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Abstract. We count algebraic points of bounded height and degree on the graphs of certain func-
tions analytic on the unit disk, obtaining a bound which is polynomial in the degree and in the
logarithm of the multiplicative height. We combine this work with p-adic methods to obtain, for
each positive &, an upper bound of the form ¢D3n/4+€n op the number of irreducible factors of
P°"(X) — P°"(a) over K, where K is a number field, P is a polynomial of degree D > 2 over K,
P°" is the n-th iterate of P, « is a point in K for which {P°"(«) : n € N} is infinite and ¢ depends
effectively on P, o, [K : Q] and ¢.
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1. Introduction

We will give improvements, in certain cases, of the Bombieri—Pila Theorem on rational
values of transcendental analytic functions. Our improvements apply to certain classes
of analytic functions on the disk, by which we shall always mean the open unit disk in
the complex plane. For z in the disk, we let ¢(z) = 1/(1 — |z|). We consider classes of
functions defined by growth conditions involving ¢. For our first result we take functions
decaying exponentially with respect to ¢. More precisely, we suppose that f is analytic
on the unit disk and that there is a subset S of the unit disk containing (0, 1) such that, for
some positive real numbers a, b with b > 1, we have

a
| f(2)] < 5@ forz € S.
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Theorem 1.1. Suppose that f is analytic on the unit disk with | f(z)| < 1 there and
that there are positive real numbers a,b with b > 1 such that | f(z)| < ab=%% for z
in S. There is a positive real constant cq p, depending only on a, b and effectively com-
putable from them, with the following property. For d > 2 and H > e the number of
algebraic a € S such that f(a) is algebraic and non-zero with [Q(«, f(«)) : Q] < d and
H(a), H(f(a)) < H is at most

ca,bdg(log d)z(log H)9.

Moreover if, for some 0 < r < 1, we only consider a such that || < r then the bound can
be improved to ca,b,,d“(log d)*(log H)*, where Cap,r I8 effectively computable from a, b
andr.

Here H(w) is the multiplicative height of «. See for instance Chapter 3 of Wald-
schmidt’s book [36] for a discussion of heights. Note that the rapid decay of f rules out
the possibility that f is algebraic, unless f = 0, and indeed such a bound may fail for
algebraic functions.

There have been many results of this type since the fundamental work of Bombieri
and Pila [6]. Building on this work, Pila [24] proved a bound of the form ¢, H® for a
transcendental analytic function f on [0, 1]. This bound is essentially optimal, as Surroca
[32,33] and Bombieri and Pila [25] showed. Surroca also showed that, in the situation
of Pila’s result, a bound of the form c(log H)? holds at some unbounded sequence of
heights (see also Gasbarri [14]). But to have bounds of this form holding at all heights we
must make further assumptions on f. One possibility is to assume that f satisfies some
nice form of differential equation. In this direction, see work by Pila [26, 27], Thomas
and the second author [17, 18], Binyamini and Novikov [5] and Comte and Miller [11].
In a different direction, Masser [21] proved a very precise zero estimate for the Riemann
zeta function and used it to show that a c¢(log H)?(log log H)~2 bound holds for the
restriction of the zeta function to (2, 3). Besson [3] established a similar bound for the
restriction of the gamma function to a bounded interval (and also computed an explicit
constant for Masser’s result [2]). Independently, the first two authors [8] proved bounds
of the form ¢ (log H)3%¢ for gamma on the interval (0, 00), and for suitable restrictions of
entire functions satisfying certain growth conditions, and further results for entire func-
tions satisfying fairly weak growth conditions in [9]. Related results for analytic functions
on the disk are proved in the recent thesis of Pierre Villemot [35].

We will prove a similar result to Theorem 1.1 for functions which grow exponentially
along S, but before discussing that we mention an application of Theorem 1.1 to arith-
metic dynamics. For this, suppose that P is a polynomial in one variable, of degree D at
least 2, with coefficients in a number field K. We write P°" for the n-th iterate of P, so
P+t = P o P and P°°(z) = z. Fix some « in K. For n > 1 consider the set

San ={B: P"(B) = P (a)}.

The field generated by this set is a Galois extension of K since it is the splitting field of a
polynomial. So we have a sequence of Galois extensions K,, = K(Sq,»)/ K. For a generic
choice of P the size of the Galois group is expected to grow exponentially with D”.
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Results of this kind are known in certain special cases. See for example the work of
Boston and Jones [7]. The general reasoning is that the Galois group of the splitting field
of P"(X) — « should have large image in the automorphism group of a D-ary tree with
n levels. In our situation one might expect the Galois group of K, to have large image in
a D-ary tree of level n — 1 and so, for D = 2, to be of size roughly 22" Fora lying in
a number field, this seems to be wide open in general.

For non-preperiodic «, it is expected that the solutions of P°"(X) = « should have
degree roughly D", or equivalently the polynomial P°"(X) — « should have a bounded
number of irreducible components. In contrast to the doubly-exponential growth of the
Galois group this should hold for all polynomials. For example, for P(X) = X such
a bound follows from the irreducibility of cyclotomic polynomials. Here there is also
progress for general polynomials, for example by Ingram [16, Corollary 3] and de
Marco et al. [12]. However, in both works « has to satisfy certain p-adic conditions.

Applying Theorem 1.1 with a strategy of the third author from [28], and using p-adic
methods of Ingram and DeMarco et al. [12, 16], we prove a result for our equation
P°*(X) = P°"(x) and all algebraic «. Moreover, our results are effective.

Theorem 1.2. Suppose that P, K and o are as above. Let ¢ > 0. Then there are ¢ > 0,
depending only on P and &, and ¢’ > 0 depending only on P such that

min{l, ﬁP (Ot)} n/4—en
(K : Q1 + h(a))*te

forn > c'[K : Q)h(a) and some B € Sq,n. Moreover, ¢ and ¢’ are effectively computable.

[QB):Qlzc

Here & is the logarithmic height and hp is the canonical dynamical height associated
with P. We note that the constants do not depend on K.
The main new ingredient in our proof of Theorem 1.2 lies in the following.

Theorem 1.3. Given P as above, there is an effectively computable R > 0 depending only
on P with the following property. For each ¢ > 0 there exists an effectively computable
positive constant ¢, depending only on € and P such that if a is algebraic with |o| > R
then

[Q(B) : Q] = co(l + h(@) ™' *D"/*™"  for some B € Sqn.

Note that since || is large, & cannot be preperiodic.

Although it might be desirable to have such a lower bound for the degree of each
element of Sy ,, this cannot hold as we could have for instance « € Q and 8 = «. Instead
one could ask about ‘primitive’ solutions f which do not satisfy P°"(8) = P°"(«) for
m < n. We do not prove a bound for these, but we are able to show that the proportion of
numbers in Sy, of low degree decays exponentially. We fix R as in Theorem 1.3 and o
algebraic with |a| > R. For § > 0 let

_ #B € San:[Q(B): Q] < D"}
Ps,an = Dn .

Then we have the following.
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Theorem 1.4. There exists an effectively computable positive constant c, depending only
on e, P and § such that

Psam < e DWTETUR (4 p(a))te,

Combining Theorem 1.4 with p-adic methods we get a non-trivial bound on the num-
ber of irreducible factors of P”(X) — P"(«) whenever « is algebraic and not preperiodic.

Theorem 1.5. Suppose that « is algebraic and not preperiodic. There exist effectively
computable constants c1, ¢y depending only on € and P such that the number 1y, of
irreducible factors of P"(X) — P"(«) over K is bounded by

[K:QP(I + h(a))4+sD3n/4+En
min{1, ip ()}

Tan = C1 forn = co(1 + h(a))[K : Q].

To prove Theorem 1.3 we use the theory of Bottcher maps in combination with the
counting result, Theorem 1.1. It will be clear from the proof that the same result holds for
any rational function with a superattracting fixed point at infinity of order D > 2. This
strategy of combining the Bottcher map with counting results also opens up the possi-
bility of applying the Pila—Zannier strategy (see for instance [37]) to certain problems in
arithmetic dynamics. We will pursue this elsewhere.

The proof of Theorem 1.1 develops the work of the first two authors in [8], but the
proof is more involved as there is less room for large disks on the unit disk. The methods
are quite flexible and by combining them with an idea from [9] we are able to give a
similar result for functions which grow exponentially with respect to ¢. We prove the
following.

Theorem 1.6. Suppose that f is analytic in the unit disk and that there are positive reals
a,b,cowithb > 1 such that | f ()| < ¢(2)°0%@ for|z| > 1/2 and | f(x)| = ab®™ for x
in (0, 1). Then there is a positive real number ¢ with the following property. For H > e
the number of rationals q in (0, 1) such that f(q) is also rational and both q and f(q)
have multiplicative height at most H is at most

c(log H)'3.
Here, ¢ depends only on a, b and ¢y and can be computed from them.

In fact we give a more precise form for points of bounded degree, with polynomial
dependence on the degree, and with growth on a possibly larger set S containing (0, 1).

In common with almost all counting results of Bombieri—Pila type, our proof requires
the construction of a polynomial vanishing at the relevant points and satisfying various
other properties. This construction is carried out in the next section. Sections 3 and 4 then
give the proofs of Theorems 1.1 and 1.6 respectively. In Section 5 we prove Theorems 1.3
and 1.4 and then in Section 6 we combine Theorem 1.3 with the p-adic methods men-
tioned above to prove Theorem 1.2. In a short final section we give some further examples
of functions to which our counting results apply.
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2. Polynomials for functions on the disk

Recall that for z in the unit disk we let ¢ (z) = 1+|Z| In this section we use Masser’s poly-
nomial construction [21, Proposition 2, p. 2039] to capture algebraic points of bounded
height and degree on algebraic curves. First we recall the height we will be using, so fix
an algebraic number o with minimal polynomial P over the integers, and suppose that P
has positive leading coefficient, a say. The height of « is defined to be

H(x) = (a Hmax{l, ||}

with the product taken over the roots z of P. Below we will also be using H as a bound
on the heights of the points considered. This should not lead to confusion. Here is the
result of Masser’s that we need.

)l/degP

Proposition 2.1. For any integerd > 1 andreal A >0,Z >0,M >0,H >1,T > «/@,
let f1, f> be analytic functions on an open set containing the closed disk of radius 2Z
around the origin and suppose | f1(2)|, | f2(z)| < M on this disk. Let Z be a finite set of
complex numbers and suppose that, for all z,z' € Z,

@ |z[=Z,
(b) |z —z'| < 1/4,
© [Q(f1(2). f2(2)) : Q] = d and
(d) H(f1(2)). H(f2(2)) = H.
If
(AZ)T > (4T)96d2/T(M + 1)16dH48d2 (1)
then there is a non-zero polynomial P of degree at most T such that P(f1(z), f2(z)) =0

for all z in Z. Moreover, P can be taken to have integer coefficients of modulus at most
2(T +1)2HT.

Proof. Without the ‘moreover’ statement, this is Proposition 2 on page 2039 of Masser’s

paper [21] (except that there 7" was assumed integral, but this plays no role in the proof).

The ‘moreover’ statement follows from Masser’s proof, see the discussion on page 1145

of [8]. ]
We will need the following simple lemma as in [29].

Lemma 2.2. Let Dy be a closed disk of radius R. Then Dg can be covered by k closed

disks of radius r > 0, where
2 R\’
k < 4(1 + 2 —) .
2 r
We now suppose that f is analytic on the disk and that there is a ¢y > 0 such that

/()] < ¢(2)0?@  for|z| = 1/2. 2)
Given positive reals a, b witha > b > 1, welet [, = :giz For the relevance of this

number see Lemma 3.2.



G. Boxall, G. Jones, H. Schmidt 1572

Lemma 2.3. Let d > 2 and H > e°. There is a constant ¢; > 0 depending only on cg
and effectively computable from it with the following property. If a and b are positive
reals with a > b® > 1 and a > e then there is a non-zero polynomial P of degree at most

T = cll;’,b logl, s d*logd (log H)? loglog H
with integer coefficients of modulus at most 2(T + 1)>HT such that if a satisfies
. S
Wl <t = dlog A
(i) [Q(a, f()) : Q] =d and H(), H(f (@) = H,

then P(a, f(a)) = 0. Moreover, if | f| < co on the disk then we can choose ¢ effectively
in terms of co such that T = cll(fbd“(log H)3.

Proof. We write ¢ for various positive constants, all effectively computable from cg. Let
D be the closed disk centred at 0 and of radius 1 — m. By Lemma 2.2 we can

choose N disks of radius 37 that cover O and such that

1
a.pd log H
N < c(lgpdlog H)?

with ¢ absolute. Let ay, ..., an be the centres of these disks. We may assume ay,...,an
€ P.Forn =1,..., N we define the translates f; ,(z) = z + an, fo,,(2) = f(z + an).
We will apply Proposition 2.1 to each of these pairs of functions.

Let A =16/, d log H and Z = 2/A. Let Z, be the set of @ — a, such that
(@) |a —an| = 1/(24),

(i) [Q(e, f(@)) : Q] = d and H(e), H(f (@) < H.

We now apply Proposition 2.1 with Z = Z, and f1 = fi4, f2 = fo.n. Clearly we have
requirements (c) and (d). And (a) and (b) are fine, by our choices of A4, Z. For |z| < 2Z
we have

1
| fan(2)] < sup{|f(w>| Hwl=1- m}

So by (2) we can take
M = (I, pd log H)¢la-pd1oe H 3)

To ensure that (1) holds, we can take
T' = clyploglyp d*logd log H loglog H.

Then the proposition gives a non-zero polynomial P, of degree at most 7’ with inte-
ger coefficients of modulus at most 2(7” + 1)2HT" such that P, (f1.1(2), fan(z)) =0
for z in Z,. Let P be the product of all these P,. Then since N < c¢(l,d log H)? the
polynomial P has degree at most

T = Cl;,b logl, » d*logd (log H)?loglog H
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and if o satisfies (i) and (ii) in the statement of the lemma then P(«, f(«)) = 0. To
complete the proof, we need to estimate the coefficients of P. To this end, we write

Pu(X.Y)= > a)X'Y/. P(X.Y)= > bupX°YF.
i+j<T’ a+B<T

Then for any «,  with o + § < T we have
ba g = Zai((ll)),j(l) "'a,(f\/,v)),j(m “4)
with the summation taken over all sequences i, j o W, j V) such that
a=i(1)+-~~+i(N), ,3=j(1)+~"+j(N)

and
i™ 4 ;M <1 forn<N.

For these n we certainly have i ) j (") < T and so there are at most 77 + 1 choices for
each of i ™ j ) and then there are at most (T' + 1)?" summands in (4). Each of these
summands is a product of N integers each bounded in modulus by 2(7’ + 1)2H T’ and
so each summand is bounded by 2V (T + 1)2N H T'N and we can conclude that

lbapl < 2M(T" + )N HT'N,
After perhaps rechoosing the constant in 7', we have
YT+ D)V HTN <T +1)2HT.

If we in fact have | f(z)| < c¢ rather than just (2) then we proceed exactly as above,
but take M = max{1, ¢o} in place of (3) above. We then find that for (1) we can take 7’ =
cd?log H and then the proof continues as above, and leads to T = ¢/, d*(log H)?. =

3. Functions on the disk with decay

Recall that for z in the unit disk, ¢ (z) = 1+u| Suppose that f is analytic on the disk and

that there are positive real a and » > 1 such that

|f(z)|§b;—(z) forzinS C D, )

where (0, 1) C S. We assume (as we clearly can) that a > b¢ > 1 and a > e. Further we
assume that | /| < 1. In this setting, we prove the following.

Theorem 3.1. Let d > 2 and H > e°. There is an absolute effectively computable con-
stant ¢ > 0 such that the number of algebraic a € S such that f(a) is algebraic and
non-zero with [Q(«, f(a)) : Q] <d and H(x), H(f(«)) < H is at most

el y(loglyp)*d’ (logd)*(log H)’.
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This clearly implies Theorem 1.1 (apart from the ‘moreover’ part which we shall
deduce at the end of this section). We begin with a bound on the size of the « in the
theorem. It is here that it is crucial that f(cr) is not zero. Recall that /, , = %.
Lemma 3.2. Let a« € S be algebraic and such that f(«) is algebraic and non-zero,
[Q(a, f(@)) : Q] =d and H(a), H(f(«)) < H. Then

1

<l-—
lof = 2l,pd log H

Proof. By a fundamental property of the height we have || > H(8)™? whenever 8 # 0
and [Q(B) : Q] < d. Thus

H™ < |f(@)] = ap™!/17D

and so
—dlog H <loga — logb.
1 — |af
Hence
logh
1— >logh/(dlog H +1 > _ loga
el = logh/(d log H +loga) = 54t "

As in the earlier work of the first two authors [8, 9] we use the following result to
count zeros of functions.

Proposition 3.3. Let r, R be real numbers with R > r > 0 and suppose g is analytic on
the disk {|z| < R} and bounded in modulus by some M. If |g(0)| # O then the number of
zeros of g in{|z| < r} is at most

1
W(log M —log|g(0)]).

(For the proof see [19, Theorem 1.1, p. 340] or [34, p. 171].)

Let6(z) = tﬁ ;then 871(z) = j—jrll We need some properties of this transformation
for the proof of the next theorem.

A Mobius transformation maps orthogonal circles to orthogonal circles. In particular,
since 6 maps the interval [—1, 1] to the real interval [0, +00], it maps each circle of radius
0 < r < 1 centred at 0 to a circle C, that intersects the real line orthogonally at the points
0(—r) < 1,6(r) > 1. Note that 6 sends the unit circle to the imaginary line. Denote by U,
the closed disk that has C, as its boundary and note that C,- is contained in U, for r’ <r.
Thus U, is the image of the disk of radius r centred at O under 6. We need the following
to continue.

Lemma 3.4. Let O <r <r’ < 1ands > 1 be such that 0(—r') < 0(—r)/s. Then U, /s
is contained in U,.
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Proof. We note that é(z) = 0(z)/s is again a Mobius transformation that sends [—1, 1]
to [0, +o0]. It is enough to show that 6 sends the circle of radius r around 0 into U,.
For this it is enough to note that the image under 6 of this circle intersects the real line
orthogonally at the points 8(—r)/s > 0(—r') and 8(r)/s < O(r'). m

We can now prove Theorem 3.1. For this we assume | f(z)| < 1 on the unit disk. All
the constants can be effectively computed. We will write ¢ for various positive constants.
Recall that d > 2 and H > ¢°. By Lemma 3.2 the o we wish to count satisfy |a| <
1 —-1/(2l,pd log H). So we can apply Lemma 2.3 to find an absolute constant ¢; > 0
such that there is a non-zero polynomial P (X, Y) of degree at most

T = cllibd“(log H)?

with integer coefficients satisfying |P| < 2(T + 1)2HT (where |P| is the maximum
modulus of the coefficients of P) and such that P(«, f(«)) = O for all the a’s we are
counting. Fix such a P.
Note that for x > 1 we have ¢(67!(x)) = 1(x + 1) and so

SO = s forx > 1 (©)
Let R(X) = P(X,0) and Q = P — R. We can assume that R is non-zero since if R
is the zero polynomial then P is divisible by Y and we can divide by Y until the cor-
responding R is non-zero, and this does not affect us since we are only counting o’s
for which f(a) # 0. Note that Q is divisible by Y. We now seek a point xo such that
| P07 (x0), f(0~(x0)))| is not too small (and is, in particular, non-zero). We consider
O and R separately, and first find a large interval on which |Q (67! (x), (67 1(x)))| is
very small. More precisely, we want an interval of length at least 7 4 1 on which

1
-1 -1 <
067, £ N = 5057 ™

Since Y divides Q there is a polynomial Q' of degree at most 7" and with |Q’| < |Q|
such that Q = YQ'. We have

10'(07" (), FOT M < Y1167 @I FO )l < (T + 1?0

since |#71(x)| and | (9~ (x))| are both at most 1. Since Q = YQ’ we find that

10071 (x), FEH NI = 1/ O DIT + 1)?[Q] <

a
pE+1)

(T + 1?0

where we have used (6) for the second inequality. We know that |Q| < |P| <
2(T + 1)?HT and so
log|Q| <cTlogH.

Combining the last two estimates shows that for (7) it suffices to have

log2 + T'log(x + 1) + loga + 2log(T + 1) +cTlogH < %(logb)(x +1).
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For this it is sufficient to ensure that
la_’é(x + 1) > max{cT log(x + 1),cT log H}.
So we can choose x around c/, ;T log T log H /loglog H and so we can take
[clypT log T log H/loglog H,2cl, 5T log T log H /loglog H]

as our interval.
‘We now consider R. The function

X + DTIRO™ (X))

is a polynomial in X of degree at most 7" with integer coefficients (we write | T | for the
integer part of T'). Since our interval has length greater than 7' + 1 there is an integer m
inside it such that (m + 1)IT/R(671(m)) is not zero. As R has integer coefficients this
number is also an integer and we have

-1 -~ ___ -
RO )] = o

But m is in the interval on which (7) holds and so we find that

[PO~ (m), f(67 ()| =

e ®

Now suppose that « in S is algebraic and such that f(«) is also algebraic and non-zero,
and [Q(e, f(a)) : Q] <d and H(x), H(f(x)) < H. By Lemma 3.2 we have

1

<l—-—\
lof = 2l, pd log H

©))

We define the function

g(z) = P(07 (mb(2)), f(67' (mb(2)))).

Then 071(0(a)/m) is a zero of g and we want to bound the absolute value of
6~1(6(a)/m). To this end we find 0 < r < 1 such that r > |a| and O(—r) < O(—|a|)/m.
By (9) and the fact that

m < 2cl, pT log T log H/loglog H
it is sufficient to find an r such that
1 —r <cloglog H/(Zide log T (log H)?).

So we pick
cloglog H

B Zide log T (log H)?

r=1



Rational values and arithmetic dynamics 1577

and, by Lemma 3.4, |#~1(6(a)/m)| < r. Hence it suffices to count the zeros of g in a
disk of radius . Then let

1—r
R=1-

Now we can use some standard estimates to deduce that

cloglog H
R/r = exp| - 5 ]
la’delogT(logH)
For example as exp(t) < 1 + 2¢ for 0 <t < 1 we deduce that
Rir=14 051 40l2r
r =
2r 4

1—r cloglog H
> exp =exp| 3 5 )
4 la’delogT (log H)

1/log(R/r) < clj’delog T (log H)?/loglog H.

Thus

We also bound — log |(0)|. From (8) it follows that
—log|g(0)| < cloglyp T logT.

Finally, we bound M = max{|g(z)| : |z| < R}. Recall that | P| <2(T + 1)2HT and that,
by assumption, | f(z)| < 1 for all z in the disk. So

logM <log|P|+2log(T +1) <cTlogH.
That implies
log M —log |g(0)| < clogl,p Tlog T log H/loglog H.
Now with Proposition 3.3 we deduce that number N of «’s that we are counting satisfies
N < cl(ib logl, s d(T log T)?(log H)?/(loglog H)?
and so
N < cllf,b (loglyp)*d®(logd)*(log H)®.

In an application that we give later, we only need to count points (¢, f(«)) for « in a
compact subset of the disk. In this case, we can improve the bound.

To begin, we need only take T = c¢d? log H, where ¢ now depends on the compact
subset. We proceed as above, but take

cloglog H
lapTlogT log H
with ¢ again depending on the compact set. We then find a final bound of

clgploglyp d*(logd)*(log H)*.

r=1-
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4. Functions with growth

We now prove Theorem 1.6. Large parts of the proof are very similar to the previous proof
and we leave these parts for the reader. Suppose that f is analytic on the unit disk and
there are positive real numbers a, ¢g and b > 1 such that (2) holds and
| f(x)] = ab®™®  forx € S.
As before, S is a subset of the unit disk containing the interval (0, 1) and [, = }g%z.

We assume a > max{b®, e}. (In the case where this extra assumption is not satisfied, one
could obtain the conclusion of Theorem 1.6 by applying the following result to a function
obtained from f by scaling.)

Theorem 4.1. Let d > 2 and H > e°. There is a positive constant ¢ effectively com-
putable from cq such that the number of algebraic o € S such that f (o) is algebraic with
[Q(a, f(a)) : Q] <d and H(x), H(f()) < H is at most

clgb(log la,b)gd 18(log d)g(log H)”(log log H)6.

First we record the analogue in this setting of Lemma 3.2. The proof is very similar
and is left for the reader.

Lemma 4.2. Let @ € S be algebraic and such that f(a) is algebraic, [Q(«, f(@)) : Q]
<dand H(a), H(f(x)) < H. Then

1

<l—-—.
lof = 21, pd log H

We can now start the proof of Theorem 4.1. We write ¢ for various positive constants
which are effectively computable from cy. Applying Lemma 2.3 gives us a non-zero poly-
nomial P of degree at most

T = clib logl,» d*logd (log H)?loglog H
with integer coefficients and with | P| < 2(T + 1)2HT such that
P, f(2) =0

for the a’s we are interested in. Let 6 and #~! be as in the previous proof. For real x > 1
we have ¢(67!(x)) = (x + 1) and so

1£O07 (x))] = ab2&+D, (10)
Let L < T be the degree of P in Y, and write
L .
P(X.Y)=> P(X)Y'
i=0

where Py, ..., Pr, are polynomials in X with integer coefficients satisfying | P;| < | P]|.
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Let .
P/(X.Y)=) P i(X)Y'.
i=0
By (10), f(#~!(x)) is non-zero for x > 1 and so
_ _ _ o 1
PO O ) = O 0P (070 s ) )

We will use this to find an x which is not too large and is such that P(871(x), f(671(x)))
is not too small, much as we did in the previous proof. Let R(X) = P/(X,0) (= P.(X))
and Q(X,Y) = P'(X,Y)— R(X). Note that R(X) is not the zero polynomial, by the def-
inition of L. For now, suppose that Q is not the zero polynomial either. Since Y divides Q
we can argue exactly as we did after (7) to show that

1 1
f(91(x)))’ R T

]Q(e—l(x), (12)

for x in the interval
[clapT log T log H/loglog H,2cl, 4T log T log H /loglog H].

We can then proceed as before to find an m in this interval such that

-1
|R(O7" (m))| = (m-l——l)T
so that | |
/ —1 >

(ot f(91(m)))‘ SErEna

Then by (11) we also have
1
-1 -1
[P0~ (m), f(67 (m)))| = m

In fact, | P(0~1(m), f(6~'(m)))| is a bit larger than this, but we do not seem to be able to
exploit this. Anyway, we can now proceed as in the previous proof. We see that it suffices
to count the zeros of

g(z) = P(071(mb(2)), (6~ (mb(2))))

in a disk of radius
cloglog H

lide log T (log H)?"

We estimate this as before, except that now the bound on M is larger as our f is now
growing. Let
1—r cloglog H

=1-_3 2°
2 Zla’delog T (logH)
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Using reasoning from the previous section we get

1
— < ¢l?,dTlogT (log H)?/loglog H.
log(R/r) = ClapdTlog (log H)"/loglog

Before estimating M = max{|g(z)| : |z| < R} we first estimate
M’ = max{|f(6~'(mb(2)))| : |z] < R}.
For |z| < R we have

1 m(l+R)

#(0~1(mb(2))) < >+ <cl} ,dT?(log T)*(log H)*/(loglog H)?

2(1—R) —
and so by (2) we have

M’ < (lidez(log T)Z(log H)3/(10g lOg H)Z Cl(":.dez(logT)z(logH)3/(loglogH)2,

and as
M < (T +1)’|P|M'T

we have
logM < cl;’,b logl, s dlogdT?(log T)*(log H)?/loglog H.

After estimating —log |g(0)| as in the previous proof, we use Proposition 3.3 to get a final
bound of

clj’b logl,p d? logd T4(10g T)4(log H)S/(log log H)?
< cl;?b (log la,b)9d18(log d)®(log H)'" (loglog H)®.

But what if Q is the zero polynomial? Then our original P has the form P(X,Y) =
Pr(X)YL. The first factor has at most 7 zeros since it is a polynomial of degree at
most T'. The second factor is non-zero at all the points we care about. So we end up with
a much better bound in this case. This completes the proof.

5. Dynamics over C

In this section we work in C and assume that we have fixed an embedding of Q in C. We
consider the dynamical system associated to a polynomial P € K[X] of degree D > 2
where K is a number field. In what follows we may and will assume that P is monic. This
is because we can make P monic by passing to a conjugate y ! P(yX) for y # 0 lying
in an extension of degree at most D — 1 over a field of definition for P. The filled Julia
set of P is the set of z € C such that P°"(z) - oco. For each such polynomial P (in fact
over C) there exists a neighbourhood U, of oo contained in the complement of the filled
Julia set and a bi-holomorphism

Pp Uy =~ D(O,r)
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for some 7 > 0, where D(0, r) is an open disk of radius  centred at 0, that satisfies

z € Uy implies P(z) € Uy,

q)P (OO) = 0,

©p(P(2) = ©p(2)°.
This is a theorem of Bottcher [22, Theorem 6.7]. For example if P(z) = zP then
®p = 1/z and we can pick Uy, = {z : |z]| > 1}. In fact if all critical points of P lie
in its filled Julia set then we can always take Uy, to be the complement of the filled Julia
set of P and r = 1. In general we cannot continue ®p as a holomorphic function to the
whole complement of the filled Julia set [22, p. 92]. We will assume that O is not contained
in Us.

In what follows we pick Us, such that ®5! can be extended to D(0, 7/P) and such

that » < e~"/®. This choice can be made effectively and makes the computations more
transparent. For any o € Uy, we can now define the function

1
CD]_,I (expRri(r —i/24))®p(w))

[ =
on {7 : J(r) > 0}. Since B € S, if and only if ®p(B) = {Dp(a) for a D"-th root of
unity ¢, this f* has the property that

{1/f*(k/D" +i/24) : k = [=(D" = 1)/2]..... (D" = 1)/2]} = San.  (13)
with Sy, as defined in the introduction, and further that
0 < |f*(7)] < cexp(=27m3(1)) (14)

for some effective positive ¢ depending only on P. We pull back f* to the unit disk via
u(z) =i(1 + z)/(1 — z) and by (14) this pullback f = f* o u and the set

S =p"H({r: () = 1/24, R ()] < 1/2})

satisfy the conditions of Theorem 1.1 (with effectively computable a, b). Recall that to
each polynomial (or even just rational) map P we can associate a canonical dynamical
height 1p : Q — [0, c0) defined by

h(P°"(2))

hP(Z) - nll>ngo Dn
with the property hp (P(2)) = Dhp (z) and
lhp(2) = h()] < cp

for a constant cp j, depending (effectively) only on P. In particular h p #0,and h p(z)=0
if and only if z is pre-periodic with respect to P [31, Theorems 3.20, 3.22].
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Proof of Theorems 1.3 and 1.4. Since hp B) = hp () for B € Sy n, we deduce from the
above that

H(u™ (k/D" +i/24)), H(f(u™" (k /D" + i/24))) < cH(a) D*"
fork € {|—(D" = 1)/2],..., (D" —1)/2]} and from Theorem 1.1 that
D" < ¢(1 + h(a))*n*(log D)*(1 + logd)?d*

where d is a bound for the degree of f(k/D™ +i/24) over Q and c is effective. Theorem
1.3 now follows from (13).

Now pick aset S5 C {k/DN +i/24:k = |—(D" —1)/2],...,| (D" —1)/2]} such
that (™" (1)) has degree at most D%” for t € Sj. Plugging this bound in Theorem 1.1
for our f we deduce Theorem 1.4. ]

Now we want to investigate how the constants involved behave if we vary P in a
family of polynomials.

Let V be a quasi-affine variety over a number field K with coordinate functions 7' =
(T1,...,T,y) on A" and let P € KX[X], where KX = K(T), of degree deg(P) = D > 2.
(Here we work with X instead of z to distinguish it from the complex variable.) For each
¢ € V(Q) such that the coefficients of P are defined at ¢ we can specialize to P, € Q[X]
and associate the canonical dynamical height ﬁc =h P, to P.. We define the Weil height
on V in the usual way:

[K : Q)hy(c) = Z logmax{1, |t1]3", ..., [tm|2"}

veEMg

for (¢1,...,tm) = T(c) where K is a number field containing 1, . .., t,, Mg is the set of
places of K, suitably normalized such that | p|, = p~! for a prime p satisfying v | p, and
ny is the local degree [K, : Q,]. We shrink V' if necessary so that P, is always defined
and deg P. = deg P forall ¢ € V(Q).

Lemma 5.1. Forallc € V(Q),
lhe = Bl < 81hy (c) + &,
for 81, 8, effectively computable positive real constants depending only on P.

Proof. Weset bP = agXP +---+ap withay, ....ap.b € O[T\, ..., T, where Og
is the ring of integers of K, ay,...,ap, b are co-prime (in that they have no non-trivial
common divisor) and we set Dy to be the maximum of the degrees of b,a;,i =0,...,D.
It is more convenient to work with P = P(1/X) = A/(bXP) with A € Og[T, X]. Note
that (4, bXP) = 1 in the ring K(7)[X] and that this holds for every specialization P
that we consider. By the theory of resultants there exist polynomials Ag, Bo, Ao, Boo €
K(T)[X] of degree at most D — 1 in X such that

AoA+bXPBy =R, AeA+bXPBy = RX?P7!
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for R € K(T). Here R is the resultant of A and bX P, as polynomials in X. It is the deter-
minant of a matrix formed by the coefficients of A, bX D a5 described in [20, Ch. 4, Sec-
tion 8]. In fact this matrix is the matrix representing the linear map (p.q) — Ap + bXPq
with respect to the canonical bases, where p, g range through the polynomials of degree
atmost D — 1 in X and the target is the space of polynomials of degree at most 2D — 1.
Hence the two equalities follow from solving two appropriate linear equations. One can
check that in fact Ay, By, Aco> Boo € Ok |[T1,. - ., Tm, X] of degree at most Dy (2D — 1) in
Ti,...,Ty and that R € O[Ty, . .., T;y]. Now we can follow the proofin [15, Section 5.1]
but we repeat some of the arguments for the reader’s convenience. Let (¢1, .. .,t,) = T(c)
be the coordinates of the specialized point, ¥ = R(c¢) and x be an algebraic specialization
of X. At a non-archimedean place | - | we find that |r| and |rx?>P~1| and therefore also
|r| max{1, |x|>P~1} are bounded above by

max{1,|t1],. ... [tm|}PY @P~Y max{1, |x|}° ! max{|A(x, 1. ....tm)|. |bxP]}.
At an archimedean place we get || max{1, |x|??~!} bounded above by
Lmax{L,|t1], ... [tm}PV @27 max{1, [x|}° 7" max{|A(x, 1, ..., tm)|. |pxP]}

where L is the sum of the lengths of Ay, By, Aco, Boo € Okx[X, T1, ..., Tn]. When we
take the product over all places the factor r cancels out and we obtain

Dh(x) < Dy (2D — 1)h(e) + h(Pe(x)) + L.

The inequality h(Pe(x)) < Dyhy(c) + Dh(x) + O(1) with effective O(1) follows from
straightforward estimates. Since &(1/x) = h(x) we obtain

|h(Pe(x)) — Dh(x)| = Dy (2D — Dhy(c) + ¢

with ¢ effective and depending only on P. Now we can use the telescope summing trick
to obtain

|he = h| < 81y (¢) + 65
where 6 = Dy (2D —1)/(D —1)and 6, = c¢/(D —1). |

Lemma 5.2. Let P € O[X] be monic and of degree deg P > 1 where O is the ring of
holomorphic functions on a compact domain B C C". For each ¢ € B there exists a
Béttcher domain U, around infinity for the specialized P, € C[X] and there is r > 0 such
that D(co,r) ={z : |z| > r} C U, for all ¢ € B. Moreover, the Bittcher map gives rise
to a holomorphic map ®(z,c¢) on D(oco,r) X B such that

®(P(z,¢).¢) = D(z,¢)P.

Proof. For the proof we just have to follow the proof in [22, Theorem 6.7] and we repeat
some of the arguments. We can write

P =P+ 0(/z])
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and since the coefficients of P(z) are uniformly bounded on B, the O(1/|z]) term is
bounded uniformly for |z| > r > 0. We take Z such that z = exp(Z) and set F(Z) =
log P(exp(Z)). With the right lifting of F we get F(Z) = DZ + O(exp(—NR(Z))) and
we can choose o so large (and r so big) that |F(Z) — DZ| < 1 for %H(Z) > 0. Now the
sequence of functions Ly = F°¥(Z)/D¥* converges uniformly on this domain to a func-
tion L that satisfies L o F = DL. Moreover, it satisfies L(Z + 2xi) = L(Z) + 2ni.
Thus the function ®(z) = exp(—L(log z)) is well defined on D(oco, r) and satisfies
®(P) = ®P. (Note that |P(z)| > r for |z| > r.) Moreover, as the convergence is uni-
form in B the statement about holomorphy follows. ]

Theorem 5.3. Let V be a quasi-affine variety defined over a number field K and let P €
K(V)[X] be a monic polynomial of degree D > 2. Further, let B C V(C) be a compact
set with the property that all specializations P, are defined and deg(P,) = deg(P) for
¢ € B. Let D(00, 1) be the associated Bottcher domain as in Lemma 5.2. Pick an algebraic
o € D(oo,r) and let

Soc,n,c = {IB : Pcon(ﬂ) = Pcon(a)}‘

For every e > 0 there exists a constant c, depending only on & and P (but not ¢ or ) such
that

[QB) : Q] > CD"/4_8"(1 + hy(c) + h(a))"1%  for some B San.c

Moreover, we can bound the points of low degree in Sy . For every ¢ > 0 and § > 0
there exists a constant ¢, such that the number of points in Sq , ¢ of degree at most D%n
divided by D" is bounded above by

ce D@V 4 by (o) + h(e))*Te.

Proof. For the proof, given Lemma 5.1, we only have to make sure that the constant in
Theorem 1.1 can be chosen uniformly for ¢ € B. From the construction of the Bottcher
map it follows that we only need a uniform bound on the coefficients of P, which we
have. ]

We note that if we have an effective bound for the length of P, as ¢ varies over B, all
the constants in Theorem 5.3 are effective.

6. General Galois bounds

We now prove Theorems 1.2 and 1.5. We recall the statement of Theorem 1.2.

Theorem 6.1. Suppose that K is a number field and P € K[X] has degree D at least 2.
Let € > 0. Then there exist effectively computable ¢ > 0, depending only on P and &, and
¢’ > 0 depending only on P suchthat ife € K andn > ¢'[K : Q|h(«) then

min{l,l;p(a)}
(K : Q(1 + h(a))**e

n/d4—en

[Q(B): Q] = ¢

for some B € Sy .
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As before, we may assume P is monic. Now fix a number field K. In what follows,
given a prime p we write | - |, for the extension of a p-adic valuation on Q to K with the
standard normalization and K, for the completion of K with respect to v. We write C,,
for the completion of the algebraic closure of K,. And we let D, (0, r) and D, (oo, r)
denote the sets of points in C,, such that |z|, < r and |z]|, > r, respectively. Suppose that

Pz)=zP +azP7 '+ +ap

is a polynomial over K. For primes p not dividing D we define

.....

And for primes p that do divide D we set

_1
..... p{l,|aily}p?T
|D|y '

We will use the following result, due to De Marco et al. [12, Theorem 6.5] which extends
work of Ingram [16].

Theorem 6.2 (Ingram [16], De Marco et al. [12]). In the setting described above, there
exists an injective analytic function ®, with domain D, (o0, &) such that ®,(P(z))
= ®,(2)P. Moreover, ®, has the property that if z lies in a finite extension of K, then
this extension also contains ®y(z).

Before we proceed with the proof we need more information about cyclotomic exten-
sions of p-adic fields. We have not found references for the following lemmas, although
they are well known, so we provide the reader with short proofs.

For a positive integer [ we denote by {; a primitive /-th root of unity.

Lemma 6.3. If a prime p does not divide a positive integer D then for any b dividing a
power of D,

[Qp(&p) : Qp] = D™ for some m < L log p.
log2
Proof. This is trivial when D = 1 and so we assume D > 2. By [23, Proposition 7.12] the
degree [Q,(¢p) : Qp] is equal to the order of p in (Z/bZ)*. Let g be a prime dividing b.
If ¢ is odd let e be the order of p in (Z/qZ)* while if ¢ = 2 take e = 2. Let m be maximal
such that p¢ = 1 mod ¢™. Then ¢ < p® —1 < pP andsom < % log p. Suppose ¢"
divides b for some n > m. We have p® = 1 + kq™ for an integer k with (k,q) = 1. Then
pe?"™" =14 kq" + X where X is divisible by ¢"*! (which can be seen by induction
on 7, noting that m > 1 when ¢ = 2). Then the order of p in (Z/bZ)* is at least ¢g" ™™
and this remains true when n < m. The result follows. ]

Lemma 6.4. Let X = Q,({p) where the prime p does not divide b. Then

[K(Lye) s K] = pF=t(p—1).
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Proof. By [23, Proposition 7.12] the extension K is unramified over Q. In particular
p stays prime in K. Hence we can apply the Eisenstein criterion to the cyclotomic poly-
nomial ¢« in JK just as in the proof of [23, Proposition 7.13]. ]

Combining the previous lemmas we obtain the following.

Corollary 6.5. For a prime p and a positive integer b dividing a power of a positive
integer D,

[Qp(8p) : Qp) = BD™™  for some m < ID log p.

og?2

Proof. We write b = p”PE where n,, b are positive integers such that p does not divide b.
Since Q,(§5) = Qp ({5, §pnr) we obtain the corollary from Lemmas 6.3 and 6.4. L]

Before we prove Theorem 6.1 we prove the p-adic version of the Galois bounds.
These turn out to have a stronger asymptotic than the complex ones but in general with a
worse dependence on the point .

Theorem 6.6. Suppose that |a|, > &, for some v. Then

[in:_g] for somem < %

Moreover, with the same m we have

#{B' € Sun 1 [K(B'): Q] =d} = d?>D*".

Q) : Q] =

h(a) and some B € So .

Proof. For z € D(00, 8,) we have |P°"(2)|y, = |z|f,)"'. From this we can deduce that
|Bly = |a|y for B € Sq.n. Moreover, the pre-images of a critical point of P lie outside of
D(00, §y) for all places v. Thus P°"(X) — P°"(«) has non-vanishing discriminant and
so D" distinct zeros. For each 8 € Sq,, we have ®,(8) = P, ()¢ for a D"-th root {
of 1. Since &, is injective the function z + ®,(z)/ P, («) induces a bijection between
S«.n and the D”-th roots of unity.

Now fix an integer b dividing D" and let 8 € Sy, be such that ®,(8)/ Py (x) is a
primitive b-th root & of 1. First by the properties of ®,,

Ky (®y(B), Pv(a)) S Ku(B).
So by our choice of 8 we have ¢, € K, () and so by Corollary 6.5 we have

D
[Ky(B) : Qy] = bD™™  for some m < o3 log p. (15)
og?2

By our hypothesis on «, we have
N N
|a|v > p[@p(a)i@p] .

So
log p < [K : Q]h(a).
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Choosing b = D" gives the first part of the statement as

[Kyv(B) - Qu] = [K(B) : Q] = [Q(B) : QI[K : QJ.

For the second part we note that it follows from (15) and the fact that ®,(z)/®y(x) is a
bijection between S, , and the D”-th roots of unity that

#HPB' € San: [K(B):Ql =d}
< #{¢ € Q : ¢ is a primitive b-th root of 1 for b < dD™}.

Since the number of primitive b-th roots of unity is bounded by » we obtain the second
part of the statement. ]

From this point on we also allow v to be archimedean. For the archimedean places v
we set §, to be the R from Theorem 1.3. In order to prove Theorem 6.1, we first observe
that the set of « such that neither Theorem 1.3 nor Theorem 6.6 applies is a set of bounded
height. In the following result K is, as before, a number field over which P is defined.
However this time we do not require « to lie in K. For any number field KX, we denote by
M g the set of places on K normalized in the usual way.

Lemma 6.7. The set

{o €Q: laly <8y forallv € Mgy}
is a set of bounded height, with the bound depending only on P.
Proof. Let S = {v € Mg :§, > 1}. Then

H@E @K =TT max{llelpt=T] ] max{l|e/}}

wEMK(a) veS wEMK(a),wlv

o

vES weEMK (o), w|v

where ny, = [K(a)y : Ky]. For each v € Mg we have

S nw < [K@): K]

WEMK (o), w|v

and so

H(a) <[] 6

veS

and the result follows. u

Proof of Theorem 6.1. By Lemma 6.7 the set of € Q such that |e|,, < &, for all places v
has bounded height, say by a constant ¢; (depending only on P). Recall that |}; p—h|<c
where ¢, only depends on P.If h(«) > ¢ and so |«|, > §, for some v, we can apply The-
orem 1.3 or 6.6 according to whether or not v is archimedean. If (o) < ¢ and h pla)>0
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then we pick the minimal positive integer k such that hp (P°k (@) = D¥hp (o) >c1 +ca.
Since P°"(P°*(a)) = P°"(P°*(B)) for B € Sy, we have P°*(S,.,) C S pok () ,n- FOr
positive integers m, m’, [ and [’ we find that Spom ) ; N Spom’ (g, 1s non-empty if and
only if m = m’. It follows quickly that #S, , > D"~!. As P°¥ is generically a D¥-to-1
map we have #P°% (S, ,) > D"*~1. We set d to be minimal such that [K(8) : Q] < d
for all B € Sgn. If |P*(a)|, > 8, for some non-archimedean v we apply Theorem 6.6
and obtain

DIK :
D" %=1 < 42D for some m < %(61 + 2¢2)D. (16)
og

If there is no such non-archimedean v then | P°¥ (&), > 8, for an archimedean v and we
can apply Theorem 1.4 to find that

pr—k-1 < Cd4+8(1 + h(a))‘H_s for every ¢ > 0, (17

with some constant ¢ depending only on ¢ and P. Combining (16) and (17) we conclude
that we can find 8 € Sg,, such that

D™4=en min{1, h(e)}
(1 + h(a))*+e

[K(B):Q]>c¢ foralln > ¢'[K : Q]h(a),

where ¢ and ¢’ are constants with ¢ depending on P and ¢ and ¢’ depending onlyon P. m

Before we prove Theorem 1.5 we need a preparatory lemma.

Lemma 6.8. For each 0 > 2 there exists a constant cg with the following property. Let

¢ >1landletd,,...,dy be positive integers such that Zf‘il di = X and
> di<cR® forallR>0. (18)
{i:d; <R}

Then M < cocX171/°.

Proof. Fix M > 1. We are going to minimize X while preserving the condition on the
subsums. We define a sequence of integers a;, j = 1,2, ..., as follows. Let a; = [c]
and for k > 2 let a; be maximal subject to the restriction Zle ia; < ck?. With our
fixed M, let m be maximal such that ) ;. a; <M andletn = M —>_;", a;. We claim
that Xo = > ;- ia; + n(m + 1) is the minimal value for X if M is fixed.

Suppose there are dy, ..., dps subject to (18) such that X, = Z:‘il d; is minimal
and smaller than Xy. Clearly we can assume that the d; are non-decreasing.

We define b, = #{i : d; = k} and note that there exists K < m such that bx < ag.
Otherwise we would have X, > X and this would contradict our assumption that Xy,
is smaller than Xy. We now suppose that K is minimal with the property bx < ag. We
can replace dy by df — 1 for I = Zf=1 by without violating (18), thus contradicting that
Xiin = Zf‘il d; is minimal.
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So we have shown that X is the minimum value and will now estimate it from below.
Since ck?2 < ap <g ck?72 we find that M < m?~ and Xo >¢ cm?. So Xo >0
e M9®=1 and we are done since for any X we have cecX(}_l/o < cech’l/e. [

Proof of Theorem 1.5. As in the proof of Theorem 6.1 we choose k minimal such
that | P°% ()|, > 8, for some place v. Then D¥ « 1/hp(c). First suppose that v is

archimedean. With similar arguments to the above we deduce from Theorem 1.4 that
1 h 4+¢

{B€Saun:[K(P):Ql=d}= LT e
min{1, hp(x)}

and so

K QP+ bt

Sen K] =d} = 7
{B € San - [K(B) : K] ' min{l, hp(a)}

19)

with the constant ¢ depending only on P and ¢.
We apply Lemma 6.8 with the X there taken to be D" and M = r, . We choose
di,...,dy, ,to be the degrees of the irreducible factors of P°"(z) — P°"(«) over K and

set 6 = 4 + ¢. By (19) condition (18) is fulfilled, and so Lemma 6.8 gives

[K QP+ h@)*™* s,
min{1, hp ()}

Tan = Ce

For v non-archimedean we get from Theorem 6.6 and Lemma 6.8

DI[K :
Fan < c[K : QPPD¥"D"?  withm < %h(a).
og

Combining these two inequalities yields the result. ]

7. Further examples

We conclude the paper by showing how Theorem 1.1 applies to various modular func-
tions. For instance, let

2y>, q%(2n+1)2)4
2 )
be the modular A-function, where ¢ = exp(wit). See for instance [10, Ch. 7, Section 7].

By [10, (8.1), p. 117], A is bounded on the half-plane J7 > 1 and there is some ¢ > 0
such that

A7)

0 < |A(x)| < ce™ ™ (20)

for T with sufficiently large imaginary part, and real part in [—1, 1] say. As in Section 5 we
construct a related function on the disk. In order to obtain a bounded function on the disk,
we do not work with the whole upper half-plane, but the half-plane given by It > 1. The
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transformation z +— 12le takes the unit disk to this half-plane and so the function

A*(2) =)L( 2i )
1—z

is bounded on the unit disk. Let S be the union of the interval (0, 1) with the inverse
image under the Mobius transformation above of the set S’ of T with real part in [—1, 1]
and imaginary part large enough so that (20) holds. Bounds on the number of algebraic
points of bounded height and degree on the graph of the function A* and on the graph
of A restricted to It > 1 are clearly equivalent, with suitable changes in constants. And
by (20) above the function A* satisfies the hypotheses of our Theorem 1.1. So we get a
bound

c'd®(logd)*(log H)®

for algebraic points of degree at most d and height at most H (with d > 2 and H > e)
on the graph of A restricted to the set S’. Here ¢’ is absolute, and could in principle be
computed.

This is weak compared to Schneider’s theorem [1, Theorem 6.3, page 56], which
implies that A (7) will be transcendental when t is algebraic and not quadratic. But exactly
the same argument applies to the derivatives A, A” of A, and leads to results which appear
to be new, although they could perhaps also be obtained using Binyamini’s result in [4].
(For what is known about transcendence here see [13].)

Similarly, our result applies to the discriminant function

A(r) = @2m)'?q [ (1 —¢"*

n>1

where we now use g = exp(2mi7) and to other cusp forms (see for instance [30, Theorem
8.1, p. 62 and Proposition 7.4, p. 59]). Indeed it applies to any modular form ano cnq”
with algebraic ¢y, by applying the above method to an 1enq”.

Acknowledgments. We are grateful to Patrick Ingram for pointing out the Bottcher map to us, to

Tom Tucker for his suggestion of combining non-archimedean and archimedean methods and to
Hung Bui for help with Lemma 6.8.

Funding. This work is based on the research supported in part by the National Research Foundation
of South Africa (Grant Number 96234).

All three authors thank the Engineering and Physical Sciences Research Council for support
under grant EP/N007956/1.

References

[1] Baker, A.: Transcendental Number Theory. 2nd ed., Cambridge Math. Library, Cambridge
Univ. Press, Cambridge (1990) Zbl 0715.11032 MR 1074572

[2] Besson, E.: Sur le nombre de points rationnels de la fonction zéta de Riemann. Mémoire de
Master, Ecole Normale Supérieure de Lyon (2011)


https://zbmath.org/?q=an:0715.11032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1074572

Rational values and arithmetic dynamics 1591

(3]

(4]

(5]

(6]

(7]

(8]

(9]

(10]

(11]

[12]

(13]

[14]

[15]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

Besson, E.: Points rationnels de la fonction gamma d’Euler. Arch. Math. (Basel) 103, 61-73
(2014) Zbl 1303.11079 MR 3240196

Binyamini, G.: Zero counting and invariant sets of differential equations. Int. Math. Res.
Notices 2019, 41194158 Zbl 1457.32054 MR 3978435

Binyamini, G., Novikov, D.: Wilkie’s conjecture for restricted elementary functions. Ann. of
Math. (2) 186, 237-275 (2017) Zbl 1383.11090 MR 3665004

Bombieri, E., Pila, J.: The number of integral points on arcs and ovals. Duke Math. J. 59,
337-357 (1989) Zbl 0718.11048 MR 1016893

Boston, N., Jones, R.: The image of an arboreal Galois representation. Pure Appl. Math. Quart.
5,213-225(2009) Zbl 1167.11011 MR 2520459

Boxall, G. J., Jones, G. O.: Algebraic values of certain analytic functions. Int. Math. Res.
Notices 2015, 1141-1158 Zbl 1388.11041 MR 3340350

Boxall, G., Jones, G.: Rational values of entire functions of finite order. Int. Math. Res. Notices
2015, 12251-12264 Zbl 1329.30015 MR 3456720

Chandrasekharan, K.: Elliptic Functions. Grundlehren Math. Wiss. 281, Springer, Berlin
(1985) Zbl 0575.33001 MR 808396

Comte, G., Miller, C.: Points of bounded height on oscillatory sets. Quart. J. Math. 68, 1261—
1287 (2017) Zbl 1402.32011 MR 3783985

DeMarco, L., Ghioca, D., Krieger, H., Nguyen, K. D., Tucker, T., Ye, H.: Bounded height in
families of dynamical systems. Int. Math. Res. Notices 2019, 2453-2482 Zbl 1431.37076
MR 3942167

Diaz, G.: Transcendance et indépendance algébrique: liens entre les points de vue elliptique
et modulaire. Ramanujan J. 4, 157-199 (2000) Zbl 1115.11312 MR 1782198

Gasbarri, C.: Rational vs transcendental points on analytic Riemann surfaces.
arXiv:1806.10844v2 (2018)

Habegger, P., Jones, G., Masser, D.: Six unlikely intersection problems in search of effectivity.
Math. Proc. Cambridge Philos. Soc. 162, 447-477 (2017) Zbl 1432.11057 MR 3628201

Ingram, P.: Arboreal Galois representations and uniformization of polynomial dynamics. Bull.
London Math. Soc. 45, 301-308 (2013) Zbl 1280.37058 MR 3064415

Jones, G. O., Thomas, M. E. M.: The density of algebraic points on certain Pfaffian surfaces.
Quart. J. Math. 63, 637-651 (2012) Zbl 1253.03065 MR 2967167

Jones, G. O., Thomas, M. E. M.: Rational values of Weierstrass zeta functions. Proc. Edin-
burgh Math. Soc. (2) 59, 945-958 (2016) Zbl 1372.11071 MR 3570123

Lang, S.: Complex Analysis. 4th ed., Grad. Texts in Math. 103, Springer, New York (1999)
Zbl 0933.30001 MR 1659317

Lang, S.: Algebra. 3rd ed., Grad. Texts in Math. 211, Springer, New York (2002)
Zbl 0984.00001 MR 1878556

Masser, D.: Rational values of the Riemann zeta function. J. Number Theory 131, 2037-2046
(2011) Zbl 1267.11091 MR 2825110

Milnor, J.: Dynamics in One Complex Variable. 3rd ed., Ann. of Math. Stud. 160, Princeton
Univ. Press, Princeton, NJ (2006) Zbl 1085.30002 MR 2193309

Neukirch, J.: Algebraic Number Theory. Grundlehren Math. Wiss. 322, Springer, Berlin
(1999) Zbl 0956.11021 MR 1697859

Pila, J.: Geometric postulation of a smooth function and the number of rational points. Duke
Math. J. 63, 449-463 (1991) Zbl 0763.11025 MR 1115117


https://zbmath.org/?q=an:1303.11079&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3240196
https://zbmath.org/?q=an:1457.32054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3978435
https://zbmath.org/?q=an:1383.11090&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3665004
https://zbmath.org/?q=an:0718.11048&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1016893
https://zbmath.org/?q=an:1167.11011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2520459
https://zbmath.org/?q=an:1388.11041&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3340350
https://zbmath.org/?q=an:1329.30015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3456720
https://zbmath.org/?q=an:0575.33001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=808396
https://zbmath.org/?q=an:1402.32011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3783985
https://zbmath.org/?q=an:1431.37076&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3942167
https://zbmath.org/?q=an:1115.11312&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1782198
https://arxiv.org/abs/1806.10844v2
https://zbmath.org/?q=an:1432.11057&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3628201
https://zbmath.org/?q=an:1280.37058&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3064415
https://zbmath.org/?q=an:1253.03065&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2967167
https://zbmath.org/?q=an:1372.11071&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3570123
https://zbmath.org/?q=an:0933.30001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1659317
https://zbmath.org/?q=an:0984.00001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1878556
https://zbmath.org/?q=an:1267.11091&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2825110
https://zbmath.org/?q=an:1085.30002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2193309
https://zbmath.org/?q=an:0956.11021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1697859
https://zbmath.org/?q=an:0763.11025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1115117

G. Boxall, G. Jones, H. Schmidt 1592

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

[36]

(37]

Pila, J.: Integer points on the dilation of a subanalytic surface. Quart. J. Math. 55, 207-223
(2004) Zbl 1111.32004 MR 2068319

Pila, J.: Mild parameterization and the rational points of a Pfaff curve. Comment. Math. Univ.
St. Pauli 55, 1-8 (2006) Zbl 1129.11029 MR 2251995

Pila, J.: The density of rational points on a Pfaff curve. Ann. Fac. Sci. Toulouse Math. (6) 16,
635-645 (2007) Zbl 1229.11053 MR 2379055

Schmidt, H.: Counting rational points and lower bounds for Galois orbits. Rend. Lincei Mat.
Appl. 30, 497-509 (2019) Zbl 1431.14022 MR 4002208

Schmidt, H.: Relative Manin—-Mumford in additive extensions. Trans. Amer. Math. Soc. 371,
6463-6486 (2019) Zbl 07050819 MR 3937333

Silverman, J. H.: Advanced Topics in the Arithmetic of Elliptic Curves. Grad. Texts in Math.
151, Springer, New York (1994) Zbl 0911.14015 MR 1312368

Silverman, J. H.: The Arithmetic of Dynamical Systems. Grad. Texts in Math. 241, Springer,
New York (2007) Zbl 1130.37001 MR 2316407

Surroca, A.: Sur le nombre de points algébriques ol une fonction analytique transcendante
prend des valeurs algébriques. C. R. Math. Acad. Sci. Paris 334, 721-725 (2002)
Zbl 1013.11037 MR 1905028

Surroca, A.: Valeurs algébriques de fonctions transcendantes. Int. Math. Res. Notices 2006,
art. 16834, 31 pp. Zbl 1120.30024 MR 2264724

Titchmarsh, E. C.: The Theory of Functions. 2nd ed., Oxford Univ. Press, Oxford (1939)
MR 3728294

Villemot, P.: Lemmes de zéros et distribution des valeurs des fonctions méromorphes. Univ.
Savoie Mont Blanc, 2018.

Waldschmidt, M.: Diophantine Approximation on Linear Algebraic Groups. Grundlehren
Math. Wiss. 326, Springer, Berlin (2000) Zbl 0944.11024 MR 1756786

Zannier, U.: Some Problems of Unlikely Intersections in Arithmetic and Geometry. Ann. of
Math. Stud. 181, Princeton Univ. Press, Princeton, NJ (2012) Zbl 1246.14003
MR 2918151


https://zbmath.org/?q=an:1111.32004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2068319
https://zbmath.org/?q=an:1129.11029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2251995
https://zbmath.org/?q=an:1229.11053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2379055
https://zbmath.org/?q=an:1431.14022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4002208
https://zbmath.org/?q=an:07050819&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3937333
https://zbmath.org/?q=an:0911.14015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1312368
https://zbmath.org/?q=an:1130.37001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2316407
https://zbmath.org/?q=an:1013.11037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1905028
https://zbmath.org/?q=an:1120.30024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2264724
https://mathscinet.ams.org/mathscinet-getitem?mr=3728294
https://zbmath.org/?q=an:0944.11024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1756786
https://zbmath.org/?q=an:1246.14003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2918151

	1. Introduction
	2. Polynomials for functions on the disk
	3. Functions on the disk with decay
	4. Functions with growth
	5. Dynamics over C
	6. General Galois bounds
	7. Further examples
	References

