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Abstract. We establish local C 1**-regularity for some o€ (0, 1) and C ®-regularity for any az€ (0, 1)
of local minimizers of the functional

v |—>/(p(x,|Dv|)dx,
Q

where ¢ satisfies a (p, ¢)-growth condition. Establishing such a regularity theory with sharp, general
conditions has been an open problem since the 1980s. In contrast to previous results, we formulate
the continuity requirement on ¢ in terms of a single condition for the map (x, t) — ¢(x, ), rather
than separately in the x- and 7-directions. Thus we can obtain regularity results for functionals
without assuming that the gap ¢/p between the upper and lower growth bounds is close to 1.
Moreover, for ¢(x, t) with particular structure, including p-, Orlicz-, p(x)- and double phase-
growth, our single condition implies known, essentially optimal, regularity conditions. Hence, we
handle regularity theory for the above functional in a universal way.

Keywords. Maximal regularity, non-autonomous functional, variable exponent, double phase,
non-standard growth, minimizer, Holder continuity, generalized Orlicz space, Musielak—Orlicz
space

1. Introduction

The calculus of variations is a classical and still active topic in mathematics which is con-
nected not only to other mathematical fields (partial differential equations, geometry, . ..)
and but also to applications (physics, engineering, economy, ...). Research on regularity
of minimizers of the functional

v F (v, Q) :=/ F(x,Dv)dx
Q
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has been a major topic in the calculus of variations and PDEs. If F' depends only on
the gradient, i.e. F(x,z) = F(z), ¥ is called an autonomous functional. The simplest
non-linear model case is the p-power function

F(iz)=|z|”, 1< p<ooc.

The corresponding Euler—Lagrange equation is the p-Laplace equation div(| Du|?~2 Du)
= 0, and the maximal regularity of weak solutions of p-Laplace equations is C % for
some « € (0, 1) depending only on p and the dimension n. We refer to [1, 32,40, 58,
62, 78-80, 82, 83] for classical results on C'*-regularity for equations and systems of
p-Laplacian type.

On the other hand, if F depends on both the space variable and the gradient, ¥ is
called a non-autonomous functional, and this has been a central topic in contemporary
regularity theory. The main approach to such minimization problems is due to Giaquinta
and Giusti [47,48]. It is based on the following p-type growth conditions:

z+ F(x,z)is C2?,

v|z|? < F(x,z) < L(1 + |z|?),

V(2 + ZDPIPAP < For(x,2)A -4 < L + 2 P22,
|F(x,2) = F(y,2)| < o(lx — y (1 + |z]7).

This essentially corresponds to the perturbed case a(x)|z|? with the same p-type growth
assumed at all points. Lieberman [60] extended this to the case where |z|? is replaced
by ¢(|z]). However, such structure conditions fail to accommodate many kinds of energy
functionals since the variability in the x- and z-directions are treated separately.

The need to treat the x- and z-directions separately leads Mingione to conclude in
his influential survey that “regularity results should be chased [in more general cases] by
looking at special classes of functionals and thinking of relevant model examples, thereby
limiting the degree of generality one wants to achieve” [71, p. 405]. In this spirit, the
most significant non-autonomous functionals in the literature have so-called Uhlenbeck
structure, i.e. F depends on ¢ := |z| instead of z,

F(x,z) = ¢(x, |z]) = ¢(x,1),

and are the following:
I. Perturbed Orlicz: a(x)y(t), where 0 < v < a(-) < L and ¥/(¢) ~ ty” (¢).
II. Variable exponent: 1?® where 1 < p~ < p(-) < p+ < oo0.
III. Double phase: t? 4+ a(x)t?, where 1 < p < g and a(-) > 0.
These models were first studied by Zhikov [85,86] in the 1980’s in relation to Lavrent’ev’s
phenomenon and have been considered in hundreds of papers since [71, 75]. In keeping
with Mingione’s thesis, regularity results for these cases have been established in indepen-

dent, idiosyncratic ways (cf. Section 2). Moreover, various variants and borderline cases
have been investigated, such as:

IV. Perturbed variable exponent: 1P log(e + t), e.g. [44,59,72,74].
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V. Orlicz variable exponent: [ (£)]?® or ¢ (t7?®)), e.g. [21,45].
VI. Degenerate double phase: 1 + a(x)t? log(e + t), e.g. [9, 16].
VII. Orlicz double phase: ¥ (¢) + a(x)&(¢), e.g. [17].
VIII. Triple phase: t? + a(x)t? + b(x)t", e.g. [31,43].
IX. Double variable exponent: 1?*) 4 14X e o [22,77,84].
X. Variable exponent double phase 7™ + a(x)r9™, e.g. [61,76].

In this paper, we establish a general regularity theory for non-autonomous function-
als with Uhlenbeck structure based on a single condition involving both the x- and ¢-
directions. Specifically, we prove maximal local regularity properties, i.e. C 1**-regularity
for some « € (0, 1) and C%-regularity for any « € (0, 1). We consider a convex function
@ : Q2 x[0,00) — [0, 00) satisfying the following “vanishing A1” variant of (A1) (see
Definitions 3.4 and 4.1 below):

(VA1) There exists a non-decreasing continuous function o : [0, c0) — [0, 1] with
®(0) = 0 such that for any small ball B, € €2,

(p;r (1) = (I + w(r))pg (1) forall 1 >0 satisfying ¢p (7) € [w(r), |B, |71,

where (p;r (t) and ¢ (¢) are the supremum and infimum of ¢(-,7) in B, respectively. Let
us point out that (VA1) is optimal for Theorem 1.1 in the following sense: For any 6 < 1
assume that (VA1) is replaced by

(p;r (1) = (1 + (r))pp, (t) forall 1 >0 satisfying ¢p (1) € [o(r), |B,|_9].

Then the conclusions of the theorem do not hold, as is shown by examples in [71] already
in the double phase case (cf. Corollary 8.6); see also [0, 13]. Furthermore, 1 + w(r) in the
inequality from (VA1) ensures the continuity of the function, which is necessary already
in the perturbed linear case (cf. Corollary 8.1 and Remarks 1.3 and 1.4).

Theorem 1.1. Let ¢ € ®,(Q), ¢(x,-) € C1([0,00)) for every x € Q with d,¢ satisfying
(A0), (Inc),—1 and (Dec),—; for some 1 < p < q (see Definition 3.1) and let u € Wlijp ()
be a local minimizer of the @-energy

/ o(x.|Vu) dx. 12)
Q

(1) If ¢ satisfies (VA1), thenu € C2 () for any o € (0, 1).

loc

() If ¢ satisfies (VA1) and w(r) < crP for some ¢, p > 0, then u € Cl’a(Q)for some

loc

a € (0,1). Here o depends only onn, p,q, L and B, where L > 1 is from (A0).

Remark 1.3. In this paper, we consider ¢(x, ¢) continuous in x. It is clear that we can-
not remove the assumption lim, ¢ w(r) = 0 from (VA1) and still obtain C*-regularity
for all @ € (0, 1). However, continuity is not strictly speaking necessary, as it is known
for ¢(x,t) = a(x)y(t) with a locally VMO (vanishing mean oscillation) that the corre-
sponding minimizer is in C}%, for any o € (0, 1), in fact, in ngc’p for any p > 1. It seems
that for this result the special multiplicative structure is important.
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Remark 1.4. If we consider solutions of the general linear elliptic equation div(A(x) Du)
=0, where A(x) is a bounded and uniformly elliptic n x n matrix, then the continuity of A
does not imply that the function is Lipschitz or its derivative is continuous [56, Proposi-
tions 1.5 and 1.6]. Therefore, we cannot expect to remove the assumption w(r) < cr?
from (VA1) and still obtain C !**-regularity.

We shall introduce notation, assumptions and properties of generalized ®-functions
and related spaces later in Section 3. Recall that local minimizer means that u satisfies

/w(x,wm)dxs/ o(x.|V]) dx
Q/ Q7

for every v € W9 (Q') withu — v € Wol’w(Q’) and Q' € Q.

In fact, we will generalize (VA1) to a weaker version, (wVA1), which covers not
only (VA1) but its borderline cases (see Remark 4.2) as well as the PDE case (see
Remark 4.3), and under this condition we will prove C%*- and C !"*-regularity (see Theo-
rems 7.2 and 7.4). As far as we know, these theorems cover all previously known results
(and several new ones) of C%*- or C !"*-regularity for the functionals I-X (see Section 8)
with the exception of VMO coefficients (Remark 1.3).

Even in the case of autonomous functionals (i.e. ¢(x, ) = ¢(¢)), our results provide
slight extensions to the state-of-the-art. Up to now, maximal regularity for autonomous
functionals has been established assuming ¢ € C1([0, 00)) N C2((0, 0c)). However, in
this paper we only assume ¢ € C!([0, 00)), that is, we do not assume that ¢ is twice
differentiable. For instance, ¢(t) := f(; min {s, 52} ds (cf. [5]) is covered by our result but
is not C2.

Let us conclude the introduction by outlining the approach of the paper and pointing
out the main difficulties and innovations.

The first difficulty for a reasonable regularity theory is to find a well-designed condi-
tion for general . The regularity conditions on ¢ for the types I-III seem unconnected to
one another, since in these cases, the behaviors of ¢ with respect to x and ¢ can be inves-
tigated separately. Recently, on the other hand, the C*-continuity with some small o > 0
for (quasi-)minimizers of the general non-autonomous functional has been established
under the so-called (A1) condition [13,54,55]:

(p;r (1) < Log, (t) forallz > 0 satisfying ¢p (1) € [1, |B,|71]. (1.5)

From this, it is natural to require L — 1 as r — 0 for higher regularity. Additionally, small
values ¢ < 1 were previously lumped into an additive constant using decay at infinity.
A more precise estimate, on the other hand, requires the previous condition to be extended
from [1,|B,|™'] to [w(r), | B |7"].

The main difficulty is to find a suitably regular auxiliary autonomous function ¢(¢) for
the perturbation technique in which one approximates the minimizer with the solution to a
related but simpler minimization problem. In order for the perturbation argument to work
under the assumption (VA1), the autonomous function ¢(¢) should satisfy the following
requirements:
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(1) ¢ € C1([0.00)) N C3((0.00)) and 15" (1) ~ ¢'(1).
(2) Foragiven B, with small r € (0, 1), ¢(¢) is sufficiently close in some sense to ¢(x, )
for all (x,7) € By X [t1,12], where t; := (p5 )~ (w(r)) and 1 := (¢ )" (|B;|7").

(3) Bo(x,1) := @(x, ¢~ (1)) satisfies (A0), (alnc);, (aDec),,, and (Al).

The construction of such ¢ is quite non-trivial, since the property (3) is not satisfied in
general for either ¢(¢) = ¢(y,¢) with any choice of y € B, or ¢(t) = ¢p, (1) (the expected
choices based on previous research). Note that for type II (variable exponent) or type
I (double phase), one can simply take ¢(t) = tP" or ¢(t) = t? + a,t9, where p, :=
infp, p(-) and a, := infp, a(-), so this provides no guidance for the general case: in these
special cases 1 > @(x, ¢~ (1)) satisfies (alnc); since a single point captures the slowest
growth for all values of ¢, whereas in general the slowest growth may occur at different
locations for different 7.

The requirements (1)—(3) above are crucially used in our comparison step. Let v be
a minimizer of an autonomous functional with ¢-energy in B, satisfying v = u on 9B,.
Then by (1) and known regularity results for Orlicz growth, we find that v is locally C :%0
for some ag € (0, 1) (Lemma 4.12). Moreover, from (3) we can deduce a global non-linear
Calder6n—Zygmund type estimate in the generalized Orlicz space LY with 8 = 95 +90 for
some 0p > 0 (Lemma 4.15), which implies that Dv € L?(B,) and so, with this v, we
can use the minimizing property of u. Note that this approach is new even for the double
phase problem, type III.

The Calderén—Zygmund type estimates (Lemma 4.15) in generalized Orlicz space L?
for the norm will be obtained by an extrapolation argument [29] and in this process (A1)
for 0 suffices. However, we need a mean integral version of Calderén—Zygmund type
estimate that is stable under change of size of the underlying domain and here (A1) for
6 is not enough. We overcome this problem by replacing 0(x, ¢) with 8(x, ) + ¢?! for
suitable p; > 1 along with delicate analysis. Note that 6(x, ¢) + P! satisfies a stronger
assumption than (A1). As a consequence, there is “+1” in the mean integral version of
estimate (4.17).

We construct our approximation ¢ and derive the comparison estimate for ¢ and ¢ in
Section 5. In Proposition 5.12 we show that our approximation satisfies the assumptions
in (3) above, and in this step a new framework for generalized Orlicz spaces from [51]
is rather crucial. Then a comparison argument along with (2) and a higher integrability
result for Du imply that Du is sufficiently close to Dv in the mean oscillation sense
(Corollary 6.3).

We present proofs of some regularity results for autonomous problems in Appen-
dices A and B. We start this article with an overview of regularity theory in the (p, ¢)-
growth case (Section 2) and with notation and background (Section 3).

Remark 1.6. Constructing a suitable ¢ is the main problem also in extending this
approach to the case without Uhlenbeck structure, i.e. energy functionals depending on
the derivative Du, not just its norm. Namely, an approximation ¢ :  x R” — R affords
us much less room to operate in than ¢ : Q x [0, c0) — R. Indeed, it is not even clear how
to state the appropriate assumptions in this case. In addition, the main tools from [51]
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concern only the isotropic case ¢(x, |Du|). Therefore, the regularity of the anisotropic
minimization problem [ ¢(x, Du) dx remains a question for future research.

Remark 1.7. The vectorial case, i.e. u : & — RN with N > 1, is also an interesting
issue. The main difficulty in this case is the following: in order that the local minimizer
of the regular autonomous functional with Orlicz function ¢ = @(¢) have C 1"*-regularity,
@ should apparently satisfy not only ¢@” (t) ~ @’(¢) but also a Holder type vanishing con-
dition on ¢” (see [35, Assumption 2.2]). It is unclear whether (VA1) or some modification
implies the additional condition on ¢. This is also a future research topic.

2. Overview of regularity for (p, ¢)-growth and special cases

An alternative extension to the approach of Giaquinta and Giusti is to consider different
upper and lower growth rates, and replace the exponent on the right-hand side by ¢ > p.
This leads to so-called (p, ¢)-growth functionals, for instance with assumptions

z F(x,z)is C2?,

v|z|P < F(x,z) = L(1 + [z]9),

V(1 + [zDP 2P < Fro(x,2)A- A < L(1+ 2@/,
|F(x,2) = F(y,2)| = o(|x =y + |z]7).

This case was introduced and systematically studied by Marcellini [63—67]. Several other
researchers also contributed to the theory [11,38,71]. For instance, Marcellini [64] started
by showing that that every minimizer in Wkl)c’q (£2) has locally bounded gradient provided
2<p<=<gqgand

whenn > 2

<1+
D n—

(the proof uses PDE techniques and entails several additional assumptions, which are not
presented here; see also a recent improvement in [12]). Note, however, that Wl;c’q () is
already higher integrability, so this is not a natural assumption in this context and was
addressed in [64, Section 3]. Later, Esposito, Leonetti and Mingione [39] showed that
every minimizer in WI;C’P (2) also belongs to Wlsc’q (2), but only when

q/p<1+p/n forweCPt.

Furthermore, they provide an example showing that if the latter condition does not hold,
then a minimizer in Wlié” (£2) need not belong to Wlic’q (£2) so the Lavrent’ev phenomenon
occurs.

It seems that (p, g)-growth is the most general class of non-autonomous functionals
in the calculus of variations. Regularity theory, including C*- and C !**-regularity, in this
general class is not easily obtained from classical regularity theory for functionals with
standard p-growth (see for instance [71]). Furthermore, there are no general results in the

(p, q)-case which cover the special cases I-X, so in that sense the theory is incomplete.
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We note that some recent papers [13,23,24,54,55,81] deal with the calculus of variations
in generalized Orlicz spaces, but these papers do not cover higher regularity.

Indeed, the C%*- and C!**-regularity theories for type I-III functionals have been
proved in independent ways. For I, ¢ is nothing but an autonomous functional with coeffi-
cient, and so regularity results can be obtained by using a standard perturbation argument.
On the other hand, II and III are quite different from I, since they are potentially non-
uniformly elliptic problems. Formally, we can rewrite the energy functions as

I [Du|P®~P7 | Du|?” and I (1 4 a(x)|Du|7"P)|Dul|?.

Here, | Du|P®~P" and 1 4 a(x)|Du|?~P blow up or vanish when | Du| does. Therefore,
by identifying a(x) in I with | Du|P®)~P" or 1 4 a(x)|Du|?"P, we see that a is neither
bounded nor far away from the zero. Let us briefly introduce regularity results for the
above types. Let u be a minimizer of the p-energy (1.2) with ¢ being one of I-III. Then
the following is known:

For type I, i.e. ¢(x,t) = a(x)y (), suppose a is continuous with modulus of continu-
ity w,. Then

lim w,(r) =0 = u € C*forany « € (0, 1),
r—>0t (21)
wa(r) S rP forsome B >0 = u € C* for some @ € (0,1)

(see for instance [71] and references therein).
For type 11, i.e. ¢(x, 1) = t?™) suppose p is continuous with modulus of continu-
ity wp. Then

lim a)p(r)ln% =0 = ueC%forany o € (0, 1),
r—0+ (2.2)
wp(r) < rP for some B>0 = ueC" forsomea e (0,1).

For these results, we refer to a series of papers of Acerbi, Coscia and Mingione [2, 3, 28];
see also [4, 18,41,42].
For type II1, i.e. ¢(x,1) = t? + a(x)t4, suppose a € C P for some B € (0, 1]. Then

q/p <1+ pB/n = u e C" forsome a € (0, 1). (2.3)

For this result, we refer to a series of papers of Baroni, Colombo and Mingione [10, 26];
see also [8, 15, 25,27, 73]. Note that no independent condition implies C*-regularity.
In other words, we cannot ensure even C%-regularity for u if ¢/p > 1 + /n. We also
mention that the C 1»*-regularity for type III was first proved under the following condition
instead of (2.3):

q/p <14+ B/n = ueC" forsomea € (0,1) (see[26]), 2.4)

and later it was extended to the borderline case ¢/p = 1 + B/n in [10] (see also [30]).
As mentioned in the introduction, our general results cover all of these special cases.
Specifically, Theorem 1.1(1) implies (2.1); and (2.2); and Theorem 1.1(2) implies (2.1),,
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(2.2), and (2.4). We notice that Theorem 1.1(2) does not imply (2.3). In fact, (VA1) holds
when @(x, 1) = t? + a(x)t9 with a(-) € C%# if and only if the strict inequality ¢/p <
1 + B/n holds. This gap will be filled by Theorem 7.4; this is one main reason why we
consider the slightly weaker assumption (wVAL).

Furthermore, many other, previously unstudied cases can also be covered: see, e.g.
Corollary 8.3, and Section 8 more generally. Originally, the double phase model was intro-
duced to model the situation when two phases (the p-growth and the g-growth phases)
mix. Since only the larger exponent affects the nature of the problem, this was simplified
in the form 7?7 4 a(x)t4 that we have seen. However, we can also consider a variant which
is more closely related to the original motivation:

ox,t) =1 —ax)t? +a(x)t?, where 1<p=<gq, a(): Q2 —[0,1]. (2.5)

Now a indicates the relative amount of material at a point from the g-phase. Such func-
tionals have been treated by Eleuteri—-Marcellini-Mascolo [36-38]. More generally, we
can also deal with general double phase problems of the type

p(x,1) = a(x)¥ (1) + b(x)E(),

where a(-), b(-) > 0 satisfy v < a(-) + b(-) < L and ¢, &’ satisfy (A0), (Inc),—; and
(Dec)y—1, which includes the following examples:

tP +a(x)t?, ax)t? +t7, a(x)t? +b(x)t?, and Y () +a(x)y()In(e + 7).

We present conditions for the above functions to satisfy (wVA1) or (VA1) in Corollar-
ies 8.4 and 8.6, so that C%- and C'*-regularity results for (2.5) are obtained as special
cases. We note that the second example a(x)t? + t9 can be understood as a functional
with standard ¢-growth and hence ¢/ p has no upper bound to obtain the regularity results.
Here, we explain the regularity results for this functional as a special case of double phase
problems. In addition, in the same spirit, one could consider functionals with infinitely
many phases such that

o o
p(x,1) = ai(x)t?, where 1<p<pi<q, ai()=0and 0<v<) a()<L,
i=1 i=1

which satisfies the fundamental assumption of Theorem 1.1.

3. Generalized Orlicz spaces

Notation and assumptions

For xo € R” and r > 0, B,(x¢) is the ball in R” with radius r and center xo. We write
B, = B,(x¢) when the center is clear or unimportant. For an integrable function f in
U C R", we define (f)y to be the average of f in U in the integral sense, that is,

(v = fy fdx:=|U["" [, fdx.
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We say that f : [0, 00) — [0, 00) is almost increasing or almost decreasing if there
exists L > 1 such thatforany 0 <t < s < o0, f(t) < Lf(s)or f(s) < Lf(t), respectively.
In particular, if L = 1 we say f is non-decreasing or non-increasing.

We refer to [51] for more details about basics of ®-functions and generalized Orlicz
spaces. For ¢ : Q x [0, 00) — [0, 00) and B, C 2, we write

(p;r(t) = sup ¢(x,t) and gogr(t) = xiGnllg o(x,t).

X€EB),

If the map ¢ — ¢(x,t) is non-decreasing for every x € 2, then the (left-continuous)
inverse function with respect to ¢ is defined by

(p_l(x,t) = inf{t > 0:¢(x,7) >t}
If ¢ is strictly increasing and continuous in ¢, then this is just the normal inverse function.
Definition 3.1. Let ¢ : Q x [0, 00) — [0, 0c0) and y > 0. We define some conditions

related to regularity with respect to the 7-variable.

(alnc),, The map t — ¢(x,t)/t" is almost increasing with constant L > 1 uniformly in
x € Q.

(Inc), The mapt +— ¢(x,t)/t" is non-decreasing for every x € 2.

(aDec),, The map ¢ — ¢(x,t)/t is almost decreasing with constant L > 1 uniformly in
x € Q.

(Dec), Themap ¢ — ¢(x,t)/t” is non-increasing for every x € Q.
(AO) There exists L > 1 such that L™! < ¢(x, 1) < L for every x € Q.
Note that this version of (A0) is slightly stronger than the one used in [51], but they are

equivalent under the doubling assumption (aDec). Let 0 < ¢ <1 < C < oo. If ¢ satisfies
(alnc), with constant L > 1, then

@(x,ct) < Lc’@(x,t) and L7 'C7¢(x,t) < @(x,Ct) forall (x,t) € Q x [0, 00).
On the other hand, if ¢ satisfies (aDec),, with constant L > 1, then
L7 p(x,t) < @(x,ct) and ¢(x,Ct) < LCY@(x,t) forall (x,1) € Q x [0, 00).

Remark 3.2. If ¢ satisfies (alnc), or (aDec), for some y > 0, then so do ¢ and (p;r
for any B, C Q.

Remark 3.3. Suppose that ¢(x,-) € C1([0, 00)) for each x € Q and that y > 0. Then

o ¢ satisfies (Inc), if and only if yo(x,7) <t¢'(x,t) forallx € Q and ¢ € [0, c0);

o ¢ satisfies (Dec),, if and only if yo(x,7) > t¢'(x,t) forall x € Q and ¢ € [0, 00).
These conclusions are obtained by differentiating the function ¢ — ¢(x,t)/t”.
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For functions f,g: U — R with U C R", f < gor f ~ g (in U) mean that there
exists C > 1 such that f(y) < Cg(y)or C~! f(y) < g(y) < Cf(y), respectively, for all
y € U. In particular, in this paper we shall use these symbols when the relevant constants
C depend only on n and the constants from the fundamental conditions (alnc),, (aDec),,
(Inc),, (Dec), and (A0). By following this, for instance, (A0) can be written as (-, 1) ~ 1
in 2. We use some results from papers with a weaker notion of equivalence, f >~ g (in U),
which means that there exists C > 1 such that f(C~1'y) < g(y) < f(Cy) forall y € U.
However, if (aDec) holds, then =~ and ~ are equivalent and furthermore the constants can
be moved inside and outside of ¢ as observed above.

Basic properties of generalized ¢-functions and related function spaces

We next introduce classes of ®-functions. Let L°(2) be the set of measurable functions
on .

Definition 3.4. Let ¢ : Q x [0, 00) — [0, 00]. We call ¢ a (generalized) ®-prefunction if

x = @(x, | f(x)]) is measurable for every f € L°(Q), and t — ¢(x,¢) is non-decreasing

for every x € Q2 and satisfies ¢(x,0) = lim,_ o+ ¢(x,?) = 0 and lim;— . ¢(x,1) = 00

for every x € Q. A prefunction ¢ is a

(1) (generalized weak) ®-function, denoted ¢ € P, (L), if it satisfies (alnc);;

(2) (generalized) convex ®-function, denoted ¢ € ®.(R2), if t — @(x,1) is left-continuous
and convex for every x € .

If ¢ is independent of x, then we write ¢ € &y, or ¢ € ®, without “(£2)”. In what follows
we omit the words “generalized” and “weak” from the parentheses.

We note that convexity implies (Inc); so that ®.(R2) C ®(2). For ¢ € & (R2), the
generalized Orlicz space (also known as the Musielak—Orlicz space) is defined by

L) :={f € L%Q) : | f Lo < o0}

with the (Luxemburg) norm

[fllze) = inf{A > 0:0,(f/A) =1}, where 0,(f):= /Qw(x, |f(x)]) dx.

We denote by W1¢(Q) the setof f € LY(Q) suchthatd, f,...,08, f € L?(Q), where 9; f
is the weak derivative of f in the x;-direction, with the norm || £l 1.0 (@) := | fllLe@) +
> 10i fllLe(g)- Note that if ¢ satisfies (aDec), for some ¢ > 1, then f € L?(Q) if and
only if 0, (f) < 00, and if ¢ satisfies (A0), (alnc), and (aDec), for some 1 < p < ¢, then
L?(2) and W1 (Q) are reflexive Banach spaces. In addition we denote by Wol’w (R2) the
closure of C$°(2) in W1#(2). For more information about the generalized Orlicz and
Orlicz—Sobolev spaces, we refer to the monographs [51,69] and also [34, Chapter 2].

For ¢ : [0, 00) — [0, 00), we define the conjugate function by

©*(x,t) := sup (st — @(x,5)).

5§>0
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By definition, we have the following Young inequality:
ts < @(x,t) +¢*(x,s) foralls,t > 0.

If p € ®.(2), then (¢*)* = ¢ [34, Theorem 2.2.6].

We state some properties of ®-functions, for which we refer to [51, Chapter 2].
Proposition 3.5. Let ¢ be a ®-prefunction.
(1) If ¢ satisfies (alnc),, then there exists Y € ®.(2) such that ¢ ~ V.

(2) If ¢ satisfies (aDec),, then there exists W € ®(Q) such that ¢ ~ ¥~'. Note that
Vv~ (x, ") is concave.

(3) Let p.q € (1,00). Then ¢ satisfies (alnc), or (aDec), if and only if ¢* satisfies
(aDec) p/(p—1) or (alnc)y/(y—1), respectively.

(4) Let ¢ € ®(Q) and y > 1. Then ¢ satisfies (alnc), or (aDec), if and only if ¢~ !
satisfies (aDec);,, or (alnc)y,,, respectively.

(5) If ¢ satisfies (alnc), and (aDec),, then for any s,t > 0 and k € (0, 1),
ts < @O, kVPr) 4+ @* (x,k7VPs) Skp(x,t) + kP 1p*(x, 5)
and
ts < @(x. kY1) 4+ *(x, kM 5) S kU Vg(x, 1) + kp*(x, 5).

If ¢ € ®.(R2), then there exists ¢’ = ¢'(x, t), which is non-decreasing and right-
continuous, such that

(p(x,t)z/0 ¢'(x,5)ds.

Such ¢ is called the right-derivative of ¢. Note that this derivative was denoted by 0;¢
in the introduction.
We next collect some results about the derivative ¢’. For (4), we give a simple direct
proof, since earlier proofs of the inequality used additional assumptions.
Proposition 3.6. Let y > 0 and suppose that ¢ € ®.(Q2) with derivative ¢'.
(1) If ¢’ satisfies (alnc),, (aDec),, (Inc), or (Dec),, then ¢ satisfies (alnc), 1,
(aDec)y 41, (Inc), 11 or (Dec), 41, respectively, with the same constant L > 1.
(2) If ¢’ satisfies (aDec), with constant L, then ¢(x,t) ~ t¢’(x,t), more precisely
1g'(x.1)
2v+lp

(3) If ¢ satisfies (AO) and (aDec), with constant L > 1, then ¢ also satisfies (A0), with
constant depending on L and .

) @ (x.¢'(x.1)) <t¢'(x.1).

<@(x,t) <tg'(x,t) for(x,t) € Qx[0,00).
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Proof. We start with (1) and suppose that ¢’ satisfies (alnc), . Fix 0 < ¢t < s < oo and set
a := s/t > 1. Then (alnc), of ¢’ implies that

o(x.1) 1 /’ ,
—_— = — o' (x,7)dt
v+l tv+1 0

L "¢’ (x,ar) T=at L a S g~ o(x,s)
S )y S g |, o0 Dar= LG5

which means ¢ satisfies (alnc), ;. In the same way we can also prove that (aDec), of ¢’
implies (aDec), 1 of ¢. The claims regarding (Inc) and (Dec) follow when L = 1.
We next prove (2). Since ¢’ is non-decreasing, it follows that

t
) = [ wennde <,
0
=0(x,1)

By the (aDec), condition of ¢’, we have ¢'(x,7/2) > L™1277¢’(x, ), which implies
o(x,t) ~tg'(x,t).

Then, we prove (3). By (2) and (A0) of ¢’ it follows that (-, 1) ~ 1 - ¢'(-, 1) ~ 1, so
@ satisfies (AO).

Finally, we prove (4). Since ¢ is convex, ¢(x,s) > ¢(x,t) + k(s — t), where k :=
¢'(x,1) is the slope. Then from the definition of the conjugate function we have

¢ (x, ¢ (x,1) = sgg(sk —¢(x,s5)) < s1>113(sk —(x,t) —k(s —1))
=tk —o(x,t) <t¢'(x,1). n

We end this subsection with some properties of C!-regular ®-functions. Note that
Proposition 3.8(2) below is proved for C 2-functions in [33, Lemma 3] — here we provide a
more elementary proof which is based on a reduction to the same claim for the function ¢?,
that is,

(Ix[772x = [y|P72y) - (x — y) = (Ix| + [yD?2|x —y|* forp > 1. (3.7)

While versions of this claim are commonly known, we have not found this precise for-
mulation in the literature. Rather than providing a proof of (3.7), we just invoke [33,
Lemma 3], since 7 is certainly a C 2_function.

Proposition 3.8. Let ¢ € . N C1([0, 00)) with ¢’ satisfying (Inc),—; and (Dec),—; for
some 1 < p < gq. Then for k € (0,00) and x,y € R" the following hold:

1y LD, |2%(¢(IXI) _w(lyl)y)_(x_y)’.
NE ] N

@ LD e <o — oy = B0 2
e+ Dl ]
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19 (xI+1yD
x| + [y
If additionally ¢ € C?((0, 00)), then t¢"(t) ~ ¢'(t) and £ I()LTHHD can be replaced by
1
" (Ix] + 1y

Proof. When ¢ € C2((0, 00)), the inequalities 29" (t) &~ ¢'(t) are direct consequences of
Remark 3.3 and Proposition 3.6(1). This also implies M ~ " (|x] + |yD.

3) e(x —y) < «le(x) + e(yD] + Ix —y?

For (1), we may assume without loss of generahty that |x| > |y|. By (Inc),—; and
(Dec)qfl,
N\ EA.
(B) e =emn=() e

Thus there exists y € [p — 1,q — 1] such that ¢'(|y|) = (i|) "(Jx]). Hence
(w G (Iyl)y) =2 "(Ix) (s
|x| [yl |x|”

We use (3.7) with y 4+ 1 in place of p. Furthermore, |x| > |y| implies |x| + |y| & |x|,
and so

¢'(xD) — @'(yD o 9xD
x y|-x=y)~
|x| ¥l x|

Ix yl

[x—y|
o(x]) —g(y]) = /0 o' (12

Furthermore, since x — y = n|x — y|, we have

=" y) - (x = y).

/
AGIRS LD I

(x| + D"~ =y ]? ~
x|yl

We next prove (2). Denote 1 :=

and zg := y + ns. Then

z
* . nds.
|Zs]

’ |x—y| ’ /
o —orh - £y -y = f (“’ (D, _ ¢ ('y')y) (= y)ds
[y |zs] [yl
%]["“‘y' w’(lzs|+|yl)|x_y|sds
0 |Zs| + |y| '

where the second step follows from (1) since x — y = |x;y| (zs —y). When s > %|x -yl
|zs| + |x| ~ |x| + |y| and (2) follows.

. . 1
We finally prove (3). By the inequality ab < 5 (a® + b?), we find that

lx =yl < g+ 1yD) + 567 Ax]+ D7 e = p 2
Therefore, since ¢’ is non-decreasing and |x — y| < |x| + |y|, we find by t¢’(¢) ~ ¢(t)
that
o(lx =D < @'(Ix] + [yDIx — ¥l
< «@' (X + D (x| + 1D + 67 Qxl + [y D x|+ [y e = yI?
@' (x]+1yD
1—|x _ |2

~ () + ey D]+ = s
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4. Preliminary regularity results

Assumptions for higher regularity

Here we introduce the new assumptions that are used to obtain C%-regularity for any
a € (0,1) or C®-regularity for some « € (0, 1) of local minimizers of (1.2). We also
restate the definition of (VA1) from the introduction, so that it can be more easily com-
pared with its weaker variant, (WVA1).

In the next definition, we have several conditions which are assumed to hold “for any
small ball”’; this means that the condition holds for all r < ry for some r¢ > 0.

Definition 4.1. Let ¢ € Py (2). We define some conditions related to regularity with
respect to the x-variable.
(A1) There exists L > 1 such that for any B, € Q with |B,| < 1,

¢p (1) < Log (1) forallz > 0 with g (1) € [1,|B,|7'].

(VA1) There exists a non-decreasing continuous function w : [0, o0) — [0, 1] with
®(0) = 0 such that for any small B, € €,

op (1) < (1 + w(r)gp, (1) forallz > 0 with g (1) € [w(r),|B-|7'].

(WVAL1) For any ¢ > 0, there exists a non-decreasing continuous function w = wy : [0, 00)
— [0, 1] with w(0) = 0 such that for any small ball B, € €,

gol}"r (1) = (1 + o(r)ep, () +w(r) forallt > 0 with pg (t) € [w(r), |B,|~1te].

Intuitively, (A1) is a jump condition that restricts the amount that ¢ can jump between
nearby points, whereas (VA1) and (wVA1) are continuity conditions that imply continuity
with respect to the x-variable.

Remark 4.2. We see that (VA1) implies (wVA1), which in turn implies (A1). Assump-
tion (VA1) is easier to understand but we emphasize that (wVA1) covers an interesting
borderline case which has arisen in the double phase case: see Corollary 8.6.

Remark 4.3. Finally, we would like to explain why we adapt the methodology of the
calculus of variations, instead of one of partial differential equations, since indeed u is a
minimizer of (1.2) if and only if it is a weak solution to

'(x.|D
div( 2P p N _ o e
| Du|

(see [53]). In the comparison step in our approach, we take advantage of the minimizing
property of u. If we would instead use the PDE approach, to the best of our understanding,
the main assumption (VA1) would be replaced by the assumption

((p’);_gr (t) < (1 + w(r)(¢")p, (1) forallz > 0 satisfying g (1) € [0(r), |B,|71].



Maximal regularity for local minimizers of non-autonomous functionals 1299

Compared with (VA1), ¢ is replaced by ¢’ in the inequality. Since small values are not
covered in this assumption or (VA1), these two assumptions are not comparable, i.e. one
may hold but not the other, in either direction. However, if ¢ satisfies the basic assumption
in Theorem 1.1 (this is always assumed in our main theorems), we show that (wVAT1)
is implied by this assumption: for any ¢ > 0, any small B, € €2, any ¢ > 0 satisfying
¢p, (1) € [0(r).|B,|7'°] C [w(r).|By|""] and any x. y € By,

(p(x,t):/o ¢'(x,5)ds

t

@5, @)
< (1+ () @ﬁxow+/’ ¢/ (x.5) ds
@5, @) 0

<(1+ w(r))/o ¢'(y.5)ds + ¢(x, (pp,) " (@(r))
< (1 +0()g(y.1) + co(r)?/1.

Thus (wVA1) holds with the function cw(r)?/9. Moreover, we could also consider a
(wVA1)-type assumption with ¢’ instead of ¢, but the same argument shows that this
also implies (WVAT1).

We note that such difference between regularity assumptions for the minimizer and
the PDE problem does not appear in types I-III. This also shows that regularity theory for
general ¢(x,t) cannot be understood easily by just mixing the ones for types I-III.

Higher integrability and reverse Holder type inequality

We prove higher integrability of minimizers of (1.2) and, as a corollary, a reverse Holder
type inequality. In this subsection we assume (A1).

The following higher integrability result appears as [52, Theorem 1.1] in the case
8 = 1. From the proof in that article, one can derive the stated dependence on § with
the help of the (aDec), assumption; alternatively, one can use that result and a covering
argument.

Lemma 4.4 (Higher integrability). Let ¢ € & (2) satisfy (AO), (Al), (alnc), and
(aDec)y with constant L>1and1 < p <q.Ifu e Wléc"p () is a local minimizer of (1.2),
then there exist o9 = og(n, p,q,L) >0,c1 =c1(n, p,q,L) > 1 and 01 = 01(09,n,q)
such that

e
(][ @(x, |Dul)t+oo dx) ’ <167 (][ o(x,|Dul)dx + 1) 4.5)
By B(146)r

forany By, @ Q with || Dul|pe(,,) < 1 and § € (0, 1].
Remark 4.6. Fix Q' € Q. Since [, ¢(x,|Dul) dx < oo, there exists R > 0 such that

/ ¢(x,|Dul)dx <1 (orequivalently || Du|pes,) < 1)

I
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for B, C Q' with r < R. In view of the previous lemma, this means that ¢(-, |Du|) €
1+o00
L. °().
The next lemma contains reverse Holder type estimates for Du.
Lemma4.7. Let ¢ € ®,,(Q2) satisfy (A0), (A1), (alnc), and (aDec), with constant L > 1

and 1 < p < q. Suppose that u € Wl;c’w(Q) is a local minimizer of (1.2) and By, @ Q
with | Du| pe(s,,) < 1. There exist oo = oo(n, p,q, L) and, for every t € (0,1], ¢; =
c(n, p,q,L,t) > 0 such that

ﬁ 1/t
(f @(x,|Dul)ttoo dx) < c,((][ @(x, |Du)’ dx) + 1) (4.8)
By By,

andc = c(n, p,q, L) > 1 such that

1
T+oo
][ @(x,|Du))dx < (][ @(x, | Du])t+oo dx) ’ sc(sz, (][ |Du|dx) + 1).
B, B, By,

Proof. We start with the first inequality. In (4.5) we split ¢ = ¢?¢!~? with 6 € (0, 1) and

use Holder’s inequality with exponents Hg’" and 1i§§39 and Young’s inequality with

exponents é and ﬁ:
1

1
TFoo
(][ (p(x,|Du|)l+"°dx) ’
By
_0 1-6
T+og t
scl[a—m(][ qo(x,|Du|)l+"°dx) (][ <p(x,|Du|)’dx) +1]
B(1+8)r B>,

1 1+o0 H}UO . t e
< - o(x,|Dul) "% dx + 8 T-0 o(x,|Du|)" dx + 1
2\JBa1sr Ba,

where we have set ¢ := %. Now we see from a standard iteration lemma (e.g.
[55, Lemma 4.2]) that the first claim holds.
We move on to the second claim. The first inequality directly follows from Holder’s

inequality, hence we prove the second inequality. Taking ¢ = 1/¢ in (4.8), we see that

1
TFo0 q
(]i @(x,|Du|)ttoo dx) 0 fcl/q[(]i §0;2,(|Du|)l/q dx) + 1}'
r 2r

We notice that the map ¢ — [(p;Zr (1)]'/4 satisfies (aDec);, since (p;;r satisfies (aDec),.
Therefore, by Jensen’s inequality and Proposition 3.5(2), we have

TFog
(][ o(x. | Dul)I+oo dx) ’ < c[«)IgZ, (][ IDu|dx) + 1} 4.9)
By By,
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for some ¢ = c(c1,¢q, L) > 1. In addition, since
| e, apubax = [ gt ipuhdx <1 (= [Dulo, <D
2r 2r

it follows by Jensen’s inequality that 9 ( fBZr |Du|dx) < |Ba,|~'. If also the inequality
95, (fBZr |Du| dx) > 1 holds, then (A1) implies that

90;2’(]{9 |Du|dx)§L<p§2r(][ |Du|dx),
2r Bar

whereas in the case ¢p (fBZr |Du| dx) < 1, (AO) gives an upper bound of ¢ for the
right-hand side of (4.9). [

Regularity results for the autonomous case

In this subsection, we consider ¢ € ®. N C ([0, 00)) N C2((0, 00)) with ¢’ satisfying
(Inc),—1 and (Dec),— for some 1 < p <gq.Fix vg € W9 (B,) and letv € vy + Wol"p(B,)
be a solution of the minimization problem

min /(p(|Dw|)dx, (4.10)
wevo+ W, “(By) /Br

or equivalently a weak solution to

[Dv]

div(£420 py) =0 in By, @i
vV = Vg on dB;. '

We start with the C 1'*-regularity in the autonomous case, with appropriate estimates.

Lemma 4.12. Let ¢ € . N C'([0, 00)) N C2((0, 00)) with ¢’ satisfying (Inc),—_; and
(Dec)y—1 for some 1 < p <q. Ifv e WY9(B,) is a minimizer of (4.10) or a weak solution
to (4.11), then Dv € C20(B,,R") for some ag € (0, 1) with the following estimates: for
any B,(xo) C By,

sup |Dv| < c][ |Dv|dx, (4.13)
By /2(x0) By (x0)
and forany t € (0, 1),
][ [Dv — (Dv)B,, (x| dx =< cr“"][ |Dv|dx. 4.14)
Btp(xo) Bp(xo)

Here ay € (0,1) and ¢ > 0 depend only on n, p and q.

The previous lemma is expected from [60]. In particular, we refer to [7] for the case
p > 2. However, we cannot find any result treating the case p < 2 with the above estimates
in the literature. Hence, we give a proof of the above lemma in Appendix A. We also note
that (Inc),—; and (Dec),—; for ¢’ are equivalent to t¢”(¢) ~ ¢’(¢) by Remark 3.3, since
we assume ¢ € C2((0, 00)).
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We next state Calderén—Zygmund type estimates in B, with non-zero boundary data.

Lemma 4.15 (Calderén-Zygmund estimates). Let ¢ € ®. N C ([0, 00)) N C2((0, 00))
with ¢ satisfying (Inc),—1 and (Dec),—1 for some 1 < p < gq, and |B;| < 1. If
v € WY9(B,) is a minimizer of (4.10) or a weak solution to (4.11), then there exists
c=cn,p,q,pi1.q1,L) > 0 such that

le(DvD)llze s,y < ¢ lle([DvoD)liLecs,) (4.16)

forany 0 € &y (B,) satisfying (A0), (Al), (alnc),, and (aDec),, with constant L > 1 and
1 < p1 <q1.

Moreover, fix k > 0 and assume that fBr 0(x, o(|lDvg|)) dx < k. Then there exists
c=cn,p,.q,pi.q1,L) > 0such that

][ B(x,p(|Dv])) dx < C(K‘“/p‘_1 + 1)(][ O(x, p(|Dvol)) dx + 1). (4.17)
B B,

Proof. In view of known results about gradient estimates for equations of p-Laplacian
type or (4.11) (see for instance [14,20,70]), it is expected that for any 1 < s < co and any
Muckenhoupt weight w € Ay,

/ o(IDv|)’w(x) dx 50/ o(|[Dvo|)’w(x) dx, (4.18)
By B,

where ¢ > 0 depends only on 7, p,q, s and [w]4, (see Appendix B for the definition of
the Muckenhoupt class A;). We outline the proof of (4.18) in Appendix B.

We may assume that [|¢(|Dvol)|[L6(p,) < 00, since otherwise (4.16) is trivial. Then
le(IDvol)llr1(B,) < 00 by (alnc),, of 6 and so [@(|Dv])|lLri(s,) < 00 by (4.18)
with s = p;. We define 0;(x, t) := min {0(x, ¢), jtP'}, j > 0, and conclude that
le(IDvDI 6, 8, < Since ¢(|Dv|) € L% (B,), extrapolation for the generalized
Orlicz functions (see [51, Corollary 5.3.4]) gives

le DV Le; 5,y S Nl DDl e; 5y = oDV Le(B,)-
(Br) (Br)

We note that in the statement of [51, Corollary 5.3.4], ¢ is also assumed to satisfy the
so-called (A2) condition, which is however not needed if the domain 2 is bounded [51,
Lemma 4.2.3], and in our case, 2 = B,. Finally, (4.16) follows from this by monotone
convergence: [[¢(|Dv])|[Lo(p,) = limj—oo l@(|DV]] 6, (8,) 101, Lemma 3.1.4].

We next prove the second claim, inequality (4.17). If fBr 0(x,p(|Dvol)) dx > 1, then
it follows from (4.16) by [51, Lemma 3.2.10] that

q1/p1
/e(x,w(wvmdxy(/ e(x,go(wvomdx)
B, B,

< /P11 / 8(x. (| Dvol)) dx,
B,

which implies (4.17).
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Now, we suppose that fBr O(x, o(|Dvol)) dx < 1. We assume first that the (Al)
inequality holds also in [0, 1], 1.e., for some L > 1,

egp(z) < Lifg (1) forallz > 0satistying 65 (¢) € [0, |B,|™"], (4.19)
whenever B, C B,. Define 0%(1) := 9; ®),

o ~ O(x, Mt)

=91/9,D d d 0(x,t):= ——=.
@[, oecwpuhyar) ana e = ST

Note that 87 (M) € [0, 1]. Then é_ also satisfies (alnc),, and (aDec),,, with the same
constants as 6. We next prove that 0 satisfies (A0). It is clear that 6~ (1) = 1. On the other
hand, since 0~ (M) € [0, 1], we see by (4.19) with B, = B, that 6 (1) =01 (M) /0~ (M)
< L. Finally, we show that 0 satisfies (Al). Let B, C B, and consider ¢ > 0 such that
GED(I) € [1,|B,|"!]. Then QED(MI) = OED(I)O_(M) < |B,|™1. Therefore, in view of
(4.19), we have

05 (Mt) L16z (M1)

+ _ » _ n—
%0 =3 an = —ean - = 11,0

so that 6 satisfies the (A1) condition with constant L;.
Let m := ¢~ ' (M) and set

Then ¢'(¢t) = '/’/('"Tt)m and © € W19(B,) is a weak solution to

(20200

=0 inB, with v =10y ondB,.
|DU| ) r 0 r

Note that ¢’ also satisfies (Inc),—1 and (Dec),—1 with the same constant as ¢’. In addition,
by the definitions of 6, ¢ and M,

[ begupionydr= g [ o ppuydr <1
= 16Dl oz, < 1.
Therefore, applying (4.16) to (6, ¢, v, vg) = (é, @, ,Ug), we have
”@(IDED)”Lé(Br) = C||¢(|DU0|)||L6(B )y =

for some ¢ = ¢(n, p,q, p1,41, L1) > 1. Finally, this implies that

5= [, 0oty x = [ ippahydr <
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for some ¢ = c(n, p,q, p1,q1, L1) > 1. In view of the definition of M, we have

/ 6(x. ¢(|Dv])) dx < / 6(x. ¢(|Dvo))) dx (4.20)
B, B,

in the case when (4.19) holds. Note that (4.20) is stronger than (4.17), but requires the
stronger assumption (4.19).
We return to the case that 6 satisfies (A1) with normal range and define

6(x,t) := O(x,t) + 7.

It is easy to check that 6 satisfies (A0), (alnc),,, (aDec),, and O(x,t) < é(x, t) <
O(x,t) + 1. Let us show that 6 satisfies (4.19). Fix B, C B, and ¢t > 0 satistying
n— -1
OBD(Z) € [0,]|B,|7"]. Then

0p, (1) = 05 (1) — 17" <|B,|™".

If Ql;p (t) > 1, then (A1) for 8 implies that

O (1) =65 (1) + 17 < LOg (1) + 17" < L(65, (1) +17') = LBy (0).
On the other hand, if Ggp(t) <1, by (A0), (alnc),, and (aDec),, for 6 we have
t <1 and then «9;;(1) ~ 171 < O (t). Hence 6 satisfies (4.19). Finally, since
fBr O(x, (|Dvol|)) dx < c(1 + |B,|) < ¢, applying the result (4.20) for the function
¢ 10(x, 1), we obtain

9<x,¢<|Dv|>)dx5/ é(x,<o<|Dv|>)dxsc/ A(x. (| Dvol)) dx
By B B,

<c / [0(x. (| Dvol)) + 1] dx.
B,

which completes the proof of (4.17). ]

5. Comparison results without continuity assumption

Assume that ¢ € ®.(2) N C!([0, 00)) satisfies a stronger version of (A1): there exists
L > 1 and a non-decreasing continuous function w : [0, c0) — [0, 1] with w(0) = 0 such
that for any small B, € €,

(p;r (1) < Log, (t) forallz > 0 with pp (1) € [w(r), |B,|71]. (5.1)

Note that this condition is implied by (wVA1) with L = 3 and w = w, for any fixed e.
Further, we assume that ¢’ satisfies (A0) with the same constant L > 1, as well as (Inc),_;
and (Dec),— forsome 1 < p <gq.
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We fix Q' € Q and consider By, = Ba,(x9) C Q' with r > 0 satisfying
_2+o09
1 (1 _2uton - %
r<-, oQ2r)<—, |By|<minj-—.,2° ©°0 / @(x,|Dul) T dx .
L 2L o
(5.2)

where gy € (0, 1) is given in Lemma 4.4. Note that ¢(-, |Dul|) € LIIOJCFUO(Q) (see
Remark 4.6). Hence from Holder’s inequality and (5.2) we have

| =

1+0g/2
1+o0

/ ¢(x,|Du|)1+"°/2dx5|BZr|(][ w(x,|Du|)“"°dx) ° <
Ba, Boy

so that
1 1
/ ¢(x,|Dul) dx f/ o(x, |[Du)'T02dx + By < -+ - =1. (54
B>, B>, 2 2

Therefore, we can take advantage of the results in Lemmas 4.4 and 4.7. For convenience,
we write T (1) 1= (pgt% ().

Construction of a regularized Orlicz function

We construct a regularized function ¢ € C (][0, 00)) N C2((0, 00)) with 13" (t) ~ ¢'(t),
which is independent of the x variable and sufficiently close to ¢(xg,t) in a suitable
range of ¢. This procedure is quite delicate since we want improved differentiability, and
moreover we want to find ¢ satisfying in particular the assumptions of Proposition 5.12
below. The challenge lies in ensuring that ¢(x, ! (1)) satisfies (alnc); and (aDec), with
some y > 1 for small and large values of ¢, as we only have the comparison property when
t is in some range [t1, t;]. We approach this problem by requiring p-growth for small and
large values of ¢. This is counter-intuitive, because it means that the resulting function is
neither a lower nor an upper bound of the original function, in contrast to estimates used
in previous articles.
We first define

B := By, = Byy(x0), 11:=(¢7) (@2r) and 1:= (") (BITH). (5.5
Note that it follows from w(2r), |Ba,| < L™'in (5.2) and (A0) of ¢ that t; < 1 < t,. Let
a (t/t)P7l if0<t <t

Yp(t) =1 ¢'(xo,1) ifty <t <t (5.6)
a>(t/t)P! ift, <t < oo,

where the constants a; := ¢’(xg, t1) and a, := ¢’(xo, t) are chosen so that ¥p is con-
tinuous. We then define

o5 (0) = /0 Vs (s) ds.
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Note that these functions depend on B via the center point xo as well as the values #;
and #5.
When t € [t1, £3], the coincidence of derivatives implies that

@B (1) — ¢(xo,1) = pp(t1) — ¢(x0.11) = %llfﬂ/(xo, 11) — ¢(xo,11)

and so, using the facts that étup'(xo, 1) < p(xp,11) < %tltp’(xo, t1) by (Inc), and (Dec),
as well as (5.1), we find that

0 <@p(t)—@(xo,t) <(q/p—Dop(xe,t1) ~ ¢~ (t;) = w(2r) forallt € [t,1,].

5.7
Fix n € Cg°(R) withn > 0, suppn C (0, 1) and ||5]|1 = 1. We define
o o0
50 | ontom o -1do = [ ot —nds where .= (2
0 0
(5.8)

the second expression is valid for # > 0. From the second formula, we see that ¢ €
C*°((0, 00)).

For the next proof, we recall the following elementary inequalities which follow from
the mean value theorem for s — (1 + s)¥ on [0, 1]: for y > 0and 0 < s < 1,

14+ min{l,2" N ys < (145)” <1+ max{1,2" 1}ys. (5.9)
For the functions defined above, we have the following properties.

Proposition 5.10. Let ¢ be from (5.8). Then:

(1) pp(t) <@(t) < (1 +cr)pp(t) < cpp(t) for all t > 0 with ¢ > 0 depending only
on q. Furthermore,

0=<¢(t)—o@(xo,1) <c(re” (1) + w(2r)) <ce™(t) forallt € [t1,15].
(2) @ € C([0, 00)) and it satisfies (A0), (Inc), and (Dec), while ¢ satisfies (A0),
(Inc),—1 and (Dec)y—1. In particular, §'(t) ~ t$"(t) forall t > 0.
3) ¢(t) < cp(x,t) for all (x,t) € B x[1,00), and so §(t) < c(p(x,t) + 1) for all
(x,1) € B x [0, 00).
Here, the constants ¢ > 0 depend only on n, p, q and L.

Proof. It follows from the construction that ¥ satisfies (Inc),_1, (Dec),—1 and (AO). By
Proposition 3.6, ¢ and ¢p satisfy (Inc),, (Dec), and (AO).

(1) We note that 1, (0 — 1) is only non-zero when 0 — 1 € [0, r]. As ¢p is increasing
and n > 0, we obtain

1+r

F(1) = /0 o500 — 1) do < /1 o5((1+ N, (o — 1) do = pg((1 + i)
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since ||n,|l1 = 1. Similarly, we obtain ¢(¢) > ¢p(¢). In addition, by (Dec), for ¢p and
(5.9), we have

@(1) < (1 +1r)1) < (1 +1r)ep(1) < (1+277qr)pp(t) forallz > 0.
By this inequality and (5.7), we estimate

@) —9(xo,1) < (1 +277qr)p (1) — ¢p(1) + co2r) = 277 qrop(1) + cw(2r)
Sre (t) +wr)
for all ¢ € [t1, 1], where we have also used (5.7) and (5.1) to estimate ¢p in the last step.
In addition, we know that w(2r) = ¢~ (¢;) < ¢~ (¢) for all ¢ € [t1, t2]. The lower bound

follows from ¢(¢) > ¢p(t) > @(xo,1).
(2) The claims for ¢’ will be derived from the equality

@'(t) = /Oom//B(ta)n,(o —1)do  for t >0, (5.11)
0

which is obtained by differentiating under the integral sign. The continuity of ¥p implies
that ¢’ € C ([0, 00)) and so ¢ € C ([0, 00)). As in (1), since the support of 7, is in [0, 7],
IInrl1 = 1, and since ¥ p is increasing and satisfies (Dec),—;, we see that

Yp@) <@ (1) < (L +r)yYe((1+ri) <1 +r)yp@) <2?p(r) forallz >0,

that is, ¥p ~ ¢@’. Hence ¢’'(1) =~ ¥ (1) = ¢’(x¢, 1), which implies that ¢’ satisfies (A0).
From the expression for ¢’, we also see, since g satisfies (Inc),—, that

¢'(Ar) = /OOOUWB(MG)W(O— do = 277! /OOOUWB(IO)nr(O— Ddo = AP71¢' (1)

for A > 1 and ¢ > 0. This yields (Inc),—; for ¢’. Similarly we prove that ¢’ satisfies
(Dec)y—1. The properties for ¢ follow by Proposition 3.6.

(3) Fix x € B. Whent € [1,1,], we see by (1) and (5.1) that ¢(¢) < ¢~ (¢) < @(x,1).
For t > t,, we observe that

p—1

t\?! t
V(o) = ¢/ (xo, z2>(g) ~ ¢, fz)(g) e

since ¢’ (x0,12) & @(X0,12)/t2 2 (X, 12)/t2 ~ @' (x,12) by (5.1) and ¢’ satisfies (Inc),—1.
Then

t t
@B (1) =¢B(f2)+/t Yp(r)dt < (p(x,tz)+/t o'(x,1)dt = @(x,1). n

2

The next result shows the strength of the approach with (alnc) and (aDec), since it
would be difficult to construct an approximating function to guarantee (Inc) and (Dec).
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Proposition 5.12. For ¢ defined in (5.8) and any o € (0, 1), set

0(x,1) := [p(x, ¢ ()],
Then 0 € ®,(B,) satisfies (A0), (alnc); 14, (aDec)y(1+0)/p and (Al). Here the constants

depend only on n, p, q and L (from the assumptions on @) and are independent of .

Proof. That 6 € ®,(B,) is clear once we show (alnc);. As ¢ and ¢ satisfy (A0), so
does 0. Now we prove that @ satisfies (aInc) 1, which holds if # — @(x, ¢~ (¢)) satisfies
(alnc);. Lett > s > 0, ¢(r) =t and ¢(0) = 5. Then

~—1 ~—1
JRACH ) . px.07 () ngx,f) - ¢(~x,§)‘
t s ¢(7) 9(s)

By Proposition 5.10 and Remark 3.3, we have @(t) ~ ¢p(t), ¢(x,t) ~ t¢’(x,t) and
op(t) ~ typ(t) for all (x,t) € B x (0, 00). Therefore, it suffices to show that the
function ¢ — ¢'(x,t)/¥p(t) is almost increasing. Let ¢; and ¢, be from (5.5). Then
by the definition of p in (5.6) we see that ¢t > ¢'(x,t)/y¥p(¢) is non-decreasing on
(0,21] U [t2, 00), since ¢ satisfies (Inc),—;. By (5.1) together with t¢'(x, 1) ~ ¢(x,t), we
have ¢’(x,t)/¥p(t) ~ 1in [t1, t]. Therefore, we see that ¢ > ¢’ (x,t)/¥p () is almost
increasing. The property (aDec),(1+4)/p is proved analogously.

Finally, we show that 6 satisfies (Al). Let B, C B, and assume Gl;ﬁ (1) € [1,]B,|71].
Then

05, @ (1) = 65,0 € [1] B,V € [1|B,| 7).

Therefore, (A1) for ¢ implies that
05, (1) = lpg (@ O™ < [Log, (¢ ' < L?05 (1)

and so 0 satisfies (A1). [ ]

Comparison estimates

Let ¢ : [0, 00) — [0, 0o) be the function constructed in the previous subsection. We then
consider the minimizer v € W9 (B,) of

/(])(|Dv|)dx with v = u on dB,, (5.13)

r

where u € Wlsc"p (£2) is a minimizer of (1.2), and derive a comparison estimate between
the gradients of u and v. We note from Proposition 5.10(3) that u € W9 (B,), so it is an
appropriate boundary-value function and thus there exists a unique minimizer of (5.13).

The minimizer v is also a weak solution to

D
div(%m):o inB, with v=u ondB,. (5.14)
v

Before stating the main comparison result, we observe the following reverse Holder type
estimate for Du and Calder6n—Zygmund type estimate for the problem (5.13).
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Lemma 5.15. Letu € W, ?(Q) be a local minimizer of (1.2) and v € WY (B,) be the

loc

minimizer of (5.13), where By, € Q with r > 0 satisfying (5.2) and ¢ is defined in (5.8).

Then )
oo
(][ @(x, | Dul)t+oo dx) < c[@(][ [Du| dx) + li| (5.16)
B, By,
and 1
TFoo/2
][ o(x,|Dv])dx < (][ @(X7|Dv|)1+‘7°/2dx) 0
B, B,
1
T+o0g/2
SC(][ (x| Dul)'T90/2 dx + 1) o (5.17)

Moreover,

][|Dv|dx§c(][ |Du|dx+1). (5.18)
By By,

Here the constants ¢ > 1 depend on n, p, q and L.

Proof. We first prove (5.16). We note that u satisfies the reverse Holder inequality (4.5)
for some ¢; = ¢1(n, p,q, L) > 1. Then by Lemma 4.7, we have

e

o0

(][ o(x, |Du|)1+ao dx) < (p_(][ |Du| dx) +1
By By,

< @(xp,t0) + 1,
where 1y := fB | Du|dx. This and (AO) imply that (5.16) holds when g < 1; we therefore

assume that 7y > > 1. By Jensen’s inequality and (5.4),

<1< (w—)—l(]i ¢—<|Du|)dx) < (o) (Bor ) = 12,

where ?, is defined in (5.5). Therefore, it follows from Proposition 5.10(1) that

-

o0

(]i o (x| Dul)+0 dx) < o(x0.10) < @(t0) =¢(]i |Du|dx).
r 2r

As for (5.17), we only prove the second inequality, since the first inequality directly
follows from Holder’s inequality. Let 8 € ®,,(B;) be from Proposition 5.12 with 0 =
00/2. By the proposition, we may apply Lemma 4.15 with vg = u and k = 1 (see (5.3))
to conclude that

7[ o(x. | D) #9072 dx =][ 0(x. 5 Dv])) dx sf [0(x. (1 Dul)) + 1] dx
/B, B,

I

~ ][ [p(x, | Dul) + 1]'+90/2 dx.
By
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By Jensen’s inequality, Proposition 5.10(3), (5.17) and (5.16),

<,Z>( |Dv|dx)§][ ¢(|Dv])dx = [(p(x,|Dv|)+1]dx§<Z)(][ |Du|dx)+1.
By B, B, B

2r
Then (5.18) follows when we apply @' to both sides and use (aDec), to move “+1”
inside ¢@. |

6. Comparison results with continuity assumption

Assume that ¢ € ®.(Q) N C1([0, c0)) satisfies (WVA1), in addition to the assumptions at
the beginning of the previous section, i.e. (AO) with constant L > 1, as well as (Inc),_;
and (Dec),— for some 1 < p < g. At this stage, we fix

0o
&0 = ———
"7 202+ 09)
where 0g € (0, 1) is determined in Lemma 4.4. We will use (wVA1) for ¢ = gy, which

fixes w in that condition. We take r so small that (5.2) holds for this w. Now we derive a
gradient comparison estimate between u and v.

Lemma 6.2. Let u € Wl;C’(p(Q) be a local minimizer of (1.2) and v € WY“9(B,) be a

minimizer of (5.13), where By, € Q with r > 0 satisfying (5.2) and ¢ is defined in (5.8).
Then there exist y = y(n, p,q, L) € (0,1) and ¢ = c(n, p,q, L) > 1 such that

][ ¢"(|Du| + |Dv|)|Du — Dv|* dx < c(w(2r)P/? + ry)(gi)(f |Du|dx) + 1).
By,

r

6.1)

Proof. By Proposition 5.10(3) and Lemma 5.15, we see that u € W¢(B,) and v €
W 1-9(B,). By Proposition 3.8(2),

¢'(1Dv))

¢"(|Du| + |Dv|)| Du — Dv|*> < ¢(|Dul) — ¢(|Dv|) - “IDv

Dv - (Du — Dv).
Sinceu —v € Wol’a(B,) and v is a weak solution to (5.14),

f @"(|Du| + |Dv|)|Du — Dv|* dx

r

- - - Dv
s][ [so(|Du|>—¢<|Dv|)1dx—f #(Dv)2Y . (Du — Dv)dx
By By |Dl)|
=0 by (5.14)

=][ {@(IDup) =@ (x. |DuD]+lp(x. [Dul)—¢(x, |[Dv)]+[¢(x. |[Dv)—¢(| Dv|)]} dx

r

sf 7 Dul) — p(x. | Dul)] dx+f lo(x. [Dv]) — (D) dx
B, B,

=1 =:I>
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in the last step we have used fBr [p(x,|Dul) — ¢(x,|Dv|)] dx < 0 since u is a minimizer
of (1.2). We shall estimate 1. We split B, into three regions E1, E> and E3 defined by

Ei:= B, N{¢ (|Dv|) < w(2r)},
E> := B, N{w(2r) < ¢~ (|Dv]) < |By,|"11¢0},
E3:= B, N{|Ba, |17 < o7 (IDv))}.

In the set £y, (Dec), and (AO) for ¢ imply that [Dv| < w(2r)/4. Therefore by (Inc),
and (A0) for ¢ and ¢,

][ lo(x. [Dv]) — G Do)k, dx < w(zr)f’/qf 1, dx < w(2r)?/,
B, B,

In the set E3, Proposition 5.10(3) and the fact that 1 < |B,,|!™%0¢~ (| Dv|) imply that

lo(x. |Dv]) — @(IDv])| < @(x,|Dv]) + 1 < ¢(x,|Dv])
< [|B2,|" %09~ (I D V)] ¢ (x, | Dv])

S rn(l—SO)Uo/Zw(x, |DU|)1+00/2.

Integrating this inequality over E3 and using (6.1), we find that

£ lotx. Do) = 6DuD x, d

2
n(4+o0p)og 1400/2 0'0/2+UO+72+00
< r 4Gtop) o(x,|Dv]) 0= dx
B,

On the one hand, by (5.17) and (5.16), we have

2
240
(]i go(x,|Dv|>1+°°/2dx) ° s¢(

On the other hand, by (5.3),

][ |Du|dx) + 1.
By

4nog

1 2 2-7-?70 —_9% __4nag
(f o ipoptzar) ™ < a7 < i,
B,

Therefore, combining the previous three inequalities, we have
2

][ lo(lx. Dl) — (| D) ke, dx < r 7o (w(][ |Du|dx) N 1).
B, B>y

Recall that ¢; and t, are defined in (5.5). In the set E,, we observe that

w(2r) < ¢~ (|Dv]) < |Ba, |70 < By |7 andso 1 < |Dv| < 1.
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Hence it follows from (wVA1) and Proposition 5.10(1) that

o(x.|Dv]) = (| Dv])| < |e(x.|Dv]) = @(xo. [DV])| + |@(x0. | DV]) = G(|Dv))|
S (r+ o)™ (IDv]) + w2r).
Therefore, applying (5.17) and (5.16), we have

1, lottx. 0o = a0DuD|res dx < ¢+ 0 (o 1ulax) +1).
By B>,

‘We have shown that

11| s]i lp(x. |Dv]) — (| Dv])| dx

}10'2

< (0@r)?/1 + r 7T 4 r)(@(][ |Du|dx) + 1).
B>,

The estimate for /; is analogous, with sets E; defined with Du instead of Dv. [

The following corollary is the key to the regularity results in the next section. Indeed,

once we have the estimate from the corollary, the main results follow using standard
methods.

Corollary 6.3. Under the assumptions of Lemma 6.2, we have

_pP_
][ |Du — Dv|dx < c(w(r)2? +ry1)(][ |Du|dx + 1)
Br B2r
for some y1 = y1(n, p,q, L) € (0,1)andc = c(n, p,q,L) > 1.

Proof. Set@(r) := w(r)?/? 4 r? with y from Lemma 6.2 and note that &(-) < 2. Apply-

ing Proposition 3.8(3) with k = @(r)'/2, Proposition 5.10(3) and Lemmas 6.2 and 5.15,
we find that

f ¢(|Du — Dv|)dx
By

55(r)1/2][ [@(IDMI)+¢(|DUI)]dX+5(r)_l/2][ ¢"(IDu|+|Dv|)| Du—Dv|* dx
B,

r

ga(r)l/Z][ [p(x, | Dul) + ¢(x,|Dv|) + 1]dx+a(r)1/2(¢(][ |Du|dx) + 1)
By By,

< 5(r)1/2(¢(]i | Du| dx) + 1).

Therefore, by Jensen’s inequality and (Dec), for ¢, we have

¢(][r |Du — Dv|dx) < ][r ¢o(|Du— Dv|)dx < @(a(r)ﬁ(]izr |Du|dx + 1))

The claim follows, since ¢ is strictly increasing. ]



Maximal regularity for local minimizers of non-autonomous functionals 1313

7. Proofs of main results

In this section, we prove the main theorems. Before starting the proof we introduce a basic
iteration lemma. We refer to [46, Lemma 2.1 in Chapter III].

Lemma 7.1. Let f : [0, r9] — [0, 00) be a non-decreasing function. Suppose that for all
0<p=<r=ro

flp) = Cp/r)" + &) f(r) + Cr"
with a positive constant C. Then for any t € (0, n), there exist €1, ¢ > 0 depending only
onn, C and t such that if ¢ < &1, then

fp) <clp/r)" " (f(r) +1r"77).

In the next results, we denote by w the function from (wVA1) for e = g¢ (see the begin-
ning of Section 6). Likewise, we denote by L > 1 the constant from (A0). Now let us state
and prove our main results. For iteration techniques used in the proof, we refer to [2, 10].

Theorem 7.2. Let ¢ € ®.(Q) N C([0, 00)) with ¢’ satisfying (A0), (Inc),—; and
(Dec)y—1 for some 1 < p < q and let u € Wlolc’(p(Q) be a local minimizer of (1.2). If
@ satisfies (WVAL), then u € C.(2) for any a € (0, 1).

Proof. Let rg € (0, 1) be a sufficiently small positive number which will be determined
later. We fix Q' € Q and assume that (5.2) holds r = rg > 0. For any By, C ' with
0 < 2r < rg, let v e WI9(B,) be the minimizer of (5.13) with ¢ determined in (5.8).
When p € (0, r/2), applying Corollary 6.3 with wy(r) := a)(r)l’/(zqz) + r¥1,(4.13) and
(5.18), we have

/|Du|dx§/ |Du—Dv|dx+/ |Dv|dx
B, B B,

S wo(2r) [ [|Dul + 1]dx + p" sup [Dv|
B>, By

< wo("o)/ [1Dul + 1]dx + p"][ |Dv] dx
BZr

r

< ((B)n + a)o(ro)) / |Duldx + r".
r By,

Moreover, if r/2 < p < 2r, the above estimate is obvious since then 1/2 < p/r.
Let f(p) := pr | Du| dx, fix T € (0,n) and choose r¢ so small that

1
wo(ro) = w(re)2@ +ry' <ey,

where ¢; is from Lemma 7.1. Then, applying the lemma and using (5.4) with 2r = rg, we
have the following Morrey type estimate:

n—t
/ |Du|dx < (ﬁ) (/ |Du|dx+r6’_r) for all B, C Q" with p € (0, ro]
By d "o

0
(7.3)
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with implicit constant ¢ = c¢(n, p, ¢, L, t) > 1. We note that in (7.3), p € (0, ro] and
B, C Q' are arbitrary and the implicit constant is universal. Therefore, by taking r =1 — o
for each a € (0, 1) in (7.3), we have u € C¥ () by a Morrey type embedding (see for

loc
instance [46, Chapter 3, Theorem 1.1]). More precisely, we obtain

[ulce(B,,) < r(}_“][ |Du|dx + 1. -
By,
Next we prove the second main theorem, C 1*-regularity.

Theorem 7.4. Let ¢ € ®.(Q) N C([0, 00)) with ¢’ satisfying (A0), (Inc),—; and
(Dec)y—1 for some 1 < p < q and let u € WI;CW(Q) be a minimizer of (1.2). If ¢ sat-
isfies (WVAT1) with

w(r)<rf forallr € (0, 1] and for some § € (0, 1),

thenu € C-*

loc

(R2) for some a € (0, 1). Here o depends only onn, p, q, L and .

Proof. Fix Q' € Q. We first notice from (7.3) that for any = € (0, n),
][ |Duldx < c.r™® forall By, C Q' with2r € (0, ro],
BZr

where rg > 0 is from the proof of Theorem 7.2 and ¢; > 1 depends onn, p, g, L, rop and t.
Consider sufficiently small 27 < ro, which will be determined later. Let v € W19 (B,) be
a minimizer of (5.13) with ¢ determined in (5.8). Then for 0 < p < r/2, applying (4.14)
with B,(xo) = B,/ and 7 = 2p/r, Corollary 6.3 with w(r) < rB and (5.18), we have

][ |Du—(Du)p|dx§2][ |Du — (Dv),| dx
By

By

< 2][ |Du — Dv|dx +2][ |Dv — (Dv),|dx
B, B,

r n P ao
5(—) ][ |Du—Dv|dx+(—) ][ |Dv|dx
o B, r ):
p n 0 oo
(G + () ), 1)
p r B>,
n ag
(i) ()
0 r
pB

where Yo := min {ﬁ’ y1}. Finally, we choose p := r1+70/@") and 7 := 20¥0_Suppose

that 2r < min {rg, 4=2"/70}. Then p < r/2 and for the concentric balls By, C By C
we have

T
][ |Du — (Du)p| dx S eor?/27F 417 < 2¢,0 = 2, p THO/@W
B,
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This implies that Du € C2.(Q') with o = % by a Campanato type embedding (see

for instance [46, Chapter 3]). Since Q' € Q is arbitrary, we have the conclusion. The
last inequality also yields an estimate for the seminorm [Du]ce Bry/2)} however, once we
unravel the dependence on ¢, it is a somewhat complicated formula. ]

Remark 7.5. By following the proofs, one can see that we use the condition (wVAT1) only
for fixed ¢ = g¢ determined in (6.1). Therefore, in Theorems 7.2 and 7.4, the condition
(WVA1) can be replaced with the combination of (Al) and (WVA1) with fixed ¢ > 0,
where ¢ is sufficiently small and depends on 7, p, ¢ and L.

8. Examples of special structures

In this section, we show that our results include previous regularity results for special
structures presented in the introduction. We provide details only for some cases, as the
remaining ones can be handled by similar techniques. We denote by C® continuous func-
tions with modulus of continuity .

Corollary 8.1 (Perturbed autonomous case). Leta : Q2 — [v, A] for some 0 <v < A, and
let ¢ € . N CL([0,00)) with V' satisfying (Inc),—1 and (aDec),—1 for some 1 < p < gq.
Define ¢(x,t) := a(x)y(t). Then ¢ satisfies (VA1), with w(r) ~ w4 (2r), if and only if
a € C%,

Proof. Forany B, C €,

oy — o _ ag, —ag,\ _
‘/’B,(Z)—“B,W(’)— 1+T ¢, (1)

B,

Since ay € [v, A], we obtain
r

ohO-m 0 _
(pEr (t) B, B>

and so the claim follows. [ ]

Corollary 8.2 (Variable exponent case). Let p : Q — [p1, p2] for some 1 < py < p,.
Define (x,t) := tPY). Then ¢ satisfies (VA1) if and only if there exists wp With

lim a)p(r)ln% =0 and peC®.
r—>0
Moreover, ¢ satisfies (VA1) with w(r) < rB for some B > 0 if and only if
wp(r) < r’§ for some,g > 0.

Proof. Fix B, C Q with |B,| < 1 and set p* = pi. Then we have ¢p (1) = t? and
<p;r ) = tP" fort > laswellas g (1) = t?" and qu'r (1) = P fort < 1.
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Let us derive an equivalent form of the inequality in condition (VA1). We may con-
sider the range [| B, |, |B,|~!] in the condition, since it turns out that this choice of lower
bound entails no additional restrictions in the variable exponent case. When ¢ > 1, we
have

_ +_p— - +_ _
op, (1) —¢p, (1) = @7 7P =P =P 77— gg ().
When ¢ < 1, the exponents p* and p~ are interchanged. Since we consider the range
- - _ + “1/p—
t € [0 (B 075 (BT = 18,177 1B, 777,
we obtain

5 (1) — g5 (1) —pt
?B, ¥B, _ |B,|pﬂ—p 1L

sup —
tE[lBr|1/P+,|B,|*1/P_] (pBr(t)

Suppose that p € C“7. By the mean value theorem, e* — 1 < e*x. Thus

p —17+
=

|Br| -1 < |Br|—a)p(2r) —1 < enwp(Zr)ln(l/r) 1

< ne"“"’(zr)l“(l/’)wp(Zr) ln% =: w(r)

and the inequality from (VA1) holds with this w. Moreover, if lim, ¢ @, (7) In } =0,
then  tends to zero, hence we obtain (VA1). If w,(r) < 8. then w is of order B — ¢ for
any &.

Suppose next that ¢ satisfies (VA1) with a function w. Then, for r < 1/2,

_,+
1B, 7 —1<w(r)

hence _
o oo _plos(l+ () _ palogl +1w(r)) —: Wy (2r).
log | B, | nlog -

p

Then w,(2r)log % ~log(l+ w(r)) = 0.Ifw(r) < rg, then wp, (2r) ~ log(1 + rﬁ)/log %
<rB. ]

Rédulescu and colleagues [22, 77, 84] have considered a functional with model case
@(x, 1) = tP®) 4 19 which they call “double phase” (it is different from the double
phase functional of Zhikov, considered below). To the best of our knowledge, this is the
first regularity result for this functional.

Corollary 8.3 (Ridulescu’s double phase). Let p,q : Q2 — [p1, p2] for some 1 < p1 < p,
and ¢(x,t) = tP® 4 190) Then ¢ satisfies (VA1) if there exist wp, and wyy with

lim wy,(r) =0, min{p,q} e C*", lima)M(r)ln%zo and max{p,q} e C®M.
r—0 r—0
In addition, ¢ satisfies (VA1) with w(r) < r? for some B > 0 if

lim wm(r)r_ﬁ =0 and lim a)M(r)r_E =0 for someB > 0.
r—0 r—0
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This result can be proved with the same methods as Corollary 8.2; the details are left
to the interested reader. Note that the regularity required of the minimum is lower than
the regularity required of the maximum. This is due to the fact that we only require the
inequality of (VA1) in the range [w(r), 1] where the minimum determines ¢, whereas the
maximum is used in the range [1, | B;|].

We now consider double phase problems in the sense of Zhikov and Mingione.

Corollary 8.4 (Double phase case). Let a € C®4(2) and b € C®?(2) be non-negative
with 0 < v < a(-) + b(-) < A for some 0 < v < A, and ¥, § € ®. N C([0, 00)) with
V', & satisfying (A0), and (Inc),—1 and (Dec),—; for some 1 < p <q. Suppose that £ [
is almost increasing. Define

p(x,1) == a(x)y () + b(x)E()
and, for e € [0, 1),

0p(r) i = wa(r) + wp ()" (YT (A7),
If w is bounded with lim, g wg(r) = 0 when & > 0, then ¢ satisfies (WVA1) with w ~ w,.

Proof. Fix B, C Q so small that wg (2r), wp(2r) < v/2. Seta® = afr, b* = bf,!:r and
ot(@t) = (pé':r (t). For 0 < & < 1, suppose t € (0,15) with t; := (¢7) " (| B, |71 T9).

We first consider ¢ > 1. Assume first that b~ > v/4. Then ¢ (¢) = &€(¢) = ¥ (¢) and
SO

¢ () —¢~(1) < (@ —a)Y @) + (T —bE®)
< (@a(r) + wp(r))e™(1).

We note that the case b~ < v/4 and a~ < v/4 cannot occur, since a + b > v and
wa(2r), wp(2r) <v/2.

Next, we consider £ > 1 and a~ > v/4. Then ¢~ (¢) = ¥ (¢). Note that ¢(x,t) ~
max {a(x)y (¢),b(x)&(¢)} and that by the continuity of the functions a and b, there exists
x; € B, such that ¢~ (t) = ¢(x,, ). Using these and that £/ is almost increasing, we
have

£) ~min{ U A (g I

o= (1) a(x) () b(x;) a(x)¥(12) b(x)EMR) | ~ o= (12)
Since 1” y =< % and ¥ (1) S a(x,)Y () S o (1) ~ r~(1-8) we conclude that
et (1) — ¢~ (1) - V() bt £()
P = R A=
< wa(2r) + wp(2r) S((j))

< 0a(r) + oy ()" IE (YL (A7),
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We note that the factor multiplying wp () in the last expression is greater than ¢ > 0
depending on the parameters, so it can absorb the 4wy (1) from the other cases to give w,
in the statement of the result.

The necessary inequality has been established for all cases when ¢ > 1. We next con-
sider t < 1. By (A0) for ¢ and &,

() =9~ (0) = (@ —a )Y () + (0T = b)) < walr) + wp(r).

We use this as the additive term “+w(r)” in the definition of (wVA1) to cover small 7.
This concludes the proof of (WVATI). [

Remark 8.5. In the previous proof, we used the additive error “+w(r)” for (wVA1) to
handle the case t < 1. If a = 1, then this is not needed, and we also have the following
conclusion: if wg is bounded with lim,_,¢ wo(r) = 0, then ¢ satisfies (VA1).

Suppose that £(z) = ¥ (¢) In(e + ¢) and a = 1 in Corollary 8.4. Then we have
S(t/f_l(r_"(l_s))) = (19 In(e + lﬁ_l(r_”(l_s))) ~r " In(e + 1/r)

since V¥ satisfies (Inc), and (Dec),. We see that the degenerate double phase functional
satisfies (VA1) if b is vanishing log-Holder continuous.

From Corollary 8.4, we obtain sharp regularity conditions for ¢ satisfying particular
structures of double phase with power functions.

Corollary 8.6. Let 1 < p < g, B € (0,1], and a € C® and b € C%P be non-negative.
Define ys :== p—n(q — p)(1 —¢)/p, e = 0.
(1) Let o(x,t) =t? 4+ b(x)t9.
If q/p < 1+ B/n, then ¢ satisfies (VA1) with w(r) =~ r?°.
If q/p <1+ B/n, then ¢ satisfies (WVAL) with o(r) = r’e.
(2) Let o(x,t) = a(x)t? 4 t1. Then ¢ satisfies (WVA1) with w(r) ~ wq (7).

(3) Leta(x)t? + b(x)t? withv<a+b <A.If q/p <1+ B/n, then ¢ satisfies (WVA1)
with w(r) ~ r¥e + w,(r).

Appendix A. C !"*-Regularity for autonomous problems

In this section, we prove Lemma 4.12. We follow the ideas in [35,58]. In fact, it is almost
enough to replace the map ¢ + ¢? by the map ¢t — ¢(¢) in the proof in [58]. However,
for completeness, we present the proof. Suppose ¢ € C1([0, 00)) N C2((0, o)) and ¢’
satisfies (Inc),—1 and (Dec),—; for some 1 < p < g. We first consider the following non-
degenerate problem for & > 0:

div((/)s(IDusl)

"o'(e +5)s J
| Du|

, Al
e+s * D

Dus) =0 inQ, where @g(t) :=/
0
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which is the Euler-Lagrange equation of the minimization problem

min/ v:(|Dw|) dx. (A.2)
woJQ
(In Lemma 4.12, 2 = B,.) By the definition of ¢, we have

/ t / t /t /
gelt) _ ¢EFD e fim LD 2@
t e+t t—>o0t+ 1 €

Hence (A.1) is non-degenerate. We emphasize that all hidden constants in &~ and < in this
appendix depend only on 7, p and ¢, but are independent of . We observe by the first
equality above and (Inc),—; and (Dec),—; of ¢’ that

non_ @e+1) e+ t
ve () = e+t (1+((8+t)q0/(8+t) l)s—i-t)

‘(¢ t t
2%—()(1+(p—2)—) > min {1, p — 1) 22 (A3)
t e+t t
o (o) 0)
(1 t @ (t
")y < =1 -2)— | < 1,g — 1} 22—, A4
0= %0 (14 -2 ) smax (g -1 % (Ad)
Therefore, ¢/ satisfies (InC)min {1, p—1y and (Dec)max {1,4—1}> Which implies that
pe(1) @(t) _ ¢'e+1)
1ol (1) = (1), tL(t) ~ @s(1), ";2 o T = . (A5)

t e+t

In view of [35], in particular Lemmas 5.7 and 5.8, we find that u, € W,2*(2) and
@e(|Dug|) € Wlsc’z(Q) if € > 0 and that for any B>, € Q and ¢ > 0,

sup @4 (| Dts) < ][ 0s(| Dute) dx. (A6)
Bp 2p

Here ug = u and ¢ = ¢.
Fix ¢ > 0 and B>, € 2. From now on, for convenience, we shall simply write

u=u, and v = @(|Dul) = @e(|Ducl). (A7)
We first notice from (A.1) and u € ngc’z(Q) that
‘(ID ! D z
div(MDu) = div(MDu) = Z Ajjux;x; =0 a.e.in 2,

| Du| e+ |Dul| £
i,j=1

where aijj = aij (Du), bl'j = bij (Du),

v.(z])
|z

(e +
a,'j(Z) = gl)‘cfg+—|Z|T|)bij(Z) =

bij(z)
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and

o6 + 2D + I2]) )
bi' = —
1) ( ey e

for z € R" (§;; is the Kronecker delta). As in (A.3) and (A.4) along with the fact that
> zizinin; = (z - n)?, we conclude that

n
min{l,p—1}|n]* < Z bij(z)nin; <max{l,qg — 1}|n/*> forallz,neR". (A.8)
i,j=1

Consider the weak form of (A.1) and a unit vector v € S”~!. We see that

[ gpu) Ry
0= [ Epap P D) dx /Z( Dul ")f""d

/ Z al]uxj,,é'xl dx

i,j=1

for any { € C5°(S2), where the subscript v indicates directional derivatives. Thus we have
shown that

n
> (@ijttyx,)x; =0 (A.9)
i,j=1
in the weak sense. In addition, by the definition of v in (A.7), we have

9L(1Du|) <
VUx; = 8|Du| Z Uxp Uxpx;s

so that b;; Uy, = ZZ:I @jj Uy x; Uy - We conclude, with (A.9) for the second equality,
that

/ Zbuvxlé‘xldx— Z/ Za,]uxkxj(uxké‘)xldx

"11—1 Pt]—l

/ E AijUxyx; uxkxlé'dx
B

Pi,j k=1
/ E AijUxyx; uxkx,é‘dx
B”zjk 1

forall { € C§°(B,) with B, € Q2. Therefore, we have

n n
= Z (bijvxi)xj = Z AijjUxpx; Uxpx; = 8 (A.10)

ij=1 i,jk=1
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in the weak sense. Moreover, by (A.8) with n = D(uy, ) and (A.5), we have

_ ¢(1Dul)

Dul? |D?ul?, (A.11)

where | D?u|? 1=}, ;(u,;x;)*. In the same way as in [58, Lemma 1] with v = ¢ (| Dul),
and v™"/? replaced by [p;!(v)]~' = |Du|™', we deduce that for any By, € Q,

1+68
][gl”dxs(][ gdx) . (A.12)
Bo B4p

Next, set
v @e(| Dul)
=y = D and = = , k=1,...,n.
Yo i=1 = gul|Dul) T T R T T pul "
Then /(1DuhD D
u|)Du,, - Du
Vo, = vy, = ¢ i (A.13)

| Du|
and, fork =1,...,n

v Y u + (1 v ) Vx;
kx; = 1,3 i - — —
A ) B o ()L ) ) o ()
_eeDub (L ee(Du) e |Du|)Dux,.-Duu
|Du| Y | Dulg,(|Dul) |Dul?

Here we note from (Inc) i, (2, p) and (Dec)yax (2,4) for ¢, that

1 D 1
0<l————"=<1- *‘)5(',”') <1- <L
min {2, p} | Dulg;(| Dul) max {2, ¢}
=:4(Dul)

Then the previous expression for the partial derivatives implies that vy € WI;C’Z(Q) since
uew* 2(Q), v = @:(|Dul|) € Wl 2(Q) and Du € L$°(R2). Moreover,

loc loc

Z|ka|2 Z kaj

loc

k,j=1
e (| Dul)? A
:€|D—M|2|D2 ul> + A(|Dul)? £|D a > (Duy; - Duy*u?,
k,j=1

Du|)gL(|Du|) < -
+24( Dupy 2! Ill))flg(' ) > [Pty - DUy st |
j=1 k=1
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Since A(|Dul) ~ 1 and > ;(Duy; - Du)?u? Uy, = < |Du|*|D?u|?, and since we have
Dy, - DuY j txyx; U, = (Duy, - Du)*> > 0, we obtain

¢e(|Du|) 2,12 < 2 vs(|D u|) 2 12
~ ———|D Dvi|* £ ———|D A~ gUv. A.14
v~ S pa D% §:| WP s B ID P M gu ALY
Using the expression for the partial derivative vy, xj and (A.9), we see thatfork =1,...,n,

n
Lo =Y Bijvkx)x
ij=1
i (a--u |: | Du|véx IR | Du|vity, uy, })
ijUx;x; -
et P @i (| Dul)| Dl |Dul  @i(|Dul)|Dul? ),

_ (ps |DM|) Z b; (uxk ux/ + USlk _ quk uxl )
- ij Ux;x
CDul a2 T\ CDul T gi(Dul)  g(DubiDul )/,

— o (A.15)

in the weak sense for test functions in C§°(B,). Note that g depends on first and sec-
ond partial derivatives of u. We use the estimates |uy; | < [Du| and |uy, ;| < |D2u| to
conclude that

(uxk ux,)
|Du| /.,
Similarly, using also 7¢.(f) ~ @.(t) from (A.5), we estimate the other multipliers of
bijux,x; by | D2u| as well. Since b;; ~ 1 by (A.8), we conclude by (A.11) that

Ui Uxy + U Usyx; Uy U > m=1 Yxmxi
| Dul| |Du|?

< |D%ul.

| | ~

‘/’(| ”|) - 2 ¢,(|D”|) 2 12
8|D | ij;lb,-jux,x_,w ul 58|D—M||D ul®> ~ g. (A.16)

From now on, fix B3»s € Q.Fork =0,1,...,n,let hy € W2(B;) be a weak solution
to

Lhi = (bijhix;)x; =0 inBg, hg =vr ondBy,

and let
wg = hy — Vg € WOI’Z(BS).

Then, by De Giorgi’s theory for linear equations (see for instance [49, Theorem 7.7]), for
any concentric balls B, C By with 0 < p < s we have

P\’ P\’
][ |Dhi|* dx < (—) |Dhi|* dx < (—) | D) dx (A.17)
B, s Bg s Bs
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for some B = B(n, p,q) € (0,2). In addition, by (A.8) and £h; = 0, and by (A.10),
(A.15) and (A.16),

n
| Dwyi|? dx S/ > bij(hi — vi)x; Wiy, dx
Bs i ji=1

n
= —/ Z bij U x; Wi x; dx =/ kW dx 5/ glwg|dx.
B B B

S j=1 s K

By

Here we interpret g := g. (Note that wi & C§°(B,), but we can use wi as a test function
by an approximation argument.)
Hence applying Holder’s inequality and (A.12) we find that

1
1+1/8
|Dwk|2dx5(][ gdx)( |wk|l+1/5dx) .
B B4s B;

Furthermore, the same arguments used to prove [58, (3.8) and (3.13)] (here we need
(A.13) and (A.14)) yield

n

1
gdx < f |Dvg|*dx, where M(p):=supuv,
]{945 M (4s) ,; Bgs B,

and

1

1
1 T+38 M +5
w1+ <of1- M) for all p € (0, s].
M(4s) \ /g, M (8s)

Therefore, combining the last three estimates and (A.17) we see that, for p € (0, 5],

n n—2+p8 M =43\ M
Z/ |Dvg 2 dx < ((’_’) + (1 — M(Sp)) )Z/ |Dug|? dx.
k=0"Bo s (8s) k—o " Bss

Finally, by a standard iteration argument as in [58, p. 857] and by Poincaré’s inequality,
we can find 81 € (0, ) such that

n n B1
Zfﬁ%—mmfmsﬁ2f|mwa(Q Mds)?
k=0"Br k=0"Br §

for any p € (0, s]. With the definition of vy, this implies that, for any x, y € B,

eellDuC) o geIDuG)D
Du@) T T Du()

umwﬂ=wam—%@n

N B1/2
S(B;;ﬂ) M(8s),
S
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We use Proposition 3.8(1) with ¢, in place of ¢’ to conclude that

ge(lz1D)  ¢e(lz2])

1 o ¢s(lz1] + |22])
|z1] |22

oz |z

|21 — z2] = @e(]z1 — 22])

where we have used |zq| + |z2| > |z1 — 22| and (Inc); for ¢, in the last step. Applying
this in the previous estimate with z; = Du(x) and z, = Du(y), we find that

_ B1/2
0e(|Du(x) — Du(y)) < ("“s—y') M(8s).

We now undo the convention of omitting & from (A.7) for the final part. Inserting
(A.6) with the definition of M (p) into the above estimate, we deduce that

N B1/2
0o Duta(x) — Dus()) < (u) 7[ oo Dus]) dx.
S b Bl6s

At this point, we restrict our attention to the case 2 = B3, and consider minimizers u
of (A.2) with the boundary value restriction w € u + WOI’% (B325). We apply ¢! to both
sides and use (Dec)qx {2,4) for @ to get

D) - Dl 5 (F52) o (b a)

for some ag € (0, 1). Letting ¢ — 0, we can remove ¢ in the above estimate as in [35, proof
of Lemma 4.9]. Finally, by the same argument as in the proof of Lemma 4.7 with (A.6) and
Jensen’s inequality for the concave function equivalent to ¢'/? (see Proposition 3.5(2))
we also see that

q
][ ¢<|Du|)dxs(][ ¢(|Du|)‘/qu) 5<p(][ |Du|dx). (A18)
Bies B3z B3

These imply, for any x, y € By and B35 € €2, that

_ @0
|Du<x>—Du(y)|5c(u) ][ |Dul dx.
S B32s

which shows (4.14). In addition, from (A.6) and (A.18), we also have (4.13).

Appendix B. Weighted estimate for autonomous problems

In this appendix, we discuss the global weighted estimate (4.18). For global regularity
estimates, the regularity of the boundary of the domain is a delicate issue. In particular,
the Reifenberg flat condition is considered sharp for Calderén—Zygmund type estimates
for problems in divergence form. Hence we shall give a result for domains satisfying
this condition. We say that a bounded domain €2 is (8, R)-Reifenberg flat for some small
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8 €(0,1)and R > Oif for any y € Q2 and r € (0, R] there exists an isometric coordinate
system with origin at y, say (x1, ..., X,), such that in this coordinate system,

B.(0)N{x, >ér} C QN B (0) C B(0)N{x, >—=6r}.
Note that a domain with Lipschitz boundary with Lipschitz seminorm § € (0, 1) is (8, R)-
Reifenberg flat for some R > 0 and that the ball B, is (8, 26r)-Reifenberg flat for any
5 €(0,1/2).
For 1 <s < 00, let A be the Muckenhoupt class. In particular, for 1 < s < 0o, a weight
w (e, w e Ll (R") and w > 0) is an Ag-weight, w € Ay, if

loc

s—1
[w]a, := sup (][ wdx) (][ W T dx) < 00.
BCR" \JB B

For the properties of the A class, we refer to [50].

Theorem B.1. Let ¢ € ®. N C1([0, 00)) N C2((0, 00)) with ¢’ satisfying (Inc),_; and
(Dec)y—1 for some 1 < p < gq < oo, and let w € Ay for some s € (1, 00). There exists
asmall § =46(n, p,q,s, [wla,) € (0,1) such that if Q is (8, R)-Reifenberg flat for some
R > 0, vg € WH9(Q) satisfies (| Dvol) € LS, () and v € WH9(Q) is a weak solution
to

"(|D
div(%Dv):O inQ with v=v9 onoS, (B.2)
v

then
[ otpewax <c [ ppulywas
Q Q
for some c =c(n, p,q,s,[wla,,diam(2)/R) > 0. In particular, letting Q = B, we have

(4.18), since By is (8, 26r)-Reifenberg flat.

Remark B.3. In Theorem B.1, § is decreasing as a function of [w]4, [70, Remark 2.2].
Moreover, we can also see by analyzing the proof that the constant c is increasing in [w]4,
and in diam(€2)/R when the other is constant. Therefore, when 2 = B,, the constant ¢
is increasing in [w]4,, since diam(2)/R = 1/(26).

Sketch of the proof of Theorem B.1. For the p-Laplacian case, that is, ¢(f) = t?, the
weighted estimate has been proved in [70] (see also [20]) for the equation

div(|Dv|P2Dv) = div(|F|?2F) inQ with v=0 ondQ.

Specifically, in [70], it has been shown that for the above equation,

/|Dv|pswdx§c/ |F|P°wdx
Q Q

for any w € A and any F € L5°(Q,R™). Moreover, it turns out that this result with-
out a weight (i.e., w = 1) is naturally extended [14] to the equation involving a general
function ¢,

(1D (F
div(MDv)zdiv(‘p(| |)F) inQ with v=0 ondR. (B4
|Dv] |F|
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Therefore, proceeding as in [70] with minor modification, one can prove that for the equa-
tion (B.4),

/rp(lel)swdxfc/ o(|F|)*w dx
Q Q

forany w € Ay and any F € L¢(2,R”) satisfying ¢(| F|) € L ().

In this theorem, we consider non-zero boundary data vg. However, the gradient of vg
can be handled in much the same way as for F in the results mentioned above. Hence, by
the same argument as in [70], replacing ¢? by ¢(¢) and changing boundary comparison
estimates from [70, Lemma 4.6] to Lemmas B.5 and B.11 below, we obtain the desired
estimate. ]

For the rest of the paper, we suppose the assumptions of Theorem B.1 hold. We
consider our problem (B.2) on a local region near the boundary of Q2. Define Q,(x) :=
QN B,(x), B, := B,;(0), 2, = Q,(0), B} := B, N{x, >0} and B, := B, N {x, <0}.
Then we consider our equation in the region 25, with 5r < R and

B C Qs, C Bs, N {x, > —105r}.

r

Here, § € (0,1) and R > 0 come from the (8, R)-Reifenberg flat condition of 2 and so
d has to be determined later and R is given. Note that in view of the scaling invariance
property of (B.2) (see for instance the proof of Lemma 4.15), we may let r = 1 and
consider assumption (B.7) below.

We first compare our equation (B.2) with an equation having zero boundary values on
02 in a local region near the boundary.

Lemma B.5. For vg € W'9(Q) let v € Wol’w(Q) be a weak solution to (B.2). For any
& > 0 there exists a small § € (0, 1) depending on n, p, q and & such that if Q is (8, 5)-
Reifenberg flat and

BY C Qs C BsN{x, > —108}, (B.6)

][ o(Dv)dx <1 and ][ o(1Dvol) dx <6, B.7)
Qs Qs

then for the weak solution w € W9 (Qs) to

an (£002)

Dw)=0 inQs and w=v—vyg ondQs, (B.3)
[Dw|

we have
][ e(|Dw|)dx <c¢ and ][ o(|Dv—Dw|)dx <e. (B.9)
Qs Qs

Here, ¢ > 0 depends on p and q, but is independent of e.

Proof. Since w — v 4 vo € Wy *?(Qs), by (B.8) and (B.2) we have

(D "(|D
/ Al w|>Dw_D(w_v+vo)dx=0=/ CUDY) by Dw — v+ v) dx.
o, [Du] as DVl

(B.10)
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In view of ¢(¢) <t¢'(t) and Propositions 3.5(5) and 3.6(4), the first equality above implies
that

f w(IDwI)dxf][ ¢'(IDw)| D — Dol dx
Qs Qs
5][ [2o(IDw|)dx + co(|Dv — Dvo|)] dx
Qs

for some ¢ = ¢(p, q) > 0. By (B.7), we obtain the first estimate in (B.9).
We next prove the second estimate in (B.9). By Proposition 3.8(1), (B.10) and Propo-
sitions 3.5(5) and 3.6(4) we find that for k; € (0, 1),

¢'(1Dw]| +|Dv)) 2
AT 2V Dw — Dol?dx
1. Tour o
"(ID "(ID
< f (£UB8D gy DD ) iy
as\ D] Dol

5][ (@' (IDw]) + ¢'(|Dv]))| Duo| dx
Qs

1
s Dwh +e(Duldx + i oD dx.
Qs K] Qs

Moreover, by Proposition 3.8(3), for any k, € (0, 1),

_1¢'(IDw| +|Dv))

Dw — Dvl|) <« Dw) + ¢(Dv)) + « Dw — Dv|?.
o ) = k2(0(Dw) +p(D)) + x5 S |

Combining the above two estimates we have
. opw=Dopdx sia f fpDw) +9(Dv)]dn
Qs Qs

4 ”—1][ lo(|Dw]) + ¢(|Dv])] dx
K2 JQs

1
+ p} ][ o(|Dvg|) dx.
K2K1 QS

Finally, applying (B.7) and the first estimate in (B.9) and choosing sufficiently small «1,
Kk, and § depending n, p, g on &, we get the second estimate in (B.9). ]

We also notice that the weak solution w to (B.8) has value zero on 025 N Bs. We
next compare (B.8), which assumes zero boundary values on 025 N Bs, with an equation
defined in Bz+ with zero boundary values on B, N {x,, = 0}. A similar result can be found
in [14, Lemma 3.6]. The proof of that lemma employs a compactness argument. Here we
give a more direct approach which clearly shows the dependence on §.
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Lemma B.11. Let n = n(x,) € CPR) withn=0ifx, <0, n=11if x, > 8§ and
[n'| < 2/8. For any & > 0 there exists a small § > 0 depending on n, p, q and & such
that, under the assumptions of the above lemma, if wy is the weak solution to

div(¢/(|Dwo|)

Dw0)=0 inB;' and wy = nw on dB;,
[ Dwo|

then
][ o(|Dwol)dx <c and ][ o(|Dw — Dwg|) dx < e. (B.12)
By By

Moreover,
lo(Dwollzoe@r) = le(DwoD oo sy = € 7i L 9(Duwohdx <c,  (B.13)
2

where we extend wg by zero to By . Here the constants ¢ depend on n, p and q, but are
independent of e.

Proof. We follow the technique of [57, Lemma 2.5] (see also [19, Lemma 2.5]). Clearly,
(8, R)-Reifenberg flat domains with § € (0, 1/2) satisfy the measure density condition
|Br 47" <|Q,(x)| <|Br|and 47"|B,| < | By (x) \ Q,(x)| forall x € 922 and r € (0, R].
One can show as in [72, Theorem 3.9] that, for equation (B.8), there exists 0 = o (n, p,q)
€ (0, 1) such that ¢(|Dw|) € L1T9(Bs) (we extend w by 0 in Bs \ Q2s) and

loc

(][ w(|Dw|>1+“dx)”” < | wupupax
Q3 Q4

Then by Holder’s inequality with (B.6), we observe that

1
o 1+o o
/ e(|Dw|)dx < §T+o (/ (p(|Dw|)H“’dx) < §T+o / o(|Dw|)dx.
Q3N{x, <8} Q3 Q4
(B.14)

In addition, using the fact that w = 0 in B4 \ €24 and w is absolutely continuous on almost
all lines parallel to the coordinate axes, as well as Jensen’s inequality, we find that

1| [
Lo eprmhaxs [ o5 [ D] )ax
QoN{x, <6} QorN{x, <8} —868

")
/ w(][ Daw( y) dy) dx
QorN{x, <6} —845

A

§
S ][ @(|IDpw(x’, y)|) dy dx" dxy,
{|x"|<2}x{—108 <x, <8} /—86
5/ o(|Dw(x’, y)|) dx"dy. (B.15)
Q3N{(x',»): y=8)
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In the last inequality above, we have used the facts that {|x’| <2} N {|x,| <2} C B3 and
Dw EOinB3\Q3.
Since wo — nw € Wol"p (BiIr ) and wy is a minimizer, using also (B.15) we find that

| otpushdx < [ oo dx

< [ eoupdx+ [ p(plluldx
B B N{xn <6}

< / o(|Dw|)dx, (B.16)
Q3

which together with (B.6) and (B.9) yields the first estimate in (B.12).
We next derive the second estimate in (B.12). Since wo—nw € Wol"p (B;) N WOI"/’ (22)

we have

/ D / D

/ (‘P (I wOI)Dwo _? (I w|)Dw) - D(wog — nw)dx = 0,
5+ \ | Dwo |Dw|

which together with Propositions 3.5(5) and 3.6(4) implies that for any «; € (0, 1),

/ (w/(lDwol)Dw _¢'(IDw])
Bt

D -D —w)d
D] 0 D] w) (wg — w) dx

(<P'(|Dw0|)D ¢'(|Dw))
wo —
Bf nxy<sy\ [Dwol [Dw|

<[, @ (Dun)+ G (Dw)( D]l + D) dx
B N{xn <8}

Dw) -D(qw —w) dx

Sa [ fp(Dud) +p(Du)]dx
B, N{x, <8}

1

+ q—1/+ [e(I1Dnl [w]) + ¢(|Dw])] dx.
kT B nixn<8)

Applying Proposition 3.8(3) and (B.14)—(B.16), we see that for any «» € (0, 1),

/ ¢(|Dwo — Dw|)dx < (/c2 + ﬂ)/ o(|Dwl) dx + L:/ o(|Dw]) dx.
B k2 ) Ja, o™ Ja,
Therefore, using the first estimate of (B.9) and taking sufficiently small «;, k» and §
depending on n, p, g and &, we have the second estimate in (B.12).

Let g € W19 (B,) be an even extension of wg so that Wy (x) = we(x) if x € BZJr
and Wo(X1,...,Xp—1,Xp) = Wo(X1,...,Xp—1,—Xy) if (x1,...,X,) € B . Note that g
is well defined since wg = 0 on B, N {x,, = 0}. Moreover W is a weak solution to

/ D ~
div(MDwo) =0 inB,
| D

(see for instance [68, Theorem 3.4]). Therefore, (B.13) follows from Lemma 4.12. [
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