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Abstract. We consider smooth, possibly incomplete, n-dimensional Ricci flows (M, g(7))¢(0,T)
with Ric(g (7)) > —1 and |Rm(g(?))| < ¢/t forall t € (0, T) coming out of metric spaces (M, do)
in the sense that (M, d(g(t)),x0) = (M, do, xg) ast \ 0 in the pointed Gromov—Hausdorff sense.
If Bg(r)(x0,1) € M for all 1 € (0, T) and (By,(x0, 1), do) can be isometrically and compactly
embedded in a smooth n-dimensional Riemannian manifold (2, d(go)), then we show using the
Ricci-harmonic map heat flow that there is a corresponding smooth solution (g(#));¢(o,T) to the
8-Ricci—-DeTurck flow on a Euclidean ball B, (pg) C R”, for some small 0 < r < 1,and g(t) — go
smoothly as t — 0. We further show that this implies that the original solution g can be extended
locally to a smooth solution defined up to time zero, in view of the method of Hamilton.
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1. Introduction

1.1. Overview

In this paper, we investigate and answer in certain cases the following question.

Problem 1.1. Let (M, g(t));ec0,1) be a (possibly incomplete) Ricci flow which satisfies
[Rm(-, 1)| < co/t, (1.1)

and for which (M, d(g(t))) Gromov—Hausdorff converges to a metric space (X, dy) as
t ™\ 0.

What further assumptions on the regularity of (X, do) and (M, g(t))¢e(0,T) guarantee
that g(t) converges locally smoothly (or continuously) to a smooth (or continuous) metric
as t approaches zero?

Remark 1.2. We recall that for a connected, open, not necessarily complete, Riemannian
manifold (M, g), there is a metric d(g) induced by g which makes (M, d) into a metric
space. Note that the distance between two points p,q € M is not necessarily realised by a
geodesic; nevertheless, for every x € M there exists » > 0 such By(g)(x,7) is geodesically
convex, and the distance between any two points in Bg(g)(x, r) is uniquely realised by a
smooth geodesic.

If we assume in Problem 1.1 that (M, g(¢))e(o,T) is complete for each ¢t € (0, T’) and
in addition to (1.1) we have
Ric(-,¢) > —1 (1.2)

forallz € (0, T), then X is homeomorphic to M and the topology of (M, dy) agrees with
that of (M, g(t)) for all ¢ € (0, T). This is a consequence of the following estimate on the
induced distances [18, Lemma 3.1]: If d; = d(g(t)), then d; — d for a metric dy on M
and

e'dy >d; >dy—ym)Jcot forall t € (0,T). (1.3)

This implies convergence of d; to dj in the C° sense, which is stronger than Gromov—
Hausdorff convergence. Since Gromov—Hausdorff limits are unique up to isometries, this
implies: if (M, d(g(t;)), p) — (X, dx, x) in the Gromov—Hausdorff sense for a sequence
of times #; N\ 0 then (X, dx, x) is isometric to (M, dy, p). Hence it is not possible that
complete solutions satisfying (1.1) and (1.2) come out of metric spaces which are not
manifolds.

Note that if Ric(-,#) > —C for some C > 1, and (1.1) holds for all ¢ € (0, T'), then,
since (1.1) is invariant under scaling, we can scale the solution so that it satisfies (1.2).

Estimate (1.3) can be localised as follows.
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Lemma 1.3 (Simon-Topping, [18, Lemma 3.1]). Let (M, g(t))se(0,1), T <1, be a smooth
Ricci flow satisfying Ric(-,t) > —1 and |Rm(-, t)| < co/t, where M is connected but
(M, g (1)) is not necessarily complete. Assume furthermore that Bg)(xo,1) € M for all
t €(0,7T). Then X := ﬂse(O,T) Bg(s)(x0,1/2) is non-empty and there is a well defined
limiting metric d; — dg as t \ 0, where

e'dy > d; > dy —y(n)/cot forallt €[0,T)on X. (1.4)

Furthermore, there exist R = R(co,n) > 0and S = S(co,n) > 0 such that By, (xo,r)
€ X C X and Bg)(x0,7) € X C X forallr < Randt < S where X is the connected
component of X which contains xo, and the topology of By, (xo, r) induced by dy agrees
with that induced by the topology of M.

Coming back to our initial question, assuming (1.1) and (1.2) hold and for some r > 0,
Bgy(x0,7) € M for all t € (0, T), the above result implies that the metric dy exists
(locally) and the convergence is in the sense of (1.4).

Examples. We give examples of solutions satisfying the conditions (1.1) and (1.2).

(1) Expanding gradient Ricci solitons coming out of non-negatively curved cones.
Consider a smooth Riemannian metric y on S”~! with eigenvalues of its curvature oper-
ator greater than or equal to 1 and the cone C(y) = (([0, 00) x S"™1)/~.,dr? @ r?y, 0)
where the equivalence relation ~ identifies O := (0, x) ~ (0, y). Note that the curva-
ture operator of C(y) is non-negative away from the tip. In [14] it was shown that if
C(y) arises as the tangent cone at infinity of a non-compact manifold M with non-
negative and bounded curvature operator then there exists an expanding gradient soliton
(M, g) such that its evolution under the Ricci flow, (M, g(¢));e(0,00), has the property that
(M,d(g(t)), p) = C(y) in the pointed Gromov—Hausdorff sense as z \ 0. The construc-
tion in [14] guarantees that this convergence is in C,5; away from the tip of the cone.

In [8] it was later shown that there always exists an expanding gradient soliton coming
out of any such non-negatively curved cone C(y). The construction in [8] also guarantees
that the convergence is in C5 away from the tip; the existence result is based on the
Nash—Moser fixed point theorem. Problem 1.1 was partly motivated by the cost of using
such a “black box”. Indeed, the Nash—-Moser fixed point theorem is not so sensitive to
the nature of the non-linearities of the Ricci flow equation as long as the corresponding
linearized operator satisfies the appropriate Fredholm properties. In particular, the use of
the Nash—Moser fixed point theorem does not shed new light on the smoothing effect
of the Ricci flow. Finally, we emphasize that uniqueness of such solutions is unknown
within the class of asymptotically conical gradient Ricci solitons with positive curvature
operator.

(2) Ricciflows coming out of non-collapsed Ricci limit spaces. Let (M;, g;(0),x;)ieN
be a sequence of smooth n-dimensional Riemannian manifolds with bounded curvature
such that R(g;(0)) + ¢ - Id(g;(0)) € €5 and Vol(By, (0)(x)) > vo for all x € M; for all
i € N, for some ¢, vg > 0 where R is the curvature operator, Id is the identity operator of
the sphere and €x is the cone of either (i) non-negative curvature operators, (ii) 2-non-
negative curvature operators, (iii) weakly PIC; curvature operators, or (iv) weakly PIC,
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curvature operators. Then (by [17] for (i), (ii) in case n = 3 and [2] for (i)—(iv) for general
n € N) there are solutions (M;, g; (t), Xi)t<[0,T (n,v0,c)] Such that R(g; (t))) + C -1ld € €x
(for some new C > 0). Note that this implies Ric(g;(¢)) > —c(n)C. After scaling each
solution we obtain a sequence of solutions satisfying (1.1) and (1.2). Taking a subsequen-
tial limit, we obtain a pointed Cheeger—Hamilton limit solution (M", g(), Xoo)se(0,1)
which satisfies (1.1) and (1.2).

More generally, if (M;, g;(¢), Xi)se[o,1) is a sequence of smooth complete solutions
satisfying (1.1) and (1.2), and

Vol(Bg; (1)(xi),1) > vo foralli € Nandallz € [0, 1),

we obtain a pointed solution (M", g(¢), Xoo)e(0,1) s a subsequential Cheeger—Hamilton
limit, which satisfies (1.1) and (1.2).

Local setting. Problem 1.1 can be considered locally in the context of the above examples
as follows.

(1) Assume that (M, g(t))se(0,00) is a smooth self-similarly expanding solution with
non-negative Ricci curvature coming out of a cone (M",dx) = (RT x S~ . dr? @ r?y),
where y is a smooth [continuous] Riemannian metric. Does the solution (M, g(¢)):e(o,1)
come out smoothly [continuously]? That is, is the solution

(M \A{p}.g())iefo.1]

smooth [continuous], where p is the tip of the cone, and g is the cone metric on M \ {p}
at time zero?

If we replace the assumption that ‘y is smooth (continuous) on $”~1* by ‘y is smooth
[continuous] on an open set V € S§™’, we ask: is

RY x V. g(t) I +x)refo0.1]

smooth [continuous]?

(2) In the setting of Example (2) above let (M, dy, Xo0) be the limit as £ \ 0 of
(M, d(g(t)), xo0). Note that (M, dy, xXco) is isometric to the Gromov—Hausdorff limit of
(M;,d(gi(0)),x;) as i — oo, in view of (1.4). Let V' € M be an open set such that
(V, dp) is isometric to a smooth [continuous] Riemannian manifold. Can (V, g(¢)):e(0,1)
be extended smoothly [continuously] to ¢ = 0, that is, does there exist a smooth [contin-
uous] go on V' such that (V, g(7));¢[o,1) is smooth [continuous]?

We will see in Theorem 1.6, that the answer to each of these questions in the smooth
setting is yes if we measure the smoothness of the initial metric space appropriately. The
answer to each of these questions is also yes in the continuous setting (see Theorem 1.7)
if we measure the continuity of the initial metric appropriately and the convergence in the
continuous setting is measured up to diffeomorphisms.

The smoothness (respectively continuity) of a metric space in this paper will be mea-
sured as follows. Let 0 < g9(n) < 100~! be a small fixed positive constant depending only
on n. We denote by B, (x) C R” the (open) Euclidean ball with radius r, centred at x.
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Definition 1.4. Let (X, do) be a metric space and let V be a set in X. We say (V, dp) is
smoothly (respectively continuously) n-Riemannian if for all xo € V there exist 0 < 7, r

with 7 < Lr and points ay, ...,a, € Bg,(xo,r) such that the map

5
Fo(x) := (do(x,a1),....do(x,an)), x € Bgy(xo,1),

is a (1 4 g9)-bi-Lipschitz homeomorphism on By, (xg, 57) and the push-forward of dy via
Fo givenby do(X, §) 1= do((Fo) ™' (%), (Fo) " (7)) on B4z (Fo(x0)) € Fo(Ba,(x0.5F)) is
induced by a smooth (respectively continuous) Riemannian metric: there exists a smoogh
(respectively continuous) Riemannian metric go defined on B4z (Fo(xo)) such that do
satisfies dop = d(go) when restricted to Bz(Fo(xg)), where d(go) is the distance on
(B47(Fo(x0)), &o)-

Since this definition might be slightly counter-intuitive at first reading, we give an
alternative definition as well.

Definition 1.5. Let (X, dy) be a metric space and let V' be an open set in X. We say
(V, do) is smoothly n-Riemannian if for all xo € V there exist a smooth n-dimensional
connected Riemannian manifold (U(xo), go), a neighbourhood V(xp) € V of x¢, and
an isometry Fy : (V(x¢), do) — (Fo(V(x0)),do) € (U(xp), do), where (U(xg), dy) =
(U(x9),d(g0)), and d(go) is the distance on (U(xy), go).

Equivalence of definitions. The first definition clearly implies the second one. That the
second definition implies the first may be seen as follows: Since (U(xo). go) is smooth, we
may find dy,...,d, € Fo(V(xo)) such that Fy(X) = (do(d1,%), . ..,do(@n,%))is (1 + &9)-
bi-Lipschitz and smooth in a neighbourhood of F(x¢). Defining a; := Fy (@), ..., an
= Fy '(an)), and &g := (Fo)«(&o), we see that Fo = Fy o Fy satisfies (ﬁo)*(do) =
do = d(§o) and

Fo(x) = (do(@r, Fo(x)), ..., do(@n, Fo(x))) = (do(a1,x), ..., do(an, x))

is (1 + &9)-bi-Lipschitz, as required.

1.2. Main results

The first theorem gives a positive answer to the questions posed in the previous subsection
in the smooth setting.

Theorem 1.6. Let (M, g(t)):e(0,1] be a smooth solution to the Ricci flow satisfying (1.1)
and (1.2), assume Bg()(xo,1) € M forall0 <t < T, and let (X, do) be the CO limit as
t \ 0of (X,d(g(t))) established in Lemma 1.3, where X := ﬂse(O,T) Bg(s)(x0,1/2).
Assume further that (Bg,(xo,7), do) is smoothly n-Riemannian in the sense of Defini-
tion 1.4, where r < R(co,n) and R(cg,n) is as in Lemma 1.3. Then there exists a smooth
Riemannian metric go on Bg,(Xo, s) for some s € (0, r) such that we can extend the
smooth solution (Bg, (X0, 5), g(t))ie(o,T) to a smooth solution (Bg,(xo,s), g&(t))refo,T)
by defining g(0) = go.
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As noted by Topping [20], this result was known for the Ricci flow of closed 2-mani-
folds by the results of Richard [13].

The second theorem is concerned with the corresponding question in the continuous
setting.

Theorem 1.7. Let (M, g(t));e(0,1] be a smooth solution to the Ricci flow satisfying (1.1)
and (1.2), assume Bg()(xo,1) € M forall 0 <t < T, and let (X, dy) be the CPO limit as
t \ 0 of (X,d(g(t))) established in Lemma 1.3, where X := ﬂse(O,T) Bg(s)(x0,1/2).
Assume further that (Bg,(xo, 1), do) is continuously n-Riemannian in the sense of Defi-
nition 1.4, where r < R(cg,n) and R(cg,n) is as in Lemma 1.3.

Then for any strictly monotone sequence t; \ 0, there exists a radius v > 0 and
a continuous Riemannian metric gy, defined on By (p), p € R”, and a family of smooth
diffeomorphisms Z; : By, (xo,2v) — R” such that (Z;)«(g(t;)) converges in the CO sense
to go as t; \, 0 on By (p).

1.3. Metric space convergence and the conditions (1.1) and (1.2)

Assume we have a smooth complete solution (M", g(f)):e(0,1) to the Ricci flow, sat-
isfying (1.1) but not necessarily (1.2). Then there is no guarantee that a limit metric
do = lim;_,¢ d(g(t)) exists. Similarly, if we have a sequence of smooth complete solu-
tions (M, g; (1), Xi)se[o,1), satisfying [Rm(g; (¢)))| < co/t and Vol(Bg, )(x)) > vo > 0
for all t € (0, 1) and all x € M; for some cg, vg > 0, for all i € N, we obtain a limit-
ing solution in the smooth Cheeger—Hamilton sense, (M ", g(¢), p):e(o,1), Which satisfies
[Rm(-, )| <co/t forallt € (0, 1), but again there is no guarantee that a limit metric dy =
lim;_,¢ d(g(t)) exists. Furthermore, if a pointed Gromov-Hausdorff limit (M, dy, p), as
t — 0,0f (M,d(g(t)), p) exists and if a Gromov—Hausdorff limit (X, dy, y) ini € N
of (M]",d(gi(0)), x;)ieN exists, then there is no guarantee that (X, dy, y) is isometric to
(M, do, p), or that (M, dy) has the same topology as d(g(¢)) for ¢z > 0.

An example which considers the metric behaviour under limits of solutions with no
uniform bound from below on the Ricci curvature but with |[Rm(-, )| < ¢o/¢ is given in
a recent work of Peter Topping [20]. There, he constructs examples of smooth solutions
(T2, gi(t))sefo,1) to the Ricci flow, satisfying (T2, d(g;(0))) — (T?,d(8)) as i — oo,
where § is the standard flat metric on T2, and |[Rm(g; (1))| < ¢/t forallz € (0,1),i € N for
some ¢ > 0, but so that the limiting solution (T2, g(1))re(o,1] satisfies (T2, d(g()))re,1)
= (T?, c?) where (T2, cz) is isometric to (72, d(28)). The initial smooth data g; (0) do
not satisfy Ric(g; (0)) > —k for some fixed k > O for all i € N, and so the arguments
used to show that the Gromov—Hausdorff limit of the initial data is the same as the limit
as t — 0 of the limiting solution, are not valid.

1.4. Related results

We recall the basic setup for the initial trace problem for the scalar heat equation. Consider
a smooth solution v : R” x (0,1) — R of %u = Au, and assume that u(-,7) — ug(-) in
Clgc (B1(0)) ast \, 0, where uy € C°°(B;(0)). Then the solution can be locally extended
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to a smooth local solution v : B1/,(0) x [0, 1) — R by defining v(-,0) = uo(-) onB;,5(0),
as we now explain: since u € C°(B; /4(0) x [0, 1]), by standard theory there exists a solu-
tion z € C°(B3/4(0) x [0, 1]) N C*®(B3/4(0) x [0, 1]) of the heat equation such that z = u
on the parabolic boundary 9B3,4(0) x [0, 1] U B3,4(0) x {0}. The maximum principle
then implies that z = u and hence u is smooth on B3,4(0) x [0, 1], as required. Here the
linear theory simplifies the situation. We have also assumed that u (-, ¢) — u¢ locally uni-
formly. In the Ricci flow setting, assuming (1.1) and (1.2), we saw above that the initial
values must be taken on uniformly, albeit for the distance, and not necessarily for the
Riemannian metric.

A non-linear setting closer to the one considered in this paper is as follows. In [1],
Appleton considers (among other things) the §-Ricci—DeTurck flow of metrics gg on R”
which are close to the standard metric §, in the sense that |go — 8|5 < &(n). In the work
of Koch and Lamm [11, Theorem 4.3], it was shown that under this closeness condition
there always exists a weak solution (R", g(t))se(0,00)- Weak solutions defined on [0, T')
(T = oo is allowed) are smooth for all # > 0 and h(x,?) := g(x,t) — 8(x) has bounded
X7 norm, where

I7llxr = sup_ I7()s

o<t<

_ 2
+ sup  sup (R Va2 gyx0.k2) + R7FHIVAI L0448 o< (R2/2.R2)))-
x€R” 0<R2<T

If the initial values g are continuous then they are attained in the C 0 sense, that is,
lg(t) — gols — 0 as t — 0. Appleton [1, Theorem 4.5] showed that any weak solu-
tion h(t) := g(t) — 6 which has go € Cﬁf(R”) and |ho|s < e(n) must have h(t) €
th)ja’Ha/ 2(R" x [0, 00)). In particular the zeroth, first and second spatial derivatives
of h(t) locally approach those of hg as ¢ N\ 0. That is, for classical initial data hy €
Clgéa (R™), any weak solution /(t) restricted to € approaches 4(0) in the C%%*(Q) norm
on 2 for any precompact, open set 2.

Hochard [10] established some results similar to some of those appearing in Sections 2
and 3 of the current paper. We received a copy of Hochard’s thesis after a preprint version,
including the relevant sections, of this paper was finished but not yet published. We have
included references to the results of Hochard at the appropriate points throughout this

paper. His approach differs slightly, as we explain at the relevant points.

1.5. Outline of paper

We outline the idea of the proof of the main theorems, Theorems 1.6 and 1.7. The idea is
somewhat similar to the one we used above to show smoothness of solutions to the heat
equation coming out of smooth initial data, which are smooth for positive times.

It is well known that since the Ricci flow is invariant under diffeomorphisms, it only
represents a degenerate parabolic system. To be able to prove initial regularity, it is thus
necessary to put the Ricci flow into a good gauge, transforming the Ricci flow into a
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strictly parabolic system. The strategy we follow here is to construct a local family of
diffeomorphims solving the Ricci-harmonic map heat flow into R” and push forward the
Ricci flow solution to obtain a solution to the §-Ricci—DeTurck flow.

More precisely, despite the low initial regularity, we show that there is a solution to
the Ricci-harmonic map heat flow, Z € C%(Bg, (xo, 1) x [0, T); R™) N C*°(Bg4,(xo. 1) x
(0, T); R™), with initial and boundary values given by the map Fy, which represents dis-
tance coordinates at time zero. The a priori estimates we prove in Sections 2 and 3 help
us to construct this solution, and from the Regularity Theorem 3.8, we see that there is
S(n) > 0 and a small a(n) > 0 such that the solution is (1 + «(n))-bi-Lipschitz for each
t € (0,S(n)) N[0, T/2). The explicit construction of Z is carried out in Theorem 3.11.

Hence, we may consider the push-forward g(¢) := (Z;)«(g(¢)), which is by construc-
tion a solution to §-Ricci—DeTurck, and g(¢) is a(n)-close to § in the C? sense. We first
restrict to the case that the push-forward of dy with respect to Fy is generated locally by a
continuous Riemannian metric go. A further application of Theorem 3.8 shows that g(¢)
converges locally to the continuous metric gg. This is explained in detail in Theorem 4.3.

If we assume further that g is smooth and sufficiently close to §, then we consider the
Dirichlet solution £ to the §-Ricci—-DeTurck flow on a Euclidean ball B, (0) x [0, T'], with
parabolic boundary data given by g. The existence of this solution is shown in Section 5,
where Dirichlet solutions to the §-Ricci—-DeTurck flow with given parabolic boundary val-
ues C close to § are constructed. The L?-Lemma (Lemma 6.1) tells us that the (weighted)
spatial L2 norm of the difference g, — g» of two solutions g1, g» to the §-Ricci-DeTurck
flow defined on a Euclidean ball is non-increasing if g; and g, have the same values on
the boundary of that ball, and are sufficiently close to § for all ¢ € [0, T']. An application
of the L2-lemma then proves that £ = g. The construction of £ carried out in Section 5
guarantees that £ is smooth on B, (0) x [0, T']. Hence g is smooth on B, (0) x [0, T']. Sec-
tion 7 completes the proof of Theorem 1.6: the smoothness of g on B, (0) x [0, T] implies
that one can extend g smoothly (locally) to # = 0. In Section 7 we discuss some of the
consequences of Theorem 1.6 in the context of expanding gradient Ricci solitons with
non-negative Ricci curvature.

1.6. An open problem

The lower bound on the Ricci curvature in (1.2) is crucial to obtaining the bound from
above for d; in (1.4). It is also used in Section 4 when showing that g(¢) converges to g¢
in the C° norm.

Problem 1.8. Can the bound from below on the Ricci curvature in Section 3 and/or other
sections be replaced by a weaker condition?

‘We comment on this at various points in the paper.

1.7. Notation

We collect notation used throughout this paper.
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(1) For a connected Riemannian manifold (M, g), x,y € M,r € RT:
(la) (M, d(g)) refers to the associated metric space,

d(g)(x,y) = yeigf Lg(y),

where Gy, is the set of smooth regular curves y : [0, 1] — M with y(0) = x,
y(1) =y, and Lg(y) is the length of y with respect to g.

(Ib) Bg(x,r):= Bg)(x,r):={y e M |d(g)(y,x) <r}.
(lc) If g is locally in C? then Ric(g) is the Ricci tensor, Rm(g) is the Riemannian
curvature tensor, and R(g) is the scalar curvature.

(2) For a one-parameter family (g(¢));e(o,r) of Riemannian metrics on a manifold M,
the distance induced by the metric g(¢) is denoted by d(g(¢)) or d; fort € (0, T).

(3) For a metric space (X,d),x € X,r e RY, By(x,r):=1{y € X | d(y,x) <r}.
(4) B, (x) refers to the Euclidean ball with radius r > 0 and centre x € R”.

2. The Ricci-harmonic map heat flow for functions with bounded gradient

In this section we prove some local results about the Ricci-harmonic map heat flow.
Hochard [10, Section I1.3.2], in independent work, proved some results which are
similar to those in this section. Hochard uses blow-up arguments to prove some of his esti-
mates, whereas we use a more direct argument involving the maximum principle applied
to various evolving quantities.
The first theorem we present is a local version of a theorem of Hamilton [9, p. 15] for
solutions satisfying (1.1) and (1.2).

Theorem 2.1. Let (M", g(t)):e[o,1] be a smooth background solution to the Ricci flow
satisfying (1.1) and (1.2) such that Bg(g)(x0,2) € M and 0Bg()(xo0, 1) is a smooth
(n — 1)-dimensional manifold. Let Z : Bg(0)(x0,1) — R” be a smooth map such that

L d |VZO|§(0) <c,

o Zy(Bg(0)(x0,1)) S B,(0) for some r < 2.
Then there is a unique solution
Z € C*™(Bg(o)(x0.1) x [0, TI:R") N C°(Bg (o) (x0. 1) x [0, T]:R™),
to the Dirichlet problem for the Ricci-harmonic map heat flow
9
7l =D sZ,
Z(-,0) = Zo, (2.1)
Z('vt)|33g(0)(x0,l) = ZOIBBg(O)(X(),l) fort € [O’ T]’
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and constants c(cg, c1,n), S(n, co) > 0 such that

Z:(Bg()(x0,1)) € B,(0) forallt <T, 2.2)
Bgy(x0,3/4) S Bgo)(x0,1) forallt <min(T, S(n,co)), (2.3)

|Vg(t)Z(.’ t)@(t) < c¢(co,c1,n)

on Bgy(xo,1/2) forallt < min(T, S(n,co)). (2.4)

Proof. We first note that the system for Z actually decouples into n independent linear
equations. Since Bg(g) (X0, 1) C M is a compact set, and the solution (M, g(t));e[o,1] is
smooth, by standard theory there is a unique solution

Z € C*®(Bg(0)(x0, 1) x [0, T[; R") N C°(Bg(o)(x0, 1) x [0, T]; R")

to the Dirichlet problem (2.1).

For the sake of clarity, we omit the dependence of the Levi-Civita connections on the
metrics (¢(1))refo.7].

The statement (2.2) follows from the maximum principle and the evolution equation
for |Z|?> =Y 1, (Z)*:

9
(E — Ag(,))|Z|2 ==2|VZ[2,). (2.5)

Statement (2.3) follows from the distance estimates (1.4), which hold on Bgg)(xo, 1)
for any solution to the Ricci flow satistying (1.1), (1.2) and B (g)(x0,2) € M: see [19,
Lemma 3.1].

Regarding (2.4), we first recall the following fundamental evolution equation satisfied
by |[VZ |§ o

0
(E - Ag(,)) IVZI2 ) = —2V2Z[% .- (2.6)
Notice that the term Ric(g(¢))(VZ, VZ) showing up in the Bochner formula applied
to VZ cancels with the pointwise evolution equation of the squared norm of VZ along
the Ricci flow.

In case the underlying manifold is closed, the use of the maximum principle would
give us the expected result.

In order to localize this argument, we construct a Perelman type cut-off function 7 :
M —[0,1] withn(-,t)=00on M \ Bg()(x0,3/4) and n(-,1) =e~kn.colt op Bg()(x0,1/2)
such that %n(', 1) < Agyn(-,t) everywhere, and |V77|§,(t) < c3(n)n everywhere, as long
ast < min(S(n, co), T); see, for example, [19, Section 7] for details.

We consider the function W := n|VZ|2 + c2| Z|? with ¢; = 10c(n)c3(n). The quan-
tity W is less than c¢; + 4c¢, everywhere at time zero. We consider a first time and point
where W becomes equal to ¢; + 5¢» on Bg(g)(xo, 1). This must happen in B, o) (xo, 1),
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since n = 0 on a small open set U containing dBgg)(xo, 1) and c2|Z|? < 4c, by (2.2).
At such a point and time (x, ) we have, by (2.5) and (2.6) together with the properties
of 7,

0
0< (8_ - Ag(t)) Wi(x,t)

< =262|VZIZ oy =20V Z 54y = 28(0)(V, VIV Z 3 ;)

V|2
< 26| VZ ) — 2|V2Z L2y + de(n) ng(”|v2| o +lV2Z2,
<0

by the choice of ¢, which yields a contradiction. Hence W(x,t) < ¢; + 5c, for all
t < 8(n,co), which implies

eHNVZ 0 (1) = eIVZE (1) + el ZP (1) < 1+ 56
on Byg(r)(xo,1/2) forall t <min(S(n,cp), T'). This gives
IVZ2 (1) < e¥5(c1 + 5¢2)
on Bg()(xp,1/2) forall < min(S(n, co), T) as required. |

We aim to prove an estimate for the second covariant derivatives of a solution to the
Ricci-harmonic map flow. In fact, once we have a solution to the Ricci-harmonic map
heat flow with bounded gradient, the solution smoothes out the second derivatives in a
controlled way, as the following theorem shows.

Theorem 2.2. Forallcy > 0andn € N, there exists £y(cy,n) > 0 such that the following
is true. Let (M", g(t))se[0,1] be a smooth solution to the Ricci flow such that

Ric(g(t)) > —1, |Rm(-t)| <e3/t, forallt e (0,T],
where gg < &y. Assume furthermore that Bg9y(xo,1) € M, and Z : Bg () (X0, 1) x [0, T]
— R”" is a smooth solution to the Ricci-harmonic map heat flow

ad
EZ()C,I) = Ag(t)Z(x,t)

forall (x,t) € Bg(oy(xo0,1) x [0, T], such that |VED 7 (., t)|2() < c1 on Bg()(x9,1) for
allt € [0, T). Then
tHVED2Z( 02, < cln.cr)

on Bg)(xo,1/4) forallt < min(S(n), T), where S(n) > 0 is a constant just depending
onn.



A. Deruelle, F. Schulze, M. Simon 2244

Remark 2.3. The condition |[Rm(-, ¢)| < s% /t where g¢ < &9(c1,n) is sufficiently small
is not necessary: [Rm(-, )| < k/t with k arbitrary is sufficient for the argument, as can be
seen by examining the proof, but then the conclusions remain only valid on the time inter-
val (0, S(c1,k,n)], where S(cq, k,n) > 0 is sufficiently small. We only consider small k,
as this is sufficient for the setting of the following sections. A version of this theorem,
with ¢; = ¢(n) and the condition |[Rm(-, )| < k /¢, k arbitrary, was independently proven
by R. Hochard using a contradiction argument: see [10, Lemma I1.3.9].

Proof of Theorem 2.2. In the following, we denote constants C(gg, c1, 1) simply by & if

C(gg,c1,n) goes to 0 as gg tends to 0 and ¢; and n remain fixed. For example cfn“eo

and b(cy, n)/eq are denoted by & if b(cy,n) is a constant depending on c; and n, and
d(cy,n) \/5_0 may be replaced by & if d(c1,n) is a constant depending on c¢; and n only.

For the sake of clarity in the computation to follow, we use V to denote V& ® at a
time ¢, Rm to denote Rm(g(¢)) at a time ¢, et cetera, although the objects in question do
indeed depend on the evolving metric. By standard commutator identities for the second
covariant derivatives of a tensor T, V2T'(V, P,-) = V2T(P,V,) + Rm * T)(V, P, ")
(see for example [21]), we obtain

D o a_\* , v
a—vz zk =V} (81 ) + (VRic * VZ)[;

= V3(AZ)K + (VRic * V)l

= A(V; vjzk) + Rm * V2Z)%, + (VRm * VZ)F,.
Shi’s estimates and the distance estimates (1.4) guarantee that

|VRm(g(1))| < £0t™>/%  fort < S(n)
on Bg)(xo, 3/4); see for example Lemma 3.2 (after scaling once by 400). On
Bg()(x0,3/4), we see that for t < S(n),
_|V22|g([) < Mgy (IV2Z1; c0) 2AViZI2 ORa C(”)|Rm(g(t))|g(t)|VZZ|g(t)

+ )| VRm(g())|g0)| V> Zlg)|V Z g1y

§o
< Agty(IVPZ12 ) =2V Z 1%y + = |V22|g(t)
S
3/2|V22|g(,)|VZ|g(,)
2 3 50 2 50 v

For ag > 1, let v2z
P— 2 2 2
W= t(ao +|VZI5,)l e
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Using (2.6) together with (2.7), we see that

3 3
(5 - Ag(z))W = (a— - Ag(t))(f(ao +IVZE )V ZI5 )
= (ao + |VZ] (t))|vzz|g(t) +10 = Ag))(IVZI; e0) |V2Z|g([)
+ 1(ao + |VZI3 )0 = Ag@i)IV2Z1% oy — 218 (VIVZ 3y, VIV Z I3 )
< (a0 +|VZEDIVPZ ) =2tV Z]g ) — 2a0t |V Z;
(1 + ao)éo
t

g@) g()

—21g(t)(V|VZ|2

g()

+ (1 + a0kl V*Z|; T V|V2Z|g(t))

g@)
w
= - 2t|V2Z |4

oE

3 2 2 2
2() —2aot|V Z|g(t) + aoko|V Z|g(t)

0
+te(n, )|V ZIgw V2 Z 5

aogo

IA

w
el (c(n,c1) =2a0)t|V>Z 5,y — 11V ZIg ) + a0bol VP Z 1% () + ——

w EO
i (c(n.c1) —2ao)t|VZ2 ) — ‘|sz|g(t) +2

A

where c¢(n, 1) denotes a positive constant depending on the dimension n and the Lipschitz
constant ¢, which may vary from line to line, and we have used Young’s inequality freely.
Thus

w w2 azgo
WW < AginyW + — — 0
W= B+ 2(ag + c1)%t t
0250
<A;yW + — — 0o 2.8
=Be)W + 7 4alt t (2.8)

if ag is chosen sufficiently large such that ag > c¢(n, ¢1).

In case the underlying manifold is closed, the use of the maximum principle would
give us the expected result: if there is a first time and point (x, 7) where W(x, ) = 10a}
for example, we obtain a contradiction. Hence we must have W < 10a3.

In order to localize this argument, we introduce, as in the proof of Theorem 2.1, a
Perelman type cut-off function n : M — [0, 1] with n(-,¢) = 0 on Bg(t)(xo, 2/3) and

n(-, 1) =e~" on Bg()(xo, 1/2) such that %n(-, 1) < Agyn(-,1) everywhere, and |Vn|§(t)
< c(n)n everywhere, as long as 1 < S(n) < 1; see for example [19, Section 7] for details.
We first derive the evolution equation of the function W := nW with the help of
inequality (2.8) fort < S(n):
w? agko

. . 114
W < AgiyW =2(V), VW)g@y + — — N—%>+t1N . (2.9)
t dagt t
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Thus
¥ r)W w2 agéo
N0 — Ag )W = =2n(Vn, VW )y + — — — 24
t dagt t
~ R 1174 W2 a2
=2V VW)gwy + ct)W + — — — + 0507
1 dagt t

where again c(n) denotes a positive constant depending on the dimension only and which
may vary from line to line. If the maximum of W at any time is larger than 10043 then this
value must be achieved at some first time and point (x, ¢) with ¢ > 0, since W(-, 0) =0.
This leads to a contradiction if t < S(n) < 1. |

3. Almost isometries, distance coordinates and the Ricci-harmonic map heat flow

In this section we set up the problem we will be investigating in the remaining sections,
collect some background material and give an outline of the further strategy.

For convenience we recall a slightly refined version of Lemma 1.3 of the introduction,
where §(n) > 0 is the constant appearing in [18, Lemma 3.1].

Lemma 3.1 (Simon-Topping, [18, Lemma 3.1]). Let (M, g(¢))ieo,1)» T < 1, be a
smooth Ricci flow where M is connected but (M, g(t)) is not necessarily complete.
Assume that for some g9 > 0 and R > 100,32(n)8§ + 200 we have Bg)(x9,200R) € M
forallt € (0,T) as well as

2

Hl<—32——
(1 + B2(n)t
Ric(g (1)) = -1 on Bg()(x0,200R) € M forallt € (0,T).  (b)

[Rm(-, on Bg)(x9,200R) € M forallt € (0,T), @

Then for all r,s € (0,T),
e'"dy = dy = dr —eoNT =1 on Bg(s)(x0,50R) forallt €[, T).

This motivates us to work with the setup where (M, g());<(o,7) is a smooth solution
to the Ricci flow, with
IRm(-,1)| < &3/t on Bgy(xo,200R) € M forallt € (0, T), (a)
Ric(g(r)) > =1  on Bg()(x0.200R) € M forallt € (0, 7)., (b)
e "dy >d; > dy —eoNt —1
forallz € [r,T) on Bg(5)(x0,50R) and all r, s € (0,T), (3.1)
Bg(s)(x0,50R) € M foralls € (0,7). (3.2)
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As in Lemma 1.3, if (3.1) and (3.2) hold, then there exists a unique limiting metric as

t N\ O:
do = lim,\ ¢ d; exists, is unique and is a metric on X := ﬂSE(O’T) Bg(s)(x0.50R),

By (x0,20R) € X C By (s)(x0,50R) € M forall s € (0, min(-25,1log(2), T)).

2
T+
and the topology of By, (xo,20R) induced by dy agrees with the topology
induced by M, (3.3)

where X is the connected component of the interior of (;¢(o 7y Bg(s) (X0, S0R) contain-
ing xo, and the limit is obtained uniformly; the existence of a unique limit follows from
the fact that d, (-, -) is Cauchy in ¢, and the inclusions and the statement about the topology
follow from the triangle inequality and the definition of interior.

Shi’s estimates yield the following time interior decay.

Lemma 3.2. Let (M, g(t)):e(0,T) be a smooth, not necessarily complete, solution to the
Ricci flow satisfying (), (b), (3.1) and (3.2) for some R > 1. Then

J
[ ka ’

3 ViRm0 < 2E 00 G4

i=0

forall x € By, (xg,10R) and all t € (0, min((1 + €2)"1R? 10g2,T)), where B(k,n, &)
— 0 for fixed k and n, as e9 — 0, and dy is the metric described in (3.3).

Proof. We scale the solution g(-,7) := t~'g(-, 7t), so that time ¢ in the original solu-
tion scales to time 7 equal to 1 in the new one. We now have |[Rm(., s)| < 28% on
Bg(1/2)(x,1) forall s € [1/2,2] and all x € By, (xo, 10R), in view of (a) and the (scaled)
distance estimates (3.1). Shi’s estimates (see for example [7, Theorem 6.5]) imply that
Zf:o |[VIRm(x, 1)|? < B(k,n, o) where B(k,n,e9) — 0as gg — 0, as claimed. L]

In the main theorem of this section, Theorem 3.8, we consider distance maps F; at
time ¢, points mg € By, (xo, 15R) and &g < % such that F; : Bg,(mg, 10) — R” satisfies

|Fi(x) = Fe(0)] € ((1 = e0)di(x,y) — e0/1, (1 + £0)de(x,y) + £0/1)  (c)

forallx,y € By, (mo, 10). If such a map F; exists for all # € (0, T'), and we further assume
that sup,¢ o,y | F:(x0)| < oo, then for any sequence #; > 0 with z; — 0 as i — oo, we
can, after taking a subsequence, find a limiting map Fy which is the C 0 limit of F, 15
SUPxe By, (mo,10) |Fo(x) — Fy; (x)| = 0asi — oo, which satisfies

[ Fo(x) — Fo(y)]
b=e = =Gy

on By, (xg, 10). Indeed, we first define Fp on a dense, countable subset D C By, (xo, 10)
using a diagonal subsequence and the theorem of Heine—Borel, and then we extend Fj
uniquely, continuously to all of By, (xo, 10), which is possible in view of the fact that the

<1+e¢ (3.5)
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bi-Lipschitz property (3.5) is satisfied on D. The sequence (Fy;); converges uniformly
to Fy in view of (3.1), (¢) and (3.5).

Thus Fy is a (1 4 &o)-bi-Lipschitz map between the metric spaces (By,(xo, 10), do)
and (Fo(Bgy,(xo, 10)), 8). This is equivalent to Ho(-) = Fo(-) — Fo(xo) being (1 + &o)-
bi-Lipschitz between the metric spaces (Bg, (X0, 10), do) and Ho(Bg,(x0, 10)) where
Bs(0) € Ho(Bg,(x0,10)) € B2o(0).

In Theorem 3.8, we see that if we consider the Ricci-harmonic map heat flow of
one of the functions F;, and we assume that the solution Z satisfies a gradient bound,
|VE@ Z(., 5)|g(s) < c1 for s € [t, T] on some ball, then after flowing for a time ¢, the
resulting map will be (1 + «)-bi-Lipschitz on a smaller ball if ¢ is less than a constant
go(n,ap,cy1) > 0, and t < min(S(n, g, ¢1), T). This property continues to hold if we
flow for a time s where ¢t < s < min(S(n, a9, c1), T).

For convenience, we introduce the following notation:

Definition 3.3. Let (W, d) be a metric space. We call F : (W,d) — R" an gg-almost
isometry if

(I —e0)d(x,y) —eo = [F(x) = F(y)| = (1 + €0)d(x,y) + €0
forall x,y € W;and F : (W,d) — R" is a (1 + &g)-bi-Lipschitz map if

(1 —e9)d(x,y) < |F(x)— F(y)| < (1+e0)d(x,y)
forallx,y e W.

In the main applications of Theorems 3.8 and 3.11 in this section, we will assume

there are points ay, ..., a, € By,(xo, R) such that the map
Fo : Bg,(x0. R) — R",
x > (do(ar, x),....do(an, x)) := ((Fo)1(x), ..., (Fo)n(x)),
is a (1 4 &¢)-bi-Lipschitz homeomorphism on Bg, (xo, 100). ©)

The components of Fy are referred to as distance coordinates. As a consequence of this
assumption and the distance estimates (3.1), we see that the corresponding distance coor-
dinates at time 7, F; : Bg,(x9,50) — R", given by F;(-) := (d;(ai,),...,d:(an,")), are
mappings satisfying property (c) for all ¢+ € (0, T'). That is: in the main application, we
begin with a (1 4 &¢)-bi-Lipschitz map Fy and find, as a first step, maps F; which are
go-almost isometries for all ¢ € (0, T).

Remark 3.4. Hochard also looked independently at some related objects in his PhD the-
sis, and some of the infinitesimal results he obtained are similar to those of this section
(cf. [10, Theorem I1.3.10]), as we explained in the introduction. Hochard considers points
Xxo which are so called (m, €) explosions at all scales less than R (only m = n is rele-
vant in this discussion). For m = n, this means that there exist points pq, ..., p, such
that for all x in the ball By, (xo, R) and all r < R, there exists a Gromov—Hausdorff
er-approximation ¥ : By, (x,r) — R”" such that the components ¥ are each close to
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the components of distance coordinates d(-, p;) — d(x, p;) at scale r, in the sense that
Vi) = (d(, pi) —d(x, pi))| < er on B, (x,r). Our approach and our main conclusion
differ slightly from the approach and main conclusions of Hochard. The condition (c)
we consider above looks at the closeness of the maps F; to being a bi-Lipschitz home-
omorphism, and this closeness is measured at time ¢ using the maps F;; and our main
conclusion is that the map will be a (1 4 «g)-bi-Lipschitz homeomorphism after flowing
for an appropriate time by the Ricci-harmonic map heat flow, if # > 0 is small enough. We
make the assumption on the evolving curvature, that it is close to that of R”, after scaling
in time appropriately. Nevertheless, the proof of Theorem 3.8 below and of [10, Theorem
I1.3.10] have a number of similarities, as do some of the concepts.

Outline of the section. The main application of this section is, assuming (a), (b) and
that Fy are distance coordinates which define a (1 + g¢)-bi-Lipschitz homeomorphism,
to show that it is possible to define a Ricci-DeTurck flow (g(s))se(o,r] starting from the
metric do := (Fy)«do, on some Euclidean ball, which is obtained by pushing forward
the solution (g(s))se(o,7] by diffeomorphisms. How this should be understood will be
explained in more detail in the next subsection.

The strategy we adopt is as follows. Assuming (a), (b), we consider the distance
maps F;, at time f; defined above for a sequence of times #; > 0 with ; — 0. We mollify
each F;; at an appropriately small scale, so that they become smooth, but so that the essen-
tial property, (c), of the F;, is not lost (at least up to a factor of 2). Then we flow each F;,
on By, (xo, 100) by the Ricci-harmonic map heat flow, keeping the boundary values fixed.
The existence of the solutions Z;, : Bg,(xo, 100) x [t;, T) — R" is guaranteed by Theo-
rem 2.1. According to Theorem 3.8, the Z, (s) are then (1 + ag)-bi-Lipschitz maps (on
a smaller ball) for all s € [2¢;, S(n,&0)] N (0, T/2) if 9 = €o(tg, 1) is small enough. If
we take the push-forward of g(s) with respect to Z;, (s), s € [2t;, S(n, g9)] N (0, T/2),
(on a smaller ball), then after taking a limit of a subsequence in i, we obtain a solu-
tion (£(5))se(0,8(n,50))n(0,7/2) to the §-Ricci-DeTurck flow such that (1 — o) < g(s) <
(1 + )8 forall s € (0, S(n,0)) N (0,7/2) in view of the estimates of Theorem 3.8. The
solution then satisfies d(g(¢)) — do := (Fo)«(do) as t — 0 and hence may be thought
of as a solution to the Ricci—-DeTurck flow coming out of dy. This is explained in Theo-
rem 3.11.

In the next section we examine the regularity properties of this solution, which depend
on the regularity properties of dj.

3.1. Almost isometries and the Ricci-harmonic map heat flow

In this subsection we provide some technical lemmas giving insight into the evolution of
almost isometries under the Ricci-harmonic map heat flow. These results will be needed
in the following subsection.

Lemma 3.5. For all o, there exists 0 < y(o) < o small with the following property: if
L :B,-1(0) - R” is a y-almost isometry fixing O, then there exists an S € O(n) such
that |L — S|L°°(Ba—1(0)) <o.
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Proof. If not, then for some o > 0, we have a sequence of maps L; : B;-1(0) — R",
i € N, such that L; is an i ~!-almost isometry fixing 0, but L; is not o-close in the L*°
sense to any element S € O(n) on B,—1(0). Let N := 20! and D € By (0) be a dense
subset of B (0). By taking a diagonal subsequence and using |L;|poo@®y 0)) < N + 1 in
conjunction with the Bolzano—Weierstral3 Theorem, we obtain a map L : D — R” satis-
fying L(x) := lim;_,» L;(x) for all x € D. This map satisfies |L(x) — L(y)| = |x — y|
for all x, y € D, and hence may be continuously extended to a map L : By (0) — R”
which is an isometry, |L(x) — L(y)| = |x — y| for all x, y € By (0). Using the facts that
the L;’s are almost isometries, L; — L poinwise on D, and L is an isometry, we see that
in fact L; — L uniformly on By (0) for i — oo, which contradicts the assumption that
L; isnoto-close to any S € O(n) on B;—1(0). [

Lemma 3.6. For all ¢c1,a¢ > 0 and n € N there exists 0 < a(cy,n, og) < ag such that
the following is true. Let Z : B,—1(0) x [0, 1] = R" be a smooth solution to the harmonic
map heat flow with an evolving background metric,

d
52(',1) = Ap) Z(, 1),

where h(-,t);e[o,1] is smooth and Zo(0) = 0, where Zo(-) := Z(-,0). Assume that Zy is
an a-almost isometry with respect to h(0), and further that

lhij = ijlc2@,,_ @)x[0.17) =< @

|Vh(t)Z(', Dlney < 1 on B,-1(0),
c

|Vh(t)’22(',t)|h(t) < il on B,-1(0),

NG
forallt € [0,1]. Then

|[dZ(-,5)(v)] € (1 —ap, 1 + ao)|v]nes)
|Z(x,5) = Z(y,9)| € (1 —ao)d(h(s))(x, ), (1 + ao)d(h(s))(x, y))
|Zo(x) — Z(x,1)| < ao, (3.6)

foralls € [1/2,1],allt €[0,1], all x,y € Baal (0) and all v € TxBaal 0).

Proof. We omit the dependence of the Levi-Civita connections on the metrics A(?),
t € [0, 1]. From Lemma 3.5, we know that there exists an S € O(n) such that

1Z(,0) = SOlcom,— o) = B

where 0 < @ < B8 = B(n,c1,a), butstill B(n,c1,0) - 0asa — 0.
We also know that |B%Z(x,t)| =|An@yZ(x,1)| <c1/+/t and hence | Z(x,1)—Z(x,0)|
< 2c; forallt € [0,1] and all x € ]Bﬂ—l (0), which implies

1Z(x, 1) =S| = [Z(x,1) = Z(x.0)] + |Z(x,0) = S(x)| = 3¢,

(we can assume f < ¢p) forall 7 € [0, 1] for all x € Bg—1(0).
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Let 77 : Bg—1(0) — [0, 1] be a smooth cut-off function such that (-) = 1 on Bg—1,,(0),
n() = 0onR" \ Bg-1(0), and

ID?n| + |Dnl*/n < c(m)B?,  |Dy| < c(n)B.
Since & is a-close to § in the C2 norm, we see that
|AR(S)(x. 1) = [hY (x,1)(0;0; S (x) —F(h)f‘j(xvl)akS)l <c(n)a.

Hence, we have

0
E(Z -8 1) = Apy(Z = S)(.t) + E,

where |E| < ¢(n)a. But then, using the cut-off function 7 on Bg-1(0), we get

%(IZ — SPPn) < Awy(1Z = S)Pn) = 20IV(Z = S)|* = |Z = S> Aneyn
+c(m)alZ — S| —2h(t)(V|Z — S|*, V1)

Ay (1Z = S)IPn) + cmBIZ = SI? = n|V(Z = S + c(n)era
Ay (IZ = S*n) + c(n. c1)B.

IA

IA

Hence, by the maximum principle,
1Z = S)P(t) <a® +c(n.cr)f < c(n.c)B

forall 7 € [0, 1] on Bg—1,,(0).
Since |V(Z — S)|? + |V2(Z — S)|> < c¢(n)cy fors € [1/2,1] on Bg-1/,(0), we can
use interpolation inequalities as in [6, Lemma B.1] to deduce that on B B—1/4 (0),

ID(Z = $)ls < cn.cr)p™.
Again, since h(t) is a-close to §, this implies that for « sufficiently small,
ldZ (-, s)(v)| € (1 —ap, 1+ )

for all v € T, R" of length 1 with respect to i(s) for s € [1/2, 1] and y € Bg—1,4(0). We
also see that

|Z(x.5) = Z(y.5)|
= [DZ(p.s)(wp)llx — y| € (d(h()(x. y)(1 = ctg), d (h(5))(x. y)(1 + o)),

where by the mean value theorem, p is some point on the unit speed line between x and y,
and v, is a vector of length 1 with respect to § and

|Z(x,1) = Zo(x)| < 1Z(x.1t) = S|+ |Zo(x) = S| < c(n,c1)B? < g

forall x,y € Bg-1,4(0), and all s € [1/2,1], ¢ € [0, 1] and « sufficiently small. L]
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Lemma 3.7. Foralln,k € N and L > 0 there exists an g9 = €9(n, k, L) > 0 such that
the following holds. Let M" be a connected smooth manifold, and g and h be smooth
Riemannian metrics on M with By(yo, L) € M and |dy — dg|co(),(yo,L)) < €0- Assume
further that
sup  (IRm(g)|g + -+ +|V&*T?Rm(g)]¢) < €0
Bp(yo,L)

and that there exists a map F : By (yo, L) — R”" which is an gg-almost isometry with
respect to h, that is,

(I —e0)dp(z.y) — €0 = |F(2) = F(y)| = (1 + £0)dn(z. ) + €0

for all z,y € By(yo, L), and F(yo) = 0. Then (Bp(yo, L/2), g) is 1/L-close to the
Euclidean ball (By /»(0), 8) in the C k_Cheeger—Gromov sense.

Proof. Assume this is not the case. Then there is an L > 0 for which the theorem fails, so
we can find sequences g(i), h(i), M(i), F(i) : Bp)(yi, L) — R” satisfying the above
conditions with gy := 1/i but so that the conclusion of the theorem is not correct. Using
the almost isometry, we see that for any & > 0 we can cover Bp;)(yo(i), 6L/7) by N(e)
balls (with respect to /) of radius ¢, for all i. Hence, using

|dniy — detiylcoB), v,y = 1/1,

we see that the same is true for B, ;)(yo(i),5L/6) € Bp)(yo(i), 6L/7) with respect to
g(i): we can cover Bg(;)(yo(i),5L/6) by N(e) balls (with respect to g(i)) of radius ¢, for
all i. Hence, due to the compactness theorem of Gromov (see for example [3, Theorem
8.1.10]), there is a Gromov—Hausdorff limit

(X,d) = ilirgo(Bg(i)(YO(i)’ 4L/5),g(i)) = illrgo(Bh(i)(yo(i),4L/5),h(i)).
In particular, there must exist

G(i) : B4(y0,3L/4) — Bpi)(yo(i),4L/5),

which are Gromov—Hausdorff (i )-approximations, where (i) — 0 as i — oo. Using the
maps G (i) and the 1/i-almost isometries F (i), we see that there is a pointwise limit map,
H :=1lim;_, F(i) o G(i),

H : (Ba(yo.3L/4).d) — (Bsr/5(0).6).

which is an isometry. Hence the volume of Bg;y(yo(i),2L/3) converges to w,(2L/3)"
(in particular the sequence is non-collapsing) as i — oo, since volume is convergent
for spaces of bounded curvature (which are for example Aleksandrov spaces and spaces
with Ricci curvature bounded from below). Hence (B, ;)(yo(i), L/2), g(i)) converges to
(Br/2(0),8) in the C k norm in the Cheeger—-Gromov sense, which leads to a contradiction
if 7 is large enough. u
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3.2. The Ricci-harmonic map heat flow of (1 + &¢)-bi-Lipschitz maps and distance
coordinates

We begin with a regularity theorem for solutions to the Ricci-harmonic map heat flow
whose initial values are sufficiently close to a (1 + &¢)-bi-Lipschitz map.

Theorem 3.8. Forall g € (0,1),n € N and ¢; € R, there exist e9(n, ¢y, 09) > 0 and
S(n,c1,a0) > 0 such that the following holds. Let (M, g(t)):e(0,1) be a smooth solution
to the Ricci flow satisfying the conditions (a), (3.1) and (3.2) for some R > 100, where dy
is the metric appearing in (3.3). If mg € By, (xo,15R) and Z : Bg,(mo,10) x [t,T) — R"
is a solution to the Ricci-harmonic map heat flow

0
gz =Ag0)Z

for some t € [0,T) on Bg,(mo, 10) for all s € [t, T), which satisfies |Vg(S)Z|g(s) <cp
on Bg,(mo, 10) for all s € [t, T), and the initial values of Z satisfy (c), that is,

|Z(x.t) = Z(y.t)| € (1 — e0)di(x,y) —eoN/t, (1 + £0)ds(x,y) + eov/t)  (3.7)

forall x,y € Bg,(myg, 10), then

IVED2Z(x,5)[5 () < @ols =), (3.8)
|Z(x,5) = Z(x,0)] < clcr,n)Vs —t, 3.9)
|[dZ(x,5)(v)| € (1 —op, 1 4+ @p)|v|g(s). (3.10)
|Z(x,5) = Z(y, )| € (1 = ao)ds(x, y), (1 + ao)ds(x, y)). (3.11)

forallx,y € Bg,(mo,2), allv € TxBg,(mo,2), and all s € [2t, S(n,c1,00)] N[0, T/2].
Furthermore, the maps Z(s) : Bg,(mo,3/2) — D := Z(s)(Bg,(mo,3/2)) S R” for
s €[2t,8(n,c1,a0)] N [0, T/2] are homeomorphisms and their images satisfy

Bs/a(Z(s)(mo)) S Ds < B2(Z(s)(mo))
for Z(s) :== Zs(-).
A direct consequence of (3.10) is the following corollary.

Corollary 3.9. Assuming the set-up of Theorem 3.8, the following metric inequalities
hold:

(1 —0)?g(x.5) = (Z(5)"8 < (1 +@0)’g(x.5), (3.12)
(1= @0)*(Z(5))xg(y,5) <8 < (1 + c0)*(Z(5))x&(y.5), (3.13)

for all x € Bg,(mo,2), all y € Bs/a(Z(s)(mo)) S Z(s)(Bg,(mo,2)) € R" and all
s €[2t,S(n,c1,a9)] N[0, T/2]
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Proof of Theorem 3.8. From Theorem 2.2, we know that |V2Z (x,5)|¢(s) < c(c1,n)s™1/?
and hence

|Z(x,8) — Z(x,t)| < c(ci,n)v/s—t (3.14)

for all s € [t,S(n,c1)] N[0, T) and x € By,(mo, 8) S Bg(s)(mo,9) S By, (mo, 10).
We show the rest of the estimates hold for all r € [2t, S(n, ¢1, )] N [0, T/2] and
X € By,(mo, 4) if S(n, c1,ap) is chosen small enough. First we scale the solution to
the Ricci-harmonic map heat flow and the metric g(¢) by 1/./r respectively 1/r:

Z(z,s) = %Z(z,sr) and g(-,s) = %g(‘v”)

NG
for z € Bg,(mo. 8). Then the solution is defined for s € [t := /r, T :=T/r] on
Bjo(x, 1/4/r) forany x € By, (mo,7) wheref =1t/r <1/2since r > 2¢, and T > 2 since
r < T/2, and the radius V := 1/./r satisfies V > 1/,/S(n, c1, o). Since before scaling
we have [Rm(-, 5)| < &2/, after scaling we still have |f{\n/l( s)| < &Z/s on B; (x, V) for
all s € [f,2]. The time r has been scaled to time 1. The property (3.7) scales to
|Z(2,1) = Z(y. DI € (1 = 20) di(z, ) = 2o VE. (1 + £0) ds (2, y) + 20 V)
C ((1—£0) d(z.y) —20. (1 + £0) d;(z.y) + &)  (3.15)

forallz,y € BJO (x,V)since f = t/r < 1/2. The inequality (3.14) scales to

1Z(2.8) = Z(z.D)| < clcr.m) V5 -1 (3.16)
forall § € [f,2] and z € B o (x, V), and the gradient estimate is also scale invariant:
IVZ(., 5|z =< c1 still holds on Bd~0 (x,V) forall § € [f,2]. We also have

1Z(-.6) = Z(D)| < c(cr.n)Vo
on Bjo(x, V), due to (3.16), for 6 := o + ¢ with o € (0, 1). Hence
1Z(2,6) = Z(3,6)| 2 |Z(z,0) = Z(y, D) = | Z(2,0) = Z(2,6)| = | Z(y, 1) = Z(,6)|
> (1 —g0)dy(z.y) — g0 — c(c1.n) Vo
> (1 -0)ds(z, y) = 2c(c1,n)/o
for o fixed and &9 < o2, and similarly
1Z(z.6) — Z(y.6)| < (1 + 0)ds (2. y) + 2c(c1.n) /o

forz,y € By (x,V)ifeg < o2. That is, Z(-, &) is an o2-almost isometry on B (x.V)
if we choose o = a®. At this point we fix « := a(n, ¢1, a3) where « is the function
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appearing in the statement of Lemma 3.6, and we set o := 8. Without loss of generality,
a <oy <c(cy,n),and (ag)~! >2¢(cy,n) for any given c(cy,n) > 1. We also still assume
g0 < 02 = a!'®, so that the previous conclusion, that Z (-, &) is an a?-almost isometry, and
hence certainly an «-almost isometry, on B do (x, V), holds, as explained above.

The curvature estimate, |ﬁE(-, s)| < e% /s for all s € [0,2] 2 [7, 2], holds, as do the

scaled distance estimates

cig—i-sox/s—ﬁzciszdg—eox/s—é (3.17)
on B do (x,V) &€ M, for all 0 < £ < s € [0,2]. Shi’s estimates imply, as explained in
Lemma 3.2, that at time & :=7 + 0 =7 + o8,

B(k,n, eo) _ Bk, n, o)
gk+2 T y8k+le

[Rm|(-,6) + [VRm[*(-,&) + --- + [V*Rm|(-,6) <
on Bz?o (x,2V/3), where B(k,n,s9) — 0 as gg — 0 for fixed k and n. In particular

sup  (IRm|(-,&) + |[VRm|?(-,&) + --- + [V*Rm|(-, 5)) — 0 (3.18)
Bd~0(x,2V/3)

as g9 — 0 for fixed ¢, k, n, og. Without loss of generality, L = 1/,/S(n, c1,a9) > 10/
and hence Bc?s (x,2a7 1) C B(;O(x, L/2) C Bgo(x, 2V/3) for all s € [0, 2].

By (3.17), (3.18), and (3.15), we see using Lemma 3.7 with & = g(f) and g = g(5),
L = a~! that (Bg, (x, a1, §(5)) is a-close in the C¥ norm to a Euclidean ball with the
standard metric in the Cheeger—Gromov sense (that is, up to smooth diffeomorphism) if
&o 1s small enough.

Hence there are geodesic coordinates ¢ on the ball (B A (x,a™1), 8(6)) such that the

metric (&) written in these coordinates is a-close to § in the C¥ norm if we keep o fixed
and choose ¢( small enough. Using (3.18) and the evolution equation % g = —2Ric(g) in
the coordinates ¢, we see that the evolving metric /(-) = p«(g(+)) in these coordinates is
also, without loss of generality, a-close to § for ¢ € [5,2] in the C? norm.

Using the above, we see that

G(.1) = (Z(1 +6) = Z(x,8) o ()" ()

defined on B,—1(0) x [0,3/2] sends O to O at = 0, is Lipschitz with respect to § with
Lipschitz constant 2¢(c1, n) and is an a-almost isometry at time 0. Lemma 3.6 is then
applicable to the function G and tells us that G(-, s) is an «-almost isometry ats = 1 — &
on a ball of radius ()~ and the inequalities (3.6) hold. Hence,

[dZ@)(D)] € (1 =) vlzq)- (1 + e [vlza)).
1Z(z. 1) = Z(y. D] € (1 = a3)dz1)(z. ¥). (1 + ag)dz (1) (2. ).
|Z(z,0) = Z(z, )| < a3 V1 -1,
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forallz,y € BJO (x, ()50_3) and all v € T; M. This scales back to

[dZ(©)()] € (1 = a)[vlge) (1 + ap)|vlge).
1Z(z.1) = Z(y. )] € (1 = 3) dg(r) (2, ), (1 + 03) dg (1) (2, 7)),
|Z(z,t) — Z(z,r)| < ag«/:,
forall z,y € By, (x, /7/a3) andallv € T, M.
For z € By, (x, /T/(203)) and y € (Bg, (x, /T/a3))¢ N By, (mo, 6), we show that
the property (3.11) also holds. For such z, y, we have do(z, y) > /r/(203) and hence
1Z(z,1)=Z(y. 1) = 12z, 0) = Z(y,0)| —cler,m)Nr—t
> (1—g0)d;(z, y)—eo/t —c(c1.n) /T
> (1—¢0)do(z, )+ (1—£0)(d: (2, y) —do(z, y)) —=2c(c1,n)/r
> (1—g9)do(z. y) —go~/r —2¢(c1.n)/r
> (1-ag)do(z. y)=3c(cr.m)/r
> (1-10a5)do(z, y) + 9agdo(z, y) =3c(c1,m)/r
> (1-10ad)do(z, y) +9a§g«/73 —3c(er,n)Nr
> (1—-1003)do(z., y) +9c(c1.n) /T —3c(cr.n) /1
> (1-1003)do(z, y) + /7
> (1-1003)dy (2, y) —€0~/T + /7
> (1-ao)dr(z,y)
as required, where the first inequality follows from (3.14), the second from the condi-
tion (c), the seventh and eighth from do(z, y) > /7/(2e3) > c(c1,n)/r/ad, and we

have used gy < a(‘)‘, c(c1,n) > 1, the distance estimates (3.1), and a9 < 1/c(cy, n) freely.
It remains to show that

B1(Z(s)(mo)) S Ds S B2(Z(s)(mo))

for Dy 1= Z(s)(Bg,(mo,3/2)) CR", fors € 2t,8],5s <T/2, Z(s) :== Z(-,s). Observe
that
Z(s) : Bg,(mo,3/2) — R"

is smooth and satisfies (3.10). In particular, Z(s) is a local diffeomorphism, due to the
Inverse Function Theorem, and hence B, (Z(s)(mg)) C D for some maximal r > 0.
Let p; := Z(s)(x;) € B,(Z(s)(mg)) N Dg be such that p; — p € IB,(Z(s)(myp))
where p ¢ D;. Assume that r < 5/4. Then x; € By, (mo,5/4 + C(n)a). After tak-
ing a subsequence if necessary, x; — x € By, (mo,5/4 + C(n)a)), and consequently
pi = Z(s)(x;) = Z(s)(x) = p € Dy as i — oo, which contradicts the definition of r > 0
if r <5/4. Hence r > 5/4, which implies Bs,4(Z(s)(imo)) C Dy, as claimed (the other
inclusion follows immediately from the bi-Lipschitz property). ]
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With the help of the previous theorem, we now show that it is possible to construct a
solution to the §-Ricci-DeTurck flow coming out of dy := (Fp)«dp using the harmonic
map heat flow if we assume that (€) is satisfied. First we show that by slightly mollifying
the distance coordinates at time 7, we obtain maps which satisfy (c).

Lemma 3.10. Let (M, g(t)):e[o,1] be a solution to the Ricci flow satisfying (a) and (b)
for some R > B2(n)e3 + 200 and let dy be as defined in (3.3). Assume that there are
points ay, ..., ay, such that Fy : Bg (xo, R) — R”, Fo(x) := (do(ay,x),...,do(an, x)),
satisfies (C) on Bg,(xo,100), and let F; : Bg,(xo, R) — R” be given by

Ft(x) = (dl(alvx)»"'vdl‘(anvx))'

Then by mollifying F; at an appropriately small scale, as explained in the proof, we obtain
amap F; : Bgy(xo, R) — R" which is smooth and satisfies

IVEOFy g0y < c(n)
as well as (c) on By, (xo,50) (with g9 replaced by 2eg) provided t < f(eo, R).
Proof. As already noted,
Fi1B 4y (x0,50) * Bdy(x0,50) — R”

satisfies (¢) in view of the distance estimates (3.1) if 1 < T(so, R). Also, it is well known
that the Lipschitz norm of any map F; as defined above may be estimated by a constant
depending only on 7:

|Fi(x) — Fi(y)]
sup —————— =c(n),

x#y€Bg (x0,R) dt(xv J’)
in view of the triangle inequality. Hence, by mollifying the map F; at an appropriately
small scale, we obtain a map F; : Bg,(xo,50) — R” which is smooth and satisfies (c)
(with g replaced by 2¢¢) and |Vg(t)ﬁ, le(y < c(n). L]

Theorem 3.11. Let (M, g())sefo,1] be a solution to the Ricci flow satisfying (a) and
(b) for an R > B%(n)e3 + 200 and let dy be as defined in (3.3). Assume that there are
points ai, ..., a, such that Fy : Bg,(xo, R) — R", Fo(x) := (do(ai, x),...,do(an, x))
satisfies (C) on Bg,(xo, 100), and let F 1; be the corresponding mollified functions from

Lemma 3.10 for any sequence of times t; > 0 with t; - 0 as i — oo. Let S :=
min(S(n, c(n), a), T (g9, R), T), where c(n), T (g9, R) come from Lemma 3.10, and
S comes from Theorem 3.8, and let

Zy, : Bgy(x0,100) x [t;, §] — R”

be the Dirichlet solution to the Ricci-harmonic map heat flow with boundary and initial
values given by Z,, (-, s)|33d0(x(),100) =F; () foralls € t;,S]and Z; (-, t;) = Fy, ().
Then, after taking a subsequence in i, the maps

Zt,j (S) : Bdo(-x093/2) - Ds,i = Zt,' (S)(Bdo(x()v?’/z)) - R"
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are homeomorphisms for all s € [2t;, 3’], with By(Fo(x0)) € Dy, and (Z;,)«8 — &
smoothly as i — 0o on compact subsets of By (Fo(xo)) x (0, S'] where (g(s))se(0 3] isa
smooth family of metrics which solve the §-Ricci—DeTurck flow and

(1—a0)d < g(s) = (14 o) (3.19)

foralls € (0, S) provided g9 = eo(atg,n) > 0 from (a) and (C) is small enough. The metric
d(t) ;= d(g(t)) satisfies d(t) — do := (Fy)«do uniformly on By (Fo(xg)) ast — O.

Remark 3.12. Examination of the proof of Theorem 3.11 shows that:

(i) We can remove condition (b) if we assume that the estimates (3.1) are satisfied.

(ii) If we remove condition (¢) and replace it by the assumption: there exists a sequence
of times ¢; > 0 with t; — 0 as i — 0o, and maps I:“,i : By, (x0,100) — R” each of which
satisfies (c), sup; ey | Fy (X0)| < 00, and [V8@) F, lg(;) < c1 then we can use those Fy, in
the above, instead of the slightly mollified distance functions, and the conclusions of the
theorem still hold for s < § := min(S(n, ¢1, ), T/2) if the £ = €9 (n, 1. otg) appearing
in (a) and (c) is small enough. In this case, Fy is the uniform C 0 limit of a subsequence
of the Fy, asi — oo and satisfies (3.5). The existence of such an Fy is always guaranteed
in this setting, as explained directly after the introduction of condition (c).

Proof of Theorem 3.11. Theorem 3.8 tells us that the maps Z, (s) : Bg,(x0,3/2) = Dy,
are homeomorphisms with Bs,4(Z;, (s)(x0)) S Dy,; fors € [24;, S’] Hence

B1(Fo(xo)) S Bsja(Zy,; (s)(x0)) S Dy,

for s € [24;, 8], in view of (3.9). We define g;(s) := (Z+;)xg(s) for s € [21;, S] on
B3/2(F,; (x0)). This is well defined in view of Theorem 3.8. Then g; is a solution to
the §-Ricci-DeTurck flow on B3/, (Fy, (xo)) (see [9, Chapter 6] for instance) and sat-
isfies the metric inequalities (3.19) for all s € (21;, S ) in view of Corollary 3.9. Using
[16, Lemma 4.2] we see that

i c(j.n)

ig. )
DIEOI=
forall j € N and all s € (2¢;, 5') on B (F;; (0)). Taking a subsequence in i we obtain the
desired solution (g(s))se(0 §)on B1(Fo(0)) with

c(j.n)

SP(j) ’

ID7g(s)| <

The Z,; all satisfy the estimates stated in the conclusions of Theorem 3.8, and so there is
a uniform C'* limit map Z : By, (xo,2) x (0, S’) — R”, in view of the Arzela—Ascoli
Theorem. Furthermore, Z(s) = Z(-, s) satisfies

|Z(s) = Fol| < c1v/s
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for s € (0, S ) in view of the estimate (3.9). Let v, w € B;(0) be arbitrary, and x, y the cor-
responding points in By, (xo,2) at time s, that is, the unique points x, y with Z(s)(x) = v,
Z(s)(y) = w. Then

ds(v,w) = ds(x,y) < do(x,y) + g0+/s = do(Fo(x), Fo(»)) + g0~/5
< do(Z(5)(x), Z(s)(»)) + B(5) + £0+/5 = do(v, w) + B(5) + £0+/5,

where B(s) — 0 as s — 0. Here, we have used the fact that do:= (Fo)«(dp) is continuous,
and hence uniformly continuous on B4 (0), and that

sup |Z(s)() = Fo()| < c1/s

By (x0,2)

for all s € (0, S ) in the above. The continuity of do = (Fo)«do with respect to the norm
in R” follows from the fact that do is a metric, equivalent to the standard metric on R” in
view of the property (3.5). Similarly, ds(v, w) > do (v,w) — B(s) — €o+/s, asrequired. m

4. The Ricci-harmonic map heat flow in the continuous setting

We now assume, in addition to the assumptions (a), (b) and (¢) of the previous section,
more regularity on dy and do. Namely, we assume that do is generated by a continuous
Riemannian metric gy on B (0). This assumption will guarantee for all ¢ > 0 the existence
of local maps defined on balls of radius r (¢), which are (1 + ¢)-bi-Lipschitz maps at t = 0.
We explain this in the following lemma.

Lemma 4.1. Let (X, d) be a metric space, B;(yo,10) € X and F : B3 (yo, 1) — R”" be
a (1 + &g)-bi-Lipschitz homeomorphism with F(yg) = 0, and assume that d = (F)«d is
generated on B1,4(0) by a continuous Riemannian metric g, which is defined on B1(0).
Then for all € > 0, there exists an r > 0 such that for all p € By (yo, 1/8) there exists
a linear transformation, A = A(p), A : B, (F(p)) — R”" with |A — 1d|co < 2 such that
F:=AoF satisfies

(1—e)|F(») - F@l <d(y,q) < (1 +e)|F(y)— F(q)|

forall y,q € Bg(p,r/2), and Vol(Bg(p,s)) € (1 —&)"wus™, (1 4 &) w,s") foralls <r
and all such p.

Proof. The continuity of & means: for any ¢ > 0 and any x € B;(0) we can find an r > 0
and a linear transformation A4 : B, (x) — A(B,(x)) with [A —1d|co, (x)) < c(n)so such

that g := A.(g) satisfies | — §|co, (x)) < & and g(x) = §. For the distance d:= A.d
this means R
1-¢))z—w|<d(z,w) <(1+¢)|z—w|

forall z,w € B,/»(A(x)). Returning to the original domain, we see that this means

(1—e)|F(y) - F(@)| <d(y,q) < (1 +e)|F(y)— F(q)|
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forall y,q € B;(p,r/2) where ﬁ(p) = A(x), and F=A o F. This means in particular,
in view of the existence of the (1 + ¢)-bi-Lipschitz map F, that (1 + c(n)e)"w,s" >
Vol(B;i(p,s)) = (1 —c(n)e)"w,s" foralls <r. |

This implies that we can replace condition (a) by

|[Rm(-, 7)| < &(r)/t on Bg,(x0,1/10) forallz € (0,1) where
e :[0,1] — [0, 1] is a continuous non-decreasing function with £(0) = 0, €))

as we show in the following lemma.

Lemma 4.2. Assume (M, g(t)):e(0,T) is a solution to the Ricci flow satisfying (a) and (b)
for some R > B2(n)ej + 200, and assume that Fy : Bg,(xo, 1) — R" is a bi-Lipschitz
map and do = (Fo)«do and Fy satisfy the assumptions of Lemma 4.1, where dy is defined
by (3.3). Then (a) holds on Bg,(xo,1/10).

Proof. Let 0 > 0 be given, and assume that there are t; — 0 and p; € By, (xo, 1/100)
with [Rm(p;, ;)| = o/t;. We scale the solution (g(¢))e(o,r) S0 that the time ¢#; scales to
time 1, i.e. we define a sequence of solutions to the Ricci flow as follows:

gi(s) = ti_lg(lis) fors € (0,7/t;).

The distance estimates (3.1) and Shi’s estimates (3.4) hold, and Vol(Bg, ) (pi, 1))
> w,/2 for all s € (0, 100) in view of Corollary 3.9. Hence, after taking a sub-
sequence, we obtain a smooth solution (2, £(f), po)se(o,10] With |[Rm(pg, 1)| = o,
Ric > 0 everywhere, and [Rm(-,7)| < €3/t everywhere. Furthermore, writing do (i) :=
tl-_l/ 2d0, we see, in view of the distance estimates, that d(£(¢)) — a70 as t — 0, where
(BayGy(pi, 1/4/1).do(i), pi) — (Q,c?o, Po) in the Gromov—Hausdorff sense as i — oo.
But (€2, dA()) must be isometric to (R”, §) since there are (1 4+ ¢)-bi-Lipschitz maps
F(i) : (Bay)(pi- r(e)//1:), do(i)) — R" for all & > 0, in view of Lemma 4.1. Using
a similar argument to the one used in [22] and [14], we see that the asymptotic vol-
ume ratio of (€2, £(¢)) must be w,, as we now explain. Take a sequence R; — oo at
time s > 0. Scale ¢; (s) :== R;2{(sR?). Since (22, Ri_lcio) is isometric to (R", §) for all
i € N, we must have (Blfi (x0, 1), &) — (B1(0), 6) in the Gromov—Hausdorff sense as
i — oo for f,- = K,-(l/Rl.z) (= Ri_zﬁ(l)) in view of the scaled distance estimates (3.1).
Hence, Vol(Bl;[ (x0, 1), éi) — Wy, as i — 00, in view of the theorem of Cheeger—Colding
on volume convergence [5, Theorem 5.9]. But this means that the asymptotic volume
ratio of (2, £(s), po) is wy, and hence (2, £(s), po) is isometric to (R”, §), in view of
the Bishop—Gromov comparison principle (the case of equality). This contradicts the fact
that |Rm(pog, 1)| = o. L]

Note that we obtain better distance estimates in the setting of this lemma:

dr + @)Vt —r=d; >d, —e(t)Vt —r forallt €[r, 1)
on By, (x0,1/20) € Bes)(x0, 1) €M (4.1)
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for all r > 0, where ¢ is without loss of generality the same function that appears in
condition (a).

Theorem 4.3. Assume (M, g(t)):e0,1] is a solution to the Ricci flow satisfying (a)
and (b), and that there are points ai, ..., a, such that Fo : Bg,(xo, R) — R”, Fy(-) :=
(do(ai,-), ..., do(an, ")) satisfies (C) on Bg,(xo, 100), and c?o = (Fy)«dy and Fy sat-
isfy the assumptions of Lemma 4.1, where dy is as defined in (3.3). Then the solution
(B1/2(0), £(5))se(0,min T,S(n,a0,c1)] 10 the §-Ricci-DeTurck flow constructed in Theorem
3.11 satisfies |g(s) — gro|co(Bl/20(o)) —0ass — 0.

Proof. Using Lemma 4.1 we see the following: for any & > 0 and any po € By, (xo, 1/20)
we can find an r > 0 and a linear transformation A : R” — R” such that

(1 — &) Fo(») — Fo(q)| < do(y,q) < (1 + &) Fo(y) — Fo(q)| 4.2)

forall y,q € Bg,(po.r), with ﬁo = A o Fy. We define zg := Fy(po) and Zy := ﬁo(po).
pr sipce A is a linear transformation \ivith |A —1d|co < 2, and (4.1) holds, we have
|Ft — F0|C0(Bd0(x0,1/20)) < 8([)«/? for Ft =Ao Ft» and hence

(1 —e)d;(v,q) —eNT < |F,(y) = F (@) < (1 + £)d; (v, q) + e/t

on By, (po,r) forallt < T(e), where we have also used (4.2). Let Z;, : By, (xg,1/2) x
[t;, S(n,ap)) — R” be the solutions to the Ricci-harmonic map heat flow constructed in
Theorem 3.11. Then Z ; = A o Z, is also a solution to the Ricci-harmonic map heat flow.
Using the regularity theorem, Theorem 3.8, we see that we must have

(1 —U(é‘))ds(Z, U)) = |Zti (sz) - 21,’ (w,s)| = (1 + 6(8))ds(sz)v

|VEO Z, ()] € ((1 — a(e)|v]g(s)> (1 + ()] g(s))

for all z, w € Bg,(po,r/5), all v € T; Bg,(po,r/5), and all s € (2;, S(n, €)) where
o(e) > 0 as ¢ — 0. Hence Corollary 3.9 tells us that the push-forward gi(s) =
(Zi)+(8(9))se2r;,S(n.ey) satisfies |2i(s) — 8lcom, ,5(29)) < 0(¢). Transforming back
with A~! we see that this means |g; (s) — g0|CO(Br/5(ZO)) <o(e) forall s € (2t;, S(n,¢)),
and hence |g(s) — g0|CO(Br/5(ZO)) <o(e)foralls € (0,S(n,¢)). As po € By, (xo,1/20)
was arbitrary, we see by letting ¢ — 0 that |g(s) — g()|c()(]B]/20(0)) —0ass — 0, as
required. n

The estimates of the previous theorem allow us to give a proof of the second main
theorem of the introduction:

Proof of Theorem 1.7. Let ay, ...,a, € Bg,(xo,7) be as in the statement of Theorem
1.7. Thatis, Fo(-) := (do(ai,"),...,do(an,-)) is (1 4 &o)-bi-Lipschitz on By, (xg, 57) for
some 7 < r/5. The metric do(i, 7) := do((Fo)~1(%), (Fo)~' (7)) defined on Bj(Fy(xo))
is generated by a continuous (with respect to the standard topology on R”) Riemannian
metric go defined on Bz(Fo(xg)) € R". By scaling everything once, that is, g(¢) =
7~ 1g(t) and c?o = 77124, we see that we are in the setting of Theorem 4.3 (choosing
R=1/ V7 in conditions (a), (b), (¢)). The conclusions of that theorem, when scaled back,
imply the conclusions of Theorem 1.7. ]
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5. Existence and estimates for the Ricci-DeTurck flow with C? boundary data

In this section we construct solutions £ to the Dirichlet problem for the §-Ricci—-DeTurck
flow on a Euclidean ball which are smooth up to the boundary at time zero, and have
C9 parabolic boundary values. These solutions are constructed as a limit of smooth solu-
tions £, whose parabolic boundary values converge to those of £.

Recall that the §-Ricci—-DeTurck flow equation for a smooth family of metrics £ is
given by (see [9, p. 15] and/or [15, Lemma 2.1])

]
oty = 0 ad iy + 3000 (3i8pad;Cgp + 20alipdliv

—2008jp0pliq —20Lpa0pliq — 28iﬁpa8b€jq). G.D
First we estimate the closeness of smooth solutions to § in the C° norm, assuming C°

closeness on the spatial boundary and a bound on the C? norm at time zero.

Lemma 5.1. Let £ be an H*T41+2/2(BR(0) x [0, T]) N C°(Bx(0) x [0, T]) solution to
the 8-Ricci—DeTurck flow such that £(-,0) = Lo, ||[£(-,t) — Lo||Loo @B R (0)) < Bfort €[0,T]
and |[Lo — 8llc2B 4 (0)) < €(n), where B < &(n). Then
1€C. 1) = 8llLoc@rioy < c(n)e(n)  forallt €[0,T],
[1€(.1) = LollLoo®roy = B + &)t forallt €[0,T].
Proof. We will denote by | - | all norms induced by the metric §. From smoothness and

the boundary conditions, we know that £ is a smooth invertible metric for a small time
interval [0, ] with |£ — §|? < &(n) during that interval. By (5.1) we can compute

9 ;
5% — 82 <20 —8)T 19,0, (L — 8)ij + c(n)|t — 8| | DL
< 099,010 — 812 — 2(DL, DL); + c(n)|L — 8| DE)?
< %9, | — 8> — | DL* + c(n)e(n)| DLI?
< 199,09, 10 — 8|2
for all ¢ € [0, 7] if &(n) is sufficiently small. Thus by the maximum principle, |{ — §|?
< &(n) remains true as long as this is true on the boundary. Thus we can take 7 = T.

We perform a similar calculation for |[£ — £o|2. By the above estimate, we can freely
use %8 <{ <28forallt € [0,T]. We also use | D{y| + | D?{y| < €(n) due to the assump-
tions. We have

d .

o €=Lol* = 2(—L0)7 €% 0,0 Lij +c(m)|E— Lol | DL
= 2(L—Lo) 7 070 8,0, (£ —Lo)ij +2(L—L0)7 L7288 (L0)i; + c(n)e(n)| DL|?
< 48,05 |0— Lo —| D(L—Lo)|> +&(n) +c(n)e(n)| DLI?
< (% 0,0y |0 —Lo ~ L[ DU +c(n)e(n)
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if e(n) is small enough. Hence,

d 2 ab 2

57 (€= bol™ —ctme(m)r) = £79a9p (|6 — Lol” — e(m)c(m)1),
and consequently

€= Lo? < B+ e(m)e(n)t
fort < T, in view of the fact that
[€—Lo> < B < B+e(m)cn): ondBRr(0)x {r}

fort < T,and |[€ — £y|?> = 0 fort = 0 on Bg(0). |

We now consider the problem of constructing solutions to the Dirichlet problem for
the §-Ricci—-DeTurck flow with boundary data /& given on the parabolic boundary P of
Br(0) x (0, T). We will assume that the boundary data is given as the restriction of
h € C®Br(0) x [0, T]) which is e(n)-close in the C° norm to § on Bg(0) x [0, T].
We now explain how to construct a solution to this Dirichlet problem if the compatibility
conditions of the first type are satisfied.

Definition 5.2. Let 1 € C*°(Br(0) x [0, T']) be a smooth family of Riemannian metrics
on Bg(0). We say £ satisfies Compy,, or & satisfies the compatibility conditions of the k-th
order, if

81
wh(x,O) = L;(h(x,0)) forl=1,...,k

for all x € dBg(0), where L; is the differential operator of order 2/ which one obtains
by differentiating (5.1) /-times with respect to ¢, and inserting iteratively the formulas
obtained for the m-th derivative in time form = 1,...,l — 1. For example

Ly(h)i; = h®8,0phi; + 3h®PhP9(D;hpadihgp + 20ah;pdghis
_2aahjpabhiq - 28jhmabhiq - 23ihpa3bhjq),
La(h)ij = —h™* hP™ Ly ()kmdadphij + h* 8,0 L1(h)ij +--- .

We are now prepared to derive the following existence result.

Theorem 5.3. Let h € C*(Br(0) x [0, T]), T < 1 and assume |h(-,t) — §| < e(n) for
allt € [0,T], and |ho — 8|c2.0B (o)) < €(n) and h satisfies Comp,. Then there exists a
solution £ € C°(Bg(0) x [0, T]) N H2T*1+¢/2(B L (0) x [0, T]) to the 8-Ricci—DeTurck
flow such that £|p = h|p on the parabolic boundary P. Furthermore,

[0, 5) = h(x.5)| < Con. R K™ Il @ ompsrn) (R = XD (52)

foralls € (0,T] and x € Bg(0), and any given o € (0, 1), where K : Rt x Rt — R is
an increasing function with respect to each of its arguments.
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Proof. The first part of the proof follows closely the proof of the existence result given in
[15, Chapter 3]. Assume for the moment that a solution £ exists, and set S := £ — h. Then
S = 0 on the parabolic boundary, and the evolution equation for S is

] B B]
—Sx,t)=|=—t——h
a;S(x’ ) (az o )(x,t)
N d
= (e’faiajz + 0 %0V« DEx DL — Eh)(x,t)

= (e"fa,-a,-s +099;9ih 4+ x 71 % DL x DL — %h)(x,t)
=a" (S(x,1),x,1)0;0;S(x,1) + b(S(x.1). DS(x.1). x,1)

where a¥!(z, x,1) := (h(x,t) + z)* is the inverse of h(x, ) + z (which is well defined
as long as fi(x,t) + z is invertible) and b is defined similarly:

b(z,p.x,t) = (h(x,t) + 2) "V x (h(x.t) + z) "' % (p + Dh(x,1)) * (p + Dh(x,1))
- %h(x, )+ (h(x,t) + ) 9 d;h(x, 1),

which again is well defined as long as z + h(x, t) is invertible. Note that if |z| is suffi-
ciently small then z + A(x, t) is invertible. Since £ is assumed to be a solution, and £ = h
on P, where |h — 8|co < e(n), and [£g — 8|c2 = |ho — 8|2 < e(n), we deduce that
[€(-, 1) —Lolco@r(oy) =< &(n) forallz € [0, T]in view of Lemma 5.1, and consequently
|S(t)|CO(]BR(O)) < 8(1’1) forallt € [0, T]

We divide S by a small number §(n) > 0, and call the quotient S, i.e.

S:=68"'n)s,

where we assume &(n) < 8(n), for example we choose &(n) = 83(n). Hence
|S()[com g0y 18 still small for all times 7 € [0, 7], and we have |S| < (/e(n). The
evolution of S may be written as

%S(x,t) =a’(S(x,1),x,0)8:0;S(x,1) + b(S(x,1), DS(x,1), x,1), (5.3)

where @%/ (2, x,t) = (h(x,t) 4+ 8Z)¥ is the inverse of i(x,t) 4+ §Z, and

bz, p.x.t) :=8(h(x,1) + 82) " % (h(x,1) + 82) " % (5 + § ' Dh(x,1))
% (p+ 8 'Dh(x,1))
- é %h(x,t) + (h(x,t) + 85K 8719, 0,h(x, 1).

In the setting we are examining, we see, defining Cy (h,n) := 10]h]c2.1g ,(0)x[0.1])- that

bz, B, x, 1) < 8()(CL(1)S2(n) + | 5I)



Ricci flows coming out of metric spaces 2265

for the Z = S(x, 1) we are considering, since we have |S’|Co < y/&(n). As long as
ISC. t)|co < /e(n) for t € [0, 1], we obtain 28;; > @/ (S(x, 1), x,t) > 18 and
1b(S(x,1), DS(x,1), x,1)| < 8(n)(C1(h)§72(n) + |DS(x,t)|?) in this case. We write
this as

6(S(x.1), DS (x.0).x.0)] < QDS (x. O IS(x. )N + DS (x. )
where Q is a smooth function with

O(Ipl, ul) = 28m)n(| pl) + 28(m) (1 = n(IpD(1 + 100C1 ()52 (n)))

where 7 is a smooth cut-off function with 7(r) = 0 for r < 100C;(h)8§~2(n) and n(r) = 1
for r > 200C(h,n)8~'(n).

Hence, from the general theory of non-linear parabolic equations of second order
(see for example [12, Theorem 7.1, Chapter VII]) we see that equation (5.3) with zero
parabolic boundary values has a solution £ € H2+®1+/2(B(0) x [0, T]) for all times
t €[0,T1], as long as |5‘(-,t)|co < ye(n)fort €[0,T].

Writing £ = h + 8S and using the arguments above, we see that this will not be
violated for ¢ € [0, T], T < 1, and £ solves the §-Ricci—-DeTurck equation and £|p = h|p.

This proves the existence of the solution. It remains to prove the Holder boundary
estimate, (5.2). For ease of reading, we assume R = 1.

For g, r fixed consider the functions

@+ = (bgr —hgr) + AL _h|2 and  ¢_ 1= —(lgr — hgr) + AlL — h|2’
where A = A(n) is a sufficiently large constant such that
drps —078;0;9+ < C(n,hlgs,1))

on B1(0) x [s, T], where C(n,h) = C(n, |hllc2.1 @, (0)x[s,T7)-
‘We consider the functions

Vi =)+ —2Mp* and Y = n(1)p- —2Mp*,

for some 0 < o < 1, where p(x) = 1 — |x| and 7 is a non-negative cut-off function in time
with (t) = 0 for 0 <t < s and n(t) = 1 for 3s/2 < t such that |/ (¢)|> < cs~2n(t) for
some positive constant c. A direct calculation shows

|x]
— (o — Dap?~2¢0 15 _ apafll +ap! 09 x; x;
|x|? x| Ix|3

- ain—1) p* 1 |l — all —a| ,_,

= 2 x| 2 = 2

for all |x| € (1 —8¢(c,n), 1). We note that 1 cannot be zero very close to dB g (0), since
|D(£ — h)| is bounded by some constant according to [12, Theorem 7.1, Chapter VII],
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and £ —h = 0 on dBR(0). Also, by choosing M = M («) large enough we have, without
loss of generality, ¥+ (x,-) < 0 for |[x]| = 1 — §p(a, n). That is, ¥4 (x,-) < 0 for |x| =
1 —6p(ae,n) and |x| = 1 — ¢ for all ¢ > 0, & K §y sufficiently small. We also observe
that ¥4 (-, s) < O for all |x| € [1 —8g(t,n), 1 —¢] for t < 5. Hence if ¥+ (x,7) = 0 for
some |x| € [1 — 8p(a,n), 1 — ¢] for some ¢ > s, there must be a first time ¢ for which this
happens, and this must happen at an interior point x of B;_;(0) \ B1_s,(0). At such a
point (x, t), we calculate

9 N
51/& <Y9;0;y+ + C(n,h) + n'ox —2M — Ma|1 —ap*?

<0Y9;0;y+ + C(n.h) + @mm”z —2M — Ma|l —a|p®2
< 0+ Cln iy — 2M + <2 QM) _ Mt — a2

s
<0
for |x| € 1 —6p,1 —¢) if M > C(C(n, h), «,s) also holds. This is a contradiction,
leading to the desired estimate close to the boundary. For points |x| € (0,1 — §p) the

estimate follows immediately from the fact that £ and 4 are e(n)-close to § and hence
bounded, and (1 — |x])* > &5 for |x| € (0,1 — &). L]

If we assume that higher order compatibility conditions are satisfied, we obtain more
regularity of the solution.

Theorem 5.4. Let h € C*°(Bg(0) x [0,T]), T <1 and assume |h(-,t) — 8| < e(n) for
allt € [0,T], and |ho — 8|c2.a® 0y =< €(n) and h satisfies Compy. Then there exists a
solution £ € C*(Bg(0) x [0, T]) N H*+ek/2+e/2(B L (0) x [0, T]) to the §-Ricci—DeTurck
Sflow with the values given by h on the parabolic boundary, that is, £|p = h|p. Further-
more,

|€(X’S) - /’Z(X,S)| = C(n? R,Ol)K(S_l, ”h“Czsl(BR(O)X[s,T]))(R - |x|)a (54)

forall s € (0,T] and x € Bg(0), and any given a € (0, 1), where K : Rt x Rt — Ris
an increasing function with respect to each of its arguments.

Proof. The proof is the same, except that at the step where we used [12, Theo-
rem 7.1, Chapter VII] to obtain a solution in H2t%1+2/2 we now obtain a solution
0 e H¥tak+a/2 in view of the fact that the S satisfies the compatibility condition of
k-th order. [

We now explain how to construct a §-Ricci—DeTurck flow for parabolic boundary val-
ues given by & which do not necessarily satisfy compatibility conditions of the first order,
but are smooth at ¢ = 0, smooth on Bg(0) x (0, T'] and continuous on B g (0) x [0, T']. This
is done by modifying the boundary values, so that the first (or higher order) compatibility
conditions are satisfied, and then taking a limit.
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Theorem 5.5. Let h € C®(Br(0) x (0,T]) N C°Bg©O) x [0, T]), T <1, be such
that h(-,0) € C*®°(Bgr(0)) and assume that |h(-,t) — 8| < e(n) for all t € [0, T], and
lho — 8| c2.0@r(0)) < €(n). Then there exists a solution

L e CO°BRr(0) x [0, T]) N C®Br(0) x (0, T])

to the 8-Ricci—DeTurck flow with the values given by h on the parabolic boundary P, that
is, £|p = h|p. Furthermore,

[€lcs B g @xi0,77) < (IR = R'[.|ho|cs B (0)))
forany R' < R and any s € N.

Proof. Let& : R — R be a non-increasing smooth function whose image is contained in
[0, 1] such that £ is equal to 1 on [0, 1/2] and to 0 on [1, co).
For each 7 € [0, 1], let 2(7) be the smooth Riemannian metric defined as follows:

h(@) B r©)x[z.11 2= 1,
hOlapornn = €( oo+ (1=6( %) Yy + 1 () aGiorco,
where L is as in Definition 5.2, i.e.
Li(ho) := (ho)” 3;9;ho + (ho)™" * (ho)™" % Dhg * Dhy.
Using |h(t) — 8| < e(n) and |L1(ho)| < c(n), we see that |h(7)(t) — & < 2e(n) = e(n)

if 7 is sufficiently small. Furthermore,

(%h(f)(x,o) = Ly(ho)(x.0) = Ly(h(7))(x.0),

that is, 2(7) satisfies Comp, . Consequently, we may use Theorem 5.3 to obtain a solution
{(7) € H2T®1+2/2(B 5 (0) x [0, T]) to the §-Ricci—-DeTurck flow with parabolic bound-
ary data given by /(7). From the definition of /(7), we see that on dB g (0),

(@) (1) = ho)l = [h(T)(.1) —ho()| = |h(. 1) — ho()| + te(n) < C(1,h.n)

where C(t, h,n) is a function (independent of t) such that C(¢, h,n) < e(n) and C(¢t,h,n)
— 0ast N\ Oforn and A fixed. Lemma 5.1 then tells us that |£(z)(,¢) — ho)| < é(t,h,n)
on all of Bg(0) for all ¢ € [0, T'], where C(Z, h,n) — 0ast \ 0 forn and A fixed (inde-
pendent of 7). The boundary Holder estimate (5.2) of Theorem 5.3 and the smoothness
of h = h(z) for t > 21 also tell us that for any ¢ > 0 and s > O there exists a 0 > 0
such that |€(t)(x, 1) — h(x,t)| < e forall x € BR(0) \ BR—s(0) for all # € [s, T], where
o =o(e,s,h,n) > 0isindependent of 7 if 7 is sufficiently small. These two C 0 estimates
imply that we have uniform (in 7) C° bounds

IE(0) (@) —h(®)|p, = C(e.h.n)
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where C(eg,h,n) — 0as e — 0 (for fixed h and n ) and P, = (Bg(0) \ Br—¢(0)) x [0,1] U
Bg(0) x [0, &] for t sufficiently small.
If we define

2
h(z) := §@/D)ho(x) + (1 = §(t/D)h(x.1) + 1§(t/T) L1(ho)(x) + %Lz(ho),

then we still have |€(7)(-,1) — ho)| < C(t,h,n) and hence |[£(7)(-,1) — ho)| < é(z,h,n) on
all of Bg(0) for all z € [0, T'], where é(t, h,n) — 0is independent of 7 if 7 is sufficiently
small, in view of Lemma 5.1.

The Holder estimates still hold: for any ¢ > 0 and s > 0, |[£(7)(x,t) — h(x,t)| < ¢ for
all x e Br(0) \ Bgr—o(0) and all ¢ € [s, T], where 0 = o (¢, s, h,n) > 0 is independent of
7 if 7 is sufficiently small. Thus, the uniform C° estimates |£(7)(t) — h(t)|p, < C(e, h,n)
where C(g, h,n) — 0 as ¢ — 0 (for fixed & and n) still hold. Continuing in this way, we
can assume £(t) € H*+%5+% BR(0) x [0, T]) and |€(z)()) — 8lcompoyx[0.1 < £(n)
and £(t)(-,0) = ho, and the uniform C° estimates hold, [£(7)(t) — h(t)|p, < C(g) where
C(e) > 0ase — 0and P, = Br(0) \ Br—¢(0) x [0, T] U BRg(0) x [0, £]. The proof of
the interior estimates, explained in [16, Section 4], can be used here to show that

(D) D)lesBr) < (IR = RI. |holcs @ (0))

foralls € [0, T] and all R < R. By Arzela—Ascoli’s Theorem, one is able to take a limit:
up to a subsequence, we obtain a solution £ with the desired properties. ]

6. An L? estimate for the Ricci-DeTurck flow and applications

In this section we prove a lemma which estimates the change in the L? distance between
two solutions to the §-Ricci-DeTurck flow. Lemma 6.1 considers smooth solutions which
are £(n)-close in the L2 norm at time zero and agree on the boundary at all times. If we
weight the L? distance at time ¢ of two smooth solutions appropriately, then this quan-
tity is non-increasing in time. The weight has the property that it is uniformly bounded
between 1 and 2, and hence the unweighted L? distance at time ¢ of the two solutions can
only increase by a factor of at most 2. With the help of the L?-Lemma, we prove some
uniqueness theorems for solutions to the §-Ricci—DeTurck flow.

Lemma 6.1 (L?-Lemma). Let g1, g> be two smooth solutions to the §-Ricci—DeTurck
flowon Br(0) x (S, T) such that g € C*°(Br(0) x (S, 7)) forl =1,2and g, = g, on
dBRr(0) x (S,T). Let h := g1 — g» and

vi= [hP(1+ A(g1 =8I + g2 — §[%)).

Assume that |g1(-,t) — 8| + |g2(-,t) — 8| < e(n) forallt € (S, T). Then for A > i(n) and
e < £(n), where £(n) is sufficiently small and A(n) sufficiently large, and fort € (S, T),
we have

d
—/ vdx <0.
3t JBR(0)
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Before proving the lemma, we state and prove two corollaries of this estimate.

Corollary 6.2. Let g1, g2 be smooth solutions to the §-Ricci—DeTurck flow on
Br(0) x (0, T) such that g1 € C®Br(0) x (0, T)) N C°(Br(0) x [0,T)) forl =1,2
and g1 = g on 0BRr(0) x [0, T) and g1(-, 0) = g2(-, 0). Assume further that
lg1(-,t) — 8| + |g2(-,t) — 8| < e(n) forallt € (0,T). Then g, = g on Br(0) x [0, T).

Remark 6.3. [7, Proposition 7.51] gives a uniqueness result for the Ricci—-DeTurck flow
with a background metric g with bounded curvature for solutions (g(#))e(o,1) that behave
as follows: there exists a positive constant A such that A™'g < g(t) < Ag and |V& g(¢)| +
JVt|VE2g(t)| < Aforall ¢ € (0,1). The proof is based on the maximum principle. Corol-
lary 6.2 assumes a stronger condition on the closeness to the background Euclidean metric
but it does not assume any a priori bounds on the first and second covariant derivatives;
the proof is based on energy estimates.

Proof of Corollary 6.2. Leth := g1 — g and
vi=[AP(1+ A(g1 = 8* + |g2 — 81)).

From the assumptions, we know that |v(-,0)| = 0 on Bz (0) and hence
/ v(x,7)dx <o(7),
B r(0)

where o (7) tends to 0 as 7 \( 0, in view of the continuity of v. We also have g1 (-, ¢) =
g2(-,t) on dBR(0) for all £ € [0, T'], and so Lemma 6.1 implies f]BR(o) v(x,t)dx <o(7)
for all ¢ € (z, T). Letting T \ 0, we see fBR(O) v(x,t)dx = 0 forall t € (0,T). This
implies g1 (-, 1) = g2(-,t) forall t € [0, T) as required. |

By slightly modifying the previous proof, we can also show the following uniqueness
statement.

Corollary 6.4. Let h be a smooth solution to the §-Ricci-DeTurck flow on Bg(0) x (0, T)
such thath € C®(Br(0) x (0,T)) N CO(Br(0) x [0, T)), assume hy € C>®°Br(0)), and
let € be the solution constructed in Theorem 5.5 with parabolic boundary data defined
by h|p. Assume further that |h(-,t) — 8| < e(n) forallt € [0,T). Then £ = h.

Proof. Let h(t) be the modified metric defined in the proof of Theorem 5.5, and £(t) the
solutions defined there. Let

v(2) 1= [h(x) = L@ (1 + A(h(x) = 8> + [£(x) — §]%)).

From the construction of /(t) we know that |v(7)(-,7)| <o (7) on Bg(0), where o (t) — 0
with 7 N\ 0. This implies

/ v(1)(x. 1) dx < 0 (2),
Br(0)
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where o(7) — 0 with t \( 0. Since & = h(r) = £(r) on dB(0) for all ¢t € [z, T]
and the solution £(r) is C* (in space and time) up to and including the bound-
ary, we can use Lemma 6.1 to conclude that fIBR(O) v(t)(x, t) dx < o(r) for all
t € (7, T). Letting 7 \, 0, we see fIBR(o) v(x,t)dx <0 forall t € (0,T) with v :=
|h — £12(1 + A(Jh — 8§|> + |£ — §]?)). This implies A(-,t) = £(-,¢) for all t € [0, T) as
required. ]

Proof of Lemma 6.1. In the following, we will assume that e(n) is a small positive con-
stant, and A(n) = 1/,/e(n) is a large constant which satisfies A(n)e(n) = /e(n) =: o(n)
per definition.
From (5.1) we have, for [/ € {1, 2},
d

581 = g/P0,0p8 + g" x g7 * Dgy * Dg.

and

9 2
—|g; — 8> < 220,091 — 812 — ——|Dg;|*.
a;'g’ | < g/"040p|g1 — 0] 1+gl gil

Summing over [ = 1,2, and writing 9% := %(g‘fb + %) and hat = %(g‘fb — g9%), we
get

2
o (g1 =8P +1g2—8)
< 81%0a0p181 — 87 + 85°0adp|g2 — 817 = 2(1 — ()| Dg1 > = 2(1 — £(n))| Dga?
= h® 040y (151 = 8 + 182 = 8*) + h*"8a95(1g1 — I — 182 — 8%
—2(1 — ()| Dg1|* —2(1 — e(n))| Dg2|?
2

= 320y (g1 = 8 + g2 = 8°) + 3 J(h * (81 = 8) » D*gy + i+ Dgy * Dgy)
=1

—2(1 —e(m))|Dg:1|* = 2(1 — &(n))| Dg2|?

2
< h*0,05(|1g1 = 8 + |22 = 1) + Y _(h % (1 — §) * D?gy)
I=1
—2(1—2¢e(n))|Dg1|* — 2(1 — 2&(n))| Dg2 |,
in view of the fact that g; is e-close to § for [ = 1, 2.
For the difference 7 = g1 — g, we obtain
0 _ _
&h = g9P0,0pg1 + g7 * g7 * Dg1 x Dgy
— 85°040p82 — 85" % 85" * Dga x Dgy
= 185 + g52)0a0ph + (%% — g52)0a s (g1 + £2)
+(er' —gr ) v g xDgix D+ g5 * (g7 —¢g5') * Dg1 x Dgy
+ g5 ' xg5 ' x Dhx Dgy + g5" x g5' x Dgy * Dh,
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which we can write as

9 ~ N
ol = h3,05h + h% 3,05 (g1 + £2)

+hx gy« Dgy % Dgy + g5 % h Dgy % Dgy
+g, x g, * Dhx Dgy +g5" x g5 * Dgy x Dh.
This implies that

9 . 2 :
—|h* < k0,05 |h|> — ——|Dh* + hx h % D*(g1 + g2)
ot 1+¢
+h*ﬁ*g1_1*Dg1 * Dg1+h*gy' xh* Dgy * Dgy

~|—h>x<g2_1 *gz_l*Dh*Dgl +h*g2_1 *gz_l x Dgy % Dh,
in view of the fact that / is e-close to §. We now consider the test-function
vi= k2 (1 + A(lg1 — 81> + |g2 — 8)).

‘We obtain

9 . .
o0 = h 0050 — 2AR 0 R0y (121 = 81 + 122 = 8I7)
—24(1=2em)|h*(1Dg11> +|Dga2l?)
—2(1-2¢(n)) (14 A(1g1 =8> +1g2—81*) | Dh|?
+ (1420181 =82 +1g2—82)) (h /i % D2(g1 + g2) + hhix g7 % Dg1 # Dgy
+h*g;1*ﬁ*Dg1*Dg1 +hxgylxgy! *Dh*Dgl+h*g;1*g;1*Dg2*Dh)
2
AR (h*(g1—8) % D?g)).
I=1
Using Young’s inequality and the fact that g; is e-close to § for / = 1, 2, as well as
| * h| < c(n)|h|?, we see that the first order terms appearing in the large brackets may be
absorbed by the two negative first order gradient terms which appear just before the large
brackets, if A > A(n), where A(n) is sufficiently large. That is, we have
P . -
Pyl W 9050 — 221?04 >0 (|g1 — 87 + |22 — 8%
— 3Alh?(1Dg1|* + |Dg2|?) — 3| DA
+ (14 A(g1 =817 + lg2 = 8) (h * h x D (g1 + 82))
2

+ AR G+ (g1 — 8) * D2gy). (6.1)

=1
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The second term on the right-hand side of (6.1) can be estimated as follows:
12004 |h1205 (|81 — 817 + |g2 — 87|

< )LV; * Dh o h* (|1 — 8] + g2 — 8]) * (Dg1 + Dg>)|
< c(n)e(n)A|h| |Dh|(|Dg1| + |Dg2|).

Therefore, it can also be absorbed by the negative terms just before the big brackets, in
view of the fact that e(n)A < /e(n). This leads to

9 -
o0 < h®,0p0 = A|W*(1Dgi | + | Dgal’) — | DA
+ (14 A(g1 = 81> + lg2 — 811) (h + h % D*(g1 + g2))
2

+ AR (h+ (g1 — 8) * D2gy).
=1

In order to estimate the second order terms appearing in (6.1), we integrate over
B:=B R(O):

9 .
—/vs/h“baaabv—A/ |h|2(|Dg1|2+|Dg2|2)—/ \Dh?
ot /g B B B

+/B(1 +A(lg1 = 81 + |g2 = 81)) (h * b+ D*(g1 + 22))

2
+ [ Y PG « (a1 = )« D)
=1

Since Dv and h are zero on the boundary of B, we obtain no boundary terms when

integrating by parts the first and the last two terms on the right-hand side above. Doing
so, we get

9 3
9 vs—/aahababv—A/|h|2(|Dg1|2+|Dgz|2)—/|Dh|2
ot Jp B B B

+/BD((1 + (g1 = 81> + |g2 = 817) * b % h)  D(g1 + g2)

2

+ S AD(HP G 51 =9) * D
=:A+B+C+D+E.
Note also that |f;| < c(n)|h|. We estimate the integrand of A as follows:
10a(h)*?0pv| < c(n)(IDg1| + |Dga2))| Dv]

= c()(1Dg1| + [Dg2D| D1+ A(1g1 — 81> + |g2 = 8*))]
< c(m)(IDg1| + |Dg2l) 2IAIIDA| + |h*Ae(n)(| Dg1| + | Dgal))
< c(n)(IDg1| + |Dga)|h|| Dh| + |h[*Ae(n)(| Dg1| + [ Dgal)?,
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and hence the integral A can be absorbed by the integrals B and C. In estimating the
integral D, we will use

|Dh| < c(n)(IDh| + |h| |Dg1| + |h| | Dg2)),

the validity of which can be seen by writing h= %((gl)_1 —(g2) H= %gl_l (g2—81)85 "

= —1g7'hg5", differentiating, and keeping in mind that g; and g, are e-close to §.

We estimate the integrand of D as follows:

D((1+A(g1 — 81> + g2 — 82) % h % h) * D(g1 + g2)
= D((1+ Allgr — 81> + Ig2 — 81%)) * h * h x D(g1 + g2)
+ ((1+ (g1 — 81> + |g2 = 81)) D(h x h) * D(g1 + g2)
< cmemAlh?(|1Dg1|? + |Dg2l)
+c(m)(IDh||h] + [h[2(1Dg1] + |Dg2D)) (| Dg1| + |Dgal).

and hence the integral D can also be absorbed by the integrals B and C. We estimate the
final integral E in a similar way: the integrand of E can be estimated by

2
|2 AD(H G % (g1 — ) % Dgy| = ()P | DAl (D1 | + 1 Dgal)
=1

+Acm)|h*(1Dg1|* + |Dgal?)

and hence the integral £ can also be absorbed by the integrals B and C, in view of the
fact that |h| < e(n). The result is
d

. <0’
ot BU

as required. |

7. Smoothness of solutions coming out of smooth metric spaces

Let (M, g(t)):e(0,7) be a smooth solution to the Ricci flow satisfying
IRm(,1)| <¢3/t,  Ric(g(t)) = —1 (7.1)

forallt € (0, 7).

We first give an example for an application of Theorem 1.6 in the setting of expanding
gradient Ricci solitons. As explained in the introduction, expanding gradient Ricci soli-
tons coming out of smooth cones (R”, dx,0) = (RT x $"7!, dr? & r?y, 0) where y is
a Riemannian metric on the sphere which is smooth and whose curvature operator has
eigenvalues larger than 1, are examples of solutions which satisfy the estimates above.
In [14] examples are constructed, and in [8] it is shown that there is always a solution

which comes out smoothly, in the sense that the convergence is in the C2° sense away
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from the tip. The uniqueness of such solitons is unknown. Below, we make precise the
meaning of an expanding gradient Ricci soliton which comes out of a metric cone.

Recall that an expanding gradient Ricci soliton is a triple (M”, g, V& f) where M
is an n-dimensional Riemannian manifold with a complete Riemannian metric g and a
smooth potential function f : M — R satisfying

Ric(g) —Hess f = —g/2. (7.2)

Also, to each expanding gradient Ricci soliton one may associate a self-similar solution
of the Ricci flow. Indeed, let (¥, );~¢ be the flow generated by —V& f/¢ such that ;=1 =
Idys and define g(¢) := ¢y g fort > 0. Then (M, g(¢));>o defines a Ricci flow thanks to
(7.2). Next, we notice that if an expanding gradient Ricci soliton (M", g(¢), p)s>o0 admits
a limit as 7 tends to 0 in the pointed Gromov—Hausdorff sense for some point p that lies in
the critical set of the potential function f, then this limit must be the asymptotic cone in
the sense of Gromov since (M", g(¢), p) is isometric to (M",tg, ¥,(p) = p) fort > 0 as
pointed metric spaces. Therefore, there is a space-time dictionary for expanding gradient
Ricci solitons: the initial condition can be interpreted as the asymptotic cone at spatial
infinity and vice versa in case the potential function has a critical point.

Returning to the general setting, we assume further that we are in the setting of Lemma
4.1. That is, do written in distance coordinates Fy near a point x¢ is generated by a con-
tinuous Riemannian metric gy on a Euclidean ball. Then, using Lemma 4.2, we see that
we may assume that |Rm(-, )| < e(¢)/¢ for all t € (0, T), where ¢ : [0, 1] — R(J{ isa
non-decreasing function with £(0) = 0, and that the improved distance estimates

dr + ()Nt —r >dy > dy —e(t)Vt —r  forallt € [r, T]
on By, (xg,v) € Bg(s)(x0,2v) foralls € [0,T]  (7.3)

hold on some fixed ball.

We now make the further restriction that the metric g¢ is smooth on some Euclidean
ball containing Fy(xo), in the sense of Definition 1.4.

Theorem 1.6 shows in this case that the original Ricci flow solution comes out
smoothly from some smooth initial data, if we restrict to a small enough neighbourhood
of xg.

Proof of Theorem 1.6. We consider
(B7(0), £(t))ref0,1)N[0,S(1,1,60)]

the solution to the §-Ricci—-DeTurck flow of Theorem 4.3, which is smooth on Bj(0) x
(0,T)N (0, S(n, r,&)) and continuous on Bz (0) x [0, T] N[0, S(n, r, g9)) and satisfies
8(-.0) = go € C*(B;(0)). Let

£ e C®B5(0) x [0,1]) N C°(B5(0) x [0, 1])

be the solution to the §-Ricci—-DeTurck flow that we obtain from Theorem 5.5 if we use
h := g to define the parabolic boundary values. Corollary 6.4 tells us that £ = g and hence
g € C=(B3(0) x [0, 1]).
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By the smoothness of g, we see that

sup  (IRm(Z())* + [VRm(Z(1)]> + - + [VFRm@E (1)) < Cx  (7.4)
B37,4(0)x[0,1]

forallz € [0, 1].

By the original construction of g, we have g(¢) = lim; 00 (Z; (¢))«(g(¢)) forallt > 0
where the Z;(¢) are smooth diffeomorphisms for all i € N, and the limit is in the smooth
sense on any compact subset of Bz (0) x (0, 1]. Hence, we must have

sup (IRm(g(t)]> + [VRm(g(1))|* + -+ + |[VFRm(g(1))]?) < C. (7.5)
Bay (x0.7/2)x(0,1]

Using the method of Hamilton [9, Section 6], we can extend the solution smoothly back
to time O: there exists a smooth Riemannian metric go defined on By, (xo, 7/4) such that

(Bay (x0,7/4), g(t))¢ef0,1] With g(0) = go is smooth. ]

We return to the expanding gradient Ricci soliton examples provided by [14] and [8],
discussed at the beginning of this section. By construction, they have non-negative Ricci
curvature and bounded curvature at time ¢t = 1, which amounts to saying that the corre-
sponding Ricci flows satisfy (7.1).

We make a small digression to show that if an expanding gradient Ricci
soliton satisfies (7.1) then it must have non-negative Ricci curvature. Indeed, let
(M, g(t) = tgf g)te(0,00) be an expanding gradient Ricci soliton satisfying (7.1) for
all ¢ € (0, 00). This clearly means that Ric(g(¢)) > 0: if this were not the case, say
Ric(g)(x)(v,v) = —L < 0 for some x € M and some vector v € Tx M of unit length
with respect to g, then we must have

Ric(g (1)) (xr) 01, v7) = — (1) (x0) (w1, 1)

for all 7 > 0 where x; := ¢; ! (x) and v, := (dx, ;)" (v). Consequently, Ric(g(1))(x;)
< —1 fort > 0 small enough, a contradiction. So without loss of generality, Ric(g(z)) >0
and hence the asymptotic volume ratio

AVR(g(1)) = lim Y2Bs0( 1)
r—00 rh

is well defined for all time ¢ > 0 and all points x € M by Bishop-Gromov’s Theorem.
Moreover, Hamilton [7, Proposition 9.46] has shown that AVR(g(¢)) is positive for all
positive times ¢. Using the non-negativity of the Ricci curvature together with the soliton
equation (7.2), one can show that the potential function is a proper strictly convex func-
tion. In particular, it admits a unique critical point p in M which is a global minimum.
Since we are considering expanding gradient Ricci solitons, we know that (M, g(t), p)
is isometric to (M, tg(1), p) as pointed metric spaces, and hence the asymptotic volume
ratio AVR(g(¢)) is a constant independent of time ¢ > 0. Let (M, dy, 0) be the well defined
limit of (M, d(g(t)), p) as t — 0, the existence of which is explained in the introduction
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and guaranteed by [18, Lemma 3.1]. The theorem of Cheeger—Colding on volume conver-
gence now guarantees that the asymptotic volume ratio of (M, dy, 0) is also AVR(g(1))
and that (M, do, 0) is a volume cone. In fact, it is also a metric cone, due to [4, Theo-
rem 7.6] and the fact that (M, dy, 0) is the Gromov—Hausdorff limit of (M, td(g(1)), p)
for any sequence ¢ — 0. If xo € M is a point where dj is locally smooth, in the sense
explained in Definition 1.4, then (Bg ) (xo,7), g(t)) = (Bg(0)(x0,7), g(0)) smoothly for
some small r > 0 as t — 0, where g(0) is the local (near x¢) smooth extension of g(¢) to
time zero.

In particular, if (M, dy, 0) is a smooth cone away from the tip o, in the sense that
locally distance coordinates introduce a smooth structure near xo for any xo in M not in
the tip of the cone, then the solution comes out smoothly from the cone away from the tip.
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