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Abstract. We obtain sharp convergence rates, using Dirichlet correctors, for solutions of wave
equations in a bounded domain with rapidly oscillating periodic coefficients. The results are used to
prove the exact boundary controllability that is uniform in ¢ (the scale of the microstructure) for the
projection of solutions to the subspace generated by the eigenfunctions with eigenvalues less than

Ce2/3,
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1. Introduction

In this paper we study the exact boundary controllability, uniform in & > 0, of the wave
operator
3?2+ L (1.1)

in a bounded domain, where the elliptic operator £, is given by
£e = —div(A(x/e)V), (1.2)

and ¢ > 0 is a small parameter. Throughout we will assume that the d x d coefficient
matrix A = A(y) = (a;;(y)) is real, bounded, measurable, satisfies the ellipticity condi-
tion

1
pIEP < (A€.§) < —[¢>  forany § € RY, (1.3)
m
where y > 0, the symmetry condition

aij(y) =a;;(y) forl<i, j<d, (1.4)
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and the periodicity condition
A(y +z) = A(y) foranyy e R% and z € Z¢. (1.5)

Let  be a bounded domain in R . Given initial data (6;,9.6,,1) € L>(Q) x H™1(RQ),
one is interested in finding 7 > 0 and a control g, € L?(S7) such that the weak solution
of the evolution problem

(02 + LJve =0 inQr =Qx(0,T],
Ve =g, onSt =9R x[0,T], (1.6)
Ve(x,0) = g 0(x), 0:ve(x,0) = 6,1(x) forx e Q,

satisfies the conditions
Ve(x,T) = 0sve(x, T) =0 forx € Q. (1.7)

This classical control problem in highly heterogeneous media was proposed by J.-L. Lions
[16]. Let u, be the solution of the initial-Dirichlet problem

(0 + Lo)u, =0 in Qr,
u, =0 onSr, (1.8)
Ue(x,0) = @eo(x), rue(x,0) = @e1(x) forx € Q,

where ¢, 0 € H{ () and ¢, ; € L?(R2). By the Hilbert Uniqueness Method (HUM), the
existence of a control g, which is uniformly bounded in L?(S7) for ¢ > 0 is equivalent
to the following two estimates, usually called observability inequalities:

1 T
7 [ L v dod < Vol +loaliag). (19

1 T
Vel + I0ealing) < 7 [ [ 1VuPdoar. o

with positive constants C and ¢ independent of ¢ > 0 (see [16]). However, it has been
known since the early 1990s that both (1.9) and (1.10) fail to hold uniformly in ¢ > 0,
even in the case d = 1 [1]. We remark that for ¢ = 1 (without the periodicity condition),
a fairly complete solution of the exact boundary controllability problem for second-order
hyperbolic equations was found by C. Bardos, G. Lebeau, and J. Rauch [5], using microlo-
cal analysis. See also related work in [4, 7] and references therein.

In this paper we shall show that estimates (1.9) and (1.10) hold uniformly if the initial
data (¢g,0, ¢¢,1) in (1.8) are taken from a low-frequency subspace of HO1 (Q) x L2(Q).
More precisely, let {A.x : k = 1,2, ...} denote the increasing sequence of Dirichlet
eigenvalues for £, in Q. Let {{.x : k = 1,2, ...} be a set of Dirichlet eigenfunctions
in H}(Q2) for £, in Q such that {4} forms an orthonormal basis for L?(£2) and
Le(Ve k) = Ae Ve in Q. Define

AN = {h = Y wvercare R}. (1.11)

Ag k<N
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Theorem 1.1. Assume A = A(y) satisfies conditions (1.3)—(1.5). Also assume that there
exists M > 0 such that

|[A(x) — A(y)| < M|x —y| foranyx,y eR?. (1.12)

Let Q be a bounded C3 domain in R?. Let u, be a solution of (1.8) with initial data
(¢e,0, ¥e,1) € AN X AN. If N < CoT~2/3e72/3 for some Cy > 0, then the inequality
(1.9) holds with a constant C depending onlyon d, 1, Co, M and Q2. Moreover, there exist
co > 0.and Ty > 0, depending only on d, u, M and Q, such that if N < coT ~2/3=2/3
and T > Ty, then (1.10) holds with a constant ¢ depending only on d, u, M and Q.

Following [8], one may use Theorem 1.1 to prove the following result on uniform
boundary controllability. Let N < §72/3¢72/3 and T > Ty, where § = 8(d, A, Q) > 0
is sufficiently small. Given (6,9, 0:.1) € L?(R2) x H™1(Q), there exists g, € L?(S7) such
that the solution of (1.6) satisfies the conditions

Pyv.(x,T) =0 and Pyo;ve(x,T)=0 forx e Q, (1.13)

where Py denotes the projection operator from L2(Q) or H () to the space Ay .
Moreover, the control g, satisfies the uniform estimates

cllgelz2sry = I1PNOeollz@) + 1PN Oeillm-1@) < Cligell2(sy)- (1.14)

where C > 0 and ¢ > 0 are independent of €. See Section 4.

In the case d = 1, it was proved by C. Castro [10] that the estimates (1.9) and (1.10)
hold uniformly if the initial data are taken from Ay X Axy and N < 872, where § > 0
is sufficiently small. See also [9] for the case where the initial data are taken from a
subspace generated by the eigenfunctions with eigenvalues greater than C e~27¢ for some
o > 0. The approaches used in [9, 10] do not extend to the multi-dimensional case. To
the best of the authors’ knowledge, the only results in the case d > 2 are found in [3, 15].
M. Avellaneda and the first author [3] used the asymptotic expansion of the Poisson kernel
for the elliptic operator £, in 2 to identify the weak limits of the controls. G. Lebeau [15]
considered the wave operator with oscillating density, p(x, x/)d? — A, where A is the
Laplace operator for some fixed smooth metric, and the function p(x, y) is periodic in y.
Theorem 1.1 seems to be the first result on the observability inequalities (1.9) and (1.10)
for wave operators with oscillating coefficients A(x/¢) in higher dimensions.

Let

ug(x,t) = COS(\/ As,k t)ws,k-

Then (32 + £¢)ue = 0in Q7 and u; = 0 on S7. Also, us(x,0) = Y, (x) and d;u.(x,0)
= 0 for x € Q. Thus the inequalities (1.9) and (1.10) would imply that

Chog < / Vyer2do < Chex. (1.15)
I

It was proved in [1, 10] that (1.15) cannot hold uniformly in & > 0 and k > 1. Counter-
examples were constructed using eigenfunctions with eigenvalues A, ; ~ ¢~2—the wave
length of the solutions is of the order of the size of the microstructure. See also related
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work by A. Hassell and T. Tao [12] for Dirichlet eigenfunctions on a compact Riemannian
manifold with boundary. C. Kenig and the present authors [13] proved that for d > 2,

/ Ver2do < Chox(l + ehog) (1.16)
I

if 822 ek < 1, where C is independent of ¢ and k. This in particular implies that the upper
bound in (1.15) holds if €A, x < 1. Furthermore, it is proved in [13] that if €A, x <&, where
8 > 0 depends only on A and €2, then the lower bound in (1.15) also holds uniformly
in ¢ and k. These results suggest that one may be able to extend Theorem 1.1 to the
case N < Ce~!. But this remains unknown. In view of the one-dimensional results in
[8,10], one may conjecture further that the main conclusion in Theorem 1.1 is valid when
N < 8&72 and § is sufficiently small.

We now describe our approach to Theorem 1.1, which is based on homogenization.
Under the assumptions (1.3)—(1.5) as well as suitable conditions on F, @, ¢ and ¢ 1, the
solution u, of the initial-Dirichlet problem

(02 + Lou, = F in Qr,
ug =0 onST, (1.17)
ue(x,0) = @e0(x),  drue(x,0) = ge1(x) forx € Q,

converges strongly in L2(27) to the solution of the homogenized problem

(8? + Lo)ug = F inQr,
up =0 onS7, (1.18)
up(x,0) = @o(x), dup(x,0) = ¢1(x) forx e Q,
where £ is an elliptic operator with constant coefficients (see e.g. [6]). In the first part
of this paper we shall investigate the problem of convergence rates.

Let
®, = (q)e,l» q>a,27 ey Cbs,d)

denote the Dirichlet corrector for the operator £, in €2, where, for 1 < j < d, the function
@, ; is the solution in H!(2) of the Dirichlet problem

{;ﬁa(cpg,j) =0 inQ, 119

d,; =x; ondf.

Theorem 1.2. Assume A = A(y) satisfies conditions (1.3)—(1.5). Let u, be a weak solu-
tion of (1.17), where Q is a bounded Lipschitz domain in R?. Let

ou
We = g — g — (Peg — xk)a—", (1.20)
Xk

where uy is the solution of (1.18). Then for any t € (0, T],
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1/2
( (Vi + a0 dx)
Q

< C{l|€e(@e,0) — Lo(@o) la—1(@) + lee1 —@1llL2())
+ Ce{lIV0oll2@) + Vo1l 220}
+Ce sup [Vuo(,0)lr2e)

te(0,T]
1/2
+CeVT sup [10:V2uo(, )] + 197 Vuo (Ol gy sup_ IV2u0 (1)l 55,
te(0,T] t€(0,T]
(1.21)

where C depends only on d and L.

Theorem 1.2, together with Rellich identities, allows us to control the boundary inte-
gral

T
/ / Vite — (Vo) (Vuo)P do di,
0 JIQ

where the initial data (g, ¢1) in (1.18) is chosen so that £o(@o) = £L:(¢e,0) and ¢; =
@e,1 in Q (see [18] for the case d = 1). Since |V®,| < C (see [2]) and |det(VD,)|
¢ > 0 on 99 (see [13]), this reduces the problem to the estimates (1.9) and (1.10) for
the homogenized operator 32 + £ with constant coefficients. We remark that the Rellich
identities, which use the Lipschitz condition (1.12), are applied to the function w, in
(1.20). We further point out that the power of ¢ in the condition N < CoT ~2/3¢72/3 jg
dictated by the highest-order term on the right-hand side of (1.21). Also, the C3 condition
on 2 is only used for estimates of the homogenized solutions.

The problem of convergence rates is of much interest in its own right in the theory of
homogenization. Note that no smoothness condition on A is needed in Theorem 1.2. Let
w, be given by (1.20). Since || ®; — x||Loo (@) < Ce, it follows that

A%

|0;ue — drug| < |0;we| + Celds Vugl, (1.22)
Vg — (V®,)(Vug)| < [Vwe| + Ce|VZuql, (1.23)

where C depends only on d and p. As a result, Theorem 1.2 gives the O(g) convergence
rates for both [|0,ue — 00|l 12(q) and [|[Vue — (VP:)(Vuo) | 12(q)- By Sobolev imbed-
ding, we may also deduce an O(¢) convergence rate for [[u, (-, 1) —uo(-, 1) 12(q) directly
from (1.21). However, a better estimate with lower-order derivatives required for ug is
obtained at the end of Section 3 (see (3.15)). We mention that in the case 2 = R4, the
following estimate was proved by M. A. Dorodnyi and T. A. Suslina [11]:

lueC 1) —uoC )l L2@ay < Ce(t + Dilloollgarzway + lerllgizwayt  (1.24)

for any ¢ € R, where (02 + £, ue = (32 + Lo)up = 0 in R4*!, and u, and u¢ have
the same initial data (g, ¢1). The results of [11] (see also [19]) are obtained by an
operator-theoretic approach, using Floquet—Bloch theory. In the case of bounded domains,
for a periodic hyperbolic system, Yu. M. Meshkova [17] obtained an O(e) estimate
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for [ug(-, 1) —uo(:, 1)l 2(q). assuming the initial data (¢o, ¢1) belong to some sub-
space of H*(2). We note that the highest-order terms on the right-hand side of (3.15)
1/2 1/2 1/2 . . .
involve ||¢0||H2(Q)||V¢0||L/2(Q) and ||V¢1||L/2(Q)||¢1||L/2(Q), which are consistent with
lloo ||H3/2(§z) and ||@1 [l 172 (g respectively,. in terms of. scaling.. .
We point out that the symmetry condition (1.4) is essential in the proofs of The-
orems 1.1 and 1.2, but the assumption that the equations are scalar is not Theorem

1.1 continues to hold for elliptic systems d; — div(A(x/e)V) if A(y) = (a (y)) with

1<i,j <dand1<a,p <m,satisfies the ellipticity condition (1.3) for § = (‘g‘f‘) e Rmxd
the periodicity condition (1.5), the Lipschitz condition (1.12), and the symmetry condition
af”g . In the case of Theorem 1.2, the estimate (1.21) holds in a C 17 domain 2 if A
satisﬁes (1 .3), (1.5), the symmetry condition above, and is Holder continuous. The addi-
tional smoothness conditions on A and €2 are used for the estimates of the correctors y
(see (2.1) below) and ®,.

The summation convention that repeated indices (in a term) are summed is used

throughout the paper.

2. Preliminaries

Throughout this section we will assume that A = A(y) satisfies conditions (1.3)—(1.5).
A function u in R? is said to be 1-periodic if u(y + z) = u(y) for a.e. y € R? and for
any z € Z¢. Let T4 = R? /74 ~[0,1)?. We use H'(T%) to denote the closure of the
set of 1-periodic C > functions in R? in the space H'(Y), where Y = (0, 1)?.

Let y(y) = (x1(»), ..., xa(y)) denote the first-order corrector for £., where, for
1 < j <d, the function y; = y;(y) is the unique weak solution in H 1(T?) of the cell
problem

—div(A(y)V;) = div(A(y)Vy;) in T4,

(2.1)
/ xjdy =0.
Td
Note that y; is 1-periodic and
ELelx; +exj(x/e)} =0 in RY. (2.2)

By the classical De Giorgi—Nash estimate, y; € L®[R?) and | x; illo < C, where C
depends only on d and u. Let R
Lo = —div(4V), (2.3)

dy
aij =/ (a,, +a; == )dy (2.4)
Td Yk

(the summation convention is used). Under the conditions (1.3)—(1.5), one may show that
the matrix A is symmetric and satisfies the ellipticity condition

pIEP? < (A&, €) < —Iélz for any £ € RY, (2.5)

where A = (@ij)axa and
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with the same constant p as in (1.3). It is well known that the homogenized operator for
8? + L, is given by 8% + £o. In particular, if ¢, 9 = @o and @1 = @1, the solution u,
of the initial-Dirichlet problem (1.17) converges strongly in L2(27) to the solution 1 of
the homogenized problem (1.18).

Forl <i,j <d,let

i .
bij = ajj +aik8y—i—aij. (2.6)
It follows from the definitions of y; and a;; that
9 b 0 d / bijd 0 2.7)
—0D;; = an P 7 = U. .
v ra

Lemma 2.1. There exist 1-periodic functions ¢y;; in HY(T?) for 1 <i,j k <d such
that [pq ¢rij dy =0,

d
bij = E‘ﬁkij and  drij = —Pik;- 2.8)

Moreover, ¢y;j € L®(R?) and lprijlloo < C, where C depends only on d and .
Proof. See [14, Remark 2.1]. [
Let ®.(x) be the Dirichlet corrector for £, in €2, defined by (1.19). Since
Ll e —x; —ex;(x/e)} =0 Q. 29)
by the maximum principle we have
[ ®e,; —xj —exj(x/€)l|lLoo) = lex; (x/€)llLooae)-

It follows that
[[@e,j — xjllLoo(@) = 2¢]xjlloo = Ce, (2.10)

where C depends only on d and j. If  is a bounded C % domain in R for some o > 0
and A is Holder continous, then by the boundary Lipschitz estimate for £, [2], we also
have

[V®e,jllLee@) < C, (2.11)

where C depends only on d, A and .

Lemma 2.2. Suppose that
(02 + Loue = (32 + Lo)uo  in Q x (To, Th). (2.12)

Let 3
u
We = Up — g — (Ppg — xk)a—". (2.13)
Xk
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Then
@ + Lo)we = —83%{4’""’ (/%) aza;g;j }
+ % {a,-_, (/) @k — ] 8ijgik }
+ ajj (x/e)i.[q%,k — Xk —e(x/e)] Bijgik
— (P — xk)32 oo o

Proof. Note that by (2.12),

ou ou
(02 4+ Lo)we = (Lo — Le)utg — xs{@e,k - xk)g;’} — (Pege — xi)d7 5> 9

0 0 0 0 0
ooz} + o {m-ﬂx/e)ﬁcbs,k—xk—m(x/s)]%}

8x,~ j

0 82u0 87/40
A P D,y — — (g — xp) 020
+ o {a j(x/&)[Pek — Xk] 7% axk} (Pek — Xk) e

200
Oxxdx; )’

d d
_ga_xi{(f)kij (x/e) <

where b;; () is (2.6). Since aiybij = 0, we see that

0 Buo g Buo _
o {b,J(x/s) }—b,](x/e)amaxj =

where we have used (2.8) for the last step. Finally, in view of (2.9), we have

0 {al,(x/s) [®gk—xk—8Xk(x/8)]—}

2

d
_al](x/g) [d>€k k—sxk(x/s)]axig;k

This completes the proof. ]
We end this section with well known energy estimates for the initial-Dirichlet problem
(8? 4+ Lo)up =0 inQr,

uo =0 onSr, (2.15)
ug(x,0) = po(x), 9dsup(x,0) = ¢1(x) forx € Q.

Let 2 be a bounded domain in R?. Given ¢ € HO1 (R2) and ¢, € L?(R2), the evolution prob-
lem (2.15) has a unique solution in ug € L*°(0,T’; HO1 (R2)) with d,ug € L®(0,T; L*(R)).
Moreover, the solution satisfies

[Vuo (-, ) llz2e@) + 1910 DllL2@) = CUVolr2@) + o1z} (2.16)
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for any ¢ € (0, T'], where C depends only on d and p. Let {Agx : k = 1,2,...} denote
the increasing sequence of eigenvalues for &£y in Q. Let {y x} be a set of eigenfunc-
tions in Hy () for £ in € such that {1 x} forms an orthonormal basis for L?(2) and
Le,0(Wo.x) = Ao x Yok in Q. Suppose that

9o =) aVor and @1 =Y bivok.
3

k

where ay, by € R. Then the solution of (2.15) is given
wo(x.1) = Y {ax cos(y/Aox 1) + bihy ! * sin(y/Zox 1)} (x). 2.17)
k
It follows that
I €0(uo) . Dl L2y + 10: Vuo . D2y + 19710 (. D 12(g)

= C{ll€o(o)l2(@) + IVorll2@)  (2.18)

for any ¢ € (0, T], where C depends only on d and p.
If Q is a bounded C!*! domain, g9 € H*(Q2) N H}(R2) and ¢; € H| (), one may
use the H? estimate for the elliptic operator £,

IV2ull 2@y < CllEo)llL2eq) foru € Hy () N H*(Q),
and (2.18) to show that
IV2uo (. )l 2@ < CLILo(@o) 2@y + IVer1llL20)} (2.19)

for any z € (0, T'], where C depends only on d, i, and 2. Furthermore, if €2 is a bounded
C3 domain, po € H3(Q) N Hy () and @1 € H*(2) N H{ (Q), we have

||V3u0("t)”L2(Q) + ”81‘V2u0('vl)”L2(Q) + ||8%Vu0(‘,f)||L2(Q) + ||a?“0('vf)||L2(sz)
< C{llLo(@o)lm1(@) + ILo(@D) L2y} (2:20)

forany ¢ € (0, T].

3. Convergence rates
Throughout this section we assume that 4 = A(y) satisfies (1.3)—(1.5). No additional

smoothness condition on 4 is needed.
For a function w in Q x [Ty, T1], we introduce the energy functional

E.(t;w) = %/Q{(A(x/e)Vw(x,t),Vw(x,t)) + (atw(x,l))z} dx (3.1

fort € [To, Tl].
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Lemma 3.1. Let ug, ug, and we be as in Lemma 2.2, with u, = ug on 02 x [Ty, T1].
Then

|E8(T1§ ws) — E¢(To; ws)l
T 1/2 T 1/2
< Cs(/ (10, VZuo| + [0?Vuo|)* dx dt) (/ Eq(t; wg) dt)
TO Q T()
+ Ce|| V2o (-, Tl L2y Ee(Trs we) />
+ Cel|V?uo (-, To)ll 12y Ee (To: ws) /2, (3.2)

where C depends only on d and p.

Proof. Using the symmetry condition (1.4), we obtain

Ty

Ee(Ti;we) — Ee(To: we) = / ((8$ + Lo we, 8lw8)H—1(Q)xH(} Q) dt. (3.3)

To
We will use the formula (2.14) for (8? + £)w, to bound the right-hand side of (3.3). The
fact that w, = 0 on dQ2 x [Ty, T1] is also used.

Let I; denote the first term on the right-hand side of (2.14). It follows by integration
by parts (first in x and then in #) that

=¢&

T 0%u ow
/ /¢ki,»(x/e)—°~at £ dx dt
To/Q axka 1

T
I1,0,we) - dt
/(1 tWe) iy HQ)xHL (@) Xj 0x;

To

T
< Ca/ [0: V2uo| [Vws| dx dt
To JQ

+Ce / IV2uo(x. Ty)| [Viwe (x. Th)| dx
Q

+Cs/ |V2u0(x,T0)| [Vwe(x, Ty)| dx.
Q

By the Cauchy inequality this leads to

T
< Cell9, Vol 2y 11y ( /

0
+ Ce|V2uo (-, T1) |l 2y Es (T1; we) /2

+ Cel|V?uo (-, To)ll 12 Ee(To; we) /2, (3.4)

1/2
Eo(t; we) dt)

T
/T(h,atws)H—l(Q)xH(}(Q)dt
o

where C depends only on d and . Let I, denote the second term on the right-hand side
of (2.14). Since
[®ek — XkllLoo(@) < Ce,

it is easy to see that (3.4) also holds with I, in place of I;.
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Next, let /3 denote the third term on the right-hand side of (2.14). Using integration
by parts in the ¢ variable, we see that

T
//13-8,w8dxdt
To /@

T,
<c / V@, — x — ex(x/e)]| [8:V2uo| |we| dx di
To JQ

e /Q IV1® — x — exCe/)]| V20 (x, T)] [we (v, T1) | dx

+C /Q [V[®e — x —ex(x/e)]| [Vuo(x, To)| |ws(x, To)| dx.

It follows from the Cauchy inequality that

T
//13-8tw8dxdl
To /Q

< C|IV[®, — x — ex(x/&)well L2@x (1o, 10 Vol L2 @x (70,11 ))
+ C|V[®: — x — ex(x/)we . T L2 I V10 ¢ Tl 22
+ C|V[®e — x — e x(x/)we (. To) | L2 | VU0 (. To)  22()-
Since £.(P; — x —eyx(x/e)) = 0in Q2 and w, = 0 on I, by Caccioppoli’s inequality
IVI®e —x —ex(x/e)we . DllL2@) = Cll[Pe — x —ex(x/e)]Vwe (. 1)l L2(@)
< Ce||Vwe (-, 1)l L2(q) (3.5

for ¢t € [Ty, T1]. As a result, the estimate (3.4) continues to hold if we replace /; by I3.
Finally, let /4 denote the last term on the right-hand side of (2.14). By the Cauchy
inequality, we obtain

T
//14-8,w8dxdt
To JQ

< Cel|37 VuollL2@x(zo.11) 101 Well L2@x(To. 7))

T,
< C8||8%V140||L2(Q><(T0,T1)) (/T

0

1/2
E.(t;we) dt) .

This completes the proof of (3.2). [
The next lemma gives an estimate of E.(¢; w,) fort = 0.
Lemma 3.2. Let wg, ¢z0, Yo, ¥s,1 and ¢y be as in Theorem 1.2. Then
Ee(0;we) < C||Le(@e0) — io(@o)ﬂzﬂ(g) + Cllge,1 — @1 ”iZ(Q)
+ Ce{IV200ll72(g) + IVO1l72 () (3.6)

where C depends only on d and .
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Proof. Note that
87/!0
drwe(x,0) = drue(x,0) — druo(x,0) — (Pep — xk)ata(x’ 0)
0
= @1 —P1 — ((Dsk_xk)ai~
Xk
It follows that

[0:we (-, 0 L2() = lle1 — @1llL2¢2) + CellVorllL2)-

Next, to bound || Vwe (-, 0) || 2(q), we use

/Q(A(x/s)ng,sz)dx=/Q(cfg(ws),wS)H_l(mxH(;(m dx 3.7

and the formula

£u(5.0) = Lalpa) — Lolgn) — ey /o) |
J

ad 02
o {aij (x/&)[Pec — Xi] .</?o }

0x;j0xg
ad 02
+ g (/&) 7 [us — 3 — (/7 (3.8)
Xj 8xi Bxk
The proof of (3.8) is similar to that of (2.14). It follows from (3.7) and (3.8) that
||sz('70)||iz(9) < C|£e(e,0) — Lo(@o)ll g—1() | Vwe (-, 0) [ L2(g)
+ Ce| V0oll L2l Vwe (- 0) [ 12
+ C|IV[®e — x — ex(x/&)we (-, 0) | 2o V200l L2(2)
< C|[L£e(9s,0) — Lo(@o) | g—1() IVwe (-, 0) || L2(q)
+ Ce|| V0ol L2 Vwe (- 0) | L2 ().
where we have used the Caccioppoli inequality (3.5) for the last step. This yields
IVwe (-, 0220y < CllLe(@e0) — Lo(po) | -1 + CellV@oll2(q)
and completes the proof. ]

We are now in a position to give the proof of Theorem 1.2.
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Proof of Theorem 1.2. Let

1/2
My = sup (/ |V2u0(x,t)|2dx) ,
Q

o=t=t s (3.9)
M; = sup (/ (|8tV2u0(x,t)| + |8?Vuo(x,[)|)2 dx) .
0<t<T Q
Let w, be defined by (2.13). We will show that for any ¢ € [0, T,
Eq(t:we) < C{E¢(0:w,) + £ Mo(Mo + TMy)}, (3.10)

where C depends only on d and pu. This, together with the estimate of E.(0; we) in
Lemma 3.2, gives the inequality (1.21).
It follows from Lemma 3.1 that for0 <ty <t <tp +6§ < T,

Ec(t;we) < Es(to;we) + Ce(BM1 + Mo)  sup  Eq(t;w,)'/2,
t€lto,to+6]
where C depends only on d and p. We now consider two cases. In the first case we
assume M; < 2T~ ' M,. By letting o = O and § = T', we obtain
sup Ee(t;we) < E(0;we) + CeMy sup Eg(r;w,)'/?
tel0,T] t€[0,T]
< E (0;we) + Ce* Mg + % sup Eq(t; we),
t€l0,7T]

from which the estimate (3.10) follows.
In the second case we assume M7 > 2T ~! M. Using the Cauchy inequality, we obtain

E (t;we) < Eg(to; we) + Cezy_1(8M1 + MO)2 +y sup  E.(t;we)
t€lto,to+6]

for any ¢ € [tg,t9 + 8], where y € (0, 1). This gives
Ec(to;we) | Ce*(My + My)?

sup  E.(t;we) < + . (3.11)
tefto,to+8] -y y(1—y)

Letd =T/n € (0,1/2), where n > 1 is to be chosen later. Let z; = £3, where 0 < £ < n.
By using (3.11) repeatedly, we see that

Ce?(8M1 + My)? 1
sup  Eg(t;we) + (&M, ) =< _V{Es(lﬁ;we)"i'

t€ftg to41]

Ce2(SM + Mo)? }

I
—_

1
= W{Ea((); we) +

Ce?(8My +M0)2}
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This implies that

1
sup E(t;we) < —{ES(O; we) +

Ce2(5M, + Mo)z}
1€[0,T] T (I=ypn '

14

Choose y = % = % Note that

1 n
1=y = (1 - ﬂ) ~e 12,

It follows that

sup Eg(t;ws) < C{E.(0;w,) + C>TS 1 (M, + My)?}.
t€[0,T]

Finally, if My = 0, we let § — 0 to obtain the desired estimate. If My # 0, we choose
§ = cMoM[ ' < T and obtain

E(t;w) < CE(0; w,) + Ce>TMoM,
for any ¢ € [0, T']. This completes the proof. L]

We end this section by establishing a convergence rate for [[ug(-, 1) — uo(-, )| 12(q)
for 0 <t < T. Consider the initial-Dirichlet problem

0?4+ Lu, =0 inQr =Qx(0,T],
ue =0 onSr =aQ x[0,T], (3.12)
Us(x,0) = @o(x), 0drus(x,0) = ¢1(x) forx e Q,

and its homogenized problem
(8% 4+ Lo)ug =0 inQ7p,
uo =0 onSr, (3.13)
uo(x,0) = @o(x), druo(x,0) = ¢1(x) forx € Q,

where o € Hy () N H*(Q) and 91 € Hy (). Let

t

t
vg(x,t):/ Ug(x,s)ds and vo(x,t):/ ug(x,s)ds.
0 0

Then

(02 + Lo)ve = 91 in Qr,

ve =0 ondS7T,

Ve(x,0) =0, 0J;ve(x,0) = o(x) forx € Q,
and

(02 + Lo)vo = @1 in Q7,
vo=0 onST,
vo(x,0) =0, 9d;v9(x,0) = @o(x) forx e Q.
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By applying Theorem 1.2 to v, and v and using (1.22), we see that for any ¢ € (0, T,
||u8('7 t) - uO(" l)||L2(Q)
< Ce|[Vooll2ee) + Ce S[up IV2vo(-. 1)l 2¢q) + Ce S[UP [Vuo(, )l L2

+CeVT sup)nwzuo( O]+ 10 Vo] | gy Sup IV200C. Dl Yy (314
te(0,T

where we have used the fact 9;v9 = ug. Note that, if Q is C 1!,
V200 (-, D)llz2e) < Cll€o(o) (- )llL2q)
< Cldruo( D2 + ClleilL2)
< C{lIVoollr2@) + lle1lliz2@)}

where we have used (2.16) for the last inequality. This, together with (3.14), (2.18) and
(2.19), yields

e 1) —uo, )2
< CelllVoollL2@) + le1llL2ce)}
+ CeVT (ol g2y + IVe1llL2@) 2 IVeoll 2@y + o1 ll2@) ' (3.15)
for any ¢ € (0, T], where Q is C ! and the constant C depends only on d, 1 and .

4. Uniform boundary controllability

Throughout this section we will assume that A = A(y) satisfies conditions (1.3)—(1.5) as
well as the Lipschitz condition (1.12).
Let u, be the solution of the initial-Dirichlet problem

@+ Lu, =0 inQr =Qx(0,7],
us=0 onSr =092 x][0,T], 4.1
Ue(x.0) = ge0(x),  ue(x,0) = @e1(x) forx € Q.

We are interested in the estimates (1.9) and (1.10) with positive constants C and ¢ inde-
pendent of ¢ > 0.

Leth = (hy,...,hg) be a vector field in C'(R?;R¢) and n = (n1,...,nq) denote
the outward unit normal to 2. We start with the well known Rellich identity

aus u,g r e ou, dug dug
// (h,n) 'axi dadt:Z// h"“"f'a_xi{”"aj n,ax }dcrdt
. dug Oug oug 0ug
— div(h) - af. —= . h 8L T v dt
/0 /Q V() -a; ox; 0x; / / v axk dxj  0x; x

T
+2// Ohi ye e s gy //hkaua-jﬁs(ug)dxdz, 4.2)
0 0 0oJa = Oxg

Q@ dx;  Yoxx Ox;
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where a;; = aij(x /¢€). The identity (4.2) follows from integration by parts (in the x vari-
able). We remark that the symmetry condition (1.4), which is essential for (4.2) even in
the case of constant coefficients, is used to obtain

(B ) g e (g e e
k

Y Oxk \ dx;  0x; ax; \ Y oxj  Oxg

in the proof of (4.2). It also follows from integration by parts that

T
/O/Qhkgzz-afugdxdt
1 (T 1 (T
=—-// (h,n)-(atus)zdadt+—//div(h)-(atug)zdxdt

3 9
/hk e (x, T)due (x, T)dx—/ By te

(x 0)0;us(x,0)dx. (4.3)

Suppose u, = 0 on 9. Since n kg aup _

(4.2) with (4.3), we obtain

r d d 8 0
// (hon)-af, ot 22 o dp = //dlv(h) (ous)? — “8. ”8 dx d
0 Joo Jox;  0x; x;
U
~—'—d d
// 8xk ox; 0x; xat
+2// ahk l e OUg aus dx dt
Q 8x, dxp  0x;
_2/

8
+ / e ”%x,T)a,ug(x,T)dx
Q  Oxg

—/hk
Q

Lemma 4.1. Let Q be a bounded Lipschitz domain in R%. Let ug be a weak solution of
(3.13) for the homogenized operator 3 + L. Then

= 0 and d;u, = 0 on 92, by combining

s+ Leug dx dt

(4.4)

T
| vk dodi =t + DV sy + il 49

where ro denotes the diameter of Q2. Moreover, if T > Cory, then

T
T 10002 + 2} <€ [ [ [VuoPdoar. o)

The constants C and Cy depend only on d, u and the Lipschitz character of 2.
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Proof. This is well known and follows readily from (4.4) (with &@;; in place of afj) (see
e.g. [16]). We include a proof here for the reader’s convenience. To see (4.5), we choose a
vector field 1 € C'(R?;R?) such that (h,n) > co > 00n dQ and |Vh| < C/ro. It follows
from (4.4) with @;; in place of aj; that

T C T
c// Vuol do dt < —//(|Vu0|2+|8tu0|2)dxdt
0 JoQ ro Jo JQ

+C/Q|wo(x,r)||a,uo(x,T)|dx+C/Q|wo||¢1|dx

< CTr " + D{IVg0lRa gy + 1911220,

where we have used the energy estimate (2.16) for the last step.
To prove (4.6), we choose h(x) = x — xg, where x¢ € Q. Note that div(h) = d. It
follows from (4.4) that

r dug 0
‘—// (h,n)-c?,-jﬂ-ﬂdadt+dX+(2—d)Y‘
Q an 8)6,'

= Cro{”V@oHiz(Q) + ||§01||i2(g)}7 4.7)

T
=//(8,u0)2dxdt, //a o 8“0 S dxdr
0JQ

Note that by conservation of energy,

. 0po 0¢o
X+Y=T 2 4G — = )dx,
+ /Q(‘P] +a'l an Bxi .

T
X—Y:// 0 (ug0;ug) dx dt
0JQ

=/uo(x,T>atuo(x,T)dx—/ vopr dx
Q Q

= CrO{”V(PO”iz(Q) + o1 “iz(g)}’
where we have used Poincaré’s inequality and the energy estimates for the last step. By
writingdX + (2—d)Y as(X +Y) + (d — 1)(X —Y), we deduce from (4.7) that

Mo dug 2 A.‘aﬂ dgo
/ (h,n) - 8ld odt — /(cpl-l-al,axj o, dx

= CrO{”V(pO“iZ(Q) + llea ||1%2(Q)}v
from which the inequality (4.6) follows if T > Cyry. [

where

and

The argument used in the proof of Lemma 4.1 for 3> + £¢ does not work for the
operator 37 + £.; the derivative of afj is unbounded as ¢ — 0. Our approach to Theorem
1.1 is to approximate the solution u, of (4.1) with initial data (¢,,0, ¢¢,1) by a solution of
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(3.13) for the homogenized operator 32 + £ with initial data (¢o, ¢1), where @1 = @1
and ¢y is the function in H, () such that

Lo(po) = Le(@e0) n Q. 4.8)

Lemma 4.2. Let Q be a bounded C3 domain in RY. Let u, and uq be the solutions
of (4.1) and (3.13) with initial data (¢e,0, ¢s,1) and (po, ¢1), respectively. Assume that
@1 = @1, € H*(Q) N H} () and g9 € H*(2) N Hy (Q) satisfies (4.8). Let w, be given
by (2.13). Then for 0 < & < min(ro, T),

T
| [ 19wl dodr < CTellpollagy + iy )

+ CT?e{llpoll g2y + o1l @ Hlleoll g3y + o1l a2y
+ CTeXlpollf3 ) + o1l )t (4.9)
where C depends only on d, i, M, and 2.

Proof. Let h be a vector field in C'(R¢; R¢) such that (h,n) > co > 00on dQ and |Vh| <
Cry 1. We apply the Rellich identity (4.4) with w, in place of u,. This gives

T c [T T
/ / |Vw£|2 dodt < —/ / |Vw‘,3|2 dxdt +C / / |Vw5||(8? + £)we| dx dt
0 JaQ & JoJg 0JQ

+C sup [[Vwe(, D)2 10:we (-, D) L2
t€l0,T]

<CTe! S[up ]{vas(', t)”iz(g) + 10 we t)”iZ(Q)}
telo,T

T
+C8// (07 + £e)wel* dx dt, (4.10)
0JQ

where we have used the Cauchy inequality for the last step. Since  is C3 and 4 is
Lipschitz, V®, is bounded. Also, under the smoothness condition (1.12), the functions
Vxj and V¢y;; are bounded. Thus, in view of (2.14), we obtain

102 + Lo)we| < C{|V2uo| + &|V3uo| + £|0>Vuol}. (4.11)
This, together with (4.10) and Theorem 1.2, gives

T
// [Vw,|? do dt
0 JoQ

< CTelllgolz2(q) + o1l gy} + CTe Sup 1V2uo (. )17 2

+CT?% sup [Vuo(-.0)llz2@) sup [18:Vuo(-.0) + |87 Vuo (. D)lll2(q)
te(0,T] t€(0,T]

2
+CTe® sup H|V3uo('»1)| + |8%V“0(‘v’)|HL2(Q)’
t€(0,T]

from which the estimate (4.9) follows by using the energy estimates (2.19) and (2.20). =

The next theorem provides an upper bound for [|Vuel|z2(g,)-
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Theorem 4.3. Assume that A satisfies conditions (1.3)—(1.5), and (1.12). Let 2 be
a bounded C3 domain in R%. Let u, be a weak solution of (4.1) with initial data
@e0 € H3*() N HY () and e € H*(R) N HY (). Then, for 0 < & < min(7, ro),

T
// |Vu,|?do dt
0 JoQ

= CT{||V¢8,0||i2(Q) + ”‘pa,l“iz(g)}

+ CTS{”xs((pe,O)”zz(Q) + ||V<Pa,1 “22(9)}

+ CT?{[| Le(ge0)llL2@) + Ve 2@ HILe(@e0) 1 9) + 1 Ee(@e )20}

+ CT83{|I$8(§0€,0)”§.11(Q) + ”‘ze((ps,l)”iz(g)}v (4.12)
where C depends only on d, u, M, and Q2.
Proof. Let ugy, w, be as in Lemma 4.2. Note that

Vw, = Vug, — (VO,)(Vug) — (P, — x)Vzuo. (4.13)

It follows that

T T T
// |Vue|? do dt §C// |Vw5|2d0dt+C// |Vuo|* do dt
0 JoQ 0 JoQ 0 JoQ

T
+c52// |V2uo|? do dt. (4.14)
0 JoQ

To bound the first term on the right-hand side of (4.14), we use (4.10) as well as the fact
that 91 = @1 and Lo(@o) = Le(@e,0) in 2. The second term on the right-hand side of
(4.14) is handled by Lemma 4.1. Finally, to bound the third term, we use the inequality

/ |V2uo|? do < C/ [VZuo|? dx + C/ IV2uo| |V3uo| dx. (4.15)

Q Q Q

To see (4.15), one chooses a vector field & € CO1 (Rd ; Rd) such that (h,n) > co > 0 on 9€2,

and applies the divergence theorem to the integral [y, |V2uy|?(h,n) do. |
We also obtain a lower bound for [|Vuel|12(s,)-

Theorem 4.4. Assume that A and 2 satisfy the same conditions as in Theorem 4.3. Let
ug be a weak solution of (4.1) with initial data @s9 € H*(Q) N Hy () and ¢s1 €
H2(Q) N Hy (Q). If T > Corg and 0 < & < ro, then

Tro_l{”V%,O“iz(Q) + ll@e1 ||i2(Q)}

T
§C// |Vue|* do dt
0 JoQ

+ CTe{|Le(0e0) 22y + 190211220}

+ CT?e{[|£e (06,0l L2(0) + V0,1 L2002 | Le(0e0) 1 (@) + 1 €e(0e) 20}

+ CTeN | Lo (0e0) 171 gy + €6 (@e,) 172 () ) (4.16)
where C depends only on d, u, M, and Q2.
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Proof. The proof uses (4.13) and the fact that
|det(V®,)| > co >0 on a2, 4.17)

which was proved in [13]. Let ug, w, be as in Lemma 4.2. It follows from (4.6), (4.13)
and (4.17) that

T
T 0ol + st o = € [ [ 19w dord
0

T T T
EC// |Vu5|2dadt+C// |Vw8|2dodt+C82// |V2u0|2d0dt.
0 JoQ 0 JoQ 0 JoQ
(4.18)

The last two terms on the right-hand side of (4.18) are treated exactly as in the proof of
Theorem 4.3. |

Proof of Theorem 1.1. Let

Q0= Y aVYer and @o1= Y bvex.

Ae k<N Ae k<N
where {/,x} forms an orthonormal basis for L?(Q2), ¥k € HO1 (2) and £ (Ye ) =
Aek Ve in Q2. Then

||V<Ps,o||iz(9) + ”(/)6,1”512(9) ~ Z {lak|zla,k + |bk|2}- 4.19)
Ae k<N

Also, note that

||°<Ce((p8,0)”i2(g) + ||Vfﬂa,1 ”22(9) <C Z {|ak|2’x§,k + |bk|2/x£,k}
Asyka

<CN Y llarPher + b2} 420)
Ae k<N

and

1 Le(@e0) |21 gy + 1Le@e) Gy <€ 3 (A2 + 10?22,
A

ek <N

<CN* Y AllaxlPhex + 0P} @21)
Ag k<N

In view of Theorem 4.3 we obtain
T
| [ 19l dodr < CT 4N + TN 42NV peola + loua s

= CT{”VWS,O“%IZ(Q) + ||¢8,1 "22(9)}
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if N < CoT~2/3¢72/3_ This gives (1.9). The inequality (1.10) follows from Theorem 4.4
in a similar manner. Indeed, by Theorem 4.4 and (4.19)—(4.21), if T > T, then

T{||V<Pa,0||iz(m + | @e1 ||i2(Q)}
T
<¢ [ [ 1VuP dodi+CTEN +TeN+ENHIVguola + et ey
0 JoQ

where Ty and C depends only on d, i, M, and Q2. As a result, we obtain (1.10) when
N < coT2/3¢72/3 where ¢y = co(d, u, M, ) > 0 is so small that

C{eN + TeN3? + 3N?} < 1/2.
This completes the proof. ]

Remark 4.5. Let I" be a subset of 2. Suppose that there exist T, ¢co > 0 such that the
inequality

1 T
colllVeoll72 i) + llo1l72g)) < 7/0/F|vu0|zdadz (4.22)

holds for solutions u¢ of the homogenized problem (3.13). It follows from the proof of
Theorem 1.1 that if N < 8§¢72/3 and § = 8(co, T, 2, A) > 0 is sufficiently small, the
inequality

1 T
Vs 1z @y + Ivealiay) = - [ [ 19l dodr (4.23)

holds for solutions u, of (1.8) with initial data (¢g,0, @e,1) in Ay X AN .

Given (6;.0,0¢.1) € L?(Q) x H™1(Q), to find a control g, € L?(St) such that the
solution of (1.6) satisfies the projection condition (1.13), one considers the functional

J&(@S,Ov §05,1)

1 (T e\ 2
=_<98,1,ug(x,O))H_l(Q)le(m+/ eg,oatus(x,O)der_// ( s) do d,
0 Q 2 Jo Jaa

Ve

where g%; = n;a;j(x/ 8)% denotes the conormal derivative associated with &£, and u,
J
is the solution of

(02 + L)u, =0 inQr,
u, =0 onSr (4.24)
ue(X,T) = @0, Orue(x,T) = @e,1 forx € Q.

Since time is reversible in the wave equation, it follows from Theorem 1.1 that if
(0e,0.9e,1) € AN X Ay and N < 8¢72/3 then

T 2
ou
Vo all2 2 <// °) dodt
ctll ‘/’s,0||L2(Q)+||‘p€’1”L2(9)}— o Jaq \ 0vg ?

< CHlIV@eol72(q) + 191172t (4.25)
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where the constants C, ¢ > 0 are independent of ¢ > 0. As a functional on Ay x Ay C
HO1 () x L2(R), J, is continuous, strictly convex, and satisfies the coercivity estimate

Je(060.061) = A1 Ve0l 220 + 9611220y} = C{l1BeolZaiqy + 166121 gy

This implies that J, has a unique minimum J(¢g, ¢1) on Ax X Ay. Let w, be the
solution of (4.24) with data (we(x, T), d;we(x, T)) = (Po, $1). By the first variational
principle,

dw, Jug

dodt =0

(4.26)
for any solution u, of (4.24) with data (@0, ¢s,1) € AN X 4Ay. As a result, the func-
e is a control that gives (1.13). Indeed, let v, be the solution of (1.6) with

e

T
— 93 s Ug ,O — 98 a & ’0 d )
{Oe,1,16(x, 0) -1 (@) 11 (@) +/Q 09115 (x, 0) x+/0 /BQ e v

tion g, =

ge = %'f; ; then

(0ve(-, T), (pS,O)H—l(Q)XHd @ /Q Ve(x, T)@e,1(x) dx

T
dug
= Oonotts . T)) [ GoBius(x.0)dx — e o dt = 0
(O e (. ) -1 @ tid @ /gs"’ e, 0) dx /o/aszgsavs ’

for any (¢g,0,¢e,1) € AN X An. This shows that Pyv.(x,T) =0and Pyd;v.(x,T) =0
for x € . One may also use (4.26) to show that among all controls that give (1.13),
g = = has minimal L2(ST) norm.

Finally, using J¢(¢o, ¢1) < J(0,0) = 0 and (4.25), one may deduce that

T
// o2 do dt < C{|| Pxbeo
0 JoQ

By a duality argument [8] and (4.25), one may also show that

|i2(g) + ”PNee,l ”271(9)}-

T
U1PNOu s @y + 1 Pw Ot vy} < [ [ lel? dodt.

‘We omit the details and refer the reader to [8] for the one-dimensional case.
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