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Abstract. We prove a strong form of the trivial zero conjecture at the central point for the p-adic
L-function of a non-critically refined self-dual cohomological cuspidal automorphic representation
of GL, over a totally real field, which is Iwahori spherical at places above p.

In the case of a simple zero we adapt the approach of Greenberg and Stevens, based on the
functional equation for the p-adic L-function of a nearly finite slope family and on improved p-
adic L-functions that we construct using automorphic symbols and overconvergent cohomology.

For higher order zeros we develop a conceptually new approach studying the variation of the
root number in partial families and establishing the vanishing of many Taylor coefficients of the
p-adic L-function of the family.
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Introduction

The complex analytic L-function of an algebraic cuspidal automorphic representation 7
on a reductive group over a number field F lies at the heart of the Langlands program,
and the relationship between its analytic properties, namely the order of vanishing at
critical points, and the arithmetic of the conjecturally attached p-adic representation V
of the absolute Galois group GF is the content of the famous Bloch—Kato conjectures.
Iwasawa theory, in turn, seeks to relate the arithmetic of the restriction of V; to the p-adic
cyclotomic extension of F, and the behavior of the p-adic analytic L-function L, (7, s)
of m. The existence of p-adic L-functions for automorphic representations and families
thereof is a challenging problem in itself, but even when they have been constructed,
properties such as the location of their zeros and orders of vanishing have remained poorly
understood.

To ensure good analytic properties in the cyclotomic variable s, L, (s, s) contains
extra interpolation factors which can possibly vanish at a critical integer. Such zeros,
called rrivial, were first considered for an elliptic curve E over Q in the seminal work of
Mazur, Tate and Teitelbaum [32]. If E has split multiplicative reduction at p, the p-adic
L-function L, (E, s) has a trivial zero at s = 1 and it was conjectured, and later proven
by Greenberg and Stevens [21], that

L(E,1)

LI(E,1) = Z(E)- o

where QF is the real period of E and Z(F) = i(;iz ZZ is the so-called .Z-invariant,
qg being the Tate period of E. While trivial zeros of p-adic L-functions and their .Z-
invariants were considered by Mazur, Tate and Teitelbaum in their quest to formulate
a p-adic analogue of the Birch and Swinnerton-Dyer conjecture, various recent works
on the Bloch—Kato conjecture rely crucially on p-adic L-functions and the Iwasawa main
conjecture. In the context of geometric Galois representations the following more general,
albeit somewhat vague, trivial zero conjecture springs from various places in the literature
and is part of the ‘folklore’.

Let V' be a p-adic representation of Gg, critical in the sense of Deligne, such that
V, = V|G@p is semistable. Let D C Dg(V}) be a regular submodule in the sense of
Perrin-Riou [38]. The works of Coates and Perrin-Riou posit the existence of a p-adic
L-function L,(V, D, s) satisfying an interpolation formula of the form L,(V, D,0) =
QI_,lL(V, 0)&(Vy, D), where Qy is a Deligne period, L(V,s) is the complex L-function
and & (V,, D) is a product of linear Euler factors.
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Trivial Zero Conjecture. Letting e denote the number of vanishing Euler factors in
E(Vp, D) and &+ (Vy, D) the product of the remaining non-vanishing ones, the p-adic
L-function L,(V, D, s) vanishes to order at least e at s = 0 and

L(V,0)
Qy

LY(V.D,0) =e!- (V. D) & (V. D)

where £ (V, D) is an arithmetic £ -invariant. More generally, by the Trivial Zero Con-
Jecture for a geometric representation V of Gr and a collection of regular submodules

Dy C Dw(Viy,) for v| p we mean the one for Indg‘% V and the regular submodule
G

@, Indg,.” Dy.

Precise formulations of the Trivial Zero Conjecture exist in a number of restricted
settings. In the case when V is crystalline at p, Greenberg and Benois made explicit the
conjectural interpolation factor &(V),, D). Moreover, Greenberg in the case of ordinary
representations, and Benois in the semistable case, have defined arithmetic .#-invariants
Galois cohomologically, when V' satisfies a number of technical hypotheses (S, U, T
of [20] and (C1)—(C5) of [7]).

This article is devoted to proving the Trivial Zero Conjecture at the central point s = 0,
with precise interpolation factors and with the Greenberg—Benois arithmetic .£-invariant,
for the Galois representation V(1) attached to a unitary self-dual cuspidal automorphic
representation = of GL, over a totally real field F' having an arbitrary cohomological
weight.

The construction of a p-adic L-function for m requires the choice of a regular
p-refinement 7, i.e., the choice for each v dividing p of a character v, of F,© which can
be realized uniquely as a subrepresentation of the Weil-Deligne representation attached
to 7T, via the local Langlands correspondence. Assuming that 77 is non-critical (see Defin-
ition 2.12), there exists a p-adic L-function L, (7, s).

Let S, be the set of places of F above p and St, the subset of places at which r is a
twist of the Steinberg representation. The set E of places for which the local interpolation
factor of L, (7, s) vanishes at s = 1 consists of v € St, such that 7, is the Steinberg
representation.

Main Theorem (Theorem 7.1). Let & be a non-critically refined cohomological self-
dual cuspidal automorphic representations of GL, over F, which is Iwahori spherical at
places above p. Then L,(7, s) has order of vanishing at least e = |E| ats = 1 and

L(m,1/2)
St

/1

LOGF. 1) =elZL(7)- 2SAELTT (1 =v (@) (0.

veSH\Stp

where w, is a uniformizer at v, £ () is the Fontaine—-Mazur £-invariant of Defini-
tion 5.3, and Q2% is a Betti-Whittaker period defined in §1.7. Moreover, if the Greenberg—
Benois arithmetic £ -invariant is defined, then the Trivial Zero Conjecture holds for the
Galois representation Vy (1) with the choice of regular submodule as in §5.3.
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The conjectural non-vanishing of the .Z-invariant is currently only known for elliptic
curves over Q (see [1]). Previously, the Trivial Zero Conjecture at the central point was
proved for modular forms over Q in [21,48], and for parallel weight 2 ordinary Hilbert
cusp forms in [33] using a Rankin—Selberg construction for a single trivial zero and in
general in [47], building on ideas of [16,36]. The non-criticality condition is implied by
the assumption of 7 having non-critical slope (see Corollary 2.13) and is expected to be
true for most regular 77 (see Bellaiche [4], Pollack—Stevens [39], and Bellaiche-Dimitrov
[5] when F = Q). After the completion of this article we were made aware of a preprint
of Bergdall and Hansen [8] who construct p-adic L-functions under the weaker condition
of T being decent (see Remark 4.9).

In the case of a single trivial zero our approach to the Main Theorem is inspired by the
work of Greenberg—Stevens [21], and crucially uses the p-adic L-function of the unique
p-adic family containing 7, constructed and studied in the first part of the paper.

However, in the case of a multiple trivial zero, the computation of higher order derivat-
ives has long been known to lie outside the reach of the Greenberg—Stevens method, thus
requiring some genuinely new ideas. Indeed, the use of the functional equation for the p-
adic L-function of the family of maximal dimension containing 7, as suggested by Hida
and Mazur in the nearly ordinary case (see [33, §1]), does not suffice alone to compute
higher order derivatives. Our innovation consists in making use of partial p-adic families
to flip the sign of the root number and deduce the vanishing of many Taylor coefficients of
a certain p-adic analytic function L, (x1, ..., X; u). We deduce the Main Theorem from
the following properties:

(i) (Specialization) L,(0,...,0;u) = (n)ZMLp(fi, 25“), where 7 has tame con-
ductor u.
(i1) (Functional equation) }Lp(xl, conXey—u) =&-Lp(xy, ..., x0;u) with € € {£1}.
(iii) (Retrieved L-value) (—2)¢ 4~ ]Lp(u Susu)|,_o = RH.S. of (0.1).
(iv) (Taylor coefﬁcients) Lp(x1,...,Xe; u) contains only multinomials of total degrees
> e, and due’]L (0,. O;u)|u=0 due’]L (u, ..., u;u)|y=0-

Our construction of p-adic L-functions is geometric, based on the theory of auto-
morphic symbols introduced in [18] and on the construction of eigenvarieties using over-
convergent cohomology as in [50] and [22]. For a Hilbert modular variety Yx this was
initiated in [2] and is fully developed in the present work. To an admissible affinoid
neigborhood U of the weight of & in the weight space, and a non-zero U),-eigenclass
@ in the compactly supported overconvergent cohomology Hf(YK, Dq), we attach in
§3 a canonical @ (U)-valued distribution ev(®) having controlled growth on the Galois
group of the maximal abelian extension of F which is unramified outside poo. Specializ-
ing to the case where ® corresponds to the p-adic family passing through 7 (see Theorem
2.14) we define L,(A,s) as the p-adic Mellin transform of ev(®) (see §4.2 and (6.4)).
A specific feature of our treatment is that, thanks to a precise choice of a p-refined auto-
morphic newform in 7, the interpolation formula for L,(A, s) has no superfluous factors,
allowing us to establish the concise functional equation (ii) (see Theorem 6.4). While
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the proof of (iii) uses the improved p-adic L-functions constructed in §4.3, reinterpreting
(iii) in terms of arithmetic .Z-invariants requires an extra input from p-adic Hodge theory,
namely the existence of rigid analytic triangulations in the category of (¢, I')-modules.

In the case of a simple zero (e = 1), property (iv) is an immediate consequence of the
functional equation (ii) as in the Greenberg—Stevens method. Establishing (iv) in the case
of a zero of higher order (e > 1), which is the keystone in our approach, demands to go
beyond the Greenberg—Stevens method and use partially improved p-adic L-functions as
well as study the behavior of my , in certain ‘partial’ p-adic families defined in §2.6.
This allows us to establish a number of relations between the Taylor coefficients of
Lp(x1, ..., Xe;u) which are not all predicted by the Trivial Zero Conjecture and which
we believe are of independent interest. Our results do not rely on the Leopoldt or the
Bloch—Kato conjectures. The formula that we show is true even when the archimedean
L-function vanishes at the central point, implying then that the order of vanishing of the
p-adic L-function is at least e + 1.

0. Notations and conventions

Throughout this paper, F will be a totally real number field of degree d and with ring of
integers Of. Let A = A ®g F = Af, s x Fu be the ring of adeles of F and denote
@ =0fr Qz /Z\

We choose a generator w5 € A F.f of each fractional ideal f of F such that for any
finite place v of F' one has w,; = @, - ws, where @, is a uniformizer of the ring of
integers O, of Fj,.

Moreover, we define the adele 15 € Af by

1 ifn, #0,
Ay =9 "
0 ifn, =0.

When f C OF we consider the strict idele class group
CUp(F) = F\AL /UM FLT

where (-)* denotes the connected component of identity in a real Lie group and U(f)
denotes the principal congruence subgroup of level f of @} Moreover we denote by
E(f) S OF the group of totally positive units which are congruent to 1 modulo f.

Let X be the set of infinite places of F which are all real and can also be seen as
embeddings of F in the algebraic closure Q of Q inside C. The choice, for a given prime
number p, of an embedding ¢, : Q—Q p induces a partltlon =1l s, Xv, Where

oo

o € 3, if and only if v is the kernel of the composite map O AN Z —> ]F

We let ()€ denote the eigenspace corresponding to a character € of F)X/FXT
={+1}%.

We denote by Gg the absolute Galois group of a perfect field E£. For S a finite set
of places of F we let Galg denote the Galois group of the maximal abelian extension
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of F' which is unramified outside S. We let Galso = Galsus and Galpe = Gals,us,
where S, denotes the set of places above p. For S C S, we let X5 =| |,c5 v and
OF.s = [lyes Ov:

The cyclotomic character ycy. : Galpoo —> Gal(F(ipoe)/ F) — Z; corresponds, via
global class field theory, to the idele class character ycyc : FY\A% e Z, sending y to
[lves, NF,/@, (yo)|ys|F. Onehas yeye(wy) = [@y|y = gy ifv ¢ S, UX and yeye(wy)
= Nr,/q, (@y)q, " if v € Sp. Define

()p = Xeyew, ' : Galpoo — 1 +2pZp,

where w),, is the Teichmiiller lift of y.yc mod p if p is odd (resp. of y¢c mod 4 if p = 2).
Note that the character (-), factors through the Galois group Galey. = Gal(Fey/F) of
the cyclotomic Z,-extension Feye C F(upoe) of F, hence can be raised to power any
s € (9Cp~

We normalize the Artin reciprocity map so that a uniformizer @, is sent to a geomet-
ric Frobenius Frob,, and p-adic Hodge theory so that the cyclotomic character ycy. has
Hodge—-Tate weight —1. We consider the following non-trivial additive unitary character
of Ap/F:

Y :Ap/F - A/Q — C*,

where the first map is the trace, and the second is the usual additive character o on A/Q
characterized by ker(yo,) = Z¢ for every prime number £ and Yor = exp(2im -). We
remark that the largest fractional ideal contained in ker(y,) equals (@, 5”), where &, is
the valuation at v of the different b of F. With this notation the discriminant of F is
NFg/q(D).

Let dx = ®, dx, be the (self-dual) Haar measure on A p which induces the discrete
measure on F' C A and the Haar measure with volume 1 on A/ F. It has the property
that dx is the usual Lebesgue measure for o € ¥ and when v is a finite place, |, 0, dx,
= qv_'g”/z. We also let d*x = ® d ™ x, be the Haar measure on A%, / F* such that d*x, =
|Xo |5 1dxs for o € ¥ and fOUX d*x, = 1 for v finite.

Given a finite place v and a character y, of F,* of conductor c,, one can define the
local Gauss sum, which is independent of the choice of uniformizers, by

(s Yo d¥) = / DY) dy = /0 2w T (w0 du,

' 0.1)

1

For y : F*\A% — C* anidele class character of conductor ¢, we define the global Gauss
sum

(0 =[] tGv-Vv.dy) = [[ tCto-¥0. ) [] 0o(@my™).  02)

v{oo vley vicy 00

where the Haar measure dy, on F* gives O volume 1 (resp. 1 — g, ') when y, is
unramified (resp. ramified).
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Part I
p-adic L-functions for families of nearly finite slope Hilbert cusp
forms

We develop a natural framework yielding simultaneous constructions of p-adic L-func-
tions and their improved counterparts for nearly finite slope families of Hilbert cusp forms.

1. Automorphic theory of Hilbert cusp forms

We recall the representation theory of Hilbert automorphic cusp forms and construct nor-
malized p-refined nearly finite slope newforms allowing us to define canonical periods.

1.1. Hilbert modular varieties

We consider the reductive group scheme G = Reng GL, over Z. We let C be the
standard maximal compact subgroup of G, and Koo = Coo FX.

The Hilbert modular variety of level K, an open compact subgroup of G(Ay), is
defined as the locally symmetric space

Yk = GQ\G(A)/ KK,
By the Strong Approximation Theorem for SL, (A ), the fibers of the map
detg : Yxg — F*\A% /det(K)FJT

are connected. For each [n] € A% /(F* det(K) FXT) = mo(Yk) the connected component
Yk [n] = detg' ([n]) can be described as a quotient of the unbounded hermitian symmet-
ric domain GJ; /K by a congruence subgroup as follows. Choosing a representative
ne A}‘,’ I of [n] (one can take it to be a uniformizer at some finite place), there is an
isomorphism

—1
T\GE/KEL ~ Ykl goo = 8o0(19), where Ty =G@) N (29)K(29) G
In what follows we assume that K is sufficiently small in the sense that for all g € G(A):

G(Q NgKKLg™'=F*NKF}. (1.1)

It is equivalent to ask that I, modulo its center I, N F™ is torsion-free, this property
being independent of the choice of the representative 1. Then Yk [#] is a complex manifold
admitting G/ K, as a universal covering space with group I, /(I N FX).

1.2. Local systems and cohomology

We will now describe two natural constructions of local systems on Yx. In §1.3 we will
apply these constructions to attach local systems to algebraic representations of G. Con-
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sider first a left G(Q)-module V' such that
F* N KFZ acts trivially on V. (1.2)

By (1.1) and (1.2) the group G(Q) N gKK g=! = F* N KFJ acts trivially on V. There-
fore
GQ\(G(A) x V)/KKF, — Yk

is a local system with left G(Q)-action and right KKJ -action given by y(g, v)k =
(vgk.y - v).
Alternatively, given a left K-module V' satisfying (1.2), one can consider the local
system Vg,
GQ\(G(A) x V)/KK, — Yk,

with left G(Q)-action and right K K -action given by y(g, v)k = (ygk, k™1 - v).

We will denote by Vi (or V if K is clear from the context) the corresponding sheaf of
locally constant sections on Yx and will consider the usual (resp. compactly supported)
cohomology groups H! (Yg, V) (resp. H’c (Yk,V)). Although we use the same notation
for both constructions, it will be generally clear from the context which one applies and
otherwise we will name it explicitly. When the actions of G(Q) and K on V extend
compatibly to a left action of G(A), the resulting two local systems are isomorphic by
(g.v) — (g, g~ - v), yielding an isomorphism of sheaves and their cohomology groups,
thus justifying the abuse of notation.

1.3. Cohomological weights

Let B be the standard Borel subgroup of G consisting of upper triangular matrices, whose
Levi subgroup T consists of the diagonal matrices.

The characters of the torus Res(g Gy, can be identified with Z[X] as follows: for any
k =) scx koo € Z[X] and any Q-algebra A splitting F, we consider the character

(F®q A)* 3 x> x* =T]ok e a4 (1.3)

gEX

The norm character Ng/q : Res(g Gm — G, then corresponds to the element t =) .5 0.

Integral weights of G are given by characters of the form (a,d) — a*d k" for some
(k, k") € Z[Z]?. Characters such that k, > k/ for all o € ¥ are called dominant with
respect to B and parametrize the irreducible algebraic representations of G, explicitly
given by
R (Syms ™ @ Dets?).
oEX

Definition 1.1. We say that a dominant weight of G is cohomological if it is of the form

W—2)t+k (W+2)t—k
(=5 5)
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where (k,w) € Z[X] x Z is such that for all 0 € ¥ we have k,; > 2 and k; = w (mod 2).
We will identify the cohomological weight with the tuple (k, w) defining it, and call w the
purity weight.

A dominant integral weight is cohomological exactly when the central character of
the corresponding G-representation factors through the norm Nz, q.

Given a cohomological weight (k,w) and a Q-algebra A splitting F', we consider the
A-module Ly, (A) of polynomials f of degree at most k — 2t = (kg — 2)gex in the
variables z = (z4)gex With coefficients in A, endowed with the following right action of
G(A) ~ GL,(A)*:

fiy(@) = det(y ) WHD=R/2 (7 4 d)k_th(gzzis), where y = (‘Z s) eG(A). (1.4

Then its dual LZ,W(A) = Homy (L w(A), A) is endowed with a left action of G(A) given
by

- 0(f) = 1 fige)—1y), Where y e G(A), pe L] (A), f€Lru(4), (15)

and there is an isomorphism of left G(A)-modules

Ly ,(4) =~ (R)(Sym 2 @ Det@~*o /2 (42). (1.6)
ogEX
For (k,w) and A as above, the assumption (1.2) for the left G(A)-module L,  (A)
reads

NEg(e) =1 foralle € F* N KFZ. (1.7)

Under this condition, applying the construction of §1.2 yields a sheaf £/ (A) whose
cohomology groups H! (Y, £, (A)) and H. (Y, &£, (A)) will play a prominent role in
this paper.

1.4. Cohomological cuspidal automorphic representations

The aim of this section is to describe the cuspidal automorphic representations contrib-
uting to HY (Y, QCZ’W((C)) for (k,w) a cohomological weight as in Definition 1.1 and K
satisfying (1.7), and to perform some archimedean computations which will be used to
interpret cohomologically the special values of automorphic L-functions. While the gen-
eral theory is well known, the applications we have in mind require an explicit version as
in [41, §4.4].

Let goo (resp. ¥oo) be the complexified Lie algebra of G, (resp. K ). Using the
comparison between Betti cohomology over C and de Rham cohomology, and further
reinterpreting the de Rham complex in terms of the complex computing relative Lie
algebra cohomology, we obtain

HE (Vi £ ,(C)) = HY(goo. K&, LY ,(C) ® CZL(G(Q\G(A)/K))
= P H (Goo. K. LY, (C) @ To0) ® T,



D. Barrera, M. Dimitrov, A. Jorza 3448

where 7 runs over the cuspidal automorphic representation of G(A). By Kiinneth’s for-
mula,

HY (g0 K. LY, (C) ® mo0) = Q) H' (g6, K. LY ,(C) ® 75).

oeX

where H' (g5, K, LZU’W((C) ® 7s) # 0 if and only if 7, is the irreducible infinite-
dimensional representation sx, ,, of GL>(R) whose Langlands parameter C* x {1, j } —
GL,(C) is given by

i (2

. 1
C* sz |z (Z/E)(k"_l)/z) and j ((_1)k0—1 ) :
One can also describe 7y, as follows. Consider the unitary induction from B, to
G of the character which is trivial on the unipotent radical and given on T by

(a,d) — a(k"+w_2)/2d(‘”_k"+2)/2|a/d|1/2. (1.8)

By Frobenius reciprocity it has a unique non-trivial finite-dimensional quotient given by
Lg, w(C) and the kernel turns out to be isomorphic to mg_ . The fact that the extension
is non-split implies the non-vanishing of H' (a5, K, LY (C) ® 75).

ko w
Definition 1.2. We say that an automorphic representation 7 of G(A) has weight (k,w)
if Too = Qquex 7k, w- The integer w is the purity weight of 7, i.e., the weight of its central
character.

A cuspidal automorphic representation 7 of G (A) contributes to H? (Y, L (C))if
and only if it has weight (k,w) and zr;( # 0. If such 7 exist then condition (1.7) is always
satisfied. Indeed, if ¢ € X, then for each e € F* N KF and g € G(A) we have

P(2) =¢((°s)g) = 9(2(°* e ) = N0 ()B().

We will now specify a basis of
H' (g0, Ky . L, (C) ® 7k, ) = Hom+ (80 /%o, Ly, \(C) ® 7y ). (1.9)

where one considers the adjoint action of C4 = {r(6) = (2?;:((09)) _c;i'z(ge))) |6 €R} ongq/ts.

Let (wy, w}) be the dual basis of the basis wy = %(} 2) e =g H( L 7)) of go /%o

Consider evaly; € Ll\c/(, #(C) defined by evaly; (P) = P(=i). From (1.5) one finds
that

+i0(ko—2)

Ad(r(0)(w?) = e®0w?, Ad(r(9))(w}) = e 20w}, r(f)-evaly; =e evaly;.

Since the C,-types r(6) e*% s do not occur in LZU »(C) but do occur in the

induced representation from (1.8), one deduces that there is a unique function ¢, € 7k, w
such that ¢ (- 7 (0)) = e 190 ¢ for all § € R and normalized so that ¢ (1) = 1 (here we
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use the fact that the characters 7 (6) — e**%o and (1.8) agree on (_1 _1) since ks = w
(mod 2)). Hence

Hom + (g6 /%0, Ly (C)®m, w) = Clwg @eval; ® ¢6) ® C(w; ®eval; ®@ D).

Since (—1 1) Swk = W, (—1 1) -eval; = (_1)(w+ka—2)/26val_i and (—1 1) P =

(—1)W+ko=2)/24 ° e see that

B0 = [@k)2(p* @ eval; ® ¢ + €0 ()W) @ eval_; ® o)

det

is an eigenbasis of (1.9) for the action of Cy /Cf = Ko/ K — F)/F;t = {£1}.

Letting wl = Q) cx Wi and ¢poo =R, c 5 Po, the space H (goo, K&, oo ® LY, (C))
has the following basis indexed by the characters € : Koo/ KE = {(£1}F — {£1}):

g5 =X B =i@w=hi2 Z €(500) (Soo - (WX @ eval; ® doo)).  (1.10)

0EX Soo€{E1}=

1.5. Automorphic representations of nearly finite slope

In this section, we introduce the notion of a nearly finite slope cuspidal automorphic
representation ir. These are stable under twists and encompass both Coleman’s finite slope
and Hida’s nearly ordinary cases. Furthermore, we define a p-refined line in such a .

Definition 1.3. Let 7 be a cohomological cuspidal automorphic representation 7w of G(A)
and let v € S, be a place of F'.

(1) my has finite slope if either m, is a principal series representation with at least one
unramified character or m, is an unramified twist of the Steinberg representation.

(ii) my has nearly finite slope if m, is not supercuspidal, or equivalently if it is a twist of
a finite slope representation by a finite order character.

(iii) A representation 1, is regular if either it is a twist of the Steinberg representation or
it is a principal series representation with distinct characters x1,, 7# x2,v-

(iv) A refinement of a nearly finite slope representation 77, of GL, (F}) is a 1-dimensional
subrepresentation v, of the Weil-Deligne representation attached to m, via the local
Langlands correspondence for GL; (Fy).

(v) For S C §p, a [regular] S-refinement of an automorphic representation s is a pair
s = (7, {vy}ves) such that vy is a [regular] refinement of 7, for all v € S. When
S =S, wecall 7 = s, a p-refinement.

Suppose (7y, vy) is a refined regular nearly finite slope representation.
If m, is a twist of the Steinberg representation, we let K,, be the Iwahori group

I ={(%%) € GLy(0y) | ¢ € w0, ). (1.11)
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whereas if m, is a principal series representation, we let K, = I, N Ky (v™v) where m,
is the conductor of y;,,/ x2,y. Let

Yy

K, = K(my, vy) = ker(Ky = 0 2 ¢). (1.12)
For a uniformizer w, € O, and § € O, we define the Hecke operators

Uw, = [K (7" 1)K,] and Us = [K,(% K] (1.13)

v

Lemma 1.4. For any refined regular nearly finite slope representation (my, vy) one has

N
dim (779 *) (U gy, —vy (). Us—v0 §)15€05) = 1-

Proof. Since the ) -action is semisimple, by (1.12) there is an isomorphism

Ky, —-1\Ky
(7o V) Us—vy B l5c0z) = (v @ vy HEv. (1.14)

If m, is either a twist of the Steinberg representation or a principal series representation
with 1,4/ ¥2, ramified, then (1.14) is 1-dimensional on which Uz, acts by v, (@y). If 7y,
is a principal series representation with y1,,/ x2,, unramified then (1.14) is 2-dimensional
and we conclude that the U, -eigenspace for v, () is a line by regularity. ]

Let Ts = (7, {vy}ves) be a regular S-refinement of a nearly finite slope cuspidal
automorphic representation of G(A) of cohomological weight (k, w).

Definition 1.5. Let u be an unramified prime of F such that
(i) any open compact subgroup K of GL,(AF, r) such that Ky, = Ko(u) satisfies (1.1),

(i1) 7y is an unramified principal series representation with Hecke parameters ay, # By.

The existence of u satisfying (i) follows from [17, Lem. 2.1], while the fact that u
can be chosen to satisfy (ii) as well can be shown using the irreducibility of the Galois
representation V. It is also a consequence of the Sato—Tate conjecture which is known to
hold for Hilbert cusp forms. In this case nf o®) is 2_dimensional on which U, acts with

eigenvalues oy, and ;.

Definition 1.6. Let E be a number field containing the Galois closure of F, the field of
rationality of 7z, the Hecke parameters of 7y, and the values of the characters (Vv)veSp~

Let m,; be the maximal ideal of the Hecke algebra T = E[T},, S, | v  nup] corres-
ponding to 7. For § C S, we consider the maximal ideal

Mzg = (Mg, Uy — g, Ugs, — vy (@), Us —1y(8) | § € O, v € S)

’U b
of the Hecke algebra TS =T[Uy,Uw,,Us | § € O, v € S], and we let mz = Mz .

Definition 1.7. Let K(7s, 1) = Ko(u) [[,¢suqy K1(v") [yes Ky, Where my is the
conductor of m, and K] is as in (1.12). The (S, ay)-refined newline of a regular 7 is
given by B

Nx — (nf(ns,u))

550 = (”;{(ﬁs’u))[

Mz m?fs]»
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where [mz ] denotes the subspace annihilated by mz,. While for v € S, the Uy, -
eigenvalue v, (@) on Nz o, depends on the choice of wy, its p-adic valuation is inde-
pendent of it.

Definition 1.8. The slope hz, of 7, = (7y, Vy) is defined as the p-adic valuation of

vy (@) 1_[ U(w'v)(ka+w_2)/2~

oEXy

We say that the refinement 77, has non-critical slope if eyhz, < minges, (ks — 1).

For § C S, we say that T g has non-critical slope if 7, has non-critical slope for each
ves.

Finally, we say that 7 = s, has very non-critical slope if

> evhz, < min(ky —1). (1.15)

vES)

1.6. Normalized (S, n)-refined eigenforms and Whittaker functions

Let Ts = (7, {vy }ves) be a regular S-refinement of a nearly finite slope refinement of
a cuspidal cohomological automorphic representation = of G(A). In this section we use
Whittaker models to choose a basis ¢z o, Of the line Nz o, from Definition 1.7 for
which a suitable zeta integral yields the Jacquet-Langlands L-function of . The cusp
form ¢z 4, - divided by a suitable complex period, will yield an overconvergent cohomo-
logy class to which we will attach a p-adic L-function in §4.1.

The global Whittaker model ‘W (7, ) of 7 can be written as a restricted tensor product
of local Whittaker models ‘W (s, ¥,), with respect to W,” € W(my, ¥,) for v outside a
finite set of bad places, where W2 € W(rr,, ¥,)®2() is such that W2 (1) = 1. To relate
values of complex L-functions to Whittaker integrals we will use the isomorphism

x5 W), ¢ W¢(g)=/ S((31)g)v (v dx.  (L16)

AFr/F

whose inverse is given by the Fourier expansion ¢(g) = de Fx Wy (( § . ) g).

Given any collection W, € W(y, ) such that W, = W, for almost all v, the tensor
®W, lies in ‘W(mr, ¥) and therefore is of the form W for some ¢ € 7. We remark that
for any choice of isomorphisms W (i, ¥,,) >~ m, sending W, to ¢, such that ¢, = ¢,
for almost all v (¢ being the vector relative to which the restricted tensor product ®' 7,
is defined), ¢ and ® ¢, differ by a scalar, and hence ¢ is a pure tensor itself.

We now specify explicitly such a collection of Whittaker functions, beginning with
places v € S U ¥ for which n,{( 10" s a line. Let W% be the generator of the
line 'W(my, wU)Kl(”mv) given by the following formulas (see [41, §3.3.1] and [12,

Thm. 4.6.5]).
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(i) If my is the unramified principal series representation with characters y1,, and y2.,y
then

—m/2 x~m !
new m—=8y q Zl:o Xl,v(wv) X2,U(wv m > 0’
Wy (w0 1))={ ° (1.17)

0, m < 0.

)m—l

(i1) If 7y is a principal series representation with unramified y;,, and ramified y» , then

" 10 (@)™, m =0, 118)

W (o)) = {

0, m < 0.

(iii) If my is a twist of the Steinberg representation by the unramified character y, then

Wy ((wi =% (1.19)

)) _ q," xu(@y)™, m =0,
! 0, m < 0.

(iv) In all other cases W ((=' ™ |)) = { L, m=0,
0, m<O.

Denoting {oy, Bu} = {X1,u(@u) V/Gu- x2,u(®u)/qu} the Hecke parameters of m,;, we

let
W (7 1)) = W™ (7 1)) = Bugw W™ (0= 1)),

—m_,m
Then we have W2 (( @& |)) = Guon s m = 0.
0, m < 0.
Finally, we specify v-refined Whittaker functions at v € S. Recall that v, is a one-
dimensional subrepresentation of the Weil-Deligne representation attached to m,,, which
is assumed to be non-supercuspidal. Let W, € W(m, ® vy 1, 4,) be the new vector chosen

as above. If m, ® v, 1 is ramified we let
W, = vy (@)™ (v 0 det) - Wy € Wy, ).

When 7, ® v;'! is an unramified principal series representation with characters | - |1/2 £
|12 X200/ X1 We let

x2.0 (@) ’
, w/(-
qv X1,0(Ty) v( (

v

W) = vy ()% (vy o det) - (Wv’ - @y ! 1))) € W(my, V).

Formulas (1.17)—(1.19) then imply

W (i ) = 4 0 e m =0, 1.20
S (= 1) {07 m <0 (1.20)

Lemma 1.9. The image of Wz a,..f = Wif ® Qyesuu Wo™ ® Qpes Wy in iy isa
basis of N%

S50
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Proof. The statement is clear when v } pu since any isomorphism W(r,, V) >~ my
matches the new lines, as well as in the case v = u because by construction W has
Uy-eigenvalue oy,. Suppose that v € S,. The function W, is K/ -invariant as both W,
and v, o det are. The fact that Us W) = v, (§)W,) for § € O then follows from the K-
invariance of W,. Finally, Uz, fixes the refined new vector in W(m, ® v, L ¥y), hence
acts as vy (wy) on W) . |

For 0 € ¥ we choose Wy € W(ny, ¥y) such that Wy (- r(0)) = e oW, and
Wa((y 1)) = y(k"+w)/2e_2”y for all y > 0 (see [12,41]). Since 7y ~ 7, @ sign,, we
have:

Lemma 1.10. W, has support in G} and its image in ms belongs to the line generated
by ¢g.

Definition 1.11. We define the normalized (S, ay)-refined newform as the cusp form
®%,0,, € ™ Whose image under the isomorphism (1.16) corresponds to the pure tensor

WﬁS,au = WﬁSsauaf ® ® WU‘
o€eX
We end this section by computing the local Whittaker integrals that yield the local
Euler factors of the complex L-function. The following proposition shows how the choice
of level f in the automorphic symbols in §3 reflects in the local Whittaker integrals.

Proposition 1.12. Suppose v € S and y, is a finite order character of F, . Then

ny

Z, = /va W™ ) )Ivh~ >y

qv
qv—1

Q(vav’s)

= 40"V (@) (g5 o (@)™
for Re(s) sufficiently large, where c, denotes the conductor of xyvy, and

B o) @) (ovo Yordgon,) i 1y = €0 2 1,

— (o) (@y) \ 1 qii_l ; —
Q(vavvs)— (1—%) l(l—m) lfnv > Cy =0,
(1 _ (X11V11?Y(w1)))_ (1 _ L) lfnv =cy = 0.

qv qv

Proof. Since W) € W(ry, V) we have W) ((¥@v" ¥)) = v MW (( yaoy® ) By
(1.20),

Zy =y (wv)nu+8v

x [F o) )Y () o () (v o det) - W((77 )y~ d ¥y

=m0 g [ e ) a7

m=—ny—Gy
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If y,vy is ramified the above integral vanishes except for m = —8, — ¢y, > —8y, — ny,
in which case its value is the Gauss sum T (yyVy, Yy, d*)) = q'jl:l (Yo Vo, Yo, dyyvy,)
(see (0.1)).

If yyvy is unramified (¢, = 0) then

((Xv”v)(wv)qU S)Sv .

Zy = Q(fvVv. )

(g5 Ly, (wv))nv+8v

= 2. ((ww)(@og, )" / Yo (w0 d*u,

m>—ny

which is computed using the formula

1 ifm >0,
/(9X wv(uw;"_s‘))dxu = ﬁ iftm = —1, [
! 0 ifm < —1.

1.7. Periods for (S, u)-refined newforms

The normalized (S, u)-refined newform ¢z 4, of the previous section is a Hilbert cusp
form in the following sense:

Definition 1.13. A holomorphic Hilbert automorphic form of level K and weight (k, w)
is a function ¢ : G(Q)\G(A)/K — C such thatforallo € ¥,z € F and r(0) € K,

$(- (7 2)r(®) = 2"e 7% g
and, for all g € G(Ay), the function ¢(gs (5> *$°)) is holomorphic in x4 + iys in the

upper half-plane for every o € . It is a cusp form if [y, #((§1)g) dx = 0 for all
g€ G(A).

Note that a classical weight £ modular form for F = Q has w = 2 — k. The restriction
to G(As)GZ, of the Fourier expansion of ¢ as above is supported on totally positive
elements, i.e.,

$(g) = Y We((*,)g) forallg e G(As)GE. (1.21)
SeF_ﬁ

By Lemma 1.10 the normalized holomorphic cusp form ¢z o, can be written as
a pure tensor of the form ¢z 0, = Prg.an.f ® Qpex Po. Recall that for a char-
acter € : {£1}F — {£1} we constructed in (1.10) a cohomology class By €
HY (00, K, LY, (C) ® 7o) yielding a map

'“6

e X Zreo® H? (g0 K. LY, (C) ® 7K)¢ > HE (Yk, £, (C)¢  (1.22)

b4

where K = K(7s, 1) is as in Definition 1.7. For E and mzg as in Definition 1.6 we
consider the line

Heup (Y £ (B (1.23)
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Definition 1.14. leen a basis bes o of the E-line (1.23), we let QGS € C* be such
that ©% (Prg.ay,7) = ns bfTS ay - When € is the trivial character we denote this period
simply by Q3

Since oy, By € E the period can be taken the same for either choice of Hecke para-
meter at 1. The precise choice of a p-refined automorphic newform in §1.6 allows us to
prove the following formula describing the behavior of the periods €25 under twisting by
characters. Here § = §,.

Proposition 1.15. One can choose the bases b, o in Definition 1.14 such that for every
algebraic Hecke character y of weight w and p-power conductor, one has

QGXNC"’ =i )(f(wb)Q;w'l’vOo

for any character € : {£1}% — {£1}, where 7 @ x = (1 ® 1, {vp ® Xvtves,)-

Proof. We drop ay to avoid cumbersome notation. By (1.20) and Definition 1.11
we have W— orf = x(wy)Ws, 5 - xr o det (see also [40, Thm. 1.1]), hence d)
1(@y)5 - 7 0 det.

Since (71, ) - eval*™ ¥ = (—1)¥ (=1 ) - eval®", definition (1.10) implies that

(=X3

C‘”oo@)(oo ® ¢7;§-;(,f
. ((2—w— — k,
= ((Cm2IEOR S T e(500) (500 - (W ® §, ® evaly ™2
Seo€{£1}=

® (¢7, 7 - xr o det). (1.24)

For v € S, let K| be as in (1.12) and let K] be the analogous subgroup for
(my ® v,y ® yp). Letting K" = K? Hvesp (K; N K})), we see that s factors through
mo(Ykr) ~ A% f/F_;f det(K"). Let

€)(oc:a)p oo

=i Y (w5) E e

pI'* f"f = (C[ﬂ])[n]ENO(YK//) € @ chsp(YK”[n]’ “T’]\c/,w(E)\YK//[n])v

[nlemo(Y k1)

where pr : Yk — Yk is the natural projection. One sees that (x ¢ ([n])cpy)) meno(vg) 18
E-rational as well, since the rational structure on Betti cohomology is imposed compon-
entwise. Identifying the local systems £ (E)and £ . wt2w (E), and then choosing the
basis bfxff .00 to correspond to ()(f([r)])c[,, )nleno (Y- Yi€lds the desired relation in

view of (1 24) and Definition 1.14. ]
2. Overconvergent cohomology and partial nearly finite slope families
In this section we introduce overconvergent cohomology spaces for individual weights

and in families which naturally interpolate the spaces H’c (Yk, £ (L)) for cohomolo-
gical weights (k, w). Moreover, we establish, in Theorem 2.7, a classicality criterion from
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which we deduce in Corollary 2.13 that cohomological 7 of non-critical slope are non-
critical. Furthermore, we construct a cohomological cuspidal Hilbert eigenvariety in a
neighborhood of such a non-critical 7 and show that it is etale over the weight space. We
remark that our local families do not a priori fit Buzzard’s eigenvarieties machine because
one cannot guarantee the projectivity of overconvergent cohomology groups beyond H®
and H!. Instead we adapt Hida’s axiomatic construction of nearly ordinary families to
the rigid analytic context and prove equidimensionality and etaleness using the fact that
cuspidal cohomology is supported in middle degree.

Finally, we construct partial nearly finite slope p-adic families that impose no restric-
tion on the local representation at a set of places S C S,,. These results are crucial to carry
out the construction of p-adic L-functions for families, and to control the behavior of the
local representation at v € S, \ S in partial families with fixed weights at X,,.

2.1. Weight spaces
Let X be the (d + 1)-dimensional rigid analytic space over Q, such that

X(Cp) = {A € Homeon(T(Zp), C) | 3wz € Homeon (Z5, €, A((% ) = wa(z")}.
2.1)

Letting k(z) = A((* ,-1)) - z*' for z € (OF ® Z,)* there is a finite morphism
X(Cp) = Homeon(OF ® Z)* x Z,;,Cr), A+ (ka,wy). (2.2)

The cohomological weights of G (see Definition 1.1) all belong to X and are very Zariski
dense in it.

Given an affinoid U C X we let O (U) denote the ring of its rigid analytic functions
and consider the universal locally analytic character (see [50, Lem. 3.4.6])

Vu:TZp) = OW™, 1+ (A A)).

Definition 2.1. Fix a cohomological weight (k, w). Given a subset S of S, we let X,
resp. X, denote the rigid analytic subspace of X parametrizing weights which agree

with (k, w) on 5
[T (5 &) w1 (50
veSH\S veSH\S

We have X5, = ngp = X and dim Xg = dim X5 — 1 = |Xg| forany S C S,. The
space X is the natural place to consider partially improved p-adic L-functions (see §3.5
and §4.3), whereas the partially finite slope families of Hilbert modular cusp forms live
on its subspace X 5. We thank the referees for their suggestion to highlight the difference
between these spaces, which is important for understanding the results of this paper.

2.2. Overconvergent modules

Following [50] we introduce certain modules that will be later used to define overconver-
gent sheaves on the Hilbert modular variety.
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Let L be a finite extension of Q, and X be an open compact subset of a finite-
dimensional Q,-vector space. Given n € Zxq, we let A,(X, L) denote the Banach
L-vector space of n-locally analytic functions on X and D, (X, L) its Banach dual
(see [50, §3.2.1]). More generally, given an admissible affinoid U C X we consider
the orthonormalizable Banach @(U)-modules A, (X, O(U)) = A,(X, L) &1 O(U)
and D, (X, 9(U)) = D,(X,L) ®, O(U) (see [22, §2.2]). The space A(X,O(U)) =
Un€Z>0 Ap(X, O(UW)) of locally analytic @(U)-valued functions of X, endowed
with the inductive limit topology, is a Fréchet O(U)-module. The natural maps
Dyy1(X, 0(U)) — Dy(X,9(U)) are compact, and D(X, O(U)) = 1<i£1D,, (X,0(W))
is a compact Fréchet @ (U)-module. There is a functorial (in @ (U)) pairing

(-} : D(X,0(W)) x AX, O(U)) — O(U), (2.3)

yielding D(X, O(U)) < Homgy)(A(X, O(U)), O(U)), but, as observed in [4,
Rem. 3.1], the natural injective maps D, (X, O(U)) < Homg ) (4.(X, O(U)), O(U))
need not be surjective. The above construction applies to X = Of ® Z, considered as an
open compact subset of Qg.

We fix a cohomological weight (k,w) and a subset S of S,. We will now introduce
certain partial overconvergent distributions over an admissible affinoid Us C Xs con-
taining (k, w). These distributions will allow us to construct p-adic families parametrized
by Us containing v even when its local components 7, for v € S, \ S have critical slope,
e.g. are supercuspidal, and to attach to them what appears to be a genuinely new kind of
p-adic L-function (see §4.4).

We consider the semigroup

As = [] GLa(F) [T CLa(F) N (FS- (e, 0%)) 2.4)
veSp\S veS

and we define the partial Iwahori subgroup Is = As N G(Zp) = l_[veS,,\S GL,(Oy) -
HvGS Iy.

Let K C G(Af) be an open compact subgroup satisfying (1.1) such that K, C Is.
In particular, we allow K, to be the maximal compact subgroup GL,(,) at places
vesS,\S. Welet

Asug = A(OF,5.0(Us)) ®L ® L, w(L) (2.5)

O’GESP\S

be the subspace of A(OF ® Z,, O(Us)) consisting of functions which are polynomial of
degree at most (ks — 2)gex, in the variables (z5)gex, forallv € S, \ S.ForA € Us(L)
we let Ag ) = Asny. Forn € Zso welet Agz,, = As N An(OF ® Zp, L) and we
denote by Dg 5, its topological dual. Finally, we consider the Banach O (U s)-module
Dsugn = Dsn ®r O(Us) and the compact Fréchet O (U )-module

Dsug = lenDS,‘Us,n'
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Definition 2.2. We consider the following continuous right actionof y€/g on f €As yy:

d
f\y(Z) = f(?zzjr—f;) (((CZ;_ )det(y)~(coz+d)_1 ))uS’ where z € (9F ® Zp, y = ((cl 2)
(2.6)

Furthermore, if for all v € S and all integers r > s we let f| o7 o \(2) = f(@,;*2).
’( 0 wg)
A direct computation shows that the above actions uniquely extend to a continuous
right action of Ag on Ag q inducing, via the pairing (2.3), a continuous left action of
Agson Dgq:

v - w(f) = n(flge)-1.y) forall p € Dgyg, f € As ug- (2.7

For v € S one has (( o ) u)(f) = u(f(wy)) forall w € Ds g, f € As ug-
Thus the element [ [, . S(‘%v ) € Ag induces a compact endomorphism on D q;¢ (see
[50, §3.4.12]).

For A € Ug(L) we consider the natural Ag-equivariant specialization map

= O o

Dsus = Dsus @ous)r L = Dg . (2.8)

Let (k, w) be a cohomological weight (see Definition 1.1). Using (1.4) and (1.5) one
sees that the natural injection L (L) < As (k) is equivariant for the right /g-action,
yielding a natural homomorphism of left /g-modules

195 . DS,(k,w) — Ll\c/,w(L)' (29)

However, ¢g is not Ag-equivariant, since for all v € S and yu € D (x,w), One has

Os (50 9) - 1) [ o(@n)@ 2 = (70 0) - 95(). (2.10)

geXy

When § = §, we will drop it from the notations, e.g., Ay = ASp,‘uS,,, Dy =
Dsp,usp, A= Asp.

2.3. Slope decomposition for overconvergent cohomology

Let U be an L-affinoid. We consider a compact Fréchet @ (U)-module M = 1(21 M,
such that for all n € Zx the Banach @ (U)-module M, is orthornomalizable, endowed
with a compact endomorphism U : M — M, i.e., a system of maps U, : M, - M,
factoring through the natural projections M, — M,_; which are compact. For 1 € Qo,
if M admits a slope < h decomposition with respect to U written as M =" @& M>" (see
[22, Def. 2.3.1]), then M =" is a finitely generated Banach @ (U)-module.

The following result is a generalization to compact Fréchet @ (U)-modules of a well-
known proposition about Banach @ (U)-modules. If U C U is a subaffinoid, we let Uy
denote the endomorphism of My = M ®euy O(U') induced by U.
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Proposition 2.3. Given any A € U(L) and any h € Qxo, there exists an admissible L-
affinoid neighborhood U C U of A such that My admits a slope < h decomposition
with respect to Uyp.

Proof. When U is a point, i.e., O(U) is a p-adic field, then this is proven in [50,
Lem. 2.3.13].

By [22, Prop. 2.3.3] applied to the orthonormalizable Banach @ (U)-module M,
endowed with the compact endomorphism U, : M,, — M,, there exists an L-affinoid
neighborhood U’ C U of A such that M, - admits a slope < & decomposition with
respect to Uy, qu as Mnfql, &) M;%, Since the Fredholm determinant det(1 — x - U, | M},)
is independent of n (see [13, Lem. 2.7]), one can take the same U’ for all n. Passing to the
limit we obtain a direct sum decomposition My = lim M nfql, &) l(ln M n> %,. It remains to
see that this is a slope < & decomposition. Since the endomorphism U is compact, apply-
ing exactly the same steps as in the proof of [50, Cor. 2.3.4] shows that the natural maps
Mnf%, - M Sftl,‘l,(’ are all isomorphisms, hence M‘iﬁ ~ Mnsgl, is a finitely generated

n

Banach @ (U’)-module for all n. L]

Let K C G(Ay) be an open compact subgroup satistying (1.1) and A C G(Ay) a
semigroup containing K. Given a Fréchet O (U)-module M as above, we suppose that it
is endowed with a continuous left action of A such that (1.2) holds, and we let M denote
the associated sheaf on Y (see §1.2).

Proposition 2.4. Suppose that x € A induces a compact endomorphism on M. For
A€ U(L) and h € Qx¢ there is an admissible L-affinoid neighborhood U’ C U of A
such that H (Yg, M) admits a slope < h decomposition with respect to the Hecke
operator [KxK].

Proof. By Proposition 2.3 there exists an admissible L-affinoid U’ C U containing A such
that Mq admits a slope < & decomposition with respect to the endomorphism induced
by x. By [2, Lem. 2] the cohomology H? (Yk, M) can be computed by a bounded complex
RIS (K, My) whose terms are compact Fréchet O (U’)-modules on which the Hecke
operator [KxK] acts compactly. Thus RIS (K, My;/) admits a slope < & decomposition
with respect to [K xK| and the proposition follows from [22, Prop. 2.3.2]. ]

Definition 2.5. Let (U;);e; be a family of @(U)-linear endomorphisms of an O (U)-
module M. Given hy = (h;)ier € Qéo we let M=h1 denote the subspace consisting of
elements having slope < h; with respect to U; forall i € 1.

We fix S C S, such that K, C Is. When condition (1.2) is satisfied by (k, w), it is
also satisfied by all weights in Us C X sufficiently small containing (k, w), yielding a
sheaf Dg g on Yg.

Considering the family (( % %)), s of mutually commuting endomorphisms of
Dg s and applying Proposition 2.4 to their product, which is compact, has the following
consequence.
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Corollary 2.6. For any hs € ng and any cohomological weight (k,w) satisfy-
ing (1.2), there exists an admissible affinoid Us C Xs containing (k,w) such that
H? (Y. ;’Ds,us)fhs is a finitely generated O(Us)-module, where the slope condition

is with respect to the family (Ug, )ves.

2.4. Classicality
For S C S, and K C G(Ay) as in §2.3, the map resulting from (2.9),

ds t Hy (Yk, Ds,em) — H Yk, L (L)), 2.11)

intertwines for v € S the Uz, -action on Hy (Y, Ds, (x,w)) With the action of the normal-
ized

Us, = ( I1 a(wv)(k”+w_2)/2> U, (2.12)

o€y
on HY (Yg, £/, (L)). We remark that the U -action is independent of w.

Theorem 2.7. Let hs = (hy)ves € Q3 be such that eyh, < minges, (ko — 1) for all
v € S. Then (2.11) induces an isomorphism of slope < hs subspaces in the sense of
Definition 2.5:

9s : Ho(Yk, Ds (ew)="S — Ho(Yk, £}, (L)="S, (2.13)

where we consider {Ug, , v € S} on the left hand side and {U, ,v € S} on the right hand
side.

Proof. If § = S, then this follows from [3, Thm. 8.7]. For a general S we will use a
partial version of the locally analytic BGG resolution. For ¢ € ¥ the image of (k, w)
by a generator of the Weyl group of G, yields a cohomological weight (K¢, w), where
kJ =2 —ky and k7, = ko for all 0’ € ¥\ {o}. The restriction to Ag ) of the map
introduced in [50, Prop. 3.2.11] yields an /g-equivariant map Og 5 : As,k,w) = A5,k ,w)>
whose dual ®\§,a : Dg (ko w)y = Ds,kw is Is-equivariant as well. From loc. cit. the
cokernel of the map

Y 0%, B Ds.owy > Dsem (2.14)

geXg geXg

is given by the continuous dual of the subspace of locally algebraic functions in Ag k,w)-
The proof of the theorem then proceeds exactly as in [3, Thm. 8.7] using the fact that the
finite slope parts of the cohomology of algebraic and locally algebraic distributions coin-
cide (see [50, Lem.4.3.8]), and the following computation for v € S and u € Dg (ko w):

—ko v .
Vo). )z{wv ! ZZ(; ?)'@g,a(u) ifo € 3y,

S, .
oot 0 0)- 0¥, (1) ifo € Xs\ Ty.
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Remark 2.8. The map (2.14) is a locally-analytic analogue of Lepowsky’s generalized
BGG resolution for G relative to the parabolic subgroup given by GL, at the places out-
side S and the upper triangular matrices at the places in S (see [29, Thm. 4.3]). On the
other hand, in [31] the author uses the general Lepowsky generalized BGG resolution
to prove classicality results for his construction of eigenvarieties for reductive algebraic
groups whose real points are compact modulo their center.

2.5. Axiomatic control and freeness

We will generalize a strategy due to Hida, establishing an exact control theorem and free-
ness results of the overconvergent cohomology and the Hecke algebra acting on it. The
motivating principle is that while, in general, one cannot establish torsion-freeness for
cohomology, this can be done when the cohomology is supported in a single degree. We
begin with an adaptation of [24, Lem. 7.1] to the setting of analytic families.

Let A be a regular local ring with maximal ideal m and let € be a subcategory of the
category of A-modules such that if M is in € and [ is an ideal of A then M ®4 A/ is
also in €. Henceforth #* will denote a cohomology functor on € such that

(i) J¢° sends short exact sequences to long exact ones, and

(i1) H*(M) is a finitely generated A-module for every M in €.

Lemma 2.9. Suppose M in € is A-flat and #H*(M ®4 A/wm) is supported in degree d.
Then

() H°*(M) is supported in degree d and H¢ (M) @4 A/m ~ HI(M Q4 A/m),

(i) H(M) is A-torsion-free; in particular, if A is a discrete valuation ring then H? (M)
is a free A-module of rank dimy /y HEM ®4 A/m).

Proof. Let Ty, ..., Ty be aregular sequence in A and consider the filtration
10 ZOC 11 = (Tl) C 12 = (Tl,Tz) c---C Ik = (T],...,Tk) = 1m.

For i # d we will prove by descending induction on r that #* (M ®4 A/I,) = 0. The
base case r = k follows from the hypothesis. By flatness, we have a short exact sequence

0> M®A/, s M® A/l — M®A/I, — 0.
The corresponding long exact sequence yields an injection
H(M @ A/1r—1) @ajr,_, A/l = H' (M & A/I).

By the inductive hypothesis we have ' (M ® A/I,—1) ®a/1,_, A/I, = 0. Since the
A/I,—1-module #'(M ® A/I,—y) is finitely generated, Nakayama’s lemma yields
HI(M ® A/I,_;) = 0. Finally, let i = d. The long exact sequence and the vanishing
result in degree d + 1 yield

HEM @ A/I—1) ®aj1,_, A/l ~ HY (M @ A1),
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and concatenating these isomorphisms for 1 <r <k yields part (i). For (ii), note that it suf-
fices to show that #¢ (M) has no T'-torsion where the non-zero divisor T’ can be assumed
to be T . The arguments of (i) imply, by descending induction on r, that multiplication by
T, is injective on #¢(M ® A/I,_1). The case r = 1 shows that multiplication by 7 is
injective on #¢ (M) as desired. Finally, when A is a discrete valuation ring the module
H4 (M) is free of rank

dimyg/m H4(M) @ A/ = dimy )y H(M @ A/wm). "

We will now apply the abstract paradigm of Lemma 2.9 to the setting of overcon-
vergent sheaves and Hecke algebras. The rigid localization of an admissible L-affinoid
U C X atapoint A € U(L) is defined as O(U),, = lir—%e‘wcu O(U"), where the limit
is taken over all admissible open subaffinoids U’ in U containing A. It is a local ring
which contains the algebraic localization of @ (U) at the maximal ideal m) at A. For an

O (U)-module ¥ we let

Fr=F @ow OWx = lim (¥ @ow oU)). (2.15)
AeWcU

Lemma 2.10. Let ¥ and § be finitely generated O(U)-modules. If there exists an
O (W), -linear isomorphism F), 5 G), then there exists an admissible open subaffinoid
U’ C U containing A such that F @@y O(U') ~ § Qo) O(W). In particular, if F,
is free over O(U),, then there exists an admissible open affinoid U C U containing A
such that ¥ @y O(U') is O(U')-free.

Proof. Suppose fi,..., fu generate ¥ as an O(U)-module. Let ¢ : ) — &) be the
given isomorphism. The map ¢ is uniquely determined by the elements ¢ ( f1), ..., (far)
€ G,. Let U’ be an admissible neighborhood of A in U over which the elements ¢ ( f;)
are all defined. By @O (U’)-linearity we get a homomorphism ¢ : ¥ ®@u) O(U') —
g Qo O(U'). Since @(U’) is noetherian, ker(¢q) and coker(¢qy) are finitely gen-
erated O (U’)-modules, whose localizations at A vanish. It follows that, by shrinking U’
further, one may ensure that generators for ker(¢;/) and coker(¢q;/) vanish, proving that
¢ is an isomorphism. The last statement follows by taking § to be the free O (U)-
module of rank equal to the rank of ¥} . ]

Our final abstract lemma is an application of Lemma 2.9 to rigid spaces. Fix § C §,.

Lemma 2.11. Let A = O(U);, where U C X is an admissible neighborhood of A,
and suppose that H*(Dsg ;) is supported in degree d. Then, after possibly shrinking U,
HA(Ds,u)a) is O(U)free.

Proof. Since (Ds,y)x is O(U),-flat, Lemma 2.9(i) yields an isomorphism of @ (U),-
modules Jé’d((ﬂ)s,u)x) ®o), L = J{’d(i)g,;t). It then follows from Nakayama’s
lemma that the module # d((éDs,u) 2) can be generated over O(U), by r =
dimy, J(’d({DS,,{) generators my, ..., m,.
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Suppose there exists a relation fim; + ---+ frm, =0with f1,..., f, € O(U), not
all 0. Then, for example, f1 € O(U’) \ {0} for some closed polydisc U’ C U contain-
ing A. Since f] is analytic, there exists a 1-dimensional disk 'V C U’ such that the image

of f1 in O('V) is non-zero, yielding a dependence relation between m, ..., m, over the
discrete valuation ring O ('V),. This contradicts Lemma 2.9(ii) since the @ ('V),-rank of
H(Dsy ®O(V);) wouldbe < r — 1. [

2.6. Etaleness at non-critical points

Our main interest is in compactly supported cohomology, which is not supported in
middle degree. To account for this, we will localize at the maximal ideal defined by 7
and will obtain etaleness at non-critical points in both full and partial p-adic families.

Let S C S, and let 7g = (7, {vy}ves) be a regular S-refinement of 7 (see Defini-
tion 1.3).

Henceforth we let K = K(7s, u) (see Definition 1.7). By Corollary 2.6 for any
hs € QS 2o there exists an L-affinoid neighborhood Us of (k,w) in Xs such that
H?(YK, JDS,uS)<hS is a finitely generated O(Us)-module. Since @(Ugs) is noeth-
erian, the O(Ug)-algebra TSS,}‘&SS, generated by the image of Tg (see Definition 1.6)
in Endoug)(H? (Y, Ds us)="S), is finite. For any subaffinoid U’y C Us contain-
ing (k,w) consider the maximal ideal of Ts ®k 4 O(U) generated by mz¢ and by

mx,w) and, by an abuse of notation, let mz¢ denote its image in TS as well as the

S Cu/ 9
corresponding maximal ideal of the rigid analytic localization (T2 s, u, 5 Vi) (see (2.15)).
The rigid localization of Sp(T SS}{{SS) at the point 77 g corresponding to the maximal ideal
mz, CT 5}‘&55 is given by the limit
<h ~ T
(T547)7s = lim O(V)
g€V
over all admissible neighborhoods V of 7s in Sp(Tg; <h5 ) The weight map « :
Sp(Tg'y; <hS ) — Ugs induces a ring homomorphism (9(‘us)(k w) — (T ),,S More gen-

<hg

S -module ¥ we let Fz; = ¥ ® <hS (Tg US)”S' The natural map

erally, glven a T

Faew) = Fzg mduces an isomorphism
(Flew)mzg — Fig- (2.16)
Definition 2.12. We say that 77 is non-critical if the mz-localization
195 . H;(YK, @S,(k,w))mﬁs — H;(YK, :E]\é,w(L))mﬁS

of (2.11) is an isomorphism. When § = §, we let Ty, = Tsp,usp and will say that 77 is
non-critical.
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Theorem 2.7 applied to hs = (hz,)ves (see Definition 1.8) has the following direct
consequence.

Corollary 2.13. If s has non-critical slope, then T s is non-critical.

The main result of this section is the following control and freeness theorem for com-
pactly supported cohomology. Fix a character € of {£1}*.
Theorem 2.14. Suppose that Ts is non-critical. Then, after possibly shrinking Us C X :

(i) HZ(Yk, @S,‘lls)%s is a free O(Us)k,w-module of rank 1 and is supported in
degree d.

(ii) The weight map « : Sp(T ) — Ug is etale at T, i.e., there exists an irredu-
cible component Vs of Sp(T ) containing Ts such that k : Vs — Ug is an
isomorphism of affinoids. Moreover H? Yk, Ds,us)® =hs @ pshs O(Vs) is sup-

ported in degree d and is free of rank 1 over O(Uy). s

(iii) For any cohomological weight . € Uy, k=1 (1) € Vs corresponds to a non-critically
S-refined weight A cuspidal automorphic representation 7 s of G(A).

Proof. (i) By non-criticality and cuspidality,
HZ (Yk, D, k) = Hy (Y. £} (L)%

is supported in degree d and has dimension equal to dim(nK )m”S = 1 (see Lemma l 4).
Applying Lemmas 2.9(i) and 2.11 to the cohomology functor H*(—) =H (Y. — s
shows that

HE (Vi (Ds.us) tea)inz . — He (Vi Ds.ug )

is also supported in degree d and is O (Us )k w)-free of rank 1 (see (2.16))

(ii) It follows from (i) that the natural map O(Us)xw) — (Ts,ug)7s is an isomor-
phism and that H? (Yx, Ds,u S)%S has rank 1 and is supported in degree d. Both claims
then follow straightforwardly using Lemma 2.10.

(iii) After shrinking Us, we may assume that any cohomological A € Ug \ {(k,w)}
is non-constant, i.e. k; # 2¢, and such that e, hz, < mmgegv (kxo—1)forallveS.Let
m C T be the maximal ideal corresponding to the map T's — T<h5 - 0O(Vs) > L
induced by «~1(1). Using the same abuse of notation for mt as we d1d for mz, (see the
paragraph above (2.16)), (ii) yields an isomorphism

H; (Yk. (Ds,ug)i)m

= H(Yk, Ds,ug)="5 ® TEhs O(Vs)e-1y = Hi(Yk. Ds,us )1y
S
of free O(Ugs),-modules of rank 1 supported in degree d. By using the long exact
sequences from the proof of Lemma 2.9 for the functor #°(—) = HZ(Yx, —)%,
one can perform this time an ascending induction showing that the L-vector space
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H? (Yx, Ds )5 is 1-dimensional and supported in degree d. The non-critical slope
assumption on A implies, via Theorem 2.7, that

HY (Yk. Ds.0)% — Hi(Yk. £ (L)),

is concentrated in degree d and is 1-dimensional, and therefore ¥ ~!(1) corresponds to
a non-critically S-refined automorphic representation 7, s of G(A) of weight A (see
Corollary 2.13). Finally, ; is necessarily cuspidal as otherwise it would necessarily be
an Eisenstein series and contribute to the usual cohomology in all degrees between d and
2d — 1, hence in all degrees between 1 and d of the compactly supported one (see, for
example, [34]). [

Remark 2.15. Our construction of partial eigenvarieties will be crucially used in §7 for
the calculations of higher order derivatives of p-adic L-functions. In the literature we
find other examples of the use of partial eigenvarieties in arithmetic applications. For
example in [27] the authors use partial eigenvarieties for definite quaternion algebras to
study the parity conjecture for Hilbert modular forms. Another example is [15] where
partial eigenvarieties for definite unitary groups are used to attach Galois representations
to conjugate self-dual automorphic representations of GL, over CM fields.

3. Automorphic symbols and p-adic distributions

In this section we use the automorphic cycles introduced in [18] to construct, for any
ideal f C OF supported in S C S, natural evaluations on the cohomology of the Hilbert
modular variety with general coefficients, and show that they satisfy certain distribution
relations as f varies. When applied to a finite slope Up-eigenclass in overconvergent
cohomology, the construction yields a distribution of controlled growth on Gal,s, in a
canonical way, i.e., independent of choices of uniformizers or representatives in idele
class groups. This will allow us in §4 to attach p-adic L-functions to nearly finite slope
families of Hilbert cusp forms, generalizing [2].

When the support of the ideal f is small, a case not previously considered, the relations
established when S varies will be used in §4.3 to construct partially ‘improved’ p-adic
L-functions.

For S € S, our construction allows us to attach to a family Vg S Usg containing
a non-critical S-refinement 7s (see Theorem 2.14), a rather mysterious @ (Ug)-valued
distribution on Galgo.

3.1. Fundamental classes and automorphic cycles

For an ideal f the d-dimensional open manifold X f+ = E(f) \ FZ* is orientable with
orientation induced by an orientation on F*. The Borel-Moore homology H?M (X]:r )

can be computed as the relative homology H; (7;r , 7; \ X ;r ) where 7; is the two-point
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compactification of Xf"' [18, Def. 1.5]. Wheni = d, HSM(X;') ~ 7 and one can choose
a fundamental class 65 = [X f+ ] € HSM(X f+ ) in a compatible way as { varies, such that
for all f | ' the finite map 7 : X ;,r - X f+ induces a commutative diagram

~

HEM(X:) Z
* H\n* idH[E(f):E(f/)]'

In top degree the map HEM(X;”) — Hf(X;r)V sending 6 to ¢ > ¢ N8B = [, cisan
isomorphism. When d > 2 one has HSM(X:) =Hy (Y;F,Y;_ \ Xf"') ~Hy (Y:) We let
Xy = AR /F*U).

For any n € A% f representing a class 1] € CKZ;(T) =~ mo(X5) we denote by Xj[n] the
connected component of Xy attached to [7]. The map X ;‘ 2x 7 [n] yields an isomorphism

HEM(X f+ ) 2 HEM(X+[n]) independent of the choice of the representative 7. Hence 6y
yields a fundamental class

0s 1 = 1+ (65) € HEM (X [n]). G.1)

In this entire section S C S,, f C OF is an ideal supported in S and K C G(Ay) is an

open compact subgroup containing (U (()f) E‘)\IF ) such that the image K, of K in G(Q)) is
contained in /g.
We define the automorphic cycle of level T as

Corx = Xs = Yi, v [(3 DT V)]

which is a well-defined, continuous, finite map (see [19, Cor. 1.23]). When K is clear
from context it will be dropped from the notation of the automorphic cycle.

3.2. Evaluations

We will axiomatize and generalize some constructions from [18] and [2] on the evalu-
ations of automorphic cycles on the cohomology of the Hilbert modular varieties.

Let M be a left Ag-module (see (2.4)) and let M be the sheaf on Yk attached as
in §1.2 to M on which K acts via K, C Is C Ag. The pullback by Co; induces a
homomorphism

Cpre t HE (Yk. M) — HE (X5, C M), (3.2)

Since (77 )(z (“_l)ifwf_l ) = (49)(5 ) one sees that Cx M is the sheaf of
locally constant sections of the local system

C;TM = F*\(AF x M)/U(f) — Xj, (3.3)

where & (y,m)u = (§yu, ('é (”_1)1””{1 )_1 -m)for§ € F*,y €A%, meM andu € U(f).
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Let M5 be the sheaf of locally constant sections of the local system
FX\(A% x M)/ U(f) - X;, (3.4)

where & (y, m)u = (§yu, (¥ ‘1))_1 -m) for§ € F*,y € Af,m € M andu € U(¥).
wi 1§

Since the image of ( o 1

) in G(Q,) belongs to Ag, one can consider the map
AfxM —> AL xM,  (y.m) (y.(7717)-m).

which sends the local system (3.3) to the one from (3.4). The resulting homomorphism of
sheaves twqy; : C,’;feM — M;s over Xy yields a homomorphism of cohomology groups

tWary : HE (X5, C b M) — HE (X5, Ms). (3.5)

Let Mg ) denote the E(f)-coinvariants of M. Consider the sheaf M g (s attached to
the local system F*\(A% x Mg))/U(f) with & (y, m)u = (§yu, (* 1)_1 -m). There is
a natural map

COian : Hg (Xf, Mf) — Hg (Xf, ME(f)).

Trivializing the sheaf M g sy requires choosing a representative 1 € A;, f of [n] € ‘ﬁﬁ; ).
Then

trivy : Xi[n] X Mgy = (Me@)ixsm.  (@nueot,m) = (anueou, (¥~ ) - m),
is an isomorphism of local systems yielding the desired trivialization map
rivy : HE (X5 [n], M) — HE (X5[1], Z) ® M),

Capping with 05 [,,) from (3.1) yields an isomorphism H‘Ci (X5, Z) ® Mg ~ MEg).
We define
eV, (M) = (= N b5 () o trivy o coinvf o tWey; 0 Cpp g H? (Y, M) — Mg ).
(3.6)
Where M is clear from context we will drop it from the notation of the evaluation map.
n

Lemma 3.1. The evaluation maps eV are covariant in M, in the sense that if ¥ :
M — M’ is a morphism of left Ag-modules then ¥ o ev’z'gf (M) = evrz’}ff (M) o .

It follows from (2.12) that there is a commutative diagram

.w.((2—w)t—k)/2‘evr1wf (DS,(k,w))

HY (Y, Ds kw)) (Ds,(kw) EF)

ﬂsl lﬁs (3.7)
e (LY (L)

HY (Y. £) (L)) LY (L)Eg)
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Lemma 3.2. For n € A},f, u e Uf) and ' € F*nuFX" we have eV"w/f = (”Zl 1)

. ev"wf.

Proof. By (3.0), it suffices to check that triV;, = (id ®( up! 1 )) . triv;. This follows from

the fact that triv, (y, m) = triv, (y, (";] 1) . m) |

Lemma 3.3. Ifv |f then for all § € O) we have ev"wfb, = eviy; 0 Us.

3.3. Relations

We will prove a fundamental relation between the evaluations defined in §3.2, which will
later be used to prove an interpolation property and a growth property of certain p-adic
distributions on Galois groups, as well as a relation between the corresponding p-adic
L-functions and their improved counterparts.

Proposition 3.4. For v € S let pry,, 5 ‘Kf;(fv) — CKZ;(T) be the natural projection.
Choose a representative 1 € A%, 1 Jor ] € CKK'F"(]‘) and for each [8] € prf_vlf([n]) let
§ € A% and us € U(F) be such that § € F*nug FE*. Then

S e, = [OheUn it
1 Wiy n wy 0 nwy

[81eprr, +([n]) Vi 0 U, — (30 1) eviy ' if v t .

Proof. We first recall the definition of Ugy,. Let y = (% 9) and consider the natural
projections pry : Yg,w) — Yk and pr, : Ygo(,, — Yk where K(v) = K N yKy~" and
Ko(v) = K Ny~ 1Ky. For clarity we will denote by Mk the local system on Yk, in

which case pri Mg = Mk, ) and pr; Mg = Mgo(,y. Define
Us, = Tr(pra) © [y] o prf : H (Yie, Mic) — HE (Ykc, Mic), (3.8)

where [y] : H‘ci Yko)» MKow)) = H‘ci (Yko(v)> Mgo(y)) is induced by the morphism of
local systems given by (g, m) — (gy~!,y - m) (note that the image of y in G(Q,)
belongs to Ag), pry : Hf(YK, Mg) — H‘c" (Yko(v)» MK, (v)) is the pullback, and Tr(pr,) :
Hf (Ykowy> Mgow)) = H‘c" Yk, p2x prs Mg) — Hf (Yk, M) is the trace attached to the
finite map pr,.

We will now define analogous maps on Xs. The map

Error Ko = Yooy B (3T )]

is well-defined since for all £ € F* and u € U(fv), we have (’(‘) (“_l)llfvwf_l ) € K°(v)
and

_ —1
A (AR N C 4 [E S [ AR (G ] (3.9)
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Case 1: v |f. Inthis case 15, = 15. Denoting by - y the right translation, one checks that
the following diagram commutes:

pr "y pr
Yg ~———— Yo Yo ) . Yk
Coy [ éf‘KO(v)T wav’Ko(v)T [\CWTU-K (3.10)
Priy,f
Xy <——— Xy Xty Xty

We consider the local system C;:KO(U)M = F*\(A% x M)/U(fv) on Xj,, where

u € U(fv) acts on M by ('(‘) (”_l)ifwf_] ). Since

_ -1 _ —1
(% D Oy = (3 ) ()

)

one has a morphism of local systems

Co kM =Cr koiyM = Cigoy:  [om] e [(3. (5 1) -m)].
inducing a homomorphism on the cohomology:

[@v] : HY (X0, i oy M) = HE (X5, €

*
f,KO(v)‘M)‘

Pulling back the Uy, defined in (3.8) by the vertical maps in (3.10), and noticing that the
etale maps pr, and pry, ¢ have the same degree, yields a homomorphism

@, = Tr(pryy 5) © [@] :
HY (Xpy, Cor g M) = HE (X5, Ci e (9 M) = HE (X5, Cin M) (B.11)
Next, we pull back the Uz, action by the twisting operators. By (3.9) and the fact that

(wf 11f )( 1 —lff’f_l ) = (wf ) ) belongs to the torus, we have a morphism of local systems

w5 1 CRog i M = Mo, (vom) > (v, (77 ) -m).
Moreover, as v | f we have
(o5 =0T,

hence the diagram

(] ~ Tr(pry )
HY (X50, Cyo M) HE (Xt0, €7 ko gy M) HY (X5, CE M)
twfvl l[;vf lmf (3.12)
d d Trerio.d)
Hc (vaa va) =Hc (vav va) Hc (va‘/%f)
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is commutative. Taking coinvariants yields

@[a]epr;vl_f([y,]) H? (X5o[8], Mg (50) —— H‘ci (Xs[nl, ME())

@trivzl trivy,
a(" )
B HE (X0 [8) ® Mpy) ——————HI(X;[0) ® Mgy (3.13)
©—Nbsy.[5] j —N6s, [
(ms) 517> 2151 M5]
Bisteprs, s () MEGv) M)

where the map Mg 5,) — ME(s) is the canonical projection. The commutativity of the
upper square follows from the proof of Lemma 3.2, while the commutativity of the bot-
tom square follows from the compatible choice of fundamental classes 65 [, and 65, 5]
in §3.1. The proposition then follows from (3.6), (3.12), and (3.13).

Case 2: v t f. The extra term comes from the fact pry,, ; has degree 1 less than the degree
of pr,. Instead of (3.10) we consider the commutative diagram

pra 4 pry

Yk YKO(v) YKO(v) —>Yr
waT wa'KO(U)Taf,KO(v) wa'KO(U)Twav-KO(U) Csz[\wav,K (314)
idUpry,y, . i
Xf#)(f UXfULIM)Xf I_Iva=Xf I_Iva

As in (3.11), pulling back the Uy, defined in (3.8) by the vertical maps in (3.14) yields

Wiv,

U, = Up1 + Uy : HE (X5, Cop M) @ HE (X5, Cor e M) — HE (X5, Cip M),

where U,  is given by the same formulas as Uz, in Case 1, whereas U,,,; comes from the
map (y,m) — (wv’ly, (w” 1) m) Applying coinvi o twq; to both sides of the map Uy, 1,
one completes the proof by checking the commutativity of the diagram

Uy
HY (X5[nwy], Me()) ——= HE (X5[n]. Mee))

(—nts[an])otriv;wv L l(—mf),c![,,])otrivi;

(")

MEg ) MEg ) =

Remark 3.5. This proposition completes and generalizes [2, Lem. 5.1]. The second part
of this proposition generalizes [21, Prop. 5.8(i)] used to obtain a relation between the
standard and improved p-adic L-function in the context of modular curves. Such relations
will be vastly generalized in Proposition 3.17.
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3.4. Distributions on Galois groups

The evaluation map ev"wf (M) constructed in §3.2 depends on a representative 1 € A;, !

of the class [] € ¥¢ . (f) and on the choice of uniformizers. In this section we will focus
on the case where M = Dy (see §2.2), with U an L-affinoid of the weight space X
(see §2.1), and produce distributions on Galois groups which are independent of the above
choices. These in turn will be used in §4 to construct p-adic L-functions.

By class field theory, for any integral ideal f supported in S, there is an exact sequence

1 = U(f),/EF) — Galpoo — €LHF) > 1, (3.15)

where U(f), = (OF ® Zp)* N (1 + f(OF ® Zp)) and E(f) is the p-adic closure of E(f)

in U(f),. We have (D) g5 CHomg ) (A‘lEl(f), O(U)), where A‘lELm consists of f € Ay

such that f| (e ) = f forall e € E(f) (see Definition 2.2). As in [2] we define an ‘exten-
1

sion by zero’ morphism

((59))y f(2) ifz € UM),.
0 if z ¢ U(T),.
(3.16)

AUMR/ED,0W) - Ay, [ @) = {

Dualizing, we get a map (Du)ei) — D(U(f)p/m, O(U)), which we denote by
g e

Let Galyoo[n] denote the pre-image of [n] € (ﬂ; (f) in Galpeo. Multiplication by the
image of n € A;’ f in Gal,o under the Artin recipocity map yields a bijection

ly: U(f)p/m = Galpoo[n], up = niz(up). (3.17)

Dualizing, we obtain a map ¢y : D(Uf),/E{), O(W)) > D(Galpoo[n], O(U)). Expli-
citly, forall € D(U(f),/E (). O(U)) and f € A(Galpoo[n]. O(U)) we have (1F . f) =
(1, f oty).

Lemma 3.6. The following map does not depend on the representative 1 of [n] € CKK'F" (f):

eVl = ¥ o evlX : H (Yi. Dy) — D(Galpoo[n]. O(W)). (3.18)

We omit the proof, which is a consequence of Lemma 3.2. The following result shows
that when v divides f for all v € S, the passage to ev%: does not make one loose inform-
ation.

Lemma 3.7. Given ® € HY (Yx, Dy), one has eviy (®) € (7T llf) - Dy. In particular,
forany f € Ay one has (v (®), f) = (evir; (D). fl1450r02,))-
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Definition 3.8. We define
evor = @ vl : HI (Yk. Du) — D(Galpoo. O(U)).

mlestf ()
(evay, f) = Z (CVEg]f’ JiGalpoon))-
mlestt ()

Proposition 3.9. Let 5] € ‘ﬁ; (f). Then for any v € Sp, we have

ev[zg]f oUgym, = Z evgf,]fv and Vg o Up, = eVey, .
[8lepry, ([

Proof. Let® e Hf(YK, Dy) and f € A(Galpoo, O(U)). Using Proposition 3.4 it suffices
to show that (¥ ;) - evay; "(®). (f ©ty)*) = 0 when v 4 f and {(" 1)ev‘i.,fv, (f o))
= (evfm ,(f o)) forall v, where § € F*nug FXt and ug € U(f) are as in Proposition
3.4. The former follows from (3.16) since for all u, € U(f), we have (f o t,)*(wyup)
= 0. The latter follows from the fact that if u,, € U(f), then applying Definition 2.2 and

(3.16) we get
(Fom |1y =((5" o (f o) Gsip) = {(*7 DS 0 ) stp)

Z((up 1))‘uf(”8’7”p) = ((u,, 1)>uf(5”p) = ((u,, 1))u(f018)(“p) =(fous)*(up). =

Suppose that ¢ € Hf(YK, Dyy) is such that Uy @ = a?@ with a? € O(U)*. By
Lemma 3.3,

ev(®) = (0f) ' eV (P) € D(Galpoo. O(U)) (3.19)

is independent of the choice of uniformizers and by Proposition 3.9 it is independent of {
as well.

Our final result in this subsection concerns the growth of the distributions ev(®) on
Galpeo. This will be used in §4 to uniquely characterize by interpolation property the p-
adic L-functions attached to non-critical nearly finite slope Hilbert cusp forms. Using the
notations from §2.2, A(Galpee, @(U)) is a union of orthonormalizable Banach O (U)-
modules A, (Galpoo, O(U)), n € Zxp, and D(Galpeo, O(U)) = 1(£n D, (Galpeo, O(U)).
The restriction of y € D(Galpoo, O(U)) to Ap(Galpeo, @(U)) belongs to the orthonor-
malizable Banach @ (U)-module D, (Galyoo. @(U)), and its norm is denoted by ||| .
The following definition generalizes the notion of growth introduced by Amice-Vélu and
Vishik (see [2, Def. 4.1]).

Definition 3.10. We say that a distribution u € D(Galyoo, O(U)) has growth at most
h € Qs if there exists C > 0 such that for each n € Z>¢ we have ||u|, < phC.

Proposition 3.11. Suppose ® Hf (Yk, Dy) is such that Up ® = ay @ with oy € O(U)*.
Then ev(®) € D(Galyoo, O(U)) has growth at most hyp, where hy, is the p-adic valuation
of ap.
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Proof. This is proved in [2, Prop. 5.10] when U = {1}. Recall that from [50, Lem. 3.4.6]
we know that there exists m € Zxq such that the universal character (Y is m-locally
O (U)-analytic, and we may further assume that K D (U(Pm) O ) Let O(U)° C O(U)
be the ring of rigid functions bounded by 1 and denote by D° the @ (U)°-lattice in
the @ (U)-Banach space Dq . After rescaling ® we may ass{lme that its image ®,,
under the natural restriction map belongs to H’Ci (Yk, "{D‘(l),l,m)' By (3.18) and (3.19) for
f € A, (Galpoo, O(U)),

(@p)" - ev(®). f) = (evap(®). f) = D (e u(®).(f 01p)).

(et} (p™)

In view of (3.16) and the fact that |(7T(Z,))ulp = 1, to prove the proposition it suffices
to bound [(ev’ , (®), g)|, for each g € Aﬁ(,f ) such that ||g||, < 1, for all n > m and
14 >

n € A% .. By Lemma 3.7, there exist u € (Dy)g, and u' € (D3, )g,, where E, =
F.f y n U,m’En
("_g’l 11,,)—1(5(511)?)(1%;,1 11’) C K, such that ev” ,1(d>) ( “p P)-uandev”,,(@,,,):

(a;!’ p ) w'. By functoriality of the evaluation maps (see Lemma 3.1), i and " have the

same restrictions to (A‘ufm )| (w;' 1

0 1

W also agree over (A?El(fl’ ))‘(wg 1,\- Thus, if g € AE(” ) is such that ||g|» < 1 then
0

). Using this, a direct computation shows that © and

[(ev,n (®).8)lp = (77 7)) - 1e.g)|, = 1. 8|5 ) Mp=1(1', 8|(= )Ip_ =

17

3.5. Distributions evaluated at norm maps

To compute higher derivatives of p-adic L-functions at central trivial zeros we need to
construct partially improved p-adic L-functions. These will be obtained by evaluating
the distributions ev"wf(Du) on certain partially polynomial functions in Aq; for certain
well-chosen subaffinoids U of X. The improvement comes from the fact that if { is only
divisible by certain primes above p, then the support of ev?vf(Du) need no longer be
contained in (Or ® Z,)™ (see Lemma 3.7). Part of the construction will also be used to
attach a new kind of p-adic L-function to the partial families from Theorem 2.14.
Given an L-affinoid U C X containing the cohomological weight (k,w) and a subset

S C Sp, welet Us = U N X (see Definition 2.1). Henceforth we fix an integer r such
that

) w—2+ks

joi=r—1+ — >0 forallo € Xg,\s, (3.20)

and for zg,\s € OF s,\s We let zgp\s = ]_[Uesp\s [loes, 0(zy)77 . For the remainder of
this section we will only consider ideals f C @ whose support in contained in .S. We let
E(f) denote the p-adic closure of E(f) in U(f)s = O ¢ N (1 + fOF,s). Similarly to
(3.16) one considers the map

AU)s/E), 0(Us)) — AE“), e [
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where for z = (zs, zs5,\s) € OF,s X OF s5,\5,

f(ZS)'Zg‘p\S'HUES((ZU 1))u5 NF,jo,(#v) ifzs € U(D)s. (3.21)
0

ifzg ¢ U(f)s.

Dualizing we obtain a map (o@‘ug)E(f) — D(U(f)s/E(f), O(U%)), denoted 11 — M?,r
Note that for all v € S, \ S and z,, € O one has

[T oo ={(* J)ugNg;@p(Z”)'

o€eXy

fSX,r(Z) = {

Definition 3.12. We say that r € Z is S-critical for the cohomological weight (k, w) if

24k
05r—1+¥5k0—2 forall o € Sg,\s.

When S = @ we say that r is critical.

Remark 3.13. (i) The inequality (3.20) holds for any cohomological weight in X.

(ii) If r is S-critical for (k, w), then it is S-critical as well for any cohomological
weight in Xg. Furthermore if Ug C Xy is an L-affinoid containing (k, w), then for all
f € A(U()s/E(). O(Us)) one has [, € A5q)..

(iii) Note that r € Z is critical for (k,w) if and only if » — 1/2 is a critical point for
the L-function of an automorphic representation 7 of cohomological weight (k, w) in the
sense of Deligne. Moreover, the central point (1 — w)/2 is critical if and only if w is even.
Using (1.4) and (1.5) one checks that the space of linear forms on (L,\C”W(L))E(@F) has a
basis ;> u(z7) indexed by j = (k + (w —2)t)/2 + (r — 1)t, where r ranges over all
critical integers for (k, w).

Moreover
Pswo(folzs = zs\w)s, = Bsw o fs\wyr

for f € A(Uf)s\(vy/E(F), O(UY)) and v € S, where ds, : O(U) — @(U’S\{v}) is
the restriction map. Applying Lemma 3.1 yields

Vs o CVZT’C(DU/S) = ev”ww‘(Duig\{v;) o¥s,p. (3.22)

As in (3.17), for n € Afp’f, there is an isomorphism L; :DUM)s/E({), O(U)) =
D(Galsos[n], O(UW)).

Lemma 3.14. The following map does not depend on the representative 1 € A;, r of

[n] € CEE(F):

eVl = Dl o (vl )% ,] B (Yk. Dyy) — D(Galsoo[n], O(Us)).  (3.23)

@y
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Proof. Suppose ' € F*nuFX" withu € U(f). By Lemma 3.2 we have

<[:; °© (eanZTf)?S(',r’ f) = ((up 1)evnw/f’ (f ° [ﬂ)g,r) = <€Vnw/f, (f o Lﬂ)g,r’(l 1)>

up
Using Definition 2.2 and the fact that ¢, (up, -) = 1,y we find

f OLn)fs(‘,r|(l _1) = ((“1’ ))u/ f Otn)s Pup ) = chcl(“p)(f °‘n’)s s (3.24)

Up

hence (L:; o (ev‘)lYD'f),)S("rs f) chcl (up)(eVZD'f’ (f o LT)/)S r) chcl (up)( ’© (evnw'f)g’rv f)
|

The above lemma allows one to introduce the following notation analogous to Defin-
ition 3.8:
S H (YK, O{Du/ ) —> D(Galsoo,@(u ))

We first state a distribution relation extending Proposition 3.9, whose proof is very
similar and uses the single additional fact that fg", } (wu ) =O0forallv € S.
’ 1

Proposition 3.15. Forv € S let pry, 5 : ‘5@;(]‘1}) — ‘Kﬁ;(f) be the natural projection.
Then

— [61.r
oUyp, = Z V.S and evl 5 O U, = ev’

(8leprr,) +([n))

ev wWiy,S

The next result will be used in §4 to compare p-adic L-functions and improved ones.
Lemma 3.16. We have (evy, s .-) = (eVay, Alye' )

Proof. Note that ‘l,l’Sp = U. By definition,

f§,() = fX@)D for f € AU, /EM. O(W)).

Using (3.23) and Definition 3.8 we find that for any [f] € €+ #(f) and any f €
A(Galpeo[n], O(U)),

(VI f) = X D{evi. (f o 1)3, 1) = (ev0. (f 01)* (Xiye o 1)
= (evg'f’ fXCyC ). "
Finally, we relate the improved evaluations when S varies.

Proposition 3.17. For any v € S with v }  we have

(eVEZ];,rS\{U} otsy—Vsyo eV[ ) 0 Uy,

(o T o) onll

g€y
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where 1 Gal(s\{v})oo[nwv] BECIN Gal(s\{v})oo[n] and Vs : O(Uy) — (9(‘L{S\{v))
is the restriction.

Proof. Using

fSX\{U},r’(wv 1) = 1_[ U(wv)jafsx\{v},r and  yeye(@y)qy = NFU/Qp(wv)

geXy

we obtain

Koge {(52 ) - evaT? . (f 0 1) $\to).r)
_chcl(n) l_[ O—(wv)jg(evnw (fOLW)S\(U}r)

geXy

= 2 ) @I oy ) = a4y [T 0@ o e eV ).

oeXy

Since jo —r+1= %, Proposition 3.4 applied to the case v { | yields

chcr (m) <eVzZ]f’S\{v} oUg, — qr;_l 1_[ U(ZUU)(W_ZJ’_kO)/zL;U—levgfg\{rv} f>

oEXy

= (ev"wf oUg, — (7 9) e Vo' (f o ) §\qwy, )
= Z <(u5 1) : evww’ (f o L77)S\{v},r)’

[8]eprs,) ¢ (InD)

By (3.22) and a computation similar to the proof of Proposition 3.9 we obtain

- 51,
((us 1) -evaﬂ) odsy, (fo t'l)g\{v},r) = Xclycr(ﬂ) . ﬂs,v((ev[w]f:’s, ).
Finally, by Proposition 3.15 we find

Z z?s,voevglfrs—ﬂsl)oev ! goUg,. [ ]
[81epr, ¢ ([n])

Let ® € Hd(YK, i)cu/ ) be such that for all v € § we have Uy, ® = a; P with
oy € O(U)™. Letting ozf = [[pes ()™, where n, denotes the valuation of f at v,
the distribution

eV (®) = (af)'evh,, 5(P) € D(Galsoo, O(Us)) (3.25)

is independent of the choice of uniformizers (see Lemma 3.3) as well of the ideal { (see
Proposition 3.15). Lemma 3.16 and (3.19) then imply that

(ev’sp(cb),f) (ev(D), chc £y forall fe A(Galpoo,(Q(‘u’Sp)) = A(Galpoo, 9 (U)).
(3.26)
The following important consequence of Proposition 3.17 will be used in §4.3.
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Corollary 3.18. For ® € HY (Y, Dyy,) as above, let ay = oy [1,esx, o (wy) @& wko)/2,
Then for any continuous character y : Gal(s\{p})oo — (9(‘L(’S\{v})x we have

. . 9
(Ps,0(evs (@), x) = (eVig\ 1y (Ds,0(P)), X)(l - m)

4. p-adic L-functions

In this section we use the distribution valued maps from §3 to attach cyclotomic p-adic L-
functions to rigid analytic families of non-critically refined Hilbert cusp forms, which are
uniquely determined by an interpolation property (see Theorem 4.7). We also construct
improved p-adic L-functions, as well as ‘partial’ p-adic L-functions for families of S-
refined cusp forms, which do not appear to have been previously brought into light.

Let v be a cuspidal automorphic representation of G(A) of central character w, and
cohomological weight (k, w) (see Definition 1.1). Throughout this section we assume that
7, has nearly finite slope for all v € S}, except in §4.4 where we only assume this at
S & Sp. For T = (7, {vy}ves,) a (regular) non-critical p-refinement (see Definitions 1.3
and 2.12) we consider the neat open compact subgroup K = K(7, 1) C G(Ay) from
Definition 1.7 and the (p, u)-refined newforms ¢z o, , ¢5 g, from Definition 1.11.

4.1. p-adic L-functions for nearly finite slope Hilbert cusp forms

Let L/Qp, be a finite extension containing the image by ¢, of the number field E
from Definition 1.6. By cuspidality and non-criticality of 7, for each character € :
{£1}* — {#£1}, the basis p(bs au) of HquP(YK, £ (L)) .= H (Yk. £} (L)) -

(see (1.23)) lifts canonically to a basis ®% . of Hg Yk, D)) - having the same
Uz, -eigenvalue ay € L™, v € Sp. For f = [[, g, v we let

of =[Je)™. er=[ley". av=w(@) =0 [T o(@)® 2 @1

v|p v|p gED,

Consider the distribution ev(®% au) € D(Galpo, L) defined in (3.19). In order to
attach a p-adic L-function to 7 without missing Euler factors at u we need to also con-
sider the distribution CV(CD%’ Bu) € D(Galpo, L) using the other Hecke parameter 8, # oy
of my, (see Definition 1.5). We let

_ Guev(®5 ) — fuev(®5 )
L@H= Y T N
e{+1}E=>{+1} v h

Forany f € A(Galpeo, L), welet £, (7T, f) = L£,(7)(f).

By Proposition 3.11 the distribution &£, () has growth at most ) ,cg evhz,
(see Definition 1.8), and we will next show that it interpolates critical values of the
archimedean L-function of 7 and its twists.

€ D(Galyoo. L). 4.2)
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We let r be a critical integer for the weight (k,w) and j = (r — 1)t + W >0
(see Definition 3.12). As observed in Remark 3.13(ii) we have z/ € Lk,W(L)E(OF) -
Ak, (L)E©OF) Let Q% € C* be the period from Definition 1.14. The following key
proposition allows us to relate the values at z/ of the distributions constructed in §3 to
certain adelic integrals.

Proposition 4.1. Let f | p™ be an integral ideal, n € A%, Ve and let ev"wf = ev"wf(D(k,w)).
Then

-1
o foye (1) ;
eV (@54, 2)
7
(r—1)d
_ ;=1 Z S(r—l)ze(s ) b7 (wa ylf)l |r—1 d*
- Q€ 00 0 .00 1 JWYIF Y.
T seoe{1)S Xilnsco]

Proof. Since the right hand side in the above formula is in C, we will first prove that
the left hand side, which is a priori a p-adic number, belongs in fact to ¢, (E). Denote
by SCZ,W(E) the G(Q)-construction of a local system attached to LZ,W(E). Recall that
SCZ,W(L) denotes the local system attached to LZ’W(L) by the Kj-construction. The fol-
lowing diagram commutes:

(gv)~>(g,87 1)

H (Y. £ (E)) € HY (Yi, £, (L))

Tt Wag oCz"f,)c

(27" ))v)

HY (X5, 2} (E)) € HY (X5, £) (L))

4.3
trivy o coinvy triv}; o coinvy 4.3)
—1

id®(’7 )p
HE (X;[n) ® LY (E) gy ————= 0 (X;[n)) ® LY (L))

(=N65 1,27 ) (=N65 27 )

—1y(r—1)
EC () ! I

where the horizontal maps are induced from the morphisms of local systems written above
them, the map 75 is induced from the morphisms of local systems (y,v) — ((*®"” ;f ).v)
and, for £ € F*, trivg is induced from the morphisms of local systems:

X¢[n) % LY (B = (L EVE@)ixsm- 0y (0. (5,) 7 v).

By definition of the evaluations in §3 and by the functoriality relation (3.7), the com-
position of the maps in the right column sends ¢, (b% au) to (evZ,f(L,‘é o (0% au)’ /) =

af ve- CD s Zj . The commutativity of the diagram then yields
§ y g y
f

) O O g, 27) = - Difevl (D5 ,.).2) € . (44)

Y
i

((trivg o coinvy oT5)(bg

T,0n 0y
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Since the left column in (4.3) can be reproduced with £ (C) instead of £ (E), it

follows that the left hand side of (4.4) can be computed via analytic methods, namely the

comparison between Betti and de Rham cohomology over C. Since ng_cl(r;) r;;l_r L

|n|% ! one has to show

Inls" ((trivE ocoinvs o T)(O% (¢7.ay.)) N 05, n1- 27 )

=i S Ve (s) [ (T . @)
Sl 11T Xs[nl

Explicitly, % (¢5.a,.7) € Hap (Vi £, (C)) = Hg ,(Yx, £ (C)) is obtained as

cusp

follows. For each n € A% ! the relative Lie algebra differential

Q) wi @ evali ® ¢5 € H (g0 K. LY, (C) ® 7o0)

geX

yields a left-invariant d-form ¢z q, ((7 ;)80 ) (8o - evali)(gog)* (Ao w3) on GL /KT
which descends to I';,\GJ, / K, and, once translated by ( T ) yields a d-form on Yk [7]:

7 an (8)(goo - evali)(g_l)*(/\a w;)-
Then
05 (97 ,0u., 1)

= i2oem@ k)2 N (500) B, (8500) (SooSoo - €val) ((€500) 1) (Ag ).

Sooe(il 1)E

By [19] there exists v € F' and a commutative diagram

(1)

T\G% /K% ——— Y[i]

(1) fem

E(f)\ FXT ——— Xs[n]

inducing for g = Cy(y) and b the Lie algebra of GL; a commutative diagram

(@/0) — 2 (T vk

t*l LC;‘T
o~hH*

b ————— (T, X5 [n)*

While g/¥ denotes the tangent space of G, /K at (' 7% ) and not at the identity,
the map ¢ : h — g/F is still given by us = 1 +— (}9) = ws + W since horizontal
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translations in the upper half-plane do not change dy. Hence

r?(‘]sﬁ,au (g)(goo . eVali)(g_l)*(/\a w;))
= b0 (P77 ) revali) (T (Ao ).

Since y = Enuit s, we have Yoo = Eoolhoo and

trivg o COian (Tf ((bﬁ,ozu (8)(go - evali)(g_l)*(/\o w;)))
= (P (P71 1) - evali ) () (Ao ud)).

Now, a top degree invariant differential is a Haar measure, hence (y~1)*(Ag uk) =
d*y.By (1.5) we have ((*> ;) -eval;)(z/) = ul V%47 and since |y|p = In|Ful, we
deduce that

Il {(trivE ocoinvs o T7) (.0, () (oo - evali) (g ™) * (Ao w3)) N b5 ). 27 )

=i’ b (P77 )y d*y.
Xs[nl

Since j; + % =r — 1 forall 0 € &, and since right translating g by elements of

(jEl 1)2 amounts to translating u, by elements of {1}, one obtains (4.5) and hence
the claim. [

We now prove the main interpolation relation between p-adic and complex L-func-
tions.

Theorem 4.2. Let y be a finite order character of Gal,o and for v dividing p denote
by cy the conductor of yyvy. Let v € 7 be a critical integer for (k,w). Letting
Nfp/o(i) = i?, one has

N"=L (ib ~1
70 )XE:”D )L(n ® 1. r —1/2) l_[ E(y, yv,1r), (4.6)

onowlrz o)
7 UGSp

°<'3117(77,)(‘)(5:;;) =

where E(7Ty, xv,S) equals

g’ (vav)(wz(?v)f()(vvvv Vo, dy,v,) if cy = 1 and Xvwﬂvv_l is ramified,
(1 _ (Xvwnvgl)(wv)) T(XvVvsYv,dyyvy)

! 45 Crovo) (@ )
(1 _ (Xvwnvv_ll)(wv) i

= )(1 — (Xv‘qu)(wv)) if Ty ® xy is unramified,
s—1

if cy > 1 and yywq v, is unramified,

1 q

~ G @) otherwise.

Proof. We will evaluate £,(7, x - ng;l) using automorphic symbols of level f =
]_[vG S, v™v such that n, > max(cy, 1) and will see that the result does not depend on f,
as expected.
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Using the notations from (4.1), (3.19), Definition 3.8, (3.18) and (3.16), one gets

(ev(®7[ qu) X chc ) = (a;)_ (eVZUT(q)n Olu) X chc )
=@ D ) evh (P54 (e 0 ty))

mlestf ()
—1
_ of L oye (1) -
=oi' YL a) e (evh (P5 ). 2.
[nleet} () f

By Proposition 4.1 the latter sum vanishes unless € = oo, r— 1, in which case it equals

2di (r—1)d

I=—g0— /Xx(y)¢ﬁ,au(yw*y}f)lyl;‘ldxy.
.

1

Since X5 = F{\A% fFO>;+/ U(f) and the Haar measure on A% gives U(1) volume 1, we
have

Zdi (r—1)d

1
g =X (1——)- / 1)z (77T )y d .
sl W FR\AF P wa (T

T veES) v

Since (777 717) € G(Ay)GZ,. using the Fourier expansion formula (1.21) we further
compute

/FX\AX FXJ(y)‘f’ﬁsau(ymyff)lyl%‘ldxy
F.f

=/ O, 7)Y 1a’xy—]_[Z

Ff°°

A standard calculation (see, e.g., [18, (16)]) shows that

y r—2 _ —2ny ., jo _ Jo:
Jo w2 = [y = i

= 1L(ng,r —1/2) ifo|oo.

Zs

A straightforward generalization of [41, Prop. 3.5] from y,, trivial to y, unramified yields

Zy =/Xxv(y)Wv“eW(y Dyl a*y

v

= (qg_r)(v(wv))_svlz(ﬂv ® yv, ¥ —1/2) if v { puoo,

Ly, = / Xu(y)ng(y 1)|y|1r171 dxyu = L(my ® fu.7 — 1/2)(1 - %)»
Fy¢ u
h auZay —Bu Zgy . . .
ence —— —p— = L(my ® yu,r — 1/2). Finally, for v € S, the integral Z, is
computed in Proposition 1.12 and E(7y, xv,$) = Q(xvVy,s)/L(my ® xv,s). Putting
everything together yields the desired formula. ]
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Remark 4.3. The interpolation formula (4.6) is independent of the choice of uniformizers
wy at v € Sy, since QE [],¢ s, Vv (my 8”) is independent of that choice by Proposi-
tion 1.15.

We end this subsection by classifying the trivial zeros of &£, (), i.e., by determining
when £, (7, y - X(":)Z:I) in (4.6) vanishes regardless of the value of L(w ® y,r — 1/2).

Proposition 4.4. Given a finite order character x, of F,C and r € Z, one has E(7Ty, Xv,T)
= 0 if and only if either

(i) my ® vy is the Steinberg representation, r = 25, and y, = vy - unr(qy 2y or

(1) my is a principal series representation, r = 3_TW (resp. r = I_T‘”) and y, = vy
unr(ql(,lfw)/z) (resp. yv = vy ! -unr(q;(HW)/z).

In the first case w is necessarily even and the trivial zero occurs at a central critical point,

while in the second case w is odd and the trivial zero occurs at a nearly central critical

point.

Proof. If m, is a twist (necessarily by v,) of the unitary Steinberg representation, then
E(7y, xv,r) is non-zero, unless ¢, = 0 in which case E(7Ty, xy,r) = 1 — % By
local-global compatibility, v, (@) is a Weil number of weight —w, i.e., an algebraic num-
ber whose absolute values are all equal to g, “/2 Hence E (v, yv,r) vanishes precisely
as stated.

If m, is a principal series representation, then

E @y yo.7) = (1 — (rovo) "N @)™ (1 = (rownvy H(@y)gl ™).

where the first (resp. second) factor is dropped if y,v, (resp. yywzv, 1y is ramified.
The Ramanujan conjecture for the cuspidal automorphic representation 7, proven in [10,
Thm. 1], implies that v, () is a Weil number of weight 1 — w. Since w, has purity
weight w, the first (resp. second) factor can only vanish for r = 3_7‘” (resp. r = I_T‘”)
precisely as stated. ]

4.2. Multi-variable p-adic L-functions

Since the construction of @ (U)-valued distributions over Gal, presented in §3.4 is func-
torial in the L-affinoid U, following the same steps as in §4.1 would allow us to attach
a p-adic L-function to a rigid analytic family containing 7. In addition to the cyclo-
tomic variable, this function will have several weight variables. In conjunction with its
improvements which will be constructed in the next subsection, this multi-variable p-
adic L-function will allow us to prove the Trivial Zero Conjecture for 7 at the central
point in the second part of this paper.

Let 7 be a regular non-critical p-refinement of a cuspidal automorphic represent-
ation 7 of G(A) of cohomological weight (k,w). Letting & = (hz,)ves, (see Defini-
tion 1.8), by Theorem 2.14 there exists an L-affinoid neighborhood U of (k,w) in X and
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a connected component V of Sp(rﬂ“flh) containing 7 such that the weight map « : 'V Su
is an isomorphism. By shrinking U one can assume that w), o w, = w} and

oeu(/c_l(A))Zw;‘”(wu)w;l((wu)) #* qfl fori €{0,1,2}and A € U, 4.7)

since the left hand side is an analytic function on A € U and (4.7) holds at (k, w).

Definition 4.5. Given a character € : {£1}* — {£1} we let ) wy € Hg (Yx, Dy)="
be a basis of the free rank 1 O(U)-module Hf (Yg, Dy)o=" Q®p=n O(V) (see The-
u

orem 2.14(ii)) such that (k,w) o beu,an = @%’au. Forv € S, we let oy € O(U)™ denote
the Uz, -eigenvalue on @3, , .

When A € U(L) is cohomological, by Theorem 2.14(iii) there exists a p-refined
nearly finite slope cuspidal automorphic representation 77, of weight A whose system
of Hecke eigenvalues corresponds to k~!(1) € V. Using the specialization map at such a
cohomological weight A, we obtain a class A o @%’ oy € Hf (Yk. D;)=" which generates
the same line as the class CD%A,%(A) from §4.1.

Definition 4.6. Let C5 € L* be such that A o @Y, oy = Cy - D%

Ty.au)

Note that whereas C (Ek,w) = 1 by definition, C§ € L™ is a p-adic period analogous to
those considered in [21], and cannot in general be rescaled to be 1, since the individual
periods th for A cohomological are well-defined up to @X. Since ay, By € O(W)™,
one can analogously consider <I>fu’ B and rescale it so that it yields the same p-adic peri-
ods Cy.

The multi-variable p-adic L-function is defined as the distribution (see (3.19))

anev(®§, ) — Buev(ds, , )
fp — Z u U,on u U, Bu

———, € D(Galyoo, O(U)).  (4.8)

e{E1}E—>{£1}

For any finite order character y : Galyoo — L™, the natural projection Galpeo —> Galeyc
yields

o (eV(PY%, ) X ) — Bulev(®y G )o 1)

Oy _/311

Lpyx = € D(Galgye, O(U)). (4.9)

Theorem 4.7. Let & and U be as above. Fix a finite order character y : Galpoo — L*.
(i) For any A € U(L) cohomological, £p (L) = C/{("" £p(7a, x+) in D(Galgye, L).

(ii) £p,y has order of growth at most ZveSp eyhz, and is uniquely determined by its
values

Lpx R X 1) = Lo xx 25H,

at finite order characters y' of Galeye and r € Z critical for A cohomological
(see (4.6)).
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Proof. (1) follows from the definition and the functoriality of ev.

(ii) For A € U cohomological such that 7 has very non-critical slope (see (1.15)),
the distribution &£, ,(A) on Galy,. has order of growth strictly less than the number
mingex (k) o — 1) of critical integers for A. A well-known result of Vishik [51, Thm. 2.3,
Lem. 2.10], proven independently by Amice-Vélu, implies that £, (1) is uniquely
determined by its values at y’ X(’;;:l’ where y’ is a finite order character of Gal,. and
r € Z is critical for A. The claim is deduced by noticing that such A form a very Zariski

dense subset of U. [

Remark 4.8. When Leopoldt’s conjecture holds for F at p, the kernel of the natural
projection Galp o —> Galgyc is a finite abelian group and &£, is merely a collection of &£,
with y running over the characters of that group.

Remark 4.9. If 7 is non-critical, but has critical slope, then interpolation formula (4.6)
does not suffice to determine &£,(77) uniquely, and we are indebted to J. Bellaiche for
having explained to one of us how the smoothness of the eigenvariety can be used to
palliate this indeterminacy. When r is Iwahori spherical at all places above p, a similar
approach has also been successfully used by Bergdall and Hansen [8] who construct £,
for regular 7 which are either non-critical, or such that H (Yx, D w)my is concentrated
in degree d and the adjoint Bloch—-Kato Selmer group H} (F,ad(Vy)) vanishes.

It will be essential in §7.2 to control £, , under simultaneous variation in w, and
the cyclotomic variable. This, however, can only be achieved after a renormalization of
the p-adic periods, whose variations in U are a priori well-defined up to an invertible
analytic function. This is equivalent to rescaling the basis <I>fu, «, DY an invertible element
of O(U).

Proposition 4.10. For any finite order character x : Galpoo — L, the p-adic periods
C /{("" of Definition 4.6 can be renormalized so that for z € Oc,, and A € U such that
Az) = (k. wy {-)??) € U, one has

Lpx(A(2) = Lpx (. ()5 ). (4.10)

Proof. By analyticity it suffices to check (4.10) for z € Z and for A € U cohomological
such that 7, has very non-critical slope, since such pairs (A, z) are very Zariski dense
in U x Oc,. By Theorem 2.14 the weight map « : V — U is etale at A and so, by the
assumption on z, if k “1(1) = 7 then k"1 (A(2)) = m Noting that an integer r is
critical for r if and only if » — z is critical for 7 ® | - |?, Propositions 1.15 and 4.2 imply

‘:ﬁp(ﬂk b2 | : |Zv <>;ZX ) = ‘:ﬁp(ﬁzb X ) in D(Galcst L)

As aresult, C f("z") =C f"" W for A € U cohomological and for z € Z suffi-

ciently small ( p-adically). For wj = (-)??w, the function A+ £, (A, ()5 Lp,x ((ka,w))
belongs to @ (U)*, for U sufficiently small, and interpolates C /{( */C é‘fw) for A cohomo-

logical. We may therefore renormalize the periods C )’f"" to guarantee (4.10). ]
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Remark 4.11. As in Proposition 4.10, for any finite order characters y of Gal,, one has
Lp(mr ® x,) = Lp(@, x+) in D(Galyye, L). 4.11)

If there exists a finite order character y of Galpeo such that ygx = v, 1|(91§ for all
v € S,, then w ® y has finite slope. Such a character always exists when F = Q, allowing
one to reduce to the finite slope case. For general F, such a character may have auxiliary
ramification forcing the twisted finite slope form to have a tame level different from the
original one.

4.3. Improved p-adic L-functions

When £,(7) has a trivial zero at a critical integer r the interpolation formula for
Lp(7T, X Xeye) ‘misses’ the special L-value L(w ® x,r —1/2). An idea due to Green-
berg and Stevens [21] is to then construct a so-called improved p-adic L-function having
only weight variables and interpolating, with non-vanishing extra factors, the critical L-
value. In order to retrieve the ‘missed’ L-value even in the case where several local factors
E(7y, xv,r) simultaneously vanish we will construct for any S C S, arigid analytic func-
tion Lg(A, x,r) over an (|Xs| + 1)-dimensional affinoid U’y = X N U, where U is as
in §4.2.

Consider the subset S C S, containing all places v € S), such that v, is ramified (note
that this is always the case if 77 has finite slope). For each character € : {41} — {1} let
<I>fu, «, D asin §4.2 and denote by a, its Uz, -eigenvalue. Denote by @S o the image

of qD;l,au in Hf (Yk, i)u,s)ih. By Definition 2.1 and (4.1), for all v € S, \ § we have

ay() = ag) [] o(@)® ™ 2 e 0(U)™.

geXy

For any v € S}, \ S, the rigid analytic function 1 — #_);v(_) € O(UY) specializes

r

e
m from Theorem 4.2. Our

at A cohomological to the interpolation factor 1 —

. . . r—1 .
aim is to sl.10w that the meror.norphlc quotient £, (/\., X ?(Zyc) H Sp\ S.( 1-— m) is in
fact analytic and to compute its value at (k,w). Achieving this requires to take a step back
and define the improved p-adic L-functions using the tools developed in §3.5.

Definition 4.12. For y : Galge, — L™ a finite order character, we define the improved
p-adic L-function as

Xoowr_oé Xoowr._olo
ot (Vg (DY g™ )s X) = Bulevig(®yy 577 1)

LS(',X,V): 6(9(‘1,{:9)

oy — Bu

It follows from (3.26) that Ls, (A, x,7) = L5, X xlye)-

Theorem 4.13. (i) For v € S, we have the following equality in (9(‘L(’S\{U}):

r—1
Osw(LsC, x. 7)) = Ls\iuy (-, X’r)(l N m)
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(ii) For any cohomological weight A € U'g(L) and any integer r critical for A, we have
N D) x(@y )
Q%A

JTEGv 200 ] (1 _ M)

r—1
veES veSp\S 9y

Ty unram.

LS(A,X,}"): CjL(ﬂA@X,r—l/z)

where € = Xoow;;é and C3 is the p-adic period introduced in Definition 4.6.

Proof. (i) It suffices to apply Corollary 3.18 to @/,  andto &, P
550 S Pu
(i) Let f = [],cg v" be such that n, > max(c,, 1). Using the definition of evy we

obtain

(V5 (@5, ) 0 = @O 3 xR eV (B 4. 15,00,

[nle6t ()
Letting j, = (r — 1+ m)aez, we remark that A o 135 and z/* agree on the
support of ev"w, (@%bau). Together with the definition of C§ this implies that

(Vs (95 o) 00 = CE@ )™ Y 2l (vl (95, 4, 27)-
[nlet L (f)

The rest of the proof follows from Proposition 4.1 as in the proof of Theorem 4.2. ]

4.4. Partial p-adic L-functions

We will now explain how the construction of the previous subsection can be adapted to
the partial families constructed in Theorem 2.14. We are indebted to the referees for their
insight and encouragement to present this construction.

Henceforth we fix § & S, and we suppose we are given a regular non-critical
S-refinement 7g = (7, {Vy}ves) of m (see Definitions 1.3 and 2.12). We consider
the neat open compact subgroup K = K(7s,u) C G(Ay) from Definition 1.7. By
non-criticality of 7g, for each character € : {£1}* — {41}, the basis LP(b%s,au) of

Hg (Yk, QCZW(L))G s (see Definition 1.14) lifts canonically to a basis of ®< of

TS ,0u

H? (Y, i)S,(k,w))in;,S- Letting hs = (hz,)ves, by Theorem 2.14 there exists an L-

affinoid neighborhood Us of (k,w) in Xs and a connected component Vg of Sp(T szllfs)

containing 7s such that the weight map induces an isomorphism « : Vg Su 5. We can
choose U sufficiently small so that it satisfies the technical properties stated in §4.2.

Definition 4.14. Fix a basis @as oy of the free O (Ugs)-module Hf (Yk, @S,us)e’fhs
® <ng O(Vs) of rank 1 such that (k, w) o Of = @ . For v e S we let
S. U

T Us,an TS ,0u

o, c O(Us)* denote the Uy, -eigenvalue on P

Us o
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Given an integer » which is S-critical for (k, w) (see Definition 3.12) and an integ-
ral ideal f supported at primes in S, Remark 3.13(ii) yields a map (Ds us)EF) —
DU(f)s/E(f), O(Usg)). The construction performed in §3.5 applies mutatis mutandis
and yields a well-defined map

eV, s 1 He (Yk. Ds.ug) = D(Galsoo, O(Us)).

For y : Galgeo — L™ a finite order character, we define the partial p-adic L-function

r—1 r—1
o (Vs (Po i ™)s ) = Bulevs (Pore 5 ™). 1)

LS(', X,”) — Us ,au Us ,Bu c (9(US)

oy — Bu

For any cohomological weight A € Ug(L), Theorem 2.14(iii) yields an S-refined
cuspidal automorphic representation 7 s of weight 1 whose system of Hecke eigenval-
ues corresponds to k(1) € Vs. Given any character € : {£1}* — {£1}, the special-
ization A o CD%S ay Of D¢ at A generates the same line in Hf Yk, O‘DS,A)E’th as

Us o
o

< hence there exists
Ty, s0u(A)’

€ X € _ € €
Cis €L™ suchthat Aody  =C; g Pz o o)

Theorem 4.15. Given a finite order character y of Galseo, and given a cohomological
weight A € Ugs (L) for which r is critical, we have

NoL (i 0) x(wy ) 1
F b co®Wp oo ~
LS\, g.r) = 212 G L @ g = D) [ EGoe xo.1).
ngosp'oo veS

Proof. The proof is based on Proposition 4.1 in the same way as the proof of Theorem 4.2.
|

One may also define partial p-adic L-functions which are improved at places lying in
a subset of S'. We leave the details of the construction to the interested reader.

Part I1
The Trivial Zero Conjecture at the central critical point

Throughout this part 7 = (1, {vy}ves,) Will be a regular non-critical p-refinement of a
cuspidal automorphic representation 7 of G(A) of cohomological weight (k, w) and tame
conductor n satisfying the following assumption:
7 has central character w, = | - | with w even, and @.12)
7y is Iwahori spherical for all v € §,. .
It follows that v, is unramified for all v € S, and we let oy, = v, (). The set S, is
then partitioned into St, consisting of v such that 7, is an unramified twist (by vy ) of the
unitary Steinberg representation and its complement S, \ St, consisting of v such that
is unramified.
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5. Galois representations and arithmetic .Z-invariants

The Trivial Zero Conjecture stated in the introduction posits a relationship between the
special values of p-adic L-functions and arithmetic .#-invariants. In this section we turn
to the Galois representation side of p-adic families and explain the connection between
two types of arithmetic .Z’-invariants associated to Hilbert modular forms. Moreover we
will express them in terms of derivatives of Hecke eigenvalues, which will allow relating
them to p-adic L-functions in the last section.

5.1. Galois representations for Hilbert modular forms

By Theorem 2.14 there exists an L-affinoid neighborhood U of (k,w) in X and a family
K: V> U containing 7 such that for any A € U cohomological, k" (1) € 'V corresponds
to p-refined cuspidal automorphic representation 7, of weight A. The cohomological
points being Zariski dense in U, there exists a unique 2-dimensional pseudo-character
Gr — O(U) interpolating the traces of the corresponding p-adic Galois representations
px, : GF — Auty (Vy, ) attached to . Since V is absolutely irreducible, using a result
of Nyssen [35] and Rouquier [44] one shows that, after possibly further shrinking U,
there exists a continuous Galois representation

pu : Gr — GLy(O(W)) (5.1)

whose specialization at every cohomological weight 1 € U is isomorphic to Vy, . Further
shrinking U one can assume that the map A — (k;,w, ) defined in (2.2) is injective on U,
that wy, o @, = ), and that (4.7) holds. When U satisfies all these assumptions and in
addition the tame conductor of 7, equals n for every cohomological weight A € U (see
Lemma 5.1), we denote

X(7) = U. (5.2)

Lemma 5.1. The tame conductor of ) equals n for all cohomological weights ) suffi-
ciently close to (k,w).

Proof. By construction, for any cohomological weight A € U the tame level 1y of m
divides nu. We will use the Galois representation pqy to show that, after shrinking U, one
has 1) = n. The local-global compatibility at a finite place v ¢ S, established by Carayol
[14] and Taylor [49], asserts that the Frobenius semisimplification of the Weil-Deligne
representation (ry 3, Ny ;) attached to o, |G £, corresponds, via the local Langlands cor-
respondence, to 3, ® | - |;1/ 2. On the other hand, by [6, Lem. 7.8.14], one can attach to
PuU|G, @ Weil-Deligne representation (ry,y, Ny,u). By [6, Lem. 7.8.17], after possibly
shrinking U, the restriction of r q; to the inertia subgroup at v has finite image whose
specialization at any cohomological weight A € U is isomorphic to the restriction of r,, 4
to the same inertia subgroup. Therefore, to conclude that n; = u it suffices to show that
Ny 5 = Ny,y. From [6, Prop. 7.8.19] it follows that N, ; lies in the p-adic closure of the
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conjugacy class of Ny q;, which together with the fact that 1, divides nu implies equality
except possibly when v = u. Finally, 7, ,, is unramified for all cohomological A € U,
since being an unramified twist of the Steinberg representation is excluded by (4.7). =

To compute derivatives of analytic functions on X (i) in the following sections,
we will consider a subset of X () which can be parametrized with the variables
((kj.6)oex,wy) corresponding via (2.2) to characters of the form

[]orxz;—cy.
vES)

z = ((Zo)ves, - 20) = (k.w)(@) - (o)™ [ [] oz)u)ro e,

vES) 0EDy

(5.3)

where (-), : O — 1 + (wy) is the natural projection map. This allows us to parametrize
X () by a neighborhood, denoted X*(77), of (k,w) in the space [ [ <5 (ks +2p0Oc,) %
(w + Oc,,) of analytic weights. If we impose the weights to vary only in parallel direction
per place above p,ie.,if k) o — ks = x, € Oc, forall o € Xy, then (5.3) becomes

[T 0:x25>Cr 2= (o)ves, 20 = kw)(2) - ()™ T Nrws@, E0))50
vES) vES),

(5.4)

5.2. Fontaine—-Mazur £ -invariants

Consider the 2-dimensional L-vector space V = Vﬂ(sz‘”) endowed with a continuous
action of Gr. The local-global compatibility is also known at places v € S, from the work
of Saito [45], Blasius-Rogawski [11] and Skinner [46]. Letting V;, = Vi, » Dy (Vy) =
My ®q, By)CFv is a free L ® F, 9-module of rank 2 (F, ¢ is the maximal unramified
subfield of F)) carrying a semilinear Frobenius ¢, and a nilpotent linear map N, both
inherited from Fontaine’s ring By and such that Ny, o ¢, = pg, o N,,. To be more precise,
the linear map ¢; 7, where f, is the inertial index at v, has eigenvalues ql(,w_2)/ 2av and
qv w/ 205,7 1 and the monodromy matrix vanishes if and only if 7, is unramified. Moreover
the L ®q,, Fy-module Dy (Vy) ®F, , Fy is endowed with a decreasing de Rham filtra-
tion Fil*(Dy(Vy) ®F, , Fv) whose jumps, called the labeled Hodge—Tate weights, occur
precisely at the integers (kg — 2)/2, —ko/2)sex, (We recall that we are using the con-
vention in which the cyclotomic character has Hodge-Tate weight —1). In particular
Fil® (D (V) ®F, o Fv) is free of rank 1 over L ®q,, Fy.

When 7, ® | - |72 is the Steinberg representation, there is a unique (up to a scalar)
basis (e1, e2) of Dy(Vy) such that ¥ (e1) = ¢ 2 %ay - €1, 9" (€2) = qv_w/zo:;l ey
and Ny(e2) = e;. When the unique refinement of V;, is non-critical in the sense of [30,
Def. 5.29], the Fontaine-Mazur -invariant is the unique Zrm(Vy) € L ®q,, Fy such
that

v

Fil’(Dg(Vy) ®F, o Fv) = (L ®q, Fy) - (e1 + Lou(Vy) - €2).
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We next relate .Zgv(Vy) to derivatives of Hecke eigenvalues. We will consider the
Uy, -eigenvalues oy € O(X (7)) (see Definition 4.5) as functions o (k) o )oex, W) by
restriction to X*"(77), and we will denote by dlog,, «; the logarithmic derivative at (k, w)

in the direction ¥ = ((4g)gex, Uo), i.€., dlog, ay = mf—xal‘j((k,w) +x- u)|x:0.

Proposition 5.2. If uy = 1 = —uq for all 6 € T, then e;' - Trg, g, (Lm(Vo)) =
—2dlog, o, where ey is the ramification index at v.

Proof. The line defined by the direction u lies in the space X /sp\ e and we denote by
U’ the portion of this line inside the ball X" (7). We will write pq for the restriction to
U’ of the analytic Galois representation on X" () obtained from px(z) (see (5.1)), and
note that on this line &y = ) [5cx, (@)% ™/2 is an analytic function. By [28],
J)ﬁ(pu/)%f "= s an O(U) ®q, Fv,0-module of rank 1 and therefore we may apply
[52, Thm. 1.1]. Since det pyr = o ' = g’ “* we have the following equality of
differentials at x = 0:

doy(tew) +x) 1 g 10, (L (Vo)d (xug)),

ay(k,w) 2ey
which immediately implies the formula, as vy = —1. ]
The fact that dlog, «; does not depend on u as long as us = 1 = —ug for o € %,

will be used in the final section.

Definition 5.3. We define Z(7) = [[,cz €, Trr,/q, (Zam(Vy)), where E C St,, con-

|—w/2

sists of those places v for which 7, ® | - is the Steinberg representation.

5.3. Greenberg—Benois . -invariants

The connection between the analytic Galois representation and the p-adic family runs
deeper than the above description, and in order to state this connection precisely, we
introduce the category of (¢, I')-modules over Robba rings (we refer to [7, §1] for more
details). For v € §, the Robba ring R f, is an Fy-algebra endowed with a continuous
map ¢, and a continuous action of Iy, = Gal(F,(upee)/Fy). Writing U = X (7), a
(¢v, I'y)-module over Rf, u = RF, ®0 » O(U) is a coherent, locally free sheaf D over
R F,,u of finite rank endowed with a ¢, -semilinear map ¢p which gives an isomorphism
¢ D = D, and a semilinear action of I', commuting with ¢p. Furthermore, there exists
a functor i):;g associating to a continuous @ (U)-linear representation of Gr, a (¢y, I'y)-
module over R, y. Since for A € U cohomological p, |G, has labeled Hodge-Tate
weights ((kx,e —wp)/2,(2—wW) —kxr6)/2)sex, . we deduce from [30, Thm. 1.8] (tak-
ing into account that [30, Def. 1.7(f)] has a typo, the exponents should be «;(z).) that
there exists a triangulation

T Y, *
i)rig(pwsﬂ,)«/( ! %’2), (5.5)
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where Yy 1, Y2 1 FY = O(U)™ are continuous characters such that ¥, 1 () = oy is
the analytically varying renormalized Hecke eigenvalue, vy »(wy) = )(Cwy*c_l (wy) (@)L,
and for z,, € O,

1//1),1(21,)(/\) = 1_[ O-(ZU)(W)L+k,1.a—2)/2’ Wu,z(Zv)(l) — H O(ZU)(wl—k)hJ)/z.

geXy gEX,

Suppose the Galois representation V = V (25) satisfies H}(F,V) = 0, as predicted
by the Bloch—Kato conjecture when L(n, I_T‘”) # 0. For v € S, the (¢y, Ny)-submodule
D, = !DSK(vU(Z%W)) C Dy (Vy) is regular in the sense of Perrin-Riou [38, §3.1.2] (see
also [37]). In this context, the technical conditions of Greenberg [20] and Benois [7]
mentioned in the introduction are all satisfied and there is a well-defined arithmetic .Z-
invariant Zgp(V, {Dy}) (this also uses [23, 43] extending the construction to an arbit-
rary F'). We will not recall its intricate construction, but will instead show that it can be
computed in this instance by a formula similar to that of Proposition 5.2.

Proposition 5.4. Assume that H} (F,V)=0.Then %68(V,{Dy}) = L7 [lyer [y "

Proof. Consider the triangulation of pu(z_TW) induced from (5.5) restricted to the
1-dimensional affinoid X (77) N X (see Definition 2.1). Proposition 4.4 implies that V'
has a trivial zero contribution exactly from places v € E. Therefore we can apply [43,
Thm. 4.1, Prop. 4.13] to compute the .Z-invariant in terms of dlog in the parallel direc-
tion uy = 1 = —ug for all 0 € X (the theorem in loc. cit. assumes parallel weights, but
its proof applies verbatim to general weights deforming in a parallel direction). Thus

7" dlog, (V1,095 (@)
Los(V, {Dy}) = :
on(V: D) 1,1;[3—dlogu«l/fl,m;,;)(zv))/1og,,<va/@p(zv)>

=[] -2/ " dioga;

veEE

for any units z, € O, v € E. The desired formula then follows from the equality

dlog(¥1,0¥5,4(20)) = X gex, Uo l0g, 0(zv) = log, NF, /g, (20). u

G
Finally, we remark that D = & Inngf D, is a regular submodule of

vlp
(Indgg V)|G©p' In the Main Theorem we are proving the Trivial Zero Conjecture for

the pair (Indg® V, D).

6. Functional equations

In this section we establish functional equations for the p-adic L-functions constructed
in §4 based on their growth, interpolation properties, and the Godement—Jacquet func-
tional equation of the corresponding complex L-functions. These results will be used in
the proof of the Trivial Zero Conjecture at the central point in §7.
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6.1. Functional equations for archimedean L-functions

The Jacquet-Langlands global L-function and e-factor are products over all places of F,
L(m,s) = l_[L(nv,s) and e(m,s) = He(nv, Yy, dxy, s),
v v
where v, and dx, are as in §0 and will henceforth be dropped for the notation. Under the
assumption (4.12), 7 ® | - W/ % s unitary and self-dual, and its root number is given by

&g = s(n —) € {£1}. 6.1

Let ¢z = n[]eq, v be the conductor of 7. The functional equation states (see [26,
Thm. 11.1]) that

L(m,s) = e(m,s)L(xY,1 —5), where e&(m,s)=e¢y- (NF/Q(DZC”))I%W_S. (6.2)

Proposition 6.1. Let y be a character of Galpeo of conductor ¢y = [],eg, v Then

Croy = nxci and exgy = gﬂNF/Q(CX)X(wnX)r(7)2 l_[ s(nv, I_T‘”)

VEStp, cy>0

where t(y) is the Gauss sum defined in (0.2) and n,, = u - HveStp

,cp=0 v.

Proof. The conductor formula follows from (4.12). The formula involving the e-factors
is checked by decomposing both sides as products of local terms and using [26, §1.3].
If either y, or m, is unramified then using |wx|% = ¢, " one has

8(7[11 ® Xv, I_TW) = 8(771)’ 1_TW)91C;UXU(wv)cnv T(Xs Yo dXv)z‘

w/2

If v € St, and y, is ramified, then using &(my, 15*) = —v, (w,) g, "' one has

2

8(7TU ® Xvs I_TW) = S(JTU’ I%W)QIC)UT(YU’ 1//U’ dXv)zg(T[U’ I%W) .

6.2. Interpolation formulas

Under the assumption (4.12), Theorem 4.13 and Proposition 4.4 take the following more
familiar form, involving the global Gauss sum 7 () (see (0.2)).

Corollary 6.2. Forany S C Sy, r € Z critical for (k,w) and y of conductor [ [,cg v

N-L(@id
Ls(@, x,r) = Ls((k,w), x,r) = Z/L;()L(n@)x r=1/2t(0) [ | EsGo. xv.1).

Qﬁoo et veES)
where
~ 61 Xo (@) q;!
I1 EsGoren = ] L ]‘[( - vr+vjl) 1—[(1_% ‘
vesS, cy>0 cv=0 Oyqy =0 Oy Xv(Wy
vEStp ves
Moreover Eg(7y, xv, ) vanishes if and only if r = 2_TW is the central critical point,

v € S NSt and yo(wy) = ay'qy"? = —e(my, 5Y) € {£1}.
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In §7 we will prove that the order of Vanishing of L,(7,s)ats = 2%‘” is at least as

large as the number of places v where Eg (nv, Lo 2 ) = 0. We remark that the interpol-
ation formula from Corollary 6.2 only gives 1nf0rmat10n about the vanishing of the p-adic
L-function, and leaves completely unanswered the question of higher orders of vanishing.

The next result will be used in §6.3 to prove the functional equation for p-adic L-
functions.

Corollary 6.3. Suppose 7 satisfies (4.12) and let €, = &5, - ]_[vesrp s(nv, 177"") € {£l1}.
Then

Ly (V) ) = - oy ) (—ww) - (), L F T w0 (), (63)

for any finite order characters x : Galpoo — L™ and any integer r critical for (k, w).

Proof. Since 7V = 7 ® | - |", the archimedean functional equation (6.2) for 7 ® y,
Proposition 6.1 and Corollary 6.2 for S = S, yield

r—1
QLT Ly (7. Alye)
N 600 [Tyes, E@vs xv.7)

=¢n l_[ e(my, 5Y)NF@lc)T(0)?
VEStp, cy>0

r—1-+w

QXoowpoo &L (7_[ X ngcw r)
N}’"_/Y(VP "@0)t(%) nvesp E (7o, XU 2—w—r) ’

Using the global Gauss sum identity Ng,q(cy)T(})T(X) = xr(—=1) = yoo(—1) we get

x Ny (d21,c2) ™27 y(wy,)

P(n Xchc )

o X)L G ST E(Ry. Yo,
L B B Ty e

=¢ — .
T NF/Q(—an)Z()’JFW/Z—1 E(@y, x;1.2—w—r)

VEStp,cy>0 veES)

If ¢, = 0 and 7, is unramified then o, 8, = U_ and so E(y, xv.7) = E(7v, Xy 1o
_ E @y, xv,r) Qr4+w—2)cy _
w—r).If ¢, > 0 then —E( ot — . Finally, if ¢;, = 0 and v € St, then

E(ﬁU’XU’r) r—14+w 1 1— r—1+w/2
_a w’ ,_
EGry 2—won el =l e

Xv (wv)_l'

Putting everything together and using n,, = m - ]_[Ueslp —o V We obtain

sCv
Lp(T. Aeye') = En X (~Tw)NFj@(~mw) T 2Ly (T T M)
Replacing y by )(a)}l,_’ , and noting that ¢y, I = (.}, is an even character, yields (6.3).

When 7 has very non-critical slope, Corollary 6.3 provides enough relations to estab-
lish a functional equation for &£, (77, x -) € D(Galeye, O(U)) given its growth. If 7 has
critical slope, but is still non-critical, then the functional equation will be proven in the
next subsection using the unique p-adic family containing 7 from Theorem 2.14.
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6.3. Functional equations for p-adic L-functions

We recall that the multi-variable p-adic L-function &£, € D(Galpoo, O (X (7))) from (4.8)
interpolates the p-adic L-functions &, (74, ) € D(Galpeo, @ (X (77))) for all cohomolo-
gical weights A € X (7).

The cyclotomic (resp. multi-variable) p-adic L-function attached to 7 is defined as

Ly(#,5) = £p(T. ;" 20057, resp. Lp(A.s) = Lp(h, 0,2()57h),  (6.4)

for s € Oc,.A € X (7). By Proposition 4.10 for z € Oc,, and (kj,w;) € X*(7) such
that (kj,wy (-)2?) € X (%) one has

Ly((ky.wy +22),5) = Lp((ky,wyp),s + z). (6.5)

Theorem 6.4. The sign €, of T, is independent of the cohomological weight A € X (7).
For any A € X.(7), for any multiplicative continuous character [ € A(Galy, L) and for
any finite order character y : Galpoo — L*, one has

LpO 1+ f) = - oy ) =ma) (2L A a2 (- o)), (66)

In particular, L, (7),8) =€y - (n)IS,_HW)‘/ZLP (3,2 —wy, — ) as analytic functions in s.
Proof.: We remark that the slope is constant in the family and equals ), . s, evhz,
(see Definition 1.8). Consider a cohomological weight A’ € X () having very non-
critical slope (see (1.15)). Since the elements £,(A’, x-) and £, (1, )(c_yvcw)(_l-) of
D(Galgye, O(U)) both have growth at most ZueS,, eyhz,, by [51, Thm. 2.3, Lem. 2.10]
it suffices to check (6.6) for all f = y'(-) ;71, where r is a critical integer for (k,w) and y’
is a finite order character of Galgy.. This is precisely formula (6.3) applied to y x’, except
that there is &5,, instead of &.

We now turn to the problem of showing that the sign is generically constant
in the family. Choose A’ € X (%) as above for which 2 — wy//2 is a crit-
ical integer. The absolute convergence of L(wy ® x’,s) for Re(s) > 1 — wy /2
implies that L(my ® yw, ', (3 —w;/)/2) # 0. Moreover Proposition 4.4 implies that

E(Tp y. Xva—w/z’z —wj//2) # 0 for any v € S,, and therefore £, (1’, X’xéy_cw)"/z) #0

by Corollary 6.2. Letting f = w,"/ 2(-);_1, the quotient

(W) 22, (A, ()57

e(d,s) = — —
Xm0 Lp(h, Ly 2 ()" 75)

is a well-defined, non-identically-zero meromorphic function in the variables (1, s) €
X () x Oc, - Indeed, we have shown that its numerator does not vanish at (A',2 —wy/2),
and e(A’,2 —w,//2) = &, by the functional equation. Similarly e(A,s) = &, € {£1} for
all cohomological weights A € X (77) having very non-critical slope and such that (A, s)
is well-defined, and the Zariski density of such points implies that (4, s) is constant with
value ¢ € {%1}, independent of y.
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To finish the proof of (6.6) it suffices to check that € = &, for any cohomolo-
gical A € X (7). By a theorem of Rohrlich [42] applied at the central critical point,
there exists a finite order character y’ of Galpe such that L(n,l ® x, 1_%) # 0
and E(7) p, X;a)p_W/Z, 1 —w,/2) # 0 for all v € S,. Then Corollary 6.2 implies that

£,(1, X’x&fA/z) # 0, and it then follows from Corollary 6.3 that £;, = &. L]

7. The Trivial Zero Conjecture

By Corollary 6.2, the set £ C S, of places at which the local interpolation factor
of L,(7,s) vanishes at the central point 2_7‘” consists precisely of v € St, such that

E(]Tv, 177"") = —1.

Theorem 7.1 (Trivial Zero Conjecture at the central critical point). The p-adic L-func-
tion L,(7,s) has order of vanishing at least e = |E| at 2_TW and

€ (= 2-w 1w

Ly (7, %5Y) ~ L5 ISty \E| —1,—w/2y2

I e | BSOS D
NF/Q(I 0)Q=" veS,H\Stp

Moreover, if the Greenberg—Benois arithmetic £ -invariant is defined, the Trivial Zero
Conjecture of the introduction holds for the Galois representation Indgg’ Ve (2%‘”) with
the choice of regular submodule as in §5.3.

The proof of Theorem 7.1 will occupy the remainder of this section.

7.1. Local behavior in partial families

Crucial for the computation of Taylor coefficients of our p-adic L-functions is the fol-
lowing technical lemma.

Lemma 7.2. Let S = S, \ {v} for some v € St,,. After possibly shrinking X (i), for any
cohomological A € Xg N X (&) the local representation m,, , is an unramified twist of
the Steinberg representation (see Definition 2.1 and (5.2)).

Proof. Let us first present an argument using p-adic Hodge theory and the existence of
the analytic Galois representation pq; from (5.1). Let Z C X () N Xs be the Zariski
closure of the subset of cohomological points A such that  , is unramified, i.e., px, v is
crystalline. Since the labeled Hodge—-Tate weights of p,, , are constant for all cohomo-
logical weights A € Xg, a theorem of Berger and Colmez [9] (see also [15, Prop. 3.17])
implies that (k,w) ¢ Z, hence the claim.

We now give a proof based on the theory of partially finite slope families developed in
§2.6, which we believe is of independent interest. Let K = K (77, u) (which, by assump-
tion (4.12), is the same as K(7s, 1)), h = (hz,)wes, and hs = (hz, )wes. Writing
Us = Xs N X (7), the natural restriction map Dy — Ds,u, yields a Ts—equivariant
map H? (Y, Dy )=" — HE (Y, Ds.u)<="S such that the action of Uy, on the left
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€,<h

agrees with that of Uy, ~on the right. Under this map, the localization HY (Y, Dy )5
maps to Hf Yk, Ds,u S);Sshs further localized at the ideal generated by U, — «y and
Us — vy (8) for § € O, which does not vanish. Therefore, Theorem 2.14(ii) applied to
both S, and S implies that, after possibly shrinking X (), there exist components V
of T‘iﬁ and Vg of Tsf,}{fs such that the weight maps « : 'V 5 Us and ks : Vg = Us are
isomorphisms and there exists an O (U g )-linear natural map between free rank 1 @ (Us)-
modules

HE Yk, Dug)“=" @pzn O(V) > Hi(Yk, Ds,ug) =" @pzns O(Vs). (1)
S S Ug

After fixing bases, the above isomorphism is necessarily given by multiplication by some
g € O(Usgs). Specializing at (k, w), the classicality Theorem 2.7 implies that g(k,w) # 0,
since multiplication by g(k,w) takes the class corresponding to 7?;( to the class corres-
ponding to 7 5 s We then shrink X (7) so as to ensure that g is nowhere vanishing on Us.

By the proof of Theorem 2.14(iii), specializing (7.1) at A € Ug(L) cohomological
yields

HE (Vg £ (L)< @pon L= HI(Yi, LY (L) @ ng L.
) Sxglto

which is an isomorphism since multiplication by g(1) is a non-zero map between L-lines.
We conclude that 7, and 7, s have the same Hecke eigenvalues away from a bad set of
primes, and therefore ), ~ m) s by Strong Multiplicity One for GL,.

It therefore suffices to show that i) s , is Steinberg for all A € Us. However, Theorem
2.14¢(iii) and its proof imply that 77, s is a non-critical S-refinement, hence

1 = dimH} (Yk, i)s,k)inﬁLS = dim (”){(,S,f)mﬁx.s'

Decomposing as tensor product we deduce that dim(n/{‘,’s,v) = 1, as we are not localizing
using Hecke operators at v ¢ S (see Definition 1.6). Hence m ,, >~ 7, s, is an unramified
twist of the Steinberg representations, as unramified representations have 2-dimensional
I,-invariants. [

7.2. Taylor coefficients

In this section we use the interplay between properties of partially improved p-adic L-
functions and the variation of the root number in partial finite slope families to establish
the vanishing of many Taylor coefficients of the p-adic L-function of the family.

Definition 7.3. Letu € 40¢, and x = (xy)yeg € (2p(9<cp)E. For any subset S C E we
denote xs = (xy)yes and define )Liu = (kj,wy) € X*(7) by

ko foro € Xg,\E,
wpy=w—u and kp,=1ks+u foroeXggs,
ko + x, foro € Xg.
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Writing L, (x, ) = (n)z/4Lp (AE .. %"), Theorem 6.4 implies that

x,u’
Ly(x,—u) =& -Ly(x,u) with &= (=1)%g. (7.2)
In particular we may write L, (x,u) = > ;. 4; (x)u’, where A; (x) is p-adic analytic in
(xy)ver and the sum runs over i even (resp. odd) when £ = 1 (resp. € = —1). By (6.5)
we see that

Lp(#.s) = (n) T 2/4L((0)yep. 2 —w —25).

By definition, )&f’ e X*™(m@) N XSU(S \E) and we can define

Ls(xs.u) = ()4*Lsiys,\p) (A5, 1. 25, (7.3)

where Lsy(s,\E) is the improved p-adic L-function from §4.3.
By definition we have IL, (x,u) = L g (x, u) and by Theorem 4.13 forall § C E,

Ly((s. @ernshan) = Lstss [T (1-azg™ T o))
veE\S gEXY
(74)

We now turn to the Taylor expansions of the functions A4; (x). For a multi-index n =
(ny)ver of non-negative integers we denote x” = [],cg xp". For each i write the power
series expansion

Ai(x) = Z ai(n)x".

E
neZZo

We will prove that a large number of such coefficients vanish, a fact which is not implied
by the Trivial Zero Conjecture. More precisely, all coefficients of total degree < e and
most of the coefficients in degree e vanish. For S C E we will write ng = (ny)yes and
n=(ns,ng\s).

For convenience we denote |n| = Y .z ny and ||n]| = [{v € E | ny # 0}/, so that
Inll < |n].

Our first technical result concerns the vanishing of certain linear combinations of the
Taylor coefficients a; (n). Recall that the function L, (x, u) is even in u if & = 1 and odd
inuifeg =—1.

Lemma 7.4. Let S C E be such that (—1)/E\S| = % Forng € 75 Soandl < e—|S|we
have
Z a!—lnE\Sl(”S,nE\S) = 0

nE\S

Proof. For xg € 75 2o p-adically close to 0, A = /\ %0 € xX*(T) N XSU(S \E) is a
cohomological weight such thatk = ko foro € Xg,\s. By Lemma 7.2 and the analyti-
city of the eigenvalue o (1) we conclude that ) , ® | - | 7%/2 is the Steinberg representa-
tion for all v € E \ §, in particular e(nk vs 1—"") = —1. From this and from Theorem 6.4
we deduce that

(71,1, ) = (- DHIENSI. g = 1,
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which implies that L(iy, I_T‘”) = 0. Corollary 6.2 then implies that Lg(xs,0) = 0.
Moreover, the fact that e(my ., I_T‘”) = —1 for v € E\ S implies that «p(1) =
[loes, o(wy)*ko=2/2 for v € E \ S. By Zariski density these equalities are also true
for all xg. Thus each factor in (7.4) vanishes at ¥ = 0 and so u!E\SI*1 divides the ana-
lytic function L, ((xs, (4)yeg\s). #). Expanding, we deduce that for all n € Zgo,

wl BN divides Y " xs5 > > ap(nyulrEsit

ns i NE\S
Collecting terms of the form xgs u* in the above divisibility yields the desired equality. m

The following proposition proves that the Taylor expansion of IL, (x, 1) contains only
terms of degree > e.

Proposition 7.5. (i) If |n| < e —i, thena;(n) = 0.

(ii) For any giveni < e, we have Z\n|=e—i a;j(n) =0.

Proof. If (—1)/ENSI = (—1)*1 % —F then A4; (x) = 0 by (7.2) and both claims are clear.
(i) We will prove this fact by induction on (||r|| 4 i, i) ordered lexicographically. The
base case i = ||n|| = 0 follows from Lemma 7.4 applied to ng = (0)yes, £ = 0 and to
any S C E satisfying its hypothesis. Suppose now that a;(m) = 0 for all j and m such
that either ||m| + j < ||n|| +i or ||m|| + j = ||n|| + i and j <i. Since ||n| < e —i there
exists S C E suchthat|S|=e—i—1,n, =0forallve E\ S,and ||n| = |ns|. Then
(—=DIEASI = (—1)i+! = —Fand Lemma 7.4 applied to £ =i < |E\ S| =i + 1 yields

Z ai—|mE\s\(nS»mE\S) =0.

MmE\S

Consider a term a;(ns, mg\s) in the above sum and write m = (ns, mg\s). Then
Imll +j = llnsl + llme\sl +j < lnl + [me\s| + j = |n| + i. The inductive hypo-
thesis then implies that a;j(m) = 0 whenever the previous inequality is strict, or when
j < i. The sole surviving term in the sum is then a;(ns, (0)yer\s) = a;(n) =0, as
desired.

(ii) Let S C E be any subset with cardinalitye —i —1 >0 andletng = (1)yes. Since
(=DIENSI = —% Lemma 7.4 applied to £ = i + 1 = e — | S| yields

Z Ait1-jnp\s|(ns.nE\s) = 0. (7.5)
nE\S
Letting n = (ng,ng\s) and noting that |n| = |S| + [ng\s|, we deduce from (i) that
Aj+1-|n g\ 5| (M) = de—|n|(n) vanishes unless ||n| = [n]. Summing (7.5) over all such sub-

sets § C E yields

i+1 i
0= Z Z Ae—in|(ns,NE\S) = Z(ee ; / ) Z aj(n).

|S|=e—i—1|ng\s|=lng\s j=0 Inl=lnll=e—j

(7.6)
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Since Z\n|=e—i a;(n) = Z”n”:‘n‘:e_i a; (n) by (i), it suffices to prove the vanishing of the
latter, which is deduced from (7.6) by induction on i, using the fact that either Ag(x) =0
or A;(x) = 0. [

Remark 7.6. While Proposition 7.5 implies that IL, (x, u) only contains monomials of
total degree > e, our methods do not imply that these monomials are multiples of u¢. For
example, when e = 4 and ¢; = 1, one can only show that

Lp(-xl , X2, X3, X4, u)
= au®(x; — x2)(x3 — x4) + bu?(x; — x3)(x2 — x4) + cu* + (degree > 5 terms).
Similarly, for e, = 1 and e = 2 we have IL, (x1, x2,u) € (x x2, u?), while for e = 3,

Lp(x1,%2,x3,u) € (uxf(xz — X3), ux%(xl —X3), ux_%(xl — X2), UX1X2X3, U>).

7.3. Proof of the Trivial Zero Conjecture
In this section we prove Theorem 7.1.

Lemma 7.7. Keeping the hypotheses and notations of Theorem 7.1, the analytic function
Ly ((4)vek, u) vanishes at u = 0 to order at least e and

(=2)°  a°
(e, u)
el du° Lp((4)ve u=0
L, 2w —w/2
= Z(7) - /2(” 23 = 28EL T (1—"’; )
Ny (i 0)Qs oo veS)\Stp v

Proof. By (7.4) we see that

Ly((4)ver.u) = Lg(u) 1_[ ( -« (A(u) u)—l l_[ U(WU)(kg—z)/z)'

veE g€y

Since each interpolation factor vanishes at u = 0 it follows that the order of vanishing of
L,((u)yer,u) at u = 0 is at least e. Differentiating e times at u = 0 we deduce from
(7.3) that

e

Tl =ellLg, \E Hdloga

u=0 veE

]Lp((u)veEv u)

Moreover by Corollary 6.2 one has

Eg v (7o, 1, 25%) = (1—aylqy"?)? ifv e S, \ St,
Sp\E Ty, s Ty ) — 1—w .
1+e(my, .5%)  ifveSt.

The desired formula then follows from Corollary 6.2 and Proposition 5.2 noting that
o (A(o) o) = [loes, o(wy)*e2/2 forv € E and e(mry, 15%) = 1 forv € St \E. m
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Proof of Theorem 7.1. Recall that L,(7,s) = (n)§,23+w_2)/4Lp((0)veE, 2 —w—2s),
hence
m k

m— d
L,(,m)(ﬁ»s)|s=2—w/2=Z(’Z)(%logp(n)) DLy (Oer)| )

k=0 u=0

Differentiating L, ((0)ye g, u) we see that %Lp((O)veE,uﬂu:O = k!4, ((0)yeg)- By

Proposition 7.5 these derivatives vanish for k < e, which implies that the order of van-

ishing of L, (7, s) ats = Z_T‘” is at least e. Differentiating the power series expansion of

ILp((u)veE, u) we see that

e

due

—e'z Z ai(n).

i |nl=e—i

Ly (()veE,u)

u=

By Proposition 7.5 the interior sum above vanishes when i < e, hence

e e

due]Lp((u)veEau) = elac((0)ver) = e!4c((0)ver) = e

u=0

Then, (7.7) implies that

Ly ((0)yeg,u)

u=0

e e

~ d d
L) (E 9)ls=wy2 = (2 T Lp(Over,w)| = (=)L

u=0

p((u)UGE s u)

b
u=0

and Theorem 7.1 then follows from Lemma 7.7.
Finally, it remains to explain why the Trivial Zero Conjecture of the introduction holds
for IndQ ( ) LetV =V, ( ) and D, C Dy (Vy) regular submodules as in §5.3.

Then D =P, Sy Ind F:’ D, C @st(lnd F V|G@p) is a regular submodule. By Proposition
5.4 and [43, Cor.3.9], we have

Zop(nd® Ve (35Y). D) = Zop(7) = 2@ [ £

veE

The conjecture now follows from the main formula of this theorem and [25, p. 1398],
which explains that the analytic .Z-invariants of Indg V and V also differ by [],cg /!
]
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