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Abstract. We introduce a notion of S-almost periodicity and prove quantitative lower spectral/
quantum dynamical bounds for general bounded B-almost periodic potentials. Applications include
the first sharp arithmetic spectral criterion for the entire family of supercritical analytic quasiperi-
odic Schrodinger operators and arithmetic spectral/quantum dynamical criteria for families with
zero Lyapunov exponents, with applications to Sturmian potentials and the critical almost Mathieu
operator. In particular, we disprove a 1994 conjecture of Wilkinson—Austin.
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1. Introduction

Singular continuous spectral measures of Schrodinger operators, usually defined by what
they are not, are still not very well understood. The aim of direct spectral theory is to
obtain properties of spectral measures/spectra and associated quantum dynamics based
on the properties of the potential. In the context of 1D operators this is most often done
via the study of solutions/transfer matrices/dynamics of transfer-matrix cocycles. Indeed,
there are many beautiful results linking the latter to either dimensional properties of spec-
tral measures (going back to [40]) or directly to quantum dynamics (e.g. [24,50]). There
is also a long thread of results relating dimensional properties of spectral measures to
quantum dynamics (e.g. [8, 53, 60] and references therein) as well as results connecting
spectral/dynamical properties to some further aspects (e.g. [12,51]). Many of those have
been used to obtain dimensional/quantum dynamical results (sometimes sharp) for sev-
eral concrete families (e.g. [21]). However, there were no results directly linking easily
formulated properties of the potential to dimensional/quantum dynamical results, other
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than for specific families or a few that ensure either the mere singularity or continuity of
spectral measures (and their immediate consequences). In particular, we do not know of
any quantitative results of this type.

In this paper we prove the first such result. It is abstract, and thus applicable in various
contexts. In particular, it leads to a number of powerful conclusions, both for the general
class of analytic quasiperiodic operators, e.g. Theorem 2, the first arithmetic if-and-only-
if criterion for this family beyond the Kotani theory, and for the specific popular models,
e.g. Theorem 4, disproving a 25-year old conjecture of Wilkinson—Austin.

To start with the most general setting, consider the Schrodinger operator on ¢2(Z)
given by

(Hu)p = upy1 +up—1 + V()uy,. (L.1)

For B > 0, we say a real sequence {V(n)},ez has B-repetitions if there is a sequence of
positive integers ¢, — oo such that

max |V(j) = V(j +gn)| < e P (12)
1<j=qn

We will say that {V(n)},ez has oco-repetitions if (1.2) holds for any § > 0. For 8 < oo,
we will say that {V(n)},ez is B-almost periodic if, for some € > 0, V(- + kq,) satisfies
(1.2) for any |k| < ePan /g, ie.

max V(i +kgn) = V(j + (k £ 1)gn)| < 7P (1.3)

1<j<qn,|k|<e<Ban /q,

for any n. We will say that {V(n)},ez is co-almost periodic if it is f-almost periodic for
any B < co. We note that S-almost periodicity and even co-almost periodicity does not
imply almost periodicity in the usual sense. In particular, it is easily seen that there is an
explicit set of generic skew shift potentials that satisfy this condition.

We will prove

Theorem 1. Let H be given by (1.1) and V' be bounded and -almost periodic. Then, for
an explicit C = C(e,V) > 0, for any

y<1-C/B (1.4)
the spectral measure is y-spectral continuous.

For the definition of spectral continuity (a property that also implies packing continu-
ity and thus lower bounds on quantum dynamics) see Section 1.1. We formulate a more
precise version (specifying the dependence of C on €, V') in Theorem 7.

Our result can simultaneously be viewed as a quantitative version of two well-known
statements:

e Periodicity implies absolute continuity. Indeed, we prove that a quantitative weakening
(B-almost periodicity) implies quantitative continuity of the (fractal) spectral measure.
e Gordon condition (an infinite sequence of single/double almost repetition) implies con-

tinuity of the spectral measure. Indeed, we prove that a quantitative strengthening
(multiple almost repetitions) implies quantitative continuity of the spectral measure.
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Potentials with co-repetitions are known in the literature as Gordon potentials.' This
property has been used fruitfully in the spectral theory in various situations; see reviews
[16, 18] and references therein. In many cases those potentials were automatically S-
almost periodic or even co-almost periodic, so satisfied almost repetitions over sufficiently
many periods. However, even in such cases, what all those papers used was the strength
of the approximation over two (almost) periods based on the Gordon Lemma type argu-
ments. See, e.g., [38] where a sharp abstract version is presented. The only exception is
Last [53] who implicitly used oco-almost periodicity to construct an example of poten-
tials with spectral measure of zero Hausdorff dimension and almost ballistic quantum
dynamics (later slightly improved in [25] to an example with pure point spectrum and
almost ballistic quantum dynamics). Our main technical accomplishment here is that we
find a new algebraic argument and develop a technology that allows one to obtain quan-
titative corollaries from the fact that the approximation stays strong over many periods,
thus exploring this feature analytically and effectively for the first time. One important
technical step is quantitative bounds on ellipticity of almost-period-length transfer matri-
ces for spectrally almost every energy (Theorem 10). This means that spectrally almost
every energy eventually falls into shrunk spectral bands of the periodic approximants (vs
enlarged ones, in the previous treatments, see Remark 2.1), with moreover a quantitative
control.

Lower bounds on spectral dimension lead to lower bounds on packing dimension, thus
also for the packing/upper box counting dimensions of the spectrum as a set and for the
upper rate of quantum dynamics. Therefore, we obtain corresponding non-trivial results
for all the above quantities.

It is clear that our general result only goes in one direction, as even absolute conti-
nuity of the spectral measures does not imply S-almost periodicity for 8 > 0, as analytic
potentials with Diophantine frequencies (so no S-almost periodicity for positive f) have
absolutely continuous spectrum for small couplings.

However, in the important context of analytic quasiperiodic operators this leads to a
sharp if-and-only-if result.

Let H = Hg 4y be a Schrédinger operator on £%(Z) given by

(Hu), = up41 +up—1 + VO +na)u,, nezZ, 60T, (1.5)

where V is the potential, @ € R \ Q is the frequency and 6 € T is the phase. Let . = g 4
be the spectral measure associated with vectors 8¢, 8; € /?(Z) in the usual sense.

Given o € (0, 1), let p, /g, be the continued fraction approximants to «. Define
log gn+1

n

B(a) := limsup € [0, o<]. (1.6)

Let S :={F €eo(H): L(E) > 0}, where o(H) is the spectrum of H and L(FE) is
the Lyapunov exponent, be the set of supercritical energies (or, equivalently, the set of E

"'While co-repetitions are usually used in the definition of Gordon potentials, typically f-
repetitions for sufficiently large B are enough for the applications.
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such that the corresponding transfer-matrix cocycle is non-uniformly hyperbolic). The
set S depends on « and V' but not on 6.
Our main application is

Theorem 2. For any analytic V and any 0, the spectral measure [ restricted to S is of
full spectral dimension if and only if B(x) = oo.

Full spectral dimensionality is defined through the boundary behavior of the Borel
transform of the spectral measure (see details in Section 1.1). It implies a range of prop-
erties, in particular, maximal packing dimension and quasiballistic quantum dynamics.
Thus our criterion links in a sharp way a purely analytic property of the spectral measure
to arithmetic properties of the frequency. The result is local (so works for any subset of
the supercritical set, see Theorem 5 for more details) and quantitative (so we obtain sep-
arately quantitative spectral singularity and spectral continuity statements for every finite
value of 8, see Theorems 6 and 7).

The study of one-dimensional one-frequency quasiperiodic operators with general
analytic potentials has seen remarkable advances in the last two decades, focusing mainly
on two regimes: (almost) reducibility (which does not intersect with S) and hyperbolicity
(i.e. S), dubbed, correspondingly, sub- and supercritical in [1]. The results in the regime
of positive Lyapunov exponents can be divided into two classes:

e Those that hold for all frequencies (e.g. [11,24,41,45-47]).

e Those that have arithmetic (small denominator type) obstructions preventing their hold-

ing for all frequencies, thus requiring a Diophantine type condition (e.g. [10,20,31]).>
Results of the first kind often (but not always [11, 69]) do not require analyticity and
hold in higher generality. Results of the second kind describe phenomena where there is
a transition in the arithmetics of the frequency. Thus an extremely interesting question
is to determine where this transition happens and to understand the neighborhood of the
transition. However, even though some improvements on the frequency range of some
results above have been obtained (e.g. [72]), most existing proofs often require a removal
of a non-arithmetically-defined measure zero set of frequencies, thus cannot be expected
to work up to the transition.

There have been remarkable recent advances in obtaining complete arithmetic cri-
teria in the presence of transitions [7,42—44] or non-transitions [3] for explicit popular
Hamiltonians: the almost Mathieu operator and the Maryland model, but there have been
no such results that work for large families of potentials. For the reducibility regime,
where many recent advances are described in [71], there are also both dynamical and
spectral phenomena that do have arithmetic obstructions, but there have been no results

ZNot all results can currently be classified this way, the most notable example being the Cantor
structure of the spectrum [32], currently proved for a non-arithmetically-defined full measure set
of frequencies, while the statement has no known arithmetic obstructions. Theoretically there may
also be results such as [3] which formally should belong to the first group but the proof requires an
argument that highly depends on the arithmetics, so they must be in the second group, in spirit. In
some sense [11] is a result of this type.
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yet on if-and-only-if arithmetic criteria in the presence of transitions, for large families.
Theorem 2, holding for general analytic potentials, is the first theorem of this kind.

A natural way to distinguish between different singular continuous spectral measures
is by their Hausdorff dimension. However, Hausdorff dimension is a poor tool for char-
acterizing the singular continuous spectral measures arising in the regime of positive
Lyapunov exponents, as it is always zero (for a.e. phase for any ergodic case [65], and
for every phase for one frequency analytic potentials [41]°). Similarly, the lower trans-
port exponent is always zero for piecewise Lipschitz potentials [24,47]. Thus those two
quantities do not even distinguish between pure point and singular continuous situations.
In contrast, our quantitative version of Theorem 2, contained in Theorems 6 and 7, shows
that spectral dimension is a good tool to finely distinguish between different kinds of
singular continuous spectra appearing in the supercritical regime for analytic potentials.

The continuity part of Theorem 2 is robust and only requires some regularity of V.
Besides the above-mentioned criterion, Theorem 1 allows us to obtain new results for
other popular models, such as the critical almost Mathieu operator, Sturmian potentials,
and others.

Indeed, our lower bounds are effective for 8 > C supge, gy L(E) where L(E) is
the Lyapunov exponent (see Theorem 7), thus the range of § is increased for smaller
Lyapunov exponents, and in particular we obtain full spectral dimensionality (and there-
fore quasiballistic motion) as long as f(«) > 0, when Lyapunov exponents are zero on
the spectrum. This applies, in particular, to Sturmian potentials and the critical almost
Mathieu operator.

As an example, setting So = {E : L(E) = 0} we have

Theorem 3. For Lipschitz V, the quantum dynamics is quasiballistic

(1) for any B(a) > 0 if So # 9,
(2) for B(a) = oo otherwise.

A similar statement also holds for full spectral dimensionality or packing/box count-
ing dimension 1. The Lipschitz condition can be relaxed to piecewise Lipschitz (or even
Holder), leading to part (1) also holding for Sturmian potentials. This in turn leads to first
explicit examples of operators whose integrated density of state has different Hausdorff
and packing dimensions, within both the critical almost Mathieu and Sturmian families.

The fact that quantum motion can be quasiballistic for highly Liouville frequencies
was first realized by Last [53] who proved that the almost Mathieu operator with an appro-
priate Liouville frequency (constructed step by step) is quasiballistic. The quasiballistic
property is a Gg in any regular (a la Simon’s Wonderland theorem [63]) space [15, 28],
thus this was known for (unspecified) topologically generic frequencies. Here we show
a precise arithmetic condition on o depending on whether or not Lyapunov exponent
vanishes somewhere on the spectrum. Thus, in the regime of positive Lyapunov expo-
nents, the quantum motion is very interesting, with dynamics almost bounded along some

3The result of [41] is formulated for a trigonometric polynomial v, but it extends to the analytic
case — and more — by the method of [47].
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scales [47] (this property is sometimes called quasilocalization) and almost ballistic along
others. For finite values of B(«) in this regime our result also yields power-law quantum
dynamics along certain scales while bounded along others.

In particular, for the almost Mathieu operator, a combination of Theorems 1, 2, and 3
leads to optimal results on the quasiballistic behavior in terms of the exponent B(«)
(Corollary 3).

Almost Mathieu operators, which are operators (1.5) with V(x) = 21 cos 2w x, go
back to the work of Peierls [59] and are known (and well-studied) in physics as Harper’s
or Azbel-Hofstadter model. They were dubbed almost Mathieu and were popularized
in math through “Simon’s problems” [62, 64], which guided the development of the the-
ory of quasiperiodic operators. One of the most important remaining open questions is the
dimension of the spectrum of the critical (A = 1) almost Mathieu operator (e.g. [66]). This
question has received a lot of attention in the physics literature since the early 80’s. A con-
jecture, usually attributed to Thouless (e.g. [70]), and supported by significant numerics
(e.g.[27,67,68]), was that the fractal dimension is equal to 1/2. Wilkinson and Austin [70]
gave numerical and heuristic evidence that the box counting dimension is less than 1/2
for the golden mean, and goes to zero as n — oo for o with continued fraction expansion
of the form [n,n, n, .. .], leading to the conjecture that the box counting dimension is less
than 1/2 for all . There have been a number of interesting rigorous results on the Haus-
dorff dimension of the spectrum of the critical almost Mathieu operator [6,35,36,54], all
showing zero or small dimension for various «. Recently, it was proved that Hausdorff
dimension is always bounded above by 1/2 [39], which, however, does not imply a sim-
ilar bound for box counting dimension. Let dimg(A4) denote the box counting dimension
of a Borel set A, and let ¥ denote the spectrum of the critical almost Mathieu operator.
An immediate corollary of the proof of Theorem 3 is

Theorem 4. If S(«) > 0, then dimg(X) = 1.

This disproves the Wilkinson—Austin conjecture through an explicit family of ex-
amples. More details are given in Section 1.3.

Finally, we mention that the concepts and methods introduced in this paper were
already extended to singular Jacobi matrices in [34], leading also to sharp results, both
for the general analytic case and for the extended Harper’s model.

1.1. Main application

Fractal properties of Borel measures on R are linked to the boundary behavior of their
Borel transforms [25]. Let

L di(E")

be the Borel transform of the measure . Fix 0 < y < 1. If for p-a.e. E,

liniinfsl_ylM(E +ie)| < oo, (1.8)
el0
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we say that w is (upper) y-spectral continuous. Note that spectral continuity (and singu-
larity) captures the lim inf power law behavior of M(E + ie), while the corresponding
lim sup behavior is linked to Hausdorff dimension [25]. Define the (upper) spectral dimen-
sion of u to be

s(un) = sup{y € (0,1) : uis y-spectral continuous}. (1.9)

For a Borel subset S C R, let i g be the restriction of  on S. A reformulation of Theo-
rem 2 is

Theorem 5. Suppose V is real analytic and L(E) > 0 for every E in some Borel set
S C R. Then forany 6 € T, s(us) = 1 if and only if (o) = o0.

Remark 1.1. If for p-ae. E,

1im¢inf81_1’|M(E +ig)| = oo, (1.10)
el0

we say that w is (upper) y-spectral singular. We can also consider
S(u) = inf{y € (0,1) : u is y-spectral singular}. (1.11)

Obviously, s(u) < 5(u). Actually, we will prove an upper bound for 5(w). Therefore, the
conclusion in Theorem 5 also holds for 5(u).

1.2. Spectral singularity, continuity and proof of Theorem 5

We first study the y-spectral singularity of u. We are going to show that under the assump-
tion of Theorem 5 we have

Theorem 6. Assume L(E) > a > 0 for E € S. There exists ¢ = c(a) > 0 such that for

any , 0, if
1

y > —. (1.12)
I+ 5@
then s is y-spectral singular.
Obviously, Theorem 6 implies that if 8 < oo, then
1
s <7 <— <1 1.13
(ns) = (Ms)_1+c/ﬂ (1.13)

The analyticity of the potential and the positivity of the Lyapunov exponent are only
needed for spectral singularity. We now formulate a more precise version of the general
spectral continuity result, Theorem 1.

For § C o (H) assume there are constants A > 0 and ny € N such that for any k € Z,
E € S andn > ny,

(0 (e e
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Clearly, such a A always exists for bounded V', with ny = 1.
As before we denote by g the spectral measure of H restricted to a Borel set
S Co(H).

Theorem 7. Let H be given by (1.1) and suppose V satisfies (1.14) and is B-almost
periodic with € > 0. Then, for a C(€) = Co(1 + 1/¢), with A satisfying (1.14), if

A
B > C(e) (1.15)
-y
then s is y-spectral continuous. Here Cy is a universal constant. Consequently,
~ A
S(ps) = s(pus) = 1—C(e)—. (1.16)

p

Proof of Theorem 5. Under the assumption of Theorem 5, if § < 0o, Theorem 6 provides
the upper bound (1.13) for the spectral dimension.

We will now get the lower bound using Theorem 7. Let Vy(n) := V(8 + na). By
boundedness of V' and compactness of the spectrum, there is a constant Ay < oo such
that (1.14) holds uniformly for £ € o(Hy), 0 € T. In order to apply Theorem 7, it is
enough to show that for any 8 < B(«), V(8 + ja) has B-repetitions forany 8 € T, j € Z.
Indeed, by (1.6), there is a subsequence g, such that

(108 Gy +1)/Gny. > B-
Since V is analytic, for any 6, j and 1 <n < g,, we have

1

dni+1

V(O + jo+no)—=V(0 + jo+na+qgua) <Clgna| <C < Ce Pan

Thus if B(a) = oo, then 5 (us) = s(us) = 1. L]

Property (1.14) naturally holds in a sharp way in the context of ergodic potentials
with uniquely ergodic underlying dynamics. Assume the potential V = Vj is generated
by some homeomorphism 7" of a compact metric space €2 and a function f : Q2 — R by

Vo(n) = f(T"0), 6eQ, nel. (1.17)

Assume (€2, T') is uniquely ergodic with an ergodic measure v. It is known that the spec-
tral type of Hy is v-almost surely independent of 8 (e.g. [13]). In general, however, the
spectral type (locally) does depend on 0 (see [49]). If f is continuous then, by uniform
upper semicontinuity (e.g. [26]),

E-Vo(n) -1 E—Ve(1) —1
(") )

This was recently extended in [47] to almost continuous f. Following [47], we will say a
function f is almost continuous if it is bounded and its set of discontinuities has a closure
of v-measure zero. By [47, Corollary 3.2], if f is bounded and almost continuous then

<L(E), VE. (118)

1
lim sup sup — log
n g N
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(1.18) also holds for every E. Moreover, if the Lyapunov exponent L(E) is continuous
on some compact set .S, then, by compactness and subadditivity, the lim sup in (1.18) will
also be uniform in £ € S. Since by upper semicontinuity L (E) is continuous on the set
where it is zero, as a consequence of Theorem 7 we obtain

Corollary 1. Assume the function f in (1.17) is bounded and almost continuous and
L(E) = 0 on some Borel subset S of o(Hp). If Vg(n) is B-almost periodic for some
B,e > 0, then s(,ug) =1.

Proof. Forany 0 <y < 1,set A’ = (1 — y)/(2C) where C = C(¢) is given in Theo-
rem 7.* Since L(E) = 0 on S, by the arguments above there is 79 = n¢(A’) independent
of 8 and E such that

E—Vsn) -1 E—Vy(l) —1
(e ) )

Obviously, B > CA’/(1 — y), so Theorem 7 is applicable and (1.16) holds. Therefore,
s(usp) = 1—=CA'/B > y. "

Let So ={E:L(E)=0}and S+ ={E : L(E) > 0}.
As an immediate consequence we obtain

!’
<eM" n>ng, E€S,0€eQ.

Theorem 8. If Vy(n) is given by (1.17) with uniquely ergodic (2, T') and almost contin-
uous f, then for every 6 we have

(1) s(us,) = 1aslong as V is B-almost periodic with B > 0,
(2) s(usy) = laslong asV is B-almost periodic with B = oo.

Remark 1.2. (1) 8 > 0 is not a necessary condition in general for s(us,) = 1, for
s(u®*) = 1evenif V is not B-almost periodic for any §, and the support of the absolutely
continuous spectrum is contained in (and may coincide with) Sy. It is a very interesting
question to specify a quantitative almost periodicity condition for s(uggg) = 1, in par-
ticular, find an arithmetic criterion for analytic one-frequency potentials for s(us,) = 1
where S.; C S is the set of critical energies in the sense of Avila’s global theory.

(2) According to Theorem 5, f = oo is also necessary if f is analytic and T is an
irrational rotation of the circle (8 will depend on T'). In case f has lower regularity, it is
an interesting question to determine an optimal condition on 8.

1.3. Corollaries for the AMO, Sturmian potentials, and transport exponents

If we replace the liminf by limsup in the definition of upper spectral dimension, we
will define correspondingly the lower spectral dimension which will coincide with the
Hausdorff dimension dimy () of a measure w.

Also one can consider the packing dimension of i, denoted by dimp(u). The pack-
ing dimension can be defined in a similar way to (1.9) through the y-dimensional lower

4If B = oo take any finite 8 instead.
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derivative DY j(E). It can be easily shown that DY u(E) < liminfe '™V |M(E +ig)].
Thus the relation between packing dimension and upper spectral dimension is dimp ()
> 5(n).> Therefore, the lower bound we get in Theorem 7 also holds for the packing
dimension.

Lower bounds on spectral dimension also have immediate applications to lower
bounds on quantum dynamics. Denote by §; the vector §; (n) = y; (n). For p > 0, define

2 [ .
(XENT) =3 [T 5 il 0.8, (1.19)
0 n

The growth rate of (| X |§’O)(T) characterizes how fast e 7 §, spreads out. In order to get

power law bounds for (| X |§70)(T), it is natural to define the following upper and lower
dynamical exponents:

log(|X|2 )(T)  Jog(IX[5,)(T)

+ 1 —_ 1 .
ﬂgO(P) = lim sup , ﬁgo(p) = hTri]o% (1.20)

T—oo  plogT plogT
The dynamics is called ballistic if ,38_0(17) =1 for all p > 0, and quasiballistic if

ﬂ;(’) (p) =1 for all p > 0. We will also say that the dynamics is quasilocalized if
,Bé._o(p) = 0forall p > 0.

In [33], it is shown that the upper and lower transport exponents of a discrete
Schrodinger operator (1.1) can be bounded from below by the packing and Hausdorff
dimension of its spectral measure respectively. Therefore, by [33] we have ,B;(') (p)=s(u)
for all p. As a direct consequence of Theorem 7 we have

Corollary 2. If V(n) is bounded and oo-almost periodic, the upper dynamical exponent
,3% (p) of the operator (1.5) is 1 for any p > 0, and the associated dynamics is quasi-
ballistic.

This has nice immediate consequences. In particular, consider the almost Mathieu
operator

(Hpp0U)n = Unt1 + Up—1 +2Acos2n(0 + no) u,, A >0. (1.21)

As a consequence of the formula for the Lyapunov exponent and Theorem 5, one has

Corollary 3. The almost Mathieu operator (1.21) is quasiballistic® for any (and all)
0 €T and

(1) for A < 1 for all o;

(2) for A = 1aslong as B(a) > 0;

(3) for A > 1 as long as B(a) = oc.

SUnlike for Hausdorff dimension, the relation for packing dimension only goes in one direction,
in general, contrary to what is claimed in [14].
6 And has spectral dimension 1 and packing dimension 1 of the spectral measure.
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Statement (1) is a corollary of absolute continuity [2,51] and is listed here for com-
pleteness only. Statements (2) and (3) are direct corollaries of Theorem 8.

For A > 1, the Hausdorff dimension of the spectral measure of the almost Mathieu
operator is equal to zero [41] and B~ (p) = O for all p > 0 [24]. Thus almost Mathieu
operators with A > 1 and B(«) = oo provide a family of explicit examples of operators
that are simultaneously quasilocalized and quasiballistic and whose spectral measures
satisfy

0 = dimg(p) < dimp(p) = 1.

The same holds of course for cos replaced with any almost continuous f as long as the
Lyapunov exponent is positive everywhere on the spectrum, in particular for f = Ag
where g is either bi-Lipschitz (as in [37]) or analytic, and A > A(g) is sufficiently large.

Let dN be the density states measure of the almost Mathieu operator and X be the
spectrum. It is well-known that in the critical case, A = 1, ¥ has Lebesgue measure zero
[5,52]. Tt is then interesting to consider the fractal dimension of the spectrum (as a set).
Since dN = E(djug) and suppp(dN) = X, by the discussion above we have

Corollary 4. For the critical almost Mathieu operator, A = 1, and B(a) > 0 we have
dimp(dN) = dimp(X) = 1.

Last and Shamis [54] (see also [61]) proved that for a dense Gg set of o (which there-
fore has a generic intersection with the set {« : B(«) > 0}), the Hausdorff dimension
of the spectrum is equal to zero. This was recently extended to the entire set of o with
B(a) > 0 [6]. Thus critical almost Mathieu operators with topologically generic frequen-
cies (namely, those with (o) > 0) and any 0 provide an explicit family of operators that
all have spectra satisfying

Another well-known family is Sturmian Hamiltonians given by
(Hu)p = upy1 +up—q + AX[I—a,I)(nO‘ + 6 mod 1)uy, (1.22)

where A > 0 and ¢ = R\Q. If « = @ it is called the Fibonacci Hamiltonian. The
spectral properties of the Fibonacci Hamiltonian have been thoroughly studied in a series
of papers in the past three decades (see [17, 19] for more references). Recently, Damanik,
Gorodetski and Yessen [21] proved that for every A > 0, the density-of-states measure
dN, is exact-dimensional (the Hausdorff and upper box counting dimension are the same)
and dimy(dNy) < dimy(Zy).

Our results show that the exact dimensionality properties of the Sturmian Hamilto-
nians strongly rely on the arithmetic properties of «. It was shown in [9] that if « is
irrational, the Lyapunov exponent of a Sturmian operator restricted to the spectrum is
zero. Also the spectrum X, , of the Sturmian Hamiltonian is always a Cantor set with
Lebesgue measure zero. Moreover, for Sturmian potentials results similar to those for the
critical almost Mathieu operator in Corollary 4 also hold. Let g be the spectral measure
of the Sturmian operator (1.22) and let dN, o be the density-of-states measure and X, ,
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be the spectrum. We say that a phase 6 is «-Diophantine if there exist y < oo and t > 1
such that ||0 + mal||r/z = y/(|m| + 1)* for all m € Z. Clearly, this is a full measure
condition. We have

Theorem 9. For the Sturmian operator Hy ) o with B(a) > 0 and A > 0, if 0 is «a-
Diophantine, the spectral dimension of |ig is 1.

As a consequence, if B(a) > 0 and A > 0, then the packing dimensions of dN,, o and
of X, o are both equal to 1.

Previously, Liu, Qu and Wen [57, 58] studied the Hausdorff and upper box counting
dimension of X , of Sturmian operators. For large couplings, they gave a criterion on
a € (0, 1) for the Hausdorff dimension of the spectrum to be 1. Combining Theorem 9
with their results, we have

Corollary 5. Let ) o be the spectrum of the Sturmian Hamiltonian with A > 20. There
are explicit o such that for a.e. 0,

dimp (e o) < s(uf o) = dimp(nf ) = 1, (1.23)
dimp(dN) o) < s(dN; o) = dimp(dN) o) = 1. (1.24)

The proof for the Sturmian case is given in Section 4.

The rest of this paper is organized as follows. After giving the preliminaries in Sec-
tion 1.4 we proceed to the proof of the general continuity statement in Section 2. First we
quickly reduce Theorem 7 to Lemma 2.1 where we also specify the constant Cy appear-
ing in Theorem 7. We note that we do not aim to optimize the constants here and many
of our arguments have room for improvement. Lemma 2.1 is further reduced to the esti-
mate on the traces of the transfer matrices over eventual almost periods, Theorem 10,
through its corollaries, Lemmas 2.2 and 2.3. Theorem 10 is the key element and the most
technical part of the proof. It is of interest in its own right as it can be viewed as the
quantitative version of the fact that period-length transfer matrices of periodic operators
are elliptic: it provides quantitative bounds on the traces of transfer matrices over almost
periods based on quantitative almost periodicity for spectrally a.e. energy. In Section 2.2
we separate this statement into hyperbolic and almost parabolic parts, in Lemmas 2.4
and 2.5. In Section 2.3 we use the extended Schnol Theorem to study the hyperbolic case
and in Section 2.4 we combine estimates on level sets of polynomials, power-law subordi-
nacy bounds, and an elementary but very useful algebraic representation of matrix powers
(Lemma 2.9) to study the almost parabolic case. Lemmas 2.2 and 2.3 are proved in Sec-
tion 2.5, completing the continuity part. In Section 3 we focus on analytic quasiperiodic
potentials and prove Theorem 6. The proof is based on a lemma about density of local-
ized blocks (Lemma 3.3). Finally, we discuss Sturmian potentials in Section 4, proving
Theorem 9 and then providing explicit examples for Corollary 5.

1.4. Preliminaries

1.4.1. m-function and subordinacy theory. We now briefly introduce the power-law
extension of the Gilbert—Pearson subordinacy theory [29,30], developed in [40]. We will
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also list the necessary related facts on the Weyl-Titchmarsh m-function. More details can
be found, e.g., in [13].
Let H beasin (1.5)and z = E + ie € C. Consider the equation

Hu = zu (1.25)
with the family of normalized phase boundary conditions:
ufcosp +ufsing =0, —n/2<¢ <m/2, uh> + uf|*> = 1. (1.26)

LetZ* ={1,2,...}and Z~ = {...,—2,—1,0}. Denote by u? = {u¥};>0 the right half-
line solution on Z T of (1.25) with boundary condition (1.26) and by u%"~ = {u;‘.”_}j <o the
left half-line solution on Z~ of the same equation. Also denote by v¥ and v¥>~ the right
and left half-line solutions of (1.25) with boundary conditions orthogonal to u¥ and u¥-~.
Thatis, v? = u?*7/2 v~ = y®+7/2= ¢ <0,and v = u? /2 V¥~ =u® /2= > 0.
For any function u : ZT — C we denote by ||u||; the norm of u over a lattice interval of
length [, that is,

g 1/2
el = (32 Gl + ¢ = UDIeC@] + D) (1.27)
n=1
where [ ] is integer part. Similarly, for u : Z~— — C, we define
-t 1/2
s = (3 buC=m)? + ¢ = EDR(-LDP) (1.28)
n=1
Now given any ¢ > 0, we define the length [ = [(¢p, ¢, E) by requiring the equality
1
1l g.e.r 1V 0. E) = 5 (1.29)

We also define / ~(¢) by using u¥-~, v¥-~ through the same equation. By the constancy of
the Wronskian and orthogonality of the boundary conditions, we have

u(m + Hv?m) —v?(m + DHu®(n) = u?(1)v?(0) —v?(Hu?0) = 1,
which implies by Cauchy—Schwarz that
el - vl = ([ = D). (1.30)

Denote by m, : C* — C* andm,, : C* — C™ the right and left Weyl-Titchmarsh -
functions associated with the boundary condition (1.26). Let m = mgo and m~ = my, be the
half line m-functions corresponding to the Dirichlet boundary conditions. The following
key inequality [40] relates m, (E + i¢) to the solutions u¥ and v¥ given by (1.25), (1.26).

Lemma 1.1 (J-L inequality, [40, Theorem 1.1]). For E € R and ¢ > 0, and for any

¢ €(—m/2,7/2]
5—4/24 - ||u“’||l(¢,,8) - 54 /24
Ime(E +ie)l  v¢lie) |mo(E +ie)l

(1.31)
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We need to study the whole-line m-function which is given by the Borel transform of
the spectral measure u of the operator H (see e.g. [13]). The following relation between
the whole-line m-function M and the half-line m-function m,, was first shown in [22] as
a corollary of the maximal modulus principle. One can also find in [4] a different proof
based on a direct computation in the hyperbolic plane.

Proposition 1 ([22, Corollary 21]). For E € R and ¢ > 0,

IM(E +ie)| < sup|my(E +ie)l|. (1.32)
0

This proposition implies that in order to obtain an upper bound for the whole-line
m-function, namely, the continuity of the whole-line spectrum, it is enough to obtain a
uniform upper bound of the half-line m-function for any boundary condition.

On the other hand, consider the unitary operator U : [2(Z) — [?(Z) defined by (Ur),,
= Y_pn41 for n € Z. For any operator H on [2(Z), we define an operator H on [2(Z) by
H = UHU™!. Denote by 7, My, ¥ and l~((p) the parameters m, my, u® and /(¢) of the
operator H. We will need the following well-known facts (see e.g. [41, Section 3]). For
any ¢ € (—m/2, /2] we have

My(2)Mgj2—p — 1

M) = My(2) + My /a—g

(1.33)

and 5
Hm/2—¢)=1"(p), luli = [Uul;. (1.34)
Similar to [41, Lemma 5], a direct consequence of (1.33) is the following result.

Lemma 1.2. For any 0 < y < 1, suppose that there exists a ¢ € (—n/2, /2] such
that for u-a.e. E in some Borel set S, we have liminfe_.q &'™"|m,(E + i¢)| = oo
and liminfs—o 'Y |z /2—y(E + i€)| = oo. Then liminfs—sg 'V |M(E + ig)| = oo
for p-a.e. E in S, so the restriction (S N -) is y-spectral singular.

1.4.2. Transfer matrices and Lyapunov exponents. Although Theorem 7 does not involve
any further conditions on the potential, it will be convenient in what follows to use dynam-
ical notations. Let @ = RZ and 7 : Q — Q be given by (70)(n) = 6(n + 1). Let
f(0) :=6(0). Then any potential V' can be written as in (1.17), Vy(n) :=0(n) = f(T"0).
Thus for a fixed {V, }nez = 0 € Q, we will rewrite the potential V as Vy(n) = f(T"6)
as in (1.17). For our general theorem we do not introduce any topology, etc.; this is
being done purely for the notational convenience. Denote the n-step transfer matrix by
An(0, E):

An(0.E) = A(T"0, E)A(T" "0,E)--- A(TH,E), n>0, (1.35)

and
Ao=1d, A,(6,E)=A"NT"0,E), n<0,
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where

A0, E) = (E _lf(e) _01). (1.36)

The connection to Schrodinger operators is clear since a solution of Hu = Eu can be

reformulated as
A,,(@,E)(”l) = (”"“), nel. (1.37)
Uo Up

In other words, the spectral properties of Schrodinger operators H are closely related to
the dynamics of the family of skew products (T, A(6, E)) over  x R2. We will often
suppress either 6 or E or both from the notations if the corresponding parameters are
fixed through the argument.

If V is actually dynamically defined by (1.17) with a certain underlying ergodic base
dynamics (€2, 7, v) then, by the general properties of subadditive ergodic cocycles, we
can define the Lyapunov exponent

1 1
L(E,T)= lim — [ log||A4,(0, E)|dv = inf — | log|A4,(6, E)||dv.  (1.38)
n—oon Jo n>0n Jo

2. Spectral continuity

2.1. Proof of Theorem 7

Throughout this section we assume (1.14) is satisfied uniformly for £ € S and 6 € Q (see
Section 1.4.2). Assume V is -almost periodic for some € > 0. The proof of Theorem 7
is based on the following estimates on the growth of the /-norm of half-line solutions. Let
u?, v? be given as in (1.25)—(1.27).

Lemma 2.1. For0 <y < 1, assume f > 100(1 + 1/e)A/(1 — y). For u-a.e. E, there is
a sequence of positive numbers nx — 0 such that for any ¢,

1 _

6L = Ivlz, = @™ 2.1)
where Ly = l(@, 1y, E) is as in (1.29).

Proof of Theorem 7. Fix0 <y <1.Set C(¢) :=100(1 + 1/¢). Lemma 2.1 can be applied
to any § > C(e)%. According to (2.1) and the J-L inequality (1.31), for pu-a.e. £ and

any ¢,

_ . 1 (g2
-y k
Mg Ime(E +ing)| < — - (5+v24)
k ¢ (2||u¢||Lk||U¢7”Lk)1 Y ”u‘P”Lk
2-7)/2
L 14
. ( k ) =C <oo.

LG
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Since 7y is independent of ¢, for a fixed E and 7, we can take the supremum with
respect to ¢. By (1.32) in Proposition 1, for p-a.e. E we have

n, VIM(E +ing)| < C,

1.e.,
lirriinfsl_”|M(E +ig)] <oo, pu-ae. E,
&0
which proves the y-spectral continuity of Theorem 7. The lower bound (1.16) comes from
the definition of spectral dimensionality. ]

Lemma 2.1 follows from the following estimates on the trace of the transfer matrix.
Let g, be the sequence given in (1.3).

Theorem 10. If
B> 37+ 11/€)A, (2.2)

then for u-a.e. E, there is K(E) such that
|Trace Ay, (E)| <2 —e 108k k> K(E). (2.3)

This theorem is the key estimate for spectral continuity. It can be viewed as a quantita-
tive version of the classical fact that period-length transfer matrices of periodic operators
are elliptic on the spectrum. Indeed, we prove that S-almost periodicity implies quantita-
tive bounds on ellipticity. The proof will be given in the following two subsections. As a
direct consequence of Theorem 10, we have the following estimates on the norm of the
transfer matrices. They show that if the trace of the transfer matrix over an almost period
is strictly less than 2, then there is a sublinearly bounded subsequence. We will use this
result to prove Lemma 2.1 first. The proofs of Lemmas 2.2 and 2.3 will be postponed to
Section 2.5. Let K(E) be as in Theorem 10.

Lemma 2.2. Forany £ > 0 set Ny = [e¥9%] and suppose that, in addition to the conditions
of Theorem 10,

B> 15A+ 2+ 1/€)é. 2.4)
Then for pu-a.e. E,
Niak
D AnE)? < EF1Nk k> K(E) 2.5)
n=1

Lemma 2.3. For 0 <y < 1, assume that in addition to the conditions of Lemma 2.2,

£> 17A‘ 2.6)
l—y

Then
Niqk
D 4w ? < (Nkq)®™”. k= K(E). 2.7

n=1
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Proof of Lemma 2.1. It is enough to prove the right-hand inequality of (2.1), which is an
upper bound of ||v?|z, for any ¢. Then by the relation u% = v?*7/2 one obtains the
same upper bound for |[u?|z,. Note that |[u®|r, [|[v¥|lL, = Lx/4 by (1.30), provided
Ly > 2. Therefore, |

[l

1
v/2
Z ZLk 5

v? >-L
” ”Lk =3 k

which is the left-hand inequality of (2.1).

Forany 0 < y < 1, set Bo = 100(1 + 1/e)ﬁ,g = % Then (2.2), (2.4) and (2.6)
are satisfied for all B > By. Therefore, (2.7) holds the with above choice of parameters.
Let Iy = [ef9%]qy. Rewrite (2.7) as Zi"':l 4, (E)|? < llf_y. Thus ||v‘/’||12k < 4113_7 for
any ¢. By (1.30), we have

1 _
2= el 10l < 4177 (2.8)
Set |
(@) 1= s (2.9)
2 u® g v s,
Then |
=infe > >0 2.10
M = infe(p) = 577 (2.10)
is well-defined. Set Lk (¢) := I(@, nk, E). Then the length scale satisfies
! (2.11)
Nk = . .
20wl Ly @) V1L 0)
By (2.10),

Lil) = 40l 0¥l = — = 16177
Since n; < er(¢) and ||[u?||;||v?||; is increasing in [, for any ¢ we obtain
I < Li(p) < 160777 (2.12)
By the definition of I, for large k,
eEm2000=)9k g, < Ly () < (@ VETA/20045 (2.13)
Write Li(¢) = [Li(¢)] + Li(¢) and

[Li(@)] = (Ni(¢) — Dgx +re(@),  Ni(e) € N, 0 < re(9) < gk (2.14)

Define
log Ny (¢)

dk

Ee(p) = (2.15)
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We have

[Li(@)] = D% —Dgy +rie(p).  eH©O% €N 0<re(9) <qe.  (2.16)
For large ¢y, it is easy to check that

eEr@=22000ak o < (5 @k _ 1)g, < Ly (p) < 5P g
Using (2.13), for any ¢ we have
§—A/200 < & (p) < 2—-y)§+ A/100 < 2§ + A/100. (2.17)
Together with the choice of 8 and &, we have
B> Bo > 15A+ 2+ 1/€)ék(p).

Now we can again apply Lemma 2.2 with parameters 8, & (¢) and the length scale
Ni (@) = €5 @)k 1o get

Ni (9)ak
Z ||An(E)||2 < e(Sk(‘p)-FlSA)lIk‘ (2.18)

n=1

Notice Ly (@) > e @—A/2004dk jmplies that

1 Ni(9)gxk

2 (—(=y)éx +16A)gx

— Y. l4u(B)* <e .
(Li)*™r =

By the left-hand inequality of (2.17), we obtain

(I =y)r(9) + A/200) > (1 —y)§ = 17A,

which implies
(1= p)é(p) > 17A — (1 — y)A/200 > 16.5A,

and
Niqk
— Ap(E)||? < e A2 < 1, 2.19
Lo ; l4n(E)|* < < (2.19)
Finally, by Lemma 2.3 we have
[Lgl+1 Nk (©)qx
o0z, = Y0 gl = Y0 (gl + v l?)
n=1 n=1
Ni(p)ak
< Y AP < (L) =

n=1
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2.2. Proof of Theorem 10

The proof of Theorem 10 will be divided into two cases. We will first exclude the energies
where the trace is much greater than 2 infinitely many times using the extended Schnol
Theorem (Lemma 2.6). Then we will estimate the measure of energies where the trace
is close to 2 through subordinacy theory. The conclusion consists of the following two
lemmas. Again let ¢; be the sequence given by (1.3) with certain 8, € > 0.

Lemma 2.4. Foranyt > 0, if
B>Q@B+1/e)t+ (T+ 1/e)A, (2.20)
then for spectrally a.e. E, there is K1(E) such that
|Trace Ag, (E)| <2+ e ™%, k> K (E). (2.21)

Lemma 2.5. If
B> 25+ 1/¢e)A, (2.22)

then for spectrally a.e. E, there is K»(E) such that

Trace Ay, (E) £2| > e 1%%% k> K, (E). (2.23)
dk

Proof of Theorem 10. The theorem follows immediately by combining Lemma 2.4 with
7 = 10A and Lemma 2.5. ]

Remark 2.1. It may be interesting to compare Theorem 10 with the technique Last used
in his proof of zero Hausdorff dimensionality of the spectral measures of supercritical
Liouville almost Mathieu operators [53]. An important step there was using Schnol’s
Theorem to show that eventually spectrally almost every energy is in the union of the
spectral bands of the periodic approximants enlarged by a factor of q,%. Here we show
that spectrally almost every energy is in the union of the shrunk spectral bands of the
periodic approximants, a much more delicate statement, technically, hence with more
powerful consequences.

2.3. The hyperbolic case: Proof of Lemma 2.4

We are going to show that if ¢ is an ‘approximate’ period as in (1.3) with certain 8,¢ > 0
and satisfies
|Trace Ag(E)| =2+ e ™ (2.24)

then the trace of the transfer matrix at the scale e™4/2 will be very large and any gener-
alized eigenfunction of Hu = Eu will be bounded from below at the scale e?9/2. If this
happens for infinitely many ¢, then any generalized eigenfunction will have at least 1/2
power law growth (in index) along some fixed subsequence. By the extended Schnol The-
orem, such an E must belong to a set of spectral measure zero.
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Claim 1. Fix any t > 0. There exist xfl €Z,i=1,...,4,q €N, (depending only on 7, \)
such that |x;| — 00 as ¢ — 0o and the following is true: if for ¢ — oo, |Trace A4(E)| >
2+ e " and

max V(i +kq)—=V(+ (k+1q) <e Pl e>o0, (2.25)
1<j<q,lk|<echd/q
with
B>@B+ 1/t + (T+1/e)A, (2.26)

E

. IS a solution

then for any |uo|? + |u1|?> = 1, we have max; 1. 4 |ufl | > e9/16, where u
q
with boundary values (Ug, Uy).

Lemma 2.6 (Extended Schnol Theorem). Fix any y > 1/2. For any sequence |xj| — oo
(where the sequence is independent of E), for spectrally a.e. E, there is a generalized
eigenvector uf of Hu = Eu such that

ul | < C(+[k]).
We can now prove Lemma 2.4.

Proof of Lemma 2.4. Let g be as in (1.3). Let E be such that there is a subsequence
gk, — oo satisfying |Trace Aqkj (E, )| > 2+ ¢ " . For simplicity, we still denote

the subsequence by gj. By Claim | the set U?Zl{x; ) has the property that for any

E

generalized eigenfunction ¥ *, one has

max [uf, | > ek /16.
i=1,...,4 Xaqi

Let X be the one in U?Zl{xék} where the maximum of |uf,- | is attained. Then |u§i | >
di k

e9% /16 > |k|. According to Lemma 2.6, the set of such £ must have spectral measure
Zero. [

Claim 1 is based on the following results. First, we need to estimate the norm of
the conjugation matrix for any hyperbolic SL(2, R) matrix with respect to the distance
between its trace and 2:

Lemma 2.7. Suppose G € SL(2,R) with2 < |Trace G| < 6. The invertible matrix B such

that
_ p 0 -1
G =8B (O p—1)B (2.27)

where p1 are the two conjugate real eigenvalues of G with |det B| = 1 satisfies

Gl

V|Trace G| =2

IB|l = B~"| < (2.28)

G
If |Trace G| > 6, then || B|| < %
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The proof is based on a direct computation of conjugate matrices. For the sake of
completeness, we present it in Appendix A.1.
Fix T > 0 and apply Lemma 2.7 to A, satisfying

|Trace Ag| > 2 + e~ 9. (2.29)
Using the bound || 4, || < 24 in (1.14) and 2 < e24/200 for 4 large, we then have

Claim 2. For large q,

0),._
Ag = B(g p_l)B 1 (2.30)

where pT are the two conjugate real eigenvalues of Ag with |p| > 1 and B satisfies

|det B| = 1 and
IB|| = || B7Y|| < e(#/2HA/2+A/200)0 2.31)

Second, we need to use the almost periodicity (2.25) of the potential to obtain approx-
imation statements for the transfer matrices. Set

N = [e(r/2+A/100)q]. (2.32)

Under the assumption (2.25) and (2.26) on V as in Claim 1, for g large enough (depending
on A and ng) we have

Claim 3. Under the conditions of Claim 1,
[Ang — AY || < 2¢729|p|V < 2¢7|Trace A}, (2.33)
I[Ang) ™" — A-ngll < 4™ |p|V < 4e™"9|Trace A} |. (2.34)

Proof of Claim 1. Decomposing A4 as in (2.30), we obtain |p| > 1 + e~™/2_ Obviously,
|Trace Aflv| > |p|V. By (2.32), N > 2¢%9/2q, thus

|Trace A(]IV| >(1+ 3_74/2)29”/24 > ef,
Assume ¢ is so large that 4e=9 < 1/10. By (2.33), we have
|Trace An 4 — Trace AZIV| <2||Ang — A(]IVH < 4~ M| Trace A(11V|.

Therefore,
|Trace Ang| > (1 — 4e~29)|Trace Af]V| > lg—oeq. (2.35)

Now consider the solution u of Hu = Eu with normalized initial value

X = (Zl) X[ = 1.
0

Ang-X = (“Nq+1), A yg-X = (“—N‘Hl). (2.36)

Then by (1.37),
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(2.34) implies that
lANG] ™ - X1 < [ A-ngll - 1X || 4 4| Trace 4| - | X |
< [A-ngll - 1 X1 + %ITraceAf}’l (1
Thus combining the Cayley—Hamilton theorem with (2.35), we have

5| Trace AY |- |X || < | Trace Ang X | = [|[Ang - X + [Ang] ™" - X|
< |Ang - X| + |A—ng - X|| + 75|Trace AY | - [ X||.
Then
|ANg - X 4+ [A-ng - X|| = | Trace AY |- || X|| = 3|Trace AY|.

which is equivalent to
u u_
max Na+1 )1 Na+1 > %|TraceAfIV|.
UNg U_Ng

max {{ung+1ls [Ungl [U-Ng+1], [U-ngl} = %eq-

Therefore,

Letx} = (=1)’Ng+1—[i/3].i =1,....4. Then forevery g and one of i =1,....4,
uyi| > 1eet. "
q

It now remains to prove (2.33) and (2.34) in Claim 3. Set
A; = A (TV"V99 E)y— A (0. E), i=-N+1,....N. (2.37)

Claim 4. Suppose (1.14) holds for n > ny and is uniformin E € S. Fix E € S and 0 € Q.
If Vi satisfies (2.25) with € > 0, then there is a constant Cy, (depending only on ng and
an upper bound of ||V || o) such that

[Ai (0. E)|| < |i — 1|gCrye® P, i =1.....[eP1/q]. (2.38)

Proof. The proof is quite standard. Suppose 1 < i < [e¥$9/g]. Then for |k| < i,
lk|g < eP4. Since Vrkag(n) = Vo(n + kq), (2.25) implies that for |k| < i the following
holds:

Vrrag(j) = Vrwnag()| < e P4 1</ <gq,

which implies
|A(T*9H ) — A(T*FTDItig)| < e™P4, 1< <q. |kl <i.
By a standard telescoping argument, for any 6’ = T*46, |k| < i,

”Aq(TqQ/) _Aq(e/)” < qCI';Oe(A—ﬂ)q — anOe(A—ﬂ)q
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where Cy is such that ||A(0’, E)|| < Cy for all §’, E. In the above estimate, if n > ny,
we use the bound (1.14). When n < ng, we use the trivial bound || 4, | < C‘ﬁo. We have

Aig(0,E) = Ay (T190)... 4,(T90)A,(6).

Therefore, for 1 <i < [e$1/q],

i—1
18] < 7 144(T*90) — 4,(T D40)) | < (i — 1)gCape®P1.
k=1

Since (2.25) is symmetric with respect to T — T~!, (2.38) for i < 0 follows by taking
T =171 n

Proof of Claim 3. Write, for any i,

i 1Pt 0
Al =B (0 p_,.)B,
S0 ||Aﬁ1|| < |B|I?|p|'. Set G(8) = %Aq(ﬁ) and G; = G(TU~1D4g). By (2.31), we have
G| < |B||? < e(FTA+A/100)d  Under the assumption (2.26), we have /2 4+ A /100
< €f, so by (2.32), Ng < ¢$4. Then Claim 4 implies, for j = —N, ..., N and large ¢,
that 1
1G; — G| = ;IIAJ-II < chnoe(A—B)q < o(-B+T/2+A+A/50)q

Now we want to apply Lemma A. 1 in Appendix A.3 to these G;, with M =e(T+A+A/100)g

and § = e(“A+T/2+A+A/50)4 Dyjrect computation gives

NM28 < e(—ﬂ+3l’+3A+A/20)q.

By (2.26) we have § — (3t + 3A + A/20) > A. Therefore, for ¢ large enough (depending
on ng), we have NM§ < NM?§ < ¢~ A4 Then Lemma A.1 implies that

| ]ﬁ G -GV | <anmPs < 2e7Me, | ﬁ[ Gontj — GV <2NM26 < 267,
Jj=1 j=1
Therefore,
N
IAng — ANl = |pI™ - H []G-ac" H < 2¢7M|Trace A) |, (2.39)
j=1

establishing (2.33) , and

N
1 Ang(TN98) — AN @) = || - H []G-n+;—GY H <2¢7M|Trace 4], (2.40)
=1
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For any two matrices F, G € SL(2, R), direct computation of the entries shows that
IF + Gl =F"+G™.
Using this simple fact, we find that
14-nq(8) = [A7 OV ]| = [[Ang] ™ (T790) — [AF )] 7|
= |[Angl(T~N960) — (47 (O)]]].

This implies
IA-ng(0) — [A7 OV || < 2¢7"9|Trace AY|.
Also,
I[ANg] ™" = (47" 1V 1 = [Ang] — [AgI"V - (241)
Therefore, by (2.39), we obtain (2.34). [ ]

Lemma 2.6 is proved in the same way as the standard Schnol Theorem, but the state-
ment in this form, while very useful, does not seem to be in the literature (we learned it
from S. Molchanov, see Acknowledgments). For the sake of completeness, we include a
short proof in the Appendix.

2.4. Energies with trace close to 2: Proof of Lemma 2.5

Throughout this section, we will assume again that all g are large enough and satisfy (1.3)
with certain 8, ¢ > 0, i.e.,
max V(i +kq) = V(i + (k £ 1)q)| <e P, (2.42)
1<j<q, lk|<e<Bd/q
We are going to show that spectrally almost surely, there are only finitely many g such
that Trace A, is close to 2.

In fact, we are going to prove the following quantitative estimate on the measure of
energies where the trace of the associated transfer matrix is close to 2.

Lemma 2.8. Let A be as in (1.14) on some set S C o (H). Let

Sy ={E : 0 < |Trace A, £ 2| < e~ 1044}, (2.43)
Assume (2.42) holds and
B> (254 11/€)A. (2.44)
Then
1(S,) < dqeNa/15 < g=ha/20 (2.45)

where i = s is the spectral measure restricted to S.

Once we have Lemma 2.8, the Borel-Cantelli lemma immediately implies Lem-
ma 2.5. So the main task is to prove (2.45).

In order to estimate the spectral measure of Sy, first we recall the following results
on the structure of S;. Let &, (R) denote the polynomials over R of exact degree n. Let
Pn:n (R) be the elements in P, (R) with n distinct real zeros.
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Proposition 2 ([45, Theorem 6.1]). Let p € Pp.pn(R) with y1 < --+ < yp—1 the local
extrema of p. Let

§(p) = _min [p(y;)| (2.46)
1<j=n—-1
and 0 < a < b. Then
b—a b—a \?
|p~Y(a,b)| < 2diam(z(p — a)) max { , ( ) } (2.47)
¢(p)+a \&(p)+a
where z(p) is the zero set of p and | - | = Leb(-) denotes the Lebesgue measure.

Fix any v > 0. We apply Proposition 2 to the polynomial Trace A,(E) € 4,4 (R),
with @ = 2 and b = 2 4 e~ *4. Clearly, diam(z(Trace A, — 2)) is bounded from above
by some constant that only depends on ||V ||oo. We also have |{(Trace A;)| > 2. Since
b —a < 1, we have |(Trace 4,)~'(a, b)| < Cyv/b —a = Cye~"9/2 where Cy is some
constant that only depends on ||V ||oo. Since (Trace A4)~!(a, b) contains at most ¢ bands,
setting S; = {E : 2 < Trace A; < 2 + e~ "%}, we have

q
Se=J L. 1L1=1Syl < Cye /2, (2.48)
j=1

The same analysis works for (a,b) = 2 —e774,2), (-2 —e7"1,-2),(—2,-2 4+ e "9).
Thus the structure (2.48) also holds for the other three cases.
Denote )
&) = |I;| < eT/2HAI2004 (2.49)

If ; NS # 0, pick Ej € I; N T where £ = o(H) is the spectrum. Set [; =
(E; —&),Ej +¢}). Then I; C fj, so it is enough to estimate the spectral measure of | J fj

Set N, = [e(*/2=A/200)4] For any gq > 0,define [; = [(p, &4, E),u?,v¥ asin (1.29).
Write I, = [ly] + 14 — [l4], and [I[4] = K4 - q + rgq, where 0 < r4 = [I;] mod ¢ < g and
0 <1y —[l4] < 1. We need the following power law estimate, which is key to the proof
of Lemma 2.8.

Claim 5. Suppose £ € S; NY and 0 < g4 < e(T/2+ /2004 - §unnose (2.42) holds.
Assume that B > (24 1/e)t + (5 + 1/€)A and © > 10A. Then for every initial condi-
tion @,

|7, = et/ (2.50)

Combining (2.50) with subordinacy theory, we are ready to estimate the m-function
and the spectral measure.

Proof of Lemma 2.8. Take T = 10A. Then 8 > (25 + 11/€)A satisfies the requirement
in Claim 5. Let E; € I; N £ C S, N X . For any ¢, let u®£/ v¥-£/ be the right half-line
solution associated with the energy E;. According to (2.49), Claim 5 can be applied to
all u?-Es .
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For any ¢, we have

JE; A s __
e E 2 = M0 =1,

where I, (j) = l(¢, Ej. )).
Then by the J-L inequality (1.31) and the definition of /; (), we have

; ey 54+ /24 [|ve-Ei l, 5+ 24 —Ag/10
gqlm‘ﬂ(Ej+l8q)|< 0.E; 0.E; : 0.E; < 4
20u® = g, 5 g, [u® = g, 2

Notice that the interval /; is independent of the boundary condition ¢, and so is sé. There-
fore, we can take the supremum with respect to ¢ on both sides of the above inequality.
By Proposition 1, we have

: L 54424
eg|M(Ej +ie))| < — e Aa/10,

On the other hand, by the definition of M(z) in (1.7), we have
1
ImM(E +ie) > 2—u(E—e,E +¢e), EeR,e>0.
£

Therefore,
W(Ej — &), Ej + &) < 26)IM(E; + ie})| < (5 + 24)e” /10,
which implies 5
u(ly) < p(l;) < e s,

Since in (2.48) there are four cases for S; and each of them satisfies the previous esti-
mates, the spectral measure of S, will be bounded by 4qe=hal15 < p=Aa/20, ]

The proof of Claim 5 relies on the following estimates on transfer matrices. The first
one is a formula for the power of a general SL(2, R) matrix. It is elementary but turned
out particularly useful and will be an important part of our quantitative estimates in both
hyperbolic and nearly parabolic cases. As we did not find it in the literature, we provide a
proof of it, as well as of the next lemma, in the Appendix.

Lemma 2.9. Suppose A € SL(2,R) has eigenvalues p*'. For any k € N, if Trace A # 2,
then
_ pk_p—lk .(A_TraceA ‘1) N ok +p* .
p—p" 2 2
Otherwise, A¥ = k(A—1)+ 1.

Ak

I. (2.51)

The key to the estimates in the nearly parabolic case is the following simple

Lemma 2.10. There are universal constants 1 < C1 < oo and ¢y > 1/3 such that for all
E e S;and1 <k < Ng, we have

k —k k _ —k
PP e ek < PP _<cik (2.52)

c1 <
2 p—p
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Second, since A,(@) is almost periodic (with an exponential error), the iteration
of A4(0) along the orbit will be close to its power. The argument is similar to what we
used in the proof of (2.33) in the previous part.

Claim6. Fix0 € Q, E € S; N X and v > 0. Suppose (2.42) holds with B > 2+ 1/€)T +
(5+ 1/e)A. Then forany 1 < k < N4, we have

Ak — Akl <2724 (2.53)

Proof. Set A; = A4,(T77'0) — A,(0). By Claim 4, ||A;| < jqCeCE+Ma for
j < [eP9/q]. Recall that N, = [e(*/27A/2004] The condition on B guarantees
Ny < [e€P4 /4], therefore we have || A || < e A HT/2FA+TA/100 forq)] j =1,...,N,. We
need to check the other requirements of Lemma A.1. According to Lemmas 2.9 and 2.10,

Trace A
e H + C1 < 3CIN || Aql| < e/2HATAN00,

411 < C1j HAq -

Now apply Lemma A.1 to the sequence A,(6), ..., A,(T/710), ..., A,(T*710)
with M = e(F/2FA+A/10000 apg § = (-A+7/2HA+A/100)d We have N,M?§ <
e(AH2tH3A+A/40)0  Gince B > (2 + 1/€)T + (5 + 1/€)A > 2t + 5A we have
B — (2t + 3A + A/40) > A. Therefore, for ¢ large enough, N, M§ < N,M?§ < e=24,
Consequently, by Lemma A.1, we have [|Ax, — A’;H = | ]_[f:1 A (T7710) — A’;(G)H
<2e A, [ ]

Now we are ready to finish the proof of the most technical part.

Proof of Claim 5. We first show the following lower bound for K, = [[{;]/q]:
K, > e/ > 18C e2/3, (2.54)

Actually, if K; > Ny, then (2.54) is automatically satisfied since © > 10A.

Now assume K; < Ng. For any n < [l;] + 1, write n = kg + r, where 0 < k <
Kq. 0<r <q.Set X, = (%7, ). According to (2.51), (2.52) we have, for any ¢ and
1 <k < K4 <Ny,

Trace 44

1A% - X, |l < Clk‘ >

Aq— IH+Cl <C1k(||Aq||+3/2)+C1

and by (2.53),
1 Akg - Xoll < A% - Xoll + [|(Arg — A%) - Xpll < C1k(|4gll +3/2) + C1 + 1.

Forng <r <q,and forany 6’ € Q, | 4,(0")|| < e™2.For 1 <r <no, we bound |4, (8)||
by C”0 as in the proof of Claim 4. Therefore, |4, (0)|| < 29 forall 1 <r < q withg
large. Thus,

| Akg+r(0) - Xl < 1A, (T*90)| - | Arg () - X |l < €24 (Cik (| Agll +3/2) + C1 + 1)
< M (Crk(e™ +3/2) + Cy + 1) < ke@ATA/2000,
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[
Recalling that (“7$') = A, - X,,, direct computation shows

Un

[I4]1+1

17, < Z | An - X||2<Z||A X||2+ZZ||Akq+,X I

=1r=1

CI
< ge? | Z Zkze(4A+A/100)q

k=1r=1

SquAq + Kgqe(4A+A/1oo)q < ng(4A+A/20)q‘

Since ¢ is arbitrary and ( ”“) = An - Xptn/2s ||v"’||2 has the same upper

< K 3e(4A+A/ 2004 On the other hand, since &g <

bound. Therefore, [[u?|;,[v¥||s,
e(—r/2+A/200)q’ we have

1 _
1l 1070, = 5— = e(¥/2=A/100) (2.55)
q

With T > 10A, this implies that K > ¢4A/2. Therefore,
K, > eD/® > 18C, eMd/8 (2.56)

as claimed.
In order to get the lower bound on ||u? ||12q in (2.50), we need to consider two cases.

Trace Aq
1) X,

using (2.51) of Lemma 2.9, for any 1 < k < 18C;e44/8 < N, we have

Case I. For ¢ such that

> A/ (2.57)

k —k k —k
pc—p Trace A4 ot +p
||AI;'X¢||—‘— (A T I)X«J"‘T'X«J
,0 —,0 TraceA ok +pk
S H( )X - )
> lke—Aq/S

where in the last inequality we use (2.52) of Lemma 2.10. Due to (2.53), we then have
1Ak - Xoll = 1145 - Xl — (Akg — A5) - Xyl = Jhe 9% —2C.
Therefore, for 9C;e29/8 < k < 18C1e29/8, we have

|Akq - Xoll = C1 > 1. (2.58)
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By (2.56) and (2.58) we obtain

lg]-1 [18C ena/8]

1
e, = 5 D0 1A XolP =5 30 1 gg - X2 = eAa/10.
n=1 k=[9C; era/8]+1

Case II. For ¢ such that

T A
H(Aq—%l)-xw < e hal8, (2.59)
by (2.51), forany 1 < k < N, we get
k —k k —k
k P =0 Trace 44 Pt +p
||Aq'Xw||—’m‘(Aq—TI Xo+———X,
k | —k k_ —k
o +p o —p Trace A
zT-nX@n——_l-H(Aq——ql Xy
p—p 2

>1/3— Cike 1/8

where in the last step we use (2.52) of Lemma 2.10 again. Combining this with (2.53), we
have

| Akg - Xoll = 1A% - Xoll — 1(Arg — A%) - Xyl = 1/3 — Crke™24/8 — 2724
> 1/4— Cike 1/8

provided 2¢724 < 1/12. Then for 1 <k < ﬁe“q/s < K4 < Ny, we obtain || Agg - X ||
> 1/8. This implies

| Lstret
2 2 Ag/10
||uw||1q = 5 Z ”Akq‘X(o” >e /1o,
k=1

2.5. Proofs of Lemmas 2.2 and 2.3

Proof of Lemma 2.2. Assume that
|Trace 44| <2—e "1 < 2. (2.60)

Then in the expression in Lemma 2.9, p = e!¥ with i € (—, ). For any j, we have

. sinjy Trace A4 cos jy
Al = . -1 -1, € (—m, m). 2.61
q Sil‘lv/ ( q 2 + 2 w ( T ﬂ) ( )
Then |2cos | = |Trace A4| < 2—e~ "¢ implies [sin | > /1 — (1 — %e"q)2 > Ce™™4/2,

Therefore, .
14]1l < Ce™2(| 4g] + 1) + 1
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(here g is large enough so that ||A4] < e%). Now, by Theorem 10 for p-a.e. E and
k > K(E) we have (2.60) with t = 10A, so we obtain

”Aj” < e(6A+A/100)q
Il = .

Now let N = [egq ]. By the same argument as used for the proof of (2.33) and (2.53)
(based on Lemma A.1),if 8 > 15A + (2 + 1/€)&, then forany j < N,

||Aé — Al < e(CBFTI3A+2E+A/20)g _ ,—Aq

As a consequence, we have |4, || < e©A+TA/504 and || 4,4, < eTATA/SD for all
0<r <gand0 < j < N. Therefore,

Z | 4n(E)I? < ZZ | Akg+r (0. E)|? < Nqel14AFA2I0 < (EFISMa - g
k=0r=1

Proof of Lemma 2.3. By the choice of N, Ng > e(¢=2/2004 for ¢ large, thus for any
y <1,

Nq
(Ng)2—7 Z | An (E)||)> < e€H158)4,=C=1)(E=A/200)

< eC=7)E+16A)g

If &€ > ﬂ ,then (1 — y)§ — 16A > 1A Therefore,

N ZHA E)P <e M <1, _

3. Spectral singularity

3.1. Power law estimates and proof of Theorem 6

Throughout this section, our potential will be given by Vy(n) = V(0 4+ na),n € Z, where
V(#) is a real analytic function defined on the torus with analytic extension to the strip
{z:|Imz| < p}.

According to Lemma 1.2, it is enough to find a ¢ such that both m,, and 77/, are
y-spectral singular. The main technical tool to estimate the m-function is subordinacy
theory, Lemma 1.1. We also need one more general statement about the existence of
generalized eigenfunctions with sublinear growth of their /-norm (see [55]). That is, for
g-a.e. E, there exists ¢ € (—m/2, /2] such that u® and u®>~ both obey

co ol
imsup

_ 3.1
P T2 l0g ] G-b
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This inequality provides us an upper bound for the /-norm of the solution. To apply sub-
ordinacy theory, we also need a lower bound for the /-norm. It will be derived from the
following lower bounds on the norm of transfer matrices. Denote

Au(0,E,0) = Ay(0 — . E, —av). (3.2)
Note that A, is the n-step propagator for u?-~, v¥~. We have

Lemma 3.1. Fixa € R\Q with f = B(a) < oo. Assume that L(E) >a >0and E € S.
There is ¢ = c(a, p) > 0 such that forl > I(E, B, p), and any 0 € T,

I
D 1Ak, E )| = 11+2¢/F, (3.3)
k=1

l
D 1Ak, E a)|* = 112/, (3.4)
k=1

Proof of Theorem 6. For any ¢, we have

1
1
17 + 10217 = 5 D 14@), (3.5)
1<~
7+ 10707 = 5 D7 1Ak ). (3.6)
k=1

Therefore, a direct consequence of (3.3) is the power law estimate for the left-hand side
of (3.5), i.e., [u®||? + [v*|? = 11+2¢/B for | large.

On the other hand, according to (3.1), for ug-a.e. E, there exist p(E) and C =
C(E) < oo such that for large /,

le?ll; < C1'%logl,  [lu®~ |, < C1V?logl. (3.7)
Let us consider the right half-line estimates for u®, m,, first. From (3.5) and (3.7), we have
”vrp”lZ > ll+2c/ﬂ _ Cl(lOgZ)z > %ll+2c/ﬂ

and then
e, > L11/2+e/p (3.8)

provided B < occand! > [(B, E, p).
Applying subordinacy theory (1.31) to (3.7) and (3.8) one has, for any y € (0, 1) and
any ¢ > 0,

1 v
'V my(E +ig)| = : «/_)|| iy

= Qllu? i lvellie)t— 142 [l1e)
ve |

l(1+6//3)1/ llog i
=y =
||u“’|| Y
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where ¢, > 0 may denote different constants that only depend on y. Set yo = yo(B) =
W < 1, since B < oo. For any y > yg, we have

eV my(E +ig)| = ¢, 177 og™2 1 — oo

ase — 0.

Using (3.6) and (3.7), the same argument works for u®~, v¥>~ and mg,. Therefore, for
spectrally a.e. E, liminf, &' |m,(E + i&)| = oo and liminf,_g 81’V|m;(E +ie)|
= 00. According to Lemma 1.2, u is y-spectral singular for any y > yo. The conclusion
for the spectral dimension follows from the definition directly. ]

The proof of Lemma 3.1 depends on the following lemmas about the localization
density of the half-line solution. The key observation is that in the regime of positive
Lyapunov exponents we can guarantee transfer matrix growth at scale g, somewhere
within any interval of length ¢,, giving a contribution to (3.3).

Lemma 3.2. Assume that L(E) > a > 0 and o € R\Q. There are c; = c;(a, p) > 0 and
a positive integer d = d(p) such that for E € S and n > n(E, p), there exists an interval
Ay, such that

C2

Leb(Ay,) = —— 3.9
eb(Ay) > idn (3.9)

and for any 0 € A,, we have’
142 (0, E. ) [lus > e" =016 (3.10)
In the following, we will use || - || for the HS norm || - ||gs. Now let ¢; and d be as in

Lemma 3.2. Denote
C24n

ky = —1 3.11
<[ ot

where as before g, are the denominators of the continued fraction approximants to «.
Based on Lemma 3.2, one can show that

Lemma 3.3. Fix £ € S and a € R\Q. Let k,, be as in (3.11). Suppose q, is large
enough so that (3.9) holds for A, . Then for any 8, and any N € N, there is jy(0) €
2Ngu,2(N + 1)gy) such that

14y (0. E.)|| > eFnEE)/32, (3.12)

We first use Lemmas 3.2 and 3.3 to finish the proof of Lemma 3.1. The proofs of these
two lemmas are postponed to the next section.

Proof of Lemma 3.1. For [ sufficiently large, there is ¢, such that/ € [2¢,,2¢,+1). Write
[ as
| =2Ng, +r,

"We denote by | - [|ns the Hilbert-Schmidt norm of an SL(2, R) matrix A = (¢ g), | Allgs =
Va2 +b% +c2 +d>.
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where 0 < r < 2¢q, and 1 < N < gu+1/qn- Suppose ¢, is large enough so that (3.9)
holds for Ag,. Then Lemma 3.3 is applicable. Fix 6. Consider A,(¢, E, ) first. Let
jn(0) € 2nqy,2(n + 1)gy),n =0,1,..., N, be as in (3.12). Direct computation shows
that

1
Z Ak = 147D + 147 O + -+ + | Ajy_, (D]
k=1 > NeknL(E)/32,

We have [ = 2Ng, +r < 4Ngqy, i.e., N > 1/(4qy). (3.11) implies c2q,/(5d) < k, <
¢2qn/(4d) for g, large, so we have

16¢cqn

e

1
S AL @) = kol EN32 >
k=1 44n 44n

where ¢ = ¢(c2, d, a), where a is the lower bound for L from Lemma 3.2. Then for
sufficiently large /, we have

I
D 1 Ak@)F > 1eedn.

k=1
We also assume / is large enough (meaning ¢, is large enough), so that k’g;l—:“ < 28,

ie., el > q;i(fﬂ). Then

[
S NAR@O)? = 1g4/F = 11 /2)*/8 = 1 +2¢1B,
k=1

_ For the same 6, repeat the above procedure for A,(¢ — o, —a, E). Notice that
An(0, E, ) = An(0 — a, E, —a). Therefore, we have a sequence of positive integers
JjN(@O@ —a) € 2Ngy,2(N + 1)g,) for any N € N such that

A~ (0,E,a)| > efnLE)/32, (3.13)
JN

The rest of the computations are exactly the same as for A4,(0, E, ). Notice that the
constants ¢z and ¢ in Lemma 3.2 are independent of the choice of & or —a and 6. So k,
and ¢ will be the same for A, and A4,. [ ]

3.2. Proofs of the density lemmas
Proof of Lemma 3.2. Denote
Ja(0) = 140 (6. E, 0I5 (3.14)

Obviously, f,(6) is a real analytic function with analytic extension to the strip {z :
|Imz| < p}. For bounded S we have

I fallo:= sup [fa(2)] <€, E €S, (3.15)

Imz|<p
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where C; = Ci(S, ||V]l,) can be taken uniform for all £ € S. Expand f,(0) into its
Fourier series on T as

Ja(®) =) bu(k)e®™ ke (3.16)
keZ
where b, (k) is the k-th Fourier coefficient of f, (6) which satisfies
b (k)| < || fullpe ™2™ Vk € Z. (3.17)

We split f,,(0) into two parts, for some positive integer d which will be specified later:

[a0)=2n(0) + Ra(0),  gn(0)= > ba(k)e>™ 0. Ry(0)= Y by(k)e>™*?.

lk|<dn |k|>dn
Forany 6 € T,
2 _
Ra@l = 3 ) = Y I fullpe ¥ < e Crmem2mdn,
lk|>dn lk|>dn
Now pick
G
d = 20 +2. (3.18)
With this choice of d, we have 2wrpd > C; 4+ 1,soforany 6 € T,
2 _

Now we assume that the Lyapunov exponent L(E) of A(0, E) is positive. Denote
Oy = {0 fu(0) > e"HEVEY
07 = {0 gn(6) > "BV,
Oy ={0: fu(6) > "M EV2),
According to (3.19), we see that if f;,(0) > e"LE)/2 then
gn(0) > fu(0) = [Ru(0)] > e"HEV/2 — 1 > " HENE > n(E),
and if g, (0) > e"LE)/4 then
Sn(®) > gn(0) = |Ra(0)] > "X EVE > n(E).

Therefore, for large n,
®, C0O.CO,. (3.20)

On the other hand,
2nL(E) <2 / log | A (6) s 46 = / log £, (6) d6
T T

< Leb(©3)1og || full, + (1 — Leb(©3)) log e"LE)/2
< Leb(®3) - Cin + (1 — Leb(®3)) -nL(E)/2,
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which implies Leb(©3) > s 3LE)__ Since L(E) > a > 0 for E € S, we have

2C\—L(E)"
a
Leb(©3) > 3 —a = ca(a, p) > 0. (3.21)
Thus
Leb(®2) > ¢3(a, p) > 0. (3.22)

Since g, (0) is a trigonometric polynomial of degree 2d n, the set 2 consists of no more
than 4dn intervals. Therefore, there exists a segment A, C ©2 with Leb(A,) > 46[1_2;1'
Obviously, A, is also contained in ®,1,, ie., forany 6 € A,

[An () [IFg > €L B8

and

Leb(An) > ==, 1> n(E. p),
4dn
where d only depends on p and is independent of 7. ]

The following standard lemma is proved e.g. in [41].

Lemma 3.4 ([41, Lemma 9]). Let A C [0, 1] be an arbitrary interval. If |A| > 1/qy, then
for any 0 there existsa j in{0,1,...,qn + qn—1 — 1} such that 0 + jo € A.

Proof of Lemma 3.3. The case N = 0 is already covered by Lemma 3.4. The proof for
N > 0 follows the same strategy. Notice that (3.11) implies |Ag, | > 4‘5?(" > qin for
large g,. Applying Lemma 3.4 to 6 + 2Ng,, we find that there exists a j in {0, 1,...,

qn + qn—1 — 1} such that & + 2N gy + ja € Ay, ie.,
| Ag, (6 4+ 2N gna + ja)|| > eknEEV16,

Since
AoNgn+j+kn(0) = Ak, (0 + 2N gna + ja) Azng,+;(6)

and A; is unimodular, we see that either
[ A2ng,+5 O = e EE32or (| Ayng, 41k, (D) = e

Let jy be2Ng, + j or2Ng, + j + ky, so that jy satisfies (3.12). Clearly,

knL(E)/32

2NGn <2Ngn + j <2Ngn + ] + kn <2Ngn + 2¢y.
Therefore, jx € [2Ng,,2(N + 1)g,). [

4. Sturmian Hamiltonian

Liu, Qu and Wen [57, 58] studied the Hausdorff and upper box counting dimension
of X, o with general irrational frequencies. For any irrational « € (0, 1) with continued
fraction expansion [0; a1, az, . .. ], define

K = liminf : l/k d K*@) =1 l/k 4.1
«() = }cn_l)g; (il:[la,) an (x) = I;Il)solip (il:[la,) . 4.1)
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Then [58, Theorem 1], [57, Theorem 1.1]) for large coupling constant A, dimg(Zq,2) = 1
iff Ky (a) = oo and mB(Ea,A) = 1iff K*(a) = oo.

The usual way to study Sturmian Hamiltonians is to decompose Sturmian poten-
tials into canonical words, which obey recursive relations. Here we present an alternative
approach to study spectral dimension properties of Sturmian Hamiltonians based on the
techniques we developed in Theorem 7.

We will first prove Theorem 9. Set
Vo(n) = Ax[i—a,1)(0 + na mod 1). 4.2)

It is well-known that for Sturmian Hy, the restriction of the Lyapunov exponent on the
spectrum is zero (see [23, Theorem 1]). By the discussion after (1.18) (see [47]) or else,
specifically for Sturmian potentials, by [56], for arbitrarily small A > 0 and n > ng(A),
|4, (8, E)|| < e2" uniformly in @ and E € o(Hg). Here we will apply Corollary I
directly.

Let gx be the subsequence of denominators of the continued fraction approximants
of  such that ||gxe|| < e=#9%/2 In order to apply Corollary 1, it is enough to verify that
Vg (n) given by (4.2) is B(«)-almost periodic for all ¢-Diophantine 6 € T. Fix t > 1. If
6 is a-Diophantine there is y > 0 such that ||0 + ma||r/z > y/(|m| 4 1)* forany m € Z.
Then for |m| < ¢,

dist(0 + ma, {Z,1 —a + Z}) > | llnin . 160 + ma|r/z.
m|<

q+
Therefore,
min dist(60 + ma,{Z,1 —a + Z}) > min 4 > 4 .
Im|<q Iml<q+1 (Im| +1)* ~ (g +2)°

Let N = [¢4/4], where ¢ > qo(y, B) is an element of the subsequence gx chosen
above. Then for |j| < N, and any |m| < ¢, we have

1
aall < il <eBat oV 1 gio Z,1—a+17)).
ljgall < 1jl-llqall <e = 0@ 12 =10 ist(0 + ma,{Z,1 —a + Z})

Therefore, for any [m| < g and |j| < N, 0 + ma mod 1 and 6 + ma + jgo mod 1 belong
to the same of the two open intervals (0, 1 — ), (1 — e, 1), which implies that

X-a,1)(0 +mamod 1) = x[1—q,1)(0 + ma + jgamod 1), |m|<gq,|j|<N
Therefore, for 0 <m < g,
Vo(m) = Vo(m +q) =--- = Vop(m + Nq),

which immediately implies B (c)-almost periodicity for the sequence g with € = 1/4.
Since the set of a-Diophantine 6 has full Lebesgue measure, the conclusion for the
density of states follows directly from dN = E(dug).
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Next we will construct « to prove Corollary 5. We will define inductively the contin-
ued fraction coefficients a,,n > 1,50« = [ay,...,dy,...]. Fix B > 0. Start with some n¢
large. For 1 <i <ng,seta; = 1.Set[ay,...,an] = pn/qn-Now, fork =1,2,... define
Nk = qng +qn, + -+ + qn,_, and

fork =0,1,....

B n=np+1,
an =
1, ng+2<n=<ngqq,

It is easy to check that

1 1 1 log2
B+ 08 Gni _ 108 dni+19nk < 082 qny+1 <B+ og an’
an an an an
SO
10g Gy +1 8,
dny
and

1 1
(alaz...ank) /ng — (an0+1anl+1 ...ank_1+l) /nk

— (eﬂCInOeﬁIIn] ,,,eﬂan_l)1/(¢1n0+¢1n1+"‘+4nk_1) — eﬁ < 00.

Therefore, a constructed in the above way satisfies S(a) > 0 while K, («) < co. Then
Corollary 5 follows from [58] and Theorem 9. [

On the other hand, if we take o = [0; 1,2, 3,...], then K. (o) = oo while S(«) = 0.
By [58], for the Sturmian Hamiltonian with frequencies o« such that K. (o) = oo, we have
dimy(Sq.2) = dimp(Se) = 1.

Appendix A

A.l. Proof of Lemma 2.7

Suppose that u, v are the two normalized eigenvectors of G such that
Gu=pu, Guv=plv, |ull=[v]=1

Denote the angle between u and v by 6. Without loss of generality we assume further
that || < 7/2. Set B = (u,v), B = B/+/|det B|. Obviously, | B| <1, |det B| = 1, and
det B = ||| - [lv|| - sin 8. Therefore,

1B £ ——.
|sin 6|

On the other hand, G(u — v) = pu — p~ v, which implies that

p—p = pllull = p~ vl < llpu — p~ "ol = |G = )| < |G| - u —v].
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By the law of cosines, |[u — v|| = 2sin % Then

_ 1 _
5 sin 0 Nl /(| Trace G| + 2)(|Trace G| — 2)
2 Gl Gl

|Trace G| < 6 implies that |Trace G| 4+ 2 > 2(|Trace G| — 2), so 25in% > %
Therefore,

. ) 1 |Trace G| — 2 G
sin@ > 2sin — > so [|B] <

2 27 Gl ’ = [Trace G| -2

. . 2/1GI
< =M1 1
It is also easy to see that if |Trace G| > 6, then || B|| TTrace G2 u

A.2. Proofs of Lemmas 2.9 and 2.10
Proof of Lemma 2.9. Suppose A = (¢ 4) € SL(2,R) has eigenvalues p and p™".

Case I: Trace A # 2. Obviously, p # 1 and

_fa b\ __fp O 1
A_(C d)_B(O p_l)B (A.1)

where B is the conjugation matrix. Suppose p 7# d. We can pick the conjugation matrix

as b b
1 — —d (1 =
B = ( .7 11-,1), Bl = pp = ( . pl'—a), (A2)
o—d - T o—d

If p = d, it is easy to see that bc = 0. Without loss of generality, we assume ¢ = 0,5 # 0.
We can pick the conjugation matrix as

11 . b 0 ~1
B = it o) B = s e ) (A.3)

Direct computation using (A.1)—(A.3) shows that for any k € N,
k _ —k d k —k
:%.(A_H .,)+m_
p—p" 2 2
Case II: Trace A = 2. Also follows by a (simpler) direct computation, considering sepa-
ratelya = land a # 1.

Proof of Lemma 2.10. Now assume E € S, and 1 < k < N,. Apply (A.4) to A4(E).
First, suppose 2 < Trace A, (E) < 24 e~ 4. Then

“p= Trace Ag(E) + +/(Trace A4(E))? — 4 - 247 4+ /2 +e )2 -4
2 2
<1 4 (—T/2+A/200)

Ak

1. (A4)
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There is a universal constant C such that for any 1 < k < N, < e(#/2=4/200)¢

l<pk < (1 +e(—r/2+A/200)q)Nq <C.

Therefore,
k —k
| < % <C. (A5)
On the other hand,
pk—p* i k—2i+1
_— p 24l .
_ -1
p—p iz
and therefore
pF—p*
k< — < Cik. (A.6)
p—p!

Now assume 2 — e~ "7 < Trace A4(E) < 2. Then p = 'V and (A.4) can be expressed
Ak — Silelﬂ (4, - Trace Ay )+ cosky
9 siny 2 2
We have 1 — %e_”f <cos¥ < 1. Then |siny/| < e~7/2, and || < Zlsinyr| < 2e7Ta/2,
As in the hyperbolic case, we set N, = [e(x/2—A/200)a] For k < Ny,

as

1. (A7)

k| < 2e24/200,

Then for ¢ large enough, we have %|k1/f| < |sinky| < [ky| < +/3/2. Therefore, %k <
|SAV | < Tk and 1 > cosky > 1/2.

sin ¢
Exactly the same argument works for the cases {£ : =2 < Trace A; < =2 + ¢ *9}
and {E : —2 — e < Trace A; < —2}. (]

A.3. Some estimates on matrix products

Lemma A.1. Suppose G is a 2 x 2 matrix satisfying
G| <M < oo forall0 < j <N, (A.8)

where M > 1 only depends on N. Let G; = G + A;, j =1,..., N, be a sequence of
2 x 2 matrices and let

§ = max |[Aj]. (A.9)
1<j<N

i
NM§ <1/2, (A.10)

then for anyn < N,

< 2NM?3S. (A.11)

Lo o
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Proof. Denote
= max
1<k, k2<NH ]—[ H

Then a simple perturbation argument, as e.g. in [48], shows that D < M(6DN + 1). Thus
D < 1_1‘1"; TN - Direct computation shows that forany 1 <n < N,

n n—1 n

[[6,-6"= Z( 11 G_,)Ak+1Gk.

j=1 k=0 j=k+2
Therefore,

M?*§N
H]_[G —6"| < Npsm < 00
1—MSN'

Clearly, if M6N < 1/2, then || ]_[j=1 G; —G"|| <2NM?S. |

A.4. Extended Schnol Theorem (Lemma 2.6)

Let y > 1/2 and x; be any sequence such that |x;| — oo as k — oo. For a Borel set
B C R, denote

tnm(B) = (8, xB(H)8m),  p(B) =D an(pnn(B) + fns1,041(B)),

where
_Je kD™ n=x,
T e+ |n)7, else

with ¢ > 0 chosen so that ), a, = 1/2. Then p is a Borel probability measure with
p(B) = 0 if and only if u(B) = 0, i.e., p and p are mutually absolutely continuous. By
the Cauchy—Schwarz inequality,

|nm(B)| < nn (B)l/zl/«m,m (B)l/z'

SO [n,m 1s absolutely continuous with respect to p. By the Radon—Nikodym Theorem,
there exists a measurable density

Fam(E) = [d“"'”}(E) p-ae. E,

with
i (B) = / 18(E) Fom(E) dp(E).

Then for every bounded measurable function f, we have

(S f(H)5m) = / F(E) Fym(E) dp(E).
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In particular, if g is compactly supported and bounded, we may set f(E) = Eg(FE) and
have

[ SV EE (BN ApE) = (8. He(H)sm) = (s + s + Vi g (H)S)
= [ & Furm(EYAPE)+ [ GBI Forn (B AP(E)+ [ G(EIV, Fo(E) ()
= [ & Eus1n(EV+ s n(EV+ Vo Fon (BN Gp(E).
For any fixed m € Z, let u? (n) = F, ,»(E). Thus for any g we have
[ eErctt — EyErim apte) =o.

i.e., {uf (n)},ez is a generalized eigenfunction of Hu = Eu for p-a.e. E.
On the other hand, let
B, ={E: F,>1/a,}.

Then
p(Ba) =3tk (Ba) > antinn(By) = ay fB Fun(E) dp(E),
- )
while
/B Fun(E)dp(E) 2 %p(B,».
Therefore,

| @nFuntE) = 1 ao(E) <0.
By
Hence, p(B,) = 0, i.e., for p-a.e. E, Fp n(E) < i, thus

|Fn,m| < a;l/Za;ll/Z‘

Fix m = 0, and let u® (n) = F, 0. Then according to the previous proof, for p-a.e. E,

uf is a generalized eigenfunction of Hu = Eu and obeys the estimate

)| < ag'Pay 2.
By the choice of a,, we have

u® ()] < (14 [k)” ]

Acknowledgments. We are grateful to S. Molchanov for mentioning the extended Schnol Theorem
in his talk at UCI; it has become an important part of our proof.



S. Jitomirskaya, S. Zhang 1764

Funding. This research was partially supported by the Simons Foundation and NSF DMS-1401204
and DMS-1901462. We are also grateful to the Isaac Newton Institute for Mathematical Sciences,
Cambridge, for support and hospitality during the program Periodic and Ergodic Spectral Problems
where a part of this work was done.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]
(10]

(11]

[12]

[13]

[14]

[15]

[16]

Avila, A.: Global theory of one-frequency Schrodinger operators. Acta Math. 215, 1-54
(2015) Zbl 1360.37072 MR 3413976

Avila, A.: The absolutely continuous spectrum of the almost Mathieu operator.
arXiv:0810.2965 (2008)

Avila, A., Jitomirskaya, S.: The Ten Martini Problem. Ann. of Math. (2) 170, 303-342 (2009)
Zbl 1166.47031 MR 2521117

Avila, A., Jitomirskaya, S.: Holder continuity of absolutely continuous spectral measures for
one-frequency Schrodinger operators. Comm. Math. Phys. 301, 563-581 (2011)
Zbl 1215.47025 MR 2764997

Avila, A., Krikorian, R.: Reducibility or nonuniform hyperbolicity for quasiperiodic
Schrédinger cocycles. Ann. of Math. (2) 164, 911-940 (2006) Zbl 1138.47033
MR 2259248

Avila, A., Last, Y., Shamis, M., Zhou, Q.: On the abominable properties of the almost Mathieu
operator with well approximated frequencies. In preparation

Avila, A., You, J., Zhou, Q.: Sharp phase transitions for the almost Mathieu operator. Duke
Math. J. 166, 2697-2718 (2017) Zbl 06803180 MR 3707287

Barbaroux, J.-M., Germinet, F., Tcheremchantsev, S.: Fractal dimensions and the phenomenon
of intermittency in quantum dynamics. Duke Math. J. 110, 161-193 (2001) Zbl 1012.81018
MR 1861091

Bellissard, J., Iochum, B., Scoppola, E., Testard, D.: Spectral properties of one-dimensional
quasi-crystals. Comm. Math. Phys. 125, 527-543 (1989) Zbl 0825.58010 MR 1022526

Bourgain, J., Goldstein, M.: On nonperturbative localization with quasi-periodic potential.
Ann. of Math. (2) 152, 835-879 (2000) Zbl 1053.39035 MR 1815703

Bourgain, J., Jitomirskaya, S.: Continuity of the Lyapunov exponent for quasiperiodic opera-
tors with analytic potential. J. Statist. Phys. 108, 1203—-1218 (2002) Zbl 1039.81019
MR 1933451

Breuer, J., Last, Y., Strauss, Y.: Eigenvalue spacings and dynamical upper bounds for discrete
one-dimensional Schrodinger operators. Duke Math. J. 157, 425-460 (2011)
Zbl 1216.81071 MR 2785826

Carmona, R., Lacroix, J.: Spectral Theory of Random Schrodinger Operators. Birkhduser
Boston, Boston, MA (1990) Zbl 0717.60074 MR 1102675

Carvalho, S. L., de Oliveira, C. R.: Spectral packing dimensions through power-law subordi-
nacy. Ann. Henri Poincaré 14, 775-792 (2013) Zbl 1267.81150 MR 3046456

Carvalho, S. L., de Oliveira, C. R.: Generic quasilocalized and quasiballistic discrete
Schrodinger operators. Proc. Amer. Math. Soc. 144, 129-141 (2016) Zbl 1328.47032
MR 3415583

Damanik, D.: Gordon-type arguments in the spectral theory of one-dimensional quasicrys-
tals. In: Directions in Mathematical Quasicrystals, CRM Monogr. Ser. 13, Amer. Math. Soc.,
Providence, RI, 277-305 (2000) Zbl 0989.81025 MR 1798997


https://zbmath.org/?q=an:1360.37072&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3413976
https://arxiv.org/abs/0810.2965
https://zbmath.org/?q=an:1166.47031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2521117
https://zbmath.org/?q=an:1215.47025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2764997
https://zbmath.org/?q=an:1138.47033&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2259248
https://zbmath.org/?q=an:06803180&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3707287
https://zbmath.org/?q=an:1012.81018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1861091
https://zbmath.org/?q=an:0825.58010&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1022526
https://zbmath.org/?q=an:1053.39035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1815703
https://zbmath.org/?q=an:1039.81019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1933451
https://zbmath.org/?q=an:1216.81071&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2785826
https://zbmath.org/?q=an:0717.60074&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1102675
https://zbmath.org/?q=an:1267.81150&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3046456
https://zbmath.org/?q=an:1328.47032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3415583
https://zbmath.org/?q=an:0989.81025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1798997

Singular continuous spectral measures for quasiperiodic Schrodinger operators 1765

[17] Damanik, D.: Lyapunov exponents and spectral analysis of ergodic Schrodinger operators: a
survey of Kotani theory and its applications. In: Spectral Theory and Mathematical Physics:
a Festschrift in Honor of Barry Simon’s 60th Birthday, Proc. Sympos. Pure Math. 76, Amer.
Math. Soc., Providence, RI, 539-563 (2007) Zbl 1130.82018 MR 2307747

[18] Damanik, D.: Schrodinger operators with dynamically defined potentials. Ergodic Theory
Dynam. Systems 37, 1681-1764 (2017) Zbl 06823048 MR 3681983

[19] Damanik, D., Embree, M., Gorodetski, A., Tcheremchantsev, S.: The fractal dimension of the
spectrum of the Fibonacci Hamiltonian. Comm. Math. Phys. 280, 499-516 (2008)
Zbl 1192.81151 MR 2395480

[20] Damanik, D., Goldstein, M., Schlag, W., Voda, M.: Homogeneity of the spectrum for quasi-
periodic Schrodinger operators. J. Eur. Math. Soc. 20, 3073-3111 (2018) Zbl 06991338
MR 3871499

[21] Damanik, D., Gorodetski, A., Yessen, W.: The Fibonacci Hamiltonian. Invent. Math. 206,
629-692 (2016) Zbl 1359.81108 MR 3573970

[22] Damanik, D., Killip, R., Lenz, D.: Uniform spectral properties of one-dimensional quasicrys-
tals. I1II. -continuity. Comm. Math. Phys. 212, 191-204 (2000) Zbl 1045.81024
MR 1764367

[23] Damanik, D., Lenz, D.: Uniform spectral properties of one-dimensional quasicrystals. II. The
Lyapunov exponent. Lett. Math. Phys. 50, 245-257 (1999) Zbl 1044.81036 MR 1768702

[24] Damanik, D., Tcheremchantsev, S.: Upper bounds in quantum dynamics. J. Amer. Math. Soc.
20, 799-827 (2007) Zbl 1114.81036 MR 2291919

[25] del Rio, R., Jitomirskaya, S., Last, Y., Simon, B.: Operators with singular continuous spec-
trum. IV. Hausdorff dimensions, rank one perturbations, and localization. J. Anal. Math. 69,
153-200 (1996) Zbl 0908.47002 MR 1428099

[26] Falconer, K.: Techniques in Fractal Geometry. Wiley, Chichester (1997) Zbl 0869.28003
MR 1449135

[27] Geisel, T., Ketzmerick, R., Petshel, G.: New class of level statistics in quantum systems with
unbounded diffusion. Phys. Rev. Lett. 66, 1651-1654 (1991)

[28] Germinet, F., Kiselev, A., Tcheremchantsev, S.: Transfer matrices and transport for
Schrodinger operators. Ann. Inst. Fourier (Grenoble) 54, 787-830 (2004) Zbl 1074.81019
MR 2097423

[29] Gilbert, D. J.: On subordinacy and analysis of the spectrum of Schrodinger operators with two
singular endpoints. Proc. Roy. Soc. Edinburgh Sect. A 112, 213-229 (1989)
Zbl 0678.34024 MR 1014651

[30] Gilbert, D.J., Pearson, D. B.: On subordinacy and analysis of the spectrum of one-dimensional
Schrodinger operators. J. Math. Anal. Appl. 128, 30-56 (1987) Zbl 0666.34023
MR 915965

[31] Goldstein, M., Schlag, W.: Fine properties of the integrated density of states and a quantitative
separation property of the Dirichlet eigenvalues. Geom. Funct. Anal. 18, 755-869 (2008)
Zbl 1171.82011 MR 2438997

[32] Goldstein, M., Schlag, W.: On resonances and the formation of gaps in the spectrum of quasi-
periodic Schrodinger equations. Ann. of Math. (2) 173, 337475 (2011) Zbl 1268.82013
MR 2753606

[33] Guarneri, L., Schulz-Baldes, H.: Lower bounds on wave packet propagation by packing dimen-
sions of spectral measures. Math. Phys. Electron. J. §, art. 1, 16 pp. (1999) Zbl 0910.47059
MR 1663518


https://zbmath.org/?q=an:1130.82018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2307747
https://zbmath.org/?q=an:06823048&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3681983
https://zbmath.org/?q=an:1192.81151&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2395480
https://zbmath.org/?q=an:06991338&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3871499
https://zbmath.org/?q=an:1359.81108&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3573970
https://zbmath.org/?q=an:1045.81024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1764367
https://zbmath.org/?q=an:1044.81036&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1768702
https://zbmath.org/?q=an:1114.81036&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2291919
https://zbmath.org/?q=an:0908.47002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1428099
https://zbmath.org/?q=an:0869.28003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1449135
https://zbmath.org/?q=an:1074.81019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2097423
https://zbmath.org/?q=an:0678.34024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1014651
https://zbmath.org/?q=an:0666.34023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=915965
https://zbmath.org/?q=an:1171.82011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2438997
https://zbmath.org/?q=an:1268.82013&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2753606
https://zbmath.org/?q=an:0910.47059&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1663518

S. Jitomirskaya, S. Zhang 1766

(34]

(35]

(36]

(37]

(38]

(39]

(40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

(501

[51]

[52]

Han, R., Yang, F., Zhang, S.: Spectral dimension for §-almost periodic singular Jacobi opera-
tors and the extended Harper’s model. J. Anal. Math. 142, 605-666 (2020) Zbl 07308606
MR 4205792

Helffer, B., Liu, Q., Qu, Y., Zhou, Q.: Positive Hausdorff dimensional spectrum for the critical
almost Mathieu operator. Comm. Math. Phys. 368, 369-382 (2019) Zbl 07057307
MR 3946411

Helffer, B., Sjostrand, J.: Semiclassical analysis for Harper’s equation. III. Cantor structure of
the spectrum. Mém. Soc. Math. France (N.S.) 39, 124 pp. (1989) Zbl 0725.34099
MR 1041490

Jitomirskaya, S., Kachkovskiy, I.: All couplings localization for quasiperiodic operators with
monotone potentials. J. Eur. Math. Soc. 21, 777-795 (2019) Zbl 07036221 MR 3908765

Jitomirskaya, S., Kocic, S.: Spectral theory of Schrodinger operators over circle diffeomor-
phisms. Int. Math. Res. Notices (online, 2021)

Jitomirskaya, S., Krasovsky, I.: Critical almost Mathieu operator: hidden singularity, gap con-
tinuity, and the Hausdorff dimension of the spectrum. arXiv:1909.04429 (2019)

Jitomirskaya, S., Last, Y.: Power-law subordinacy and singular spectra. 1. Half-line operators.
Acta Math. 183, 171-189 (1999) Zbl 0991.81021 MR 1738043

Jitomirskaya, S., Last, Y.: Power law subordinacy and singular spectra. II. Line operators.
Comm. Math. Phys. 211, 643-658 (2000) Zbl 1053.81031 MR 1773812

Jitomirskaya, S., Liu, W.: Arithmetic spectral transitions for the Maryland model. Comm. Pure
Appl. Math. 70, 1025-1051 (2017) Zbl 06734215 MR 3639318

Jitomirskaya, S., Liu, W.: Universal hierarchical structure of quasiperiodic eigenfunctions.
Ann. of Math. (2) 187, 721-776 (2018) Zbl 06864389 MR 3779957

Jitomirskaya, S., Liu, W.: Universal reflective-hierarchical structure of quasiperiodic eigen-
functions and sharp spectral transition in phase. arXiv:1802.00781 (2018)

Jitomirskaya, S., Marx, C. A.: Analytic quasi-periodic Schrodinger operators and rational fre-
quency approximants. Geom. Funct. Anal. 22, 1407-1443 (2012) Zbl 1263.47037
MR 2989438

Jitomirskaya, S., Mavi, R.: Continuity of the measure of the spectrum for quasiperiodic
Schrodinger operators with rough potentials. Comm. Math. Phys. 325, 585-601 (2014)
Zbl 1323.47037 MR 3148097

Jitomirskaya, S., Mavi, R.: Dynamical bounds for quasiperiodic Schrodinger operators with
rough potentials. Int. Math. Res. Notices 2017, 96-120 Zbl 1405.35175 MR 3632099

Jitomirskaya, S., Schulz-Baldes, H., Stolz, G.: Delocalization in random polymer models.
Comm. Math. Phys. 233, 27-48 (2003) Zbl 1013.82027 MR 1957731

Jitomirskaya, S., Simon, B.: Operators with singular continuous spectrum. III. Almost periodic
Schrodinger operators. Comm. Math. Phys. 165, 201-205 (1994) Zbl 0830.34074
MR 1298948

Killip, R., Kiselev, A., Last, Y.: Dynamical upper bounds on wavepacket spreading. Amer. J.
Math. 125, 1165-1198 (2003) Zbl 1053.81020 MR 2004433

Last, Y.: A relation between a.c. spectrum of ergodic Jacobi matrices and the spectra of peri-
odic approximants. Comm. Math. Phys. 151, 183-192 (1993) Zbl 0782.34084
MR 1201659

Last, Y.: Zero measure spectrum for the almost Mathieu operator. Comm. Math. Phys. 164,
421-432 (1994) Zbl 0814.11040 MR 1289331


https://zbmath.org/?q=an:07308606&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4205792
https://zbmath.org/?q=an:07057307&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3946411
https://zbmath.org/?q=an:0725.34099&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1041490
https://zbmath.org/?q=an:07036221&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3908765
https://arxiv.org/abs/1909.04429
https://zbmath.org/?q=an:0991.81021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1738043
https://zbmath.org/?q=an:1053.81031&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1773812
https://zbmath.org/?q=an:06734215&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3639318
https://zbmath.org/?q=an:06864389&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3779957
https://arxiv.org/abs/1802.00781
https://zbmath.org/?q=an:1263.47037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2989438
https://zbmath.org/?q=an:1323.47037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3148097
https://zbmath.org/?q=an:1405.35175&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3632099
https://zbmath.org/?q=an:1013.82027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1957731
https://zbmath.org/?q=an:0830.34074&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1298948
https://zbmath.org/?q=an:1053.81020&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2004433
https://zbmath.org/?q=an:0782.34084&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1201659
https://zbmath.org/?q=an:0814.11040&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1289331

Singular continuous spectral measures for quasiperiodic Schrodinger operators 1767

(53]

[54]

[55]

[56]

(571

(58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

Last, Y.: Quantum dynamics and decompositions of singular continuous spectra. J. Funct.
Anal. 142, 406-445 (1996) Zbl 0905.47059 MR 1423040

Last, Y., Shamis, M.: Zero Hausdorff dimension spectrum for the almost Mathieu operator.
Comm. Math. Phys. 348, 729-750 (2016) Zbl 1369.47039 MR 3555352

Last, Y., Simon, B.: Eigenfunctions, transfer matrices, and absolutely continuous spectrum of
one-dimensional Schrodinger operators. Invent. Math. 135, 329-367 (1999)
Zbl 0931.34066 MR 1666767

Lenz, D.: Singular spectrum of Lebesgue measure zero for one-dimensional quasicrystals.
Comm. Math. Phys. 227, 119-130 (2002) Zbl 1065.47035 MR 1903841

Liu, Q.-H., Qu, Y.-H., Wen, Z.-Y.: The fractal dimensions of the spectrum of Sturm Hamilto-
nian. Adv. Math. 257, 285-336 (2014) Zbl 1294.28008 MR 3187651

Liu, Q.-H., Wen, Z.-Y.: Hausdorff dimension of spectrum of one-dimensional Schrodinger
operator with Sturmian potentials. Potential Anal. 20, 33-59 (2004) Zbl 1049.81023
MR 2032611

Peierls, R.: Zur Theorie des Diamagnetismus von Leitungselektronen, Z. Phys. A Hadrons
and Nuclei 80, 763-791 (1933) Zbl 0006.19204

Schulz-Baldes, H., Bellissard, J.: Anomalous transport: a mathematical framework. Rev.
Math. Phys. 10, 1-46 (1998) Zbl 0908.47066 MR 1606847

Shamis, M.: Spectral analysis of Jacobi operators. PhD thesis, Hebrew Univ. of Jerusalem
(2010)

Simon, B.: Fifteen problems in mathematical physics. In: Perspectives in Mathematics:
Anniversary of Oberwolfach 1984, Birkhduser, 423-454 (1984)

Simon, B.: Operators with singular continuous spectrum. I. General operators. Ann. of Math.
(2) 141, 131-145 (1995) Zbl 0851.47003 MR 1314033

Simon, B.: Schrodinger operators in the twenty-first century. In: Mathematical Physics 2000,
Imperial College Press, London, 283-288 (2000) Zbl 1074.81521 MR 1773049

Simon, B.: Equilibrium measures and capacities in spectral theory. Inverse Probl. Imaging 1,
713-772 (2007) Zbl 1149.31004 MR 2350223

Simon, B.: Fifty years of the spectral theory of Schrédinger operators. Talk, Linde Hall Inau-
gural Math Symposium, Caltech, Feb. 2019

Stinchcombe, R. B., Bell, S. C.: Hierarchical band clustering and fractal spectra in incommen-
surate systems. J. Phys. A 20, L739-L.744 (1987) MR 914038

Tang, C., Kohmoto, M.: Global scaling properties of the spectrum for a quasiperiodic
Schrodinger equation. Phys. Rev. B 34, 2041-2044 (1986).

Wang, Y., You, J.: Examples of discontinuity of Lyapunov exponent in smooth quasiperiodic
cocycles. Duke Math. J. 162, 2363-2412 (2013) Zbl 1405.37032 MR 3127804

Wilkinson, M., Austin, E.: Spectral dimension and dynamics for Harper’s equation. Phys. Rev.
B 50, 1420-1429 (1994)

You, J.: Quantitative almost reducibility and its applications. In: Proc. International Congress
of Mathematicians (Rio de Janeiro, 2018), Vol. III, World Sci., Hackensack, NJ, 2113-2135
(2018) Zbl 07250555 MR 3966844

You, J., Zhang, S.: Holder continuity of the Lyapunov exponent for analytic quasiperiodic
Schrodinger cocycle with weak Liouville frequency. Ergodic Theory Dynam. Systems 34,
1395-1408 (2014) Zbl 1315.39004 MR 3227161


https://zbmath.org/?q=an:0905.47059&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1423040
https://zbmath.org/?q=an:1369.47039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3555352
https://zbmath.org/?q=an:0931.34066&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1666767
https://zbmath.org/?q=an:1065.47035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1903841
https://zbmath.org/?q=an:1294.28008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3187651
https://zbmath.org/?q=an:1049.81023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2032611
https://zbmath.org/?q=an:0006.19204&format=complete
https://zbmath.org/?q=an:0908.47066&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1606847
https://zbmath.org/?q=an:0851.47003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1314033
https://zbmath.org/?q=an:1074.81521&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1773049
https://zbmath.org/?q=an:1149.31004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2350223
https://mathscinet.ams.org/mathscinet-getitem?mr=914038
https://zbmath.org/?q=an:1405.37032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3127804
https://zbmath.org/?q=an:07250555&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3966844
https://zbmath.org/?q=an:1315.39004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3227161

	1. Introduction
	1.1. Main application
	1.2. Spectral singularity, continuity and proof of Theorem 5
	1.3. Corollaries for the AMO, Sturmian potentials, and transport exponents
	1.4. Preliminaries

	2. Spectral continuity 
	2.1. Proof of Theorem 7
	2.2. Proof of Theorem 10
	2.3. The hyperbolic case: Proof of Lemma 2.4
	2.4. Energies with trace close to 2: Proof of Lemma 2.5
	2.5. Proofs of Lemmas 2.2 and 2.3

	3. Spectral singularity
	3.1. Power law estimates and proof of Theorem 6
	3.2. Proofs of the density lemmas

	4. Sturmian Hamiltonian
	Appendix A
	A.1. Proof of Lemma 2.7
	A.2. Proofs of Lemmas 2.9 and 2.10
	A.3. Some estimates on matrix products
	A.4. Extended Schnol Theorem (Lemma 2.6)

	References

