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Abstract. We realise Stroppel’s extended arc algebra [13,51] in the Fukaya—Seidel category of a
natural Lefschetz fibration on the generic fibre of the adjoint quotient map on a type A nilpotent slice
with two Jordan blocks, and hence obtain a symplectic interpretation of certain parabolic two-block
versions of Bernstein—Gel’fand-Gel’fand category (. As an application, we give a new geometric
construction of the spectral sequence from annular to ordinary Khovanov homology. The heart of
the paper is the development of a cylindrical model to compute Fukaya categories of (affine open
subsets of) Hilbert schemes of quasi-projective surfaces, which may be of independent interest.
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1. Introduction

1.1. Summary
This paper has three parts:

e We give a ‘cylindrical’ formulation of the Fukaya category of (an affine open subset of)
the Hilbert scheme of an affine algebraic surface (Sections 2—4).

e We compute the Fukaya—Seidel category of a natural Lefschetz fibration on the gen-
eric fibre of the adjoint quotient map on the nilpotent / Slodowy slice of Jordan type
(n, m — n) arising from its inclusion in the n-th Hilbert scheme of the Milnor fibre
of the A,,—;-surface singularity, establishing a Morita equivalence to the principal
block O™™ of BGG parabolic category @ associated to the partition m = n + (m —n)
(Sections 5-9).

e We exploit this equivalence to describe a new semi-orthogonal decomposition of
the dg-category of perfect modules perf-(9™2", from which we derive a geometric
construction of the spectral sequence from annular to ordinary Khovanov homology
(Sections 10-12).

1.2. Context

Fix a semisimple complex Lie algebra g. The Bernstein—Gel’fand—Gel’fand category O
is an abelian (Noetherian and Artinian) category of finitely generated g-modules, which
plays a central role in many parts of representation theory. It contains all the highest-
weight modules, is closed under the operations of taking submodules, quotient modules
and under tensoring with finite-dimensional modules, and is “minimal" with respect to
those properties. Concretely for sl,,, fixing the Cartan subalgebra ) C s, of diagonal
matrices with respect to a choice of basis, it comprises the finitely generated U(sl,,)-
modules which are §-semisimple and which are locally finite for the nilpotent subal-
gebra n C sl,, given by the upper triangular matrices. Given a parabolic subalgebra
p C g containing the Borel n @ b, there is a parabolic subcategory O® of O consist-
ing of those modules on which p acts locally finitely. Again for sl,,, a partition m =
mj + - -+ + my determines a parabolic p; the extreme casesm = 1+ ---+ landm =m
respectively define OP = @ and OP = O, the semisimple category of finite-dimensional
sl,,-modules, so the parabolic subcategories can be viewed as intepolating between these.
The central characters decompose @® into blocks and the block containing the trivial
modules is called the principal block (93 .

It is known that for any p C g, the category (9 is equivalent to the category of modules
over a finite-dimensional associative algebra; there are algorithmic descriptions of these
algebras via quivers with relations [53], but nonetheless working with them concretely
is often rather non-trivial. For parabolics p C sl,, associated to two-block partitions
m = n + (m — n), the corresponding category 9y = ™™ has several other descrip-
tions: it is Morita equivalent to the category of perverse sheaves on the Grassmannian
Gr(n, m) constructible with respect to the Schubert stratification [10], and the underly-
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ing associative algebra' K,il,g,,, has a diagrammatic description due to Stroppel [51] and
Brundan-Stroppel [12, 13], in which context it is known as the ‘extended arc algebra’.
This paper gives a new interpretation of these algebras in terms of Fukaya—Seidel categor-
ies associated to natural Lefschetz fibrations on the generic fibre of the adjoint quotient
map of the nilpotent (Jacobson—Morozov type) slices associated to nilpotent matrices
with two Jordan blocks, and hence a symplectic-geometric construction of these par-
ticular principal blocks of parabolic category (0. This fits into the general dictionary
between symplectic geometry and aspects of representation theory related to categor-
ification [11, 26], and simultaneously extends the symplectic viewpoint on Khovanov
homology [1,2,47] to a corresponding viewpoint on annular Khovanov homology, com-
plementing recent work of [8,21].

1.3. Main result

Let 7 : A;,—1 — C be the standard Lefschetz fibration on the Milnor fibre of the A4,,_1
surface singularity, so 7 is an affine conic fibration with m Lefschetz critical points;
the symplectic topology of this fibration has been extensively studied; see for instance
[26,33]. The Hilbert scheme Hilb" (A4,,—1) of zero-dimensional length n subschemes has
a distinguished divisor D, of subschemes whose projection under 7 has length < 7, the
complement of which is an affine variety Y, ,,,. (When 2n < m, this space is isomorphic
to the generic fibre of the restriction of the adjoint quotient map sl,, — /W to a trans-
verse slice meeting the nilpotent cone at a matrix with Jordan blocks of size {n,m — n},
as studied in classical Springer theory [50].) The map 7 induces a map 7y, : ¥pm — C
which is a Lefschetz fibration in the weak sense that its only critical points are of Lef-
schetz type (it may, however, have critical points at infinity when n > 1). Nonetheless,
there is a well-defined Fukaya—Seidel Ao category 'S (7n,m), governing the Floer the-
ory of the Lefschetz thimbles associated to any collection of vanishing paths. We write
D7 (€) for the derived category of € (split-closure of twisted complexes), working over
a field K.

Theorem 1.1. Ifn < m and K has characteristic zero, D™ ¥ § (wn m) is quasi-equivalent

to the dg-category of perfect modules perf—Kzl,gm over Kzl,gm, hence Morita equivalent to
parabolic category Q™™

Remark 1.2. For the extreme case n = m, we have D*F §(mym) = D2(K) (see
Remark 5.18) and KZ],%,Z := K. When n > m, the map =, », has no critical point and
F 8 (7Tn.m) is an empty category; while K5, is not well-defined. When n = 0, our con-

vention is ¥ 8 (wp,m) := K and K, },dlf’;,, := K. Under this convention, Theorem 1.1 is true
for all non-negative integers n, m.

1our K;':l,gm is K" in [13]. The superscript ‘alg’ (for algebraic) distinguishes it from a sym-
plectic sibling which is introduced later in the paper.
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Remark 1.3. The hypothesis on the ground field arises in two places. The first one is a
formality theorem for the A, structure on the symplectic side, which we prove, follow-
ing [1], via methods of non-commutative algebra which rely on inverting all primes. The
second one comes from the construction of an auxiliary Ao, category F S, which is a
cylindrical model of the Fukaya—Seidel category, for which the definition of the A, oper-
ations involves dividing out by symmetry groups arising from re-ordering marked points
on domains. We work over a characteristic zero field unless stated otherwise. All Lag-
rangians in the paper are assumed to be orientable and to admit (and be equipped with)
spin structures.

Remark 1.4. It is reasonable to expect that symplectic models for the categories O,
for parabolics p corresponding to partitions with more parts (or indeed in other simple
@), can also be obtained from the symplectic geometry of nilpotent slices. In general,
however, such slices are not known to be re-interpretable in terms of Hilbert schemes of
surfaces, so different techniques would be needed to analyse them. Note that the map
Tnm - Yn,m — C is itself obtained from the embedding of ¥, ,,, into a Hilbert scheme; it
would be interesting to characterise 7, ,, intrinsically Lie-theoretically.

There is a well-known ‘tautological correspondence’ between a holomorphic disc in
the symmetric product of a complex manifold X and a map of a branched cover of the
disc to X itself [5, 16, 17, 29]. Following [29] such correspondences are referred to as
‘cylindrical models’ for computing Floer cohomology. Theorem 1.1 uses the embedding
Yu.m — Hilb"(A4,,—1) [31], and the development of a cylindrical model for computing
Fukaya—Seidel categories of Hilbert schemes. Whilst the tautological correspondence has
been widely exploited before, the proof nonetheless requires numerous technical innov-
ations: we require a model for the whole Fukaya category, our Lagrangian submanifolds
are not compact and not cylindrical at infinity, and the Hilbert scheme is related to the
symmetric product by a non-trivial crepant resolution. A brief summary of the relevant
issues is given in Section 2.1 (our treatment requires only classical transversality theory,
but an appeal to virtual perturbation theory would not bypass many of the difficulties).

1.4. Consequences

As commented previously, Kﬁlﬁn is Morita equivalent to a category of perverse sheaves
on the Grassmannian Gr(m, n). From the (Schubert-compatible) isomorphism Gr(n,m) =
Gr(m — n, m), one obtains a geometrically non-trivial:

Corollary 1.5. D™ ¥ § (7, m) is quasi-equivalent to D™ F 8 (Tm—n m)-

Note that the categories appearing in Corollary 1.5 are associated to Hilbert schemes
of n respectively m — n points, so take place in symplectic manifolds of different dimen-
sion. For another non-trivial symmetry, the identity K5%, 2 (Ka%,)° of the arc algebra
with its opposite — which has an easy diagrammatic proof — is non-trivial on the geometric
side, because of the non-trivial boundary conditions and ‘wrapping’ involved in setting up

a Fukaya—Seidel category (cf. Section 9.2).
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The Fukaya—Seidel category of any Lefschetz fibration has a full exceptional col-
lection. Additivity of Hochschild homology under semi-orthogonal decomposition [28]
immediately yields

Corollary 1.6. The Hochschild homology of the extended arc algebra, HH (K,z;l,%,,), van-
ishes in degree x # 0, and in degree zero is free of rank (':)

The corollary was previously established by Beliakova et al. [8] by an ingenious and
involved algebraic argument involving a ‘quantum deformation’ of the Hochschild com-
plex.

Underlying and extending Theorem 1.1, and the previous corollaries, there is a rich
dictionary between objects in representation theory and in symplectic geometry, which
is useful in both directions. The blocks of parabolic category () are renowned instances
of highest-weight categories, i.e. ones with a full exceptional collection where the excep-
tional objects generate rather than just split-generate. A key point in the proof of The-
orem 1.1 is that the endomorphism algebra of the collection of Lagrangian submanifolds
associated to projective modules is formal. Crucially, the ‘projective’ Lagrangians are pre-
dicted by the diagrammatic combinatorics on the algebra side; away from Milnor fibres
of surface singularities, they have no obvious counterpart for Hilbert schemes of general
Lefschetz fibrations on quasi-projective surfaces.

Remark 1.7. In contrast to a number of recent formality results which hold (for instance)
for degree reasons, the formality of the symplectic extended arc algebra holds for non-
trivial geometric reasons, and is established, following [1], by building a non-commutative
vector field b € HH' (¥ 8 (7tym)) counting certain holomorphic curves with prescribed
behaviour at infinity. The endomorphism algebra of the Lefschetz thimbles is in general
not formal (cf. Appendix A), and it seems hard to prove Theorem 1.1 by directly compar-
ing the Aoo-algebras associated to distinguished bases of exceptional objects.

In the other direction, the geometry gives rise rather directly to the following:

Theorem 1.8 (see Theorem 11.9). There is a semi-orthogonal decomposition perf—Kfll,%n

= (An, ..., Ao) where A; is quasi-equivalent to perf—(K;’l,% ® Kfllfj,m_n) forall j =
0,...,n.

The equivalence of Theorem 1.8 does not send tensor products of projectives to pro-
jectives, which may make it less transparent from the viewpoint of the extended arc
algebras themselves.

1.5. Invariants of braids

The braid group Bry, acts by symplectomorphisms on ¥, ,,; a braid B defines a symplec-
tomorphism ¢/(3") and a corresponding bimodule P};") over the Fukaya—Seidel category

D™ ¥ §(rtp,m). The Hochschild homology HH*(P[g")) is an algebraic analogue of the
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natural symplectic invariant HF™* (¢I(3")) given by taking fixed-point Floer cohomology.’
We define the symplectic annular Khovanov homology of 8 € Bry,, by

m
AKDY™(B) := (D) HH.(P").
j=0

This is by definition an invariant of the braid. Recall from [47] that there is a distinguished
closed exact Lagrangian submanifold Ly, C ¥, », with the property that

Kh¥™ (k(8)) := HF* (L. ¢5" (L))

is an invariant of the link closure «(8) of B € Bry,, known as ‘symplectic Khovanov
cohomology’. This was introduced in [47] as a singly graded sibling to combinator-
ial Khovanov homology; working over a characteristic zero field K, the isomorphism
Kh(k(B)) = Kh®™(x(B)) of Z-graded® vector spaces was established in [1,2].

Theorem 1.9. There is a spectral sequence AKh®Y™ () = Kh¥™ (k(B)) from the sym-
plectic annular Khovanov homology of B to the symplectic Khovanov cohomology of the
link closure k(B) of B.

Annular Khovanov homology was introduced by Asaeda, Przytycki and Sikora in [4],
via a diagrammatic calculus for links in a solid torus. Roberts [39] showed there is a
spectral sequence AKh(8) = Kh(x(f)), but the fact that AKh(f) splits into summands
which can be identified with Hochschild homology groups is non-trivial; this was conjec-
tured by Auroux, Grigsby and Wehrli [6] and proven very recently by Beliakova, Putyra
and Wehrli [8]. By contrast, if one had defined the annular Khovanov invariant as such a
direct sum of Hochschild homologies, the existence of the spectral sequence would seem
rather mysterious: the bimodules P ) over the categories ¥ S (7} ) do not in themselves
have enough information to determine the differentials in the spectral sequence (which do
not preserve the decomposition by j). Theorem 1.9 gives a geometric explanation for the
existence of a spectral sequence from a direct sum of Hochschild homologies to (sym-
plectic) Khovanov cohomology; the crucial input is the semi-orthogonal decomposition
from Theorem 1.8. We remark that there is an analogous spectral sequence from knot
Floer homology, viewed as Hochschild homology of a suitable bimodule via [30], to Hee-
gaard Floer homology; it would be interesting to see if that can be derived following the
methods of this paper.

2There are numerous results relating fixed-point Floer cohomology and Hochschild homology
(see e.g. [43]), which for instance show that the two invariants coincide when n = 1. Whenn > 1,
since 7y, m has critical points at infinity, the established results do not apply in our case; for simpli-
city we take our basic invariant of a braid to be the bimodule.

3In this paper we will not discuss the grading; the methods of [1] give rise to a second grading by
elements of K, which is conjecturally integral, Markov-invariant and lifts the Z-graded equivalence
to a bigraded equivalence.
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1.6. Outline of the paper

Let g : E — C be a Lefschetz fibration on a quasi-projective surface. The map ng

defines a map nj[;] : Hilb" (E) — C, by taking the map induced from the sum of cop-

ies of wg on the product E”. The map ng'] is a Lefschetz fibration when restricted

to the affine open subvariety of the Hilbert scheme Hilb” (E) comprising subschemes
whose projection to C has length n. Section 2 develops a cylindrical model 'S N for
the Fukaya(—Seidel) category of this associated Lefschetz fibration; Section 3 establishes
some basic properties of # S analogous to the usual Fukaya(-Seidel) category; Sec-
tion 4 relates the cylindrical model to the usual model %S, yielding in general an embed-
ding 8§ < F 8% and Section 5 applies this framework to type A Milnor fibres. Sec-
tions 6—7 construct a symplectic version of the extended arc algebra, which is a priori an
Aoo algebra, and prove that its cohomology agrees with its combinatorial sibling; Sec-
tions 89 then prove the Ay structure is actually formal in characteristic zero. Section
10 illustrates the dictionary between natural objects in the representation theory of the
extended arc algebras and their geometric counterparts. Sections 11 and 12 introduce
symplectic annular Khovanov homology, and relate this to ordinary Khovanov homology
via a particular semi-orthogonal decomposition of the Fukaya—Seidel category associated
to the (n, 2n)-nilpotent slice (associated to a nilpotent with Jordan blocks of size (n, n)).
The Appendix shows that the A, endomorphism algebra of the thimbles in the Fukaya—
Seidel category is in general not formal; this underscores the important contribution of
the relationship to representation theory, which picks out a different set of generators for
the category (as studied in Sections 5-9) which do have formal endomorphism algebra.

2. The cylindrical Fukaya—Seidel category

2.1. Overview

The aim of this section is to define, given a Lefschetz fibration 7 on a complex surface
E equipped with an exact symplectic structure (that satisfies some mild additional hypo-
thesis, see Section 2.2.4) and a positive integer 1, an Ao category F 8 (g ), which we
call the n-fold cylindrical Fukaya—Seidel category. Objects in this category are, roughly
speaking, unordered n-tuples L = {L1, ..., L,} of pairwise disjoint exact Lagrangians
with L; C E. The product of the L; defines a Lagrangian (which descends to one) in
Sym”(E), which can be lifted to a Lagrangian Sym(L) in Hilb" (E).

Let n‘[E"] : Hilb" (E) — C be the map induced from the sum of n copies of 7 g. There
is a divisor D, of Hilb" (E) such that ¥g := Hilb" (E) \ D, admits an exact symplectic
structure, and such that

my, =7y, Yg — C 2.1)
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is a Lefschetz fibration in the weak sense that all the critical points of 7y, are of Lef-
schetz type.* Every Lefschetz thimble of 7y, is given by Sym(L) for some L. If E is the
Am—1 Milnor fibre and 7 g is the conic fibration with m critical points, then ¥g and 7y,
coincide with ¥, ,, and 7, n, respectively.

The Ao structure of F SV (rg) is carefully defined so that it has the property that
the category of Lefschetz thimbles of 7y, embeds into ¥ <" () as a full subcategory,
where on the object level, it is given by Sym(L) — L. This reduces calculations in the
Fukaya-Seidel category of 7y, to more accessible calculations in ¥ 8§ W (), which
involve holomorphic curve counts in E itself.

Ideally, we would like to have a choice of perturbation scheme such that there is a
bijective correspondence between (perturbed-)holomorphic polygons u : S — Y con-
tributing to the A structure of ¥ §(my,) and pairs (7x, v) such that 7y : £ — § is
an n-fold branched covering and v : ¥ — E is a solution to a (perturbed-)holomorphic
equation. In this case, if we define the Ao structure of F S (ng) as a signed rigid
count of the pairs (;rx, v), then it would be tautological that the A, categories ¥ S (y,.)
and F $Y" () would be equivalent. Problems arise when one implements this idea in
practice:

e The domain-dependent almost complex structure on E has to be complex (and hence
induce an almost complex structure on Hilb” (E)) to have any hope of a bijective cor-
respondence between u and (7rx, v), which puts some restrictions on the perturbation
scheme;

e Hamiltonian perturbations in Hilb” (E) that are simultaneously induced from Hamilto-
nian perturbations in £ and which preserve D, are not general enough to achieve
transversality; strictly speaking, there is no perturbation scheme that can allow us to
define the Ao structure of F S () by merely counting (75, v);

e We need to include some L for which Sym(L) is not cylindrical in ¥g (e.g. to obtain
formal A, Floer cochain algebras in the setting of Theorem 1.1), so compactness of
the moduli involved has to be carefully addressed.

Our main contribution to the construction of 8§ (xf) is to overcome the above
difficulties, roughly as follows:

e Instead of using moduli of polygons R4 *!, we use moduli of polygons with ordered
interior marked points R+ to define the Ao, structure. The interior marked points
keep track of the branch points of 7y : ¥ — §, and the domain-dependent almost
complex structure is only required to be integrable near the interior marked points.
This gives us more flexibility for the perturbation scheme and at the same time partially
recovers the bijective correspondence between u and (7x, v).

4There may be critical points at infinity, so this is not a symplectic Lefschetz fibration in the
usual sense.
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e Whilst the Ao structure of SV () is defined by counting certain solutions u
mapping to Hilb” (E) \ D,, rather than pairs (s, v), our set-up is sufficiently flexible
that the Floer differential and product can be computed by counting solutions (7x, v).

e To achieve compactness, we need to avoid that solutions in Hilb” (E) \ D, escape to the
vertical boundary, horizontal boundary or D,. No escape along the vertical boundary
is achieved by modifying Seidel’s ingenious set-up in [46]; one takes the base of the
Lefschetz fibration to be the upper half-plane, and uses hyperbolic isometries to gauge
back perturbed holomorphic curves to actual holomorphic curves. No escape along the
horizontal boundary and into D, are each achieved by positivity of intersection, which
relies on a delicate choice of Hamiltonian perturbation scheme and some particular
geometric features of D, . Familiarity with [46] may be helpful.

2.2. Definitions and the set-up

2.2.1. Domain moduli. Let R4+ be the moduli space of discs with d + 1 punctures
on the boundary and / ordered and pairwise distinct interior marked points. Let $¢+ 1./
be the universal family of R4+ We fix a distinguished puncture £° for the elements
in Rd+Lh consistently, and order the remaining punctures El, el Ed counterclockwise
along the boundary. For S € R¢+1" we denote the ordered interior marked points by
g1,...,€" and we use 3, S to denote the boundary component of S between &/ and £/ +1
for j =0,...,d (21" is understood as £°). We use mk(S) to denote the set of interior
marked points of S.

The moduli space R4+ can be compactified to the moduli space of stable discs,
—d+1,h . . . .
R * . The latter moduli space is used to define bulk deformation in [20], [49], to which
readers are referred for the details of its construction. We denote the universal family over
—d+1,h | —d+1,h

R by §

2.2.2. Strip-like ends and marked-points neighbourhoods. For each R4 +t1" we make a
choice of strip-like ends € = {€°, ..., €?) for elements in R4 T1-" such that £° is an output
and &/ is an input for j = 1,...,d. Thus, for each S € RA+TLA we have holomorphic

embeddings varying smoothly with respect to S,

€? :R=0x[0,1] — S,
el,..., e :REO x[0,1] = S,
limg_s 100 €/ (s,7) = &7,

(€H)1@S) = {(s.1) : £ = 0, 1.

We denote | gega+1.0 Im(e;) in ST by Ngﬂ’h.

Furthermore, we choose a ‘marked-points neighbourhood’ v(mk(S)) for each
S € RATLE which is a (possibly disconnected) open subset of S containing mk(S),
such that

NEF = ) v(mk(S)) (2.2)
SeRd+1.h
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is a smooth submanifold (with boundary) in §d+Lh e require that an]:r LhA NgH’h
=@ forall j.

We fix a choice of cylindrical ends for the interior marked points of § € R4+1:2,
and for the interior marked points for the elements in the moduli of spheres with ordered

—d+1,h

marked points. Given that choice, one obtains a smooth structure on R 1 (see [49,
Section 4], [40, Section (92)]).

A choice of strip-like ends for all elements of RATLA for all d and h, is called
consistent if it extends to a choice of strip-like ends (smooth up to the boundary) for

—d+1,h . . .
all elements in & . A choice of marked-points neighbourhoods for all elements of
RA+LE for all d and h, is called consistent if the closure of their union, denoted by
—d+1,h . . . . —d+1,h
m:— b , is a smooth submanifold with boundary and corners in § 1 We fix such a

consistent choice of strip-like ends and marked-points neighbourhoods.

Remark 2.1. Note that mk(S) C v(mk(S)) for all S € R¥+L" implies that if S in

—d+1,h
R has a stable sphere component Q, then Q C v(mk(S)).

2.2.3. An isometry group. Let G, be the group of orientation preserving affine trans-
formations of the real line and g, be its Lie algebra. Let H be the closed upper half-plane,
whose interior H° is equipped with the hyperbolic area form wpe = %jﬁnm) and
primitive Oo = —d € (log(im(w))). We write dooH := H \ H°.
The Gg-action on the real line extends to H and we have a Lie algebra homomor-
phism
Gt — C(H°, TH®) (2.3)
which sends y € g, to a Hamiltonian vector field X,,. We define
H, = 0o (X,), (2.4)

which is a Hamiltonian on H° generating X, .

2.2.4. Target space. Our set-up is modified from [46]. Let (E!, J £1) be a complex sur-
face with boundary and let

g El > H (2.5)

be a proper Lefschetz fibration such that dE1 = frg]l (0H). Let wg be a symplectic form
on E := E!\ 9E! which tames JE = Jg1|F and makes
ngi=nglg > H° (2.6)

into a symplectic Lefschetz fibration.

Let Dg be a smooth and reduced (but possibly disconnected) divisor of El. Let
E:=E\Dg, Jg = JglE, wg = wglg and g = ng|g. We assume that there
is a primitive 8¢ for wg on E (so, in particular, it implies that w1 |p, is surjective).

We assume that there is a contractible compact subset Cy C H° such that
gl 72! (HO\Cpy) is symplectically locally trivial. It means that for all x € 71%1 (H° \ Cnx),
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(1) x is aregular point of 7z,

(2) the horizontal distribution T/ E := (T? E)ter is integrable in a neighbourhood of x,
and

Q) wglrrg = (rp)*orC 115
We also require that for x € Dg N 7' (H® \ Cr), we have THE = T, Dg.
If we pick a point * € H° \ Cy and define

(F,wF,0F) = (tg' (%), a)E|nE1(*), 9E|ngl(*)),

then the conditions above imply that for every z € H°® \ Cy, there is an open neigh-
bourhood U of z, and a symplectomorphism (nEl(U), wg) — (U x F,oge|ly + oF)
compatible with the projection to U. Therefore, there is a natural way to extend the sym-
plectic form wg to wgy on E 1,

Let J(E) be the space of wg-tamed almost complex structures J on E such that

J = Jg outside a compact subset in E, 2.7)
g is (J, jge)-holomorphic. (2.8)

Condition (2.7) implies that every J € §(E) can be smoothly extended to an wg1-tamed
almost complex structure J | on E1, and we assume that

every J 1-holomorphic map CP! — E1 has
positive algebraic intersection number with Dg. (2.9)

We also assume that ¢;(E£) = 0 and a trivialization of the canonical bundle is chosen.
For y € garr, let

Hy(H®) ;= {H € C*°(H°,R) | H is a constant in a neighbourhood of Cy,
and H = H, outside a compact subset of H°}, (2.10)
Hy(E):={H € C®°(E,R) | H=njH' forsome H' € #,(H")}. (2.11)

Then for H € #,(H°), we have
XH|cyy =0 and Xy = Xp, outside a compact set. (2.12)

Since wg is symplectically locally trivial outside ﬂEI(CH), for H € #,(E), Xy is
uniquely determined by the property that

()« (XHlx) = XH/ |7p (0 (2.13)
forall x € E. If we extend Xy to a smooth vector field on E, we also have

Xpglx € TyDg forallx € Dg. (2.14)
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Next, we consider the class &£ of properly embedded, oriented and spin Lagrangian
submanifolds L C E such that

g | is proper and 0L = @, (2.15)

there is a compact subset C;, C H° such that g (L) \ Cr is either empty

or is a properly embedded arc yz, in H®, and if g (L) \ Cr # @ then we
denote the point yz \ yr by A € R, where Y is the closure of yz in H, (2.16)

L is exact with respect to 0. 2.17)

Note that if

{A = a,dt € Q'([0.1], gasr). (2.18)

H = (H¢)eo,1) With H; € H#4, (E),

and ¢ g is the associated Hamiltonian diffeomorphism (which is well-defined everywhere
because ¢H|7TE1(C]HI) is the identity), then ¢;11 (L) € £ and )L¢1;1 ) = gZIAL, where
g4 € Gq is the parallel transport from O to 1 with respect to A (see Figure 2.1).

X X X

T (o)
Me(L)

M',}(L) A L

Fig. 2.1. An example of wg (L) (black) and =g (¢I}1 (L)) (red); crosses are critical values.

Finally, we consider the set £ of (unordered) n-tuples of Lagrangians L =
{L1,..., Ly} such that

Liyeffork=1,...,n, (2.19)
there are pairwise disjoint contractible open sets U, in H such that
wg(Lx) C UL, and Ur, N oH is either empty or contractible. (2.20)

In particular, (2.20) implies that the L are pairwise disjoint. We define

Sym(L) :=g¢s, (L1 X --- x L) C Conf"(E) C Sym"(E), (2.21)
Sym(UL) := gqs,,ue (U, % ---x Ur,) C Sym" (H®), (2.22)
AL = [n}cin)LLk,m]?xALk] CR, (2.23)

where g5, : E" — Sym”(E) and ¢s,, me : (H°)" — Sym” (H?®) are the quotient maps by
the symmetric group, and Conf” is the configuration space of n points. When A7, = @ (i.e.
when g (Lg) is compact forall k = 1,...,n), we define A, := {0} so A is a non-empty
closed interval for all L € £,
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2.2.5. Hilbert scheme of points. Let Hilb" (E) be the Hilbert scheme of zero-dimensional
length n subschemes on E, defined with respect to the complex structure Jg on E. We
denote the Hilbert—-Chow divisor by Dy and the relative Hilbert scheme with respect
to rg by D, i.e. this is the divisor of subschemes whose projection under w g has length
< n. (We will sometimes write ¥ g for the complement Hilb” (E)\ D, when the particular
value of n is implicit or plays no role.) Let wyc : Hilb” (E) — Sym” (E) be the contraction
of Dyc and Sym” (zg) : Sym” (E) — Sym” (H°) be the natural map induced by 7 g. Let
Age C Sym”"(H®) be the big diagonal (i.e. all unordered tuples {g1, ..., gy} of points
in H° such that ¢; = g; for some i # j).

Lemma 2.2. (Sym” (JTE) [¢] ﬂHc)_l(AHO) = DHC U Dr.

Proof. Ttis clear that Sym” (7 g) o wyc(Dyc U D) C Age. For the converse, if the sup-
port of z € Hilb” (E) N (Sym” (ng) o myc) "' (Ame) is a union of n distinct points, then
z € D,. If the support consists of k < n points instead, then z € Dy. ]

Note that Hilb"” (E) \ Dyc = Conf”(E), and we have a trivialization of the canonical
bundle of Conf” (E) induced by that of E.

Lemma 2.3. The trivialization of the canonical bundle of Conf” (E) extends smoothly to
a trivialization of the canonical bundle of Hilb" (E).

Proof. Tt follows from the fact that 7y is a crepant resolution of Sym” (E). ]

We equip Conf" (E) with the product symplectic form wconen () from (E, wg). This
is smooth, but cannot be smoothly extended to a 2-form on Hilb" (E).

Lemma 2.4. For every open neighbourhood U C Hilb" (E) of Dyc, there is a symplectic
form on Hilb" (E) which tames the complex structure, and coincides with wconen () OUt-
side U.

Proof. This follows essentially from [52]; see also [36,37] in the Kihler case. Let DLC
be the Hilbert—-Chow divisor of Hilb” (E1). Let U, V C Hilb"(E') be open neighbour-
hoods of D]qc such that U contains the closure of V. In [52], Voisin constructed two
smooth closed 2-forms y and W on Hilb"(E) such that for some Ao > 0 and for all
A € (0,40), x + AW is a symplectic form on Hilb” (E) that tames the complex structure.
Moreover, x|yt (E1)\V = @cont” (E1)|cont? (£1)\v and \IJ|H11b"(E7)\D2,C = d© for some
® € QIHib"(E1) \ D},

Let p : Hilb"(E1) — [0, 1] be a cut-off function such that p|y = 1 and p = 0 out-
side U. Then (y + Ad(p©)) |y (12U = @con (EN)lcontn(EN)\v a0d (X + Ad(p©))]y
=(x+AV)|y.

Since y is non-degenerate and tames the complex structure outside V', and being non-
degenerate and taming are both open conditions, for sufficiently small A > 0, we know
that y + Ad(p®) is a symplectic form which tames the complex structure outside V.
Moreover, this is also true inside V because y + Ad(p®) = y + AW inside V. Therefore,
we can restrict this symplectic form to Hilb" (E) to get the result. ]
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Lemma 2.5. If C is the image of a non-constant rational curve in Hilb"(E), then
[C]-[Dy] > 0.

Proof. From Lemma 2.4, one sees that the symplectic form on Hilb” (E) is Poincaré dual
to the relative cycle —e[Dpc] for some € > 0 (recall that wg is exact). It is proved in
[1, Lemma 5.4] that [D,] is a positive multiple of —[Dgc] so [C] - [D,] > 0 follows from
positivity of the symplectic area of C. ]

Let D¢ = D, N Conf"(E). For J € §(E), we define J to be the almost complex
structure on Conf” (E) descended from the product almost complex structure J” on E”.
Note that J " is wconen (£)-tamed and when J = Jg, J ["] extends smoothly to Hilb" (E).
We define the following space of almost complex structures on Conf” (E):

gM(E) :={J | J = (J)" for some J' € g(E)} (2.24)

For H € C®(E,R), we define H"l € C%(Conf"(E), R) to be

H"(2) =) H(z) (2.25)

i=1
forz ={z1,...,2z,} € Conf"(E). For y € gu, let
HPP(E) := {H € C*®(Conf"(E).R) | H = (H")"! for some H' € Jt,,(E)},
(2.26)
H}(E) :={H € C*®(Conf"(E),R) | H = H' outside a compact subset of
Conf"(E) \ D; for some H' € #,"*(E)}.  (2.27)
Note that if

A =a,dt € Q1([0,1], gasr),
H = (H;)repo,1) With H, = (H)"™ € 3,7 (E) for H] € H,,(E),

t

(2.28)

then ¢ g is a well-defined Hamiltonian diffeomorphism of Conf” (E) and the Hamiltonian
vector field X, satisfies

Xu,|p € T,D? (2.29)

for all p € Dy and all ¢ € [0, 1]. It implies that ¢ (D;) = D;. Moreover, we have
¢z (Sym(L)) = Sym(¢y) (L)) € Sym” (£) and

/\@@ =g'AL. (2.30)

As aresult, if H = (H¢)efo,1) and H; € H#;, (E) for all 7, the associated Hamiltonian
vector field satisfies (2.29) and ¢ is also a well-defined Hamiltonian diffeomorphism of
Conf” (E). Moreover, ¢5' (Sym(L)) = Sym(L’) outside a compact set of Conf” (E) \ D¢
for some L’ € £, Therefore, we can define A 67 (Sym(L) = Ap.
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Remark 2.6. We introduce both J(’;’ P(E) and J) (E) because, on the one hand,
J)} (E) gives us more freedom to achieve transversality, but on the other, working with

Jf;’ P(E) simplifies explicit computations for cases that transversality can be achieved
within that more restricted class.

2.2.6. Floer cochains. Let ([0, 1]) := C®°([0, 1], Gatr), which is weakly contractible.
Let d,¢ be the set of non-empty closed intervals in R. Let

Cue([0,1]) 1= {(Ro, 21) € 2 | 2o > A1} (2.31)

where the strict inequality means min 19 > max A;. For each ® € §,([0, 1]) and
(Ao, A1) € 42, we define

@i (R0, A1) := (P (0atr), Po (o), D1 (A1) € Q1([0, 1], @utr) X I (2.32)

where Oy is the trivial connection, @, (0u) is the gauge transformation by & and
®; := O(i) fori = 0, 1. We define

Patt ([0, 1]) := {®x (Lo, A1) | (Lo, A1) € Care([0, 1])}. (2.33)
Note that, if (4, A9, A1) € Pu([0, 1]), then by (2.31) and (2.32), we have
g1 A1 < Ao (2.34)

Lemma 2.7 (cf. [46, Section (2a)]). Pu([0, 1]) is non-empty and weakly contractible.
The projection

Par([0.1]) — I35 (2.35)
is a surjective weak fibration. Therefore, the fibres of (2.35) are also weakly contractible.

Proof. Since @4 (Ag, A1) = @, (A, X)) if and only if ® o (®’)~! is a constant and A; =
®o (P)! (A;) for j = 0,1, Pyx([0, 1]) can be identified with ¢ ([0, 1]) X G, Carr ([0, 1]).
That implies that P ([0, 1]) is non-empty and weakly contractible.

On the other hand, given Ao, A; € J, there exists g € G such that g7'A; < Ao.
Moreover, there exists ® € G, ([0, 1]) such that for A := D, (0,), we have g4 = g. It
follows that (2.35) is surjective. We leave it to the readers to check that (2.35) is a weak
fibration (cf. [46, Section (2a)]). ]

We denote the fibre of (2.35) at (Lo, A1) by ([0, 1], Ao, A1).

Definition 2.8. For Ly = {Lo}y—; and L; = {L,};_, in Y a perturbation pair
is a pair (AL, HL,,L,) such that

{ ALO’LI = aLOsLl’[dt € Aaff([o’ 1]’ ALO’ ALI )’ (2 36)

HLQ,L] = (HLo,Ll,t)tE[O,l]v HLO,LI,Z € %;L(LLIJ(E)
and

$ry, 1, (Sym(Ly)) M Sym(Ly). (2.37)
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Lemma 2.9. Forany Ly, L, € £, the set of perturbation pairs is non-empty.

Proof. For any choice of (AL,,r,. HL,.L,) satisfying (2.36), by (2.30) and (2.34) we
have

Kty 1, L) < Mo (2.38)

so the transversality condition (2.37) is satisfied outside a compact subset. By definition
(2.27), we are free to perturb Hp 1, inside a compact subset, so the result follows (cf.
Remark 2.6). [ ]

Let X(Hr,,L,.Lo.L;) = ¢HL (Syle)) M Sym(L,), which is identified with
the set of X7, ,  -chords from Sym(_o) to Sym(L,). By (2.29) and the fact that Sym(L)
C Conf™(E) \ D‘; for every L € £, we know that

the Xp,  ,,-chords from Sym(L,) to Sym(L,) are disjoint from D;. (2.39)

Example 2.10. If (2.37) can be achieved by Hp,.1,.r = (H,:O,Ll,t)[” € Hapy,  (E),
then the set X (Hp,,L,.Lg, L) can be identified with the set of unordered n-tuples x =

(x1,...,Xxy) such that x; € ¢;I} (L1,p,) M Lo, where {ag |k =1,...,n} = {by |
Lo.L
k=1,...,n} ={1,.. n}(seeF1gure22)

Fig. 2.2. Lagrangian tuples w g (Lg) (black) and g (¢I_1} (L)) (red) for H’L(J L, € Hy(E).
Lo.Ly ==

Given Ly, L, € £%¥"", a perturbation pair (Ar,,r,. Hr,,z,) and a smooth family
J = (Jt)reqo,11, J € " (E), we define the Floer cochains (as a vector space over a chosen
coefficient field of characteristic zero®) by

CF(Ly. L)) = &b 0x (2.40)
EGX(HLO.LI ,Lo,L1)

where 0, is the orientation line at x. In this case, we call (AL,.r,. HL,.L,.J) a Floer
cochain datum for L, L; € £

SRecall that to work in characteristic zero requires that we fix spin structures on the Lagrangians;

in the main examples studied later in this paper, the Lagrangians are products (S2)/ x (Rz)k for
Jj»k > 0 and admit unique spin structures.
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For a fixed choice of grading functions g x on Lo and ny g on Ly g, fork =1,...,n,
Lemma 2.3 implies that the product [, 7; x descends to a grading function on Sym(L;),
and we use that to grade X (Hp,.1,, Ly, L,).

Example 2.11. In the situation of Example 2.10, the grading of x = (x1,...,x,) is
n
x| =) Ixjl (2.41)
=1

where |x;| is the Floer grading of x; in E.

2.2.7. Floer data. We define the following group of gauge transformations:

—d+1,h d+lh .
Gati (S ) i ={PeC™(S Gair) | q’|ﬁdk+1.h = idg,; and

—d+1,h
®(e; (s, 1)) is independent of both s and S € R i b, (2.42)
—d+1,h . . .
where N, is defined in Section 2.2.2.
—d+1,h . R
Lemma 2.12. G,4(S ) is weakly contractible.

. . . —~—d+1,h . . .
Proof. Recalling that G is contractible and N, ~ is a codimension 0 smooth subman-

—d+1,h . .
ifold of § + with boundary and corner, the result follows from the weak fibration

d
—d+1,h d+1h —d+1,h
(3" » 0@ Gu) — CO(Ny " Gu) x [ C(e(0.[0.1]). Gagp)-
Jj=0 .
Similarly to (2.31), we define
CrS T = ((Ror e ) €05 Ao > Ay > > Ag). (243)

—d+1,h .. . ..
Consider a trivial Gaff—bundle over S + with fibre R and equip it with the trivial

—d —d h
connection Q. For @ € ﬁaff(S ) and A € C*°(3S *h , dage), we define

Dyl 1= (DuOyr, Po A) € Ql(gd , Qaff) X Coo(({isaprl o Jatr),s

aff(sd+l h) := {®,A | Ais locally constant and
—d+1,h
(M —d+lh,...,k| A

g € Ear8 Ty,

<d+1h
where 0; § T U cRd 1 d; S for all j. We have the identification

—d+1,h —d+1,h —d+1,h
Pare (S ) =~ G (S ) XGyr Cait(S ) (2.44)
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ﬂ)aff(gd—‘rl’h) is weakly contractible. By (2.42), if (4,1) € {Paff(EdH’h), then Ale; (5.1)

—d+1,h .-
and Al¢; (s,k) (for k =0, 1) are independent of s and S € R i . Therefore, over strip-like
ends, we have a well-defined projection

—d+1,h

d
Pur(8° ) = [ ] Par((0, 1], (2.45)
j=0

which is surjective and is a weak fibration (because G, is contractible so one can extend

®; € G,x([0, 1]) over strip-like ends smoothly to a € ﬁdff(§d+l’h) consistently). For a
ch01ce of (Aj,Aj,0,4;,1) € Par([0, 1]) foreach j =0, ..., d, we denote the fibre by

—d+1,h
P (A7, X0, A1), (2.46)

which is also weakly contractible. Note also that if (4, 1) € ?aff(§d+1’h), then by (2.42),

A is flat everywhere and vanishes in N +1 h. (2.47)

Now, for § € R4+ we define Pyr(S, {(A47, Aj.0,Aj,1)};) to be

{(As.2) | (45,2) = (4, 1) for some (4, 1) € PurS* " A(4), A0, 4101}

A cylindrical Lagrangian label is a choice of an element L ; € L associated to 9; S
for all j. We choose a cylindrical Lagrangian label and Floer cochain data (Ao, Ho, Jo)
and (A4;, H;, J;) for (Ly. L;) and (L] 1,Lj) for j =1,...,d, respectively.

Fix As € Pure(S, {(4), AL, )LL_/.)}] —o)» Where for j = 0, it should be understood
as (4, AL, ;. AL;) == (Ao, ALO, AL,)- Recall that we have chosen J; = (Jj)ef0,1]»
Jire J(E)for j =0,...,d. Wehave also chosen strip-like ends €¢ (s, ) : (—00,0] x [0, 1]
— Sande;(s,1):[0,00) x [0,1] = S for j =1,...,d. We equip S with the following
additional data:

a smooth family J = (J,)es, J. € ¢"(E), such that J, = JI in v(mk(S))

and Je, 5,1y = Jj forall j, (2.48)
K € Q1(S,C>(Conf"(E),R)) such that foreach w € TS, K(w) € Jé’:l’s(w)(E),

and for each j and r > 0, there is ¢; > 0 for which ||(6;‘K — det)ecf"””cr
converges to 0 as s goes to +00; moreover, K vanishes in v(mk(S)). (2.49)

Let Xg € Q1(S, C%(Conf"(E), TE)) be the associated 1-form with values in Hamilto-
nian vector fields.

Remark 2.13. We require 6}‘ K to converge to H;dt exponentially fast, instead of coin-
ciding with it, because it makes it easier to achieve regularity of the moduli whilst main-
taining compatibility with gluing (see [46, Remark 4.7]).
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Remark 2.14. Note that J can be extended smoothly to a family of tamed almost
complex structures in Conf” (E') and K can be extended smoothly to an element in
QL(S, C>®(Conf"(E"), R)).

We choose a smooth family of (As, J, K) for S varying in R4+1". Given
Xy € X(Ho, Ly, Ly) and x; € X(H;, L;_;, L;) for j =1,...,d, we define
RAFVR(x 0 x40+ X1)pre to be the moduli space of all maps u : S — Hilb"(E) such
that

u™! (Duc) C v(mk(S)),

(Du|; — Xk lu@z))®! = 0 with respect to (J;)y () forz € S,
u(z) € Sym(L;) for z € 9; S,

limg—s +00 u(€’ (s,-)) = x; () uniformly.

(2.50)

Note that the conditions that Xg vanishes in v(mk(S)), J = Jg’] in v(mk(S)), and
u~Y(Dpc) C v(mk(S)) guarantee that (Du|; — Xk |u(z))®! = 0 is a well-defined equa-
tion for all z € S, by identifying Conf” (E) as a subset of Hilb" (E).

Next, we define R4+ (x(;x,,. .., x,) to be the subset of RIH 1 (x 1 x4, ., X1 )pre
consisting of all # such that

u(gl) € Dyc foralli =1,...,h. (2.51)

Lemma 2.15. For generic (J, K) such that (2.48) and (2.49) are satisfied, every solution
u € Rd“’h(lo;gd, ooy X1 )pre is regular.

Proof. For the ease of exposition, we discuss the case when S € RATLA §s fixed. We refer
readers to [40, Section (9k)] for the discussion when S is allowed to vary in Rd“’h, and
to [45, Section 9] for the role of Remark 2.13 in achieving regularity compatibly with
gluing.

Let 8 be the space of smooth maps u : S — Hilb”(E) such that u~'(Dyc) C
v(mk(S)). Note that B is an open subset of C%°(S, Hilb"(E)). Let V! D V2 > ... be
a sequence of neighbourhoods of Dyc such that (1) Vk = Dye. Let 8% = {u e B|
Im(u|s\y(mi(s)) N V¥ = @}. Note that B = | J, B¥. We want to run the Fredholm the-
ory for appropriate Sobolev completions of B* for each .

For each k, using Lemma 2.4, we pick a symplectic form wy on Hilb” (E) which
agrees with wcenen () outside V* and tames the complex structure on Hilb"”(E). This
induces a family of Riemannian metrics gx = (gk,z)zes on Hilb" (E) which agree with
the metric induced from wconen () and J; outside V*. We use gx to form an appropriate
Sobolev completion of B¥ (or the corresponding function space of the graphs of the
maps).

The boundary conditions ensure that every solution u of (2.50) has non-empty inter-
section with a compact subset of Conf” (E) \ D; outside mk(S). For u € B*, Gromov’s
graph trick applies, because on the one hand, Xk |s\v(mk(s)) is the Hamiltonian field with
respect to wy, and on the other, Xx|,mk(s)) = 0, so it is tautologically the Hamiltonian
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field with respect to wi. Hence regularity of u can be achieved by choosing K generic-
ally amongst functions satisfying (2.49), i.e. although we require that K|, mx(s)) = 0, the
freedom of K outside v(mk(S)) is sufficient to achieve regularity.

The outcome is a sequence of residual sets $¥ in the space of all K satisfying (2.49)
such that for every K € 8, every u € 8F satisfying (2.50) is regular. Therefore, we can
take § 1=, S k. which is still dense and every u € B satisfying (2.50) is regular for
every K € §.

More precisely, it means that for every K € §, and for every u € B satisfying
(2.50), there exists N > 0 such that for all k > N, the Fredholm operator D, at u,
with domain a Sobolev completion of 8% and codomain a Sobolev completion of
QO1(S,u*T Hilb" (E)) with respect to the metric g, is surjective. This gives a mani-
fold structure on RdH’h(gO;id, e s X1 )pre- ]

Lemma 2.16. For generic (J, K) such that (2.48) and (2.49) are satisfied, every solution
ue RV (x o x,, ..., x,) is regular.

Proof. It suffices to show that for generic (J, K), the evaluation map

RV (x iy, X )pe 3 u > (u(EL), ... u(Eh)) € (HIV"(E))" (2.52)

is transverse to (Dyc)” (i.e. the algebraic intersection, which is well-defined as u is holo-
morphic near mk(S), is 1 at all the intersection points; note this implies that each such
intersection point belongs to the smooth locus of Dy¢). This can be achieved by combin-
ing the argument in Lemma 2.15 with standard transversality results for evaluation maps
(see [34, Sections 6 & 7] and note that Dy is the image of a smooth pseudocycle). ]

There is a correspondence of maps as follows (see [35, Lemma 3.6] or [29, Sec-
tion 13]). An n-fold branched covering 7y : ¥ — S and a continuous map v : ¥ — E
together uniquely determine a continuous map u : S — Sym”(E), given by u(z) =
v(nyg 1(z2)), counted with multiplicity. Conversely, if u : S — Sym” (E) is complex ana-
lytic near the big diagonal Ag and Im(u) is not contained in A g, then we can form the
fibre product

%En

Jas.

—% 5 Sym"(E)

)
U M

and the map v is S,-equivariant. Let 71 : E” — E be the projection to the first factor.
Consider the subgroup S,,—; of S, which fixes the first element. The map 7y o ¥ : S > E
factors through ¥ := b /Sn—1 — E and we denote the latter map by v. The map 75 also
induces a map ny : ¥ — §. One can check that 'y is an n-fold branched covering such
that u(z) = v(rg'(2)). Moreover,

z € § is a critical value of 7y only if u(z) € Ag. (2.53)

We call this the ‘tautological correspondence’.
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Remark 2.17. If the algebraic intersection number between u and Ag at z is 1, then u(z)
lies in the top stratum of A g and there is exactly one critical point p of wg such that z is
its critical value. Moreover, p is Morse.

Lemma 2.18 (Tautological correspondence). Every solution u of (2.50) determines
uniquely an n-fold branched covering (X, ns) of S and a map v : ¥ — E such that
muc ou(z) = v(ng'(z)) € Sym"(E) forall z € S.

Proof. Every solution u of (2.50) is complex analytic near Dy¢ and Im(u) is not con-
tained in Dpyc. Therefore, by the tautological correspondence, we get an n-fold branched
covering 7y : ¥ — S and a continuous map v : ¥ — E with mgcou(z) = v(n; (z)). =
Remark 2.19. Suppose that we are in the situation of Example 2.10 for all the pairs
(Lo, Lg) and (L;j_;, L;). Suppose also that J, = (JZ/)[”] € §"(E) and K(w) =
(K'(w))" e 77 (E) in (2.48) and (2.49), respectively. Then (2.50) and (2.51) imply

As () )
that the maps v : ¥ — E and y : ¥ — § satisfy

(Dv|; — X,,;K/h,(z))o’l =0 with respect to (J/E(z))U(Z) forallz € (2.54)

T
and the critical values of 7y are contained in mk(S).
2.2.8. Homotopy classes of maps. Let B(S) be the real blow-up of S at the boundary
punctures. In other words, we replace the punctures of S by closed intervals, which can
be identified with {e/ (£o0,?) | t € [0, 1]}. Foru € Rd“’h(&);id, ...,X;), we define

G(u) := (Sym"(wg) o myc o u,ids) : S — Sym”(H°) x S, which can be continuously
extended to

G(u) : B(S) — Sym"(H°) x B(S) (2.55)

by sending €/ (+00,1) to (Sym” (ng) o mxc © x;(1). €/ (£00, 1)) for all j. Note that,
G (u)(dB(S)) lies inside

Dxpingmss = (U SYM(UL) x 8 5)
j

U (Jtsym" (eg) 0 e 0 2, (1), €/ (00,1)) | £ € [0, 1]})
J

C Sym"(H°) x B(S).

In particular, G (1) descends to a class in the space Map(xy; x4, ..., x;) of homotopy
class of continuous maps from (B(S), 0B(S)) to (Sym" (H®) x B(S), 0xyix ,...x,)- In
other words,

G(u) € Map(xg:xg.....X;)
:= [(B(S). 3B(S)), (Sym" (H®) x B(S). dxyixy,x;))]  (2.56)
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By (2.20), (2.39) and Lemma 2.2, (Age x B(S)) N Oxgix g oo
intersection pairing (with respect to the obvious orientations)

x; = @ so we have an

“[Ame x B(S)] : Map(xg; Xy, - -, X,) = Z. (2.57)
Lemma 2.20. Given X, ..., x4, there is Iy x,, . .x, € Z such that for every u €
RAFVh(x i x4,...,x,), we have
[G )] [Ame x BOS)] = Lxgiag,..ox, - (2.58)
Moreover, Iy .x ... x, is independent of h.
Proof. Since Sym(UL,) is a contractible open set, we have Map(xy; x4, ..., X;) =

mo(C"*H1, 1) = 1(S') = Z. In this case, the intersection pairing is a multiple of the
winding number along the boundary and the winding number of [G (u)] is 1, by defini-
tion. ]

Lemma 2.21 (Positivity of intersection). Ifu € R4 T14 (Xp:Xg....,X,), then
[G )] - [Ame x B(S)] = h, (2.59)

and equality holds if and only if the image of u is disjoint from Dy, u='(Dyc) = mk(S)
and the multiplicity of intersection between u and Dyc is 1 for all z € mk(S).

Proof. Letu := Sym”(g) o wyc ou : S — Sym” (HP°). There are two kinds of intersec-
tions between u and Ape, namely, at or away from mk(S). If z € mk(S), then (2.48)—
(2.51) imply that % is (jsym" (). jis)-holomorphic near z. It implies that the contribution
of the algebraic intersection at z is at least 1 and z is the only intersection with Ao in a
small neighbourhood of z. Summing over all z € mk(S), we find that the contribution to
the algebraic intersection is at least /.

We need to show that the contribution from other intersections with Apgpo is positive.
Letzg € S \ mk(S) be such that u(zg) € Age. Let B(z¢) C S be a small disc centred at zg.
By Lemma 2.2, we must have u(zg) € Dgyc U D,. To show that the contribution at u(zg) is
positive, it suffices to show that the algebraic intersection number between u(B(z¢)) and
Dyc U D, atu(zp) is positive. If u(zg) € Dyc, this follows from u~! (Dy¢) C v(mk(S))
and u|, mk(s)) being complex analytic. If u(zg) € D, then it can be achieved by Gromov’s
graph trick, and the fact that our choice of Xk is tangential to D, at u(zg).

We give a detailed explanation of the last sentence. By the definitions (2.24) and
(2.27), near D,, we have J;, = (J)" and K(w) = (x} HY)" for some HY €
Hagw)(H®) for w € TB(zp). It means that, by (2.8) and by shrinking B(zo) if neces-
sary, we have

(Xx(D): € Te D, (2.60)

for all n € TB(z¢) and t € D,, where T; D, is understood to be the tangent space of the
smallest stratum of D, that contains t.
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We consider the graph trick. Let F = (u,id) : B(z¢9) — Conf”(E) x B(zp). Let JF
be the almost complex structure of Conf” (E) x B(zg) characterized by

JF|C0nf”(E)><{z} =Jz,
d7B(zy) © JF = js © d7B(zy), 2.61)
Jr(9s + Xk (95)) = 9 + Xk (3,),

where 1p(z,) : Conf” (E) x B(z9) — B(zo) is the projection. In holomorphic coordinates
(s, 1), we have

(DF +JpoDFo jg)(s) = Du(ds)+ 95+ Jr (Du(d;) — Xk (3,)) + Jr (3; + Xk (3;))
= Du(0s) + 05 — (Du(0d5) — Xk (95)) — (05 + Xk (35)) = 0

where the last line uses (Du — Xg)%! = 0. Similarly, (DF + Jg o DF o js)(3;) = 0
and hence (DF)%! = 0 and F is (JF, js)-holomorphic.

Notice that all strata of D} x B(zg) are Jr-holomorphic due to (2.60), (2.61) and the
fact that Ape is a J,-holomorphic subvariety. As a result, the intersection F(z¢) between
F(B(zp)) and D; x B(zp) is positive. This completes the proof. |

Corollary 2.22. If u € RV (xgixy, ... x,) and Ixyix,...x, = h, then Im(u) N D,
=0, u=Y(Dyc) = mk(S) and the multiplicity of intersection between u and Dyc is 1 for
all z € mk(S).

Corollary 2.23. If I, = 0, then ROTV (x) = @ forall h > 1.

Lemma 2.24. For every L € £, there is a perturbation pair (A, Hy) for (L, L)
such that I, = 0 forall x € X(Hg, L, L).

Proof. Let A = a;dt € Au([0, 1], AL, Ar). Since g;l)LL < AL, we can find H' =
(H])tefo,11 H € H#Ha,(E), and an ordering of the Lagrangians in L such that
Li N¢p/(Lj) # @ only if i > j. In this case, the (possibly non-transverse) Xz yn1-
chords x(¢) from Sym(L) to Sym(L) are given by unordered tuples of X g -chords from
L;to L; fori =1,...,n (see Example 2.10). Moreover, by choosing H' appropriately,
we can assume that Sym” (7 g ) (muc(x(¢))) € Sym(Uy) for all X g )m-chords x (7).

We can pick H to be a compactly supported perturbation of (H’)["! such that every
Xpg-chord x(¢) from Sym(L) to Sym(L) is transverse and Sym” (7 g)(7wuc(x(2))) €
Sym(Up) for all ¢. By taking (A, Hy) to be (A, H), the result follows, because the
boundary conditions also project to Sym(Uy,), which is contractible. ]

2.2.9. Energy. The product symplectic form on Conf” (E) cannot be smoothly extended
to Hilb" (E), and neither can the induced metric. Therefore, we will define energy and
discuss compactness with the help of the corresponding maps v : ¥ — E obtained from
Lemma 2.18.
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By (2.48) and (2.49), there exists a compact subset C of Conf”(E) \ D; and
a smooth family J' = (J])zes, J, € $(E), and
K' € Q'(S,C®(E)) and K'(w) € Hyqqu)(E) forallw € TS
such that outside C, we have (cf. Remark 2.19)
(JIHM = J, forallz € S, and (2.62)
K'(w)" = K(w) forall w € TS. (2.63)

Let u be a solution of (2.50) and (2.51) and v be the map obtained by Lemma 2.18.
Let U C Conf"(E) be a relatively compact open neighbourhood of C, and define

Sin .=y L(U), S :=y 'Hib"(E)\U), (2.64)

where U is the closure of U. By adjusting U, we assume that u(S) is transverse to dU
so that u_l(aﬁ) C S is a smooth manifold with boundary. Note that, by definition,
mk(S) C S and S™ contains small neighbourhoods of the punctures. We also define
Ein — ngl(sin) and Xout — JTEI(SOM).

Definition 2.25 (Energy). The energy of u is defined to be

1 1
E(u) = 3 /S | Du — X% dvol + 3 /E IDv — Xz g/ |I3 dvol (2.65)
where g is the metric induced by J and wconen(g) and g’ is the metric induced by J'
and wg .

The energy is defined this way, and not as % Js I1Du — XK||§ dvol, because u* Xg

is not defined at u~!(Dyc) C mk(S), so it is not a priori clear that the latter expression
is related to the action of the asymptotes of u. However, we show the following (see
also (2.68) below).

Lemma 2.26. The energy E(u) is independent of the choice of U.

Proof. Tt suffices to show that for every open subset G C S \ mk(S) such that u(G) N C
= @, we have

/G | Du — X3 dvol = /,,51 o 1DV = Xz x|l dvol. (2.66)
This is in turn clear because by (2.62) and (2.63), both J and Xk split as products. Since
Wconf™ (E) 18 also a product, the metric g is the product metric.

More precisely, let G C S \ mk(S) be a small open set such that u(G) N C = 0
and ngl(G) is a disjoint union of open sets G1,...,G, C X. For z € G and z; :=
Gj Nny I(z) for j = 1,...,n, we have canonical identifications

n
T.G ~ T;;Gj. Ty Conf™(E) ~ @) Ty E- (2.67)
j=1
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By (2.62) and (2.63), both J; and Xg (and wcenn(£)) TEspect this decomposition and
every summand is given by J and X .=k, respectively. Therefore, (2.66) is true for G.
Now, the result follows by summing over these small open subsets G C S \ mk(S). =

By taking a sequence of larger and larger U and applying Lemma 2.26, we have

1

E@) = = / | Du — X3 dvol. (2.68)
2 S\mk(S)

Our next task is to derive a uniform upper bound for E(u) that depends only on
(As, J, K) and the Lagrangian boundary condition.

Consider again the graph construction. Let 0 := (v,id) : ¥ — E x X and define on
E x ¥ the following 2-forms:

wief[;;/ = wg + a)E(XHEK/(as), JAds + a)E(X,,EK/(at), ) Adt
=
— 0 (Xnzk/(05), Xpz k0 (9))ds A di, (2.69)
w:}%K, = wg —d(n3K'(05)ds) —d(n5 K'(3;)dt) = wiz)}l}, + Ruzxs (2.70)

where Ry x g is the curvature defined by

RngK’ = (05 K'(05) — 05t K'(0;) + {m5 K'(5), 5 K'(3:)})ds A dt
€ Q*(X,C®(E)). (2.71)
It is clear that (cf. Remark 2.19)
(Dvlz:oul - Xn;K"EO“‘)O,l = O (272)

s0, by tameness of J’, we have

1 2 Ak _geom
3 /;:m“ |Dv — X”EK’“g’ dvol = /Eom 0 Wy k- (2.73)
Lemma 2.27. There is a constant T > 0 such that for any choice of solution u of (2.50)
and (2.51) (and hence the corresponding v) and U, we have | [ ﬁ*Rn;SK/| <T.

Proof. By (2.11), there exists K” € Q'(S, C*°(H®)) such that K’ = 7} K" and K" (w) €
Hagw)(H®) for all w € T'S. Recall also that K” = 0 near mk(S). It implies that

Rn;:K” = JT;:RK// and Rﬂ;:K/ = 7'[2- Rn;K” (274)

where the two terms R, on the LHS of these equalities are defined using (2.71) and its
K" -analogue.

Note that by (2.36) and (2.49), K" converges exponentially fast in any C” topology
with respect to s over strip-like ends of S, so there is a constant 7/ > 0 such that for
every j and any section f : S — H° x S, we have | f[m(e,-) f*Rgr| < T'. Moreover,

(2.10), (2.36) and the flatness of Ag imply that R~ takes values in functions on H° that
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are supported in a compact subset of H°. Therefore, by (2.74), Rﬂg g takes values in
functions on E that are uniformly bounded (the bound only depends on K” but not on u),
and there is a constant 7" > 0 such that for every j and any section f : ¥ — E X X, we
have |f7tz—l (Im(e)) f*Rn’EK’| <T".

Let 3¢ C X be the closure of the complement of the strip-like ends. The discussion in
the previous paragraph implies that | [s ., 0* Ryx x| is bounded above by (d + 1)T" plus
the integral of a bounded function over ¢, where the bound on that function depends
only on K”. The result follows. m

Similarly, let 7 := (u,id) : S — Conf"”(E) x S and define on Conf”(E) x S the
following 2-forms:

wg™ 1= wcontn (E) + Ocont” (B)(Xk (05).*) A ds + wcontn(£) (XK (31),°) A dt
— wcont (£) (XK (35), Xk () ds A di™, (2.75)
OF 1= wcon () — d(K(D5)ds) — d(K(@,)dt) = 0F™ + R (2.76)
where Rg € Q2(S, C*®(Conf"(E))) is the curvature of K. We have
1 / | Du — Xk||Z dvol = / i*ogm. (2.77)
2 Jgin sin

We have the parallel lemma.

Lemma 2.28. There is a constant T > 0 such that for any choice of solution u of (2.50)
and (2.51), and any choice of U, we have |f wU*R| <T.

Proof. As before, there exists T’ > 0 such that for every section S — Conf” (E) x S and
every j, we have | flm( &) f*Rg| < T’'.Ouside U, Rg takes values in bounded functions
on Hilb"(E) \ U with bound determined by K. Since U is relatively compact, there is
also a bound for the function-values of Rk inside U that is independent of u. Overall, if
S¢ is the closure of the complement of strip-like ends in S, then | f gin u* Rk is bounded
above by (d + 1)T’ plus an integration of a bounded function over S¢, so the result
follows. [

The primitive 1-form g for wg induces a primitive 1-form Ocoyen (g fOr Weonen (£)-
It is clear that

0% . =0p —msK' and  0g" := Oconrn(g) — K (2.78)

n5 K’
. et top top .
are primitives of @ x g7 and wg", respectively.

Lemma 2.29. We have

/ o', + / oy = / 0*0" (2.79)
<K )
out P Sin 98

so there is a constant T > 0 such that for all u satisfying (2.50) and (2.51), we have
E(m)<T.
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Proof. Apply the Stokes theorem to the terms on the left hand side of (2.79). Note that

H*6'P ,+/ W0 =0 (2.80)
/7;21(141(3U)) =K eeny K

because the Floer data splits into a product outside U and the orientation of the curves in
the two summands are opposite to one another. Similarly,

%P ,=/ a* 0", (2.81)
LE‘(&S"“‘\u_l(BU)) ek asou\u—1(30) K

Therefore, we get (2.79).

Moreover, there is a constant 7’ > 0 (independent of u) such that |: 58 ﬁ*@}?p < T’ (see
[46, Lemma 4.8]) so the result follows from Lemmas 2.27 and 2.28, and the equalities
(2.70), (2.73), (2.76), (2.77) and (2.79). [ ]

Finally, we address the L2-norm of v when the domain is not restricted to X°",

Lemma 2.30. For every relatively compact open subset Cx, C X, there is a constant
Tcs. > 0 such that for all v arising from applying Lemma 2.18 to u satisfying (2.50) and
(2.51), we have

1

— Dv — X,x x||? dvol < Tc... 2.82
5 . 1PY = Xag ol dvol < Te .82

Proof. Let G C S be a relatively compact open subset such that Cs C 7y 1(G). Since

J, = (JHM and Xg = X (krym outside a compact subset of Conf”(E) \ Dy, there is a
constant 7g > 0 (independent of u) such that

/ IDv — Xz k112, dvol < Tg / | Du — Xk||g dvol. (2.83)
751(G) = G

b))

The right hand side is in turn bounded above by a constant independent of u, by Lemma
2.29. |

Remark 2.31. The term % Js IIDv — X,,;K/Hz,, dvol may be infinite, because Xg #
X(krym everywhere, so the symmetric product of the asymptotes of v corresponding to
a fixed puncture of S is not necessarily an Xg-Hamiltonian chord. This implies that the
integral over the strip-like ends might diverge.

2.2.10. Compactness. Let x, ..., x  be as before. We next discuss compactness of the
solution spaces R+ (x i xy, ..., x,).

Lemma 2.32. Fix S € R4tV Let up @ S — HIV(E) be a sequence in
RdH’h(&);Li, ..., Xy) such that Sy converges to S € RAFTLE_[f there exists zi €
Sk \ v(mk(Sk)) such that || Duy(zx) — Xk (zx) || g diverges to infinity, then for any com-
pact subset Cs in the universal family over RtV and N > 0, there exists k > N such
that zj, ¢ Cs.
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Proof. For simplicity, we assume S = S for all k; the reasoning below adapts directly to
the general case. Suppose the lemma were false; then there is a subsequence of z; which
converges to Zo, € S.

First assume that z, is an interior point of S. Let B C S be a small ball centred at z
and conformally identify B with a 3e-ball in C centred at the origin. Under this identific-
ation, we can assume that for all k, zj lies in the e-ball centred at zo,. By assumption and
the uniform bound of X near z, || Dug (zx)||¢ diverges to infinity.

We apply a rescaling trick to the e-ball By centred at zx in the following sense (see
[34, Section 4.2]). Let ry = sup,ep, |Dui(z)llg and r By be the erg-ball centred at the
origin. Let ¢ : rp By — Bi be ¢r(z) = zi + z/rr. The sequence of maps uy o ¢ :
rxBx — Conf"(E) satisfies sup,, g, | D(ux o ¢r)|| < 2 for all k. Since 7 (B) is a
disjoint union of n discs in X, the uy o ¢ induce corresponding maps Vi ; : rg By — E
for j = 1,...,n as in Lemma 2.18. By the same reasoning as in Lemma 2.30, we know
that there exists 7' > 0 such that sup,, g, DV, jllg < T forall k.

Since the metric on E extends to a metric on E! and Vk,j € WLP (for p > 2)
with uniformly bounded W!:?-norm, by applying compactness of W17 in C° to V4, i
for each j in turn, we get a subsequence which converges uniformly on compact sub-
sets to continuous functions Vi ; : C — E! for all j = 1,...,n. Moreover, Ve
satisfies the (jc, J;__)-holomorphic equation for all j, because of the stipulation that
J; = (Jz’)[”] for all z. Elliptic bootstrapping shows that Vi, ; is smooth. Moreover, since
|Dug(zr) — Xk (zx) |l diverges to infinity, at least one of Vo, ; is not a constant map.
By Lemma 2.30, DV, ; has finite L?-norm so we can apply removal of singularities to
conclude that every Vi, ;j extends to a J Z/oo -holomorphic map CP! — ET (and at least
one of them is not a constant).

By assumption (2.9), every non-constant J;_-holomorphic map CP! — E! has
strictly positive algebraic intersection with D g, which in turn implies that this is true
for vy for large k (because all other sphere bubbles, if any, also contribute positively to
the algebraic intersection). However, Im(vg) is contained in E, giving a contradiction.

Now, if instead zo, € 0.5, then we can apply the same rescaling trick and the out-
come is a J;_-holomorphic disc with appropriate Lagrangian boundary for each j,
and at least one of them is non-constant. By exactness of the Lagrangian boundary, the
J Z/m—holomorphic disc has strictly positive algebraic intersection with D g, which in turn
implies that that is true for vy for large k, yielding the same contradiction. ]

Next, we assume sup, s, \v(mk(sy)) | Pk (zk) — Xk (Zk) |l is uniformly bounded.

Proposition 2.33. Fix S € R4tV . Let uy : Sy — Hilb"(E) be a sequence in
RAFVh(x 0 x,, ..., x,) such that Sy converges to S € R4TV. Assume that h =

I£0§£d ,,,,, X If there exists T > 0 such that
sup [Dug(zk) — Xk (zi)llg < T (2.84)
zx €8k \v(mk(Sk))
for all k, then there exists uoo € RIT1A (Xo: X4 ..., Xq) such that a subsequence of u

converges (uniformly on compact subsets) 10 U .
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Proof. Without loss of generality, assume Sy = S for all k. Let v, : £ — E be the cor-
responding maps. By Corollary 2.22, (2.53) and Remark 2.17, wg, : £ — § is an n-fold
branched covering such that its critical values are precisely mk(.S) and all of its critical
points are Morse. Since there are only finitely many such n-fold branched coverings of S,
by passing to a subsequence we can assume X = X for all k.

First, Lemma 2.30 and (2.84) imply that there is no energy concentration outside
75! (v(mk(S))). Since vk|ng‘(v(mk(S))) is (JJ’TZ(Z))E”;(v(mk(s)))-holomorphic, energy
concentration inside 7y Y(v(mk(S))) would result in a non-constant map CP! — ET,
which is impossible. Therefore, there exists 7 > 0 such that

sup [[Dvr(zi) — Xpgx (i)l < T (2.85)

ZxE€EX

for all k.

In particular, for every relatively compact open subset G of S, we have
vk|ng‘(G) € WP for p > 2. Therefore, Uk|ng‘(G) converges uniformly to a continuous
function ve : nil(G) — El.

There exists a compact set Cg of E such that outside Cg, Uk|,,51 ) satisfies (2.72)
(cf. Remark 2.19). Therefore, so does v, and elliptic bootstrapping implies that v is
smooth outside Cg and satisfies (2.72). Let ul, : G — Sym” (E 1) be the corresponding
continuous map induced from vo,. We can apply elliptic bootstrapping away from A g1
s0 uL, is actually smooth away from A g1 , S0 Vs is smooth everywhere.

We will prove that

Im(vee) N DE = @, (2.86)
Im(veo) N 75" (IH) = @, (2.87)
(Upe) " (Ag1) = G Nv(mk(S)). (2.88)

Given these, u/ uniquely lifts to a map u : G — Hilb"(E) such that u_!(Dyc) C
G N v(mk(S)). Note that this will be true for every relatively compact open subset G
of §.

On the other hand, we will also prove that, by possibly passing to a subsequence,

there is a compact subset C of Conf” (E) such that ux (Im(¢;)) C C forall k and j,
(2.89)

so we can apply compactness of u; over strip-like ends inside C. Combining
all this information, and by a diagonal subsequence argument, we obtain Us, in
RA+1LA (x9;Xg4, ..., xy) such that u; has a subsequence that is uniformly converging
to Ueo Over S\ v(mk(S)). Note that we cannot guarantee the convergence is also uniform
over v(mk(S)), because u is lifted from u/.

However, we can argue as follows. If there is a subsequence of u; which converges
uniformly over v(mk(S)), then it converges pointwise to Us, over v(mk(S)) \ mk(S).
By continuity, the limit must be uo, and we are done. If there is no such subsequence,
then for all 7 > 0 and N > 0, there exists k > N such that sup, sy | Dukllg” > T,



C. Y. Mak, I. Smith 3244

where g” is the induced metric from a choice of a symplectic form on Hilb”(E) that
tames J ][En I In this case, bubbling occurs and results in a J I[in ]-holomorphic sphere map-

ping to Hilb® (E). However, every J ,[5" ]-holomorphic sphere intersects D, strictly posit-
ively (see Lemma 2.5), so Im(ug) N D, # @ for large k. This contradicts our assumption
that 4 = Iy :x,....x,» by Corollary 2.22. [

Now, we need to justify the claims in the previous proof.

Lemma 2.34. (2.86) is true.

Proof. Suppose not; then there exists zg € 7y 1(G) such that veo(29) € DE.

First, if 751 0 voo(z0) € Ch, then ve is J’-holomorphic near zg so it has strictly
positive algebraic intersection with D g, a contradiction.

If mg1 0 voo(20) ¢ CH, then (2.72) implies that v, satisfies a perturbed pseudo-
holomorphic equation near zy with perturbation term having values in Hamiltonian vector
fields tangent to D (see (2.14)). It means that the intersection also contributes strictly
positively to the algebraic intersection by the graph trick (cf. the proof of Lemma 2.21),
a contradiction. ]

The following is a modification of the corresponding result of Seidel [46, Lemma 4.9].
Proposition 2.35. (2.87) is true.

Proof. We can make (2.72) more akin to the situation in [46], namely, if we define Ay =
n3As, Ky = 3K’ and (Jx), = J)’TZ(Z) for z € X, then outside a compact set of E,
(2.72) becomes

(Dvg — Xg5)®! =0 with respect to ((J5)z)u(z)- (2.90)

Note also that our choice of Floer data (4g, K, J) (see (2.23) and (2.34)) and the induced
Floer data (Ay, Kz, Jx) guarantee that over each strip-like end, we have

81y (AL ,) =81 ALy ,) <ALy, (2.91)
forall @; and b; and all j = 1,...,d. For j = 0, we have
8ax ALan) = 81y ALap) < Ao, (2.92)

for all a; and b;,
In [46, Lemma 4.9], Seidel shows that if Im(vee) N nEl(aH) # 0, then vy lies
entirely in 75! (0H) . In that case it will satisfy

0s(7tEg 0 Voo 0 €9) = 0,

0;(TE 0 Voo 0 €p) = Xaé()‘édv” (2.93)
TTE O Vs © €g(s,0) € ’\Lo’

TTE ©Veo 0 €p(s, 1) €AL,.

These conditions imply g;(} (AL,) NAL, # 9, violating (2.92). Therefore Im(voo) N
ﬂEl(aH) = 0. |
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Lemma 2.36. (2.88) is true.

Proof. Suppose not; then there is a point zo € G \ mk(S) such that u__(z9) € Ag (here,
we have applied Lemma 2.34 and Proposition 2.35 to replace Ag1 by Ag).
Then, by the same reasoning as in Lemma 2.21, Sym" (g ) o u/ (G) and Ay intersect

positively at zo. That would violate the assumption that & = Iy, :x,.....x, - [
Lemma 2.37. (2.89) is true.
Proof. Suppose not; then there exists j € {0,...,d} and a sequence zx = €; (Sk, %)

such that ug (zx) goes to the infinite end of Conf” (E). Moreover, we know that #; has a
subsequence converging to some f, € [0, 1] and s; goes to infinity. Pick a small neigh-
bourhood D C C of it and consider the maps i : D — Conf” (E) given by tiy (s, 1) =

ug(€j (s + sk, 1)). Let O 4 : D — E be the corresponding maps fora = 1,...,n.
Since there is no energy concentration, there is a subsequence of k such that for each
a =1,...,n, Uy 4 converges uniformly to a continuous map Vo4 : D — E'; these in

turn induce a continuous map ., : D — Sym"(E 1). By applying Lemma 2.34, 2.36
and Proposition 2.35, we get the corresponding results (2.86), (2.87) and (2.88) for o 4
and 1/ . This contradicts the assumption that u (z) goes to infinity in Conf” (E). [

. . —=d+1,h —
We now assume that (Ag, J, K) is chosen to vary smoothly in R . That implies

that J = J 1[5"] and K = 0 on the sphere components of S € ﬁdﬂ’h (see Remark 2.1). We
call the (interior/boundary) special points of S which connect different irreducible com-
ponents of S (interior/boundary) nodes. For an interior node z on a disc component, we
define the multiplicity mult(z) of z to be the total number of marked points (not including
nodes) on the tree of sphere components to which z is connected.

—d+1,h
Lemma 2.32 can be directly generalized by replacing R?+1" with R ik . The gen-
eralization of Proposition 2.33 is as follows.

—d+1,h . .
Proposition 2.38. Fix S € R i . Let uy : Sy — Hilb"(E) be a sequence in

—d+1,h
,ﬂd“’h(&);x_d, ..., Xy) such that Si converges to S € R . Assume that h =
Ixyixg,..x,- If there exists T > 0 such that

sup | Dug(zk) — Xk (zi)llg < T (2.94)
Zg €Sy \v(mk(Sk))

for all k, then there exists a subsequence of uy which converges (uniformly on compact
subsets) to a stable map U, : S — Hilb" (E) such that u|g is a constant map for every
sphere component Q of S. Moreover, interior nodes on disc components of S are mapped
to Dyc under uoo and the algebraic intersection number between U, and Dyc at an
interior node z is given by mult(z).

Proof. For ease of exposition, we only consider the case S = S, U Sg, where S, is a
disc component and Sg is a sphere component. Let zog € Sy and zg, € Sg be the nodes.
There exists an open subset S x of S such that Sy x converges to Sy \ zgg. The proof of
Proposition 2.33 can be applied to ux|s,, , to conclude that there is a subsequence which
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converges (uniformly on compact subsets) to a map u%, : Sy \ zog — Hilb" (E) which
satisfies the conditions (2.50). By removal of singularities, we can extend this to a map
u, : Sq — Hilb"(E).

On the other hand, there exists an open subset Sg x of Sy such that Sg ; converges to
Sg \ Zgo. Gromov compactness can be applied to ux|sg , , and after removal of singular-

ities we obtain a stable J g’ ]-holomorphic map ugo from a tree of spheres to Hilb" (E).

We know that every non-constant J ,[E" ]—holomorphic sphere intersects D, strictly pos-
itively, by Lemma 2.5, so if ugo is not a constant map, then Im(ug) N D, # @ for large k
(cf. the last paragraph in the proof of Proposition 2.33). This is a contradiction, so ugo is

a constant map to a point in Dyc. That implies u%,(z48) € Druc, and the algebraic inter-
section number with Dy at this point is precisely mult(zqg). ]

Corollary 2.39. Suppose :R‘Hl’h(go; Xgs--- - Xy) has virtual dimension 1 and
h = Iyyx,,..x,- For generic (J, K) satisfying (2.48) and (2.49), the moduli
RA+LA (Xg:X4....,X,) can be compactified by adding stable maps u : S — Hilb" (E)

—d+1,h .
forS e R * Sfor which S has no sphere components.

Proof. By Lemma 2.32 and Proposition 2.38, R4+ 1: (xg:Xg4,...,X;) can be compacti-
fied by stable maps u : S — Hilb” (E) such that every sphere component of u is mapped to
a constant. If S has a sphere component, then some disc component would have algebraic
intersection number > 1 with Dy at an interior node. However, this is a phenomenon of
codimension at least 2, so it has virtual dimension at most —1 and hence can be avoided
for generic (J, K).

More precisely, just as RI+1A (xo; X4, ..., Xx;) is the fibre product between (a
smooth pseudocycle replacement for) the inclusion DZC — (Hilb"(E))" and the eval-
uation map RYT1A (xg: Xg, .- s X1)pre — (Hilb" (E))", we can define a subset of
RAd+1LA (X9:X4,- - -+ X )pre consisting of those u for which the interior marked points have
prescribed algebraic intersection numbers with Dyc. In this case, some factors of the tar-
get of the evaluation map should be taken to be the appropriate jet bundles of Hilb” (E)
(cf. [15, Section 6]). The regularity argument in Lemmas 2.15 and 2.16 applies to this case
to conclude that whenever there is an interior node on a disc component that is required to
be mapped to Dy with algebraic intersection number > 1, the restriction of u to the disc
component does not exist for generic (J, K). Therefore, R4+1A (X9 X4.-..,X;) canbe
compactified by stable maps without sphere components. ]

2.2.11. The definition. An object of F 8 (7g) is an element L € £%". Given
two objects Ly = {Lox}y—; and L; = {Lyk};_,, we choose a Floer chain datum
(ALy.L,»HLy.L,+JLy,L,) under the additional assumption that if L, = L, the perturb-
ation pair chosen is given by Lemma 2.24. The corresponding morphism space is

hom(Ly, L,) := CF(Ly, L,) = D Ox. (2.95)
EEX(HLO,L] ,Lgo,Ly)
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Recall that we have chosen strip-like ends, cylindrical ends and marked-points neigh-

bourhoods in §d+1’h that are smooth up to the boundary and corners. Following [40,
Section (91)] (see also [45, Section 9]), we call a choice of Floer data smooth and consist-
ent if for any Lagrangian labels L, ..., L , the Floer data depends smoothly on ﬁdﬂ’h
up to the boundary and corner. Note that smoothness near the boundary and corner strata
is defined with respect to a collar neighbourhood obtained from gluing the lower-dimen-
sional strata. Therefore, a smooth and consistent choice of Floer data is obtained by an
inductive procedure from the lower-dimensional strata. In our case, we proceed as follows:

(1) We equip the unique element S € R!*1:0 with the (s-invariant) data
(AL, JLg.Ly» HLoL,)-

(2) For every element of R¢*+1-0 with Lagrangian labels being L, ..., L, we equip it
with (Ag, J, K) satisfying (2.47)—(2.49) such that (Ag, J, K) varies smoothly and
consistently with respect to gluing (this is done inductively in d).

(3) Equip any sphere with any number of interior marked points with (4g, J, K) =

[n]
0,J%7,0).

(4) Equip the element of R°*1:! with Lagrangian label being L, or L, with (45, J, K)
satisfying (2.47)—(2.49).

(5) For every element of R¢*+1-1 with Lagrangian labels being Ly,....L,, weequip it
with (Ag, J, K) satisfying (2.47)—(2.49) such that (Ag, J, K) varies smoothly and
consistently with respect to gluing.

(6) Repeat the procedure with increasing /.

For a generic consistent choice of Floer data, all elements in RA+LA (Xg:Xg,....X,) are

regular (here, the genericity is with respect to Floer’s C2°-topology [40, Remark 9.9]).
The Ao structure is now defined by

/"l‘d(ﬁd’-~-7£1)

1 .
— Z —‘(#:Rd"'lali(yid ..... Ll(io;id""’il))io

X05X (g 5eees Xp*
x0€X(HLy,L,-LoLag) 2022l

where, when 1 = 0 and d = 1, #R9+1 (x: x4, ..., x,) is understood as the signed
count after dividing out by R-symmetry (and where we suppress the discussion of signs).

Lemma 2.40. The collection of maps {ju?} satisfies the Ao relation.

Proof. By Corollary 2.39, the relevant 1-dimensional moduli spaces can be compactified
by stable broken maps without sphere components. By Lemma 2.24 and exactness of
the individual Lagrangians, every component of such a stable broken map has at least
two boundary punctures. The rest follows from a well-established argument (see e.g. [49,
Section 4.1.8]) together with the additivity property of /x;x,.....x, under gluing of maps.

|

.....
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3. Properties of the cylindrical Fukaya—Seidel category

At this point, given a 4-dimensional exact Lefschetz fibration 7g : E — H, we have
constructed for each n > 1 an A, category ¥ S () which captures certain Floer-
theoretic computations in the Hilbert scheme of E, or rather its affine subset ¥g. Unsur-
prisingly, the resulting A, category satisfies typical properties of Fukaya-type categories,
with proofs which are minor modifications of those which pertain to more familiar set-
tings. This short section briefly elaborates upon some of these; to keep the exposition of
manageable length, the proofs are only sketched.

3.1. Unitality and Hamiltonian invariance

Lemma 3.1 (Cohomological unit). &S (g) is cohomologically unital.

Sketch of proof. To give a cochain representative of the cohomological unit of HF (L, L),
we need to consider § € R*1:0. We put the Floer cochain datum (A 1, Hp 1, Jo.L)
on the outgoing strip-like end and stabilize the disc S by picking (As, K, J) satisfying
(2.47)=(2.49). The Lagrangian boundary condition is a moving one from ¢, , (Sym(L))
to Sym(L). o

We then form the moduli space of maps u : S — Hilb"(E) \ (D, U Dyc) such that
u is asymptotic to x, € X (Hg,r, L, L) near the strip-like end. The signed rigid count of
this moduli gives a cochain level representative of the cohomological unit.

Note that we only need to consider RO+1" for h = 0 because, by Lemma 2.24, the
corresponding moduli space for # > 0 is necessarily empty. ]

Lemma 3.2. ForanyL e ¥ sovbn (wEg), there is a choice of Floer cochain datum such that

CF*(L, L) is non-negatively graded and CF°(L, L) is rank 1. As a result, the Hamilto-
nian chord generating CF°(L, L) gives a chain level representative of the cohomological
unit.

Proof. As in the proof of Lemma 2.24, we can choose A and H’ such that the (possibly
non-transverse) X gymi-chord from Sym(L) to itself is given by the unordered tuple of
Xpgr-chords x(¢) from L; to itself for i = 1,...,n. Recall that H’ is chosen such that
g (x(t)) € Ur, for all x(¢). For each i, we pick H/ to be a perturbation of H' that is
supported in a compact subset of & El(UL ) and such that the X HI- -chords from L; to
itself satisfy: (i) they are transverse, (ii) they are non-negatively graded and (iii) there
exists exactly one such chord of grading 0.

Recall the definition of ggs, in (2.21). Note that there is a compact subset K of
qs, (JTEI (UL,) x---x JTEI (UL,,)) which contains all the X g/)in1-chords from Sym(L) to
itself. Since gs,, (JTEI (UL,) x - x JTEI(UL,’)) is symplectomorphic to the product sym-
plectic manifold n;:l (UL,) x---x nEl (UL,,), we can find a perturbation H = (H;)¢[o,1]
of (H")" such that H, € H,, (E) forall t and H is the product type Hamiltonian H (z) =
H{(z1) 4+ -+ + H,(zs) locally near K, where z € gg, (5" (Ur,) x --- x 75' (Ur,)) is
identified with (z1,...,z,) € JTEI(ULI) X +ee X nEI(ULn).
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In particular, it means that the Xpg-Hamiltonian chords from Sym(L) to itself are

precisely given by unordered tuples of X H[_/-chords from L; to itself fori = 1,...,n.
Therefore, the Xg-chords are non-negatively graded and precisely one of them is in
grading 0. |

Lemma 3.3 (Hamiltonian invariance). If Ly, L, € £ can be connected by a smooth
family (L,);e[0.1] of elements in £V, then L is quasi-isomorphic to Ly in F $¥"" (ng).

Sketch of proof. Without loss of generality, we can assume that L, is C'-close to L. In
particular, we can assume that wg (Lo ;) N wg (L, ;) = @if j #i.

Pick a Floer cochain datum (ALO,Ll sHp,.L,> JLO,Ll) for (L. L;). For each integer
h>0and S € ROTL" we equip S with the moving Lagrangian boundary label L, on .
Then, we pick (Ag, K, J) such that (2.47), (2.48) and (2.49) are satisfied and compatible
with gluing with elements in R!*1* for all k. The rigid count of the corresponding
solutions of (2.50) and (2.51) give us an element o in CF°(L, L;).

We claim that « is a cocycle. Indeed, by the same argument as in Lemma 2.24, when
the Floer cochain datum is carefully chosen, the rigid count of solutions for # > 0 van-
ishes. In this case, « is a sum of continuation elements o; € CFO(LO,,-, Ly).

Similarly, we can construct a cocycle 8 in CF°(L,, L,). By gluing, one checks that
u?(a, B) and u?(B, ) are cohomological units (for suitable choices of Floer cochain data
as above, these cohomological units agree with the classical units). ]

3.2. Canonical embeddings

Let W be a contractible (hence connected) open subset of H such that

W N oH equals (R, 00) or (—oo, R) for some R € R. (3.1)

Let W° := W N H°. We can define an Ay full subcategory ?S%,yl’n (rg) of
F $M () with objects given by L = {L1,..., L,} such that w5 (L;) C W° forall j.

The conditions that W is contractible and satisfies (3.1) imply that W€ := Int(H \ W)
is also contractible and satisfies (3.1), where Int(—) stands for interior.

Let K be an object of ¥§ ?,Vyl;k (7). Each object L of ¥ S%,yl" (wg) determines an
object L U K in $""*k (7 ) given by adding to L the Lagrangians in K.

Lemma 3.4. There is a cohomologically faithful A functor UK : F S;Vy]’n (mg) —

F§ntk (), which on objects is given by sending L to L U K.

Proof. By (3.1), W contains a neighbourhood of [R, co) or (—oo, R]. Therefore,
we can choose the Hamiltonian term in the Floer data such that each element in
X (Lo U K, Ly U K) is a tuple given by adjoining an element in X (L¢, L) with another
element in ﬁﬁ , K). It establishes a bijective correspondence between the generators in
CF(LoUK,LyuUK)and CF(Lg, L) ® CF(K, K). By Lemma 3.2, we can arrange the
Floer data so that CF°(K, K) is rank 1 and generated by a chain level representative e of
the cohomological unit.
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The A functor LI K has first order term sending x € CF(Lg, L1) to the gener-
ator in CF(Lo U K, Ly U K) corresponding to x ® e, and has no higher order terms
as an A functor. To check that U K is indeed an A functor, it suffices to show that
there is a bijective correspondence between the moduli governing the A, structures in
FS i,Vyl’" (rg) and the moduli governing the A, structures in F seylntk (wg) with all
inputs and outputs being of the form x ® e.

Letu : S — Hilb" (E) be a solution contributing to the A, structure of 'S chln (7E).
Let v : ¥ — E be the map which tautologically corresponds to u. By projecting to H°
via mg and appealing to the open mapping theorem, we know that the image of v lies
inside W.

The proof of Lemma 3.2 shows that e is given by the unordered tuple of grading zero
X H;-Hamiltonian chords e; from K; toitself, fori = 1,..., k. Moreover, we can assume
that e; is a constant chord (i.e. XH{ (ei(¢)) = O forall ).

We now separate the discussion into two cases, namely, the stable case (d, h) # (1,0)
and the semi-stable case (d, h) = (1, 0). We start with (d, h) # (1,0).

In this case, for each S € RY +1’h, the constant map v; from S to e; satisfies

(Dv; — Xijl)o’1 =0,
v; (0S) C L}, (3.2)
limg_s 400 v; (€j(5,+)) = e; uniformly forall j =0,...,d.

The moduli space of solutions to (3.2) has virtual dimension O (because the conformal
structure of § is fixed). Moreover, v; is a regular solution to (3.2). Note also that 7g o v; ¢
W for all i.

Now we define & = ¥ U |_|f~c=1 S, and we define 7rg : S — S to be g =y U
|_|f-c=1 Ids, where Idg : S — S is the identity map. Let ¥ = v U |_|f-c=1 viand i : S —
Hilb"+k (E) be the map tautologically corresponding to v. Notice that Im(v) and Im(v;)
are pairwise disjoint. This means that the Fredholm operator associated to # splits into the
direct sum of those associated to u and v;. Therefore, # is a regular solution contributing
to the Ao structure of F §H+k () with all inputs and output being of the form x ® e.
Conversely, by the Lagrangian boundary conditions, every such solution is of the form %
for some u contributing to the Ao structure of ¥ S;Vyl" (7E).

Next, we consider the case (d, #) = (1, 0). In this case, ¥ = U;’zl S and 7y =
LI7_, Ids. Since u is rigid, it means that the moduli space containing u is 1-dimensional
before dividing out by R-translation-symmetry. We define s, 75, v and i as above. The
moduli space containing # still has virtual dimension 1 before dividing by R-symmetry,
because the constant maps have virtual dimension 0. Moreover, # is regular because one
can split the Fredholm operator of # to those of u and the constant maps, which are all
regular. Conversely, rigid solutions contributing to the Ao structure of F S tk (7g)
with (d, h) = (1,0) and both input and output being of the form x ® e are necessarily of
the form # for some u.

This finishes the proof. ]
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Corollary 3.5. If Ly, L, L, form an exact triangle in ¥ Cyln(mg;) then Ly U K,
L, UK, L, UK formonein F IR (0,

Using Corollary 3.5, we can inductively construct a plethora of exact triangles.
For example, we will prove in Section 5.1 that our set-up applies to the standard
Lefschetz fibration wg on the A,,_; Milnor fibre E. In that case, there are well-
known exact triangles [40, Lemma 18.20] relating matching spheres and thimbles in
FSMY(rp) = FS(nE). We can obtain exact triangles in ¥ S () by adjoining
matching spheres/thimbles to the exact triangles in % § " 1(71 E) (see Figure 3.1).

X X X X X X
U - - (1]

PR

Fig. 3.1. The top row represents an exact triangle in ¥ § (wg) when E is the A Milnor fibre. The
bottom row is exact in & 2 (7 g) by Corollary 3.5.

3.3. Serre functor

An important observation due to Kontsevich and Seidel is that the global monodromy t
should induce the Serre functor on the Fukaya—Seidel category up to degree shift [22,
41,42,44]. In our context, the global monodromy of 7 g induces an auto-equivalence of
F $Y(E) for each n. By formally the same argument, we get

Claim 3.6. The global monodromy of wg induces the Serre functor on ¥ S (E) up to
a degree shift by —2n.

Even for Lefschetz fibrations, a complete proof that the auto-equivalence induced by
global monodromy agrees with the Serre functor (up to shift) does not seem to appear in
the literature.® Any argument is likely to apply to our case. For the reader’s convenience,
we outline the essential geometric input underlying the claim.

Sketch of proof of Claim 3.6. As a graded symplectomorphism, we require that T acts as
the identity on the trivialization of the bicanonical bundle in a compact region containing
the critical points. This means that for each compact exact graded Lagrangian L in E,
(L) = L as graded objects. On the chain level, there is a canonical isomorphism (see the
left of Figure 3.2)

CF'(Lo, L1) ~ (CF " (L1, t(Lo)[-2]))¥ = (CF (7" (L1)[2], Lo))" (3.3)

given by sending an intersection point of LS’ N L to the corresponding intersection point

Forthcoming work of Abouzaid and Ganatra lays the general foundations for the treatment of
Serre functors in the context of Fukaya categories for Landau—Ginzburg models, which generalize
Fukaya—Seidel categories.
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(L,

O+

L
T(Lo) 1 L, L, Lo

Fig. 3.2

of t(Lg) N Lf but viewing the latter as a generator in the dual group CF(L1, t(Lo)).
Here, for two Lagrangians L, K, we use L™ N K (or K N L™) to mean that we pick a
Hamiltonian diffeomorphism ¢ such that Ax < Ag(r), ¢(L) h K and weuse LT N K to
denote ¢ (L) h K.

In particular, when Lg is compact, a generator x of CF'(Lg, L;) is mapped to the
linear dual of the corresponding generator x¥ € CF>7 (L, Lo) = CF (L, Lo[-2]) =
CF™ (L1, t(Lo)[-2]). The canonical isomorphism (3.3) lifts to the canonical isomor-
phism for Lagrangian tuples

CF'(Lg,Ly) ~ (CF'(Ly, t(Lg)[-2n]))Y = (CF ' (7' (Ly)[2n], Ly))".  (3.4)

A key claim is that, under the canonical isomorphism (3.4), one can arrange to have a
bijective correspondence between the moduli computing higher A, operations:

CF(Lg—1,Lq) X CF(Ly_p,Lg_y) X -+ x CF(Lg, L;) = CF(Ly, Ly), (3.5)
CF(T_I(Ld)[Z”]’Ld—l)V X CF(Lg_p,Lg_y) x---x CF(Ly, L)
— CF(x™'(Ly)[2n], Ly)¥, (3.6)

where (3.6) is obtained by dualizing CF (= (L,)[2n], L;_;) and CF(z~'(L;)[2n], Ly)
in the structural map

CF(Ly_5,Ly_1)x---xCF(Lgy,Ly) % CF(T_I(Ld)[zn]véo)
— CF (L] Ly_y).

The right side of Figure 3.2 gives a schematic indication of why such a bijection exists,
in a simple case in which the Lagrangians are pairwise distinct (and the Aso-products
are governed by the same set of holomorphic curves projecting to the unique triangle in
the base). Together, these claims imply that CF(z~!(L)[2n], —)" is isomorphic as a right
Aoo-module to CF(—, L). In other words, on the object level, the global monodromy
t[—2n] sends L to t(L)[—2n], whose Yoneda image is in turn isomorphic to CF(L,—)".
This is the first piece of geometric information that enters into Seidel’s argument. |

Remark 3.7. There is an embedding from an appropriate Fukaya—Seidel category to the
cylindrical version ¥'§ L (see Proposition 4.12). Claim 3.6 is only used to prove that
this embedding is essentially surjective for type A Milnor fibre (see Proposition 5.16), and
to compare certain Lagrangian tuples with certain modules over the extended arc algebra
in Section 10. It is not needed to derive any of the results mentioned in Section 1.
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4. Comparing Fukaya-Seidel categories

In this section, we discuss the relation between F S () and the Fukaya—Seidel cat-
egory of the Lefschetz fibration on Hilb" (E) \ D, induced by 7 (we recall that this is
a ‘weak’ Lefschetz fibration, in the sense that it may have critical points at infinity, but
it still has a Fukaya—Seidel category of Lagrangians proper over the base, as constructed
in [40]). This allows us to translate our subsequent study of ' § cyln (mg) back to the usual
Fukaya—Seidel category.

4.1. A directed subcategory

Let ¢y, ..., cn, be the set of critical values of wg. By applying a diffeomorphism of £
covering a compactly supported diffeomorphism of H° and using push-forward J 1, w g1,
etc., we assume that ¢ := k + J=1eH°fork =1,...,m.For simplicity, we assume
that there is exactly one critical point lying above a critical value. We also assume that
the symplectic parallel transport is well-defined everywhere. This holds for type A Milnor
fibre (see [26] or the subsequent discussion in Section 5). In fact we only apply parallel
transport to Lagrangians that are proper over H° and one can avoid this hypothesis at the
cost of having more notations.

A matching path y : [0,1] - H° of 7g : E — HP° is a smooth path from ¢, to cp,
for some a,b € {1,...,m} with a # b, such that y(¢) is not a critical value of g for
all # # 0, 1, and such that the vanishing cycles from the critical points lying above ¢,
to ¢ match up under symplectic parallel transport along y to give a Lagrangian matching
sphere L, in E.

A thimble path y : [0,1] - H of ng : E — HP° is a smooth path from ¢,, for some
a €{l,...,m}, to a point on the real line such that y(t) € H° \ {cp | b =1,...,m}
for ¢ # 0, 1, and the symplectic parallel transport of the vanishing cycle from ¢, gives a
Lagrangian disc (thimble) L, in E.

Definition 4.1. For an n-tuple I' = {y;, ..., y,} of pairwise disjoint embedded curves
in H° such that each curve is either a matching path or a thimble path of 7g : E — H°,
we can define the corresponding n-tuple of Lagrangians

Lr:={L,,...,Ly,}€LY" 4.1

In this case, we call " an admissible tuple.

Forr e Rand k € {1,...,m}, let [, ; be the straight line joining r and c,. Every [, &
is a thimble path.
Let J be the set of cardinality n subsets of {1,...,m}. We define a partial ordering

on d, called the Bruhat order, as follows: For Iy, I; € 4, Iy < I if and only if there is
a bijection f : Iy — I; such that x < f(x) for all x € Iy. Strict inequality Iy < I; is
defined by ]() < ]1 and ]() 75 11.
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Fig. 4.1. The case when s = 4and n = 2.

Let f : d — d. (see Section 2.2.6) be a function such that

fo) N f(I) =9 forall Io # I, € 4, 4.2)
SWo) > f(Iy) ifIp < Iy, (4.3)
length(f (1)) = m, 4.4)

where length([a, b]) := b — a.
Given fand I = {i; <--- <iy} € 4, we define

VI = Din( £ (1) i i 4.5)
soT! :={ylk | k =1,...,n} is a collection of parallel lines in H°. For generic f, no
three pairwise distinct lines in | J;, '/ intersect at the same point in {z € H° | im(z) < 1}
(see Figure 4.1).

Let 71 := Ly € 9% For a generic perturbation of wg inside a compact subset,
which changes the symplectic connection but keeps the symplectic Lefschetz fibration
structure, we have

Lyrx thLya  forall (1.k) # (I'.K). (4.6)

Moreover, by applying a diffeomorphism of E covering a compactly supported diffeo-
morphism of H° again (and using the push-forward Jg1, wg, etc.), we can assume that
there exists 0 < n < 1 such that 7g is symplectically locally trivial in nEl({z e H° |

im(z) < 1 —n}) and for any y*k # y!"¥" € T, we have

vk nyl'"* c{z e H° |im(z) < 1 — porim(z) = 1}.
We are interested in the subcategory of ¥ S (g ) split-)generated by {7 | I € J}.

Lemmad4.2. Let Iy, I, € d. Then HF(T'0, Ty £ 0 only if Iy < I1. Moreover, if I = I,
then HF(TTo, T1v) is generated by the identity element.

Proof. For the first statement, it suffices to note that if Iy £ [, then we can find an

isotopy of thimbles Zfo € £ such that LI)" =Th, Apto > Apn and Sym(Z{") N
£ -

Sym(T71) = @ (see Figure 4.2). It implies that CF(Z{O, Thy = HF(Z{O, 71y = 0, but

by Lemma 3.3, 1{0 is quasi-isomorphic to 770 as objects in F S (ng), so the first
statement follows.
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X X

Fig. 4.2. Sym(T10) n sym(r 1) = 0.

For the second one, when Iy = I; = I, we can find an isotopy of thimbles Z,I € goybn
such that LI) =711, AT{ > Apr and Sym(l{) N Sym(T7) is a singleton. Lemma 3.3 now

implies that HF (T!, T7) has rank 1, so is generated by the cohomological unit. ]

Lemma 4.3. Let Io < I} < --- < 1. For the pairs (T, T14), and (ZI-/—',ZI-/') for
j =1,....d, we can choose Floer cochain data (A, H, J) such that A = 0 and H = 0.
Moreover, for x, € X, 1714y and X; € X(TL-1, T for j =1,....d, we can
also choose the Floer data (Ag, K, J) such that As = 0 and K = 0. In consequence,
when R4+1h (Xos X4, ..., X,) has virtual dimension zero, its regularity can be achieved

by generic J.

Proof. First note that if i < j <k and x = {x1,...,x,} € Sym(T%) N Sym(T%/) N
Sym(7T7¥), then since there is no triple intersection in {z € H® | im(z) < 1}, it is necessary
that forall t = 1,...,n, 7g(x;) = ¢;, for some [; € {1,...,m}. This in turn implies
thati = j = k, a contradiction. Therefore, if i < j < k then Sym(T%) N Sym(T%/) N
Sym(Z''*) = 0.

We first discuss how to achieve regularity of elements in R¢ 1./ (X0: Xgs s X)pre-
Letu : S — Hilb"(E) be an element in this space. Let v : ¥ — E be the map associated
to u by the tautological correspondence. Let ¥4, ..., X, be the connected compon-
ents of ¥ and v; = v|g - By reordering X1, ..., X, if necessary, we can assume that
there is 0 < a < m such that 7g o v; is a constant for i < a, and is a non-constant map
otherwise.

By the boundary conditions, 7x|x; must have degree 1 fori < a,so X; = S is a disc
with d + 1 boundary punctures. We want to discuss the Fredholm operator associated to
v; 1 S — E fori < a.Letusassume a # 0 and consider v;. We denote the Lagrangian
boundary label on X, by Lo,...,Lg so that L; € T for j =0,...,d. The map
g o v is either a constant map to a point in {z € H° | im(z) < 1 — n} or to a point ¢
for some k.

We first suppose that g o vy is a constant map to a pointin {z € H® | im(z) < 1 — n}.
Then we must have d = 1 because no three pairwise distinct lines in I' intersect at the
same point in {z € H° | im(z) < 1}. If we view mg o v; as a holomorphic map with
boundary on g (L;) and both asymptotic conditions are given by uniform convergence
to the intersection point, then g o vy is a regular rigid solution because the input and out-
put are the same (so have the same gradings). The cokernel of the Fredholm operator D,
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of vy sits inside a short exact sequence
coker(Dsipre) — coker(Dy,) — coker(Dy op,) = 0 4.7)

where Dy .oy, is the Fredholm operator for wg o vy and Dy is the Fredholm operator
of vy viewed as a map to the fibre. By regularity of 7g o vy, we have coker(Dz op,) = 0.
On the other hand, depending on the virtual dimension of vy, either coker(Dgpe) can also
be made 0 by a generic choice of J, or vy does not exist for generic J . In the former case,
Dy, is surjective.

Next, we consider the case that 7g o v; is a constant map to a point ¢ for some k. In
this case, d is not necessarily 1 but, by (4.3), we have

’\L0>"'>AL(1' 4.8)

We can assume that L; N L; = p forall i, j, where p is the critical point lying above ¢.
Let B, be a Darboux ball centred at p. We can assume that J is integrable near p so
that B, can be identified with a ball in C2. Moreover, by (4.8), we can assume that
T,L; N T, B, are pairwise transversally intersecting Lagrangian planes in 7, B, with
strictly decreasing Kéhler angles. More explicitly, a local model is given by

nglB,(21,22) = 2122, 21,22 €C, (4.9)
Li N By ={(z1.22) = (re'%* re!% ="y e B, | r >0, t €[0,2x]} for some 6; € [0, 27),
(4.10)

and (4.8) translates to 6y > --- > 6. As a result, there are choices of grading functions
on {L,-}i“’=0 such that for all 7, the point p as a generator of CF(L;—1, L;) has grading 0
(wheni = 0, CF(L;—1, L;) should be understood as CF(Lg, L;)). Therefore, for a fixed
S € R+ the moduli space of solutions to the equation

w:S —> E,

(Dw)o,l = Oa

w(d;S) C L, forall j,

limg—s 40 w(€; (s,)) = p uniformly for all j,

4.11)

has virtual dimension 0. Moreover, the constant map from S to p is regular and rigid. On
the other hand, v; must be the constant map from S to p, so v; is regular.

We can now address the regularity of u. Recall that the key point is to show that if
1 is an element in an appropriate Sobolev completion of Q%!(S,u*T Hilb"(E)) which
annihilates the image of the Fredholm operator associated to u, then n vanishes identic-
ally. Since 7 lies inside the kernel of the adjoint operator, 1 has the unique continuation
property, so it suffices to show that 1 vanishes on an open subset G of S.

Let z € S \ v(mk(S)) be such that u(z) € Conf”(E). Let G be an open neigh-
bourhood of z such that 7y l(G) consists of n disjoint open sets Gy, ..., G,. There is
a neighbourhood U of u(z) that is symplectomorphic to a product Uy X --- x U, for
open sets U; C E satisfying U; N U; = @ if i # j. Moreover, we can assume the image
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of v|g, lies inside U;, so we have u|g(z) = (v|g,(2),...,v|g,(2z)) under the identific-
ations between U and U; x --- x Uy, and between G and G;. Having this product type
local model for u|g, we can write |G as (91....,1,), where n; € Q¥1(G;, vlg, TUp). It
n # 0, then at least one 7; is not 0; relabel it as 7;.

If mg o v|g, is not a constant map, then there is an infinitesimal deformation Y of J
in the space of almost complex structures satisfying (2.48) (which only deforms in the
first factor of the product Uy X --- x Uy) such that

Lo o@i-xoojs) = [ tn¥oWn-Xegoss) 20 @)
1

where jg is the complex structure on S. That contradicts the assumption that 7 annihilates

the image of the Fredholm operator associated to u.

If mg o v|g, is a constant, then we must have G; C X; for some i < a. Without loss
of generality, we assume G| C X; and v|g, = vi1]|g,. From the discussion of the sur-
jectivity of the Fredholm operator associated to v; above, we know that there exists an
infinitesimal deformation Y of J supported in G, and an element £ in an appropriate
Sobolev completion of C*°(S, vy TE) supported in G; such that

/G(’Tlvals‘F 2Y o (dvi — Xpzg) 0 js) # 0. (4.13)
1

Therefore, if we identify G with G and think of v |”(‘;l TE = v; |*Gl T U, as a component
of u|T U, then we have

/G(n, Dyé + 1Y o (du — Xk) o js) # 0. (4.14)

Therefore, n = 0 and hence the regularity of u can be achieved by generic J.

This proves the regularity of elements in R¢ 1+ (Xg:Xg4, ..., X )pre- The transversal-
ity between the evaluation map R4+1# (Xg: X g5+ X )pre = (Hilb" (E))" and a pseudo-
cycle representing the inclusion (Dyc)® — (Hilb?(E))" can be addressed by the same
reasoning. This finishes the proof. |

By Lemma 4.3, we can define the A, operations
CF(T!e=1,T14) x -« x CF(T", T") — CF(T°, T') (4.15)

without introducing a Hamiltonian term K, whenever Iy < I} < -+ < I;. In a standard
way, we can extend the A, operations by adding idempotents.

Corollary 4.4. Let R = @,y Key and eI2 = ey. We have a strictly unital Ax, algebra
R® (P CF(T™.TM) (4.16)
10<11

with unit ) ;g eg.



C. Y. Mak, I. Smith 3258

Proof. See [42, Section 7] for how the Ao structure is defined after adjoining the strict
units ey of the idempotents. |

Corollary 4.5. The Ao, algebra (4.16) is quasi-isomorphic to Endg genn (P g Th.

Proof. This follows from Lemmas 4.2 and 4.3, Corollary 4.4 and homological perturba-
tion. ]

4.2. Fukaya—Seidel embeds into cylindrical Fukaya—Seidel

In this section, we show that
my, = 7|y, : Yg := Hilb"(E) \ D, » C 4.17)

is a Lefschetz fibration, and identify the subcategory of the associated Fukaya—Seidel
category D™ ¥ § (my,,) generated by thimbles with the category of perfect modules over
the Aoo-algebra (4.16).

Lemma 4.6. If f : C?2 — C is a holomorphic map without critical points, then so is the
induced map ™ : Hilb"(C2) — C.

Proof. Without loss of generality, it suffices to show that f1"] is regular at a 0-dimensional
length n subscheme z supported at 0. We can also assume that f(x,y) = x.

Let z; be a family of O-dimensional length n subschemes such that zo = z and z; is a
length n subscheme supported at (z,0). Then £ (z;) = nt so £ is regular at 0. L]

Corollary 4.7. Every critical point of ngl] : Hilb" (E) — H° has support lying inside the
union of critical points of wg.

Proof. 1f the support of z € Hilb" (E) contains a point p that is not a critical point of 7 g,
then we can apply Lemma 4.6 locally near p to show that z is not a critical point of ﬂgl].

If z is a critical point of rr][gl], consider whether the support is a disjoint union of n

points or not. We consider the former case first. For I € J, we use z; € Conf"(E) C
Hilb" (E) to denote the subscheme with support being the union of the critical points
lying above {c; | i € I}.

Lemma 4.8 ([5, Proposition 2.1 and Lemma 2.2]). For each I € d, the point zj is a
Lefschetz critical point of Jrgl] and Sym(T") is a Lefschetz thimble.

Proof. Since z; consists of pairwise distinct points, near zy, 71][;1] is locally given by

(U1,V1,..., Uy, Vy) > u% + vf + -4 uﬁ + vﬁ. Therefore, it admits a Lefschetz critical
point at zj.
Since {ng (T J‘)}Z=l are parallel lines, ng’] (Sym(T1)) is also a straight line so it is

a Lefschetz thimble. u

For the other case, we have a local lemma.
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Lemma 4.9. Let 7 : C2 — C be n(u,v) = u?> + v2 For n > 2 and z € Hilb"(C?)
supported at the origin of C2, the length of the projection of z by 7 is strictly less than n.

Proof. Let C = Spec(C[w]) and f : Clw] — C[u, v] be the algebra homomorphism
sending w to u? + v2. Let I be a length n ideal of C[u, v] supported at the origin,
which corresponds to the point z in the statement. We want to show that the ideal f~1(7)
in C[w] has length strictly less than n.

Since dimc (Clu, v]/I) = n, we know that uivb e I'ifa,b,>0anda + b > n. It
means that when 7 is even (resp. odd), we have (u2 + v2)"/2 e I (resp. (u? + v2)*+1/2
€ I). Therefore, z"/2 € f~1(I) when n is even (resp. z#*t1/2 ¢ f=1(I) when n is odd),
which in turn implies that £ ~1(I) has length no greater than (n + 1)/2. L]

Corollary 4.10. The critical points of (4.17) are precisely {zj }1c4 and they are Lefschetz.

Proof. By Lemma 4.9, if the support of z has multiplicity 2 at some critical point of 7 g,
then z € D, which is not in ¥ = Hilb"(E) \ D,. The result then follows from Corol-
lary 4.7 and Lemma 4.8. ]

Remark 4.11. Even though (4.17) has only Lefschetz critical points, it is in general
not symplectically locally trivial near the horizontal boundary, because there are critical

points of ng’] : Hilb" (E) — C lying in D, (whenn > 1 so D, # 0).

In light of Remark 4.11, we should clarify what we mean by ¥ § (7ry). Objects of the
Fukaya-Seidel category ¥ S (;ry) are restricted to be Lefschetz thimbles Sym(7'!) for
I € 4. As in Corollary 4.5 (see [42, Section 7]), the Ao endomorphism algebra of the
direct sum of the objects is defined to be

R® (P CF(Sym(T™).Sym(T")) (4.18)
Io<I

where the Floer cochains are taken in Hilb” (E) \ D, and no Hamiltonian perturbation is
put on the Floer equations defining the A structure. As in [42], this definition is quasi-
isomorphic to the directed subcategory of the vanishing cycles in the distinguished fibre.

Proposition 4.12. There is a quasi-isomorphism between (4.16) and (4.18). As a result,
there is a cohomologically full and faithful embedding D™ ¥ § (wy) — D™ F 8 (ng).

Proof. There is an obvious bijective correspondence of objects and generators between
(4.16) and (4.18). Note that all pseudo-holomorphic maps involved in defining the ¢
operations in (4.16) are contained in Hilb" (E) \ D;.

For the definition of the u¢ operations in (4.18), we can use moduli of pseudo-
holomorphic maps with no Hamiltonian perturbation term as in (4.16) (see Lemma 4.3)
but we need to use the domain moduli R4+ instead of R4 +1" It means that we equip
U ﬁdﬂ with a consistent choice of domain-dependent almost complex structures that
are equal to J 1[5" Voutside a compact subset of Hilb” (E) \ D, and generic inside the com-

pact subset, and we count the corresponding moduli of maps to define the u? operations
in (4.18).
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Given the difference of domain moduli for (4.18) and in (4.16), we cannot directly
compare the u¢ operations. The standard method to circumvent this is to use the ‘total
Fukaya category’ trick from [40, Section 10a].

Briefly, one can show that ¢ operations in (4.16) yield a category quasi-isomorphic
. . L . . —d+1,h
to another one in which the operations fi? are defined by the domain moduli U dn R *

but with the domain dependent J chosen independent of the interior marked points, equal
to J 1[5" I outside a compact subset of Hilb”(E) \ (Dyc U D) and generic inside a com-
pact subset. Moreover, for generic J, we can assume that the universal evaluation map to
(Hilb™ (E))" is transverse to D;’IC. With these data, i¢ is defined by counting the corres-
ponding moduli of maps u such that u(z) € Dyc for z € mk(S). In this modification, the
interior marked points are merely decorative, and one can canonically identify the moduli
spaces with the ones defining the u? operations in (4.18). ]

It is natural to ask when the thimbles {77 };cy split-generate D™ % S (). We
next show that this holds when 7g is the standard Lefschetz fibration on the type A
Milnor fibre.

5. Type A geometry

In this section, we apply the results in Sections 2—4 to the case in which £ = A,,—; is a
type A Milnor fibre. When 2n < m, the corresponding ¥g = Hilb" (E) \ D, is the generic
fibre of the adjoint quotient map restricted to a nilpotent (or Slodowy) slice associated to
a nilpotent with two Jordan blocks, as studied in [32,47] in the context of symplectic
Khovanov cohomology. At the end of this section, we show that if Claim 3.6 holds, then
the embedding in Proposition 4.12 is essentially surjective in this case.

5.1. Apm—1 Milnor fibres

We recall the symplectic geometry of type A Milnor fibres, with an emphasis on veri-
fying the assumptions made in the set-up of Section 2. The following model is a slight
modification of the one in [19, Section 7]. Let m > 1 be an integer. Let

X :=CxCP'x[]CP} (5.1)

i=1

with coordinates (x, [Yo : Y1], [a1,b1], .., [@m,bm]). Let M be the subvariety given by
the equations

aiYo=b;Y1(x—i) fori=1,...,m. (5.2)

Let pr : M — C be the projection to the x coordinate. For x # 1,...,m, the fibre at x
is given by

Py=ng'(x) ={(x,[Yo: V1], [Yi(x = 1) : Yol,....[Yi(x —m) : Yo])}, (3.3)
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which is a smooth rational curve. For x =i € {1,...,m},

Pii=ng' () ={(.[Yo: 1].[Y1( — 1) : Yol.....[Y1(i —m) : Yo]) | Yo # O}
UG, [0 111200 ai s bl [1:0]) | [ai : by] € CPL)

is a union of two irreducible smooth rational curves. One can check that 77 is a Lefschetz
fibration. Consider the following sections

Deo = {(x.[1:0].[0: 1],....[0:1]) | x € C}, (5.4)
Do :={(x.[0:1].[1:0].....[1:0]) | x € C}, (5.5)

and define D := Dy U D.

Lemma 5.1 (cf. [19, Lemma 7.1]). M \ D is biholomorphic to {a® + b*> + (¢ — 1) ---
-(c —m) = 0}.

Proof. For a dense subset, the identification is given by

(a,b,c)—~> (c,Ja+v—-1b:1],[c—1:a+~—1b],....[c—m:a+~—1b]). (5.6)
We leave the rest to the reader. [

We call a smooth affine variety of the form {a? + b% + (¢ —c¢1)--- (¢ — ¢p) = 0}
with pairwise distinct ¢y, ..., ¢, € C an A,—1 Milnor fibre. In particular, M \ D is an
Am—1 Milnor fibre by Lemma 5.1.

Remark 5.2. By projecting to the ¢ coordinate, {a® + b? + (¢ —c1) -+ (¢ — cm) = 0}
C C3 is the total space of a Lefschetz fibration with general fibre C* and with m nodal
fibres (over the c;). Since we are primarily interested in the symplectic geometry and not
complex geometry of M\ D, we will also refer to any such Lefschetz fibration as an A,y
Milnor fibre; in particular, the restriction of this Lefschetz fibration of M\ D to a disc in
the c-plane containing all the critical values is a Milnor fibre.

Lemma 5.3 (cf. [19, Lemma 7.2]). Let wx be a product symplectic form on X that tames
the complex structure. Then wyy := wy |y is a symplectic form and Py is wpg-orthogonal
to D forall x.

Proof. Both assertions are clear. For the second one, observe that TD and 7T P lie in the
first and second factor of TC @ (T(CP')"+1) = TX, respectively. ]

Let wy be the standard symplectic form on X and define wps := wy|p. For R > 0,
let Bg C C be the open disc of radius R and Mg = nﬂ}l(BR). Let mprp, - %nM|MR :
Mpr — B, which is still a holomorphic Lefschetz fibration, and a symplectic Lefschetz
fibration with respect to war,, := wpr|m,- We equip the base unit disc B; with the hyper-
bolic area form wyyp.
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Lemma 5.4. Let R > m. There exists a symplectic form wr on Mg and a compact subset
Cp C Bj such that

wR tames the complex structure, 5.7)
wp is symplectically locally trivial in nﬂ}; (B1\ Cp), (5.8)
D N Mg is wg-symplectic-orthogonal to ﬂll_llR (x) forall x € B; \ Cp. (5.9)

Proof. For € > 0 small, we have a holomorphic embedding

®: (B; \ Bi_e) x CP! — Mpg,
(x, [Yo : Y]]) = (Rx, [Y() : Yl],[Yl(x— 1) : Yo],...,[Yl(X —m) . Yo]),

which is compatible with the projection to By \ Bj—_e.

Let g : (1 —¢,1] — (1 — €, 1] be an increasing function such that there exists § > 0
such that g(r) = r for r near 1 — €, g is strictly increasing when r € (1 —€,1 —§), and
g(r) =1forr > 1—4. Itinduces a smooth map ¢ : Mp — Mg such that

¢g(z) ==z forz ¢ Im(P), (5.10)
b (D(re¥ ™10 1)) = (g(r)eV"?, y), where (x,[Yo : Yi]) = (re¥™".y).  (5.11)

Then ¢y, is a closed 2-form, non-degenerate in ”A_/IIR (B1—¢) and fibrewise symplectic.
A direct calculation shows that there is A > 0 such that for all ¢ > A, %(}S;wMR +
JTIT,IR hyp is a symplectic form that satisfies (5.7)—(5.9) for Cp := B;_s. ]

Now, we give a dictionary to the set-up in Section 2.2.4. Let f : By — H be a hyper-
bolic isometry. Let
— 1 —
E] = Mg, gl :szEnM|HR’ Dp:=DNMpg,
FIZ MR, JTEI:fOT(MR, WE = WR, CH = f(CB).

(5.12)

It is straightforward to check that the assumptions made in Section 2.2.4 are satisfied.
Most notably, wz tames the complex structure, 7| —1 (HO\Cyp) is symplectically locally
E

trivial and every holomorphic map CP! — E1 has positive algebraic intersection number
with Dg.

Remark 5.5. There is an additional feature in this setting that is not assumed in Sec-
tion 2.2.4, namely, for all x € ngz| -1 (Ho\Cyy) the complex structure at x respects the
E

symplectic decomposition 7xE = T'E @ TIE.

5.2. Nilpotent slices

Letm,n € N be such that 2n <m. Let G = GL,,(C) and g be its Lie algebra. The adjoint
quotient map y : g — §/ W = Sym™(C) take an element A € g to the coefficients of its
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characteristic polynomial, i.e. the symmetric functions of the eigenvalues (with multipli-
cities) of A. The set of regular values is given by Conf”(C) C Sym™(C) = C™. Let
Sn,m C g be the affine subspace consisting of the matrices

aq 1 bl
an 0 1 b2
an—1 1 bn—1
an 0 b,
A= 0 dy 1
e dy 1
0
C1 . e
e dm—n—1 1
Cn dm—n 0

such that a;, b;, ¢;, d; € C for all i. Note that, for the first column of A to be well-defined,
we used 2n < m. The affine subspace S, ,, is a nilpotent (Slodowy) slice of the nilpotent
element of Jordan type (n, m — n). The restriction x|s, ,, : Sp,m — Sym™(C) admits
a simultaneous resolution by Grothendieck (see [50], [14]), and )(|§nl m(Conf'” €)) —»
Conf™(C) is a differentiable fibre bundle. For T € Conf™(C), we define

Yno = A5y, (D) (5.13)
Example 5.6. Whenn =1,
Y. ={(b.c.z) € C? | bc + P.(z) =0} (5.14)

where P () is the degree m monic polynomial with roots given by elements in t. Note
thatif T = {1,...,m}, then ¥; ; is biholomorphic to {a® + b> + (¢ — 1)...(c —m) = 0}
(cf. Lemma 5.1).

We denote the projection to the z coordinate by 7  : ¥, — C.

Lemma 5.7 ([31]). When 2n < m, there is a holomorphic open embedding j : Y, ; —
Hilb" (Y, ¢). The complement of the image is the relative Hilbert scheme of the projec-
tion w1z, i.e. the subschemes whose projection to C, does not have length n.

Proof. Although Manolescu [31] only considers the case m even, the same proof goes
through in general. More precisely, for A € S, n, it is easy to check that

det(t] — A) = A(t)D(t) — B(t)C (1) (5.15)
where
A@t) =" —ay " 4 (=) ap,
B(t) = bit" ' —byt" 2 4o (1) Dy,
C(t) =cit" ' —cpt" 2 oo (1) ey,
D) =t"" —dit"™ " 4 ()" .
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Points in Y, ; are identified with 4-tuples of polynomials (A(¢), B(t), C(¢), D(t)) in C[¢]
such that A() D(¢) — B(t)C(t) = P.(¢). Points in Hilb" (¥, ;) are identified with ideals 4
in @ := CIb,c, z]/(bc + P;(z)) such that dim @ /4 = n. The holomorphic embedding
J Y, — Hilb" (Y, ;) is given by

J(A@®), B(t),C(t),D(t)) = {Q(b,c,z) | A(t) divides Q(B(t),C(z),1)}. [

Let t = {1,...,m} and identify ¥; ; and m; ; with M and mps from Section 5.1,
respectively. For E1 = M g as in the dictionary (5.12), we know that, by Lemma 5.7,
Y,u.m :=Hilb"(E) \ D, is an open subset of ¥, ; when 2n < m. Moreover, ¥, ,, exhausts
Y, as R goes to infinity.

Lemma 5.8. When 2n < m, the map nEng li, ) is given by sending a matrix A € Y, -
to the top left entry a;.

Proof. By [31, Remark 2.8], the composition

Sym” (z )

Yy o > Hilb" (Y1) =5 Sym” (Y).¢) Sym”"(C) (5.16)

is given by the roots of A(z) (in the notation of the proof of Lemma 5.7). Therefore the

map nE"l o j : Y, — C is the sum of the roots of A(t), which is a;. [

5.3. Sliding invariance

If L, and L, are not connected by a path L, € £ then the quasi-isomorphism types
of Loand L, in ¥ S () are in general different. However, we present three special
cases where the quasi-isomorphism type is unchanged by a move not arising from an
isotopy through admissible tuples (recall Definition 4.1).

The first case is the analogue of [47, Lemma 49].

Lemma5.9. Let T :={y1....,yn} be an admissible tuple. Suppose y; and y; are match-
ing paths and i # j. Let y' be the matching path obtained by sliding y; across y;. If " is
the admissible tuple obtained by replacing y; by y’, then Ly is quasi-isomorphic to L.

Proof. First consider the case that n = 2,i = 1, j = 2 and m > 2n. In this case, it is
proved in [47, Lemma 49] that Sym(L) and Sym(L ) are Hamiltonian isotopic in ¥, »,
(they treat the case m = 2n but the proof works for all m > 2n). In particular, we can find
a € HF(Sym(Ly),Sym(Ly/)) and b € HF(Sym(Ly), Sym(Lp)) such that

12 (b.a) = lgrsymep)symeyy  and  w?(@,b) = lypsym@r).symery-  (5-17)

As in the proof of Proposition 4.12, when we turn off the Hamiltonian perturba-
tion, there is a bijective correspondence between the J-holomorphic curves in ¥, ,, and
the corresponding curves in E. In particular, we can find @’ € HF (L, L) and b’ €
HF(Ly, Ly) such that

w(p' a') = lurLp,L) and pwra' b’ = LHF(Lyr L) (5.18)



Fukaya-Seidel categories of Hilbert schemes and parabolic category @ 3265
LSt ?
XI

Fig. 5.1. Floer cochain CF(Ly/, L), where Ly is in red and L is in black.

which implies that L and Ly are quasi-isomorphic objects in 'S oyLm (E). Moreover,
by the open mapping theorem, the projection to H° of the curves contributing to w2 in
(5.18) is contained in the disc bounded by y; and y’ (see Figure 5.1).

Now, we consider the general n with 2n < m. Without loss of generality, we continue
to assume i = 1 and j = 2. If I" has no thimble path, then we do not need to impose
Hamiltonian perturbations in the Floer equation when we compute the differential and
product. In this case, the Floer solutions contributing to 2 in (5.18) persist because they
lie above the disc bounded by y; and y’, which is not altered when adding the other
Lagrangian components. Together with the constant triangles on the other Lagrangian
components representing i (e, ¢) = e, we conclude that there exist a’ € HF (L, L)
and b’ € HF (L, L) such that (5.18) holds, and hence L is quasi-isomorphic to Ly,
(see Figure 5.1).

If T" contains some thimble paths, then Hamiltonian perturbation terms in the Floer
equation are necessary. However, the Hamiltonian terms can be taken to be zero over the
disc bound by y; and y’ and hence the Floer solutions contributing to 12 in (5.18) persist.
Again, together with the Floer triangles on the other Lagrangian components representing
1% (e, e) = e (all of which are constant for an appropriate choice of Hamiltonian perturb-
ation, cf. the proof of Lemma 3.2), we conclude that L is quasi-isomorphic to Ly.

Finally, we explain the remaining case where 2n > m. To deal with this case, we want
to compare Y, ,, and Y, 2,. Let E be as above so that ¥, ,, = Hilb" (E) \ D,. We denote
the corresponding E for Y, », by E4+ (i.e. Y2, = Hilb"(E4) \ D;). Similarly, we
denote the Lefschetz fibration £ — H® by 7. Let W C H be {re(z) > 2n —m + 1/2}
so W contains exactly m of the 2n critical values of 7 g . Pick a diffeomorphism from W
to H which sends {2n —m + 1,...,2n} to {1, ..., m}. The pre-images of T and I'"’
under this diffeomorphism define two admissible tuples, denoted by I'; and I"/, , respect-
ively. From the discussion above, we know that L + is quasi-isomorphic to Lrﬁr in

?S;VYI" (£, ) because we can find a’, b’ such that the corresponding (5.18) holds for Ly,
and Lrﬁr' The pairs L, Ly in E and £F+’ Lmr in ngi (W) are isotopic through a
family of Lagrangians associated to a family of admissible tuples in Lefschetz fibrations
over the disc with varying symplectic form and almost complex structure, and where
the isotopy does not create or cancel intersection points. There is no bifurcation in the
moduli spaces of constant holomorphic triangles in such a deformation, so one can find
the corresponding a’, b’ for Ly and L such that (5.18) holds. Therefore, the result
follows. ]
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Lemma 5.10. Let " := {y1,...,Yn} be an admissible tuple. Suppose y; is a thimble path
and y; is a matching path. Let y’ be the thimble path obtained by sliding y; across y;. If
I is the admissible tuple obtained by replacing y; with y’, then L is quasi-isomorphic
to LI‘/.

Proof. We first consider the case n = 2. Let y; be the thimble path and y, be the matching
path. We can assume that the thimble path y’ only intersects y; at the starting point,
which we denote by c. Along with y’, we consider two more auxiliary thimble paths
Y1,w and y;,, which are obtained by positively wrapping y; and y’ along the real line,
respectively. Without loss of generality (by possibly switching the roles of y; and y’), we
can assume that yq 4, intersects y’ in two points ¢ and ¢’, and any other pair of thimble
paths amongst y1, ', ¥1,w, ¥,, intersect only in ¢ (see Figure 5.2).

Fig. 5.2

Let Ty := {y1,w, y2} and T}, := {y),, y2}. It is clear that L is quasi-isomorphic
to L, and Ly is quasi-isomorphic to L . To show that L. is qua51 isomorphic to Ly,
it suffices to find a € HF(Ly/, Lp), b € HF(_F ,Lr/),and @’ € HF(Lpy , Ly, ) such
that

pAa.b) = lgpwr,.Ley and p?(0.d") = lprw,, Lr (5.19)

and such that a is identified with @’ under the continuation map (with respect to positive
wrapping along the real line). In the given positions of the Lagrangians, we do not need
to use Hamiltonian terms on the Floer multiplication maps

HF(Ly/, Lp) x HF(Ly, , Lr/) - HF(Lp , Lp), (5.20)
HF(Ly, . L) x HF(Ly, Ly, ) = HF(Ly; , Ly). (5.21)

To compute these maps and hence verify (5.19), we rely on (5.18) and a restriction argu-
ment as follows.

We add a critical value ¢ and extend the thimble paths y1, ¥, y1,4, ¥, to run into ¢.
The thimble paths become matching paths 1, 7', 71,w, 75, and we define [ = {J1. 12},
I = (9" 2}, Tiw = (1w y2} and T, := {J/,. v} (see Figure 5.3). By Lemma 5.9,

Ly and Lf‘/ are all quasi-isomorphic objects. Therefore, there are a €

F” - l,w
L), be HF(Ly, . Ly,) and a' € HF(Lp/ . Lp ,,) such that

L L

HF(Ly,, fro L

W2@.b) = lurwp, e and 02,8 = lurwe, Lo, (5.22)
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Fig.5.3

The degree 0 generator for each of the Floer cochain groups above is given by an intersec-
tion point lying above either ¢ or ¢’, tensored with the degree 0 generator of CF(L,,,, Ly,).
For example, the cochain complex CF(Ly, . Ly) is generated by one degree 0 and
one degree 1 generator lying over ¢’ (arising from morsifying the clean S!-intersection
locus [38]), and transverse degree 2 intersection points lying over each of ¢ and ¢. Since
each of the CF° groups involved has rank one, a, b and &' are the unique degree O gener-
ators (up to sign). The curves contributing to (5.22) cannot hit the generator lying above ¢,
so all the curves lie away from the fibre above ¢. By the open mapping theorem, the pro-
jections of these curves are contained in the disc bounded by y’ and y; ,,, which shows
that (5.19) holds before adding the critical value ¢. This verifies the case in which n = 2.

Since the previous computation is local, the general case where n > 2 can be treated
as in the proof of Lemma 5.9. ]

The last case involves sliding a thimble path across another thimble path. The proof is
again an adaption of Lemma 5.9, extending the thimble paths in order to apply the same
kind of restriction argument as in the proof of Lemma 5.10, so we omit it.

Lemma 5.11. Let I := {y1, ..., yu} be an admissible tuple. Suppose y; and y; are
thimble paths and i # j. Let y' be the thimble path obtained by sliding y; across y;. If
I is the admissible tuple obtained by replacing y; with y’, then L is quasi-isomorphic
to LI‘/.

5.4. Generation

We now show that when E is the A,,—; Milnor fibre, the embedding in Proposition
4.12 is essentially surjective. In other words, we want to show that the split-closure A
of the thimbles T'7 is the entire D™ S (7). We first recall some general facts for
Aoo/triangulated categories.

Lemma 5.12. The full subcategory generated by an exceptional collection is admiss-
ible (i.e. admits right and left adjoints). In particular, A is an admissible subcategory of
DT F SN ().

Proof. Recall that a category admitting a full exceptional collection is already split-closed
[40, Remark 5.14]. The result then follows from e.g. [23, Lemma 1.58]. [
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For a subcategory +# of a triangulated category €, the right orthogonal AL of A is
the full subcategory of objects {X € € |Home (A4, X) = 0 VA € A}. The left orthogonal
is defined similarly.

Lemma 5.13. Let S be the Serre functor of D™ % S (k). If $(X), S~ (X) € 4 for
all X € A, then D™ F SV (ng) = A & AL,

Proof. If Y € D™F 8" (ng) satisfies Hom(Y, X) = 0 for all X € A, then
Hom(X,$(Y))Y =0forall X € . It means that Hom(S~!(X),Y) =0forall X € A. By
assumption, this is equivalent to Hom(X, Y') = 0 for all X € +4. Similarly, Hom(X,Y) =0
for all X € A implies that Hom(Y, X) = 0 for all X € 4. As a result, the left ortho-
gonal of 4 coincides with its right orthogonal, so D™ % S (7 ) splits as a direct sum
A S AL m

Lemma 5.14. Suppose T = {Ty,...,T,} € £ is a Lagrangian tuple such that each
T; is a thimble of . Then T is generated by {Zl ted

Proof. First note that the braid group acts transitively (up to isotopy) on all the T =
{T1,...,T,} such that T; is a thimble for each i. Therefore, it suffices to show that for
each simple braid o and the associated symplectomorphism ¢, the images ¢ (T'7) and
¢5 ' (T'1) are generated by {T7};¢4.

Let o be the positive half-twist swapping ¢; and c¢j1 1. There are four cases of 7!
to consider, namely, whether j and/or j + 1 is contained in / or not (recall that [ is a
cardinality n subset of {1,...,m} and ¢; =i + =1 foralli =1,... ,m). For each
of these four cases, one can apply the exact triangles from Corollary 3.5 and the sliding
invariance property in Lemma 5.11 to show that for all I € J, ¢ (T!) and o (1) are
generated by {T7}7eqg.

More precisely, if j, j + 1 ¢ I, then ¢o (T1) = o7 (T1) =TT 1f j + 1 € I and
j ¢ 1,then ¢;1(ZI) = ZI/, where I’ = (I \ {j + 1}) U {;}. On the other hand, ¢, (T'1)
can be obtained from applying iterated exact triangles to T! and T ' (see the first row
of Figure 5.4 where n = 4, j = 2 and ¢ Th corresponds to the third term in the exact
triangle). If j € I and j + 1 ¢ I, it is similar to the previous case. The last case is
j.j + 1 € I.In this cae, both ¢ (T7) and ;1 (T1) can be obtained from applying the
sliding invariance property to T (see the second row of Fgure 5.4). ]

RS B SR B I R

Fig. 5.4. The top row is an exact triangle so the third term is generated by the first and second terms,
which are in turn generated by {11 }1e4- The second row represents two quasi-isomorphic objects.
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Corollary 5.15. Assume that Claim 3.6 holds. Then the assumption in Lemma 5.13 holds,
ie. $(X),8U(X) € Aforall X € A.

Proof. By Claim 3.6, the Serre functor of D™ % S (7f) is given by the global mono-
dromy t up to grading shift. Therefore, it suffices to prove that for each thimble 11 , the
images 7(77) and t=1(T'7) are split-generated by the collection of thimbles {77 };ey.
This is the content of Lemma 5.14. ]

Proposition 5.16. If Claim 3.6 holds, then A~ = 0, so D™ ¥ SV (zg) = A.

Proof. Tt suffices to show that for each L € £V, there is an object T in # such that
Hom(7, L) # 0. By definition, we have L = {L4, ..., Ly} and ng(L;) C U; for some
contractible U;. We can assume that U; N 9H is connected and non-empty so that H° \ U;
is also contractible.

For each i, there is a thimble 7; of wg such that 7g (7;) C U; and HF(T;, L;) # 0.
This follows from the fact that thimbles generate ¥ § gi]’l(nE) = FS(ng| g (Ui))’ the
usual Fukaya—Seidel category of the Milnor fibre [40] (note that when n =1 there are
no critical points at infinity). Let T = {71, ..., T,}. It is clear that there is a cochain
isomorphism

n
CF(T.L) ~ ) CF(T;. Ly). (5.23)

i=1
which implies that HF(T, L) # 0. By Lemma 5.14, we have T € 4, concluding the
proof. ]

Corollary 5.17. Given Claim 3.6, when n = m we have 4 = K so D™ % §"" (ng)
= DP(K).

Proof. When n = m, there is only one cardinality n subset in {1, ..., m} so there is
only one object in # up to quasi-isomorphism (recall that 4 is defined to be the full
subcategory of &SV () with objects T7). Moreover, this object is an exceptional
object. Therefore, the result follows from Proposition 5.16. ]

This special case is not very important at this point but we will come back to it in
Section 11 when we define the symplectic annular Khovanov homology and compare it
to the algebraically defined annular Khovanov homology.

Remark 5.18. Even though Corollary 5.17 depends on Claim 3.6, the fact that
D™ % §(wy) = D?(K) when n = m follows from the definitions.

6. The extended symplectic arc algebra

In this section, we will introduce a particular collection of admissible tuples, and hence the
corresponding collection of objects in £ ; these objects are motivated by the diagram-
matics in [13,51]. We will prove that the cohomological Floer endomorphism algebra of
these objects recovers the algebraic extended arc algebra as a graded vector space (cf.
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Lemma 6.5). The Ao endomorphism algebra of this collection of objects will be the
‘extended symplectic arc algebra’, and will contain the symplectic arc algebra from [1] as
a subalgebra. The corresponding Lagrangian products in Hilb” (A4,,—1)\ D, would not be
cones over Legendrian submanifolds at infinity, which is why it is important to be able to
study these Lagrangians in the cylindrical model. The later parts of the section begin the
study of the algebra structure on, and formality of, the extended symplectic arc algebra;
these studies continue in Sections 7 and 8 respectively.

6.1. Weights and projective Lagrangians

To introduce the collection of admissible tuples, we start with some terminology. Without
loss of generality, we assume that the critical values are ¢ :=k + V=1 fork = 1,...,m.
A weight of type (n,m) is a function A : {1,...,m} — {A, V} such that [A~1 (V)| = n. Let
Ay m be the set of all weights of type (n,m). For A € Ap . letcy; <--- < cj , be the
integers such that A(c; ;) = V. For each c;_;, if there exists ¢’ € A71(A) with ¢’ > ¢, ;
and such that

Keell,....m} | A(c) =V, c;3,j <c <c}
=lece{l,....om} | A(c) =N, cp,; <c<c}|  (6.1)

then we call ¢, ; a good point of A; the minimum of all ¢’ satisfying (6.1) is denoted
by c/’\\ It If ¢; ,; is not a good point of A, then we call it a bad point (see Figure 6.1 for an
example).

c)\‘l CA‘Z C;\Z CA,B m
A ANV V AV A A T U T A A 6\

Fig. 6.1. The left figure represents a weight 1 € A3 ¢ with a good point ¢y , and two bad points
€3.,1:€x,3- The middle figure is A and the right figure is A

For A € Ay, we choose n pairwise disjoint embedded curves ViV, in
{z e H° | im(z) < 1, re(z) < 2m} such that

if ¢;,; is a good point, then y N is a matching path joining
¢rj + v/—1and chit V-1, (6.2)
if ¢; ;j is a bad point, then y ; is a thimble path from ¢, ; + vV—1tocy ;.  (6.3)

We define A :={y, .....y, }and

Ly :={L Ly, YeEI, (6.4)

ZA.I’.'

The quasi-isomorphism type of L, is independent of the choice of 1 (i.e. of the particular
choice of paths) by Lemma 3.3.
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Similarly, for A € Ay, we choose n pairwise disjoint embedded curves ¥ 1,...,7; ,
in {z € H® | im(z) > 1 orre(z) > 2m} such that

if ¢;; is a good point, then y, ; is a matching path joining

cij+v=landcy ; +v—1, (6.5)

if ¢ ; is a bad point, then y; ; is a thimble path from ¢, ; + v/—1t0 6m —c; ;. (6.6)
We define A := Wais--Vanrand

Ly:={Ly,,.....Ly, ,} € £ (6.7)

The quasi-isomorphism type of Ly is again independent of the choices of paths made in
defining A, by Lemma 3.3.

Lo Lo Lo Lo Lo
«(Jz VAN OF ql
L 1 L, L 1 Ly L,
Fig. 6.2. The integer near an intersection point labels its degree as an element of CF(Lg, L1).

We want to choose a grading function on each L, ; and Ly x to induce a grading on
L, and Ly. These grading functions are chosen so that (see Figure 6.2)

x € CF(Ly . Ly,;) has degree a € N if x is the right end point
of @ matching spheres; (6.8)

in particular, deg(x) € {0, 1,2} forall x € CF(Ly, Ly,;).
By iteratively applying Lemmas 5.9, 5.10 and 5.11, we obtain the following (see Fig-
ures 6.3, 6.4, 6.5):

Proposition 6.1. L, is quasi-isomorphic to Ly in ¥ § eyl

Fig. 6.3. Quasi-isomorphic compact objects.

XTUU X@U x X% £X

Fig. 6.4. Quasi-isomorphic ‘mixed’ objects.
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Fig. 6.5. Quasi-isomorphic thimble objects.

When only the quasi-isomorphism type is important, we denote either of L, and Ly
by L,. -

Definition 6.2. The extended symplectic arc algebra is the A, algebra

Ky = @ CF(L;.Ly). 6.9)
AMNENm

which is well-defined up to quasi-isomorphism.

We want to choose a basis for the cohomology of K" as follows. Let AUAM be
the union of all the paths in A and A’. By definition, A U A" is a union of embedded
circles and arcs; some circles might be nested inside one another. It will be helpful to
consider alternative admissible tuples which avoid such nesting (but for which the quasi-
isomorphism type of the associated Lagrangian tuple is unchanged).

Lemma 6.3 (cf. [1, Lemma 5.15]). There is an admissible tuple A such that

o ifyel is not contained in a circle of A U X' (for example, when y is a thimble path),
theny € A';

e ify € A is contained in a circle C of A U )/, then there is a matching path j € A with
the same end points as y such that y is enclosed in C;

e AU isaunion of embedded circles and arcs such that none are nested.

Proof. The proof is analogous to the proof of Lemma 5.15 of [1]. The only difference for
our case is that we could have some thimble paths in admissible tuples.

More precisely, if y is contained in a circle C, then each critical value enclosed in C
is an end point of a matching path of A’ (and also a matching path of 1), directly from the
definitions (6.2), (6.3) (resp. (6.5), (6.6)). Thus, a suitable A’ can be obtained by iteratively
applying Lemma 5.9 to A, ensuring that L is quasi-isomorphic to Lj, (see Figure 6.6).
Note that thimble paths are never contained in a circle, so do not need to be changed. m

Fig. 6.6. Here A is red, A s grey, and A’ is black.
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Note that the definition of A’ depends on the pair (A, 1’), and not just on A’

Lemma 6.4. The cohomology of Ky m', denoted by K,'n', is given by

Ky = @ HF(L;.Ly)= P CFLzLy) (6.10)
AN ENm AN €A m

as a graded vector space.

Proof. With the grading conventions of Figure 6.2, the pure degree elements in
CF(Ly, Lj,) are concentrated either all in odd degrees or all in even degrees, so the
Floer differential vanishes (compare to [1, Proposition 5.12]). ]

We call a basis BY™P for K,S,}:,n:,p geometric if each basis element in B%™P is concen-
trated at a single intersection point in L N L 7, under the isomorphism (6.10). Once a A’
has been chosen for each pair (A, A’), two different geometric bases can differ only by
signs.

6.2. Extended arc algebra
We briefly recall the diagrammatic extended arc algebra KZI,%,,. Details can be found
in [13,51], to which we refer for many details. For each weight A € A, ,,, there is an

associated cup diagram A" and a cap diagram T as follows. The cup diagram A" can
be obtained by adding a thimble path to A from @ + ~/—1to a, foreacha € {1, ..., m},
such that a + +/—1 is not contained in any of the paths in A (see Figure 6.7). For the

cap diagram Xalg, we need to replace the thimble paths from ¢ + ~/—1 to 6m — ¢ in A
by vertical rays from ¢ + V=1toc + /=100, and in addition, for each a € {1,...,m}
such that @ + +/—1 is not contained in any of the paths in A, add a thimble path from
a + ~/—1to a + ~/—1 oo (see Figure 6.7). In this paper, the only cup and cap diagrams

. . Sralg
we will encounter are given by A€ or A~ for some A € A nm-

Y A

. . . . —al
Fig. 6.7. From left to right: a weight A, the cup diagram A*2 and the cap diagram e

If B is a cup diagram and A is a weight, then we say that SA is an oriented cup diagram
if
the A-values of the two ends of every matching path in 8 are different, 6.11)

if y, and y;, are thimble paths in B containing @ + vV—1 and b + v/ —1,
respectively, such that a < b and A(a) = Vv, then A(b) = V. (6.12)



C. Y. Mak, I. Smith 3274

A cap diagram is defined to be the reflection 8" of a cup diagram S along the line
{im(z) = 1}. If « is a cap diagram and A is a weight, then we say that A« is an oriented
cap diagram if o” A is an oriented cup diagram.

The union of a cup diagram 8 and a cap diagram « is denoted by 8 U « and called a
circle diagram. This is a union of embedded circles and arcs in the upper half-plane. An
orientation of a circle diagram 8 U « is a weight A such that Aa and SA are an oriented
cap diagram and an oriented cup diagram, respectively. Given such a A, we denote the
resulting oriented circle diagram by SAa.

A clockwise cap (resp. cup) of an oriented cap (resp. cup) diagram A« (resp. @A) is a
matching path y € « such that the A-value of the left end point is A, and hence the A-value
of the right end point is V. The degree (or grading) of an oriented cap/cup/circle diagram
is defined to be the number of clockwise cups and caps in it. As a result, we have

deg(BAa) = deg(Aa) + deg(BA). (6.13)

As a graded vector space, Kf;l,gm is generated by oriented circle diagrams of the form
)Lzlg)kleg, for A, A4, Ap € Ay m, and the grading of an oriented circle diagram is given by

its degree.

Lemma 6.5. There is a graded vector space isomorphism ® : K;lm® — Kzl,gm of the
cohomological symplectic extended arc algebra and its algebraic counterpart.

Proof. Let Ao, A1 € Apm. On the symplectic side, we consider the Floer cochains
CF (LIO L i ). On the diagrammatic side, we consider the graded vector space S(4¢, A1)

generated by the orientations of the circle diagram ﬂlg u Iglg. By (6.10), K,/w’ =
b, oh1€Anm CF (LXO’ L;h)’ so it suffices to find a graded vector space isomorphism
between CF(LX()’LL) and S(Ag, A1) forall Ag, A1.

Each generator x = {x;,...,x,} of CF(LXO’ Lil) projects to an n-tuple of pair-
wise distinct points g (x) in {1,...,m} + +/—1, such that each Lagrangian component
in Ag and A; contains exactly one g (x;). Conversely, every n-tuple of pairwise distinct
points in {1,...,m} + +/—1 satisfying this property uniquely determines a generator of
CF(L%’LL)' Let A, be the weight given by Ax(a) = Vvifandonlyifa + v—1 € ng (x).
We claim that the linear map @32, : CF(Lyz, . Lil) — S(Ao, A1) given by

iZ{XI,...,Xn}I—)A,L (614)

is a graded vector space isomorphism.
To see that ®,, ;, is well-defined, we observe that all the thimble paths contained
in &alg but not in A are on the left of the thimble paths (if any) in A, and the same is true

for Xalg and . Therefore, A, satisfies (6.12). On the other hand, since each Lagrangian
component contains exactly one of the x;, it means that A, also satisfies (6.11).

It is routine to check that @, ,, is bijective and preserves the grading, using (6.8)
and (6.13). [
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The algebra structure on Kf;lfin is defined by applying an appropriate diagrammatic

TQFT. We briefly recall one possible definition of this algebra, and some crucial proper-
ties that we will use later, in Section 6.4 below, and refer the readers to [13, Sections 3 & 4]
for a detailed exposition.

6.3. Compact subalgebra

We call a weight A € A, a compact weight if A (and hence 1) consists only of matching
paths. Let A}, C Ap,m be the subset of compact weights. We define

= @ CF(Lj. Ly, 6.15)
ANENG m

which is well-defined up to quasi-isomorphism. As in (6.10), its cohomology is given by

HYw = @ HFL,Ly= P CFL;L;). (6.16)
MAENG m AN EAG m

A basis of H,'y' is called geometric if it is given by the geometric intersection points
in CF(Ly, Lj,) under the isomorphism (6.16) (again such bases are well-defined up to
sign).

On the diagrammatic side, we can define the corresponding subalgebra H,?lfn of K,z;l,“’;,,,
which is generated by oriented circle diagrams such that the underlying cap and cup dia-

grams are given by T and A% for some A, A’ € Ay, - Itis clear that the graded vector
space isomorphism in Lemma 6.5 induces a graded vector space isomorphism between
HY™ and HY,.

Previous study has focussed on the case m = 2n. In this case, H;l‘gn is generated by
oriented circle diagrams whose underlying diagram only contains circles (and the cor-
responding Lagrangian submanifolds of Hilb"”(A45,—1) are compact, being products of
spheres rather than products of spheres and thimbles). The algebra H;lin is also known
as Khovanov’s arc algebra.

Theorem 6.6 ([1,2]). The A algebra H;}’”zn,f is formal. Moreover, there is an isomor-

. al, sym . . s . . al,
phism between H,55, and H)"5", sending the oriented circle diagram basis of H), 5, to a

geometric basis of H;y;n,f .
Sketch of proof. Formality of H, 5" is the main result of [1], whilst a basis-preserving
algebra isomorphism between H:lgm and H;y;n,f is one of the main results of [2]. We now

recall the basis for H;y;f’ chosen in [2], and explain why it is a geometric basis in our
sense. The essential point [2, Corollary 5.5] is the compatibility of the basis with various
Kiinneth-type functors and decompositions (of the cohomology of products of spheres

and thimbles with the cohomologies of the constituent factors).
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The natural action of the braid group Br,, on A5, and on ¥, », factors through an
action of the symmetric group Sym,,, on cohomology. Furthermore, there are inclusions

A2n—1 = yl,Zn C :yn,Zn C (]P;l)2n

which induce Sym,, -equivariant cohomology isomorphisms

H (A1) = H2W1.20) = H Bpon) = Ller...ean)/(Y i) < Zler.....ean)
= H?((P1)?"). (6.17)

In particular, the image of {e; | 1 <i <2n — 1} in H?(¥Y, »,) forms a basis. The restriction
map H?(Yy.2n) — H?(Sym(L,)) is surjective for each A € Aj, »,»and by identifying the
range with the cohomology of suitable multi-diagonals in (P1)2”, it is proved in [2] that
the chosen basis has the property that it induces a well-defined basis for H?(Sym(L,)),
i.e. there is a basis of the latter such that each e; maps to a basis element or to zero.

Now, we translate the basis of H2(Y, 2,) to a basis of H?(Az,—1). Denote by
S1,...,S82,—1 the homology classes of the 2n — 1 standard matching spheres in A,,_1,
i.e. the ones that lie above {im(z) = 1}; here they are labelled from left to right, and the
spheres are oriented as the complex curves in the resolution of the A,,—; surface singu-
larity. We denote the image of e; under (6.17) by v; € H?(Ay,_1) for 1 <i <2n — 1.
They satisfy

vy =s7 and vj = (—l)j(s]’~"_1 —s7) forl<j<2n-1 (6.18)
where * stands for linear dual. The set {v; /2.2_11 is the corresponding basis for

H?(Azn—1). It induces a well-defined basis for HF?(L,, L, ) via restriction
H?(Agn1) — H?(L;) = HF?(L;. L;) (6.19)

where the first map is defined by regarding L, as the disjoint union of the matching
spheres it contains, and hence as a submanifold of Ap,—1. This basis for H? (L) naturally
corresponds to the basis of H?(Sym(L,)). Monomial products of the resulting elements
give a basis for HF* (L, L;).

When HF(L,, L,,) # {0}, it has rank 1 in minimal degree. Let ap, be a minimal
degree generator of HF(L,, L;,) over the integers Z. Then HF (L, L,,) is generated by
amin s a module over each of HF(L,, L,) and HF(L,,, L,,). A basis in HF(L,, L,,)
can therefore be defined by taking products of @i, With the bases for either HF (L, L;)
or HF(L,,, L;,); these act via the action of H*(¥Y, 2,), which acts centrally, so there
is no ambiguity (aside from a choice of sign of an,). This finishes recalling the basis
for H,’7, which we call a convenient basis.

We claim this convenient basis is geometric. Let S 1, ..., Sy, be the matching
spheres that L, contains. The first observation is that v; (S; x) € {0, £1} for each j, and
furthermore, for each j there is exactly one k for which v; (S x) # 0. This means that the
convenient basis of H?(Sym(L,)) induced from H? (¥, »,) coincides with the product
basis of the cohomology of Sym(L,) as a product of matching spheres. The geometric
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basis in CF(Ly;, Ly) also coincides with the product basis, because X is a Hamiltonian
push-off of X, and A U A consists of n embedded pairwise non-nested circles. That suffices
to show that the convenient basis on HF(L,, L, ) is geometric.

On the other hand, the minimal degree generator of HF(L,, L,,) is forced to be
geometric, because the minimal degree subspace has rank 1. Since A U A/ is a union of
embedded and non-nested circles, the product map

HF(Ly, L;,) ® HF(Ly, Ly) — HF(Ly, L3,) (6.20)

decomposes into pieces, one for each circle C in A U A’. More precisely, we have iso-
morphisms

HF(Ly. L) = Q) H*(S?), (6.21)
C

HF(Ly, Ly) = @) (H*(5%))®"¢, (6.22)
C

whgre the tensor product is over all circles C in AU , and mc is the number of paths
of A that lie in C. The product map (6.20) decomposes into the tensor product over all
circles C of maps

H*(S?) ® (H*(S?))®"C¢ — H*(S?) (6.23)

for which a typical local model is given by Figure 6.8. The product of the degree 0 geo-
metric generator in H*(S?) and a degree 2 geometric generator in (H*(S2))®™C is,
up to sign, the degree 2 geometric generator in H *(S?), because H?(S?) has rank 1, the
product is (by definition) a basis element of the convenient basis, and [2, Section 5] proves
that the convenient basis is a basis for the cohomology groups over Z. We conclude that
the convenient basis is geometric. ]

DTN

Fig. 6.8. A circle C in A U A’ with mc = 2 (see Figure 6.6).

Corollary 6.7. After possibly changing ® by sign on certain basis elements, the resulting
graded vector space isomorphism Q| Y is an algebra isomorphism between H. 5"

| n,2n
alg
and H, 5,

From now on, we assume | P has been chosen to be an algebra isomorphism.
n.zn

6.4. From the compact arc algebra to the extended arc algebra

In this section, we summarize the multiplication rule for K, ;,’1%,, and H,flf,’n from [13, Sec-

tions 3 & 4]. Our approach is dictated by two considerations. First, the easiest (though not
the original) description of the algebra structure on KZl,gm is to realise K, ,‘;‘l“in as a quotient
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algebra of H™®

mam- Second, in the next section, we precisely compute K,’5° by realising

it as a quotient of H,.'", by an ideal which, under the isomorphism Hy%,, = Hy'or,
(Theorem 6.6), we identify with the corresponding ideal on the algebraic side. The main
purpose of this section is therefore to recall this quotient description of K,";‘l,gm.

For completeness, we briefly recall the multiplication rule for H;Eim from [13,
Section 3, multiplication]. Let dAc¢ and bua be two oriented circle diagrams with
a,b,c,d e Af,’m. If b # c, then the product is defined to be zero. If b = ¢, then we
put the diagram bua above the diagram dAc and apply the TQFT surgery procedure —
based on the Frobenius algebra underlying H*(S?;Z), and described e.g. in [13, Sec-
tion 3, the surgery procedure] iteratively to convert it into a disjoint union of diagrams
each of which has no cups/caps in the ‘middle section’. After this, the middle sections are
unions of line segments; we shrink each such line segment to a point to obtain a disjoint
union of some new oriented circle diagrams. The product (d Ac)(bua) is then defined to
be the sum of the corresponding basis vectors of H;:,me.

One distinguished feature of this TQFT surgery procedure is that the output circle
(resp. disjoint union of two circles) is (resp. are) oriented according to the following rules,

where 1 < counterclockwise orientation, and x < clockwise orientation:

1®1—~1, 1®xHx, xQ1—x, x®xH0, (6.24)
Il,1®x+x®1, xH—x®Xx. (6.25)

Each TQFT operation yields a disjoint union of zero, one or two new oriented diagrams
replacing the old diagram (the iterative application may yield larger linear combinations
of diagrams). This completes our résumé of H;;ngm as an algebra.

We now recall how to realise K;l,%n as a quotient algebra of H, ;ng for an independent

,2m;
definition of Kzl,gm, see [13]. For A € A, ;,, we define its closure cl(A) € Afn,zm by
Vi ifa<m-—n,
clA) =3 Aa—(m—n)) ifm—-—n<a=<22m-—n, (6.26)
A ifa >2m —n.

Intuitively, cl(1) can be regarded as putting m — n many V’s and n many A’s to the left and
right of A, respectively, to make cl(A) a compact weight. For any oriented circle diagram
bla € Kzljgm, we define

cl(bra) := cl(b) cl(A) cl(a), (6.27)
which is an oriented circle diagram of H f,‘,lgm
Lemma 6.8 ([13, Lemma 4.2]). The map bAa — cl(bAa) is a degree preserving bijection

between the set of oriented circle diagrams in K 21,%” with underlying weight A € Ap p, and
the set of oriented circle diagrams in H;:,me with underlying weight cl(A).



Fukaya-Seidel categories of Hilbert schemes and parabolic category @ 3279

Let /4, be the subspace of Hy,%,, spanned by the vectors

{brla € H | oriented circle diagram bAa with A € Ay om \ l(Anm)},  (6.28)

m2m

which is a two-sided ideal. The condition A € Ay 2m \ cl(Ay,m) is equivalent to
{(I,....om—=ny ZA YV or{2m—n+1,....2m}y € A1 (A). (6.29)
In view of Lemma 6.8, the vectors

{cl(bAa) + 14, ,, | oriented circle diagrams bAa with A € Ay ;,} (6.30)
give a basis for the quotient algebra H,,” 2m /1A, - We deduce that the map

cl: KM — HuS [In, e bAG > cl(DAT) + In, . (6.31)

m2m

is an isomorphism of graded vector spaces. We use this to transport the algebra structure

alg alg
on Hm 2m/IAn.m to Kn,m‘

We want to extract from (6.31) two algebra isomorphisms

1
HyS = Hy% e/ T for2n <m, (6.32)
K =HyS )] foralln < m, (6.33)

where [ and J are certain ideals to be specified. Note that (6.32) is an empty state-
ment when 2n > m because, in this case, H,iﬂf,, = 0, so one can simply take / to be
alg
Hm—n,2(m—n)'
By definition, an oriented circle diagram hAa € K,Z‘l,gm lies in H, ,‘fl‘fn if and only if @ and
b have the property that all the ¢, ; and ¢; ; are good points (see (6.1)). That is equivalent
to asking

ok = Capx =2m+1—k forallk =1,...,n. (6.34)

It means that for bAa € H,?l‘%,,, cl(bAa) has n counterclockwise circles enclosing an ori-
ented circle diagram, which we call ¢ (bAa), and which defines an elementin H mg

Let f: H ale — H™ bethe algebra embedding given by adding to an oriented

m—n,2(m—n) m,2m
circle diagram in H® 12 precisely n counterclockwise circles enclosing it, so we
m—n,2(m—n)
have f oc¢ = cl.

n,2(m—n)"

Lemma 6.9. We have a commutative diagram of algebra maps

alg cl dlg
Hn,m > /IAn m

\ / i

alg —
Hmin,Z(m—n)/f l(IAn.m)



C. Y. Mak, I. Smith 3280

Proof. The diagram is commutative by construction, and we know that f and cl are
algebra maps. It remains to check that ¢ is also an algebra map, which follows from
the injectivity of f and the fact that f and cl are algebra maps. |

By (6.28), (6.29) and the description of f, one checks that the ideal I := f~!(14,, ,,)

is the subspace of H::E 2. 2(m—n)

spanned by

{bAa € H®

m—n.2(m—n) | oriented circle diagrams bAa

such that{1,...,m —2n} & )L_l(\/)}. (6.35)
From (6.35), it is obvious that ¢ is an isomorphism (of vector spaces, and hence algebras)

c: HY ~ g

n,m — m—n,2(m—n)/1'

(6.36)

We given an equivalent reformulation of (6.36). For 2n < m, define ¢ : A, —
Am—n,2(m—n) by

\% ifa <m-—2n,
c(A)(a) := L= 637)
AMa—(m—2n)) ifa>m-—2n.
This has the property that ¢(Ay, ,,) C AS,_, 2(m—n)" For bAa € Hf,ﬂfn, we define
c(bA7) = c(b)e(M)e(@) € Hpf - (6.38)
Let I be as in (6.35). Then
¢ HYS — Hof /1. bAT > e(bAT) + 1, (6.39)

is an algebra isomorphism.

Now we explain the definition of the ideal J appearing in (6.33). Let [, ,51,),, and 1,52,),,

be the ideals of H;ll‘,gzm spanned by
(bAG € Hp%,, | {1.....om—n} 271 (v))} and (6.40)
(bAG € HYS,,, | 2m—n+1,....2m} € A7 (n)} (6.41)

respectively (see Figure 6.9). In view of (6.28) and (6.29), we have I, ,, = 1,5131 + I,EZ,),,

10

Fig. 6.9. When m = 4 and n = 2, the oriented circle diagram above represents an element in / ,El,)n
but not in / ,52,),1
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This implies that

al; al;
Ky = Hoo Ingm = (Hopo [T (L, + T3/ 10D (6.42)
From (6.39), we have H3%,,/Inon = Hy%, ., 50 (6.42) becomes
1
Ky = Hy% )T (6.43)

where J is spanned by

{QAE e H™ | bAa is an oriented circle diagram and

n.m+n
m+1,...om+ny L1 (AN)} (644)
We give an equivalent reformulation of (6.43). Lete : A, ,, — Af;,m 4 be the inclu-
sion
A ifa <m,
e@Wﬂ:{(” a=m (6.45)
A ifa > m.
For bla € K, f;lﬁn, we define
e(bAa) = e(b)e(Me(a) € Hye . (6.46)
Let J be as in (6.44). Then
e K¥ — HYE /] bAdw> e(bra) + J, (6.47)

is an algebra isomorphism.

7. More algebra isomorphisms

We will next identify K,S,y,mp and Kzl,gm as algebras for all n, m. The proof of Theorem 6.6
in [2] relied in an essential way on the fact that the Floer product for a triple of Lag-
rangians meeting pairwise cleanly can be understood, via ‘plumbing models’, as a pos-
sibly sign-twisted convolution product, and that for every triple of Lagrangians associ-
ated to compact weights, one could find non-vanishing Floer products which factored
through products associated to triples with plumbing models. By contrast, for the exten-
ded algebra, there are triples of weights and corresponding Lagrangians for which the
product of minimal degree generators cannot be written as a product of minimal degree
generators between interpolating Lagrangians with plumbing models. Instead of mimick-
ing the strategy of [2] in proving H ;y;n,f = H;l’in , we will instead reduce the isomorphism
of extended arc algebras (in stages) to Theorem 6.6 by restriction-type arguments similar
to those appearing in the proof of Lemma 5.10. The crucial point, as explained in Sec-
tion 6.4, is that all the extended arc algebras can be understood as subquotients of the
algebras H™S

n2n*
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7.1. The compact cases

We first explain how to compute the algebra structure on H,’p," for all n, m. We assume
2n < m because H,,' = 0 otherwise. Let ¢ : AS , — AS 2(m_n) be the injection
given by (6.37). Let

Him= @D HF(Legy) Leay)- (7.1)
A0sA1E€EAG . m
which is a subalgebra of H:ri,lnrf,Z(m—n) = H;;lg_n,z(m_n),
We want to compare H,’y,~ with Hy - Note that the Lagrangians underlying Hy'w' are
diffeomorphic to (S2)", whilst those relevant to Hy, ,, are (S2)™~", where m —n > n.
For each ordered pair (Ao, A1) such that Ao, A1 € AS , , we choose upper matchings

n,m>
¢(Ap) and ¢ (A1) such that

so in particular Hf , is formal.

fora =1,...,m —2n, the slope at a + ~/—1 of the matching path in ¢(A¢) starting
from a + +/—1 is larger than that of the corresponding path in ¢(A). (7.2)

Remark 7.1. Condition (7.2) is used to eliminate the existence of certain pseudo-holo-
morphic maps. For example, let Iy, /1, [, be upper matching paths from 1 + +v/—1 to
2 4+ +/—1 such that the slopes at 1 + +/—1 are in decreasing order (Figure 7.1). Let L; be
the corresponding matching spheres. Let u be a solution contributing to the multiplication
map

CF(Ly,Ly) x CF(Lg, L1) — CF(Lo, L») (7.3)

such that 7 o v is holomorphic. We claim that if the output of u maps to 1 + ~/—1
under 7 g, so do all the inputs of v. This is because if wg o v restricted to the boundary
labelled by L is not a constant, then the image of v must have non-empty intersection
with the unbounded region of H \ (/o U /; U /) by the holomorphicity of wg o v. This
in turn implies that 7g o v is not relatively compact by the open mapping theorem, a
contradiction. As a result, one can show that 7 g o v restricted to the boundary labelled by
Ly is a constant. Inductively applying this argument, one can show that the restriction of
g o v to the whole boundary is constant, and hence u itself is a constant map.

lo

=

Fig. 7.1

The choices of matchings depend on the ordered pair we start with (cf. the discussion

———A0,A
around Figure 6.6); to emphasize this dependence, we denote the matchings by ¢ (1¢) o
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— 20,4 i
and ¢(Aq) o respectively. Let d, ;, be the subspace of CF(LmAO,AI ,meoixl)
0 1

generated by
Biroa ={x e XL a0 Lgto ) [{l.....om=2n} + V-1 € np(x)}
Let §),,2, == X(L— o )AO A, L—— 0D AO )\ Brop,r,- We define J = @Jlo,ll’ B =

@D Biy., and § = P 5,1, We use the symbol J because, as we will see in Lemma
7.6, d is actually an ideal.

Lemma 7.2. ;,LI(J;LO,;“) C dag.ap» 50 dag.a, descends to a vector subspace of Hy ,,,
which we denote by I, 5, .

Proof. Tt suffices to show that if the x,-coefficient of 1! (x;) is non-zero for some x,, € &,
thenx; € §.

By definition, x, € § implies that {1,...,m —2n} + V-1 Cng (x9).Letv: X — E
be a J-holomorphic map contributing to the x,-coefficient of 1! (x;) such that near an
output puncture £°, v is asymptotic to the output lying above 1 4+ +/—1. We project v to
H° by ng and apply the open mapping theorem. The condition (7.2) when a = 1 forces
at least one of the boundary components of ¥ adjacent to £° to be mapped constantly to
1 + ~/—1 by ng o v. Let the two boundary components of ¥ adjacent to £° be 3' % and
87 %, respectively, and suppose g o vy = 1 + V—1. As a result, the other puncture
£’ that is adjacent to 8’/ X is also mapped to 1 + +/—1 by 7x o v. Let the other boundary
component of ¥ that is adjacent to £ be 9/ 'S

By the Lagrangian boundary conditions, v (9’ £) and v (3’ '¥) are both contained in the
Lagrangian components of L 20,21 (Or L. 10.11 ). However, each of L. 20.4; and

c(4o) c(A1) (/1)

Lc gt has only one component whose projection to H° contains 1 + ~/—1. There-

fore 9'S = 3/" X, and the two punctures adjacent to 3 X are both mapped to 1 + v/—1
under mg o v. By the open mapping theorem, the restriction of 7g o v to the connected
component of ¥ that contains £° is a constant map, and that connected component of X
is a bigon.

The matching paths starting from 1 + V—1 and the Lagrangian matching spheres
lying above those paths are not Lagrangian boundary conditions of the restriction of v
to the other connected components of X. We can therefore apply the previous reasoning
inductively to a = 1, ..., m — 2n. The conclusion is that any v : ¥ — E contributing
to the x,-coefficient of 1! (x;) contains m — 2n bigon components, each of which maps
by a constant map to a + ~/—1 under wgov, fora =1,...,m— 2n, respectively. This
implies that {1,...,m —2n} 4+ +/—1 C wg(x,),and hence x; € §. |

Corollary 7.3. HF@c(/\O)’Lm)/IAo,M = HF(L,,,L,,) as graded vector spaces.

———A0.A .
Proof. For j = 0,1, by removing the matching paths of ¢(4;) ! that contain a + +/—1
for some a = 1,...,m — 2n and translating the remaining matching paths by —(m — 2n),
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we get an upper matching E of A;. Therefore, there is an obvious bijective correspond-
ence

glo,)tl = X(LE’ Lﬂ) (7.4)

given by forgetting the elements in a tuple that lie above {1,...,m — 2n} + +/—1, and
then translating the rest by —(m — 2n).

By the last paragraph of the proof of Lemma 7.2, there is a canonical isomorphism
between the chain complexes

CF(LC(AO)AOJI »Lm*ov)tl )/Jko,kl = CF(LE, Lﬂ) (7.5)
which on generators is given by (7.4), and on differentials by incorporating or removing
the m — 2n constant bigon components from the proof of Lemma 7.2. ]

——A0,A
Lemma 7.4. The subspace I, 5, is independent of the choices of ¢(Ao) " and
——A0,A
c(Ay) o provided (77.2) is satisfied.

———A0,A .
Proof. Let ¢(Ao)® and ¢(Ao)? be two different choices of ¢(1o) %! such that (7.2) is

satisfied for the pairs (C(AO)H’_C(AI)A(),AI) and (c(/\o)b,mxo’h ).

— o,

By interpolating slopes, there exists another choice ¢(A¢)¢ of ¢(L¢) ! such that
(7.2) is satisfied for the pairs (c(19)¢, c(Ao)?) and (¢(Xo)¢, ¢(1o)?). Let 6 be a con-
tinuation element (i.e the image of the identity element under a continuation map) of

A

HE(Legye Legya)-
Let I and /¢ be the respective 1, 5, for the spaces HF (L yas L——20.2;) and

(A1)
HF (L g)e» Lc()n)’\o”\‘ ). We need to show that the isomorphism

13 (=, 0) : HF (L¢(pgyas L

_c(Al)AO'Al ) —> HF(LC()LQ)" s LiAO’Al ) (76)

—e(A1)

sends I¢ to I€. By Corollary 7.3 and for dimension reasons, it suffices to show that the
image of 7% under pu?(—, #) is contained in 7¢. The same will then be true when we
replace ¢(19)? by ¢(Ao)?, so the result will follow.

The proof that u2(1¢4,6) C I€ is similar to the proof of Lemma 7.2. Let §% and §¢

be the respective G, for CF(L e meo,al ) and CF(L;(y)e Lm,\o,,\l ). By

slight abuse of notation, we denote a chain level lift of 6 to CF(Lycs Le(a)a) by 0. 1t
suffices to show that if the x,-coefficient of u?(x,, #) is non-zero for some x,, € ¢, then
X, € §%.

By definition, x, € §¢ implies that {1,...,m —2n} + V-1cng (xp)-Letv: X — E
be a J -holomorphic map contributing to the x,-coefficient of ©?(x, 6) such that near an

output puncture £°, v is asymptotic to the output lying above 1 4+ +/—1. We project v

——A0,A
to H° by g and apply the open mapping theorem. Note that both (¢(1¢)%, ¢(11) 0 1)

——A0,A .
and (c(Ao)¢, c(A9)?) satisfying (7.2) implies that (¢ (1o)¢,c (A1) 0 l) also satisfies (7.2).
This forces at least one of the boundary components of ¥ adjacent to £° to be mapped
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constantly to 1 + vas) 1 by g o v. Let the two boundary components of ¥ adjacent to £°
be 0" S and 3’ X, respectively, and suppose g 0 V|5 = 1 + /—1. As before, the other
puncture £’ that is adjacent to 3/ ¥ is also mapped to 1 + /=1 by g o v. Let the other
boundary component of ¥ that is adjacent to £ be 37" .

By examining the slopes of the matching paths at 1 + +/—1 again, either & X or 3/ 'S
is mapped to the constant value 1 + V-1 by g o v. Say ¢/ 'S is mapped this way; then
the next boundary components of ¥ and 'Y are mapped to components of the same
Lagrangian tuple (i.e. L;(1,)c> Leagye OF L 10.A1 ) under v. As a result, these two

c(A1)
boundary components coincide, g o v restricted to the component of ¥ containing £° is
a constant map, and this component is a triangle.

Applying this argument to all @ + +/—1 fora = 1,...,m — 2n, we conclude that
{1,...,m—2n}+\/—_1CnE(gl)andhenceileﬁa. L]

Remark 7.5. Lemma 7.4 also proves that the continuation element 6 lies in the vector
subspace spanned by the corresponding § C CF(L,,)c » Le(ag)a)-

Lemma 7.6. I C H,, is an ideal. Moreover, there is an algebra isomorphism Hy, ,, /1
~ Him' .

Proof. By Lemma 7.4, for Ag, A1, A2 € A}, ,,, we can choose the upper matchings ¢(A;)

such that condition (7.2) is satisfied for both (¢(1¢), ¢(A11)) and (c(A1), c(A2)).
In this case, the same argument as in the proof of Lemma 7.4 shows that if the
x-coefficient of u?(x,, x,) is non-zero for some x, € §%2, then x, € ¥%! and

X, € §12, where §%/ is the respectlve § for CF(LC(A )’—c(/\ )) We deﬁne B sim-

ilarly. This implies that if x; € 8%, x, € 82 U g2 (ie. x, is a basis element in
CF(LW, Lcm)), Xy € 8%2 U go,z and the x-coefficient of u?(x,,x,) is non-zero,
then x, € 8%2. Similarly, if x; € 8% U g%, x, € 812, x, € 8%2 U %2 and the
Xo-coefficient of 2 (x,,x;) is non-zero, then x, € B%2. This precisely says that / is an
ideal in H ,,. (We are working in the cohomological algebra, so we only need to check
closure under 12.)

Moreover, we also know that any u contributing to the x-coefficient of u?(x,,x,)
has m — 2n components of constant triangles. Therefore, under the identification of gen-
erators (7.4) in Corollary 7.3, the moduli spaces of holomorphic triangles defining the
products 12 on the two sides are also canonically identified. The result follows. ]

Next, we want to understand the ideal / in terms of the geometric basis of H,; ,
Consider the cochain model (cf. (6.16), (7.1))

c _ ) — —_—
Hf,= & HF(L; oo L) = &b CF(LgggLgs)- 0D
/10,/\161\5,, AO,AIGAfi,m

Define irg, A, t0 be the vector subspace of CF(L 55 oy L ) generated by

(1)
By, = f{xe X (Lggy L) [{l.....om=2n}+ V-1 € np(x)}.  (1.8)
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Let gi‘rc A= = XL \ B¢ oAl and define 4%, 8¢ and §*° accordingly.

c(A0)’ c()L ))
Lemma 7.7. There is an algebra isomorphism from @ HF (L.
&P CF(Lgggy- L Soom )) sending I to J*°.

Ag.A1 s L,

Proof. Let 0, ,, € HF°(L oo L

consistent choice of 8, 3, the direct sum of

W (6rgn,.—) tHF(L

Sy 0 L T Ap) fo

) be a generator over Z. Then, for a sign-

— o) > HF(L——92, . L—) (1.9

roi L Ze)

¢(A0) —e(A1) ¢(40)

over all (g, A1) is an algebra isomorphism.

A0,A1

Without loss of generality, we can assume that c()to) = ¢(Ag). Note that we

can choose c()tl) such that the pair (c(1;) ()Ll) , c(kl)) also satisfies (7.2). By the same
reasoning as in Lemmas 7.4 and 7.6, the image of 4 under (7.9) is contained in 4*°. Since
MZ(QAO, A1»—) is an isomorphism on cohomology and the dimensions spanned by / and
4% in cohomology are the same, the image of [ is precisely 4. ]

Lemmas 7.6 and 7.7 yield an algebra isomorphism & CF (Lm, Ac»a/)) Jd¥C ~
1

H,’". We want to show that this isomorphism respects the geometric basis.

For Ag, A1 € An m» we consider the composition of quasi-isomorphisms

CF(LIO’ L;\l) —> CF(LIO,LXI) —> CF(Lm, Lm)/‘}AOJI

alg
= CF(Loggy L)/ Paes, (7110)

The first arrow is given by u?(6, —) for a continuation element § € CF (LL Lz, ). The
second arrow is the inverse of the chain isomorphism (7.5). The last arrow is (7.9), which
is given by ?(8’, —) for a continuation element ' € CF° (Leayy L[(T))'

1

We can assume that Xo, il and Xl are obtained, respectively, by removing the left-
most m — 2n matching paths of ¢ (1), cm) and ¢(A1), and translating by —(m — 2n).
Let 0~ be a quasi-inverse of #. We can choose 6’ to be the image of #~! under the canon-
ical inclusion CF (LXI , L;l) — CF (Lm, L — o )) In this case, the composition (7.10)
coincides with the canonical cochain isomorphism

al
CF(Ly, L3,) = CF(Lgggy L) /50, x> . (7.11)

characterized by ng (y) = {1,...,m —2n} U (wg (x) + m — 2n) (i.e. essentially the same
map as in (7.4), (7.5))_.As a consequence, there is an algebra isomorphism from H,imp to
Hy /1 respecting the geometric basis.

For the combinatorial arc algebra, we have exactly the same quotient description
for H,?lfn (see (6.39)). To conclude, we have

Proposition 7.8. The isomorphism ® of Lemma 6.5 restricts to an algebra isomorphism
symp alg
Sfrom Hy p' to Hy 5.
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7.2. All cases

In this section we show that @ is an algebra isomorphism from KZ}:,T,p to KZI,%,, for all n, m.
The strategy is similar to the previous section.
Lete : Ay m — AS be the inclusion given by (6.45). Let

n,m+n
Hf = @  HF(Legy Lea,)- (7.12)
AO,AIGAn,m

. . symp alg
which is a subalgebra of Hn’m+n = Hn,m_‘_n,

compare K, with HE ..
For each ordered pair (A9, A1) such that A9, A; € A, m, We choose upper matchings
e(Ao) and e (A1) such that

so in particular H ,, is formal. We want to

fora =1,...,n, the slope at m 4+ a + +/—1 of the matching paths in e (1¢)
that ends at m + a + v/ —1 is more negative than that of e (11). (7.13)

Since the choices of matching depend on the ordered pair of weights, we denote the

——A0,A ——A0,A .
matchings by e (o) " and e(Ay) ! respectively. Let Jy, 1, be the subspace of

CF(L, Gy 0t L. Gt ) generated by
Biroa, == x € X(Leuo)loJl ’Le(kl)"‘)’l') |m+a+v—-1emp(x)
forsomea =1,...,n}. (7.14)
Let
Groar = X(Lo—ro1» L——0.01) \ Biga,

e (%o) —e(A1)
and define § := @ Jap.0,> B := P Baya, and § := P G2, -

Lemma 7.9. 1" ($50.2,) C $a0.r; 50 Fao.n, descends to a vector subspace of Hf
which we denote by J, 1, .

s’

Proof. Let x; € B. We want to show that if the x,-coefficient of ! (x) is non-zero then
Xy € B.

By definition, x, € § implies that m + a + V—-1c 7g(x,) forsomea =1,...,n.
Let v : ¥ — E be a J-holomorphic map contributing to the x,-coefficient of u'(x;)
such that near an input puncture &, v is asymptotic to the element of x, lying above
m + a + ~/—1. We project v to H® by 7 and apply the open mapping theorem. The
condition (7.13) at m + a + ~/—1 forces at least one of the boundary components of X
adjacent to & to be mapped constantly to m + a 4 +/—1 by g o v. It immediately implies
that m + a 4+ v/—1 € g (xy). n

Corollary 7.10. HF(L, 3,y L¢ (1,))/ 20,21 = HF(L;,,, L,,) as graded vector spaces.
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Proof. For j = 0, 1, by forgetting the points {I,...,n} 4+ m + ~/—I and ‘extending’
the matching paths of e()tj)/lo”\1 that contain m + a + ~/—1 forsome a = 1,....7n to
thimble paths, we get an upper matching E of A;j. There is then an obvious bijective
correspondence

Groh = X(Lyy Ly) (7.15)
Moreover, there is a canonical isomorphism between the chain complexes

CF(Le(AO)lovll ’Le (Al)onM)/g/lo,M = CF(L%v Lﬂ) (7.16)

which on generators is given by (7.15); the differentials on the left and right agree by the
proof of Lemma 7.9. u

——A0,A
Lemma 7.11. The subspace Jy, A, is independent of the choices of e (o) " and
———A0,4
e(A1) o provided (7.13) is satisfied.

— oA _
Proof. Let e(Ao)* and e (Xo)? be two different choices of e(L9) """ such that (7.13) is
satisfied for the pairs (e (1), e()Ll) ) and (e (Lo)?, e(kl)AO A1 ).

——20,4
There exists another choice e(4¢)¢ of e(Ag) " such that (7.2) is satisfied for
the pairs (e(Ao)¢, e(10)?) and (e(Xo)¢, e(1o)?). Let 6 be a continuation element of
HF (L, (pg)e > Le (2g)a)-

Let J“ and J¢ be the respective Jy, 1, for the spaces HF (L, (3 ya> L SO ;) and
HF(Lg (3)c> L a0 1)- We need to show that the isomorphism
2 (— 9) HF(_e()LO)a,L —A0- )‘1) _)HF(—e(Ko)C’ ———A0. )‘l) (7.17)

[Z9) e(A1)

sends J¢ to J¢. By Corollary 7.10 and a dimension count, it suffices to show that the
image of J¢ under ,LLZ(—, 0) is contained in J€.

The proof that u?(J¢, 6) C J€ is similar to the proof of Lemma 7.9. Let B4 and B¢
be the respective 8, 5, for CF(L, (AO)Q,L SO0 ) and CF (L, (3 0)cs L RS A1) By
slight abuse of notation, we denote a chain level lift of 6 to CF(L, (5,)c+ L (3,4)2) by 0.
It suffices to show that if x; € B89 and the x,-coefficient of ?(x,, #) is non-zero, then
Xy € BC.

Letv: X — E be a J-holomorphic map contributing to the x,-coefficient of u?(x,, 6)
such that near an input puncture £, v is asymptotic to the element of x, lying above
m + a + +/—1. We project v to H° by 7 and apply the open mapping theorem. Since

———A0,A . .
(e(X9)%, e(A1) 0 1) satisfies (7.13), it forces at least one of the boundary components
of X adjacent to £ to be mapped constantly to m +a + +/—1 by 7g o v. Let the two
boundary components of ¥ adjacent to & be d' ¥ and 9/ X, with Lagrangian labels L, ()«

and L AR respectively.

If g ov|y; 5, =m +a + ~/—1, then we are done because we must have m +a + v —1
€ mg(xg).
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Ifng o Ula[z = m + a + ~/—1, then we denote the next boundary component of X
adjacent to 8'Y by 8 X, which is equipped with the Lagrangian label L, (3)c- Using

———A0,A . . ; VR
the fact that (e (19)¢, e (A1) 0 1) satisfies (7.13), we conclude that either ¢’ X or 9" X is
mapped to m + a + +/—1 under g o v. In either case, m +a + vV—1 € w(x,). |

By very similar arguments, the analogues of Lemmas 7.6 and 7.7 hold. In particular,
we obtain algebra isomorphisms

Ko~ Hy /] ~ @ CF(Lygoy Ly 3,/ 8 (7.18)

where $%° is generated by (7.14). There is also exactly the same quotient description
for Kzl,%n (see (6.47)). As a result, the analogue of Proposition 7.8 is also true.

Proposition 7.12. The map ® of Lemma 6.5 gives an algebra isomorphism from Ky’
to K, zlé,’,,

8. An nc-vector field

The algebra K, in principle carries a non-trivial A structure. Seidel gave a neces-
sary and sufficient criterion for formality of an A algebra: it should admit a degree 1
Hochschild cohomology class which acts by the Euler field (see Theorem 8.8; a proof is
given in [1]). Following the language of non-commutative geometry, we call a degree 1
Hochschild cocycle a non-commutative vector field or nc-vector field; the motivating
example is a global vector field V € H%(Tz) ¢ HH'(D?(Coh(Z)) on an algebraic
variety Z. In this section, we apply the method from [1] to construct an nc-vector field
by counting holomorphic discs with prescribed conormal-type conditions at infinity.
This will be well-defined even if L has some non-compact Lagrangian components (see
Remark 8.2).

8.1. Moduli spaces of maps revisited

We first explain how to modify the moduli spaces of maps used in [1] to construct an

nc-vector field in our setting. Let eﬂfoﬁl)’h be the moduli space of unit discs S with d +

1 boundary punctures {Ei}flzo, h ordered interior marked points mk(S) and two more
distinguished ordered interior marked points so, s; such that s; lies on the hyperbolic

geodesic arc between so and & (but 51 7# so and 57 # &). We have dim(ﬁ?oﬁl)’h) =

dim(R4 1) 4 3. We call the & ordered interior marked points fype-1 interior marked
points, and the two distinguished ordered interior marked points fype-2 interior marked
points. We denote mk(S) U {so.s;} by mk(S)™.

We can compactify R?Oﬁl)’h to ﬁl(iojrll)’h as in [1, Section 3.6] (which treats the case
h = 0). Informally, the compactification includes stable broken configurations as con-
sidered in [1, Section 3.6], with an extra condition that nodal sphere components arise
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when some of the interior marked points collide. In particular, the codimension 1 bound-

—d+1,h . . .
ary facets of R(OTII) are given by (in all the moduli below, the subset P C {1,...,h}
remembers the type-1 ordered marked points that go to the same component):

(1) {&+1,...,& 4} move together) A nodal domain in which a collection of input
boundary punctures bubble off:

RG DT < g7V (8.1

1<j=<d,0<i<d—j,h1+ho=h, PC{1,..,h},|P|=h,

When j = 1, we need 4, > 0 so that the domain is stable.

(2) (s1 = $So) A domain with a sphere bubble carrying the two type-2 interior marked
points and some type-1 interior marked points attached to a disc carrying the remain-
ing type-1 interior marked points and the d + 1 boundary punctures. Letting ng
denote the moduli space of spheres with one interior node, two type-2 marked points
and % unordered type-1 interior marked points, and ﬂf“’h denote the moduli space
of unit discs with one interior node, d + 1 boundary punctures and / type-1 interior
marked points, this component is

11 RT3, (8.2)
h1+hy=h, PC{1,...,h},|P|=h
The attaching point is understood to be the node on the disc and on the sphere respect-
ively.
3) {Ea—1+15---.8a,81,...,&} — &) Anodal domain with two discs, one carrying both
type-2 interior marked points, some type-1 interior marked points and the boundary

punctures {&;+1,...,E4—1}, the other carrying the remaining type-1 interior marked
points and boundary punctures
- d—i—1+1,h
]_[ Rl—l—l—i—l,hl x ‘R(O,ll) 2 (8.3)

0<i+l<d,hi+hy=h, PC{1,...,h},|P|=h

Wheni + [ = 0, we need /1; > 0 so that the domain is stable.

@ s1tUlér,.. . & 60-141,....Ea} — &) A nodal domain with two discs, one car-
rying d — i — [ input boundary punctures, one type-2 interior marked point and some
type-1 interior marked points, the bubble carrying the second type-2 interior marked
point, and the remaining type-1 interior marked points and boundary punctures:

]_[ =R§I+l+l)+l’hl % R;j—l_l+1’h2- (8.4)
0<i+l<d,hy+hr=h, PC{1,....,h},|P|=h,

We pick a consistent choice of strip-like ends and marked-points neighbourhoods

. —=d+1,h . . .. . .
for elements in Ry ;) as in Section 2.2.2. This time, we require each marked-points

neighbourhood to contain s¢ and s;, and denote it by v(mk(S) ™). For each S € Rfoﬁl)’h,

we can define G,¢(S) by (2.42) but with v(mk(S)) being replaced by v(mk(S)™). For
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a cylindrical Lagrangian label associating 9;S to L j for j =0,..., d and a choice
As € Pur(S, {(4;, ALJ._I , )LLJ.)};?ZO), we equip S with the additional data (J, K) as in
(2.48) and (2.49), again with v(mk(S)) replaced by v(mk(S)™).

Let Dy C Hilb" (E) be the divisor of ideals whose support meets D g. We now assume
that

Dy is moveable, and the base locus of its linear system contains
no rational curve, (8.5)

there is a holomorphic volume form with simple poles on Dy
(so ¢1 (Hilb" (E)) = PD(Dy)). (8.6)

Let D be a divisor in Hilb” (E) linearly equivalent to, but sharing no common irreducible
component with, Dy. Let By = Do N D() be the base locus of the corresponding pencil;
we assume that it contains no rational curve. Note that these conditions will hold in the
case of type A Milnor fibres (see [1, Section 6]), and more generally (8.5) holds when
Dg C E is moveable and (8.6) holds when there is a holomorphic volume form on E
with simple poles on Dg (see [1, Lemma 6.3]).

Given x, € X (Ho, Ly, L) andij € X(Hj,éj_l,éj) for j =1,...,d, we define

d+1,h .
'R(OJ,Fll) (X035 Xgs---s 1) (8.7)

to be the moduli space of all maps u : S — Hilb" (E) such that

[u] - [Dy] = 0 and [u] - [Do] = 1,

u(mk(S)) C Duc, u(so) € Do, u(sy) € Dy,

(Du|; — Xk|)%! = 0 with respect to (J;)y(z) forz € S, (8.8)
u(z) € Sym(L;) forz € 9; S,

limg, 400 u(€7(s,-)) = x;(-) uniformly,

where J, K should be understood as their extension to Conf” (E) (see Remark 2.14).

Note that Lemmas 2.20 and 2.21 remain true for u € ﬂ(doﬁl)’h (X9:Xg4,...,Xx;) sowhen
h = Iyxyx,...x,» (8.8) implies that Im(x) N D, = @ and u intersects Dyc transversally.

On the other hand, since J = J J[E"] near s, 1, [4] - [Do] = 1 implies that the intersection
multiplicity of u with Dg at so and with Dy at s; are both 1. (We will see later, in the
proof of Lemma 8.7, that every intersection between u and D contributes positively to
their intersection number.)

We want to discuss the regularity and compactification of R?Oﬁl)’h (XpsXg,.--0X7)
following Sections 2.2.7,2.2.9, 2.2.10 and [1].

—d+1,h
First, we pick a consistent choice of (Ag, J, K) for all elements in R(OTII) and all
possible cylindrical Lagrangian labels and in/outputs. In particular, this implies that if

—d+1,h
S € Rp,1) has a sphere component, then over that component K = 0 and the complex
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structure is J%]. We can then introduce the following moduli spaces of maps that are

relevant for the compactification of Q‘Rfotl)’h (XpsXgs---0Xq):
RTMHID" (E). (do. dr) | X914 X), (8.9)
M"Hilb" (E) \ Dy | 1). (8.10)

The moduli space (8.9) consists of maps u : § — Hilb"(E) such that S € .ﬂ‘lHl’h,
and

[u] - [Do] = do, [u] - [D;] = dr,

u(mk(S)) C Dpc,

(Du|; — Xk|)%! = 0 with respect to (J;)y(z) for z € S, (8.11)
u(z) € Sym(L;) forz € 9; S,

limg—, £ 00 u(€’ (s,-)) = x;(-) uniformly.

It has an evaluation map using the node to Hilb” (E). The virtual dimension of (8.9) is

d
d +2do + |xol — ) Ix] (8.12)

Jj=1

where 2d, comes from ¢, (Hilb" (E)) = PD(Dy) and d comes from dim(ﬂ?‘f‘“),
For S € Mg,3, we can rigidify the domain and assume the type-2 marked points are

0, 1 and the node is 0co. The moduli space (8.10) consists of maps u : S — Hilb"(E) \ D,
such that S € Mgﬁ,

[u] - [Do] = 1,
u(mk(S)) C Dyc,u(0) € Dg,u(l) € Dy, (8.13)

uisJ g’ ]-holomorphic.

It also has an evaluation map to Hilb” (E)) by evaluating at co. The virtual dimension of
(8.10) is

dn 4+ 2c1(u]) +2h — (4 +2h) = 4n —2 (8.14)
where 4n is the dimension of Hilb" (E), ¢ ([u]) = [u] - [Do] = 1, 2h is the dimension
of J\/[g,3 and 4 + 2h comes from the incidence conditions.

Proposition 8.1 (cf. [1, Lemmas 3.18, 3.19]). Leth = I X0iXgsx, - FOT generic consist-

ent choice of J, K satisfying (2.48) and (2.49), every u € eRdﬂ’h(&); XgoooorXq) IS

(0.1
regular. Moreover, when R?Otl)’h (xXg:Xg.-..,X,) is O-dimensional, it is compact. When
Rfoil)’h (XosXg....,x,) is 1-dimensional, it can be compactified by adding the following

boundary strata, which are themselves regular.
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(1) (corresponding to (8.1), (8.3))

d—j+1,hy .
]_[ R((),l) (10’&""’£i+j+1’£’£i""’£1)
X,hy+ha=h, PC{1,....h},|P|=h, 1A
X RITIM(xs x4 5h s X 4q), (8.15)

itl+1,hy . .
]—[ R (X0sXgs - Xggp1s X, Xy oo ey Xg)
x,h1+hy=h, PC{1,....h},|P|=h; e
= N2
X ‘[R(O,l) (Lid—j’--~,£i+1), (8.16)

(2) (corresponding to (8.2))

Ry i (E). (0,0) [ x93 24 - X1) Xy iy MOHIID" (E) \ Dy | ).
(8.17)

R ML (E). (1,0) | xg: Xg. - X1) Xy 7 Bo. (8.18)

where in (8.17) and (8.18) the fibre products are taken with respect to the evaluation
maps, which are transverse.

We will see that M” (Hilb" (E) \ D, | 1) is empty when & > 0 (see Lemma 8.3 and
Corollary 8.4), which explains why it does not appear in (8.17). In the rest of this section,
we establish some regularity and compactness statements and prove Proposition 8.1.

Remark 8.2. We will establish the compactness result below following the method in
Section 2.2.10. The reason one should expect compactness to hold is because we are
counting discs with interior marked points going to Dy which corresponds to the vertical
infinity of £, while non-compact Lagrangian components in L are only non-compact with
respect to the horizontal infinity of E, so the method in Section 2.2.10 applies without
substantial changes.

8.1.1. Moduli of Chern 1 spheres. We first discuss M" (Hilb" (E) \ D, | 1). Let C be a
Chern number 1 rational curve in E and ¢», ..., ¢, € E be n — 1 pairwise distinct points
such that at most one of ¢, ..., g, lies in C. The product determines a Chern number 1
rational curve in Sym” (E) which meets A% in at most one point. Therefore, it uniquely
lifts to an irreducible Chern number 1 rational curve C in Hilb” (E). We call C a Chern
number 1 rational curve of product type. In fact, these are essentially all the irreducible
Chern number 1 rational curves in Hilb" (E).

Lemma 8.3 ([1, Lemma 6.4]). Let C be an irreducible rational curve in Hilb" (E) with
Chern number 1 and not contained in Dyc. Then C is of product type.

Proof. By assumption, wgc(C) is an irreducible Chern number 1 rational curve in
Sym”(E). By the tautological correspondence, we get a (possibly disconnected) closed
complex curve C’ in E of Chern number 1. It means that C’ lies inside a finite union of
fibres of 7. Having Chern number 1 means that [C'] - [Dg] = 1, so C’ is a union of a
Chern number 1 rational curve C” and n — 1 points in E. By the assumption that C is
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not contained in Dyc (or equivalently yc(C) is not contained in A), we know that the
points are pairwise disjoint and at most one of them lies inside C”. |

Corollary 8.4 (cf. [1, Lemma 6.4]). The moduli space M (Hilb" (E) \ D, | 1) is regu-
lar and the evaluation map M"(Hilb" (E) \ D, | 1) — Hilb" (E) defines a pseudocycle.
In other words, the image of the evaluation map can be compactified by adding a real
codimension 2 (with respect to the image) subset.

Proof. When h > 0, by Lemma 8.3, M (Hilb"(E) \ D, | 1) is actually empty so there is
nothing to prove.

When h = 0, the regularity of M”(Hilb"(E) \ D, | 1) follows from the explicit
description of Lemma 8.3 and the fact that every direct summand of the normal bundle
of a product-type Chern 1 rational curve in Hilb?(E) \ D, has Chern number > —1.
Therefore, automatic regularity for these somewhere injective curves applies.

To define a pseudocycle, the codimension 2 subset to be added is the union of the
images of stable Chern number 1 rational curves in Hilb” (E) that meet D, non-trivially,
which is denoted by B, in [1]. It is of codimension 2 because every such stable Chern
number 1 rational curve maps to a point in Sym” (H®) that lies inside Age N D’ where
D’ is the divisor in Sym”(H®) consisting of subschemes of H° whose support meets
critical values of wg. u

We denote the pseudocycle by G Wj.

8.1.2. Moduli of discs. The following regularity statement follows as in Lemma 2.15.

Lemma 8.5 (Regularity). For generic consistent choice of (J, K) satisfying (2.48) and
(2.49), every element in the moduli spaces (8.7) and (8.9) is regular.

For an element u in the moduli space (8.7) or (8.9), we can define E(u) by (2.65).
Even though E is not exact, we can still define ®§ ™" and wg’ on Conf”(E) x S. They
differ by Rx which, by the same reasoning as in Lemma 2.28, is uniformly bounded
independent of u. Moreover, the integration of a)}gp over the graph of u is bounded a
priori by the Lagrangian boundary conditions and the intersection numbers with Dg, D,
because Hilb” (E) \ (Do U D,) is exact. To conclude, we have

Lemma 8.6 (Energy). For a fixed choice of {x J };-izl and a moduli space of maps (8.7)
or (8.9), there exists T > 0 such that for all elements u in the moduli space, we have
Ew)<T.

We also have the corresponding statement for positivity of intersections.
Lemma 8.7 (Positivity of intersection). Let u be an element in (8.7) or (8.9). If u(z) € Dy

(resp. u(z) € D), then the intersection u(z) between Im(u) and D¢ (resp. D) contribute
positively to the algebraic intersection number.

Proof. For both cases (Dg and D)), this follows from the fact that the Hamiltonian vector
field in the perturbation term is tangent to (every stratum of) the divisor. For Dy, this is
exactly Lemma 2.34. For D, the argument is similar to that of Lemmas 2.21 and 2.36. =
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Proof of Proposition 8.1. Let uy : S — Hilb"(E) be a sequence of maps in (8.7). First
consider the case that there is a subsequence of S; converging to S € Rfoﬁl)’h. Without
loss of generality, we can assume S = S for all k.

The analogue of Lemma 2.32 holds. More precisely, if there is energy concentration at
a point in S but outside v (mk(S)™), then it will produce a sphere bubble or a disc bubble
in E'1 which intersects D . By Lemma 8.7, this will imply that for large k, the algebraic
intersection number between u and Dy is greater than 1, a contradiction.

Energy concentration cannot happen at a point outside mk(S)™: If energy concen-
tration happens at mk(S)*, then it is either at {so, 51} or not. If not, the resulting sphere
bubble (tree) has Chern number 0, so it is contained in Hilb” (E) (recall that ¢; (Hilb" (E))
= PD(Dy)). Therefore, it intersects D, positively by Lemma 2.5 and gives a contradic-
tion. If energy concentration happens at sy or s1, say So, then the bubble tree has either
Chern number 0 or Chern number 1. We get a contradiction in the former case as above.
For the latter case, the Chern number 1 bubble intersects D6. Note that s is another point
in the stable domain that is mapped to Dy. Since Do and Dy, are homologous, that implies
that the algebraic intersection number between u and Dy is at least 2 in total. This again
gives a contradiction.

Energy concentration at strip-like ends give parts of (8.15) and (8.16). This finishes
the bubbling analysis when Sy has a subsequence converging to S € R?O”’Lll)’h

Now, if S; has a subsequence converging to the boundary strata (8.1), (8.3), we get
the remaining terms in (8.15) and (8.16).

If Sy has a subsequence converging to the boundary strata (8.4), then for k large, u
has algebraic intersection at least 2 with Dg because each disc component in the limit
contributes at least 1.

Next, we consider the case that Sy has a subsequence converging to the boundary
strata (8.2). Without loss of generality, we can assume S = S lies in the boundary strata
(8.2) for all k. The analogue of Lemma 2.32 still holds. That is, there is no energy con-
centration at a point in S \ v(mk(S)™), and hence no energy concentration at a point in
S \ mk(S)™T. If energy concentration happens at mk(S), we get a Chern 0 bubble and
the usual contradiction. If energy concentration happens at sy or 51, say o, then at least
one of the spheres (including the original one in the domain) has vanishing Chern num-
ber, so meets D,. Therefore, the tree of spheres define a stable Chern number 1 rational
curve in Hilb" (E) which lies in a real codimension 4 subset of Hilb"” (E) (see Corol-
lary 8.4). As a result, for a generic choice of data, there is no such stable Chern number 1

rational curve in the codimension 1 boundary strata of J%ﬁ;rll)’h (Xg:X4,.-.,X;) when
J{Z;rll)’h (xg:Xg,-..,X;) is 1-dimensional. Energy concentration of solutions in (8.2) at

strip-like ends is a higher codimension phenomenon.

When there is no energy concentration, the boundary strata (8.2) correspond precisely
to (8.17) and (8.18).

Finally, when S} converges to some element in higher codimension strata, regularity
reasoning as in Corollary 2.39 shows that it cannot exist for generic (J, K). This com-
pletes the proof. ]
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8.2. Pure Lagrangians

An nc-vector field of an Ao, category A is a cocycle b € CC' (A, A). Given an nc-vector
field b, a b-equivariant object is a pair (L, ¢z ) such that L € Ob(A), ¢, € homgl (L,L)
and b°|p = u'(cr). In this case, (L, cz) is called a b-equivariant lift of L. Given two
b-equivariant objects (L, c¢y) and (L', cz/), the map

arb'(a)— p?(cr,a) + pi(a,cr) (8.19)

is a chain map from homy (L, L') to itself. An nc-vector field is called pure if every
object L € Ob(A) admits a b-equivariant lift (L, cz) and for every pair (L, cr), (L', cr/)
of b-equivariant lifts, the endomorphism on H(homy, (L, L)) induced by (8.19) is given
by

ar|ala (8.20)

for all pure degree elements ¢ € H(hom4 (L, L)), where | - | denotes degree. In other
words, purity asserts that (8.19) agrees with the Euler vector field.

Theorem 8.8 (Seidel). If an A category A over a field of characteristic 0 admits a pure
nc-vector field, then A is formal.

A proof is given in [1].

8.2.1. Construction. By Proposition 8.1, we can define a Hochschild cochain
b e CC*(F 8" (ng), F$¥"(nE)) (8.21)

by counting rigid elements in R?Oil)’h (X9: X4, ...,x;) and then divide it by h!. The
cochain b is not closed due to the existence of the boundary strata (8.17) and (8.18).
To compensate for these strata, we consider the closed-open maps

CO: C*(Hilb"(E) \ D,) — CC*(F $" (ng), F SV (nE)). (8.22)
co:CY,_,_ (Do, (Do N Dy) U D™) — CCH(F S (g), F S ()

for j <3, (8.23)
which are the direct analogues of the ones in [1, Section 3.5]. Here, If refers to locally
finite chains. The only difference is that we added the type-1 interior marked points and
hence use RfH’h(Hilb”(F), (do.dy) | x93 x4, ...,x,) for (do,d;) = (0,0) and (1, 0),

respectively, to define CO and co.
The boundary strata (8.17) and (8.18) correspond to

CO(GWp) and co([Bol) (8.24)

respectively, where we recall By = Do N Dy. Using the fact that both CO and co are
chain maps, we get
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Proposition 8.9 (cf. [1, Proposition 3.20]). If both GW; and [By] are null-homologous
with primitives gwy and By, then the sum

b:=b + CO(gw) + co(Bo) (8.25)
defines an nc-vector field for ¥ S (ng).

We now specialize to the case where £ = A,,_ is the type A Milnor fibre. It is shown
in [1, Lemmas 6.7, 6.8] that both G W) and [By] are null-homologous, so Proposition 8.9
applies. The Lagrangian spheres and thimbles in E have trivial first cohomology and so
(by exactness) trivial first Floer cohomology, so admit equivariant structures.

Lemma 8.10. For each A € Ay, L) is pure.

Proof. The argument of [1, Lemma 6.9] generalizes to our situation: we briefly recall the
key points, adapted to the current set-up. By Lemma 2.24, the rigid count of ﬁ?ojrll)’h (x9)
is 0 when 2 > 0. When /1 = 0, the domain is a disjoint union of n discs which are mapped
to different Lagrangian components of L. Since the intersection with Dy is 1, exactly
one of these n discs hits D g transversally once, and the others are disjoint from Dg and
are hence constant maps by exactness. The key point in the argument of [1, Lemma 6.9]
is that, over each point ¢ € y of a fibred Lagrangian L, C E, there are exactly two holo-
morphic discs with boundary on L, (the hemispheres of a P!-fibre of E). When y is a
matching path, this algebraic count gives a — 2a under the map (8.19) for the degree 2
generator a € HF (L, ). Moreover, by [1, Lemma 2.12] and the paragraph thereafter, (8.19)
necessarily vanishes on degree 0 generators of HF(L,) whenever HF®(L,) has rank 1
(which holds when y is a matching path or a thimble path). The result follows. ]

9. Formality

By Proposition 7.12, we know that on the cohomological level, the extended symplectic
arc algebra K’ agrees with the extended arc algebra Kzl,gm. In this section, we prove
that the extended symplectic arc algebra is formal when working over a field of character-
istic 0, by proving that the nc-vector field constructed in 8.2.1 is pure. To simplify nota-

. . . . . . - —al 4 .
tion, in this section, given a weight A, we use A and A to denote 2% and Ilg, respectively.

9.1. Some lemmas
Let Ag, A1 € An,m~

Lemma 9.1 (Cyclic module structure). Let Xmin be an oriented circle diagram A, nmmXo
which corresponds to the minimal degree generator of HF* (L, o+ La,)- Let x be another
oriented circle diagram A, r])_ko. Then there are two oriented circle diagrams /_\077010 and
&lmxl such that

Mz(&lnlxl, xmin) =X = :U*Z(xminv &0770}0)- (91)
In particular, HF* (L, , L, ) is a cyclic module over HF*(L;_, L, ) for bothi = 0, 1.
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Proof. We give a proof when i = 0; the case i = 1 can be dealt with similarly.

Recall that, schematically, the product in the combinatorial arc algebra is computed
by stacking an oriented A, U Ao on top of an oriented A LU Lo, and resolving / removing
the middle levels by a sequence of elementary cobordisms, which induce maps by the
action of an underlying TQFT.

The diagram A, U Xo consists of circles and lines. Let Cy, . .., Ci be the circles, and
define, for j = 1,... ,k,

Ly i={y € Ao | v is contained in the circle Cit. 9.2)

It is clear that I, ; # @ forall j. Let I, := U_/ Iy,; and I} := 2o \ Ty. In particular, if
y € Ao is a line, then y ely.

The minimal degree generator X, corresponds to orienting all the circles in A; U Ao
counterclockwise (note that the orientations of the arcs in A, U Ao are uniquely determ-
ined by the rule (6.12), namely, the remaining V must occupy the rightmost available
positions). On the other hand, let Cs,, ..., Cs, be the circlesin A; U IO that are oriented
clockwise by x. For each j € {sy,...,s:}, we pick a single y; € I', ;. Now we give
Ay U Ao the orientation y that is uniquely determined by the property that a circle C in
Ao U Ao is oriented clockwise if and only if C contains y; for some j € {s1,...,5:}.

One feature of the Khovanov TQFT ([24], [25], which is recalled in (6.24) and (6.25))
is that a counterclockwise circle times a counterclockwise (resp. clockwise) circle is a
counterclockwise (resp. clockwise) circle. The analogue is true for the Khovanov-type
TQFT from [13,51]. One can check, by applying the rules underlying the Khovanov-type
TQFT from [13, 51], that our prescription ensures that ;t?(Xyin, ¥) = x (see Figure 9.1
for an example). L]

i<l

& e &

Fig. 9.1. From left to right: y (top) and xp;, (bottom) before taking product; successively applying
two TQFT operations to the first picture; the product x. Clockwise orientations on circles are indic-
ated by Y. We choose y; to be the outermost upper arcs in the 2-circle components of x; this forces
the indicated V¥s on y.

Lemma 9.2. Let Aa be an oriented cap diagram and bA be an oriented cup diagram.
Then

w2 (bAX, Aa) = bAa. (9.3)
In particular, the product map
HF (L), Lp) x HF(Ly4, L)) — HF(L,4, Lp) 9.4)

is non-zero.
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Proof. Note that Ala, bAX and bAa are oriented circle diagrams so the LHS and RHS of
(9.3) are well-defined.

Now we need to justify (9.3). If y € A is a half-circle and the component in Ada
containing y is a circle C, then by the definition of A, we know that C is oriented counter-
clockwise. Similarly, if y* € A is a half-circle and the component in bAA containing y* is
acircle C’, then C’ is oriented counterclockwise. In this case, when we do the resolution
between y and y* involved in the product, the outcome is also oriented counterclock-
wise. In other words, the resolution cobordism move does not change the orientation (see

Figure 9.2).
(~J o
o) (Y

Fig. 9.2. Orientation unchanged.

On the other hand, if the component of AAa containing y is a line, then we need to
first complete it to a circle before computing the product. Moreover, the circle to which it
is completed is oriented counterclockwise (see Figure 9.3). The same holds for hAA.

ALt
|

Ny d J
W O

Fig. 9.3. From left to right: 1) two oriented circle diagrams AAa, bAX, 2) closure of the ori-
ented circle diagrams, all circles are oriented counterclockwise (see Section 6.4), 3) taking product,
4) removing the completion (grey).

Therefore, each type of resolution, and hence the product obtained from a composition
of such, does not change the orientations. This implies 2 (hAA, Ada) = bla.
By Proposition 7.12, we have the algebra isomorphism @ : Ky — K35, so we have

P (@ (bAX), @7 (Ada)) = @7 (bra)
and (9.4) is non-zero. ]

The set A, ,,, of weights has a natural ‘Bruhat’ partial ordering (see Section 4.1).
Intuitively, it is given by exchanging pairs v and A; one increases in the Bruhat order
by moving V’s to the right [13, Section 2]. Given A € A, ,, there is a unique maximal
element w), in the set

{weApm| AwA is an oriented circle diagram}. 9.5)
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Explicitly, the maximal element is given by putting a \V on the right end points of all the
half-circles and lines in A (or A) and a A otherwise. In particular, it implies that A = w;
only when A has no half-circle component, that is, when A is the maximal weight in A, .

Lemma 9.3. Let Ao, A1 € Ay m. At least one of the following statements holds.
(1) Thereisnon € Ay, such that k_lnn is an oriented circle diagram.

(2) There is some n € Ay m\{Ao, A1} such that hn/\_o is an oriented circle diagram.
(3) Ao = wy, or A1 = wy,,.

Proof. Suppose neither (1) nor (2) hold. We want to prove (3).

Since (1) and (2) fail, there exists n such that 1174 is an oriented circle diagram, but
every such 7 is given by Ao or A;. Without loss of generality, we assume that n = A1, so
in particular A9 < A1, since whenever ¢Af is an oriented circle diagram, one has o < A
and B < A in the Bruhat order [13, Lemma 2.3]. We want to prove that 1; = wy,,.

Notice thatif A; U Ao has a circle component, then there is ' € Ay, such that ' # n

and A7’ Ao is an oriented circle diagram. It implies that 7 = A < 1’ but we also have Ao <
nson € Ay m \ {*o,A1}. Since we have assumed that (2) fails, we get a contradiction and
hence A; U Aoisa diagram with only line components (and there is only one orientation
given by n = ;).

Lets; < --- < s be the integers which are the left end points of half-circles of Ag. By
definition, Ag(s;) = V forall i. If 11(s;) = A for all 7, then we are done, because then A1
has Vv on all the right end points of half-circles and lines of Ao, and hence A1 = wy,,.

If this is not the case, then let s; be the largest among s1, . . ., 5g such that A;(s;) = V.
Lets; + ¢ be the right end point of the half-circle of Lo with left end point s ;. By definition
of Ao, exactly half of {s;j +1,...,s; +t — 1} are labelled by A and half by Vv with respect
to Ag. Moreover, all of them lie in a half-circle of )L_o.

By the definition of s;, for [ = 1,...,¢ — 1, if Ao(s; +1) = v, then 5; + j €
{Sj+1, ..., 5k} so we have A;(s; + [) = A. Moreover, for &nk_o to have at least one
orientation, we need that A1 (s; +¢) = Aandfor/ =1,...,t —1,if Ao(s; + 1) = A, then
A1(s; + 1) = Vv (see Figure 9.4). Now, by the definition of A1, we see that A; nAo has a
circle passing through s; and s; + ¢. This contradicts the fact that A; r))L_O does not have
circle components. (]

AN A

\) T U

Fig. 9.4. The weight and the cap diagram on top are Ao and Ag; the weight and the cup diagram on
the bottom are A1 and A;.
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9.2. Consistent choice of equivariant structures
Let b be the nc vector field constructed in Proposition 8.9.

Proposition 9.4. There is a choice of b-equivariant structures on {L; }sen,, ,,, Such that
b is pure.

Proof. By Lemma 8.10, L, is pure foreach A € A, 5.

Any partial order admits a total order refinement. We choose a total ordering <7
on A, that is compatible with the Bruhat partial ordering <. We make choices of b-
equivariant structure on the L, with decreasing order of A.

Let n € A, 1, and suppose that a b-equivariant structure on L is chosen for all A >Ty,
such that b is pure. We want to choose a b-equivariant structure on L,, such that b is pure
on{Lijrs7y-

We choose a b-equivariant structure on L, such that the minimal degree element of
HF(L,,,Lwn) has weight equal to the degree. By Lemma 9.1, HF(L,,,LWW) is cyclic as a
module over HF (Lw,, ,L w,,) so the weight equals the degree for all pure degree elements
in HF (L. L, ).

By Lemma 9.2, we have

u? (MWn Wy, W, WyT) = NWnT]. (9.6)

This implies that x := nwywy in HF(L,, . L,) has weight equal to its degree.

Let xmin be the minimal degree generator of HF (AW ,L,). By Lemma 9.1, we know
that x = % (Xmin, ¥) for some y € HF(Lwn, Lwn)' It means that x,;, also has weight
equal to its degree, and hence all elements of HF (Lwn, L, ) have weights equal to their
degrees.

Now, suppose that A >T 5 but A # wy, and purity holds for all of HF(L;/, Ly),
HF(Ly, Lj/) such that A’ >T . By Lemma 9.3, A, 7 satisfies either (1) or (2) of
Lemma 9.3. If (1) holds, then HF (L, L,) = HF(Ly, L) = 0 so purity is automatic.
If (2) holds, let A’ > A, 5 be such that 7A’A is an oriented circle diagram.

By Lemma 9.2, we have

pEAXA AT = A, 9.7)

This means that AL in HF(L,,, L, ) has weight equal to its degree. By Lemma 9.1 again,
we know the minimal degree elements in HF(L,, L, ) have weight equal to degree, hence
so do all elements in HF(L,, L, ). The same is true for HF(L,, L,) because Lemma 9.2
also implies that

WAV AR = gAA. 9.8)
By induction over the total order, the result follows. [

Corollary 9.5. Over a field of characteristic 0, the Ao endomorphism algebra of the
direct sum of objects in the collection {L, }sen,, ,, Is formal.

Proof. This follows from Theorem 8.8 and Proposition 9.4. ]
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Proof of Theorem 1.1. Recall the notation for the tuple of Lagrangian thimbles 7' from

Section 4. One can argue inductively to show that Zm_l ™ can be generated by {L, |
A € Ay ) using the exact triangles constructed in Section 3.2 (compare with Proposi-
tion 10.1).

We now give the details. When n = 1, {L, | A € A, ) consists of one Lefschetz
thimble at the rightmost critical point, and all the matching spheres over matching
paths whose end points are consecutive critical values. This collection clearly generates
Z(A)il(v), by applying Dehn twists in the matching spheres to the Lefschetz thimble.
We now argue inductively. Let k € N;. We assume that for all n < k, all m > n
and all A9 € A, ;,, the Lagrangian tuple Z(’l‘))il(v) can be generated by the collection
{L; | A € Ay m}. Now we consider the case n = k,m > nandlet A € A, .

When A71(V) ={m —n +1,...,m}, A is the maximal weight and we have L,
=TAW,
If A is not the maximal weight, then there is k € {1,...,m} such that A(k) = Vv and

A(k + 1) = A. Let A” be the weight given by ‘swapping positions k and k + 1, that is,

AG) ifi #kk+1,
Mi)y=3 A ifi =k, (9.9)
V ifi =k+1.

Let A" € A,—1,m—2 be the weight given by forgetting the positions k, k + 1, that is,

N EY0) ifi <k
“’)_{A(zwrz) ifi >k ©.10)

We define | J; 4 A’ to be the admissible tuple in {im(z) < 1} consisting of one matching
path connecting k + ~/—1 and k + 1 + ~/—1 and n — 1 thimble paths from i + +—1to i
for eachi € A71(V) \ {k}. The notation suggests that it is obtained from applying a ‘cup
functor’ to A’ in position k, k + 1 in the sense of [2].

By Corollary 3.5, we have the exact triangle

z(l”)fl(v)[_l] _>£U Y _)Zu)*](\/) _)Z()W)fl(\/)' 9.11)

k

Note that the second term LU“{H » can be generated by {L, | A € An,m} by apply-

ing the ‘cup functor’ Uk’k 41 to the induction hypothesis. More precisely, by induction
hypothesis, the collection
{LA | A€ Ap—1,m—2}

is sufficient to generate L for all admissible tuples I' = {y1, ..., ¥»} such that for all 7,
¥; is a thimble path from ¢; + v/—1 to g; for some ¢; € {1,...,m}. Together with Corol-
lary 3.5 (which implies that the ‘cup functor’ takes exact triangles to exact triangles), we
know that the collection

{Ly A€ Apm Ak) =V, Ak +1) =1}
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B L T

T S S S T s T

Fig. 9.5. The first row represents an exact triangle in the induction hypothesis. The second row is
the exact triangle after applying the ‘cup functor’ U2,3 to it.

is sufficient to generate L for all admissible tuples I' = {y;, ..., y,} such that (see
Figure 9.5)
(1) y; C{im(z) < 1} foralli,
(2) ¥ is a matching path joining k + +/—1 and k + 1 4+ +/—1,
(3) fori > 1, y; is a thimble path from g; + +/—1 to ¢; for some ¢; € {1,...,m}.

On the other hand, the first and third terms of (9.11) have the property that A” > A.
Since L, = zrl ™) when A is maximal, by (9.11) and a second induction with respect

V)

to the Bruhat ordering starting from the maximal weight, we know that Z('X)il ™) can be

generated by {L, | A € Ay m}.

Conversely, L, can be generated by {Z(A)_l(v) | A € Ay m}, either again by directly
applying the exact triangles, or by appeal to Proposition 5.16. Therefore, by Proposi-
tion 4.5, we have quasi-equivalences

D™ F S (7tnm) ~ perf-End(EB 1“)’1”)) ~ perf-K™ = perf-K™8,.  (9.12)
| |

Remark 9.6. Theorem 1.1 and Claim 3.6 together give a new proof of a result of [7],
namely that the Serre functor of the constructible derived category of the Grassmannian

is given by the action of the centre of the braid group.
There is an algebra isomorphism Kj %, ~ (K3%,)°, given on basis elements by send-
ing an oriented circle diagram S« to its reflection a” A 8" (see [13, (3.9)]). Together with

Theorem 1.1, this implies

Corollary 9.7. Forall A, ) € Ay m, we have
HF(Ly.Ly) =HF(L;,. L)) (9.13)
as graded vector spaces.

This is already non-trivial, because L, , L, are not compact Lagrangians, so it is not

a priori clear why they should satisfy this Poincaré duality type of equality (because of
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the non-trivial wrapping in constructing the category, the underlying cochain groups are
typically not equal).

The algebra isomorphism K%, ~ (K3%,)° can be understood geometrically: we give
a sketch of the argument. By a hyperbolic isometry between the upper half-plane and the
unit disc, we can assume the target of wg is the unit disc B. We also assume that the
critical values lie on the real line, and that infinity in the upper half-plane is mapped to
v/—1 € 8B. For example, it can be achieved by applying the inverse of the hyperbolic iso-
metry f : By — Hof (5.12). Let tz : B — B be the reflection along the real line, which is
an anti-symplectic involution of B. We recall that for the construction of (E, wg ) in Sec-
tion 5.1, wyy is restricted from a product symplectic form wy . Therefore, by appropriately
choosing wg in Lemma 5.4, we can assume that there is an anti-symplectic involution
tg 1 E — FE covering (p.

Letu : S — Yg be a solution that contributes to the A structure of F §<" (7g). Let
ts : S — S be reflection in the real diameter of the disc, and S the image of S (equipped
with the push-forward data by t5). Let ty,. : ¥ — ¥YE be the anti-symplectic involution
induced by (g. In this case, 1y, ou og : S — Yg is tautologically a solution to the
push-forward equation, which is itself a perturbed pseudo-holomorphic equation. Note,
however, that the ordering of the Lagrangian boundary conditions is reversed on 5.

This illustrates that, for appropriate choices of Floer data, the involution ¢g induces
an Aso-equivalence

?Scyl’"(ﬂE) ~ (?SCyl’”(nE)T)Op, L 1g(L), 9.14)

where # 8§ () is quasi-equivalent to F $" () but the wrapping at infinity for
CF(2,7?) in F 8" (n )t is defined to be wrapping the latter entry clockwise, with stop
at —/—1, whilst the wrapping in & $" (£ ) is wrapping the former entry counterclock-
wise with stop at v/—1 (see Figure 9.6). For more details of (quasi-)equivalences of the
kind of (9.14), see [48, Appendix].

Fig. 9.6. CF(L,. L;/) (eft), CF(g(Ly). tg(Ly)) in FS¥"(xg)" (middle) and
CF(Wotg(Ly/),¥outg(Ly)) (right). The dot on the boundary indicates the stop.

To identify F S (ng)t with F S (ng), we need to pick a quasi-equivalence
W between them. We choose the one that corresponds to moving the ‘stop” —+/ —1 for
F 8 (1)t to /=1 clockwise along the boundary of B and keeping a compact region
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containing the critical points unchanged (see Figure 9.6). This choice of quasi-equivalence
has the property that

Woug(Ly) =Ly (9.15)

forall A € Ay .
Applying ¥ o (g to the hom space between the Lagrangians associated to weights in
An m, we get Corollary 9.7:

HF(L),Ly) =HF(Woug(Ly). Voug(Ly)) =HF(Ly, L) 9.16)

where the first equality comes from (9.14) and the second one comes from (9.15). Simil-
arly, applying W o (g to the multiplication maps, we can deduce K,/ p' =~ (K;'m'), so
(9.14) can be viewed as a geometric interpretation of the isomorphism Kj &, ~ (Kj%,)°.

Proof of Corollary 1.5. The statement follows from Theorem 1.1 and the fact that K35,

= (K,";ig_n,m)"P. The geometric origin of the latter equality is the Schubert-cells compatible
identification of the Grassmannians Gr(n,m) = Gr(m — n,m) but, following [13, (3.10)],
it is not hard to give a concrete isomorphism in diagrammatic terms. We present their
isomorphism here using our notations.

Let PD : Ay m — Ap—n.m be the bijection

A ifAm+1-a)=vV,
PD@)(@) = {v ifA(m+1—a)=A. G-17

In words, PD is obtained by rotating A by  (see Figure 9.7).

%

Fig. 9.7. Left: a weight A. Right: the weight PD(1).

Each basis element of Kfll,gm is an oriented circle diagram, for which we can per-
form a m-rotation to obtain another oriented circle diagram, and hence a basis element
of (Kf,lg_n,m)of’. This gives a bijection between basis elements of K,il,gm and (Kf,llg_n,m)"p.
Since clockwise cup becomes clockwise cap, and vice versa, this bijection preserves grad-
ing. Because of the diagrammatic nature of the defining TQFT, it is immediate that this
induces an algebra isomorphism, as observed in [13, (3.10)]. [

10. Dictionary between Lagrangians and modules

In this section, we summarize the dictionary between certain objects in % S (4,,_1) (or
their Yoneda images as modules over K}, ) and modules over K. ,d,l%n None of our results
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rely on this dictionary: it is simply meant to help orient the interested reader. Given that,
we make free use of Claim 3.6 in this section.

Modules in this section are right modules, which differs from the convention used
in [13]. However, as remarked previously, there is a canonical algebra isomorphism
Zlgm ~ (K. Al m)°P, which identifies the right KZ gm-modules used below with the left K, alg

modules used in [13].

For an A, or dg category/algebra €, we use perf-€ and €-perf to denote the dg cat-
egory of perfect right, and respectively left, €-modules. We use [€, D] denote the dg cat-
egory of €-D-bimodules. Since Kzlfi,, is homologically smooth, every proper (cohomo-
logically finite) module or bimodule is perfect.

10.1. Indecomposable projectives

Foreach A € A, n, we define P (A) to be the submodule of K m generated by the oriented
circle diagrams of the form

P\ = PKA*pa. (10.1)

The collection of all P(A) (together with their grading shifts) is the set of all indecom-
posable projective modules of KZ],%,Z. Under the isomorphism K,slyﬁp ~ KZ]%,Z, P(Q) is the
same as the Yoneda embedding of L, as aright K, ,"-module. Thus, the indecomposable
projectives are the Lagrangians associated to weights.

By [13, Theorem 5.3], the set of all indecomposable injective modules of K alé’m is

given by
P(A)* := Hom(P (1), K) (10.2)

where the right module structure is given by fa(m) := f(ma™) fora € KZI,%,,, me€ P(A)
and f € P(A)*. In other words, P(A)* is obtained by pulling back the left module
Hom(P (1), K) via the algebra isomorphism Kn m = (KZIJ%,,)OP. On the symplectic side, up
to a grading shift, Hom(P (1), K) is given by the Yoneda embedding of ! (L ) as aleft
K, m' -module, where 7 is the global monodromy (see Claim 3.6), so P(L)* corresponds
to the pull-back of t7!(L;) via the algebra isomorphism K" = (K’ ).

In view of the geometric explanation of the equivalence Ky m' = (K, m ) given
in (9.14), P())* is given by the right Yoneda embedding of W o tg o t™1(L;).

10.2. Standard modules

For each A € A, . there is a standard module V(1) defined in [13, (5.11)]. As a graded
vector space, V(A) is generated by oriented cap diagrams of the form Ax. The collection
of all V(1) gives a full exceptional collection for the dg category of right Kzl,gm -modules
and Ext’ (V(Ao), V(A1)) # 0 for some i only if 1o < A;, where < is with respect to the
Bruhat partial ordering.
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Fig. 10.1. An example of 771 (L;) (left), tg o 77! (L;) (middle) and W o tp o 771 (L;) (right).

An inductive construction of a projective resolution of V(1) is described in [12, The-
orem 5.3]. By identifying P (1) with the Yoneda image of L, and imitating that inductive
construction, we have

Proposition 10.1. The standard module V (L), as an Ao module over Kil,gm = Kym, is

quasi-isomorphic to the Yoneda image of Zrl ™) up to grading shift.

Sketch of proof. We want to compare the projective resolution of the standard module
V(L) and the iterated mapping cone decomposition of Z'l_l ™) (cf. the proof of Theorem
1.1).

When A71(V) = {m —n + 1,...,m}, A is the maximal weight and P(1) = V(). It
corresponds to L; = 1)&—1 ™),

If A is not the maximal weight, then there is k € {1,...,m} such that A(k) = Vv and
Alk +1) = A Let A", A" and | Jy 41, A" be as in the proof of Theorem 1.1.

The construction of the projective resolution of V(1) comes from iteratively applying
the exact sequence of modules in [12, (5.8)]. On the other hand, by Corollary 3.5, we have
the exact triangle of Yoneda modules

T O] > Ly > TOT O o 17O, (10.3)
— —Vk.k+1 - -

Therefore, it is sufficient to prove that the exact sequence of modules in [12, (5.8)] cor-
responds to (10.3). This correspondence can be proved by induction on m, induction on
the partial ordering of weights (from high to low; note that A” > 1) and the fact that
HF(Z(M)_] 2 [—1]. Ly, 1 ) has rank 1, so up to quasi-isomorphism there is only one
non-trivial mapping cone. We leave the details to the readers. ]

Thus, the standard modules are the Lefschetz thimbles.

Remark 10.2. In contrast to the collection of indecomposable projective modules, the
collection of standard modules does not have formal endomorphism algebra whenn > 1.
A minimal model for the algebra when n = 2 is given in [27], which conjectured that this
minimal model is not formal; we give a proof of that conjecture in Appendix A.
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By [13, Theorem 5.3], the set of all costandard modules of K 21,gm are given by
V(A)* := Hom(V(4),K) (10.4)

where the right module structure is given by fa(m) := f(ma™*) fora € Kﬂl,gm, me V(A)*
and f € V(A1)*. In other words, up to grading shift, it is given by the Yoneda embedding
of 7= 1(T*™ ™) as aright (K3P)°P-module after pull-back via the algebra isomorphism
K = (K.

In view of (9.14) again, V(A)* is given by the right Yoneda embedding of W o (g o
1 (T}u*1 (v)).

Fig. 10.2. An example of t=1(T*" ™) (left), 15 o =" (T*"' ™) (middle) and ¥ o 1 o
1T M) (righ).

In fact, the W o (g o 171(1’171(\’)) form the right Koszul duals of the thimbles (i.e.
HF(T*' ™ Woig o= (T*1' ™)) = K if and only if g = A1, and equal to 0 other-
wise). It is well-known that costandard modules are right Koszul dual to standard modules
(see for example [9]).

10.3. Irreducible modules

For each A € A, ;,, we define L(A) to be the submodule of Kzl’;,, generated by the single
oriented circle diagram

LX) := KAAA. (10.5)

The collection of all L(A) is the set of all irreducible modules of Kzlj%n.

It is not immediately clear in our context which Lagrangians correspond to the irredu-
cible modules. In view of the work of [18], and the ‘topological model” for the compact
core of the space ¥, ,, arising from its description as a quiver variety (see e.g. [2]), it is
reasonable to believe that one can enlarge the category F S (E) to allow Lagrangian
discs that intersect exactly one of the {L }, once and are disjoint from the others. These
would be the analogues of ‘cocore discs’ over the components of the skeleton of a plumb-
ing of cotangent bundles, and the Yoneda images of these Lagrangian discs are natural
candidates for the irreducible modules.
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11. Symplectic annular Khovanov homology

This section gives an application of our main results to link homology theories in the sense
of Khovanov. Suppose m = 2n. A braid § € Br, in the n-string braid group defines bimod-
ules P/ over each of the extended arc algebras K , With 0 < j < n. One can combine
a theorem of Roberts [39] with deep recent work of Behakova Putyra and Wehrli [8] to
infer that there is a spectral sequence (D ; HH « (Pé] ) ) = Kh(x(8)), where k(B) is the link

closure of 8, and where Kh(x) is the Khovanov homology [24] of the link x C S3, con-
structed as a categorification of the Jones polynomial. It is by now classical that Khovanov
homology can be understood as a certain morphism group Ext et (P, (B xid)(P))

in the derived category of modules over the compact arc algebra H,f an (see [25]), where
B x id € Bry, belongs to the 2n-string braid group and P is a particular projective. From
the viewpoint of the (extended) arc algebras, the existence of such a spectral sequence is
rather mysterious. The purpose of this section is to give a transparent account of why it
should exist, starting from a new semi-orthogonal decomposition of perf-K 2n which we
shall derive from the geometric viewpoint afforded by Theorem 1.1.

We assume m = 2n in Sections 11 and 12 unless stated otherwise.

n,

11.1. The annular symplectic theory

Leths € A, be the weight such that hs ! (V) = {1,...,n}. The corresponding tuple Ly,
is called the ‘horseshoe’ Lagrangian tuple and the Lagrangian Sym(L;,) C ¥, , is the
horseshoe Lagrangian from [1,47]. Let Br,, be the braid group on n strands. The paper [47]

associates to each element 8 € Br, a symplectomorphism ¢( Yn.m = Yn,m,and defines
the symplectic Khovanov cohomology of the braid closure k = k() of 8 to be
Kh™™(c(B)) := HF (Sym(Ly,), ¢ (Sym(Ls,))) (11.1)

The main result of [47] is that Kh®¥™ (x(8)) is a link invariant, i.e. it is independent of the
representation of k as a braid closure.

One can give an equivalent definition of symplectic Khovanov cohomology using
L, instead of its product Sym(L;). Let E := Ap,_; denote the Milnor fibre. To each
simple braid element o; we associate the symplectomorphism ¢, : E — E given by the
Dehn twist along the i-th matching sphere (lying above the line joining i + +/—1 and
i + 1+ +/—1). This defines a representation Br,, — woSymp,, (E). Let Br, — Bry,
be the embedding of the left n strands. We have the restricted representation Br, —
moSymp,,(E) so each braid f € Br, determines a symplectomorphism ¢g of E that
acts as the identity on the ‘right half’.

Then (see [31])

Kh®™ (k(B)) = HF Ly, $p(Ly))- (11.2)

Let Ey/, be the A,—1 Milnor fibre with its standard Lefschetz fibration mg, /2-
We can define the symplectomorphism ¢g of E;/, for B € Br, accordingly. Then ¢g
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induces an Ao endofunctor of ¥ 8§/ (7E,,,), and hence an Ano-bimodule Pfgj ) over
F8M (g, ).

Definition 11.1. The symplectic annular Khovanov homology of the braid 8 € Bry, is the
direct sum of Hochschild homology groups

AKBY™(B) := @D HH. (F S (g, ,). PY) (11.3)
j=0

where, by convention, ¥ </ (zr Ey,) =Kand P/gj ) = K is the diagonal bimodule when
j = 0 (cf. Remark 1.2).

Symplectic annular Khovanov homology is clearly a braid invariant. It is not an invari-
ant of the link closure of the braid. Its definition is motivated by the fact that combinatorial
annular Khovanov homology, originally defined by a diagrammatic calculus for links in
a solid torus [4], is itself isomorphic to a direct sum of Hochschild homologies of braid
bimodules over the extended arc algebras, a recent theorem of [8] establishing a conjec-
ture due to [6]. Indeed, Theorem 1.1 and the same formality arguments for bimodules as
in [2] would prove that

Proposition 11.2. AKhY™(B) is isomorphic to annular Khovanov homology when K
has characteristic 0.

We will prove Theorem 1.9 by constructing a spectral sequence AKh®™™(8) =
Kh>™ (i (B)).

Remark 11.3. One could also define a braid invariant as the direct sum of fixed point
Floer homologies of ¢g on ¥;, over j € {0,...,n} (where ‘partial wrapping’ would
remove fixed points at infinity). It seems likely that this geometric definition would
recover that of Definition 11.1, but establishing such an isomorphism is beyond the scope
of this paper. See [43] for closely related results.

Remark 11.4. There is an sl, action on AKh®™(8), by combining [21] and Proposi-
tion 11.2, which implies a rank inequality

rank(HH.(F $ (ng, ). P{)) < rank(HH (7§ (ng, ). PY D))

for all j < n/2. Coupled with Remark 11.3, this predicts a non-trivial existence result
for periodic points of the symplectomorphisms of ¥, associated to braids. It would be
interesting to construct the s, action symplectic-geometrically.

11.2. Embedding of algebras

Let E := A,,—1 and g be the standard Lefschetz fibration. Let W} := {re(z) <n + 1/2}
and W, := {re(z) > n + 1/2}. Note that ?SCle’f (tg) = F S (TE, ). As explained
in Section 3.2, there is a faithful A, functor L K : ?Si,vyll’j (tg) = F $¥ () for each
object K of ?SCWYL’"_j (7E).
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By essentially the same argument, we can prove that
HF(LoU K,. L, UK,) =HF(Ly.L,) ® HF(K,. K ) (11.4)

for L; € 3783,11’ (mg)and K; € ?S%y,lz’ (mg). Varying either the L; or K;, Floer multi-
plication amongst the corresponding groups also respects the tensor product structure. Let
0 < j <nbeaninteger. Foreach A € A, one can define an object L, in J*"S%y,ll’] (g) by

forgetting the right n critical values (see Figure 11.1). Our convention is ¥ § i,‘y,ll’] (rg) =K
when j =0, i.e. the category contains a unique object whose endomorphism algebra is the
ground field concentrated in degree zero; the object L, is by definition the unique non-
zero object in the category in this case. For the other extreme, when j = n, the object L
is the tuple of Lagrangian thimbles (cf. Corollary 5.17). Similarly, for each x € Ay—j m—n,
one can define an object K, in ¥ S;y,lz’"_] (g ) by forgetting the left n critical values. We
have an algebra isomorphism

DOHF(L, UK, .L,;, I_IKMI)zK;,ynmprsymp (11.5)

n—j,m—n

where the sum is over all Ao, A1 € A, and po, 1 € Ap—jm—n.

Wi | W,

Fig. 11.1. Lagrangian tuples L 2 (blue, left) and K, (black, right).

Let A be the A full subcategory of S (£ ) consisting of objects L A UK, over
alAeAj,,mueAy—jmpand j =0,...,n Foreachinteger 0 < j <n, we have the full
subcategory A; of A given by the objects L, LI K, overall A € A, and i € Ay—jm—n-

Lemma 11.5. For each integer 0 < j < n, the endomorphism algebra of the objects in A;
is formal, and hence quasi-isomorphic to the right hand side of (11.5).

Proof. This can be seen as a version of the Kiinneth theorem: the Ao structure on a
product Lagrangian is quasi-isomorphic to the tensor product of a dg model for each
factor (see [3] for the relevant theory).

Alternatively, and more concretely, in our case we observe that each L, U K, is pure
with respect to the nc vector field for the same reason as in Lemma 8.10. Moreover, the
cohomological algebra of the collection of L, U K, splits as a tensor product, so we can
repeat the strategy from Section 9. We next give the details of this second approach.
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We choose total orderings §1T and §2T for Aj, and A, _jm_n, respectively, both of
which refine the Bruhat partial ordering. We can define a total order <7 on the pairs
(A, ) € Ajp X Ay—jm—n by declaring that

(Ao, po) <T (A1, 1) ifandonly if (Ao <T A1) or (Ao =A; and jo <2 wy).  (11.6)

Now, we can run the induction in the proof of Proposition 9.4.

For the rest of the proof, we use L, to denote L, U K . Let (11, 72) €
Ajn X Ay—jm—pn and suppose that a b-equivariant structure on L A has been chosen for
all (A, 1) >T (11, n2) such that b is moreover pure. We want to choose a h-equivariant
structure on L, - sgch that b is pure on {LA,M}(A,M)ZT(mm)..

Recall the notation for the maximal element w, associated to A € Aj, from
(9.5). We choose a b-equivariant structure on L, ,, such that the minimal degree
element of HF(Lm,nz’Lwnl,wnz) has weight equal to the degree. By Lemma 9.1,
HF(Lm,nz’éwnl,wnz) is cyclic as a module over HF(Lwnl,wnz’me ,wm) so weight
equals degree for all pure degree elements in HF (L, .. me ,an). By Lemmas 9.1
and 9.2, and exactly the same argument as in Proposition 9.4, we know that all elements

of HF (me Wy L, »,) have weights equal to their degrees.

Now, suppose that (A, ) >T (11, 72) but (4, w) # (wy, , Wy, ), and purity holds for
all of HF (L7, Ly, .ny)s HF (L, ns Las ) such that (A, ') >T (A, ).

Claim 11.6. [fHF(L; ,,, Ly, 5,) # O, then there exists (A', /') >T (X, ) such that both
AA'T and ' s are oriented circle diagrams.

Assuming Claim 11.6, one can show that purity also holds for HF(Ly ., Ly, 3,),
HF(Ly, ., Ly ) exactly as in the last two paragraphs of the proof of Proposition 9.4.
Therefore, the result follows by induction. n

Proof of Claim 11.6. By assumption, we have
(wy,, wy,) >T A w) >T (n1.m2). avr7

By the definition of >7, we have A = 7, or A >{ n1-

If A = 1, then >g n2. If ;1 # wy,, then by (2) of Lemma 9.3, there exists p’ >2T
W, 2 such that pu'7; is an oriented circle diagram. We can take A’ = 5 so that we have
(X, 1) >T (A, ) and both AA'77 and juju'7; are oriented circle diagrams.

If A = n; and j = wy,, then by (11.7), we have n; # wy, (in fact, v = w, only when
v is the maximal weight, see (9.5)). In this case, we can take (A, ') = (wy,, Wy, ).

If A>T n, then either A = wy, or A # wy,,. If A # wy,,, then by (2) of
Lemma 9.3, there exists A’ >T A, 5, such that A1/7y is an oriented circle diagram. As
HF(Lj ;. Ly, ,5,) # 0, there exists 4’ such that w7, is an oriented circle diagram. We
can pick any such u/ because (A, ') >T (A, /1) no matter which p’ we pick.

If A >T 5y but A = wy,,, then we pick A’ = A = wy,. Since (wy,, wy,) >T (A, w),
we have u <2T Wy, If 2 # wy,, then by (2) of Lemma 9.3, there exists ’ >2T I, N2 such
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that ;.75 is an oriented circle diagram so we are done. If 7, = w,,, then p <2T 12 SO We
can take j/ = 7, because it implies that (X', u') = (wy,,12) > (wy,, 1) = (A, 1) and
both AA'7y and /75 are oriented circle diagrams.

This completes the proof. "

It is not clear whether the endomorphism algebra of the direct sum of all the objects
in A is formal or not. However, the dg category perf-A of perfect modules is formal in the
following weaker sense.

Lemma 11.7. perf-A is quasi-equivalent to perf-K3%,.

Proof. By iteratively applying exact triangles, we see that the objects in A; can gen-
erate thimbles T = {T},..., T} in F S () such that j of the T;’s are contained
in nEl (W1), and the remaining n — j are contained in ngl (W>). Therefore, every thimble
of F 8 (k) can be generated by objects in A, so the result follows. |

Lemma 11.8. Let Xy € Aj, and X € Aj,. If HF (Xo, X1) # O, then jo > ji. As a result,
(An, ..., Ag) is a semi-orthogonal decomposition of A.

Proof. 1t is clear that CF(Xg, X;) = 0 if jo < ji, because of the definition of Floer
cochains via positive isotopies along R = dH. ]

Theorem 11.9. perf—Kﬂlﬁn admits a semi-orthogonal decomposition (perf-A,, ...,
perf-Ag), where for each j, perf-A; is quasi-equivalent to perf—(K;‘li X Kf;lf;,mfn)

Proof. This immediately follows from Lemmas 11.5, 11.7 and 11.8. ]

Theorem 11.9 categorifies the identity () = Y"7_, (’]1) (’:—_7) for ranks of Grothen-
dieck groups.

Remark 11.10. Even though we are primarily interested in the case m = 2n in this sec-
tion, Theorem 11.9 holds for all n < m. This algebraic result seems to be new and may
be of independent interest.

We need another full subcategory of % $" () that is analogous to A. Let

WZ! ={n+1/2 <re(z) <m+ 1/2and im(z) < 2}
U{re(z) <m + 1/2 and im(z) < 1/2} (11.8)

and Wl! be the complement of Wz!. For A € Aj, and 0 € Ay—j;m—n, We can consider
the corresponding upper Lagrangian tuples L!I e¥Fs ;ylll,’j (wrg) and K 'ﬁ eF S‘;Iy/lzgn_j (7rg)
(see Figure 11.2).

Let A' be the Ao full subcategory of S (n£) consisting of objects Li uK L
overall A € Aj,, u € Ap—jm—n and j =0, ..., n. For each integer 0 < j < n, we
have the full subcategory A} of A' given by the objects Li\ UK lt overall A € A, and
W € Ap_jm—n. The following Koszulness property justifies the notation (-
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Fig. 11.2. Lagrangian tuples L!x (blue) and K!ﬁ (black).

Lemma 11.11. Let X' € A} and X € A;. If HF(X', X) # 0, theni = j.
Proof. The direction of wrapping shows that CF(X", X) is non-zero only if i = j. ]

On the other hand, A' shares many features with 4. By the same arguments as in
Lemmas 11.5 and 11.7, we know that perf-A' is quasi-equivalent to perf—KZlfi,, and for

j =0,...,n, the category A} is formal with endomorphism algebra
@HF(Ly UK Ly UK, )=K""xKX" (11.9)

The analogues of Lemma 11.12 and Theorem 11.9 are

Lemma 11.12. Let Xo € A}, and X, € A} . If HF(Xo, X1) # 0, then jo < j1. As a

result, (Az), ey A;) is a semi-orthogonal decomposition of A'.

Theorem 11.13. perf-K3%, admits a semi-orthogonal decomposition (perf-A}, ...,

perf-A.), where for each j, perf—A} is quasi-equivalent to perf—(K;E X Kzlfj,m_n).

In view of Theorems 11.9 and 11.13, when m = 2n, perf-(K; , X Kn—jm—n) is the
same as [(K,—;,»)?, K »]. By the isomorphism (K,—;,)® = K, (see Corollary 1.5),
this in turn is isomorphic to [K; ,, K; ,]. Similarly, (K;, x K,—j,)-perf is the same as
[Kjn, (Kn—j,n)°], which in turn is isomorphic to [K; ., K »].

11.3. A Beilinson-type spectral sequence

We next explain why a semi-orthogonal decomposition of an A, category € induces a
spectral sequence with target a given morphism group in €. From now on, for an object X,
we use X" and X/ to denote its right and left Yoneda modules, respectively.

Let € be a split-closed triangulated A, category with a semi-orthogonal decomposi-
tion

€ = (Cy,...,Cp). (11.10)
A Koszul dual semi-orthogonal decomposition is a semi-orthogonal decomposition

€ =(€,....¢e) (11.11)

n
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such that for X € ‘C’i! and Y € €
H(home(X,Y)) #0 onlyifi = k. (11.12)

Without loss of generality, we can assume each summand in the semi-orthogonal decom-
position is split-closed triangulated. Note that Koszul dual semi-orthogonal decomposi-
tions always exist [28].

Lettj : € — € and tj» :‘6} — € be the embeddings. Let r; : € — €; and ﬂ]’- € — ‘6}
be the projection functors (i.e. the unique functors such that 7; o t; =ide; and 7 0¢; =0
fori # j). These functors induce pull-back functors on modules.

Lemma 11.14. Up to quasi-isomorphism, the left Yoneda embedding ‘6‘]’. — €-perf
factors through (7;)* : €;-perf — €-perf.

Proof. Let X € €}. By (11.12), we have H (home (X, X')) = 0 for all X € €; such that
i # j.Itimplies that, up to quasi-isomorphism, we have

X' = ()% o (1) (XD, (11.13)
so the result follows. [

Since Yoneda embedding and (7;)* are both cohomologically full and faithful, so is
the functor

WL)*((—)) - €} — €j-perf. (11.14)
By (11.12) again, we can see that

) (=) €} — €;-perf (11.15)
is the 0 functor when i # ;.

Lemma 11.15. (11.14) is essentially surjective, so induces a quasi-equivalence ‘6} —
€;-perf.

Proof. Combining the fact that (11.15) is the O functor and that both Yoneda embedding
and (1;)* are essentially surjective, we find that (11.14) is essentially surjective, so the
result follows. ]

Let y; : €;-perf — ‘C’} be a quasi-inverse.
Lemma 11.16. Let X € € be quasi-isomorphic to an iterated mapping cone of the form

X = Cone(...Cone(X9g — X1)...X,) (11.16)
where X; € ‘(?} forj =0,....,n. Then ;o (L,-)*(Xl) is quasi-isomorphic to X;.

Proof. By applying the functor v; o (¢ j)*((—)l ) to the iterated mapping cone (11.16),
and using the fact that (11.15) is the O functor, we see that only the object X; contributes
and hence

Wy o (1) (X" = ¥y o () (X)), (11.17)
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By definition, ¥; o (¢ j)*((—)l ) is quasi-isomorphic to the identity functor on €; so the
right hand side of (11.17) is in turn quasi-isomorphic to X;. ]

Proposition 11.17. Let X,Y € €. There is a spectral sequence to H(home (X, Y)) from
n
D H ) @y ¥ 0 ()" (X)) (11.18)
j=0

where ; o (Lj)*(Xl), as an object in €}, is regarded as a left ‘6} -module via the Yoneda
embedding.

Proof. By (11.10), X is quasi-isomorphic to an iterated mapping cone of the form (11.16).
An expression of X as such a mapping cone induces a filtration on Y (X)), with direct
sum of graded pieces being

Prrx). (11.19)
j=0

Thus we have a spectral sequence from the cohomology of (11.19) to H(home (X, Y)).
On the other hand, we have quasi-isomorphisms of cochain complexes

Y7 (X)) = () (Y)(X) = () @)W 0 (1)* (X))
= ()" (") et ¥ © ()" (X))

where the second quasi-isomorphism comes from Lemma 11.16, and the other quasi-
isomorphisms come from the definitions of the objects involved. ]

Remark 11.18. In the extreme case where each €; (and ‘6}) is an exceptional object,
the semi-orthogonal decomposition is a full exceptional collection and Proposition 11.17
reduces to the well-known Beilinson-type spectral sequence (cf. [40, Section (51)]).

12. From annular to ordinary Khovanov homology

In this section, we explain how to apply Proposition 11.17 to the semi-orthogonal decom-
positions in Theorem 11.9 and 11.13 to obtain a spectral sequence from annular to ordin-
ary (symplectic) Khovanov homology.

Recall that for an A, or dg category/algebra €, the Hochschild homology of a €-€-
bimodule P is defined to be

HH.(€,P) := H(Ae ®ce P) (12.1)

where Ag is the diagonal bimodule and ®e ¢ is the derived tensor product over [€, €].
Equivalently, Ae defines a right € ® €°°-module and P defines a left € @ €°P-module,
and we have

HH. (€, P) .= H(A¢e Qeger P) (12.2)
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The fact that Hochschild homology groups appear in the first page of a spectral sequence
to symplectic Khovanov cohomology arises from a relation between the horseshoe
Lagrangian and the diagonal bimodule, which we explain next. More precisely, in Sec-
tion 12.1, we compute (lj)*(éfls) and (L})*(q’),g (Ly,)") for the embeddings ¢; : A; —
F 8V (7g) and L]!- : A} — F 8" (7). Then, we describe the quasi-inverse ¥/, and
complete the proof of Theorem 1.9 in Section 12.2.

12.1. Horseshoe Lagrangian tuple and diagonal bimodule

Recall that we have the pull-back functor
(L) F SN (g)-perf — Aj-perf ~ [K;n, Kjn)- (12.3)
The following is the key technical result.

Proposition 12.1. Up o grading shift, (Lj)*(L{ls) is quasi-isomorphic to the diagonal
K n-bimodule.

We divide the proof into two steps. First, we will show that (: j)*(Lfls) coincides with
the diagonal bimodule (up to grading shift) on the cohomological level. Then, we will
explain how to adapt the strategy in Section 9 to prove that this bimodule is formal. For
all the Lagrangian tuples in the proof, we continue to use our grading convention (6.8)
and the cost is that we will see eventually that (¢ j)*(Lfls) corresponds to the diagonal
bimodule shifted by n — j instead of the diagonal bimodule. This arises from the fact that
there are n — j matching paths of (¢ J-)*(Lllls) that are oriented clockwise in the sense of
the algebraic extended arc algebra (see Remark 12.5).

Let uw € Ay—j, and define 1 < ¢ 1 <--- < cpn—; <n as at the beginning of Sec-
tion 6.1. Let ¢y ;; < -+ < cy,i, be all the good points. Let

Ti={n+1—cu;|l=1,...5} (12.4)
S:={1,....nYU(T + 1/3) U(T +2/3). (12.5)

We define (ut), (u™) : S — {V, A} by

PD(u)(a) ifae{l,....n}\T,

wuhH' @ =1{v ifaeT, (12.6)
A ifa e (T +1/3)U(T +2/3),
and
(1) (@) = {V faeT +1/3, (12.7)
A otherwise.

There is a unique order preserving bijective map (with the order induced from R)
fllion42s} =S Letpu™ = (u*) o f €Ajysntasand u™ 1= (") o f € Agntas.
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ForA € Aj,, wedefine (A L u™) : S — {Vv,A} by

Ala) ifae{l,..., n},

~ . (12.8)
() (a) ifae (T +1/3)U(T +2/3),

Aup)(a)= {

andlet AU ™ ;= (A Up") of € Ajtsntas- Note that both £ and A U ™ lie in
Aj+s,n+2s-

Lemma 12.2. For A € Aj, and i € Ap—; n, we have vector space isomorphisms
HF "7 (L 4 (L K ) = HF (L, Ly, -) (12.9)

forall k. (Here n — j — s is the number of thimble paths in K ,.)

The importance of Lemma 12.2 is that the right hand side of (12.9) is part of the
symplectic extended arc algebra. We will see later how to use (12.9), and the identification
of the symplectic and algebraic extended arc algebras (Proposition 7.12), to compute the
bimodule multiplication map of (¢;)* (qus).

Proof of Lemma 12.2. 'We use an upper matching to represent L,  and a lower matching to
represent K, (see the first picture of Figure 12.1). Now, we apply a symplectomorphism
to ‘move the right half to the top’ and make all the matching paths of L,  be straight
line segments (see the second picture of Figure 12.1). For each matching path of K,
we apply a further symplectomorphism to ‘bend it to the right’ and make the two end
points become 1 + 1 — ¢y, + 1/3 4+ v/=1and n + 1 — ¢y, +2/3 + /=1 (see the
third picture of Figure 12.1). Then, we remove all critical values contained in the thimble
paths of K, and all the paths that contain these critical values (see the fourth picture of
Figure 12.1). Finally, for those matching paths of L, that do not intersect with a matching
path of K, we bend them to the right and turn them into thimble paths (see the fifth
picture of Figure 12.1).

7O )

(3. ] ﬁQq

Fig. 12.1. Turning L, (red) and K i (black) to L ut (red) and L w— (black), respectively.



Fukaya-Seidel categories of Hilbert schemes and parabolic category @ 3319

WU Q)

Fig. 12.2. CF(Ly. tj(Ly, KM)) (left) and CF(LM.:,. , L)Lu,u*) (right).

After this procedure, the set of critical values (the crosses and black dots in Fig-
ure 12.1) is exactly S, and we identify it with {1,...,n + 2s} by f. The Lagrangian
tuples Ly, and K, become L+ and L, respectively.

If we now add in a lower matching of L, that does not intersect with L -, then
together with L ,— we obtain a representative of L, (see the second picture of Fig-
ure 12.2). Moreover, for degree reasons (either all generators have odd degree, or all have
even degree), both the cochain models CF(Ly, t;(L;, K,)) and CF(L,,+, L, ,,~) have
vanishing differentials. Furthermore, there is an identification of the generators by send-
ing a generator x of CF(LM+, Lj,,,-) to the generator y of CF(Ly,, (L, K,)) such
that 7g (y) is the union of g (x) and the end points of the thimble paths of K, (Fig-
ure 12.2). This identification increases the grading by the number of points added, Wthh
isn — j —s. This completes the proof. ]

To prove Lemma 12.2, it suffices to consider a lower matching of L, to give a rep-
resentative of L, ,—. However, for this representative, there may be nested circles in the
union of matching and thimble paths of L+ and L,,,,—, which will be inconvenient
later on. By possibly sliding the lower matching of L, across some matchings of L -
(and L, itself), we can choose a representative L L = of L,,,,~ with no nested cucles
(see the second picture of Figure 12.3). This corresponds to choosing another repres-
entative Lm of (j(L,, K,), by sliding across some matching paths of K (see the
first picture of Figure 12.3). For these representatives, we still have the (grading shifting)
cochain isomorphism with 0 differential,

CF™ "™ Ly, L) = CF™ (Lt L), (12.10)

—AUp

which is again given by sending a generator x of CF(L,+,L A ) to the generator yof
CF(Ly,, L m) such that 7g () is the union of g (x) and the end points of the thimble

M-

Fig. 12.3. CF (L, Lm) (left) and CF(L,,+, Lﬁ}) (right).



C. Y. Mak, I. Smith 3320

paths of K . The geometric generators on the right hand side of (12.10) are geometric

basis elements of K;i“;pn +25» Which are identified with the corresponding diagrammatic

basis elements of K; j‘i s.n+2s under the map & of Proposition 7.12.

Next, we want to compare the multiplication maps

CF(L — ) % CF(Lyy. L) = CF(Ly. L) (12.11)

—AoUu —A Uu
and

CF(L, )X CF(Lyy+. Ly ) = CF(Ly Ly o). (12.12)

,uf’—)t /l

The second and third terms of (12.11) and (12.12) are identified via (12.10), and the
identification of the first terms is defined similarly (i.e. adding to a generator x of
CF (—A T L e ) the intersection points of CF(K,, K,) that lie above those crit-
ical values that are contained in the thimble paths of K, — see Figure 12.4; note that this
identification is degree preserving, because the points being added now have degree 0).

Fig. 12.4. CF(L)L T ) (left) and CF(LA m

L TM_) (right).

By the open mapping theorem, all solutions u contributing to the map (12.11) must
include n — j — s constant triangles which, under 7 g, map to the n — j — s critical values
that are contained in the thimble paths of K. Removing these constant triangles (and
removing the thimble paths of K,), we can identify the moduli spaces defining the maps
(12.11) and (12 12), so the maps (12.11) and (12.12) agree under the identification above.

Let CF(LA ollli— ,LL UM_) be a cochain model for the pair (L,,,,~ Ly, ,,~) Which
contains the matchlng paths of ™ used above, and such that the union of the matching
and thimble paths has no nested circles (see the first picture of Figure 12.5). In particular,

as the matching paths in ™ are not nested, the Floer cochain complex canonically splits,

CF(L! ) =CF(L} L} Y® CF(L,-.L,-) (12.13)

AoUp ™" —)Ll L

where, for j =0, 1, é 5, 1s obtained by removing the matchings corresponding to 1™ (see
J

the second picture of Figure 12.5). Moreover, as there is no nesting, the geometric generat-

ors are geometric basis elements of K symp ® K| Symp . By Proposition 7.12, these geometric

generators can in turn be identified w1th dlagrammatic basis elements in Kjalfl ® K;ﬂg s
Let
K CF(LM_W MI—W) — CF(L/1 e ’—MI—IM ) (12.14)
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Gy

Fig. 125. CF(LY L]

) (left) and CF@L) , Q] ) (right).

be a continuation map (the induced map on cohomology is independent of choices). By
Proposition 7.12, we can completely describe

MZ(K(—),—%CF(LXOLW’ Muu_)xCF(_w, o) = CF WLy Ly o)
(12.15)

using the algebraic extended arc algebra. In particular, by applying (12.13) to the first
term of (12.15), we completely understand the map

2 . T T . .
H k(= @ ). =) s CF(L] L] )} CF(Ly L) = CF(Ly Ly o)
(12.16)
where ¢~ € CF(L,,~. L) is the unit (cf. Lemma 3.2).
On the other hand, we now consider
CF(L Lj )xCF(LPD(M),L )_’CF(LPD(M)’L[,) (12.17)

where, for j = 0,1, L i is defined by removing the matching paths (and their end points)
of L Ly 5.~ that correspond to ™, and L5+ is an upper matching such that there are no

) and L ;- (see Figure 12.6).

=PD()

nested circles in the union of the matching paths of L5y m

G A

Fig. 12.6. CF(Llﬁ. L L — ) (left) and CF(LPD(M)’—A ) (right).

Analogously, we have a continuation map
. ot
K CF(L O’L/\l) g CF(L)COvL[I) (12.18)
and hence we can define
M (K( ) _) CF(_A ,_,1 )X CF(_pD(M)s_A ) - CF(LPD(M)vLA ) (12-19)

which we also know completely because the geometric generators are all geometric basis
elements and we can apply Proposition 7.12.
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For j =0, 1, we have a (grading shifting) cochain isomorphism (both sides have 0
differential as usual)

CF**(L,+.L 2 00=) = CF* (Lypgoy L i) (12.20)

given by forgetting the points of a generator x that lie above (T + 1/3 + ~/—1) U
(T +2/3 + +/—1). The grading shift arises from removing the grading contribution of
the points lying above (T + 1/3 + v/—1) U (T + 2/3 + +/—1). There are two cases. If
a point lying above T + 1/3 4+ +/—1 is removed, then its grading contribution, which
is 1, is removed and the rest of the gradings are unchanged. If a point lying above
(T +2/3+ «/—_1) is removed, then its grading contribution, which is 2, is removed
but there is grading change from 1 to 2 for the point lying above T + ~/—1. Indeed,
since there is a matching path from T 4+ +/—1 to T 4 1/3 + +/—1 and another match-
ing path from T + 1/3 4+ «/—1 to T + 2/3 4+ +/—1, a generator has a point lying above
T + 2/3 4+ +/—1 if and only if it has a point lying above T + +/—1. Therefore, in both
cases, each point removal results in a decrease of overall grading by 1.
The outcome of this discussion is the following:

Lemma 12.3. Under the cochain identifications (12.20), the maps (12.16) and (12.19)
are identified.

Proof. After applying Proposition 7.12 to the geometric basis elements for all the Floer
cochain groups involved, the maps (12.16) and (12.19) can be computed by the algebraic

.l ol .
extended arc algebrain K;¥ ) andin K; 7, respectively.

The upshot is that, for (12.16), elements of the form — ® e;,— correspond to orienting

the s circles in A1 U~ U Ao U u—alg associated to u~ counterclockwise. Applying
TQFT type multiplication to these circles does nothing [13, (3.4)], and the rest of the
diagrammatic calculus operations (for (12.16) and (12.19)) are obviously identified. m

As a consequence of Lemma 12.2, the identification between (12.11) and (12.12), and
Lemma 12.3, we get

Corollary 12.4. We have canonical vector space isomorphisms
HF* " (Ly 1 (Ly. K,,)) = HF (Lppuy. L) (12.21)
and under these isomorphisms, the multiplication maps
P (=®ex, =)t HF(Lyy. Ly,) X HF (Lyg, 1 (Ly, K,))
— HF(Ly.1; (L. K)))  (1222)
and

WA (= =) tHF (Lo L) X HF(Lppguy. L)) = HF (Lppgy. Ly,)  (1223)
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are identified. Here, for (12.22),

—®ek :HF(LAO’LA;) _)HF(LAO»LQ) ®HF(KM’KM)

> HF(;j(Ly,. K ), (L, K))) (12.24)
is the obvious map where ek is the cohomological unit of HF (K ,,, K ).

Remark 12.5. Another way to interpret the grading shift is as follows. We have seen
from Lemma 6.5 (or Proposition 7.12) that the map from the symplectic extended arc
algebra to the algebraic extended arc algebra is given by putting a V to the points g (x),
where x is a geometric basis element. Each generator x of CF(L,,, L—) (see the first

AU
picture of Figure 12.3) must have j points lying above {1,...,n} and n — j points lying
above {n 4+ 1,...,2n}. That corresponds to making j counterclockwise caps and n — j

clockwise caps for the oriented cap diagram associated to L,.. This is where the extra
n — j in the grading comes from.

By a completely analogous reasoning, we get

Corollary 12.6. We have canonical vector space isomorphisms
HF* " (Ly 1 (Ly. K,)) = HF (Lppgy. K ),). (12.25)
and under these isomorphisms, the multiplication maps

l‘(’z(eL ® ) _) : HF(K/J, K,u,l) X HF(thv Lj(LA’KMO))

— HF (L. tj(Ly. K, ) (12.26)

0’

and
p* (= =) HF(K . K,,)) X HF(Lppgys K ,0) = HF(Lppay K, (12.27)
are identified. Here, for (12.26),

ep ® —: HF(K

MO’KMI) - HF(LA’ Li) ® HF(KMO’KM)

~ HF (1 (L, K 1)) 4 (L K ) (12.28)
is the obvious map where ey, is the cohomological unit of HF (L, L)).

Note that, after applying PD (which is grading preserving), (12.27) would become

W (= =)t HF (Lpp(ugy. L) X HF(Lppu,y Lppgug) = HF(Lppgu,)-Ly)  (12.29)

On account of Corollaries 12.4 and 12.6, and the fact that every basis element of
HF(j (L, K,,). 4 (L;,, K,,,)) can be written as the product of

x ®ex € HF (4 (L,,. K, ). i (L,,. K, )) and
er, ® y € HF(Lj(LAI’KMO)v Lj (LAI’KUI))
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for some x, y, we now know that the multiplication map

HF(LJ (LA()’ KI"O)’ Lj (LAl ) K,u,l )) X HF(LhS» Lj (LAO’KMO))
%HF(thvlj(L)leﬁ,ul)) (1230)

can be identified with the left and right multiplication maps

p? (= > (= =) : HF(L; . L; ) X HF(Lppu)- Lag) X HF(Lppgu,y Lopgug))
_)HF(LPD(Ml)’L/\])' (1231)

In other words, we have now shown that (¢;)* (Lfls) coincides with the diagonal bimodule
(shifted by n — j) on the cohomological level. Having this, we can now finish the proof
of Proposition 12.1

Completion of the proof of Proposition 12.1. In the previous paragraph, we have shown
that (1;)*(L},) coincides with the diagonal K3, "P-K " -bimodule on the cohomological
level. It remains to show that (¢ j)*(Lfls) is formal as a bimodule over K jyn P or formal as
a left module over A;.

As in the proof of formality in Section 9, it suffices to show that we can fix a consistent
choice of h-equivariant structures for the collection of Lagrangians in A; together with the
single additional Lagrangian L, . As explained in Lemma 11.5, the existence of a consist-
ent choice of b-equivariant structures for the collection of Lagrangians in A; follows from
Section 9 so we now only need to show the consistency for the pairs (L. t; (L, K,)).

The strategy is as before. First observe that, by the identification between (12.30)
and (12.31) and Lemma 9.1, we know that HF (Ly, t;(L;, K,)) is a cyclic module over
HF(;(Ly, K. 4 (Ly, K)))-

Then, we can run the proof of Proposition 9.4. We choose a b-equivariant structure
on Ly such that the rank 1 vector space HF (Ly, ¢ (L, - K, )) is pure, where Amax
and ftmax are the unique maximal weights in A, and An s respectlvely Fixing K, .
we want to inductively argue that HF th, y(Ly, K, ) is pure for all A. Let A be
such that the purity of HF (Ly, t;(L;/, K, )) has been verified for all A>T A, where

>T is the total ordering of weights in Proposition 9.4; then we need to verify purity
for HF (L. tj (L. K, ). By Lemma 9.2, and the identification between (12.30) and
(12.31), there exists a weight A’ > A such that we have a non-trivial product (this is the
analogue of (9.7))

HF(LJ (—W’—Mmax) Ly (—A”—Mmax)) X HF(_hQ’ Ly (_)V’ 2 max ))_>HF(_hs’ Ly (_)w ))

Together with cyclicity, it implies that HF(Ly, ¢j(L,, K, )) is pure. Thus
HF (L, t;(Ly, K, ) is pure for all A.

Similarly, we can fix L, and apply the inductive argument to HF (L, ¢j (L, K,,))
with varying 1. Altogether, we conclude that HF (L, ¢j (L, K,,)) is pure for all A, p

—Mmax

and hence (¢;)* (Lfls) is formal as a left module over A;. |

Lemma 12.7. Up to grading shift, (1;)* (¢g (th)l) is quasi-isomorphic to P[gj ),
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Proof. We can apply the same method as in the proof of Proposition 12.1 to
(P8)*(1;)*(¢p (L), where (¢p)* : perf-A; — perf-A; is the pull-back functor
under ¢g. This is because, geometrically, CF(¢g(Ly,), $g(L) U K) can be canonically
identified with CF(L,, L LI K), as can all holomorphic polygons contributing to the A
structure amongst tuples of such Floer groups. It may be worth emphasising that at this
point in the argument we use the fact that, working with pullback data for Hamiltonians,
almost complex structures, etc., the symplectomorphism ¢g gives a canonical identific-
ation of moduli spaces of polygons; the corresponding isomorphism, from the algebraic
viewpoint, is much less transparent.

In consequence, (¢g)*(;)*(Pp (th))l is also quasi-isomorphic to the diagonal

bimodule, and hence (¢;)* (¢g (Ly,))! is quasi-isomorphic to (¢E H*A = Plgj ). -

We have the analogous results for the embedding L;- : A}'- — F8YM"(ng) and the
induced pull-back

()" : perf-F SV (wg) — perf-A} = [Kjn. Kjl. (12.32)

Proposition 12.8. Up to grading shift, (L]!-)*(Lﬁs) is quasi-isomorphic to the diagonal
bimodule.

Sketch of proof. A completely parallel argument applies (see Figures 12.7 and 12.8 for
illustration). u

A e

Fig. 12.7. The counterpart of Figure 12.1.

@x

Fig. 12.8. The counterpart of Figure 12.2.
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If one keeps track of the grading and follows our grading convention, then (L]!.)* (L},)
is quasi-isomorphic to the diagonal bimodule shifted by n — j (cf. Remark 12.5).

Lemma 12.9. Up to grading shift, (t;)* (¢pg(Lys)") is quasi-isomorphic to Péj).

Proof. The proof repeats that of Lemma 12.7, but replacing Proposition 12.1 by Proposi-
tion 12.8. ]

12.2. Spectral sequence to Khovanov homology

Having Proposition 12.1 and Lemma 12.9, the last piece of information we need to under-
stand the E;-page of the spectral sequence in Proposition 11.17 is a description of a
quasi-inverse

W Aj-perf — A] (12.33)

of the functor (¢ j)*(—)l : A} — Aj-perf. We are going to describe 1/; geometrically.

For A € Aj, and pu € Ay—jm—pn, We consider the upper Lagrangian tuples

Ly e TFS%Vyll’j (rg) and K € ?S%’,lz’n_j(nE) (see Figure 12.9). The disjoint union

Ly U K gives an object in F 8 (£). On the other hand, we have EI U K!E € Aj.,

which is in particular an object in F $" ().

(N .o (00D

Fig. 12.9. Lagrangian tuples LX (blue) and K- T (black).

Lemma 12.10. For A € A, and i € Ay—jm—n, we have a quasi-isomorphism
) Ly UKy ~ ()" (L UKy (12.34)
of objects in Aj-perf.
Proof. Forany object L, U K, € A;, there is an obvious isomorphism (see Figure 12.10)
CF(Ly UKy Ly UK,) = CF(Lz. L) ® CF(Ky;. K )
= CF(Ly. Ly) ® CF(K}. K )

! 1
=CF(Ly UKy Ly UK,).

Moreover, when Xy, ..., Xy € Aj, for a careful choice of Floer data, one can actually
make the A, structural maps

CF(Xq—y. Xg) % -+~ x CF(Xo. X1) x CF(Ly U Ky7. Xo) — CF(Ly U K. Xg).
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Fig. 12.10. Floer cochain CF@!X U EE, Ly UK, (eft) and CF(Ly U K. Ly U K,,/) (right).
The intersection between the positive wrapping OTLX and K, cannot contribute a generator to
CF(L} UKy Ly U EM/) so the Floer cochain splits. o

CF(X4-1,Xq) X -++ x CF(Xo, X1) x CF(Ly U K}, Xo) — CF(Ly U Ky, X )
completely coincide. This implies the result. ]
Remark 12.11. By taking morphisms with an appropriate object in A; fori # j, one can
see that (L3 U Qn)l is not quasi-isomorphic to (L!X u ﬁ!ﬁ)l .

By Lemma 12.10, we know that the quasi-inverse v; is given, on the object level, by

v () (LUK > LUK (12.35)

A further inspection of the proof of Lemma 12.10 shows that the quasi-isomorphism
(12.34) is functorial when we vary A € Aj, and i € A,_j m—pn. Together with the fact
that Ly U Ky is quasi-isomorphic to L, U K, in S YL () (so the former can be
regarded as an object in A;), we have a commutative diagram

A_,’ —= Kj’,, X Kn—j,n = A}
l(‘)l )
A;-perf

where the horizontal isomorphisms are the ones in (11.5), (11.9), which in particular send
LUK, €Ajto Li UK lt S A} This implies that v; sits inside the commutative diagram

Proof of Theorem 1.9. By Proposition 11.17, we have a spectral sequence to Kh(x(f))
from

D H ()" (@p (L)) @yt ¥ © ()" (L)) (12.36)

j=0
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By Proposition 12.1, Lemma 12.9 and the commutative diagram above, we have, up to
grading shift,

H ()" @ (L)) 41 V5 0 () (LE)) = HPY &k, Ax;,)
= HH.(K;n. Py"),

which is what we want. u

Appendix A. Non-formality of standard modules/thimbles

Here we explain that the endomorphism algebra of the Lefschetz thimbles in S (7,,,,)
may be non-formal when n > 1. The non-formality follows rather directly from the min-
imal model computed in Klamt’s thesis [27]. Since this is not required for our main results,
our treatment is somewhat brief.

When (n,m) = (1, m) the algebra is known to be formal; by duality, the same holds
when n = m — 1. On the other hand, if n > 1 and (n, m) # (m — 1, m), the algebra
associated to (n,m) = (2,4) occurs as an A,-subalgebra of the algebra associated to
(n, m). It therefore suffices to consider the case (n,m) = (2, 4). In that case, there are
six Lefschetz thimbles (up to grading shift). We denote them by P (4|3), P(4|2), P(4|1),
P(3|2), P(3|1) and P(2|1), where P (n|m) corresponds to 7{1:2:3:41\n.m}

The cohomological algebra is given by the following quiver with relations, by Pro-
position 10.1 and [27, Section 5.2.8, 5.2.9]:

413)
Ga

P(43)

(4\3)u (13) K@13)
(412) “42) 4 211
(312)

P(4]2) ? P(3]2)

1d
@R || pe e e || FGR)

1d F, d F,
GIDJLTED cgy CGIDYTCID

P(4]1) =22 P3| LY 2015,
@D TET
3l @|1)

The subscript and superscript of the name of the arrow indicate the target and the
source.of the arrow, respectively. .The definition of Idglacl‘é)), F((:llbl)) ,F ((fllbl)), G(((];]‘zg’ K(((’;l\ll);
for various k, [, a, b can be found in [27, Theorems 5.16-5.19]. The complete list of rela-

tions of the product structure can be found in [27, Table 5.25]. For example, 14:((24”11)) =

Id(3|1)ﬁ @l and F (4|2)F @3 _ 0. We remark that J((Zlbl)) in the table is defined in The-

e B (4|(§)|]) 2 (312) 74[2) 7 (411) 1 (4]2)
orem 5.26 and J(3\1) equals to F(3\1) F(3\2) and F(3|1) F(4|1) up to sign. Moreover, the

dimension of Ext(P (k|l), P(a|b)) can be found in [27, Section 5.2.6].
For the Ao structure, Klamt computed a minimal model with 3 # 0 but u? = 0 for
d > 3. The list of non-zero u3 is given in [27, Table 8.4].
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Lemma A.1. When (n,m) = (2, 4), the endomorphism algebra of Lefschetz thimbles is
not formal.

Proof. Let 8B be the Ao, endomorphism algebra of Lefschetz thimbles and B := H(B)
be the underlying cohomological algebra. If B were formal, then the > of the minimal
model Klamt found would define the zero class in HH> (B, B[—1]). This means that u3 =
dcct for some T € CC?*(B, B [—1]), where d¢c is the Hochschild differential.

From [27, Table 8.4], we have

3, E@D @R @3, _ @)
1 (Fapy s Fapy - Fapy) = TKap- (A.1)

On the other hand, up to sign,

=) S@2) @3, _ 5@ -@42) @) Sl (42), 2(413)
dect(Fyyy s Fapty Fapy) = Fopy TFapy s Fapy) + T Fapy s Fam ) Fap)

=) 2(412) R (13) Sl (42) p(413)
T t1(Fopy Fapny» Fap) + T oy Fapny Fap)- - (A2

By [27, Table 5.25], we have 17((24“11)) F((:lllz)) = F((:lllz)) F((:llj)) = 0 so the last two terms of
(A.2) vanish.

One can check from [27, Section 5.2.6] that the dimension of Ext(P(2|1), P(4|3))
: s (4[3) “3) _ 7¢3) (4]3) (4[3)
is 4 and it is generated by Id(2|1)’ F(2|1) = F(2|1)’ G(2|1) and K(le). On the other
hand, one can check from [27, Table 5.25] that for any a € Ext(P(4|1), P(4|3)) and

b € Ext(P(2|1), P(4/2)), the sum ﬁ((;“ll))a + bF((f“;)) lie in the subspace spanned by F((;llf)).
(413)
K

Therefore, (2]1) cannot be written as the sum of the first two terms of (A.2) so it is not

equal to dect(F, ((24“11)), F ((:||12))’ F (€44||23))) for any 7 in CC?(B, B[—1]), a contradiction, and the

result follows. [

Remark A.2. Lemma A.l shows that the strategy from Section 9 cannot be used to prove
that the collection of thimbles is formal. In other words, the cohomological algebra of the
thimbles is not compatible with the existence of such a consistent choice of equivariant
structure. It seems hard to pinpoint why one would expect the collection of Lagrangians
{L;}reA, , to be better in this respect.
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