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Abstract. In this paper, we considerably extend the results on global existence of entropy-
weak solutions to the compressible Navier—Stokes system with density dependent viscosities
obtained, independently (using different strategies) by Vasseur—Yu [Invent. Math. 206 (2016) and
arXiv:1501.06803 (2015)] and by Li—Xin [arXiv:1504.06826 (2015)]. More precisely, we are able
to consider a physical symmetric viscous stress tensor o = 2u(p) D(u) + (A(p) divu — P(p)) Id
where D (1) = [Vu + VT u]/2 with shear and bulk viscosities (respectively p(p) and A(p)) sat-
isfying the BD relation A(p) = 2(u/(p)p — w(p)) and a pressure law P(p) = ap” (witha > 0 a
given constant) for any adiabatic constant y > 1. The non-linear shear viscosity j(p) satisfies some
lower and upper bounds for low and high densities (our result includes the case u(p) = up® with
2/3 <o < 4 and u > 0 constant). This provides an answer to a longstanding question on com-
pressible Navier—Stokes equations with density dependent viscosities, mentioned for instance by
F. Rousset [Bourbaki 69¢me année, 20162017, exp. 1135].

Keywords. Global weak solutions, compressible Navier—Stokes equations, vacuum, degenerate
viscosities

1. Introduction

When a fluid is governed by the barotropic compressible Navier—Stokes equations, the
existence of global weak solutions, in the sense of J. Leray [35], in space dimension
greater than 2 remained for a long time without answer, because of the weak control of
the divergence of the velocity field which may provide the possibility for the density to
vanish (vacuum state) even if initially this is not the case.
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There exists a huge literature on this question in the case of constant shear viscosity
w and constant bulk viscosity A. Many authors, including Hoff [27], Jiang—Zhang [29],
Kazhikhov—Shelukhin [33], Serre [47], Vaigant-Kazhikhov [48] (to cite but a few),
obtained partial answers. The first rigorous approach to this problem in its generality
is due to P.-L. Lions [38] when the pressure law in terms of the density is given by
P(p) = ap? where a and y are strictly positive constants. He presented in 1998 a complete
theory for P(p) = ap? with y > 3d/(d + 2) (where d is the space dimension) allowing
one to obtain global existence of weak solutions a la Leray in dimensions d = 2 and 3 and
for general initial data belonging to the energy space. His result was then extended in 2001
to the case P(p) = ap? with y > d /2 by Feireisl-Novotny—Petzeltova [24] introducing
an appropriate method of truncation. Note also the 2014 paper on compressible Navier—
Stokes equations with constant viscosities by Plotnikov—Weigant [45] in dimension 2 for
the linear pressure law, that is, y = 1. In 2002, Feireisl [23] also proved it is possible
to consider a pressure law P (p) non-monotone on a compact set [0, p.] (with p« con-
stant) and monotone elsewhere. This was relaxed in 2018 by Bresch—Jabin [16] allowing
one to consider real non-monotone pressure laws. They also proved that it is possible to
consider some constant anisotropic viscosities. The Lions theory has also been extended
recently by Vasseur—Wen—Yu [49] to pressure laws depending on two phases (see also
Maltese & al. [39], Novotny [43] and Novotny—Pokorny [44]). The method introduced by
Bresch—Jabin [16] has also been recently developed in the bifluid framework by Bresch—
Mucha—Zatorska [17].

When the shear and bulk viscosities (respectively pu and A) are assumed to depend
on the density p, the mathematical framework is completely different. It was discussed,
mathematically, initially in a paper by Bernardi—Pironneau [6] related to viscous shallow-
water equations and by P.-L. Lions [38]. The main ingredient in the constant case, which
is the compactness in space of the effective flux F = (2u + A) divu — P(p), is no longer
true for density dependent viscosities. In space dimension greater than 1, a new math-
ematical framework was initiated with a series of papers by Bresch—-Desjardins [8—11]
(started in 2003 with Lin [12] in the context of Navier—Stokes—Korteweg with linear
shear viscosity case) who identified a piece of information related to the gradient of
a function of the density if the viscosities satisfy what is called the Bresch—Desjardins
constraint. This information is usually called the BD entropy, allowing the introduction
of the concept of entropy-weak solutions. Using such extra information, they obtained
the global existence of entropy-weak solutions in the presence of appropriate drag terms
or singular pressure close to vacuum. Concerning the case one-dimensional in space, or
the spherical case, many important results have been obtained for instance by Burtea—
Haspot [ 18], Ducomet—Necasovad—Vasseur [22], Constantin—Drivas—Nguyen—Pasqualotto
[20], Guo—Jiu—Xin [25], Haspot [26], Jiang—Xin—Zhang [28], Jiang—Zhang [29], Kanel’
[32], Li-Li—Xin [36], Mellet—Vasseur [41], Shelukhin [47] without drag terms. Stabil-
ity and construction of approximate solutions in space dimension 2 or 3 have been
investigated during more than fifteen years with a first important stability result with-
out drag terms or singular pressure by Mellet—Vasseur [40]. Several important works,
for instance by Bresch-Desjardins [8—11] and Bresch-Desjardins—Lin [12], Bresch—
Desjardins—Zatorska [13], Li—Xin [37], Mellet—Vasseur [40], Mucha—Pokorny—Zatorska



Existence for compressible Navier—Stokes equations 3

[42], Vasseur-Yu [50, 51], and Zatorska [52], have also been written trying to find
a way to construct approximate solutions. Recently a real breakthrough has been
made in two papers by Li—Xin [37] and Vasseur—Yu [50]: Using two different ways,
they got the global existence of entropy-weak solutions for the compressible system
when p(p) = p and A(p) = 0. Note that Li—Xin [37] also consider more general vis-
cosities satisfying the BD relation but with a non-symmetric stress diffusion (o =
w(p)Vu + (A(p) divu — P(p)) Id) and more restrictive conditions on the shear viscos-
ity 1(p) and bulk viscosity A(p) and on the pressure law P(p) compared to the present
paper.

The objective of this paper is to extend the results on existence of global entropy-
weak solutions obtained independently (using different strategies) by Vasseur—Yu [50]
and Lin—Xin [37] in order to answer a longstanding mathematical question on compress-
ible Navier—Stokes equations with density dependent viscosities, mentioned for instance
by Rousset [46]. More precisely, extending and coupling carefully the two-velocities
framework by Bresch—Desjardins—Zatorska [13] with the generalization of the quantum
Bohm identity found by Bresch—Couderc—Noble—Vila [7] (proving a generalization of the
dissipation inequality used by Jiingel [30] for the Quantum Navier—Stokes system and
established by Jiingel-Matthes [31]) and with the renormalized solutions introduced by
Lacroix-Violet and Vasseur [34], we get global existence of entropy-weak solutions to the
following Navier—Stokes equations:

pr + div(pu) =0,

(pu), + div(pu ® u) + VP(p) — 2div(mSM + 22(8) Tr(v/1(p) Sp) Id) =0,
(1.1)
where
Vip) S = (o)D)
with data
pli=o = po(x) =0,  pul;=0 = mo(x) = pouo, (1.2)

and where P(p) = ap? denotes the pressure with constants ¢ > 0 and y > 1, p is the
density of the fluid, u stands for the velocity of the fluid, and Du = [Vu 4+ VT u]/2 is the
strain tensor. As usual, we consider

m
Ug = 29 When po # 0 and ug = 0 elsewhere,
o

|”no|2

Po

=0ae.on{x € Q: po(x) =0}.

Remark 1.1. We record the following identity:

A
2div(\/u(p) Su + 2/58) Tr(v/ 11 (p) Sp) Id) = 2div(u(p)Du) + V(A(p) div u).



D. Bresch, A. F. Vasseur, C. Yu 4

The viscosity coefficients u = u(p) and A = A(p) satisfy the Bresch-Desjardins rela-
tion introduced in [9],

A(p) = 2(pi' (p) — p(p))- (1.3)

The relation between the stress tensor S, and the triple (u(p)//p . /P U, /P v) Where
v =2Vs(p) with s'(p) = u/(p)/p will be proved in the following way: The matrix valued
S, is the symmetric part of the matrix valued function T, namely

Sy = TM_FT%, (1.4)
where T, is defined through
VH(P)TMZV( pu%)—x/w@«/ﬁw(m (1.5)
with
s'(p) = W (p)/p, (1.6)
and
A(p) [ (k(p) M(P)) pu”(p)}
T,)Id = \% Id.
3y TVER T VP ) VP VB s
(1.7)

Remark 1.2. Compared to the case u(p) = p, the definition of T, is given through the
two compatible identities (1.5) and (1.7).

For the sake of simplicity, we will consider the case of periodic boundary conditions
in three dimensions in space, namely = T 3. In the whole paper, we assume

we CORT; RY)NC2R]: R), (1.8)

where R™ = [0, 00) and R} = (0, o). We also assume that there exist positive numbers
o1, &2 such that

2/3<a; <ap <4,

1 1, (1.9)
0 < —pu(p) = pup) = —pp(p) foranyp >0,
%) (231
and there exists a constant C > 0 such that
"
PE PPN, (1.10)
W' (p)

Note that if 1 (p) and A(p) satisfy (1.3) and (1.9), then

A(p) +2u(p)/3 = 0,

and thanks to (1.9),
u(0) = A(0) = 0.
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Remark 1.3. Note that the hypotheses (1.9)—(1.10) allow the shear viscosity to be of
the form w(p) = up* with u > 0 a constant where 2/3 < o < 4 and the bulk viscosity
satisfying the BD relation A(p) = 2(u'(p)p — p(p)).

Remark 1.4. Note that the restriction 2/3 < a1 < a, comes from the hypothesis that
there exists ¢ > 0 such that 2 (p) + 3A(p) > eu(p), which gives 2u(p) + 3A1(p) > 0
(far from vacuum), the usual physical restriction between the shear and bulk vis-
cosities. Meanwhile, for technical reasons in the proof of Lemma 2.1, we need to
restrict i < 4 in hypothesis (1.9). More precisely, we get |[VVZ(0)|12(0,1)xg) and
IVZ1(p)llL4(0,7)xs) controlled if the two constants in front of them in Lemma 2.1 are
positive.

It is important to remark that in the recent paper [1], the authors have indicated
how Lemma 2.1 may be used for the full range 2/3 < o < oo when u(p) = p*
and A(p) = 2(a — 1)p*. It is enough to be able to compare [[VVZ(p)llp2(0,1)xq) t©
IVZ1(p)llL4(0,7)xe) to relax the assumptions. This is based on the following inequality:

For any d > 1 and any positive function 6 in H2(T?),

9
/ |V01/2|4dx§—/ (AD) dx.
Td ]6 Td

Remark 1.5. In [50] and [37] the case u(p) = up and A(p) = 0 is considered, and
in [37] more general cases have been considered but with a non-symmetric viscous term
in the three-dimensional in space case, namely — div(u(p)Vu) — V(A(p) div u). In [37]
the viscosities (1 (p) and A(p) satisfy (1.3) with u(p) = up® where @ € [3/4,2) and with
the following assumption on y for the pressure p(p) = ap?:

_fa6a—3 ifo e [3/41],
"V a—1.30—1] ifae(l,2).

Definitions

Following [34] (based on [50]), we will show the existence of renormalized solutions in u.
Then, we will show that this renormalized solution is a weak solution. The renormaliza-
tion provides weak stability of the advection terms pu ® u and pu ® v. Let us first define
a renormalized solution:

Definition 1.1. Consider u > 0,31 +2u > 0,79 > 0,71 > 0,7, > 0,8 > 0andr > 0.
We say that (,/p, \/pu) is a renormalized weak solution in u of the compressible Navier—
Stokes equations (with an extra capillarity term, with drag terms, with a supplementary
pressure if respectively r # 0, (ro,r1,r2) 7 0 and § # 0) if it satisfies (1.23)—(1.26) below,

and for any ¢ € W2 (R3), there exist measures R(p,ﬁ;,ﬁ?a e MR x Q) with

—1 —=2
[Rollsr+xe) + 1R lur+xe) + 1R, I a@+x0) = CIIVVO|Loo®3),
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where the constant C depends only on the solution (,/p, ./p u), and for any function
v e CRPRT xQ),

T
/ /(P‘//t-i-\/ﬁ\/ﬁu'VI/l)dxdl:O,

0 Q

T
/ /(P‘P(U)%-l-p(p(u)@uzvtjf) dx dt

0 Q

/T A(p)
[ (z(mp)sw—z O T 5,014 )¢/ ) - O

22

T
[ [ Peangaowasar = R,
/ /(u(p)wt+@ pu- w)dxdz / [ 2oy 1w dx i =o.

21(p)

where S, is given in (1.4) and T, is given in (1.7). The matrix S, is compatible in the
sense of (1.19)—(1.21) below.
The vector valued function F is given by

[P/ (p)p o, [P [P'(s)'(s)
= \Y —d
) w(p) /o s '
| Ps(p)p _ [P | Ps(s)w'(s) r2 2
+4 () V/O fds—rou—r1p|u|u—w(p)p|u| u.

(1.11)

Tr(\/u(p )S )Id)(p (u)) Virdxdt

For every i, j, k between 1 and d we have

Vi) 60Tyl = 8 ((p)g} (x) — /b i ) /5 dj5(p) + Ryo  (1.12)
rel IV (Vo) VZ(o)jx = rd; (ie(p) ¢} () Z(p)) + Rey: (1.13)

moreover
—1 —
Ryl acr+x) + IR, acm+xa) + 1 Rollaem+xa) < ClIVVe|Lee,
and for any ¥ € C°(R),
fim [ o7 dx = [ polo ) dx

lim ,o(l X)u(t, x)¥(x)dx = /Qmo(x)W(x) dx,

t—0

lim /Q (Pt )T (x) dx = /Q 1(00) ()P (x) dx.
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Remark 1.6. The notion of renormalized solutions was introduced by R. DiPerna and
P.-L. Lions [21], and it was adapted to the study of the compressible Navier—Stokes equa-
tions by P.-L. Lions [38]. In Lions’ framework, this notion allows one to handle the issue
of low regularity of the density. However, in our paper, we have more uniform bounds on
the density and less regularity of the velocity. With our definition of renormalized solution
in velocity, this allows us to get the weak stability of the solution sequence even if we are
not able to have extra control on p|u|?. It allows us to get rid of the Mellet—Vasseur type
inequality for passing to the limits and allows us to establish the existence result for any
y > 1.

We define a global weak solution of the approximate system or the compressible
Navier—Stokes equation (when r = ro = r; = r, = § = 0) as follows:

Definition 1.2. Let S, the symmetric part of T,, in L2((0,T) x §2) satisfying (1.4)—(1.7)
and S, the capillary quantity in L2((0, T') x ) given by (1.19)—(1.21). Set P(p) = ap”
and Ps(p) = 8p'°. We say that (p, u) is a weak solution to (1.17)—(1.20) if it satisfies the
a priori estimates (1.23)—(1.26) and for any ¥y € €2°((0, T) x ),

T
/ /(pB,l/f—i—pu-Vl//)dxdt:O,
0o Ja
T
/ /(puatl/f—i—,ou@u:Vl/f)dxdt
o Ja
r A
- [ [ 2(Viis. + 3t a s ,01a) -y dxds

2u(p)
T
—r/ /2(\/,u(p)Sr+ Ap) Tr(,/ﬂ(p)sr)ld)-vwdxdz (1.14)
0o Ja 2u(p)

+/()T/S;F(,o,u)1//dxdt =0,

[ (u(pww%ﬁu-w) dx dr

T oA
[ ] 5 T dxde =0,
0 Q

21(p)
with F given through (1.11), and for any ¥ € €X(Q),

lim [Q Pt x)T (x) dx = /Q Po ()T (x) dx.,
lim /Q Pt (e, )T (x) dx = /Q mo(x) (x) dox.
lim /Q (o)t )T (x) dx = /Q 1(p0) ()T () dix.
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Remark 1.7. As mentioned in [15], the equation on u(p) is important: By taking ¥ =
div ¢ for all ¢ € €J°, we can write the equation satisfied by V (p), namely

3:V(p) +div(Vu(p) ® u) = div(Vu(p) ® u) — V div(u(p)u)
A
V(S T T

21(p)
A
= —div(Yi () Ty) — V ( Zﬂ(f;) Tr(y/(p) m).
(1.15)

This will justify in some sense the two-velocities formulation introduced in [13] with the
extra velocity linked to V(p).

The main result of our paper reads as follows:

Theorem 1.1. Let pu(p) satisfy (1.8)—(1.10) and let w and A satisfy (1.3). Assume that the
initial data satisfy

2
0 [2Vs(po)| ) dx

1
/ L poltto + 2cVs(o0) 2 + k(1 —10)p
a\2 2

Y

+[ (a Po +/L(po)) dx <C <oco  (1.16)
o\l y—1

with k € (0,1) given. Let 0 < T < oo be given. Then, for any y > 1, there exists a

renormalized solution to (1.1)—(1.2) as defined in Definition 1.1 with r, rg, r1, ry and §

all zero. Moreover, this renormalized solution with initial data satisfying (1.16) is a weak

solution to (1.1)—(1.2) in the sense of Definition 1.2.

Our result may be considered as an improvement of [37] for two reasons: First, it
takes into account a physical symmetric viscous tensor, and secondly, it extends the range
of the coefficients & and y. The method is based on the consideration of an approximate
system with an extra pressure quantity, appropriate non-linear drag terms and appropriate
capillarity terms. This generalizes the Quantum Navier—Stokes system with quadratic drag
terms considered in [50,51]. First we prove that weak solutions of the approximate system
are renormalized solutions of the system, in the sense of [34]. Then we pass to the limit
with respect to 1o, r1, ro, 1, § to get renormalized solutions of the compressible Navier—
Stokes system. The final step is the proof that a renormalized solution of the compressible
Navier—Stokes system is a global weak solution of the compressible Navier—Stokes sys-
tem. Note that thanks to the technique of renormalized solution introduced in [34], it is
not necessary to derive the Mellet—Vasseur type inequality in this paper; this allows us to
cover the whole range y > 1.

First step. Motivated by the work of [34], the first step is to establish the existence of
a global k-entropy weak solution (in the sense of Theorem 1.2 below) to the following
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approximation:

pr + div(pu) = 0,
(pu); + div(pu @ u) + VP(p) + VPs(p)

A
- 2diV(\/u(p) Su + Mo). Tr(+/11(p) Sp) Id)

21u(p)

y div(m(p) S, + 20 1 Juip) S,)Id)

21(p)
p

W (p)

where the barotropic pressure law and the extra pressure term are respectively

(1.17)

[u]?u =0

+ rou + riplulu + r;

P(p) =ap”, Ps(p) =8p'® with§ > 0. (1.18)

The matrix S,, is defined in (1.4) and T, is given in (1.5)—(1.7). The matrix S, is com-
patible in the following sense:

rv () Sy = 2r[2y/u(p) VV Z(p) = V(v u(p) VZ(p))]. (1.19)
where )
Z(p) = / ()21 ()] /s dis.
" (1.20)
k(p) =/0 A(s)' (5)]/ p(s)>/? ds
and
A(p) B A(p) 1
O T ) 5,1 = r( T §k<p>)AZ(p) Id
— %div[k(,o)VZ(p)] Id. (1.21)

Remark 1.8. Note that the previous system is a generalization of the quantum vis-
cous Navier—Stokes system considered by Lacroix-Violet and Vasseur [34] (see also the
interesting papers by Antonelli—Spirito [2, 3] and by Carles—Carrapatoso—Hillairet [19]).
Indeed, if we consider (p) = p and A(p) = 0, we can write

Vi) Sy = 4/p[VV.J/p —4(Vp'/* @ Vpl/4),

using Z(p) = 2,/p . The Navier-Stokes equations for quantum fluids were also consid-
ered by A. Jiingel [30].

As a first step generalizing [50], we prove the following result.
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Theorem 1.2. Let ju(p) satisfy (1.8)—(1.10) and let A(p) be given by (1.3). If ro > 0, then
also assume that infsepo,00) ' (5) = €1 > 0. Assume that ry is small enough compared
to 68, ry is small enough compared to r and the initial values satisfy

/ (|u0 + 2k Vs(po)|? |2VS(,00)|2)
po ) ®
Q

2 + k(1 —K) +71)

Pg P(I)O o
+/ a + u(po) +8—— + —|(Inpg)—| | dx < 0o, (1.22)
Q Y 1 9 €1

for a fixed k € (0, 1). Then there exists a k-entropy weak solution (p,u,T,,,S;) to (1.17)-
(1.21) satisfying the initial conditions (1.2), in the sense that (p,u, T, S;) satisfies the
mass and momentum equations in a weak form, and satisfies the compatibility formula in
the sense of Definition 1.2. In addition, it satisfies the following estimates:
IV/F 4+ 26V5(0) 2oeo sz < € allplooo vy < C-
||Tu||iz(o,T;Lz(9)) =C  (k(d-x)+ ’")”«/ﬁvs(/))”ioo(OJT;LZ(Q)) =C. (123

K” Vv lu“/(p)py_z Vp”zz(O,T;Lz(Q)) S C7

and
8||p||£(<)>°(0,T;L10(Q)) =C, SHva)”i2(o,T;L2(Q)) =C,
1/4 4
r ( P ) / u <C e Pl a0 1@y < € (1.24)
W (p) L40,T:L4(Q))
r°||u”z2(0,T;L2(Q)) =C, V||Sr||iz(o,T;Lz(Q)) <C,

where C does not depend on the parameters k, 8, r, rg, r1, I'>. Note that the bounds (1.23)
provide the following control on the velocity field:

Moreover letting
P V(s) ' (s) P(s)
Z(p) = /(; fds and Zl(p) = /0 st,

we have the extra control
T T
r[/ /|V22(p)|2dxdz+/ /|VZl(p)|4dxdt]§C, (1.25)
0 Q 0 Q

(@) oo o,m;w 11 (@) + 11 (EU Lo 0,7;23/2@)nL2 0, 7w 11 (@) = €
19 1(0) | Loo 0,75 w11 (02)) = €,
I1Z(P) oo (o,7:1.1+(@)) + 1 Z1(P)|Looco,7:01+(@)) = C> (1.26)

and

where C > 0 is a constant which depends only on the initial data.
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Sketch of proof of Theorem 1.2. To show Theorem 1.2, we need to build a smooth solu-
tion to an approximation associated to (1.17). Here, we adapt the ideas developed in [13]
to construct this approximation. More precisely, we consider an augmented version of the
system which will be more appropriate to construct approximate solutions. Let us explain
the idea.

First step: the augmented system. Define a new velocity field generalizing the one intro-
duced in the BD entropy estimate:

w = u+ 2cVs(p)

and a drift velocity v = 2Vs(p) with s(p) defined in (1.6).
Assuming to have a smooth solution of (1.17) with damping terms, (p, w, v) satisfies
the following system of equations:

pr + div(pw) —2kAp(p) =0
and
(pw): + div(pu @ w) — 2(1 — k) div(u(p)Dw) — 2« div(u(p)A(w))

— (1 =)V (A(p) div(w — kv)) + Vp¥ 4+ 8Vp'® + 4(1 — i)k div(1(p) VZs(p))
= —ro(w — 2k Vs(p)) — rip|lw — 2« Vs(p)|(w — 2k Vs(p))

-7 p |lw — 2 Vs(p)|*>(w — 2k Vs(p)) + rpV( K(p) A(/p v K(s) ds)),
K (p) 0

where A(w) = (Vw —Vw)/2, and

(pv); + div(pu ® v) — 2k div(i(p) Vo) + 2div((p) Vw) + V(A(p) div(w — kv)) =0,

where
v=2Vs(p)., w=u+kv, K(p)=4u'(p)*/p.

This is the augmented version for which we will show that there exist global weak solu-
tions, adding a hyperdiffusivity e,[A%Sw — div((1 + |Vw|?)Vw)] to the equation satisfied
by w, and passing to the limit as &, goes to zero.

Important remark. Note that recently Bresch—Couderc—Noble—Vila [7] showed the fol-
lowing relation:

SCAIR)
= div(F(0)V2¥ (p)) + V((F'(p)p — F () AY (p))
with F'(p) = v/K(p)p and \/p¥'(p) = v/K(p) . Thus choosing
F(p) = 2u(p) and therefore F'(p)p — F(p) = A(p),
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this gives ¥ (p) = 2s(p) and thus

o
o (VEDA( [ VED) ds) ) = 20 (u()V2500) + V(0 8C5o0).
(1.27)

This identity will play a crucial role in the proof, because it defines the appropriate capil-
larity term to consider in the approximate system to be compatible with the stress tensor.
This form is compatible with the various multipliers which are used to get the k-entropy
estimates and to control regularity of the density. Other identities will be used to define
a weak solution for the Navier—Stokes—Korteweg system and to pass to the limit in it,
namely

2u(p)V*(25(p)) + A(P) A(25(p)) = 42/ 1(p) VVZ(p) — V( 1(p) VZ(p))]
. ( 24p) k(p)) AZ(p)1d—div[k(p)VZ(p)]1d,  (1.28)

vV i(p)

where

i ) /
2= [l sas ki = [TH) g

o K(s)3?

Note that the case considered in [34,50,51] is related to w(p) = p and K(p) = 4/p
which corresponds to the Quantum Navier—Stokes system. Note that two very interest-
ing papers by Antonelli—Spirito [4,5] consider Navier—Stokes—Korteweg systems without
such relation between the shear viscosity and the capillary coefficient.

Remark 1.9. The additional pressure §p'? is used in (2.19) thanks to 30, — 2 < 10. It
could be possible to take p3*2~2 but we have chosen p!° for simplicity.

Second step and main result concerning the compressible Navier—Stokes system. To
prove global existence of weak solutions of the compressible Navier—Stokes equations,
we follow the strategy introduced in [34, 50]. To do so, first we approximate the viscos-
ity u by a viscosity g, such that infe[o,00) ,u;] (s) > &1 > 0. Then we use Theorem 1.2
to construct a x-entropy weak solution to the approximate system (1.17). We then show
that it is a renormalized solution of (1.17) in the sense of [34]. More precisely we prove
the following theorem:

Theorem 1.3. Let p(p) satisfy (1.8)—(1.10), and let A(p) be given by (1.3). If ro > 0, then
assume also that infe[o,00) 1 () = €1 > 0. Assume that ry is small enough compared to §
and ry is small enough compared to r (as in Theorem 1.2) and the initial values satisfy

_ luo + 26Vs(po)|? 2V (po)[?
Cin .—/Q(po( > +(K(1—K)+V)T))dx

oL P10 py
+ / a—— + (po) + 85— 4+ = |(Inpg)_| ) dx < c0.  (1.29)
Q Y — 1 9 &1

Then the k-entropy weak solution is a renormalized solution of (1.17) in the sense of
Definition 1.1.
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We then pass to the limit with respect to the parameters r, rg, r1, 1 and § to obtain a
renormalized weak solution of the compressible Navier—Stokes equations and prove our
main theorem.

2. The first level of the approximation procedure

The goal of this section is to construct a sequence of approximate solutions satisfying the
compactness structure to prove Theorem 1.2, that is, the existence of weak solutions of
the approximation system with capillarity and drag terms. Here we present the first level
of the approximation procedure.

1. The continuity equation is
pr + div(p[w]ey) = 2ic div([u' (0)]e, V) (2.1)
with modified initial data
p(0.x) = pp € C**(Q), 0<p<po(x) <p.

Here [ f(,x)]¢, denotes the standard regularization by mollification with respect to space,
and [ (¢, x)]g, is in time. This is a parabolic equation if infjg o) '(s) > 0. Thus, we can
apply the standard theory of parabolic equations to solve it when w is smooth enough. In
fact, the same equation was solved in [13].

2. The momentum equation with drag terms is replaced by its Faedo—Galerkin approx-
imation with the additional regularizing term e,[AZ’w — div((1 + |Vw|?)Vw)] where
s> 2,

oL o)) 5
+20-0) | [ vy 2 / [ o vy
+(1—x)fotfszx(p)divwdivw—zm—x)/ot/gzw)w:w
—K(l—K)/OZ/QA(,O)divvdiw/f—/Ot/prdiVI/f—S/:/;zplodivw
+82/OI/Q(ASw-Asw+(1+|Vw|2)Vw:Vw)

:_/0 /Qro(w—2/cVS(,0))‘1/f—r1/0 /Qp|w—2KVs(p)|(w—2/<Vs(p))~¢

- | t | s = 269 5(0) 2w = 269 5(0)) -y

t o
— r/(; /Q Y, K(p) A(/() YV K(S) dS) le(pl[f) + /Q PoWo - V¥, 2.2)
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satisfied for any ¢ > 0 and any test function ¥ € C([0, T]; X,), where A(p) =
2(w' (p)p — (), s"(p) = 1'(p)/p, Xn = span{e;}7_; and {e;}32, is an orthonormal
basis in W1-2(Q) with e; € C*°(Q) for any integers i > 0.

3. The Faedo—Galerkin approximation for the equation on the drift velocity v reads

/va-<1>—/0t/9(p([w]e3 —2KW%VP) ®v) 1 Vo
+2K/0t./9u(p)Vv:V¢+K/:/Q)t(p)divv div ¢

—/Ot/Q)&(p)divwdin)+2/Ol/s;,u(p)VTw Vo = /QPOUO'QSv (2.3)

satisfied for any ¢ > 0 and any test function ¢ € C([0, T']; Y, ), where Y,, = span {b;}7_,
and {b; }?° | is an orthonormal basis in W'2(Q2) with b; € C*°(2) for any integers i > 0.

The above full approximation is similar to the ones in the papers [13]-[14] which are
two parts dedicated to augmented systems similar to the one we consider. We can repeat
the same argument as in [13] to obtain the local existence of solutions to the Galerkin
approximation. For the sake of completeness, in Section 2.1 we show how to obtain the

local solution to the approximation system.

2.1. Local existence

For any fixed w € C([0, T']; X,,), we can solve the continuity equation (2.1) with its ini-
tial data. In fact, it is a quasi-linear parabolic equation with smooth coefficients, and the
classical parabolic theory yields the following result [13,24].

Theorem 2.1. Let v € (0, 1) and suppose that the initial condition is
p(0.x) = pp € C*T(Q).  0<p < po(x) < p.
Then (2.1) has a unique classical solution p = p(w) that belongs to
Vi) = {p € C(0.T):C**(@) N CH([0. T x Q) : pr € C*2([0. T:C(Q))}

and satisfies
0<£§p(t,x)§[)<oo. 2.4)

Moreover, w — p(w) maps bounded sets in C([0, T']; X,,) into bounded sets in Vo, 1] and
is continuous with values in C([0, T']; C2(Q)), 0<v <v < 1.

With Theorem 2.1 at hand, we are ready to proceed to the Galerkin approximation.
In particular, we are going to show that there is a unique solution to (2.2) and (2.3) on a
short time interval by using a fixed point argument. More precisely, there exists 7, > 0
such that
(w,v) € C([0, Ty]; Xn) x C([0, T, ]; Yn)
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satisfying (2.2) and (2.3). To this end, we denote
(w(r), v(1))
¢ ¢
- (Mp(,) [Pxn (ow)® + fo K(w)(s) ds}, Nty |:Pyn (ov)° + /0 L(v)(s) dsD

=T (w,v)(),

where p = p(w) is a solution to the continuity equations when w is given in X,,. The
space X7 is identified with X,,; we use (e, ¢)(x,,,x,) to express the action of a functional
from X,; on an element from X,,, and similarly for (b, ¢)(y,,,v,). Thus, we have

Moy : Xn = X, /s_szp(t)(e)'¢ = (e, V) (X, Xn) €V € Xy,

Moy Yo = Yo, /Q PN B) - & = (b. BV vy bV € Yo

where Py, , Py, are the projections of L2(2) onto X, and Y, respectively. The operator
K : X, —> X, is defined as follows:

(K Dk = [ (p([w]83 +2KMVP) ®w) VY
Q o
21— / w(oDw : Vi — 2 / WPAW) : Vi
Q Q
—(1 —/c)/ A(p) divw divy 4+ 2k (1 — K)/ w(p)Vo : Vyr
Q Q
—I—K(l—K)/Qk(p)divvdiVW—i—/;ZpydivV/ ~|—5/Qp10div1//
— & /Q(Asw A —(1+ [Vw]>)Vw : Vi) — /Q ro(w —2Vs(p)) -
. [Q plw — 2 Vs(0)|(w — 2 Vs(p)) - ¥
s /Q L = 2V ()P (w = 2V3(0) - ¥
0
_y / VKD A( / JE®) ds) divipy):
Q 0

and the operator £ : Y,, — Y, is defined by
) = [ (ot - 22 v0) 0) s g
— 2k /Q w(p)Vv : Vo — k /Q A(p) div v div ¢

—/ /\(p)divwdiv¢—2/ w(p) ' Vw : V.
Q Q
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Thanks to (2.4), we derive
Moy X %) = 1/0 N No) L. v) < 1/p,
and
”Mpl(t) - t/\/lp2(t)”L(anXn) + ”Npl(l‘) - eAfpz(l‘)”L(Yn,Yn) = c”pl - p2||L1(Q)7 (25)

where ¢ only depends on n and p. Observe that by the equivalence of norms in the finite-
dimensional spaces X, and Y}, this yields

[K)lx, + L@y, < clp,p, Vpllr2, [wlx,. [v]v,)- (2.6)
‘We denote
By, = {(w,v) € C([0, T]; Xp) x C([0, 7] Yn) : lwllcqo,a1:x,) + IVIcqo, ;v < M},

where M > 0 is a given constant; this is a ball in C ([0, t]; X,,) x C([0, ]; ¥,). By Theo-
rem 2.1 and estimates (2.5), (2.6), one can show that the mapping 7 (w, v) is a continuous
mapping of the ball 8y ; into itself, and it is a contraction for small time 7,, > 0. Thus,
the fixed point argument gives us a unique solution to (2.2) and (2.3).

Thus, we have obtained a local solution (p,, wy, v,) on [0, T,], where T,, < T. In
order to extend the local solution to a global one, uniform bounds are necessary so that
the corresponding procedure can be iterated.

2.2. The energy estimate if the solution is regular enough

For any fixed n > 0, choosing test functions ¥ = w, ¢ = v in (2.2) and (2.3), we find
that (p, w, v) satisfies the k-entropy equality

1] SO Ul WA V- ol Vo2
/Q((2 -k )+V o L )+z(1 K)[O /Qu(p)mw KVl

+(1—Kt)/0 /Q)t(p)(divw—/ctdivv)2+2/</0 /QMWMZ
“"4 /QMP)lAwlztez/O /Q(|ASWI2+(1+IVwI2)IIVw|2)
+r/0t/sz Ko A(/o ‘/mdst)div(f’w)“% fo fQ W (o) 1V pl?
+ro/0 /Q(w—ZKVS(P))~w—|—r1/O /Q,O|w—2KVS(p)|(w—ZKVs(p)).w

t
+r2/(; [9ﬁ|w—2KVs(p)|2(w—2/ch(p))-w

2 2
:/(p0(|w;| F (1= [vol )+ypo +5/00 ) / / p? div([wle; —w)
_ 10
8/ / div([w]s, 2.7
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where ' = u'(p)/p and p(p) = p¥. Compared to the calculations made in [13], we
have to take care of the capillary term and then to take care of the drag terms show-
ing that they can be controlled using infse[o,00) ' (s) > €1 > 0 for the linear drag, using
the extra pressure term §p'° ds for the quadratic drag term and using the capillary term
roV(y/K(p) A(fop v K(s) ds) for the cubic drag term. To do so, let us provide some
properties of the capillary term and rewrite the terms coming from the drag quantities.

2.2.1. Some properties of the capillary term. Using the mass equation, the capillary term
in the entropy estimates reads

2
r[Q\/K(p)A(/ Vv K(5) ds) div(pw) = 3 dt/' Vv K(s) ds
+ 2/<r/Q v K(p) A(/(; Vv K(s) ds)A;L(p) =L+6L. (238

In fact, we write /1 as

et

rd
== — [ plVs(p)*.
Q

2dt _Edt

By (1.27), we have
0
I, = 2/<r/ v K(p) A(/ Vv K(s) ds)A,u(p)
Q 0
o
= —2/<r/ pV(\/K(p) A(/ Vv K(s) ds)) - Vs(p)
Q 0

=201 [ QU + APR285P)P). 29)
Control of norms using I,. Let us first recall that since

Ap) = 2(1'(p)p — 11(p)) > —241(p)/3,

there exists 7 > 0 such that

2 [ wovser+ [ reiaser
> n[zfoT/Qu(p)|v2s(p)|2+ %/()T/Qu(pnm(p)ﬁ]

As the second term on the right-hand side is positive, a lower bound on the quantity

T
/0 /Q L(PIVs(0) 2.10)

will provide the same lower bound on /5.
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Let us now specify the norms which are controlled by (2.10). To do so, we need to rely
on the following lemma on the density. In this lemma, we prove a more general entropy
dissipation inequality than the one introduced by Jiingel [30] and more general than those
by Jiingel-Matthes [31].

Lemma 2.1. Ler (' (p)p < ku(p) for2/3 < k < 4 and

o,/ 14 b !
s = [ a5 20 = [ s 2= [ s

(i) Assume p > 0and p € L?(0,T; H*>(Q)). Then there exists £(k) > 0 such that

T T 2 T
2 2 P s_ C 2 2
/0 /Qw Zp) +e(k)/0 /W(p)3|VZ(p)| feac)/o fgu(p)lv s,

where C is a universal positive constant.

(ii) Consider a sequence of smooth densities p, > 0 such that Z(p,) and Z1(pn)
converge strongly in LY((0, T) x Q) respectively to Z(p) and Zi(p) and

Vit (pn) V2s(pp) is uniformly bounded in L?((0, T) x Q). Then

/OT/Q|VZZ(,O)|2+8(k)/OT/Q|VZI(,0)|4 <C < 0.

Remark 2.1. The case of Z = 2,/p was proved in [30], which is critical to deriving a
uniform bound on the approximate velocity in L2(0, T; L?(2)) in [50, 51]. The above
lemma will play a similar role in this paper.

Proof of Lemma 2.1. Let us first prove (i). Noting that Z'(p) = ¥£ (o) w(p), we get

o
Vi) V2s(0) = /(o) v VAP

0

1
— \Y \A

vV u(p) ( o) (p))

= V2Z(p) - j% ® Vi)
—V2Z(p) — pVZ(p) ® VZ(p)

2u(p)3/?
Thus,

2

1 P
VZ 2= VZ 2 - V 4
| oz = 19228+ [ 1926

_/Q M(pf;a/z V2Z(p) : (VZ(p) ® VZ(p)). 2.11)
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By integration by parts, the cross product term reads

_/ P V27(p): (VZ(p) ® VZ(p))

a n(p)3/?
PV I(P) oo _ (VZ(p) VZ(p))
V2Z(p) : ®
/9 ©(p) ®) Vilp)  ulp)

[ P o (VZ(p) VZ(p))
_fszu(p) PV ZP) dw(\/u(p) ¥ Vi(p)

v ) VZ(o) . Y20 @ VZ(p)
+/sz (\//L(p) ®Vle) w(p)

=1+ I,. 2.12)

We are able to control /; directly:

< P 4y ‘ (Vz(p))
nize [ Lovzen+ S [ ue
> C
= S/Q /JL/(OPPIVZ(p)I4 + ;/Qu(p)IVZS(p)IZ, (2.13)

where C is a universal positive constant. We also calculate

P VZ(p) ® VZ(p)
= V[—=—=)oV e =P
= /sz (\/u(p) ) ®VZl) w(p)

=/ Vo ® VZ(p)
o m(p)??

_/ (o )ZV\/M(p ® VZ(p) : (VZ(p) ® VZ(p))

p 4 P 4
- 7 - = Z 2.14
/sz ()2 (p)’ VZ(e) / (o) vzl @19
Relying on (2.11)—(2.14), we have

2
V2 2 P Vi 4_(1 ) P VZ(o)*
L' ﬂm'+Luwmmm'Z@' s Lu@ﬁ 2l

C
S;AM@W%@R

1 (VZ(p) ® VZ(p))

Since kqu’(s)s < (s), we have

; (1+8) SZ >(k _1_8)i>8i
w2ws) \4 " )3 =\ a T us)? T )
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where we choose k; > 1/4. This implies

2 C
[ V2Z(p)P + ¢ / P vzt < / 1@ V25() .
Q & Q

1(p)?
This ends the proof of (i). Concerning (ii), it suffices to pass to the limit in the inequality
proved previously using the lower semicontinuity on the left-hand side. ]

2.2.2. Drag terms control. We have to discuss three kinds of drag terms: linear, quadratic
and cubic.

(a) Linear drag term. As in previous works [8, 51, 52], we need to choose a linear drag
with constant coefficients,

! _ Dy — ! _ 2
rO/O /Q(w 2kVs(p)) - w = rO/O /Q|w 2kVs(p)|
+r0/0 /Q(w—ZKVs(p))-QKVs(p)). (2.15)

The second term on the right side of (2.15) reads

o / / (w — 2cVs(p)) - (2Vs(p)) = ro / / p(w — 2Vs(p)) - XY3P)

- /0 /Q p(w — 2Vs(p)) - 2V g(p)

t
=2Kro/ [ng(p),
0 Q

= flp%dr. Letting

(P T ©

G(p) = /1 fl 2
d

ro[gzptg(p) = roa—t/QG(p),

ro /Otfﬂng(p) = ro/QG(p)-

Meanwhile, since limg_,o i’ ($) = €1 > 0, for any small € > 0 and any || < €, we have
') > &1/2. Thus,

s'"() _
0

where g’(p) =

we get

which implies

€1 L 1 _81 &1
G(p) = 7/1 (1—;)dr— 2(p—l—lnp)z—4(lnp)—
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for any p < €. Similarly, we can show that

G(p) < 4e1(Inp) 4

for any p < €. For a given €¢g > 0, if p > €¢, then

o pr
0<G(p)<C /1 /1 WO dedr < Culp)p.

(b) Quadratic drag term. We use the same argument as in [13] to handle this term. The
quadratic drag term gives

" /0 /Q plw — 2eVs(p)|(w — 2 Vs(p)) - w

—rl/o /Qp|w 2kVs(p)|
t
+’1/0 /QP“U—2KVS(p)I(w—2KVS(p))-(2KVs(p)). (2.16)

The second drag term on the right—hand side can be controlled as follows:

ri

/ / plw — 2 Vs ()] (w —2KVs<p))-<2KVs<p>>'
0 Q

t
<2 [ [ ol ipu
0 Q
t t
=i [ [ wut et [ [ wop. @i
0 JQ 0 JQ

and
/ Vi (p)
| V(o) |u|”L2(0,T;L2(Q)) =C|e! 3|“|“L3(0,T;L3(sz)) R L6O.TSLS@)
Note that

//u(p)3 // M(P)3 /”/ M(P)3
Q 0<p<1 o>1
<C/ /0<p<1u(p)(u(p))2 f/pl # (o)’

3
§C+/ / “(’;) . (2.18)
0o Jp=1 P

From (1.9), for any p > 1, we have

¢'p < pu(p) < cp™
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where 2/3 < a1 < ap < 4. This yields

t 3 t t
N e 2.19)
0o Jp=1 P 0 Jp>1 0o JQ

for any time ¢ > 0.

(c) Cubic drag term. The non-linear cubic drag term gives
! P
r2/ / —|w— 2k Vs(p)|*(w — 2« Vs(p)) - w
o Ja 1 (p)

t
_ P 4
B r2/0 /sz W (p) =2V

+7r /Ot /;2 M//()p) lw — 2« Vs(p)|*(w — 2cVs(p)) - 2k Vs(p)). (2.20)

The novelty now is to show that we control the second drag term of the right-hand side
using the Korteweg-type information on the left-hand side,

r /t/ P Jw — 2Vs(p) P (w — 2V5(p)) - (2 V5(p))
0 JQ

W (p)
1Y _ 4 (ZK)4 ! 1Y 4)
m (p)|w 2Vs(p* + - /0 /ﬂ v (p)|Vs(p)| .2

Gl

Note that the first term on the right-hand side may be absorbed by the first term in (2.20).
Let us now prove that if r, small enough, the second term on the right-hand side may be
absorbed by the term coming from the capillary quantity in the energy. From Lemma 2.1,

we have ; ) , |
P 4 4
—1\VZ = — 1V .
/0 /QM(P)3| ®)] /o /szM(P)P2| Hee)

It remains to check that

[ swsor = [ [ —vuer=c [ [ o wuor

This concludes the proof provided r; is small enough compared to r.

2.2.3. The k-entropy estimate. Using the previous calculations, assuming r, small
enough compared to 7, and denoting

Elp,u +2cVs(p), Vs(p)]

2 2 10
Z/(p(|u+2KVS(p)I +(1_K)KIVS(p)I )+ pY +5p +G(p))’
Q 2 2 y—1 9
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we get the following x-entropy estimate:
t
Elp.u+ 255(0). Vs +ro [ [ P
0 JQ
r o
+—/ ‘Vf Vv K(s) ds
2Jal Jo

L2 - 1) /0 /Q W (0)p — (o) (divu)? + 2 /0 /Q LA + 2cVs(o) P

t / / t t
+2;</ / W (p)p ('O)|Vp|2+r1/ /p|u|3+r_2/ / LENWE
0 Ja P 0 Ja 4 Jo Ja 1 (p)
t 1 t
tir / / KRV + 5kr / / AP 2AsP)P
0 Q 0 Q
2 2 Y 8 10 £0
S/ 00 [wol +(1—K)K|v0| + Po + Po +£ V/ Vv K(s) ds
Q y—1 9 2 0

2

2 t t
dx+2(1—) / / 1(0) D +20¢3 / / W (0)p*|VpI?
0 Q 0 Q

2
+G(Po)) dx

+ C%l / Elp,u + 2«Vs(p), Vs(p)]. (2.22)
Q

It now suffices to remark that

t t
/ /M(P)lDu|2+/ /(/L/(p)p—p)|divu|2
! t
. 2 .
=/0 fﬂu(p)mu—%dwu 1d| +/0 /Q(u’(p)p—u(p)Jr%u(p))|dwu|2.
Noting that o; > 2/3, there exists ¢ > 0 such that

1 (p)p — 31(p) > epu(p).

Such information and the control of /u(p) |A(u) + 2« Vs(p)| in L?(0, T; L?(R)) allow
us, using the Gronwall Lemma and the constraints on the parameters, to get the uniform
estimates (1.23)—(1.25).

Now we can show (1.26). First, we have

_ Vulp)
NG

due to mass conservation and uniform control on Vu(p)//p given in (1.23). Let us now
write the equation satisfied by (p):

Viu(p) VP € L2, T; L1(RQ)),

0 (o) + div(u(p)u) + @ divu = 0.

Recalling that A(p) = 2(u’(p)p — 1(p)) and the hypothesis on w(p), we get

d
E[gu(p)ic(fg |A<p>||divu|2+[gu<p>),
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and therefore
(p) € L0, T: L (Q))

if 1(pg) € L1 () due to the fact that /|A(p)| divu € L?(0, T; L*(Q)).
Now, we observe that w(p)/./p is smaller than 1 for p < 1 because oy > 2/3, and
smaller than p(p) for p > 1. Hence

1w(p)//p € L0, T: L1 (Q)).
Meanwhile, thanks to (1.9), we have

Vi(p) M(P) ( )'Vu(p)
v 1+
29 IVl =

By (1.23), V(u(p)//p) is bounded in L*°(0, T’; L?(Q)) and finally w(p)//p is
bounded in L>®(0, T; L®(R)). Thus,

IV(rp)/ VPl =

nio)

JP

is uniformly bounded in L>°(0, T'; L?>/?(R2)). Let us come back to the equation satisfied
by u(p) which reads

pp)u =

dr (o) + div(u(p)u) + @ divu = 0.

Recalling that A(p) divu € L>(0, T; L'(R2)), we get the conclusion on 9, j(p).
Let us now prove that

uniformly.

Z(p) = Opn —V“(Ss)“(s) ds € L' ((0,T) x Q)

Note first that

) 3/2 3/2—
- /M(szﬂ (S) [/L(S) < C2(X2(S3al/2_zlssl + &15,21).

52 52~

There exists € > 0 such that «; > 2/3 + ¢, thus

/ 3/2—
OSMSCQO[Z(S 15 1+%1521).

Noting that /(s) > 0 for s > 0 and using the definition of Z(p), we get

0 < Z(p) < C(p° + u(p)>?*)

with C independent of n. Thus Z(p) € L>(0, T; L'*(2)) uniformly with respect to 7.
Bounding Z; (p) follows similar lines.
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2.3. Compactness lemmas

In this subsection, we provide general compactness lemmas which will be used several
times in this paper.

Some uniform compactness

Lemma 2.2. Assume we have a sequence {pn}neN satisfying the estimates in Theorem
1.2, uniformly with respect to n. Then there exists a function p € L*°(0, T; LY (2)) such
that, up to a subsequence,

1(pn) = w(p) in C([0, T]; L3/*(Q) weak),

and
pn—>p aein(0,T)x Q.

Moreover

on = p in L4IF(0,T) x Q),

/P’(pn)pn (/" /P/(S)M(S) ) P'(p)p , ([ /P/(S)M(S) )
W' (Pn) W (p)

in LY((0,T) x Q)

[P'(pu)pn (/” /PTW ®) ) e LH((0.T) x Q).
Wpn) 7

If 6, > 0 is such that §, — 8§ > 0, then

and

5,1,0,1[0 — 801 in L*3((0,T) x Q).

Proof. From the estimate on ((p,) and the Aubin-Lions lemma, up to a subsequence,
we have
1(pn) = (p)  in C([0, T]; L3?(Q) weak),

and therefore using i’ (s) > 0 on (0, 0o) with £ (0) = 0, we get the conclusion on p,,. Let

us now recall that ,
o _ W) _ @2

< < (2.23)
Pn wu(pn) Pn
and therefore
c1py? < plpn) < c2p,'  for p, <1,
and
c1pp' < (pn) < c20y>  forp, > 1,
with ¢y and ¢, independent of . Note that
P!(Pn) I (Pn) Vpn € L®(0,T; L?>(R)) uniformly. (2.24)

Pn
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Let us prove that there exists ¢ such that

T
IOZ/ /p37/3+8<C
0 Q

with C independent of n and the parameters. We first remark that it suffices to look at
it when p, > 1 and to observe that there exists ¢ such that ¢ < (y — 1)/3. Taking such
parameters we have

T T T
/ /P3”3+81{p21}5/ /Pﬁ””y”“l{pzl}f/ /Pﬁ”””“‘_ll{pzl}»
0 Q 0 Q 0 Q

recalling that o; > 2/3. Following [37], it remains to prove that

T
11 :/ / p£l57+3(0t1—1)]/31{p21} < 00
0 Q

uniformly. Denoting

T
I = / / Pl
0 Q

and using the bounds on w(p,) in terms of power functions in p, which are different for
pn > 1 and for p, < 1, we can write

L<hL+1
T T
<G [ [ PP oo < o [ 1011 g 1P oo ey

where C does not depend on n. Using the Poincaré—Wirtinger inequality, one obtains

1P’ (on) (o)l 132y = IV P’ (o) 1t(0n) ||26(Q)
< IV P'(on)it(pn) L1 @) + IVIV P (on)it(pn) 117 2 -

Let us now check that the two terms are uniformly bounded in time. First we calculate

PN n n P, n ! n
VP lpnnipn | = TRy,

Using (2.23), we can check that

P (pn)i(pn) + P'(pn) i (pn) _ | P'(pn) 1V (pn)

VP (on) it (on) - Pn '

Therefore, using (2.24) we get, uniformly with respect to n,

sup ] Vv P/(pn)ﬂ(pn)]”iZ(Q) < oo.

telo0,T
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Let us now check that uniformly with respect to n,

sup v P’ (pn) t(pn) ”Ll(Q) < 0. (2.25)

t€l0,T]

Using the bounds on 1t(p, ), we have

/Q P’ (pn) 1t (pn) SC/SZ[prsy_l+al)/21anl +p’(1y—1+a2)/21pn21]

with C independent of n. Recalling that &y > 2/3 and «, < 4, we can check that

f P'(pn)p(pn) = C/ (023 + pt/2p317,

and therefore using p}; € L>®(0, T; L'(R)) and p, € L>®(0, T; L'°(RQ)), we get (2.25).
This ends the proof of the convergence of p, to p in L@*/3)+((0,T) x Q).
Let us now focus on the convergence of

[P'(onpn ( [ /P’(s)u © ) 226
1t/ (on) '
First let us recall that
V(/pn \/ M ds) € L*°(0,T;L*(Q)) uniformly.
0
Let us now prove that
‘/M e L2 ((0,T) x Q). (2.27)
W (on)

Recall first that 7 > 2 /3. We just have to consider p, > 1. We write
P/
Mlmm < Cpy ™ M p,21 < Co 3,50 < Cop? 1,51
W (on)
We can use the fact that p(4y/ It et ((0, T) x ) uniformly to deduce (2.27). Thanks

to
1 (pn) 1 (p) ’

and
V(/pn ,/Mds) — V(/p ‘/Mds) weakly in Lz((O, T) x Q),
0 s 0 s

we have the weak convergence of (2.26) in L1((0, T) x Q).

We now investigate limits of ¥ independent of the parameters. We need to differentiate
the case with hyperviscosity e, > 0 from the case without it. In the case with hypervis-
cosity, the estimate depends on &1 because of the drag force rq, while the estimate in the
case &, = 0 is independent of all the other parameters. That is why we will consider the
limit as g, — O first.
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Lemma 2.3. Assume that 1 > 0 is fixed. Then there exists a constant C > 0 depending
on g1 and Cy,, but independent of all the other parameters (as long as they are bounded),
such that for any initial values (g, \/po Uo) satisfying (1.29) for Cy, > 0 we have

19: (eWllL1+o, 7 w—s2)) < Cs  IV(pWllL200,7:0102)) < C-

Assume now that g5 = 0. Let ® : RT™ — R be a smooth function, positive for p > 0,
such that

Ce VP forp<1

D(p) + |D < -

(p) + ¥ (p)| = {Ce_p forp=2.

Assume that the initial values (po, «/po Uo) satisfy (1.29) for a fixed Ci, > 0. Then there
exists a constant C > 0 independent of €1,r¢,11,12,8 (as long as they are bounded) such
that

19:[@(E)ulll L1+ 0, 73w 21 @)y = C-
IVI®(p)ulllL20,7:21 (@) = C-
Proof. We split the proof into two cases.

Case 1: &1 > 0. From the equation on pu and the a priori estimates, we find directly that

ri 1/4 1/4 T 1Y 3/4
19l L1+ 0. —s2c0 5c+(_) ol (n [ |u|4)
L17(0,T;W—5-2(Q)) P L1(0,T)xQ) o Ja (p)

<CA+1/gy).

We have 1(p) > €1p, and from (1.23) we have the a priori estimate

”V\/ﬁ ”]2400(0’7";[12(9)) = C/81~

Hence

vV i) Vullr200,7:22(0)))

Loo(0,T;L2(R))

0
IV(ew)llL20,7;01 ) = H
Vi(p)
+2IVV/p Iz, 2@ VP UL 0,1:22(2))
<C.

Case 2: ¢, = 0. Multiplying the equation for pu by ®(p)/p we get, just as for the renor-
malization,

10:[®(e)ulll 1+ (0. 7:w—21(2)) < C-

Note that
D (p)
IVI@Eull207:21 @ s” || Vit vu
0,T;L1(22)) 10(p) ll1es L2(L2)
' (p)
2” r ||M/(P)V«/5||L00(0,T;L2(sz))||\/514||Loo(o,T;L2(sz)) <C. =
w(p) Loo((0,T)xRQ)
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Lemma 2.4. Assume that either e, = 0, or €1, = &1 > 0. Let (pn, /Pn Un) be a
sequence of solutions for a family of bounded parameters with uniformly bounded ini-
tial values satisfying (1.29) with a fixed Cy,. Assume that there exists & > 0 and a smooth
function h : RT x R® — R such that p* is uniformly bounded in L?((0,T) x Q) and
h(pn, Uy) is uniformly bounded in L1((0, T) x ), with

1 1
—+-<1
P 4

Then, up to a subsequence, p, converges to a function p strongly in L' and /oy un
converges weakly to a function q in L?. Define u = q/ /P whenever p # 0, and u = 0
on the vacuum where p = 0. Then p%h(pn, uy) converges strongly in L' to p*h(p, ).

Proof. Thanks to the uniform bound on the kinetic energy [ px|un |2, and to Lemma 2.2,
up to a subsequence, p, converges strongly in L!((0, T') x ) to a function p, and ,/p, un
converges weakly in L2((0, T) x ) to a function g.

We want to show that, up to a subsequence, u, 1,0y converges almost everywhere
to ulyy>0y. We consider two cases. First, if €1, = £; > 0, then from Lemma 2.3 and the
Aubin-Lions lemma, p,u, converges strongly in C%(0,7; L' (Q)) to \/pg = pu. Up to
a subsequence, both p, and p,u, converge almost everywhere to, respectively, p and pu.
For almost every (¢, x) € {p > 0}, and n large enough, p, (¢, x) > 0, S0 U, = pui,/pn
at this point converges to u. If € , = 0 we use the second part of Lemma 2.3 and thanks
to the Aubin-Lions lemma, ®(p,)u,, converges strongly in C°(0, T; L'(RQ)) to ®(p)u.
We still have, up to a subsequence, both p, and ®(p,)u, converging almost everywhere
to, respectively, p and ®(p)u (we have used the fact that ®(r)//r = 0 at r = 0). Since
®(r) # 0 for r # 0, for almost every (¢, x) € {p > 0}, and n large enough, ®(p,)(t, x) >0,
so u, = ®(py)u,/ D(py) at this point converges to u.

Note that

Pgh(Pn, un) = pﬁh(Pn, un)l{p,,>0} + ch(Pn, un)l{p,,=0}-

The first term converges almost everywhere to p*/(p, u)1¢,> 0y, and therefore to p*h(p, u)
in L' by the Lebesgue theorem. The second part can be estimated as follows:

0w h(ons un) Lip, =0yt < 1A (on. tn)llLa |l oy Lip=0}ll o=

But p§1;,—0) converges almost everywhere to 0, by the Lebesgue theorem, so the last
term converges to 0. L]

Some compactness when the parameters are fixed. For any fixed positive 8, rg, 11, 72
and r, to obtain a weak solution to (1.17), we only need to handle the compactness of the

terms on
rp,,V( K(pn)A(/(; \/K(s)ds))

and
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Indeed, due to the term 75, |u, |u, and the fact that infse[o o0) 4 (5) > £1 > 0, one obtains
the compactness for all other terms in the same way as in [13,40].

Capillarity term. To pass to the limits in

ran( K(pn)A(/Op" \/st)),

we use the identity

Pn
pV( K(pn) A(/(; v K(s) ds))
= 4[2div(v/ 1t(pn) VV Z(0n)) = AV 1(on) VZ(n))]

2A(pn) ;
+ V[(—+k(n)AZ( w}—va k(pu)VZ n)} (2.28)
[ v (o) o ’ W)

where

Prd(s)'(s)
()32

It allows us to rewrite the weak form coming from the capillarity term as follows:
t Pn
[ [ vEGaa( [ vEG ds)aivionn)
0 0
t
=4 [ [ VRGD Y200 Y + VR VZ (0 - AV)

/ / (( iL((,(;n + k(Pn))AZ(Pn)div Y +k(0n)VZ(0n) -V div I//)

on
Z(pn) = /0 () 2 )] /s ds and Kk(pn) = /0

= A + As.

In fact, with Lemma 2.2 at hand, we are able to get compactness of A; and A, easily.
Concerning A1, we know that

Vi(on) = Viu(p) in LP((0,T); L9(R)) forall p < oo and ¢ < 3.

Noting that VV Z(p,,) is uniformly bounded in L2(0, T; L?(R2)), we find that VZ(p,) is
uniformly bounded in L2(0, T'; L5(S2)), because [o VZ(p,) = 0 due to periodicity. Thus
we have the following weak convergence:

[ Ve vzen - sv - [ Vivz-ay.

and

[ Ve vz - [ Javez:vy,
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thanks to Lemma 2.2. We conclude that Z = Z(p), thanks to the bound on Z(p,) and
the strong convergence of p,. Thus using the compactness of p,, the passage to the limit
in A is done. Concerning A,, we just have to look at the coefficients

Pn
k(pn) = | A (9)/11()*> ds. j(pn) = 2A(on)/ V11 (pn) -

Recalling the assumptions on w(s) and the relation A(s) = 2(u/(s)s — u(s)), we have

2(c; — Dpls) = As) = 2(az — Dpls),
and ,
o _ K (s) @
Vils)s = 162 T Juls)s
This means that the coefficients k(p,) and j(p,) are comparable to /(p,) . Using the

compactness of the density p, and the information on u(p5) given in Corollary 2.2, we
deduce the compactness of A, proceeding as for A;.

Cubic non-linear drag term. We will use Lemma 2.4 to show the compactness of

Pn

YR
W) "
More precisely, we write
Pn 2 1/6 On 2 1/3 1
[un|"un = pp'" | —— lun|"p," " ltin| ——=
W) T N W) T T W (o)
= pa/*h(pn. lun)). (2.29)

By Lemma 2.2, there exists ¢ > 0 such that p,l/ ® s uniformly bounded in

L>®(0,T; L% *%(Q)) and p, — p a.e., s0
ple — pl/e in LYFE((0,T) x Q)). (2.30)

Noting that /% |u,|? is uniformly bounded in L2(0, T; L?(£2)), and infsefo,00) 1/ (5)
> g1 > 0, we see that p,l,/3|un | ﬁ is uniformly bounded in L3(0, T'; L3(82)), thus

Pn 2 1/3 1
h(on, unl) = | —— lunl|"pp’” |Unl
o wWion) T (pw)
e LY5(0,T;L%5(Q))  uniformly. (2.31)

By Lemma 2.4 and (2.29)—(2.31), we deduce that

/t/ /'O" |un|2un—>/t/ /p lul?u.
o Ja W (on) o Ja 1 (p)
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Relying on the compactness stated in this section and the compactness in [40], we can
follow the argument in [13] to show Theorem 1.2. Thanks to the term rypy, |uy|u,, we

have
T
/ / ran|Mn|3§C-
0 Q

VP tty — Jpu strongly in L2(0, T; L*(Q)).

This implies that

With the above compactness results, we are able to pass to the limits to get a weak solu-
tion. In fact, to obtain a weak solution to (1.17), we have to pass to the limits as ¢4 — 0,
n — 00, £3 — 0 and ¢ — 0 respectively in the same spirit as in [13]. In particular, when
passing to the limit as e3 — 0, we also need to handle the identification of v with 2Vs(p).
Following the argument in [13], one shows that v and 2Vs(p) satisfy the same moment
equation. By the regularity and compactness of solutions, we can show the uniqueness of
solutions. By the uniqueness, we have v = 2Vs(p). This ends the proof of Theorem 1.2.

3. From weak solutions to renormalized solutions to the approximation

This section is dedicated to showing that a weak solution is a renormalized solution for
our last level of approximation, in order to show Theorem 1.3. First, we introduce a new
function

[f(t.0)]e = [ *ne(t.x) foranyz>e and [f(t.0)]7 = f % ne(x),

where : ]
X X
Ne(t, x) = SNTU(E’ ;), Ne(x) = a_Nn(;)’

with 7 a smooth non-negative even function compactly supported in the space-time ball
of radius 1, and with integral 1. In this section, we will rely on the following two lemmas.
Let 0 be a partial derivative in one direction (space or time) in these two lemmas. The first
one is the commutator lemma of DiPerna and Lions [38].

Lemma 3.1. Let f € WHP(RY x RY)and g € LIRY x RY) with 1 < p,q < oo and
1/p+1/q < 1. Then
110(f2)]e — IS ([l lr ®y xr+) = CILf lwir @y xr+) 18l La @D xr+)

for some C > 0 independent of ¢, f and g, and with r determined by 1/r = 1/p + 1/4.
In addition,

[0(f)le —3(f([gle)) =0 in L'(RY xRY)

as ¢ — 0 if r < 0o. Moreover, in the same way, if f € WHP(RY) and g € L1(RN) with
l1<pg=<ooandl/p+1/q <1, then

(/)]s — (SN Ir ®ny = CIf lwrr @y I€llLa @)
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for some C > 0 independent of ¢, f and g, with r determined by 1/r = 1/p + 1/q. In
addition,

[B(f2IF —a(f([gl) =0 in L'(R")
ase —> 0ifr < oo.
We also need another very standard lemma:

Lemma 32. If f € LP(Q xRY) and g € LY(Q x RT) with 1/p + 1/q = 1 and if
H € WL®(R), then

AT/ULg=/Twak
i [ = [ 1e

o[ f1e = [0f]e.
lim IH(f1le) — H()l s

loc

@xr+t) =0 forany 1 <s <oo.

We define a non-negative cut-off function ¢y, for any fixed positive m as follows:

0 if0 <y <1/2m),
2my —1 if1/2m) <y <1/m,
dm(y) =11 ifl/m<y<m, (3.1
2—y/m ifm<y<2m,
0 if y > 2m.

It enables us to define an approximate velocity for the density bounded away from zero
and bounded away from infinity. This is crucial to our procedure, since the approximate
velocity gradient is bounded in L2((0, 7)) x 2). In particular, we introduce u,, = U@y, (p)
for any fixed m > 0. Thus, we can show Vu,, is bounded in L2(0, T'; L?(2)) due to (3.1).
In fact,

Vi = ¢, (0)1 @ Vo + ¢ (p)

1
—T
Vi "
: wwmm)«ip)“) ( W (p) )
= \Y
(om0 Gt ) () ) e (™

+ ¢m(P)ﬁTu~

Similarly to [34], thanks to the cut-off function (3.1) and for m fixed, the functions

ol (0)(1(p)p)* /(1 (0))** and ¢ (p)/ v/12(p) are bounded. Then Vau,, is bounded in
L?((0, T) x Q) using the estimates with r > 0 and r, > 0, and hence for ¢ € W2 (R),

we find that Vo'((uy,);) is bounded in L?((0, T) x ) for j = 1,2, 3.
The following estimates are necessary:
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Lemma 3.3. There exists a constant C > 0 depending only on the fixed solution
(/P /pu), and Cy, depending also on m, such that

lellLeoo, 7100y + IPullL30,1:05/2(0)) + “plulz”L2(0,T;L10/7(SZ))
Alp)

+ IV (Sul + rISrDlL20,1;L10/7()) + H (o)

P'on)pn /p" /P’(S)M (S) )
M (pn

Py (Pn),on /p” P (S)M (S)
W(pn) Vs

IVém (Pl L40.7yx2) T 10:Pm (P L2(0.7)x2) = Cm-
Proof. By (1.24), we have p € L*®(0, T; L'°(R)). Now V/p € L=, T; L%(Q))
because 11/(s) > &1 and ' (p)Vp//p € L>(0,T; L*(S2)). Noting that

pu = p2/3p1/3

and p2/3 € L>®(0,T; L'>(Q)) and p'/3u € L3(0, T; L3(R)), we see that pu is bounded
in L3(0, T; L%%(Q)).
By (1.24), we have (p/ i/ (0))"/?|u|? € L%((0, T) x Q). Since

1/2
plul? = (pu(p))”z(L) .

L>°((0,T)x)

L1+((0,T)xQ)

+ llroull L2 0. 1yxe) < C,
L1+((o T)xQ)

W (p)

it is bounded in L2(0, T; L'%7(Q)), where we have used the facts that u(p) €
L0, T; L>%(Q)) (recalling that for p > 1 we have u(p) < cp* and p €
L2°(0,T; L'(R))) and 1t/ (p)p < a2ju(p).
Similarly, we find that /i (|Sy| + 7|S;|) € L2(0, T; L'/7(Q)) by (1.23). The
L*°((0, T) x 2) bound for A(p)/u(p) may be obtained easily due to (1.3) and (1.9).
Concerning the estimates related to the pressures, we just have to look at the proof of
Lemma 2.2. Noting that

1/2 1/4 ’

wp)  Le'2u(p)t/*

by (1.25), we conclude that V¢,,(p) is bounded in L*((0, T') x ). It suffices to recall
that thanks to the cut-off function ¢,,, we have ¢, (p) 021 (p)Y* /1! (p) bounded in
L*°((0,T) x ). Similarly, we write

A dm(p) = ¢, (0):p = — ¢y, (p) div(pu)

N , (/L(p)p)”“)( pl/4 ) ( 1 (p) )
_ P T . Vo,
¢m(p)ﬂ T( l/«) (¢m(p) (M/(p))3/4 (M/(,O))IMM pl/ZM(P)IM p
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which shows that d;¢,,(p) is bounded in L?(0, T; L?(R2)) thanks to (1.23), (1.24)
and (1.25). and using the cut-off function property to bound the extra quantities in
L*°((0,T) x Q) as previously. |

Lemma 3.4. The k-entropy weak solution constructed in Theorem 1.2 is a renormalized
solution; in particular, we have

T
| [ oot + ot @ wvy)
r A
- [ vw¢’(u>[2(¢u(p)<su+rsr)+ (f;)Tr(m(msuw\/u(p)sr))m}

r " Ap)
—/ / Ve (u)T, |: ((S +rSp)+ —— Tr(SM—i—rSr)) Id:|
o Jao 2u(p)

T
4 /0 /Q ' ) F(po) = O, (3.2)

where
\V/ _
Vo) 9L [T,k = 0; (e} (Wug) — /b k] (u)f‘; + R,
V1(p) 9; )[Srljk = 2/ 1(p) 9 ()39 Z(p)
—20;(v/(p) 0k Z(p)g} () + R2,

5 (f))%(u)Tr(\/u(p Ty) = div ( Ep;«/_ liﬁf) "(u ))

pu-/pVs(p)

( A(p)
v i(p)

1 _
— 5 divik(p)p{ )V Z(p) + Ry,

(3.3)
e (p) ,
©(p)

+ %k(m)AZ(p)

¢'(u) + R,

A
E”;wum( (0)Sy) = L)

where _
Ry = ¢ )T/ p(p) u,
R2 = 20/ )T,V Z(p).

Ry = =0/ )Ty - yiu(p)u (22) (3.4)
k(p)

"u)T, - VZ(p).

4
R, =
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Proof. We choose (¢, ([p]le)¥]e as a test function for the continuity equation with
Y e CX((0,T) x Q). Using Lemma 3.2, we have

T
0= [ [ @l6utolv]o+ pu- Vg elov],)
0 Q

T
- / / (@ (P10 ole + div(lpule), (ol W)

[ [ (vtmttol - w¢m([p1e>[ ST + 2 VI])- (3.5)

Using Lemmas 3.3 and 3.2, and passing to the limit as ¢ — 0, from (3.5) we get

o—/ /(wtqsm(p) w¢m(p)[fTr(Tu)+2ﬁu Vf])

_ /0 [ (wtqsm(p)—w[%(p)ﬁﬂ(m+u-V¢m(p)D,

since ¥V (p) € L*((0,T) x ), u € L2((0, T) x ), and v is compactly supported.
Similarly, we can choose [V ¢, ()] as a test function for the momentum equation. In
particular, we have the following lemma.

(3.6)

Lemma 3.5.

T
lim / /Q [V (0)]e (31 (pu) + div(pu ® u))

e—>0 Jo
T
_/0 /Q(thum + VY- (pu @ tm + ¥ (0 m(p) +u - Vd)m(,o))),ou).

Proof. By Lemma 3.1, we can show that

/()T/Q[l/ffﬁm(p)]ga,(pu) - _/()T/Q(atwpum + Y drbm(p)pu).

For the second term, we have

T T
[ [wsnonaviousn = [* [ voneiveus .

T T
= (/0 /Qlﬁ¢m(/0)[div(/0u ® u)le —/0 /S;Wﬁm (p)[div(pu ® u)];‘)

T
N /0 /Q Ve (0)[div(pu @ 1))
= R1 + RZ,
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where [ f(¢,x)]s = f(t,x) * ns(¢,x) and [ f (¢, x)]F = f * ne(x) with € > 0 small enough.
We write

= / [ tmaiviou o w. / [ v @div(on 0

2/0 /QquSm(p):[pu@u]g—/O va¢m(p):[pu®u]§-

Thanks to Lemma 3.3, p|u|? € L2(0, T; L'7(Q)) and ¥ V¢, (p) € L*((0,T) x ), and
we conclude that Ry — 0 as ¢ — 0. Meanwhile, we can apply Lemma 3.1 to R directly,
thus

T
/ / Vbm(PIdiv(ou @ W)
0 Q

T T
_ ( / / V() ldiv(ou ® )] — / f wm(p)div(pu@[u]ﬁ))
0 Q 0 Q

T
+/() /Ql/upm(p) div(pu ® [u]})
= R21 + R22-

By Lemma 3.1, we have Ry; — 0 as ¢ — 0. The term R,, will be calculated in the
following way:

T
/ / Vb () div(pu ® [ul?)
0 Q

= /T/ Vm (0) div(pu)[u]? +/T/ Vém(p)pu - V[uly

/ J, v o / IRZAC0TH
N R
_foT /sz Vyou® uml; - fOT /Q Y- [l Vém()pu.

—/OT/QWW®um—/0T/Qw~uV¢m(p)pu

ase — 0. [

which tends to
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For the other terms in the momentum equation, we can use the same method as for
(3.6) to get

IS

vy (pu ® i — z¢m(p)(w(p) (S +750)
) Tr(\/p,(p ) (Su +rSr))Id)))

2u(p

T
+/ U (01bm(p) + 11 Vo (0) pu
0

T
_/(; /Q( (VM(P (S +7rSy) + (f) Tr(v/ 1(p) (Sp + rSy ))Id)V¢m(p)

Q

Ym0 F(p. u)) _

Thanks to (3.6), we have

NS

vy (pu ® s z¢m(p)(w(p) (S +75))
it Tr(\/p,(p ) (Su +rSr))Id)))

2p(p

" NP _ )
[0 /Q (w«z»m(p) s T = VP F (7.0

T
—[o [Q(Zt/f(\/u(p)(SuHSrH

) T2 5+ rSr»ld) Vn (o)) =0.
(3.7

The goal of this subsection is to derive a formulation of a renormalized solution fol-
lowing the idea in [34]. We choose [¥ ¢’ ([um]e)]e as a test function in (3.7). Using the
same argument as for Lemma 3.5, we can show that

T
/0 /Q (0:[¥ ¢ (imle)], pttm + V[¥e' (imlo)], : (01 @ 1))

T
0 Q
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and
T
/0 /Q V[‘”‘/’/([”mld]s(—z%(p)(m (S +7Sy)

A
R COICER) Id)
21(p)

+ [wQD/([um]e)]g (_¢;n (P)ﬁ TI‘(TM)pu

A
—2(«/u(p) (Su+7rS,)+ z,ff,; (/R (Sp+7Sy) Id))wm (9)+Im(P) o, u))

T
- /O fg Ve () (—2¢m<p>(¢u(p> (Su +750)

+ 3 TP 5+ 76,) Id))

(i) (—¢;,, (P —L— TH(T,0) pu

vV 1(p)

A
- 2(\/u(p) (Sp +7rSr) + 2;8) Tr(v p(p) (Sp + rSr))) Vém(p) + ¢m(p) F(p, u))

as ¢ — 0. Putting these two limits together, we have

T
/ / ((w(umw, P ® () V)
0 Q
A
+ Vw’(um)(—zqsm(p)(m(p) S+ 5+~ T Jap) Sy + rsr»))

2p(p)
A
0 () Vit (—qsm (p)Z(\/u(p) (Su +rSy) + zlff;) Tr(V/Ap) (S + rSr))))
4 w’wm)(—sb:,,(p)ﬁ TH(T,)pu — Z(W(p) Sy +rS))
A
+ 3 O TR 5+ 15,0 | Tn(p) + b Flp0) ) ) =0 (33)

Now we should pass to the limit in (3.8) as m — oco. To this end, we should keep the
following in mind:

ém(p) — 1 for almost every (¢, x) € Rt x Q,

Um — U for almost every (¢, x) € Rt xQ, (3.9

lpdl,(P)| <2, |pg(p)| — 0 for almost every (7, x) € RT x Q.
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‘We can find that

Vi) Vi = v/ 1(p) V(dm(0)u) = dm(p) v/ 11(p) Vi + ¢, (p) v/ 1t (p) uVp

m(P) (,0))
=1 |V — AU
! - ( (u(ph) = pu- =

Yy 1/4 3/4 ,1/4
i ( ) M/(P)VP) (p—u) (%(p)u(p)—p)

w34\ p (' (p)'/4 (W (p))3/4
N (m , )( pl/4 )(/ M(P)3/4P1/4)
— ¢ (p)T Vo) (L2 u) (¢, (L
DTt i\ OV Gy ) Oy
:A1m+A2mo
Note that 34 1/a
"””(")% < Clg(o)pl,

50 ¢ (0)p(p)>/4p* / (1u(p)')3/* — 0 for almost every (¢, x). Thus, the dominated con-
vergence theorem shows that A,,, — 0 as m — oco. Meanwhile, the dominated conver-
gence theorem also implies Ay, — T, in L7 . Hence, with (3.9) at hand, letting m — oo
in (3.8), one obtains

T
/O /Q((pw(u)% + pu ® pu)VY) =2V’ (u) : (\/M(P) (S +rSr)

A ,
+ % Tr(v/ (o) (Sp +rSy)) Id) —2y¢"(u)Ty, : ((SM +rSy)
A(p) / _
+ Tr(S,, + rSp)Id ) + v’ (u)F(p,u) | =0.
21(p)
From now on, we denote R, = 2y/¢" (u) T, (S, +rS;) + % Tr(S, + rS;)1d). This
ends the proof of Theorem 1.3. [ ]

4. Renormalized solutions and weak solutions

The main goal of this section is the proof of Theorem 1.1 that states the existence of
renormalized solutions of the Navier—Stokes equations without the additional terms, thus
the existence of weak solutions of the Navier—Stokes equations.

4.1. Renormalized solutions

In this subsection, we will show the existence of renormalized solutions. To this end, we
need the following stability lemma.
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Lemma 4.1. Take any fixed oy < ap as in (1.9) and consider sequences 8y, ron, rin
and rpy, such that riy — 1; > 0withi = 0,1,2 and 8, — 8§ > 0. Consider a sequence
» i RT = RY satisfying (1.9) and (1.10) for fixed oy and oy such that
Un — @ in CO(R™).

If (pn, uy) satisfies (1.23)—(1.26), then up to a subsequence, still denoted n, the following

convergences hold.

(1) pp — p strongly in C°(0, T; L?(R)) forany 1 < p < y.

(2) pn(pn)uin — p(p)u in L*(0,T; L7 (Q) for p € [1,3/2).

(3) (Tw)n — T, weakly in L>(0, T; L*(S2)).

(4) For every H € W2 oo(R_”l) and 0 <a <2y/y+1, p5HWu,) — p*H(u) strongly
in L0, T;Q2) for1 < p < (y+l)a In particular, \/11(pn) H(u,) — +/1(p) H(u)
strongly in L*°(0, T; L?(2)).

Proof. Using (1.26), the Aubin—Lions lemma gives, up to a subsequence,

fn(pn) = £ in C°(0,T;LY(R))
for any ¢ < 3/2. But sup |, — | — 0 as n — oo. Thus,

tn(pn) — fi(t,x) in C°([0, T]; LY(R)), (4.1)
so up to a subsequence,
ulpn) = At x) ae.
Note that @ is an increasing function, so it is invertible, and ©~" is continuous. This

implies that p, — p a.e. with u(p) = ji(z, x). Together with (4.1) and p, being uniformly
bounded in L*°(0, T'; LY (2)), we get part (1).

1

Note that
gHlon) _ PuVitpn)  pon)Vpn
/Pn Pn 20n/Pn
thus ( Yl
< ClJ/pn | ’
‘ A/ Pn
50 v% is bounded in L>°(0, T; L2(£2)), thanks to (1.23). Using (1.26), we find that

% is bounded in L°°(0, T; W :2(2)), thus uniformly bounded in L°°(0, T; L8()).
On the other hand, ./p, u, is uniformly bounded in L*(0, T'; L?(2)). From
Lemma 2.4, we have

w(pon)
7o

forany 1 < ¢ < 3/2. Since (T,), is bounded in L?(0, T'; L?*(2)), up to a subsequence it
converges weakly in L2(0, T'; L%(S2)) to a function T,,. In view of Lemma 2.4, this gives
part (4). [

W(pn)ttn = VPntn = p(p)u  in L*(0,T; LY(82))
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With Lemma 4.1, we are able to obtain the renormalized solutions of Navier—Stokes
equations without any additional term by letting n — oo in (3.2). We state this result in
the following lemma, where we fix  such that ¢; > 0.

Lemma 4.2. For any fixed &1 > 0, there exists a renormalized solution (\/p , \/pu) to
the initial value problem (1.1)—(1.2).

Proof. We can use Lemma 4.1 to pass to the limits in the extra terms. We will have to
follow this order: r, — 0, then r; — 0, and finally r¢, §, r — 0 together.

o If r, = ra(n) — 0, we just write

Pn |un|2un—r1/4( P )”“( Pn )3/4|un|2u,,
"2 (ow) 2\ W (pn) I (on)

and i/ () > &1 > 0, so (M,"Z;’)n))l/4 < C|pn|*/*, and thus

Pn

——|up[Pun = 0 in LY3(0, T; L°(Q)).
w (on)

eForry =r(n) — 0,

1/3 ,.1/3 2/3 2/3|u |2

|71 0nunlun| <r prll

which converges to zero in L3/2(0, T'; L°/7(Q2)) using the drag term control in the energy
and the information on the pressure law P(p) = ap”.

e For ro = ro(n) — 0, it is easy to conclude that
roun — 0 in L2((0,T) x Q).

e We now consider the limit as r — 0 of the term
Pn
rp,,V( K(pn) A(/ Vv K(s) ds)).
0

Noting the identity

on
v(VEGDA( [ VRGIds) ) =200 (a(50) V2 25(000) + ¥ (:01) 525001,

we only need to focus on div(i(0,)VZ(25(ps))) since the same argument holds for the
other term. Since

7 [ av(aton sy
Q
—r / Pn G 7o) ® VZ(o) VY 4 1 / n V5 (o) AV

=1 [ 2920 © V2@ dx 1 [ Vi V2.
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the first term can be controlled as

r/Q v Mn Vz(pn)AWI
< Cr'2 | lon) llL20.7:22@p INT VZ(ou) I L20.7:22(02)) = O-

thanks to (1.25) and (1.26); and the second term as

<f«/_/VM(pn e )3/2
IV ion) 20,7127 /> = 0.

L2(0,T;L2(22))

IVZ(pon) ?IV Y|

/ TV Z(0on) ® VZ(0n) VY

H\/_ )3/2 Z(pi’l)|2

e Concerning the quantity 8p'®, thanks to u, (p) > &1 > 0, V8 |Vp®| is uni-
formly bounded in L2(0, T; L2(2)). This shows that §1/3%p is uniformly bounded in
L'°(0, T; L3°(R2)). Thus, we have

T
i 80"V | < C(YE 21820 L1013y — O

as 6 — 0.

With Lemma 4.1 at hand, we are ready to obtain the renormalized solutions to (1.1)—
(1.2). By parts (1) and (2) of Lemma 4.1, we can pass to the limits in the continuity
equation. Thanks to part (4) of Lemma 4.1,

1(pn) @' (Un) = Vp(p) ' () in L®(0, T; L*(R)).

With the help of Lemma 2.2, we can pass to the limit in the pressure, and thus we get the
renormalized solutions. ]

4.2. Recovering weak solutions from renormalized solutions

In this part, we get weak solutions from renormalized solutions constructed in Lemma 4.2.
Now we show that Lemma 4.2 is valid without the condition &; > 0. For such a u, we
construct a sequence /i, converging to i in C®(R™) and such that ey, = inf u}, > 0.
Lemma 4.1 shows that, up to a subsequence,

pn—p  inC°0,T;LP(Q)), (4.2)
pntin — pu in L0, T; L2 (Q)), 4.3)

forany 1 < p <y, where (p, \/pu) is a renormalized solution to (1.1).
Now, we want to show that this renormalized solution is also a weak solution in
the sense of Definition 1.2. To this end, we introduce a non-negative smooth function
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@ : R — R with compact support and ®(s) = 1 forany —1 <s < 1. Let ®(s) = fos d(r)dr
and define _
on(y) = n®(y1/n)@(y2/n)®(ys/n)

for any y = (y1, y2. y3) € R3. Note that ¢, is bounded in W2 (R3) for any fixed
n > 0, ¢, (y) converges everywhere to y; as n — 00, V¢j, is uniformly bounded in n and
converges everywhere to the unit vector (1,0, 0), and

[VV@nllpeowsy <C/n—0
as n — oo. This allows us to control the measures in Definition 1.1 as follows:

—1 —
[ Ro, lmm+xe) + 1Ry, laem+xe) + 1R, lacw+xe) < ClIVV@nlLeomsy — 0

as n — oo. Using this function ¢, in the equation of Definition 1.1, the Lebesgue Theorem
gives us the equation on pu; in Definition 1.2 by letting n — oo. In this way, we are able
to get the full vector equation on pu by permuting the directions. Applying the Lebesgue
dominated convergence theorem, one obtains (1.4) by passing to the limit in (1.12) with
i = 1 and the function ¢,. Thus, we have shown that the renormalized solution is also a
weak solution.
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