens if and only
if ng, ({x.b}) = 1. Hence the statement that b pairs trivially with all the y, is equivalent
to
no,({x,b}) =1 for each prime divisor g of Ak, /@,

which is in turn equivalent to
no,{x.b}) =1 forallv € Qq.

Therefore, from Proposition A.2 again, we see that Upg (b) is a multiple of 1 — {7 in the
class group if and only if the cyclic algebra {y, b} is trivial. Thanks to Corollary A .4, this
is equivalent to b being a norm in K, which is precisely the desired statement. ]

We remark that Corollary 5.5 can be proved directly without the detour through Rédei
matrices and class field theory.
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5.2, (1= ¢)CUK YY1 — &)

Let y € I'y;, (Q). The following characterization of the right kernel of Rédei(K ) follows
easily from Proposition 5.4; it can be proved with an argument analogous to the one
given in the proof of Proposition 5.5. Instead, in the rest of this section, we shall opt for
a different argument relying on central [F;-extensions. Recall that we identify [; ® [F;
with [F; through the map a ® b > a - b, where the product is in [F;. This allows us to view
the cup of two 1-cocycles in [F; as a 2-cocycle with values in [F;.

Corollary 5.6. A character y' € CI(Ky)V[1 —¢&]isin (1 — §)CUK,)V[(1 — &)?] if and
only if (i 0 j1)" o x) U (ji~ Y o ) is trivial in H*(Gg, ).

Proof. Observe that, thanks to Proposition 4.1, we have
(1o j) o xX YU ox)=0 inH*(Go.F))
if and only if

[(Grojn  ox YU "o OIE2Galk K /Q).F)) € Centr, (K Ky /Q).

A straightforward local computation shows that for the primes ¢ dividing Ag /g the
2-cocycle

h(x) = (Gro j™ o YU G o)
is locally trivial if and only if the two characters (i; o j;)™' o ¥ and jl_1 o y are locally
linearly dependent at each such ¢. In other words, A(y, x') is locally trivial if and only
if it is locally split at all primes dividing the discriminant. Therefore, we conclude by
Theorem 4.10 that

[t X)]a2 6oy =0 implies  x" € (1= &)CUK (1~ ¢)7].

The converse follows immediately from a combination of Propositions 4.11 and 3.7. =

6. Raw cocycles

Let A be a finite Z;[{;]-module and let the pair (G, y) consist respectively of a finite cyclic
group of size [/ and of an isomorphism y : G — ({;). Using y we turn A into a G-module
killed by the norm operator Ng := Y _ gcG 8 €L [G]. We write A x G for the semidirect
product with respect to this action. Similarly, through y, we can view N, introduced in
Section 2, as a G-module and we use the symbol N () to denote the implicit G-module
structure, which will play a central role for us.

Whenever we have a quotient map G — G, we will talk by abuse of language of N(yx)
as a G-module with the induced action. For any profinite group H and any discrete H -
module B we denote by Cocy(H, B) the group of continuous 1-cocycles from H to B.
Recall that if K < H is a subgroup and ¥ : H — B is an element of Cocy(H, B), then
we call the element w |k € Cocy(K, B) the restriction of y to K. If we have a surjective
homomorphism 7 : H —» H, then we call the element Yome Cocy(H B) the inflation
of Y to H.
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Proposition 6.1. Let (G, y) and A be as above and k a positive integer. Inflation and
restriction of 1-cocycles induce a split exact sequence of Z;[{;]-modules

0 — Cocy(G. N(x)[(1 = &)*] = Cocy(A x G, N())[(1 — &)F] — AV[(1 - &)*] — 0.

Moreover, Cocy(G, N(y))[(1 — &)¥] ~z,1¢,1 NI(1 — ¢k, with such an isomorphism
arising from the evaluation map W + (o) for o a fixed non-trivial element of G.

Proof. Let o denote a generator of G. Since G is cyclic, we find that the map from
Cocy(G, N()[(1 — &)*] to N[(1 — &;)¥] sending ¥ to (o) induces an isomorphism
between Cocy(G, N(x))[(1 — &)¥] and the kernel of the norm Normg operating on
N[ — &)¥], which is the full N(y)[(1 — &;)¥]. Hence the evaluation map ¥ +>
¥ (o) induces an isomorphism of Z;[¢;]-modules between Cocy(G, N(x))[(1 — &;)*] and
N[ = ¢;)¥] as claimed.

This implies that the natural inclusion

0 — Cocy(G, N()I(1 — &)¥] — Coey(4 x G, N(x)[(1 — &)*],

induced by inflation of cocycles, is split, since Cocy(A4 x G, N(x))[(1 — ¢;)¥] is finite and
certainly killed by (1 — ¢;)¥. Therefore it remains to show that the natural map, induced
by restriction of cocycles,

Cocy(A x G, N())I(1 = &)F] — AY[(1 - §)F].

is surjective. Let ¢ € AV[(1 — ¢;)¥]. Consider the map

Y AxG — N1 - )k

which sends (a, g) to ¢(a). By construction  restricts to ¢p. Hence we have to check that
Y is a 1-cocycle. By definition of semidirect product and of the map ¥, we have

Y((ar, g1)(az, g2)) = ¥lar + x(g1)az. g182) = ¢(ar) + x(g1)¢(az).

On the other hand, in order for v to be a 1-cocycle for the action of G on A it must satisfy

V((a1, g1)(az, g2)) = x(g1)V¥ (a2, 82) + ¥ (a1, g&1) = x(g1)¢(az) + ¢(ar),
precisely the same equation as above. This concludes our proof. ]

The next proposition provides, roughly speaking, a converse to Proposition 6.1. This
will be useful later: it will tell us that the Galois group of the field of definition of a
I-cocycle in N(y) always splits as a semidirect product.

Proposition 6.2. Let (G, y) be as above. Let 7 : G > Gbea surjective homomorphism
and moreover let € Cocy(é, NOO)(1 = &)¥] be a cocycle such that the image of the
character W |yer(y is N(x)[(1 — eK). Set H := {g € ker(xr) : Y (g) = 0}. We have the
following facts.
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(1) The set H is a normal subgroup of G.
(2) The assignment

G
[ = Nl = o) (),
defined by the formula f(g) = (¥ (g), x(g)), is a group isomorphism.

Proof. Let us begin by verifying (1). The restriction of v to ker(;) is a group homomor-
phism. Moreover, for each g € G and & € ker(;r) we have

V(ghg™) = x(@V(hg™) + ¥ (g) = x(@V(g™") + x(V(h) + ¥ (g)
=v(gg ") + 1@y (h) = x(g)y (h).

This immediately implies (1). Next take g1, g» € G. Then

(Y (g1), x(g1))(¥(g2), x(g2)
= (¥ (g1). D0, x(g1) (W (g2). D0, x(g1)~)(0, x(g182))
= (Y(g1) + x(g)¥(g2). x(g182)) = (V(g182), 1(g182))-

Hence f is a group homomorphism and it is zero precisely for the g with ¢(g) = 0 and
x(g) = 1. This is the definition of H. ]

Letnow y € I'y, (Q). We set A := CI(K,)[(1 —¢;)*°] and G := Gal(K,/Q). Denote
by H,; the largest subextension of the Hilbert class field of K,, within Q, having

degree a power of /. The Artin map gives a canonical identification C1(K,)[(1 — {;)*°] =
Gal(H,;/Ky).

Proposition 6.3. The surjection Gal(H,,;/Q) — Gal(K,/Q) admits a section, yielding
an isomorphism

Gal(Hy,1/Q) g CUK[(1 — &)%) x Gal(K,/Q)

inducing the Artin identification between Gal(H, ;/Ky) and CI(K,)[(1 — {;)*°] when
restricted to Gal(H, 1/ K ).

Proof. This follows at once from Proposition 3.7. ]
Proposition 6.4. Let k be a positive integer. The natural map
Cocy(Gal(Hy,1/Q), N1 = &)*] — CUK )V [(1 - &)*]
is a split surjection of Z,;[{;]-modules yielding an isomorphism
Cocy(Gal(Hy1/Q). NOO)(1 = §)*] = CI(K,) Y [(1 = &)*T @ N[(1 = &) ].
Proof. This follows immediately upon combining Propositions 6.3 and 6.1. ]

Corollary 6.5. Let k be a positive integer and let y € CI(K, )Y [(1 — ¢k, The following
are equivalent:



On the distribution of CI(K)[I°°] for degree [ cyclic fields 1215

(1) ¥ € (1= &)CUK)V[(1 = gk,

(2) thereisa 1} € (1 —¢;)Cocy(Gal(H,,1/Q), N()[(1 — ekt restricting to W;

(3) forany ¥ € Cocy(Gal(H,,;/Q), N(x))[(1 — 1)K such that ¥ restricts to ¥ we have
¥ € (1= ¢)Cocy(Gal(Hy1 /Q). NGO — &)*+1].

Proof. This is a trivial consequence of Proposition 6.4. ]

Corollary 6.5 tells us that finding a (1 — ¢;)-lift for an unramified character is the same
as finding a (1 — ¢;)-lift for an unramified cocycle representing our character. In turn we
now show that finding a (1 — ¢;)-lift for an unramified cocycle is often the same as finding
a (1 — ¢y)-lift of the cocycle inflated to the absolute Galois group, providing in total a very
convenient criterion for the existence of a (1 — {;)-lift of a character in terms of cocycles
from Gg to N(y).

Proposition 6.6. Let v € Cocy(Gal(H, ;/Q), N(x))[(1 — &1)¥] for some integer k > 1.
In case | divides Ak, /g we assume that Upk, (1) splits completely in the extension
L(Y)K, /Ky, where we recall that L() denotes the field of definition of . Then the
following are equivalent:

(1) ¥ € (1 —&)Cocy(Gal(H,1/Q), N())[(1 — &)k 1),
(2) ¥ € (1 —¢)Cocy(Gg. N())[(1 —&)k+1].

Proof. 1t is a triviality that (1) implies (2). We now show that (2) implies (1). We can
assume without loss of generality that ¥ restricted to Gk, surjects onto N [(1 — ¢ 1)¥]. Let
L:=L(y)- Ky and let 1/~/ be a lift of ¢. Thanks to Proposition 6.2 we find that the map

Gal(L(¥)/Q) — N[(1 — &)* '] % (&) (6.1)

defined by the formula g — (1/7(g), x(g)) is an isomorphism. We see that this map sends
Gal(L(y)/L) into N[1 — ¢;]. Therefore we deduce

j]_l o ll—l o l; c F]F/ (L)Gal(L/@).

The only primes that ramify in the extension L/Q are those dividing Ak, /@, since
by assumption the extension L/K is contained in Hg, and hence is unramified. For
each ¢ different from / dividing Ag,/q we find that Upg (g) splits completely in
Ky L((1 =& y).

As we next explain, from this we conclude that if we restrict f := (1;, X) to Iy, an
inertia subgroup of ¢, the image of (6.1) is a group of the form (N[l — ¢;], o), where
x(0) # 1. Indeed, since y(I;) # {1}, we see that f(I;) N N is a Z;[{;]-submodule;
we have g € I; with y(g) = {; and conjugation by g on f(I;) N N equals precisely
multiplication by ;. If f(;) N N is trivial we are certainly done. On the other hand, it
cannot have size more than /, since y(I;) # {1} and I, is of size at most /2. The only
non-trivial Z;[¢;]-submodule of size [ is N[1 — ¢;]. This shows our claim.

Recall that all o € N[(1 — &)**1] x (¢;) with x(o) # 1 have order /. From this, we
conclude that the extension is locally split at inertia at ¢. In particular, in case / divides
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Ak, /@, we know by assumption that inertia at / equals the decomposition group, hence
the extension is locally split at /. Hence we conclude, by Theorem 4.10, that we can find
X € I'r,(Q) such that L(y + x’)/L is unramified. This ends the proof. [

Remark 1. If £ > 2, we claim that L = L(). This fact will be important throughout
the paper. Indeed, if # denotes an element of Gg with (1 — {;)¥(n) # 0, then for each
g € Gy, the group of definition of ¥, we have

V(g-n)=x(g -n+y¥(Eg and V(g =y¥(d) =0,

where each equality is justified by the fact that v is a cocycle. Therefore we find that
x(g) = 1, thanks to the fact that (1 — ;)% (n) # 0. That means that Gy € Gk, , which
is equivalent to L(v) 2 K.

Definition 6.7. A raw cocycle for y is a finite sequence {V; }o<;<; With

Vi € Cocy(Gal(Hy1/Q), NODI(1 = &), (1 =) = Y forl <i < j.

The integer j is called the rank of the raw cocycle.

7. A reflection principle

7.1. The differential of sums of cocycles

In this section if M denotes a multiset, then we let Set(M) be the corresponding set and
call its elements the elements of M. If xo € Set(M), we extend the usual operations —,
=, # and | - | of sets to multisets in the natural way. Let m be a positive integer and let

Y = HY,- x {d}
i=1

be a product multiset, where each Y; is a multiset of / primes that are all 1 modulo /. We
further assume that the Y; are all distinct multisets as i varies in [m], and that the elements
in each Y; are coprime to the integer d, which is also a product of distinct primes g with
q = [ or ¢ equal to 1 modulo /.

We will identify points in this product space x € Y with the integer Dy :=
(ITi~, mi(x))d whenever convenient. A subset C C Y is called a subcube in case it
is the inverse image of a singleton under the projection of Y on [ [; 7 ¥; for a subset T of
{1, ..., m}. The non-negative integer m — |T'| is called the dimension of C and denoted
by dim(C); it satisfies [49™(C) = |C].

Define an amalgama for Y to be a map

€y U Set(Y;) U {q | d}qprime — [l —1].

i=1

If ey is an amalgama for ¥ we obtain for each D € Y an amalgama ey (D) for D. Con-
versely, giving an amalgama for Y is the same as assigning an amalgama to each D € Y
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in a consistent manner, i.e. taking the same value at a prime whenever that prime divides
two different points of Y. In this manner given €y, an amalgama for Y, we have for each
D €Y acharacter
Xey (D) = ey ) (D) = [ [ 157 P
p|D

Next, for ey an amalgama for Y, a raw cocycle i for (Y, ey) is an assignment that
gives to each point D € Y araw cocycle for y, (D) (see Definition 6.7) with each point
having rank at least m — 1. We will write ¥ (R, xe, (D)) for the ¥ in the raw cocycle
of Yey (D).

Let xo € Set(Y'). We say that a raw cocycle R for (Y, ey) is promising with respect
to xo if (e, (x)) has rank at least m at each x € ¥ — {x¢} and

D Ui xey (x) € N[1 =]

xeH

for each proper subcube of Y having dimension j not containing xo. Here we have implic-
itly inflated our cocycles y; (R, xe, (x)) to G, so it makes sense to add them. The rest
of this subsection is devoted to computing for each o, 7 € Gq the value of

dio( D0 V(R sey () 0. 0),

xe€Y:x#xo

where 3 is a promising raw cocycle with respect to x¢ and the differential d, is taken by
considering the sum as a 1-cochain in the Gg-module N (y¢, (xo)). We remind the reader
that Y is a multiset, so that the above sum has to be computed with the corresponding
multiplicities. To state the result of this calculation, we need some additional definitions.

Firstly, we assume that each Y; is written as { pjo, . . ., pi(7—1)} With the convention that
the coordinates of x¢ occupy the first s(i) indices for each i. In this manner the multiset
Y corresponds bijectively to the set

F 1= Map([m], {0, ...,1 — 1}

with the points of ¥ giving x¢ in Set(Y') corresponding to the functions f with f(i) <
s(i) — 1 for each i in [m]. We let ¥, be the set of such functions.
Foreach j € [m]andi € {0,...,] — 1} we define the character

. - ey (pjo) - ey (pji)
Xiiey = —JI IOXP;/O 0 + 10)(19;1‘ ’

The following function attached to each f € ¥ — {0} will play an important role:
Xfey (0):= 1_[ Xj f Gy ().
jelml: £ (j)#0

Here the product takes place in IF; and the map is a continuous 1-cochain from G to F;.
For each f € ¥ — ¥, we denote by Hf~ the set of f € ¥ such that for all j € [m],

f(j) # 0implies £(j) = f()).
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Proposition 7.1. Let Y, ey, xo be as above. Let R be a raw cocycle for (Y, €y) that is
promising for xo. Then

i Y Ym 16y (1))

xeY:x#xo
_ A ES _
= X VTR0 (3 Yy o (D).
feF—0) JeH

Proof. We start with a simple computation

Ao (Um (X)) = fey (X0)Vm (X)(T) + Ym (X)(0) — Ym(x)(0T)
= —Xey (X)(@)Ym (X)(T) + ey (X0)(0)¥m (X)(7)
_ Xey (X)(0)
= Xey (Xo)(U)(l - m)l/fm(x)(f)~

Put x := x¢, (x0). Summing over all the v, yields

xo) Y (I—M)wwf), .1

Fei x(0)

where ¢, (f) is defined to be ye, (x) for the unique x that corresponds to f under our
bijection. Note that this is not the same as xs., . For f € ¥,0 € Gg define

S(f0) = Y Ky (0)

j€lm]

Observe that for f € F, the symbol v, (f) is not defined; however, we use the conven-
tion that 0 - ¥, (f) is always defined and equal to 0, and also (1 — &;)! ¥, (f) is defined
to be ¥,,,—; (f) for each integer 0 < i < m. This will simplify the notation in the coming
calculations. With these conventions, the expression (7.1) is equal to

1) 3 (=S Wm(N@). (72)
feF
Define
o =4 €M) 1y pGrey (0) = ).
Obviously, Té,f N T[f;f = (@ fori # j. We can now rewrite (7.2) as

-
x@) Y (1=T18" Yum()0)

feF i=1
-1 '
= x@) Y (1=TTa + & = " Yym(H (@)
feF i=1

= x(0) Y a(f,0)¥m(f)(@), (7.3)

feF
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where
i—1

-1
a(f,o):=1-— Z (—1)Zi=1 1Tl H(Z )l nil —)Tim Tl

(T1,,T1—1): TiCTE
We can expand (7.3) as

-1
_X(U)Z Z (—1)Zi= 1\T\l_[<

i—

LA
) Vst (DO
=0

foF (T] ..... Tl 1)75(@ ..... @) i=1 j=
TgT(r/
-1 i-1 \T; |
=—x0) > =AM
(Ty,...s T;—1)#(9,...,0) i=1 j=0

all disjoint

’ Z 1Vi:T,~gT(’;,/. (G)wm_zf;ll ITi\(f)(T)‘ (7.4)

feF

We next make a definition. For Ty := (71, ..., Tj—1) we say that f is (Te, 0)-good if
o T; C Tifforeachi e[l —-1];

e J(j)=0foreach j ¢ 'zt T3

Remark 2. Given T, there can be many functions f that are (7%, 0)-good. But for each
f € F there is at most one ordered choice of [ — 1 disjoint sets 7, such that f is (7T, 0)-
good; this partition exists if and only if y Fey (o) # 0. It is simply obtained by declaring
that j € T; if and only if X FGyey (0)=1i

‘We now use the definition of (7, 0)-good to rearrange the sum in equation (7.4) as a
sum over subcubes

-1 i—1

e Y enEEmT()”

(T1,e, Tj—1)#(0.,....0) i=1 j=0
all disjoint
Z lfls (Te,0)-good ’ Z wm—Zf;ll |T1‘(f)(f) (75)
feF—Fx, JeH y

Here Hj: denotes the set of f € ¥ such that f(j) £ 0 implies f(j) = f(j) for all
j € [m]. Since the raw cocycle is promising, we can rewrite (7.5) simply as

0
_ Z Z (— 1)|{1 Fh# }I (0)1 Fis (Ta.0)-good

(T1,.., 7]"1151)7&([@ ..... 9) feF—{0}
all disjoin

: Z Vinit: 7oy () (©)-

fEfIf~
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We now swap the first two sums and apply Remark 2 to obtain

feF—{o} feH ;
which is the desired expression. ]

We can further simplify the result of Proposition 7.1 under the following more restric-
tive assumption. We say that a raw cocycle i for (Y, €y) is very promising if it is
promising and moreover

D Vit Az D@ = D Vi 0oy (@)

fEHf] fEHf"z
whenever fl and fz share the same zero set. In this case for each subset 7" C [m] we put

ATy = Hjl_l( l_[ X;y(p))

JjeT DEY;

and

YR(m] = TN = Y Viyis: Frroy (@)

JeHf

for any f € ¥ such that the set of j with f (j) = 0 s the set T. The inner product is
a product of characters, while the outer product takes place in [F;, yielding a continuous
1-cochain from Gg to F;.

Proposition 7.2. Let Y, €y, xo be as above. Let R be a raw cocycle for (Y, €y) that is
very promising for xo. Then

do( Y U@ @) = > DTy @)y (R (m) - T)().

xe€Y:x#xg B#T C[m]

The formula in Proposition 7.2 is strongly reminiscent of [22, (2.6)]. One could reach
an even closer set-up by taking each of the Y; such that |Set(Y;)| = 2, one element in
Set(Y;) has multiplicity 1 and the other has multiplicity / — 1. In other words, one could
work with the usual set-up of 2-power cubes as in [22] at the cost of working with signed
sums of cocycles.

7.2. Expansion maps

Let m, Y be as in the previous subsection. Let ey be an amalgama for Y. The next step is
to construct a collection of 1-cochains that have precisely the same recursive formula as
in Proposition 7.2. This leads to the following definition. We define a pre-expansion for
(Y, €y) to be a sequence parametrized by the proper subsets of [m],

{or (Y. ey)ircim)
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consisting of continuous 1-cochains from Gg to F; satisfying

dpr(Y.ex)(o. ) = Y (=D e (@)pr—u (Y. er) (@)

PgAUCT

for each 0, T € Gg and each proper subset 7" of [m]. Here we consider IF; as a Gg-module
with the trivial action. We will assume that ¢y is linearly independent from the space of
characters spanned by the set { xi} ¢y }ie[m]-

A pre-expansion is said to be promising if for every i € [m], every prime p € Y; splits
completely in the field of definition of ¢,)—(;3. Next we define an expansion for Y to be

{or (Y, ev)trgim U AP (Y, ev)},

where {¢7 (Y, €y)}7<m] is a pre-expansion for (Y, €y) and ¢, (Y, €y) is a continuous
I-cochain from Ggq to [F; satisfying

dppmY.ex)0. )= Y D"y (0)pm-v (V. er)(@).

P#UC[m]

The maps composing a pre-expansion or an expansion are said to be good if their field
of definition is unramified above the maximal elementary abelian [F;-extension, which is
the field of definition of the map y[u.e, - ¢a(Y, €y). A pre-expansion or an expansion
are said themselves to be good if all their maps are good. The pair (Y, €y) is said to be
cooperative if for any distinct i, j € [m] the character yy , is locally trivial at each
prime appearing in ¥; and at /.

Proposition 7.3. Suppose that (Y, ey ) is cooperative. If {¢1 (Y, €y)}T<(m] is a promising
good pre-expansion for (Y, €y), then it can be completed to a good expansion for (Y, €y).

Proof. Consider the map 0 : Gg x Gg — [F; defined by
00.0):= Y (DU y e (0)dm-u (Y. ex) ().

0#UCS[m]

Simply from the assumption that {¢7 (Y, €y)}rc[m] is a pre-expansion, it follows that ¢
is a 2-cocycle. We will also write 6 for the resulting class in H2(Ggq, IF;). Observe that 6
factors through

M= ] L@r(Y.er)

T&[m]

and hence defines an element of H?(Gal(M/Q),F;). We next show that the IF;-extension
of the group Gal(M/Q) given by the class of 6 is actually in ant]yl (M/Q) and that it
can be realized by an unramified [F;-extension. We do so by applying Theorem 4.10(1).
Since the expansion is good, we only have to check the primes ramifying in the field
of definition of Y[u).e, - pa(Y, €y). Locally at these primes the expression defining 6
becomes identically zero, because the pre-expansion is good and (Y, €y ) is cooperative.
Hence, by Theorem 4.10, we conclude that indeed 6 € ant]pl (M/Q) and that we can real-
ize it as r1 () for some y € I'g, (M) with L(y)/M unramified. Thanks to Proposition 4.3
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we can write = d(¢) for some 1-cochain ¢ : Gg — F;. One can show with a direct
calculation that ¢ restricted to Gy is an element of I'y, (M )GaM/Q) with 7y (¢) = 6.
After twisting with an element of I'r, () we can assume that ¢ restricts to y. Finally, a
simple calculation (based on the formula for 8) shows that the field of definition L(¢) is
actually L(x). Setting ¢[,,(Y, €y) := ¢ establishes the proposition. |

Our next goal is to determine structural information about the Galois group

Gal(L(¢pm) (Y. €v))/Q).

To simplify the notation and to enhance generality, in the remainder of this section we
assume that we have a collection of characters

{xuytiepm YU dxo)

living in I'r, (Q) and forming altogether an [F;-linearly independent set. For each non-
empty subset 7" C [m] we denote by yr the continuous 1-cochain from Gg to [F; defined

by
xr =[x
ieT
where the product is just multiplication in [F;. We assume moreover to have a collection
{é7 } T<m) of maps satisfying the above equation of expansion maps,

dor)o.t)= Y (D" (0)pr—u(r)

PFUCT

for each T C [m], with furthermore ¢pg = yg. We proceed to determine the structure of

Gal(L(¢ym)/ Q).

For each non-empty T C [m] we put Kr := L(xr), i.e. the [F;-elementary extension
obtained by adding all the characters yy; with i € T. We denote by {0; };e[»] the dual
basis of yy;) in Gal(K[,)/Q). Recall that Gal(K[,)/Q) acts on 'y, (K[,) by conjuga-
tion. Observe that clearly ¢r |GKT € I'r,(K7). Take i € [m] and T C [m]. Let by abuse of
notation o; denote also any lift of 0; to Gg; the choice is relevant only to write symbol-
ically meaningful formulas, but since we are going to examine the effect on conjugation
on a character, it will be irrelevant for the end result. Observe that for any 7 € GK[,,,] we
have

or(0ito; ") = ¢r([oi. 7]v) = ¢r([(0i. 7)) + ¢7 () — (dor)([07. T]. T)
= ¢r([oi, t]) + ¢1 (7). (7.6)

Since
o1 ([0i, 7]) + ¢r(r0;) — 91 (0iT) = (dop7)([0. 7], T0;) = 0,

one finds

or([0i, 7)) = ¢7(0iT) — P (T0%). 1.7
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This can in turn be rewritten as

¢7(0iT) — ¢r(70i) = (dpT)(7,0;) — (dPpT) (07, T)
= —(d¢r)(0i, T), (7.8)

where in the last identity we make use of the fact that © € Ggj,,,. From (7.6)—~(7.8) we

find that
or(t) —pr_giy(r) ifi €T,
ér(7) ifi T

Therefore the action is given by the formula

. . ¢T_¢T—{i} ifi eT,
9i ¢T_{¢T ifi T

From this formula it follows immediately that Gal(L(@[m])/K[m)) is an IF;-vector
space whose dual is generated by all the maps ¢7. Moreover, we deduce from the
above formula that the natural action of IF;[Gal(K[,)/Q)] factors through the ideal

generated by {(0; — 1)?};e[m]. The change of variables #; := 0; — 1 shows that the
Flty,e0s tm]
(sl

¢r(oito; ') = {

group ring IF;[Gal(K[;,)/Q)] is isomorphic to the polynomial ring . Hence

Gal(L(¢pm1)/ Kim]) is a module over the ring

L Fl[[],...,lm]
B (S 1

We next prove that the dual Gal(L(¢pm1)/Kpm])" is a free module of rank 1 over R. It is
clear that ¢y, is a generator. Hence we only need to show that the annihilator ideal of
®[m) 1s the zero ideal. Since R is Gorenstein, we see that if the annihilator is not the zero
ideal, then it must contain ¢ - ... - t,,. But, still thanks to the formula, #; - ... - t,, sends
®[m) to xg. Since the character yy is independent of the characters yy;), we obtain the
desired conclusion.

Denote by G the group

]Fl[tlv- .. 7tm]
——"— xGal(K| ,
@) (Kim1/Q)
where the implicit action is the natural action of Gal(K[,,;/Q) on Eiltroestm] \wigh litde

t2,...t5)
extra effort one can show that Gal(L (¢n))/Q) is actually isomorphic to G.
We next examine the map

:Bm+l(¢[m]) . GS_H -

that sends a vector (71, ..., Tn+1) tO

¢[m]([771, [t2, [ .. [t Tmga] - - ID-
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Using the structure of the group Gal(L(¢,])/Q) one can quite easily establish the for-
mula

Bnt1(@m) (T, .o T1) = Z X0(Tm1) l_[ Xo()(Ti)

peSym{1,...,m} 1<i<m

- Z x0(tm) l_[ Xp(i)(fi)'

peSym(@ie{l,....m+1}—{m}) 1<i<m+1,i#m

For an alternative way to arrive at the same formula one can use the identity

dim1 ([0, T]) = dpm1(07) — ) (t0) = (dPpm)) (t,0) — (ddpm)) (0, T)

and proceed by induction as explained in [22, p. 12]. The formula for B,,4+1 will be of
utmost importance in Section 9, since it reduces the task of finding all relations among
certain collections of expansion maps, called governing expansions, to the task of finding
all relations among (suitable functions of) the characters at the base of the expansion.

7.3. Creating unramified cocycles

Let Y and ey be as in the previous two subsections and let xo € Set(Y). In this subsec-
tion we build on the previous two subsections to prove that under suitable assumptions,
V1N, xey (x0)) € (1— Zl)'”_ICl(KXEY (xo)) "’ [(1 = &;)™]. These assumptions come in two
flavors, and we devote a subsection to each.

7.3.1. Minimality. Let R be a raw cocycle on (Y, €y ) that is promising at xo. Moreover,
we assume that Y is non-degenerate; there are no Y; containing all equal entries. We say
that R is minimal with respect to x if for any subcube H of Y not containing x¢ we have

> Vaim(eny (R Yy (x)) = 0.
xeH
We have the following fact.

Proposition 7.4. Let R be a promising minimal raw cocycle at (Y, €y). Suppose that
Y1 (R, xey (x)) is constant as x varies in Y. Then there exists x' : Gg — N[l — (] such
that

Yi=— > Ym(® fey (1)) + 1 € Cocy(Gal(Hy1/Q). N(¥ey (x0)))-

xe€Y:x#xg

One has
(I=8)" ' ={x €Y 1 x = xo}| - V1 (R ey (x0)),

vielding in particular

V1R, fey (¥0)) € (1= 5™ CUK ,, (x0) V11 = ED)™]-
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Proof. We surely have

V= ) YmR 1oy () € Cocy(Go, N(xey (X0)))

x€Y:x#xo

thanks to our minimality assumption and Proposition 7.1. Next observe that the proposi-
tion is trivially true if m = 1. So we can safely assume m > 2. We claim that

(1 =&)Y € Cocy(Gal(Hy1/Q), N(Jey (x0)))-

Once we show this, the existence of y’ follows from Proposition 6.6. Indeed, if / divides x
for some x € Y, then / divides d. In this case we see that Up Kyey (xo) (1) splits completely
ey (X

in L((1— §l)1/~/)KX€Y (xo)» Which places us in the position to use Proposition 6.6. We are
now going to prove the claim. Define

L= J] LU 1ey ),

x€eY:x#xo

where we recall that L(v,,) is the field of definition of v,,. As m > 2 we see that L
contains Ky, (x,) and ramifies with inertia degree at most [ at each prime. Moreover, its
ramification locus is contained in the set of primes appearing as coordinates of Y, since
all the ¥, are unramified above their corresponding degree / cyclic extension.

This already implies that the primes dividing A Kyey (x0/Q cannot ramify in
L/Ky., (xo)- since the ramification is already eaten up by Ky, (x,)/Q. We are left with
the other primes. For such a prime ¢, thanks to the minimality assumption, we can always
rewrite (1 — ¢;)V as a sum only over x where the prime ¢ is never used. Therefore the
ramification locus of L((1 — ¢;)V/) over Q does not contain any of those g either. Hence
we conclude that (1 — ¢;)V has indeed unramified field of definition above K Xey (x0)-

The claim gives y’ satisfying

—y + x' =¥ € Cocy(Gal(Hy1/Q). N(Xey (X0)))-

Observe that

(=)™ ' =" —{x €Y : x = xo}]) - —¥1(R. Xey (x0))
=[{x €Y :x =xo}| - ¥1(R, xey (x0)).

where in the first equality we make use of the fact that all the 1/ are identical, and in the
second we make use of the fact that 1 — {; kills each v; and thus the same is true for /. m

Remark 3. If we have the stronger assumption that the sum over any proper subcube
is trivial for N, then we can directly conclude that the rank of #® at x¢ is at least m,
since the expression in Proposition 7.4 would be a lift of ¥,,,—1 (R, xe, (x0)). That said,
in our application this will be irrelevant, since raw cocycles are merely a tool to access
the pairing Arty, (CI(K ., (x0)))-
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7.3.2. Agreement. Let i, be in [m]. We will refer to i, as the index of agreement in [m].
Moreover from now on we shall use the notation

Y —{ia} =[] ¥
i#iq
Next we assume to have a good expansion {¢7 (Y —{ia}, €y )} Tcim]—{ip} for (Y —{ia}, €y),
where, by abuse of notation, ey denotes also the restriction of €y to ¥ — {i,}.

Let < be a raw cocycle on (Y, €y) that is very promising at xo. Moreover, we assume
that Y is not degenerate, i.e. no Y; consists of all equal entries. Recall in this case that for
T < [m] we have introduced the notation ¥ ((T)) at the end of Section 7.1. We say that
J agrees with a good expansion {¢7(Y — {is}, €v)} T cm]—(in) if
e foreach T < [m] containing i, one has

Y(R(T)) =ij0jiopr—i,y(Y —{ia}, €y):

e foreach T C [m] not containing i, one has

Yy (U(T)) = 0.

Proposition 7.5. Let R be a promising raw cocycle at (Y, €y). Assume that there exists a
character y such that

V(R xe, (1)) = g + 3 Tia D

Tig (x)

forallx €Y. Let {¢7 (Y —{ia}, €v)}Tciml~{i,) be a good expansion for (Y, ey ). Suppose
that R agrees with this expansion. Then there exists y' : Gg — N[l — {;] such that

Y= — Z Ym (R, xe(x)) + X/ +ijojjo ¢[m]—{ia}(Y —{ia}. €y)

xe€Y:x#xg
€ Cocy(Gal(Hy,1/Q), N(Xey (x0)))-
One has
(=) ' ={x €Y 1 x = xo}| - V1(R xey (x0)),

vielding in particular

V1R, fey (0)) € (1= &)™ ' CUK ., (x) [ = E)™).

Proof. The proof is identical to the proof of Proposition 7.4. ]

7.4. Sum of Artin pairings

In this subsection we upgrade the two results of the previous subsection, showing that,
under some additional assumptions, one can also control the sum of the Artin pairings over
the cube. We keep the parallel with the previous section, dividing in two the discussion
according to the two cases consisting of minimality and agreement. However, in both
cases the crucial additional assumption is the following.
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Definition 7.6. We say that Y is consistent if for all i in [m] and for each prime ¢ dividing
d we have that the characters y, with ¢’ € Y; are all the same locally at g.

7.4.1. Minimality. Let i be a raw cocycle on (Y, €y) that is promising at xo. Suppose
also that m > 2 and that Y is non-degenerate, i.e. there are no Y; consisting of all equal
entries. We now show that under the assumption of Proposition 7.4, and some additional
assumptions, we can also obtain a relation among the m-th Artin pairings of the cube.

Theorem 7.7. Let i be a minimal raw cocycle on (Y, €y) that is promising at xo and
suppose that Y is consistent. Suppose that 1 (R, xe, (X)) is constant as x varies in Y.
Let b be a positive integer whose prime divisors are all divisors of d. Assume that for
all x € Y, the element b, viewed as an element Ofa(Kxéy(x)), maps to an element of

(1 =) 1CUK ., (0)[(1 = &)™) Then
V1R, fey (x0)) € (1= 5™ CUK e, I =)™

and furthermore

Z Aty (CU(K ., () (0. Y1 (R, xey (%)) = 0.

xeY

Proof. We know from Proposition 7.4 that indeed
Y1(R, Xey (x0)) € (1= &) CU(K ., )I(1 = &)™),

and moreover we can find an unramified (1 — &)™ !-cocycle lift of the form

1
_|{xeY:x=x0}|'

(X O ) +1).

x€Y:x#xo

‘(ﬂ:

It is clear from that proof that the character y’ can ramify at most at the primes occurring
as coordinates of a point of Y . Indeed, in that proof, the cocycle ¥ has ramification over Q
already contained only at most in such primes, since its field of definition is contained in
the compositum of all the ¥, for which this last claim is evidently true by their defining
property. Recall that in the proof of Proposition 7.4 the character y’ comes from applying
Proposition 6.6 and hence Proposition 4.8, where one proceeds by eliminating one by one
all the eventual ramifying primes with a character supported precisely in that prime. This
substantiates our claim on the shape of y’.

For each prime divisor g of b, fix an embedding Gg, € G coming from a given
fixed embedding Q — (QTq. Thanks to our consistency assumption we see in particular the
following crucial fact. For each prime divisor g of b and for each x € Y we have that

ker(xey (x)) N G,

is constantly the same index / subgroup. Let K, /Q be the corresponding field extension,
totally ramified of degree /. Denote by K, /K, the unique unramified extension of K,
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of degree /. Recall that this comes with the canonical generator given by Frobg,, the
Frobenius automorphism. Observe that by definition of the Artin pairing we have

Z Arty, (CI(KXGY (x)))(b’ V1R, fey (X))
xeY

= YEobL D)+ 3" S YR ey (X)) (Frob2 @),

qlb qlb xeY —{xo}

which is simply equal to )", x’ (Frob;é’q(q) ) by the definition of .

Next, we can decompose y’ as a product of not necessarily distinct characters having
conductor a power of a prime that is a coordinate of ¥ (the power will be precisely 1 if
the prime is different from /, and it will be 2 if the prime is equal to /); this has been
established above in this proof. If we can show that for such a y, we have

1_[ Xq' (Frobz’q(q)) =1,
qlb

then we are clearly done. To see this pick a point x with Ky, (y) ramifying at q'. By
definition of the Artin symbol, we have

[T xa Frob2®@) = 24 (Upk,_ ., (b)) = 1.
qlb

where the last equality follows directly from the assumption on b and Proposition 5.1. =

7.4.2. Agreement. Let i be a raw cocycle on (Y, €y) that is promising at xo. Suppose
also that m > 2. We also assume that Y is non-degenerate, i.e. there are no Y; consisting
of all equal entries. We now show that under the assumption of Proposition 7.5, and some
additional assumptions, we can also obtain a relation among the m-th Artin pairings of
the cube. Define

M(ppm—tiay (Y —lia}ex)) = [ L@r(Y —{ia}.€x)).
T Gm]—{ia}

Theorem 7.8. Let N be a raw cocycle for (Y, €y) that is very promising at xo and suppose
that Y is consistent. Assume that there exists a character y such that

W1(ER, XEY (X)) =y + XGY(”ia (x))

Tig (X)

forallx €Y. Let {¢7 (Y —{ia}, €v)}Tciml—{i,) be a good expansion for (Y, ey ). Suppose
that R agrees with this expansion. Let b be a positive integer whose prime divisors are
all divisors of d. Assume that for all x € Y, the element b, viewed as an element of
a(Kxey(x)), maps to an element of (1 — Zl)m_ICl(Kxey(x))[(l —£1)™). Then

V1R, fey (x0)) € (1= &) CUK ., (1 = E)™]-
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Moreover, the Frobenius class of each prime q dividing d in L(¢pm)—i,y) consists of a
central element in Gal(L (¢pm]—(i,y (Y — ia}. €¥))/ M(Ppm)—tiyy (¥ —{ia}. €v))) and

Z Aty (CUK ., () (B, Y1 (R, Ley (X))

x€Y
= > es(q)(i1 0 ji © Ppm)—ti)) (Y — {ia}. €v)(Froby).
qlb
Proof. The proof is identical to the proof of Theorem 7.7. ]
8. Additive systems
Recall that [d] denotes the set {1, ..., d}, where d is any integer. In the previous sub-

sections we dealt with just one cube Y. To prove our main theorems, we will use The-
orems 7.7 and 7.8 many times in various cubes Y. To facilitate our analysis, we need a
flexible notation that can deal with different cubes at the same time. For this reason we
now introduce the following notation depending on /, which is similar to the notation of
Smith [22, p. 8].

e X will always denote a product set
X=X x---x Xy

with X; disjoint finite sets consisting of primes all equal to 0 or 1 modulo /.
e For S C [d], we define

YS = (l—[ X!) X l_[ X,’.
ieS i€ld]-S
Furthermore, write 7t; for the projection map from X g to X il ifi € §, and the projection
map from X g to X; ifi € [d] — S.If ¥ € X5, we will sometimes call X a cube.
e The natural projection maps from X il to X; are denoted by pry, ..., pr;.
e For S, Sy C [d], we let g s, be the projection map from Xsto

(]‘[ X})x [T x

ieSNSo ie([d]-S)NSo

given by mr; on each i € So. When the set S is clear from context, we will simply write
7s, instead of g s, .

e LetxeXgs, T CS C[d]andput U := S — T. Then we define X(T') to be the multiset
with underlying set

(§ € X1 :ma1-v (V) = mgj-u(X) and Vi € U 3j € [I] : m; () = pr; (m; (%))}
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We define the multiplicity of y in X(T') to be
[TH) el m@G) = prj(m @)
ieU

With this notation one element X € X g corresponds to a cube Y in the previous
subsections. This is extremely convenient. For example, with this new notation we can
rephrase Theorem 7.8 as

Z F(x,b) = Z%(@‘PS,E(FTObq)’

x€z(D) qlb

where Z € X g and F(x, b) is some Artin pairing. Here we suppress the dependence on
the amalgama. We will frequently suppress this dependence in the remainder of the paper,
in particular for ¢g 7.

In the previous sections we have defined expansion maps and raw cocycles. Those
objects are rather complicated to work with directly. Instead, we abstract their most
important properties in the following combinatorial structure, which we call an /-additive
system. The material in this section is an adaptation of Sections 3 and 4 of Smith [22].

Definition 8.1. An /-additive system W on X = X; x--- X Xy is a tuple

(Ys.,Yg, Fs, As)scia)

indexed by the subsets S of [d] with the following properties:
e forall § C [d], Ag is a finite [F;-vector space and 7; CYs CXg:
e forall § C [d] with S # @, we have

Ys={feXs:%(T)C Y, forall T S}
e forall S C [d], Fs : Y§ — Ag is a function and

Yg={XeYs: Fs(x) =0}

e (Additivity) fors € S and X1,...,%41 € Yg, if
Td]—{sy(¥1) =+ = T[a)—{s3 (K141)
and there exist p1,..., pi—1,41,---,4q1 € X5 such that
ms(X1) = (P1o-- s pi-1:.q1)s - 7s(X1) = (p1, -, pr-1.41)

and 7g(X741) = (q1,..-,91), then
Fs(%1) + -+ Fs (X)) = Fs(X;41)-

We will sometimes write Y g (20), 7; (A), Fs(A) and Ag(A) for the data associated to an
[-additive system 2I.
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We remark that the condition X;41 € Y g may be dropped, since it follows from the
other conditions. The minimality and agreement conditions from Theorems 7.7 and 7.8
can naturally be encoded in an /-additive system. Although we could already do this now,
we postpone this task until Lemma 13.10. Similarly, the existence of the maps ¢ z can
be encoded in an /-additive system.

For our analytic techniques to work, it is essential that we can apply Theorems 7.7
and 7.8 to many different cubes x; the more cubes to which we can apply these theorems,
the better. It is for this reason that we need to give a lower bound for the density of ?g in
X s for an [-additive system. Since /-additive systems are purely combinatorial objects,
we will state our theorems for general finite sets, not just sets of primes.

Proposition 8.2. Let X = X x --- X X4 be _aoproduct of finite sets and let N be an
[-additive system on X. Let § be the density of Y y in X and put

a := max |Ag|.
Scld]
Then the density of ?; in X is lower bounded by g%l g +DSIH for all subsets S

of [d].

Proof. For § = @ this is clear, so from now on we assume that S # @. Fix a choice of
s € § for the remainder of the proof. Define for Xog € X g_(5}

V(%) = {7 € Yg_i5y : Tal—(s}(F) = M1} (Fo))
W(%o) :={J € Y : a5} (7) = Tpai—(sy (Fo)}-

There are natural injective maps from V(Xo) to both X and 75_{S}. The former map is
given by sending j to 75 (7), while the latter is the inclusion VE_M C Xs—(s}. Sim-
ilarly, there are natural injective maps from W(Xo) to V(X)) € X Sl and X g. We claim
that

W(Eo)| > (IV(Eo)l/a® V"), (8.1)

If V(x¢) is the empty set, (8.1) clearly holds. So suppose that V(x¢) is not empty and
choose [ — 1 elements X1 1, ..., X1 ;-1 from V(Xo). We define an equivalence relation ~;
on V(x¢) by declaring y; ~1 y» if and only if for all subsets 7T satisfying {s} € T < S and
|T| = 1andall y; € y1(T —{s}), 5 € y2(T —{s}) satisfying 7(g)-1 (J}) = 7(a1-7(73)
we have

Fr(X %00 = Fr(X g, %], 7)), (8.2)
where ¥} ;, ..., X],_, are the unique elements of %1 1(7T — {s}), ..., ¥1;—1(T — {s})
satisfying
wa-1r (V1) = #(a1-1(73) = ma-r (%1 ;) = -+ = 7pa1-1 (X1 ;)

Here we remark that the tuple (X} ;,...,X],_;. ;) can naturally be seen as an ele-
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|S1—1

ment of X 7, so (8.2) makes sense. There are at most a’ equivalence classes. Hence

there exists an equivalence class [y] with at least |V()_co)|/allsl_1 elements. Now choose
X2,1,...,X2,1—1 € [y] and define a new equivalence relation ~, on [y] by declaring
)71 ~y Y if and only if for all subsets T satisfying {s} € T C S with |T| = 2 and all

V1 € (T —{s}). 75 € 32T —{s}) satisfying wia)-7(y}) = 7a)-1(3) we have

Fr(Xy, 1, %5191 = Fr(X,,..., X5 11, 73), (8.3)
where X5 ..., X, ,_, are the unique elements of X2 1(7T — {s}), ..., %2, 1(T — {s})
satisfying
-1 (7)) = 7[a1-1(Vy) = wa-r (X5 ;) = -+ = 7wpa1-1 (%5, ).

Since the domain of Fr is Y 7, (8.3) only makes sense if

CTNE I AR 2

This follows from the construction of ~; and additivity.
We inductively proceed until we reach ~|g|. A computation shows that

IS|-1

IS|—IT] ISI—1y 77 IS|—1

| | |AT|I < | | a( i )l' :a(l+1) )
i=0

{s}cTcS

[V (x0)|
aU+DIS=1
Suppose that {y1, ..., yx} is an equivalence class of ~|g|. From additivity we find that
(Viy»---+ i) € W(Xo) for all choices of 1 < iy,...,i; <k, where we recall that W(X)
can be identified as a subset of V(X)’. Hence

Then we find that there is an equivalence class of ~|g| with at least elements.

W(Eo)| = (IV(Go)l/a D),
establishing (8.1). Define §7 to be the density of 7; in X 7, so in particular § = 8g. Also
let 8%, be the density of V(xX¢) in X;. Then the density of V(%) in X Sl is equal to 8;0

Since 7; is the disjoint union of W(x¢) over all Xy € ﬂ[d]—{s}(YS—{s}), it follows from
(8.1) that

|W(x0)| RN [V (%o)|"
=2 x| 2 Z Xs|

X0 X0

- 8t
— g la+DISEt Z X0_
o 11—y (X 5—(s)) |

!
S gl (Z 520_ ) .
o a5y (X s—(sp)|
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We observe that §5_q) is the average of 8z, over all X € 41— (X s—(s})- This shows
§s = a MOEDET gl s GO L (8.4)

Repeated application of (8.4) yields the proposition. ]

Proposition 8.2 shows that there are many x € 7;. The proof of Proposition 8.2 heav-
ily relies on the special structure of /-additive systems. It will also be important to find X
with x(0) C 7;. Unlike /-additive systems, the set 7; has very little structure. Instead
we have to rely on Ramsey theory to find such x.

Proposition 8.3. Let d be a positive integer and let X1, ..., Xy be finite sets all of car-
dinality at least n > 0. Let Y be a subset of X = X1 X --- X X4 of density at least § > 0.
Let r be a positive integer satisfying

r<n- (2_d_15)2'd71.
Then there are subsets Z; C X; all of cardinality r such that
ZiX---xZg Y.
Proof. This is proven in Proposition 4.1 of Smith [22]. ]

Before we move on, we explain our strategy for proving our main theorems. In Sec-
tion 7 we have seen that under suitable conditions on X,

Y F(x) = g(%). (8.5)

xex (D)

where F is a class group pairing and g() is an Artin symbol in a relative governing field.
If we could directly get a handle on F, we would be done, but this seems to be completely
out of reach with the current methods available. And indeed, (8.5) would be of little help
in such a strategy.

Instead, we will take the following approach that uses (8.5) in an essential way. First
of all, observe that given g there are many functions F satisfying (8.5). Our goal will
be to find one function g for which all F satisfying (8.5) are equidistributed. Obviously,
such a conclusion is only possible if we know that (8.5) holds for many X, and it is here
that Propositions 8.2 and 8.3 are essential. Then we use the Chebotarev density theorem
to make this function g many times, which allows us to conclude equidistribution of F'.
Our next definition formalizes these ideas.

Definition 8.4. Let X, ..., Xy be finite non-empty sets, and put X = X; x--- x Xg4.
Let S C [d] be a set with |S| > 2. For Z € X define F;-vector spaces V and W by

Vi={F:Z—>F)}, W:=={g:{xeXs:x0)CZ}—>F}
Letd : V — W be the linear map given by

dF(X)= )  F(x),

xex (D)
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where we remind the reader that X () is a multiset. Equivalently,
aF@ =Y (TTH €l:p(n) = m0}) F).
x€Set(x(9)) ieS
For € > 0 a real number, we say that F' : Z — [ is e-balanced if for all a € [y,
(/1 =e)-1Z| < |F7H@)| = (1/1 +€) - |Z],
and F is e-unbalanced otherwise. Define ¥s(Z) := imd and
Ys(e,Z) :={g € Ys(Z) : g = dF for some e-unbalanced F}.

Lemma 8.5. Let X, Z, S and d be as in Definition 8.4 such that |mq1-s(Z)| = 1.
Further suppose that § > 0 satisfies

1Z] = 6 - [ws(X)].
If | Xi| =nforalli € S, then for all e > 0,

[Gs (e, Z)|

<20 -exp(lrs(X)] - (=8 - €2 + log - 2!S1+2 . =1/ 15Ty,
95(2)| p(| s(X)] - ( g ))

Proof. Recall that a cube Z € X g is called degenerate if there is i € S such that
Kpry (i (2)), .. .. pry (i )} = 1

Let Z’ be a maximal subset of Z such that all cubes Z € X g with Z(@) C Z’ are degen-
erate. Let F : Z — [F; be a map with F(x) # 0 forsome x € Z — Z’ and F(x) = 0 for
all x € Z’. We claim that F is not in the kernel of the linear map d : V — W. Indeed,
consider the set Z’ U {x}. By construction of Z’, we find a non-degenerate Z € X g with
z(@) € Z' U {x} and x € Z(@). Then dF(Z) # 0, establishing our claim.

From our claim we deduce that the kernel of d is of size at most //Zl. On the other
hand, Proposition 8.3 with r = [ yields

1Z/| < s (X)| - 21542 = 1/1
and hence
%s(Z)| = 1717171 > 121 exp(—log 1 - |5 (X)| - 215142 . n =115, (8.6)

From Hoeffding’s inequality and a straightforward union bound we find that the number
of e-unbalanced F is bounded by

21121+ Lexp(=2- €2 - Z)).
We conclude that
Gs(e. Z)| <2- 1P cexp(—2- €2 |Z]) < 2-1'%1H1 Lexp(—|ns(X)|-6-€2).  (8.7)

The lemma follows upon combining (8.6) and (8.7). ]
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Lemma 8.5 is very much in the spirit of the strategy we outlined earlier. Unfortunately,
we do not have equality (8.5) for all X € X g with X(@) C 7;. Instead, we will show in
Lemma 13.10 that (8.5) holds under the much stronger condition that x(7°) N ?; () is
“large” for all proper subsets 7" of S, where 2 is a completely explicit /-additive system.

Fortunately, it turns out that 7; has some special structure in our application. Namely,
in Lemma 13.10 we will prove that for “sufficiently nice” X € X g we have x(9) 7;.
Our next definition formalizes what we mean by “sufficiently nice” X € Xg.

Definition 8.6. For an /-additive system 2 on X define

Zs() :=({*xeXs: |71 (R (S —{i HNY g_;y (M))| = max(1, |z (R(S—{i})|-1)}.
ieS

where r; of a multiset is defined to be 7; of the underlying set. Let ¢ > 2 be an integer.

Call an /-additive system % on X S-acceptable if

o |A7 ()| < a for all subsets T of S;

o if % is in Z (), then Set(% (%)) C Y ().

Before we state the next proposition, we explain why we will vary 2 over all /-additive
systems on X in this proposition instead of just the special /-additive system from Lemma
13.10. To prove our equidistribution statements in the final section, we consider a large
interval of primes. Using Chebotarev we split this interval into many sets Ay, ..., Ag.

Then we apply our next proposition to every A; with 2 equal to the /-additive system
from Lemma 13.10 restricted to A;. Since we have no control over the restriction of this
[-additive system to a smaller subset, we simply consider all /-additive systems provided
that ?; has the special property in Definition 8.6.

Proposition 8.7. There exists an absolute constant A > 0 such that the following holds.
Let X and S be as in Definition 8.4. Let a > 2, € > 0 and define n := min;es X;. Suppose
that |ng1-s(X)| =1, e <a™' and

logn > A-(-( + 1))IS1+3 loge™ L.
Then there exists g € 9s(X) such that for all S-acceptable l-additive systems N at S on
X and forall F : ?; (A) — [y satisfying
dF(x) = g(X) (8.8)

forall X € Zs(N), the map F is % - €-balanced. In case |7;)(?l)| = 0, this is to be
Y

interpreted as co-balanced.

Proof. LetYs(e,a, X) be the set of those g € ¥ (X) that fail to satisfy the conclusion of
Proposition 8.7. We claim that

|Ys (e, a, X)|

|S1+3
< exp(—|X| - STEHDTT) (8.9)
|95 (X)]
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which immediately yields the proposition. Define
§:=|Yy(M)/IX].

Let g € 9Ys(e,a, X). Then, from the definition of ¥s (¢, a, X ), there exists an S-acceptable
[-additive system 2 on X and a §~!e-unbalanced F : 7; (A) — [y satisfying dF (x) =
g(x) forall x € Zi(?l)' For f:[l —1] — 7;(‘21) and x € 7;(?1) we let ¢(f, x) be the
unique element of X 5 satisfying

mi(f(j)) = prj(mi(c(f.x))) and  m;(x) = pr; (i (c(f. x)))
fori € S and j € [I — 1]. Next define

Zs(U, f):={x € X : writing X := c(f,x), we have y € 7;(?1) foral T € S
and all y € x(T) satistfying f([/ — 1]) N y(9) # @}.

Note that x € Zg (2, f) implies x € 7; (). There is a natural injective map from 7; (A)
to

[ zse.n.

fill-11-Y ()

where | | denotes disjoint union. This map is given by sending y to the pair ( f, x), where
f:l-1—- 7; () and x € Zg(A, ) are uniquely determined by

7i(f(j) = prj(mi(y)) and 7 (x) = pr; (7 (7))

fori € S and j € [l — 1]. We conclude that

Ys@l< > |Zs £ (8.10)
Fil=11-Y 5@
<|X[7'- max  |Zs( S (8.11)

FiU—11-Y ()

Since F is §~!e-unbalanced, it follows that /2 < §. Hence the density of 7; (A) in X

is at least €/2. From Proposition 8.2 we see that the density of ¥ g () in X 5 is lower
bounded by

81 am DT 5 ()Pl DPITE 5 (DT, (8.12)

Upon combining (8.10) and (8.12) we find that there exists f; : [[ — 1] — 73 (20) such that

Zs(A, f1) has density at least TV 40 X I the complement 7;(%1) —Zs, f1)
has density at least € /2 in X, we can repeat this argument with the S-acceptable /-additive
system 2’ on X given by

7;(21’) = Y;(?I) —ZsA, f1)
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and the same maps Fr and groups A7 as for 2. Hence we find a sequence of functions
fioeeoi fr i [1 = 1] = Y 5(20) such that

ZsU, fi) = ZsU, fi—1) —---— Zs(A, f1)
has density at least €/+D"*'* in X for j > 1 and so that
V() = Zs (U f) =+ = Zs(%. fi)
has density at most €/2 in X . Define
Zs, j)i=Zs(U, fi) = Zs (X, fi—1) —---— Zs (U, f1).

Then there exists a j such that F is €/2-unbalanced when restricted to Z'g(2, j). If
X € Xg satisfies Set(¥(9)) € Z (2. /), (8.8) combined with the additivity of dF and g
imply d F(x) = g(x). From this we deduce that g € ¥s(¢€, a, X) implies

g|{>‘ceYS:Set(;c(@))gzg(u,j)} € Ys(€/2, Z/S (2. /)

for some §-acceptable /-additive system 2 on X and some j. We see from Lemma 8.5
that the number of g € ¥s(X) with g|{xeYS:Set(;‘c(@))gZ/S(m,j)} €Ys(e/2, Z5(A, j)) is
bounded by

21 |[Fs(X)| - exp(|X |- (—e*TEHVET | jog . olSIH2 .y =1/18) (8.13)
For A sufficiently large we can simplify (8.13) as
s (X)] - exp(—| X| - STEHDET), (8.14)

Let us now give an upper bound for the number of subsets E of X such that there exists
an S-acceptable /-additive system 2 on X and f : [[ — 1] —> 7; () satisfying £ =
Zs(AU, f). A straightforward computation shows that

Zs(?l, f) = {x eX: 7[5_{,-}()6) S HS_{i}(Zs(QI, f)) foralli e S}.

Therefore, Zs (U, 1) is determined by the sets ws_;3(Zs (U, f)) as i varies through S.
From this, we obtain the following upper bound for the number of possible sets E:

1
A Xl Xies 1 < oIXIISIn~!

Hence there are at most 271X 1S~ sequences Z¢ (2, f1),..., Z(2, f;) and at most r
choices of j. Multiplying this with the bound from (8.14) we conclude that

s (e, a, X)| < r -2 XIS g ()] - exp(—| X | - 5 HEHDET) (8.15)
Using r < e~ UHDP 20d (8.15) we infer
[Fs (e, a, X)| < |95 (X)] - exp(| X[ (—TFHIHDPT 507
< |gS(X)| -exp(—|X| '66+(l+1)|SI+3)

for A sufficiently large. This establishes (8.9), completing our proof. ]
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9. Governing expansions

We will heavily use the notation introduced at the beginning of Section 8; recall that this
notation implicitly depends on /. Let d be a positive integer and let X1, ..., Xz be disjoint
sets of primes ¢ that are either 1 modulo / or equal to /. Fix a subset Y g and a function
f:X,O---1OX, — [l — 1], where we remind the reader that LI denotes disjoint union.

If X € X g, we obtain an amalgama e for the cube X by restricting f to . Fix further-
more an integer i, € [d]. The coming definition will depend implicitly on the choice of
f, and we shall suppress this dependence in the notation. A collection of sets

{Ys}iesca

with 75 C Ys, together with a collection of continuous 1-cochains

{¢s.x G = Fijzeyy

for each S containing i,, is said to be a governing expansion & if it satisfies the following
requirements:

(1) foreach x € Yia we have

I
Pliayx = J; o Xl{rflz;;n(i;)(; ",
i=1

2) if x1,x5 € Y s are cubes with the same multisets X; for each i € S, then P57 =
}s,%5

3) if i, E_S, then for all ¥ € Y5 and all subsets T satisfying i, € T € S we have
Xt € Y r for any choice of x7 € X(T'); moreover, the collection {¢7 3, }i,eT is 2
good expansion for all choices of X7 € X(T') (here the collection of subsets of [m]
not containing i, is naturally identified with the collection of subsets of [m] containing
ia);

(4) for each rational prime ¢ that ramifies in [ [; L(¢s,5)/Q we choose a generator o, of
an inertia subgroup; we assume that ¢g 3 (o,) = 0 for each X;

(5) if X € X g, then X € Y g if and only if the following two conditions are satisfied:
e X € Y7 forall subsets T satisfying i, € T C S and all X7 € x(T);
e for each i € S, pry(m(x)), ..., pr;(mwi(x)) split completely in the field
L(ps—tiyzs_iy)-

These requirements are very similar to those imposed in [22, pp. 10-12], but not
completely the same. Using the calculations done in Section 7.2 and following the same
proof strategy explained in [22, Proposition 2.3] one obtains the following important fact.

Proposition 9.1. If & is a governing expansion, then the assignment X +— ¢s5(&) is
additive for each S (see Definition 8.1).
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Fix a set S satisfying i, € S C [d]. Denote by A(Y s, F;) the F;-vector space of all
additive maps from Y g to IF;. Following the same proof strategy as in [22, Proposition 2.4]
one obtains the following proposition.

Proposition 9.2. Let & be a governing expansion. The assignment

o (X~ ¢S,JE((S')(U));C€7S(@)
gives an isomorphism between the group
Gal( ] t@ss@n/ [T T[] t@rs®y)
€Y 5(®) ia€TES %Y (&)
and the space A(Y s(&),F;) of additive maps.

It will be important in our main application to recognize that for the product space
X = X1 x--- x X; the space of additive maps +4(X g, F;) is equal to ¥s(X) as defined
in Definition 8.4.

Proposition 9.3. The image of the map d : Map(X, F;) — Map(X s, ;) is equal to
A(X s, ;). Furthermore, the dimension of A(X s,1) is

[Taxi=v- TT 1l
ieS jeld]-S
Proof. 1t is a triviality that

Ys(X) C AXs,Fp). .1

We will now establish that A(X s,F;) € %s(X). To do so we pick once and for all a point
Xo € X. We define

Max(xg) :={x € X : 3i € S with ; (x) = 7;(x0)}.
We observe that Max(xg) does not contain any product sets of the form
[Tvix TT .
ieS jeld]-S

where each Y; has precisely two elements. We claim that Max(xp) is a maximal subset
of X with the above property. Indeed, take any y € X — Max(xg). Then 7; (y) # m;(xo)
for each i in S. Now define

Y() =] [{mi().mixo)} x  []

ieS JjEld]-S

which is clearly contained in Max(xg) U {y}. This shows the claim.
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Next observe that the size of the complement of Max(xy) is trivially
[Taxii=n- [ 1x1
ieS JjEeld]-S

Hence
Max(xo)| = [X| - [[0x:l =D [] X1

ieS Jj€ld]-S

Following the proof of Proposition 8.5, we find that the kernel of d has dimension at most
|Max(x¢)|. This gives

dimg, 9s5(X) = [T(X:| =D~ [T 1X51. 9.2)

ieS jeldl-S
Finally, consider the set
Min(xg) := {¥ € X5 : ws(¥(9)) contains 75 (xo) with multiplicity (/ — 1)‘5 |}.

It is not difficult to show that an additive function is completely determined by its restric-
tion to Min(xg). Hence we conclude that

dimg, AXs, Fp) < [[(X:1 =D+ [T Xl 9.3)
ieS jeld]l-S
The proposition follows upon combining (9.1)—(9.3). [

Proposition 9.4. Let X := X| X --- X Xz and let S C [d] with |S| > 2. Assume that
there is some constant A such that | X; | = Aforalli € S. Further assume that there is a
governing expansion & on X such that X s = Y 5(&). Define

FoO =] [1 e ¥» ] T[] L@rs(©).
i€S peX; i« €TSS xeX 1

where yp is any character from Gq to ({1) of conductor dividing p*°. Then the degree of
F(X) depends only on A and |S|, and we denote it d(A, |S|). If P is a set of primes all
equal to 0 or 1 modulo | and disjoint from \ ;g Xi, then moreover

( TT t@ss©»)n([1T“ . vp) =0
€Y 5(&) peP

Let X' := X{ x -+ x X[, with the same conditions as forX and suppose that | X; N X]| =1
foralli € S. Then the degree of F(X)F(X') is

d(A,|S])?
12181
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10. Prime divisors

In the previous sections it has been very beneficial to work with product spaces of the
shape X = X;| x --- x X, where the X; are disjoint non-empty sets of primes equal
to 0 or 1 modulo /. Let S, (N, ) be the set of squarefree integers of size at most N with
exactly r prime divisors all equal to 0 or 1 modulo /. Then there is a natural injective
map from X to S, (0o, /). To prove our analytic results, we will not work with all product
spaces X, but only those that are sufficiently nice. By carefully studying S, (N, [) we are
able to show that most product spaces X have the nice properties we need. The material
in this section is directly based on Section 5 of Smith [22].

Definition 10.1. Let N > e*'” bea large real number and let r be an integer satisfying
1 <r <2loglogN. (10.1)

Forn € S;(N,l) we write (p1, ..., pr) for the prime divisors of n with p; < -+ < p,.

e If D > 100 is a real number, we say that n is comfortably spaced above D if for all
i < r satistying p; > Dy,

1?°Dy < 1?p; < pit1.
e Let Cy > 1 be areal number. We call n Cy-regular if for alli < %r,

logl ;
‘i _rososp < Col/s-max(i,Co)“/s.

loglog N

Wesay X = X1 x---x X; € S, (N, 1) is Co-regular if some n € X is Cy-regular.

For a general squarefree integer n, there is a well-known heuristic model for the values
of loglog p;. This heuristic predicts that the values of loglog p; fori = 1,...,r behave
like a Poisson point process of intensity 1. It is not hard to see that this heuristic breaks
down for small and large values of i, but it is nevertheless a solid heuristic: see for example
the work of Granville [9].

The heuristic model needs to be slightly modified in our setting. Recall that, loosely
speaking, a typical squarefree integer n has roughly log log n prime divisors on average
with standard deviation 4/loglogn. We require only very weak conditions on r in Defi-
nition 10.1 far outside the typical range. This makes the correction factor r/loglog N in
the definition of Cy-regular necessary.

Assuming the heuristic model, it is an exercise in probability theory to show that most
integers are comfortably spaced above D and Cy-regular. This is done in Proposition 5.2
in Smith [22]. Remarkably enough, this proposition is then used to establish the analogous
result for the integers.

We will now show that almost all n € S, (N, /) are comfortably spaced above D; and
Co-regular following the strategy of Smith [22]. Since we are following Smith’s strategy,
our first goal is to generalize Proposition 5.2 of Smith [22].



P. Koymans, C. Pagano 1242

Proposition 10.2. Let L > 2 be a real number and let r > 1 be an integer. Suppose that
X1,..., X, ~ U(0, L) are independent, uniformly distributed random variables. Define
Uy to be the i-th order statistic of X1, ..., X,. For a real number Cy > 0, we say that
X1,..., X, are Cy-regular if forall 1 <i <,

Us:
'i 0] L(l) < COI/5 -max (i, Co)*/.

Then there is an absolute constant ¢ > 0 such that
P(Xy,..., X, is not Cy-regular) = O(exp(—c - Cy)).

Proof. Define L' :=rL/L = r and X; := rX; /L. Now apply Proposition 5.2 of Smith
[22]. |

Having established Proposition 10.2, we are ready to study S, (N, ). In our proofs,
we will frequently encounter the following integral

dt dt,

Hentr=l  fy e 1
Aty <u

I (u) =

s

which was first studied by Ramanujan. It is this integral that provides the connection
between S, (N, 1) and the heuristic model. Note that 7, () is trivially bounded by (logu)".
Our next lemma gives a better bound for 7, (1) in some ranges of u and r.

Lemma 10.3. Let y be the Euler—Mascheroni constant. Let u > 3 be a real number and
letr > 1 be an integer. Set o := r/logu. Then

e v (loglogu)3
1 —— =0 D — =
(0 = s ogny| = 0@ + Ditoguyr L
Proof. This is Lemma 5.1 of Smith [22]. [

Define S/(N, ) to be the subset of S, (N, /) consisting of those integers that are
not divisible by /. For technical reasons, it turns out to be more convenient to work
with S, (N, ).

Theorem 10.4. Let N and r be as in Definition 10.1.
e Suppose that D1 > 100. Then

[{n € S;.(N,1) : n is not comfortably spaced above D1}| 0 1 n 1
|S/(N, 1) ~ “\logD; loglogN )
o There is an absolute constant ¢ > 0 such that for all Cy > 0,

[{n € S/(N,1) : n is not Cy-regular}| s
ISL(N. )] (exp(—c - Co) + exp(—cr'/?))
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Proof. This is a mostly straightforward generalization of Theorem 5.4 in Smith [22].
Define, for any real x > 1,
1
F(x):= > >

pP=x
p=1modl

We use the Siegel-Walfisz theorem and partial summation to obtain absolute constants

A, ¢ > 0 such that for all x > e/,

1
Fj(x) — ——1loglogx — Bi(I)
o)
where Bj([) is a computable constant in terms of /. In particular, there is a constant
A(l) > 0 depending only on / and an absolute constant ¢ > 0 such that for all x > 1.5

<A _e—ca/logx7

Fi(x)— ﬁloglogx — Bi1(])

Denote by #; the set of primes equal to 1 modulo / and let 7" be a subset of & Then we
define Grid(7T)) € R” by

< A(l) - eme Ve,

aiaryi= U T [e- (A= = 50)o)- o0 - 11|,

(P1s-espr)€T 1<i<r

Here [] is to be interpreted as the Cartesian product of intervals. To facilitate our analysis
of S/(N,1) we define

S/ (N,D.,l):={n €S/ (N,]): p|ln= p> D},

where D > 1.5 is a real number. Let R_ 5 be the subset of R” with all coordinates at
least B. Define, for u > 0 a real number and > 1 an integer,

Vr(u, D,l) = {(x1, e ,)Cr) € R;w(l)(F[(D)—Bl(l)) : exl 4+ .4 exr S u}.

Put
T.(N.D,l) :={(pr.....p ) €P] :p1-...-pr <N, pi > D}.

There exists a constant x (/) depending only on A(/) and ¢ such that
exp(x + A(l) exp(—c - e¥/?)) —exp(x) < k().
This implies that for a good choice of A(/) and c,
Vy(log N —rk(l), D,l) € Grid(T,(N, D,1)) € V,(logN + r«(l), D,1). ~ (10.2)
A change of variables shows

Vol(Vy(u, D, 1)) = I, (e O FD)=B1(D)y, (10.3)
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Setting B(D, 1) := e?DFED)=B1() e deduce from (10.2) and (10.3) that

log N —ri(l) ; 1 log N + rk(l)
”( B(D.1) )5‘””) 2 pl-...-prfl’( B(D.1) )

P1e-Dr<N
D15 DPr€P)
Diseees pr>D

Now assume that 3- B(D,[) <log N and r? <log N. Using the classical differential equa-
tion I, (u) = r/u - I,—1(u — 1) due to Ramanujan and the trivial bound for I, (u — 1),
we obtain

1 log N 2
oy Y ——= zr(L)Jro( ~_(loglog N —log B(D,l))"l).
p1---Dr B(D,1) log N
p1pr<N
P15, Pr€P;
Dlseees pr>D
We introduce the following sums:
1
FJ(N.D.I):=o() > ——,
P1e-..Dr
Pl Dr<N
P1s--sDPr€P;
D1sesPr>D
G/(N.D,l):=¢()" Y log(pi-...pr),
p1Dr<N
Pl Pr€Py
DPls--sPr>D
H/(N.D.l):=o()" Y L
P1.pr<N
D1 DPr€P;
Plse-sPr>D
Put
log N
U= .
B(D,I)

Until now we have only assumed that ¥ > 3 and r? < log N. We additionally suppose
that loglog N > 1.11loglog D. Under these three assumptions we claim that

‘N

G.(N,D,l) =rN - I,_1(u) + O(IZgN . (logu)’“), (10.4)
rN r*N
H/(N,D,l) = —— - I,_ O ——— - (logu)"™™3). 10.5
FN D) = g+ 0 G - o) (105)
Recall that we have already shown that
2

F/(N,D,l) = I,(u) + O(IO;N - (log u)’—l). (10.6)
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Let us start with (10.4). It will be convenient to abbreviate p; - ... p,—j as P. Then
N/P

G(N.D.y=¢()" D log(pr-..op)=re) Y Y logp

P<N/D PEP

p1.pr<N
D1 Dr€Py D1 Pr—1€P; p>D
Dlseees pr>D Pls--os pr—1>D
N —e/]
=ro()” Z (W.(l + O(e Ve N/Pyy _ Z logp)
P<N/D ¢ PEPy
p<D

P1ssPr—1€P;
Pl1s-sPr—1>D

=rN-F/_j(N/D.D.l) = ro(l)- H/_;(N/D.D.I)- > logp

DEP)
p<D
1
+rNo() ) F-0(e—”~/‘°z‘%N/”). (10.7)
P<N/D
D1>-sDr—1€P;
DlsesPr—1>D

To simplify (10.7) we first attack

rNey™t Y % L O(eeVeeNIP),

P<N/D
Pl Pr—1€P;
Plse-sPr—1>D

Define Ny := N e~ loglog N)? Thep splitting this sum into two ranges depending on

P < Nyor P > N yields

rN(/)(l)r_l Z % . O(e—ca/logN/P)

P<N()
Ploess Pr—1€=7z)1
Pl Pr—1> —}—rN(p(l)r_l Z %.O(E—CW).
No<P<N/D
Pl Dr—1€P;
P1s-sPr—1>D
The former sum is bounded by
O(rNe V' eNINoE' (Ny D, 1)), (10.8)
while the latter is bounded by
O(rNe=*V°eD(F!_ (N, D,1) — F/_ (No, D,1))). (10.9)

A careful computation using (10.6) shows that both (10.8) and (10.9) are within the
error term of (10.4) for our choice of Ny. To further simplify (10.7) we look at
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F/_,(N/D, D,I). Because of our assumptions on N and D coupled with (10.6) we can
put F/_,(N,D,l)— F/_,(N/D, D,I) in the error term of (10.4). So far we have shown

G.(N,D,I)=rN - F,_,(N,D,I)
—re(l)- H/_y(N/D.D.l)- ) logp

PEPy
p<D

4N
) (l(r)g - (log u)’+3). (10.10)

To finish the proof of (10.4), we have to deal with the term —ro(!) - H,_,(N/D, D,I). If
we carefully go through the proof of (10.10), we see that

G.(N,D.l) = O(rN - F/_,(N. D.)) (10.11)

without any restrictions on D and N. Then partial summation combined with (10.11)
shows

G'(N,D,I) N Gl (x,D,I)

H’ N,D,]) = _rv--'7 _rv- -7
r ) log N +/D x(log x)?
_ G.(N,D,I) 0( rN

. r—1 .
log N (log N)? (logu) )

Plugging this in (10.10) and using (10.11) again establishes (10.4) and hence (10.5). We
have the trivial upper bound

H/(N,D,I)
o) -r!
To give a lower bound for |S, (N, D, )| in terms of H/(N, D, 1), we observe that

HI(N. D.1)— p(I) -1+ |SIN. D.1)| _ 1
HI(N. D, D) =02

|S;(N, D, )| <

PEP)
p>D

o)

H/(N,D,I) 1
! D rr . — .
8 (N.D.0)| = =2 O(D)

Hence upon taking D > Dg(!) for some constant D (/) depending only on /, we get

This implies that

H/(N.max(D, Dy(1)).1)
2-0() 7!

Altogether we have proven the following claim.

|S;(N. D,1)| =
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Lemma 10.5. Let N > """ and D > 1.5 be real numbers satisfying loglog N >
1.1loglog D and 3 - B(D, 1) <log N. Assume that

1 <r <eloglog N (10.12)

for some € > 0. Then there are positive constants A,(€,1) and As(e, 1) depending only
on € and l such that

Ax(e,l) N (logu)! As(e,l) N (logu)™!
o) logN  (r—1)! o) logN (r—1! "

We stress that condition (10.12) is essential for the correctness of Lemma 10.5. Indeed,
in general it is not clear that the main term in (10.5) dominates the error term. However, if
r satisfies (10.12), we can use Lemma 10.3 to show that the main term does dominate the
error term. Take N and D as in the previous lemma and suppose that r satisfies (10.12). If
k < r is an integer we define Sr”k(N, D, 1) to be the subset of S| (N, D, 1) with exactly k
prime divisors smaller than

<|S/(N,D,])| <

Ny :=exp(y/log N - B(D,1)).

Lemma 10.6. Let N > eelo'l and D > 1.5 be real numbers satisfying loglog N >
2loglog D and 3 - B(D, ) <log N. If r satisfies (10.1), there exists an absolute con-
stant ¢ > 0 such that

) U ;,k(N’D,l)‘/|S;(N,D,l)| — O(exp(—cr!/?)).

|0.57—k|<r2/3
Now suppose that k satisfies [0.5r — k| < r?/3. Let
Tuples; (N1, D, 1) :={(p1,.... px) € J’lk D < py<--- < prp < Ny}

and let Ty and T be subsets of Tuples; (N1, D, ). Define S| (N, D,l,T) to be the subset
of S| (N, D, 1) for which the k smallest prime factors pi, ..., py liein T. Then

S,k (N.D.1.Ty)| o ( Yol(Grid(T))
S/ ((N.D,1.T5)| — "\ Vol(Grid(T3)) )

Proof. We start with the easy formula

IS, (N.D.DI = >

P15 PKEP]
D<p|<-<prx<Ni

N
- —,N,l)‘. (10.13)
rk(P1'~.-'Pk !

If N is sufficiently large, we have le < +/N. For convenience we will write P :=
p1 ... pr. Then for all choices of P,

loglog N —log B(D.I) \"™' o)
loglog(N/P) —log B(D, 1) N '
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We also have, for all choices of P,
log N
log(N/P)

Suppose that r — k > 0. An appeal to Lemma 10.5 yields constants A4(/) and As(])
depending only on / with the property

Aq(l)
P
Plugging (10.14) into (10.13) shows

N 27"*l(loglog N —log B(D, 1)) !
og N o) (r—k —1)k!

for r —k > 0. In case r = k we have the trivial bound |S;k(N, D,[)] < N{, so we
can remove this case from the union. Now we are in a position to apply Hoeffding’s

inequality to (10.15), which proves the first part of the lemma. The second part quickly
follows from (10.14). u

= 0(1).

s()

A
1S,k (N, N1. D) < |S;_ (N/ P, N1.1)| < IS, (N, N1, )| (10.14)

IS, (N, D,1)| = (1 (10.15)

Lemma 10.6 directly relates S, (N, D, 1) and the heuristic model introduced at the
beginning of the section. Since we have already dealt with the heuristic model in Proposi-
tion 10.2, the second part of Theorem 10.4 is now straightforward. Indeed, we first restrict
to those k for which |0.5r — k| < r2/3 Take Ty := Tuplesy (N1, 1.5,1) and take 77 to be
the subset of 7> that is not Cyp-regular. There exists an absolute constant ¢ > 0 such that

Vol(Grid(T»)) > % - (log log N1)¥.

Furthermore, there is some constant « (/) > 0, depending only on /, such that no element
of Grid(T1) is Cy — «(I)-regular. Proposition 10.2 shows that

exp(—c’- Co)

Vol(Grid(Ty)) = 0( i

- (loglog Nl)k)

for some absolute constant ¢/ > 0. This proves the second part of Theorem 10.4.

It remains to prove the first part of Theorem 10.4. If r < 2, we can prove Theorem
10.4 directly, so suppose that r > 3. The number of n € S} (N, [) that are not comfortably
spaced above D, is bounded by

N lZOOp

Yo D ISIWN/(pg). D (10.16)

p>D; g>p

We split (10.16) into two ranges depending on p < N'/4 and p > N'/*. First suppose
that p < N/#. Then we use Lemma 10.5 to bound (10.16) by

A IS, (N. )]
ofisramn 32 % o) = o(Se5))

p>D; q>p
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Now suppose that p > N'/4. From the crude bound |S’_,(N/(pq),1)| < N/(pq) we
deduce

N 1200p

N |S;(N. D)
S SN/ (). D) = O(W) - o(ﬁ)
p>N1/4 a>p g glog
since r > 1. This implies the theorem. ]

Finally, we use Theorem 10.4 to prove that most integers in S, (N, /) are comfortably
spaced above D; and Cy-regular.

Theorem 10.7. Let N and r be as in Definition 10.1.
o Suppose that D1 > 100. Then

[{n € Sy (N, 1) : n is not comfortably spaced above D1}| 0( 1 1 )
|Sr(N. D) '

e There is an absolute constant ¢ > 0 such that for all Cy > 0,

log D, + loglog N

{n € S;(N,!) : n is not Cy-regular}|
|1Sr (N, )]

Proof. This is an easy consequence of Theorem 10.4. ]

= O(exp(—c - Co) + exp(—cr'/3)).

11. Rédei matrices

To prove our main results, we will arrange cyclic degree / extensions in product spaces
called boxes. These boxes provide the combinatorial structure that allows us to apply the
results from the previous sections. Let us start by giving a precise definition of a box.

Definition 11.1. Let max(100,/) < D; be a real number and let 1 < k < r be integers.
Choose a sequence of primes

p1 << pr <Dy
all equal to 0 or 1 modulo /. Also choose real numbers

Dy <tpyq1 <<t

1
=14+ ——)un
! ( ei=k -1ogD1) !

We assume that #; > llootl-/_1 forall k + 1 <i < r, where by definition tl/c = px. Put

Fori > k + 1 define

X =Xy x---x X,,

where X; := {p;} fori <k and X; is the set of primes equal to 1 modulo / in the interval
(ti,t]) for i > k + 1. Finally, choose a function f : X; II--- II X, — [/ — 1]. We will
say that the set X as constructed above is a box.
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In Smith [22], the transition from squarefree integers to boxes is done by appealing to
his Proposition 6.9. Instead of degree 2 extensions of QQ, we need to keep track of cyclic
degree / extensions and this is substantially more difficult. One key difference is that there
are precisely / — 1 characters y : Go — ({;) with the same field of definition, while our
algebraic results use only one of the / — 1 characters.

It will therefore be important to keep track of the characters we have chosen, and this
is the reason for introducing f. For x € X we define the character

o fi (x))
Xx.f = l—[ Arix)

1<i<r

where y, is the character of conductor dividing p®° that we fixed in Subsection 2.2. Given
abox X we also define Field(X) to be the set of cyclic degree / number fields K over Q
satisfying

e forall 1 <i <r there is exactly one prime p € X; such that K is ramified at p;

e K is unramified at all primes p that are not in any X;.

Given X and f there is a natural map iy : X — Field(X) that sends x to the field fixed
by the kernel of y, r. There is also a natural map j : Field(X) — S,(oc0,/) given by
sending K to the radical of Dg. The composition j oif : X — §,(00,!/) is the natural
inclusion from X to S, (0o, /) that we have seen in Section 10.

Finally, define Field(N, r, ) to be the set of cyclic degree / number fields K over Q
with the following properties:

e the radical of Dg is at most N;
e Dg has exactly r prime divisors.

Our first proposition is a variant of Smith’s Proposition 6.9 that can deal with the more
complicated structure of our new boxes.

Proposition 11.2. Let [ be a prime and let N > D > max(100,[) with loglog N >
2loglog Dy. Suppose that r satisfies (10.1) and let W be a subset of Sy (N, 1) that is
comfortably spaced above D1. Let € > 0 be such that

W] > (1—€)-|S(N.DI.

Let V be a subset of Field(N,r,[). Assume that there exists 6 > 0 such that for all boxes X
with j(Field(X)) N W # @ and Field(X) C Field(N, r, 1) we have

(6 —€) - [Field(X)| < |V NField(X)| < (§ + €) - |Field(X)].
Then |
|V|=26-|Field(N,r,I)| + O | € + ——— | - |[Field(N, r,])] |.
log D;
Proof. Let0 < k < r be an integer. Let Ty be the set of tuples (p1, ..., px) such that

p1 < <pk <Dy
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and all the p; are primes equal to 0 or 1 modulo /. Define 7 to be the set of tuples
(tk+1, - - - , tr) satisfying
Dy <tpg1 <-+ <ty

where the #; are real numbers with ;1 > 2¢;. Givent € Ty and t’ € T,é there is a natural
way to construct a box X (t,t). Take

T = (L) € Ty x T, : j(Field(X(t.t))) N W # 0
and Field(X (t,t')) € Field(N, r,1)}.

Now consider

|V N Field(X(t, t'))]|
Z t'eT;, di

a1 - .. diy. (11.1)
teg1ce..rty

teTy * (L,Y)eT)

Let K € V with j(K) := (q1,...,¢r) € W. Note that K € Field(X(t, t')) if and only if

(q1s--..qx) =t

andforallk +1<i <r,

1
ti i 1 —_ ) - 1.
l<q’<( +el_k-10gD1) !

If K also satisfies

r -1
1
c..oqr <N - || 14+ — , 11.2
q1 qr i=k+1( + €’_k-lOgD1) ( )

we see that the contribution of K to (11.1) is equal to

r

1
log{ 1 + ———— ). 11.3
1—[ Og( + ei—k ~lOgD1) ( )

i=k+1

If j(K) is outside W or j(K) does not satisfy (11.2), we see that the contribution of K to
(11.1) is bounded by (11.3). Put

H (N.l):= Y L

p1-Dr<N
2i=0,1 mod /

Due to (10.5) and Lemma 10.5 we have, for all ¢ € (0, 0.5),

(loglog N)*

1
= (H-(N.D) = H((1 =) N.D)) = 0(" T logN

)-|sr(zv,l)|.
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Hence the number of elements in S, (N, /) failing (11.2) is bounded by O(|S,(N, )|/
log D). In particular, we can bound the number of K € Field(N, r,[) with j(K) failing
(11.2) by O(|Field(N, r,1)|/log D1). Finally, consider

r r 1 -1
Y1 (4 i)

k>0i=k+1

cdty. (11.4)

|V N Field(X(t, t'))]|
’ Z t'eT) i1

15 CIRY #
teTy (t,t’)eT,;’ k+1 r

Since the contribution of any K € V to (11.1) is always bounded by (11.3), we have
an upper bound for (11.4) given by |V|. On the other hand, if K € V N j~ (W) and
satisfies (11.2), the contribution of K to (11.1) is equal to (11.3). This yields a lower
bound for (11.4), namely

Vi) O(|Field(N, r,l)|)'

log Dy
Using our assumption
(6 —€) - [Field(X)| < |V NField(X)| < (§ + €) - |Field(X)|

for all boxes X with j(Field(X)) N W # @ and Field(X) < Field(N, r,[), we can again
obtain upper and lower bounds for (11.4). Indeed, we have an upper bound for (11.4)
given by (8 + €) - |Field(N, r, )| and a lower bound for (11.4) given by

1
8 - |Field(N, r, 1)| — O((e + —) - |Field(N, r,l)|).
log D,

Combining the various lower and upper bounds finishes the proof of the proposition. =

The usefulness of Proposition 11.2 lies in the fact that it allows us to deduce equidis-
tribution of Field(N, r, ) from equidistribution of product spaces Field(X ). However, our
algebraic results work for a product space of the shape iy (X) and not for the full set
Field(X). To work around this issue, the identity

f K eir(O} = [{f: K €ip(X)}]

for all K, K’ € Field(X) will be pivotal in the next sections.

In the coming sections it will also be important to have very fine control over r. Until
this point we have only assumed that r satisfies (10.1), but we will now introduce the
much stronger requirement

|r —loglog N| < (loglog N)?/3. (11.5)

Our next theorem shows that (11.5) is usually satisfied.
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Theorem 11.3. Recall that Field(N, 1) is the set of cyclic degree | number fields K over Q
withrad(Dg) < N. Then

Field V. D[ - | |Fie1d(1v,r,1)|)=0( (11.6)

r satisfies (11.5)

|Field(N, 1)|
(loglog N)¢

for some absolute constant ¢ > 0.

Proof. Note that the map j : Field(N, r,l) — S,(N,I)is (I — 1)"~!-to-1. This observation
combined with Lemma 10.5 shows that

N
[{K € Field(N,!) : o(Dg) <loglog N — (loglog N)2/3}| =0| ———=
(loglog N)

for some absolute constant ¢ > 0. From [20, Lemma 2.2] we infer that N =
O(|Field(N, [)]). We conclude that our error term fits in the error term of the theorem.
To deal with the case

o(Dk) > loglog N + (loglog N)/3,

we take a different approach. Indeed, Lemma 10.5 does not directly apply, since condition
(10.12) may not be satisfied. In the classical paper [10] it is proven that there are absolute
constants C > 0 and K > 0 such that

Kx (loglogx + C)¥
log x k! '

i (x) <
where 73 (x) is the number of squarefree integers < x and with exactly k prime divisors.

A straightforward generalization of their argument proves

KN (loglog N + C)”
(I —1)T"logN r!

|Sr(N, )| <

for some absolute constants C > 0 and K > 0. Then a small computation finishes the

proof of (11.6). [
For a € Z[{;] and n an ideal of Z[{;] with (n, 1 — ;) = (1) we write

;)
Uzl

for the /-th power residue symbol in Z[{;]. We assume that the reader is familiar with the
basic properties of the power residue symbol. Suppose that p # [. Then, given y,, there
is a unique prime ideal p of Z[{;] satisfying

q Frob(p)(/q)
Frob = =N - —_—
xp (Frob(g) (D)Z[;,],l iq

for all primes q. We will now define a generalized Rédei matrix.
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Definition 11.4. Take P to be a set of prime numbers 1 modulo /. Choose a function
f:PUX;U---1IX, - [l —1]. Let X be any box with Xi, ..., X, disjoint from the
set P. Put

M:={Gj):1<i,j<ri#]j}
We also define

Mp,l = [r]xP, Mp,z 2=PX[7‘].
For an assignmenta : M LI Mp 1 I Mp, — ({;), we define X(a) to be the set of tuples
(x1,...,xr) € X satisfying

X)];.(xj)(FI”Ob(xi)) =a(i,j) foral(i,j)eM,
X}{(p) (Frob(x;)) = a(i, p) forall (i, p) € Mp 1,
X)];(x/)(Frob(p)) =a(p,j) forall(p,j)e Mpy.

Note that X(a) depends on the choice of the f. To make this more explicit we will
sometimes write X (a, f). We can think of the assignment a as an analogue of the classical
Rédei matrix. In our final section we need to treat X(a, f) as fixed. For this reason we
would like to prove that X(a, f') is of the expected size. Unfortunately, this turns out to
be rather hard. The reason is that we made one choice of y,, but we could just as well
have chosen y;, for some integer s with (s, /) = 1. This creates substantial difficulties, for
example, when dealing with sums of the type

> xp(Frob(q))

X<p<Y

for fixed g. Indeed, by changing many of the x, to x; it is easy to make such a sum
unbalanced. Instead we will prove something weaker, but still sufficient for our applica-
tion. There is one final obstacle to deal with: for i < k the set X; consists of only one
element. Hence we must restrict our attention to a special set of a.

Definition 11.5. Let X be abox andleta : M Ll Mp; LI Mp, — ({;). For 1 <i <k,
let x; be the unique element of X;. We say that a agrees with X at stage k if

157 (Frob(x,) = ai, j)  forall (i, j) € M withi, j <k;

)(Ij;(p)(Frob(x,-)) =a(i,p) forall (i,p) € Mp; withi <k;
X{j(xj)(Frob(p)) =a(p,j) forall(p,j)e Mp,with j <k.

We stress that this notion implicitly depends on the choice of f. Whenever we need to
make the choice of f explicit, we will say instead that X agrees with a and f .

Clearly, if a does not agree with X, we have X(a) = @. It will be convenient to define

g(l, P k):= l‘M|‘HMP,1|+|MP,2|—k(k—1)—2k|P"
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so that g(I, P, k) is the number of a’s that agree with a given X. Let K be a Galois
extension of Q. Then we define

X(a, f,K) :={x € X(a, f) : m;(x) splits completely in K forallk + 1 <i <r}.

Also define, for a set P of primes,

L) = [1 @ Q. ¥p).

pEP
We can now show that X (a, f, K) is of the expected size for most choices of f.

Theorem 11.6. Assume GRH and let | be an odd prime. There are constant A(l), A’(l)
> 0 such that the following holds. Let X be a box with D1 > A(l). Let P be a set of
primes equal to 1 modulo | disjoint from all the X;. Write x; for the unique element of
X; for 1 <i <k and fix a function g : P U {xy,...,xr} — [l — 1]. Suppose that the
assignment a : M I Mpy 11 Mp, — ({;) agrees with X at stage k. Let K be a Galois
extension of Q of degree nk that is disjoint from L(P U x) for all x € X. Define B to be
the maximum of the primes in P and Xy . Assume that

12IPI2k . (ng -log B + log | Agjql) < ;5. (11.7)
Then the proportion of f’s in Map(Xg41 L --- I X, [l — 1]) with

BY XI

X, f,K)| - ——— _ 11.8
e pr et (11.8)

Ay

. _ 1/8
lsatmostO(e 2 X1l )

Proof. Here and later on we implicitly extend our function f € Map(Xg4q LI --- I X,
[[ —1]) to f e Map(P L X; LI --- U X,, [/ —1]) by using the function g. Define, for
k+1=<i=<r,

B | Xi |

§i = ————— 5,11 =0.
i ng - 121P1+2i=2 r+l1

We claim that there exist constants A;([), A2(/) > 0 depending only on / such that the
proportion of f’s with

X | X1 —1/4
X(@, £ K)| = —— | > Ay () = —— - i (11.9)
ny *g(l. P.k) ny *g(l, P.k) (HES, )

is bounded by
1/4
Ax(l) - e *5k+1,

Once we establish the claim, we immediately deduce (11.8) and the theorem. We proceed
by downward induction on k with base case k = r. In the base case (11.9) is trivial, so
henceforth we shall assume k < r. Define the number field

L:=L(PU{xy,...,xr}).
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There is an isomorphism between Gal(L/Q(¢;)) and ({(¢;) x (&)/F11* given by
o= (xp(0),0(Yp)/YP)

on each coordinate, where p runs through P and xq, ..., xg. Then the Galois group of L
over QQ is naturally isomorphic to

Gal(L/Q) =~ ({&) x (G)PIT* sy

If s € F/", the IF*-action is given by

(x,y) = (x,)%)

on every copy of (£;) x (¢;). We denote this automorphism of ({¢;) x (¢;))/F11* by Tj.
Using the classical formula

B [L:Q(¢)]
Ar/@ = Nowy/e(Briae)) - Aoe) o -

we obtain the bound
log |ALjo| < (|P|+ k) - 12P1F2k 1og B « [2IP1F2k 1o B
This implies
log|Axrigl < nklog|Arjql + (= 1)- P71+ log | Ak q|
< PPPIF2K (g log B + log [Akjql) < 1075
where the last inequality is just (11.7). We know that

Gal(KL/Q) ~ Gal(K/Q) x Gal(L/Q),

and we let p; and p, be the natural projection maps. Let C be a conjugacy class
of Gal(KL/Q) with p;(C) = id and p,(C) € Gal(L/Q(¢;)). Then C = {(id, T50) :
s € IF/"} for some o € Gal(L/Q(&;)). The Chebotarev density theorem yields, conditional
on GRH [16],

IC] 5/8
Z 1= mﬂxwrﬂ + Ot} ))-

tk+1<p<t]/(+l
p=1mod/
Frob(p)=C

Recall that we have chosen prime ideals p in Z[{;] above every p = 1 mod / in the range
k+1 < p <ty . Hence we obtain

IC] 5/8
Y 1= ez (Xl + 0. (11.10)
tk+1<p<t/,c+1
p=1mod!/

Frob(p)eC
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Leta: M I Mp, LI Mp, — ({;) be an assignment that agrees with X at stage k. Our
next step is to attach a conjugacy class C to a, for which we will use (11.10). There exists
exactly one element (a1;, a2;)1<i<|p|+k satistying
alk +1,i)=ay; foralll <i <k, a(i,k+1)=ay forall<i <k,
alk +1,p) =ap, forallpe P, a(p,k+1)=ay, forall pe P.

Define C to be the conjugacy class of Gal(KL/Q) with p;(C) = id and

(a1i,a2i)1<i<|P|+k € p2(C).

Take 0 := (a1i,a2i)1<i<|P|+k- Then we say that f is balanced if

5/8
Z 1— Z 1 < |C [ Xk+1]
IC|| — nK,12|P|+2k ’
tk+1<p<t]’€+l,p51modl tk+1<p<t;€+l,p51modl

p1(Frob(p))=id, p2 (Frob(p))=0 Frob(p)eC
(11.11)

and f is unbalanced otherwise. We deduce from Hoeffding’s inequality that the propor-
tion of unbalanced f’s is bounded by

(Ax(1)/2) - e 255

for a good choice of A, (!). Take p € Xy41 with p;(Frob(p)) = id and p,(Frob(p)) =o.
Define the box
Xp = X1 X+ X Xg X{p} X X2 X -+ X Xp.

Then we have the decomposition

X@ K= Y X fK). (11.12)
tx41<P<t}, 1
p=1mod!
p1(Frob(p))=id
p2(Frob(p))=0
To apply the induction hypothesis we must check that the estimate (11.7) is still valid.

This is a straightforward computation and an appeal to the induction hypothesis gives

| X | Xpl —1/4
g prn| - M T P <k+;<r )

(11.13)

| Xp(a. f. K)|—

except for a proportion of f’s bounded in magnitude by

As(l) - e 252,

We say that f is exceptional if f is unbalanced or fails (11.13) for some choice of X,,.
Then the total proportion of exceptional f’s is bounded by

A (1) )

. 1/4 L 1/4 1/4
5 e 25k+1 +A2(l)'|Xk+1|'€ 2Sk+2 SAz(l)e 2sk+1,
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if D is sufficiently large. We employ the triangle inequality to bound the LHS of (11.9)
as follows:

'|X(a,f,1<>| - 3 —

tkp1<P<tjiy, p=1modl 03 g, Pk +1)
p1(Frob(p))=id, p>(Frob(p))=0

| Xp| | X|
+ - . (1114
2 nk el P k+1)  nlikg(l, P.k) (19

tk+1<p<t1’(+1, p=1modl
p1(Frob(p))=id, pz(Frob(p))=0c

If f is not exceptional, we deduce from (11.12) and (11.13) that the first term of (11.14)
is bounded by

Ar(DIX/| Xk+1] —1/4
: ~1/4) 1. 11.1
WK g (L Pk + 1) (X ) X (L

k+2<i<r tk+1<p<t;c+l
p=1mod!

p1(Frob(p))=id
D2 (Frob(p))=0c

For sufficiently large D1, we use (11.10) and (11.11) to bound the second term of (11.14)
and to bound (11.15). Then a straightforward computation completes the proof of the
theorem. u

12. Klys revisited

Suppose that 1 < k < r, s are integers. Define
. [{A € Mat(r, s, ;) : dim(ker(A4)) = j}|
P(r,s,l,j):=

|[Mat(r, s, ;)|

Fix M € Mat(k, k, ;). Let Mat(r, s, F;, M) be the subset of Mat(r, s, F;) consisting of
those matrices A satisfying A(i, j) = M(i, j) forall 1 <i,j < k. Then we set
{A € Mat(r, s, F;, M) : dim(ker(A4)) = j}|

[Mat(r, s, F;, M)| '

or,s,I,M,j) =

We are interested in the difference P(r,r — 1,1, j) — Q(r,r — 1,1, M, j) as r goes to
infinity, independent of the choice of M.

Lemma 12.1. Suppose that r > 2k. Then

|\P(r,r — 1,1, j) = Q(r,r — 1,1, M, j)| <2k - 177",
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Proof. For a matrix A4, letay,...,ay denote its first k columns. We define

_ {4 € Mat(r, s, ;) : dim(ker(4)) = j and dim(ay,...,ax) = k}|

P k) =
5.0, 7:0 [Mat(r, s, F7)
o(r,s,I,M, j k)
{4 e Mat(r, s, F;, M) : dim(ker(4)) = ;j and dim(ay,...,ar) = k}|
T [Mat(r, s, IF;, M)]| ’
Then

P(r,r—1,1,j)—P(r,r—1,1,j,k)<1—P(r,k,1,0)

and
or,r—1,1,M,j)—Q(r,r—1,I,M, j,k)<1—P@r—k,k,1,0)

due to our assumption r > 2k. We observe that P(r,r — 1,1, j, k)= Q(r,r — 1,1, M, j, k).
Combining this with the previous two inequalities gives

|P(r,r —1,1,j)—O@r,r —1,1,M, j)| <2—2P(r —k,k,1,0). (12.1)

Using the classical formula for P(r — k, k, [, 0), we obtain

k=1 7r—k j k-1
(] Y .
PO =k, 0) = D= =0/
Jj=0

> (1 _ 12k—r)k > 1—k- 12k—r’

where the last inequality follows from Bernoulli’s inequality. Inserting this in (12.1) ends
the proof of our theorem. ]

With this lemma we have done all the preparatory work needed for understanding
the (1 — ¢;)?-rank when K varies in Field(N, /). Recall that we have defined a matrix
Rédei(K) in Section 5. It will be useful to observe that an assignment a : M — ({;)
uniquely determines a Rédei matrix and vice versa. Proposition 5.1 implies that the
(1 — ¢;)*-rank of K is equal to r — 1 — rankp, Rédei(K) (see also [24, Theorem 1]).
Our next theorem is similar to Theorem 4 in Klys [12], but has the benefit of providing an
error term.

Theorem 12.2. Assume GRH and let | be an odd prime. Let Field(N, [, j) be the subset
of Field(N, 1) consisting of those fields K with (1 — ¢;)?-rank equal to j. Then

|Field(N, 1) )

lim P(s.s = 1.1, /) - [Field(N.1)| - |F1e1d(N,l,J)I} = 0((10g10g N)e

for some absolute constant ¢ > 0.
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Proof. By Theorem 11.3 we know that almost all r := w(Dg) satisfy (11.5). Hence it
suffices to prove that there exists an absolute constant ¢ > 0 with

Field(N, r,!
lim P(s,s — 1,1, j) - |Field(N, r, [)| — |Field(N, r. 1, j)|‘ _ o [HeldWV. . D]
500 (loglog N )¢
where Field(N, r, [, j) is defined in the obvious way. An easy computation shows that we
may replace limg—oo P(s,s — 1,1, j) with P(r,r — 1,1, j). Put
Dy :=1logN, (Cyp:= %logloglog N.

Let W be the subset of S, (N, /) that is comfortably spaced above D and Cy-regular. By
Proposition 11.2 and Theorem 10.7 it is enough to show

Field(X

|P(r,r — 1,1, j) - [Field(X)| — [Field(X) N Field(N, r, 1, j)|| = O |Field(X)|.

(loglog N)¢
for all boxes X with j(Field(X)) N W # @ and Field(X) < Field(N, r,[). Let X be
such a box and write xy, ..., x; for the unique elements of X7, ..., Xi. Fix a function

g :{x1,...,xx} = [ —1]. Then
. 1 .

[Field(X)| = 32 ; lir (X)), (12.2)

where W(X) is a weight depending only on X and the sum is taken over all f in the set
Map(Xg4+1 U --- I X, [/ — 1]). We implicitly extend f to Map(X; LI --- LI X, [l —1])
using our function g. We have another identity

. . . 1 . . :
|Field(X) N Field(N,r, 1, j)| = m ; lir (X) N Field(N,r, 1, j)|. (12.3)
Due to (12.2) and (12.3) it suffices to establish
1 . , , , |Field(X)|
—_— P(r,r—1,1,j)|lis(X)|—|ir(X)NField(N,r,!, =0——==)
0y 221~ D 0110 AlaC, ) (tescany
(12.4)
Define g(I, 9, k, j) to be the number of functions a such that
e a agrees with X at stage k;
o the Rédei matrix A associated to a has kernel of rank ;.
Then we claim
g(.0.k.j) , ( 1 )
= — P(r,r — 1,1, =0 . 12.5
g(l,9,k) ( /) JIog N (12.5)

We have
o(1,0,k) = 7>k +k, (12.6)
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Let M € Mat(k, k, ;) agree with X, i.e.
¢ = yy (Frob(x;)) foralll <i,j <k withi # j,

where x; and x; are the unique elements of X; and X; respectively. Then

gl. 0.k )= Y QCr—11M )T (12.7)
M eMat(k k. F,)
M agrees with X

We combine (12.6) and (12.7) to deduce

g.0.k.j) 1
(op “E D

O, r—1,1,M,j). (12.8)
M eMat(k k,F;)

M agrees with X

Since our box X is Cyp-regular, we are in a position to apply Lemma 12.1 to the sum in
(12.8). Using once more that X is Co-regular, we see that k is roughly log r. Hence we
can fit the difference |P(r,r — 1,1, j) — Q(r,r — 1,1, M, j)| in the error of (12.5), thus
establishing (12.5). Because of (12.4) and (12.5) it remains to prove

1 gl 9.k, j) . . . .
W(X);‘ 00D -|lf(X)|—|lf(X)ﬂFleld(N,r,l,])|‘
( |Field(X)| )
= o /=221 ).
(loglog N)¢

We observe that iy (X) is equal to the disjoint union of X(a, f) over a. An application of
Theorem 11.6 finishes the proof. ]

13. Proof of Theorem 1.2

The goal of this section is to prove Theorem 1.2, which will follow from a combination
of Theorem 7.7, Theorem 7.8 and Proposition 8.7. Unfortunately, these results are only
valid under very strong conditions. Hence most of the work in this section are reduction
steps. Before we start the proof of Theorem 1.2, we need a definition.

Definition 13.1. Let N be a large real and let X be a box. Put
Dy = ellogloeN)?, Co:= %logloglog N.
Define W to be the subset of S, (N, ) that is comfortably spaced above D; and Cy-
regular. We say that X is a nice box for N if
e r satisfies (11.6);
e j(Field(X))NW # @;
e Field(X) C Field(N, ).
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Proposition 13.2. Assume GRH and let | be an odd prime. There are ¢, A, No > 0 such
that for all N > Ny, all nice boxes X for N, all integers m > 2 and all sequences n, >
<o >yt > 0 of integers, we have

m+1 m
HField(X) N () Drgl)| = Pltmabim) - [Field(x) 0 ) Dl,k(nk)\‘
k=2 k=2

AlField(X)|
B (loglog N) eI

Proof that Proposition 13.2 implies Theorem 1.2. Theorem 11.3 implies that we need
only consider Field(N, r,l) with r satisfying (11.6). Now apply Proposition 11.2 with W
as in Definition 13.1 and use the lower bound for W established in Theorem 10.7. ]

For the remainder of this paper, a will always denote an assignment from M to ({;).
We let A be the Rédei matrix associated to a, i.e. A is the unique matrix with entries
a(i, j) and the property

.
[[aG.j)=1 forall=<i<r,
j=1

which uniquely specifies a(i, 7). In this section it is essential to keep track of the characters
we have chosen. If S is a subset of [r], we define

Ch(S) := Map(]_[ X[l — 1]).
ieS
Furthermore, we set
W(X.S):=|{/ € Ch(S): K € ir(X)}].
where K is any field in iy (X ). Note that this does not depend on the choice of K.

Definition 13.3. Let V be the [F;-vector space [F;, which we think of as column vectors.
Given the assignment a : M — ({;) and the associated Rédei matrix A, we define

Dap:={veV:vT4=0}, Dy,:={veV:Av=0}

where we think of A as having entries in [F; through the isomorphism j l_l. Put

c! .
Nmax 1= L\/m logloglogNJ, ny = —1+dimg, Dy >

with ¢’ a small constant depending only on /. Define R := (1,...,1) € F] and
a:={jelr]:r/4=j=r/3}

We say that the assignment a : M — ((;) is generic if
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® 113 < Nmax;
e foralli e F;,all Ty € Dypandall T € Dav,2 such that Ty # O or 75 € (R),
o

. , . . r
{jelrl:r/d<j<r/3andn;(Ty +T5) =i} — ] =< —(loglogN)l/lo’

(13.1)

where 7; is the projection on the j-th coordinate.

During our proof we will fix all previous Artin pairings, and then prove that the m-th
Artin pairing is equidistributed. We formalize this in the following definition.

Definition 13.4. Fix an assignment a : M — ({;). Let m > 2 and choose filtrations of
[F;-vector spaces
Da,22"'2Da,m, D:{gg"'gDZ,m

with R € D;/,m. For 2 < k < m we define an integer nj by
ng = —1+dimg, Dy .
For 2 < k < m, choose a bilinear pairing
Arty : Dg g X D;’,k — Iy

with left kernel D, x; and right kernel D;/ i+1- We call the set {Arty }2<f<m a sequence

of valid Artin pairings. Given a sequence of valid Artin pairings, we define
X(a, f,i) = {x € X(a, f) : the Artin pairing of x agrees with {Artk}zsksi}~

Proposition 13.5. Assume GRH and let | be an odd prime. There are ¢, A, Ny > 0 such
that for all N > Ny, all nice boxes X for N, all generic assignments a : M — ({;) that
agree with X, all integers m > 2, all sequences of valid Artin pairings {Arty }2<k<m and
a valid Artin pairing Atty,, and for S := [r] — [k], we have

1 _
WX.S) Z 1 X(a, fom)| =1 "’"(”’"+1)-|X(a,f,m—1)||
’ f€Ch(S)
__ 4 |X(@. /)]
- W(X’ S) Fecn(s) (]0g]0gN)m(l2Jrl)m

Proof that Proposition 13.5 implies Proposition 13.2. Note that X (a, f) is in fact a slight
abuse of notation, since this is only defined for f € Ch([r]). However, one of the assump-
tions in the statement of Proposition 13.5 is that a agrees with X, and this involves a
choice of a function g in Map({xy, ..., x¢}, [[ — 1]), where x1, ..., x; are the unique
elements of X1, ..., Xz. Hence, whenever we write f € Ch(S), we mean the function f
extended to Ch([r]) using g. We have the identities

m+1 m+1
Field(X) N ﬂ Dl,k(nk)‘ = m Z )if(X) n m Dl,k(”k)‘
k=2 » 77 fecn(s) k=2
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and

‘Field(X) nN D,,k(nk)( - m 3 ‘if(X) nN Dl,k(nk)‘.
k=2 P77 fecn(s) k=2

Hence the LHS of Proposition 13.2 is upper bounded by

m+1 m

i GO0 () Drlnio)| = Plrmsalnm) - |ir (X0 0 () D)
k=2 k=2

>
WX.S) o=
(13.2)

Since i (X) is the disjoint union of X(a, f,m), the quantity in (13.2) is at most

1
s o 2 2 X fml =t X fom )]

a  feCh(S) {Arix}r<k<m

)

(13.3)

where the first sum is over all a that agree with X and the last sum is over all sequences
of valid Artin pairings with

dimp, Dy =nxg +1 forall2 <k <m+ 1.

We split the sum in (13.3) into two parts depending on the genericity of a. If a is generic,
we use Proposition 13.5 to bound the sum. There are at most

Jrn2(2+1) o pmima (Amax+1)

sequences of valid Artin pairings, so the sum is within the error of Proposition 13.2. If a
is not generic, we employ the trivial bound to (13.3) inducing an error of size at most

W(;S) > 2 K@)l (13.4)

a not generic f €Ch(S)

The sum over f is easily bounded by Theorem 11.6. So it remains to count the number
of a’s that agree with X and are not generic, which is a purely combinatorial problem.
We first deal with the a for which n, > ny,. These a are easily bounded using the ideas
from the proof of Theorem 12.2.

Now consider the assignments @ : M — ({;) not satisfying (13.1). We have to estimate

|{a assignment : a agrees with X and fails (13.1)}]

)

|[{a assignment : a agrees with X }|
which is clearly upper bounded by

k2 |[{a assignment : g fails (13.1)}|

13.5
|{a assignment}| (13.5)
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We first count the number of pairs (77, T7) that fail (13.1) with 77 # 0 and 7> linearly
independent of R. From Hoeffding’s inequality we deduce that the proportion of such

pairs is at most
—r
0) .
(“p( 12- (loglog N)1/5 ))

Now observe that the number of a’s for which T} € Dy and 7> € D/, does not depend
on the pair (71, T,) provided that 77 # 0 and that 75 is linearly 1ndependent of R. Hence
we get the desired upper bound for (13.5). We still need to deal with the case 77 = 0 and
T> € (R). In both cases we apply Hoeffding’s inequality once more, and proceed along
the same lines. This proves the proposition. ]

For generic a, our next goal is to find sets S for which we can apply Theorems 7.7
and 7.8. Following Smith [22], we call such sets S variable indices.

Definition 13.6. Leta : M — ({;) be an assignment and let m > 2 be an integer. For the
rest of this paper, fix a basis wy,1, ..., w2 4,+1 for Dy 5 and fix a basis wy,1,..., Wi pn,, R
for Da , insuch a way thatforall 2 < k <m, wa,1,..., Wz n, +1 is a basis for D, x and
W11 Wiy RIS abamsforD;/k Letl <j; <n,+land1 < j, <n,, be integers.
We say that S(ji1, j2) C [r] is a set of variable indices for (ji, j») if there are integers
i1(J1, j2) and i>(j1, j2) with the following properties:

ISG1, 2)l =m+ 1
i1(j1, j2),i2(j1, j2) € S(j1, j2)s
S(j1, j2) lies in the zero set of wy j for all j < n, other than j;;

S(j1, j2) lies in the zero set of wy ; for all j < ny + 1 other than j5;
{i €[r]:mi(wr,z) # 0 NS, J2) = (s J2) )

{i € [r]: mi(wa,;,) # 0} N S j2) = {201, J2))

S(j1sJ2) —{i2(j1, j2)} S [r/3,r/4].

With this definition in place, we are ready to find variable indices for generic a. We
do so with the following lemma.

Lemma 13.7. Let a : M — ({;) be a generic assignment. If wy, ..., Wq € Dy are
linearly independent and also wg41, ..., We, R € D(\l/,2 are linearly independent, then for
allv e F7

l ’

[{i e[r]:r/4<i <r/3andm;(w;) =m;(v)foralll < j <e}| —%

- 100¢ - r
~ (loglog N)1/10°

Proof. The case e = 1 follows easily from the genericity condition on a. We start with
the special case d = 1, e = 2. Define, for x € F?,

gx)y=Kielr]:r/4<i <r/3andm(w;) =m;j(x)forall 1 <j <2}
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We use (13.1) with the pair (77, T2) in the set
{(w1, wa) : p € Fr} U{(0, w2)]}.

Then, if X, . .., X; lie on an affine line in F2, we have

1
o r
'(Zg (X")) B 7’ = (loglog N)1/10" (130

i=1

Now take an element v € IFIZ Let L(v) be the collection of affine lines in IFZZ through v.
We use (13.6) for all elements in L(v) to deduce that

o a (+D-r
2 2 (g(")_T) =22 (g(")_T)‘f (loglog N)1/10°

L(v) xeL(v) L(v) 'xeL(v)

o
l‘g(v) 2

Since the special cases d = 0, e = 2 and d = e = 2 are trivial, this settles the case e = 2.
An easy induction establishes the lemma for all e > 2. |

Fix two integers 1 < j; <n, + land 1 < j, < n,. We will now demonstrate how to
find variable indices S(j1, j2) for (j1, j2) using Lemma 13.7. We apply Lemma 13.7 with
W21, W2 ns41 € Dgpandwyq,..., Wi, RE D1\1/,2’ sod =n,+1lande =2n, + 1.
We let v € [F} be the unique vector satisfying 7;(v) = 1 for j = j; and j = d + j», and
furthermore 7 (v) = 0 for all other j. With these choices we can choose S(j1, j2) to be
any subset of

{ielr]:r/4<i<r/3and m;(w;) =m;(v)foralll < j <e}
with [S(Jj1, j2)| = m + 1. Then we must have

o 1002721 .

1< - .
m+ 1= [2n2+1 (lOglOgN)l/lo

(13.7)

We always have
m < loglogloglog N,

since otherwise Theorem 1.2 is trivial. If N is sufficiently large, this implies (13.7). Hav-
ing found our variable indices, we are ready for our next reduction step.

Proposition 13.8. Assume GRH and let | be an odd prime. There are ¢, A, No > 0 such
that for all N > Ny, all nice boxes X for N, all generic assignments a : M — (1)
that agree with X, all integers m > 2, all sequences {Artg}r<p<m of valid Artin
pairings, a valid Artin pairing Art, and a non-zero multiplicative character F from
Mat(n,, + 1,ny,F;) to ({;1), we have

1 ) Z A |X(a, /)
— ) F(Art(x, f.m))| < > —
W(X.$) fECh(S) xeX(a, fym—1) W(X.S) fecncs) (loglog N) m@>+nm

where S := [r] — [k] and Art(x, f, m) is the m-th Artin pairing of the field iy (x).
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Proof that Proposition 13.8 implies Proposition 13.5. This is straightforward. ]

Before we can make our final reduction step, we must restrict ourselves to rather
special product spaces. Our next definition will make this precise.

Definition 13.9. Leta : M — ({;) be a generic assignment. Define Sy, := S(j1, j2) —
{i2(j1, j2)}. For each i € Sy, let Z; be subsets of X; of cardinality
1
Moy = L(IOg log N) lOmJ7
which is at least / for sufficiently large N. Put
z:=[] z.
iesvar

We say that Z is well-governed if there is a governing expansion & on Z such that
i1(J1, J2) = i4(®) and furthermore all X € Zg,_ satisfy X € Y 5, (&). Set

M(Z):= [] L@sws) Mo(Z):= [] [] L@¢s.)
)_6675\,,‘“. S Svar XeZg

Define
M°(Z) := L(Z U {x1,....xx})Ms(Z).

For i > k not in S,,,, we define X;(M°(Z)) to be the subset consisting of the p € X;
satisfying

e p splits completely in the extension M,(Z)/Q;

e forall j € Sy, andall x € Z;,

1L @ (Frob(p)) = ali. j). le,[(p)(FTOb(xj)) =a(j.i);

e forall j € [k],

1 (Frob(p)) = ati. ), xf P (Frob(x;) = a(j. ).
Take 5
Z:= ] xixzZx [] xi(M°(2)).
1<i<k i>k
i¢Svar

We call Z a satisfactory product space if

e 7 is well-governed,

® Xxq,..., X split completely in the extension Mo (Z)/Q;

o for all distinct i, j € Syar, all x; € m;(Z) and all x; € 7;(Z),

1207 (Frob(xi)) = a(i. ).
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We remind the reader that our equidistribution comes from a combination of Theorem
7.7, Theorem 7.8 and Proposition 8.7. We will apply these results to satisfactory product
spaces Z . In order to do so, we need to construct an /-additive system 2l on Z that satisfies
the conditions of Proposition 8.7. This is done in our next lemma.

Lemma 13.10. Let [ be an odd prime and let Z bea satisfactory product space. Let P
be an element of m[1—s(;,,j,)(Z) and define

Z(P):= (P} x Z x Xir(j,.j)(M°(2)).

Let F be a non-zero multiplicative character from Mat(ny, + 1, ny, ¥y) to (§;) that
depends on the entry (j1, j2). There exists an l-additive system 2 on Z (P) such that

o Yu(U) = X(a, f,m—1)NZ(P);
o U is S(ji1. jo)-acceptable (see Definition 8.6) with | A1 ()| bounded by 1"2(2+m+1).
e forall x € ZS(jl .j») () (see once more Definition 8.6),

dF () = j7 (F(j1, j2))  Tin iy o) (W2,5) * @Sz (Frob(pr) - ... - Frob(py)).

where p; := pr; (7w, (j,, ) (X)) fori € [I], F(x):= F(Art(x, fim)) and Z is any element
of X(Svar)-

Proof. We will start by constructing an /-additive system 2 and then verify the required
properties. To do this, we need to introduce the concept of acceptable ramification, which
is based on Smith [22, p. 33]. We write W for Z(P) Ifwe Da ,» we define a raw cocycle
R(w) for (W, f) to be a choice of raw cocycle for each x € W such that the Y1 of this
raw cocycle is equal to the character naturally associated to w. Here and later we shall
often suppress the dependence on f. Now choose a raw cocycle f(w;,;) for (W, f),
where j runs through 1,. .., n,. Define M to be the compositum of all the L (% (R, x)),
where 3 is one of the raw cocycles R(wy,;), x € W and k < min(m, tk(3)(x)).

Let M’ be the compositum of M with ¢, for all ¥ € W, . If p ramifies in M,
then the ramification degree of p is /, and we choose an element o, € Gal(M'/Q) such
that (o,) is the inertia group of some prime dividing p in M’. We assume that the ¢g 5
are normalized in such a way that ¢ 3(0,) = O for all p ramifying in M. Here and for
the rest of the proof, ¢s x is defined to be the zero map if S does not contain i1 (ji, j2).
Let S be a subset of S(ji, j2), X € W s and suppose that

rk(R(wy,;)) > S|+ 1 forall x € X(9).

We say that R(wy,;) is acceptably ramified at (X, i) fori € Sy, — S if

> s (Wi, ). X) (0, ) = 0.

x€x(9)

We inductively define a subset 7; () in Y §(N). If S = @, we have already done this by
the first property of 2 in the lemma. Now suppose that S is a subset of Sy, of cardinality
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at most | Sy, | — 1. If S does not satisfy these two conditions, we let Fs () be the zero
map and ¥ (%) = ¥V s(2).
Letx € Ys(N).If j # i1(j1, j2), we know that

Y(Rw,). %) = Y Ys(R(wi,)). x).

xex (D)

is a character. If instead j = i1(j1, j2), then ¥ (R(w1 i, (j,,j»)) X) — Ps.z is a character.
We call this character y(x, j) in both cases. We define ?‘; () to be those ¥ € Y g(A)
such that x(X, j) = 0 for all j and furthermore :(w, ;) is acceptably ramified for all j
andi € Sy, — S. We will now describe how to encode this as a map Fg(2) and we do so
for each j separately.

The acceptable ramification can be encoded with an additive map to IFI‘SV‘“_S‘. To deal
with y(X, j), we remark that the acceptable ramification conditions at the stages S — {i }
ensure that y(x, j) is an unramified character above Ky, , forall x € x(9). In particular,
x(x, j) is supported outside the primes in S.

Let p be a prime ramifying in Ky, , and not in s (x). We claim that the prime

above p splits in the extension Kz, j) Ky, /Ky, ,. By construction of 7; we have
k(R (wy,;))(x) > |S| foreach x € x(9).

This implies that p has residue field degree 1 in ¥s(R(w1,;), x). Since 7; is also con-
tained in X(a, f) by construction, we conclude that p has residue field degree 1 in the
compositum of the ¥ (R (w1,;),x) over all x € X(9) and ¢g z. Since K, (x, j) is contained
in this compositum, we have proven our claim.

Hence, in order to test if y(x, j) is zero, we merely have to check that the primes in
s (x) split completely in Kz, j)Ky, /Ky, , and furthermore that y(x, j) is zero in
the vector space D:’z. We make this precise in the following way. It follows from Lemma
13.7 that there exists a subset A C [r] — S(j1, j2) and a bijection g : [ny + 1] — A such
that

Tgtke)) (W2 ky) = Ok, k, forall ki, ky € [n2 + 1]

with 0k, x, the Kronecker delta function. Fix an x € X(#) and define the map Fs () that
sends y(x, j) to

¥ D) Frob(Upg, (D). A(E ) Oy o)

Here z runs through the primes in 5 (x) and z’ runs through [, + 1]. The key property
is that this does not depend on x, which follows from the fact that 7; is contained in
X(a, f) and y(x, j) is supported outside the primes in S. Once this is established, it is
not hard to show that Fg (%) is additive. This describes our /-additive system 2. We will
now demonstrate that 2 is S(j;, j»)-acceptable.

Letx € Zs(jl o) (D). I 7 (X (S (1, j2) — {i})) consists of only one element for some

i € S, the condition x (@) C 7; () is trivially satisfied. So now suppose that

|7 (X(S (1. J2) —{ip)] > 1
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foralli € S. Let Z; ., . ... Zi,m; be a distinct list of elements of X(S(ji, j2) — {i}). By
assumption we have
m; > |7 (X(S(r. j2) —{iP)—1

for all i € S. In case we have strict inequality for some i € §, it is immediate that 2 is
S(j1, j2)-acceptable. So suppose that we have equality for all i € S, and let x( be the
unique element outside all of the Z; ,,(#). We have to show that xo € X(a, f,m — 1).

We start by checking that xg is in X(a, f), so take two distinct indices i,i” € S. Take
the [ — 1 other points, with multiplicity, in the set X (@) having the property

r)-ir (Xo0) = 7pr]—ir ().

All these [ — 1 points are in X (a, f). Now the splitting conditions coming from the exis-
tence of ¢g z show that xo must be in X(a, f) as well. It remains to prove that Art(x, f,i)
is equal to the Artin pairing Art; forall2 <i <m — 1.

So take such an i and let S a subset of S(j;, j2) with i + 1 elements not containing
i1(j1, j2). Take any cube y € x(S) with xo € y(¥). We apply Theorem 7.7 with y, S and
for all raw cocycles 3t (w1, ;) and all b corresponding to some w- ;. Since i1(j1, j2) € S,
we have minimality in all cases. From Theorem 7.7 we deduce that Art(xg, f,m) is equal
to Art;.

Finally, we must check that 2 satisfies the third property listed in the lemma. But this
follows from an application of Theorems 7.7 and 7.8. ]

Proposition 13.11. Assume GRH and let | be an odd prime. There are ¢, A, Ny > 0 such
that for all N > Ny, all nice boxes X for N, all generic assignments a : M — ({;) that
agree with X, all integers m > 2, all sequences {Arty}r<k<m of valid Artin pairings, a
valid Artin pairing Arty,, a non-zero multiplicative character F from Mat(n,, + 1,n,,,F;)
to (1) that depends on the entry (j1, j2) and all satisfactory product spaces Z, and for
S = [r] — [k] — Syar we have

m | X Fane fm)

fECh(S) xeZNX(a,f,m—1)
A 1Z 0 X(a. f)]

< — n .
W(X7 S) Fech(s) (]Og ]og N)m(12+l)m

Proof that Proposition 13.11 implies Proposition 13.8. Define, fori > k,

Xi(a) :={x e X;: )(){(x)(Frob(xj)) =a(j,i)and
11 (Frob(x)) = a(i, j) forall 1 < j <k}

and

Xyar := l_[ Xi(a)-

PE€Svar
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We let V,,: be the subset of X, that is consistent with a, i.e. P € V,y if and only if for
all distinct i, j € Sy,

Xf(ﬂj(P))(Frob(jTi(P))) =a(i,j).

wj(P)
Set

R = Lexp(exp(% loglog N))J
Welet ZL ..., Z! be alongest sequence of subsets of Xy, with the following proper-
ties:

e foralll <s <1,
Zi.=[] z
i €Svar
for some subset Z7 of X;(a) of cardinality Mpx;
e cach ZJ  is a subset of V., and any element of V., is in at most R different Z

e |Z5 N zs | < 1 for all distinct s and s”;

var var

s .
var?

o Z?.is well-governed and x;, . .., xi split completely in the extension M.(Z3,.)/Q.

We make the important remark that the sequence Z! ..., Z! depends only on the
choice of characters for X; with i € Sy,. Hence if f, f’ € Ch([r] — [k]) restrict to the
same function in Ch(S\,,), we may and will take the same sequence Z),.. ..., Z!, for f
and f.

Define V2% to be the subset of points in V,, that are in fewer than R of the Z$,, and

let § be the density of V22 in X,,.. Our goal is to give an upper bound for § using the

tools from Section 8. Using a straightforward greedy algorithm, we can find a subset W
of V.24 of density at least §/(RM™ ) such that |[W N Z5,| < 1 foralls.

Our next step is to construct a “nice” [-additive system 2 on X, with 7; =W.
Using this /-additive system 2[ we are going to find a well-governed subset of W if § is
sufficiently large. Since this is impossible by construction of Z! ..., Z!  we obtain the

desired upper bound for §. We will now define the /-additive system 2.
First suppose S is a singleton {; }. Then we define Fj(X) to be

Jji " o xp(Frob pry (7 (%)) - ... - Frob pr; (7; (%)),

where p runs through the primes in g, —(;(¥) and /. Hence we can take Ag (%) := F".
Now suppose that S is such that |S| > 1 and i1 (j1, j2) € S. In this case we define Fg(X)
as

¢s,z(Frob p),

where p runs through xi, ..., x; and the primes in wg, —s(X), so that Ag(2) :=
]Flm_lsHk. We remark that both y, and ¢g z implicitly depend on f. By Proposition 8.2

the density of ?Zw in X/ _is at least

s I+1)™
r_
"= ()
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We will now use some of the techniques and notation from the proof of Proposition 8.7.
For g : [l —1] = Y () and x € Y 5(2) we have defined an element ¢(g. x) of X g
Also define

var *

Z(A, Sy, g) i=1{x € 7;(‘21) : writing X := c¢(g, x), we have X € YEW(?I)}.
There is a natural injective map from ng () to

[I zeSae.

g:[I=1]-Y (M)

where | | denotes disjoint union. This map is given by sending y to the pair (g, x), where
g: -1 - ?;(91) and x € Z(A, Syar, g) are uniquely determined by

7i(g(j)) = pr(mi(¥)) and 7 (x) = pr; (7 (y))

fori € Sy, and j € [[ — 1]. We conclude that

Y5, Y |Z@ S )| = [ Xl ™' max _ [Z(A S 9.
g:[I-1]-Y 4 ()

g:[[—1]1>Y ()
This implies that Z (2!, Sy, ) has density at least 8’ in Xy, for a good choice of g. Now
the key observation is that there are no subsets Z; of X;(«) all of cardinality M., with

[ 2z € Z@. Suar. 9).

€Sy

since then we would be able to extend Z! ..., Z! to alonger sequence. Hence we can

apply the contrapositive of Proposition 8.3. This yields

§PMIT! 2’”+2(min |X,-(a)|) 1.
i €Svar
For almost all f we know that | X; (a)| is of the expected size due to Theorem 11.6. For
these f we get the desired upper bound for § and for the remaining f we employ the
trivial bound. It follows from Theorem 11.6 that the contribution of those x € X(a, f)
with g, (x) € V%4 fits in the error term of Proposition 13.8. Define, for x € X(a, f),

var var

Ax):=[{l<s<t:xeZ5}.

var

We will compute the first and second moments of A(x). Let y € V., and let d(Myox, m)
be the degree of M °(Z?,) over L(y,x1,...,X). Then d(Mpox, m) does not depend on s
or y by Proposition 9.4. For y € Z?,, Theorem 11.6 implies that the proportion of f’s

violating

~ X(a, Nt A |X(a, Nagl
X(@, £) 0 75 Ot ()] |X(a, f)Nrg (V)] - () |X(a, f)nmg (»)l
var d(Myoy, m)"—k—m log N d(Mpoy, m)"—,—m
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for some 1 <s <t is within the error of the proposition, where A’(/) is a sufficiently large
constant. Therefore

2 AW=2 D ) Leg,

xeX(a,f) yEVir xeX(a,f) 1=s=<t
T Syar (X)=Y

Yo > IX@ HNZE, Nrsl )]

Y€V 1S5t

_ |X(a, f)Nrg! ()]
- Z Z d(Mbox’m)r—k—m

Y€V 18t
YEZY,

of ! 1X(a. ) N gl (9)]
(logN d(Mbomm)r_k_m )
__ RjX(a, /)| +0( R 1 X(a, f)] )
 d(Myoy, myr—k=m log N d(Myoy, m)—k—m )

An application of Proposition 9.4 shows that for distinct s and s’,

[M°(Z§ar)M°(Zf,;r) Ly, x1,...,x6)] = d(MbOX,m)Z,
where we use )
|z . NZ;,.| <1

var

s N Z% for distinct s and s', we infer from Theorem 11.6 that

IfyeZ

~ ~ |X(a, f) N gl (»)]
7 —1 var
|X(a’ f) n Ziar n Ziar n nSvar(y)| - d(Mbox’m)z(r—k—m)
_ AW 1X@ ) Nag, ()]

T log N d(Mypey, m)2r—k—m)

except for a vanishingly small proportion of f’s that fit in the error term. Then we can
compute the second moment of A(x) in exactly the same way as we computed the first
moment, and this yields

2 RIX(@. f)| (R* — R)|X(a, f)|
Z A(x) - d(MbOX’m)r—k—m + d(MbOX,m)Z(r—k—m)

R? X
L0 | X(a, )
log N d(Myey, m)2—k-—m)

__ RX(@@. /)] R? | X(a. f)|
= + 0 .
d(Myoy, m)2r—k=m) log N d(Myoy, m)20—k=m)

x€X(a,f)

Now use Chebyshev’s inequality to finish the proof of the proposition. ]
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Proof of Proposition 13.11. Let P be an element of 71,15, .j»)(Z N X(a, f)) and make
a choice of characters for all primes in P. Then it suffices to prove

1
WX, {i2(j1, j2)}) Z ‘ Z F(Art(x, f.m))

feCh({iz(j1./2)}) xeZnX(a,f,P,m—1)
- A |Z N0 X(a. . P)|
WEALGG 12D izt (loglog N)yma+m

for all P, where X(a, f, P,m — 1) and X(a, f, P) are the subsets of X(a, f,m — 1)
and X(a, f) equal to P on [r] — S(j1, j2). Define Z := ng, (Z). Then Proposition 9.3
implies
Gal(M(Z)/Ms(Z2)) ~ Y5, (Z2),

where the isomorphism sends o to the map X +— ¢, 5(0). This is well-defined by our
assumption that Z is well-governed. Furthermore, the Galois group Gal(M(Z)/M.(Z))
is the center of Gal(M(Z)/Q).

We formally apply Proposition 8.7 with the space X := Z X [My]. There is a natural
bijection between ¥s (X ) and the set of maps g from [Myo, ]’ to Gal(M(Z)/ Mo (Z)) with

g(ila-u,il—l,kl) +g(i1,...,il_1,k2) +---~|—g(i1,...,i1_1,k1) = g(kl,...,kl).

For a prime p € Xj,(j,,/,), let p be the prime ideal in Z[{;] above p corresponding to

the character )(1{ ) Given primes pi, ..., PMy, i Xi,(;,,j,) One can construct such a
function g by defining
g(ilv e ll) = j[_l(F(jlv ]2)) : niz(jl,jz)(wZ,jz) : (FrOb(pil) + e FrOb(pi/))'

Proposition 8.7 gives us a specific function g¢ such that we have equidistribution for all
acceptable /-additive systems 2, all choices of 7;, and all choices of F' with

dF (%) = go(%).

We are now going to use Theorem 11.6 to partition X, (j,,j,) into sets of size My with
the property that they all give the function gy, i.e.

golit,...,i)
= Ji (F (1. J2)) * Tip(iy. ) (W2,,) - (Frob(pi,) + -+ + Frob(p;, ). (13.8)
Now define
Xis(j1,j2)(0) =P € Xiy(jy,jn) : Frob(p) = o},

where o is an element of Gal(M(Z)L(P U Z)/Q) that restricts to the element of
Gal(M°(Z)/Q) corresponding to X;,j,,,)(M°(Z)). Then Theorem 11.6 implies

Xo i iy ()] — | Xir 1 MP(Z)] | _ AD) | Xipriny (M°(2))]
i20/1.72) [ (Moox—1)" | J2r—2k—2m—2| — logN | (Moox—1)"" | [2r—2k—2m—2
(13.9)
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for all but very few f’s, where A’(l) is a sufficiently large constant. Now take any p;.
Then given Frob(p;), there is a unique choice of Frob(p,), ..., Frob(pas,,, ) such that
(13.8) is satisfied; in fact Frob(ps), ..., Frob(pa,,) is simply a linear function of
Frob(p;) and the fixed function go. From this observation and (13.9), we conclude that
Xiy(j1,j)(M°(Z)L(P U Z)) can be partitioned into sets A of size Myox such that (13.8)
is valid except for a small set that fits in the error.

If A is such a set of size My, we have an explicit bijection between A and [My]
coming from our choice of py, ..., par,. . We first restrict the /-additive system 2 con-
structed in Lemma 13.10 to Z x A and then use this bijection to get an /-additive system
on Z x [Myo]. This gives the desired equidistribution for F on Z x A, and hence also
onZ. ]

14. Equidistribution in (§z,[z,1, £{,)

In Proposition 3.4 we have shown that 01*()( ®z Z; is a free module over Z;[¢;] of rank 1
for y € T'y,(Q), where the action of Z;[{;] is as usual induced by the Galois action
through y; observe that after tensoring with Z; the norm operator acts trivially. Thus,
by analogy with real quadratic fields, it is natural to expect that, as y varies in I',, (Q),
the Z;[¢;]-module (1 — £;)CI(K,)[(1 — ¢;)°°] should equidistribute in the Cohen—Lenstra
probability space (§z,[¢,]. &) Which is defined as follows.

The set 9z, [¢,] consists of the set of isomorphism classes of Z;[{;]-modules with finite
cardinality. To each 4 € §7,[¢,] we give weight

Nao (1)

1
el |A] - |Autz, ¢,1(A4)]

where nl (1) := []72,(1 —1/1 7). Later in this section we will prove that this formula
defines a probability measure. The goal of this section is to show that this statistical model
is equivalent to the statistical model for the sequence of ranks established in Theorem 1.2.
In particular with the material of this section one sees that Theorem 1.2 implies Theo-
rem 1.1.

Let D be the set of non-increasing functions f : Z>; — Zs¢ that are eventually 0.
Recall that the map

rk : ng[fl] - D

defined by A4 — (i = rk(;_¢,)i 4) is a bijection of sets. The next proposition gives the

pushforward of pl under the bijection rk. For 0 < j < n, recall that P(j|n) is the
probability that an n x (n 4 1) matrix with entries in [F; has rank n — j. Moreover, we set

() = ]‘[(1 - ll)
i=1

Then we have the following proposition.
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Proposition 14.1. Let j be a positive integer. Let iy > ... > ij > 0 be a sequence of
integers. Then

peL (kKA f e D f() =it f(j) =i5)})
_ Noo(l) _
G g (D 11(0)

[T Plrslio)

1<k<j

The rest of this section is devoted to the proof of Proposition 14.1. First recall that for
each A € 9z, [¢,], the measure &1 (A) can be obtained as the limit

Zi[5N

lim MHaar({(vl, .. .,UN+]) c (Zl[gl]N)N-l-l P17 B
N (Ul,...,UN+1)

~ A}) = peL(A).
The following argument is essentially due to Friedman and Washington [5], who dealt
with the analogous case of N x N matrices with coefficients in Z; corresponding to the
case of imaginary quadratic number fields.
For each positive integer N, denote by £4 n the set of Z;[{;]-submodules L of
Zi[¢]V satisfying
Zie)V
— =

A.

‘We have

uHaar({(vl,...,vNH) e T[]V )N MN) - A})

(vl»~~-,UN+1
= > (@i ovgn) € Z)NHN T L ovga) = LY.
Lefy N
We further have

e ({01, - v 1) € (Z G (s uwg) = L))
N+1

B 1 1
- l_[ 1_l_i T4V

and the following simple formula for |£4 x|

|£an| = [Bpig, ) (Zi[61V . A)/|Autg, g, (A)].
But observe that
|Epiz, (¢, (Za[5]Y, A)I/1AIY — 1
as N goes to infinity. This gives

Ol al) =il

lim Mﬂaar({(vl,...,vNH) e (Zy[eV )N+ EedT
Moo (vl,---,UN+1



On the distribution of CI(K)[I°°] for degree [ cyclic fields 1277

It is not difficult to show the slightly refined conclusion that the convergence also holds
if we take a subset of Gz, [¢,], which thus shows that pé . is a probability measure. Using
this we can show Proposition 14.1 by first computing the pushforward of pl; by rk at
stage N, i.e. the N-th approximation of the pushforward. Sending N to infinity will yield
the desired conclusion.

In the notation of Proposition 14.1, let us begin with j = 1 and fix an integer i; > 0.
Observe that the probability that f(1) = iy at stage N is given by the probability that the
reduction of vy, ..., vy+1 modulo (1 — {;) generates a subspace of dimension N — ij.
Splitting the probability by the contribution coming from each subspace of dimension
N — i one gets

P((wy,...,wyt1) € ]FlN_il generate)
Jit(N+1) ’

|subspaces of dimension N —i; in F IN | -

This we can rewrite as

P((wy,...,wN+1) € ]FZN_i1 generate) 1 |Epi(IFlN,]Flil)|

AUt]Fl(F[il) i1 JilN

. [Epi(F N F;1)] o
Again the factor N approaches 1 as N goes to infinity. Moreover

_ N+1 1
P((wy,...,wNn+1) € ]FIN_” generate) = l_[ (1 — Z_’)
i=i|+2

Plugging in and sending N to infinity yields the case j = 1 for Proposition 14.1. We now
continue by induction to compute the N -th approximation for any N > i;. Observe that
whether (vi,...,vn+1) is giving an A with f(1) =iy,..., f(j) = i; can be decided
completely by the image of (v, ..., vx+1) modulo (1 —¢;)7. Hence we proceed to show
that if we fix the image of (vy, ..., vx+1) modulo (1 — ;)7 then the N-th probability
that f(j + 1) = i;41, conditional on the image modulo (1 — ¢;)” being fixed, is always
P(ij+1]ij). From this the desired conclusion follows immediately.

Since the image modulo (1 — ¢;)/ has been fixed, we fix a subset B of [N + 1]
such that {v; }; g forms a minimal set of generators for the image modulo (1 — ¢;)7. By
construction the set B has size N — i;. By multiplying each element of B with suitable
powers of 1 — ¢; we obtain a subset of

Voo (1 =) Zy 15N
A=) L[N

generating a space of dimension N — i;, which we call V'. Note that V' is fixed as
(vi,...,vN41) varies among vectors with fixed image modulo (1 — &;)/. Since B is
a minimal set of generators modulo (1 — ¢;)/, we see that there is a natural map F that
sends the i; + 1 vectors (v;);¢g into the i;-dimensional IF;-vector space

(=)’ 2161
(=¢)/ 1z, [gIN
|44 '
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It is seen at once that if the image of F spans a space of dimension k, then the resulting
A will satisfy f(j + 1) = i; — k. Moreover, it is easy to see that each vector is obtained
equally often through F. Thus we obtain the desired conclusion.

Appendix A. Cyclic algebras

In this small appendix we collect several basic facts that are used in this paper coming
from local and global class field theory along with some more general facts about cyclic
algebras over general fields.

Let K be any field. Denote by K*P a fixed separable closure of K and by Gk the
group of K-algebra automorphisms of K*P. Let y : Gk — C* be a continuous character
and define

K(x) := (K*pykerto),

Let n be the degree of K(y) over K and let 6 be in K*. Following the notation from
[26, Ch. 9] we denote by {y, 0} the twisted polynomial ring K(y)(8) with the relations

o I 2mi
B =6 and BABT =) (eXp(ord()()))(A)’

which is a cyclic algebra. Denote by ®, the unique map from Gk to R such that Im(P,)
C[0,1) and

exp(2ri- ®y) = y.
The map @, is locally constant with values in the set

0 1 ord(y) — 1
{ “ord(y)” T ord(y) }

Denote by 5;( the map ord(y) - ®,. The map 6;( is locally constant with values in
{0,...,ord(y) — 1}. Observe that since y is a character, for each o, 7 € G the element

by (0) + P, (r) — Dy(o7)

is an integer. This allows us to define a 2-cocycle iy ;) of Gk with values in K* by the

formula
(0,7) > 2@+ P (D=2x(07)

If we could separate the three values on the exponent of /i(, -} we would obtain trivially a
coboundary, for this reason we already know that the above formula defines a 2-cocycle.
But the three terms in general cannot be separated, since it is only the total sum that is an
integer. This observation will be useful in Proposition A.3. The reason why we introduced
this particular 2-cocycle is that the class of /iy, g} in Brg is precisely the class of {y, 6}.
This fact is established in [26]. Recall the following fundamental fact from [26, p. 223].
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Proposition A.1. Let K be a local field. There is a unique isomorphism
Nk : Brg — feo(C)

such that for any continuous unramified character y : Gg — C* and any uniformizer w
of K we have
nk({x.7}) = y(Frobg ).

The map ng actually equals exp(27i - invg) (for the definition of invg see [21]). We
shall use ng instead of inv since our main reference is [26]. It is defined also for K = R
or K = C being trivial in the latter case and being the unique isomorphism between Brr
and (—1) in the former. Recall the following reformulation of Hilbert’s reciprocity law,
whose proof can be found in [26, p. 255].

Proposition A.2. (Hilbert reciprocity law). Let K be a number field and let a € Brg.
Then nk, () is trivial for all but finitely many values of v € Qk, . It is trivial at all places
if and only if a itself is trivial. Moreover,

[T @ =1

VEQK

Let [ be an odd prime. We now recall a relation between cyclic algebras and cup
products in case there are /-th roots of unity. We shall confine ourselves to classes killed
by [, since this is the relevant case in our application. For more general results the reader
can consult [8]. For a field K provided with a distinguished generator ¢; for u;(K) we
shall use precisely the same symbolic formulas introduced in Section 2.2. Moreover, for
such a K and for an element 6 € K* we denote by yy : Gk — F; the unique continuous
character such that for each 8 € K* with g/ = 6 we have

a(B) = (ji o xe(0))B.

In what follows, when we consider the cup product, the trivial Galois modules F; ® F;
and [F; are identified with the isomorphism ¢ ® b — a - b. In particular the cup product
of two characters y1, y» in I is literally just the product map (o, 7) + x1(0) x2(7).

Proposition A.3. Suppose K is equipped with an element {; of multiplicative order . Let
x be a continuous homomorphism from Gk to ;. Let 6 be in K*. Then in Brg we have
hjrox.0y = Jr o (x U xe)-

Proof. We divide the 2-cocycle Ay, 0,6} by the 1-coboundary

o (B%4)

(U, 'L') - —
ﬂCIDX(Ut)—CIDX(U)

where f is any element of K*P with g/ = 6 and (I;X is shorthand for Cbgox. Now using

the formula B _
O—(ﬂq’x(f)) — é-lxe(o)x(r)ﬁcbx(r)’

we find that the cocycle we are considering is j; o (—yg U ). Recalling that, in cohomol-
ogy, the cup is antisymmetric we conclude the proof immediately. ]



P. Koymans, C. Pagano 1280

We in particular deduce the following corollary, which holds in greater generality
(see [26]), than for cyclic degree ! characters and without any restriction on the charac-
teristic. However this generality is the one we need and on the other hand we propose an
unusual argument based only on the material of Section 4.

Corollary A.4. Suppose char(K) # [. Let y be a continuous character from Gg to .
Let 0 be in K*. Then {y, 0} is trivial in Brg if and only if 0 is a norm from K(y).

Proof. We show how to reduce to the case that u;(K) # {1}. Once that is done, we
reach the desired conclusion by an application of Proposition 4.12. Since char(K) # [
we can adjoin to K an element {; from K5 with multiplicative order /. Thanks to the
co-restriction map, we see that {y, 0} is trivial in Brg(,) if and only if {x, 6} is trivial
in Brg . Here we use the fact that [K({;) : K] divides [ — 1 and hence is coprime to /.

It remains to prove that 6 is a norm from K(¢;)(y) if and only if 6 is a norm
from K (). Suppose that 6 is a norm from K(¢;)(y), say

0 = Nkw)hoo/ke) (V)

for some y € K(¢;)(y). Then we see that

O = Ny )0k ()

and hence

K(¢):K
OUEEDES = Ny o (Nk@nGorkoo (0).

Using once more that [K(¢;) : K] | [ — 1, we conclude that 6 is a norm from K(y).
The other direction is more general. Now suppose 0 = Ng(y),/kx(y) for some
y € K(x). Observe that Gal(K({;)(x)/K(¢;)) maps injectively into a normal subgroup
of Gal(K(y)/K). Fix a set § of representatives for the quotient of this normal subgroup.

Write y’ := [[,es &(¥)- Then
Nx@)oorxen(v') = I1 =[] ew»n=6.
heGal(K (&) (/K (&) gE€Gal(K(x)/ K)

This shows the other direction. [

We end this section by recalling how the field of definition of the character y, €
'y, (Q), introduced in Section 2.2, looks locally at g. We begin by recalling the following
basic fact.

Proposition A.5. Let K be a local field and d a positive integer coprime to the size of
the residue field of K. Let f(x) be a degree d Eisenstein polynomial over K. Then

KX/ f () ~k-ag K[Y/=F0)].
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Proof. Without loss of generality we may assume that f is monic. In K[x]/f(x) we have

d—1

C=—fO)+ ) aix’,

i=1
where the —a; are the various coefficients of f(x). Dividing out by — f(0) we obtain
x4

—f0) ~ Z -f (0)

Since f(x) is Eisenstein, f(o) is still integral. Hence f(o)xi is in the maximal ideal of
Okx]/f(x) for each i between 1 and d — 1. This implies

d—1

a; i
L+ ; —o" € VK f ).

The topological group U; (K[x]/f(x)) is a Z;-module, where [ is the residue character-
istic of K. In particular it is d-divisible, since d is coprime to /. Therefore we conclude
that

t Z TN

is a d-th power and hence also — f(0) is a d-th power, since it is the ratio of two d-
th powers. Finally, the polynomial 7¢ + f(0) is again Eisenstein; so if we pick B €
K[x]/f(x) with B¢ = — £(0) we see that K(B) = K[x]/f(x) and

K(:B) =K-alg K[d\/ —f(O)],
which is the desired isomorphism. ]

Therefore we conclude the following fact, which also follows from class field theory
as we shall see in the second proof.

Corollary A.6. Let q be a prime that is 1 modulo | and let x4 be as in Section 2.2. Then

(KXCI)UPKXq (@) =Qq-alg Qg (/)

First proof. If we denote by ®,(T) the g-th cyclotomic polynomial, we observe that
®,(T + 1) is Eisenstein of degree ¢ — 1. Moreover, if evaluated at 0, ®,(T + 1) is
equal to g. Therefore we conclude by Proposition A.5 that Q4 ({,) completed at (1 — )
is the extension Qg ( 7=!/=¢g). In particular its unique degree / subextension is given by
Q4 ({/=q). Since [ is odd, the minus sign is irrelevant and the conclusion follows. |



P. Koymans, C. Pagano 1282

Second proof. Still by looking at the polynomial ®,(7"), we see that —g is a norm locally
from Q4(¢y). Hence —g is also a norm from the degree / subextension, which is of odd
degree, so ¢ is a norm from the degree [ subextension. On the other hand, since ¢ is
1 modulo /, we find that the extension Q(.{/g) is cyclic of degree /. Moreover, taking
the norm of —//q we see that ¢ is a norm also in this extension. It is not difficult to
deduce from this that the two fields in the isomorphism have the same norm group. The
conclusion follows from local class field theory. |
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