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Abstract. We prove the Landau—Ginzburg mirror symmetry conjecture between invertible quasi-
homogeneous polynomial singularities at all genera. That is, we show that the FIRW theory (LG
A-model) of such a polynomial is equivalent to the Saito—Givental theory (LG B-model) of the
mirror polynomial.
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1. Introduction

Mirror symmetry has been a driving force in geometry and physics for the last twenty
years. During that time, we have made tremendous progress in our understanding of
mirror symmetry, but several important mathematical questions remain unanswered.
Historically, mathematical research was concentrated on mirror symmetry between
Calabi—Yau/Calabi—Yau models or Toric/Landau—Ginzburg models, rarely investigating
the Landau—Ginzburg pairs. This was mainly due to the lack of a mathematical theory
for a Landau—Ginzburg (LG) A-model, although there were geometric realizations of the
Landau—Ginzburg B-model in various contexts. In the mid 2000s, Fan, Jarvis and Ruan
invented FIRW theory [13] motivated by the physical work [40] of Witten. This inven-
tion is a mathematical theory for a Landau—Ginzburg A-model, allowing mathematicians
to investigate mirror symmetry between two Landau—Ginzburg models. In this paper, we
prove a general LG/LG mirror theorem, which can be viewed as a Landau—Ginzburg par-
allel of the mirror theorem [14, 15,25-28] between Calabi—Yau manifolds established by
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Givental and Lian—-Liu—Yau. For a survey on the LG/LG mirror symmetry and an outline
of the current and related works, see [24]. For several purely algebraic constructions of
LG A-model and their relationships with FJRW theory, see [31] and [6].

The LG/LG mirror pairs originate from an old physical construction of Berglund and
Hiibsch [3] that was completed by Krawitz [19]. Let us briefly review this construction,
called the BHK mirror [9]. Let W : C¥ — C be a quasihomogeneous polynomial with
an isolated critical point at the origin. We define its maximal group of diagonal symmetries
to be

Gw = {(A1..... AN) € (CON | W1 x1,... A xn) = W(xr,....xn)). (L)

In the BHK mirror construction, the polynomial W is required to be invertible [9, 19],
i.e., the number of variables must equal the number of monomials of W. By rescaling the
variables, we can always write W as

W = Z []x" (1.2)

We denote its exponent matrix by Ew = (ai;)nxn . The mirror polynomial of W is

N N
T _ aji
wr=2 [T+
i=1j=1
i.e., the exponent matrix Ey,r of the mirror polynomial is the transpose matrix of Ey .
The mathematical LG A-model is the FJRW theory of (W, Gy ), and one geometry
of the LG B-model is the Saito—Givental theory of W7, where the genus zero theory is
Saito’s theory of primitive forms of W7 [33] and the higher genus theory is from the
Givental-Teleman’s formula [16, 37]. There is a longstanding conjecture that these A-
and B-models are equivalent.

Conjecture 1.1 (Landau—Ginzburg Mirror Symmetry Conjecture). Up to a change of
variables, the generating function of the FJIRW theory at all genera for (W, Gy) can be
identified with the generating function of the Saito-Givental theory of WT .

We remark that FJRW theory is defined in [13] for any pair (W, G), where G is an
admissible subgroup of Gy . The BHK mirror construction applies in this more general
situation, yielding a mirror partner (W7, GT) where G7 is a well-defined group dual to
G constructed in [2, 19]. Although G is never a trivial group, GT could be a trivial group.
Further more, G7 is a trivial group if and only if G = Gy . If G is nontrivial, we do not
know the full mathematical construction of LG B-model for (W7, GT). For this reason,
Conjecture 1.1 is stated only for Gy on the A-side.

Krawitz [19] gave a clue to Conjecture 1.1 by finding an explicit isomorphism that
matches the FJRW ring of (W, Gw) to the Jacobi algebra of WT for almost all invertible
polynomials (when no variables of W have weight 1/2); see Theorem 2.14.

However, it is much harder to work on the whole conjecture, which requires a thor-
ough understanding of both FIRW theory and Saito—Givental theory. Although the pow-
erful Givental-Teleman formula [16, 37] reduces Conjecture 1.1 to its genus zero part,
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Conjecture 1.1 was proved only in a handful of cases previous to our work. These include
A-type singularities [10, 18], ADE (or simple) singularities [13], simple elliptic singular-
ities [20, 30], and exceptional unimodular singularities [23]. All these cases were proved
with case-by-case calculations and reconstruction on both sides of the mirror. They have
one common feature: the central charge of W is very small (in fact all no greater than %).
Because of their small central charges, these singularities have special structure, which
was used in a critical way to prove Conjecture 1.1. The authors of this paper faced several
difficulties in extending the techniques from these earlier special results to general sin-
gularities with arbitrarily large central charges. We explain two major difficulties and our
solutions here:

B-side: A choice of primitive forms. Genus zero invariants of the LG B-model are deter-
mined by a choice of primitive forms, which is equivalent to an appropriate choice of
splitting of the Hodge filtration associated to the singularity. Different primitive forms/
splittings lead to different invariants. This is related to the famous holomorphic anomaly
(see [4]). A standard way to identify primitive forms is in terms of the good basis [33] of
the Brieskorn lattice of the singularity. Unfortunately, prior to this work, an explicit good
basis was known in only a few cases, due to the difficulty of computing higher residue
pairings [34]. This has long been a major difficulty in studying LG B-model invariants.
For ADE and exceptional unimodular singularities, there is a unique good basis simply
by the degree constraints. For simple elliptic singularities, the correct primitive form is
checked in [20,30] by hand.

In Theorem 2.10 of our paper, we identify explicitly a good basis for every invertible
polynomial that is mentioned in Conjecture 1.1. The good bases defined in Theorem 2.10
produce the correct genus zero invariants to mirror FIRW theory (Theorem 3.2). To estab-
lish Theorem 2.10, we find a refinement of the degree constraints using the maximal sym-
metry group. This allows us to compute higher residue pairings explicitly for all invertible
polynomials and study their Hodge-theoretic properties in terms of concrete data.

A-side: Computation of FJRW invariants. Aside from the algebraically nice (concave)
invariants that can be computed by orbifold Grothendieck—Riemann—Roch formulas, it is
very difficult to directly compute FJRW invariants. All previous results have used case-
by-case methods to reconstruct genus zero invariants from concave ones. This method
grows intractably complex as the central charge increases. In fact, the degree constraints
(which is the most powerful tool in small central charges) is no longer useful since in
many cases we will inevitably run into some FIRW invariants which are not known how
to compute based on the current technique.

In this work, we systematically explore the combinatorial properties of LG models.
Using the classification from [21] of invertible polynomials in terms of atomic types (see
Theorem 2.1), we prove Theorem 3.3, a strong reconstruction and computation theorem
for both A-model and B-model invariants. This theorem states that for any invertible poly-
nomial, the full genus zero data is determined by its Frobenius algebra and some special
invariants (called 4-point correlators) which are of atomic type only. The A-side spe-
cial invariants can be exactly calculated by algebraic methods. This solves the A-side
computation problem.
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Our main result in this paper is:

Theorem 1.2. The LG mirror symmetry conjecture holds for all invertible polynomials
at all genera when no variables of W have weight 1/2.

We highlight key ingredients toward establishing this theorem here:

e (Good basis): Krawitz’s mirror map sends a natural basis in A-model to a good basis
in B-model (Theorem 2.10). In this way, the A-model determines a special good
basis and corresponding primitive form, which lead to a concise computation in the
B-model.

e (Vanishing conditions): Because of its deformation-theoretic origins, the B-model has
a certain Gy r-symmetry, which forces many invariants to vanish (Lemma 4.1). The
corresponding invariants vanish on the A-side for geometric reasons. These vanishing
results allow us to state pleasant combinatorial properties of nonvanishing invariants
(Lemma 5.3).

e (Splitting principle): The vanishing conditions together with the WDVV equations
lead to a crucial Splitting Principle (Proposition 5.18): in order to compute all genus
zero invariants, it is enough to compute the invariants of the (simpler) atomic polyno-
mials with some special properties.

e (Atomic reconstruction): Using exhaustive reconstruction techniques, we reconstruct
all genus zero invariants for atomic polynomials from a few special invariants, listed
in part (1) of Theorem 3.3. Combined with the Splitting Principle, this shows that all
genus-zero invariants are determined by these special invariants.

e (Atomic formulas): We evaluate on both the A and B side the special invariants that
remain after the atomic reconstruction. This is parts (2) and (3) of Theorem 3.3.

Finally, we remark that the special cases left out in Theorem 1.2 are only the invertible
polynomials containing a special chain summand'

— 441 az an—1 an
W =x{"X2+X,°X3+ -+ Xy 1 XN + Xy

with ay = 2. Our reconstruction result in fact shows that Conjecture 1.1 holds once
the Frobenius algebras and some genus zero 4-point invariants are identified. Two such
examples are the exceptional unimodular singularities W = Z;3, Wj3, for which Con-
jecture 1.1 was proved in [23]. The identification of the Frobenius algebras of the other
special cases requires the computation of some unknown FJRW invariants.

Outline. In Section 2, we review the A-model FJRW-theory and B-model Saito—Givental
theory as well as the mirror construction. In Section 3, we outline the proof of the main
theorem via several reconstruction results. In Section 4, we will find a good basis using
Krawitz’s mirror map and explore combinatorial properties of nonvanishing invariants. In

IConjecture 1.1 is true for the A;-singularity W = x? although it also contains a weight 1/2
variable.
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Section 5, we develop technical preparations for our reconstruction theorem, including
WDVYV equations, Splitting principle, and atomic reconstruction of Fermat type. We also
prove the conjecture for Fermat polynomials as a warm-up towards the general cases.
In Section 6, we prove the atomic formulas via explicit calculations on both sides. In
Section 7, we complete a proof of Theorem 1.2 via atomic reconstructions of chain type
and loop type.

2. A review of the A-and B-models

2.1. A-model: FJRW theory

One mathematical construction of an LG A-model was given by Fan, Jarvis, and Ruan
[12, 13], based on a proposal of Witten [40]. This construction is called FJRW theory
after its creators. Let W be a nondegenerate quasihomogeneous polynomial and let G
be an admissible group. Briefly speaking, FJIRW theory is an intersection theory on the
moduli space of solutions to the Witten equation on orbifold curves for the pair (W, G).

We begin with a polynomial W € C[xy,...,xy] that is quasihomogeneous; that is,
there exist positive rational numbers ¢y, g2, . . . , gn such that
WA x1,c¢??x5,..., A% xy) = A W(x1,x2,...,xy) foreach A € C*.

The numbers ¢, ...,gn are called the weights of W. The central charge of W, which
can be thought of as the “dimension” of the LG theory, is defined by

N
éw =) (1-2g)).
j=1

We call W nondegenerate if it has an isolated critical point at the origin and it con-
tains no monomial of the form x;x; for i # j. This implies that each weight is unique
and ¢; € Q N (0, %] (see [32]). We call a nondegenerate quasihomogeneous W invert-
ible if it has the same number of monomials as variables. We say W is a disjoint sum
of polynomials W, and W, and write W = W; @ W, if the variables in W; and W, are
distinct.

All invertible polynomials have been classified by Kreuzer and Skarke.

Theorem 2.1 ([21], Theorem 1). A polynomial is invertible if and only if it is a disjoint
sum of the three following atomic types, where a > 2 and a; > 2:
e Fermat: x¢.
e Chain: x{'x; + x32x3 + -+ + x;lv’\fllxN + x?VN.
e Loop: x{'xz + x5%x3 4 -+ + fole.
Finally, we define Gy to be the maximal group of diagonal symmetries of W in (1.1).
Since our goal is to prove the LG Mirror Symmetry Conjecture 1.1, in what follows we

only discuss the FIRW theory of (W, Gy ) for invertible polynomials W with the form
in (1.2).
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2.1.1. The state space. The FIRW theory of a pair (W, Gw) is a state space’ Hy and
a cohomological field theory {Ag’k}, which is a set of linear maps

AV (Hw)®F - H* (Mg i)

for 2g —2 4+ k > 0. Here ﬂg,k is the moduli space of stable k-pointed curves of genus
g. The state space is defined as

Hy = @ H,, where K, := (HNV (Fix(y), W, (C))GW.
veGw

Here Fix(y) is the fixed locus of y and N, is its dimension as a C-vector space. Further-
more, W), is the restriction of W' to Fix(y), and W is Re(W,)~1((M, o0)) for M >> 0.
Thus, Hyw is the dual to the space of Lefschetz thimbles.

For each class £ € 3, we call y the sector of £. If Fix(y) = 0 € C¥, we say that y
is narrow; otherwise we say it is broad. Note that if y is narrow then J{,, is 1-dimensional.

There is an alternative expression for Hy. Let

aw ow
Jac(W) = (C[Xl,...,XN]/(K,..., m)

be the Jacobi algebra of W. It is a theorem of Wall (see [38] and [39]) that the vector
space HNv (CV | W.,>°; C) is isomorphic to Jac(W))d x,, where d x,, is the product of the
differentials of the variables fixed by y. Thus,

Hw = @ Tac(Wy)dx,)"".
veGw
With this identification, we write § = [m; y |, where £ corresponds to the monomial
m € Jac(W,).
We define a grading on Jy as follows. Since G 1is a finite abelian group, for any
element y € Gy, we may write

y = (expQrv/=10M), ... exp@rv/-10{M))
for some unique @‘yf' ) ¢ [0, 1). The number ®(/ ) is called the Jj-thphaseof y.For§ € H,,
we define

N
1 .
degyy (£) = 5Ny + 3 (0 —4)).
=1

Note that the degree of & depends only on its sector.
We have a pairing 1y, : H(,, x 3{,,—1 — C which is induced by the intersection pairing
on Lefschetz thimbles. The direct sum of these pairings gives us a nondegenerate pairing

(,):Hw xHw — C.

Under the identification of 3H{,, with (Jac(W,)d xy)GW, this pairing is equal to the residue
pairing on differential forms. See [5, 8] for expositions of this fact.

2The state space of a pair (W, G) is typically denoted Hw, . Because we restrict our attention
to G = Gy, we will consistently drop the group from our notation.
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2.1.2. The cohomological field theory. The construction of the cohomological field the-
ory {Agfk} is highly nontrivial. We will only summarize it here, and refer the interested
reader to the original papers [13] and [12] for more details.

The construction uses the moduli space of stable W-orbicurves. Let C be a stable
orbicurve of genus g with marked points pq, ..., pr. At each marked point and node we
have a local chart C/Z,, for some positive integer m. We require that the actions on the
two branches of a node be inverses.

Let p : € — C be the forgetful morphism from the orbifold curve € to the underlying
coarse curve. If W = Z?:l ]—[;-’Zl x}”’ is invertible, a W -structure consists of data (C, &)

where £ is a set of orbifold line bundles {£1, ..., L} over C satisfying
N ® k
ajj * .
®Lj T=p (Kc ® ®(9(pj)) for each i,
j=1 j=1

where K¢ is the canonical bundle of C and O(p;) is the holomorphic line bundle of
degree one whose sections may have a simple pole at p;.

If the local group at a marked point of an orbicurve is Z,,, the line bundles £, ..., Ly
induce a representation Z,, — (C*)". The representation is required to be faithful. The
image of this representation will always be in Gy . The image of 1 € Z,, singles out some
y € Gy at each marked point; these group elements are called the decorations.

Given an invertible polynomial W, the moduli space of pairs (C, ) is called the
moduli space of stable W -orbicurves and denoted by Wg,k. According to [13], it is
a Deligne-Mumford stack, and there is a forgetful morphism st : Wg’k — ﬂg’k. The
forgetful morphism is flat, proper, and quasi-finite (see [13, Theorem 2.2.6]). The dec-
orations y; at the marked points p; decompose Wg,k into open and closed substacks
Wg,k (y1,. ., vk). Furthermore, the stack Wg,k (y1,...,yx) is stratified, and each clo-
sure in it is denoted by Wg 1 (', ..., ) for some Iy, .. Here Iy, . is said to be
a Gw -decorated dual graph of an underlying stable curve of genus g and k marked points.
We call I'y, ..y, fully Gw-decorated if we assign some y4+ € Gy and y— = y;l on two
sides of each node.

In [12] the authors perturb the polynomial W to polynomials of Morse type and
construct virtual cycles from the solutions of perturbed Witten equations. That is, they
construct

..........

k
(W (Cysy )1 € Ha(We s (T, ©) @ [ ] 365,
j=1
As a consequence, they obtain a cohomological field theory
AV G — H* (Mg . C))
with a flat identity [1; Jy |, where
|Gw ¢ - . T —
A6 ) = G PD st*([wg,km, el 0 ] s_/) € H*(Mg.p).
j=1
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Here PD is the Poincaré dual and Jy is the exponential grading operator, defined by

Jw = (exp(an/—_lql),...,exp(Zn\/—_qu)) € Gy. (2.1)

2.1.3. The FJRW potential. The cohomological field theory allows us to define F/JRW
invariants (or genus-g k-point correlators) as

k
AV s [

i=1

vt = [
Mg.
Here v; := c1(L;) is the i-th psi class, where L; is the i-th tautological line bundle on
Wg,k. The invariant is primary if there are no psi classes, i.e., {; =0 forall 1 <i <k.
We call the classes &1, ..., & the insertions of the correlator.
The FJRW invariants induce various structures on Hy. The pairing (, ) and the
primary genus-zero 3-point correlators define a product x on Hyy, by

(axB,y) = (oa,,B,y)(I)'V, where o, B,y € Hy. 2.2)

This definition makes the pairing Frobenius with respect to *, so that the FIRW ring
(Hw, %) is a commutative and associative Frobenius algebra with the unit [1; Jy |.

The primary genus-zero correlators define a Frobenius manifold structure on Hyy.
Let B be a set whose elements are a basis for Jy . The pre-potential of the Frobenius

manifold is ; ;
- gl
Fow' =2, D (&g S 2.3)
k>3 (&1,....5x)e Bk )

The Frobenius manifold pre-potential encodes the genus-0 data of the FJRW theory
of (W, G). The FIRW invariants of all genera are encoded in the fotal ancestor FJRW-
potential

~ ; ! t: i B N
AGEY = exp(( A Tl iy ),

g>0 k>0

2.1.4. Properties of the A-model. Several properties of FJRW theory will be useful in
our proof of Landau—Ginzburg mirror symmetry. First, the following theorem tells us
how the FJRW theory of W behaves when W = W; @& W, is a disjoint sum of the atomic
polynomials in Theorem 2.1. In this case, Gw = Gw, X Gw,.

Theorem 2.2 ([13, Theorem 4.2.2]). Let W1 and Wy be invertible polynomials with no
variables in common. Then as Frobenius algebras,

Hw, @ Hw, = Hw,ow,
via the isomorphism ([m;y], [n;8]) — [mn;y§]|. Moreover,
AVEM ([minyzyidi]. ... Tmengc vide))
= AV (Tmuzyi). I DA 2 (T g 8 ).
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Remark 2.3. Conjecture 1.1 is known for A;-singularity W = x2. Also if W = x2, then
Hw = C. Theorem 2.2 implies that for any invertible polynomial W, the FIRW theory
is invariant under the stabilization W — W & y2. Because of these facts, from now on,
we will assume a > 3 for the Fermat polynomial x¢.

Second, certain vanishing properties of the FIRW correlators will be critical when
we reconstruct the pre-potential in (2.3). In the A-model, these come from two of the
so-called correlator “axioms”, which are summarized in the following proposition.

Proposition 2.4 ([13, Proposition 2.2.8 and Theorem 4.1.8]). Let §; € H,, and let @5,{ )
be the j-th phase of y; € Gw. If (€1, ..., Ek)gv # 0. Then the following equalities hold:

k
> degy (§) = éw +k -3, 2.4)
i=1
k
li=qi(k—=2)=) O eZ forj=1...N. (2.5)
i=1

Formula (2.4) is called the Dimension Axiom because it is a consequence of the degree
of the class A(V)V(gl, ..., ). Formula (2.5) is called the Integer Degree Axiom because [;
is the degree of the line bundle p,£L; on the underlying coarse curve, when that curve is
smooth. Formula (2.5) follows from the fact that line bundles must have integer degrees,
soif /; & Z then the corresponding component of Wo,k is empty. We call /; the j-th line

bundle degree of (€1, ..., &)y .

Remark 2.5. One useful application of formula (2.5) is due to Krawitz: if the correlator
(&1, &2, 53)3‘/ is nonzero and & € 3,,, then y3 = Jw (y1¥2)~". Then from (2.2) and the
definition of the pairing, &1 x &, € H, oy, I

In the remainder of this paper, we will only use primary genus-zero correlators, so
we will drop the genus-subscript g from the correlator notation. Moreover, when context

makes the polynomial clear we will suppress W, writing a genus-0 A-model correlator

as (&1,...,&).

2.2. B-model: Saito-Givental theory

In this subsection, we follow the B-model convention and use f for a quasihomogeneous
polynomial with isolated singularity at the origin:

JAPixq, .. APNxn) = Af(x1,...,XN).

Outside of this section, f = W7, and p; = ql.T is the weight of x; in W7T.
The central charge of f is

&= (1=2p).

We will always let dV x = dx; A--- Adxy.
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The Frobenius algebra structure of the B-model is simply Jac(f) with the grading
coming from the quasihomogeneous weights, equipped with the residue pairing. Note
that Jac(f1 @ f2) = Jac(f1) ® Jac(f2) (compare Theorem 2.2).

The genus zero invariants (or the Frobenius manifold structure) are induced from
Saito’s theory of primitive forms [33]. Since the Frobenius manifold is generically semi-
simple, the higher genus invariants are given by the famous Givental-Teleman formula
[16,37].

2.2.1. Saito’s triplet for primitive forms: Brieskorn lattice, higher residue pairing and the
good basis. Here we review the basics of Saito’s theory of primitive forms. Because we
wish to prove Conjecture 1.1, we will only discuss the theory for quasihomogeneous f.
See [33,35,36] for discussions of arbitrary isolated singularities.

Let QX be the space of germs of holomorphic k-forms at the origin in C" . Define

CN,0
HP =y [21/Wdf A +zd)QRR,

which is a formally completed version of the Brieskorn lattice associated to f (see [34]).
Here z is a formal variable. There exists a natural semi-infinite Hodge filtration on J( ©
given by J{’ =zk J€ © such that

H k)/Jf( - ~ Q. where Q1= QNy /df A QN

We define a natural Q-grading, or weight, on Jac(f), on H (O), and on Qy which is
generated by

wt(x;) = qiT, wt(dx;) = ql-T, wt(z) = 1.
For a homogeneous element of the form = z%¢ (x;)d™ x, we have

N
wt(n) = wt(¢) + k + ZqiT.
i=1
In [34], K. Saito constructs a higher residue pairing Ky : Jé’f(o) ® J(’}O) — zNC[Z]
satisfying the following properties:

(1) Ky is equivariant with respect to the Q-grading, i.e.,
wi(Ky (o, B)) = wt(a) + wt(B)

for homogeneous elements o, B € Jf;o).
(2) Kr(a,B) = (—l)NKf (B, o), where the bar operator takes z — —z.
(3) Kr(0(2)a. B) = Ky, v(=2)) = v(z)Ky (@, B) for v(2) € C[z].
(4) The leading z-order of Ky defines a pairing
)z @ 30z - C. a® B> lim VK@ B)

which coincides with the usual residue pairing Qr ® Qr — C.
The last property implies that K¢ defines a semi-infinite extension of the residue pairing,
which explains the name “higher residue”. Following [33], we define a good section and
a good basis for f.
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Definition 2.6 (Good basis). A good section o is a splitting of the projection Jé’}o) — Qr,
(O8N Qf — %(0)

such that o preserves the Q-grading, and Ky (Im(o),Im(0)) C zNC. A basis of the
image Im(o) of a good section o is a good basis of J( © (or ).

Equivalently, a good basis consists of homogeneous elements {7, } C J(’ © such that
{n«} represents a basis of 2 and Kr(n«, ng) € zNC for all « and B.

Example 2.7. The ADE singularities are those for which ¢y < 1. For these singularities
any homogeneous basis of £ is a good basis, and any two such choices are “equivalent”
(i.e. there exists a unique good section) [33].

Proposition 2.8. Ler f(x,y) = f1(X) & f2(y) be the disjoint sum of two isolated quasi-
homogeneous singularities, where X = {x1,...,xn,}, Y ={V1,..., YN, }- If {ni (X)}ier
and {@y(Y) }aca are respectlve good bases of J(’ O) and J(’ (0 , then {n; (X)@a (¥) }(i,0)eI x4
is a good basis of Jff

Proof. 1t follows from the construction of the higher residue pairing in [34] that

Ky (i (X)¢a(y). 1, (X)@p(¥)) = £ K5, (0i (%), n; (X)) K, (92 (¥). 95 (¥))-
The proposition is a direct consequence of this equality. ]

A good basis is not unique in general. Landau—Ginzburg mirror symmetry favors
a particular choice of good basis, which we call the standard basis. This basis was used
by Krawitz in [19] to describe the mirror map between Frobenius algebras. We define the
standard basis for an atomic polynomial below, and we get a basis for a general invertible
polynomial with Proposition 2.8.

In this definition and later, we use ¢¢ to denote the element of the standard basis that
spans the 1-dimensional subspace of Jac( f) of highest degree. It is a fact that

Wt(¢>f) = @f.

Definition 2.9. The standard basis of an atomic polynomial f is {¢q }-_, where

w = dimc Jac(f).  ¢u = ¢r.
and the monomials ¢, are defined as follows:
e If f = x9isaFermat, then {¢} = {x" |0 <r <a —2}and ¢y = x42.
o If f =x{"4+x1x32 4+ xy_1xy" is achain, then

{%}—{Hx } and ¢f=x7vN‘21ﬁx;’f‘l,

i=1 i=1

a=1>

where r = (r1,...,ry) withr; < a; — 1 foralli and r is not of the form (x, ..., *, k,
an—;—1,...,0,any—>—1,0,ay — 1) with k > 1.
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o If /= x{'xy +x1x5% + -+ + xy_1x3" is aloop, then

N
{pa} = { [

i=1

N
0<r; <a,~} and ¢y = Hx?i_l.

i=1

Because we are interested in mirror symmetry, the forms here are dual to the forms in
Theorem 2.1 See Example 2.13 for further clarification.
Theorem 2.10. The standard basis in Definition 2.9 is a good basis of f.

This theorem will be proved in Section 4.1.

Definition 2.11. We define the normalized residue ﬁE_s/on Jac( f') by setting li\e-é(qbf) =1.
It induces a pairing 1 on Jac( f') defined by 148 = Res(¢aPp).

As shown in [33], a good basis of f gives rise to a primitive form, which is a cer-
tain family of holomorphic volume forms with respect to a universal unfolding of f. The
primitive form induces a Frobenius manifold structure on Jac( /') (which was called a flat
structure in [33]). We will not give the precise definition of primitive form here. Instead,
we present a perturbative description developed in [22, 23] which is a formal solution
of the Riemann-Hilbert-Birkhoff problem described in [33]. We also use the perturba-
tive description of the primitive form to compute the invariants of our Landau—Ginzburg
B-model.

2.2.2. A perturbative formula. Given a polynomial g(x), we will denote [g(x)d ™" x] its
class in ) in this section. Let polynomials {¢ } represent a basis of the Jacobi algebra
Jac( f) such that {[¢od ™ x]} is a good basis for 36}0).

Let B denote the subspace spanc{[¢od ™ x]} of Jf}o) , and let

Hf = «75}0) ®cpzg C((2))
be the Laurent extension. Then
w# = B[z] and H; = B((2)).

Lets = {sq} be the linear coordinates on Jac( /') dual to the basis {¢,, }, so the coordinates
s parametrize a local universal deformation

F:f+zsa¢a

of f. The following formula gives a perturbative way to compute the associated primitive
form.

Theorem 2.12 ([23, Theorem 3.7]). There is a unique pair (¢, J) with ¢ € B[ z]|[s] and
J € [dNx] + z ' B[z7Y][s] such that

F=DIZe(z5) =3 in Hy[s]. (2.6)

Here B[z~ Y[[s] is formal power series in s valued in B[z™!].
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Furthermore, ¢ is the series expansion in s of the primitive form associated to the
good basis B, and J plays the role of the FJRW J-function in the following sense. By
Theorem 2.12, we may write

3=|:de(1+Z_1ZHO_(1¢¢1+Z_223012¢a+"')i|' (27)

Let
ta(s) = 3%, (s) € C[s]. (2.8)
We call t = {t,} the flat coordinates for Jac( f'). In fact,
ta =S¢ + O(s?), (2.9)
and we may write each s, as a function of #. Then in terms of the flat coordinates, the
Frobenius manifold prepotential "Osgi ¢ associated to the primitive form ¢ satisfies
Vo TG (1) = Zna 33 ,(0), (2.10)

where 7 is the matrix in Definition 2.11. The B-model correlators are defined via

o
) = 0 LE 211
(o) = G2 ) e

The proof of Theorem 2.12 in [23] outlines an algorithm for recursively solving ¢ and
d as follows. Let {(<x) be the k-th Taylor expansion in terms of 5. To zeroth order (in s),
equation (2.6) is

{<oy = [@Vx] 4+ 27" B[z71].
Because ¢ has only positive powers of z, this is uniquely solved by (<o) = [d Nx].
Suppose we have solved for {(<x), which satisfies
eF=DZe 4y e [dVx] + z7'Blz7Y[s] modulo s**1.
Let Ri41 be the (k 4 1)-st-order component of e(F~/)/z {(<k)- Let
Ripr = R + Ry,

where Rk 41
uniquely solves Equation (2.6) up to order k + 1 in s.

is the part with nonnegative powers of z. Then {(<x+1) = {(<k) — le+1

2.2.3. B-model Saito—Givental potential. Saito’s theory of primitive forms gives the
genus zero invariants (see (2.11)) in the LG B-model. For higher genus, Givental [16]
proposed a remarkable formula for the total ancestor potential of a semisimple Frobenius
manifold. The uniqueness of Givental’s formula was established by Teleman [37]. Accord-
ing to the work of Milanov [29], the total ancestor potential can be extended uniquely to
the origin, which is a nonsemisimple point we are interested in.

Saito’s genus zero theory together with the total ancestor potential is now referred
to as the Saito—Givental theory of a singularity. We will call the extended total ancestor
potential at the origin a Saito—Givental potential and denote it by AJS,G;, where the subscript
¢ shows its dependence on the chosen primitive form ¢.
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2.3. Krawitz’s mirror map

Recall that given an invertible polynomial

its exponent matrix is Ew := (a;;) Nxn, and the mirror polynomial (also called the trans-
pose polynomial) W7 is defined by Eyyr = (Ew)T, so

SNt

j=1li=1

The inverse matrix £, ! plays an important role in the mirror map constructed by Krawitz

in [19]. Let us write
(1) 1)

pl e pN
Ey'=| =+ |

N N

pM L)

and define
N
pj = (exp(Zn\/—lpj(-l)),... exp(2rv/—1 ,o(- )))
pf = (exp(Zn\/—lpgj)) L, exp(2r v/ — ,o(j) )

According to [19], the group Gy is generated by {p]} _, and Gy is generated by
{,oJT} . Recall g; is the weight of x; in W. Let q be the weight of x; in wT. We

remark that
Zp(J) and ¢! = Z @, 2.12)

i=1 i=1
Example 2.13. The transpose of the chain polynomial in Theorem 2.1 is

xi x5 4 xvorxyY
The transpose of the loop polynomial is
XTTXN A x2x 4 xyo Xy

The next theorem defines Krawitz’s mirror map. Its proof consists of [19, Theo-
rems 2.4 and 3.1], [1, Theorem 2.3], and Remark 2.5.

Theorem 2.14 ([19], Krawitz’s mirror map). Let W be an invertible polynomial with no
chain variables of weight 1/2. Then the ring homomorphism W : Jac(WT) — (Hw, *)
generated by

[xi;1] if x; is a variable in a 2-variable loop summand
U(x;) = witha; = 2, (2.13)
[1;0i - Jw| otherwise
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is a degree-preserving isomorphism of Frobenius algebras, in the sense that

wi(@) = degy (¥(4))

for every monomial ¢ € Jac(WT). Furthermore,

N N N
\11(]_[ x;"f) €y, wherey =[] o7 = (]‘[ pj‘f)JW. (2.14)
j=1 j=1

Jj=1

We will call ¥ “Krawitz’s mirror map”, or simply “the mirror map”. In this paper,
we show that by appropriate rescaling,” Krawitz’s mirror map identifies the FJRW and
Saito—Givental potentials of all genus, proving mirror symmetry. From now on, for any
monomial ¢ € Jac(WT), we will use the following notation for the degree:

deg(¥(¢)) = degy (V(¢)) and  deg(¢) = wi(o).

Remark 2.15. When W = ¢P; W}, both the A and the B-model Frobenius algebras
decompose as tensor products of the Frobenius algebras of the W;, and in this case the
mirror map is a tensor product of mirror maps.

3. Main results

The main result of this paper is Theorem 1.2, which can be more precisely stated as:

Theorem 3.1 (Landau—Ginzburg Mirror Symmetry Theorem). Let W be an invertible
polynomial with no chain variables of weight 1/2. Then there exists a primitive form {
of WT such that the Krawitz isomorphism Jac(WT) = Hy identifies the Saito—Givental

potential ASVST’ ¢ With the FJRW potential ATRY,

In fact, it suffices to prove this theorem at the level of Frobenius manifolds, i.e., at
genus zero. This is because in the cases we deal with, the work of Teleman [37] and
Milanov [29] shows that the genus zero data completely determines the higher genus
data of the LG models. Thus, in the remainder of this article, we only need to prove the
following theorem.

Theorem 3.2 (Frobenius Manifold Mirror Symmetry Theorem). Let W be as in Theo-
rem 3.1. There exists an isomorphism between a Frobenius manifold on Jac(WT) and the
Frobenius manifold on Hy . More explicitly, there exists a primitive form ¢ of WT such
that the Krawitz isomorphism Jac(WT) = Hy induces

7 SG _ g FIRW
j(O,WT,C == J"O,W .

As explained in Section 2.2, a primitive form is associated to a good basis. The good
basis yielding mirror symmetry in Theorem 3.2 is the standard basis of Definition 2.9.

3The rescaling consists of formula (3.1) and formula (A.1).
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Theorem 3.2 is proved by showing that % Sgyr ¢ and F “F{,II{,W are completely deter-
mined by a handful of 4-point correlators. We then explicitly compute these correlators to
show they differ only by a sign. We may exactly match the potentials by rescaling the

primitive form and the B-model ring generators as in [13, Section 6.5],
xj = (—1)7deCD s (—)TwT (3.1)
Thus, Theorem 3.2 is a consequence of the following theorem.

Theorem 3.3. Let W be an invertible polynomial as described in Theorem 3.1.

(1) Using the pairing, the ring structure, the properties of FIRW theory and Saito—

Givental theory, and WDVV equations, the potentials NFJV%W and ¥ {‘OS%/T ¢

pletely determined by the correlators

are com-

o (x;,x;, x?i_z, Gwr) when x; is the variable in a Fermat x{'" with a; # 2,
o (xyN,XN, xN_lx;l\,Nﬂ, ¢wr) when xp is the last variable of a chain,
o (xi,Xx;, xi_lx?f _2, ¢w) when x; is a variable in a loop.
Here we use B-model notation, and ¢y, 1 is the element in Jac(WT) of highest degree,

normalized as in Definition 2.9. The A-model correlators are obtained by mapping the
insertions via Krawitz’s mirror map in Theorem 2.14.

(2) The values of these correlators are q; on the A-side.

(3) The values of these correlators are —q; on the B-side.

Remark 3.4. The correlators in Theorem 3.3 may be described as (x;, x;, M;/ xl ,OwT)
where WT = > iM;and M; = ]_[ i=1%; /' is any monomial of a Fermat or loop sum-
mand, or the final monomial of a cham summand. Here we define

PR
M2 o= [ 2
Jj=1
Similar notation will be used throughout the paper. Such a formulation of correlators and
their values was first discovered for simple elliptic singularities in [30] and then verified

for exceptional unimodular singularities in [23].

Remark 3.5. When W contains a chain summand x{'x; 4+ x52x3 4+ -+ + x3" with
ay = 2, we show that the B-model statements in Theorem 3.3 hold. If we further know
that the Frobenius algebra structures on 3y and Jac(WT) coincide, and that part (2) of
Theorem 3.3 hold in A-model, then Conjecture 1.1 will follow. Two such examples for
Z13, W3 of exceptional unimodular singularities are established in this way in [23].

4. Good basis and B-model vanishing

In this section, we introduce some tools in the B-model for the proof of part (1) of
Theorem 3.3. More explicitly, we will use the symmetries of an invertible polynomial
to prove Theorem 2.10 and establish the Dimension Axiom and Integer Degree Axiom in
the B-model (Lemma 4.1).
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4.1. Good basis of invertible polynomials

In this subsection we prove Theorem 2.10. As a consequence, we obtain a Frobenius
manifold structure on the base space of the universal unfolding of the corresponding
singularity. This structure can be computed perturbatively as described in Section 2.2.2,
furnishing the genus zero data in the B-model. We will adopt the same notation as in
Section 2.2 and write f instead of W7 for the mirror polynomial.

We only need to prove Theorem 2.10 for chains and loops, since Fermat polynomials
are the A-type singularities discussed in Example 2.7. We will use the following notation:

(1) If g(x) is a polynomial, [g]s will denote the class in J{’}O) represented by g(x)d™" x.
(2) The linear coordinates on CV are x1,...,xy and Xy 1% = Xg.
In the notation of Section 2.3, the inverse of the exponent matrix of f = W7 is

1 2 N
A AP
1 2 N
OO

Let pf be the linear transformation
pjT S Xp = exp(Zn«/—_lpfj))x,-.
This transformation preserves f'; that is,
pf-f=1
for all j. Hence ,ojT induces an action on the Brieskorn lattice
pJ-T : ij(,o) — 3{;0)_

Moreover, it is easy to see that the higher residue pairing Ky is ,ojT—invariant. These
symmetries are enough to prove that the standard basis is a good basis.
Let

xi'xp¥ and xI‘ ---xlr\,N
be monomials in the standard basis for either the chain or loop type. Let
(my,....my)=(r1+7r],....,rx + 7).

The pf—invariance of Ky implies the integral conditions

N .

> mi +2)p =ki € Z forall j

i=1
(the extra 2 comes from two copies of % x). This is equivalent to

(k],kz, .. ,kN)Ef = (Wl] +2,my+2,....,my +2). 4.1)

The remainder of the proof splits into two cases, corresponding to the possible types of f.
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The chain case. Let
f=x{"+xix32 +- + xN_le\,N.

The exponent matrix has the form

Equation (4.1) in this case becomes

m; =kiay +ky —2,
my = kpap + k3 — 2,

my_1 =kn_1any—1 +kn =2,
my =kyay —2,

where 0 < m; < 2a; — 2 and the k; are integers. We investigate possible values for the
k; and m; . This analysis is easiest if we begin by tracing all possible values of k; back
from k. The only possibilities are

(1) (k1,....ky)=(1,1,...,1),
) (k1,....ky)=1(,...,1,0,2,...,0,2),
3) ki,....ky)=(1,...,1,2,0,2,...,0,2).

In case (3), we have

(my,....my)=(a1—1,....,an—2—>—l,an_2—1,2any_21 —2,...,0,
2aN_2 —2,0,201\] —2).

4 ’

This cannot appear if both x{* -+ x} and xil ‘e xlrvN are in the standard basis. For cases
(1) and (2), we check directly that

deg(xy'' -+ xy™) = deg(xy' - xyY) + deg(x:l ---xlr\,N) =¢y.

Since Ky preserves the Q-grading, we have

degKf([x;‘ .“xerN]f’[XII “'xerN]f)
= deg(x;" -+ xyY) + deg(x;' ---xIrVN) +2qu~ = N.
i

It follows that Kz ([x7" -+~ x\V ]y, [x:1 ---xerN]f) lies in zV C.
The loop case. Let

a a a
f=x{"xn +x1x57 + - F xvoxyY.
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The exponent matrix of f is

aN-—1
1 anN

With the convention k1 = k41, equation (4.1) above implies
m; +2=kia; + kiy1, i=1,...,N. 4.2)
Let h; = k; — 1 for each i. Equation (4.2) becomes
mi +2=(0h; +Da; + hjy1 + 1.
Since 0 < m; < 2a; — 2, we get
1—a; <hjai +hijy1 <a;—1, i=1,...,N. (4.3)
If there is some /; 11 = 0, then the above equation implies #; = 0, and recursively,
(h1,....hn) =(0,0,...,0).

Otherwise, we can assume none of the /; is zero. There are two situations. Either there
is one h; with |h;| = 1 or all |k;| > 2. For the first case, we assume some h;; = £1.
Since h; # 0 by assumption, inequality (4.3) implies #; = F1. We can repeat this process
and get the following solution when N is an even number:

(hy,....,hy) = (£1,F1,...,+1,F1).
Finally, we prove it is impossible to have all |;| > 2. Equation (4.3) implies
1 —hit 1+ hitq

14+ —<h <1-
a; aj

4.4

If all |h; 41| > 2, this implies
|hil < |his1l. (4.5)
In fact, if ;41 > 2, the right-hand side of inequality (4.4) implies &; < 1. By assumption,
we know h; < —2. However, since
1—h;
—hipy < —1 4+ —L,
ai
inequality (4.5) follows from the left-hand side of (4.4). A similar argument works for
hi+1 < —2. We repeat this process and we find
lhil = lhisn| <+ <|hig1] < |hil,
which is impossible. Thus the only possibilities for the k; are
(1) (ki,....kn)=1(1,1,...,1), and
2) k1,....ky) =1L, 1F1,...,1£ 1,1 F1)if N iseven.
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In each case, again we have

deg(x]" - xMN) = deg(x]! -~ X\ + deg(x}! -+ x ) = .

By Stlle same degree reason as in the chain case, Ky ([x]'---x}V]s. [x;1 . --x;\,’v 1) lies
inz"C.

4.2. Vanishing conditions in B-model

We will now prove the B-model properties that are the analogs of the Dimension Axiom

(2.4) and Integer Degrees Axiom (2.5) on the A-side. These give us vanishing conditions

for B-model correlators which we will later use to reconstruct the potential 5‘703%” ¢

Lemma 4.1. Let VU be Krawitz’s mirror map (Theorem 2.14). The A-model correlator

N N
V(X) = <xp<]—[xf""), . ..,m(]‘[xfk~f)>
i=1 i=1

satisfies the Dimension Axiom (2.4) if and only if

k N
> deg <]‘[ xf‘“") =¢éyr +k =3, (4.6)
v=1

i=1

and V(X)) satisfies the Integer Degrees Axiom (2.5) if and only if

k N
—2611'—2213,(’)(3\,,,-62 forj=1,...,N. 4.7)

v=1i=1
Moreover, if the B-model correlator

N N
X:=<l_[xie"i,...,1_[xfk">

i=1 i=1
is nonzero, then both (4.6) and (4.7) hold.

Proof. The equivalence of (2.4) and (4.6) follows from the fact that W is degree-preserv-
ing (Theorem 2.14) and ¢w = ¢yyr. Also from Theorem 2.14 we know

N N
W(fo”")ef}fy and V=<HP,-€V'I)JW.

i=1 i=1

By directly calculating the quantity /; in (2.5) using (2.12) and (2.1), we get

k N
l; qu(k—z)—z <Zp§])ev,i +qj) modZ forj=1,...,N.

v=1 \i=1

This is exactly equation (4.7).
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Now assume X 7# 0. Then (4.6) holds because the potential ‘(FOS%}VT ¢ has eigenvalue
Cyr — 3 with respect to the Euler vector field o

- d
D (1= deg(ga))sa~

a=1

This well-known fact also follows explicitly from the perturbative formula (2.6) which
respects the Q-grading.

Finally, we prove that if X = 0, then (4.7) holds. To do so we introduce a Gy, 7 -action
on the B-model. Since Gy, 7 is generated by {p/T _f.V:l, it suffices to define each pjT—action
as follows:

pjT.)C,' :exp(2n«/—1p§j))x,~, p]TZ =Z, p].T-Sa =C;1Sa,

where ¢, is the nonzero constant such that
T
P *Pa = Cata.
We can check that the action of pjT is compatible with the relations

%ngx — _Za_g

dV¥x in 3O
8)6,' 3)([ f

for each monomial g in C[xy, ..., xy]. Thus the perturbative formula (2.6) shows that f,
F, ¢, and J are all invariant under the Gy r-action.

Furthermore, according to (2.7) and (2.8), pjT acts on f, by a factor of ¢, 1 Each pjT
acts on the v-th insertion of X by

N N N
SR EREEY CVED S )

i=1 i=1 i=1

Therefore pjT acts on the corresponding monomial in the prepotential (2.11) by a factor

of
k N
exp (—2m/—1 Z Z pf’)ev,i).
v=1i=1

On the other hand, the (higher) residue pairing is invariant under the pf—action. Since
pjT -dNx = exp(2m \/—lqj)de by (2.12), it follows that the pairing

Ky (@ad" x. ¢pd" x)
is zero unless cqcg = exp(—4mw v/ —1g;). Then (2.10) implies
o - e () = expdnV=14)) 755, ().

Matching the above two factors, we find

kK N
exp(—2n\/—1 Z Zp?’)ev,i) = exp(4n v —1g;).

v=1i=1

This is exactly (4.7). [
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5. Reconstruction

In this section, we will introduce the key lemma that turns the WDVV equations into
a powerful tool for reconstructing genus zero potentials. Finally, we will completely
reconstruct an arbitrary sum of Fermat polynomials as an example of our proof strategy
in the general case.

5.1. A reconstruction lemma from WDVV equations

We introduce a powerful reconstruction lemma that follows from the WDVV equations.
The statement of this lemma requires the following definition.

Definition 5.1. We say that an element & or Hyw is primitive if whenever & = & &,
either deg(&1) = 0 or deg(&,) = 0.

It is easy to see that for the algebra Jac(WT), the set of primitive elements is a subset
of {x1,...,xn}. By mirror symmetry, the set of primitive elements in Hy is a subset
of {W(x1),...,¥(xn)}. The next lemma says that the prepotential 55 in each theory is
completely determined by correlators with mostly primitive insertions.

Lemma 5.2 ([13, Lemma 6.2.6]). A k-point correlator (&1, ..., k—3,a, B, € x ¢) satis-
fies

(51,...,51(_3,]/,5,6*(;5) = (Slv""‘i:k—?wy’e»g*(p)+(El""’$k—37y*6787¢>
_(517"-7516—3»)/*8’6»(1’) +Sv

where S is a linear combination of correlators with fewer than k insertions. If k = 4, then
there are no such terms in the equation, i.e., S = 0. In addition, the k-point correlators
are uniquely determined by the pairing, the three-point correlators, and by correlators of
the form (&1, ...,&,) withn < k, where &; is primitive fori <n — 2.

Since the proof of Lemma 5.2 uses only the WDVV equations, it holds for both

?OSEVT ¢ and F XV This lemma implies that to compare ‘7705104/T ¢ and F RV it suffices

to compare correlators of the form
X = (XN, ) XN XN—T1s e s XN—1s -+ s X1, ..o X, 0, B), B eJac(WT). 5.1
Here we are using B-side notation; the corresponding A-model correlator is
(W(xnN), s YOrn), Y(xn=1)s..., Y(xn=1),..., U(x1),...,¥(x1), ¥(x), ¥(B)).

The indices of the primitive insertions (including o and B if they are primitive) in the
correlator X in (5.1) are arranged in decreasing order.

In the remainder of this paper, we will apply the vanishing conditions of Lemma 4.1
to correlators of the form (5.1). In this context, let

N
le ni
o=[]x". p=[]x"

i=1 i=1
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and let EI.X be the number of insertions in X equal to x;, ignoring o and 8. Thus

N
Dot =k-2.

i=1
Now let bl-X be the real numbers defined by the equation

bi¥ G +mf +nf+2
| = Ey : : (5.2)
bX X+ my +ny +2
and let
K¥ =¢X -p¥ +1. (5.3)

When there is no possibility of confusion, we will drop the superscript X from the
notation.
When we apply Lemma 4.1 to X, we produce the following lemma.

Lemma 5.3. Any nonvanishing A- or B-model correlator of the form in (5.1) can be
written so it satisfies the following properties:

(P1) All the numbers K; are integers, ie.,
K; € 7.

(P2) The following equation holds:
N

ZK,- =1.
i=1
(P3) The maximum values for m; and n; are as follows:

e a; — 2 if W is a Fermat polynomial,

e a; — 1 for a chain summand x{'xy + x1x5% + -+ + xN_lx;lVN in WT, subject
to the additional condition that both (my,ma,...,my) and (ny,n3,...,nyN)
are not of the form (a; —1,0,a3 —1,...,0,ay—> —1,0,ay — 1) with N odd
or(....k,an—»—1,0,...,0,ay—> —1,0,ay — ) withk > 1,

e a; — 1 for a loop summand x{' + x1x5> + -+ + xN_lx;lvN inWwT.

Proof. Let X be a nonvanishing correlator of the form in (5.1). After we write the inser-
tions of X in the standard basis, this correlator satisfies (P3).

We will prove (P1) and (P2) for the B-model only. The same proof works for the
A-model because the A-model Axioms (2.4) and (2.5) correspond to the B-model vanish-
ing conditions by Lemma 4.1.

Since X is as in (5.1), in the context of Lemma 4.1 we have

v; ifv=k-—1,

n; ifv =k,

1 ifl+- o+l +1<v <+ + 4,
0 otherwise.

(5.4)

€y =
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First we will show that (P1) is equivalent to the Integer Degrees Axiom. On the B-side,
this axiom says that X is zero unless

~2q; - ZZP(”ev,ieZ forj =1,....N.

v=1i=1

Then, using (2.12) and (5.4), we have

—2q; — Z Zp(n i = _ZZP(J) Zp(J)g ZP(J) Zp(n —

v=1i-1 i=1 i=1 i=1 i=1

The last equality follows from (5.2). So X satisfies the Integer Degrees Axiom if and only
if b; € Z for all j, which is true if and only if K; € Z for all j.

Next we derive (P2) from the Dimension Axiom. Let qiT be the i-th weight of W7
Then, by (4.6), the correlator X vanishes unless

k N
S al evl—Z(l—Zq )+Z£ — 1. (5.5)

v=1i=1 i=1 i=1

According to equation (5.4), the left-hand side of (5.5) is

N N N
Zﬁiqir + Zm,-q,-T + Zniql-T.

i=1 i=1 i=1
This implies
N N
L= "(ti— i +mi+ni+2q] +1) =) K.
i=1 i=1
Here the last equality uses (2.12), (5.2), and (5.3). ]

Lemmas 5.2 and 5.3 tell us when correlators are in a particularly nice form. We make
this precise with the following definition.

Definition 5.4. A genus-0 correlator is of type X_; if

(1) it has at least four insertions,

(2) itis in the form of (5.1), and

(3) it satisfies Properties (P1), (P2), and (P3) in Lemma 5.3.

Because Krawitz’s mirror map matches the pairing and the 3-point correlators, to

compare ?OITJW%W and F “'OS%/T, ¢ it suffices to compare correlators of type X_;.

5.2. A warm-up example: The Fermat polynomial

In this subsection we prove part (1) of Theorem 3.3 in the special case where

_ a1 az an
W =xi" +x°+--+xy
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is a sum of Fermat polynomials, as a way to illustrate our general proof strategy. Accord-
ing to Remark 2.3, we can assume a; > 2 for all i.

First, we reduce the reconstruction problem to the summands of W. We only need to
consider correlators of type X_.

Lemma 5.5. Let X be a correlator of type X_1. Then there is a unique j € {1,...,N}
such that K; = 1,£; > 2and K; = {; = 0 fori # j. Furthermore,

X = (xj,xj,x_?j_za,x;j_
Proof. By Definition (5.2), we have

aibi =4; +m; +n; +2 foreachi.

2,3) for some o, B € Jac(W — W;).

Then (5.3) implies

L i P+ 2
Kimg—dtmitnite (5.6)
ai;
Property (P3) in Lemma 5.3 implies that m; 4+ n; < 2a; — 4, so we have
1 2
Kizéi(l——)+——l>—l. 5.7
a; a;

Since K; € Z, we have K; > 0. Then Property (P2) in Lemma 5.3 implies that there is
aunique j € {1,...,N}suchthat K; = l and K; =0 fori # j.
Moreover, by equation (5.7) we know £; = 0 for i # j. Then since

N
Zﬁi > 2,

i=1
we know £; > 2. Furthermore, using (5.7), we have
1 2
KjZKj 1—— )+ —-1
aj aj

Plugging in K; = 1 it is easy to show that {; < 2, so {; = 2. Then (5.6) shows that
mj + n; = 2a; — 4 and the result follows. ]

Now we complete the proof of part (1) of Theorem 3.3 in the Fermat case.

Proposition 5.6. Let
W =x{"+x32 + -+ x3V
be a sum of Fermat polynomials with all a; > 2. The potentials ?OF{,%W and 56 are

w7t
completely determined by the Frobenius algebra structure and the correlators

N
. 42 a;—2 P
XjyXj, X; ,Hxi , JjJ=1,...,N.

i=1
=2 _
Proof. By Lemma 5.5, we only need to reconstruct (x;, x;, x][f’ o, x% 2 B) from the
correlator above. Apply the Reconstruction Lemma 5.2 with

a;—2 a;j—2
Y = Xj, e=xj’ , ¢ =aq, 8=xj’ B.
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Then ye and y§ both Vamsh because they have a factor of x = 0. The final correlator
(with 8¢) is (x;, x;, x; / 2, ; a,B) However, by the Dlmensmn Axiom in Lemma 4.1,
this correlator is nonzero only if deg(aB) = éw — ¢w; . Since af € Jac(W — W;), up to
a constant, we must have

af = l_[ X2 n

i#j

5.3. Splitting principle

Recall from Definition 5.4 that a correlator X is of type X_; if it has at least four
insertions, satisfies Properties (P1), (P2), and (P3) in Lemma 5.3, and has the form

X = (XN oo e s XN XN1s e s XN—1s oo v s X1y 0vr X1, 0, B).

To prove Theorem 3.3, it suffices to show that any correlator of type X_; can be recon-
structed from the correlators in Theorem 3.3. In this subsection we reconstruct correlators
of type X_; from correlators of “type X" (see Definition 5.16), which are associated to
a particular atomic summand of W. This is called Splitting Principle.

We will use the following notation. Suppose that W = €D W; is a disjoint sum, where
each summand W; is of atomic type as described in Theorem 2.1. If x; is a variable
appearing in W;, we say that x; € W;, or simply i € W;. Likewise, if « is a monomial in
variables appearing in W;, we say a € W;. We define K w = Y jew Ki.For any ordered
subset of indices S C {1,2,..., N}, we define

Ks = ZKiv Ks := (Ki)ies.,
ieS
that is, Kg is a vector of the K; such that i is in S and K is the sum of the components
of this vector. We define £5, mg, and ng similarly.

The goal of this section is to reduce the proof of Theorem 3.3 (1) to a reconstruc-
tion for each atomic type. More specifically, in this section we prove Proposition 5.18,
which says that any correlator of type X_; can be reconstructed from correlators satisfy-
ing Zier £; > 2, for some j. That is, we reconstruct from correlators with at least two
primitive insertions coming from some summand W; of W. We say these correlators have
type Xo.

Throughout the remainder of this paper, we take i + N =i whenever i is in a length-N
loop summand of W.

5.3.1. Preliminaries on loop indices. Let X be a correlator of type X_;. We will prove
the main result of this section, Proposition 5.18, by analyzing possible values for Ky .
Definition 5.7. We say thati € W is a loop index if

aibi +biy1 =4; +n; + m; + 2. (5.8)

For each summand W;, we say a set of loop indices S C W; obeys the Negative-Positive
rule (the NP-rule) if it has the property that for any index i € S, if K; < 0, then the index
i+1eS.
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Note that if W is aloop, every i € W is aloop index, and if W is an N -variable chain,
every i < N is a loop index. The following lemma summarizes some useful inequalities
for loop indices.

Lemma 5.8. Ifi € W is a loop index, then the following inequalities hold:

mi+n; =a;(l; — Ki + 1) + (i1 — Kit1 + 1) =4 =2, (5.9

aiKi + Kit1 = (@i — D) = 1) + Liy, (5.10)

(@i =D +Liy1 <ai(Ki + 1) + Kiy1 — 1, (5.11)
Ki + Kiy1 = (1 —a;)(1 + K;). (5.12)

Proof. We obtain (5.9) by substituting b; = ¢; — K; + 1 into (5.8). Then (5.10) follows
from using Property (P3) in Lemma 5.3 which says that n; + m; < 2a; — 2. Rearrang-
ing slightly, we get (5.11). Then the last inequality follows by using £; > 0 and adding
(1 — a;)K; to both sides of (5.10). [ ]

From inequality (5.12), we get the following corollary.
Corollary 5.9. Ifi € W is a loop index, then
Ki<0 = K;+Ki1+1>20
Furthermore, the equality holds when (K;, K;+1) = (—1,1).

The lemma and corollary above will be used repeatedly in our reconstruction for the
loop and chain polynomials. In addition, they determine Kg when S is a set of loop
indices that obeys the NP-rule.

Lemma 5.10. Let S C W be a set of loop indices that obeys the NP-rule. Then
Ks = 0. (5.13)
Furthermore, we have the following cases:
o [fKs =0, then Kg is a concatenation of (0)s and (—1, 1)s.
e If Ks =1, then Kgs is a concatenation of (0)s and (—1, 1)s with one copy of (1),
(-1,2), or (=2,3). If (K;, Ki+1) = (=2,3), then a; = 2.

Proof. 1f there exists some index i € S such that K; < 0, theni 4+ 1 € S by assumption
and Corollary 5.9 implies K; + K;4+; > 0. Furthermore, K;_; > 0ifi — 1 € S and

Y Kj<Ks.

JES,
J#ii+1

If (5.13) fails, we can repeat the process above for all negative K; and eventually get

a contradiction. Thus Kg > 0.
LetA={i €S| K; >0, Kj—; > 0}. Then Corollary 5.9 implies

ZK,- < Kys. (5.14)
i€A
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If Ks = 0, then we get K; = 0 for each i € A. Another application of Corollary 5.9
shows that the rest of the K; are pairs of (—1, 1).

If Ks =1, then (5.14) implies there is at most one j € A such that K; = 1. If there
is one such j € A, then as the same discussion as above shows K; = 0fori € A,i # j
and the rest of the K; are pairs of (—1, 1). If there is no such j € A, then K; = 0 for
all i € A. For the rest of the K;, besides pairs of (—1, 1), there will be exactly one pair
(K;, Ki+1) such that K; <0, K; + K;+1 = 1. Then the statement follows from (5.12)
and a; > 2. |

Once we know Ky, we can often solve for £ and mwy + nw, as in the following
two lemmas.

Lemma 5.11. Leti € W be a loop index. Then
(Kl', K,'+1) = (—1, l) - (K[,Ki_{_l) = (0,0) andm; +n; = 2a; — 2, (5.15)

(Ki,Ki-l-l) = (_192) - (Eiszi-Fl) = (170) or (09 1) or (O! 0)’ (516)
(Ki, Ki+1) = (=2,3) = (¢, 4i+1) = (0,0), (5.17)
(i, ti+1) = (0,0) = (K;, Ki+1) # (1,0), (5.18)

(Ki, 4i)=1(0,1),Ki+1 =0 = (Ki41.4i+1) = (0,0) and m; +n; =2a; —2. (5.19)

Proof. We can check this by using Lemma 5.8. More explicitly, we obtain the values of
(€;,€;+1) by plugging the values of (K;, K;+1) into (5.11). Then the values of (m;, n;)
will follow from (5.9). For (5.18), we get it from (5.9) and m; 4+ n; > 0. For the last
property, we apply (5.10) to obtain 0 > K; 41 > £;41. This implies K;11 =£;41 =0
and the statement follows again from (5.9). [

Lemma 5.12. Leti € S be aloop index where K g is a concatenation of (0)s and (—1,1)s,
and supposei +1€ S or Ki11 <0.Then{; <1, and {; = 1 implies m; +n; = 2a; — 2.

Proof. Suppose {; > 2.Then K; = 0by (5.15).Ifi 4+ 1 € S, since Kg is a concatenation
of (0)s and (—1, 1)s, we have K;+1 = 0 or —1. So K; 11 < 0. Then from (5.10),

0> Kiy1 > (@ — D — 1) + it

But the right-hand side is strictly positive, which is a contradiction.
So £; <1 as desired. If £; = 1, then we saw in the previous paragraph that K; = 0.
Since K;+; < 0, the remainder of the result follows from (5.9) and (5.16). ]

5.3.2. Reduction to atomic types. We are now ready to prove the first big lemma.

Lemma 5.13. Ler X be a correlator of type X_; for W = @ W;. There is a unique j
such that Ky, = 1. If i # j, then Ky, = 0.

Proof. We will prove that Ky, > 0 for each j. Then the result follows from Property (P2).
We have three cases, depending on the atomic type of W;. If W; is a Fermat, then Kw; > 0
by Lemma 5.5. If W; is a loop, then K; > 0 by Lemma 5.10.
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So assume W; is a chain with variables x, ..., xy. We know

anby =4y +my +nny +2 <ULy + 2an.

This implies
Ky =4y —by+1>4y(1—-1/any)—1>—1. (5.20)
Moreover, if Ky = —1, then the inequality above implies £ = 0.
Assume now for contradiction that Ky, < —1.If {I,..., N — 1} does not obey the

NP-rule, then Kxy_; < 0. So by (5.12), Ky—1 + Ky >0 and also Ky_, > 0. Thus
{1,..., N — 2} obeys the NP-rule. So Lemma 5.10 shows Zi<N—l K; > 0. Combining
Kn-1 + Kn > 0, this contradicts our assumption that Ky; < —1. Thus {1,...,N —1}
obeys the NP-rule. So (5.13) in Lemma 5.10 and (5.20) imply

Ky=-1. Y Ki=0.
i<N
We use Lemma 5.10 to find three possibilities for K w;. In each case we use (5.11) to
compute ZWJ. and (5.9) to compute mw; + nw; . Also recall that (5.20) implies Iy =0
somy +ny = 2an — 2. We list all the possibilities here, using the notation K = K W;
and so forth. Also we let M; = 2a; — 2. We will omit the subscript in M; in the way that
the M which appears in the i-th spot represents M;.

e K=(..,00-1),n+m=1(..,an—1, M),

e K=(1,1,...,-1,1,-1),n+m = (M,0,...,M,0, M),

e K=(..,0,-1,1,....,-LL1,-),n+m=(..,ar, M,0,...,M,0, M).

In each case, @ and B cannot both satisfy Property (P3) in Lemma 5.3. This contradicts
our assumption that X is of type X_;. ]

Now we know what (Kw,, Kw,, ...) looks like: it is a tuple of zeros with a single 1.
The next lemma investigates the form of Ky, when Kw; = 0.

Lemma 5.14. Let X be a correlator of type X_1. If Kw = 0, then the following hold:
(1) If W is a Fermat, then £ = 0.

(2) If W is a loop, then for alli € W we have £; < 1.

(3) If W is a chain with Kn > 0, then for alli € W we have {; < 1.

Furthermore, if {; = 1, then m; + n; > a;.

Proof. The claim for the Fermat type follows from (5.7) when we substitute K = 0.
If W is a loop, by Lemma 5.10 the tuple Ky is some concatenation of (—1, 1)s and
(0)s. Also, forevery i € W, certainly i + 1 € W. So this result follows from Lemma 5.12.
Finally, let W be a chain. We will show that K is a concatenation of (0)s and (—1, 1)s.
If the set {1,..., N — 1} obeys the NP-rule, then >,y K; > 0. Since Ky > 0 and
>, Ki = 0, we must have
Y Ki=Ky=0
i<N
and by Lemma 5.10, the vector (K4, ..., Kxy_1) is a concatenation of (0)s and (—1, 1)s.
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On the other hand, if {1,..., N — 1} does not obey the NP-rule, then Ky_; < —1.
But then (5.12) shows that K y_, cannot be negative, so the set {1,..., N — 2} obeys the
NP-rule. Also (5.12) shows that Ky —1 + Ky >0, so ZisN—z K; <0.Then Lemma 5.10
tells us that

Z K; =Kn_1+ Ky =0.
i<N-2
So (Kq,...,Kn—2) is a concatenation of (0)s and (—1, 1)s. Also Ky = —Kxy—1, and
plugging into (5.12) tells us that 0 > (1 —a;)(1 + Kn—1). This means that Ky_; = —1,
so Ky =1.

Thus K is a concatenation of (0)s and (—1, 1)s. Then Lemma 5.12 proves this lemma
for i < N. Thus we only need to check when i = N. We have seen above that Ky is
Oor 1. If Ky = 1, we saw above that Ky_; = —1 and so by Lemma 5.11, £ = 0. If
Kxn = 0, then (5.20) says

Iy <an/(an —1).
Ifay > 3,thenfy < 1l,andif £y = 1,thenmy +ny = 2any —3 > ay.
If {; = any = 2, then there are two possibilities:
e K=(..,—-1,1,0),£ =(...,0,0,2), m+n=(..,M, 1, M),
e K=(..,0,0,£=(..,0,2),ym+n=(...,ay—1 +1,M).
Here M = 2a — 2. We used (5.11) and (5.9) to compute £ and m + n, respectively. In
both cases, the form of m + n contradicts Property (P3) in Lemma 5.3.
Then £ < 1, as desired. In fact, we will show that when ay = 2, we have £y = 0,

so the remainder of the lemma is vacuously true in this case. For if £y = 1, then there are
three possibilities:

e K=¢(..,0,—-1,1,...,-1,1,0), £ =(...,0,0,0,...,0,0,1), m+n=(...,ar,
M,0,...,M,0,1),

e K =(-1,1,...,—1,1,0),£ = (0,0,...,0,0,1), m +n = (M,0,...,M,0,1),

e K=(...,000,£=(..,001))m+n=(..,an—_1,1).

In each case, the form of m + n contradicts Property (P3) in Lemma 5.3. ]

In the remainder of this paper we will repeatedly reconstruct correlators using Lem-
ma 5.2. This lemma allows us to write X = A+ B + C + S, where A, B, and C are
k-point correlators and S is a linear combination of correlators with fewer than k inser-
tions. If X is a correlator of type X_1, it is critical to understand when A, B, and C have
type X_1 and how KA, KB, and K € relate to K¥.

If A # 0 has the form of (5.1), then by Lemma 5.3 it satisfies (P1) and (P2). Moreover,
if A satisfies (P3), then it is of type X_1, and in this case bl-X = bI-A because the changes
in ZZX ,m%, and an cancel each other out. Hence

i’
KX — KA =X — 4.

If A does not satisfy (P3), then we reduce its insertions so they are in the stan-

dard basis, yielding an equivalent correlator A" of type X_;. Suppose the reconstruction

only affected variables in the direct summand W; of W i.e., KIX = EIA, le = mlA, and
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an = niA for all i not in W;. Then m;4 = ml‘.‘l/ and nlA = niA/ foralli ¢ W; (though we
/ . . .
may have ml‘-‘1 #* m;“ for some i € W;). Hence by the above discussion,

X A A
KWk == KWk == KWk
for all k # j. Then (P2) implies
X A /
Ky, = Kw, = Ky,

as well.
The same argument above works for the other two correlators B and C as well. These
observations lead to the following remark.

Remark 5.15. Suppose Lemma 5.2 yields an equation X = A+ B + C + S with X,
A, B, and C correlators. We have the following results for A:

(1) If A # 0is of type X_y, then KX — KA = ¢X — ¢4,

(2) If A’ is obtained from A by writing its insertions in the standard basis, and if ZZX = El‘f‘,
mX = mA, and n¥ = n4 for all i not in W;, then K¥ = K& = K& for all k
i i i i J W; W; W;
(including k = j).
Furthermore, if A is any nonvanishing correlator of type X_1, then:

(3) If there exists i € W; with {; > 2 and W, is a chain with K f\‘, > (), a Fermat, or a
loop, then by Lemma 5.14 we have K{,“‘,j =1

The same results above are true for correlators B and C as well.

Definition 5.16. A correlator X is called of type Xo for W = @ W; if X is of type X_4
with Ky, = 1 and KWj =0for j > 1, and

Z 0 > 2. (5.21)

ieWw;

The main result of this section is to reconstruct correlators of type X_; from correla-
tors of type X, see Proposition 5.18. By using the Jacobi relations, it is not hard to get
the following lemma.

Lemma 5.17. Let o = x;"' -~x%N be a monomial in the standard basis of a chain
polynomial. If i < N, then either x;o0 = 0, or when x;« is written in the standard basis
as

m'

’
m

N

xl cee X s

withm'y = my.

Proposition 5.18 (Splitting Principle). Any correlator of type X_ can be reconstructed
from correlators of type X and correlators with fewer insertions.

Proof. Let X be a correlator of type X_;. Using Lemma 5.13 and reordering the sum-
mands of W if necessary, we may assume Ky, = 1 and Ky, = 0 for j > 1. If for all
j > 1, the summand W; is a Fermat, then Lemma 5.14 shows {; = 0 for i € W; for
Jj > 1. Thensince ) ;y i > 2, we know (5.21) holds.
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Now assume that (5.21) does not hold for X. Then we can assume that W, is a loop
or chain polynomial and that there is i € W, with £; > 1.

If W, is a chain, we do some preparatory reconstruction so Lemma 5.14 is applicable.
Let us label the last variable of W, by N,. We know from (5.20) that Ky, > —1. If
Kn, = —1, we saw in the proof of Lemma 5.13 that £, = 0 (so in particular i 7# N>)
and my, =ny, =an, —1,s0 X = (x;,...,xn,, ). Now apply the Reconstruction
Lemma 5.2 withy = 8,8 = x;, € = xn,, and ¢ = «. Then

X =(xny, oo X0, B) — (XN, - X Boa) + (X, xn, B) + S, (5.22)

If these correlators are nonvanishing, by Remark 5.15 (2) they each have Ky, = 1. Also
Ky, > 0 for the first two since £y, > 1. If Ky, = —1 for the last correlator, then it
vanishes because my, = an, —2 # ay, — 1. Thus we may assume Ky, > 0.

Now we return to the general case where W, is a chain or a loop. By Lemma 5.14,
weknow ¢; = land X = (x;, xg,...,x;c, B) for some k # i. Apply the Reconstruction
Lemma with y = 8,8 = xi, € = x;, and ¢ = «, yielding

X = (xi, Xy, Byxga) — (xi, Xiy oo, 0, Xk B) + (X, Xks .., xi B) + S, (5.23)

We need to check that if W, is a chain, Lemma 5.14 is still applicable to each of these
correlators; i.e., Ky, > 0. Now if k € W, and k = N, swap the values of i and k. This
way we can assume k # N, (since i and k were distinct). There are two cases:

e If i = N,, then all three of the correlators above have £, > 0, so each has Ky, > 0.

e Ifi # N, by Lemma 5.17, the exponents m y, and ny, do not change when we write
the correlator insertions in the standard basis. Thus K, is unaffected, and so is still
nonnegative for each correlator.

Now we apply Lemma 5.14 to the first two correlators in (5.23): if they do not vanish,
Kw, = 1, since {; > 2. Thus these correlators have the desired form. Now, the third cor-
relator still has Ky, = 0 by Remark 5.15 (2). Therefore, we can repeat this reconstruction
on the third correlator. Eventually the third correlator will have m; + n; < a; — 1, which
contradicts Lemma 5.14 (and thus this final correlator vanishes). [

5.4. Atomic reconstruction and Fermat type
Now let us restate part (1) of Theorem 3.3.

Proposition 5.19. Let W be an invertible polynomial and write WT as the sum of mono-
mials WT = My + --- + My. Then the potential 3703%/7 ¢ is completely determined by
the Frobenius algebra structure and the correlators ~

(xi,xi, Mi /X2, ), (5.24)

where M; is a Fermat summand x® with a > 2; any monomial of a loop summand; or
the final monomial of a chain summand. Moreover, given an isomorphism of graded
Frobenius algebras W : Jac(WT) = (Hw, ») satisfying (2.14), the potential ?{J;W is
similarly determined by the correlators (¥(x;), W(x;), U(M; /x?), W(py7)).
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We will give a complete proof of this proposition in this section and in Section 7. The
proof uses the WDVV equations, Jacobi relations (FJRW ring relations), and properties
shared by correlators in both models. Since our proof of the first claim in Proposition 5.19
essentially uses only Lemma 4.1 and Lemma 5.2, the second claim is an immediate
corollary.

5.4.1. Atomic reconstruction. After reordering the summands of W so that x; is in W,
the correlators in (5.24) are all of type X(. We say the correlators in (5.24) have final type.
According to Splitting Principle Proposition 5.18, in order to prove Proposition 5.19,
it suffices to reconstruct correlators of type X from correlators of final type. We will
prove this reconstruction in three cases, depending on whether the atomic W is a Fermat,
chain, or loop. This is called atomic reconstruction.

In each case, we filter the correlators with several types, denoted by &, Ck, and L,
respectively. Correlators of type &g (or €9, £¢) are correlators of type Xo, where W is
a Fermat (or chain, loop) polynomial. The types with the largest values of k are correlators
of final type.

For each atomic type, we prove Proposition 5.19 by induction on k. In the k-th step,
we reconstruct a correlator of type ¥x—1 (or €41, £x—1) from correlators of type Fsx
(or €5k, £5k), correlators that vanish, and correlators with fewer insertions.

Remark 5.20. Let X be a correlator of type X_; with Ky, = 1 and Ky, = 0fori # j
and Zrewj {, > 2. By reordering the summands of W we can assume j = 1, so X is of
type Xo. In the remainder of our reconstruction argument we will make this assumption
whenever possible. When X is of type Xo, we let K = Ky, and we use £,m, and n
similarly.

5.4.2. Atomic reconstruction of Fermat type. This subsection proves Proposition 5.19
for W = € W; when W, is a Fermat polynomial W; = x¢ with a > 2. We start with the
following definition.
Definition 5.21. Let X be of type &o for W. Then:

e X isoftype & if X = (x,x,x9 2a, x?2).

e X isoftype o if X = (x,x,x972, ¢ppyr).

Now we prove Proposition 5.19 in two steps.

Step 1. Let X be a correlator of type &o. Using (5.7), we have

1 1
Kz@(l——)—}-——l.
a a

Plugging in K = 1, we get £ < 2, so £ = 2. Then (5.6) shows that m + n = 2a — 4. So
we know
X={(xi, €W1,....,xi, & Wi, x, x, x*2a, x472B)

with «, 8 € W — Wy. If X has four insertions, then it is of type %; and we are done.
If not, there is some insertion x;, where i ¢ W;. Apply the Reconstruction Lemma 5.2
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with § = x;, € = x, ¢ = x9 3w, and y = x*"2B. Then €y has a factor of x*~! which

is zero in Jac(WT). But the two remaining terms (with y§ and ¢§) have £ = 3, and so
these correlators must also vanish (if Ky, = 1, then £; < 2;if Kw, =0, then £; = 0 by
Lemma 5.14). So we can reconstruct X from correlators with strictly fewer insertions. =

Step 2. Let X = (x, x, x%2a, x*"28) be a correlator of type ¥1. Apply the Reconstruc-
tion Lemma 5.2 with y = x, € = x972, ¢ = a, and § = x* 2. Then ye and y§ both
vanish because they have a factor of x4~ !, and we get

X = (x,x,x%72 x?2ap).

Now by the Dimension Axiom in Lemma 4.1, if X # 0, the product o8 must be pro-
portional to the unique element of top degree in Jac(W 7T — WlT). Hence X is a scalar
multiple of a correlator of type #». ]

The strategies to prove Proposition 5.19 for chain and loop types are similar to the one
for Fermat type, but much more complicated. We leave a complete proof in Section 7.

6. Computation

The goal of this section is to compute the correlators in Theorem 3.3. In the A-model
side, the most powerful tool is from an orbifold Grothendieck—Riemann—Roch formula.
When the correlator in Theorem 3.3 is concave, then the virtual cycle can be extracted
from a top Chern class (6.15), which will imply the very useful formula (6.16) by [7]. By
analyzing the combinatorial aspect of the insertions in the A-model correlators, we will
show that most of them in Theorem 3.3 are concave. We will compute these concave corre-
lators in this section and leave the computations of the nonconcave cases in Appendix A.
In the B-model side, the values of the correlators in Theorem 3.3 follow directly from
Li—Li-Saito’s perturbative formula [22].

6.1. A-model computation: Concavity and nonconcavity
We prove part (2) of Theorem 3.3.

Proposition 6.1. Ler q; be the i -th weight of W and let M; be any monomial of a Fermat
or loop summand, or the final monomial of a chain summand in WT . Then

(W(x;), U(xi), O(M; /7). W(pwr))y = i

For notational convenience, in this section we will let 6; = W(x;), S; = W(M;/x?),
and H = V(¢ 7). By the symmetry of a loop polynomial, it suffices to prove Proposi-
tion 6.1 for i = N. Thus it suffices to compute the correlator

X =(0n.0N.Sy. H). (6.1)

Lemma 6.2. Suppose W = @ W, and xy is a variable in the summand W;. Then

(O O3 Sn W @)y = (O O S Wby
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Proof. By [13, Theorem 4.2.2], we have

w; :
Ag;(@[v, On, SN, ‘-IJ((ﬁWT)) = AO’Q(QN, On, Sy, \I/(d)W/T)) 1_[ A(‘;‘,/il(l’ 1,1, \Ij(d)WzT))
T i
Here Am(l, 1,1, ¥(py 1)) € HO(WOA), S0 we treat it as a scalar. By [13, Axiom C4 of
Theorem 4.2.2], we get '

AL L U@y = [ Moa L U@y = LY@yl =1 »

Mo.3

Because of this result, in the remainder of this section we will assume that W is an
atomic polynomial. Before we start the computation, let us state some useful formulas for
each atomic type. Recall that ,oj(-l) is the (i, j)-th entry of the matrix £ I;,l.

Fermat formulas. Let W = x*. Theni = N = 1, and

1
g =p"=-. 6.2)
a
Chain formulas. Let W = x{'xp + x%2x3 4 -+ + x?\/\i—l‘xjv + x;lvN. Then
aq 1
an 1
Ew = . ,

aN-—1 1

an

and

J
; R
o)== iz,

L 6.3)
P =o0. j<i.
Si _yN O
ince g; =} ;_; p; , we have
N
gi = Z(—l)f_’ 1_[ - (6.4)
j=i k=i ‘K
Loop formulas. Let W = x{'xp + x%2x3 4 -+ + x;lvf\fl‘xN + x?Vle. Then
a) 1
an 1
anN-—1 1
1 an

Define
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Then

N i—1
p;('i)=(—l)j_i( Il “k)<1_[“k)LW’ Sz

k=j+1 k=1

i—1
pj(.l) = (—1)N+j_i( 1_[ ak)Lw, Jj <li.

k=j+1

(6.5)

Here we use the convention that an empty product is 1. These formulas lead to the
following expression for the i -th weight of W:

N N i—1 i—1 i—1
q:~=Z(—1)""< I1 ak)(l_[ak)Lw+Z(—l)N+j_i< I1 ak>LW. (6.6)
J=i k=j+1 k=1 j=1 k=j+1

6.1.1. Combinatorial preparation. Let ¢ be an integer such that ¢ € [—2, 2], we define

Yie = qi +cpy. (6.7)
The following results are useful later.
Lemma 6.3. For W = x{'x3 + x32x3 + -+ + foAfl‘xN + x?VN with ay > 2, we have
Yic € (0,1) except:
o Yy e (—1,0),
o Yy _1=0,
o Yn_12=0and YN, = lifay = 3.

Proof. From (6.7), (6.4), and (6.3), we have

N J 1 N 1
- 2 :_ Jj—i | |_ _1\N-i | |_
Yie = F i( D P ag +et=h k _Clk.
j= =]

=i

Ifi = N, then
c+1

an

YN,c =

and the result follows since ay > 2. If i < N, then since ¢; in (6.4) is an alternating
series, with strictly decreasing absolute value for each term, and since |¢| < 2, the result
follows from

Here Y; . = 0 if and only if the first three equalities hold. That happens if and only if
ay =3,c=2,andi = N — 1. [
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Lemma 6.4. Let W = x{'x; + x%x3 + -+ + x3V 7' xy + x3V x1.
(1) If N —iisodd, then Y; . € (0, 1) except

o Vi1 =0ifN =ay =2,

o Yi,=0ifN =2,ay =3,

e Yn_12€(—1,0)if N >2anday = 2.
(2) If N —i is even, then Y; . € (0, 1) except

o Vu=1ifi=N=2ay=2

o Yno=1lifi =N>2ay=3,

o Ynae(1,2)ifi =N >2.ay =2,

o Ync€(—1,0)if N >2andc = —1,-2.

Proof. (1) N —i is odd. In this case, by (6.5) and (6.6), we first write Y; . as

N—1—i

2 N i—1
Voo 3 <ai_1+2,—1>( I ak)(nak)LW
r=1

k=i+2r k=1

i—1 51 /i1 i—1
+(an —(c + 1))( ]_[ ak) Lw + ( ]_[ ax — ]_[ ak)LW. (6.8)

k=1 r=1 \k=2 k=2r+1
If N = 2,theni = 1 and the result follows from

Yie=(ay —(c+ D)Lw.

If N > 2, then the sum of first and third line on the right-hand side of equation (6.8) is
strictly positive. We know Y; . > 0 as long as the second line is nonnegative or the first
line is nonzero. Thus ¥; . < 0 only if

c=ay =2 and i=N-—1.

In order to prove the other side of the inequality, if i < N — 1, we rewrite Y; . as

N i-1
Yie = ( [1 ak) ( I1 ak)LW
ke=i+1 k=1
- N i—1
(@iy2r — 1)( I1 ak) ( I1 ak) Lw
k=1

—3—i
2
r=1

k=i+2r+1
i—1
—(an-1an — (an — C))( I1 ak) Lw
k=1

L5/ i-1 i—1
— ( l_[ aj — 1_[ ak)Lw.

r=1 \k=2r—1 k=2r
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Since -
i
(an—1any — (an — C))( l_[ ak) Ly >0,
k=1
we get
N i-1
Yie < ( 1_[ ak)(l_[ak)LW <L
k=i+1 k=1

Ifi = N — 1, the result follows from a similar discussion by rewriting Yy _1 . from (6.6),

N—2 N-2 N-2
YN-1,c = (an —C)( I1 ak) Lw + Z(—I)HI( I1 ak) L.
k=1

j=0 k=j+1

(2) N —i is even. In this case, the result follows from a similar discussion by rewrit-
ing Y; . as

N—i

2 N i—1
Yie = Z(ai—l+2r - 1)( l_[ ak) ( l_[ ak)LW
r=1 k=i+2r k=1
i—1
+ (1 +c)ay — 1)( [1 ak) Lw
k=2

L5 /a1 i—1
+Z< T a- [I ak)LW. .
r=1 k=2r+1 k=2r+2

Now we continue with our computation of X = (Oy,0n, Sy, H). We notice that
Sy = QX,N =2 when W is a Fermat polynomial and Sy = Oy_1 OX,N ~2 when W is a chain
or loop polynomial as above. We will sometimes use 6y, Sy and H to denote the corre-
sponding sector and use the symbols 91(\1,), Sl(\l,), and H Y to refer to the i -th phase of these
sector.

Lemma 6.5. For each atomic type polynomial W with no variable of weight 1/2, we
have

Oy = ai + oy — Lai + oy 1.
HY =1-g;,
SJ(\;) =gq; — 2,05\? + 8.
Recall that L; is the i-th orbifold line bundle in the W -structure. If (N,ayn) # (2,2),
then on each smooth fiber, the degree of L; is
lj :=degL; = —1—8. (6.9)

Proof. The proof is a direct computation using the ring isomorphism in Theorem 2.14.
Lemma 6.3, Lemma 6.4 and equation (6.2) show that the quantities listed are in [0, 1). In
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particular, if N = ay =2,ie., W = xf‘xz + x%xl, then

N
an + oy = 1.

Otherwise, q; + p(l) € [0, 1). Then (6.9) follows, since
I = deg £; = 2g; =20 — SV — H®

=2g; —2(qi + p) — (g — 20 + 8) — (1 — qi)
=—1-§Y. L

The Gy -decorated graphs in Figure 1 will be useful in the computation of X .

On H 6y On On On
: Y1i,+ V1,— : : Y24+ V2,— : : Y2,— V2,+ :
On SN H SN Sy H
Fig. 1. Boundary strata on Wo 4(On, 0N, Sy, H).

Note that the two graphs on the right are the same. Here the element yx + € Gw 1is
chosen uniquely such that the Integer Degree Axiom (2.5) is satisfied for each component.

It is possible that H(,, , = @. Let yk)ibe the i-th phase of yx, + and
WO, g 200 KD =g - s O,
G , . G 0 (6.10)
WP, =g =0y —HD, Y =g -0y — 5.

Let E(l) (E(l) ) be the degree of the line bundle £; on the left(right) component of the
k-th graph above for k = 1, 2. It follows that

oW, = Lh(” J 6.11)
ry = hdy — || (6.12)

In particular, if (N, ay) # (2,2), we can use the symbol in (6.7) to rewrite the following
numbers:

qi = Yio, 91(\;) =Yi1,
HO =1-Yy. Sy =Y, 2+8.

M) 5 ; 6.13)
hy’y = —Yia, hi_ =Yip—1-238y,
Ml =Y =1 byl =Y -3y

6.1.2. Concavity Axiom. Now we introduce the Concavity Axiom from [13] to compute
the necessary FIRW invari_ants. We recall the universal W -structure (L1, ..., Ly) on the
universal curve 7 : € — Wy k(y1, ..., vk). A correlator (£1, ..., &), is called concave
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if all the insertions &; are narrow and for each geometric point [C] € Wg,k W15 V),
H°(C.L;)=0, 1<i<N. (6.14)

In this case, (@ZNZI £;)=0, Rlm, (@ZNZI L;) is locally free, and the Concavity Axiom
(see [13, Theorem 4.1.8]) implies

N \
[Wek (Tyy oy )]'™ = Cuop (Rln*(@ti» N Wk Ty, (6.15)

i=1
Here ciop is the top Chern class and [Wg,k (I'y,,...y)] is the fundamental cycle. Then
[7, Theorem 1.1.1] expresses the FIRW virtual cycles in terms of tautological classes
on My . In particular, on Mo 4 we have R'7,L; # 0 for some unique £; and

) 4 B ®(1) ( (1))
st = [ (Bzé"’)xl—z 20O )w,+2—+[rcm]) (6.16)

Jj=1 Ceut

Here «; is the first kappa class W/ is the j-th psi class, B, is the second Bernoulli
polynomial that B,(x) = x? — x + —, and Iy are all the fully Gy -decorated graphs
on the boundary. For the correlator X (6N, 6N, SN, H) in (6.1), the graphs are listed
in Figure 1.

Lemma 6.6. Consider the correlator X (GN, On,Sn, H) in (6.1). Assume ay > 2. If
for k = 1,2, the unordered pairs ((k 4 k )satlsfy

€M ) e {(=2.-1) @ 40) e{(-1.-1).(-1.0)}, i<N. (6.17)
and the sectors of On, Sy and H are narrow, then

4
1
- _|_ _ AN (1 _ W)y _ AN (1 _ V)
X = 2[ gn (1 qNH;oyj (1—6M) FZOy+ (1-of )}. (6.18)
Proof. For a singular curve [C] € WOA(GN,@N,SN,H), from (6.10) and (6.11), we
know _ . .

€ 449 = WH + W}_J = —1— 8y — Suarrou: (6.19)

where 6,,4rrow 18 1 when the local isotropy group at the node acts nontrivially on the fiber
and 0 otherwise. Thus we can check (6.17) holds.

To apply Concavity Axiom (6.15), we must check (6.14), which is true if the line bun-
dle degrees are negative on all components of all stratifications. Combine (6.9), we only
need to check when (KI(C’)+, @ ’)=1(=1,0) and i < N. According to (6.19), the unique
node n € C must be broad. We denote the normalization of C by p : C; I C, — C, and
get a long exact sequence

0— H(C,Lilc) —» H(C1, Lilc,) ® H(C2, Lilc,) — H(n, Liln)
— HY(C,Li|lc) — H'(C1,Li|c,) ® H'(C2, Lilc,) — 0.

Let us focus on the first line. Since (Zg)Jr, E,({il) = (—1, 0), the third term is just C. The

broadness implies that the last arrow is an isomorphism. Thus (6.14) follows.
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Now we apply the Riemann—Roch formula to (6.9) and (6.17). Then R'm Licny =0,
and R'7,.Ly is a vector bundle of rank 1. Now formula (6.18) follows from equa-

tion (6.16) and
\/‘7 K1 = [ wi = /; [I“Cm] =1. |
Mo.4 Mo.4 Mo.4

6.1.3. Chain computation. Let
W = x{"x2 4+ x32x3 4+ -+ X3V e + XY

with ay > 2. Combine Lemma 6.3 with the notation in (6.13), we get the following
corollary.

Corollary 6.7. The sectors Oy, Sy, and H are narrow. Thatis, 1 <i < N, 91(\;), H®,
and SI(\I,) are in (0,1) forall 1 <i < N. Furthermore, we have
~1<i¥ <0 and —1<h$, <o.
The first equality holds if and only if i = N and ay = 3. The second equality holds if
andonly ifi = N — 1 and ay = 3. The third equality holds if and only ifi = N.
Using (6.11), (6.12), and (6.19), it is easy to check that the corollary above implies

(Zgil’zgi)_):{((),—l) _ ifiz{V—l,aN=3,
’ ’ (—1,—1—26%) otherwise,
and ' '

€9, 05) = (—1.-1-8}).
Then by Lemma 6.6, only £ has nonzero contribution to the correlator X and (6.18) is
applicable. A direct computation shows

N N N N
oy =2qn, HYM =5 =1-qy. v =1-3qv. ¥¥ =0
We plug these numbers into (6.18) and get

X = L (22qn)(1 - 2qn) +2(1 ~ aw)an —an (1 — )
— (1-3gn5)3gn —2(0)(1 —0)) = gn.

6.1.4. Loop polynomial W = x{'x 4+ x%2x3 + -+ + x3¥ 7' xn + x3V x1. If ay > 2,
we again have concavity. Recall the notations in (6.13), we know that Lemma 6.4 implies
H®D, sV 60 € (0,1), and

o 1M AN € (<1,0) and 1V, AN) € (<2, - 1) ifay > 3,
@)

. hk,+’ | ' '
Moreover, we know h,(cl)_‘_ + h,(c')_ =—1- 85\, for all k = 1,2. According to (6.11), we

have:
e The pair (Z(1N+) KgNJ) = (—1,—2) and the pair (KgNﬁ KgNj) = (-2,-1ifay > 3.

e The pair (Z,(ci)_k, Z](ci)_) € {(—1,-1), (—1,0)} otherwise.

h,(ci) € [—1, 0] otherwise.
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Thus the correlator X satisfies the condition in Lemma 6.6 and we can apply (6.18) to
compute its value. A direct computation shows

QI(VN) =Yn1, HN =1 Yy, SI(VN) =1+Yn-2,
N N
y =1-Yyo v =Ynoa

As a consequence, we have

x=. ( 2Yna(1=YNn1) + (1 =Yno) YNo + (1 + YN, 2) (YN, —2) ) .
2\—Yno(I1=Yno)— (1 =YNn_2)¥YNn—2)—2YN_1(1 =YN_1) '

If ay = 2, then X is never concave. We can classify them into three exceptional fam-
ilies. The computation of each family is known. We list the computations in Appendix A.

6.2. B-model computation: A perturbative formula
In this subsection we prove part (3) of Theorem 3.3.

Proposition 6.8. Let g; be the i -th weight of W and let M; be any monomial of a Fermat
or loop summand, or the final monomial of a chain summand in WT . Then

(x,-,x,-,Mi/xl-z, dwr) = —¢qi. (6.20)

Proof. Since the variables are symmetric in loop case, we only need to deal withi = N.
Let f = WT. We recall that the perturbative formula (2.10) takes the following form:

e Ttz = [de(l +271Y 8% b+ 272 ) 3% +)} € Hy[[s]. (6.:21)

By definition (2.11) and equation (2.10), we know

84}750 8331 (t)
XN, My /X%, = "oft | _ 2 9a2) 6.22
(XN XN N/xN ¢WT) 32fo 3t58t1-1 o atiN atS —o ( )

Here we denote S := My / sz\,, H := ¢y 7 and t, is the flat coordinate dual to ¢,. Fol-
lowing the notations in Section 2.2.2, we use the subscript (< k) to denote the k-th Taylor
expansion in terms of s (or #). As shown in [23, Proposition 3.12], the perturbative for-
mula implies that (3’705,(}, g)(54) (t) depends on {(<1)(s), the primitive form up to first order,
only. The algorithm described in Section 2.2.2 shows that

S=n(s) = [dV x].
Therefore we only need to expand the left-hand side of (6.21) using {(<1)(s)

[de(1+ F;f +%(F;f)2+%(F;f)3+c9(s4))}

to compute the 4-point function. The term J 1_2 corresponds to the coefficient in front of
z72[p1d N x] = z72[d N x]. The correlation function (6.22) comes from t}z(N tsz72[d N x].
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2
The contribution from % (Fz;f)2 is %‘ This has no contribution to the right-hand side
of equation (6.22), since equation (2.9) shows

Sq = tq + O(t?).
It follows that the correlator (xy,xy, My / szv, ¢w) is just twice of the coefficient of

s)%N 5§z 2¢y in %(Fz;ff (again using s4 = ty + O(?).). On the other hand, since

N
XN XN —— = Mn,
XN

to obtain (6.20), we only need to prove the following equation:
[Myd" x] = —qn z[d" x] € Hy. (6.23)
For both Fermat polynomial and chain polynomial, equation (6.23) is true because
an[Myd"Nx] = —z[dVx] € H;.

For the loop polynomial, equation (6.23) follows from equation (6.6) and by cancelling
My, ..., My_, among the relations

ai[M;d™ x] + [Mi11d "N x] = —z[dV x] € Hy. "

7. A proof of Proposition 5.19

In this section, we complete a proof of Proposition 5.19 for W = € W; when W is
a chain or a loop.

7.1. Atomic reconstruction of Chain type
This subsection proves Proposition 5.19 for W = @ W; when W is a chain
Wi = x{'xz2 + x5%x3 4+ + szVN.

7.1.1. Preliminary facts about chain polynomials. We will repeatedly use the follow-
ing relations in Jac(WlT):

alxi”_l = —xgz,
apxioxfi T = X =2, N1, (7.1)
xN_lx;l\,N_l =0.
These relations imply
xi—ixit =0, i<N. (7.2)

Additionally, the following lemma tells us what K looks like in most cases.
Lemma 7.1. If Ky, = land W, = xillxz + x;ZX3 + -4 szVN is a chain, then

Ky <In.
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If in addition Kn > 0O, then K is one of the following:

e A concatenation of (0)s and (—1, 1)s followed by (1).

e A concatenation of (0)s and (—1, 1)s with one of (—1, 2), (=2, 3), or (1), followed by

(0).
Proof. We know that
my +ny =Uy—Ky+1)—4L4y—2.
Combining this with my + ny > 0, we know Ky < £y because
-2 -1
KNE(EN—i-aN )(aN )<€N+1.
ay —1 an

If Ky >0, then {l,..., N — 1} obeys the NP-rule. Otherwise we must have Ky_; < 0.
However, because my—_1 + ny—1 < 2any—1 — 2, equation (5.9) shows that

(an—1—WNn—1—an—1Ky—1 +any—1 + Uy — Ky) =1 =< 2an—1 —2.

Since {y—1 > 0,and Ky—1 < —1,and €y — Ky > 0, the left-hand side of this inequality
must be at least 2ay_1 — 1. This is a contradiction.

Thus {1,..., N — 1} obeys the NP-rule and Lemma 5.10 implies ) ; . K; > 0. Then
we have {} ; _n K;, Ky} = {0,1}. Thus by Lemma 5.10, we obtain the first case if
Ky = 1 and we obtain the second case if Ky = 0. [

We introduce the following definition.

Definition 7.2. Let X and X’ be correlators of type € with the same number of inser-
tions. Assume vazl = ZlN_l €;, where 1,..., N are the indices in W;. We say that

X>X'ifby =Ly.....4r41 =L, ;,and £, > £, for some r € W;. We say that X is
maximal if there does not exist X’ > X, or equivalently, if

X=x, €Wr,....x;, Wi, xn,....xn, 2, B).

The relation > is well-defined because of the ordering of primitive insertions in cor-
relators of type X_; (see (5.1)). Also, this relation is transitive. We immediately have:

Lemma 7.3. Let X be a correlator of type €. If there is i € Wy such that we can rewrite
Xas X ={(..,xi,... ,xl-afilot,ﬂ) withi + 1 € Wy, then X can be reconstructed from
correlators with fewer insertions and correlators Z of type Cy satisfying Z > X.

Proof. Apply the Reconstruction Lemma 5.2 to X with y = x;, §=p,e=x{"" and
+

¢ = . Then ye = x; xl 41 vanishes by (7.2) and the other two correlators have the form
X'=(...xidt ol ).

Apply the Reconstruction Lemma 5.2 to X' withy =o', § =8, € = xj41, ¢ = xla:j] !

The correlators with ¢6 and y§ have the form (..., x; 41, ..., *, *); the remaining corre-
lator looks like

X7 = (T e B,
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- . o . i +1—2 .
Perform a similar reconstruction on X", this time with ¢ = x?j_ﬁ' . By repeating the
process, we can reduce the exponent of x;1; and eventually, we will have determined X

from correlators with fewer insertions and correlators of the form
Y = (.., Xig1,--.,%,%)

with EZY = ZZ.X — 1 and EiY 1= ZiX+1 + 1. After reducing insertions to the standard basis,
all the nonvanishing correlators we get from this process are of type X_;. Furthermore,
if each such Y is of type €y, then the result follows since ¥ > X. Thus we only need
to reconstruct those correlators that are not of type €. Then we must have Ky, = 0 for
such a correlator Y.

On the other hand, since X is of type €y, besides x;, X must have at least one

more insertion xx, with xz € W;. Since the Reconstruction Lemma 5.2 does not change

the insertions in dotted positions of X = (..., x;,...,x; 1" @, B), we know Y could
be rewritten in the form of ¥ = (x; 41, Xk, ..., *, %). Since Kw, = 0, we may assume

Kn, = 0, otherwise we do a preparatory reconstruction as (5.22) to get Ky, > 0. Thus
by Lemma 5.14, we know i 4+ 1 # k and £; 11 = {; = 1. Then we can repeat the process
as in Proposition 5.18 to reconstruct Y from type € correlators Z such that Z > X, and
correlators with fewer insertions. Such correlators Z will be of the form

7 _ (Xig1. Xig1, ..., 0z, Bz) ifk <i,
(x> Xks...,az,Bz) itk >1i.

We remark that during the process, the ordered pair of insertions (x;, xx) in (5.23) are
replaced by the ordered pair (x; 41, xx) if k < i, orby (xg, x;41) if k > i. This guarantees
that we have Z > X. |

By the above lemma, we have:

Proposition 7.4. Let X be a correlator of type &g which is not maximal. Then X can
be reconstructed from correlators with fewer insertions and correlators Z of type €y
satisfying Z > X.

Proof. Since X is not maximal, we can choose i to be the largest index such thati € W
withi < Nand?; > 1.So X = (... ,xi,xlrf,NaX,,Bx) for some my > 0.

If mpy > 1, then we apply Reconstruction Lemma 5.2 with y = Bx, 8§ = x;, € = xy,
and ¢ = x%’v “lay. By Remark 5.15, the correlators with §¢p and 5y are type €q-correla-
tors of the form (. .., x, *, *). The correlator with €y equals (.. ., x;, xl'GN_laX, xnPBx).
By induction we reconstruct X from €g-correlators of the form (..., xy, *, *) and the
Co-correlator Y = (..., x;,ay, By ), where m}\’, =0.

Similarly, we move all xy_; from ay to By, and so on, until we move all x;+; from
« to B. Thus we reconstruct X from correlators X’ of type €9 with X’ > X, and the
correlator Z = (..., x;,az, Bz), where miZJrl == mf, = 0. After reducing to the
standard basis, Z is of type X and

z z
my +ng <ap—1

fork > 1i.
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From here on we will speak only of the correlator Z and drop the Z-superscript from
our notation. By definition,

my +ny =Uny — Ky + Day — LIy —2. (7.3)

Butmy +ny <ay —1,s0 Uy — Ky + 1)ay —€ny —2 < an — 1. This shows

1 —1 |
Ky > (eN — )(aN ) > (7.4)
ay —1 ay an

Thus Kx > 0 and we may use Lemma 7.1. This lemma gives us a list of possible vectors
K which we analyze case by case. In each case, if the correlator is not in the desired form,
we write the insertions in a nonstandard basis and so that there is some k with £z > 1 and
my, + ny > ay. Then we use Lemma 7.3 to finish the reconstruction.

Case Ky = 1. In this case K is a concatenation of (0)s and (—1, 1)s, followed by
Ky =1

fK=(..,—1,1,1),then £ =(...,0,0,%x) and m+n = (...,2ay—> — 2,0, %)
by Lemma5.11.Then N —2 > i,butmy_» + ny—» > ay—s, contradicting our assump-
tion on Z. Similarly, we reach a contradiction if there is j > i such that

(Kja Kj+1) = (_17 1)

Therefore, K = (...,0,0,...,0,1) and £ = (...,1,0,...,0, %), where the under-
line marks the i-th spot and £; = 1 by (5.11). Possibly, i = N — 1. If i # N — 1, then
by assumption (K1, ¥€;+1) = (0,0) som; + n; = 2a; —2by (5.9).If i = N — 1, then
(Kit1,4i+1) = (Kny,€n), where £y > Kpx. Then (5.9) shows m; + n; > 2a; — 2 so by
Property (P3) we know m; + n; = 2a; — 2. Thus

m4+n=(..,2a; —2,%,...,%,%).

Now we have three cases. In each case we compute m + n by first using (5.11) to compute
£ and then using (5.9).

1) K=(..,0,0,....,)andm +n=(...,a;—1,M,...,%),

2 K=(C11,...,-1,1,0,....)andm +n = (M,0,..., M,0, M, ..., %),

3 K=¢(..,0,-1,1,...,-1,1,0,....1) and m+n=(...,a,,M,0,...,M,0, M,
)

Here M = 2a — 2 with the appropriate subscripts. In each case if there is a factor of « that

equals x? _’1_41'1 (o will not be written in the standard basis), then we can apply Lemma 7.3.

aj .
We find a factor of x; |} in « for each case as follows:

(1) Here o has a factor of xi_lei_l, which by (7.1) equals x?ril in Jac(WlT).
(2) Repeatedly apply (7.1) starting with a,x{' ™' = —x$2.
(3) Repeatedly apply (7.1) starting with ar+1x,xf_f{171 = —x,;1 52

Case Ky = 0. In this case, (7.4) shows that £y = 0. Let i be the largest index such that
(K;, ;) # (0,0). Since 0 < m; + n;, equation (5.9) shows K; < {;. Then Lemma 5.11
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shows that (K;_1, K;) cannot be (-2, 3), (—1,2), or (—1, 1). Six cases remain, which are
enumerated below. In each case an underline is below the i-th index, M = 2a — 2, and
we computed £ and m + n using (5.11) and (5.9), respectively.

e K=(..,-1,1,1,0,...,0), £ =(...,0,0,2,0,...,0), and m+n = (..., M,0,

M —1,%,...,%),
e K=¢(..,0,1,0,...,0),£ =(...,0,2,0,...,0),and m+n=(...,a;—1,M — 1,
*, ..,*),
e K =¢(.., L0,€L=(..,1,1,0,...,0),and m+n=(...,M,a; — 2, %,
s %),
° =(.. ,0,...,0), £ =(..,0,1,0,...,0), and m+n=(...,a;—1, M, *,
S %),
e K=¢(..,-1,1,0,0,...,0), £ =(...,0,0,1,0,...,0), and m+n=(...,M,0,
M, x, ..., %),
o K = ( .,1,0,0,...,0), £ =(...,4;—1,1,0,...,0), and m+n = (...,*, M, %,
oy ).

Notice that in each case, i is the same as the i we had defined previously. Now the dis-
cussion is similar to the Ky = 1 case. More explicitly, we have the following situations:

o The first case here splits into cases (2) and (3) above.
e The second and fourth case here are same as case (1) when Ky = 1.

e For the third case, (K;—1, K;) = (0, 1). As we did for (Ky_1, Ky) = (0, 1), we find
a factor of @ equal to x?i (note the different index). All three cases above are possible.
Since £;_1 = 1, we can apply Lemma 7.3.

e For the fifth case, let r be the last index before the (—1, 1) pairs of K. If K, = 0, we
can find a factor of & equal to x; fll (like in cases (2)—(3) of (Ky—1, Kn) = (0, 1)).
If K, =1 (but not as part of a (—1, 1) pair), then m, 4+ n, = £,(a, — 1) is 0 only if
£, = 0. Similarly, for the last case, let r =i — 1. Then m, 4+ n, = £, (a, — 1), which
will be 0 only if £, = 0.If £, > 0, then m, + n, > 0 and as usual we can find that «
has a factor x; J’:l'l Thus we only need to check for both of these cases when £, = 0.
Since X was of type X and the reconstruction from X to Z did not change the number
of insertions in Wi, there is some k < r < i such that £; > 1. But in the indices less
than r, the vector K is a concatenation of (—1, 1)s and (0)s. This means that if we
truncate the vector K before the k-th place, then the truncated vectors will look like
the fourth case or the fifth case with K, = 0. So we can use (7.1) to find a factor of «

equal to xkk+1. ]

7.1.2. Reconstruction procedure. The remainder of the present subsection proves Propo-
sition 5.19 when Wy = x{'x, + x32x3 + -+ + x3" is a chain.
Definition 7.5. Let X be a correlator of type €. We say

o Xisoftype € if X = (x;; € Wi,...,x;, € Wi, xn.....xNn. 0, B),

e Xisoftype Crif X = (xn,...,xn,0,B),
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o Xisoftype €3 if X = (xy,xn, 0, B),
e Xisoftype C4if X = (xN,xN,xN_lx;lVN_z,zﬁwr).

We will do the reconstruction in four steps. In k-th step, we will reconstruct a corre-
lator of type €x—_; from correlators of type €, correlators that vanish, and correlators
with fewer insertions.

Step 1. We do this by applying Proposition 7.4.

Step 2. Let X be a correlator of type €;. Our discussion breaks into three cases:
(1) myny # 0,

(2) myny =0and ({y,an) # (2,2),

(3) myny =0and (y,an) = (2,2).

For case (1), we will reconstruct X from correlators with fewer insertions and corre-
lators of type €,. We may assume my # 0. Let S be the set of insertions x; in X such
that x; & W1, If S # @, choose some x; € S and use the Reconstruction Lemma 5.2 with
y =p,8 =xi, € =xp, and ¢ = «/xy. Then all correlators coming from the recon-
struction have £y > 51}\(1 > 2,50 Ky > 0 (we saw in the proof of Lemma 5.13 that when
Kn < 0, we have £y — 0). Then Remark 5.15 3) implies that all the correlators have type
€ or they vanish. Moreover, all these correlators have mpy = m% — 1. Repeat this same
reconstruction until either my = 0 in all correlators or S = @.

In cases (2) and (3) we must have my +ny < any — 1 so (7.4) holds, and K is in
the form of Lemma 7.1. So Ky is O or 1; if Ky = 0, then (7.4) shows that £ = 0, and
if Ky =1, then (7.4) shows that £y is 1, 2 or 3. But since X is of type €1, we know
Iy = 2,s0infact Ky = 1and (Uy,an) = (2,2),(2,3) or (3,2).

If (y,an) # (2,2), then by (7.3), we get

my +ny =L€ylay —1)—2=any —1.

We have the following cases, where again M = 2a — 2:

(1) K=(-1,1,...,—1,1,)andm +n=(M,O0,...,M,0,ay — 1),
2) K=(x...,0,)andm +n = (*,...,ay—1,ay — 1),
3) K=(x,...,0,—1,1,...,—1,,)andm+n = (x,...,a,,M,0,...,M,0,any—1).

Without loss of generality assume my = 0 so ny = ay — 1. Then in every case X
cannot have Property (P3), so it vanishes.
If Un.an) = (2,2), then

X=(x; €Wi,....x;;, € Wi, xn,xn., B).

Since Ky =1 and £ = (0,...,0,2), a calculation using (5.9) and Lemma 7.1 shows
that there is some j € Wy with m; +n; > a;. In particular, m; > 0. Reconstruct X as
in case (1), beginning with § = x;,, y = B, € = x;, and ¢ = a/x;. All resulting corre-
lators have type €; as discussed in case (1). By repeating this reconstruction, we can
determine X from correlators with fewer insertions, type ¢; correlators of the form
(xv.,xn,Xj,...), and a type € correlator with the same primitive insertions as X but
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with m; = 0 for all j € W;. The correlators (xn,xN, Xj,.. .) can be reconstructed from
correlators (xn, Xy, Xy, ...) as in Proposition 7.4. The final correlator vanishes by the
discussion at the start of this paragraph.

Step 3. Let X be a correlator of type €,. From (5.20), since £ > 2, we find
any —2

Ky > .
an

Thus Kx > 0 and equality is possible only if ay = 2. If Ky = 0 and ay = 2, then
(5.20) shows that £y < 2, so in fact X is of type C3.

If Ky # 0, then Ky = 1 by Lemma 7.1. Then (5.20) shows £y <2ay/(ay — 1),
sofly =2 (and X is of type €3),ordy = ay = 3,oray = 2and £y = 3 or 4. We will
show that in each case where £ > 2, the correlator does not satisfy (P3) in Lemma 5.3,
a contradiction.

If {y =any =3, then my +ny = 3ay —5 = 2ay — 2. Either (Ky—1,¢n—1) is
(0,0) oritis (1,0); in each case, my—_; + ny—; > 1. Without loss of generality we can
assume my—1 > 1, so that « has a factor of xN_lx;lVN -1 , violating Property (P3).

Similarly, if ay = 2 and £y = 3 or 4, we can check all possibilities for K and £ and
show that m + n violates Property (P3). ]

Step 4. Let X be a correlator of type €3. We know £ = (0,...,0,2). By (5.19), if
M = 2a — 2, we have three possibilities for K:

(1) K=(,...,0,0,)andm+n=(a; —1,...,an—2— l,an—1,2an — 4).

2 K=(C11,...,—1,1,)andm +n = (M,0,...,M,0,2ay — 4).
3) K =(,...,0,0,—1,1,...,—-1,I,)andm+n = (a; — 1,...,ar—1 — 1,a,, M, 0,
oM, 0,2ay —4).
In all cases, if X # 0, we must have
X = (xN,xN,x;"‘ ---xjrc’l’l’lx;lv’v_za,xf‘ ---x?v’v_’llx;lv’\'_zﬂ), (7.5)

where m; +n; =a; —1fori < N —-2andmy_1 +ny_1 =dan—1.

In the first case, both my—_; and ny_q are at least 1. If my = ay — 1, thena =0
by (7.1), since it has a factor of xN_levN_l. This shows that my = ny = ay — 2 and
(7.5) follows.

—1_az—1 -1 .
In the second case, @ = xj'" x5 - x?\,’\izz xy" . The relations (7.1) show
ar—1 _as—1 aN—1 _mpy
oo Xy X, xRN

If my = any — 1, we have a factor of « equal to xN_lx;lVN_l, and o = 0 by (7.1). Other-
wise, my = ny = ay — 2 and (7.5) follows. .

In the last case, « has a factor equal to x;"’xf:;l_ e x?vffzz_lx;s”. As before we
can use the relations (7.1) to rewrite this as

my—1,4r+2=1  _ay_1 _mpy
Xro X2 YN-1 XN

and as before if X # 0, then (7.5) follows.



W. He, S. Li, Y. Shen, R. Webb 2964

Finally, we apply the Reconstruction Lemma 5.2 to X in (7.5) with
y =xy, €= xN_lx;lvN_z, ¢ = x"! ---x%ﬁ’l"_la, §=uxy! ---x?v"fl'va’v_zﬂ.

Then €y and y§ have a factor of xN_levN_l, and hence both are 0 by (7.1). The last
correlator is of type C4. ]

7.2. Atomic reconstruction of Loop type
This subsection proves Proposition 5.19 for W = €9 W; when W; is a loop

a a a
Wi = x{'x2 4+ x5°x3 + -+ xyV X1

7.2.1. Preliminary facts about loop polynomials. First, we have
aixi_lx;li_l = —xl-ar;' eJac(Wl) fori=1,...,N. (7.6)
Recalling that
N
dwr = Hx?j_lﬂ
i=1
we obtain the following vanishing conditions in J. aC(WlT):
xic1xit =0,
TP =0, 24 N, (1.7)
(qu]r/xl-)xk =0, k#i, (N,a;j,k)# (2,2,i +1).

Second, we may apply Lemmas 5.10 and 5.11 and renumber the variable indices so
that K ends with the exceptional tuple (1), (—1,2), or (=2, 3). Then we get:

Lemma 7.6. If Kw, = 1 and W, = x;” + x1x32 + -+ x?\,le is a loop, then we can
number the indices so that K is some concatenation of (0)s and (—1, 1)s, followed by one
of (1), (—1,2), or (=2, 3). The final case can only occur if ay—, = 2. Also, in the last
two cases, Uy_1 +L4n < 1.

7.2.2. Reconstruction procedure. As in the previous subsections, we define progressively
simpler correlator types and perform the reconstruction in a number of steps.
Definition 7.7. Let X be a correlator of type £o. We say

e Xisoftype £ if X = (xp,xp,...,, B) for some p € Wy,

e Xisoftype £, if X = (xp,...,xp,, B) for some p € Wy,

e X isoftype £3if X = (x,, xp, a, B) for some p € Wy,

e X isoftype &4if X = (xp,xp,xp_lxz”_z,qbwr) with p € Wj.

In k-th step, we will reconstruct a correlator of type £;_; from correlators of type

£ and correlators with fewer insertions. Each type has Ky, = 1 by Lemma 5.14 (3),
so we will generally not need to check this condition.
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Step 1. Let X be a correlator of type £¢. If there exists some ¢; € W such that £; > 2,
then we are done. If £; < 1 for all i € W7, then we will show that for some i € W;, we
have {; = land m; +n; > a;.

By Proposition 5.18 we can assume there exist distinct indices i,k € W, such that
{; = £, = 1. Now assume that Ky, is in the form of Lemma 7.6. If some ¢; = 1 for
i <N —2,then Lemma 5.12 shows m; + n; = 2a; —2 > a;.

Otherwise, £xy—1 = £y = 1, and by Lemma 7.6 we must have K = 1. In this case
Kny_1islor0.Butif Ky_1 = 1,then Ky_» = —land £y_; = 0by (5.15). So we have
Ky—1 =0and (5.9)showsmpy_1 +ny—1 =2any—1—2 > an—1.

Now we do the reconstruction part of this step. Let k € W} be any index such that
lr =1 and my + ng > ag. Then X = (..., x, x;, xpa, B) where my > 1 and i # k
(we do not require i € Wi). Using the Reconstruction Lemma 5.2 with y = 8, § = x;,
€ = Xxg, and ¢ = o, we find

X = (.., x6 Xk Bxia) — (oo xp, X, 0, xi B) — (oo, Xg, Xis o, X B) + S,

After rewriting the last insertion in the standard basis, the first two correlators are of
type £;. We use the same reconstruction on the third correlator until it has the form
(oony Xp, X0, @, x,'(""' B), where @ is a monomial in the standard basis with no factor of xy.
When we rewrite the last insertion in the standard basis, we find that my + nr < ag. This
contradicts Lemma 5.14 if Ky, = 0, so Ky, = 1. Then either the third correlator is of
type £1, or it has some k' such that £, = 1 and my, + nys > ay,. We can repeat the same
reconstruction, moving all x; from « to 8. Eventually, we will run out of such indices,
showing that the third form eventually vanishes.

Step 2. Let X be a correlator of type £. This step is similar to Step 1. Since £, > 2, we
know that pis N or N — 1 by Lemma 5.12. Then Ky = 1 by Lemma 7.6. We will show
that m, + n, > a,. Then the same reconstruction argument as in Step 1 gives the desired
result.

o If p = N — 1, then (5.15) implies Ky—; = 0 and (5.9) implies
mp +np, >3a, —4 > ap.
e If p = N, then using (5.9) we compute
mp+np, >4Lyla,—1)—1—-Kpi1,
since £,4+1 > 0. If K, = —1, we are done, since £, > 2 and 2a, —2 > a,. If
Kp+1 =0, thenmp, +np, > ap unless £, =2 and a, = 2.
Now we address this exceptional case.
Exceptional case. Let X be a correlator of type £; with (p, Kp,{p.ap) = (N, 1,2,2).
If X is not of type £,, there exists an index i # N such that
X =(xnN, XN, ..., X, B). (7.8)

We claim that £x—1 = 0. From Lemma 7.6, we know that Ky_; is 1 or 0. If Ky_;
is 1, then it is part of a (—1, 1) pair, so (5.15) implies that £y = 0. If Ky_; = 0, then
(5.11) tells us that £ 51 = O.
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Next we claim that we can find o’ o « and B’ o B in Jac(WT) such that
ny_,>0andmly_, +ny_; = an-1. (7.9)

This o’ and 8’ may not be in the standard basis.

If Ky—1 = 0, then in fact we may take « = &’ and 8 = §’. For in this case (5.9)
impliesmpy_; + ny—1 = ay—1.1f Wi is a 2-variable loop, then similarly my +ny =1,
and we get (7.9). If not, then Ky_, = 0. Otherwise we have (Ky_3, Ky—2) = (—1,1)

and £y_3 = £ny—_» = 0. Then (5.9) would force mpy—_» + ny—» = —1 which is nonsen-
sical. So Ky—_» = 0 and (5.9) implies my_» + ny—» > 1. Thus again we get (7.9).
If Ky—y =1, then (Ky—2,Ky—1) =(-1,1)and K = (...,0,—-1,1,...,—1,1,1).

Here the O is the last O before the (—1, 1)-sequence; say it occurs at the r-th spot. We
know from (5.9) that

m+n=(..,t,2a,41—2,0,...,2ay—2 —2,0, %)

a -1 _»—1 .
where t > a,. Then we may assume « has a factor of x,xrﬁ1 e 7\,’122 . Using the

relation in (7.6), this factor is proportional to a multiple of x?v"i 7' Let o equal o with
this replacement, and let 8’ = B. Then m'y_; > ay—1 andn’y_, = ay—» —1,and (7.9)
follows.

Finally, we use the Reconstruction Lemma 5.2 with y = 8, § = x;, € = xy—1, and
¢ =« where o’ = xy_1a” to get

X =(....xy,xn. xn—1.xio" , BY — (..., xn, xn, Xn—1. 0", x;i B)
+(..oxnvxnLx o xvo1 B) + S.

After reducing the insertions of the first three correlators, by Remark 5.15 (3) they all are
of type £, if they are nonvanishing. By Lemma 7.6 they have Ky = 1. As discussed
earlier, a nonvanishing correlator in the form of (7.8) with Ky = 1 must have {;_; = 0.
Thus the first two correlators vanish. Use the same reconstruction on the third correlator
until ny_1 = ay—1. We still have ny_» > 0, so now 8 contains the factor xN_zx;’V’\:l ,
which is 0 by (7.7). So the third correlator is also zero. Thus we have reconstructed X
from correlators with fewer insertions. ]

Step 3. Let X be a correlator of type £,,s0 ¢; = 0if i # p. Since X is also of type £,
we know Ky = l,and p = N — 1 or N from Step 2.

If p =N —1,since £, # 0, then (5.15) implies K, # 1. Thus K, =0, K11 =1,
£p+1 = 0, and (5.9) implies that

mp +np =4Lp(ap —1) +ap —2.

Thus Property (P3) in Lemma 5.3 implies that £, < 2 where £, = 2 if and only if a,, = 2.
Ifp=N,thenK, =1,{,41 =€, =0,and K41 = K1 = 0or —1. Then (5.9) and
Property (P3) in Lemma 5.3 imply

mp +np, =4Ly(ap,—1)—1=<2a, -2,
sof, <3.1f{, = 3,thena, =2 and K,4; = 0. In this case

X = (xn,xn.xn, 2, B).
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We will reconstruct X from correlators with fewer insertions. Since Property (P3) in
Lemma 5.3 implies my + ny < 2any —2 = 2, by (5.18), there is no 1 before any 0 in
the vector K. So there are two possibilities:

e K=1(0,...,0,1),£ =(0,...,0,3),andm+n=(a;—1,...,ay—1 + 1,2).

e K=(0,...,0,0,—1,1,...,-1,1,1),£ =(0,...,0,0,0,0,...,0,0,3),and m +n =
(a—1,...,ar,-1—1,a,,M,0,...,M,1,2).

Here M = 2a — 2, with the appropriate subscripts. In the first case, my =ny =1
and both my_1 and ny_; are at least 2 (note that ay_; # 2 in this case since that
would imply ay—1 + 1 =3 > 2ay—_; —2). We can choose « so that my_, > 0. Now
apply the Reconstruction Lemma 5.2 with y = o, § = xy, € = an’\fl‘_l, and ¢ = B/e.
Thus o contains szvflxN and ¢ contains xy—1xx. Then ¢§ and y§ both have a factor of
XN—1X%, so they vanish by (7.7). Similarly, ye has a factor of xy_x3" 7' = 0.

In the second case, again my = ny = 1. Without loss of generality we can assume
that ny_; = 1. Apply the Reconstruction Lemma with y = o, § = xy, € = Xx;41, and
B = €¢. Then ¢ has a factor equal to xN_lszv, which equals 0 by (7.7). Similarly, ey

has a factor equal to x, xffll = 0. Finally, in the third correlator, ) has a factor equal to

ary1—1_ar43-1 an—2—1_2
Xr¥err X4z N2 AN
As in the exceptional case in Step 2, we can use relation (7.6) to rewrite the first terms to
have a factor x3¥7". Since this is multiplied by x3, it is zero by (7.7). [

The last step will use the following lemmas.
Lemma 7.8. Ifthe correlator
Xki = (xk,xi,xk_lx,‘;k_l,a Gwr/xi), € Jac(WT —w], (7.10)
is of type X_1 then it can be reconstructed from correlators of type 4.

Proof. If (N,a;) = (2,2), then up to symmetry

Wi = x{x2 + xlxg and X = (xl,xz,x‘f_lxz,ax‘f_l).
If a = 2, then X is already of final type. If @ > 2, the result follows from a reconstruction
as in (A.5) and (A.6) in Section A.

Now we assume (N, a;) # (2,2). We apply the Reconstruction Lemma 5.2 to the
correlator

a;j—1

Ai = (Xi, Xi—1,X; ,¢>W1T0l)

with € = x;, ¢ = xl-a’_z, 8§ =Xxi—1,and y = ¢eroz. Since y§ = ye = 0 for degree rea-
sons, we obtain
i—2
Ai = (xi, X1, XX pyra). (7.11)

By Dimension Axiom in Lemma 4.1, if A; is nonzero, then it is a correlator of type £4.
Now let us start the reconstruction. Let X ; be the correlator in (7.10). We replace
X1 XK ~! with —x{**! /a; in X ; using the relation (7.6), and then apply the Recon-

k+1 o
struction Lemma 5.2 with § = xg,€ = Xgq1,¢ = xZ’:;l ,andy = o ¢er/xl~.
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Ifi # k,k + 1, the terms with y§ and ye are both zero by (7.7), and

1 agg1—1 Xet1i
Xk,i = —a(Xk+1,Xi,kak+l ,a(leT/Xi) = —T (712)
Fork =i — 1 ork =i, one of y§ or ye is nonzero, and we get
1 .
Xi—1, = _a_(Ai + (xi,xp, X1 x) l,aq&er/x,-))
i—1
_ + Xii , (7.13)
aj—1
1 ii1—1
X = —;(Ai+l + (xi+laxiaxix,{l+—~il ,(X¢W1T/Xi))
1
—A: )
_ _ i+1 + l-’rl,l‘ (7.14)
a;
Combining (7.12), (7.13), and (7.14), we find
i—1 1 i 1 N 1
(T (ST,
r=k r=k r=1
Using (7.11), we know X} ; can be reconstructed from correlators of type £4. ]

Lemma 7.9. The correlator

X, = (xk,xk_lxzk_l,a, B ¢W1T)’ a,B €Jac(Wwl —wl,
vanishes. Furthermore, the correlator

Yy = (xk,xk,xk_lxzk_za,¢>erﬂ), a,B € Jac(WT —w]l),
can be reconstructed from correlators of type 4.

Proof. In Xy ;, replace the insertion xk,lx,‘:k_l with —lefil /ak in Xy ; using the rela-
tions (7.6), and then apply the Reconstruction Lemma 5.2 with

_ L Gk+11 _
¢)_xk+1 ’ y_ﬂ¢WlT'

8= xr, €=Xrq1,
Via a similar argument to the one used in the proof of Lemma 7.8, we have

N

X = ]‘[(—%)Xk

r=1

Then X; = 0 as desired. Now apply the Reconstruction Lemma to Yy with

— _ — k4171 _
§=xx, €=a, ¢=x.7 y-ﬂd)er.

We know y§ = 0 for degree reasons. The term with €y is of type £4. The term with §¢
is Xk +1, which we have seen is 0. [
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Step 4. We saw in Step 3 that if X is a correlator of type £3, there are two general
possibilities for K: (0,...,0,—1,1,...,—1,1,1)and (—1,1,...,—1,1,0, 1). In the first
case, p = N;inthe second, p = N — 1. We will (a) reconstruct the second case from the
first case, (b) reconstruct the first case from correlators with K = (0,...,0, 1), and (c)
reconstruct these last correlators from the correlators of final type.

Step 4 (a). Assume K = (—1,1,...,—1,1,0,1). We saw in Step 3 that p = N — 1 and
ap = 2. Let ; and B; be the factors of o and B in W1, respectively. By (5.9), we know

m+n=2a—-2,0,...,2ap>—2,1,2a,—2,0),

so without loss of generality 81 = o1 /x,—1 and

_ —1 a3 1 ap—n—1 ap—1 ar—1 _as—1 ap—3—1 _ap—1 _ap41—1
o = X7 TxPT e o oyt gt T g 2 M

Apply the Reconstruction Lemma to X with§ = xp,, € = xp—1, ¥y = B, and

¢ =g g g g
We can check that the correlator with €y is of type £3 and
K =(@,...,0,-1,1,...,—-1,1,1,0).
It fits into the first case by shifting the index by 1. The remaining two correlators are

A= (xp,Xp—1,04,B4) and B = (xp,xp—1,B,PB),

where
_ sax—1_as—1 ap—1—1 ap41—1 _ -1 _az— 1 ap—2—1_ap—1 5
aq = x50 Xyt x0T e, Ba= x{1TxS x5 X" B
_ azx—1_as—1 ap—1—1_apt1—1 _ -1 _az—1 ap 2 1 llp
ag = X7 x,t e x,00 XA o Be = x7' x5 X, B

Apply the Reconstruction Lemma to B with

§=xp, €=xp_1, ¢=o0ap/xp—1, y =P5.

Then we get
ar—1 _as—1 ap—1—2 ap41—1_,
B = (xp-1.Xp-1.57 Xyt x,00 Txpx, i o (7.15)
a;—1_az— l ap—>—1 _ap 5 .
X1 X3 Xp—2  Xp B).

Since €y has a factor of xp_lxzp , this monomial vanishes. Also y§ = 0 because we can
apply the Jacobi relations beginning with

a —1—1
xp" = (—ap-1)xp- 2xp 1

to get
ar—1_as—1 ap—1—1_2_ apt+1—
Y8 ocxy® Txgt e x xppo
This has a factor of xp_le, = xp_lxp = 0. Now we write the last insertion of (7.15)
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in the standard basis (it equals xgz_lx?_l .- ngjl_lxpx:jﬁjl_lﬁ’). Then B is of type
£3 with the vector K = (1,-1,1,...,—1,1,1,0,—1). Again, B fits into the first case
by shifting the index.

Now apply the Reconstruction Lemma to A with y = xp,€ = Xp_1Xp, ¢ = at4/€,

and § = B4. Theney = xp_lx;” = 0. The remaining correlators are

_ a;—1 _ar—1 ap—1-2 ap—1_ap+1—1_y
D = (xp—1.xp, Xp—1Xp. X7" "X Xp—1 Xp p+1 ¥ ).
and E = (xp—1, Xp—1Xp. g, BE) With
_ _arx—1_as—1 ap—1—2 _ap4+1—1 _ cai—1_az—1 ap—2—=1_ap s
QF =X,° X4 ex,00 TxhT BE =x]" x5 x0T xp B

Now D can be reconstructed via Lemma 7.8. For E, apply the Reconstruction Lemma one
last time withe = x,_1,¢ = x,,8 = ag,and y = Bg. Then €y has a factor ofxp_lxz”
which is 0. Also, the correlator with 8¢ equals B, which we already saw satisfies p = N.
Finally,

)/8 — xill—lxgz—l . xzi—11—2xszzi4i1—l
is 0 by (7.7) when (N, ap—1) # (2,2). If (N,ap—1) = (2, 2), then the correlator with y§
is of type £4.
Step 4 (b). Now assume K = (0,...,0,—1,1,...,—1,1,1) and p = N. Let «; and B,
be the factors of @ and 8 in W;. If K # (0, ..., 0, 1), we claim that we can find monomials
oy oc ey and B o« By (o) and B] may not be in the standard basis) such that

m; +n}=a;—1 fori <N —1
(my_y.ny_,my,ny) = (an-1,0,ay —2,ay — 1), (7.16)
xnB| =0. (7.17)

We find o} and $] by analyzing the possibilities for K.
IfK =(—-1,1,...,—1,1,1), then

m+n=2a;—-2,0,...,2ay—2—2,0,2ay —2),

S0
o =p1 = xi“‘lx?“ ---x;lVNEZ_lx;lVN_I.
Then xy 81 = 0 by (7.7). We may take 8; = B, and

“1_ag—1 a1 _an— )
o X af = X532 Xyt xR N Y T € Jac(W,l).

IfK =(,...,0,0,—1,1,...,—1,1,1), then
m+n=(a;—1,...,a,—1—1,a,,2ar+1 —2,0,...,2an—> —2,0,2an — 3).

We can assume that

_ M me—y omy Gr41—1 arg43—1  an_o—1_an-—2
oy =X Y TN X X3 N2 N
Since m, + n, = a,, we know that m, > 1. Then we find that

my mp—1 my—1 @r4+2=1  an_3—1 _an—1 any—2
1 X Xy Xr—1 Xr r+2 IN-3 N1 N



Landau—Ginzburg mirror symmetry conjecture 2971

Secondly, in this case,

S np—1 ny Gr+1—1_ar43—1 an—2—1_an
NPr=xpt g T xR ey
Then .
ny np—1 np—1_Gar42— any—3—1_an—1_anN _
XNBrocxy X TG Xyt gy =0

because it has a factor of xN_lx;lVN. Thus we may take ] = B; and

R A
Having found monomials o} and B satisfying (7.16) and (7.17), in the correlator X
replace o7 with o) in o, and similarly with 8. Let o' = o/} and B’ = B/87. Apply
the Reconstruction Lemma 5.2 with § = xy, y = B, € = xy—1, and ¢ = /€. Then the
term with ye has K = (0,...,0, 1), as can be checked by computing m + n (note that
all elements are already in the standard basis). The term with y§ vanishes by (7.17). The
final term with §¢ has the form

(v, v X XN T Y T ).
Apply the Reconstruction Lemma again with y = xy, § = 8, € = xN_lxja\,N ~! and
¢ = x" .:-xjrcﬁ’gzva"ijl_za/. Then ye has a factor equal to xN_levN, so this cor-
relator vanishes. The correlator with y§ also vanishes by (7.17). Finally, by (7.16), the

correlator with ¢ is in the form of Lemma 7.8.

Step 4 (c). Finally, we reconstruct correlators X of type £3 with K = (0,...,0,0,1)
from correlators of final type. For such X,

m+n=(a —1,...,an—2—1,an—-1,2ay — 3).

Thus both my—; and ny—_; are at least 1, and we can assume that my = ay — 2 and
ny =ay — 1.If m = (0,...,0,1,any — 2), we are done; otherwise there is some i such
that m; is larger than it should be.

Apply the Reconstruction Lemma with § = xy, y = B, € = x;, and ¢ = «/¢. Then
y8 has a factor equal to x N_lx;lVN , which is 0. We can check that the correlator with
ye is of type £3 and K = (0,...,0,0, 1), but deg(e) < deg(ay). So if we use the same
reconstruction on this correlator, eventually the second form in the reconstruction will be

(xi,xi,xi_lei_za,qbwlrﬁ), a,pelac(WT —w]l).

This correlator can be reconstructed from correlators of type £4 by Lemma 7.9.
The correlator containing 3¢ equals

m;—1 my—1 an—1_ _nj ny—1  an—1 /s
X An—1 AN @Y Xyop Xy B

Here o’ and B’ are the factors of o and B not in Wj. Apply the Reconstruction Lemma
with

(XN, xi xp e

y=xn. 8§=B. e=xnxi . $=afe

Then y§ and ye vanish because they have a factor equal to x N_levN . The final term with
8¢ is in the form of Lemma 7.8. L]
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Appendix A. Loop polynomial W = x'l"xz +x2x3 40+ x;'VN__llxN + x;’val,
ayN = 2

For the loop polynomial W = x{'x; + x%x3 +--- + x;lvf\fllxN +xWVxy, ifay =2,

then X = (O, 6n, Sn, H) is never concave. They can be classified into three exceptional
families listed below. For the first two families, we use WDVV equations to solve X from
concave correlators. For the last family, we apply a result of Guéré [17].

We can use Lemma 6.4 to compute the phases. Now we list all the cases as follows:

Case 1: N = 2 and ay—1 = 2. In this case, Oy and Oy _; are broad.

Case2: N =2 and ay_1 > 2. In this case, O is broad.

Case 3: N = 3. Inthis case, i,V € (0, 1) and A{" ™" € (~2,—1). This implies
e R )

A similar discussion using the normalization exact sequence as in Lemma 6.6 implies

there is a singular curve [C] € WOA(ON, On,Sn, H) such that H°(C,Ly_1]c) = C.
Thus the correlator is not concave.

Now we compute the correlator X = (Oy, 0n, Sy, H) for each case as shown above.

Case 1. In this case W = x12x2 + xlxg and both 67 and 6, are broad. We recall that the
mirror map W in (2.13) is given by

=0 =[Lw], J?:=V(x) =[],
O = W(x;) = [x;;1], i=1,2.
Since two variables x; and x, are symmetric in W, we only need to compute
X = (01,601,605, %) = (01,605,605, J?).

Both 6; and 6, are broad. It is very difficult for us to compute X directly. However, all
the correlators can still be determined by WDVV equations and the correlator

Xo:= (J2,J2,J2,J%,J% J% J%).
We can check that X is concave and
deg L) = deg L, = —3.

This correlator can be calculated by the Concavity Axiom using [7, Theorem 1.1.1]. The
computation of Xy is exactly the same as the computation of

2 2 2 2 2 2 2
(JD4’ JD4’ JD4’ ‘]D4’ JD4’ JD4’ ‘]D4)

in the FIRW theory of a pair (D4 = x%xz + xg’, {/p,}). The later is worked out in [11].
Hence we get
2

Xo = —.
07 27
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By the Dimension Axiom and Integer Degrees Axiom on the B-side (see Lemma 4.1),
besides X and Xy, all other possible nonvanishing primary correlators with at least four

insertions are
X1 = (61,601,601, J%) = (65,05,0,,J%),
Xy = (01,01, J%,J%,J%) = (05,05, J%,J%,J?),
X3 = (01,62, 7%, 7%, J?).

Since the pairing satisfies

N61,6, = M6,,60 = —2. 16,0, = 1,

the inverse of the pairing matrix is

We apply Reconstruction Lemma 5.2 to X; withy =§ = 65, & = ¢ = 6;. We find

—2X; = X + X — (=2X).

Apply Reconstruction Lemma 5.2 to X1, X, and X3, with y =8 = J2, £ = ¢ = 0.

We get

W N

1 2
—2X, = 2(— X2 - §(2)()(1) - gxz),

2 1 Lo, 2.,
—2X3 =2( XX, — XX, — - X2 - ZXx?}|,
3 3 3 3

4\( 2 1 2
—2Xy = —ZX? - - (2X,X3) — =X2).
0 (2)( 3%z 3( 2X3) 3 3)

Combine all the equations together, we get
X;=-2X, X,=2X?% X;=-X? Xo=6X"

This implies
X = % for some fourth root of unity c.

Now the result follows by adjusting the mirror map W via
Ux) =c xsl), i=1.2
and adjusting the pairing similarly.

Case2. If N =2,ay =2,anday—; > 2, then W = x{x, + x3x; and

( ) = 1 a—1
W92 =\, "1 2a-1)

(A1)
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In this case ®, is broad, but the correlator {0y, 61, 9?‘292, 9;1_192) is concave and we
can apply formula (6.18) to get

(91,91,9{1_262,9f_192> = ql. (A2)
Next we will use reconstruction to compute the correlator
X = (02,0,,01, 9“7192).

We notice that W7 = W, and under the Krawitz’s map W, the relations in Jac(WT)
become
ab? 0, + 62 =0, 6% +26,0, = 0. (A.3)

Now we apply the Reconstruction Lemma 5.2 withy = § = 6,,€ = 6, and ¢ = 6¢726,.
Then § x ¢ = 0972602 = 0 by (A.3) and our assumption that @ > 2. Then

X = (01, 02,08720,,010,) — (61, 61,07 260,,63)

- 1 a a— a—
=<91,92,9;1 292,—591>—(91,91,91 20, —a0%"16,)

1 _
—5(91,02,9{1 20,,0%) + aq. (A4)

The second equality follows from (A.3) and the third equality is a consequence of the
formula (A.2). Now we apply the Reconstruction Lemma 5.2 again to {0y, 65, 604726, 6¢)
with § = 05, y = 6%726,, ¢ = 61, and ¢ = 671 This time § » y = 0, and we find

(01,02, 677205.67) = (01.01.6{ 205,671 05) + (61.6,. 07", 6{7"6,)
=q1 + (61,602,087, 00716,). (A.5)
Finally, we apply the Reconstruction Lemma 5.2 to (01, 62, 0971, 0¢716,) with § = 6,,
y =010, e =0;,and ¢ = 09 2. Theny x§ = 097162 =0and e x y = 6,09 =0
by (A.3), so we get
(61.65,0071,05710,) = (61,6,,007260,,09716,) = ¢. (A.6)
Thus from (A.2), (A.4), (A.5), and (A.6), we have deduced that

X = (a—l)q1 =(q>.

Case 3. In this case, N > 3 and ay = 2. Now the correlator is not concave and for-
mula (6.18) is not applicable directly. However, we can use the following techniques of
Guéré [17] for computing the Polishchuk—Vaintrob virtual class.

Theorem A.1 ([17]). Let W be an invertible polynomial of atomic type. Let Y be a corre-
lator such that there is some index i such that H°(C, L;) = 0 for any geometric fiber C.
Let t(j) be the unique index such that x ! X¢(jy is a monomial of W. Define

Ay =AY ifHO(C. L) #0,

Aj=A for every remaining index j.
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Then the corresponding Polishchuk—Vaintrob virtual class ci;(Y) in H *(Wg’k, C)is

cr(Y) = Jim (]‘[(1 Aj)~ Cho(Rm L) )exp(ZZSg(k ) Chy (R )), (A7)

=14{>1

where Chy is the term of degree £ of the Chern character,

k
et = 20 4 1>£Z<k (725 e,
and y(£, k) is defined by the generating function
St Nk
Yoy k) N Gl 1) .

>0

On the other hand, when all insertions in the correlator are narrow, Chang, Li and
Li [6] showed that the Polishchuk—Vaintrob and Fan—Jarvis—Ruan—Witten virtual classes
are equal. Thus we can use formula (A.7) to compute the correlator X in Case 3, where
t(j) = j + 1. According to (6.9), on a generic fiber, the line bundle degrees are

degl; =—1 forj <N, deg Ly = —2.
Then Cho(R7«L;) = h°(C,L;) —h'(C,L;) = deg(£;) + 1 by Riemann-Roch. Thus
Cho(Rm+xLj) =0 forj <N, Cho(Rr«Ly) = —

Also, since we are working on ﬂo,m by degree considerations the sum over £ has only
the summand £ = 1, and the power series defined by the exponential terminates after the
linear part. Thus, plugging in the function s;, formula (A.7) becomes

N
cor(X) = }i_{nl(l—lzv)(lﬂLZ( ; 1 ol - )Chl(Rn*L ))
j=1

N

A (1—AN)
Jj=1
where Ay = A7%¥-1 and A; = A for j < N. Because £; is concave and /; = —1 for
j <N —1,s50Ch;(Rm«L;) = 0. Thus

A1 —AmaN-n
CarlX) = (‘ tim A

=dadN-—1 Ch] (RT[*LN_I) — Ch1 (R]T*LN)

Chy (R Ln—1) — Chl(Rn*LN))

As in the derivation of (6.18), we can apply [7, Theorem 1.1.1] to compute

X=azv—1(—qzv—1—2p§v ) — (- 1+2p(N))—qN.
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