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Abstract. For maximal variational smooth families of projective manifolds whose general fibers
have semi-ample canonical bundle, the Viehweg hyperbolicity conjecture states that the base spaces
of such families are of log-general type. This deep conjecture was recently proved by Campana–
Păun and was later generalized by Popa–Schnell. In this paper we prove that those base spaces are
pseudo Kobayashi hyperbolic, as predicted by the Lang conjecture: any complex quasi-projective
manifold is pseudo Kobayashi hyperbolic if it is of log-general type. As a consequence, we prove
the Brody hyperbolicity of moduli spaces of polarized manifolds with semi-ample canonical bundle.
This proves a 2003 conjecture by Viehweg–Zuo. We also prove the Kobayashi hyperbolicity of base
spaces for effectively parametrized families of minimal projective manifolds of general type. This
generalizes previous work by To–Yeung, who further assumed that these families are canonically
polarized.

Keywords. Pseudo Kobayashi hyperbolicity, Brody hyperbolicity, moduli spaces, Viehweg–Zuo
question, polarized variation of Hodge structures, Viehweg–Zuo Higgs bundles, Finsler metric,
positivity of direct images, Griffiths curvature formula for Hodge bundles

0. Introduction

0.1. Main theorems

A complex space X is Brody hyperbolic if there is no non-constant holomorphic map
 W C ! X . The first result in this paper is the affirmative answer to a conjecture by
Viehweg–Zuo [63, Question 0.2] on the Brody hyperbolicity of moduli spaces for polar-
ized manifolds with semi-ample canonical sheaf.

Theorem A (Brody hyperbolicity of moduli spaces). Consider the moduli functor Ph of
polarized manifolds with semi-ample canonical sheaf introduced by Viehweg [61, §7.6],
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where h is the Hilbert polynomial associated to the polarization H . Assume that for some
quasi-projective manifold V there exists a smooth family .fU W U ! V;H / 2 Ph.V /

for which the induced moduli map 'U W V ! Ph is quasi-finite over its image, where Ph
denotes the quasi-projective1 coarse moduli scheme for Ph. Then the base space V is
Brody hyperbolic.

A complex space X is called pseudo Kobayashi hyperbolic if X is hyperbolic mod-
ulo a proper Zariski closed subset � ¨ X , that is, the Kobayashi pseudo-distance dX W
X �X ! Œ0;C1Œ ofX satisfies dX .p; q/ > 0 for any distinct p; q 2 X not both in�. In
particular, X is pseudo Brody hyperbolic: any non-constant holomorphic map  W C! X

has image .C/ � �. When � is an empty set, this definition reduces to the usual defin-
ition of Kobayashi hyperbolicity, and the Kobayashi pseudo-distance dX is a distance.

In this paper we indeed prove a stronger result than Theorem A.

Theorem B. Let fU W U ! V be a smooth projective morphism between complex quasi-
projective manifolds with connected fibers. Assume that the general fiber of fU has semi-
ample canonical bundle, and fU is of maximal variation, that is, the general fiber of fU
can only be birational to at most countably many other fibers. Then the base space V is
pseudo Kobayashi hyperbolic.

As a byproduct, we reduce the pseudo Kobayashi hyperbolicity of varieties to the
existence of certain negatively curved Higgs bundles (which we call Viehweg–Zuo Higgs
bundles in Definition 1.1). This provides a main building block for our recent work [26]
on the hyperbolicity of bases of log Calabi–Yau pairs.

Another aim of the paper is to confirm a folklore conjecture on the Kobayashi hyper-
bolicity for moduli spaces of minimal projective manifolds of general type, which can be
thought of as an analytic refinement of Theorem A in the case when fibers have big and
nef canonical bundle.

Theorem C. Let fU W U ! V be a smooth projective family of minimal projective man-
ifolds of general type over a quasi-projective manifold V . Assume that fU is effectively
parametrized, that is, the Kodaira–Spencer map

�y W TV;y ! H 1.Uy ;TUy / (0.1.1)

is injective for each point y 2 V , where TUy denotes the tangent bundle of the fiber
Uy WD f

�1
U .y/. Then the base space V is Kobayashi hyperbolic.

0.2. Previous related results

Theorem B is closely related to the Viehweg hyperbolicity conjecture: if fU W U ! V

is a maximally variational smooth projective family of projective manifolds with semi-
ample canonical bundle over a quasi-projective manifold V , then the base V must be of
log-general type. In the series of works [28, 62, 63], Viehweg–Zuo constructed in a first

1The quasi-projectivity of Ph was proved by Viehweg [61].
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step a big subsheaf of symmetric log differential forms of the base (so-called Viehweg–
Zuo sheaves). Building on this result, the Viehweg hyperbolicity conjecture was shown
by Kebekus–Kovács [35–37] when V is a surface or threefold, by Patakfalvi [44] when
V is compact or admits a non-uniruled compactification, and it was completely solved by
Campana–Păun [16], who proved a vast generalization of the famous generic semiposit-
ivity result of Miyaoka (see also [14,15,52] for other proofs). More recently, using a deep
theory of Hodge modules, Popa–Schnell [47] constructed Viehweg–Zuo sheaves on the
base space V of the smooth family fU W U ! V of projective manifolds whose geomet-
ric generic fiber admits a good minimal model. Combining this with the aforementioned
theorem of Campana–Păun, they proved that such base space V is of log-general type.
Therefore, Theorem B is predicted by a famous conjecture of Lang (cf. [42, Chapter VIII,
Conjecture 1.4]), which stipulates that a complex quasi-projective manifold is pseudo
Kobayashi hyperbolic if and only if it is of log-general type. To our knowledge, Lang’s
conjecture is by now known for the trivial case of curves, for general hypersurfaces X in
the complex projective space CP n of high degrees [10, 22, 56] as well as their comple-
ments CP n n X [11], for projective manifolds whose universal cover carries a bounded
strictly plurisubharmonic function [9], for quotients of bounded (symmetric) domains
[12, 13, 49], and for subvarieties of abelian varieties [65]. Theorem B therefore provides
some new evidence for Lang’s conjecture.

Theorem A was first proved by Viehweg–Zuo [63, Theorem 0.1] for moduli spaces
of canonically polarized manifolds. Combining the approaches by Viehweg–Zuo [63]
with those by Popa–Schnell [47], very recently Popa–Taji–Wu [48, Theorem 1.1] proved
Theorem A for moduli spaces of polarized manifolds with big and semi-ample canonical
bundles. As we will see below, our work owes a lot to the general strategies and techniques
in their work [48, 63].

The Kobayashi hyperbolicity of the moduli spaces Mg of compact Riemann surfaces
of genus g � 2 has long been known owing to the work of Royden and Wolpert [50, 64].
The first important breakthrough on higher-dimensional generalizations was made by To–
Yeung [58], who proved Kobayashi hyperbolicity of the base V considered in Theorem C
when the canonical bundle KUy of each fiber Uy WD f �1U .y/ of fU W U ! V is fur-
ther assumed to be ample (see also [7, 54] for alternative proofs). Differently from the
approaches in [48, 63], their strategy is to study the curvature of the generalized Weil–
Petersson metric for families of canonically polarized manifolds, along the approaches
initiated by Siu [55] and later developed by Schumacher [53]. For smooth families of
Calabi–Yau manifolds (resp. orbifolds), Berndtsson–Păun–Wang [7] and Schumacher
[54] (resp. To–Yeung [59]) proved the Kobayashi hyperbolicity of the base once the fam-
ily is assumed to be effectively parametrized.

Recently, Lu, Sun, Zuo and the author [29] proved a big Picard-type theorem for
moduli spaces of polarized manifolds with semi-ample canonical sheaf. A crucial step of
the proof relies on the “generic local Torelli-type theorem” in Theorem D. Theorem D
also inspired us a lot in our more recent work [27] on the big Picard theorem for varieties
admitting variations of Hodge structure.
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0.3. Strategy of the proof

For the smooth family fU W U ! V of canonically polarized manifolds with
maximal variation, Viehweg–Zuo [63] constructed certain negatively twisted Higgs
bundles (which we call Viehweg–Zuo Higgs bundles in Definition 1.1) . QE ; Q�/ WD
.
Ln
qD0 L �1 ˝ En�q;q;

Ln
qD0 1 ˝ �n�q;q/, over some smooth projective compactific-

ation Y of a certain birational model QV of V , where L is some big and nef line bundle
on Y , and .

Ln
qD0 E

n�q;q;
Ln
qD0 �n�q;q/ is a Higgs bundle induced by a polarized vari-

ation of Hodge structure defined over a Zariski open set of QV . In a recent paper [48],
Popa–Taji–Wu introduced several new inputs to develop Viehweg–Zuo’s strategy in [63],
which enables them to construct those Higgs bundles on base spaces of smooth families
whose geometric generic fiber admits a good minimal model (see also Theorem 1.2 for a
weaker statement as well as a slightly different proof following the original construction
by Viehweg–Zuo). As we will see in the main content, Viehweg–Zuo Higgs bundles (VZ
Higgs bundles for short) are crucial tools in proving our main results.

When all fibers Uy WD f �1U .y/ of the smooth family fU W U ! V considered in The-
orem B have ample or big and nef canonical bundles, let us briefly recall the general
strategy of proving the pseudo Brody hyperbolicity of V in [48, 63]. A certain Higgs sub-
bundle .F ; �/ of . QE ; Q�/ with log poles contained in the divisor D WD Y n QV gives rise to
a morphism

�;k W T
˝k

C ! �.L �1 ˝En�k;k/ (0.3.1)

for any entire curve  W C ! QV . If  W C ! QV is Zariski dense, then by the Kodaira–
Nakano vanishing (when KUy is ample) and the Bogomolov–Sommese vanishing theor-
ems (when KUy is big and nef), one can verify that �;1.C/ 6� 0. Hence there is some
m > 0 (depending on  ) such that �;m factors through �.L �1 ˝ N n�m;m/, where
N n�m;m is the kernel of the Higgs field �m W En�m;m ! En�m�1;mC1 ˝ �Y .logD/.
Applying Zuo’s theorem [67] on the negativity of N n�m;m, a certain positively curved
metric for L can produce a singular hermitian metric on TC with Gaussian curvature
bounded from above by a negative constant, which contradicts the (Demailly’s) Ahlfors–
Schwarz lemma [21, Lemma 3.2]. However, this approach did not provide enough inform-
ation on the Kobayashi pseudo-distance of the base V . Moreover, the use of a vanishing
theorem cannot show �;1.C/ 6� 0 when fibers of fU W U ! V are not minimal manifolds
of general type.

One of the main results in the present paper is to apply the VZ Higgs bundle to con-
struct a (possibly degenerate) Finsler metric F on some birational model QV of the base V ,
whose holomorphic sectional curvature is bounded above by a negative constant (negat-
ively curved Finsler metric in Definition 2.3(ii)). A bimeromorphic criterion for pseudo
Kobayashi hyperbolicity in Lemma 2.4 states that the base is pseudo Kobayashi hyper-
bolic if F is positive definite over a Zariski dense open set. Let us now briefly explain our
idea of the constructions. By factorizing through some Higgs subsheaf .F ; �/ � . QE ; Q�/
with logarithmic poles only along the boundary divisor D WD Y n QV , one can define, for
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any k D 1; : : : ; n, a morphism

�k W Symk TY .� logD/! L �1 ˝En�k;k ; (0.3.2)

where L is some big line bundle over Y equipped with a positively curved singular her-
mitian metric hL . Then for each k, the hermitian metric hk on QE k WD L �1 ˝ En�k;k

induced by the Hodge metric as well as hL (see Proposition 1.3 for details) will give rise
to a Finsler metric Fk on TY .� logD/ by taking the k-th root of the pull-back ��

k
hk .

However, the holomorphic sectional curvature of Fk might not be negatively curved.
Inspired by the aforementioned work of Schumacher, To–Yeung and Berndtsson–Păun–
Wang [7,53,54,58] on curvature computations for generalized Weil–Petersson metrics on
families of canonically polarized manifolds, we define a convex sum of Finsler metrics

F WD
� nX
kD1

˛kF
2
k

�1=2
with ˛1; : : : ; ˛n 2 RC (0.3.3)

on TY .� logD/, to offset the unwanted positive terms in the curvature ‚ QE k by negative
contributions from the ‚ QE kC1 (the last order term ‚ QE n is always semi-negative by the
Griffiths curvature formula). We prove in Proposition 2.14 that for proper ˛1; : : : ; ˛n > 0,
the holomorphic sectional curvature of F is negative and bounded away from zero. To
summarize, we establish an algorithm for the construction of Finsler metrics via VZ Higgs
bundles.

To prove Theorem B, we first note that VZ Higgs bundles over some birational model
QV of the base space V were constructed by Popa–Taji–Wu [48]. Let Y be some smooth

projective compactification QV with simple normal crossing boundary D WD Y n QV . By
our construction of a negatively curved Finsler metric F defined in (0.3.3) via VZ Higgs
bundles, to show that F is positive definite over some Zariski open set, it suffices to prove
that �1 WTY .� logD/!L �1˝En�1;1 defined in (0.3.2) is generically injective (which
we call generic local Torelli for VZ Higgs bundles in §1.1). This is proved in Theorem D,
by using the degeneration of the Hodge metric and the curvature properties of Hodge
bundles. In particular, we show that the generic injectivity of �1 is indeed an intrinsic
feature of all VZ Higgs bundles (unrelated to the Kodaira dimension of fibers of f !). By
a standard inductive argument in [48, 63], one can easily show that Theorem B implies
Theorem A.

Now we will explain the strategy to prove Theorem C. Note that VZ Higgs bundles are
only constructed over some birational model QV of V , which is not Kobayashi hyperbolic
in general. This motivates us first to establish a bimeromorphic criterion for Kobayashi
hyperbolicity in Lemma 2.5. Based on this criterion, in order to apply VZ Higgs bundles
to prove the Kobayashi hyperbolicity of the base V in Theorem C, it suffices to show that
(�) for any given point y on the base V , there exists a VZ Higgs bundle . QE ; Q�/ con-

structed over some birational model � W QV ! V such that ��1 W V Ü QV is defined
at y;

(|) the negatively curved Finsler metric F on QV defined in (0.3.3) induced by . QE ; Q�/ is
positive definite at the point ��1.y/.
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Roughly speaking, the idea is to produce an abundant supply of fine VZ Higgs bundles
to construct sufficiently many negatively curved Finsler metrics, which are obstructions
to the degeneracy of Kobayashi pseudo-distance dV of V . This is much more demanding
than the Brody hyperbolicity and Viehweg hyperbolicity of V , which can be shown by
the existence of only one VZ Higgs bundle on an arbitrary birational model of V , as
mentioned in [28, 47, 48, 63].

Let us briefly explain how we achieve both (�) and (|).
As far as we see in [48, 63], in their construction of VZ Higgs bundles, one has to

blow up the base several times (indeed twice). Recall that the basic setup in [48, 63] is
the following: after passing to some smooth birational model f QU W QU D U �V QV ! QV of
fU W U ! V , one can find a smooth projective compactification f W X ! Y of QU r ! QV ,

U r

��

QU r
bir
�oo

��

� // X

f

��
V QV

�

bir
�oo � // Y

(0.3.4)

so that there exists (at least) one hypersurface

H 2 j`KX=Y � f̀ �L j for some `� 0 (0.3.5)

which is transverse to the general fibers of f . Here L is some big and nef line bundle
over Y , and U r WDU �V �� � � �V U (resp. QU r ) is the r-fold fiber product of fU WU ! V

(resp. f QU W QU ! QV ). The VZ Higgs bundle is indeed the logarithmic Higgs bundle asso-
ciated to the Hodge filtration of an auxiliary variation of polarized Hodge structure con-
structed by taking the middle-dimensional relative de Rham cohomology on the cyclic
cover of X ramified along H .

In order to find an H as in (0.3.5), a crucial step in [48, 63] is the use of weakly semi-
stable reduction by Abramovich–Karu [2] so that, after changing the birational model
U ! V by performing a certain (uncontrollable) base change QU WD U �V QV ! QV , one
can find a “good” compactification X ! Y of QU r ! QV and a finite dominant morphism
W ! Y from a smooth projective manifoldW such that the base change X �Y W ! W

is birational to a mild morphism Z ! W , which is in particular flat with reduced fibers
(even functorial under fiber products). For our goal (�), we need a more refined con-
trol of the alteration for the base in the weakly semistable reduction [2, Theorem 0.3],
which remains unknown at the moment. Fortunately, as was suggested to us and proved
in Appendix A by Abramovich, using moduli of Alexeev stable maps one can establish a
Q-mild reduction for the family U ! V in place of the mild reduction in [63], so that we
can also find a “good” compactification X ! Y of U r ! V without passing through the
birational models QV ! V as in (0.3.4). This is the main theme of Appendix A.

Even if we can apply Q-mild reduction to avoid the first blow-up of the base as in
[48, 63], the second blow-up is in general inevitable. Indeed, the discriminant of the new
family ZH ! Y � V obtained by taking the cyclic cover alongH in (0.3.5) is in general
not normal crossing. One has thus to blow up this discriminant locus ofZH ! Y to make
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it normal crossing as in [48]. Therefore, to ensure (�), it then suffices to show that there
exists a compactification f W X ! Y of the smooth family U r ! V such that for some
sufficiently ample line bundle A over Y ,

f�.mKX=Y /˝A �m is globally generated over V for some m� 0. (�)

Indeed, for any given point y 2 V , by (�) one can find H transverse to the fiber Xy WD
f �1.y/, and thus the new family ZH ! Y will be smooth over an open set containing y.
To the best of our knowledge, (�) was only known when the moduli is canonically polar-
ized [28, Proposition 3.4]. §3.2 is devoted to the proof of (�) for the family U ! V in
Theorem C (see Theorem 3.7(iii) below). This in turn achieves (�).

To get (|), our idea is to take different cyclic coverings by “moving” H in (0.3.5), to
produce different “fine” VZ Higgs bundles. For any given point y 2 V , by (�), one can
take a birational model � W QV ! V such that � is isomorphic at y, and there exists a VZ
Higgs bundle . QE ; Q�/ on the normal crossing compactification Y � QV . To prove that the
induced negatively curved Finsler metric F is positive definite at Qy WD ��1.y/, by our
definition of F in (0.3.3), it suffices to show that �1 defined in (0.3.2) is injective at Qy in
the sense of C-linear map between complex vector spaces

�1; Qy W T QV ; Qy
'
�! TY .� logD/ Qy

� Qy
�! H 1.X Qy ;TX Qy /

' Qy
�! QE 1; Qy :

As we will see in §3.4, when H in (0.3.5) is properly chosen (indeed, transverse to the
fiber Xy) which is ensured by (�), ' Qy is injective at Qy. Hence �1; Qy is injective by our
assumption of effective parametrization (hence � Qy is injective) in Theorem C. This is our
strategy to prove Theorem C.

Notations and conventions

Throughout this article we will work over the complex number field C.
� An algebraic fiber space2 (or fibration for short) f W X ! Y is a surjective projective

morphism between projective manifolds with connected geometric fibers. A Q-divisor
E in X is said to be f -exceptional if f .E/ is an algebraic variety of codimension at
least 2 in Y .
� We say that a morphism fU W U ! V is a smooth family if fU is a surjective smooth

projective morphism with connected fibers between quasi-projective varieties.
� For any surjective morphism Y 0 ! Y , and the algebraic fiber space f W X ! Y , we

denote by .X �Y Y 0/~ the (unique) irreducible component (say the main component)
of X �Y Y 0 which dominates Y 0.
� Let � W X 0 ! X be a birational morphism from a projective manifold X 0 to a singular

variety X . The morphism � is called a strong desingularization if ��1.X reg/! X reg

is an isomorphism. Here X reg denotes the smooth locus of X .

2Here we follow the definition in [43].
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� For any birational morphism � W X 0 ! X , the exceptional locus denoted by Ex.�/ is
the inverse image of the smallest closed set ofX outside of which � is an isomorphism.
� Denote byX r WDX �Y � � � �Y X the r-fold fiber product of the fibration f WX! Y , by
.X r /~ the main component ofX r dominating Y , and byX .r/ a strong desingularization
of .X r /~.
� For any quasi-projective manifold Y , a Zariski open subset Y0 � Y is called a big open

set of Y if codimY nY0.Y / � 2.
� A singular hermitian metric h on the line bundle L is said to be positively curved if the

curvature current satisfies ‚h.L/ � 0.

1. Brody hyperbolicity of the base

To begin, let us introduce the definition of Viehweg–Zuo Higgs bundles over quasi-pro-
jective manifolds in an abstract way following [48, 63]. Then we prove a generic local
Torelli theorem for VZ Higgs bundles. We will show that based on the previous work
by Viehweg–Zuo and Popa–Taji–Wu, this generic local Torelli theorem suffices to prove
Theorem A.

1.1. Abstract Viehweg–Zuo Higgs bundles

The definition we present below follows from the formulation in [28,63] and [48, Propos-
ition 2.7].

Definition 1.1 (Abstract Viehweg–Zuo Higgs bundles). Let V be a quasi-projective man-
ifold, and let Y � V be a projective compactification of V with the boundaryD WD Y n V
simple normal crossing. A Viehweg–Zuo Higgs bundle on V is a logarithmic Higgs bundle
. QE ; Q�/ over Y consisting of the following data:

(i) a divisor S on Y such that D C S is simple normal crossing,
(ii) a big and nef line bundle L over Y with BC.L / � D [ S ,

(iii) a Higgs bundle .E ;�/ WD .
Ln
qD0E

n�q;q;
Ln
qD0 �n�q;q/ induced by the lower canon-

ical extension of a polarized VHS defined over Y n .D [ S/,
(iv) a Higgs subsheaf .F ; �/ � . QE ; Q�/,
which satisfy the following properties:
(1) . QE ; Q�/ WD .L �1 ˝ E ; 1 ˝ �/. In particular, Q� W QE ! QE ˝ �Y .log.D C S//, and
Q� ^ Q� D 0.

(2) The Higgs subsheaf .F ; �/ has log poles only on the boundary D, that is, � W F !
F ˝�Y .logD/.

(3) Write QE k WD L �1 ˝ En�k;k , and denote Fk WD
QE k \F . Then the first stage F0

of F is an effective line bundle. In other words, there exists a non-trivial morphism
OY ! F0.
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As shown in [28], by iterating � k times, we obtain

F0

k times‚…„ƒ
�ı���ı�
�����! Fk ˝ .�Y .logD//˝k :

Since �^ �D 0, the above morphism factors through Fk ˝ Symk�Y .logD/, and by (3)
one thus obtains

OY ! F0 ! Fk ˝ Symk �Y .logD/! L �1 ˝En�k;k ˝ Symk �Y .logD/:

Equivalently, we have a morphism

�k W Symk TY .� logD/! L �1 ˝En�k;k : (1.1.1)

It was proven in [28, Corollary 4.5] that �1 is always non-trivial. We say that a VZ Higgs
bundle satisfies the generic local Torelli if �1 W TY .� logD/!L �1 ˝En�1;1 in (1.1.1)
is generically injective. As we will see in §1.4 (in Theorem D) the generic local Torelli
holds for any VZ Higgs bundle.

1.2. A quick tour of Viehweg–Zuo’s construction

For smooth families U ! V of Theorems A and B, it was shown in [28] and [48, Pro-
position 2.7] that there is a VZ Higgs bundle over some birational model QV of V . Indeed,
using the deep theory of mixed Hodge modules, Popa–Taji–Wu [48] can even construct
VZ Higgs bundles over the bases of maximal variational smooth families whose geomet-
ric generic fiber admits a good minimal model. Since in the proof of Theorem C we need
to study the precise loci where �1 is injective, in this subsection we recollect Viehweg–
Zuo’s construction of VZ Higgs bundles over the base space V (up to a birational model
and a projective compactification) from the smooth projective family fU WU ! V of The-
orem B. We refer the readers to [28] and [48] for more details. In §3.4, we show how to
refine this construction to prove Theorem C.

Theorem 1.2. Let U ! V be the smooth family of Theorem B. Then after replacing V by
a birational model QV , there is a smooth compactification Y � QV and a VZ Higgs bundle
over QV .

Proof. By [48, 63], one can take a birational morphism � W QV ! V and a smooth com-
pactification f W X ! Y of U r �V QV ! QV such that there exists a hypersurface

H 2 j`�nX=Y .log�/ � f̀ �L C `Ej; n WD dimX � dimY; (1.2.1)

with L a big and nef line bundle over Y such that
(1) the complement D WD Y n QV is simple normal crossing;
(2) the hypersurface H is smooth over some Zariski open set V0 � QV with D C S WD

Y n V0 simple normal crossing;
(3) the divisor E is effective and f -exceptional with f .E/ \ V0 D ;;
(4) BC.L / \ V0 is empty, where BC.L / is the augmented base locus of L .
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Here we denote � WD f �1.D/ so that .X;�/! .Y;D/ is a log morphism. Within this
basic setup, let us now construct a VZ Higgs bundle over QV following [28]. Leaving out
a codimension 2 subvariety of Y supported on D C S , we assume that
� the morphism f is flat, and E in (1.2.1) disappears;
� the divisor D C S is smooth, and both � and † D f �1S are relative normal crossing.
Set L WD �n

X=Y
.log�/. Let ı W W ! X be a blow-up of X with centers in �C† such

that ı�.H C � C †/ is a normal crossing divisor. One thus obtains a cyclic covering
of ı�H by taking the `-th root out of ı�H . Let Z be a strong desingularization of this
covering, which is smooth over V0 by (2). We denote the compositions by h W W ! Y

and g W Z! Y ; their restrictions to V0 are both smooth. Write… WD g�1.S [D/, which
can be assumed to be normal crossing. Leaving out a further codimension 2 subvariety
supported onD C S , we assume that h and g are also flat, and both ı�.H C�C†/ and
… are relative normal crossing. Set

F n�q;q WD Rqh�

�
ı�.�

n�q

X=Y
.log�//˝ ı�L�1 ˝ OW

��
ı�H

`

���
=torsion:

It was shown in [28, §4] that there exists a natural edge morphism

�n�q;q W F
n�q;q

! F n�q�1;qC1 ˝�Y .logD/; (1.2.2)

which gives rise to the first Higgs bundle .
Ln
qD0 F

n�q;q;
Ln
qD0 �n�q;q/ defined over a

big open subset of Y containing V0.
Write Z0 WD Z n …. Then the local system Rng�C�Z0 extends to a locally free

sheaf V on Y (here Y is projective rather than a big open set!) equipped with a logar-
ithmic connection

r W V ! V ˝�Y .log.D C S//;

whose eigenvalues of the residues lie in Œ0; 1/ (the so-called lower canonical extension).
By Schmid’s nilpotent orbit theorem [51], the Hodge filtration of Rng�C�Z0 extends
to a filtration V WD F 0 � F 1 � � � � � F n of subbundles so that their graded sheaves
En�q;q WD F n�q=F n�qC1 are also locally free, and there exists

�n�q;q W E
n�q;q

! En�q�1;qC1 ˝�Y .log.D C S//:

This defines the second Higgs bundle .
Ln
qD0 E

n�q;q; �n�q;q/. As observed in [28, 63],
En�q;q D Rqg��

n�q

Z=Y
.log…/ over a big open subset of Y by the theorem of Steenbrink

[57, 66]. By the construction of the cyclic cover Z, this in turn implies the following
commutative diagram over a big open subset of Y :

L �1 ˝En�q;q
1˝�n�q;q // L �1 ˝En�q�1;qC1 ˝�Y .log.D C S//

F n�q;q

�n�q;q

OO

�n�q;q // F n�q�1;qC1 ˝�Y .logD/

�n�q�1;qC1˝�

OO
(1.2.3)
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as shown in [63, Lemma 6.2] (cf. also [28, Lemma 4.4]). Note that all the objects are
defined on a big open set of Y except for .

Ln
qD0E

n�q;q; �n�q;q/, which is defined on the
whole Y . Following [63, §6], for every q D 0; : : : ; n, we define F n�q;q to be the reflexive
hull, and the morphisms �n�q;q and �n�q;q extend naturally.

To conclude that .
Ln
qD0 L �1 ˝ En�q;q;

Ln
qD0 1 ˝ �n�q;q/ is a VZ Higgs bundle

as in Definition 1.1, we have to introduce a Higgs subsheaf with log poles supported
onD. Write Q�n�q;q WD 1˝ �n�q;q for short. Following [28, Corollary 4.5] (cf. also [48]),
for each q D 0; : : : ; n we define a coherent torsion-free sheaf Fq WD �n�q;q.F

n�q;q/ �

En�q;q . Since F n;0 � OY , one has F0 � OY . By (1.2.2) and (1.2.3),

Q�n�q;qjFq W Fq ! FqC1 ˝�Y .logD/I

let �q be the restriction of Q�n�q;q to Fq . Then .F ; �/ WD .
Ln
qD0Fq;

Ln
qD0 �q/ is a Higgs

subbundle of . QE ; Q�/ WD .
Ln
qD0L �1 ˝En�q;q;

Ln
qD0
Q�n�q;q/.

1.3. Proper metrics for logarithmic Higgs bundles

We adopt the same notations as Definition 1.1 in the rest of §1. As is well-known, E can
be endowed with the Hodge metric h induced by the polarization, which may blow up
around the simple normal crossing boundary D C S . However, according to the work of
Schmid, Cattani–Schmid–Kaplan and Kashiwara [20, 33, 51], h has mild singularities (at
most logarithmic), and as proved in [63, §7] (for unipotent monodromies) and [48, §3]
(for quasi-unipotent monodromies), one can take a proper singular metric g˛ on L such
that the induced singular hermitian metric g�1˛ ˝ h on QE WDL �1˝ E is locally bounded
from above. Before we summarize the above-mentioned results in [48, §3], we introduce
some notations from loc. cit.

Write the simple normal crossing divisorDDD1C � � � CDk and S D S1C � � � C S`.
Let fDi 2 H

0.Y;OY .Di // and fSi 2 H
0.Y;OY .Si // be the canonical sections defining

Di and Si . We fix smooth hermitian metrics gDi and gSi on OY .Di / and OY .Si /. Set

rDi WD � log kfDi k
2
gDi

; rSi WD � log kfSi k
2
gSi
;

and define

rD WD

kY
iD1

rDi ; rS WD
Ỳ
iD1

rSi :

Let g be a singular hermitian metric with analytic singularities on the big and nef line
bundle L such that g is smooth on Y nBC.L /� Y n .D [ S/, and the curvature current
satisfies

p
�1‚g.L / � ! for some smooth Kähler form ! on Y . For ˛ 2 N, define

g˛ WD g � .rD � rS /
˛:

The following proposition is a slight variant of [48, Lemma 3.1, Corollary 3.4].

Proposition 1.3 ([48]). When ˛� 0, after rescaling fDi and fSi , there exists a continu-
ous, positive definite hermitian form !˛ on TY .� logD/ such that
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(i) over V0 WD Y nD [ S , the curvature form
p
�1‚g˛ .L /�V0 � r

�2
D � !˛�V0 I

(ii) the singular hermitian metric h˛g WD g
�1
˛ ˝ h on L �1 ˝ E is locally bounded on Y ,

and smooth outside D C S ; moreover, h˛g is degenerate on D C S ;
(iii) the singular hermitian metric r2Dh

˛
g on L �1 ˝ E is also locally bounded on Y .

Remark 1.4. It follows from Proposition 1.3 that both h˛g and r2Dh
˛
g can be seen as Finsler

metrics on L �1 ˝ E which are degenerate on Supp.D C S/ and positive definite on V0.

Although the last statement of Proposition 1.3(ii) is not explicitly stated in [48], it
can be easily seen from the proof of [48, Corollary 3.4]. Proposition 1.3 mainly relies on
the asymptotic behavior of the Hodge metric for lower canonical extension of a variation
of Hodge structure (cf. Theorem 1.5 below) when the local monodromies around the
boundaries are only quasi-unipotent.

Theorem 1.5 ([48, Lemma 3.2]). Let H D F 0 � F 1 � � � � � F N � 0 be a variation of
Hodge structure defined over .��/p ��q , where� .resp.��/ is the unit disk .resp. punc-
tured unit disk/. Consider the lower canonical extension lF � over�pCq � .��/p ��q ,
and denote by .E ; �/ the associated Higgs bundle. Then for any holomorphic section
s 2 �.U; E /, where U ¨ �pCq is a relatively compact open set containing the origin,
one has the norm estimate

jsjhod � C
�
.� log jt1j/ � : : : � .� log jtpj/

�˛
; (1.3.1)

where ˛ is some positive constant independent of s, and t D .t1; : : : ; tpCq/ denotes the
coordinates of �pCq .

Let us mention that the estimates of the Hodge metric for upper canonical extension
were obtained by Peters [46] in one variable, and by Catanese–Kawamata [19] in several
variables, based on [20, 51]. We provide a slightly different proof of Theorem 1.5 for
completeness sake, following closely the approaches in [19, 46].

Proof of Theorem 1.5. The fundamental group �1..��/p ��q/ is generated by elements
1; : : : ; p , where j may be identified with the counterclockwise oriented generator of
the fundamental group of the j -th copy of �� in .��/p . Set Tj to be the monodromy
transformation with respect to j ; they pairwise commute and are known to be quasi-
unipotent, that is, for any multivalued section v.t1; : : : ; tpCq/ of H , one has

v.t1; : : : ; e
2�i tj ; : : : ; tpCq/ D Tj � v.t1; : : : ; tpCq/;

and ŒTj ; Tk � D 0 for any j; k D 1; : : : ; p. Set Tj D Dj � Uj to be the (unique) Jordan–
Chevalley decomposition, so that Dj is diagonalizable and Uj is unipotent with ŒDj ; Uj �
D 0. Since Tj is quasi-unipotent by the theorem of Borel, all the eigenvalues of Dj are
thus roots of unity. Set Nj WD 1

2�i

P
k>0.I � Uj /

k=k. If Dj D diag.dj`/ then we set
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Sj D diag.�j`/ with �j` 2 .�2�i; 0� and exp.�j`/ D dj`. Since ŒTj ; Tk � D 0, Jordan–
Chevalley decomposition implies that

ŒSj ; Sk � D ŒSj ; Nk � D ŒNj ; Nk � D 0: (1.3.2)

Fix a point t0 2 .��/p ��q , and take a basis v1; : : : ; vr 2 Vt0 such that S1; : : : ; Sp are
simultaneously diagonal, that is,

Sj .v`/ D �j`: (1.3.3)

Define v1.t/; : : : ; vr .t/ to be the induced multivalued flat sections. Then

ej .t/ WD exp
�
�

1

2�i

pX
iD1

.Si CNi / � log ti

�
vj .t/

are single-valued and form a basis of holomorphic sections for the lower canonical exten-
sion lH .

Recall that the dj` are all roots of unity. One can thus take a positive integer m such
that mj` WD �m�j`=.2�i/ are all non-negative integers. Equivalently, each Tmj is unipo-
tent. Define a ramified cover

� W �pCq ! �pCq; .w1; : : : ; wpCq/ 7! .wm1 ; : : : ; w
m
p ; wpC1; : : : ; wpCq/;

and set � 0 to be the restriction of � to .��/p ��q . Then � 0�F � is a variation of Hodge
structure on .��/p � �q with unipotent monodromy, and we define c� 0�H to be the
canonical extension of � 0�H . Set uj .w/ WD �

0�vj , which is a multivalued section for the
local system � 0�H . Then

uj .w1; : : : ; e
2�iwj ; : : : ; wpCq/ D T

m
j � uj .w1; : : : ; wpCq/:

Define

Qej .w/ WD exp
�
�

1

2�i

pX
iD1

mNi � logwi

�
uj .w/I (1.3.4)

these elements form a basis of c� 0�H . Based on the work of [20, 51], it was shown in
[63, Claim 7.8] that

j Qej .w/jhod � C0
�
.� log jw1j/ � : : : � .� log jwpj/

�˛ (1.3.5)

for some positive constants C0 and ˛. On the other hand, we have

� 0�ej .w/ D exp
�
�

1

2�i

pX
iD1

.Si CNi / � logwmi

�
� 0�vj .w/

(1.3.2)
D exp

�
�

1

2�i

pX
iD1

mNi � logwi

�
� exp

�
�

1

2�i

pX
iD1

mSi logwi

�
� 0�vj .w/
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(1.3.3)
D exp

�
�

1

2�i

pX
iD1

mNi � logwi

�
� exp

�
�

1

2�i

pX
iD1

m�ij logwi

�
� 0�vj .w/

D

pY
iD1

w
mij
i � exp

�
�

1

2�i

pX
iD1

mNi � logwi

�
� uj .w/

(1.3.4)
D

pY
iD1

w
mij
i � Qej .w/:

By the definition of lower canonical extension, the mij are all non-negative integers, and
thus

� 0�jej jhod.w/ D j�
0�ej .w/jhod D

pY
iD1

jwi j
mij j Qej .w/jhod

(1.3.5)
� C0

�
.� log jw1j/ � : : : � .� log jwpj/

�˛
:

Hence
jej jhod.t/ �

C0

mp

�
.� log jt1j/ � : : : � .� log jtpj/

�˛
:

Note that lH
C1

' E . Therefore, for any holomorphic section s 2 �.U; E /, there exist
smooth functions f1; : : : ; fr 2 O.U / such that s D

Pr
jD1 fj ej . This shows the estimate

(1.3.1).

Remark 1.6. For the Hodge metric of upper canonical extension, one makes the choice
�j` 2 Œ0; 2�i/ instead of �j` 2 .�2�i; 0� in the proof of Theorem 1.5. Then the same
computation as above easily shows that

jej jhod.t/ �

pY
iD1

jti j
�
�ij
2�i

C

mp

�
.� log jt1j/ � : : : � .� log jtpj/

�˛
;

which was obtained in [19].

1.4. Generic local Torelli for VZ Higgs bundles

In this section we prove that the generic local Torelli holds for any VZ Higgs bundle,
which is a crucial step in the proofs of Theorems A and B.

Theorem D (Generic local Torelli). For all abstract Viehweg–Zuo Higgs bundles defined
in Definition 1.1, the morphism �1 W TY .� logD/! L �1 ˝En�1;1 defined in (1.1.1) is
generically injective.

Proof. By Definition 1.1, the non-zero morphism OY ! F0 ! L �1 ˝ En;0 induces a
global section s 2 H 0.Y;L �1 ˝ En;0/, which is generically non-vanishing over V0 WD
Y n .D [ S/. Set

V1 WD ¹y 2 V0 j s.y/ ¤ 0º; (1.4.1)
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which is a non-empty Zariski open set of V0. For the first stage of the VZ Higgs bundle
L �1 ˝ En;0, we equip it with a singular metric h˛g WD g�1˛ ˝ h as in Proposition 1.3,
so that items 1.3(i) and 1.3(ii) of that proposition are satisfied. Note that h˛g is smooth
over V0. Let D0 be the .1; 0/-part of its Chern connection over V0, and ‚0 its curvature
form. Then by the Griffiths curvature formula for Hodge bundles (see [31]), over V0 we
have

‚0 D �‚L ;g˛ ˝ 1C 1˝‚h.E
n;0/ D �‚L ;g˛ ˝ 1 � 1˝ .��n;0 ^ �n;0/

D �‚L ;g˛ ˝ 1 � Q��n;0 ^ Q�n;0; (1.4.2)

where we set Q�n�k;k WD 1 ˝ �n�k;k W L �1 ˝ En�k;k ! L �1 ˝ En�k�1;kC1 ˝

�Y .log.D C S//, and define Q��n;0 to be the adjoint of Q�n;0 with respect to the metric h˛g .
Hence over V1 one has

�
p
�1 @N@ log jsj2h˛g

D
¹
p
�1‚0.s/; sºh˛g

jsj2
h˛g

C

p
�1 ¹D0s; sºh˛g ^ ¹s;D

0sºh˛g

jsj4
h˛g

�

p
�1 ¹D0s;D0sºh˛g

jsj2
h˛g

�
¹
p
�1‚0.s/; sºh˛g

jsj2
h˛g

(1.4.3)

thanks to the Lagrange inequality
p
�1 jsj2h˛g

� ¹D0s;D0sºh˛g �
p
�1 ¹D0s; sºh˛g ^ ¹s;D

0sºh˛g :

Putting (1.4.2) into (1.4.3), over V1 one has

p
�1‚L ;g˛ �

p
�1 @N@ log jsj2h˛g � �

¹
p
�1 Q��n;0 ^

Q�n;0.s/; sºh˛g

jsj2
h˛g

D

p
�1 ¹ Q�n;0.s/; Q�n;0.s/ºh˛g

jsj2
h˛g

(1.4.4)

where Q�n;0.s/ 2 H 0.Y;L �1 ˝ En�1;1 ˝�Y .log.D C S///. By Proposition 1.3(ii), for
any y 2 D [ S , one has

lim
y02V0;y0!y

jsj2h˛g
.y0/ D 0:

Therefore, it follows from the compactness of Y that there exists y0 2 V0 such that
jsj2
h˛g
.y0/ � jsj

2
h˛g
.y/ for any y 2 V0. Hence jsj2

h˛g
.y0/ > 0, and by (1.4.1), y0 2 V1. Since

jsj2
h˛g

is smooth over V0,
p
�1 @N@ log jsj2

h˛g
.y0/ is semi-negative. By Proposition 1.3(i),

p
�1 ‚L ;g˛ is strictly positive at y0. By (1.4.4) and jsj2

h
.y0/ > 0, we conclude that
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p
�1 ¹ Q�n;0.s/; Q�n;0.s/ºh˛g is strictly positive at y0. In particular, Q�n;0.s/.�/ ¤ 0 for any

non-zero � 2 TY;y0 . Over V0 the map

�1 W TY .� logD/! L �1 ˝En�1;1

in (1.1.1) is defined by �1.�/ WD Q�n;0.s/.�/, so it is injective at y0 2 V1. Hence �1 is
generically injective. The theorem is thus proved.

Remark 1.7. Viehweg–Zuo [28] showed that �1 WTY .� logD/!L �1˝En�1;1 defined
in (1.1.1) does not vanish on V using a global argument relying on the Griffiths curvature
computation for the Hodge metric and the bigness of direct image sheaves due to
Kawamata and Viehweg. Moreover, by the work of Viehweg–Zuo [63] and Popa–Taji–Wu
[48], it has already been known that when fibers in Theorem A have big and semi-ample
canonical bundle, the VZ Higgs bundles constructed in Theorem 1.2 over the base always
satisfy Theorem D.

Though Theorem A follows from our more general result in Theorem B, we are able
to prove Theorem A by directly applying the results of Viehweg–Zuo [63] and Popa–
Taji–Wu [48]. Since we need some efforts to prove Theorem B, let us quickly show how
to combine their work with Theorem D to prove Theorem A.

Proof of Theorem A. By the stratified arguments of Viehweg–Zuo [63], it suffices to
prove that there cannot exist a Zariski dense entire curve. Assume for contradiction that
there exists such a  W C ! V . The existence of a VZ Higgs bundle on some birational
model QV of V is known by Theorem 1.2. Let Q W C ! QV be the lift of  , which is also
Zariski dense. In [48, 63], the authors proved that the restriction of �1 defined in (1.1.1)
on C, say �1jC W TC ! Q

�.L �1 ˝ En�1;1/, has to vanish identically, or else, they can
construct a pseudo-hermitian metric on C with strictly negative Gaussian curvature which
violates the Ahlfors–Schwarz lemma. By Theorem D, this cannot happen since Q WC! QV
is Zariski dense. The theorem is proved.

2. Pseudo Kobayashi hyperbolicity of the base

In this section we first establish an algorithm to construct Finsler metrics whose holo-
morphic sectional curvatures are bounded above by a negative constant via VZ Higgs
bundles. By our construction and generic local Torelli Theorem D, those Finsler metrics
are positive definite over a Zariski open set, and by the Ahlfors–Schwarz lemma, we prove
that a quasi-projective manifold is pseudo Kobayashi hyperbolic once it is equipped with
a VZ Higgs bundle, and thus prove Theorem B.

2.1. Finsler metric and (pseudo) Kobayashi hyperbolicity

Throughout this subsection, X will denote a complex manifold of dimension n.
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Definition 2.1 (Finsler metric). Let E be a holomorphic vector bundle on X . A Finsler
metric3 on E is a real non-negative continuous function F W E ! Œ0;C1Œ such that

F.av/ D jajF.v/

for any a 2 C and v 2 E . The Finsler metric F is positive definite on some subset S � X
if for any x 2 S and any non-zero vector v 2 Ex , F.v/ > 0.

When F is a Finsler metric on TX , we also say that F is a Finsler metric on X .
Let E and G be locally free sheaves on X , and suppose that there is a morphism

' W Symm E ! G :

Then for any Finsler metric F on G , ' induces a pseudo-metric .'�F /1=m on E defined
by

.'�F /1=m.e/ WD F.'.e˝m//1=m (2.1.1)

for any e 2 E . It is easy to verify that .'�F /1=m is also a Finsler metric on E . Moreover,
if over some open set U , ' is an injection as a morphism between vector bundles, and F
is positive definite over U , then .'�F /1=m is also positive definite over U .

Definition 2.2. (i) The Kobayashi–Royden infinitesimal pseudo-metric of X is a length
function �X W TX ! Œ0;C1Œ, defined by

�X .�/ D inf

¹� > 0 j 9 W D ! X; .0/ D x; � �  0.0/ D �º (2.1.2)

for any x 2 X and � 2 TX , where D denotes the unit disk in C.
(ii) The Kobayashi pseudo-distance of X , denoted by dX W X �X ! Œ0;C1Œ, is

dX .p; q/ D inf
`

Z 1

0

�X .`
0.�// d�

for any p;q 2X , where the infimum is taken over all differentiable curves ` W Œ0;1�!
X joining p to q.

(iii) Let � ¨ X be a closed subset. A complex manifold X is Kobayashi hyperbolic
modulo � if dX .p; q/ > 0 for any distinct p; q 2 X not both in �. When � is an
empty set, the manifold X is Kobayashi hyperbolic; when � is proper and Zariski
closed, the manifold X is pseudo Kobayashi hyperbolic.

By definition it is easy to show that if X is Kobayashi hyperbolic (resp. pseudo Koba-
yashi hyperbolic), then X is Brody hyperbolic (resp. algebraically degenerate). Brody’s
theorem says that when X is compact, X is Kobayashi hyperbolic if it is Brody hyper-
bolic. However unlike the case of Kobayashi hyperbolicity, no criterion is known for
pseudo Kobayashi hyperbolicity of a compact complex space in terms of entire curves.
Moreover, there are many examples of complex (quasi-projective) manifolds which are
Brody hyperbolic but not Kobayashi hyperbolic.

3This definition is a bit different from the definition in [38], which requires convexity or triangle
inequality, and the Finsler metric there can be upper semi-continuous.
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For any holomorphic map  W D ! X , the Finsler metric F induces a continuous
hermitian pseudo-metric on D,

�F 2 D
p
�1 �.t/dt ^ d Nt ;

where �.t/ is a non-negative continuous function on D. The Gaussian curvature K�F 2
of the pseudo-metric �F 2 is defined to be

K�F 2 WD �
1

�

@2 log�
@t@Nt

: (2.1.3)

Definition 2.3. Let X be a complex manifold endowed with a Finsler metric F .
(i) For any x 2X and v 2TX;x , let Œv� denote the complex line spanned by v. We define

the holomorphic sectional curvature KF;Œv� in the direction of Œv� by

KF;Œv� WD supK�F 2.0/

where the supremum is taken over all  W D ! X such that .0/ D x and Œv� is
tangent to  0.0/.

(ii) We say that F is negatively curved if there is a positive constant c such thatKF;Œv� �
�c for all v 2 TX;x for which F.v/ > 0.

(iii) A point x 2 X is a degeneracy point of F if F.v/ D 0 for some non-zero v 2 TX;x ,
and the set of such points is denoted by �F .

As mentioned in §0, our negatively curved Finsler metrics are only constructed on
birational models of the base spaces in Theorems B and C, we thus have to establish
bimeromorphic criteria for (pseudo) Kobayashi hyperbolicity to prove the main theorems.

Lemma 2.4 (Bimeromorphic criteria for pseudo Kobayashi hyperbolicity). Let� WX!Y
be a bimeromorphic morphism between complex manifolds. If there exists a Finsler met-
ric F on X which is negatively curved in the sense of Definition 2.3(ii), then X is Koba-
yashi hyperbolic modulo �F , and Y is Kobayashi hyperbolic modulo �.Ex.�/ [�F /,
where Ex.�/ is the exceptional locus of �. In particular, when �F is a proper analytic
subvariety of X , both X and Y are pseudo Kobayashi hyperbolic.

Proof. The first statement is a slight variant of [38, Theorem 3.7.4]. By normalizing F
we may assume that KF � �1. By the Ahlfors–Schwarz lemma, one has F � �X : Let
ıF W X � X ! Œ0;C1Œ be the distance function on X defined by F in a similar way
to dX :

ıF .p; q/ WD inf
`

Z 1

0

F.`0.�// d�

for any p; q 2 X , where the infimum is over all differentiable curves ` W Œ0; 1� ! X

joining p to q. Since F is continuous and positive definite over X n �F , for any p 2
X n�F , one has dX .p;q/� ıF .p;q/ > 0 for any q¤ p, which proves the first statement.

Let Hol.Y; y/ be the set of holomorphic maps  W D ! Y with .0/ D y. Pick any
point y 2 U WD Y n�.Ex.�//. Then there is a unique point x 2 X with �.x/D y. Hence
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� induces a bijection of sets

Hol.X; x/
'

! Hol.Y; y/

defined by Q 7! � ı Q . Indeed, observe that ��1 W YÜ X is a meromorphic map, hence
so is ��1 ı  for any  2 Hol.Y; y/. Since dim D D 1, the map ��1 ı  is moreover
holomorphic. It follows from (2.1.2) that

�X .�/ D �Y .��.�//

for any � 2 TX;x . Hence

���Y j��1.U / D �X j��1.U / � F j��1.U /:

Let G W TU ! Œ0;C1Œ be the Finsler metric on U such that ��G D F j��1.U /. Then G
is continuous and positive definite over U n �.�F /, and

�Y jU � G:

Therefore, for any y 2 Y n �.�F [ Ex.�//, one has dY .y; z/ > 0 for any z ¤ y, which
proves the second statement.

The above criterion can be refined further to show the Kobayashi hyperbolicity of the
complex manifold.

Lemma 2.5 (Bimeromorphic criterion for Kobayashi hyperbolicity). Let X be a com-
plex manifold. Assume that for each point p 2 X , there is a bimeromorphic morphism
� W QX ! X with QX equipped with a negatively curved Finsler metric F such that
p … �.�F [ Ex.�//. Then X is Kobayashi hyperbolic.

Proof. It suffices to show that dX .p;q/ > 0 for any distinct p;q 2X . We take the bimero-
morphic morphism � W QX ! X in the lemma with respect to p. By Lemma 2.4, X is
Kobayashi hyperbolic modulo �.�F [ Ex.�//, which shows that dX .p; q/ > 0 for any
q ¤ p. The lemma follows.

2.2. Curvature formula

Let . QE ; Q�/ be the VZ Higgs bundle on a quasi-projective manifold V defined in §1.1. In
the next two subsections, we will construct a negatively curved Finsler metric on V via
. QE ; Q�/. Our main result is the following.

Theorem 2.6 (Existence of negatively curved Finsler metrics). Same notations as Defini-
tion 1.1. Assume that �1 is injective over a non-empty Zariski open set V1 � Y n .D [ S/.
Then there exists a Finsler metric F .see (2.3.6) below/ on TY .� logD/ such that

(i) F is positive definite over V1;
(ii) when F is seen as a Finsler metric on V D Y nD, it is negatively curved in the sense

of Definition 2.3(ii).



Y. Deng 2334

Let us first construct the desired Finsler metric F , and then prove the curvature prop-
erty. By (1.1.1), for each k D 1; : : : ; n, there exists

�k W Symk TY .� logD/! L �1 ˝En�k;k : (2.2.1)

Then it follows from Proposition 1.3(ii) that the Finsler metric h˛g on L �1 ˝ En�k;k

induces a Finsler metric Fk on TY .� logD/ defined as follows: for any e2TY .� logD/y ,

Fk.e/ WD .�
�
k h

˛
g/
1=k.e/ D h˛g.�k.e

˝k//1=k : (2.2.2)

For any  W D ! V , one has

d W TD ! �TV ,! �TY .� logD/

and thus the Finsler metric Fk induces a continuous hermitian pseudo-metric on D,
denoted by

�F 2k WD
p
�1Gk.t/dt ^ d Nt : (2.2.3)

In general,Gk.t/may be identically equal to zero for all k. However, if we further assume
that .D/ \ V1 ¤ ;, by the assumption in Theorem 2.6 that the restriction of �1 to V1 is
injective, one has G1.t/ 6� 0. Denote by @t WD @

@t
the canonical vector field in D, and

N@t WD
@
@Nt

its conjugate. Set C WD �1.V1/, and note that D n C is a discrete set in D.

Lemma 2.7. Assume that Gk.t/ 6� 0 for some k > 1. Then the Gaussian curvature Kk of
the continuous pseudo-hermitian metric �F 2

k
on C satisfies

Kk WD �
@2 logGk
@t@Nt

=Gk �
1

k

�
�

�
Gk

Gk�1

�k�1
C

�
GkC1

Gk

�kC1�
(2.2.4)

over C � D.

Proof. For i D 1; : : : ; n, let us write ei WD �i .d.@t /˝i /, which can be seen as a section
of �.L �1 ˝En�i;i /. Then by (2.2.2) one observes that

Gi .t/ D keik
2=i

h˛g
: (2.2.5)

Let Rk D ‚h˛g .L
�1 ˝ En�k;k/ be the curvature form of L �1 ˝ En�k;k on the set

V0 WD Y n .D [ S/ induced by the metric h˛g D g�1˛ � h defined in Proposition 1.3(ii),
and let D0 be the .1; 0/-part of the Chern connection D of .L �1 ˝ En�k;k ; h˛g/. Then
for k D 1; : : : ; n, one has

�
p
�1 @N@ logGk D

1

k

�
¹
p
�1Rk.ek/; ekºh˛g

kekk
2
h˛g

C

p
�1 ¹D0ek ; ekºh˛g ^ ¹ek ;D

0ekºh˛g

kekk
4
h˛g

�

p
�1 ¹D0ek ;D

0ekºh˛g

kekk
2
h˛g

�
�
1

k

¹
p
�1Rk.ek/; ekºh˛g

kekk
2
h˛g
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thanks to the Lagrange inequality
p
�1 kekk

2
h˛g
� ¹D0ek ;D

0ekºh˛g �
p
�1 ¹D0ek ; ekºh˛g ^ ¹ek ;D

0ekºh˛g :

Hence

�
@2 logGk
@t@Nt

�
1

k
�
hRk.ek/.@t ; N@t /; ekih˛g

kekk
2
h˛g

: (2.2.6)

Recall that for the logarithmic Higgs bundle .
Ln
kD0E

n�k;k ;
Ln
kD0 �n�k;k/, the curvature

‚k on En�k;k
�V0

induced by the Hodge metric h is given by

‚k D ��
�
n�k;k ^ �n�k;k � �n�kC1;k�1 ^ �

�
n�kC1;k�1;

where we recall that �n�k;k W En�k;k ! En�k�1;kC1 ˝�Y .log.D C S//. Set Q�n�k;k WD
1˝ �n�k;k W L �1 ˝En�k;k ! L �1 ˝En�k�1;kC1 ˝�Y .log.D C S//, and one has

L �1 ˝En�kC1;k�1

Q�n�kC1;k�1.@t /
,,
L �1 ˝En�k;k

Q��
n�kC1;k�1

.N@t /

kk

Q�n�k;k.@t /
,,

L �1 ˝En�k�1;kC1

Q��
n�k;k

.N@t /

kk

where Q��
n�k;k

is the adjoint of Q�n�k;k with respect to the metric h˛g over Y n .D [ S/.
Here we also write @t (resp. N@t ) for d.@t / (resp. d.N@t / ) abusively. Then over V0, we
have

Rk D �‚L ;g˛ ˝ 1C 1˝‚k

D �‚L ;g˛ ˝ 1 � Q��n�k;k ^
Q�n�k;k � Q�n�kC1;k�1 ^ Q�

�
n�kC1;k�1: (2.2.7)

By the definition of �k in (1.1.1), for any k D 2; : : : ; n one has

ek D Q�n�kC1;k�1.@t /.ek�1/; (2.2.8)

and we can derive the following curvature formula:

hRk.ek/.@t ; N@t /; ekih˛g

D �‚L ;g˛ .@t ;
N@t /kekk

2
h˛g

C h Q��n�k;k.
N@t / ı Q�n�k;k.@t /.ek/ � Q�n�kC1;k�1.@t / ı Q�

�
n�kC1;k�1.

N@t /.ek/; ekih˛g

� h Q��n�k;k.
N@t / ı Q�n�k;k.@t /.ek/; ekih˛g

� h Q�n�kC1;k�1.@t / ı Q�
�
n�kC1;k�1.

N@t /.ek/; ekih˛g
(2.2.8)
D kekC1k

2
h˛g
� k Q��n�kC1;k�1.

N@t /.ek/k
2
h˛g
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� kekC1k
2
h˛g
�
jh Q��

n�kC1;k�1
.N@t /.ek/; ek�1ih˛g j

2

kek�1k
2
h˛g

.Cauchy–Schwarz inequality/

D kekC1k
2
h˛g
�
jhek ; Q�n�kC1;k�1.@t /.ek�1/ih˛g j

2

kek�1k
2
h˛g

(2.2.8)
D kekC1k

2
h˛g
�

kekk
4
h˛g

kek�1k
2
h˛g

(2.2.5)
D GkC1

kC1
�
G2k
k

Gk�1
k�1

Putting this into (2.2.6), we obtain (2.2.4).

Remark 2.8. For the final stageE0;n of the Higgs bundle .
Ln
qD0E

n�q;q;
Ln
qD0 �n�q;q/.

We make the convention that GnC1 � 0. Then the Gaussian curvature for Gn in (2.2.6)
is always semi-negative, which is similar to the Griffiths curvature formula for Hodge
bundles in [31].

When k D 1, by (2.2.6) one has

�
@2 logG1
@t@Nt

=G1 �
hR1.e1/.@t ; N@t /; e1ih˛g

ke1k
4
h˛g

(2.2.7)
D
�‚L ;g˛ .@t ;

N@t /

ke1k
2
h˛g

C
h Q��n�1;1.

N@t / ı Q�n�1;1.@t /.e1/ � Q�n;0.@t / ı Q�
�
n;0.
N@t /.e1/; e1ih˛g

ke1k
4
h˛g

(2.2.8)
�

�‚L ;g˛ .@t ;
N@t /ke1k

2
h˛g
C ke2k

2
h˛g

ke1k
4
h˛g

D
�‚L ;g˛ .@t ;

N@t /

ke1k
2
h˛g

C

�
G2

G1

�2
:

We need the following lemma to control the negative term in the above inequality.

Lemma 2.9. When ˛ � 0, there exists a universal constant c > 0 such that for any
 W D ! V with .D/ \ V0 ¤ ;, one has

‚L ;g˛ .@t ;
N@t /

ke1k
2
h˛g

� c:

In particular,

�
@2 logG1
@t@Nt

=G1 � �c C

�
G2

G1

�2
:
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Proof. By Proposition 1.3(ii), it suffices to prove that

�.r�2D � !˛/.@t ;
N@t /

ke1k
2
h˛g

� c: (2.2.9)

Note that

�.r�2D � !˛/.@t ;
N@t /

ke1k
2
h˛g

D
�.!˛/.@t ; N@t /

�.r2D/ � ke1k
2
h˛g

D
�!˛.@t ; N@t /

���1 .r
2
D � h

˛
g/.@t ;

N@t /
;

where ��1 .r
2
D � h

˛
g/ is the Finsler metric on TY .� logD/ defined by (2.1.1). By Pro-

position 1.3(iii), !˛ is a positive definite hermitian metric on TY .� logD/. Since Y is
compact, there exists a uniform constant c > 0 such that

!˛ � c�
�
1 .r

2
D � h

˛
g/:

We have thus obtained the desired inequality (2.2.9).

In summary, we have the following curvature estimate for the Finsler metrics
F1; : : : ; Fn defined in (2.2.2), which is similar to [54, Lemma 9] for the Weil–Petersson
metric.

Proposition 2.10. Let  W D! V be such that .D/ \ V1 ¤ ;. Assume that Gk 6� 0 for
k D 1; : : : ; q, and GqC1 � 0 .thus Gj � 0 for all j > q C 1/. Then q � 1, and over
C WD �1.V1/, which is the complement of a discrete set in D, one has

�
@2 logG1
@t@Nt

=G1 � �c C

�
G2

G1

�2
; (2.2.10)

�
@2 logGk
@t@Nt

=Gk �
1

k

�
�

�
Gk

Gk�1

�k�1
C

�
GkC1

Gk

�kC1�
81 < k � q: (2.2.11)

Here the constant c > 0 does not depend on the choice of  .

2.3. Construction of the Finsler metric

By Proposition 2.10, we observe that none of the Finsler metrics F1; : : : ; Fn defined in
(2.2.2) is negatively curved. Following the similar strategies in [7, 54, 58], we construct
a new Finsler metric F (see (2.3.6) below) by defining a convex sum of all F1; : : : ; Fn,
to cancel the positive terms in (2.2.10) and (2.2.11) by negative terms in the next stage.
By Remark 2.8, we observe that the last highest order term is always semi-negative. We
mainly follow the computations in [54], and try to make this subsection as self-contained
as possible. Let us first recall the following basic inequalities by Schumacher.

Lemma 2.11 ([53, Lemma 8]). Let V be a complex manifold, and let G1; : : : ; Gn be
non-negative C 2 functions on V . Then

p
�1 @N@ log

� nX
iD1

Gi

�
�

Pn
jD1Gj

p
�1 @N@ logGjPn

iD1Gi
(2.3.1)
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Lemma 2.12 ([54, Lemma 17]). Let j̨ > 0 for j D 1; : : : ; n. Then for all xj � 0,

nX
jD2

. j̨x
jC1
j � j̨�1x

j
j /x

2
j�1 � : : : � x

2
1

�
1

2

�
�
˛31
˛22
x21 C

˛n�1n�1

˛n�2n

x2n � : : : � x
2
1 C

n�1X
jD2

�
˛
j�1
j�1

˛
j�2
j

�
˛
jC2
j

˛
jC1
jC1

�
x2j � : : : � x

2
1

�
(2.3.2)

Set xj WD Gj =Gj�1 for j D 2; : : : ; n and x1 WD G1 where Gj � 0 for j D 1; : : : ; n.
Put these into (2.3.2) to obtain

nX
jD2

�
j̨

G
jC1
j

G
j�1
j�1

� j̨�1

G
j
j

G
j�2
j�1

�

�
1

2

�
�
˛31
˛22
G21 C

˛n�1n�1

˛n�2n

G2n C

n�1X
jD2

�
˛
j�1
j�1

˛
j�2
j

�
˛
jC2
j

˛
jC1
jC1

�
G2j

�
: (2.3.3)

The following technical lemma is crucial in constructing our negatively curved Finsler
metric F .

Lemma 2.13 ([54, Lemma 10]). Let F1; : : : ;Fn be Finsler metrics on a complex spaceX ,
with holomorphic sectional curvatures K1; : : : ; Kn. Then for the holomorphic sectional
curvature of the Finsler metric F WD .F 21 C � � � C F

2
n /
1=2, one has

KF �

Pn
jD1KjF

4
j

F 4
: (2.3.4)

Proof. For any holomorphic map  WD!X , we denote byG1; : : : ;Gn the semi-positive
functions on D such that

�F 2i D
p
�1Gidt ^ d Nt

for i D 1; : : : ; n. Then

�F 2 D
p
�1
� nX
iD1

Gi

�
dt ^ d Nt ;

and it follows from (2.1.3) that the Gaussian curvature of �F 2 satisfies

K�F 2 D �
1Pn

iD1Gi

@2 log.
Pn
iD1Gi /

@t@Nt

(2.3.1)
� �

1

.
Pn
iD1Gi /

2

nX
jD1

Gj
@2 logGj
@t@Nt

�

Pn
jD1KjG

2
j

.
Pn
iD1Gi /

2
:

The lemma follows from Definition 2.3(i).
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For any  W D ! V with C WD �1.V1/ ¤ ;, we define a hermitian pseudo-metric
� WD

p
�1H.t/dt ^ d Nt on D by taking a convex sum in the following form:

H.t/ WD

nX
kD1

k˛kGk.t/;

where Gk is defined in (2.2.3), and ˛1; : : : ; ˛n 2 RC are some universal constants which
will be fixed later. Following the similar estimate in [54, Proposition 11], one can choose
those constants so that the Gaussian curvature K� of � is uniformly bounded.

Proposition 2.14. There exist universal constants 0 < ˛1 � � � � � ˛n and K > 0 .inde-
pendent of  W D ! V / such that

K� � �K on C .

Proof. It follows from (2.3.4) that

K� �
1

H 2

nX
jD1

j j̨KjG
2
j with Kj WD �

@2 logGj
@t@Nt

=Gj :

By Proposition 2.10, one has

K� �
˛1G

2
1

H 2

�
�c C

�
G2

G1

�2�
C

1

H 2

nX
jD2

j̨G
2
j

�
�

�
Gj

Gj�1

�j�1
C

�
GjC1

Gj

�jC1�

�
1

H 2

�
�c˛1G

2
1 �

nX
jD2

�
j̨

G
jC1
j

G
j�1
j�1

� j̨�1

G
j
j

G
j�2
j�1

��
(2.3.3)
�

1

H 2

��
�c C

1

2

˛21
˛22

�
˛1G

2
1 C

1

2

n�1X
jD2

�
˛
jC2
j

˛
jC1
jC1

�
˛
j�1
j�1

˛
j�2
j

�
G2j �

1

2

˛n�1n�1

˛n�2n

G2n

�
DW �

1

H 2

nX
jD1

ǰG
2
j :

One can take ˛1 D 1, and choose the further j̨ > j̨�1 inductively such that minj ǰ > 0.
Set ˇ0 WD minj ǰ

.j j̨ /
2 . Then

K� � �
1

H 2
ˇ0

nX
jD1

.j j̨Gj /
2
� �

ˇ0

nH 2

� nX
jD1

j j̨Gj

�2
D �

ˇ0

n
DW �K:

Note that ˛1; : : : ; ˛n and K are universal. The lemma is thus proved.
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It follows from Proposition 2.14 and (2.1.3) that

@2 logH.t/
@t@Nt

� KH.t/ � 0 (2.3.5)

over the Zariski dense open set C � D, and in particular logH.t/ is a subharmonic func-
tion over C . Since H.t/ 2 Œ0;C1Œ is continuous (in particular locally bounded from
above) over D, logH.t/ is a subharmonic function over D, and the estimate (2.3.5) holds
over the whole D.

In summary, we construct a negatively curved Finsler metric F on Y nD, defined by

F WD
� nX
kD1

k˛kF
2
k

�1=2
; (2.3.6)

where Fk is defined in (2.2.2), such that �F 2 D
p
�1H.t/dt ^ d Nt for any  W D! V .

Since we assume that �1 is injective over V0, the Finsler metric F1 is positive definite
on V0, and a fortiori so is F . Therefore, the proof of Theorem 2.6 is finished.

2.4. Proof of Theorem B

By Theorem 1.2, there is a VZ Higgs bundle over some birational model QV of V . By
Theorem D and Theorem 2.6, we can associate to this VZ Higgs bundle a negatively
curved Finsler metric which is positive definite over some Zariski dense open set of QV .
The theorem follows directly from the bimeromorphic criterion for pseudo Kobayashi
hyperbolicity in Lemma 2.4.

Remark 2.15. Let me mention that Sun and Zuo also have a similar idea of constructing
a Finsler metric over the base using Viehweg–Zuo Higgs bundles combined with To–
Yeung’s method [58].

3. Kobayashi hyperbolicity of the base

In this section we will prove Theorem C. We first refine Viehweg–Zuo’s result on the
positivity of direct images. We then apply this result to take a different branch covering in
the construction of VZ Higgs bundles to prove the Kobayashi hyperbolicity of the base in
Theorem C.

3.1. Preliminaries on positivity of direct images

We first recall a pluricanonical extension theorem due to Cao [17, Theorem 2.10]. Its
proof is a combination of the Ohsawa–Takegoshi–Manivel L2-extension theorem with
the semi-positivity of the m-relative Bergman metric studied by Berndtsson–Păun [5, 6]
and Păun–Takayama [45].
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Theorem 3.1 (Pluricanonical L2-extension). Let f W X ! Y be an algebraic fiber space
such that the Kodaira dimension of the general fiber is non-negative. Assume that f is
smooth over a dense Zariski open subset of Y0 � Y such that both B WD Y n Y0 and f �B
are normal crossing. Let L be any pseudo-effective line bundle L on X equipped with a
positively curved singular metric hL with algebraic singularities such that

(i) there exists some regular value z 2 Y of f such that for somem 2N, all the sections
in H 0.Xz ; .mKX C L/�Xz / extend locally near z;

(ii) H 0.Xz ; .mKXz C L�Xz /˝J .h
1=m

L�Xz
// ¤ ;.

Then for any regular value y of f such that

(i) all sections in H 0.Xy ; mKXy C L�Xy / extend locally near y;
(ii) the metric hL�Xy is not identically equal toC1,

the restriction map

H 0.X;mKX=Y �m�f C LC f
�AY /� H 0.Xy ; .mKXy C L�Xy /˝J .h

1=m

L�Xy
//

is surjective. Here AY is a universal ample line bundle on Y which does not depend on L,
f or m, and

�f WD
X
j

.aj � 1/Vj : (3.1.1)

where the sum is taken over all prime divisors Vj of f �B with multiplicity aj and with
image f .Vj / being a divisor in Y .

We will apply a technical result of [18, Claim 3.5] to prove Theorem 3.7(i). Let us
first recall some definitions of singularities of divisors from [61, Chapter 5.3] in a slightly
different language.

Definition 3.2. LetX be a smooth projective variety, and let L be a line bundle such that
H 0.X;L / ¤ ;. One defines

e.L / D sup ¹1=c.D/ j D 2 jL j is an effective divisorº (3.1.2)

where
c.D/ WD sup ¹c > 0 j .X; c �D/ is a klt divisorº

is the log-canonical threshold of D.

Viehweg showed that one can control the lower bound of e.L /.

Lemma 3.3 ([61, Corollary 5.11]). Let X be a smooth projective variety equipped with a
very ample line bundle H , and let L be a line bundle such that H 0.X;L / ¤ ;.

(i) There is a uniform estimate

e.L / � c1.H /dimX�1
� c1.L /C 1: (3.1.3)

(ii) Let Z WD X � � � � �X .r factors/ and M WD
Nr
iD1 pr�i L . Then e.M / D e.L /.
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Let us recall the following result by Cao–Păun [18].

Lemma 3.4 (Cao–Păun). Let f W X ! Y be an algebraic fiber space such that the
Kodaira dimension of the general fiber is non-negative. Assume that f is smooth over
a dense Zariski open subset of Y0 � Y such that both B WD Y n Y0 and f �B are normal
crossing. Then there exists a positive integer C � 2 such that for anym � m0 and a 2 N,
any y 2 Y0 and any section

� 2 H 0.Xy ; amCKXy /;

there exists a section

† 2 H 0.X; f �AY � af
� det f�.mKX=Y / C amrmCKX=Y C a.Pm C Fm// (3.1.4)

whose restriction to the fiber Xy is equal to �˝rm . Here Fm and Pm are effective
divisors on X .independent of a/ such that Fm is f -exceptional with f .Fm/ � Supp.B/,
Supp.Pm/ � Supp.�f /, rm WD rank f�.mKX=Y /, and AY is the universal ample line
bundle on Y defined in Theorem 3.1.

We recall the definition of a Kollár family of varieties with semi-log-canonical singu-
larities (slc family for short).

Definition 3.5 (slc family). An slc family is a flat proper morphism f W X ! B such that
(i) each fiber Xb WD f �1.b/ is a projective variety with slc singularities;

(ii) !Œm�
X=B

is flat;
(iii) the family f W X ! B satisfies the Kollár condition, which means that, for any

m 2 N, the reflexive power !Œm�
X=B

commutes with arbitrary base change.

To make Definition 3.5(iii) precise, for every base change � W B 0 ! B , given the
induced morphism � W X 0 D X �B B

0 ! X we note that the natural homomorphism
��!

Œm�

X=B
! !

Œm�

X 0=B0
is an isomorphism.

Let us collect the basic properties of slc families, well-known to experts.

Lemma 3.6. Let g W Z ! W be a surjective morphism between quasi-projective man-
ifolds with connected fibers, which is birational to an slc family g0 W Z0 ! W whose
generic fiber has at most Gorenstein canonical singularities.

(i) The total space Z0 is normal and has only canonical singularities at worst.
(ii) If � W W 0 ! W is a dominant morphism with W 0 smooth quasi-projective, then

Z0 �W W 0 ! W 0 is still an slc family whose generic fiber has at most Gorenstein
canonical singularities, and is birational to .Z �W W 0/~ ! W 0.

(iii) Denote by Z0r the r-fold fiber product Z0 �W � � � �W Z0. Then g0r W Z0r ! W is
also an slc family whose generic fiber has at most Gorenstein canonical singularities.
Moreover, Z0r is birational to the main component .Zr /~ of Zr dominating W .

(iv) Let Z.r/ be a desingularization of .Zr /~. Then

.g.r//�.`KZ.r/=W / ' .g
0r /�.`KZ0r=W /

is reflexive for every sufficiently divisible ` > 0.
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3.2. Positivity of direct images

This section is devoted to proving Theorem 3.7 on positivity of direct images, which
refines results by Viehweg–Zuo [28, Proposition 3.4] and [63, Proposition 4.3]. It will be
crucially used to prove Theorem C.

Theorem 3.7. Let f0 W X0 ! Y0 be a smooth family of projective manifolds of general
type. Assume that for any y 2 Y0, the set of z 2 Y0 with Xz

bir
� Xy is finite.

(i) For any smooth projective compactification f W X ! Y of f0 W X0 ! Y0 and any
sufficiently ample line bundleAY over Y , f�.`KX=Y /??˝A�1Y is globally generated
over Y0 for any `� 0. In particular, f�.`KX=Y / is ample with respect to Y0.

(ii) In the setting of (i), detf�.`KX=Y /˝A
�r`
Y is also globally generated over Y0 for any

`� 0, where r` D rankf�.`KX=Y /. In particular, BC.detf�.`KX=Y // � Y n Y0.
(iii) For some r � 0, there exists an algebraic fiber space f W X ! Y compactifying

X r0 ! Y0 such that f�.`KX=Y /˝A�`Y is globally generated over Y0 for ` large and
divisible enough. Here X r0 denotes the r-fold fiber product of X0 ! Y0, and AY is
some sufficiently ample line bundle over Y .

Proof. Let us first show that to prove (i) and (ii), one can assume that both B WD Y n Y0
and f �B are normal crossing.

For an arbitrary smooth projective compactification f 0 W X 0 ! Y 0 of f0 W X0 ! Y0,
we take a log resolution � W Y ! Y 0 with centers supported on Y 0 n Y0 such that B WD
��1.Y 0 n Y0/ is a simple normal crossing divisor. Define X to be a strong desingulariza-
tion of the main component .X 0 �Y 0 Y /~ dominant over Y

X //

f
$$

X 0 �Y 0 Y

��

// X 0

f 0

��
Y

� // Y 0

(3.2.1)

so that f �B is normal crossing. By [60, Lemma 2.5.a], there is the inclusion

��f�.mKX=Y / ,! f 0�.mKX 0=Y 0/; (3.2.2)

which is an isomorphism over Y0 for each m 2 N. Hence for any ample line bundle A
over Y 0, once f�.mKX=Y /?? ˝ .��A/�1 is globally generated over ��1.Y0/ ' Y0 for
some m � 0, f 0�.mKX 0=Y 0/

?? ˝ A�1 will also be globally generated over Y0. As we will
see, (ii) is a direct consequence of (i). This proves the above statement.

(i) Let us fix a sufficiently ample line bundle AY on Y . Assume that both B WD Y n Y0
and f �B are normal crossing. It follows from [60, Theorem 5.2] that one can take
some b � a � 0, � � m � 0 and s � 0 such that L WD det f�.�mKX=Y /˝a ˝
det f�.mKX=Y /˝b is ample over Y0. In other words, BC.L / � Supp.B/. By the defini-
tion of augmented base locus, one can even find a; b� 0 such that there exists a singular
hermitian metric h1 on L � 4AY which is smooth over Y0, and the curvature current sat-
isfies

p
�1‚hL .L /� ! for some Kähler form ! in Y . Denote r1 WD rankf�.�mKX=Y /
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and r2 WD rankf�.mKX=Y /. It follows from Lemma 3.4 that for any sections

�1 2 H
0.Xy ; a�mCKXy /; �2 2 H

0.Xy ; bmCKXy /;

there exist effective divisors †1 and †2 such that

†1 C af
� detf�.m�KX=Y / � f �AY

linear
� am�r1CKX=Y C P1 C F1;

†2 C bf
� detf�.mKX=Y / � f �AY

linear
� bmr2CKX=Y C P2 C F2;

and
†1�Xy D �

˝r1
1 ; †2�Xy D �

˝r2
2 :

Here Fi is f -exceptional with f .Fi / � Supp.B/, Supp.Pi / � Supp.�f / for i D 1; 2.
WriteN WD am�r1C C bmr2C , P WD P1 CP2 and F WD F1 C F2. Fix any y 2 Y0.

Then the effective divisor †1 C †2 induces a singular hermitian metric h2 on the line
bundle L2 WD NKX=Y � f

�L C 2f �AY C P C F such that h2�Xy is not identically
equal toC1, and the singular hermitian metric h WD f �h1 � h2 overL0 WDL2C f �L �
4f �AY D NKX=Y � 2f

�AY C P C F is not identically C1 either. In particular, for
` sufficiently large, the multiplier ideal sheaf J .h

1=`

�Xy
/ equals OXy . By Siu’s invariance

of plurigenera, all global sections in H 0.Xy ; .`KX CL0/�Xy / ' H
0.Xy ; .`CN/KXy /

extend locally, and we can thus apply Theorem 3.1 to obtain the desired surjectivity

H 0.X; `KX=Y C L0 � `�f C f
�AY /� H 0.Xy ; .`CN/KXy /: (3.2.3)

Recall that Supp.P / � Supp.�f /. Then f̀ �B � P for `� 0, and one has the inclusion
of sheaves

`KX=Y C L0 � `�f C f
�AY ,! .N C `/KX=Y � f

�AY C F;

which is an isomorphism over X0 . By (3.2.3) this implies that the direct image sheaves
f�.`KX=Y � f

�AY CF / are globally generated over some Zariski open setUy �Y0 con-
taining y for `� 0. Since y is an arbitrary point in Y0, the direct image f�.`KX=Y C F /
˝A�1Y is globally generated over Y0 for `� 0 by noetherianity. Recall that F is f -excep-
tional with f .F / � Supp.B/. Then there is an injection

f�.`KX=Y C F /˝ A
�1
Y ,! f�.`KX=Y /

??
˝ A�1Y

which is an isomorphism over Y0. Hence f�.`KX=Y /?? ˝A�1Y is also globally generated
over Y0. Hence f�.`KX=Y / is ample with respect to Y0 for `� 0. The first claim follows.

(ii) The trick proving the second claim has already appeared in [23] in proving a
conjecture by Demailly–Peternell–Schneider. We first recall that f�.`KX=Y / is locally
free outside a codimension 2 analytic subset of Y . By the proof of Theorem 3.7(i), for `
sufficiently large and divisible, f�.`KX=Y C F /˝ A�1Y is locally free and generated by
global sections over Y0, where F is some f -exceptional effective divisor. Therefore, its
determinant detf�.`KX=Y C F /˝ A

�r`
Y is also globally generated over Y0, where r` WD

rankf�.`KX=Y /. Since F is f -exceptional and effective, one has

detf�.`KX=Y C F /˝ A
�r`
Y D detf�.`KX=Y /˝ A

�r`
Y ;
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and therefore det f�.`KX=Y / ˝ A
�r`
Y is also globally generated over Y0. By the very

definition of the augmented base locus BC.�/ we conclude that

BC.detf�.`KX=Y // � Supp.B/:

The second claim is proved.
(iii) We combine the ideas in [63, Proposition 4.1] as well as the pluricanonical

extension techniques of Theorem 3.1. By Corollary A.2, there exists a smooth project-
ive compactification Y of Y0 with B WD Y n Y0 simple normal crossing, a non-singular
finite covering  W W ! Y , and an slc family g0 W Z0 ! W which extends the family
X0 �Y0 W . By Lemma 3.6(iii), for any r 2 Z>0, the r-fold fiber product g0r W Z0r ! W

is still an slc family, which compactifies the smooth family X r0 �Y0 W ! W0, where
W0 WD  

�1.Y0/. Note that Z0r has canonical singularities.
Take a smooth projective compactification f W X ! Y of X r0 ! Y0 such that f �B is

normal crossing. Let Z ! Z0r be a strong desingularization of Z0r , which also resolves
this birational mapZ0rÜ .X �Y W /

~. Then g WZ!W is smooth overW0 WD �1.Y0/.

Z Z0r X .X �Y W /
~

W W Y W

g g0r f

  

Let QZ be a strong desingularization ofZ0, which is thus smooth overW0 WD  �1.Y0/.
For the new family Qg W QZ ! W , we denote QZ0 WD Qg�1.W0/. Then QZ0 ! W0 is also a
smooth family, and any fiber of Zw with w 2W0 is a projective manifold of general type.
By our assumption in the theorem, for any w 2 W0, the set of w0 2 W0 with QZw0

bir
� QZw

is finite as  W W ! Y is a finite morphism. We can thus apply Theorem 3.7(i, ii) to our
new family Qg W QZ ! W .

From now on, we will always assume that `� 0 is sufficiently divisible so that `KZ0
is Cartier. Let AY be a sufficiently ample line bundle over Y , so that AW WD  �AY is
also sufficiently ample. Since Z0 has canonical singularity, Qg�.`K QZ=W / D g

0
�.`KZ0=W /.

It follows from Theorem 3.7(ii) that, for any `� 0, the line bundle

det Qg�.`K QZ=W /˝ A
�r
W D detg0�.`KZ0=W /˝ A

�r
W (3.2.4)

is globally generated over W0, where r WD rank g0�.`KZ0=W / depends on `. Then
there exists a positively curved singular hermitian metric hdet on the line bundle
detg0�.`KZ0=W /˝ A

�r
W such that hdet is smooth over W0.

By the base change properties of slc families (see [8, Proposition 2.12] and [40,
Lemma 2.6]), one has

!
Œ`�

Z0r=W
'

rO
iD1

pr�i !
Œ`�

Z0=W
; g0r� .`KZ0r=W / '

Or
g0�.`KZ0=W /;
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where pri W Z
0r ! Z0 is the i -th directional projection map. Hence `KZ0r is Cartier as

well, and we haveOr
g0�.`KZ0=W / ' g

0r
� .`KZ0r=W / D g�.`KZ=W /:

By Lemma 3.6(iv), g�.`KZ=W / is reflexive, and we thus have

detg0�.`KZ0=W /!
Or

g0�.`KZ0=W / ' g�.`KZ=W /;

which induces a natural effective divisor

� 2 j`KZ=W � g
� detg0�.`KZ0=W /j

such that ��Zw ¤ 0 for any (smooth) fiber Zw with w 2 W0. By Lemma 3.3 for any
w 2 W0 the log-canonical threshold

c.��Zw / �
1

e.`KZw /
D

1

e.
Nr
iD1 pr�i .K

˝`
Z0w
//
D

1

e.`KZ0w /

�
1

` � c1.A /d�1 � c1.KZ0w /C 1
�

2

.C � 1/`
(3.2.5)

for some C 2 N which does not depend on ` or w 2 W0. Denote by h the singular her-
mitian metric on

`KZ=W � g
� detg0�.`KZ0=W /

induced by � . By the definition of log-canonical threshold, the multiplier ideal sheaf

J .h
1

.C�1/`

�Zw
/ equals OZw for any fiber Zw with w 2 W0. Let us define a positively

curved singular metric hF for the line bundle F WD `KZ=W � rg
�AW by setting hF WD

h � g�hdet. Then J .h
1

.C�1/`

F�Zw
/ D OZw for any w 2 W0.

For any n 2 N�, applying Theorem 3.1 to nF we obtain the surjectivity

H 0.Z; .C � 1/n`KZ=W C nF C g
�AW /� H 0.Zw ; Cn`KZw / (3.2.6)

for all w 2 W0. In other words,

g�.C`nKZ=W /˝ A
�.nr�1/
W

is globally generated over W0 for any `� 0 and any n � 1.
Since KXy is big, one thus has

r D r` � `
d as `!C1

where d WD dimZw � 2 (if the fibers of f are curves, one can take a fiber product to
replace the original family). Recall that C is a constant which does not depend on `. One
can thus a priori take an `� 0 such that r � C`. In conclusion, for sufficiently large
and divisible m,

g�.mKZ=W /˝ A
�2m
W D g�.mKZ=W /˝  

�A�2mY
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is globally generated over W0. Therefore, we have a morphism

NM
iD1

 �AmY ! g�.mKZ=W /˝  
�A�mY ; (3.2.7)

which is surjective over W0. On the other hand, by [60, Lemma 2.5.b], one has the inclu-
sion

g�.mKZ=W / ,!  �f�.mKX=Y /;

which is an isomorphism over W0. Now, (3.2.7) induces a morphism

NM
iD1

 �OW ˝A
m
Y ! �g�.mKZ=W /˝A

�m
Y ! � 

�.f�.mKX=Y //˝A
�m
Y ; (3.2.8)

which is surjective over Y0. Note that even if f�.mKX=Y / is merely a coherent sheaf, the
projection formula  � �.f�.mKX=Y // D f�.mKX=Y //˝  �OW still holds since  is
finite (see [4, Lemma 5.7]). The trace map

 �OW ! OY

splits the natural inclusion OY !  �OW , and is thus surjective. Hence (3.2.8) gives rise
to a morphism

NM
iD1

 �OW ˝ A
m
Y !  �g�.mKZ=W /˝ A

�m
Y

ˆ
�! f�.mKX=Y /˝ A

�m
Y ; (3.2.9)

which is surjective over Y0. By taking m sufficiently large, we may assume that
 �OW ˝ A

m
Y is generated by its global sections. Then f�.mKX=Y /˝ A�mY is globally

generated over Y0, completing the proof.

Let us prove the following Bertini-type result, which will be used in the proof of
Theorem 3.11.

Lemma 3.8 (A Bertini-type result). Let f W X ! Y be the projective family in The-
orem 3.7(iii). Then for any given smooth fiber Xy with y 2 Y0, there exists H 2
j`KX=Y � f̀ �AY j such thatH�Xy is smooth. In particular, there is a Zariski open neigh-
borhood V0 � y such that H is smooth over V0.

Proof. By Siu’s invariance of plurigenera and Grauert–Grothendieck’s “cohomology and
base change”, we know that f�.`KX=Y /˝A�`Y is locally free on Y0, and the natural map

.f�.`KX=Y /˝ A
�`
Y /y ! H 0.Xy ; `KXy /

is an isomorphism for any y 2 Y0. Since KXy is assumed to be semi-ample, one can
take `� 0 such that j`KXy j is base point free. By the Bertini theorem, one can take a
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section s 2 H 0.Xy ; `KXy / whose zero locus is a smooth hypersurface on Xy . By The-
orem 3.7(iii), one has the surjection

H 0.Y; f�.`KX=Y /˝ A
�`
Y /� .f�.`KX=Y /˝ A

�`
Y /y

'
�! H 0.Xy ; `KXy /:

Hence there is

� 2 H 0.X; `KX=Y � f̀ �AY / D H
0.Y; f�.`KX=Y /˝ A

�`
Y /

which extends the section s. In other words, for the zero divisorH D .� D 0/, its restric-
tion to Xy is smooth. Hence there is a Zariski open neighborhood V0 3 y such that H is
smooth over V0. The lemma is proved.

Remark 3.9. We do not know how to find a hypersurfaceH 2 j`KX=Y � f̀ �AY j whose
discriminant locus in Y is normal crossing. We have to blow up the base, � W Y 0 ! Y , to
achieve this. As f W X ! Y is not flat in general, for the new family

X 0 .X �Y Y
0/~ X �Y Y

0 X

Y 0 Y 0 Y 0 Y

f 0 f

�

where X 0 is a desingularization of .X �Y Y 0/~, in general

��f�.`KX=Y / 6� f
0
�.`KX 0=Y 0/:

In other words, although the discriminant locus of ��H ! Y 0 is a simple normal cross-
ing divisor in Y 0, ��H might not lie in j`KX 0=Y 0 � f̀ 0���AY j. We will overcome this
problem in Theorem 3.11 at the cost of appearance of some f 0-exceptional divisors.

Since the Q-mild reduction in Corollary A.2 holds for any smooth surjective pro-
jective morphism with connected fibers and smooth base, it follows from our proof of
Theorem 3.7(iii) and Kawamata’s theorem [34] that one still has the generic global gen-
eration as follows.

Theorem 3.10. Let fU WU ! V be a smooth projective morphism between quasi-project-
ive varieties with connected fibers. Assume that the general fiber F of fU has semi-ample
canonical bundle, and fU is of maximal variation. Then there is an integer r � 0 and a
smooth projective compactification f WX!Y of U r!V such that f�.mKX=Y /˝A �m

is globally generated over some Zariski open subset of V . HereU r! V is the r-fold fiber
product of U ! V , and A is some ample line bundle on Y .

3.3. Sufficiently many “moving” hypersurfaces

As we have seen in §1.2 on the construction of VZ Higgs bundles, one has to apply the
branch cover trick to construct a negatively twisted Hodge bundle on the compactification
of the base, which is well-defined outside a simple normal crossing divisor. This means
that the hypersurface H 2 j`KX=Y � f̀ �AY j in constructing the cyclic cover is smooth
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over the complement of an SNC divisor of the base. As discussed in Lemma 3.8, in general
we cannot perform a simple blow-up of the base to achieve this. In this subsection we will
overcome this difficulty by applying the methods of [48, Proposition 4.4]. It will be our
basic setup in constructing refined VZ Higgs bundles in §3.4.

Theorem 3.11. Let X0 ! Y0 be a smooth family of minimal projective manifolds of
general type over a quasi-projective manifold Y0. Suppose that for any y 2 Y0, the set of
z 2Y0 withXz

bir
�Xy is finite. Let Y �Y0 be the smooth compactification in Corollary A.2.

Fix any y0 2 Y0 and some sufficiently ample line bundle AY on Y . Then there exist a
birational morphism � W Y 0 ! Y and a new algebraic fiber space f 0 W X 0 ! Y 0 which is
smooth over ��1.Y0/ and such that for any sufficiently large and divisible `, one can find
a hypersurface

H 2 j`KX 0=Y 0 � `.� ı f
0/�AY C `Ej (3.3.1)

with the following properties:

� the divisor D WD ��1.Y n Y0/ is simple normal crossing;

� there exists a reduced divisor S in Y 0 such that D C S is simple normal crossing and
H ! Y 0 is smooth over Y 0 n .D [ S/;

� the exceptional locus Ex.�/ is contained in Supp.D C S/, and y0 … �.D [ S/;

� the divisor E is effective and f 0-exceptional with f 0.E/ � Supp.D C S/.
Moreover, when X0 ! Y0 is effectively parametrized over some open set containing y0,
so is the new family X 0 ! Y 0.

Proof. The proof is a continuation of that of Theorem 3.7(iii), and we adopt the notations
therein. By (3.2.9) and the isomorphism

H 0.Z; `KZ=W � `g
�AW / ' H

0.Z0r ; `KZ0r=W � `.g
0r /�AW /;

the morphism ˆ W  �g�.`KZ=W /˝ A
�`
Y ! f�.`KX=Y /˝ A

�`
Y in (3.2.9) gives rise to a

natural map

‡ W H 0.Z0r ; `KZ0r=W � `.g
0r /�AW /! H 0.Y; f�.`KX=Y /˝ A

�`
Y / (3.3.2)

whose image I generates f�.`KX=Y / ˝ A�`Y over Y0. Note that ‡ is functorial in the
sense that it does not depend on the choice of the birational model Z ! Z0r . By the base
point free theorem, for any y 2 Y0, KXy is semi-ample, and we can assume that `� 0 is
sufficiently large and divisible so that `KX=Y is relatively semi-ample over Y0. Hence we
can take a section

� 2 H 0.Z0r ; `KZ0r=W � `.g
0r /�AW / (3.3.3)

such that the zero divisor of

‡.�/ 2 H 0.X; `KX=Y � f̀ �AY / D H
0.Y; f�.`KX=Y /˝ A

�`
Y /;
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denoted by H1 2 j`KX.r/=Y � `.f
.r//�AY j; is transverse to the fiber Xy0 . Denote by T

the discriminant locus of H1 ! Y , and set B WD Y n Y0. Then y0 … T [ B . Take
a log-resolution � W Y 0 ! Y with centers in T [ B so that both D WD ��1.B/ and
D C S WD ��1.T [ B/ are simple normal crossing. Let X 0 be a strong desingulariza-
tion of .X �Y Y 0/~, and write f 0 W X 0 ! Y 0, which is smooth over Y 00 WD �

�1.Y0/. Set
X 00 WD f 0�1.Y 00/. It suffices to show that there exists a hypersurface H in (3.3.1) with
H�.�ıf 0/�1.V / D H1�.f .r//�1.V /, where V WD Y n .S 0 [ B/ � Y0. Since the birational
morphism � is isomorphic at y0, we can write y0 as ��1.y0/ abusively.

Now we use similar arguments to [48, Proposition 4.4] to prove the existence of H
(the authors of [48] apply their methods to mild morphisms). Let W 0 be a strong
desingularization of W �Y Y 0 which is finite at y0 2 Y 0. Write W 00 WD �0�1.W0/. By
Lemma 3.6(ii), the new family Z00 WD Z0r �W W 0 ! W 0 is still an slc family, which
compactifies the smooth family X 00 �Y 00 W

0 ! W 00. Let M 0 be a desingularization of Z00

such that it resolves the rational maps to X 0 as well as Z.

X

f

��

Z //oo

g

��

Z0r

g0r

��

X 0

�

GG

f 0

��

M 0oo

GG

h0

��

// Z00

g00

��

�0

GG

Y W oo W

Y 0

�

GG

W 0 0oo

�0

GG

W 0

�0

GG

By the properties of slc families, �0�!Œ`�
Z0r=W

D !
Œ`�

Z00=W 0
, which induces a natural map

�� W H 0.Z0r ; `KZ0r=W � `.g
0r /�AW /! H 0.Z00; `KZ00=W 0 � `.�

0
ı g00/�AW /:

(3.3.4)

Since both Z0r and Z00 have canonical singularities, one has the natural morphisms

g�.`KZ=W / ' .g
0r /�.`KZ0r=W /; h0�.`KM 0=W 0/ D g

00
�.`KZ00=W 0/:

We can leave out a subvariety of codimension at least 2 in Y 0 supported onDC S (which
thus avoids y0 by our construction) so that  0 W W 0! Y 0 becomes a flat finite morphism.
As discussed at the beginning of the proof, there is also a natural map

‡ 0 W H 0.Z00; `KZ00=W 0 � `.�
0
ı g00/�AW /! H 0.X 0; `KX 0=Y 0 � `.� ı f

0/�AY /

(3.3.5)

as in (3.3.2), obtained by factorizing through M 0.
Note that for V WD Y n .T [ B/, � W ��1.V /

'
�! V is also an isomorphism, and thus

the restriction of X ! Y to V is isomorphic to the restriction of X 0 ! Y 0 to ��1.V /.
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Hence by our construction, the restriction of Z0r ! W to  �1.V / is isomorphic to the
restriction ofZ00!W 0 to .� ı 0/�1.V /D .�0 ı /�1.V /. In particular, under the above
isomorphism, for the section � 2 H 0.Z0r ; `KZ0r=W � `.g

0r /�AW / in (3.3.3) with ‡.�/
defining H1, one has

‡.�/�f �1.V / ' ‡
0.���/�.�ıf 0/�1.V /

where �� and ‡ 0 are defined in (3.3.4) and (3.3.5). Denote by QH the zero divisor defined
by

‡ 0.���/ 2 H 0.X 0; `KX 0=Y 0 � `.� ı f
0/�AY /:

Recall that H1 is smooth over V , then QH is also smooth over ��1.V /.
Note that ‡ 0.���/ 2 H 0.Y 0; f 0�.`KX 0=Y 0/˝ �

�A�`Y / is only defined over a big open
subset of Y 0 containing ��1.V /. Hence it extends to a global section

s 2 H 0.X 0; `KX 0=Y 0 � `.� ı f
0/�AY C `E/;

whereE is an f 0-exceptional effective divisor with f 0.E/� Supp.DC S/. Denote byH
the hypersurface in X 0 defined by s. Hence H�.�ıf 0/�1.V / D

QH�.�ıf 0/�1.V /, which is
smooth over ��1.V /D Y 0 n .D [ S/' V 3 y0. Note that the property of effective para-
metrization is invariant under fiber product. The theorem follows.

3.4. Kobayashi hyperbolicity of the moduli spaces

In this subsection, for an effectively parametrized smooth family of minimal projective
manifolds of general type, we refine the Viehweg–Zuo Higgs bundles of Theorem 1.2 so
that we can apply Theorem 2.6 and the bimeromorphic criterion for Kobayashi hyperbol-
icity in Lemma 2.5 to prove Theorem C.

Theorem 3.12. Let U ! V be an effectively parametrized smooth family of minimal
projective manifolds of general type over the quasi-projective manifold V . Then for any
given point y 2 V , there exists a smooth projective compactification Y for a birational
model � W QV ! V , and a VZ Higgs bundle . QE ; Q�/ � .F ; �/ over Y with the following
properties:

(i) there is a Zariski open set V0 of V containing y such that � W ��1.V0/! V0 is an
isomorphism;

(ii) both D WD Y n QV and D C S WD Y n ��1.V0/ are simple normal crossing divisors
in Y ;

(iii) the Higgs bundle . QE; Q�/ has log poles supported on D [ S , that is, Q� W QE ! QE ˝

.log.D C S//;
(iv) the morphism

�1 W TY .� logD/! L �1 ˝En�1;1 (3.4.1)

induced by the Higgs subsheaf .F ; �/ is injective over V0.
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Proof. The proof is a continuation of that of Theorem 1.2, and we will adopt the same
notations.

We first prove that for any y 2 V , the set of z 2 V with Xz
bir
� Xy is finite. Take a

polarization H for U ! V with Hilbert polynomial h. Denote by Ph.V / the set of such
pairs .U ! V;H /, up to isomorphism and up to fiberwise numerical equivalence for H .
By [61, Section 7.6], there exists a coarse quasi-projective moduli scheme Ph for Ph, and
thus the family induces a morphism V ! Ph. By the assumption that the family U ! V

is effectively parametrized, the induced morphism V ! Ph is quasi-finite, which in turn
shows that the set of z 2 V with Xz isomorphic to Xy is finite. Note that a projective
manifold of general type has finitely many minimal models. Hence the set of z 2 V 0 with
Xz

bir
� Xy is finite as well.
Now we will choose the hypersurface in (1.2.1) carefully so that the cyclic cover

construction in Theorem 1.2 can provide the desired refined VZ Higgs bundle. Let Y 0 �
V be the smooth compactification in Corollary A.2. By Theorem 3.11, for any given
point y 2 V and any sufficiently ample line bundle A on Y 0, there exists a birational
morphism � W Y ! Y 0 and a new algebraic fiber space f W X ! Y such that one can find
a hypersurface

H 2 j`�nX=Y .log�/ � `.� ı f /�A C `Ej; n WD dimX � dimY; (3.4.2)

such that
� the inverse image D WD ��1.Y 0 n V / is a simple normal crossing divisor;
� there exists a reduced divisor S such thatDCS is simple normal crossing, andH ! Y

is smooth over V0 WD Y n .D [ S/;
� the restriction � W ��1.V0/! V0 is an isomorphism;
� the given point y is contained in V0;
� the divisor E is effective and f -exceptional with f .E/ � Supp.D C S/;
� for any z 2 V WD ��1.V 0/, the canonical bundle of the fiber Xz WD f �1.z/ is big and

nef;
� the restricted family f �1.V0/! V0 is smooth and effectively parametrized.
Here we set� WD f �D and† WD f �S . Write L WD ��A . Now we take the cyclic cover
with respect to H in (3.4.2) instead of that in (1.2.1), and perform the same construction
of VZ Higgs bundle . QE ; Q�/ � .F ; �/ as in Theorem 1.2. Theorem 3.12(i–iii) can be seen
directly from the properties of H and the cyclic construction.

Theorem 3.12(iv) has already appeared in [48, Proposition 2.11] implicitly, and we
give a proof here for the sake of completeness. Recall that both Z and H are smooth
over V0. Denote

H0 WD H \ f
�1.V0/;

f0 W X0 D f
�1.V0/! V0; g0 W Z0 D g

�1.V0/! V0:

We have
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F
n;0
�V0
D f�.�

n
X=Y .log�/˝L�1/�V0 D OV0 ;

E
n�1;1
�V0

D R1.g0/�.�
n�1
Z0=V0

/

D R1.f0/�

�
�n�1X0=V0

˚

`�1M
iD1

�n�1X0=V0
.logH0/˝.KX0=V0˝f

�
0 L �1/�i

�
F
n�1;1
�V0

D R1f�.�
n�1
X=Y .log�/˝L�1/�V0

D R1.f0/�.�
n�1
X0=V0

˝K�1X0=V0/ ' R
1.f0/�.TX0=V0/:

(3.4.3)

Hence �1�V0 factors through

�1�V0 W TV0
�
�! R1.f0/�.TX0=V0/

'
�! R1.f0/�.�

n�1
X0=V0

˝K�1X0=V0/

! R1.f0/�.�
n�1
X0=V0

.logH0/˝K�1X0=V0/! R1.g0/�.�
n�1
Z0=V0

/˝L �1;

where � is the Kodaira–Spencer map. Although the intermediate objects in the above
factorization might not be locally free, the C-linear map induced by the sheaf morphism
�1�V0 at z 2 V0,

�1;z W TY;z ! .L �1 ˝En�1;1/z ;

coincides with the following composition of C-linear maps between finite-dimensional
complex vector spaces:

�1;z W TY;z
�z
�! H 1.Xz ;TXz /

'
�! H 1.Xz ; �

n�1
Xz
˝K�1Xz /

jz
�! H 1.Xz ; �

n�1
Xz

.logHz/˝K�1Xz /! H 1.Zz ; �
n�1
Zz

/: (3.4.4)

To prove Theorem 3.12(iv), it then suffices to prove that each linear map in (3.4.4) is
injective for any z 2 V0.

By the effective parametrization assumption, �z is injective. The map jz in (3.4.4) is
the same as the H 1-cohomology map of the short exact sequence

0! K�1Xz ˝�
n�1
Xz
! K�1Xz ˝�

n�1
Xz

.logHz/! K�1Xz�Hz
˝�n�2Hz

! 0:

Observe that KXz�Hz is big. Indeed, this follows from

vol.KXz�Hz / D c1.KXz�Hz /
n�1
D c1.KXz /

n�1
�Hz D `c1.KXz /

n
D ` vol.KXz / > 0:

Hence jz is injective by the Bogomolov–Sommese vanishing theorem

H 0.Hz ; K
�1
Xz�Hz

˝�d�2Hz
/ D 0;

as observed in [48]. Since  z W Zz ! Xz is the cyclic cover obtained by taking the `-th
roots out of the smooth hypersurface Hz 2 j`KXz j, the morphism  is finite. It follows
from the degeneration of the Leray spectral sequence that

H 1.Zz ; �
n�1
Zz

/ ' H 1.Xz ; . z/��
n�1
Zz

/

D H 1.Xz ; �
n�1
Xz

/˚

`�1M
iD1

H 1.Xz ; �
n�1
Xz

.logHz/˝K�iXz /: (3.4.5)
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The last map in (3.4.4) is therefore injective, because the cohomology group
H 1.Xz ; �

n�1
Xz

.logHz/ ˝ K�1Xz / is a direct summand of H 1.Zz ; �
n�1
Zz

/ by (3.4.5). As
a consequence, the composition �1;z in (3.4.4) is injective at each point z 2 V0. The-
orem 3.12(iv) is thus proved.

Let us explain how Lemma 2.5 and Theorems 2.6 and 3.12 imply Theorem C.

Proof of Theorem C. We first take a smooth compactification Y � V as in Corollary A.2.
By Theorem 3.12, for any given point y 2 V , there exists a birational morphism � W

Y 0 ! Y which is isomorphic at y, so that D WD Y 0 n ��1.V / is a simple normal cross-
ing divisor, and there exists a VZ Higgs bundle . QE ; Q�/ whose log pole D C S avoids
y0 WD ��1.y/. Moreover, by Theorem 3.12(iv), �1 is injective at y0. Applying The-
orem 2.6, we can associate to . QE ; Q�/ a Finsler metric F on TY 0.�D/ which is positive
definite at y0. Moreover, if we think of F as a Finsler metric on ��1.V /, it is negatively
curved in the sense of Definition 2.3(ii). Hence the base V satisfies the conditions in
Lemma 2.5, and we conclude that V is Kobayashi hyperbolic.

Dan Abramovich
Appendix A. Q-mild reductions

Let us work over the complex number field C.
The main result in this appendix is the following:

Theorem A.1. Let f0 W S0! T0 be a projective family of smooth varieties with T0 quasi-
projective.

(i) There are compactifications S0 � � and T0 � T , with � and T Deligne–Mumford
stacks with projective coarse moduli spaces, and a projective morphism f W � ! T

extending f0 which is a Kollár family of slc varieties.
(ii) Given a finite subset Z � T0, there is a projective variety W and a finite surjective

lci morphism � W W ! T , unramified over Z, such that ��1T sm D W sm.

Here the notion of Kollár family refers to the condition that the sheaf !Œm�
�=T

is flat and
its formation commutes with arbitrary base change for each m. We refer the readers to
[1, Definition 5.2.1] for further details.

Note that the pull-back family � �T W ! W is a Kollár family of slc varieties com-
pactifying the pull-back S0 �T0 W0 ! W0 of the original family to W0 WD W �T T0.

This is applied in the present paper, where some mild regularity assumption on T0
and W is required:

Corollary A.2 (Q-mild reduction). Assume further T0 is smooth. For any given finite
subset Z � T0, there exist

(i) a compactification T0 � T with T a regular projective scheme,
(ii) a simple normal crossings divisor D � T containing T n T0 and disjoint from Z,

(iii) a finite morphism W ! T unramified outside D, and
(iv) a Kollár family SW ! W of slc varieties extending the given family S0 �T W .
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The significance of these extended families is due to their Q-mildness property. Recall
from [2] that a family S ! T is Q-mild if whenever T1 ! T is a dominant morphism
with T1 having at most Gorenstein canonical singularities, the total space S1 D T1 �S T
has canonical singularities. It was shown by Kollár–Shepherd-Barron [39, Theorem 5.1]
and Karu [32, Theorem 2.5] that Kollár families of slc varieties whose generic fiber has
at most Gorenstein canonical singularities are Q-mild.

The main result is proved using moduli of Alexeev stable maps.
Let V be a projective variety. A morphism � W U ! V is a stable map if U is slc and

KU is �-ample. More generally, given � W U ! T , a morphism � W U ! V is a stable
map over T or a family of stable maps parametrized by T if � is a Kollár family of slc
varieties and KU=T is � � �-ample. Note that this condition is very flexible and does not
require the fibers to be of general type, although key applications in Theorems 3.7(iii)
and 3.11 require some positivity of the fibers.

Theorem A.3 ([30, Theorem 1.5]). The stable maps form an algebraic stack M.V / loc-
ally of finite type over C, each of whose connected components is a proper global quotient
stack with projective coarse moduli space.

The existence of an algebraic stack satisfying the valuative criterion for proper-
ness was known to Alexeev, and can also be deduced directly from the results of [1],
which presents it as a global quotient stack. The work [30] shows that the stack has
bounded, hence proper components, admitting projective coarse moduli spaces. An algeb-
raic approach to these statements is provided in [32, Corollary 1.2].

Proof of Theorem A.1. (i) Let T0 � T and S0 � S be projective compactifications with
� W S! T extending f0. The family S0! T0 with the injective morphism � W S0! S is a
family of stable maps into S , providing a morphism T0!M.S/which is in fact injective.
Let T be the closure of T0. Since M.S/ is proper, T is proper. Let � be the pull-back of
the universal family along T !M.S=T /. Then � � S0 is a compactification as needed.

(ii) The existence of W follows from the main result of [41].

Proof of Corollary A.2. Consider the coarse moduli space T of the stack T provided by
the first part of the main result. This might be singular, but by Hironaka’s theorem we
may replace it by a resolution of singularities such thatD1 WD T n T0 is a simple normal
crossings divisor. Thus condition (i) is satisfied.

For each component Di � D1 denote by mi the ramification index of T ! T . In
particular any covering W ! T whose ramification indices over Di are divisible by mi
lifts along the generic point of Di to T .

Choosing a Kawamata covering package [2] disjoint from Z we obtain a simple nor-
mal crossings divisor D as required by (ii), and a finite covering W ! T as required
by (iii), such that W ! T factors through T at every generic point of Di .

By the Purity Lemma [3, Lemma 2.4.1] the morphismW ! T extends over all ofW ,
hence we obtain a family SW ! W as required by (iv).
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