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Abstract. This paper contains three new results. (1) We introduce new notions of projective crys-
talline representations and twisted periodic Higgs—de Rham flows. These new notions generalize
crystalline representations of étale fundamental groups introduced by Faltings [Algebraic Anal-
ysis, Geometry, and Number Theory (1989)] and Fontaine and Laffaille [Ann. Sci. Ec. Norm.
Supér. (4) 15 (1983)] and periodic Higgs—de Rham flows introduced by Lan, Sheng and Zuo
[J. Eur. Math. Soc. (JEMS) 21 (2019)]. We establish an equivalence between the categories of
projective crystalline representations and twisted periodic Higgs—de Rham flows via the category
of twisted Fontaine—Faltings module which is also introduced in this paper. (2) We study the
base change of these objects over very ramified valuation rings and show that a stable periodic
Higgs bundle gives rise to a geometrically absolutely irreducible crystalline representation. (3)
We investigate the dynamic of self-maps induced by the Higgs—de Rham flow on the moduli
spaces of rank-2 stable Higgs bundles of degree 1 on P! with logarithmic structure on marked
points D := {x1,...,xp} for n > 4 and construct infinitely many geometrically absolutely irre-
ducible PGL; (Z)-crystalline representations of ! (Péur \ D). We find an explicit formula of the
self-map for the case {0, 1, 00,1} and conjecture that a Higgs bundle is periodic if and only if
the zero of the Higgs field is the image of a torsion point in the associated elliptic curve €, defined
by y? = x(x — 1)(x — A) with the order coprime to p.
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0. Introduction

The nonabelian Hodge theory established by Hitchin and Simpson associates a represen-
tation of the topological fundamental group of an algebraic variety X over C to a holo-
morphic object on X named Higgs bundle. Later, Ogus and Vologodsky established the
nonabelian Hodge theory in positive characteristic in their fundamental work [28]. They
constructed the Cartier functor and the inverse Cartier functor, which give an equivalence
between the category of nilpotent Higgs modules of exponent < p — 1 and the category
of nilpotent flat modules of exponent < p — 1 over a smooth proper and W, (k)-liftable
variety. This equivalence generalizes the classical Cartier descent theorem. Fontaine and
Laffaille [10] for X = Spec W(k) and Faltings for general case have introduced the cat-
egory M?[Yz,b](x/ W). The objects in the category M\’F[Va’b](X/ W) are the so-called
Fontaine—Faltings modules and consist of a quadruple (V, V,Fil, ¢), where (V, V,Fil)
is a filtered de Rham bundle over X and ¢ is a relative Frobenius which is horizontal
with respect to V and satisfies the strong p-divisibility condition. The latter condition is
a p-adic analogue of the Riemann—Hodge bilinear relations. Then the Fontaine—Laffaille—
Faltings correspondence gives a fully faithful functqr from MF [ (X /W)(w <p-=2)
to the category of crystalline representations of n{'(Xg), where Xk is the generic fiber
of X. This can be regarded as a p-adic version of the Riemann-Hilbert correspondence.

Faltings [9] has established an equivalence between the category of generalized rep-
resentations of the geometric fundamental group and the category of Higgs bundles over
a p-adic curve, which has generalized the earlier work of Deninger and Werner [3] on
a partial p-adic analogue of Narasimhan—Seshadri theory.

Lan, Sheng and the third named author have established a p-adic analogue of the
Hitchin—Simpson correspondence between the category of GL, (W, (F,))-crystalline rep-
resentations and the category of graded periodic Higgs bundles by introducing the notion
of Higgs—de Rham flow. It is a sequence of graded Higgs bundles and filtered de Rham
bundles, connected by the inverse Cartier transform defined by Ogus and Vologodsky [28]
and the grading functor by the attached Hodge filtrations on the de Rham bundles (for
details see [20, Section 3] or Section 3.1 in this paper).

A periodic Higgs bundle must have trivial Chern classes. This fact limits the applica-
tion of the p-adic Hitchin—Simpson correspondence. For instance, Simpson constructed
a canonical Hodge bundle 2 }1( @ Ox on X in his proof of the Miyaoka—Yau inequality
([31, Propositions 9.8 and 9.9]), which has nontrivial Chern classes in general. In fact, the
classical nonabelian Hodge theorem tells us that the Yang—Mills—Higgs equation is still
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solvable for a polystable Higgs bundle with nontrivial Chern classes. Instead of getting
a flat connection, one can get a projective flat connection in this case, whose monodromy
gives a PGL,-representation of the fundamental group. This motivates us to find a p-adic
Hitchin—Simpson correspondence for graded Higgs bundles with nontrivial Chern classes.

As the first main result of the present paper we introduce the 1-periodic twisted
Higgs—de Rham flow over X as follows:

(V, V,Fil),
(E,0)o (E.0)1 ® (L,0).
&/
oL

Here L is called a twisting line bundle on Xy, and ¢ : (E1,61) ® (L,0) = (Ey, 6p) is
called the twisted ¢-structure.

On the Fontaine module side, we also introduce the twisted Fontaine—Faltings module
over X1. The latter consists of the following data: a filtered de Rham bundle (V, V, Fil)
together with an isomorphism between de Rham bundles

gL (C{ o Gre(V, V) ® (L®P, Vo) = (V. V).

We will refer to the isomorphism ¢ as the twisted ¢-structure. The general construc-
tion of twisted Fontaine—Faltings modules and twisted periodic Higgs—de Rham flows are
given in Section 1.5 and Section 3.2 (over X,/ W, (k), and multi-periodic case).

Theorem 0.1 (Theorem 3.3). Let X be a smooth proper scheme over W. For each inte-
ger0<a < p—2andeach f € N, there is an equivalence between the category of all
twisted f-periodic Higgs—de Rham flows over X, of level < a and the category of strict
p"-torsion twisted Fontaine—Faltings modules over X, of Hodge—Tate weight < a with
an endomorphism structure of Wy (F, s ).

Theorem 0.1 can be generalized to the logarithmic case (Theorem 3.4).

The next goal is to associate a PGL,,-representation of nf‘ to a twisted (logarithmic)
Fontaine—Faltings module. To do so, we need to generalize Faltings’ work. Following
Faltings [7], we construct a functor D? in Section 2.5, which associates to a twisted
(logarithmic) Fontaine—Faltings module a PGL,, representation of the étale fundamental

group.

Theorem 0.2 (Theorem 2.10). Let X be a smooth proper geometrically connected scheme
over W with a simple normal crossing divisor D C X relative to W. Suppose F,; C k.
Let M be a twisted logarithmic Fontaine—Faltings module over X (with pole along D)
with endomorphism structure of W(F, s ). Applying the D P -functor, one gets a projective
representation

p: 7 (X%) — PGL(DT (M),

where X}, is the generic fiber of X° = X \ D.
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In Section 3.4, we study several properties of this functor D¥. For instance, we
prove that a projective subrepresentation of D (M) corresponds to a subobject N € M
such that D¥ (M/N) is isomorphic to this subrepresentation. Combining this with The-
orem 3.3, we infer that a projective representation coming from a stable twisted periodic
Higgs bundle (E, ) with (rank(E), degy (£)) = 1 must be irreducible.

The following theorem gives a p-adic analogue of the existence of projective flat
Yang-Mills—Higgs connection in terms of semistability of Higgs bundles and triviality of
the discriminant.

Theorem 0.3 (Theorem 3.10). A semistable Higgs bundle over X, initials a twisted
preperiodic Higgs—de Rham flow if and only if it is semistable and has trivial discriminant.

Consequently, we obtain the existence of nontrivial representations of étale funda-
mental group in terms of the existence of semistable graded Higgs bundles.

Definition 0.4. A representation
m(Xg) — PGL,(F,)

is called geometrically absolutely irreducible if its pull-back to the geometric fundamental

group
R nf‘(X%p) — PGL, (F,)

is absolutely irreducible, i.e. it is irreducible as a PGL, (Fp)-representation.

Theorem 0.5 (Theorem 3.14). Letk be a finite field of characteristic p. Let X; be a smooth
proper geometrically connected scheme over W(k) together with a smooth log structure
D/ W(k) and let X° = X \ D. Assume that there exists a semistable graded logarithmic
Higgs bundle (E,0)/(X, D), with r :=rank(E) < p — 1, discriminant Ag(E) = 0,
r and degy (E) being coprime. Then there exists a positive integer f and a geometri-
cal absolutely irreducible PGL, (I, r )-representation p ofﬂf‘(XI%/), where X° = X \ O
and K' = W(k - F,,)[1/p].

The proof of Theorem 0.5 will be divided into two parts. We first show the existence
of the irreducible projective representation of 7$'(X2,), in Section 3 (see Theorem 3.14).
The proof for the geometric irreducibility of p will be postponed to Section 5.

The second main result of this paper, the so-called base change of the projective
Fontaine—Faltings module and twisted Higgs—de Rham flow over a very ramified valu-
ation ring V is introduced in Section 5. We show that there exists an equivalent functor
from the category of twisted periodic Higgs—de Rham flow over 27 ; to the category
of twisted Fontaine—Faltings modules over 25 1, where 271 is the closed fiber of the
formal completion of the base change of X to the PD-hull of V. As a consequence, we
prove the second statement of Theorem 0.5 on the geometric absolute irreducibility of p
in Section 5.4 (see Theorem 5.20).

We like to emphasize that the Fontaine—Faltings module and Higgs—de Rham flow
over a very ramified valuation ring V' introduced here shall be a crucial step toward con-
structing p-adic Hitchin—Simpson correspondence between the category of de Rham rep-
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resentations of Jl’iét(X v11/p)) and the category of periodic Higgs bundles over a potentially
semistable reduction Xy .

As the third ingredient of this paper, we investigate the dynamics of Higgs—de Rham
flows on the projective line with marked points in Section 4. Taking the moduli space M
of graded stable Higgs bundles of rank 2 and degree 1 over P! with logarithmic struc-
ture on m > 4 marked points we show that the self-map induced by Higgs—de Rham flow
stabilizes the component M(1,0) of M of maximal dimension m — 3 as a rational and
dominant map. Hence by Hrushovski’s theorem [13] the subset of periodic Higgs bun-
dles is Zariski dense in M(1,0). In this way, we produce infinitely many geometrically
absolutely irreducible PGL; (IF,  )-crystalline representations. By Theorem 3.14, all these
representations lift to PGL, (Z;)-crystalline representations. In Proposition 4.7 we show
that all those lifted representations are strongly irreducible.

For the case of four marked points {0, 1, 00, A} we state an explicit formula for the
self-map and use it to study the dynamics of Higgs—de Rham flows for p = 3 and several
values of A.

Much more exciting, we claim that (Conjecture 4.8) the self-map on the moduli space
M(1,0) induced by the Higgs—de Rham flow for P! > {0, 1,00, A} coincides with the
multiplication by p map on the associated elliptic curve defined as the double cover

7:€, — P!

and ramified on {0, 1, 0o, A}. We have checked this conjecture holds true for p < 50. It
really looks surprised that the self-map coming from nonabelian p-adic Hodge theory has
really something to do with the addition law on an elliptic curve.

For £-adic representations Kontsevich has observed a relation between the set of iso-
morphic classes of GL,(Q;)-local systems over P! \ {0, 1, 00, A} over F 4 and the set of
rational points on C over I, via the work of Drinfeld on the Langlands program over
function field. It looks quite mysterious. There should exist a relation between periodic
Higgs bundles in the p-adic world and the Hecke-eigenforms in the £-adic world via Abe’s
solution of Deligne conjecture on £-to- p companions. We plan to carry out this program
in a further coming paper joint with J.Lu and X.Lu [26].

In Section 4.8, we consider a smooth projective curve X over W (k) of genus g > 2.
In the Appendix of [29], de Jong and Osserman have shown that the subset of twisted
periodic vector bundles over X in the moduli space of semistable vector bundles over X;
of any rank and any degree is always Zariski dense. By applying our main theorem for
twisted periodic Higgs—de Rham flows with zero Higgs fields, which should be regarded
as projective étale trivializable vector bundles in the projective version of Lange—Stuhler’s
theorem (see [21]), they all correspond to PGL, (Fp,/-)-representations of nft(X 1). Once
again we show that they all lift to PGL,(Z}’) of 7$(X1). It should be very interesting
to make a compgrison between the lifting theorem obtaiped here lifting GL; (IF,  )-repre-
sentations of 7{'(X1) to GL, (Zy)-representation of (X 1,Fp) and the lifting theorem
developed by Deninger and Werner [3]. In their paper, they have shown that any vector
bundle over X'/ W which is étale trivializable over X lifts to a GL, (C,)-representation
of 7{'(X%).
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1. Twisted Fontaine-Faltings modules

In this section, we will recall the definition of Fontaine—Faltings modules in [7] and
generalize it to the twisted version.

1.1. Fontaine—Faltings modules

Let X, be a smooth and proper variety over W, (k). And (V, V) is a de Rham sheaf (i.e.
a sheaf with an integrable connection) over X,,. In this paper, a filtration Fil on (V, V) will
be called a Hodge filtration of level in [a, b] if the following conditions hold:

e Fil' VV’s are locally split subsheaves of V', with
V =Fil'V D Fl*T'V > ... D FilV D FilP 1y =0,
and locally on all open subsets U C X,,, the graded factor Fil' V(U ) /Fil' 1 V(U are
finite direct sums of Oy, (U)-modules of form Oy, (U)/ p®.
o Fil satisfies Griffiths transversality with respect to the connection V.

In this case, the triple (V, V, Fil) is called a filtered de Rham sheaf. One similarly gives
the concepts of (filtered) de Rham modules over a W -algebra.

1.1.1. Fontaine—Faltings modules over a small affine base. Let U = SpecR be a small
affine scheme (which means there exist an étale map

WolTE, T,E, . T — 0%, (U),

see [7]) over W and let & : R — Rbea lifting of the absolute Frobenius on R/ pR, where
R is the p-adic completion of R. A Fontaine—Faltings module over U of Hodge-Tate
weight in [a, b] is a quadruple (V, V, Fil, ¢), where

e (V,V)is ade Rham R-module,
e Fil is a Hodge filtration on (V, V) of level in [a, b],
e ¢ is an R-linear isomorphism
@ : F%jj =V ®sR—V, F%L,@ = Spec(®),
where V is the quotient @?:a Fil' /~ with x ~ py for any x € Fil' V and y is the
image of x under the natural inclusion Fil' V < Fil' "1V,

e the relative Frobenius ¢ is horizontal with respect to the connections F x @ on
F y V and V on V, i.e. the following diagram commutes:

* 17 4
Py —_—
Fu’ch |4

J/Ff v lv
Uu. e

o®id 1
F2 V®Qyy —— V Q.
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Let My = (V1, V4, Fily, ¢1) and M, = (V,, V,, Fily, ¢2) be two Fontaine—Faltings
modules over U of Hodge-Tate weight in [a, b]. The homomorphism set between M,
and M, constitutes by those morphism f : V7 — V5 of R-modules, satisfying:

e f is strict for the filtrations, i.e. £ ~!(Fil'V5) = Fil' V;,
e f is a morphism of de Rham modules, i.e. (f ® id) o V] = V0 f,

e f commutes with the @-structures, i.e. (f@ id) o 91 = @, o f, where 7is the image
of f under Faltings’ tilde functor.

Denote by M?f“ v.e .b] (‘U/ W) the category of all Fontaine—Faltings modules over U of
Hodge-Tate welght in [a, b].

The gluing functor. In the following, we recall the gluing functor of Faltings. In other
words, up to a canonical equivalence of categories, the category MF "[V ‘,f](‘u /W) does
not depend on the choice of ®. More explicitly, the equivalent functor is given as follows.

Let W be another lifting of the absolute Frobenius. For any filtered de Rham module
(V, V,Fil), Faltings [7, Theorem 2.3] shows that there is a canonical isomorphism by
Taylor formula

L o~ % 1
Olcp’\p . F‘a’@V = Fﬂ"yv,
which is parallel with respect to the connection, satisfies the cocycle conditions and
induces an equivalent functor of categories
A =V, . .

MF (U W) = MF (U W), (V. V. Fil,g) = (V. V.Filg o ao,w).
1.1.2. Fontaine—Faltings modules over a global base. Let I be the index set of all pairs
(U;, D;). The U; is a small affine open subset of X, and d> is a lift of the absolute
Frobenius on Ox(U;) Qw k. Recall that the category MFY a,b](X /W) 1s constructed
by gluing those categories M f [@.b] (‘U / W). Actually the categories MF [a ;I;] U;/w)
can be described more precisely as below

A Fontaine—Faltings module over X of Hodge-Tate weight in the interval [a, D] is
atuple (V, V, Fil, {¢; }icr) over X, i.e. a filtered de Rham sheaf (V, V, Fil) together with

¢i : V(W) ®a; Oxc(Ur) — V(Us)
such that:
o Mi:= (V(U).V.Fil.gy) € MF 5 (Ui /W),
e forall i, j € I, on the overlap open set U; N U;, local Fontaine—Faltings modules
Mi|‘u,-n‘u_,- and M j|‘u_'-r]‘u/- are associated to each other by the equivalent functor

respecting these two liftings ®; and ® ;. In other words, the following diagram com-
mutes:

~ — 09, ®; ~ _—
V(Uij) ®a; Ox(Ui) ——— V(Uij) ®a; Ox(Us)

V(uij) L V(uij)-
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Morphisms between Fontaine—Faltings modules are those between sheaves and locally
they are morphisms between local Fontaine—Faltings modules. More precisely, for a mor-
phism f of the underlying sheaves of two Fontaine—Faltings modules over X, the map f
is called a morphism of Fontaine—Faltings modules if and only if

f(Us) € Mor(MF 33 (Ui /W) foralli € 1.

Denote by M 5’7 la b](X /W) the category of all Fontame—Faltmgs modules over X
of Hodge—Tate weight in [a, b]. And denote by Mf ta,b](Xn+1/ Wa11) the subcategory
of MFY, 1a,b] (X /W) consisted of strict p”-torsion Fontame—Faltmgs modules over X of
Hodge-Tate weight in [a, b].

1.2. Inverse Cartier functor

For a Fontaine—Faltings module (V, V, Fil, {¢; };cs), we call {¢; }; the @-structure of the
Fontaine—Faltings module. In this subsection, we first recall a global description of the
@-structure via the inverse Cartier functor over truncated Witt rings constructed by Lan,
Sheng and Zuo [20].

Note that the inverse Cartier functor C; ! (the characteristic p case) is introduced
in the seminal Work of Ogus and Vologodsky [28]. Here we sketch an explicit con-
struction of C;! presented in [20]. Let (E, 6) be a nilpotent Higgs bundle over X; of
exponent< p — 1. Locally we have

Vi = Fyy (Ely,).

dFy
V _d+[—]l(Fu19|u) Vl —)V ®Ql .

Gij = exp(hlj(F‘f(le|u,)) . Vil‘u,’_,‘ - Vj|ui‘/s
where Fyy; is the absolute Frobenius on U; and
. 1
hl'j . F;‘LIQUU — ﬁuij

is the homomorphism given by the Deligne-Illusie Lemma [2]. Those local data (V;, V;)
can be glued into a global sheave H with integrable connection V via the transition
maps {G;;} (see [19, Theorem 3]). The inverse Cartier functor on (£, 0) is

CrYE.0) = (V.V).

Remark. Note that the inverse Cartier transform C; ! also has the logarithmic version.
When the log structure is given by a simple normal crossing divisor, an explicit construc-
tion of the log inverse Cartier functor is given in the Appendix of [18].

As mentioned in the introduction, we need to generalize C; 1 to the inverse Cartier
transform over the truncated Witt ring for Higgs bundles over X,/ W,, (k). We briefly
recall the construction in [20, Section 4].



Projective representations and twisted Higgs—de Rham flows 1999

1.2.1. Inverse Cartier functor over a truncated Witt ring. Let S = Spec(W(k)) and let
Fs be the Frobenius map on S. Let X,,+1 D X, be a W, -lifting of smooth proper
varieties. Recall that the functor C,; ! is defined as the composition of €, ! and the base
change Fs : X, = X, xrg S — X, (by abusing notation, we still denote it by Fs). The
functor €, ! is defined as the composition of two functors J;, and %, . In general, we have
the following diagram and its commutativity follows easily from the construction of those
functors:

F*
H(X,) —— H(X)) (1.1)
Gr o €, !
MCF,_,(X,) T 7, MIC(X,)

> (F{Q}y_,.,.v..v

®) Fa=tF3 s }u

MIC(X,) —— MIC(X,).
S

These categories appeared in the diagram are explained as following:
e MCF,(X},) is the category of filtered de Rham sheaves over X, of level in [0, a],
o H(X,) (resp. ¥ (X)) is the category of tuples (E, 6, V, V,Fil, ), where
- (E,0) is a graded Higgs module' over X, (resp. X, = X, ®, W) of exponent
S p - 2’
-V, v, Fil) is a filtered de Rham sheaf over X,_; (resp. over X, D,
- and ¥ : Grﬁ(v, V) ~ (E,0) ® Z/p" 'Z is an isomorphism of Higgs sheaves
over X, (resp. X,),

e MIC(X,) (resp. MIC(X 7)) is the category of sheaves over X, (resp. X, ) with inte-
grable p-connection,

e MIC(X,) (resp. MIC(X}))) is the category of de Rham sheaves over X,, (resp. X}).
Functor Gr. For an object (V, V, Fil) in MCF,_5(X,), the functor Gr is given by
Gr(V,V,Fil) = (E,0,V,V,Fil ¥),
where (E, 6) = Gr(V, V,Fil) is the graded sheaf with Higgs field, (V/, V, Fil) is the mod-
ulo p"~!-reduction of (V, V, Fil) and v is the identifying map Gr(V) =~ E ® Z/p"~ ' Z.

Faltings tilde functor (-). For an object (V, V, Fil) in MCF,_5(X,), the (V, V. Fil) will
be denoted as the quotient 7. ;02 Fil' /~ with x ~ py forany x € Fil'V and y the image
of x under the natural inclusion Fil' V < Fil' "1V,

'A Higgs bundle (E, 6) is called graded if E can be written as direct sum of subbundles E i
with (E') ¢ E‘~1 ® Q1. Obviously, a graded Higgs bundle is also nilpotent.
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The construction of functor T,. Let (E,0,V,V,Fil, ¢) be an object in #(X,,) (resp.
H(X,)). Locally on an affine open subset U C X (resp. U C X'), there exists a triple
(Vau, Vu, Fily) ([20, Lemma 4.6)), a filtered de Rham sheaf, such that

o (V,V.Fil|y = (Va, Vo, Fily) ® Z/ p" ' Z,
e (E,0)|u =~ Gr(Vy, Vy, Fily).
The tilde functor associates to (Vqq, Vo, Fily;) a sheaf with p-connection over U. By

gluing those sheaves with p-connections over all U ([20, Lemma 4.10]), one gets a global
sheaf with p-connection over X, (resp. X,,). Denote it by

T.(E.0,V,V,Fil ).

The construction of functor ¥,. For small affine open subset U of X, there exists endo-
morphism Fy on U which lifts the absolute Frobenius on Uy, and is compatible with the
Frobenius map Fs on S = Spec(W(k)). Thus thereisamap Fy s : U — U = U xpy S
satisfying Fy = Fs o Fyys:

Uu Fy

w5, u

|

F
5§ —5.
Let (V/, V') be an object in Ajll\C(X,’L) Locally on U, applying the functor F‘Z/S’ we
get a de Rham sheaf over U " ~
Fys (V' V).

By Taylor formula, up to a canonical isomorphism, it does not depends on the choice
of Fqu. In particular, on the overlap of two small affine open subsets, there is an canonical
isomorphism of two de Rham sheaves. By gluing those isomorphisms, one gets a de Rham
sheaf over X, ; we denote it by "

Fu (V' V).

1.3. Global description of the @-structure in Fontaine—Faltings modules (via the inverse
Cartier functor)

Let (V, V,Fil) € MFC,_,(X,) be a filtered de Rham sheaf over X, of level in [0, p — 2].
From the commutativity of diagram (1.1), for any i € I, one has

C, ' oGr(V, V,Fil)|y, = Fn 0 Ty o Fg o Gr(V, V,Fil)|y,
= Fno F§(V.V)|y,
~ F3, (Vlw,. Viw,).
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Here Fy; = Spec(®;) : U; — U; is the lifting of the absolute Frobenius on U; . As
the ¥, is glued by using the Taylor formula, for any i, j € I, one has the following
commutative diagram:

Fy (Vi Viwgnu,) —— Gt o Gr(V, V, Fil) |y, nu;

Fﬂj(ﬁu,ﬂuﬁwum%) — Cvn_1 Oﬁ(V’V’FﬂNuiﬂ‘ujw

To give a system of compatible ¢-structures (for alli € I)
i 0 Fyp (VI Viu) = (V. Vi)
it is equivalent to give an isomorphism
@ : C; o Gr(V,V,Fil) — (V, V).
In particular, we have the following results:

Lemma 1.1 ([20, Lemma 5.6]). To give a Fontaine—Faltings module in the category
MF [0, p—2)(X /W), it is equivalent to give a tuple (V, V., Fil, ), where
e (V,V,Fil) € MCF,_»(Xp) is a filtered de Rham sheaf over X,, of level in [0, p — 2],
for some positive integer n,
e 9:Clo Gr(V, V,Fil) — (V, V) is an isomorphism of de Rham sheaves.

1.4. Fontaine—Faltings modules with endomorphism structures

Let f be a positive integer. We call (V, V,Fil, ¢, ) a Fontaine-Faltings module over
X with endomorphism structure of W(F,,) whose Hodge-Tate weights lie in [a, D] if
(V, V,Fil, ) is an object in M?[a b](X/ W) and

L W(pr) — End ¢ (V, V, Fil, ¢)

is a continuous ring homomorphism. We call ¢ an endomorphism structure of W(F, )
on (V, V,Fil, ). Let us denote by MF Yl bl r (X / W) the category of Fontaine—Faltings
module with endomorphlsm structure of W(]F s ) whose Hodge—Tate weights lie in [a, b].
We denote by MFY (0.p—21, 7 Xn+1/ Wat1) the subcategory of MFY [0.p—2], 7 (X/ W) con-
sisted by strict p”-torsion objects.

Lemma 1.2. Assume [ is a positive integer with ¥, C k. Then giving an object in
MEF [0 p—2y, 7 (X /W) is equivalent to give f-ordered objects

(Vi, Vi, Fil;)) e MCFp—2(X,), i=0,1,...,f—1
(for some n € N) together with isomorphisms of de Rham sheaves

i 1 Cy ' o Gr(Vi, Vi, Fily) > (Vig1. Vig1) forO<i < f—2
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and
¢r—1:Cyt oGr(Vy_y, Vy_y1.Fily_1) — (Vo. Vo).

Proof. Let (V, V,Fil, ¢, () be an object in M}V[V(),p_z]jf(X/ W). Let o be the Frobenius
map on W(F,r) and let & be a generator of W(F,s) as a Zp-algebra. Then ¢(£) is an
endomorphism of the Fontaine—Faltings module (V, V, Fil, ¢). Since ]Fp s C k, all conju-
gate elements of £ are of form o' (£), which are contained in w = w(K). The filtered de
Rham sheaf (V, V, Fil) can be decomposed into eigenspaces

f-1
(V.V.Fil) = @ V. Vi, Fil,),
i=0
where (V;, Vi, Fil;) = (V. V, Fil)!®=0"® is the o’ (§)-eigenspace of ¢(£). Applying the
functor C, ! o Gr on both side, we get

f-1
C, ' o Gr(V. V. Fil) = @ C,; " o Gr(V;. V;. Fil;).

n
i=0
Comparing o’ +1(£)-eigenspaces of ¢(£) on both side of
@ : C; o Gr(V,V,Fil) ~ (V,V),
one gets the restrictive isomorphisms
@i C7 o Gr(V;, Vi, Fil;) — (Vig1, Vigr) forall0 <i < f —2,
and L
@r—1:Cy o Gr(Vy_1, Vy_1,Fily_1) — (Vo, Vo).

Conversely, we can construct the Fontaine—Faltings module with endomorphism structure
in an obvious way. L]

1.5. Twisted Fontaine—Faltings modules with endomorphism structures

Let L, be a line bundle over X,,. Then tl}lere exists a natural connection Vg, on L? "
by [16, Theorem 5.1]. Tensoring with (LY, V) induces a self-equivalence functor on
the category of de Rham bundles over X,,.

Definition 1.3. An L,-twisted Fontaine—Faltings module over X,, with endomorphism
structure of Wy (IF, ) whose Hodge-Tate weights lie in [a, )] is a tuple consisting the
following data:

e for 0 <i < f — 1, afiltered de Rham bundle (V;, V;, Fil;) over X, of level in [a, b],
e for 0 <i < f —2, an isomorphism of de Rham sheaves

i 1 €' o Gr(V;, Vi, Fil) > (Vig1. Vi),
e an isomorphism of de Rham sheaves

0r—1: (€7 0 Gr(Vy_y, Vs_1,Filr_1)) ® (L2", V) — (Vo, Vo).
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We use (V, , Vi, Fil;, ¢;)o<i<f to denote the L,-twisted Fontaine-Faltings module and
use JMf (a.b], f (Xn+1/Wa+1) to denote the category of all twisted Fontaine—Faltings
modules over X, with endomorphism structure of W, (IF,s) whose Hodge-Tate weights
lie in [a, b].

A morphism between two objects (V;, Vi, Fil;, ¢i)o<i< s and (V/, V!, Fil;, ¢!)o<i<f
is an f-tuple (go, &1, .., gr—1) of morphisms of filtered de Rham sheaves

g+ (Vi, Vi, Fily) — (V/, VL Fil}), i=0,1,...,f -1,

satisfying
git10¢ =0 (€, oGr(g;) for0<i<f-2,
and
(go®id pn) 0o pr1 = @y 0 (€ oGr(gr1)).
Remark. We make the following observations.

(i) ByLemma l.1,to glve an object in TMFY (a.b1.1(Xn/ Wy) with L, = Ox,, is equiv-
alent to give a strict p"-torsion Fontame—Faltlngs module over X, whose Hodge—
Tate weights lie in [a, b].

(ii)  Suppose F,s C k. By Lemma 1.2, to glve an object in JM?«’ (a.b], f (Xn/ Wa) with
L, = Oy, is equivalent to give a strict p"-torsion Fontame—Faltmgs module over
Xy with endomorphism structure of Wy (I, r ) and whose Hodge-Tate weight in the
interval [a, b].

Local trivialization. Let j € I.Locally on the small open affine set U; (R; = Ox(U;)),
we choose and fix a lifting ®; R — R and a trivialization of the hne bundle L,

% £ Oy (W) = Ly (W)

It induces a trivialization of de Rham bundle r 1 (0x, (W), d) ~ (LY " (U), Vean). Let

= (V;, Vi, Fil;, ¢ )o<i<f € TMFY (a.b]. f(X,,+1/W,,+1) be an L,-twisted Fontaine—
Faltings module over X, with endomorphism structure of W, (F, ) whose Hodge-Tate
weights lie in [a, b]. Then one gets a local Fontaine—Faltings module over R; with endo-
morphism structure of Wy (IF, ») whose Hodge-Tate weights lie in [a, b]

f-2
M(zj) = (@ Vi(U). P Vi. Fili. Y ¢+ ¢r10G(d@ ) )).
i=0
We call M(z;) the trivialization of M on U; via 7;.

Logarithmic version. Finally, let us mention that everything in this section extends to the
logarithmic context. Let X be a smooth and proper scheme over W and X° is the comple-
ment of a simple normal crossing divisor & C X relative to W. Similarly, one constructs
the category 7 TMFY ta,b], f X1/ Wa+1) of strict p”-torsion twisted logarithmic Fontaine
modules (with pole along D x Wy C X x W,) with endomorphism structure of W, (F,, 1)
whose Hodge—Tate weights lie in [a, b].
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2. Projective Fontaine-Laffaille-Faltings functor

2.1. The Fontaine—Laffaille—Faltings’ D-functor

The functor Dg. Let R be a small affine algebra over W = W (k) with a o-linear map
@ : R — R which lifts the absolute Frobenius of R /PR. If ® happens to be étale in
characteristic 0, Faltings ([7, p. 36]) constructed a map k¢ : R— B +(R) which respects
Frobenius-lifts. Thus the following diagram commutes:

R—" L B+*®)

Jcb J/@B
R—™ B*®R),
Here ®p is the Frobenius on B +(§). Denote
D = B*(R)[1/p]/B*(R).

which is equipped with the natural ¢-structure and filtration.
Let M = (V, V,Fil, ¢) be an object in M F ”V ® (‘u / W). Faltings constructed a func-
tor Dg by
Do(M) = Hom(V ®,, BT (R), D),

where the homomorphisms are B+(/1€)-linear and respect filtrations and the ¢-structure.
The action of =N
T := Gal(R/R)

on the tensor product V' ®q, Bt (ﬁ) is defined via the connection on V', which commutes
with the ¢ and hence induces an action of I on Dg(M). Since V is a p-power torsion
finitely generated R module, Dg (M) is a finite Z ,-module. Faltings shows that the func-
tor Dg from M? [a b](‘u /W) to Repﬁn“e(f‘)) the category of finite Z ,-representation
of T, is fully faithful and its image is closed under subobjects and quotients.

The functor D. Recall that [ is the index set of all pair (U;, ®;) of small affine open
subset U; of X and lifting ®; of the absolute Frobenius on O x(U;) ®w k. For each
i € I, the functor D, associates to any Fontaine-Faltings module over X a compatible
system of étale sheaves on U;, g (the generic fiber of U;). By gluing and using the results
in EGA3, one obtains a locally constant sheaf on Xx and a globally defined functor D.

In the following, we give a slightly different way to construct the functor D. Let J
be a finite subset of the index set / such that {U;};c; forms a covering of X. Denote
U; = (U;)k and choose X a geometric point of X contained in [); es U

Let (V. V,Fil,{g; }ier) be a Fontaine-Faltings module over X. For each j €J,the
functor Dg; gives us a finite Zp-representation of nI‘(U 7,X%). Recall that the functor De
does not depends on the choice of @, up to a canonical isomorphism. In particular, for all
Jj1, j2 € J, there is a natural isomorphism of nlt(U N U, Jj»» §)-TEprEsentations

DV (Uj, N Uj). V. Fil, gj) = D(V(Uj; N Uj,), V. Fil g),).
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By Theorem 2.6, all representations D(V(U;), V, Fil, ¢;) descend to a Z,-representa-
tions of nlt(X k,x). Up to a canonical isomorphism, this representation does not depend
on the choice of J and s. This representation is just D(V, V, Fil, {¢; };<) and we construct
the Fontaine—Laffaille—Faltings” D-functor in this way.

Theorem 2.1 (Faltings). The functor D induces an equivalence of MF [VO’ p—2](X /W)
with the full subcategory of finite Z,[[r{ (X k)]]-modules whose objects are dual-crystal-
line representations. This subcategory is closed under subobjects and quotients.

The extra W(F, f) structure. Suppose that IF, » C k. Let (V, V,Fil, ¢, ¢) be an object in
the category erf 10, p—21, f Xn+1/ Was1). Smce the functor D is fully faithful, we get
an extra W(F, s )- structure on D(V, V,Fil, ¢), via the composition

W(E,,) — Endys (V, V,Fil,¢) > End(D(V, V, Fil, p)).

Since V is strictly p”-torsion, the W, (F v )-module D (V, V, Fil, ¢) is free with a linear
action of nlt(X k). We write this W, (FF /)-representation as

D(V, V,Fil, ¢, ).

2.2. The category of projective representations

The categories Repg(G) and Repfree(G). Let O be a commutative topological ring with
identity and let G be a topological group. Note that all morphisms of topological groups
and all actions of groups are continuous in this subsection. Denote by Repy (G) the cat-
egory of all finitely generated (9-modules with an action of G and denote by Repgee (G)
the subcategory of all free (9-modules of finite rank with an action of G.

The categories PRepy(G) and PRepgee(G). For a finitely generated @-module V, we
denote by PGLg (V) the quotient group GL(V)/O*. If p : G — PGL@(V) is a group
morphism, then there exists a group action of G on the quotient set V/(O* defined by
g([v]) := [p(g)v] forany g € G and v € V. In this case, we call the pair (V, p) a projec-
tive O-representation of G. A morphism of projective O-representations from (Vy, p1) to
(V3, p2) is an @-linear morphism f : V; — V, such that the quotient map from V; /9>
to V5 /O induced by f is a morphism of G-sets. Denote PRep (G) the category of finite
projective @-representations of G. Denote by PRepf’ee(G) the subcategory with V being
a free @-module.

2.3. Gluing representations and projective representations

Let S be an irreducible scheme. We fix a geometric point s of S. In this subsection, U is
an open subset of S containing s.

Proposition 2.2 (SGAI1 [11], see also [33, Proposition 5.5.4]). The open immersion
U — S induces a surjective morphism of fundamental groups

pU 78U, s) — 73S, s).
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Thus, there is a natural restriction functor res from the category of ]Tiét(S ,8)-sets to
the category of 7{'(U, s)-sets, which is given by

res(p) = p o py)-
Corollary 2.3. The restriction functor res is fully faithful.

The proof of this corollary directly follows from the surjectivity proved in Proposi-
tion 2.2 and [32, Lemma 52.4.1 in Tag OBN6].

Let §~be a finite étale covering of S. Then there is a natural action of 7{'(S, s) on the
fiber F(S).

Proposition 2.4. The following statements hold.

(1)  The fiber functor Fy induces an equivalence from the category of finite étale cover-
ing of S to the category of finite 7{'(S, s)-sets.

(i)  The functor Fs is compatible with the restrictions of covering to open set U C S
and restrictions of w{'(S, s)-sets to w{"'(U, s)-sets by p[S].

See [32, Proposition 52.3.10 in Tag OBN6] for a proof of the first statement. The
second one follows the very definition, one can find the proof in [27, Section 5.1].

As a consequence, one has the following result, which should be well known for
experts.

Corollary 2.5 (Rigid). The restriction functor (-)|y from the category of finite étale cov-
erings of S to the category of finite étale coverings of U is fully faithful. Suppose that
there is an isomorphism _
fu:S'lv =Sy

of finite étale coverings of U, for some finite étale coverings Sand S’ of S. Then there is
a unique isomorphism _

fs: 8 >§
of finite étale coverings of S such that fy = fs|v.

In the following, we fix a finite index set J and an open covering {U; };cs of S with
seN ; Uj. Then for any j € J, the inclusion map U; — S induces a surjective group
morphism of fundamental groups

7 (U, ) — w88, ).
Denote
Un = Ujjpjy = Uy NUR O -0 U
for any J1 = {j1, j2,..., jr} C J. Similarly, for any J; C J, C J, we have a surjective
group morphism of fundamental groups
TJJ; s Uy, s) = n8'(Uy,, 9).

Now we can view every 7$'(Uy, , s)-set as a 5 (Uy,, s)-set through this group morphism.
Since we already have the rigidity of finite étale coverings, one can use it to glue these
local my-sets together.
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Theorem 2.6. Let (X}, p;) be a finite 75'(U;, s)-set for each j € J. Suppose for each
pair i, j € J, there exists an isomorphism ofnf‘(U,-j,s)-sets nij © Xi > X;. Then every
X descends to a nft(S, s)-set (X;, p;) uniquely. Moreover, the image of p; equals that
of p;.

2.4. Comparing representations associated to local Fontaine—Faltings modules
underlying isomorphic filtered de Rham sheaves

Here we compare several representations associated to local Fontaine—Faltings modules
underlying isomorphic filtered de Rham sheaves. To do so, we first introduce a local
Fontaine—Faltings module, which corresponds to a W, (Fp_/')-character of the local fun-
damental group. We will then use this character to measure the difference between the
associated representations.

Let R be a small affine algebra over W(k) and denote R, = R/p" R forall n > 1. Fix
a lifting @ : R — R of the absolute Frobenius on R /PR. Recall that ¢ : R— B +(/I§)
is the lifting of B+(R)1F B+(R) R with respect to the ®. Under such a lifting, the
Frobenius ®3 on BT (R) extends to ® on R.

~X
Element an . Let f be an positive integer. For any » € R , we construct a Fontaine—
Faltings module of rank f as following. Let

V = Rue0 @ Ryer ©---® Rpep_4

be a free R,-module of rank f. The integrable connection V on V is defined by the
formula
V(ei) =0,

and the filtration Fil on V is the trivial one. Applying the tilde functor and twisting by the
map D, one gets

Vs R=R, @R 1) ®R,- (@1 Q1) ® Ry - (T5_1 Qs 1),

where the connection on V ®¢ R is determined by

V(ei ®p 1) = 0.
Denote by ¢ the R,-linear map from (V ®o R, V) to (V, V) defined by
0 r?"
1 0
@ ®e 1,21 Qa 1,.... 271 Qo 1) = (eq.€1,...,€r1) 10
l' 0

The ¢ is parallel due to d(r?") = 0 (mod p"). By Lemma 1.1, the tuple (V, V,Fil, ¢)
forms a Fontaine—Faltings module.

One gets a finite Z,-representation of Gal(R / R) which is a free Z/ p" Z-module of
rank f, by applying Fontaine—Laffaille-Faltings’ functor De.
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Lemma 2.7. Letn and f be two ) positive integers and let r be an invertible element in R.
Then there exists an a, , € BT (R)* such that

q>£(an,r) = KCIJ(r)pn “dp,r (mod Pn)- 2.1)

Proof. Since Dg(V, V, Fil, ¢) is free over Z/p"Z of rank f, one can find an element g
with order p”. Recall that D (V, V, Fil, ¢) is the sub-Z,-module of

Hom,, & (V ®y B*(R), D)

consisted by elements respecting the filtration and ¢. In particular, the following diagram
commutes:

~ ~ ~ Qpid ~
(V ® BT(R)) @ BT (R) ——2“ D @ B*(R)

(V ®s R) ®q BY(R) ~

lw@id

V ®co BT(R)

D.

Comparing images of (¢; ®,4 1) ®¢ 1 under the diagram, we have
D(g(Vi kg 1)) = g(Vit1 kg 1) forall0 <i < f -2,

and

D(g(vf—1 B 1)) = ka(r)?" - g(v0 By 1)
So we have

07 (g(vo B 1)) = ko (r)”" - g(vo g 1).

Since the image of g is p"-torsion, it follows that Im(g) is contained in
1 _ o~
D[p"] = p—,,B+(R)/B+(R),
the p”-torsion part of D. Choose a lifting a, , of g(ep ®x4 1) under the surjective map
a
B¥(R) = D[p"].

Then equation (2.1) follows. Similarly, one can define a,, ,—1 for r~1. By equation (2.1),
we have
& (a,., Ay 1) =dpy Gy 1.

Thus ap,, - a, -1 € W(F,r). Since both an,, and a,, ,—1 are not divisible by p (by the
choice of g), we know thata, , - a, ,—1 € W(pr)x. The invertibility of a, , follows. =
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Comparing representations. Let n and f be two positive integers. For all 0 <i < f,
let (V;, V;, Fil;) be filtered de Rham R, = R/p™ R-modules of level a (a < p —1). We

write

f-1 1

— f-1
v=@Vv. v=V. Fi=Fi
i=0 i=0 i=0

for short. Let
@i 1 C Yo Gr(V;, Vi, Fil;) ~ (Vig1,Vig1), 0<i < f -2,
@r—1:C 1o Gr(Vy_1, Vr_1,Fily_y) = (Vo, Vo)
be isomorphisms of de Rham R-modules. Let r be an element in R*. Since
d(r?") =0 (mod p").
the map r?" @f—1 is also an isomorphism of de Rham Rj,-modules. Thus
M = (V,V,Fil,¢) and M' = (V,V,Fil,¢")

are Fontaine—Faltings modules over R,,, where

f-1 -2
o=@ and ¢ =) gi+r7¢r ;.
i=0 i=0

Proposition 2.8. The following statements hold.
(i)  There are Wy(F, s )-module structures on Do (M) and Do (M'"). And the actions of

T = Gal(R/R)

are semilinear.

(i1)  The multiplication of a, , on

Hom,, & (V &« BT(R), D)

induces a Wy (F, s )-linear map between these two submodules
Do (M) — Do (M').

Proof. (i) Let

f-1

g: P Vi &y BT(R) > D

i=0

be an element in D¢ (M). For any a € Wy (F, 1), denote
f—-1
a*xg:= Z o' (a)g; (2.2)

i=0
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where g; is the restriction of g on the i-th component V; ®,, B +(’RS). One can check
that a x g is also contained in Dg(M). Thus * defines a Wy (IF,,)-module structure
on Dg(M). Let § be an element in I". Then

f-1
Slaxg)=26o (Z ai(a)gi) 0g7!

i=0
f—1
=Y o' (8(a)sogi o8
i=0
= 6(a) x 5(g).
In this way, D (M) forms a W, (F,,)-module with a continuous semilinear action of
7$'(Uk). For the Wu(F, s )-module structure on D (M’), the action of Wy(F,,) on
De (M) is defined in the same manner as in (2.2).
(ii) Recall that Dg (M) (resp. Dg (M) is defined to be the set of all morphisms in

Hom, 2 (V ®uq BT(R).D)

compatible with the filtration and ¢ (resp. ¢”). Since Dg (M) and D (M) have the same
rank and multiplication by a, , map on

Hom, 2 (V ®uq BT(R).D)

is injective, we only need to show that an, - f € De(M') for all f € De(M). Sup-
pose f : V ®¢y BT(R) — D is an element in Do (M), which means that f satisfies the
following two conditions:

(1) f is strict for the filtrations, i.e.

> FlYV @, Fil2 BT (R) = f~'(Fil' D).
L1+Lr=¢L

(2) f ®pid = f o (¢ @iy id), i.e. the following diagram commutes:

~ ~ ~ Qpid -~
(V ®ce BT(R) ®0 BT (R) —L 220, D @4 B*(R)

(V ® R) ®cp BT(R) ~

l‘ﬂn L ®id
f

V ®up BT (R) D.

Since a,,, € BY(R)* C Fil’B*(R) \ Fil' BT (R), we have a,, - Fil'D = Fil* D, and
thus
> Fil“V @, Fil? BY(R) = f~'(Fil'D) = (an,, - £) " (F'D).
Li+er=L
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Simultaneously, we have
(any - f) Qo id =f ®¢ P(an,)-id
=/ ®a an;y ko ()" -id = (an, - ke (r)?") - (f ®a id)
=an; ko (N)?" - (f 0 (¢ B id))
=(nr - )0 (17" ¢ ®pq i).
So by definition a, , - f € De(M’). m

Corollary 2.9. Suppose that ¥, s C k. The map from De(M) to De(M') is an isomor-
phism of projective Wy (I, r )-representations of

I := Gal(R/R).
In particular, we have an bijection of T'-sets

De(M)/Wy(F,r)* — Da(M")/ Wy (F,r)*.

2.5. The functor DF

In this subsection, we assume f to be a positive integer with F,, C k. Let {U;};es
be a finite small affine open covering of X. Let U; = (U;)k. For every j € J, fix
®; as a lifting of the absolute Frobenius on U; ®w k. Fix X as a geometric point in
Us = (\jes Uj and fix jo an element in J.

Let (V, V,Fil, ¢, () be a Fontaine—Faltings module over X,, with an endomorphism
structure of W(IF,s) whose Hodge-Tate weights lie in the interval [0, p — 2]. Locally,
applying Fontaine-Laffaille-Faltings’ functor Dg, , one gets a finite W, (F,, s )-represen-
tation g; of nft(U_ i, x). Faltings shows that there is an isomorphism

Qj1 = 0j»

of Z/ p" Z-representations of 7{'(Uj, j,, X). By [20], this isomorphism is W, (IFP’_/ )-linear.
By Theorem 2.6, these o; uniquely descend to a W, (FF,, s )-representation of 7{'(Xk,X).
Thus one reconstructs the W, (F, 1 )-representation D (V, V, Fil, ¢, ¢) in this way.

Now we construct functor D¥ for twisted Fontaine—Faltings modules, in a similar
way. Let

(Vi. Vi Fili. @i)ozi<f € TMF o 1 5 (Xns1/ Was1)

be an L,-twisted Fontaine—Faltings module over X, with endomorphism structure of
Wx (I, ) whose Hodge-Tate weights lie in the interval [0, p — 2]. Foreach j € J, choos-
ing a trivialization M(t;) and applying Fontaine-Laffaille-Faltings’ functor Do, , we get
a Wy (IF,, r )-module together with a linear action of 7§ (U;,X). Denote its projectification
by ¢;. By Corollary 2.9, there is an isomorphism

Qj1r = Qjp
as projective W, (F, s )-representations of 7{'(Uj, j,.X). In what follows, we will show

that these ¢; uniquely descend to a projective W, (IF,, s )-representation of 78 (Xk,X) by
using Theorem 2.6.
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In order to use Theorem 2.6, set X; to be the quotient nl‘(U ', X)-set
Do, (M (1)) Wa(F, /).
Obviously, the kernel of the canonical group morphism
GL(Do; (M(7)))) — Aut(X))
is just Wy, (F, ), we identify the image of this morphism with
PGL(Da, (M(1}))) = GL(Da, (M(1))))/ Wa (F, 1)<,

Let us denote by p; the composition of ¢; and GL(Dg, (M(z;))) — Aut(%;) for all
jeJ:
ét —= Qio
7y (Ujy. X) —— GL(]D)q;jO (M(zjy)))

| \l%

Pj

T ( Xk, x) ------ o PGL(]D)q, o, (M(7)))) >—7> Aut(XZ),).

By Corollary 2.9, the restrictions of (X;,,0;,) and (Z;,, pj,) on 7$'(U;, ;,,X) are iso-
morphic for all j 1, j2 € J. Hence by Theorem 2.6, the map pj, descends to some ﬁj; and
the image of pj, is contained in PGL(]D)q> (M (Tjy)))- So the projective Wy, (I, s )-repre-
sentation (D&, (M(j,)), pj,) of 75" (Uj,, x) descends to projective representation

(Da,, (M(z},)). 77)

of nlt(X k,x). Up to a canonical isomorphism, this projective representation does not
depends on the choices of the covering {U;} s, the liftings ®; and jo. And we denote
this projective W, (F,, r )-representation of 7§ (Xk,X) by

D ((V;. Vi, Fili, ¢;)o<i<f)-

Similarly as Faltings” functor ID in [7], our construction of the D ¥ -functor can also be
extended to the logarithmic version. More precisely, let X be a smooth and proper scheme
over W and let X° be the complement of a simple normal crossing divisor O C X rela-
tive to W. Similarly, by replacing Xx and U; with Xz = Xk and U j”, we construct the
functor

DP . r‘:A'(.(f'wop 2]f ,‘:+1/Wn+1) HPRepﬁv;:(pr)(nft(X%))

from the category of strict p”-torsion twisted logarithmic Fontaine modules (with pole
along O x W, C X x W,) with endomorphism structure of W, (IFP s ) whose Hodge-Tate
weights lie in [0, p — 2] to the category of free W, (IF,, r )-modules with projective actions
of T{'(XZ).

Summarizing this section, we get the following result.
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Theorem 2.10. Let M be a twisted logarithmic Fontaine—Faltings module over X (with
pole along D) with endomorphism structure of W(F, s ). The D? -functor associates to
M and its endomorphism structure n a projective representation

p: 78 (X%) — PGL(DT (M)),
where X}, is the generic fiber of X° = X \ D.

3. Twisted periodic Higgs—de Rham flows

In this section, we will recall the definition of periodic Higgs—de Rham flows and gener-
alize it to the twisted version.

3.1. Higgs—de Rham flow over X,, C X, 41

Recall [20] that a Higgs—de Rham flow over X, C X,4; is a sequence consisting of
infinitely many alternating terms of filtered de Rham bundles and Higgs bundles

(v, v, FDY (E.0), (v, V,ED, (E,0), (V. V,FiD{, ...},

which are related to each other by the following diagram inductively:

(V v, Fil) (V. V. Fil)™
(E,9>‘") (E.0){" \ -

(v, V. Fi"

\I/

Gr(V. V. FiDY V) T5 (E.6)5"” (mod p"')

where
o (V,V, Fil)(_”l_ Y is a filtered de Rham bundle over X, n—1 of level in [0, p — 2],
o (E.0) is alifting of the graded Higgs bundle Gr((V, V. Fil) ;") over X,,,

VoV = G ((E. 0" (V. V. FiD Y. )
and Filgn) is a Hodge filtration on (V, V)g[) of level in [0, p — 2],
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e inductively, form > 1, (E, 9)5,',1) = Gr((V, V,Fil)f:z)_l) and

V. V)W = 7 ((E, 0, (V. V,EiDYP id),

ml’

where (V, V,Fi)"~ 1 is the reduction of (V, V,Fil)™ | on X,_;, and Fil® is a
Hodge filtration on (V V)m .

Remark. In case n = I, the data of (V,V, ﬁ)(_nl_ Dis empty. The Higgs—de Rham flow
can be rewritten in the following form:

(E, 0, v, v, ED{V, (E,0)", (v, v,FiD{D, ...}

In this way, the diagram becomes

AR VARINE
el er!
Gr
(E.0) (E.6)"

In the rest of this section, we give the definition of twisted periodic Higgs—de Rham
flow (Section 3.2), which generalizes the periodic Higgs—de Rham flow in [20].

3.2. Twisted periodic Higgs—de Rham flow and equivalent categories
Let L, be a line bundle over X,,. For all 1 < £ < n, denote by L, = L, ®oy, Ox, the

reduction of L, on X,. In this subsection, let a < p — 2 be a positive integer. We will
give the definition of L,-twisted Higgs—de Rham flow of level in [0, a].
3.2.1. Twisted periodic Higgs—de Rham flow over X.

Definition 3.1. Let f be a positive integer. An f-periodic Li-twisted Higgs—de Rham
Sflow over X1 C X, of level in [0, a], is a Higgs—de Rham flow over X

{(E,0)0, (v, v, FD{", (E, )V, (v, v, Fi){V, ...

together with isomorphisms ¢}1J:l (E, 9)}1J)rl. ® (Lfi ,0) — (E, 9)51) of Higgs bundles
foralli > 0,

v.vEY Vv EDD . (Y EDD (v EDD,
/R/&/R/&/&/
(E.0)) (E 6)» (E 9)(1> (E.0)0,

(1) m
¢r b7t
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For any i > 0 the isomorphism

i+1
@) (v, @ (LY Vew) — (V. V)

strictly respects filtrations Fllj(,l}ri and Fill(l). Those ¢(1) are relative to each other by the

formula

(1 —1,,(1)
Pptiv1 = CroCr(drLy).

Denote the category of all twisted f-periodic Higgs—de Rham flow over X of level
n [0,a] by HDF 4,7 (X2/ W2).

3.2.2. Twisted periodic Higgs—de Rham flow over X, C X,+1. Letn > 2 be an integer,
let f be a positive integer and let L, be a line bundle over X,,. Denote by L, the reduction
of L, modulo p*. We define the category THDF a,f (Xnt1/ Way1) of all f-periodic
twisted Higgs—de Rham flow over X, C X4+ of level in [0, @] in the following inductive
way.

Definition 3.2. An L,-twisted f-periodic Higgs—de Rham flow over X, C X, 4+ is
a Higgs—de Rham flow

(v, V,ED"SY (E.0)®,, (v, V. EDY (B, 0)™, ...}

n—1: n—1- /XnCXnJrl
which is a lifting of an L{-twisted f-periodic Higgs—de Rham flow
1 (1 1 (1
{(E.0)3”, (v, V. FinD (B, )P, (V. V. EiDD, . :¢D} o o .

It is constructed by the following diagram for 2 < £ < n, inductively

© ®
V.V, Fll) / V.V, Fﬂ)Hf 2
O z % \ / @
(E 9) (Eae)[ : : (E 9)z+f 1
: ¢ffi£, .
mod pZ 1 : :
V.V.EDSY v Fl)“ b (V.V.FiD( ),
\ A 1 \ / AN % : \
(- 1) £—1) ’ -1
(E,0)" (E,0)! g (E.0)y5 7,

(¢—1)
¢4+/ 1
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Here:
o (E, 9)(3) / Xy is alifting of (E, 9)(6 U/Xg 1, Which implies automatically

V.V =7 (E 0P, (v, v, FiDY id)

is a lifting of (V V)(e Y since C[l is a lifting of C[_ll.
-1

o Fill”, c (v, V)", is a lifting of the Hodge filtration Fil" ;"  (V, V){",", which
imphes that
(E, ) = Gr((v, v, FiDP )/ X,

is a lifting of (E,8){" " /X, and
V.Y = CTHE. 0P, (v. V. Fi T id).

e Repeating the process above, one gets the data Fll(e) (E, 9)(4)1 and (V, V)Z(Q1 for all
i >4

e Finally, foralli > £ — 1,

¢ (.0 Ly 0) > (E.0)©

is a lifting of ¢i(i_f1)‘ These morphisms are related to each other by the formula

14
6 =GroC Mg )).
Denote the twisted periodic Higgs—de Rham flow by

(V. V. EDSD (.00, (V.. FDD L (E.00. M) 0 cx

The category of all periodic twisted Higgs—de Rham flow over X, C X, +; of level in
[0, a] is denoted by THDF 4, r (Xn+1/ Was1).

Remark. For the trivial line bundle L,, the definition above is equivalent to the original
definition of periodic Higgs—de Rham flow in [20] by using the identification

¢:(E,0)=(E,0);.

We can also define the logarithmic version of the twisted periodic Higgs—de Rham
flow since we already have the log version of inverse Cartier transform; X is a smooth
proper scheme over W and X is the complement of a simple normal crossing divisor
D C X relative to W. Similarly, one constructs the category THDF 4, 7 (X}, |/ Wn+1) of
twisted f-periodic logarithmic Higgs—de Rham flows (with pole along D xW,, C X xW},)
over X x W, whose nilpotent exponents are < p — 2 .

3.2.3. Equivalence of categories. We will establish an equivalence of categories between
THDF a.f X1/ Wasr) and TMF G g1 ¢ (K1) War).

Theorem 3.3. Let a < p — 1 be a natural number and let f be an positive integer.
Then there exists an equivalence of categories between THDF 4 r(Xni1/ Wns1) and
TMF 0.a1, r KXn+1/ Wat1).
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Proof. Let

=V, V,ED) "5V (E,0)™,, (v, V,FD, (E,0),...; 9} P

be an f-periodic L,-twisted Higgs—de Rham flow over X}, with level in [0, a]. Taking out
f terms of filtered de Rham bundles

(V.V.EiD§” (V. V. ED{, ... (V. V. FiD
together with f — 1 terms of identities maps

(p[ZCJI

oGr((V, V,Ei)™) = (v, \)®|, i=01,..., /-2,

and gr_y = C,,_l(¢(”)) one gets a tuple
Je (&) = V", v® FI™ g)o<i< .

This tuple forms an L,-twisted Fontaine—Faltings module by definition. It gives us the
functor € from THOF ;4 r(Xni1/Wai1) to ‘TM?[VO,G]J(X,,H/W,,H).

Conversely, let (V;, V;,Fil;, ¢;)o<i<s be an L,-twisted Fontaine—Faltings module.
For0 <i < f —2, weidentify (Vi41, Vi4+1) with C,! o Gr(V;, V;, Fil;) via ¢;. We con-
struct the corresponding flow by induction on 7.

In case n = 1, we already have the following diagram:

/‘/’f—l\
(V,V,Fil)g (V v, Fil), : (V V,Fil)s_, (V v);.
(E 0)1 (E,0)f—1 (E 0)r

Denote (E,0)g = (E,0)r ® (L1,0). Then
Ci ' (Eo.60) ~ (V5. Vy) ® (LY. Vean) = (Vo. Vo).

By this isomorphism, we identify (Vo, Vo) with C; 1(Eg, 6p). Under this isomorphism,
the Hodge filtration Fily induces a Hodge filtration Fily on (V¢, V¢). Take Grading and
denote

(Ef+1.0r41) := Gr(Vy, Vg, Fily).
Inductively, fori > f, we denote (V;, V;) = C; ' (E;, 6;). By the isomorphism
_ i it1—r
(€1 oG (gr-1): (V. VD) & (LY Vew) = (Viey, Viep),
the Hodge filtration Fil; _ y induces a Hodge filtration Fil; on (V;, V;). Denote
(Eit1, Vigr) := Gr(V;, Vi, Fil;).

Then we extend above diagram into the following twisted periodic Higgs—de Rham flow
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over Xi:
(V V, Fil)g (V V, Fil); . \ (V V, Fil); (V V)it1
(E.0)o (E, 0 \/ (E,0)i (E,0)i+1 \

For n > 2, denote
— = s — n—1 — el .
(V_1, Vo1 Filoy) = (Vo1 ® LE_ . Vs_1 ® Vean. Fily_; ® Fily),

where (V 1,V s_y,Fily_;) denotes the modulo p"~! reduction of (Vy_y, Vy_1,Fily_y).

Those ¢; reduce to a ¢-structure on (V';,V;,Fil;)_1<; < r—1. This gives us an L, 1 -twisted
Fontaine—Faltings module over X, _;

(Vi Vi Fili, @) —1<i<f-1.

By induction, we have a twisted periodic Higgs—de Rham flow over X,

(V,V,Fil)_, (V,V,Fi (V.V.Fil)s
AYANVAN AV
Gr
(E,0)-1 (E.6)o (E.0)5 (E.0);.

where the first f-terms of filtered de Rham bundles over X, _; are those appeared in the
twisted Fontaine—Faltings module over X,—;.
Based on this flow over X,,_;, we extend the diagram similarly as the n = 1 case,

Pf—1

/ S T
(V,V,Fil)o (V V. Fil) \ (V V. Fil);_ (V V).
(E, 0 \/ (E,0)f-1 (E,0)f

Now it is a twisted periodic Higgs—de Rham flow over X,,. Denote this flow by
gﬁ((l/h Vi ’ Filia (Pi)0§i<f)-
It is straightforward to verify §R o /€ ~ id and € o §R ~ id. [

This theorem can be straightforwardly generalized to the logarithmic case and the
proof is similar as that of Theorem 3.3.

Theorem 3.4. Let X be a smooth proper scheme over W with a simple normal crossing
divisor D C X relative to W. Then for each natural number f € N, there is an equiva-
lence of categories between THDF 4 r (X 1/ Wn+1) and TM?V al.f Xni1/ Wat1)
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3.2.4. A sufficient condition for lifting the twisted periodic Higgs—de Rham flow. We
suppose that the field k is finite in this subsection. Let X be a smooth proper variety
over W(k) and denote X, = X Xwx) Wn(k). Let D1 C X; be a W(k)-liftable normal
crossing divisor over k. Let & C X be a lifting of D;.

Proposition 3.5. Let n be an positive integer and let Ly, be a line bundle over X, 4.
Denote by Ly the reduction of L,+1 on Xy. Let

(v, Vv, ED" D (B, ), (v, V,ED™ L (E,0)™, ... XX

be an L, -twisted periodic Higgs—de Rham flow over X, C Xp+1. Suppose that

e lifting of the graded Higgs bundle (E, 9)(") is unobstructed, i.e. there exist a logarith-
mic graded Higgs bundle (E, 9)(”+1) over Xp+1, whose reduction on Xy, is isomor-
phic to (E, 0)(")

e lifting of the Hodge filtration Fll(n) is unobstructed, i.e. for any lzftmg (v, V)("+1)
of (V, V) ™ over X,,+1, there exists a Hodge filtration Fil; @+ o (v, V); (+1D) yhose
reduction on Xy is Fil; (),

Then every twisted periodic Higgs—de Rham flow over X, can be lifted to a twisted
periodic Higgs—de Rham flow over X, 1.

Proof. By assumption, we choose (E’, 6’ )("+1) a lifting of (E’, 6’ )("). Inductively, for
alli > n, we construct (V', V', F1l’)(”+l) and (E’, 6 )("+1) as follows. Denote

(V/, V/)(n+1) — -€n—+l ((E/, 9/)("4’1))’

which is a lifting of (V, V)(") Also by assumption, we can choose a lifting Fll/("H)

w,v )(”+1) of the Hodge filtration Fll( ™ and denote
(E', 0" = Ge(v!, V' Fil)" D)

which is a lifting of (E, 6)™,.
From the ¢-structure of the Higgs—de Rham flow, for all 2 > 0 there is an isomor-
phism

(E, 9)(n) ~ (E.f NS Lpn_1+pn+...+pn+mf—2‘
f

n+m

n n+mjf—2
Twisting (E’, 0 ),(1"_:5} with Lp l+p kT , one gets a lifting of (E, 9),(1").

By deformation theory, the lifting space of (FE, 9) is a torsor space modeled by
ng(X 1, End((E, (9),,1))) Therefore, the torsor space of lifting (E, 9) as a graded
Higgs bundle should be modeled by a subspace of HPII i We give a description of this sub-
space as follows. For simplicity of notations, we shall replace (E, 9)(1) by (E, 0) in this
paragraph. The decomposition of E = @p +q=n EP*? induces a decomposition of End(E)

as follows:

(End(E))k k @ (Ep q)\/ ® Ep+kq k
ptq=n

Furthermore, it also induces a decomposition of the Higgs complex End(E, €). One can
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prove that the hypercohomology of the Higgs subcomplex

nd

H!((End(E))%° RN (End(E)) ! @ Q! AN ) (3.1)

gives the subspace corresponding to the lifting space of graded Higgs bundles.
Thus by the finiteness of the torsor space, there are two integers m > m’ > 0, such

that 1 omr
n— ... n-+mj —.
(B0 @ L
~ (E',0H"+D) r® [P P T 2
- > n+m’ n+1 .

(3.2)

By twisting suitable power of the line bundle L,4; we may assume m’ = 0. By
replacing the period f with m f, we may assume m = 1. For any integeri € [n,n + f — 1]
we denote

(E.0.V.V.Fi)"™D .= (E' ¢’ V' V' Fil')" .

Then (3.2) can be rewritten as

n—1 n n+f—2
gD (B OUTP @ LE TP — (E,0)D,

where
(E.0)"TP = (E'.0H"HD = Ge((V. V.EDTD).

Inductively, for all i > n + f, we construct (V, V,Fil)l(”H) , (E, Q)I('rgl) and ¢;’:_r11 as
follows. Denote

V.Y =l ((E.0)"TY).

According to the isomorphism
_ i—f =14 pi—f g pi—2
@) (I @ LTI T L wtED 3.3)

we see that the Hodge filtration Fill('i ?l) on (V, V);’i J}l) induces a Hodge filtration Fill("H)
on (V, V)l(”H). Denote
(E,0)"HY = Gr((v, V,FiD{"tY).

(n+1)

Taking the associated graded objects in equation (3.3), one gets a lifting of ¢;’

1. 1 i=f=lypi=/ 4 pi=! 1
gD B0V @ LI T S (B, 0)Y,

and a twisted Higgs—de Rham flow over X,,+1 C Xp42

(V. W ED, (B, 00, (V. VBT TY (D, gl cx

which lifts the given twisted periodic flow over X, C X, +1. ]

Remark. In the proof, we see that one needs to enlarge the period for lifting the twisted
periodic Higgs—de Rham flow.
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3.3. Twisted Higgs—de Rham self-map on moduli schemes of semistable Higgs bundles
with trivial discriminants

Let X; be a smooth proper W-liftable variety over k, with dim X; = n. Let H be a polar-
ization of X;. Let r < p be a positive integer and (E, 8)o be a semistable graded Higgs
bundle over X; of rank r and with the vanishing discriminant.

Theorem 3.6. There is a Higgs—de Rham flow of Higgs bundles and de Rham bundles
over X1 with initial term (E, 0),.

The construction of the Higgs—de Rham flow given by Theorem 3.6 is made by
two steps.

Step 1. There is a Simpson’s graded semistable Hodge filtration Fil ([20, Theorem A.4]
and [23, Theorem 5.12]), which is the most coarse Griffiths transverse filtration on a semi-
stable de Rham module such that the associated graded Higgs sheaf is torsion free and still
semistable. Denote

(V. V)o := Ci ' (Eo. o)
and by Fily the Simpson’s graded semistable Hodge filtration on (V, V). Denote

(V. V)1 := Cy N (E1, 61)

and by Fil; the Simpson’s graded semistable Hodge filtration on (V, V);. Repeating this
process, we construct a Higgs—de Rham flow of torsion free Higgs sheaves and de Rham
sheaves over X with initial term (E, 0)

(V,V,Fil)o (V.V.Fil);_, (34

(EO:/\ \(‘Eéh/ \7 \(‘EO)J‘/

Since the Simpson’s graded semistable Hodge filtration is unique, this flow is also
uniquely determined by (E, ).

Step 2. The Higgs sheaves and de Rham sheaves appearing in the Higgs—de Rham flow
are locally free. Thanks to the recent paper by A. Langer [24]. The local freeness follows
from [24, Theorem 2.1 and Corollary 2.9].

The purpose of this subsection is to find a canonical choice of the twisting line bundle
L such that this Higgs—de Rham flow is twisted preperiodic.

Firstly, we want to find a positive integer f; and a suitable twisting line bundle L
such that (E }1 , 0}1) = (Ef,,07) ® (L1, 0) satisfies the following conditions:

Cl(E]/cl) = Cl(E()), (353)
c2(Ep) - [H]" ™ = ea(Eo) - [H]" 2. (3.5b)
Under these two condition, both (E, 8)g and (E, 0), are contained in the moduli scheme

Mg (X 1/k,r,ay,az) constructed by Langer in [22] classifying all semistable Higgs
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bundles over X; with some fixed topological invariants (which will be explained later).
Following [22], we introduce S)’(l / w(d;r.ar,az, imax) the family of Higgs bundles over
X1 such that (E, 6) is a member of the family, where E is of rank d,

Mmax(E, 0) < tmax, ao(E) =71, ai(E) =a1, ax(E)>as.

Here pmax (E, 0) is the slope of the maximal destabilizing subsheaf of (E, 6), and a; (E)
are defined by

a m+d—i
x(X, 5, E(m)) = ZCH(D( d—i )
i=0
By the results of Langer, the family S&l/k(a’; r,ai,ds, [bmax) is bounded (see [22, Theo-

rem 4.4]). So Mf,sig (X1/k,r,ay,ay) is the moduli scheme which corepresents this family.
Note that

ai(E) = x(Eln; _y_; 1)

where Hy,..., Hy € |0(H)|is an E-regular sequence (see [14]). Using the Hirzebruch—
Riemann—-Roch theorem, one finds that a1 (E) and a,(E) will be fixed if ¢;(E) and
c2(E) - [H]" 2 are fixed.

Proposition 3.7. Assume the discriminant of Eq (with respect to the polarization H )

r —

e B )

A(Ep) := (Cz(Eo) -

equals zero. Let fi be the minimal positive integer with r | p/t — 1, and let

l—pfl

Ly =det(Ey) 7 .

Then the two conditions in (3.5) are satisfied.

Proof. Since ¢1(Cy ' (Eg, 69)) = pc1(Eo) and ¢y (Ly) = 1=p/1 -c1(Ep), we have

r

— ph
Cl(E]/cl) = rcl(Ll) +c1 ((GI‘O C;l)f] (E(),Go)) = (7‘ . 1Tp + pfl)Cl(Eo).

One gets condition (3.5a). Note that the discriminant A is invariant under twisting line
bundles, and
A(CT(Eo, 60)) = p*A(Ey),

one gets
A(E}) = A(Gro Ci ' (Eo. 60)) = p*> A(Eo) = 0.
So we have
c2(Eo) - [H]"™? = c1(Eo)* - [H]"™?
and

c2(Ep,) - [HI"? = ei(Ep,)? - [H]"™
Since c; (E}l) = c1(Ey), we already get condition (3.5b). L]
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Corollary-Definition 3.8. There is a self-map ¢ on the set of k-points of the moduli
scheme M (Xl/k r,ai, a») defined by the twisted Higgs—de Rham flow, which sends
a Higgs bundle (E, )¢ to the Higgs bundle (E, ), ® (det(E) "= ” ~.0). Here fi is the
minimal positive integer with r | p/t — 1.

Remark. In fact, one can show that the self-map is a constructible map, i.e. there is
a stratification of the moduli scheme such that there is a Simpson graded semistable
Hodge filtration attached to the universal de Rham bundle restricted to each constructible
subset. Taking the associated graded objects and twisting suitable line bundles, one gets
a morphism from each constructible subset to the moduli scheme itself. For more explicit
construction one can see the special case in subsection 4.2.

Proposition 3.9. Suppose that discriminant of Eo equals zero and there exists a positive
integer fp with
9/2(Ey, 9) ~ (Eo. 00).

Then the Higgs—de Rham flow (3.4) is det(Eg) * T twisted f-periodic, where f = fi f>.

Proof. Inductively, one shows that

1—p™/1
@"(Eo, 00) = (E, )y, ® (det(Eo) 7,

Since ¢/2(Ey, 8y) ~ (Ey, f), there is an isomorphism of Higgs bundles

0).

¢r : (Ey,

,0) = (Eo. bo).

By the formula .
¢ = (Grof_l)l_f(qﬁf) foralli > f,

we construct the twisted ¢-structure. Under this ¢-structure the Higgs—de Rham flow is
det(Eq) 25" -twisted f-periodic. n

Theorem 3.10. A semistable Higgs bundle over X1 with trivial discriminant is prepe-
riodic after twisting. Conversely, a twisted preperiodic Higgs bundle is semistable with
a trivial discriminant.

Proof. For a Higgs bundle (E, 0) in M}Sﬁg(Xl/k, r,ai, as), we consider the iteration of
the self-map ¢. Since My, (X1/k,r, a1, az) is of finite type over k and has only finitely
many k-points, there must exist a pair of integers (e, f>) such that

¢°(E,0) = ¢°T2(E, ).

By Proposition 3.9, we know that (E, 0) is preperiodic after twisting.

Conversely, let (E, 8) be the initial term of a twisted f-preperiodic Higgs—de Rham
flows. We show that 1t 1s semlstable Let (F,0) C (E, 0) be a proper subbundle. Denote
(F; ® 9(1)) and (E ) are the terms appearing in the Higgs—de Rham flows. By the
preperiodicity, there ex1sts a line bundle L and an isomorphism

¢ (Ee,0c) = (Ee . 0c45) ® (L,0).



R. Sun, J. Yang, K. Zuo 2024

Calculating the slope on both side, one gets (L) = (1 — p/)u(E,). Iterating m times
of this isomorphism ¢, one gets

¢m . (Ee, 06) ~ (Ee+mf» 9e+mf) ® (L1+pf+---+p(m71)f’0).
S0 (™) N (Fegms ® L'+P7+-+"" f forms a subsheaf of E, of slope
" (Fe) + (L4 p7 44 p D) u(L) = p™ (u(Fe) — i(Ee)) + pu(Ee).

So u(F,) < u(E.) (otherwise there are subsheaves of E, with unbounded slopes, but
this is impossible). So we have

W(F) = —pu(Fo) < —=p(Ee) = p(E).
P p

This shows that (E, 0) is semistable. The discriminant equals zero follows from the fact
that A(CTH(E, 6)) = p?A(E). |

Corollary 3.11. Let (E,0) D (F,0) be the initial terms of a twisted periodic Higgs—
de Rham flow and a sub-twisted periodic Higgs—de Rham flow. Then

w(F) = p(E).

3.4. Subrepresentations and sub-periodic Higgs—de Rham flows

Here we assume that Ipr is contained in k. Recall that the functor D¥ is contravariant
and sends quotient object to subobject, i.e. for any sub-twisted Fontaine—Faltings mod-
ule N C M with endomorphism structure, the projective representation D (M/N) is
a projective subrepresentation of D (M). Conversely, we will show that every projective
subrepresentation comes from this way. By the equivalence of the category of twisted
Fontaine—Faltings modules and the category of twisted periodic Higgs—de Rham flows,
we construct a twisted periodic sub-Higgs—de Rham flow for each projective subrepre-
sentation.

Let X be a smooth proper W(k)-variety. Denote by X, the reduction of X on W, (k).
Let {U, };cs be a finite covering of small affine open subsets and we choose a geometric
point x in (;¢; U,

Proposition 3. 12 Let M be an object in T M?f’ [a.b1, (X2/ Wa). Suppose we have a pro-
Jjective T, r -subrepresentation of nlt(X k), V C DY (M). Then there exists a subobject
N of M such that V equals DY (M/N).

Proof. Recall that the functor D¥ is defined by gluing representations of
A = 7i' (Ui k. X)
into a projective representation of

= ﬂlt(XK X).
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Firstly, we show that the projective subrepresentation V is actually corresponding to some
local subrepresentations. Secondly, since the Fontaine—Laffaille—Faltings’ functor D is
fully faithful, there exist local Fontaine—Faltings modules corresponding to those subrep-
resentations. Thirdly, we glue those local Fontaine—Faltings modules into a global twisted
Fontaine—Faltings module.

For i € I, we choose a trivialization M; = M(t;) of M on U;, which gives a local
Fontaine—Faltings module with endomorphism structure on U;. By the definition of D7,
those representations Dy, (M;) of A; are glued into the projective representation D P(M).
So we have the following commutative diagram of A;; = tht(Ui, k NUj g, x)-sets:

Dy, (Mi)/F

e

DP (M)/F, ar

D, (M) /E

Here r is the difference of the trivializations of the twisting line bundle on U; and U;,
and a , is the elements given in Lemma 2.7.

Assume that V is a projective ]Fp_/-subrepresentation of DP (M) of nft(XK, X), i.e.
V/F;‘f is a 75Xk )-subset of D? (M)/F;f. Then V;, the image of V under the map

DP (M) — Dy, (M),

is a projective IF,, s -subrepresentation of Dy, (M;). So we have the following commuta-
tive diagram of A;;-sets:

Vi [F Sy Dy, (M;)/F S, (3.6)
/ at.r /
V/EX, >—>DP(M)/]FPXf ar.,

|

V, /B, s Dy, (M) /F,.

Notice that Dy, (M;)/F*, is the projectification of the [, -representation Dy, (M;)
of A;.SoV; C Dy, (M,gis actually a ]pr-subrepresentation of A;.

Since the image of the contravariant functor Dy, is closed under subobjects, there
exists N; C M; as a sub-Fontaine—Faltings module with endomorphism structure of Ipr
such that

Vi = Dy, (M;/N;).

On the overlap U; N U;, those two Fontaine—Faltings module M; and M; have the same
underlying filtered de Rham sheaf. We can twist the ¢-structure of M; to get M; by the
element 7. Doing the same twisting on N;, we get a sub-Fontaine—Faltings module N/
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of M;. By the functoriality of ID, one has the following commutative diagram:

D(M;/N;) —— D(M;) — D(N;)

E| J/al,r lal,r
o

D(M;/N}) —— D(M;) —» D(N)).

So we have
D(Mj/N[/) = al,rD(Mi/Ni) = al,rVi~
On the other hand, one has
D(M;/N;) =V; =ay,V;

by diagram (3.6). Thus
D(M;/N}) = D(M;/Nj).

Since D is fully faithful and contravariant, it follows that Ni’ = N;. In particular, on the
overlap U; N U, the local Fontaine—Faltings modules N; and N; have the same under-
lying subbundle. By gluing those local subbundles together, we get a subbundle of the
underlying bundle M. The connection, filtration and the ¢-structure can be restricted
locally on this subbundle, so does it globally. We get the desired sub-Fontaine—Faltings
module. ]

Let & be a twisted f-periodic Higgs—de Rham flow. Denote by M = J€(E) the
Fontaine module with the endomorphism structure corresponding to &. By the equiva-
lence of the category of twisted Fontaine—Faltings modules and the category of periodic
Higgs—de Rham flow, one gets the following result.

Corollary 3.13. Suppose V. C D (M) is a nontrivial projective F, s -subrepresentation.
Then there exists a nontrivial sub-twisted periodic Higgs—de Rham flow of & which cor-
responds to DY (M)/V.

After Corollary 3.13 we arrive at Main Theorem 0.5 stated in the introduction. How-
ever, we prove a weaker form of Theorem 0.5 below. The proof of the stronger form will
be postponed in the Section 5.

Theorem 3.14. Let k be a finite field of characteristic p. Let X be a smooth proper
scheme over W(k) together with a smooth log structure D /W (k). Assume that there
exists a semistable graded logarithmic Higgs bundle (E,0)/(X, D), with discriminant
Ag(E) = 0,rank(E) < p and (rank(E), degg (E)) = 1. Then there exist a positive inte-
ger [ and an absolutely irreducible projective T, s -representation p of nft(XI‘é/), where
X% =X\Dand K' = W(k-F,r)[1/pl.

Proof. We only show the result for & = @, as the proof of the general case is similar. By
Theorem 3.10, there is a twisted preperiodic Higgs—de Rham flow with initial term (E, 6).
Removing finitely many terms if necessary, we may assume that it is twisted f-periodic,
for some positive integer /. By using Theorem 3.3 and applying the functor D', one gets
a PGLyyui () (F, 1 )-representation p of (X %)
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Since (rank(E), degy (E)) = 1, the semistable bundle E is actually stable. Accord-
ing to Corollary 3.11, there is no nontrivial sub-twisted periodic Higgs—de Rham flow.
By Corollary 3.13, there is no nontrivial projective subrepresentation of p, so that p
is irreducible. ]

Remark. For simplicity, we only consider results on X;. Actually, all results in this
section can be extended to the truncated level.

4. Constructing crystalline representations of étale fundamental groups of p-adic
curves via Higgs bundles

As an application of the main theorem (Theorem 3.14), we construct irreducible PGL,
crystalline representations of nft of the projective line removing m (m > 4) marked points.
Let M be the moduli space of semistable graded Higgs bundles of rank 2 degree 1 over
P/ W(k), with logarithmic Higgs fields which have m poles {x;, X2, ..., X} (actually
stable, since the rank and degree are coprime to each other). The main object of this
section is to study the self-map ¢ (Corollary-Definition 3.8) on M. In Section 4.1, we
decompose M into connected components. In Section 4.2, we show that the self-map is
rational and dominant on the component of M with maximal dimension. In Section 4.3,
we give the explicit formula in case of m = 4.

4.1. Connected components of the moduli space M

First, let us investigate the geometry of M. For any [(E,0)] € M, E = 0'(dy) ® O'(d;)
with di + d» = 1 (d> < d;). The graded semistable Higgs bundle with nilpotent nonzero
Higgs field

0:0(d)) > O(dz) ® Qp, (M)

By the condition 6 # 0 in Homg (O(dy),0(dy +m —2)),wehaved; <dy +m—2.
Combining with the assumption d; + d> = 1(d> < d), one gets m > 3 and

(d1,d2) = (1,0),(2,—1),..., or (5], [52]),
where [ -] is the greatest integer function. Therefore, M admits a decomposition
M= [] Md.d).
(d2,d1)
where M (d,, dy) is isomorphic to
IP’(Hom@p1 (0(d1). O(d>) ® Q]},,l (log D))) =~ ]P’(HO(IP’I, O(dy — dv + m —2)))

(note that in this case two Higgs bundles are isomorphic if the Higgs fields differ by
a scalar). For m = 3, 4, the decomposition is trivial because (d», d1) = (0, 1) is the only
choice. But for m > 5, there are more choices. The following table presents the informa-
tion of M(d,, dy).
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1,00 | PO | P! | P2 | P3| P* | P> | P

2,-1) PO | P | P2 | P3| P*

(3,-2) PO | P! | P2

4.2. Self-maps on moduli spaces of Higgs bundles on P! with marked points

Let p be an odd prime number. Since the rank r = 2 for any element in M, by Corollary-
Definition 3.8 we know that f; = 1 and L; = Op (I_Tp). In other words, the self-map is
given by

¢ (E,0) > (GroC{ ' (E,0) ® Op1 (152),

where the filtration on C{!(E, ) is the Simpson’s graded semistable Hodge filtration.
Let us denote (V, V) = C;1(E, ), which is a rank 2 degree p stable de Rham bundle
over P!. Using Grothendieck’s theorem, one gets V == 0 (l1) @ O(l,) with [; + 1, = p
(assume /1 < [5). In this case, the Simpson’s graded semistable Hodge filtration is just the
natural filtration (€'(I3) C V).

Since (V, V) is stable, &'(I2) cannot be V-invariant, which means the Higgs field

GrvV : () — () ® Qb (m) = O, +m —2)

is nontrivial. Thus, /; </; + m — 2. Combining with the fact [; + I, = p and £; < {5,
one gets

(1. ) = (51, 2H0), (22, 23y . or (|25283), [242=2)).

For m > 5, the jumping phenomena appears, i.e. there exists [(E, 0)] € M(d,, d1) such
that the type of (Gro C{1(E, 6)) ® (9(1_71’) is different from (d5, dy).

Next we shall characterize the jumping locus on M(d,, dy). Define a Z-valued func-
tion / on M(d,, dy): for each [(E, 0)] € M(dy,dy), set [([(E, 0)]) = [([0]) := L.

Lemma 4.1. The function | on M(d,, dy) is upper semicontinuous.
Proof. Define
Uy = {[0] e PHY(O(dy — dy +m —2)) : [([6]) < n}.

One only needs to prove that %, is Zariski open in P92~411"=2 for all n € Z. Recall the
proof of Grothendieck’s theorem, for (Vg V) := C{}(0(d2) @ O(dy), 6) one defines

m:=min{A € Z : H'(P', V(X)) # 0}
and gets the splitting

Vo= O(-m)® O(p+m) (p+m=<—m).
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Therefore, we have [([0]) = —m. Since [0] € %, it follows that —m < n. But this means
—n—1<—n<m.Thus H*(P!, Vyg(—n — 1)) = 0.
By the semicontinuity of the rank of the direct image sheaf, we know that

H(P', Vg(—n —1)) =0

for 8’ in a neighborhood of 6. This means /([#’]) < n in a neighborhood. Therefore, %,
is Zariski open for each n € Z. ]

Construction of the universal Simpson graded semistable Hodge filtration and the ratio-
nal self-map. Now we consider the first component of moduli scheme M(1,0) and the
universal Higgs bundle (E¥, 6%)) on P! X % p41:

2

= (Op1 ® Op1(1)) ® Opixy
2
0"|p1x(xy = Ox € Homg_, (0(1),0 ® Qp, (log D))

for x € % p+1. Applying the inverse Cartier functor, we get the universal de Rham bundle
(V¥*,V¥) o P1 x Mg (5= ! p+1) Here Mgr (%5~ - p+1) is the corresponded compo-
nent of the moduli space of semistable de Rham bundles with rank 2 degree p,i.e. [(V, V)]
with V = 0(&— LYo ﬁ(”“) For each s € Mg (55~ ! pH) we know that

1
o) — v

gives a Hodge filtration. In order to find a Hodge filtration on (V¥, V¥*), we shall construct
asubsheaf ¥ C V¥ such that 5 = & (”TH). We have the following diagram:

]P)XMd( 1p+1

/ K
p+1

P! Mar(B5, 252).
Define
L= pru(pr"Op1 (=251 @ VY).
For each s € M (25, 251),

£y = H'(P', Op1 (-2 @ V).
By the definition of % g1 and Myr (2~ ;1 2 +1) we know that
- -1 +1
Ve = 025 & 025,
By Grauert’s theorem (see [12, Corollary 12.9]), &£ is a line bundle on MdR(prl, pTH).
Now we define

7= pt o) @ pt

as a line bundle on P! x My (P L 'H) Then there is a canonical nonzero morphism
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from ¥ to V¥%:
F=p O @ po* pan(p1*O(-25) @ V)
£0 .
S ptoE) @ prro(-E) @ v = vh.

Thus the image Im(F — V*) is a line subbundle of V* on a Zariski dense open subset W
of Myr (55~ L 'H) which gives the Hodge filtration of V* on W.

By the discussion above, U := C(W) is a Zariski open set of M(1,0), where C
is the morphism induced by the Cartier functor. All Higgs bundles (£,6) in U will
be sent back to M (1 0) by applying the inverse Cartier transform, taking the quotient
of Fle-1(g,o7 =0 ( 1) and tensoring with (9( £). This process actually gives us
a functor, which we denote as

Grpz1 0 Cr ' (1) ® O(P).
We want to represent this functor as a rational self-map on the moduli scheme M (1, 0).
Lemma 4.2. The functor Gr oL © Cil()® (9( LY induces a rational map
¢ :M(1,0) --> M(1,0).

Proof. Let M (1,0) denote the moduli functor of semistable graded Higgs bundles of
type (1, 0) (see Section 4.1 for details), which is represented by the scheme M (1, 0). And
U denotes the subfunctor corresponding to U. Note that the functor

Grpp1 0 Cr'(+) ® O(52)
2

gives a natural transform between these two moduli functors U and M (1,0). As M (1,0)
is represented by M (1, 0), one gets the following diagram:

~
~
~
~
~
~

M(1,0) —— Homg (-, M(1,0)).
By the universal property of the coarse moduli scheme, one gets a natural transform
Homg (-, U) — Homy (-, M(1,0)).
Take Id € Homg (U, U), the natural transform will give the k-morphism
U — M(1,0).
One can easily check that this map is induced by the self-map. ]

Remark. We only deal with the first strata %231 here. Actually the argument above
can be applied for each strata %y 1/%, for k = ”H , p;ﬁ, p;rs, .... The restriction of
the self-map on each strata is a rational map from %k+1 /U, to M (k = L ptl +1 —k).

Therefore, the self-map is a constructible map.
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Now we want to prove:

Lemma 4.3. The rational map ¢ is dominant.

Proof. We prove this lemma by induction on the number m of the marked points. For
m = 3, the lemma trivially holds since M is just a point. Now suppose the statement is
true for the case of m — 1 marked points. We want to prove ¢ is dominant for the case of m
marked points. Set Z := Im(¢) C M(1,0) and we want to prove Z = M(1,0). Suppose
Z is a proper subscheme of M(1,0) = P™~3, Then dim Z < m — 4. Denote M(X;) to
be the moduli space of semistable graded Higgs bundles of rank 2 degree 1 over P!, with
nilpotent logarithmic Higgs fields which have m — 1 poles {x1,...,X;,..., X }. Then
one can define a natural embedding M(X;) < M by forgetting one marked point x;.
Therefore,

JeM(i:1,0) € Z,
i
where M (x;; 1, 0) is the component of M(X;) with maximal dimension. Then we know
that M(X;;1,0) = P™ 4. So dim Z = m — 4 by the assumption that ¢ is dominant for
the case m — 1. And Z has more than one irreducible component. But this is impossible
since Z is the Zariski closure of ¢(M(1,0)) = ¢(P™3), which is irreducible. |

Now we can state and prove the main result of this section:

Theorem 4.4. The set of periodic points of ¢ is Zariski dense in M(1,0). Combin-
ing this with Proposition 3.9, one gets infinitely many irreducible crystalline projective
representations of the fundamental group.

To prove this, we need a theorem of Hrushovski:

Theorem 4.5 (Hrushovski [13], see also [5, Theorem 3.7]). Let Y be an affine variety
over Iy, and let ' C (Y xF, Y) ®F, F, be an irreducible subvariety over F,. Assume
the two projections I' — Y are dominant. Then, for any closed subvariety W < Y, there
exists x € Y(Fq) such that (x,x9") € T and x ¢ W for large enough natural number m.

Proof of Theorem 4.4. For each Zariski open subset U C M (1, 0), we need to find a peri-
odic point x of ¢ such that x € U. We take Y to be an affine neighborhood of M(1,0).
Furthermore, I' is the intersection of I'y ®, F4 and (Y x5, Y) ®p, F4, and W is defined
to be the union of (M (1,0) \ U) N Y and the indeterminacy of ¢. By Lemma 4.3, the pro-
jections I' — Y are dominant. So we can apply Theorem 4.5 and find a point x € Y(Fq)
such that (x, xqm) € I' and x ¢ W for some m. Therefore, we have x € U, ¢ is well-
defined at x andm<p(x) = )’qum (Y C A", so x can be written as (x1,...,x,) € A7 (Fq)
and x4 := 7, ... - x7 ). The rational map ¢ is well-defined at x means that ¢ is
also well-defined at x4 for any N € N. Then we have
¢(p(x) = p(xT") = p(0)" = x1

2m

Thus v
eV (x) =x1"" =x

for N large enough. That means, x is a periodic point of ¢. ]
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4.3. An explicit formula of the self-map in the case of four marked points

In this subsection, we given an explicit formula of the self-map in case of m = 4 marked
point. Using Mbius transformation on P!, we may assume these 4 points are of form
{0,1, 00, A}. By Section 4.1, the moduli space M is connected and isomorphic to P!,
where the isomorphism is given by sending (E, 6) to the zero locus (6)¢ € P'. To empha-
size the dependence of the self-map on A and p, we rewrite the self-map by ¢, ,. By
calculation, details are given in the appendix Section A.1, we get

2 ("))

where f) (zP) is the determinant of matrix

+1
AP(A—zP)—(AP—zP))? AP(A—zP)—(AP—zP))3 AP(=zP)—(AP—zP)) 3
: ; 7
+3
AP (1=zP)—(AP—zP)A> AP(A=zP)—(AP—zP)F AP(1=zP)—(AP—zP)A B
3 2 FEX]
2
ptl p+3
AP(1=2zP)—(AP—zP)\ 2 AP(1—zP)—(AP—zP)\ 2 AP (1=2P)—(AP —zP)AP~]
pFI pE3 o p—1
2 2
and g, (z?) is the determinant of matrix
—1
AP (1=zP)—(AP—zP)}! AP(=zP)=(AP—=zP)A2 AP(1—zP)—(AP—zP)A T
1 2 =T
2
+1
AP (1—zP)—(AP—zP))\2 AP (1—zP)—(AP—zP)A3 L. APA=zP)—(AP—zP)A 2
2 3 pE1
2
=1 P+l
AP(1=zP)—=(AP—zP)A 2 AP(1=zP)—(AP—zP)A 2 AP(1=zP)—(AP—zP)AP2

By calculation, for p = 3 one has
) = 23 B HAA+1))?
)=z —7—=
2.3 O+ 1)z3 1 A2
and @) 3(z) = z3 ifand only if A = —1; for p = 5, one has
() = 5 20 QA+ DA =24+ D25 + A4 A2 =1 + 1) )2
a5 Q2 A+ D20 —R2A+ A2 —A+ )z5 + 46 )
and ¢, 5(z) = z5 if and only if A is a 6-th primitive root of unit; for p = 7 one has
22V 2 A+ DAZ A+ D2 +31 + 1)1
() =27 FA A+ D22+ A+ DA2+ D27+ 22 A+ D(A2+ A+ 1)
L) = T DR A+ D2 T+ 20+ D22+ A+ DA+ D)@
F2AA+F DA+ A+ DA 431+ 1)z7 + 112

and ) 7(z) = z7 ifand only if (A + 1)(A2 + A + 1) = 0.
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We regard ¢, , as a self-map on P!, which is rational and of degree p? # 1. Thus
it has p? + 1 fixed k-points counting with multiplicity. Suppose Conjecture 4.8 holds;
then the multiplicity of each fixed point equals 1. Let (E, 6)/P/, be a fixed point of ¢,
defined over some extension field kK’ of k. Then in the language of Higgs—de Rham flow,
(E, 0) is the initial term of a twisted 1-periodic Higgs—de Rham flow over ]Pkl,.

4.4. Lifting of twisted periodic logarithmic Higgs—de Rham flow on the projective line
with marked points and strong irreducibility

Here we just consider 1-periodic case, for the higher-periodic case the treatment is sim-
ilar. First of all, Higgs bundles considered here are given by logarithmic 1-forms on the
punctured projective line vanishing at one point. They lift unobstructed to W, (k). Sec-
ondly, the obstruction group of lifting Hodge filtration in this case is H ! (P}, @(—1)) = 0.
Hence those two conditions required in Proposition 3.5 hold true and one lifts (E, 0) to
a twist periodic Higgs bundle over PI}VZ' Recall the proof of Proposition 3.5, one con-
structs a self-map on the torsor space of all liftings of (E, 6), and the fixed points of
this self-map correspond to those liftings of the twisted 1-periodic Higgs—de Rham flow.
Fix a point x in the torsor space; we identify the torsor space (3.1) with k. Let x be
any point in the torsor space, and denote z = x — x¢ € k. By Corollary B.7 and Propo-
sition B.5, there exists an element a € k such that az? = Gro C~'(x) — Gro C ! (xyp).
Denote b = Gr o C~!(xg) — xo € k. Then the self-map on this torsor space is of form

zrazP +b,

where a, b € k.

Case 1: a = 0. Then z = b is the unique fixed point of the self-map. In other words,
there is a unique twisted periodic lifting of the given twisted 1-periodic Higgs—de Rham
flow over ]P’I}V2 )

Case 2: a # 0. Let zg € k be a solution of z = az? + b. Then
S={i-a 7T +z:i€cF,)

is the set of all solutions. If @ # 0 is not a (p — 1)-st power of any element in k*, then
#(X N k) < 1. In other words there is at most one twisted 1-periodic lifting over Py, ®)
of the given twisted 1-periodic Higgs—de Rham flow. If a # 0 is a (p — 1)-st power of
some element in k>, then #(X N k) = 0 or p. In other words, if the twisted 1-periodic
Higgs—de Rham flow is liftable then there are exactly p liftings over ]P’I}Vz(k). If we con-
sider the lifting problem over an extension k' of k, which contains X, then there are
exactly p liftings of the twisted 1-periodic Higgs—de Rham flow over P{}Vz(k/). Repeat-
ing the same argument for lifting over truncated Witt ring of higher order, we lift twisted
periodic Higgs—de Rham flows over W(Fp). We prove:

Theorem 4.6. Any periodic Higgs bundle in M(1,0)g, lifts to a periodic Higgs bundle
in M(1,0)zy.
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We recall the notion of strong irreducibility of representations, which is introduced
in [18, Proposition 1.4]. Let p : n{'(X%) — PGL,(Z}’) be a representation and let p
be the restriction of p to the geometric fundamental group nft(x%). We say p is strongly
irreducible if for any surjective and generically finite logarithmic morphism

[ Y% — X,

the pull-back representation f*(p) is irreducible.
Proposition 4.7. Let

p: 7y ((P1\ D)oy) — PGL2(Zy)
be a representation corresponding to a lifted twisted periodic logarithmic Higgs bundle
(E,0) =(O01)® 0O,0) over (]P’l,i))z};r. Then p is strongly irreducible.
Proof. Denote ¥ = P! = X. We take the double cover of P!

c:Y->X

defined by z > z2, which is ramified on {0, oo} C D. Taking the logarithmic structure
D’ := o*(D) on Y, we obtain that ¢ is a logarithmic étale morphism with respect to the
logarithmic structures O and D’.

The logarithmic inverse Cartier transforms on both logarithmic curves are compatible
with respect to o*. We may choose compatible local Frobenius liftings on both logarith-
mic curves. Let U be a small affine open subset of X and denote V = ¢! U. According
to the commutative diagram of logarithmic schemes

/ @y /
(1. Dl) ———— (V. D'}y)
closed embeddingl EI‘I’V la
B —
V. D) Py 00 (U, D)

and the logarithmic étaleness of o, [15, Proposition 3.12] implies that there exists
a Frobenius lifting @y on V fitting into the commutative diagram. Since the inverse
Cartier transforms is constructed by using the pull-back via local Frobenius liftings, the
local inverse Cartier transforms” on both logarithmic curves are compatible with respect
to o*. After the gluing process, one gets global compatibility.

2The original inverse Cartier transform is defined by Ogus and Vologodsky [28] for characteris-
tic p. And lately, it was generalized to the truncated version by Lan, Sheng and Zuo [20] and to the
logarithmic version by Schepler [30] and Lan, Sheng, Yang and Zuo [18]. Here we need a truncated
logarithmic version. In this case, the inverse Cartier transform is defined in the same manner as
in [20] except that there are some restrictions on the choices of local liftings of the Frobenius map.
The existence of such kind liftings is given by [6, Proposition 9.7]. It is routine to give an explicit
definition. We left it to the readers.
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According to the compatibility of logarithmic inverse Cartier transforms on both log-
arithmic curves, tll? periodicity is preserved by the pull-back o*, i.e. if (E, 6)M is a log-
arithmic @ (1)®pT -twisted periodic Higgs bundle over (X, D)1, then

o*(E,0)V @ 0(1)!

is a logarithmic periodic Higgs bundle over (¥, £’); and one has 6*6 # 0. Furthermore,
if (E,0)® is alifting of (E, 0)(™ to (X, D); as a twisted periodic Higgs bundle, then

o*(E,0)P @ 0(1)7!

is a lifting of 0*(E,0)Y ® O(1)~! to (X, D), as a periodic Higgs bundle. In this way
we show that the projective representation o *p lifts to a GL,-crystalline representation

P (Y \ Day) — GL2((Zy)
corresponding to the Higgs bundle
o*((E,0)) ® O(-1) =: (E,0)
over (¥, D)zy of the form
(O1) ® O(=1),0%020 : O(1) — O(—1) ® Qi (log D')).

By the same argument used in the proof of [18, Proposition 1.4], we are going to show that
©’ is strongly irreducible. Hence p is strongly irreducible. Let f : Z — ¥ be a surjective
logarithmic morphism between logarithmic curves. By the example in [9, p. 861], one can
see that the generahzed representation associated to (E, 0)/ = (E,0) ® C, is com-
patible with p’ by tensoring with C,. We can find a finite extension field K’ of Q) with
its integral ring Ok~ such that Z% has an integral model Zo, ., over Ok and with tor01da1
singularity. By the construction of the correspondence ([9, Theorem 6]), the twisted pull-
back of the graded Higgs bundle f°(E, 0), (o corresponds to the pull-back representation
of ¥ ® Cp to nlt(Z" ). By the construction of the twisted pull-back, one has a short
exact sequence

0= (f*O(=1),0)c, - f°(E.O)c, = (f*O(1).0)c, — 0,

and that the Higgs field of f°(E, f)¢,, is nonzero. Assume by contradiction f *®C
is not irreducible. Then it contains a 1-dimensional C,-subrepresentation. By [9, p. 860,
last paragraph], it follows that f°(FE, Q)ECP contains a rank-1 Higgs subbundle (N, 0)
of deg N = 0. Since the Higgs field of f°(E, #)¢, is nonzero, (f*O(-1),0)c,, in the
above short exact sequence is the unique rank-1 Higgs subbundle. Hence, one obtains
a nonzero factor map

(N.0) = (f*O(=1).0)c,.
But it is impossible, since deg N > deg f*©@(—1). The proof is completed. |

Remark. The inverse Cartier functor over truncated Witt rings was defined by Lan,
Sheng and Zuo [20].
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4.5. Examples of dynamics of Higgs—de Rham flow on P! with four marked points

In the following, we give some examples in case k = F54. For any A € k \ {0, 1}, the
map @, 3 is a self-k-morphism on ]P’,g. So it can be restricted as a self-map on the set of
all k-points

a3k U{oo} — k U {oo}.
Since & = V1 + +/—1is a generator of k = F34 over 3, every elements in k can be
uniquely expressed in the form

asza® + ara® + aya +ag,  as,a»,ay,ag € {0,1,2). 4.1

We use the integer 27a3 + 9a, + 3a; + ag € [0, 80] stand for the element in (4.1). By
identifying the set k U oo with {0,1,2,...,80, 00} in this way, we get a self-map on
{0,1,2,...,80,00} forall A € k

013:{0.1,2,...,80,00} — {0,1,2,...,80, 00}.

In the following diagrams, the arrow (8) — (») means y = ¢, 3(8). An m-length loop in
the following diagrams just stands for a twisted m-periodic Higgs—de Rham flow, which
corresponds to PGL; (IF3m )-representation by Theorem 3.4 and Theorem 3.14.

e For A =2+ 1+ +/—1, we have
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The 1-length loops

® D and D
in the diagrams above correspond to projective representations of form
75 (Phce oty \ {01.00.2 1+ V=T ) = PGLa(F),

where W (IF34)[1/3] is the unique unramified extension of Q3 of degree 4.
e For A = +/—1, we have

The 2-length loop
—
O 0
corresponds to a projective representation of form

71 (P, or1/3 \ 0. 1,00, V=1}) — PGLy (F32).

() —@)
/ \@
@ (®)

N o /

We also have diagram

which is an 8-length loop and corresponds to a projective representation of form

niét([PVIV(F38)[1/3] \ {0, 1,00, vV—1}) = PGLy(F3s).
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e ForA =2+ v 1+ +/—1, one has

Q
/N
O—H——0

and the 3-length loop in this diagram corresponds to a projective representation of
form

é 1
75 (Pl oy \ {0 1.00.2 4+ Y1+ VETY) = PGLy(Fyo).

We also have
G——(9)

C)——0)
which is a 4-length loop and corresponds to a projective representation of form

niét(P‘}‘/(F34)[l/3] \ {O, 1, oo, 2 + 1 + \Y _1}) — PGLz(F34).

4.6. Questions on periodic Higgs bundles and torsion points on the associated elliptic
curve

For ]P’I}V(]Fq) with four marked points {0, 1, 0o, A} we denote the associated elliptic curve
as the double cover 7 : €, — P! ramified on {0, 1, oo, A} and

[p]: € — €,

to be the multiplication by p map.



Projective representations and twisted Higgs—de Rham flows 2039

Conjecture 4.8. The following diagram commutes:

€, [r] €,

b

P! $r.p , Pl,

where @, , is the self-map induced by the Higgs—de Rham flow.
Conjecture 4.8 has been checked to be true for all primes p < 50.

Corollary 4.9. Assuming Conjecture 4.8 holds. A Higgs bundle (E,0) € M(1,0)F, is
periodic if and only if the zero (8)9 = m(x), where x is a torsion point in €), of order
coprime to p.

In Theorem 4.6 we have shown that any periodic Higgs bundle in M (1, 0)F, lifts to
a periodic Higgs bundle over Z};". In fact, there are infinitely many liftings if ¢, , # P,

Conjecture 4.10. A periodic Higgs bundle (E,0) in M(1,0)r, lifts to a periodic Higgs
bundle (&,) in M(1,0) W (F,,) if and only if (8)9 = m(x), where x is a torsion point in €y,
of order coprime to p.

4.7. Questions on L-adic representation and {-to-p companions

Kontsevich observed a relation between the set of isomorphic classes of GL;(Q;)-local
systems over P!\ {0, 1, 00, 1} over F, and the set of rational points on C; over F, (see
[17, Section 0.1]) via the work of Drinfeld on the Langlands program over function
field. It looks quite mysterious as the elliptic curve appears in p-adic as well in £-adic
case. There should exist a relation between periodic Higgs bundles in the p-adic world
and the Hecke-eigenforms in the £-adic world via Abe’s solution of Deligne conjecture
on {-to-p companions. To make the analogy, we first lift the PGL,-representations to
GL,-representations.

In this paragraph, we keep the notations in the proof of Proposition 4.7. Now we want
to descent the GL,-representation

p 1 (Y \ Da,) — GLa((Zg))
to a GL,-representation of 7{'((X \ D)q,, ), whose projectification is just the projective
representation p. There is a natural action of the deck transformation group
G = Gal(¥/X)

on Oy = 0*O«, with Ox = (95. Since 0 and oo are fixed by G, the action of G on
Oy can be extended to Oy((0)) and Oy((c0)). On the other hand, both Oy ((0)) and
Oy((00)) are isomorphic to Oy(1). We could endow two actions of G on the periodic
Higgs bundle o *(E, #) ® Oy (1)~!. This is equivalent to endow a parabolic structure® on

3Recall that to give a Higgs bundle with parabolic structure is equivalent to give a Higgs bundle
over some Galois covering with an action of the deck transformation group. In our case, we can view
o*(E,0) ® Oy(1)~! with a G-action as the Higgs bundle (E, §) with a parabolic structure.
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the Higgs bundle (E, 0). Extend the actions to the periodic graded Higgs—de Rham flow
with initial term o*(E, ) ® Oy(1)~!. Via Faltings’ functor D, the actions of G on the
flow induce actions of G on the sections of locally constant sheaf on (¥ \ D')q,,. Then
those G-invariant sections forms/a locally constant sheaf on (X \ D)q,, . This gives us
a GLy((Z4))-representation of 7{'((X \ D)o, )-

For example, if we choose the G-action on Oy (1) via the isomorphism

Oy(1) = Oy((0)).
Then one could lift the PGL,(Z,)-representation to
p: 78X\ {0, 1,00,4}) = GLa(Zg)

such that the local monodromy around {0, 1, A} are unipotent and around oo is quasi-
unipotent with eigenvalue —1.

Let (V,V, Fil®, ®) be the Fontaine-Faltings module corresponding to p. Forgetting
the Hodge filtration on V', one obtains a logarithmic F-isocrystal

(V.V.®)/(P'.{0, 1,4, 00})q,,-
which should correspond to an £-adic representation
oc nf‘(]P’]I}q, \ {0,1,1, 00}) — GL2(Qy)

by applying Abe’s solution of Deligne’s conjecture on £-to-p companion (see [1, Theo-
rem 4.4.1] or [4, Theorem 7.4.1]). However, in order to apply Abe’s theorem one has to
check the determinant of the F-isocrystal (V, V, ®,)/(IP 110,1,2, 00}) is of finite order
(note that the category of F-isocrystal is a tensor category, and det(V, V, ®,) is of finite
order just means that its some tensor power becomes the trivial F'-isocrystal Op1).

Conjecture 4.11. There exist elements u € Z;, such that (detV,det V, u det ®) corre-
sponds to a finite character Ofﬂf‘(Pé A\ {0,1,00,1}).
q

4.8. Projective F-units crystals on smooth projective curves

Let X be a smooth proper scheme over W (k). In [20] an equivalence between the category
of f-periodic vector bundles (E, 0) of rank r over X,, (i.e. (E,0) initials an f-periodic
Higgs—de Rham flow with zero Higgs fields in all Higgs terms) and the category of
GL; (Wx(F, s ))-representations of nf‘(X 1) has been established. This result generalizes
Katz’s original theorem for X being an affine variety. As an application of our main
theorem, we show that:

Theorem 4.12. The D -functor is faithful from the category of rank-r twisted f -periodic
vector bundles (E,0) over X to the category of projective Wy (I, s )-representations of
ﬂf‘(Xl’k/) of rank r, where k' is the minimal extension of k containing F, s .

Remark. For n = 1 the above theorem is just a projective version of Lange—Stuhler’s
theorem.
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Theorem 4.13 (Lifting twisted periodic vector bundles). Let (E,0)/ X1 be an twisted
f -periodic vector bundle. Assume H*(X1,End(E)) = 0. Then for anyn € N there exists
some positive integer f, with [ | f, such that (E,0) lifts to a twisted f,-periodic vector
bundle over X,,.

Translate the above theorem in the terms of representations:

Theorem 4.14 (Lifting projective representations of 7$'(X1)). Let p be a projective
[F,, s -representation of 7$(X1). Assume H*(X1, End(p)) = 0. Then there exist an posi-
tive integer fy divisible by f such that p lifts to a projective Wy, (F, s, )-representation of

(X x) for any n € N, where k' is the minimal extension of k containing F,sn-

Assume that X is a smooth proper curve over W(k), de Jong and Osserman
(see [29, Appendix A]) have shown that the subset of periodic vector bundles over X %
is Zariski dense in the moduli space of semistable vector bundles over X; (Laszlo and
Pauly have also studied some special case, see [25]). Hence by Lange—Stuhler’s theorem
(see [21]) every periodic vector bundle corresponds to a (P)GL, (F,, r)-representations of
nf‘(X 1.k’), where f is the period and k' is a definition field of the periodic vector bundle
containing pr .

Corollary 4.15. It holds that every (P)GL, (I, )-representation of T (X1 xr) lifts to
a (P)GL,. (W, (F, s ))-representation of nf‘(X l,k//) for some positive integer f, divisible
by f, where k" is a definition field of the periodic vector bundle containing F,sn-

Remark. It shall be very interesting to compare this result with Deninger—Werner’s theo-
rem (see [3]). Let & be a vector bundle over X, we view it as a graded Higgs bundle with
trivial filtration and trivial Higgs field. Suppose it is preperiodic over X;. Then it has
strongly semistable reduction of degree zero. According to Deninger—Werner’s theorem,
this vector bundle induces a GL, (C,)-representation of 7§'(X%).

5. Base change of twisted Fontaine—Faltings modules and twisted Higgs—de Rham
flows over very ramified valuation rings

Let k be a finite field of characteristic p containing IF,, /. Denote
Ko = W(k)[3].

Let X be a smooth proper scheme over W(k) together with a smooth log structure
D/ W(k). For any finite extension K of Ky, denote

Xg = (X xw) Spec K) \ (D xwk) Spec K).

Recall that Theorem 3.14 guarantees the existence of nontrivial representations of étale
fundamental group in terms of the existence of semistable graded Higgs bundles. Then
the PGL, (IF,, s )-crystalline representation of nlt((X 9 ) corresponding to the stable Higgs
bundle should have some stronger property: its restrlctlon to the geometric fundamental
group (X \ JD)Q ) is absolutely irreducible.
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We outline the proof as follows. Fix a Ky-point in Xk, one can pull back the rep-
resentation p to a representation of the Galois group, whose image is finite. This finite
quotient will give us a field extension K /K such that the restriction of p on Gal(Ky/K)
is trivial. That means

(' (XR)) = p(ri (Xg, ))-

So it suffices to prove the irreducibility of p on nf‘(XI"(), which gives us the chance to
apply the method of twisted periodic Higgs—de Rham flows as before. But the field exten-
sion K /Ky is usually ramified. So we have to work out the construction in the previous
sections to the very ramified case. Note that this section is deeply inspired by Faltings’
work [8].

5.1. Notations in the case of Spec k

In this notes, k will always be a perfect field of characteristic p > 0. Let 7 be a root of an
Eisenstein polynomial

e—1
f(D) =T+ 4T
i=0
of degree e over the Witt ring W = W(k). Denote
Ko = Frac(W) = W[3] and K = Ko[n],

where Kg[] is a totally ramified extension of K of degree e. Denote by W, = W{x] the
ring of integers of K, which is a complete discrete valuation ring with maximal ideal = W,
and the residue field W /n W, = k. Denote by W[[T]] the ring of formal power-series
over W. Then

W = WITI/fWIIT]I.

The PD-hull By, of KV,, is the PD-completion of the ring obtained by adjoining to W[[T]]
the divided powers {l—, More precisely,

Bw, = {ZanT" € Ko[[T]] : anln/e]! € W and a,[n/e]! — 0}.

n=0

A decreasing filtration is defined on By, by the rule that F(By, ) is the closure of the
ideal generated by divided powers ﬁ—, with n > ¢. Note that the ring Bw, only depends
on the degree e while this filtration depends on W, and e. One has

D‘BWH/FHID‘BWH ~ Wﬂ.

There is a unique continuous homomorphism of W-algebra 8w, — Bt (W,) which
sends T to [z]. Here )
= (n,n%,nﬂﬁ,...) € limR.
<«
We denote _
Bw, = Bw,[L]
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which is a subring of Ky[[T']]. The idea (%) induces a decreasing filtration Fil'%wn such
that _ _
D@Wn /Fill D@Wn x>~ Wn.

The Frobenius endomorphism on W can be extended to an endomorphism ¢ on Ko[[T]],
where ¢ is given by ¢(T)) = T?. Since ¢( f) is divisible by p, we have

¢(Bw,) C Bw,.
Thus one gets two restrictions
Q: ﬁwn — Bw, and ¢ : Bw, - Bw,.
Note that the ideal of By, , generated by Filli)’Wﬂ and 7, is stable under ¢. Then we

have the following commutative diagram:

Bw, —» Bw, /Fil'Bwy,.T) =k (5.1)

I Jor

Bw, — Bw, /(Fil'8w,,T) = k.

T

5.2. Base change in the small affine case
For a smooth and small W -algebra R, which means there exists an étale map
WITE, 5. TF — R,

see [7], Lan, Sheng and Zuo constructed the categories MJE(R/pR), M\J%(R/pR),
MEF (R/pR) and MF (R/pR). A Fontaine-Faltings module over R/pR is an object
(V, V,Fil) in ME€F (R/pR) together with an isomorphism

¢ : (V. V.Fil) ® R — (V. V)

in MJ€(R/pR), where (’v) is the Faltings’ tilde functor.

We generalize those categories over the Wy -algebra R; = R ®w W,. In general,
there does not exist Frobenius lifting on the p-adic completion of R.. We lift the absolute
Frobenius map on R, /7R, toamap & : Bgr, — Br,

Br, —# Ry/mRy = R/pR (5.2)

}p l””

Br, —» R;/nR; = R/pR,

T

where Bg, is the p-adic completion of Bw, ®w R. This lifting is compatible with
¢ : Bw, — Bw,.Denote B, = Br, [%] Then @ can be extended to

CDZ%R” _)BRn
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uniquely, which is compatible with ¢ : %Wn — Bw, . The filtrations on By, and %Wn
induce filtrations on Br, and Br, respectively, which satisfy

i))Rﬂ/Filli))Rﬂ ~ ﬁn ~ %Rﬂ/Fﬂl%Rﬂ.

Lemma 5.1. Let n < p be a natural number and let b be an element in F" BR, . Then
b_is an element in F"Bg,.

Proof. Since the filtrations on Bg, and %Rﬂ are induced by those on 8w, and %Wn
respectively, we have

F'"Bg, = {Za, — :a; € R[[T]] and a; — 0} (5.3)
i>n !
and
~ > S
F'Bg, = {Zai—i ta; € Br, anda; = 0fori > 0}
i>n
S - i
= Za,-—. ca; € R[[T]]and —a; — 0.
; P! p'
i>n (5.4)
Assume b =} ., ai{—; with @; € R[[T]] and a; — 0. Then
b Pial fi
' ;9
P" o prit p
and the lemma follows. [ ]

Recall that Bg,, and B R, are ﬁ—subalgebras of ﬁ(%)[[T]]. We denote by

1
QBR” resp. QJB‘R

T

the Br,, -submodule (resp. B8 R,,-submodule) of
1
QR( PHIUT/ W

generated by elements db, where b € B, resp. b € B R,.- There is a filtration on Ql
resp. Ql given by

R

nol _ n 1 nol _ n
F QI?R,, =F BRH'QIBR;, resp. F Q% =F fBR,,

R

«fBR

m

One gets the following result directly by Lemma 5.1.

Corollary 5.2. Let n < p be a natural number. Then F F" Ql _C F”QL .
Rrr

Lemma 5.3. The graded pieces Gr" B8 R, and Gr" Bg_ are free R,r modules of rank 1
generated by and <. respectively.
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Proof. By equation (5.3), one has

fn+1 f "
R[[T])- RT])- = N F""'8Bg,
and N ;
RI[TT - L=
Gr" ;BRH = — [[n ]] n! ]
R[[T])- L5 0 Fn1 B,
On the other hand,
f n n
R[[T))- = N F"*'Bg, C R[[T]]- mR[ nry-
fn
< (RUTN N REIITN - f) -
. fn+1
= R L
n!
Then the result for Gr" Bg,, follows that R, >~ R[[T]]/(f). The proof of the result for
Gr" Bp,, is similar, one only need to replace n! by p” and to use equation (5.4). |

We have the following categories:

o MJE(Br,/pBr,): the category of free B,/ p Br, -modules with integrable con-
nections,

o MJE (%Rn / p% R, ): the category of free B R./ pii)’}g,r -modules with integrable nil-
potent p-connection,

o MCF(,4(Br,/pBr,): the category of filtered free B, /pBr,,-modules equipped
with integrable connections, which satisfy the Griffiths transversality, and each of
these Br,, / pBr, -modules admits a filtered basis v; of degree g;, 0 < ¢; < a.

A Fontaine—Faltings module over Bg, /pBr, of weight a (where 0 <a < p —2)isan
object (V, V, Fil) in the category MEF |9 .](Br,. / pBr, ) together with an isomorphism
in MIC(Br, /pBr,)
¢ (V.V.Fl) ® Br, — (V.V).
where (v)  MEF (Br, /pBr,) — Wf(ﬁRn/pﬁRn) is an analogue of the Faltings’
tilde functor. For an object (V, V,Fil) in MCF (Br,/pBr,) with filtered basis v; (of
degree g;, where 0 < ¢; < a), we define V' to be a filtered free Br,, / pBr,-module
V =P Br,/pBr, - vy
i
with filtered basis [v;]4, (of degree g;, 0 < ¢; < a). Informally one can view [v;]y, as

“%”. Since V satisfies the Griffiths transversality, there are

e FU1maiQl
i e F IQ.BR”

satisfying

V(v;) = Zv,‘ & wjj.
i
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Since g; — 1 —¢; <a < p—2, we have
qu_ —qi BRry

We define a p-connection V on V' via
wjj

V([vslg;) = Z[vi]Qi ® P
1
Lemma 5.4. The 8 R,/ pﬁR” -module V equipped with the p-connection vV is indepen-
dent of the choice of the filtered basis v; up to a canonical isomorphism.
Proof. We write v = (v1,V2,...) and v = (w;;);,;. Then
V) =v®o and V() =] ® (pQw™),

where Q = diag(p?', p?2,...) is a diagonal matrix. Assume v; is another filtered basis
(of degree g;, where 0 < ¢; < a) and (V’ v/ ) is the correspondlng IBR”/pi)’R -module
equipped with the p-connection. Similarly, we have

V)=v®e and V('] =[]® (pQw 0.

Assume v} =}, a;jv; (aij € F77 Bg,). Then

_ aij ~
A= (a,'j),"j e GLrank(V)(BRn) and QAQ 1= (qu_liql_)' ' € GLrank(V)(‘BRn)~

5

We construct an isomorphism from VoV by

(V') = [v]- (Q407H),

where [v] = ([v1lg,, [V2]g,,--.) and [v'] = ([vi]lg;. [V5]gss - - -). Now we only need to
check that t preserve the p-connections. Indeed,

o V([V']) =[] ® (QA0™" - pQw' 07" = v] ® (pQ - Aw' - Q1)

and
Vor(]) = V(040 ™)
=] ® (pQwQ™" - 0407 4+ p-0dAQ7)
=[] ® (pQ - (wA+dA)-07H).
Since
V) =VwA) =vRdA+ v @ wd =v' ® (A7 1dA + A" wA),
we have

' =A""dA+ A7 'wA
by definition. Thus 1 o V/ = Vo 7.
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If there are third filtered bases v”, one has the following commutative diagram under
the isomorphisms constructed:

V.V) —— (V', V)

~

(f/"// 'ﬁ//).
This can be checked easily by definition. In this sense, the isomorphism constructed is

canonical. [

The functor
— 8¢ Br, : MIC(Br,/pBr,) > MIC(BR,/pBr,)
is induced by base change under ®. Note that the connection on (7, ’5) ®e Bg, is given
by
do .~
d+ —(*V).
p

We denote by MF [o,)(Br,,/ pBr, ) the category of all Fontaine-Faltings module over
Br,/pBr, of weight a.

Let (M, V., Fil, V) be an object defined in [8, Definition 2]. Then we can construct an
Fontaine—Faltings module over By, / pBw, as follows. Denote

o V:=M/pM,
e V=V (modp),
e Fil'V = (Fi'M + pM)/pM.
By [8, Definition 2 (i) and (ii)], one gets
(Vv §7 m) € ‘ME}V[O,H] (°{/3W7T/p£W7[)

Assume {m; } is a filtered basis of M with filtered degree ¢;. Then v; = m; + pM €V
forms a filtered basis of V' with filtered degree ¢;. By the definition of tilde functor we
have . _ _
V =D Bw./pBw, - [vilg, -
i
Now we can construct a By, -morphism

<p:17®¢£Wn—>V,

by giving

W (m;
ooy Ba 1) = g (mod p).

Because W is a V-horizontal semilinear endomorphism and \PIE'C,"[" ) forms a new R, -basis

of M, the morphism ¢ is actually an isomorphism of modules with connections. Thus we
get a Fontaine—Faltings module

(Va v7 ﬁ? §0) € ‘M‘ffv [O,a] (£Wn /p‘{l3W7r)
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Replacing every W, by R, one gets a functor from the category of Fontaine modules
defined in [8] to the category MF [o,.(Br, /pBRr, ). In this sense the Fontaine—Faltings
modules we defined above is compatible with the Fontaine modules defined in [8].

Lemma 5.5. We have the following commutative diagram by extending the coefficient
ring from R to B8R, (or Br,,):

O v —Q®aR
MEF (R/pR) ———— > MJIJE(R/pR) ———— > MJE(R/pR)

J/_®R£R” l_®R?8Rn j{-@RBR”

. — ~ ~ — B
MEF (Br, | pBry) ——— MIC(Br,/pBr,) —eotT MIC(Br,/pBr,).

In particular, we get a functor from the category of Fontaine—Faltings modules over R/ pR
to that over Br,. [ pBr,

MF (0,4 (R/PpR) — MF [0,/ (BR,, / PBR,)-

Those categories of Fontaine—Faltings modules are independent of the choice of the
Frobenius lifting by the Taylor formula.

Theorem 5.6. For any two choices of ®g,_ there is an equivalence between the cor-
responding categories MF [0)(BR, / PBR, ) with different ®g,, . These equivalences
satisfy the obvious cocycle condition. Therefore, MF [0 ,)(BR, / PBR, ) is independent of
the choice of Pg,  up to a canonical isomorphism.

Definition 5.7. For an object (V, V,Fil, ¢) in MF |9 21(Br,,/ pBr, ), denote
D (V. V.Fil,¢) = Homg+ (g) rir (V ®8,, BT (R). BT (R)/pBT(R)).

The proof of [7, Theorem 2.6] works in this context. we can define an adjoint functor E
of D as
E(L) = lim{V € MF (0.)(Br,/PBr,) : L — D(V)}.

The proof in [7, p. 41] still works. Thus we obtain:

Theorem 5.8. The following statements hold.

() The above-defined homomorphism set D(V, V,Fil, ) is an Fy-vector space with
a linear Gal(Rg / Rg)-action whose rank equals the rank of V.

(i)  The functor D mapping from the category M¥ [0,(BR, / pBR,) to the category of
Wi (Fp)-Gal(Rg / Rk )-modules is fully faithful and its image on objects is closed
under subobjects and quotients.

5.3. Categories and Functors on proper smooth variety over the very ramified valuation
ring Wy

Let X be a smooth proper W-scheme and X, = X ®w W;. Let 25 be the formal com-
pletion of X ®w Bw, and let 2 be the formal completion of X ®w Byw,, . Then 2
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is an infinitesimal thickening of X, and the ideal defining X, in 2% has a nilpotent
PD-structure which is compatible with that on F!(8Byw, ) and (p)

Xr L
i 1
Spec W l Spec Bw, l
Spec ﬁn ™ Spec W.

Let {U;}; be a covering of small affine open subsets of X. By base change, we get a cov-
ering {% = U; xx 25 }i of 2 and a covering {@/ U; xx 3&” b ofﬁi” Foreach i,
we denote R; = Ox,, (U; X5 Xr). Then Br, = O 9, (%) and BR =04 (%) are the
coordinate rings. Fix a Frobenius-lifting ®; . B R; —> BR;, one gets those categories of
Fontaine—Faltings modules

Mf[o,a] (£Ri /p‘BRi )

By Theorem 5.6, these categories are glued into one category. Moreover, those underly-
ing modules are glued into a bundle over 271 = 25 ®z, ;. We denote this category
by eA't?’[o,a\](Vg{ﬂ,l)-

5.3.1. Inverse Cartier functor and a description of M¥ [0..](Zx,1) via inverse Cartier
functor. Let & : B, /pBr, — Br,/pBr, be the p-th power map. Then we get the
following lemma directly.

LemmaS5.9. Let ® : Br, — Bgr, and ¥V : B, — Br,, be two liftings of ® which are
both compatible with the Frobenius map on Bw,, .
(1)  Since ¢(f) is divisible by p, we extend ® and V to maps on B R, Via

"o (w(f))"
p "
uniquely.

(i)  The difference ® — W on B, is still divisible by p.
(iii) The differentials d® : QL — Ql _anddV: §21~ — Ql _ aredivisible by p.

Bry Ry
From now on, we call the extension given by (i) of Lemma 5.9 the Frobenius liftings
of ®on B Ry

Lemma 5.10. Let O : £8R — Bpg, and ¥ : D’BR — Bpr, be two Frobenius liftings
of ® on £Rﬂ Then there exists a Br,, | pBr,, -linear morphism

how : QJ}Rn/pan ®% BR./PBR, = BRr,/PBR,

satisfying that:

i o _ ¥ _ iy _ _
(i)  we have > > dhe,w over Q»‘B’Rn IpBr, ®s5 1,
(i)  the cocycle condition holds.
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Proof. Note that
1 _
Q%R,,/p.%‘ze,, ©3 BRe/PBRn

is an Bg,, / pBr,-module generated by elements of the form

dg®1 (g€ Br,/pBr,)

with relations
dg1+£2)®1-dg1®1-dg2®1,

d(g1g2) ® 1 —dg1 ® ®(g2) — dga ® D(g1).

Since ® — W is divisible by p, we can denote

hij(dg®1) = w (mod p) € Br,,/pBr,

for any element g € Oy, (the definition does not depend on the choice of the lifting &
of g in Oy). By direct calculation, we have

hij(d(g1 +g2) ® 1) = hij(dg1 ® 1) + h;j(dg2 ® 1)
and . .
hij(d(g182) ® 1) = ®(g2) - hij(dg1 ® 1) + P(g1) - hyj(dg2 ® 1).

Thus h;; can be B, / pBr, -linearly extended. One checks (i) and (ii) directly by defi-
nition. ]

Let (V, ’5) be a locally filtered free sheaf over 32;,,1 = 32;, ®z, Fp with an inte-
grable p-connection. Here a “filtered free” module over a filtered ring R is a direct
sum of copies of R with the filtration shifted by a constant amount. The associated
graded then has a basis over Grr (R) consisting of homogeneous elements(see [8]). Let
(V, , Vi) = (V V)|% be its restriction on the open subset%l 1= 02/ ®z, Fp By taking
functor @7, we get bundles with integrable connections over %1 = % ®z,

(0170 + Sr0r®).

Lemma 5.11. Let (V V) be a locally filtered free sheaf over 21 with an integrable
p-connection. Then these local bundles with connections

~ dod; ~
(cb;‘v,-, d+ —’(@?V))
4
can be glued into a global bundle with a connection on 25,1 via transition functions
Gij = exp(ha,.0, (V) : 0F (V) — ®F (V).

Denote this global bundle with connection by C f_é”}z . (V, 6) Then we can construct a func-
tor

CL | MIC( 1) — MIC(Zr).
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Proof. The cocycle condition easily follows from the integrability of the Higgs field. We
show that the local connections coincide on the overlaps, that is

do; = do; =
(Gij ®id) o (d + —’(cb;“V)) = (d +— (@5 V>) °Gij.
p p
It suffices to show

L

do; .~ dd;  ~
TI(CDZ‘V) =G;;'0dG;; +Gj;' o TJ(Q;V) 0 Gjj.

Since Gl.;l 0dG;; = dhe, e, (E*AVJ) and G;; commutes with ‘%(cp;"v’) we have

dod; ~ sk~ do; ~
G;;' 0dGj; + Gj;' o TJ(CID}‘V) 0 Gij = dho, o, (@V) + TJ(CD}‘V)
do;, .~
= —(P}V)
p

by the integrability of the Higgs field. Thus we glue those local bundles with connections
into a global bundle with connection via G;;. m

Lemma 5.12. To give an object in the category MF (Z+.,1) is equivalent to give a tuple

(V, V,Fil, ¢) satisfying

(i)  V isfiltered locally free sheaf over 2 1 with local basis having filtration degrees
contained in [0, a,

i) V:V->VQe P Qlﬂfﬂ | is an integrable connection satisfying the Griffiths trans-
versality, ’ '

(iii) the map ¢ : C%}Z (V. V. Fil) >~ (V, V) is an isomorphism of sheaves with connec-
tions over Xy 1.

5.3.2. The functors D and D¥. For an object in MF [0,2](Z=,1), we get locally constant
sheaves on Uk by applying the local D-functors. These locally constant sheaves can be
expressed in terms of certain finite étale coverings. They can be glued into a finite covering
of X,k = Xk. We have the following result.

Theorem 5.13. Suppose that X is a proper smooth and geometrically connected scheme
over W. Then there exists a fully faithful contravariant functor D from MF [0 (Z%,1)
to the category of Fp-representations of nft(x ). The image of D on objects is closed
under subobjects and quotients. Locally D is given by the same as in Lemma 5.7.

Again one can define the category MF [)(27;) in the logarithmic case if one
replaces all “connections” by “logarithmic connections” and “Frobenius lifting” by “log-
arithmic Frobenius lifting”. We also have the version of M¥ [0,4], (277 ) With endomor-
phism structures of ]FP s, which is similar as Variant 2 discussed in [20, Section 2]. And
the twisted versions TMF [9,4], r (£ ) can also be defined on 27 1 in a similar way as
before. More precisely, let &£ be a line bundle over 27 ;. The £-twisted Fontaine—Faltings
module is defined as follows.
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Definition 5.14. An £-twisted Fontaine—Faltings module over .27 ; with endomorphism
structure is a tuple

((V, V,Fil)o, (V,V,Fil)q,...,(V,V,Fil)r_y, ¢.),
where (V, V, Fil); are objects in MCF (27 ,) equipped with isomorphisms in the cate-
gory MIC(Z7 )
¢ C5t ((V.V.Fi); = (V. V)4 fori=0,1,....f 2

and
¢r-1:C3L V.V Rl 1 @ (£, Vew) = (V, V).
The proof of Theorem 2.10 works in this context. Thus we obtain the following result.

Theorem 5.15. Suppose that X is a proper smooth and geometrically connected scheme
over W equipped with a smooth log structure D /W (k). Suppose that the residue field
k contains ¥, s. Then there exists an exact and fully faithful contravariant functor DF
Jrom TMF o ¢ (27 ) to the category of projective F, s -representations of nf‘(X}’(). The
image of D? is closed under subobjects and quotients.

Recall that {%;}; is an open covering of Z". A line bundle on 2~ can be expressed by
the transition functions on %;;.

Lemma 5.16. Let £ be a line bundle on 2751 expressed by (gij). Denote by £ the line
bundle on Z5,1 defined by the same transition functions (g;;). Then one has

Cy (£.0) =27,

Proof. Since g;; is an element in Bg, ; C B R, by diagram (5.2), one has

ij»
®(gij) = gf; (mod p).
On the other hand, since the p-connection is trivial, one has
C3! (£.0) = (®mod p)* ().
Thus one has C;K;l (£,0) = ((9@2!1,g5-) = £P. |

In a similar way, one can define the Higgs—de Rham flow on 27 ; as a sequence
consisting of infinitely many alternating terms of Higgs bundles over 27, and filtered de
Rham bundles over 271

{(E, 0)o, (V, V,Fil)o, (E,0)1,(V,V,Fil),.. .}
with
(V,V)i = C3 ((E.6)) and (E.0)41 = (V.V.Fl); foralli > 0.

The f-periodic £-twisted Higgs—de Rham flow over 251 of level in the interval [0, a]
is a Higgs—de Rham flow over 27 1

{(E,B),(V,V,Fil)g, (E,0)1,(V,V,Fil)y,...}
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equipped with isomorphisms ¢r; : (E,0)r4; ® (:‘él’i ,0) > (E, 0); of Higgs bundles
foralli >0

(V,V.Fil), (V,V,Fil),; (V.V.Fil); (V.V.Fil)y4; -
NI NN NN /
(E,0)o (E, 9)1 (E,0)f (E,0)f+1
/
¢f br+1

For any i > 0 the isomorphism

_ i+1
Co  (br+i) - (V. V)pgi © (£, Vean) = (V. V),
strictly respects filtrations Fil¢; and Fil;. Those ¢ ¢ 1, are related to each other by formula
brrit1 =GroCol ($r4i).
Just taking the same construction as before, we obtain the following result.

Theorem 5.17. There exists an equivalent functor JC o, | from the category of twisted
periodic Higgs—de Rham flows over %+ 1 to the category of twisted Fontaine—Faltings
modules over 2 1 with a commutative diagram

Jex,
THDF (X1) — s TMF (X1)

—®ox, Oﬁfn.ll l_g’@){l Oy
J€ 4

THDF (Xin1) —24 TMF (L)

5.4. Degree and slope

Recall that 27 is a smooth formal scheme over 8By, . Then 27,1 and X; are the mod-p
reductions of .27 and X, respectively. Note that X is the closed fiber of Y1 = X, ®z,F,,
Ay = Zn @z, Fp, Xz and 27.

X1 X1 X1
_ | \
‘%ﬂl
|
X1 Xr X

Spec i}Wn
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For a line bundle V on 271 (resp. 3&7;,,1), Vv R0, Ox, (resp. V ®0 5 1 Ox, ) forms
a line bundle on the special fiber X; of X. We denote ™
deg(V) := deg(V ®04, Ox,).

For any bundle V on 27,1 (resp. E%F”le) of rank » > 1, we denote

deg(V) := deg (/\ V).

i=1

By Lemma 5.9, the mod- p reduction of the Frobenius lifting is globally well-defined.
We denote it by ®; : 271 — Zx,1. Since 25,1 and 25,1 have the same closed sub-
set X1, we have the following diagram:

Xl % %;T’]

X1 ;> %n,L

Here 7 and 7 are closed embeddings and @y, is the absolute Frobenius lifting on X;. We
should remark that the diagram above is not commutative, because ®; does not preserve
the defining ideal of X;.

Lemma 5.18. Let (V, V,Fil) be an object in MEF (Z7,1) of rank 1. Then there is an
isomorphism
Py o (V) > v 0 (V).

Proof. Recall that {%;}; is an open covering of Z". We express the line bundle V' by
the transition functions (g;;), where g;; € (Br;;/pBr,;)™. Since V is of rank 1, the
filtration Fil is trivial. Then, by definition, V' can also be expressed by (g;;). Since
gij € Br;;/PBr;;

one has

(Px,ly; )" 0 Flz ) (8i7) = (tlag )" o (Pula ) (8if).
by diagram (5.2). This gives us the isomorphism @}1 o %*(7) St*o o7 (V). L]
Lemma 5.19. Let (V, V,Fil) be an object in MEF (Z7,1). Then we have

deg(V) =deg(V) and deg(C3 (V)= pdeg(V).

Proof. Since the tilde functor and inverse Cartier functor preserve the wedge product and
the degree of a bundle is defined to be that of its determinant, we only need to consider
the rank-1 case. Now let (V, V, Fil) be of rank 1. The reductions of V' and V on the closed
fiber X; are the same, by the proof of Lemma 5.18. Then we have

deg(V) = deg(V).
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Since the filtration is trivial, the p-connection V is also trivial. In this case, the transition
functions G;; in Lemma 5.11 are identities. Thus

Co, (V) = 1),
Recall that deg(CID’f(V)) = deg(z* o CD’f(V)) and deg(V) = deg(%*(V)). Lemma 5.18
implies _ "
deg(z™ o ®T(V)) = deg(®P%, o T*(V)).
Since @y, is the absolute Frobenius, one has
deg(®y, 0 (V) = pdeg(z*(V)).
Composing above equalities, we get deg(C 5}; | V) = )4 deg(f;). L]

Theorem 5.20. Let & = {(E, 0)o, (V, V,Fil)o, (E, 0)1, (V,V,Fil)y, ...} be an L-twisted
f-periodic Higgs—de Rham flow with endomorphism structure and log structure over X.
Suppose that the degree and rank of the initial term Eq are coprime. Then the projective
representation DF o J€ 21 (€) of nf‘(XI"(O) is still irreducible after restricting to the
geometric fundamental group Jrf‘(X%o), where Ko = W[%].

Proof. Let

p:m(Xg, ) — PGL(DY o J€ 5, (€))
be the projective representation. Fix a Ko-point in Xk, which induces a section s of the
surjective map

m{'(Xg,) — Gal(Ko/Ko).

We restrict p on Gal(Ko/Kp) by this section s. Since the module D¥ o J€ X1 () is
finite, the image of this restriction is finite. And there is a finite field extension K /Ky
such that the restriction of p by s on Gal(K/K) is trivial. Thus

p(ri'(XR)) = p(i' (Xg))-

It is sufficient to show that the restriction of p on Jrft (X%) is irreducible. Suppose that the
restriction of D¥ o J€x, (&) on m{'(Xg) is not irreducible. Since the functors D? and
C 5_{:{ , are compatible with those over Xy, the projective representation

D” o JC 4, (€ ®ay, O2,,) = DF 0 JCx, (€)

is also not irreducible. Thus there exists a nontrivial quotient, which is the image of
some nontrivial sub-&£ = L ®gy, 02,  -twisted f-periodic Higgs—de Rham flow of
& ®0X1 02,
{(E',0")0,(V',V',Fil')o, (E',0")1,(V',V',Fil'),...},
under the functor D¥ o J€ 4, | according to Theorem 5.15 and Theorem 5.17. Since E|,
is a subbundle of E Qoy, 02, . we have 1 <rank(E() < rank(Ep). By [28, Theo-
rem 4.17],
deg(Ei+1) = pdeg(E;) fori >0
and
deg(Ep) = pdeg(Er_1) + rank(Ep) x deg(L).
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Thus
deg(Eo)  deg(L)

rank(Eq) 1—p/~
Similarly, by Lemma 5.19, one gets

deg(Eqy) _ deg(£)

rank(E))  1—p/’

Since deg(£) = deg(L), one has
deg(Ep) - rank(E() = deg(Ey) - rank(Ey).

Since deg(Eo) and rank(Ey) are coprime, and rank(Ey) is divisible by rank(Ey). This
contradicts
1 < rank(Ey) < rank(Ep).

Thus the projective representation D o J€x, (&) is irreducible. |

Appendix A. Explicit formulas

In this appendix, we give an explicit formula of the self-map ¢} _, in Theorem A.5 and
an explicit formula of multiplication by p map in Theorem A.8. Then Conjecture 4.8 is
equivalent to

1 ( det(By) \* _ a? (det(Ams1))’ AD)
a? \det(Bm+1)) ~ APL\ det(4,) )~ '
where m = £— and matrices A,,+1, A,, By and B, are given as follows:
h 2-1 and matrices Am41, Ap, Bo and B gi foll
Sm 0 8iis 8; P
Sm—1 =+ i3 Sic1 o 2
Al — : . . : . ,
82 tte 8i—m 8i+2—m Tt 5m+2
8t 0 Biciem Siv1em  Smyt
alysm  alysm—1 - aPyam+yr alyam
Vm alysm o aPyamya aPyamin
By = | Ym+1 Vm o aPyamys aPyamia ||
Yam—-1  Yam—2 Ym a?ysm
Ym alysm  aPysm_1 - aPVami
Ym+1  Ym alysm o aPyam+2
Bmy1 = | Ym+2  Vm+1 Ym o alyamys
Y2m Y2m—1 Y2m—2 ce Ym
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and
_AP(1—aP) — (AP —aP)A"
n — n ,
— m+n m m m—j
s 2 ()
i+j=n—m
0<i,j<m

By Proposition A.9, we reduce Conjecture 4.8 to the following conjecture:

Conjecture A.1. The following equation holds:
det(Ap) = cA™ (L — 1) - det(Bps1).

where

1 1 1
m m+1 p—2
1 1 1
m—1 m -3

c= (D" det| P
1 1 ... L

1 2 m

By using Maple, Conjecture A.l has been checked for odd prime p < 50. Thus Con-
jecture 4.8 holds for p < 50.

A.l. Self-map

To compute the self-map ¢, ,, we recall the explicit construction of the inverse Cartier
functor in curve case and give some notations used in the computation. For the general
case, see the appendix of [18].

Let k be a perfect field of characteristic p > 3. For simplicity, we may assume that k
is algebraic closed. Let W = W(k) be the ring of Witt vectors and W,, = W/ p" for all
n>1andlet o : W — W be the Frobenius map on W. Let X; be a smooth algebraic
curve over k and let D be a simple normal crossing divisor. We assume that (X, D) is
W, (k)-liftable and fix a lifting (X5, D) [6].

For a sufficiently small open affine subset U of X», [6, Propositions 9.7 and 9.9]
give the existence of log Frobenius lifting over U, respecting the divisor D N U. We
choose a covering of affine open subsets {U; };cr of X, together with a log Frobenius lift-
ing F; : U; — U;, respecting the divisor D N U; for each i € /. Denote R; = Ox, (U;),
Ri; = Ox,(Uj;) and

® =F':R — R;.
For any object R (e.g. open subsets, divisors, sheaves, etc.) over X,, we denote by N its
reduction on X;. Denote by ® the p-th power map on all rings of characteristic p. Thus
6,' = ®on E,‘j.

Since F; is a log Frobenius lifting, it follows that d®; is divisible by p and which
induces a map

do; N _ _ _
— 2, (0gD) () ®o Ri — 2, (logD) (). (55)
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Let (E, 6) be a logarithmic Higgs bundle with nilpotent Higgs field over X; of expo-
nent < p — 1 and rank r. Now, we give the construction of C);]lc X, (E, 0). Locally we
set

Vi=EU,) ®s R;.
do; P
Vi =d+ 7(9 R 1) . V, — Vl ®§[ QXI (IOgD)(U,),

Gij = exp(hij (0 ®9 1) : Vilg,, = Vilg,,-
where
hij : Qx, (Uij) ®e Rij — O,
is the homomorphism given by the Deligne—Illusie Lemma [2]. Those local data (V;, V;)

can be glued into a global sheaf V' with an integrable connection V via the transition
maps {G;;} ([19, Theorem 3]). The inverse Cartier functor on (E, 0) is defined by

CrYE.0) = (V.V).
Lete;. = {e;1,€i2,...,ei,} be abasis of E(U;). Then
D¢ :={ei,1 Qo l.ei2 Qa0 1,....6;, R 1}

forms a basis of V;. Now under those basis, there are r x r-matrices wg,;, wy,; with
coefficients in )1(1 (logD)(U;), and matrices ¥;;, §;; over R;;, such that

(ei,) = (ej,.) - Fij, (Fij)
O(ei.) = (ei.) - we,i, (wg.i)
Vi(®¥e;) = (P¥e;) - wvi, (wv,i)
Gij(®%e;,) = (D¥e;.) - Gij. (ij)
By the definition of V;, one has
wv,; = %(‘09,1’ ®e 1). (A.2)

Choose and fix a parameter #;; on Uj; for every two elements {i, j}in L. Then Ql (U ij)
is a free module over R;; i = Ox, (U NnU J) of rank 1 generated by df;;, and there is
amatrix Ag;; over R;; with

wp,i = Ag,ij - dtij. (Ao,ij)
Explicitly, the Deligne—Illusie map /;; is given by

hij (f - dtyy ®e 1) = O(f) - Piltyj) = ®; (@)

So we have
hij(0 @ 1)(P*e;.) = (P*e;.) - 4
and
Gij = O(Fij) exp(§),
where

D; (i) — q’j(tij).

55 = ©(Ag,ij)
b4

55
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Computation of our example. Let A € W (k) with A #£ 0, 1 (mod p) and let
X, = Proj W[Ty, T1].
Let D be the divisor of X, associated to the homogeneous ideal
(ToT1 (T1 — To)(T1 — ATo)).
By using t = T; ! T} as a parameter, we can simply write D = {0, 1, A, co}. Denote

‘Lll =X2\{0,00}, U2=X2\{1,A},
D1 ={1,A}, D, = {0, 00}.
Then {U;, U, } forms a covering of X5,
Ry = O(Uy) = Wa[t, 1],
Ry = O(Uy) = W,[t=4. 5],
Rz = O(Uy NUp) = Walt, 1, ﬁ, =1,
1 L t—A
2y, (log D)(Ur) = Walt. 7] -dlog| — ).

Qy, (log D)(Us) = Walt=4, 1=1] - dlog .

dlo (I_A)— (@ — Dt .dlogt
g T —ne—1n T8

r—A t—A\?
= _ — P
@1(1_1) ([—1) and Cbz([) te,

which induce two Frobenius liftings on R;,. One checks that ®; can be restricted on R;
and forms a log Frobenius lifting respecting the divisor D;. Moreover,

Over Ui 2, one has

Denote

d<I>1
p

—A t—
dlo g—®q>l =dlogt

and 4
—z(dlogt ®¢ 1) =dlogt.
p

Local expressions of the Higgs field and the de Rham bundle. Let (E, ) be a logarithmic
graded semistable Higgs bundle over X; = IP’,: with £ = @ & O(1). Then the cokernel
of

6:0(1) - 0 ® 2 (log D)

is supported at one point a € ]P> (k) which is called the zero of the Higgs field. Con-
versely, for any given point a € ]P’ (k), up to isomorphic, there is a unique graded semi-
stable logarithmic Higgs field on (9 @ O(1) such that its zero equals a. Assume a # oo;
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we may choose and fix a basis ¢;,; of O(j — 1) over U; for 1 < i, j < 2 such that

(V 10
F12 = 0 L)

1
0 =2 r—2A
wg,1 = ( A 1) -dlogl ,

0 (5=97* =2
wv,1 = (0 AOI -dlog —.

By (A.2), we have

t—1

We choose #1, = t as the parameter on U;,. Then

0 Themn
A — t— t— ,
0,12 0 0

G5 = ®(46,12) - 712,

g
912 = (0 P ) ,
@-1)7

_ 01(0) — Da(0)
P

where
(z12)
and

(t —a)?

= —([_A)P([—I)P *Z12. (g)

g

Hodge filtration. Since X; = IP’,i and (V, V) is semistable of degree p, the bundle V is
isomorphic to O (m) & O(m + 1) with p = 2m + 1. So the filtration on (V, V)

0COm+1)CV

is the graded semistable Hodge filtration on V. Choose a basis ¢; of @ (m + 1) on U; such

that
t m+1
e = — e
= () -

on Uy,. In the following, we will write down the inclusion map ¢ : @ (m + 1) — V explic-
itly via those basis. Before this, we shall fix some notations pr, A4 and ¢;. The map pr is
the quotient map of k-vector spaces

Rz
Ri+ (L) iR,

pr: Ry —> (pr)

Foralln € {1,2,..., p — 2}, we denote
_AP(1—aP)— (AP —aP)A"
n b

Sn
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and A = A(A, a) the matrix of size m x (m + 1)
Sn Om+1 o Bp—2 Op—1

8m—1 Sm

A= (A)

Sm+1 Om+2
81 e Sm Smtr) (ma)

Form 4+ 1 <i < p,wedenote by A; the submatrix of A by removing the (i — m)-column

Sm o Siin 8; P
St o Sisa 81 Sp
a= AR (A3)
8 o Siem Sit2-m 0 Omi2
81 o Siciem Sit1-m 0 Omt
and '
a; = (—1)" - det A4;. (A4)
Obviously, the vector (¢ty+1, ¥m+2, - - . ,ozp)T is a solution of AX = 0.

Lemma A.2. The following statements hold.

(i)  Let f.h be two elements in Ry. Then the Ry-linear map from Ry -ey to V(U}),
which maps ey to e11 @@ h + e12 ®a [, can be extended to a global map of vector
bundles O(m + 1) — V if and only if

m
1
fe Zk-[—l_ and pr(fg) = 0.
i=0

(i)  Suppose f = (1, %, e, tim)X with X € k+tDX1 Then pr(fg) = 0 if and only
if AX =0.
(iii) The matrix A is of maximal rank and the vector (X +1, ¥m+2, .« - - ozp)T is a k-basis

of the 1-dimensional space of solutions of AX = 0.

Proof. (i) Over Uj,, one has

h L (t=1ym+1
t(ez) = (€21 ®o 1,20 ®ap 1) (h+ f8) t( ’m) )
S GH)

Thus ¢ can be extended globally if and only if
t m+1 ¢ m
h el — R d “\—— ) €Ro.
tree() Reowa () ene
That is equivalent to

1 m ¢ m+1
f (S Rl n (T) R2 and fg (S] Rl + (—) R2.

r—1

The result follows from the fact that R; N (%)m R, is a k-vector space with a basis
{(L1,.... 7}
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(i1) By directly computation, one checks that

am+1

7 12 tm A Am+2
r =pr , “A- .
U =P o o o :
ap

(>iii) Since
V~0m)eOOm+1),
the k-vector space Hom(@(m + 1), V) is 1-dimensional. By (i) and (ii), the k-vector
space of solutions of AX = 0 is of 1-dimensional. ]

Two notations [ -] and {-}. We have inclusion maps R; — R, fori = 1,2. Under these
inclusions, we have the following direct sum decomposition as free k-vector spaces:

_ — t
Ri» =R
12 l@t—l

We denote the projection map to the first summand by [-] and the projection map to the
second summand by {- }. Denote

R;.

Olm+1tm+1 +Olm+2[m+2+---+(xptp
tP

fo=
By Lemma A.2, we have following result.
Corollary A.3. The Hodge filtration of (V, V) on U, is given by
0C Ry -via CV(U)y),

and h, = —[fog].

where v13 = e11 Q@ ho + €12 o fo.

The Higgs field of the graded Higgs bundle. We extend v12 (defined in Corollary A.3) to
an R;-basis {v11,v12} of V(Ul) Assume v1] = €11 Q¢ Iy + €12 ®e f1 and denote

hy hy
P = ,
(fl fz)
which is an invertible matrix over R; with determinant d := det(P) € F?. One has
ho
V11,V 11 Q¢ 1,612 R 1
(v11,v12) = (€11 B 1, €12 ®o )(fl fo)

and
V(v11,v12) = (V11,v12) - Uv,1,
where vy,; = (P7!-dP + P7!-wy, - P) equals

Jodhy hodfl +ff( )p Jodho— hodfo +f ( )p
0

dlog I=4 dlog =% dlo %

~ |~

Q.| 09

—fldh1+h1df1 2/t—a\p —fldho+h1dfo D
R e S Nt
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Taking the associated graded Higgs bundle, the Higgs field 6" on
Gr(V,V,Fil)({U1) = V(U1)/(R1 - v12) ® Ry - v12

is given by

Jodho —hod fo S t—a\? )
Joto = RoCJo i 1
0'(e}n) = ( 1l gi:;lk + /o 11 ey ®d og ]

over Uy, where ¢}, is the image of vy; in V(U;)/(R; - v12) and e}, = v12 in Ryvia.
Thus the zero of the graded Higgs bundle Gr(V, V, Fil) is the root of polynomial

fo-dho —hy-dfy f2 (t—a)p
dlog% 1

Py (1) =

Lemma A.4. Define o and o, 41 as in (A.4). Then

2

o a2 a?
P/f — 14 t— m+1. )
o) = T T

Proof. Since h, = —[f,g] = {fog} — fog, the polynomial Py (¢) is equal to
t—-ME-1 (fod{fag} (ol dfo ) +f2((t a)l’_ t—ME-1) d_g)

A—1 A—1 A—1 dr
Recall that
Dy(t) =t? and Dq(¢) = L
(=P —1
one has

(t— 1P —r)P!
=yt

, we have

d®,(t) = p-tP7'dr and dd,(r) = p dr.

. —a)? .
Since g = 0_%,,% - Z1p with 212 =

t—a’ (@¢-M)r-1) dg -0 -1) tP=1(tP —aP)
()L—l)_ A—1  dt  A—1 P —xin)ar—1)

D1 (0)=22(1)
D

and

dg (t —a)?

dt — (t—MP(@—1)P
Claim. Suppose G is some power series contained in

{ i ae~(ﬁ)e+ i bg-(ﬁ)l:ag,bgek}

{=m+1 L=m+1

(A=DP =P e =P =Y,

and F belongs to

{Za,- La ek}

Then %(F dG GdF) is contained in Ry and divisible by L in R,.
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The claim follows from
C=DE=N((t=1\'d( ¢\ (&t \d-1y
A—1 ) ar\r—1 r—1) dr\ ¢
o N Py NS
—“+”(Ct7) ‘x??(::) )

(=D=M ((t=A\d/ ¢\ (¢ Vdii=ay
A—1 t ) dr\r—2 r—A) dr\ 1
o N | NS
_(l“)(_(z—/x) _x—l'(z—x) )
By the claim, <= ’1)(’ D, d{f"g} {f,,g}df" € 4R ie.

[(l —j)_(tl— 1) (fod{f"g} (fog }dfo)] —0
On the other hand, Py/(¢) € Ry, one has

Py (1) = [Py (1)]

[ af(t—a)’ @—M@-1) dg
-2 ((=1) - 8]
[ =2 —=1) PP —aP)
= f( Ao Xw—xmap—n)]

 [@mt1 + amgal + - F apt™)* - (- a)p:|
- (A — D)t —)P=1( — pT

and

Obviously, there are polynomials foo(#), f1(¢) and fj(¢), which are divisible by ¢, such

that
S

is a constant. Taking value at # = 0, this constant is just — ’”+11 . Af:] . By the definition
of [-], we know that

(@ms1 + Omaal + -+ + 0pt™)* - (1 —a)?
A =D =P —1)r1

<um—ﬁ(

ap
1 Ap—1

PO/(I) = foo

Since
deg((@m+1 + Omaal + -+ + opt™)? - (1 —a)?)

—deg(A - D@ -7 -DPH =1,
the polynomial fo,(?) is of degree 1. Comparing the coefficients of the first terms, we get

2

()t)

Joolt) =
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Theorem A.5. Let Ay and A1 be defined as in (A.3). Then the self-map ¢, p is given
by

_ a? det(Am+1) 2
§0/\,p(61) 1 ( det(Ap) ) .

Proof. Fora # oo, this follows from Lemma A.4. For a = oo, we can change the param-
eter ¢ to compute the self-map at a. ]

A.2. Multiplication by p map on elliptic curve

Let k be a perfect field of characteristic p > 3. Let A € k with A £ 0,1 (mod p). The
Weierstrass function
y2=x(x—-1(x—=2)
defines an elliptic curve C), over k. Let Q1 = (a, b) be a k-point on Cj. We denote
On=(an.by) =01+ 01 +--+ 0.

n

Then a, is a rational function of a. In this appendix, we will give an explicit formula of
this rational function for the case of n = p. Without lose of generality, we may assume
that k is algebraic closed and a # 0, 1, A, co.

Since the divisor (p + 1)(c0) — p(Q1) is of degree 1, the space of global sections of
its associated line bundle is of 1-dimension. Choosing a nontrivial global section o, we
have

div(e) = p(Q1) + (Qp) — (p + 1)(c0)
and it is also a global section of Oc, ((p + 1)(00)). On the other hand, the k-vector space
of the global sections of O¢, ((p + 1)(00)) are of dimension p + 1 with basis (m = pT_l

2 m—1

m+1
1,x,x%,...,x LY VX, o, YX

So we can write « in the form
a=f-yg
where f, g € k[x] with deg(f) < m + 1 and deg(g) < m — 1. Since

div((x —a)?(x —ap)) = p(Q1) + p(=01) +(Qp) + (= Qp) — (2p + 2)(c0)

= div(aw).

Hereo := f + yg.
By multiplying suitable constant to &, we may assume

x —a)P(x —ap) = oot = 2 —x(x—1Dx—21)g> (A.5)
Comparing the degree on both side, one gets
deg(f)=m+1 and deg(g) <m—1.
Writing £ in the form
f=Bo+Bix+ -+ Bmprx"H,
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we denote

Bo
B

ﬂm+1
and consider the first terms and the constant terms on both sides of (A.5). Then one gets

= a(ims)

In order to get the rational function we want, we need to determine the ratio [8¢ : Bm+1]-
In the following, we will define a full-rank matrix B of size (m + 1) x (m + 2) such that
(Bo. B1.- .- Bm+1)T is a nonzero solution of BX = 0. Then the ratio [Bo : Bm+1] can be
described by the determinants of submatrices of B. Expand the polynomial

(x(x - D(x - A))m = Ymx" + mem+1 +eee+ y3mx3m,

where
yu = (=" 3 (’”) (”.“)Am—f (A.6)
i+j=n—m ! J
0<i,j<m
and denote
VYm alysm  aPysm_1 - aPVami a’yom
Ym+1  Ym alysm o aPyamiz  aPyams1
B=|VYm+2 VYm+1 Ym o aPyamys aPyamya | (B)
YVam  Yom—1  Yam—2 Ym a?yim

Lemma A.6. We have B - = 0.

Proof. Since a # 0,1, A, 00, the function x(x — 1)(x — 1) is invertible in k[[x — a]].
Thus m is an element in k[[x — a]]. Since

(x(x = D(x = A))” = (al@a - 1)(@—2)" (mod (x —a)?),

one has

Vix—1Dx-1) ==+ (@@ —-N@-4)> (mod (x — a)?). (A7)

O (x(x =D =)™
Since (x —a)?(x —ap) = f2 —x(x —1)(x —A)g?and x —a } fg, one gets

Vix—Dkx-—-1) = :Izg (mod (x — a)”?). (A.8)

Now comparing (A.7) and (A.8), one gets
f- (x(x - D(x— )L))m = j:(a(a —D(a— k))

p
2

-g (mod (x —a)?). (A9)
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Consider the map of k-vector spaces

k{[x —al]

v Kk[[x —a]] = - (pr)
(=) Kl —all + Y k P
From (A.9), we have
pr'(f - (x(x = (x = A)™") =0.
By direct computation, one checks that forall 0 <i <m + 1,
pr(x" - (x(x = D(x = )" Z yj - pr'(x" ).
j=m
Since x" 7 = a?x" mod (x — a)?, one has pr'(x"*?) = a? - pr'(x"). Thus
m+i—1
pr(x - (x(x — D(x — 1)) Z Visi oG+ Y aPypepr (7).
j=m+i j=m
Therefore
pr(f - (r(r = D = 2)") = pr' (" X" L2 (B - ).
The lemma follows. ]

Recall that y,, is defined in (A.6), we denote By and B, to be two submatrices of B
as follows:

afysm  aPysm—1 -+ aPyami1  aPyam
Vm alysm o aPyamyr aPyamr
By =| Ymt1 Vm e aPyamys aPyamian ,
Y2m—1 Y2m—2 Ym afyzm
Ym  aPysm  aPyzm—1 -+ aPyam+1
Ym+1  Ym alysy, o aPyamin
By = | VYm+2  Vmt1 VYm o alyames
Y2m Y2m—1 Y2m—2 c Ym

Corollary A.7. We have [Bo : Bm+1] = [(=1)" 1 det(By) : det(Bp+1)].

Now, we get the self-map on IP’,g induced by the multiplication by p map.
Theorem A.8. We have
1 det(By) >
ap=—+\——mm1 .
P ar det(Bm+1)

Proposition A.9. Conjecture A.1 implies equation (A.1) and Conjecture 4.8.
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Proof. Regard all terms of A, 11, Ap, B and By, as polynomials of a, 1. One checks
directly that
Ar€+1(l"1) = AzpapAp(%’ é)a B()T(/\’a) = Amame-i-l(%? %)-
On the other hand, by Conjecture A.1,
det(4,(}, 1)) = A7 (1= )™ - det(Bms1 (5, 1)
Thus R 5
det(Apmi1) = cA™ (1 —1)™ a~? - det(By).
The proposition follows. u

Remark. Conjecture A.1 holds for odd prime p < 50. This was checked directly by
using Maple. By Proposition A.9, our main conjecture holds for p < 50.

Appendix B. The torsor maps induced by inverse Cartier functor and grading
functor

In this section, we describe the torsor map induced by the inverse Cartier functor (Propo-
sition B.6) and the grading functor (Proposition B.5) via maps between cohomology
groups.

Some notations

Let T be a vector space and assume L is a T'-torsor space. Then for a given point £ € L,
the torsor structure gives a bijection ¢y : L — T. We call t,(£) the difference between £’
and £, or we say that £ differs from £ by t¢(£"). Denote ¢ (£, £) := 1, (£).

Denote W = W(k) and W,, = W/p"W . Let X be a proper smooth W -scheme with
normal crossing divisor D, X,, := X xw Wy, and Dy, := D ®w W,,. Let X = | U; be
a covering of small affine open subsets and let ®; be a Frobenius lifting on U; which
preserves the log divisor, i.e. CID;“ (O NU;) = p(DNU;). Denote U;; = U; N U,. For
a vector bundle L over X,,, write

L(U;) = L(U; xw W) and L(U;;) = L(U; N uj) Xw Wa)

for short.
In this section, all Higgs bundles and de Rham bundles are logarithmic with respect
to the divisor D.

B.1. Lifting space of Higgs bundles and de Rham bundles

Let (E, 6) be a Higgs bundle over X,_;. Denote its reduction modulo p by (E, 6). Now
we want to study the space of W,,-liftings of (E, 6)/X,—1.

Lemma B.1. The space of Wy-liftings of (E, 0)/X,_1 is an Hﬁig(Xl, &nd(E, 0))-torsor.



Projective representations and twisted Higgs—de Rham flows 2069

Proof. Consider two W,,-lifting (E 0)/X and (E 9) of (E.0)/Xn_1. We denote by
(El , 9 ) (resp. (E, , 9 )) the restriction of (E 9) (resp. (E 0)) on U; xw W,.Locally we
can always find isomorphisms y; : E; 5 E; over U; xw W, which lifts idg, . Set
fi = v w0 vilwy; —id € End(E)(Uyy)
and
wi =y 1o 6; o Vi — 6; € &nd(E)(U;) ® Q1 x/w (1og D)(U;).
Since (E, é) and (E, 0) are both W,,-liftings of (E, 0), we have
fij =0 (mod p" ') and w; =0 (mod p"").

Thus

- . Ji

fij = = (mod p)
is a well-defined element in End(E)(U;;) and

w; = @i (mod p)

n—1

is a well-defined element in End(E)(U;) ® Q! /W(log D)(U;). These local datum give
us a Cech representative

(Fij.@1) € Hyyy (X1, €nd(E. 0))

of the difference of the two liftings. .
Conversely, we can construct a Higgs bundle from datum (£, ) and

(fij. @) € Hy (X1, End(E. 0)).
Locally over U; xw Wj, the new Higgs bundle is given by
(Ei.0; + p" '),
and the gluing transform is
id+ p"t f /E\l(‘u,»muj)xWWn - E|(=u,4rw=u,»)xWW,,-

Since (7,~ ;) is a 1-cocycle, the local datum are glued into a new Higgs bundle. More-
over, the following diagram commutes:

id+17"_17,“,'

(Ei, 6 + p" @) (E;, éj + p" ;)

! ‘

(Ei.6) “ (E;.6))

and this new Higgs bundle is isomorphic to (E, é) via local isomorphisms ;. ]

Similarly, for de Rham bundle (V, V) over X,_;, we denote its reduction modulo p
by (V, V).

Lemma B.2. The space of Wy-liftings of (V,V) is an H i (X1, &nd(V, V))-torsor.
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B.2. Lifting space of graded Higgs bundles and filtered de Rham bundles with Griffiths
transversality

Let (V, V, Fil) be a filtered de Rham bundle over X,_; satisfying Griffith transversality.
Denote its modulo p reduction by (V, V, Fil). Denote by (E, 6) the graded Higgs bun-
dle Gr(V, V,Fil) over X,, and denote by (E, #) the graded Higgs bundle Gr(V, V, Fil)
over X,. Note that the filtration Fil on V induces a subcomplex of the de Rham complex
(End(V) ® Q% (log D), Vénd)

0 — Fil?&nd(V) — Fil? "' &nd(V)®Q1 %, w (log D) — Fil?~ 26nd(V)®Q2 %, w(log D) — -

0 — End(V) — s end(V) @0\ s/ (log D) Y end(V)@02 %/ (log D) v,

where
FilPend(V) = Y (Fil'V)Y @ Fil/V.
J—i=p
We denote this subcomplex by Fil? (&nd(V) ® Q° /W(log D), V&), When p runs all
integers, these subcomplexes give an exhaustive and decreasing filtration on

(End(V) ® Q% (log D), VE™).
Taking the associated graded object, one gets an isomorphism of Higgs complexes
Gr(End(V) ® Q% y (log D), VE™) ~ (End(E) ® Q% (log D), 65M).
Denote by E’ = _Gr" (V) the p-th grading piece of V. Then Higgs bundle (E, ) is
graded with £ = @ E” and
0:E° > E" ®Q x/w (log D).
Note that the decomposition of E induces a decomposition of its reduction £ = @ E?
and a decomposition End(E) = € End(E)? with
End(E)” := P (E')Y @ E’.
J=i=p
Thus the complex

0 — End(E)’ — énd(E)™" ® QY (log D) — End(E) > ® QY /yy (log D) —

is a direct summand of the Higgs complex, which is just the O-th grading piece of the
de Rham complex (€nd(V) ® Q25 W(log D), V&) Taking the second hypercohomol-
ogy of this complex, one gets a d1rect summand of HI}I (X1, 8nd(E, 0)), we denote it
by G°H, ng(Xl, énd(E, 0)).

Lemma B.3. The space of W,-liftings of the graded Higgs bundle (E,0)/Xn_1 is
a GrOHflﬁg(Xl, &nd(E, 6))-torsor.
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Proof. The proof is the same as that of Lemma B.1, except that one may choose y; which
preserves the grading structures on both sides. Thus

fij € End(E)°(Uyj) and @; € End(E)™ (Ui) ® QY (log D)(Us).
Hence one has (71-1-,51-) € GrOHflﬁg(Xl, &nd(E, 0)). |
Let (17, v, Fvil) and (IA/, v, IEH) be two filtered de Rham bundles satisfying Griffith

transversality over X,,, which are liftings of (1, V, Fil).

Lemma B.4. The difference between (/17, @) and (17, %) is contained in the hyper-cohom-
ology H' (Fil®(énd(V) ® Q% (log D), véndy),

Proof. The proof the similar as that of Lemma B.1. Denote by (171-, %) (resp. (?i, @i))
the restriction of (17, VA) (resp. (V,V)) on U; xw W,. Locally we can always find iso-
morphisms y; : 171 5 Viover U; xw W, thatis strict under the Hodge filtrations on both
sides and lifts the idVi . Then

fij = vt ovilu, —1dy € FEnd(V)(Ui N Uy) xw Wa).
Since the connections satisfy Griffith transversality, one has
w; =y o Vioy — Vi € FilT' end(V)(Us xw W) ® 2}/ (log D) (Uy).
Similarly as in the proof of Lemma B.1, these local data give us a Cech representative
(fj.@;) € H' (Fil°(€nd(V) ® QY (log D), VE™))

of the difference of the two liftings. ]

B.3. The torsor map induced by grading

In this subsection, we will describe the difference between the grading objects of two
filtered de Rham bundles satisfying Griffith transversality over X,. The morphism of
complexes

Fil’(€nd(V) ® Q% (log D), vEd) s GrP(&nd(V) ® Q% sw(log D), vénd)

induces a k-linear map of the hyper-cohomology groups

Hl(Filo(gnd(V)@)Q;C/W(log D), VEd))l — Hl(GrO(End(V)(X)Q;C/W(log D), vend)) (B.1)

T

Gr'H, (X1, End(E, 0)).
Suppose that (17, 6 Fvil) and (/17, @ I/Jﬁ) are two fﬂteied_de Rham bundles satisfying
Griffith transversality over X,,, which are liftings of (V', V, Fil).

Proposition B.5. The difference between g}r(?, 2 151\1) and Gr( V.V, Fvil) is just the image
of the difference between (V,V) and (V, V) under the morphism in (B.1).
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Proof. Choosing local isomorphisms y; : Iz >V i as in the proof of Lemma B.4 and tak-
ing the associated graded object, one gets the isomorphism Gr(V;, Fil;) — Gr(V;, Fil;).
Then this proposition can be checked directly. ]

Remark. Let £ be a line bundle over X. Assume &End((E, ) ® £) is canonical iso-
morphic to €nd((E, 0)). Let (E 9) and (E 9) be two liftings of (E, #). Then the dif-
ference between (E 9) and (E 9) is the same as the difference between (E 9) ® L
and (E , 9) ® L. Now, the proposition still holds for replacing the grading functor by the
composition functor of grading functor and twisting by a line bundle.

B.4. Torsor map induced by inverse Cartier functor

Assume (E, ) is a graded Higgs bundle and assume it is isomorphic to Gr((V,V,Fil)_;)
for some filtered de Rham bundle (V, V, Fil)_; over X,,_; satisfying Griffith transversal-

ity. Denote o o
(V.V) = G, ((E.0). (V. V.Fil)—; (mod p"~2)).
Let (E 9) be a graded Higgs bundle which lifts (E, 9) The inverse Cartier transform C,° 1

on ((E 9) (V, V,Fil)_;) define a de Rham bundle (V V) over X,, which lifts (V, V)
(V.V)
(E.0) |
Ch

Let (E , é) be another graded Higgs bundle which lifts (E, 8). Denote

(V. V.F)_, 7.9,

(V.V):= C; \((E.6), (V. V,Fil)_y).

Assume (E, é) differs from (E, é) by an element (?ij,a,-) € Hﬁig(Xl, &nd(E, 0)).
Let 11,12, ..., 14 be local coordinate of the small affine open subset U; N U; of X.
There are two Frobenius liftings ®; and ®; on the overlap subset. Denote

(1= and 2= ®F (1) — @7 (te)
=T1= = g
¢

p
For a field 6 on a bundle over X;, we denote

hij(0) =) 6(30) ®a 2¢,
)2

w/f\ligh is obvigusvly Frobenius semilinear. Now, we want compute the difference between
(V,V)and (V,V).

Proposition B.6. The de Rham bundle (/17, @) differs from (17, ﬁ) by the element

(<1>*(7i,-) + hij(w)), %(51-)) € Hjz (X1, End(V, V)).
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Proof. Recall diagram (1.1) and denote
(V.V) = T(E.6). (V. V.Fil)1)
and ~ ~ o
(V.V) =7 ((E,0). (V. V,Fil)y).
From the definition of functor 77, both are bundles with p-connections and both are lifting

of a bundle with p-connection over X, _;. Their reductions modulo p are the same Higgs
bundle (£, 0). From the definition of the functor 75, the difference between

(V.V) and (V,V)
is also equal to (7,-1-,5,-) € Hklﬁg(Xl, &nd(E, 9)).
Now, let _ _
Vi Viu, = Vi,
be a local isomorphism and ®; be the local lifting of the absolute Frobenius on U;. The
following diagram (not commutative in general)

% ~ G”(’%l) % ~
@; (V|ui_/) E— q)j (V|Uij)

cb;f(z-)l F;f(?j)
o3 Gij ) W3
OF(Vluy,) O (Vi)
Recall that the de Rham bundle (17, 6) (resp. (/17, @)) is defined by gluing
{7 (V] )} (resp. {97 (V)

via the isomorphisms G;; (6) (resp. Gi; (@)). The G;; are given by the Taylor formula

4 V(9! ; ~
Gij(V)(e® 1) = Z ——()®z', eecV(U).
-~ J!
Denote
gij = Gij(V)™ 0 @7 (7)™ 0 Gij (V) 0 @} (7i) — G Floyo)
and

wv; = O (7)o Vi o @ (7)) — Vi
which are trivial modulo p”~!. Denote

_ 8ij
g = pnlil (mod p) e 8nd(V)(‘u,-j)

and
_ v,
wv,i =

€ &nd(V(U;)) ® QL w (log D)(U;).

pn—l
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Then the de Rham bundle (V, @) differs from (17, 6) by the element
(8. @v,i)) € Hiz (X1, End(V, V)).
Now let us express g;; and wvy,; with 717 and w; . Since
7t V.77 o Vo) = (Viy,. V)
is an isomorphism of twisted de Rham bundle, one has the commutative diagram

~

e Gij(17j_106017j)* ~
qu (Vluu) I (I)] (V|‘u,'j)

<1>;f(7,»>J F}‘(i/)

- Gij (V) oS
ch' (Vl‘U.,j) —_— CI)/ (V|‘ul‘j)'

Hence
gij = Gi;(V) o Gij (77 o Vo ;) o ®F (7)) " 0 ®F () —id
=Gi;(V) oGy (V + p" @) 0o ®F (57 o 7) —id

= (id +p"! Zaj(ag) o, 24) o ®f(id+ p" ' ;) —id
£

- p"—l(ij 00) ®a, 20 + @*(7,,))
V4

= p"(hij@)) + ©*(f})))
and B
8ij = 25(35) ®e z¢ + D(f ).
)

Since

~ ~ oF x

(V) and V; = —(V),
p

. *
Vi =L

p
it follows that

* ~

or . = ~
wv,; = ?'(V,- YoVioy — V).

Thus @y, = 7 = & (@)). .
Corollary B.7. The map from GrOHflﬁg(Xl, énd(E, 0)) to Hix (X1, End(V, V)) defined
by

_ _ d*

Foa v (@ Fop+ @), =@
is a Frobenius semilinear map between k-vector spaces.

Proof. This follows from the fact that ®*, 4 and %k are all Frobenius semilinear. n
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