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Abstract. We prove that for r € N> U {oo}, for any dynamically coherent, center bunched and
strongly pinched volume preserving C” partially hyperbolic diffeomorphism f: X — X, if either
(1) its center foliation is uniformly compact, or (2) its center-stable and center-unstable foliations are
of class C 1, then there exists a C -open neighborhood of £ in Diff” (X, Vol), in which stable ergodi-
city is C" -prevalent in Kolmogorov’s sense. In particular, we verify Pugh—Shub’s stable ergodicity
conjecture in this region. This also provides the first result that verifies the prevalence of stable
ergodicity in the measure-theoretical sense. Our theorem applies to a large class of algebraic sys-
tems. As applications, we give affirmative answers in the strongly pinched region to: 1. an open
question of Pugh—Shub (1997); 2. a generic version of an open question of Hirsch—-Pugh—Shub
(1977); and 3. a generic version of an open question of Pugh—Shub (1997).
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1. Introduction

Smooth ergodic theory, that is, the study of statistical and geometric properties of meas-
ures invariant under a smooth transformation or flow, is a much studied subject in the
modern dynamical systems. It has its root in Boltzmann’s Ergodic Hypothesis in the
study of gas particles back in the 19th century. Ever since Birkhoff’s proof of his ergodic
theorem, there has been a constant interest in understanding the genericity of ergodic
systems. The pioneering work of A. Kolmogorov in the 1950’s provided the first obstruc-
tion to the genericity of ergodicity for Hamiltonian systems. His idea was later developed
into what is now known as the Kolmogorov—Arnold—-Moser (KAM) theory. On the other
hand, the work of E. Hopf, D. Anosov and Y. Sinai provided open sets of ergodic systems,
known as Anosov systems, or uniformly hyperbolic systems.

Definition 1.1 (Anosov diffeomorphisms). Given a compact Riemannian manifold X, a
diffeomorphism f € Diff! (X) is called uniformly hyperbolic or Anosov if there exists a
continuous splitting TX = E } <) E}‘ of the tangent bundle into D f -invariant subbundles
and constants y*, y* > 0 such that for any x € X, we have

IDF@OIl < e vl Yor € Ef(x)\ {0}, (1.1)
IDf @) > eX vl Yz € Ef(x)\ {0} (1.2)

For the next nearly thirty years after Anosov—Sinai’s work, uniformly hyperbolic sys-
tems remained the only examples where ergodicity was known to appear robustly, a
property which is also called “stable ergodicity”: we say that a C? volume preserving
diffeomorphism f is stably ergodic if any volume preserving g sufficiently close to f
in the C? topology is also ergodic. A breakthrough came when M. Grayson, C. Pugh
and M. Shub [19] gave the first nonhyperbolic example of a stably ergodic system, the
time-1 map of the geodesic flow on the unit tangent bundle of a surface of constant neg-
ative curvature. Such systems are special cases of partially hyperbolic systems, which are
defined as follows.

Definition 1.2 (Partially hyperbolic diffeomorphisms). Given a smooth Riemannian man-
ifold X, a C! diffeomorphism f: X — X is called partially hyperbolic if its C' norm
is uniformly bounded and there exist a nontrivial continuous splitting of the tangent
bundle into Df -invariant subbundles, TX = E } @ E ; @ EY%, and continuous functions
45X — Rogand j¢, y°: X — R such that

=0 <X =1 < (1.3)
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and forany x € X, v; € E}(x) \ {0}, vy € E} (x)\ {0}, v3 € E}(x) \ {0}, we have

IDx f(n)]| < e vy, (1.4)
X vy || < Dy f(w2)]| < X @lfus ], (1.5)
X' O lus]| < [ Dy f(v3)]l. (1.6)

CcS .__ C S cu .__ c u
WesetEf = EfEBEf andEf = EfGBEf.

Partially hyperbolic systems have served as the principal source for finding stably
ergodic systems (for other examples, see [8,10,36]). They also appear in the study of SRB
measures, statistical mechanics, rigidity theory and homogeneous dynamics. Based on
[19] and other results, Pugh and Shub formulated the following fundamental conjecture:

Conjecture 1.3 (Pugh—Shub’s Stable Ergodicity Conjecture, [29]). Stable ergodicity is
C"-dense among C" volume preserving partially hyperbolic diffeomorphisms on a com-
pact connected manifold, for any integer r > 2.

Since its introduction, this conjecture and related questions on stable ergodicity have
been extensively studied, for instance in the series of works [3,4,12,14,17,30,33-35,37].
We will later elaborate on the connections between them in Subsection 1.1. We mention
that Conjecture 1.3 is far from being solved: results directly related to Conjecture 1.3 are
only known for dim E¢ = !

Our main result (Theorem E) will be given in Section 2; as we will see, we actually
obtain prevalence in Kolmogorov’s sense, a notion which is much stronger than density.
In the next section, we will state Theorem A, a corollary of Theorem E, to help the reader
understand the main features of our result.

1.1. Stable ergodicity and accessibility

In [30], the authors proposed a route to prove the Stable Ergodicity Conjecture. They
divided the conjecture into two parts, using a geometric notion originating in an argument
due to E. Hopf [22].

Let f be C" partially hyperbolic diffeomorphism of a smooth compact Riemannian
manifold X, r € N> U {oo}. It is well-known (see [21]) that £ and E* uniquely integ-
rate to continuous foliations W} and "W}‘ respectively, called the stable and unstable
foliations. For any x € X and * = s, u, the leaf of W} through x, denoted by 'Wj}" (x), is
an immersed C"-manifold, and f (W}‘ (x)) = W}‘ (f(x)).If f € PIH?(X), the transverse
regularity of Wjﬁ and WJ’,‘ is Holder (see [31]).

Definition 1.4 (Accessibility). An su-path of f is a path obtained by concatenating
finitely many subpaths, each of which lies entirely in a single leaf of W} or "W}‘. The
map f is said to be accessible if any two points in X can be connected by some su-path.

IThe C! version of Conjecture 1.3 was proved in [4].
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We say that f is (C!-)stably accessible if there exists a C '-open neighborhood U of f
such that any g € U is accessible.

Conjecture 1.5 (Accessibility implies ergodicity). Essential accessibility implies ergodi-
city among C? volume preserving partially hyperbolic diffeomorphisms.

Recall that essential accessibility is a weakening of the notion of accessibility: it
means that for any two measurable sets A, B of positive volume, there exist a € A and
b € B which can be connected by some su-path.

Conjecture 1.6 (Density of accessibility). For any integer r € N>, U {c0}, stable access-
ibility is open and dense among C” partially hyperbolic diffeomorphisms, volume pre-
serving or not.

The state-of-the-art result on Conjecture 1.5 is due to K. Burns and A. Wilkinson [14].
They proved Conjecture 1.5 under a mild technical condition called center bunching,
which asserts, in rather loose terms, that the hyperbolic part dominates nonconformal-
ity of the center. Their result improved earlier work of Pugh—Shub [30], which required
two technical conditions: dynamical coherence and a stronger form of center bunching.
Dynamical coherence is a very commonly used notion, which asserts a kind of joint integ-
rability of the invariant subspaces E€, ES, E¥. We will give the formal definitions in
Definitions 1.8-1.9.

In comparison, there is a paucity of progress towards Conjecture 1.6. When the center
dimension is 1, Conjecture 1.6 was proved by F. Rodriguez-Hertz, M. A. Rodriguez-
Hertz and R. Ures [35]. It is still open for any dim E¢ > 1. To describe the current state
of Conjecture 1.6, we mention several related results, which were obtained for certain
classes of systems.

e K. Burns and A. Wilkinson [12] proved a version of Conjecture 1.6 for compact group
extensions over Anosov systems (see also [16] for a related result).

e V. Horita and M. Sambarino [23] obtained a C"-density result for a class of partially
hyperbolic systems with dim E¢ = 2 and uniformly compact center foliations (see
Definition 1.10).

e Another C"-density result for partially hyperbolic systems with dim E¢ = 2 was
obtained recently by A. Avila and M. Viana [5] using a very different method.

e Z. Zhang [39] proved C"-density of C2-stable ergodicity for a class of skew products
over Anosov maps, satisfying pinching, bunching conditions with a kind of dominated
splitting in the center subspace.

The difficulty of Conjecture 1.6 is mainly due to the C2-smallness of the perturba-
tion. In fact, the C-density of stable accessibility was already proved by D. Dolgopyat
and A. Wilkinson [17] in 2003. There was a line of research focused on the C'! version
of Conjecture 1.3. In the case where dim E€ = 1, 2, this was proved in [9] and [34]. The
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C'! case of Conjecture 1.3 was completely solved by A. Avila, S. Crovisier and A. Wilkin-
son [4].2

As the main result of this paper, we will verify C”-density of stable ergodicity in C!-
neighborhoods of two classes of partially hyperbolic systems, defined by some technical
conditions. Let us first recall some notions needed to state our result.

The following definition is commonly used in the study of partially hyperbolic sys-
tems (see [29-32]).

Definition 1.7 (Pinching). An Anosov diffeomorphism f with constants x*, y* as in
(1.1) and (1.2) is called -pinched for some 6 € (0, 1) if there exist 3%, ¥° > 0 such that

e < |IDFTYTL < |IDf| < e,
-0t +0y <0, y—03>0.

A partially hyperbolic system f with functions y*, j*, y¢, x¢ as in (1.3)—(1.6) is
called 8-pinched for some 6 € (0, 1) if there exist y*, y* > 0 such that

e < |IDfTYT < |IDS) < e, (1.7)
GXAM<X—S_’_XL‘7 GXAS<X_M_2C

By definition, given any Anosov or partially hyperbolic diffeomorphism f', there
exists 8 € (0, 1) such that f is -pinched.
A related notion is the following.

Definition 1.8 (Center bunching). A partially hyperbolic system f with functions y*, y*,
16, 1€ asin (1.3)—(1.6) is called center bunched (see [14]) if

<P +x -xe<xt-x (1.8)

Definition 1.9 (Dynamical coherence, plaque expansiveness). We say that a partially

hyperbolic system f is

e dynamically coherent (see [21]) if EJ?S ,resp. E Jﬁ", integrates to an f -invariant foliation
’W;S, resp. WS¥, called the center-stable foliation, resp. the center-unstable foliation;
in this case, for any x € X, we let ch (x) = W]ﬁ’s x)N ij“ (x); the collection of all
such leaves forms a foliation W]?, called the center foliation, which integrates E<, and
subfoliates both chs and W;" (see [13]);

e plaque expansive (see [21, Section 7]) if f is dynamically coherent and there exists
¢ > 0 with the following property: if (p,)n>0 and (¢»)s>0 are e-pseudo orbits which
respect "W; and if d(py,qn) < & for all n > 0, then ¢, € 'WJE (pn)- It is known that

plaque expansiveness is a C '-open condition (see [21, Theorem 7.4]).

2In [4] the authors showed that stable ergodicity is C!-dense among C! volume preserving
partially hyperbolic diffeomorphisms. If Conjecture 1.3 is true, then this statement would be an
immediate corollary by [2].
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Definition 1.10 (Uniformly compact foliation). A foliation is uniformly compact if all
the leaves are compact, and the leaf volume is uniformly bounded (see [7]).

‘We can now state our main result.

Theorem A. Let X be a compact smooth Riemannian manifold. Let r € N>, U {co}, and
assume that f € Diff" (X) is a dynamically coherent, center bunched partially hyperbolic
diffeomorphism. Let ¢ := dim EJ? If either’ ¢ = 1 and f is plaque expansive, or ¢ > 1
and f satisfies at least one of the following assertions:

o fis (%) 1”-pinched and has uniformly compact center foliation;
o fis (%) 1/9-pinched and the maps x +— Ejﬁs (%), EJQ” (x) are of class C1,

then there exists a C '-open neighborhood U of f in Diff" (X) such that C ' -stable access-
ibility is prevalent in the C”-J-Kolmogorov sense in U, for any J > Jo (see Subsection
3.1 below for a precise definition). Here Jy is an integer depending only on dim X.

Moreover; let Vol be a smooth volume form on X, and assume that f € Diff” (X, Vol)
satisfies one of the previous conditions. Then the above conclusion is true for a C'-open
neighborhood Uyg of f in Diff" (X, Vol) in place of U. In particular, C ' -stable ergodicity
is C"-dense in Uy.

Theorem A generalizes all the results on stable ergodicity from [5, 12,23,39] to arbit-
rary center dimension in the strongly pinched region. Compared to the previous works,
our result has two significant novelties:

(1) this is the first time that C"-density of stable ergodicity is proved for fully nonlinear
systems with arbitrary center dimension, for r > 2.4

(2) this is the first result that shows that stable ergodicity and accessibility are prevalent
in the measure-theoretical sense.

To provide motivations for (2), let us mention that there are two ways to approach the
question of genericity: topological and metric. These notions are sometimes conflicting.’
The study of prevalence properties goes back to Kolmogorov [26]. We say that a property
is prevalent if it holds for a typical dynamical system in Kolmogorov’s sense (see Defini-
tion 3.3) as in [6, 26, 28] (see [24,27] for different notions). Even when dim E} =1, we
have strengthened the result of [35], because we show that stable ergodicity is not only
C7-dense but also prevalent among center bunched partially hyperbolic diffeomorphisms

3 Any partially hyperbolic diffeomorphism with center dimension 1 is automatically center
bunched.

“In the set of compact group extensions, C”-density of stable ergodicity was proved in [12].
These systems also have higher center dimension, but they are simpler as the action on the fiber is
by group translation, hence is characterized by finitely many parameters.

SFor instance, among circle diffeomorphisms, a topological generic map has rational rotation
number, while those with irrational rotation number occupy positive measures in many one-
parameter families.
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with one-dimensional center, assuming plaque expansiveness. In [28, Conjecture 3], the
authors conjectured that for the generic finite-dimensional submanifold V' in Diff" (M)
and almost every f € V, the equivalence classes of points in the chain recurrent set of f
are open in the chain recurrent set. They also mentioned that the validity of that conjecture
would give a “finite spectral decomposition for f where each piece of the decomposition
has something akin to the accessibility property”. P. Berger [6] constructed a counter-
example to this conjecture in the Newhouse domain. Our result strongly suggests that the
accessibility property could be prevalent among partially hyperbolic diffeomorphisms.

1.2. Further illustrations of our result

Conjecture 1.3 has its origin in several concrete models. For instance, given an integer
n > 1, the linear automorphism of T” := R"/Z" associated to a matrix A € SL(n, Z)
is defined as the unique diffeomorphism f4: T” — T” such that the following diagram
commutes, where 7: R” — T" denotes the natural projection:

R —4 s R7

4 I

Tn 4, o
Back in the 1970’s, Hirsch—Pugh—Shub [21] already asked whether any ergodic linear
automorphism of T” is stably ergodic, for n > 2.

A positive answer to this question is known when the map is Anosov by [1]. This ques-
tion was solved by F. Rodriguez-Hertz in [33] for any n < 5. This in particular answered
a special case of the question, asked in [19] for an explicit 4 x 4 matrix. More generally,
in [33], the author investigated the case of pseudo-Anosov maps with two eigenvalues
of modulus 1. In [29], the authors mentioned that the validity of Conjecture 1.3 would
give a positive answer to the following weaker version of the previous question,® namely,
given two integers n, r > 2, whether the C”-generic volume preserving perturbation of
any ergodic automorphism of T” is ergodic. To the best of our knowledge, the question
remains open for any dim E¢ > 1.

Let us now consider M = SL(n,R)/T" for some uniform discrete subgroup I' of
SL(n,R). Let A € SL(n, R) with at least one eigenvalue of modulus different from 1, and
let Ly: M — M be the left translation by A. In [29], the authors ask whether L4 is stably
ergodic among C? volume preserving diffeomorphisms of M.

Unlike the case of T”, the topological complexity of the homogeneous manifold M
has so far prevented a generalization of [33]. One can also consider the generic version of
the previous question, namely, whether the C*° generic volume preserving perturbation
of L4 is stably ergodic. This is true when the map L4 is Anosov, by [1], or when the
center dimension dim E€ is 1, but the question remains open for any dim E¢ > 1.

6See remark below [29, Conjecture 1].
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As corollaries of the main result of this paper, we answer the previous questions in
any dimension in the strongly pinched region, namely for maps with pinching exponents
close to 1.

Theorem B. Let n > 2 be some integer. For any r € N>, U {00}, any linear partially
hyperbolic automorphism f4: T" — T", ergodic or not, that is (CC;I)I/S-pinched, where
c is the number of eigenvalues of A € SL(n,Z) of modulus 1, there exists a C'-open
neighborhood U of fa in PFH"(T", Vol) such that for some C"-dense subset U’ of U,

any map in U is a stably ergodic diffeomorphism.

Theorem C. Let I be a uniform discrete subgroup of SL(n,R), let M := SL(n,R)/T
and let Ly: M — M be the left translation by A € SL(n, R), assuming that A has an
eigenvalue with modulus different from 1. Then the C*° generic volume preserving per-
turbation of Ly is stably ergodic for any 0-pinched L 4, where 6 € (0, 1) depends only on
the integer n.

The partially hyperbolic splittings for Theorems B and C are the canonical ones: the
center spaces are the neutral subspaces of the affine actions. Note that even for linear auto-
morphisms with two-dimensional center, Theorem B partially improves and generalizes
the main result in [33], in the following sense: (1) we have removed the pseudo-Anosov
condition; (2) our result also applies to nonergodic maps; (3) we have weakened the reg-
ularity condition (for the perturbations) from C> to C!.

Another open question in [29] is the following.” Given two compact Riemannian
manifolds M, N, where M supports a C” volume preserving Anosov diffeomorphism
g M — M, r € Ny U{oo}, is the C"-generic volume preserving perturbation of
gxId:M x N — M x N ergodic? Again, this question has a positive answer when
the map in question satisfies dim N = 1. A recent result of A. Avila and M. Viana [5]
also gives an affirmative answer when dim N = 2 (see also [23] for a related result). This
question remains open for any N of dimension at least 3. As a corollary of our main result,
we can answer this question in any dimension in the strongly pinched region.

Theorem D. Let M, N be compact Riemannian manifolds, where M supports a C”
volume preserving Anosov diffeomorphism g: M — M, r € N>, U {0}, and let h: M —

Isom(M) be a C™ map. Assume that g is (”,1;1)1/7-pinched where n := dim N. Then a
C7 -generic volume preserving perturbation of the map (x,y) — (g(x), h(x, y)) is stably
ergodic.

Theorems B, C and D are immediate consequences of a more general result, The-
orem E, stated in Section 2.

1.3. Idea of the proof

We follow closely the method in [39]. In [39], the author studied a class of skew products
over Anosov systems, and divided the problem into: I. showing that the property of having

7 Actually, the version we give here is stronger than that initially stated in [29].
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a stably open accessibility class is C”-generic; II. showing that the property of having an
open accessibility class with intermediate volume is C”-meager. In Step I, we prove the
existence of open accessibility classes using a quantitative version of a theorem of M.
Bonk and B. Kleiner [11] (the details can be found in Section 7). In our setting, this boils
down to destroying common intersections between many different holonomy loops. This
is done by a parameter exclusion within a family of random perturbations.

The main new observation in this paper (a la Avila) is that by letting the number of
loops be sufficiently large compared to the dimension of the manifold, we have enough
room to create an open accessibility class at every point, due to the fact that the random
perturbations we use are not very sensitive to the map and the point. The details can be
found in Section 10. This allows us to bypass Step II in [39] which only works under
restrictive assumptions (for a different application of the method in Step II, see [38]).
Our construction is also suitable to study the measure-theoretical prevalence. Our method
suggests that under a strong pinching condition, the failure of accessibility should be a
phenomenon of infinite codimension.

On the technical level, in Section 6, we use [17] to construct families of center disks
to connect different regions of the space. Small complications arise in the study of pre-
valence, since we need to organize several families for different maps. For each disk we
consider a parametrized family of random perturbations generated by vector fields with
disjoint supports, and parametrize a part of the accessibility class of any given point x in
a slightly smaller disk by [0, 1]¢, where ¢ is the center dimension. We then apply Bonk—
Kleiner’s criterion to show the openness of the accessibility class of x for most parameters
in the family. The regularity results in [31,32] are used to reduce the problem to a finite
set of points and loops.

Convention. Given a compact smooth Riemannian manifold X with a smooth volume
form Vol, for any r € Nx; U {oo}, we denote by P H" (X) (resp. P H" (X, Vol)) the set
of all C” (resp. C” volume preserving) partially hyperbolic diffeomorphisms on X with
bounded C” norms.

In the course of the paper, we will often use constants depending on a diffeomorph-
ism f (and that may or may not depend on other things). We say that a constant C
depending on a C” diffeomorphism f is C" -uniform if it works for all diffeomorphisms
in a C"-open neighborhood of f. We introduce several constants related to a diffeomor-
phism in Notations 3.12, 5.2 and Construction 9.1.

Given [ > 0 and diffeomorphisms f1,..., f;, we use ]_[f:1 fi todenote fjo---0 f,
where by convention 1_[1!=j+1 fi:=Idforany j =1,...,] — 1.

2. Main result

In the following, we fix a smooth Riemannian manifold X with a smooth volume form
Vol. Let f: X — X be a partially hyperbolic diffeomorphism with functions y*, y*, y¢, x¢
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as in (1.3)—(1.6). For any o € R, we set

S 7C ZU _ He s zu\ @
B0 = min( L L Ymin( £, 2 e

We will focus on the case where f is dynamically coherent (recall Definition 1.9) and
satisfies one of the following properties:

(a) the center foliation W]? is uniformly compact (see Definition 1.10);

(b) the maps x — E}S (x), E}” (x) are of class C'!.
Let us state the most general version of our result, which contains Theorem A.

Theorem E. Lerr € Ns, U {oo}, let f € PIH"(X) be dynamically coherent and center
bunched, and let ¢ := dim chp If either ¢ = 1 and f is plaque expansive, or ¢ > 1 and
either
(1) condition (a) holds for f, and B(f,3) > (c — 1)/c, or
(2) condition (b) holds for f, and B(f,4) > (c —1)/c,
then there exist a C'-open neighborhood U of f in Diff" (X) and an integer Jo only
depending on dim X such that for any J > Jo, C'-stable accessibility is prevalent in U
in the C"-J-Kolmogorov sense.

Moreover; let [ € Diff" (X, Vol) satisfy the above condition. Then the above conclu-
sion is true for a C'-open neighborhood U of f in Diff" (X, Vol) in place of U. In
particular, C '-stable ergodicity is C”-dense in Uy.

Remark 2.1. If f is 6-pinched for some 6 € (0, 1) and satisfies (a), resp. (b), then we
can see that B( f,3) > 07, resp. B(f.4) > 0°. Therefore, Theorem A is a consequence of
Theorem E. Similarly, Theorems B, C and D follow by making an appropriate choice of
755", 5, 16, we omit these straightforward computations.

3. Preliminaries

In the following section, we recall some general notions about parameter families, preval-
ence and partially hyperbolic diffeomorphisms.

3.1. Prevalence

Let X be a smooth Riemannian manifold with a smooth volume form Vol. We refer the
reader to [18, Chapter II, §3] and [20] for more details about the notions recalled in the
following.

Definition 3.1 (C” topology). Let m,n > 1 be integers. Given k € N and f €
Ck@®R™,R"), we set || f ||l ck := SUPo<; <k, xerm ||0% f ||. Here, 9% f is a multi-linear map
from (TxR™)" to Tyx)R", and [|0’, f || denotes the norm of this linear map. We let d ¢«
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be the distance induced by | - || cx. Given f, g € C*°(R™,R"), we set

© o If —gllex
de(f, = 2 k—.
U R DR i o

k=0

For r € N U {00}, the C” topology on C"(R™, R") is the topology induced by dcr.
Given smooth Riemannian manifolds M, N, we define accordingly the C" topology for
maps between M and N, and we denote by C; (M, N) the subset of maps in C"(M, N)
with bounded distance to the constant maps.

Definition 3.2 (Parameter family). Given integers r,m,n, J > 1, we define the space
cr(o, 117, Cy (R™,R™)) as the set of families { fu},e[0,177 of maps fo, € C"(R™,R")
such that for every 0 < i, j < r the derivative 9’ 3% f,(x) is a multi-linear map
which depends continuously on (w, x) € [0, 1]/ x R™. The C” topology on the space
cr(o, 117, C; (R™,R™)) is the topology induced by the norm

I{ fo)ollcr := sup 192,87 fu (X)].
0<i,j<r
(w,x)€[0,1]7 xR™

The C° topology on C*([0, 1]”, CpP(R™,R™)) is defined by analogy.

Let r € N U {oo}. Given smooth Riemannian manifolds M, N and U C C; (M, N),
a C"-J-family in U is an element { f,,}, € C” ([0, 1], U). We define the C” topology
on C” ([0, 1]/, U) analogously and denote by dcr the associated metric.

Definition 3.3 (Prevalence). Let U be an open subset in Diff" (X)) or Diff" (X, Vol), for
r € N U {c0}. A property P for maps in Diff" (X) or Diff” (X, Vol) is said to be prevalent
in the C”-J-Kolmogorov sense in U if for a C”-generic C”-J -family { f,,}, in U and
for almost every @ € [0, 1]7, f,, satisfies P.

We introduce the following notion for technical reasons.

Definition 3.4 (Good family). Let r € N U {oo}. Given an integer J > 1, a C"-J -family
{ fulw € CT([0,1]7, Diff" (X)) is said to be good if the fixed points of fa]f are isolated for
all integers k > 1 and almost every w < [0, 1]”.

Proposition 3.5. There exists Jo = Jo(dim X) > 0, which we fix in the rest of this paper,
with the following property. For any r € N>, U {oo} and any integer J > Jy, the set of
good C7-J -families is dense in the set of C”-J -families with respect to the C" topology.

Proof. This is essentially contained in [25, proof of Theorem 2.2]. In [25], the author
showed the prevalence of Kupka—Smale diffeomorphisms in Diff” (X). In contrast to the
Kupka—Smale property, our notion of good family is only a transversality condition on
the level of O-jets. The next lemma suffices for our purpose.

Lemma 3.6. For any integers p,q >3, anyr € N>, U {oo}, and any C” map f:(—1,1)?
— RY, there exist an integer L > 1 and C divergence-free vector fields Vi, ...,V on
R4, supported in (—1, 1)4, such that the following is true. Denote by ?[iji :RY — RY the
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time-b; map of the flow generated by V;, and let F: (—1,1)? x (=1, 1) — RY be defined
by F:(x,b) —~ S"?,’I“ 0---03"311 (f(x)) forallb = (by,...,by). Then the map

G: (=1, )P > RP xRY,  (x,b) — (x, F(x,b)),

is a submersion for any (x, b) such that F(x,b) € (—1/2,1/2)4.

Lemma 3.6 is proved via a direct construction. Using Lemma 3.6 in place of [25,
Lemma 1.5], the proof of Proposition 3.5 proceeds as that of [25, Theorem 2.2]. ]

3.2. Partially hyperbolic diffeomorphisms

Fix an integer d > 1. We let X be a smooth d-dimensional Riemannian manifold with a
smooth volume form Vol.

Let f: X — X be a partially hyperbolic diffeomorphism or an Anosov map.

In the following, we will call a leaf of 'ij, W;“, etc. a center leaf, center-unstable
leaf, etc.

Definition 3.7 (Holonomies). Let f € P! (X) be dynamically coherent.

Let x; € X and x5 € "Wj“i (x1). By transversality, for i = 1, 2, there exists a neigh-
borhood €; of x; within Wjﬁj‘oc(xi) such that for any x € €, the local s-leaf through x
intersects €, in a unique point, denoted by H fx1 - (x) = ffl e (x). We thus get a
well-defined local homeomorphic embedding H$ e 1 €1 — 6, called the (local) stable
holonomy map between €, and €,. Fori = 1,2, set G :=6nNw floc (x;); by restriction,

H ;,16’1 © induces a local homeomorphism H ;flfz: ‘él — ‘ég. Unstable holonomies are
defined accordingly.

Let x; € X and x5 € 'WC (x1) be sufficiently close points in the same center leaf. Let
* € {u, s}. Then the (local) center holonomy map H¢ L

well-defined local homeomorphism from a neighborhood of x; in "W}" to 'W; (x2).

along local leaves in Wjﬁ isa

The following result [31, Theorem A] relates the pinching condition in Definition 1.7
to the regularity of u, s-holonomy maps.

Proposition 3.8. If f € PH(X) is 0-pinched for some 0 € (0,1), then the local unstable
and stable holonomy maps are uniformly 0-Holder.

The following result is contained in the proof of [31, Theorem B]. It relates the center
bunching condition in Definition 1.8 to the regularity of u, s-holonomies.

Proposition 3.9. If f € PH>(X) is dynamically coherent and center bunched, then local
stable/unstable holonomy maps between center leaves are C' when restricted to some
center-stable/center-unstable leaf and have uniformly continuous derivatives.

In Proposition 3.9, uniformity of the continuity is a simple consequence of the invari-
ant section theorem and the uniform C?2 bound.
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3.3. On leaf conjugacy

Later on, we will focus on dynamically coherent systems satisfying one of the conditions
(a) or (b) in Section 2. The following result is due to Hirsch—Pugh—Shub.

Proposition 3.10 ([21, Theorem 7.1], see also [32, Theorem 1]). Let f be a dynamically
coherent partially hyperbolic diffeomorphism satisfying (a) or (b). Then any g € P H ' (X)
which is sufficiently C'-close to f is also dynamically coherent. Moreover; there exists
a homeomorphism §) = hg: X — X, called a leaf conjugacy, such that (1) h maps an
f -center leaf to a g-center leaf: (2) both h and h™' tend to 1d in the uniform norm as
dci(f, g) tends to 0.

Proof. 1t suffices to see that any f in the proposition is plaque expansive (recall Defin-
ition 1.9). The plaque expansiveness is proved in [15] (see also [32, Proposition 13])
under (a), and in [21] under (b). [

The following result, due to Pugh—Shub-Wilkinson [32], ensures that the leaf con-
jugacy by in Proposition 3.10 has Holder regularity under (a) or (b).

Proposition 3.11 ([32, Theorems A-B]). Ler f € PH(X) be dynamically coherent,
satisfying (a) (resp. (b)), let ¥°, j*, x°, x* be as in (1.3)—(1.7), and let 0 be a constant
such that

0<6 <min(p*/7%. /i) <1. (3.1)
Then for some C'-open neighborhood Uy = Uo(f.0) of f, and any g € U, the leaf
conjugacy Y4 in Proposition 3.10 exists and can be made uniformly 0-Hélder, and local

center holonomies between sufficiently close leaves are uniformly 0-Holder (resp. 62-
Holder).

We will later use Propositions 3.8, 3.9 and 3.11 while keeping track of the uniformity
of various quantities. We summarize these statements as follows.

Notation 3.12. Let X be a d-dimensional compact Riemannian manifold (d > 3) with
metric d(-,-), and f € PH'(X) be dynamically coherent and plaque expansive. We
denote by dw} , drw% , drw;- , drwtfrs, d weu the associated leafwise distances. For any x € X,

o >0, and * = 5,u,c,cs,cu, we set W;(x,a) ={y € 'W;(x) | d«wf*(x,y) <o}

Then there exist C !-uniform constants hy > 0,07 € (0,hr), Cr > 1, Kf >1,er >0,
0]’,, 9]// € (0, 1), and in case f is C2, also a C2-uniform constant Ar > 0 satisfying:

(1) For* =c¢,s,u,cs,cu,forany x € X and y € W;(x,af), we have

d(x,y) = dyx(x,y) = Crd(x,y).

(2) For any x € X any y € B(x, o7), Wfs (x, hy) transversally intersects W}‘Q“(y, hyr)
at a unique point z, and dw;_ (x, 2), d’W;‘_u (z,y) < Crd(x, y). If in addition y €
W (x, 07), then dw‘/v‘ (x,2), dW; (z.y) < Cfdwfc,s (x,y).
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(3) (Center bunching) If f € £ #?(X) is center bunched, then for any x € X and y €
Wi (x, 07/2), the holonomy map Hp = Wi(x,or/2) — Wi(y, Croy) is well-
defined. Moreover, DH fsx y is uniformly continuous and has norm bounded by A .

(4) (Pinching) f is 9}’,-pinched. Moreover, if f € £H*(X), then for any x € X and
y € W;(x, or/2), the holonomy map Hfs’x’y: 'ch” (x,07/2) — "W;”(y, 1) is well-
defined and has 9}—Hblder norm bounded by A .

(5) (Holderness of h and H¢) If f satisfies (a), resp. (b), then 9]’,’ satisfies (3.1) in place
of 6, and the following is true:

(5.1) any g € PH'(X) with dci(f. g) < er is plaque expansive and for any
x € X and any y € Wg(x, 0r/2), the holonomy map Hy , , is defined on
Wg(x,0¢/2), * = u,s, and its 9]’,’— (resp. its (0/’,’)2—) Holder norm is bounded
by Af.

(5.2) For any gy, g, € PH'(X) such that d1(f, g;) < e, i = 1,2, the leaf con-
jugacy bg, g, = bg, o b has (67)>-Hdlder norm bounded by A . Here b
is given by Proposition 3.11 for g; in place of g.

Moreover, we assume that properties (2)—(4) above are also satisfied when we

exchange the roles of u and s.

Definition 3.13. Let f € P #2(X) be dynamically coherent and center bunched. We say
that f satisfies (ae) if

—1
(a) holds and 67 (9}/)3 > & (ae)
Similarly, we say that f satisfies (be) if
—1
(b) holds and 6 (6))* > = - (be)

Remark 3.14. If condition (1) of Theorem E holds for f, then by Definition 1.7 and
Propositions 3.8 and 3.11, we can choose Qj’,, 9}’,/ such that (ae) holds. Similarly, if (2) of
Theorem E holds for f, then we can choose 9}, 9}’ such that (be) holds.

Standing hypotheses for the rest of the paper. We denote by X a d-dimensional com-

pact smooth Riemannian manifold with a smooth volume form Vol; r € Nx; U {oo}; and

f € Diff" (X). Whenever f is declared to be partially hyperbolic, we denote ¢ := dim E¢,

dg := dim E} and d,, := dim E/’,‘ Moreover:

(H1) f € PH"(X) is dynamically coherent and plaque expansive in Sections 4.2—4.4,
5,8,9;

(H2) f € PJH"(X) is center bunched and r > 2 in Sections 4.4 and 5.

4. Random perturbations

In this section, we will establish some estimates for certain perturbations of the holonomy
maps of a dynamically coherent plaque expansive partially hyperbolic diffeomorphism.
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4.1. Basic notions and constructions

We start with the following more general situation. The following suspension construction
will be used repeatedly.

Definition 4.1 (C” deformation). Let @ € R’ for some integer / > 0, and let U be an
open neighborhood of @ in R/ AC"map f:U x X — X satisfying f(a,-) = f and

f (b,) € Diff" (X) forall b € U is called a C" deformation at (a, f) with I parameters.
We associate with f the suspension map 7' ( f ) defined by

T=T(f):UxX—>UxX, (bx)— (b, f(bx)). 4.1)

If in addition f(b, -) € Diff" (X, Vol) for all b € U, then we say that f is volume pre-
serving.

Definition 4.2 (Infinitesimal C” deformation). Given an integer / > 0, a C" map
V:R! x X — TX is called an infinitesimal C" deformation with I parameters if

(1) foreach B € RZ, V(B,-)isa C" vector field on X;
(2) foreach x € X, B — V(B, x) is a linear map from R to Ty X.

Construction 4.3. Given I > 0, a € R, and an infinitesimal C” deformation V with
I parameters, then for any sufficiently small € > 0, we associate with V' a C” deforma-
tion f at (a, f) with I parameters which is defined by

F(b.x) = Fypay(1, f(x),  V(b,x)eUxX,

where U = B(a,€) C R! and for any B € R , Fy(s,):R x X — X denotes the C” flow
generated by the vector field V(B, -). In this case, we say that f is generated by V. If in

addition for each B € R’, V(B, ") is divergence-free, then f is volume preserving as in
Definition 4.1, and we say that V' is volume preserving.

For any V' as in Definition 4.2, we use | - |[x to denote the uniform norm of the
derivatives of V restricted to {0} x X. The following lemma gives bounds on the norms
of deformations induced by infinitesimal deformations.

Lemma4.4. Assume thatr > 2. Let I € N> and let f U x X — X beaC" deformation

at (0, f ) generated by some infinitesimal C" deformation V with I parameters. Take

T= T(f) as in Definition 4.1. Then there exists a C2-uniform constant Co = Co(f) > 0

such that, possibly for U smaller,

() IDT|| < Co(1 + [0V ||x) and [|D>T|| < Co(1 + (13595 V [lx)(1 + 195V [|x);

(2) nx DT((0, x), B) = V(B, f(x)) for any (x, B) € X x ToU. Here for each v in
T(U x X), we denote by mx (v) the component of vin TX.

Proof. We defer the proof to Appendix B. ]
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Some of the estimates will depend on the support of a deformation or of an infinites-
imal deformation, which we now define.

Definition 4.5. For an infinitesimal C” deformation V: R’ x X — TX with I paramet-
ers, we define

suppy (V) := {x € X | 3B € R’ such that V(B. x) # 0}.

Given a € R, an open neighborhood U of a, and a C” deformation f UxX — X at
(a, f) with I parameters, we define

suppy (/) := {x € X | 3b € U such that f (b, x) # f(x)}.

It is clear from Definitions 4.2 and 4.5 that for any infinitesimal C” deformation V, if
f is the C" deformation of f generated by V, then

suppy (/) C f ™ (suppy (V). 4.2)

4.2. c-disk and c-family
We first introduce the following notion.

Definition 4.6 (Accessibility class). Let f: X — X be a partially hyperbolic diffeo-
morphism. For any x € X, any £ > 0 and any integer k > 1, we let Accy (x, £, k) be the set
of all points y € X that can be attained from x through a k-legged accessibility sequence
X =29,21,...,2k = y, where foreach 0 <i <k —1, z;4; € W;(z,-,ﬁ) U W}‘(Zi,ﬁ).
We let the accessibility class of [ at x be

Accr(x) 1= U Accr(x, €, k).
£>0,k>1

Forany f € £#'(X), the accessibility classes of f form a partition of X . By Defin-
ition 1.4, f is accessible if and only if this partition consists of a single class.
In the rest of Section 4, we assume f satisfies (H1).

Definition 4.7 (c-disk). For each x € X and ¢ > 0, we call € = 'Wf? (x, 0) the center

disk of f (or c-disk of f for short) centered at x with radius o, and we set o(€) := 0. In
addition, for any 6 € (0, 1], we also define € := 'Wj? (x,00).

Definition 4.8. A collection D = {€4,..., €g} of disjoint center disks is called a family
of center disks for f (or c-family for f for short). In addition, we set

r(D) = inf o(€), 7(D):= sup 0(€), n(D):=K.
€edD €eD

Given 0 € (0,1) and k € N5, we say that D is a (0, k)-spanning c-family for f if

X = Accr(x, 1,k).
U U Acer

€Ced xebt€
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Given any subset € C X, and o0 > 0, we set (€,0) :={x € X |d(x,€) < o}. Given a
collection D = {€, ..., Eg} of subsets of X, we set

K
(D.0):=|J(€.0). Vo=o0.
j=1
A collection O of subsets of X is called o-sparse if for any distinct €, €’ € D, the
sets (€, 0) and (€', 0) are disjoint. Any c-family for f is o-sparse for some o > 0.

The next lemma is a consequence of the continuity of the invariant foliations with
respect to the dynamics. Roughly speaking, it says that any c-family can be slightly per-
turbed into a c-family for a given nearby map.

Lemma4.9. Forany 6 € (0,1), 0" € (8,1), 0" € (0,1], par > 0, pm € (0, ppr), and o > 0,
there exists a C'-open neighborhood U of f in PH(X), and C'-uniform constants
€ > 0 and o’ > 0, such that for any c-disk of f, denoted by € = "W; (x, p), with p €
(om, pm), and for any g € U and any y € B(x,€), the c-disk €g = Wg (v, p) of g satisfies
€y C (€,0),0"€; C (0"€,0), and

(e.0)c | Acce(y.1.2). (4.3)

Y€ €q
Proof. By letting € be sufficiently small, we clearly see that for any g sufficiently C!-
close to f, € = Wg(y, p) satisfies €, C (€, 0) and "€, C (§"€, 5). By Proposi-
tion 3.10, Wy, Wg* (resp. Wp, W) exist and are uniformly transverse for all g suffi-

ciently C!-close to f. Then (4.3) follows by letting 6’ and d1 (£, g) be sufficiently small
compared to P, pyr and 6’ — 6. |

Remark 4.10. Given any 0, 6', 0", py,, pp as in Lemma 4.9, any o > 0, any integer
k > 1, and any (0, k)-spanning c-family O for f such that [r(D),7(D)] C (om, par), the
following is true: for any g sufficiently C'-close to f, there exists a (6’, k + 2)-spanning
c-family D’ for g such that [r (D), 7(D")] = [r(D).7(D)], n(D’) = n(D). Indeed, we
can apply Lemma 4.9 successively for each € € £. Moreover, we can also ensure that
for each €’ € D', we have €’ C (€,0) and "€’ C (0"€, o) for some c-disk € in D.

4.3. Extended map and center subspaces

Recall that in this subsection, (H1) holds. Let y¢, ¢, y*, x* be as in Definition 1.2 so that
(1.3) to (1.6) are satisfied. Let £ > 0 be a constant such that

min(y* + ¥ 3" — 3. 0. 1) > & (4.4)
Lemma 4.11. Let I € N>, a € R’ and let U ¢ R! be an open neighborhood of a. Let
f:UxX — X beaC” deformation at (a, f) with I parameters. If U is chosen suffi-

ciently small, then the map T = T (f) is a C" dynamically coherent partially hyperbolic
system for some T -invariant splitting

TyU & ToX = E5(b,x) ® ES(b.x) ® E%(b.x), Y(b.x) €U x X.
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Moreover, for any (b, x) € U x X, we have

ERG.0 = (00 B} (). Wib.x) = (Bhx Wi, 00 forx=us.
. .
E§(b,x) = Graph(v (x.)) @ S, (¥),
for a unique linear map
su — u
vp(x,+): TbU—>Ef(b)(x) Ef(b )(x)GBEf(b)( X).

If in addition (H2) holds, then, after reducing the size of U, u, s-holonomy maps
between center leaves of T (within distance 1 of each other) are C' when restricted to
some center-unstable/center-stable leaf, with uniformly continuous, uniformly bounded
derivatives.

Proof. For small enough U, the map T is a dynamically coherent partially hyperbolic
diffeomorphism (it is C '-close to (b, x) > (b, f(x))). A detailed treatment for this state-
ment can be found in [32, Section 7].

In the following, let * = u or s, and let U be small. Then for all b € U, E *(b 3 is
close to E;, and the expansion/contraction rate of f (b, ) along E * b9 is close to that
of f along E* Forany (b,x) e U x X and B+ v € TpU & Ty X, we’have

DT((b,x), B +v) =B + [3p f (b, x), B) + dx f (b, x), )].

Then DT (b, x) maps {0} & E; (x) to {0} ® E;( (f(b x)), which gives
EZ (b, x) = {0} @ E;( (x). One can check that {b} x W;(b )
restricted to {b} x X. Thus Wr(b, x) = {b} x W* (x) Moreover, it is clear that

{0} ® Ejr (x) C Ef(b,x), and ES(b,x) N ({B}EB T X) # @ forany B € T,U. We
define v (x B) as the unique vector in E}” (x) such that B + vp(x, B) € ES (b, x). It

is easy to see that v (x, -) is a linear map.

Now, if 7 > 2 and f is center bunched, by C!-openness of center bunching, for suf-
ficiently small U, we can verify that 7" is also center bunched for some n € N. The
smoothness of s, u-holonomy maps of T follows from Proposition 3.9. ]

(x) integrates E7.

Let U, f and 7 be as in Lemma 4.11. In the following, for any (b, x) € U x X, we will

tacitly use the inclusions E*(b )(x) {0} & E;(b )(x) C TpyU & Ty X for x = s,u,c,

and the isomorphism R! ~ T, U @ {0} C T,U @ T, X.

Forany (b,x) e U x X andv = B + v’ € T,U & Ty X, we denote by mx (v) := v’ the
component in T X, and set 75 (v) := B + vp(x, B). We also denote by 7, (v) the com-
ponent of v in E; b for x = u, s, c. By a slight abuse of notation, we let 7y (b, x) := x.

We introduce the following definitions, motivated by the need to control return times
of a map to the support of a deformation.
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Definition 4.12. For any subsets 4, B C X, we define

R(f,A,B):=inf{n > 0| f"(A) N B # Gor f"(A)NB +0},
R>o(f. A, B) :=inf{n > 0| f"(A) N B # @},
R.(f A B):=inf{n > 1| f*(A)NB #8}, *=+,—.

For any subset A C X, we use the abbreviation R, (f, A) := R.(f, A, A), x = +,—
Similarly, for a C! deformation f UxX — X of f, weset

R.(f.A,B):=inf{n > 1|3b € U suchthat f(b,)*"(A)N B # B}, *=+,—.
We define R(f, A, B), Rzo(f, A, B), R+(f, A) and R_(f, A) in an analogous way.
Moreover, it is clear that R(f, A, B) = min(R>o(f, 4, B), R_(f, A, B)).

In the following, for * = s, u, and for any p € M, we set

Zkl)'(*(f’(p))>0 Yk >0,
ZJ e I(fI(p) >0, Vk<o.

We define jj (p) and 7¢(p) in a similar way.
The following lemma collects some basic properties of the center bundle Ef..

1e(p) = { (4.6)

Lemma 4.13. (1) Forany x € X \ supr(f) and any B € TyU,
DT(B + vo(x, B)) = B + vo(f(x), B).

Equivalently, Df (x,vo(x,-)) = vo(f(x),").
(2) supyey llvo(x, )| < Ci|T |1 for a C-uniform constant C; = C1(f) > 0.
(3) There is a C'-uniform constant Co = C»(f) > 0 such that for all (x, B) € X x TyU,

Ivo(x, B)I| < C2|| Tl cre ™ 2| B,
where for w € M, we let

SRR GNP O PP C) )
Proof. (1) Forany x € X \ supr(f) and any B € ToU, we have DT ((0, x), B) =

We have DT (vo(x, B)) € EF*(0, f(x)) and by (4.5), DT (B + vo(x, B)) € E£(0, f(x))
Thus

DT (B + vo(x, B)) € (B + E7*(0, f(x))) N EZ(0, f(x)),

while the right hand side contains only B + vo( f(x), B).
(2) For any (x, B) € X x ToU, the unstable part of vo(x, B) satisfies

mevo(x, B) = ZDf (f"(x). 10 £ (0. f*71), B)).
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Then ||, vol| < C1l|Tllc1 by 135 /1| < [Tl and IDf x|l < 1. Arguing similarly
for the stable part, we conclude the proof.
(3)By (1), forany x € X and 0 <n < R_(f,{x},suppx(f)), we have

JTSUO(X,B) = Dfn(nsvo(f_n(x)v B))’ VB e TOU

By Lemma 4.13(2) and (1.4), for some C!-uniform constant C; = C;(f) > 0, we thus
have

—yS N .
5w )| < CalITllre” - ossm ™,
.. —)_(”1’e A A (%)
Similarly, we have ||, vo(x, )| < C1||T|cre = Rzo/ -xsuex N7 |

4.4. Holonomy maps

Recall that in this section, (H1) and (H2) are satisfied. In the following, we fix an integer
I > 0, and let f :U x X — X be a C? deformation at (0, f) with / parameters. We
set T =T( f ). In the following, we will always take U conveniently small so that by
Lemma 4.11, the stable and unstable holonomy maps for 7' between close center leaves
of T are C'.

We need bounds for the derivatives of holonomy maps with respect to parameters. The
following lemma is proved by combining the construction in [31, proof of Theorem A]
and the invariant section theorem for jets in [21, proof of Theorem 3.2]. We defer the
technical proof to the appendix.

Lemma 4.14. Let * = u,s. Take x € X, y € W/ﬁ*(x,of/Z) and set z := H;x y(x).
(1) Forany B € TyU, we have
75 DHY (5 1).0.0)(B + vo(x. B)) = B +vo(z, B).

(2) There exists a C?-uniform constant C3 = C3(f) > 0 such that for any B € TyU,

l77e DHT, (9,10, (B + vo(x, B))|
< C3(max(e <) &) DT|| + | DT |ldys (x. 2)) | B
Proof. See Appendix A. ]

The following proposition provides fine control of the derivatives of holonomy maps
with respect to parameters when we are given a certain recurrence condition. We give
some illustration in Figure 1.

Proposition 4.15. There exists a C?-uniform constant C4 = Cy4(f) > 0 such that the
following is true. Fix any Ry, C > 0 and o € (0,0y). Assume that f is generated by an
infinitesimal C? deformation V such that o||0,0xV ||x + ||0pV ||lx < C. Then there exists
a C'-uniform constant £’ > 0 such that we have the following:
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(1) Lety € Wj?”(x, o)and z := H/’,‘x y(x). Assume that x ¢ suppy (V') and

R_(f.{x.z}.suppx (V) > Ro.
Then for any B € TyU,
e DHE (1) (0.9 (B + vo(x. B)) — . V(B.2)|| < C4C3e Ro¥ | B].

(2) Lety € 'ijs(x, o)andz := H;’x’y (x). Assume that R+(f, {x,z},suppx (V)) > Ro.
Then for any B € TyU,

|7e DH 0.1), (0,57 (B + vo(x. B)|| < CaCe™ 8| B.

Note that the terms on the RHS of the above inequalities are independent of o.

Ry—n n

Fig. 1. The point £~/ (x) for any integer 1 < j < Ry, and the point f —k(2) for any integer 2 <
k < Ry lie outside of supp(f). We apply Lemma 4.14 to f " (x) and f~"(z) where n is a small
fraction of Ry.

Proof. We first prove (1). Without loss of generality, we assume that Ry is sufficiently
large.
Let 1 <n < Ry — 1. Successive application of Lemma 4.13(1) gives

DT™(B + vo(x, B)) = B + vo(f " (x), B).

Then the invariance of the foliations under the dynamics yields

7e DHY (3 )05y (B + vo(x, B)) = ne DHY. (o 1) (0.2)(B + vo(x, B))
= ]TCDTn ((ij + nC)DH}l"’T*Vl(O’x)’T*n(O’Z)DT—”(B + VQ(X, B)))
=7 DT"((mp + 7e) DHE 7—n (0 ) 7—n(0.2)(B + vo(f " (x), B))), (4.8)

where we have used the fact that DH;T_H(0 ). T—1(0 Z)(B + vo(f(x), B)) €
ES(T7"(0,2)).



M. Leguil, Z. Zhang 3400

Claim 4.16. There exists a C?-uniform constant ¢; = c1(f) > 0 such that

||7TcDH%,T—n(o,x),T—n(o,z)(B + VO(f_n (x), B))”
< Clcze_ min(y; (f 7" (), X5 gy n (F 7" (X)) I1B].

Proof. By y € 'Wf?" (x,0) and by distortion estimates, for some C!-uniform constant
¢z = c2(f) > 0 we obtain
dW? (T7"(0,x), T7"(0,2)) < e_ﬂ"(x)dw? (x,2) < cre KX
By Lemma 4.4, there exist C2-uniform constants ¢; = ¢; (f)>0,i =3,4,5, so that
IDT|| < esC, DT < ea(l + [|3p9x V [lx)(1 + 185V ||x) < esC20™".
Recall that R_(f, {x, z},suppx (V)) > Ro > n by hypothesis, and thus by (4.2),
Reo(f S 7" (). f 7" (@)} suppy () = n = 1,

R(f A" (x), f7"(2)} suppy () = Ro —n.

Thus

k(fo f 7)) = min(Fe (7" (0) 2o ggen (F (). (4.9)
Similarly,

k(f, 7)) = min(Re_y (f 7)) B ryin (f T (@))). (4.10)

On the other hand, by distortion estimates,
|[RHS of (4.9) — RHS of (4.10)| < C’
for some C2-uniform constant C’ > 0. Thus the claim follows from Lemma 4.14(2). m

There is a C !-uniform constant ng € (0, 1) such that for any integer n € (7o Ro. 210 Ro).
we have

Tn(f 7)) = X Ryan (T (X))

By the above claim, we get
17re DHY 70 0. 703y (B + vo(f " (x). B)|| < 2¢1C2e =@ B|.  (4.11)
By Lemma 4.14(1), we have
76 DH 10,0y 0.2y (B + v0(f "(x). B) = B +vo(f"(2). B).  (4.12)
By Lemma 4.13(1), we also have
DT"(B +vo(f™"(2), B)) = DT(B +vo(f ' (2). B)). (4.13)
By (4.8)—(4.13), and since for some C!'-uniform constant ¢ = cg(f) > 0,

IDT™(0.9)| ge )l < csCe®n ™, Vw e M,
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we deduce that for some C2-uniform constant ¢; = ¢7(f) > 0, we have
I DHE 0 ).(0.)(B + vo(x. B)) = e DT (B + vo(f (). B)|
< C7C3e)?”_n(X)—ﬂn(X)||B|| < C7C3e_"$||B|| < C7C3e_R°"05||B||.
We arrive at (1) by setting &’ := n¢& and by using Lemma 4.4(2), that is,
7eDT(B +vo(f~!(z). B)) = ne DT((0, f~'(2)). B) = n.V(B.z).

Under condition (2), a similar argument (by choosing some n comparable to Ry)
shows that for some C2-uniform constant cg = cg(f) > 0, we have

I77e DH3. (6. (0. (B + Vo (x. B))|| < csC3e™ TV Bl < cgCe™RoF || B|. m

5. Submersion from parameter space to phase space

In this section, we will estimate the measure of parameters in a C" deformation cor-
responding to certain “unlikely coincidences”. First, we need to estimate the derivatives
(with respect to parameters) of holonomy maps along certain su-paths.

Throughout this section, we assume that (H1) and (H2) hold.

Definition 5.1. Given x € X, atriplet y = (x1, X2, x3) € X3 is called an f-loop at x if
x1 € Wi(x), xa2 € Wp(x1), x3€ Wi(xa), x€ W(xa).
The length of y is defined as
E(y) := dyu (x. x1) + dys (x1. X2) + dy (x2, X3) + des (X3, X).
By points (1)—(3) in Notation 3.12, for each f-loop y such that £(y) =: 0 < 0y /2, we
have a well-defined map H,,: 'W; (x, AJ?“U) — 'Wjﬁ (x, (1 + Cy)o),
Hyy o= Hp oo cHi oy o Hxy o Hony -

Let f: U x X — X bea C! deformation at (0, /), and let T = T(f). For any f-loop
y = (x1, X2, x3) at x, we define the lift of y for T as p := ((0, x1), (0, x2), (0, x3)).

Notation 5.2. Recall that ¢ = dim EJE, and let
Ky :=cCrA¥. (5.1)

We fix a C2-uniform constant 3¢ € (0, 07/100Cs K¢) such that for any x € X, any
collection {y; = (xj,1.xj2.X;,3)}5-; of f-loops at x such that £(y;) < 0y forall 1 <
j < c,the map ]—[]c-zl Hf,,,j is defined on Wjﬁ(x,Ef). In this case, forany 1 <k <c + 1

we set yg 1= ]_[l,:ll Hg,, (x),and for 1 < j < c we define

Vit = H}l,x,xj‘.l(yj)’ Vi2 = H;,xj.l,xj.z(yj’l)’ Vi3 = H}fx_/.z,xjs(yj’z)'
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The next lemma follows from Notation 3.12, 5.2 by straightforward computations; we
omit the proof.

Lemma5.3. Let f,x,y;,yj, Y]k be as in Notation 5.2. Assume that for some o € (0,0r),
we have L(y;) <o forall j =1,...,c. Then forany j =1,...,c, dw;(x,yj+1) <
Cro + A}dW; (x,y;)- Let yj 0 := yj and yj.a := yj+1. We have

dwﬁ(x,yj),dw;(xj,k,yj,k) < Kro < a7 /10, Vk =1,2,3,
A (¥jk—1,Yjk)s dws (Vjk> Yjik+1) <3CrKpo <oy /10, Vk =1,3.

In the following, we let I > 0 be some integer, let V' be an infinitesimal C 2 deforma-
tion with / parameters, andlet f: U x X — X be the C? deformation at (0, ) generated
by V.Set T = T(f). Let & be defined as in Proposition 4.15.

Lemma 5.4. There exists a C2-uniform constant Cs = Cs( f) > 0 such that the following
is true. Leto € (0,07), x € X and let y = (x1,x2,x3) be an f-loop at x with {(y) < 0.
Let x4 := Hy, (x), and let C, Ry > 0 satisfy

(D o]9p0xVilx + 105V [x < C;

(2) R(f,{x,x2,x3,x4},suppy(V)) > Ry;

(3) R+(f.A{x1},suppx (V) > Ro.

Let y be the lift of y for T. Then the holonomy map Hr y is C Uin an open neighborhood
of (0,x) in 'WJE (x), and for any B € ToU, we have

|we DHT,5(B + vo(x, B)) = D(Hj ., Hf  Hf . ) V(B,x1)ll
< CsC3e R || B

Proof. Let x := x¢ € X. By definition, we have

Hr5 = HT,0,63),00 17.00.x2).000x3) HT.0.00).00.0) AT, 0.0, 00,1

u N
7.0..0x1 AT.0.x1).0.2)°
H%,(O,xz),(o,)g) and H;',(O,x;:,),((),x) are C1 if U is small enough. Given any B € ToU, let us
calculate DH7 3 (B + vo(x, B)).Set Io(B) := B + vo(x,B) € Ez.(0,x).Fori =1,...,4,

we define

Since f is center bunched, Lemma 4.11 implies that H

I:(B) := DHZ' . ) 0xnTi-1(B)) € EZ(0,x;), (5.2)

where x; = uifi = 1,3 and *; = s if i = 2, 4. In particular, DHr 3 (B + vo(x, B)) =
I4(B). Then by Lemma 4.14(1) and simple induction we deduce that

Ii(B) =If(B)+ (B +v(x;,B)), Vi=1,...,4, (5.3)
with 17 (B) := m.(1;(B)). By (5.2), we thus obtain

If(B) = DH}!

Soxi—1,%;

(I (B) + e DH o ) 0y (B T vo(xiz1, B)).  (5.4)



CT -prevalence of stable ergodicity 3403

By the hypothesis on V', x¢, X2, X3, x4 ¢ suppy (V) and R1(f, x;, suppy (V)) > Ry for
0 <i < 4. We can apply Proposition 4.15 to obtain

|7e DHF 0 1), 0,001 (B + vo(x. B) = 7 V(x1. B)|| < CaCPe™ ™5 B,
|7 DH. (0 ;). 0000 (B + vo(xi1. B)I| < CaCe™®¥ B, i =2.4,
|7 DHE (0 3), 0,59 (B + vo(x2, B)| < CoCe™ %% | B,

Combining this with (5.3) and (5.4), we see that there exists a C2-uniform constant
Cs5 = Cs5(f) > 0 such that

115 (B) = 7 D(H ., Hf, W HE V(B x| < CsCle®¥ B m

The following definition is motivated by Lemmas 5.3 and 5.4. The next proposition
roughly says that if we have enough control on the magnitude of the deformation and on
the return times to the support of the perturbation, then we can obtain a lower bound on
the determinant of the differential of a certain map from parameter space to phase space
(see Figure 2 for an illustration). This will be important in the parameter exclusion which
appears in Section 10.

E(2)

[1]

\

Ej(z1)

Fig. 2. The map E is a submersion. Here, the picture is for L = 2, H is a 2D subspace of ToU, and
E| g is invertible.

Definition 5.5. Given any 0 € (0,57) and C, Ry > 0, let y = (x1, X2, x3) be an f-loop
at a point x € X with £(y) < 0. We say that V is adapted to (y, 0, C, Ry) if

(D) o]0p0xVx + 105V [x < C;

2) R(/. W;(z, Kyro),suppy (V)) > Ry for z = x, x2, X3;

(3) R+(f. Wi (x1, Kyo), suppx (V) > Ro.

Proposition 5.6. For any integer L > 0, real numbers C,« > 0, there exist C2-uniform

constants Ry = Ro(f,L,c,C,k) > 0and ko = ko(f, L,c,C,«) > 0 such that the fol-
lowing is true.
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Let x € X and o € (0, (12Cfo)715f). Foreach 1 <i <Land1 < j <c, let
Yi,j = (Xij1.%i,j,2,Xi,;,3) be an f-loop at x of length at most o such that V' is adapted
to (yi.j,0,C, Ro). Denote by B = (By)1<a<1 an element of ToU = R!. Assume that for
some integer 1 < jo < c and indices {o; j}1<i<r,1<j<c C{l,.... 1}, forany1 <i,k <L
and 1 < j <c, ifi #korj # jo, thenforall z € ij(xi,j,l,Kfa),

DBy By (T V (B, 2)) =0, (5.5)
while for any z € W; (xi,jo.1, Ky o),

|det(B +— Dy, | ...Ba, , (7 V(B,2)))| > 2«. (5.6)

Let p; j be the lift of y;,j for T, and set z; := ]_[]c-zl Hy,y, ; (x). Then there exists a
linear subspace H C ToU = R! of dimension Lc such that
det(E|g) = Ko,
where we set
- {TOU - HiL=1 E%(zi),
T B DTSy Hrg, (B + volx, By
Proof. Foreach1 <i < L,and1 < j < ¢, we define

j—1

Vi =[] Hpyis 0, Vi = Hy o (i)
=1

Vi = Hiy o Oian) vigs = Hyy o Og2).
By the choice of s in Notation 5.2, Lemma 5.3 yields
yi,j € 'W/f(x, Kro),  yijk € W/f(xi,j’k,Kfo), Vk =1,2,3. (5.7)

Denote by )/i’,j = (¥i,j,1, Yi,j,2- Yi,j,3) the associated f-loop at y; ;. Note that we also
have z; € "Wj?(x, Kro)foralll <i < L.
By assumption, forany 1 <i < Land 1 < j <c, we have £(y;,;) < o, and thus by
Lemma 5.3,
Z(Yil,j) < 12CfoO < Ef.

Since V is (yi,;, 0, C, Ro)-adapted, we get
R(fAyij-Yijz2:Yij3hsuppx (V) > Ro,  Rx(f{yij1} suppy (V) > Ro.
Let H := @{‘:1 b, Rop,, ;. Define Ep: H — HiL=1 E£(zi) by

Eu(B) = (ncD<ﬁ HT,?i,j>(B + "O(X’B)))i:l'

j=1
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By Lemma 4.14(1), forany 1 < i,k < L we have
c c
Doyt o (7D ([T Hrgi, ) (B + vox. BY) = D Lia (B,
Jj=1 I=1
where foreach 1 </ < ¢, we set

c
lik1(B) := DBy |...Bay . (NCD( [ HT,)?,-._,->(7TCDHT,17,-_1(B + vo(yi. B))))~
j=I+1

Itis clearthatforall 1 <i < Land1 </ <e¢,

nCDHT,]?,"] (B + VO(yi,l, B)) = nCDHT,]?l{J (B + VO(yi,17 B)),

where p/, denotes the lift of y/; for T'. Since y;; and V satisfy the conditions of Lem-

ma 5.4 with (o, C) replaced by (12Cy K0, 12Cy K¢ C), there exists a C?-uniform con-
stant ¢; = ¢1(f) > 0 (we absorb the term 12C¢ K¢ in c1) such that

c
. _ s u s
Lije 1 (B) DB“k.l """ B‘)‘k,(r(D( 1_[ Hyy, ; Hf,xi.l,39xHfsxi.l.2axi.l.3Hfaxi.l.laxi.l.2>
j=I+1

V(B yi)))| £ @1 CPe o B

Letl <i,k<Land1<j <c.Ifi #korj# jo thenby (5.7), z = y; j,1 satisfies
(5.5), hence |/ k. ;| < ¢, C3eRot’ Again by (5.7), z = y; j,,1 satisfies (5.6), hence

|det({;,i,jo)| > c3k — C4C3€_R0$/.

Here 5, 3, ¢4 > 0 are C2-uniform constants depending only on £, c.

Thus for some C2-uniform constant ¢s > 0 depending only on f, L, ¢, C, for any
sufficiently large Ry depending only on f, L,c,C,«, we have det(E ) > csk~. Moreover,
it is easy to see that Ry is C2-uniform with respect to f. Then k¢ := cs«x’ depends only
on f.L,c,C,k andis C?-uniform in f. This concludes the proof. [

6. Finding suitable spanning c-families

Since we will study a parametrized family of diffeomorphisms, we need a bit more work
to find suitable c-families. Let us start by recalling a result presented in [17, Lemma 1.2].
We use here the notations introduced in Subsection 4.2.

Lemma 6.1 (Accessibility modulo central disks). Let f € PH'(X) be dynamically
coherent. Assume that the fixed points of f k are isolated for all k > 1. Then for every
integer R > 0 there exists a c-family D = D(f, R) for f such that

(Hr(D) < F_l, Q) RL(f. D) >R, (3) D is (1/80,2)-spanning.
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For the convenience of the choices of some constants, we replaced the constant 1/2 in
[17, Lemma 1.2] by 1/80. This does not introduce any new difficulty into the proof. The
following is a consequence of the above lemma.

Corollary 6.2. Assume that f € PH(X) is dynamically coherent, and the fixed points
of f* are isolated for all k > 1. Then for every R > 0, there exist C '-uniform constants
N=N(f.R)>0,p=p(f,.R)e(0,R ) and o = o (f, R) > 0 such that the following
is true. For all g sufficiently C'-close to f, there exists a (1/40,4)-spanning c-family Dg
for g such that condition (1) of Lemma 6.1 is satisfied for (Dg, g) in place of (D, f).
Moreover,

D r(Dg) >p, @2)n(Dg) <N, (3)Dgiso-sparse, (4) R+(g,(Dg,0)) > R.

Proof. Let D = D(f.2R) be a (1/80, 2)-spanning c-family for f given by Lemma 6.1.
Set N :=n(D) + 1. Take p € (0, (2R)™") such that r (D) > p, and choose o > 0 so that
(3), (4) above are true for (D, f, 40) in place of (Dg, g, o). Then for any g sufficiently
C'-close to f, for any c-family D, for g with (Dg,0) C (D, 0), items (3), (4) above are
satisfied for (Dyg, g).
By Lemma 4.9 applied to f and
(97 9/’ 0//’ Pm, PM) = (ﬁ’ 41_07 %5 p,ﬁ 1)’

and by Remark 4.10, we see that there exists a (1/40, 4)-spanning c-family D, for g,
satisfying (1) of Lemma 6.1, (1)=(2) of Corollary 6.2, and (Dg,0) C (D, o). Combined
with the previous discussions, this concludes the proof. ]

While working with a family of diffeomorphisms, we will need to consider several
c-families. For that purpose, we use a superposition of a collection of perturbations which
are localized in parameter-phase space. The following proposition will allow us to arrange
their support in such a way that the interferences between them are very weak; it will
serve as a key step in the inductive construction of these localized perturbations in Pro-
position 10.2.

Proposition 6.3. Let r € N>y U {oo}, J > 1, and let { fa}4e[0,1;2 be a good C"-J-
family (see Definition 3.4) in the space of dynamically coherent, C" partially hyperbolic
diffeomorphisms. Then for any integers K, Ry > 1 and any real numbers v, hy > 0, there
exists a set Q1 compactly contained in [0, 117 with Leb([0, 117 \ Q1) < &, an integer
No > 1, and real numbers po € (0, ho), p1 € (0, po), 00, Ao > O such that the following
is true.

Take any a € 21, and any integer 0 < [ < K — 1. For any collection of points {ai}f=1
C B(a, o) N[0.1) and any 1 <i <, let D; be a c-family for fa; satisfying

(D) [2(D:), 7(Di)] € (p1.po).  (2) n(D;) < No.

Then there exists a (1/20, 6)-spanning c-family Dy for f, such that (1) and (2) above
are satisfied fori = | + 1, and moreover
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(3) Dj41 is og-sparse, and (Dy 41, 00) is disjoint from ({!O,-}f=1 ,00);
(4) foranya’ € B(a, o) N[0, 1]7, we have

o R(far.(Di41.00). (D} _,.00)) > Ro;

® Ru(fa', (Di+1,00)) > Ro, * = +,—.

Proof. We choose Q, to be any compact set contained in int([0, 1]7) such that
Leb([0, 1]V \ 1) < ¥, and for any a € Q, the fixed points of fak are isolated for any
integer k > 1. The existence of €2 is guaranteed by our hypothesis that { f4},¢[0,17/ iS @
good family.

By the compactness of [0, 1]7, there exists p, € (0, /i) such that for any a € [0, 1]7
and x € X, the tangent space of 'W;u (x, 4p,) is sufficiently close to E Jﬁa (x) so that for
any y € B(x, p2), 'W;a (y, 4p,) intersects B(x, py) in a single local center manifold.

Let pg € (0, p2/2) be small enough so that for any a € [0, 1]7, any x € X, we have
J& (WS (x,po)) C W (fF(x),p2). Y—Ro =< p = Ro. (6.1)

By Corollary 6.2 applied to R > max(pg , Rp), and by the compactness of €21, there exist
No > 0, p1 € (0, pg), and o1 € (0, p2) such that for all a € Q2 there exists a (1/40, 4)-
spanning c-family D (a) for f, such that [r(D(a)), F(D(a))] C (p1. po), n(D(a)) < No,
and

ﬁ(a) isop-sparse  and R(fg, (ii(a), 01)) > Ry. (6.2)

Take o3 > 0 sufficiently small such that for any a € [0, 1]/, x € X, y € B(x,03), and
any p € (p1, po), we have "W/fa (y,p) C ("W;a (x,p),01/2) and®

Wi (x. 750) C U Accy,(z.1.2). (6.3)
2€WS (7,250)

Take 05 > 0 such that for any a € [0, 1]7, any x € X, and any collection of 3Ry No K
points {xi}?f(l’NOK C X, there exists y € B(x,03) such thatforall 1 <i <3RoNoK, we
have d(W. (v. p2). W, (31, p2)) > 301,

Take a small constant Ao > 0 such that for any a € [0, 1]/, a’ € B(a, Ao) N [0, 1]7,
x € X,and —Rp < p < Ry, we have

J& (W5 (x,po)) C (S (W}, (x.po)).02). (6.4)

Fix any a € ;. We denote D= 55(61) = {‘51, .. ‘€N1} for some N; < Ny. We
take [, {a; }l_l and {D; }l_l as in the proposition. We w111 modify D to obtain Dj 41 that
satisfies the conclusion of the proposition.

8As in the case of (4.3), here (6.3) follows from the uniform transversality of "W;S and ’W}‘ ,
respectively chra" and W}a.
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We will define €41 1, . .., €41,n, by induction so that Dy 11 ={€r41,1..... Cr41,n,}
is a (1/20, 6)-spanning c-family for f,. Let 0 < j < Ny — 1 be an integer such that for
all 1 <k < j, €4 is defined and satisfies 0(€;+1,x) € (01, po) and

Critxk C (Ck.01/2), (6.5)
&G |J  Acc,(x.1.2), (6.6)
XER €41k
(Cry1k.02) N (€ 02) =0, VE € My, (6.7
where
M= |J sreuv U fChm)
1<i<l,€eD;, 1<m=<k-—1,
—Ro<p=<Ro —Ro<p=<Ro

The above is true for j = 0. By the choices of py and Ay, by (6.1) and (6.4), for
any 1 <i <I[,€ € D;, and —Ry < p < Ry, there exists x € X such that £,/ (€) C
(fap(W;a (X, po)),02) C (W5, (fZ(x), p2),02). Similarly, forall 1 <m < j and —Rg <
P < Ry, there exists x € X such that f7 (€;41m) C ’cha (x, p2). Thus M 41 is contained
in less than 3Ry Ny K many o,-neighborhoods of c¢-disks for f, of radius p,. Then by
(6.1), (6.3), and the choice of 03, there exists a center disk €;4; j+1 = "Wj?a (y, p') for
some p’ € (p1, o), satisfying (6.5)—(6.7) for k = j + 1. We complete the construction of
D41 by induction.

Since D is (1/40,4)-spanning, by (6.6), Dy 41 is (1/20, 6)-spanning. By taking a¢ > 0
sufficiently small, depending only on { f,}, R, 02, we can ensure that for any —Ry < p <
Ry, any € € Uf:} D;, we have .7 ((€,200)) C (£ (€),02/4).

By further requiring that oy be sufficiently small, depending only on { f;}, Ry, 02,01,
conditions (6.2), (6.5), and (6.7) imply that ;4 is 20¢-sparse, and

R(fu, (Dr11,200), {Di ¥ _1,200)) > Ro,  Ra(fu, (Di41,200)) > Ro.

By continuity, and after possibly taking Ay to be even smaller, but depending only on
{ £}, po, p1, Ro, No, K, 09, we can ensure that for all a’ € B(a, o) N[0, 1]7,

R(far. (Di41.00). {Di ¥ 1. 00)) > Ro.  Ri(fur.(Dy41.00)) > Ro. .

7. A stable criterion for stable values

7.1. A criterion for stable values

In this section we state a topological lemma that is at the core of our construction of open
accessibility classes. First we borrow a few definitions from [11].

Definition 7.1. If f: X — Y is a continuous map between metric spaces X and Y, then
y €Y is a stable value of f if there is € > 0 such that y € Im(g) for every continuous
map g: X — Y suchthat dco(f, g) <e.
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Definition 7.2. Given a constant € > 0, a continuous map f: X — Y between metric
spaces X and Y is called e-light if for every y € Y, every connected component of £ ~1(y)
has diameter strictly smaller than €.

Remark 7.3. This definition is a quantitative version of the notion of light map in [11]
(amap f: X — Y is called light if all point inverses are totally disconnected).

Now we state the main topological result in this section.

Theorem F. For any integer n > 1, there exists a constant € = €(n) > 0 such that any
e-light continuous map f:[0,1]* — R”" has a stable value.

Proof. See Appendix C. ]

Remark 7.4. Theorem F is a quantitative version of a result due to Bonk—Kleiner [11,
Proposition 3.2], who proved that any light continuous map from a compact metric space
of topological dimension at least 7 to R” has stable values. The proof we give is modeled
on theirs.

Corollary 7.5. For any integer ¢ > 1, let {Uy }yen be an open cover of [0, 1€ such that
diam(Uy) < €(c) for all o € A, where €(c) is given by Theorem F. Let f:[0, 1] — R¢
be a continuous map such that for any x € [0, 1]¢, there exists  C A satisfying

(D) Naey f(OU) = 0;
2) x e Uy forall o € d.
Then f has a stable value.

Proof. By Theorem F, it suffices to check that f is e(c)-light. Given any x € [0, 1]¢,
take J C +A satisfying (1), (2). In particular, there exists & € 4 such that f(x) ¢ f(dUy).
We denote by P, the connected component of f~!( f(x)) containing x. We claim that
P is contained in Uy. Indeed, by the continuity of f, f~!(f(x)) has no accumulating
point in 0Ug. If Py N (Uy)¢ # @, then we can find two disjoint open sets U, V' such that
P, CcU UV and P, NU, P, NV are both nonempty. This contradicts the connectedness
of P, hence the claim is true. In particular, the diameter of P, is no larger than the
diameter of U,, which by hypothesis is strictly smaller than €(c). Since x is an arbitrary
point in [0, 1]¢, we deduce that f is €(c)-light. |

7.2. Choosing a cover by disjoint squares

In this section, we define a cover of [0, 1]¢ by open cubes, which will later be used when
we apply Corollary 7.5 to show the existence of open accessibility classes.
Given an integer ¢ > 1, a positive constant 6 € (Cc;1 1), we set

3c +1

KO(C, 9) = [m

—‘ +1, Ki(c.0) = cKo(c,0). (7.1)

In the following, we will fix ¢, 6 and abbreviate K; (c, 0) as K;,i = 0, 1.
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Fig. 3. Controlling the size of connected components of point inverses.

By a direct construction, we can fix a cover {Ugy}ges Of [0, 1]€ by open sets in R
such that

(1) A is a finite set and for all o € s, there exist constants {py,;, ga,i}i—; C [—1,2] such
that Uy = (Pa,1:Ga,1) X+ X (Pa,es Ga,e);
(2) forany a € 4, diam(Uy) < €(c), where €(c) is given by Theorem F;

(3) for each x € [0, 1]¢, there exists a subset 4 C # with more than K; elements such
that x € Uy for all ¢ € 4, and {0Uq }yeg are mutually disjoint;

(4) foreachi € {1,...,c}, the points {Pg.i, Ga.i ac are mutually distinct.
For each integer i € {1,...,c}, we let B; := {Pq.i, Ga,i }ac, and for each o € A,

we denote 3" Uy = [pa1.qa1] X - X [Pai—1: Gai—1] X {Pai+ Qi } X [Pesi—1.Gai—1] X
-+ X [Pa,cs Ga,c]- Given any s € [—1, 2], we introduce the normalized coordinate

. 6i —2+s i 1 i

p(i,s) = ———¢€ [———,—} C (0,1]. (7.2)
6¢ cc

Note that for any i < i’ and any 5,5’ € [—1,2], ¢(i,s) < ¢(i’,s"). We also set

-1
0 < Cpin 1= 100( min (. 1) - ¢(i,r/)|) < 0. (1.3)
<1<
s

Definition 7.6. We define

D={0,B.{s: = (s50,1.-...50.c)hes) |1 €{l,....c}, B C B, |B| = Ko.
ands, € [-1,2] 7' x {1} x [-1,2]°, Vi € B)}.  (74)

8. Holonomy maps associated to a family of loops

In this section, we assume that (H1) holds.
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8.1. Continuous and regular family of loops

Definition 8.1. Given x € X, a one-parameter family {y(s) = (x1(s),x2(5),x3(5)) }se[0,1]
of f-loops at x is said to be continuous if for any i = 1,2, 3, the map s + x;(s) is
continuous. We define £(y) := supg¢(o,17 £(y(s))-

Lemma 8.2 (Continuation of f-loops). There exist a C-open neighborhood U of f, as
well as ¢ > 0 such that the following is true. Let y be a continuous family of f-loops at
x € X satisfying £(y) < ¢r/2. Then for any g € U and y € B(x,¢yr), we can define a
continuous family yg. ) of g-loops at y such that yr,, =y and each coordinate of ygy (s)
depends continuously on (g, y, s).

Proof. Lety = (x1, X2, x3). If (g, ) is chosen sufficiently close to ( f, x), then for any
s € [0, 1], the following leaves intersect in a unique point, and we define

g1(9)} i= W (v, hp) 0 W (x1(5), hp);

{(Vg.2(9)} := Wg(yg.1(5). hp) N WeH (x2(5), p)s

* {yg3(8)} := Wy (yg2(s).hy) N W (y, hiy).

Then we can verify our lemma for yg ) 1= (yg,1, Vg,2, Vg,3)- ]

8.2. A criterion for stable accessibility

Given x € X and a continuous family y = {y(s)}se[0,1] of f-loops at x satisfying
£(y) < oy (defined in Notation 5.2), we introduce

[~1.2]¢ = W (x),

(8.1)
s = (51,550 = (521 Hryeos)) ()

v =v(fx,y): {

By Notation 5.2, v is well-defined. Moreover, it is clear that Im(y) C Accy(x).

The following property combines a global property, based on the notion of “access-
ibility modulo central disks” which appears in [17] (see also Section 6), and a local one,
based on the notion of e-light maps of Section 7, which together imply the accessibility
property.

Definition 8.3 (Property (#)). We say that f has property (P) if there exist 0 < 6 <
0’ < 1, an integer k > 1, and a (6, k)-spanning c-family O for f such that for any € € D
and x € 6'€, there exists a continuous family of f-loops at x, denoted by {y,(s) =
(x1(5), x2(5), x3(s))}s, with £(yx) < 0, such that the following is true: Let v/, :=
¥ (f, x, yx) be given by (8.1). Then for any (i, B, {s};c8) € ' (defined in (7.4)), there
exist t,7” € B such that ¥ (s;) # ¥x(s¢).

Proposition 8.4. If f has property (P), then f is C'-stably accessible.
Proof. Assume that f satisfies () for0 < 0 < 6’ < 1, k > 1, some (6, k)-spanning c-

family & for f, and a set of families of f-loops {yx}xecoe, ccn- Take € € D, x € 6€,
and set ¥y := ¥ (f. X, ¥x). We claim that Accy (x) is open.
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To see this, take an arbitrary s € [0, 1]¢. By property (3) of the open cover {Uy }qen in
Subsection 7.2, there exists a subset 4 C 4 with |{| > K; such that s € U, forall o € d,
and {0Ug }eg are mutually disjoint. Let us show that (1),cy ¥x (0Ug) = @. Assume it is
not true. By (7.1) and the pigeonhole principle, we may choose i € {1,...,c}and d’ C J
with |4'| = Ko such that (), ¥x(8'Ug) # 9. Thus there exists (i, B, {s;};) € [ such

that /
l//x(st) = WX(S[/), Vl,t € 0(8,

which contradicts (). Therefore, (),cy ¥x(0Uy) = @. Since s can be taken arbitrary in
[0, 1]¢, Corollary 7.5 implies that ¥, has a stable value y, and thus Im(/) contains an
open neighborhood of {y} in ch (x). But v, takes values in "W; (x) N Accr(x), hence
the latter has nonempty interior. Saturating by local stable and unstable leaves, we deduce
that Accy (x) has nonempty interior. Then the accessibility class Accy (x) is open, and the
claim is proved.

Since D is (0, k)-spanning, the previous claim implies that for any x € X, Accy(x)
is open. This shows that f is accessible, since X is connected.

Now it suffices to show that () is a C!-open condition. Let g7 > 0 be as in Lem-
ma 8.2 and let o € (0, gr) be a small constant to be determined. Let 6" := (6 + 0”)/2.
By Lemma 4.9 and Remark 4.10, for any g sufficiently C!-close to f, there exists Dy,
a (0", k + 2)-spanning c-family for g, such that for each €, € D,, there exists € € D
such that 8'€, € (§'€,0). Foreach y € 0'€,, take x € 0'€ with y € B(x,0) C B(x,¢r).
Applying Lemma 8.2 to y,, we obtain a continuous family y,, of g-loops at y which is
close to y,. By choosing o sufficiently small, we can ensure that for any g sufficiently
close to f in the C! topology, and any €, € D, y € 0'C,, and (i, B, {s:}res) € T,
there exist 7,1’ € B such that 1/~/y(s,) #* 1/~/y(s,/), where x}y = vY(g,¥,Vg,y) Thus (P) is
a C'-open condition. |

8.3. Parametrizing an accessibility set using a family of loops

To optimize the pinching exponents in our theorems, we will mainly consider the class of
continuous families of loops as follows.

Definition 8.5 (Regular family). Given x € X and constants o € (0, %), C>0,a
continuous family {y(s) = (x1(s), x2(s), x3(5)) }se[0,1] of f-loops at x is said to be (, C)-
regular if

(1) £(y) < o and the map s + x1(s) is C-Lipschitz (with respect to dw?);

(2) there exists x” € "W;s (x, %) such that x,(s) € WfC” (x’,0) forall s € [0, 1].

In this case, we say that y is determined by x" and (x1(s))se[o,1]- Indeed, for any s € [0, 1],
x2(s) is the unique intersection point of W; (x1(s),hy) and "W]‘Z“ (x", hr), and x3(s) is the
unique intersection point of Wj’,‘ (x2(s), hy) and W;S (x,hy).?

Indeed, by £(y) < o and Notation 3.12, we have d(x’, x1(s)) < Cr(o + %af) < of. Then

again by Notation 3.12, dys (x2(s), x1(s)) < o and dypeu (x2(s), x") < Cr(o + %af) <oy, we
see that x5 (s) is uniquely determined. For x3(s) we argue similarly.



CT -prevalence of stable ergodicity 3413

We now restrict our attention to maps in the region defined as follows.
Notation 8.6. Assume that fy € P H?(X) is dynamically coherent and center bunched.
We consider the following cases:
(1) if dim Ejﬁo = 1 and fy is plaque expansive, then we let U( fy) be a C!-open neigh-
borhood of fy in which all maps are plaque expansive;
(2) if dim E}O > 2 and fy satisfies (ae) or (be), then we let U( fo) be a C'-open neigh-
borhood of f such that dc1(fo, f) < &y, forany f € U(fo) (see Notation 3.12(5)).
Moreover, we assume that U ( fy) is small enough so that any g € U( fp) is Q}O-pinched

and center bunched; and the constants iy, , o7, Cr,, Ay, in Notation 3.12 work for any
g € U(fp). By points (1), (2), (4), (5) in Notation 3.12, such a U( fy) exists. We stress
that we do not require Ay to be uniformly bounded for f € U( fo).

In the rest of this section, we fix a map foias in Notation 8.6, and assume that
f € U(fo). Wealso fixx € X,C >0,0 € (0, %), and take a (o, C)-regular family
{y(s) = (x1(5),x2(5),x3(5)) }se[0,1] of f-loops at x, determined by x’ € "W;s (x, %O’f) and
(xx1())sefo,1]- Let f:U x X — X be a C2-deformation at (a, f), and set T = T'(f). We
will always assume that U is conveniently small so that forall b € U, f(b,-) € U(fp) and

the C2-uniform constant A s continues to work for _ f (b,-). We now define a continuation
of y.

Definition 8.7. We define a lift of {y(s)}s by

Y(s) = ((a,x1(5)). (a, x2(5)). (a. x3(5))), Vs €[0,1]. (8.2)

Then by continuity, there exists a C2-uniform constant 8,7 = 8, 7(T) > 0 such that
B(a,84,7) CU,andforany (b,y) € Wr.((a,x),8,,7)and s € [0, 1], each of the following
intersection points exists and is unique:

(D) b, %1(b. y.5))} := Wp((b. y). hy) 0 W' (@, x1(5)). hy);
(2) {(b, %2(b. y, )} := Wr((b. X1(b, y.5)). hy) 0 W ((a,x"), hy);
(3) {(b. %3(b. y.5))} == Wp((b. X2(b. y.5)). hy) N Wi ((a. x). hy).

We thus get a continuous family {y_,(s)}s of f (b, -)-loops at y, where

Vb,y(s) = (X1(b, y.9), X2(b. y.5), X3(b. y.s)), Vs €][0,1].

We further require that 8,,7 < €f,/10, and is sufficiently small so that for any (b, y) €
Wi ((a,x),84,1), we have £(yp,,) < Ef(b,) (see Notation 5.2). Note that in general yp
is different from y Fbyy 3 defined in Lemma 8.2.

Since £(y) <o < %, there exists a C2-uniform constant ga,T = ga,T(T, 0) €
(0, g“T;) such that for any (b, y) € Wi ((a, x), ga,T), we have £(yp,y) < 20. In the rest
of the proof we will reduce the size of §, 7 finitely many times. By Notation 5.2, the
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... 80) €10,1]°

ﬂ-Xfl/j(bv Y, ‘5) =TX H HT,:\,’(gp(j.sj))(b7 y)
=1

Fig. 4. Parametrizing a subset of the accessibility class of y for f (b,-).

following map is well-defined:
'W;((a,x),ga,T) x [-1,2]¢ = Wi.(a, x),
(bv Y» S) g (Hj:l HT,);(W(j,S_j)))(b7 y)

Moreover, by Lemma 5.3 and Notation 3.12(1) (recall Notation 5.2), we have

ﬂX{[f\(bv Vs ) = I//(f(b’ ')’ Y, Vb,y)(') € W;(b’)(yv 2Kf0) - B(yv 2Cf0 KfO') (84)

¥ =vy(T): { (8.3)

The following lemma is important. This is the place where several technical conditions
introduced earlier come into use.
Lemma 8.8. Let fy, f, f ,C,0,x be as above, and assume in addition that ¢ > 2 (in
particular, fy satisfies (ae) or (be)) and o € (O, ﬁK]ZK;OZ min(o}o, 52])). Then there
exists a C2-uniform constant C,= 62(]‘) > 0 such that for any (b, y) € W5 ((a, x),ga,r)
and s, s’ € [—1,2]¢, we have

AP (b.y.). ¥ (b.y.s) < C2Cls =5,
where 0 is defined for (ae) (resp. for (be)) as

Cc — Cc —

1
). (8.5)

0o = 0}, (07)° > - (resp. 6 = 07, (07 )* > -
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Proof. Lets = (sr),s" = (s;) € [-1,2]°,and forany j € {1,...,c},sett; := ¢(j,s;) €
[0, 1] and t]’- = go(j,sj'.) €]0,1]. Foreach 0 <i < ¢, we let

i c
W = 1_[ Hrpa)(b.y),  Zi:= 1_[ Hrp) (Wi).
j=1 Jj=i+1
Arguing as in Lemma 5.3, for each 0 < i < ¢, we see that nxy (W;) € W;(b )(y,ZKfcr),

and hence W; € W5 ((a, x), 8,1,7" + 2Kro) C Wi ((a, x), 84,7). Similarly, for any 0 <
i <c—1, pel0,1], we have HT,(a,x),(a,xl(p))(m) € 'W;((a, x1(p)), 8a,T)'

One can see that Zy = @(b, y,s')and Z, = @(b, ¥, 8). Thus it is enough to estimate
d(Zy,Z.).Forany 0 <i < c — 1, we observe that

c c
H Hryany(Hrpa, (W), Zig1 = 1_[ Hr 50 (HT.5(;4.1) (Wh))-
j=i+2 j=i+2

Since f, and thus T, are C? and center bunched, and the maps { H T,ﬁ(t})}JC'=1 are obtained
by composing holonomy maps, Notation 3.12(3) yields
d(Z;i, Ziy1) < Cﬁ>A}Cd(HT,;7(t;+])(Wi), Hr 5. (Wi).

Therefore, it suffices to prove that for some C2Z-uniform constant ¢; = ¢1(fp) > 0, for
any z € Wi((a,x),8,,7) and p,q € [0, 1], we have

dye  (x(Hr5)(2)). 7x (Hr,50)(2))) < exlp = q|*.
Given any z = (b, mx (z)) € W5 ((a,x),84,7) and p,q € [0, 1], we set

21:= HE (4 ) (0 (o) D) Z} = HE (4 2).(ax1 (g0 P
2= Hr o@D %25 11 @), an C1)
73 HT,(a,xz(p)),(a,x3(p))(22)’ 3= HT,(a,xz(q)),(a,xs(q))(22)

. —2

Claim 8.9. We have dw?_(b ')(ﬂx(zl), mx (7)) < AfOCdeW/Lg(xl(p), x1(¢))?'. Here
= if (a) is satisfied, while 61 = when (b) is satisfied.
(67,)* if (a) is satisfied, while 01 = (07)* when (b) is satisfied

Proof. We abbreviate x1(p) (resp. x1(¢q)) as xp (resp. x7). It is clear that zq,z] €
{b} x X. By Notation 3.12(5) and Notation 8.6, we see that there exists a leaf con-
jugacy between Wjﬁ and W;(b ) denoted by §) = I)f/;(b ) such that d(h(x1), h(x])) <

J— 9" 2 J—
A gy (1. x) 0" < Ky 20)1V? < 05, /2.

By reducing the size of §,,7 if necessary, we may suppose that both z; and
(b f)(xl)) belong to Wf((a, x1), 05,/(4Cr,)) N {b} x X. This implies that wx(z;) €

f(b )(f)(xl) Gfo/z) Similarly, T[X(Zl) € W F, )(f)(xl) 0f0/2)



M. Leguil, Z. Zhang 3416

By definition, we have 7y (z1) € W%

o) (x(z}), h,). Then by Notation 3.12(1, 5),

we can see that
dyy  (mx(21). 7x(2)) = Agy Crpd (B(x1). (7)™, (8.6)

where 6, = 9}:) if (a) is satisfied, and 0, = (0]’,; )2 if (b) is satisfied. Hence by Nota-
J— 7 \2

tion 3.12(5), the right hand side of (8.6) is at most Ajocfodw}, (x1. x)) )% =

—2

Az, Crodw (x1. X))o "

By Notation 3.12(4), Notation 8.6, Claim 8.9 and o < (ﬁ)z, we obtain
S BroCro

duer (mx(22), 7x (z3)) < Agpdyer  (rx(21), mx ()%
< AfRS Crydyu (i (p).x1(@) " <op. ®7)
By Notation 3.12(2, 3), and since f is C 2 and center bunched, we get
dye | (x (Hrpp)(2). mx (H1,5g)(2)) = Agdpe, - (7x(23). mx (23))
< AjCrdwer (rx(22).1x(23)). (88)

Since y is (o, C)-regular, we have drwy (x1(p),x1(q)) < C|p —q|. We conclude the proof
by using (8.7), (8.8) and noting that 6y = (9]’,0 0. n

9. Constructing charts and vector fields

In order to construct infinitesimal deformations with the required properties, we will first
introduce coordinates in a neighborhood of each c-disk. In this section, we assume that
(H1) holds, and r > 2.

In the following, our goal is to define certain vector fields in order to perturb the
dynamics and induce a displacement of the holonomies. More precisely, given a small
center disk, we define a vector field localized close to the disk. These vector fields will be
rich enough for us to apply Proposition 5.6.

Construction 9.1. There exist C 2-uniform constants /1y € (0,/7) and C s > 1 such that
the following is true. For any c-disk € = W]ﬁ’(x, h) of f withx € X and h € (O,Ef),

there exists a C” volume preserving map ¢ = ¢(€): (—h, h)? — X such that ¢(0) = x
and

(1) 5€ C p((=h/4.h/4)° x {0}%+e) C p((=2h/3.2h/3) x {0}%*%) C €
@ llc> < Cy

(3) D$(0, R x {0}4utds) D0, {0} x R% x {0}%s), Dp(0, {0}t x RI) are
respectively equal to E} (x), EJ’,‘ (x), E Ji (x);



CT -prevalence of stable ergodicity 3417

(4) forany y € ¢((—h,h)?), Dy (¢~ ): EJf(y) — RR€ has determinant in (E;I,Ef),
where IT.: R4 ~ R¢ x R% x R% — R€ is the canonical projection;

(5) for any ¢ > 0, there exists a C!-uniform constant %f,; € (0, Ef) such that if & €
(O,Ef,;), then for any y € ¢((—h, h)?), Dy (¢ h): E}” (y) — R€ has norm smaller
than .

The above charts exist. Indeed, for some C2-uniform constant 6} >0,forany x € X,
we can choose a C* volume preserving diffeomorphism ¢’: (—2h, 2h)¢ — X such that:
¢’(0) = x; (2) and (3) hold for (¢, E}) in place of (¢, C r); and D¢’'(0) is an isometry
restricted to R¢ x {0}%«+9s etc. Then, for sufficiently small /, (¢’)~'(€) is contained in
the graph of a C” map v: (—2h, 2h)¢ — (—2h, 2h)%+4S with ¢ (0) = 0 and ||| c2 < E}i
for some CZ-uniform constant E} > 0. For x = (X¢, Xus) € (—=h, h)¢ x (—h, h)dutds,
we define ¢(x) = ¢’ (xc, xus + ¥ (xc)). One can verify (1)—(5) directly by taking i_Zf
sufficiently small and ff sufficiently large.

For * = u, s, sete, := (1,0,...,0) € R4+, Forany0 < A <h < Ef,wedeﬁne

WA 1= d((—h, h)° x {Aey} x (—h, h)%),
W) := ¢ ((=h, h)° x (=h, k)™ x {deg}).

We construct regular families of loops as follows.

Lemma 9.2. There exist C2-uniform constants h 7€ (0, Ef) and C 'r > 0 such that the
following is true. For any p € (0, n r) and o € (0, éf_l,o), there exist constants &y =
go(f,p,0) > 0and 69 = 6o(f, p,0) € (0,0) such that for any c-disk € of f with radius
h € (p, ﬁf), any g € PH(X) such that dc1(f. g) < 8o, and any x € (ét’,&o), there
exists a (0, Cr)-regular family {y(s) = (x1(s), x2(s), x3(5))}se[0,1] of g-loops at x with
the following properties. Let ¢ = ¢(€) and o’ := éf_l/za. Then

@) for any s € [0, 1] and i = 2,3, Wg(xi(s), Kyo) is disjoint from the image

P((—h, hy+ e x (=0'/2,0'/2)%);
(i1) with Cyyn as in (7.3), for any s € [0, 1] we have

We (x1(s), Kro)
C ((—h/2,1/2)° x (0'sey + (—Crila’, Cla)®) x (=0’ /5,07 /5)%).

Proof. Set{x'} := Wy (x, hy) N W (c”). By Notation 3.12, Construction 9.1(2, 3), and
by taking Cy sufficiently large and /iy, €9, 69 sufficiently small, we have:
(1) For each s € [0, 1], each of the following intersection points exists and is unique:

@ {x1(s)} := Wg(x,hy) N W (s0);

(0) {x2(s)) := WE(x1(5), hy) N WE (X, oy );

(©) {x3(s)} 1= Wg(x2(s). hy) 0 We*(x, hy).
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(2) For each s € [0, 1], set y(s) := (x1(s), X2(5), x3(5)). Then y := {y(s)}sef0,1] is a
(0, Cr)-regular family for g.
Note that for any s € [0, 1], x2(s), x3(s) € Wg"(x', 5fo’) for sufficiently large éf.
We get (i) by the continuity of EJQ”, and by letting n r, 0, 6 be sufficiently small. We get
(ii) by the continuity of £ J?S and EJE, by using Cro < h < hy by letting Cy be sufficiently

large, and then letting n . €9, 6o be sufficiently small. n

Construction 9.3. For any c-disk € such that o(€) =: h € (0, Ef), with Ef as in Con-
struction 9.1, and for any o € (0, /), we define a collection of vector fields as follows.

For each 1 < j < ¢, let U;: (=2/3,2/3)° x (=1, D)% x (=1/3,1/3)% — R¢
be a compactly supported C* divergence-free vector field such that U; restricted to
(=1/2,1/2)¢+4 x (=1/5,1/5)% is equal to the constant vector, denoted by E;, that
has 1 at the j-th coordinate and O at the others. Such a U; always exists since d > 3.
Moreover, we can assume that ||U;||c1 < Cx for some constant Cy = Cy«(d) > 0.

Forany x, e R¢, x,, € R4, X5 € R4, and ac,ay,as > 0 we denote, for every z, € R¢,
Zy € R, Zg € R,

ch,ac,xu,au,xs,as (Zc? Zy, Zs) = (xc +acze, Xy + ayzy, Xs + aszs)-
Now, forany i, j € {1,...,c} and any t € B;, we let Ug ; , ;i (—h,h)% — R? be the
vector field
o — 77 -1
Ue,iej = Ui(Poc gt noen2clo00.0) -

. is contained in

The support of Ug ; , j

(=2h/3,2h/3)¢ x (p(i.t)oey + 2C - (—0,0)%) x (-0 /3,0/3)%.

Moreover, for any z. € (—=h/2, h/2)¢, z, € ¢(i, t)oe, + CHTii(—U, O)d“ and zg €
(—a/5, o/S)dS, we have
Ugis (e 2u, 25) = Ej.
We set
V‘g,i,t,j = D¢(Ug,i,t,j)'
By Construction 9.1 and the C 1_bound on U; above, we see that the vector field

. o .
Veir ;18 divergence-free and satisfies

01105V, jlx +1VEs,llx < Cr 0.1
for some C2-uniform constant C # > 0, independent of €, 1i,¢, j.
Remark 9.4. By construction, it is clear that
suppy (V. ;) C $((—21/3.21/3)° x (=20.20)% x (-6 /3.0/3)%).
Thus for any op > 0, there exists o > 0 such that for any €, i, j, ¢ in Construction 9.3,

supr(V.g,i,t,j) C (€, 09).
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The following lemma describes the values taken by V&
that we constructed in Lemma 9.2.

L the corners of the loops

Lemma 9.5. There exists a C?-uniform constant ' = k'(f) > 0 such that for any p, €
(0, %Ef) and o € (0, 5]71/)1), there exists a C? open neighborhood U' = U'(f. p1.0)
of [ such that for any g € U and any (1/20, 6)-spanning c-family D for f satisfy-
ing [r(D),7(D)] C (pl, %Ef) there exists a (1/10, 8)-spanning c-family D’ for g with
[r(D"),7(D)] C (p1, Ef) satisfying the following property.

For any €' € D', we have €' C (€, 0) for some € € D, and for each x € é‘é’/,
there exists a (o, éf)-regular continuous family {y(s) = (x1(s), x2(s), x3(5))}se[0,1]
of g-loops at x such that for any i € {1,...,c}, s € [0,1], t € B;, and any y €
We(x, Kro) U We(x2(s), Kro) U Wg(x3(s), Kro) and z € Wg(x1(p(i, 1)), Kro), by
letting o' := 6;1/20, we have

Vi) =0.¥1<j<c.  |det((meVig;, ;(2)j=1..0)| > K. (92)

Proof. Take e1 := &y(f, p1,0) and 01 := Go(f, p1,0) € (0,0) given by Lemma 9.2.

By Lemma 4.9 and Remark 4.10 applied to f, and (6, %, %, % P1, l;f, 01) in place
of (k,0,0’,0", pm, pp.0), for all g sufficiently Cl-close to f, there exists a (1/10, 8)-
spanning c-family D’ for g with [r(D’),7(D’)] C (pl,ﬁf) such that for each €’ € D',
we have €' C (€,01) C (€,0) and 1€’ C (1€,01) C (1€, 0) for some € € D.

We can apply Lemma 9.2 to any c-disk € of £, since it has radius in (o1, 2%7), and
any x € ét” , to construct a (o, C 'r)-regular continuous family {y(s)}se[o,1] of g-loops
at x such thatif i, j, s, ¢, 0’ are as in the lemma, then

(1) Wg(xi(s), Kro),i = 2,3, are disjoint from ¢ ((—/, h)etdu x (=g’ /2, 0" /2)%);
(2) We(x, Kpo) C p((—h/2.h/2)° x (~Cpiro”. Coito”) ¥ x (=0”/5.0"/5)%);

() Wg(x1(p(i, 1)), Kro) C ¢((—=h/2,h/2)° x (o'p(i, 1)ew

+ (=Clo’, Cla")du) x (=o' /5,07 /5)%).
By Construction 9.1(4) and Construction 9.3, we see that (9.2) holds for some C 2_uniform
constant ¥ > 0 depending only on f and C . ]

10. On the prevalence of the accessibility property

In this section, we fix r € N>, U {oo} and an integer J > 1. In order to avoid repetition,
we consider only the volume preserving case. The more general case is handled by repeat-
ing exactly the same proof after replacing Diff” (X, Vol) by Diff" (X), £ H#" (X, Vol) by
PH"(X), etc.

Let us first give an outline of the construction in this section with an illus-
tration in Figure 5. Given a good C'"-J-family f := {fu}yejo,17/> We will find a

family {f¢ Yoeu,crs of C"-J-families which are perturbations of f, in which most (i
contain a large proportion of accessible maps. More precisely, we will construct a
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,,,,,,,,,,,,,,,,,,,,,,,

/ Thickening £ = {f(w.0)}woep.1x0; by adding
- : a transverse direction of perturbation parameters

Initial good family f = {f.}.cp.1)

L " deformation £, = {f(wo bocu, at (0, f.)

’ Family £/ = {f(w) e, with a proportion

;" (1 — ) of accessible maps

Fig. 5. Selection of a perturbed family ¥ with many accessible maps.

C"-(I + J)-family f:= {f.0)} (,6)€[0,1]7 xv, » Where U is a neighborhood of 0 € R7,
such that { f(»,0)}wefo,177 = f. We construct f in the following way. We apply Proposi-
tion 6.3 repeatedly to produce a well-distributed finite subset A in [0, 1]/ such that for
each parameter a € A we get a (1/20, 6)-spanning c-family D, for f,, and produce
by Lemma 9.5 a vector field Vg,i,t’j foreach © € D,, 1 <i,j <c,t € B; and some

small & > 0. We construct a C” map V: [0, 1]/ x Rl x X — TX by gluing together
the above data in a careful way, and define f = { J(@.0)}(@.0)e[0.1]7 xu, s0 that for each
wel0,1]7, £, = {f(w,0)}6eu, is a C" deformation at (0, f,,) with I parameters gener-
ated by V(w, -, ). By choosing V' carefully, we may ensure that for a typical parameter
w €[0,1]7, the C" deformation f,, has approximately independent perturbations for many
different su-paths. Together with a Fubini argument, this will enable us to verify prop-
erty () for maps at all but extremely small amount of parameters within a typical family
= {flwo) }welo,1]7 - Notice that the maps in f have uniformly bounded C”-norms. Thus,
by carefully studying the proofs of this section, we can see that throughout this paper we
only need to use the fact that iir, 0y, Cr and Ay are C 2_uniform constants.

10.1. Constructing perturbations for a family of diffeomorphisms

In this subsection, we fix a C"-J-family { fi },¢[0,1}7 in the space of dynamically coher-
ent, center bunched C” partially hyperbolic diffeomorphisms on X.

Let ¢ be an open set compactly supported in (0, 1), let U; be an open neighborhood
of the origin in R? for some integer I > 1, and let f: QoxUy xX —>XbeaClC’
map such that f(a,b, -) € Diff" (X) for all (a, b) € Q¢ x Uy, and f(a, 0,-) = f, forall
a € Q. In particular, for any a € 2, the map f(a, -):U; x X — X is a C”-deformation
at (0, fz). We set T, := T(f(a, -)). Moreover, by applying Lemma 4.11 to f(a, -) in
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place of f , after taking U, sufficiently small, for any (b, x) € U; x X, we will denote by

vy (x,-): Rl - E j;u(a,b;) (x) the unique linear map such that

c _ a . c
E7, (b, x) = Graph(vy (x,-)) & Ef(a,b,~)(x)' (10.1)

Given an element of a C”-J-family as above, the following notion combines a
global property (through spanning c-families) and a local one (existence of deformations
which induce an infinitesimal displacement of the holonomies in many directions), which
together will be useful to verify property () of Definition 8.3.

Definition 10.1 (Removability). Let f be as above. Then for p,,, par,0,C,k > 0,a € Qo,
we say that f is (Pm, pM» 0, C, k)-removable at a if there exists a (1/10, 8)-spanning c-
family O for f, with [r(D),7(D)] C (pm, pa) such that for each € € D and each x €
é‘@, there exists a (o, C)-regular continuous family y of f,-loops at x with the following
properties. Let Ko, I be as in Subsection 7.2. For any (i, B, {s;};eg) € " and (¢, j) €

B x{l,...,c}, weset y; :=y(p(J,s,;)) and z; := (]_[JC~:1 Hy, y, )(x). Let 1 ; be
the lift of y, ; for T,, and
- {TOUl - Hte:B E/E (z¢) = RKoe,
Sa,x: hy

2 (10.2)
B> [7.(D([5=; Hr, 7, ;) - (B +v§(x. B))],cq-

Then there exists a linear subspace H C R of dimension Koc such that
|det(Eq,x|H)| > K.
The main goal of this subsection is the following.

Proposition 10.2. Assume that { fo}4e[0,1)7 is @ good C"-J -family. Then there exist con-
stants Q, C; k1 > 0 such that for any % > 0 and any sufficiently small h > 0, there exists
p1 € (0, %h) such that for any sufficiently small o > 0, there exist
(1) an open set Qo compactly contained in (0, 1) with Leb([0, 1]/ \ Q¢) < 9;
(2) an integer I > 0 and an open neighborhood Uy of the origin in RY;
3) a C" map f: [0,11Y x Uy x X — X such that
(i) f(a.b,-) € Diff’ (X, Vol) and f(a,0,-) = f, forall (a,b) € [0,1]Y x Uy;
Qi) [ Fller < @

(iii) f is (,01,5, o0, C, k1)-removable at any a € Q.

Iiroof. 13y compactness, we can gpoose C 1, C > 0 so that for all a € [0, I]J , we have
Ci>Cy and C > C 'r.» where Cy, is given by Construction 9.3, and éfa is given by
Lemma 9.2. _ o _

We assume that 4 > 0 is so small that for all a € [0, I]J, h < hy, < hy,, where
l::fa is given by Lemma 9.2 and Efg is given by Construction 9.1. Fix p; € (0, %E) For
any sufficiently small & > 0, we choose €1, 07 > 0 so that &; < &y(fz, p1,0) and 07 <
60( fa. p1,0) (see Lemma 9.2) for all a € [0, 1]”.



M. Leguil, Z. Zhang 3422

With any C” map V:[0, 1] x R x X — TX such that V(a, ) is an infinitesimal C”
deformation with I parameters for any a € [0, 1]/, we associate a C” map f:[0, 1] x
Ul xX—>X by

Fi(a.b.x) = Fyapa (. f2(x)).  V(a.b.x)e[0.1 x Uy x X, (10.3)

where U, is a sufficiently small neighborhood of the origin in R, and for any (a, b) €
[0,1]7 x Uy, Fyap.y: R x X — X is the flow generated by V(a, b, -).
To prepare for the proof of Proposition 10.2, we first show the following lemma.

Lemma 10.3. Set K := SUpgefo,117 Kr, + 4. Then there exist constants Ry, k1 > 0 such

that the following is true. For any sufficiently small h>o0, any p1 € (0, %i{) and any
sufficiently small o > 0, there exists a constant A1 = A1(p1, 0) > O such that for any
a€0,1),if D isa3Ko-sparse (1/20,6)-spanning c-family for f, with [r(D),7(D)] C
(,01, 3 ) and ifa C" map V:[0,1]7 xR x X — TX as above satisfies

(1) al|0pdxVix + 196V |lx < C1 and Ry (f4, (D, 3Ko) supr(V)) > Ry;
(2) for B = (Be,it,j)eeD,i,jell,...c},1e8; € R2#D)e?IAl gng 5! = C 126,

_ . y%
Via, ')lw,z?a) - Z Beiz,j Vf,i,t,j’
€eD,i,jef{l,....c},teB;

then for any g/ € B(a, }1) N[0,1], the C" map f: [0,1]) x Uy x X — X given by
(10.3) is (p1, h, 0, C, k1)-removable at a’.

Proof. Take Ky as in (7.1). By compactness, we can choose ¥ > 0 so small, depend-
ing only on { f,,}w, that for all a € [0, 1]7, k < «’(f,) (see Lemma 9.5); and choose
Ry > 0, k1 > 0, depending only on { f,}, so that for any a € [0, 117, we have R, >
Ro(fa, Ko, c, Cl,/c/2) k1 < ko(fq, Ko, c, Cl,/c/2) as in Proposition 5.6.

By hypothesis (1) and Lemma 9.5, we can choose A1 > 0 so small, depending only on
{ f}w» p1.0, Ry, such that for any a, D as in the lemma and any @’ € B(a, A1) N[0, 1]7,
we have f;; € U (fz,p1,0) (see Lemma 9.5) and R4 (fo, (D, 2[?0), suppy (V)) > R;.
Then we apply Lemma 9.5 to D, and ( f,/, fz) in place of (g, f), to obtain a (1/10, 8)-
spanning c-family D’ for f, with [r(D’), 7(D')] C (p1. k) such that the conclusion of
Lemma 9.5 holds.

For any €’ € D’ and x € é‘(?', let y be a (o, éfa)-regular (hence (o, C)-regular)
continuous family of f;/-loops at x satisfying the conclusion of Lemma 9.5. We claim
that for any s € [0, 1], the vector field V(a, -) in the lemma is adapted to (y(s), 0, Q 1, R1).
Indeed, from K > Ky, + 4 and €' C (D, 0), we have 'Wf?a/ (z, Ky, 0) C (D,2Ko0) for
any z € {x, x1(s), x2(s), xz,/gs)}. Then by the choice of A1 and (9.2), we verify (2), (3) in
Definition 5.5 for (y(s), o, C1, Ry) in place of (y, o, C, Ry), while (1) follows from (9.1)
and the hypothesis on V. This verifies the claim.

For any (i, 8, {s¢}ieg) € I' and (¢, j) € B8 x {1,...,c}, we define y;; as
in Definition 10.1. Note that (5.5), (5.6) are satisfied by (9.2), and thus for all
o > 0 sufficiently small (depending only on { f,},), we can apply Proposition 5.6 to
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(fa-Ko.C1./2.V(@.).Ay1.j hes 1< j=c) inplace of (f:L.C.k.V.{yijhr<i=L.1<j<c)s
which concludes the proof. ]

We now continue with the proof of Proposition 10.2.

Let Ry, k1 > 0 be given by Lemma 10.3. Take any © > 0. We set K := (20J)”. Then
by applying Proposition 6.3 to r, J, { f»}e, K, ¥ and to (Ry, %h) in place of (Ry, hy),
we obtain a set 7 compactly contained in (0, l)J and constants Ny, pg € (0, %E) p1 €
(0, po), 09, Ao > 0 satisfying the conclusion of Proposition 6.3. For any sufficiently small
o > 01in Proposition 10.2, we take A; = A1(p;1,0) as in Lemma 10.3.

Let T > 0 be some large integer such that A := 100J /T < min(Ag, A1), and set Wy :=
(—%, %)J We choose {ay,...,anm,} C 1 with My < T such that W := a; + 2W,
is compactly contained in [0, 17, the collection {W; }1<i<m, forms an open cover of 1,
and the cover multiplicity of {a; + 10J Wp}1<i<m, is bounded by K = (20J)7.

Let ®: R’ — [0, 1] be a smooth function such that Olaw, = 1 and supp(®) C 3W,.
Let ®; := O(-—aq;) forall 1 <i < My, so that supp(®;) C a; + 3W,.

Foreach 1 <i < My, we will inductively define a (1/20, 6)-spanning c-family for f;,,
denoted by D;, in the following way. Assume that for some k € {1,..., My}, and for all
1 <i <k — 1, we have defined D; satisfying
(1) D; is a op-sparse (1/20, 6)-spanning c-family for fg;;

() [r(Dy), 7(Di)] C (p1, po);
(3) n(D;i) < No.
This assumption is always true for k = 1.

Let {i1,...,i;} be the set of all indices p € {I,...,k — 1} such that W, C
B(Wy,5¢/T). By the choice of {a;}, we have [ < K. Then we can apply Proposition 6.3
to obtain a spanning c-family Dx for f,, such that (1)—(3) above are true for i = k.
Moreover, for any 1 < j <1, (£O,~j , 09) is disjoint from (Dy, gp), and for all a € W), C
B(ag, o), we have R( fa, (D, 00), {D;; }5:1700)) > Ry and R4 (fz, (D,00)) > R;.

Having constructed {D; }1<i<m,, foreach 1 <k < Mg we set I} :=n(Dg)c Zle | Bi|
= 2n(Dy)c?|A|, set Og = 6}{—1/20’ and let V®): Rk x X — TX be the infinites-

ai
imal C" deformation defined as follows:

o .
v®(B,.) = > BeiniVe;» YB=(Beir) R (10.4)
€CeDy,i,je{l,....c},t€B;

By Remark 9.4, for all sufficiently small ¢ > 0, we have suppy (V*)) C (D, 0¢). Let
I = ]1:1:01 I.Forany B = (Bk)llcuzo1 e RY, where Bj € R’k foreach 1 <k < My, we
definea C" map V:[0,1]/ x R! x X — TX as follows:

My
Via,B.) := Y Or(@)V® (By.).
k=1
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By definition, the map V is linear in B. For each a € [0, 1]/, let {i1,....i;} be the set
of indices p such that ®,(a) # 0. Note that / < K. Moreover, by construction, the sets
(!Dij ,09) are mutually disjoint for j € {1,...,/}, and
I
suppy (V(a,-)) C |_|(!D,-_/.,00). (10.5)
j=1

By the choice of 61 above, (9.1), (10.5), and since Dy, is og-sparse for all 1 < k < M,
o l050xVlx + 195V Ilx < C1. (10.6)
Again, by the above construction,
Ri(fa ((Di; Yi—y. 00)) > Ry (10.7)

Take any k € {1,..., My}. By construction, D is a og-sparse (1/20, 6)-spanning c-family
for fa,,and for any a € Wy and each B = (B;)1<i<m, € RY,

V(a, B, )0 .000 = V® B, )0y .00)- (10.8)

We define f by (10.3) for V' given as above. It is clear that f is C", and for each
aelo, 1), f(a, ):U; x X — X is the C” deformation at (0, f,) generated by V(a, ).
By (10.3), (10.6), and Lemma 4.4(1), we obtain ||f||C| < Q for some Q > 0 depending
only on { f;}, and C 1, after possibly reducing the size of Uj.

By (10.4)—(10.8), foreach 1 <k < My any any @’ € Wy C B(ag, A1), the assumptions
of Lemma 10.3 are satisfied for all sufficiently small o > 0, hence f is (p1, n ,0,C,k1)-
removable at a’. The set Q¢ := Uf‘i O W; is compactly contained in [0, 1]/. By our choices
of {a;}, we have Q C Q¢ C [0,1]”, and thus it is clear that Leb([0, 1] \ Q¢) < ©. Then

f is (p1, }7 o, C, k1)-removable at all @ € . This concludes the proof. [

10.2. Getting accessibility by perturbation

In this subsection, we fix a map fo € PH" (X, Vol) which is dynamically coherent and
center bunched.

Let f € U( fo) N Diff" (X, Vol) (U( fp) is defined in Notation 8.6). Let € be a c-disk
of f withradius 4 in (O,Ef), and set ¢ = ¢(€) (see Construction 9.1). Let f: UxX—>X
be a C” deformation at (a, f), and set T = T(f). Then for C > 0, 0 € (0,57/2),
X € %E’, and a (o, C)-regular continuous family y of f-loops at x, let y be given by (8.2),
and let 1//} be given by (8.3). We let 0 > 0 be sufficiently small, and by (8.4), we have
wx ¥ (b, y,5) € p((—h, h)?) forall (b, y,s) € Ws((a,x),847) x [-1,2]¢. Let T, be as
in Construction 9.1(4); we define

q):{w;((a,x),gaj) x [-1,2]¢ — R€, R
(b, y.s) > Mg ux Y (b, y. ),

where IT.: R¢ ~ R¢ x R% x R% — R denotes the canonical projection.

(10.9)
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Lemma 10.4. Let 1, f , €.y, 1/A/ be as above. Then there is a C?-uniform constant C 0=

Co(f) > 0 such that, after possibly reducing the size of U,

(1) forany s € [—1,2]¢, the map (b, y) — (b, y,s) is Cl, and D®(b, y, s) is uniformly
continuous, and uniformly bounded by Co;

(2) if ¢ = 2, there is a gz-uniform constant 8y = 0y(fo) € (Cc;l 1) such that for any
(b,y) € W7((0,x),84,7), the map s — ®(b, y,s) has 0y-Holder norm less than C.

We remark that Lemma 10.4(2) is needed to “discretize” property () when ¢ > 2.

Proof of Lemma 10.4. Point (1) follows from the fact that f is C2, center bunched, and
Lemma 4.11. Point (2) follows from Lemma 8.8. [

The main technical result of this section is the following; it provides estimates on the
volume of “bad” parameters under some removability condition.

Proposition 10.5. Let { fi,},¢[0,1]7 be a good C”-J-family in U( fo) N Diff" (X, Vol).
For any Q, C, k1 > 0, all sufficiently small h > 0, any p; € (0, h), and all sufficiently
small o > 0, the following is true. Assume that there exist an open set 2o compactly
supported in (0,1)”, an integer I > 0, an open neighborhood U, of the origin in R!, and
a C" map f: [0,1]Y x Uy x X — X, such that

(i) f(a.b.) € Diff’ (X, Vol) and f(a.0,-) = f, forall (a,b) € [0,1]7 x Uy;
Q) [ fller < @

(iii) f is (p, h, 0, C, k1)-removable at every a € Qo.

Then for any sufficiently small € > 0, and any § > 0, there exists a subset & = &(¢,8) C
Qo x Uy such that Leb(8) < 8, and for any (a,b) € (20 x (U; N B(0,€)))\ &, f(a,b,-)
is C'-stably accessible.

Proof. We only detail the case where ¢ = 2; we will sketch the adaptation needed for
¢ = 1 at the end of the proof.

So assume ¢ = 2. Consequently, either (ae) or (be) holds. In the following, we take
0 = 6p(fo) as in Lemma 10.4, and set Ky := Ky(c, 8) as in (7.1). By Lemma 10.4,
6 > Cc;l and thus K¢ > 2.

Let f Q,C, k1, h, py,0 be as in the proposition. Let T: [0, 1]/ x U; x X — [0,1]” x
Uy x X be the C" map (a, b, x) — (a,b, f(a,b,x)).

For any a € Qq, f can be regarded as a C” deformation at ((a,0), f,) with
J + I parameters. Let v, 0(x,-): R/ — E;: (x) be the (unique) linear map given by
Lemma 4.11. Set T, := T(f(a, 9)) and let vd(x,-): R — E};‘ (x) be the unique linear
map satisfying (10.1) for b = 0. One can see that v (x, B) = vg0(x, {0}’ x B) for all
x € X and B € R’. In the following we tacitly use the inclusion R’ c {0}/ x R’ and
forany B € ]RLI, we abbreviate v, o(x, {O}J x B) asvgo(x, B).

Fix a € Q¢. By (p1, &, 0, C, k1)-removability, we can choose a (1/10, 8)-spanning
c-family D = D(a) for f,, and for any € € O and any x € é‘(?, we let y = y(a, x)
be a (o, C)-regular continuous family of f,-loops at x. By compactness, we can take a
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small constant § € (0, min(g(a/,o),r,go,ra,)) where g(a’,O),TvSO,Ta/ are given by Definition
8.7. Let y be the lift of y for T. Take ¢ > 0 so small that the map associated to y and T
as in (10.9), denoted by ®: W ((a, 0, x), 5) x [~1,2]¢ — R¢, is well-defined. For each
(i, B.{st}res) € T, set

Ws.((a,0,x),8) — RKoe,
(alv b/a y) = (®(a/? b/? y5 St))t€£‘

By Lemma 10.4(1), we can differentiate W at (a, 0, x) to obtain, for each B € RY,

V=V, ¢e.x,i 8,5} { (10.10)

D\I’]((a’ O’X)’ B + Va,()(x, B)) = (Dq)((a’ O,X,St), B + Va,O(Xv B)))te:B

C
-1
= (Mepe nXD(.l"[1 Hr;, ;) (B +vao(x. B) __.
j=
where y; ; = y(@(J, s¢,j)), and Py ; is the lift of y, ; for T. Let ¥, ; be the lift of y, ;
for T,. Then by definition and by Lemma 4.14, we obtain

c

c
nXD(l"[ Hr,y,,j)(B +va0(x. B)) = ncD(l"[ Hr, 5., )(B + v§(x. B) + 6 (=, B),
j=1 j=1

where we have set z := [, Hy, 5, ; (x).

Let { > 0 be a small constant to be determined. Let 4 > 0 be so small that for any
a’ €10,1]/, we have h < Efaul (as in Construction 9.1(5)). Then by Lemma 4.13(2),
Construction 9.1 and hypothesis (ii), there exists a constant D; > 0 depending only on
{fo}wef0.1)7 such that for any B € RY,

ITeD¢~ "G (z. B)|| < D1Q|IB]|. (10.11)

By (p1, 5,0, C,k1)-removability at a, there exists a linear subspace H C R’ of dimen-
sion Kyc such that

c
‘det(H 5B ncD(l_[l Hr, 5, )(B + vi(x, B))>ze$‘ > k1. (10.12)
j=
Then by (10.11), we can choose { > 0 small, depending only on (Q, k1, { fw}wefo,177)>
such that for some constant D, > 0 depending only on { /o }4e[0,177 »

|det(H > B +> DW((a,0,x), B + va,0(x, B)) € RX)| > D3 k.

Now, since Lemma 10.4 and the pre-compactness of €2¢, DV is uniformly continuous,
with norms uniformly bounded for all choices of a, €, x,i, 8B, {s;}. Then, by possibly
reducing the size of 5 independently of the choices of a, €, x,i, B, {s;}, we can assume
that for any (a’,b’, y) € W5.((a, 0, x), 8), there exists a subspace H' C Ty (R0 x Up)
of dimension Kyc such that

|det(DW(a, ', y)|a)| > D5 k. (10.13)
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By compactness, for any € € D, we can choose a finite set A(a, €) C %‘C’ such that

V@ €)= |J Wi((@.0.x).5) (10.14)
xeA(a,t)

is an open neighborhood of {a} x {0} x %‘6 in 'Wr.

By compactness, Lemma 4.9 and Remark 4.10 (for f = f,, D, (k,6,6',0", pm, pamr)
= (8, %, é, %, pl,h) and 0 < %d("V(a, €)°, {a} x {0} x %‘6)), there exists a constant
8o > 0 (independent of the choices of a, €, x, i, B, {s;}) such that for any (a’,d’) €
B(a, 8o) x (Uy N B(0,8y)), there exists a (1/9, 10)-spanning c-family D’ for f(a’,5’,")
such that for any €’ € D', we have {a’} x {b'} x %f” C V(a,€) for some € € O. Without
loss of generality, we assume that U; C B(0, §¢) and set U(a) := B(a, dp) x Uj.

Now, since ¢ C [0, I]J, we can find a finite set X C Qg such that

Qo x U c | u@. (10.15)
aeX
By (7.1) we have % > 1. Let B € (0, min(% — 1, 1)), so that
—(c =D Ko—5~ LB c¢Ko — 2c¢ > 1. Then, choose n > 0 small enough such that
- +ﬂ 2¢ — (Ko + Dp—1> 0. (10.16)
For any sufficiently small § > 0, for each i € {1,...,c} and any t e B, let N;; bea

85" snetin [=1,2]i~" x {£} x [=1, 2]~ such that |N,l| < 5P =D,
We denote by X the diagonal of (R¢)Xo ~ RXo¢ that is,

2 i={(y.....y) e R¥o¢ | y e R}, (10.17)
and for any § > 0, we let X5 be the §-neighborhood of X defined by
%5 = {(yi)i<i<k, € R)KO |3y e R, |y; —y| <8, V1 <i < Ko}

For any a € KX, let D = D(a) be the (1/10, 8)-spanning c-family for f, given above.
Forany € € D, x € A(a,€) and (i, B, {s:}reg) €, set W:i=W, e 1 i 8 15,3 By (10.13),
the map DW is a submersion from ‘W% ((a, 0, x), 3) to its image, and is uniformly trans-
verse to X, i.e., whenever w = (¢/,b’, y) € W%((a,O,x),g) Nv=1(3),

Tyw)E + DY(Ty, Wi ((a,0, x),8)) ~ RKoe,
Therefore, \IJ;I&XJ,‘B’{S,}(E) is a submanifold of W4((a, 0, x), 8) of dimension'”
J + I + 2¢ — Koc. Moreover, by uniform transversality, there exists §; > 0 independent

108ee [20, Theorem 3.3]; by transversality, ¥ w1 Y) C WE ((a 0, x), 8) has the same codimen-

sion as ¥ in RXo¢ Here, transversality is with respect to the parameter b, and by (10.13), it
is uniform in the variables a, x, which gives a uniform bound in (10.18) on the number of balls
needed to cover U1 (Z5).
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of the choice of a, €, x,i, B, {s;} such that for any 0 < § < §;, we have
N(‘I"a_,lf,x,i,ﬁ,{s,}(zs), §) < §Koe2e=I=J=n, (10.18)

where for any set §, N(S, §) is the minimal number of §-balls required to cover §. For
any 0 < § < 81, let & = &(§) be the subset of “bad” parameters in Q¢ x Uy:

€ = U Toap sty (Vo v i gy (Ss).  (10.19)

aeX, €CeD,
xeA(a,t),
(i, B,{st}rep)El withVteB, s €N, ;

Since in the above collection, only the last item, N; ;, depends on §, there exists a constant
D3 > 0 such that for any 0 < § < 1,

N(E,8) < Dys— Ko 2 (e=D=KongKoe=2e=I=J=n _ (p guys=I=J+1 (10 20)

By (10.16), there exists 0 < 6, < §; such that D36y < 1. We deduce that Leb(&) <
(28)7HIN(&,8) < S forall 0 < § < §s.

We claim that for all sufficiently small € > 0, for all sufficiently small § > 0, and any
(a,b) € (2 x (U N B(0,¢€)))\ &, f(a, b,-) is C!-stably accessible. This would finish
the proof for the case ¢ > 2.

Indeed, by (10.15), for any (a, b) € (20 x (U; N B(0,¢€))) \ &, there exists ag € K
such that (a, b) € U(ag). Let Dy = D(ag). Then by the definition of U(ay), there exists
a (1/9, 10)-spanning c-family O for f (a, b, -) such that for each € € D, there exists
€ € Dy such that {a} x {b} x %‘6 C V(ag, €p). Then for each x € %‘6, by (10.14), there

exists xg € A(ag, €o) such that (a, b, x) € W ((ao,0, X0).6).

Claim 10.6. For any sufficiently small § > 0, and any (i, B, {s;}ieg) € T, take ¥ :=
Wy, €0,50,i,8,4s;} @S in (10.10). Then W(a, b, x) ¢ X.

Proof. Indeed, for any (i, B, {s;}:e8) € I, there exists {w; };cg such that for all 7 € B,
w, € Ny and |s; — w,| < §0TB)/9 Since (a,b) ¢ &, and by (10.10) and (10.19), there
exist z,¢’ € B such that |®(a, b, x, w;) — ®(a, b, x, w,)| > &, where O is defined as in
(10.9) with ((ag, 0), xo) in place of (a, x). By Lemma 10.4, we get |®(a, b, x, w;) —
®(a, b, x,s:)|, |P(a,b, x,wy) — D(a, b, x,s)| < Dg8'+P for some constant Dy > 0
independent of §. The claim follows, since for sufficiently small § > 0, we then have
|®(a,b,x,s;) — D(a,b,x,s,)| >8—2D48' TP > 0. n

Let yo = y(ao, xo) be the (o, C)-regular continuous family of f,,-loops at xq asso-
ciated to (ag, xo). Since § < §(4,0),7 < 8(a,0),r (see Definition 8.7) and (a, b, x) €
Wt ((ao, 0, xo),g), let Y45, be the continuous family of f(a, b, -)-loops at x asso-
ciated to yy according to Definition 8.7. By (8.3), (8.4), (10.9) and (10.10), we see

;F . 11
that f'(a, b, -) satisfies (#) (for (0,0, k) = (5. 5. 10), D, {Va,b,x}xeé‘e, ecp and

Y= W(f(a, b,-), X, Vap.x) asin (8.1). Thus, our claim follows from Proposition 8.4.
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Now we consider the case where ¢ = 1. We can just choose K9 = K7 = 5in (7.1).
It suffices to notice that for each i € {1,...,c} and each ¢t € B;, the set [—1, 2]’A_1 %
{t} x [-1,2]°7" is reduced to the singleton {¢}. Thus in the above proof we can choose
MNei = {t} for any § > 0. It is straightforward to verify that the above proof for ¢ > 2
(below (10.16)) carries over to the case ¢ = 1. For instance, (10.20) becomes

N(E,8) < D3sKoe=2e=I=J=n — (p sv")s~ 1=/ +1
where
V' = Koc—2c—n—1>0.

This finishes the proof. ]

11. The proof of Theorem E

Combining Propositions 10.2 and 10.5, we are ready to prove Theorem E.

Proof of Theorem E. We only detail the volume preserving case; the proof of the other
case follows the same lines with Diff” (X, Vol) replaced by Diff” (X).

By Notation 3.12, for any map f in Theorem E, f is dynamically coherent, center
bunched, and satisfies (ae) or (be). Set U := U (f) N Diff" (X, Vol) (see Notation 8.6), and
let { fa}4eq0,177 be a good C”-J -family of diffeomorphisms in U. By Propositions 10.2
and 10.5, for any © > 0, there exist an open set Q¢ C [0, 1]/ with Leb([0, 1] \ Q) <, an
open neighborhood U of the origin in R, and a C" map f: [0,1]/ x U; x X — X with
fa = f(a, 0,-) forall a € [0, 1]7, such that for all sufficiently small € > 0, and any § > 0,
there exists & C Q¢ x U; such that Leb(&) < § and f(a, b,-) is C!-stably accessible
for all (a,b) € (20 x (Uy N B(0,¢€))) \ &. Now, given any sufficiently small € > 0, let
§ € (0,e'9) and & = & (e, §) be as above, and for any b € Uy, set 82 := & N (g x {b)}).
Then, by Fubini’s theorem, there exists b € U; N B(0, €) such that

Leb((([0, 117\ Qo) x {b}) U &%) < Leb([0,1]7 \ Qo) + ¢ 'Leb(6) < 0.  (11.1)
For any integer n > 1, we consider the following collection of C”-J-families in U:
Fn = {fataepo1)’ € C" ([0, 117, U) | the set of a € [0, 1]/ such that
fa is not C !-stably accessible has measure less than 1/n}.

It follows from J > Jy, Proposition 3.5 and (11.1) above that for any n > 1, the set %,
is C'-open and C"-dense in C" ([0, 1]/, U). In particular, § := (,,., F is residual. By
definition, for any { f4},¢[0,1]7 € ¥, the set of a € [0, 1]/ such that f, is not C!-stably
accessible has measure zero. This concludes the proof. |
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Appendix A

Proof of Lemma 4.14. We detail the case where * = u; the other case is handled similarly.
Proof of (1): for any b € U, x € X, we have WY(b, x) C {b} x X. Hence the
image of H%,(O,x),(o,y) is contained in {b} x X. Then for any B € ToU, we have
DHYM",(O,x),(O,y)(B +vo(x,B)) € B+ T, X, while (B + T,X) = B + vo(z, B).
To show (2), we need the following lemma.
Lemma A.1 (A priori estimates). There exists a C'-uniform constant 57 > 0 and a C?-

uniform constant C, = C,(f) > 0 such that the following is true. Take any x € X and
w e 'Wj?" (x,67/2). Then z := HY  (x) is well-defined, and for any B € ToU, we have

fix,w

||7TCDH]I£,(0’X),(0’UJ)(B + vo(x, B))|l
< Cu(llvoCx, ) + lvo(z. )l + ||D27"||dw;'.(x72))||3||- (A.1)

We have an analogous statement for any x, w in a local center stable leaf.

Proof. We follow the construction in [31, proof of Theorem 4.1] and refer to [31] for
many details.

Let £ (resp. E*5) be a smooth subbundle of TX that closely approximates EJ',‘ (resp.
EJES yand let § = §(f) > 0 be a small C!-uniform constant, to be chosen in due course.

Following [31, progf of Theorem 4.1, p. 530], we embed E“, ES viaC® maps z;: EY —
X x R™ and 15: E¢° - X x R™2, where fori = 1,2, m; € N, and R™ is equipped

with a metric || - ||; such that the Lipschitz constant of z; is uniformly bounded by some
C 1-ugiform constant ¢g = ¢o(f) > 0. As in [31, proof of Theorem 4.1], we can choose
E¥, E, 11,12, || - |l1. || - |2, U. 8 so that there is a C! bundle contraction Fy satisfying

UxXxYLUxXxY

! !

UxX —1— UxX
Here Y is defined as
Y 1= {g € CO(R™ (2¢o8),R™?) | g(0) = 0, Lip(g) < 1},
equipped with the norm

llg(x)ll2
llx11

Here we let R™(c), ¢ > 0, denote the open ball in R with radius ¢ centered at the origin.
Recall that by [31, (11)], we have

lgll = . VgeVt.

I(Fs)pg — (Fa)ph| < Ce ™ X" PDTEWD g _p|l Vp e X.

Moreover,
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(1) the unique invariant section of Fy is a family {y,: R™!(2¢o) — R™2},euxx of
Lipschitz functions parametrizing local unstable manifolds: for any p = (b, x) €
U x X, we have

Vp (11 (E*(x,2¢08))) C 12(E (x)),

u 4 -1 - u /
"Wf(b,.)(x,(g/c) C exp, (Graph(z, VplllEu(x,S))) C "Wf(b,.)(x,c 8)

for some C!-uniform constant ¢’ = ¢’(f) > 0;

(2) Fy preserves the subbundle Yy where
Yo(p) :={g € ¥ | g1 (E¥(x,2¢08)) C12(E<(x))},  Vp=(b,x) €U xX,

and has the property that for some C2-uniform constant cx« = c«(f) > 0, any suf-
ficiently close points p, g in the same center-unstable leaf of 7', any g € Y, any
z € R™1(2¢¢6),

1(F)p(g)(2) — (Fa)q(2)(2)ll2 < x| D*T[d(p. q)z 1. (A2)

Lemma A.2. For any sufficiently close p,q € U x X in a local center-unstable manifold
of T,

17p(2) = 74 ()2 < cxlIDTNld(p,@)l|zll1,  Vz € B(0,2¢co8) CR™.  (A3)

Proof. We follow [21, proof of Theorem 3.2]. For each p € U x X, we let g,, be the set
of C? sections g: Vp,e — Y —where V), ¢ is an open neighborhood of p — such that

_ . lg(q) — g(p)ll
g(p) = vp, limsup === < 00
W5 (p)ag—p (q.p)

Define a seminorm on &, by

—h ~
d(g,h) == limsup M Vg.hed,.
WS (p)>g—p (4. p)

We declare that g, h € ?5(\1, are equivalent if d(g, h) = 0. Then the seminorm d descends
to a distance on the equivalence classes of ?;’\p, denoted by ¢,. Notice that J, is the space
of Lipschitz jets at p, defined in [21, Chapter 3].

We define a Banach bundle § over U x X (equipped with the discrete topology) by

setting
g = U Ip-

peUxX

The map Fy gives rise to a bundle map J of §. More precisely, for any g: Vy— —Y

> 5 '(p).g
in §7-1(,), we define Jg € 4, by

Jg(q) == (Fr—1(&(T7'(@). VYgeUxXNTVr-i(),)-
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It is clear that J descends to a map from $r-1(,) to &,. Consequently, J is a bundle map

of § over T. For any g, h € ?ﬂ\T—l(p), we have

J —Jh
d(Jg.Jh) = limsup 8@ = Jh@I
Wi (p)2g—p d(p,q)

I(Fe)7-1(4)(8(T™1(@))) = (F) -1 (T~ (@)

= limsup
W (p)3q—p d(p’Q)
_ i | (Fi)u (g () — (Fy)u(h(w))|
= im sup
WEH (T (p))u—T 1 (p) llg@) —h(u)ll
sy AOT@LTTN@) L 200 ko)
WS (p)ag—p d(p.q) W5 (p)su—T—1(p) d(T=Y(p),u)

< Ce X" T PN+ T (p)—x°(T! (p))d(g, h)

for some constant ¢ > 0, as the points p, g above are in the same center-unstable manifold.
Moreover, by center bunching, —y* + 3¢ — y¢ < 0, and thus ¢ has a unique J -invariant
section /1g. On the other hand, as y is Fx-invariant, it is clear that y must be a represent-
ative of hg. R

We say that g € ¢, is the constant section if g admits a representative g € ¢, such
that

gq) =vp, VYqGEVpg.

We denote by 4: U x X — ¢ the section where /(p) is the constant section in J,. By
(A.2), the space of sections h: U x X — ¢ within distance c||D?T|| of &, is invariant
under J if ¢, is sufficiently large. Consequently, d(ho, h«) < c«|D?T]|. L]

Let x € X and p = (0, x). In a small neighborhood of x, we can define a C*° coordin-
ate chart 7, (—1, )¢ — X with 7,(0) = x and the following properties:

(1) Dtp(0,-) maps R x {0} (resp. {0} x R¢T4s) to E}‘ (x) (resp. E}S (x));

(2) E™ is close to the tangent space of 7, ((—1, 1% x {z.5)) forall zeg € (=1, 1)¢t4s;
(3) E°S is close to the tangent space of 7, ({z, } x (—1, 1)¢+ds) forall z, € (-1, 1)%.
The required closeness in (2), (3) will be made evident from the proof.

The chart 7, is obtained by first choosing a C*° chart 7, satisfying 7,(0) = x and (1),
and then considering the restriction of 7, to a sufficiently small neighborhood of 0. We
can also choose 7, to depend continuously on p, with ||z [|c1, [T, Y|c1 bounded by a
C '-uniform constant ¢’ = ¢”(f) > 0.

In the following, we fix p = (0, x) and denote T = 7,,. We will not distinguish a point
z € 7((—1, 1)%) and its coordinate under 7!, e.g. we denote p = (0, 0). Moreover, we

identify a tangent vector v € T, X with its preimage Dt~ (v), whenever it is defined.
Without loss of generality, we assume that § is small compared to the size of 7((—1, 1)¢).



CT -prevalence of stable ergodicity 3433

Let p’ = (0, x") € Wy (p) be a point sufficiently close to p such that there exists
wo € 11(E*(p,§/2)) C R™ satisfying
X' = expy (17 (o) + 13 yp (wo)). (A4)

Fix any B € ToU. Recall that B + vo(x, B) € ES(p). Then let > 0 be any suffi-
ciently small constant, and define ¢ = ¢(¢) € W;(p, §) by

q:=(B,y)=p+t(B,ve(x,B)) +o(t), y:=tve(x,B)+o(2), (A.5)

where o(¢) denotes a vector of modulus sublinear in #. Here (A.5) is interpreted as follows:
Dt (t(B,vo(x, B)))isavectorin To(—1,1)¢, and can be added to 7~ (p) using the iso-
morphism Ty(—1, 1)¢ ~ R, Several other expressions in this proof shall be understood
in the same way. Since E u E°S are C! embedded into X x R™1, X x R™2 respectively,
for sufficiently small ¢, there exists w, € 11 (E“ (y,98)) such that

lwa —woll2 < cr(llyll + £l BID[[woll1
for some C2-uniform constant ¢; = ¢{(f) > 0.
We define a point in W;A(tb,-) (y,c’'8) by
y" = exp, (17 (w2) + 15 yg (w2)).

Recall that TX = E* @ E° is C™ embedded into X x R™1172 and exp: TX — X is
a C® map. Then, by (A.3), (A.5), and since Lip(z1), Lip(z2) < co, we deduce that

%" = »" I < e2llyll + llwo — wallv + [1¥p(wo) — yq(wo)ll2)
< c3(tvolx, BY| + I D*T[[(IBIl + lIvo(x, B)Dllwoll1) (A.6)

for C2-uniform constants ¢, = ¢(f),c3 = c3(f) > 0.

Let ¢' := HF , ,(q). By definition, {¢'} = Wf*(p') N Wr(q). Since Wy(q) =
{tB} x 'W;UB .)(y), we have ¢’ = (tB, y’) for some y’ € 'W;‘;(IB _)(y, 2¢’8). On

U x t((—1, )?), W (p') is closely approximated by EfZ*(p’) = Graph(vo(x’,-)) @
E;S(x/). Thus y' = x" + tvo(x’, B) + v5(t) + o(¢) for some v°*(¢) € E]?S(x/). Hence
"=y = v () = tve(x', B) + X' — " 4+ 0(2). (A7)

Y y
Since y’, y" € 'W'i(tB ) (), we also know that y’ — y” is close to E;A(zB R (y"). By condi-
tions (2), (3) in the choice of 7,, the angle between E;(zb ) (y") and ch;s (x') is uniformly

bounded from below. By (A.7), for some C2-uniform constant ¢4 = c4( f) > 0, we have
@I Y =yl < eatllvox", BYI| + lIx" = ") (A8)

Combining estimates (A.6) and (A.8), and since ||nx p’ — mxq’|| < |x' — y"|| +

" —y"||, we deduce that for some C?-uniform constant ¢cs = cs(f) > 0,

Iy
lmx p’ — 7xq'|l < es(voCx, )|l + llvo(x’, )| + ||DZT||d'w7_(bu) (x,x")z||B]|.
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We then conclude our proof by noting that

|7x p’ — nxq'|
—

e DHY. (B + vo(x, BY)| = lim .

We now continue with the proof of (2). Without loss of generality, we may assume
that oy € (0,67). By Lemmas A.1 and 4.13(3), there exist C 2-uniform, resp. C ! -uniform
constants ¢c; = ¢(f) > 0, resp. ¢ = ¢1(f) > 0, such that (recall (4.7))

||7TCDH¥,((),X),(0’J;)(B +vo(x, B))|l
< c2([lvo(x, )|l + llvo(z, )l + ||D2T||dwy(x,2))||3||

< caer (max(e ¥V, e D) T o1 + | DT |l dwu(x,2)) | B]. =

Appendix B

Proof of Lemma 4.4. Let V:R! x X — TX bea C” vector field as in Definition 4.2, and
let U C R be a small neighborhood of the origin. We let 7: R x U x X — X be the
associated flow; it is defined by the equation

0,:F(t,b,x) =V (b,F(t,b,x)), (B.1)
with initial condition F(0, b, x) = f(x). For any (s,b,x) € R x U x X, we have

¢ 3,F(0,b,x) =0, ¢ 323(0,b,x) = 3,0xF(0,b,x) = 0,
00, F(0,b,x) =05 f(x), e 8)265’(0,b,x) = aif(x),
o f(b.x)=TF(.b.x), e f(x)=7F(s.0,x).

By differentiating (B.1), we obtain the following equations:

3,0xF =0, V0,F, 0,0,F =03V + 0,VpT.
0,02F = 2V(0:xTF, 0xF) + 0,V 2T,

0,050, F = 050V (3p, 0xF) + 02V(3xTF, 0pF) + 05V 0507,
0:02F = 07V + 20505 V(3p, pF) + 02V(3pF, 9pF) + 0V 935

In particular, for all ¢ € (0,1), x € X and B € TyU, we have
0;0,F((¢,0,x), B) = 9, V((0,F(z,0, x)), B) + E)xV((O, F(t,0,x)), 0 F((¢,0, x), B)).

In the above equality, the first term on the RHS equals V(B, F(¢,0, x)) = V(B, f(x));
and the second term equals 0. Thus

mx DT((0,x), B) = 3, £ (0, x), B) = 8,F((1,0,x), B) = V(B, f(x)).

This concludes the proof of (2).
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By a slight abuse of notation, we use || - || to denote the uniform norm for (a) derivat-
ives of f, 5V and 0,04V as functions on X; (b) derivatives of f and V' as functions on
U x X; and (c) derivatives of F as functions on [0, 1] x U x X.

To prove (1), we need to bound the norms of ||Df|| and ||[D? f||. Since B — V(B,")
is linear, it is clear that by reducing the size of U, we can assume that |0, V|| < %. Then
by Gronwall’s inequality and possibly reducing the size of U, there exists an absolute
constant ¢y > 0 such that

10xF1 < comax(L. [[9x /). [185F I < colldp V- (B.2)

Since aiV = 0, by Gronwall’s inequality and (B.2), there exists an absolute constant
c1 > 0 such that

93T < 1931 + coll 3V I 18xTI> < 1193 £ | + cal|93V [ max(1, 135 11,
19595 T < co(ldpdx VI TN + 133V [ 18T 1118551}
< c1(l8p3x VI + 103V 1 185V 1)) max (L, [|3x £11).
195F11 < 201935V I 13T + 133V 195F11)
< (183 VI3V I+ 133V 185V 1)

Note that by possibly reducing the size of U, we can ensure that
192 VIl < min(max(L, [|9x £ 1)~ 135V 172, 185V 7).
Thus there exists an absolute constant ¢, > 0 such that
1 lle2 < 19, )lle2 < ea(l+ 1960V IDA + [ £ llc2 + 135V ]).

We conclude the proof of (1) by noticing that | DT || < | D' f|| fori = 1,2. n

Appendix C

Proof of Theorem F. We repeat the proof of [11, Proposition 3.2] for e-light maps, instead
of light maps, for some € = €(n).

Recall that the order of a cover O = { Oy }rek is the supremum of all numbers #K’
such that (ycgs Ok # 0. Let then Vg be a cover of X := [0, 1]” such that V, does not
admit an open refinement of order less than or equal to n. Let § > 0 be a Lebesgue number
of the cover Vy and define € := §/2.

Assume that f: X — Y is e-light. Let T be some triangulation of Y and denote by
U = {U;}ie; its open star cover. For every i € I, f~1(U;) can be written as a disjoint
union of connected open sets; they form an open cover of X, denoted by V = {V;};es.
For each j € J, we let a(j) € I be such that V; C f~!(Ug(;)). By assumption, f is
e-light, hence we can choose T fine enough such that each V; has diameter smaller than
2¢ = §. Therefore 'V is an open refinement of Vy; in particular, any open refinement of V
has order at least n + 1.
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We define Ner(U) as the collection of subsets I’ C I such that ();c;» Ui # 0. We
define Ner('V) in a similar way. Both Ner(U) and Ner('V) are simplicial n-complexes,
and we identify them with their geometric realizations.

Given a partition of unity {p;} subordinate to U, we get a homeomorphism p: ¥ —
Ner(U), while « induces a local homeomorphism ¢: Ner(V) — Ner(U). Then the func-
tions v; := xv, - (Pa(j) © ¢), j € J, define a partition of unity subordinate to V. We let
v: X — Ner('V) be the associated map, where v(x) has barycentric coordinates (v;(x));.
By construction, the following diagram commutes:

x—7' .y

Ner(V) —?— Ner(U)

Let us see that some n-simplex o of Ner('V) has an interior point £ which is a stable value
of v: X — Ner('V). Assume it is not the case; then we may form a set § by choosing
one interior point from each n-simplex of Ner('V) and perturb v on a small neighborhood
of v™1(8) to get v: X — Ner(V) \ §. Denote by p:Ner(V) \ § — [Ner(V)],—; the
radial projection to the (n — 1)-skeleton of Ner(V) such that the barycentric coordinates
of v:= pov': X — [Ner(V)],—1 are subordinate to V. Pulling back the open star cover
of Ner('V) by v”, we get a refinement of V of order at most 1, a contradiction. Thus,
p~1(¢(£)) is a stable value of f, which concludes the proof. |
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