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Abstract. We introduce a twisted cohomology cocycle over the Teichmiiller flow and prove a
“spectral gap” for its Lyapunov spectrum with respect to the Masur—Veech measures. We then derive
Holder estimates on spectral measures and bounds on the speed of weak mixing for almost all trans-
lation flows in every stratum of Abelian differentials on Riemann surfaces, as well as bounds on the
deviation of ergodic averages for product translation flows on the product of a translation surface
with a circle.
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1. Introduction

Every holomorphic Abelian differential  on a Riemann surface M induces a translation
structure on the surface M, that is, an equivalence class of atlases on M \ {h = 0} whose
changes of coordinates are given by translations on R2.

It follows that the horizontal and vertical directions, as well as all directions, are well
defined on the translation surface (M, h) and we can consider horizontal, vertical, or in
general directional flows with normalized unit speed.

Such translation flows are only defined on the complement of finitely many 1-dimen-
sional immersed sub-manifolds given by all trajectories which end up in the finite set
¥ = {h = 0} either forward or backward. However, since their domain of definitions
has full area the ergodic theory of translation flows makes perfect sense and has been
well-studied.

We state below the main results in the ergodic theory of translation flows.

Let # (k) denote the stratum of the moduli space of Abelian differentials of unit total
area with zeros of multiplicities x := (k1, ..., kq) with Y 7_, k; = 2g — 2. There exists
a natural action of the group SL(2, R) on # (k) given by post-composition of translation
charts with elements of the group (as linear maps on R?).
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Each stratum # (x) is endowed with a unique absolutely continuous SL(2, R)-invar-
iant probability measure ., called a Masur—Veech measure. Since Masur—Veech mea-
sure are SL(2, R)-invariant, hence rotation invariant, results for translation flows, for the
“typical” Abelian differential (with respect to a Masur—Veech measure), in the “typical”
direction (with respect to the Lebesgue measure on the circle) can equivalently be stated
for the horizontal (or the vertical) translation flow alone.

The following foundational theorem was proved independently by H. Masur [32] and
W. Veech [38].

Theorem 1.1 ([32, 38]). For almost all Abelian differential h € J (k) with respect to
the Masur—Veech measure, the horizontal translation flow is uniquely ergodic, hence the
directional translation flow in almost all directions 0 € T with respect to the Lebesgue
measure is also uniquely ergodic.

The above unique-ergodicity theorem was later refined by S. Kerckhoff, H. Masur and
J. Smillie in [28]:

Theorem 1.2 ([28]). Forall h € H(k), the directional translation flow is uniquely ergo-
dic in almost all directions 60 € T with respect to the Lebesgue measure. In particular,
for almost all h € H (k) with respect to any SL(2, R)-invariant probability measure, the
horizontal translation flow is uniquely ergodic.

It is known since the work of A. Katok [26] that interval exchange transformations
(IET’s) and translation flows are never mixing. However, it was conjectured that the typ-
ical IET and translation flow are weakly mixing. After partial results of several authors
(see [27], [39], [25], [35], [31]), the conjecture was proved by A. Avila and the author:

Theorem 1.3 ([4]). For almost all Abelian differential h € ¥ (), a stratum of higher
genus surfaces, with respect to the Masur—Veech measure |1, on ¥ (x), the horizontal
translation flow is weakly mixing.

As a consequence of this theorem and of the above-mentioned result of A. Katok,
typical IET’s and translation flows are perhaps the simplest natural example of weakly
mixing dynamical systems which are not mixing (the first examples, starting with the
Chacon map [12], were constructed by cutting-and-stacking). These examples are perhaps
not surprising in view of the Halmos-Rokhlin Theorem which asserts that (with respect
to the weak topology) weak mixing is a generic property, while mixing is meager.

An effective version of Kerckhoff-Masur—Smillie unique ergodicity theorem, estab-
lishing a polynomial (power-law) speed of convergence of ergodic averages, was later
proved by J. Athreya and the author.

For every holomorphic Abelian differential 2 on M, let (¢f ) denote the directional
translation flow on M in the direction 8 € T, that is, the horizontal translation flow of the
Abelian differential ¢27'% 1. Let wy, denote the area-form of the translation surface (M, h),
which is invariant under all translation flows (d)f )on (M, h).
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Let H'(M) denote the Sobolev space of square-integrable functions with square-inte-
grable weak first derivative of the compact surface M, and for any function f € H'(M)
let | f|; denote its Sobolev norm in the space H'(M).

Theorem 1.4. [2] There exists a real number oy > 0 and, for all h € H(k), there is
a measurable function C, : T — R such that for Lebesgue almost all € T, for all
functions f € H' (M) and for all (x,7) € M x R, we have

T
[ restwan=7 [ sao| <cionsnre
0 M

A more complete picture of the finer behavior of ergodic integrals for almost all trans-
lation flows, which include lower bounds of the ergodic integrals along subsequences of
times for almost all x € M was proposed conjecturally in the work of A. Zorich and
M. Kontsevich [43], [30]. A proof of a substantial part of the Kontsevich—Zorich conjec-
tures was given by the author in [18], and later completed by the result of A. Avila and
M. Viana [6] who proved the simplicity of the Kontsevich—Zorich spectrum.

In this paper we prove effective unique ergodicity results for typical product trans-
lation flows on the product translation 3-manifold M x T, analogous to the above men-
tioned result by Athreya and the author. It is a standard result of ergodic theory that the
ergodicity of a product of ergodic flows follows from the weak mixing property of one of
the factors. (See for instance [36, Theorem 6.1].)

Let ®5** denote the flow ¢S x R* on M x T, product of the translation flow (¢5)
and of the linear flow with speed A € R \ {0} on T, which is generated by the vector field
S+ )&% on M xT.

We recall that, by basic ergodic theory, the product flow q);?,,l is ergodic whenever
the flow qb;g is weakly mixing [36, Theorem 6.1]. The latter property holds for almost all
holomorphic differential / in any stratum of the moduli space by the result of A. Avila and
the author [4]. In fact, it is proved in [4], by a “linear elimination” argument and by a weak
mixing criterion of Veech [39], that the set of holomorphic differentials with non-weakly
mixing horizontal translation flows has Hausdorff codimension (at least) g — 1 in every
stratum of translation surfaces of genus g > 2. A well-known argument by Furstenberg
implies that every ergodic product flow QDZS’A such that ¢;S' is uniquely ergodic is also
uniquely ergodic.

Our goal is to prove the following results. For any s > 0, let H*(T, H'(M)) denote
the Sobolev space of square-integrable functions with square integrable first derivatives
in the directions tangent to M and square-integrable derivatives up to order s > 0 in the
circle direction.

Theorem 1.5. There exists a real number o) > 0 and, for almost all Abelian differentials
h € J (k) with respect to the Masur—Veech measure and for all A € R \ {0}, there exists
a constant Cy (h) > 0 such that, for all functions F € H*(T, HY(M)), with s > s, (for
some s, > 1), and for all (x,0,7) € M x T x RT, we have

-
[FocD,S’A(x,G)dt—T/ Fdwy, df
0
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Remark 1.6. It follows from the argument that the exponent power saving «;, in Theo-
rem 1.5 can be taken to be the minimum of the exponent power savings ¢, of Theorem 1.4
and o, of Theorem 1.8 below.

Remark 1.7. The higher differentiability assumption in the above Theorem 1.5, as well
as in Corollary 1.11 below, follows from the fact that the proofs of these results require
better estimates, with respect to the phase parameter A € R, than those of Theorem 8.3
below. These sharper bounds are derived from those of Theorem 8.3 by sufficiently many
integration by parts (with respect to time) to counter the possible polynomial blow up
of the constant with respect to the phase parameter. As a consequence, the differentia-
bility threshold s, > 1 is at least as large as the difference N, — B, of the constants of
Theorem 8.3 (see Section 8 for details).

A. Bufetov and B. Solomyak [9] have derived from uniform estimates on twisted
ergodic integrals for suspension flows over substitution systems (or a self-similar trans-
lation flow) an interesting result on the speed of ergodicity for ergodic flows which are
product of such a flow with a general ergodic flow. Their result is a generalization of
the above theorem (since the twisted flow is defined as a product with a rotation flow on
a circle). We do not know whether it is possible to generalize their result to almost all
translation flows, or equivalently, our result above to general ergodic transformations.

The above theorem is derived from the following effective result on twisted ergodic
integrals for translation flows:

Theorem 1.8. There exist real numbers o, > 0, B > 0 and N, > 0 and, for almost all
Abelian differentials h € J (k) with respect to the Masur—Veech measure, there exists
a constant Ci(h) > 0 such that, for all A € R \ {0}, for all zero average functions f €
H'(M) and for all (x,T) € M x R, we have

(1422)%F

g M lanT T

T
‘ / ™M f o 7 (x)dt| < Cie(h)
0

We remark that Theorem 1.5 and Theorem 1.8 are in fact almost equivalent. In Theo-
rem 1.8 we have additional control on the twisted integral for small frequencies, which
is important in the proof of the effective weak mixing result stated below. In the paper
we prove Theorem 1.8 and derive Theorem 1.5 from it. In case of self-similar translation
flows (related to substitutions) and for the Masur—Veech measures on the strata #(2) and
J¢(1,1) in genus 2 this result has been proved by A. Bufetov and B. Solomyak [7, 8, 10].
After our paper was completed,’ Bufetov and Solomyak [11] were able to extend their
symbolic approach, based on a twisted version of the Rauzy—Veech cocycle, to all genera
(and to all SL(2, R)-invariant orbifolds of rank higher than one), drawing in part on our
refinement of the key “linear elimination” argument of [4], Appendix A.

A similar result on twisted integrals of horocycle flows was proved by L. Flaminio, the
author and J. Tanis [15], improving on earlier result by A. Venkatesh [40] and J. Tanis and

' A complete draft of the present paper was sent by the author to B. Solomyak on May 22, 2019.
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P. Vishe [37]. Twisted ergodic integrals of nilflows are ergodic integrals of product nil-
flows, hence they are covered by results on deviation of ergodic averages of nilflows. The
Heisenberg (and the general step 2) nilflow case are better understood, by renormalization
methods (see for instance [14]), while the higher step case is not renormalizable, hence
harder (see for instance [24], [16]). We remark that the nilpotency class is unchanged by
taking the product of a nilmanifold with a circle.

Theorem 1.8 is related to Holder estimates on spectral measures. In particular we
derive the following result.

Corollary 1.9. There exist real numbers o, > 0, B > 0 and N, > 0 and, for almost
all Abelian differentials h € ¥ (k) with respect to the Masur—Veech measure, there exists
a constant Cy, > 0 such that the spectral measure oy of any function f € H Y(M) satisfies
the bound

(1+ [AD"

of((A=r,A+7r]) =G PP

|f|H1(M)r2“'/< forall A e Randr > 0.

In particular, the lower local dimension d () of the spectral measure oy satisfies the
inequality

d,;() = lim logor([A —r, A +71]) .

3 Tog 7 2a, forall A € R.
r—>0

Remark 1.10. The positive exponents o, B, and N, of Corollary 1.9 are indeed the
same as the exponents of Theorem 1.8 above.

Finally, uniform Holder estimates on spectral measures are known to imply power-law
quantitative weak mixing estimates (see for instance [29], Corollary 3.8). However we do
not know a priori whether uniform Holder estimates on spectral measures hold for almost
all translation flows.

We are nevertheless able to derive the following effective weak mixing result directly
from the bounds on twisted integrals of Theorem 1.8.

Corollary 1.11. There exist a real number o' > 0 and, for almost all Abelian differen-

tials h € H (k) with respect to the Masur—Veech measure, there exists a constant Cy, > 0
such that, for any zero-average functions f € H*(M) with s > s, (for some s, > 1) and
g€ Li(M), and for all T > 0, we have

"
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- /0 U 008 8) 30 1 = Col sy 812500 T~

From the effective weak mixing result, we can then derive a posteriori uniform esti-
mates on twisted ergodic integrals of sufficiently differentiable functions (stated below in
Corollary 1.12), which in turn imply uniform Holder estimates on spectral measures, fol-
lowing a suggestion of O. Khalil. In fact, by following a general argument of A. Venkatesh
(see Lemma 3.1 in [40]), for sufficiently smooth functions it is possible to upgrade the
upper bound on twisted ergodic integrals of Theorem 1.8 to an upper bound uniform with
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respect to the phase constant A € R, as a consequence of the effective ergodicity result
of Theorem 1.4 and the effective weak mixing result of Corollary 1.11. We can therefore
state (without proof) the following result:

Corollary 1.12. There exist a real number a,ﬁ"”) > 0 and, for almost all Abelian dif-

ferentials h € J (k) with respect to the Masur—Veech measure, there exists a constant
Cy (h) > 0 such that, for all A € R\ {0}, for all zero-average functions f € H*(M) with
s > S (for some s > 1) and for all (x,T) € M x R™, we have

(iv)

T
[ 7 [ 0 ¢S (x)di| < Colh)] f sy T
0

Remark 1.13. It is not difficult to extend all of the above results to almost everywhere
statements with respect to absolutely continuous SL(2, R)-invariant measures on any
SL(2, R)-invariant orbifold .M of rank at least 2. In fact, the “linear elimination” argument
of Section 6, which is a strengthened version of the argument given in [4, Appendix], is
based on the condition that the restriction of the Kontsevich—Zorich cocycle to the pro-
jection p(T M) of the tangent space T M has at least two strictly positive exponents. It is
known from the work of S. Filip (see [13, Corollary 1.3]) that in fact all the Kontsevich—
Zorich exponents on p(7 M) are non-zero (this conclusion can also be derived from the
cylinder deformation theorem of A. Wright (see [42, Theorem 1.10]) and the criterion
of [19]). Since the (cylinder) rank 7 of M is by definition (see [42, Definition 1.11]) equal
to half of the complex dimension of p(7T M) the conclusion follows. In particular, the
Hausdorff dimension bound of Lemma 6.4 holds for any sub-orbifold M with the genus
g > 2 replaced by the rank r > 1, and for rank at least 2 it follows that the results hold
almost everywhere on M since we have r + 1 < 2r = dim¢ (7 M).

The paper is organized as follows.

We recall definitions and basic facts about translation surfaces and flows in Section 2.
In Section 3 we establish relations between twisted integrals of translation flows and
ergodic integrals of the twisted flow on the product 3-dimensional translation manifold,
and we describe them in terms of 1-dimensional (closed) currents. In Section 4 we intro-
duce the twisted cohomology space and the twisted cocycle over the Teichmiiller flow,
which is in fact a cocycle over the toral quotient of the Kontsevich—Zorich cocycle.

The core of our approach comes in Section 5, where we prove a first variation formula
for the Hodge norm of the twisted cocycle. In Section 6 we prove a result about a gener-
alized weak stable space of the toral Kontsevich—Zorich cocycle, inspired by the “linear
elimination” argument of [4].

Finally, in Section 8 we prove all the main results and corollaries stated above in
this Introduction (with the only exception of Corollary 1.12 whose proof we leave to
the reader). Rather standard facts on the relations between bounds on twisted ergodic
integrals, local dimension of spectral measures and effective weak mixing are postponed
to Section 9 at the end of the paper.
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2. Translation surfaces and flows

Let X :={p1,..., ps} C My be the set of zeros of the holomorphic Abelian differen-
tial 4 on a Riemann surface M of orders (k1,...,ks) € (N \ {0})? respectively with

ki+-+ky =2g-2.

Let Ry := |h| be the flat metric with cone singularities at ¥, induced by the Abelian
differential # on M and let wy denote its area form. With respect to a holomorphic
local coordinate z = x 4 1y at a regular point, the Abelian differential & has the form
h = ¢(2)dz, where ¢ is a locally defined holomorphic function, and, consequently,

Ry = |9(2)|(dx2 +dyD)2, wp = |¢(z)[>dx A dy.

The metric Ry, is flat, degenerate at the finite set X, of zeros of /& and has trivial holonomy,
hence 4 induces on M the structure of a translation surface.

The weighted L? space is the standard space Li (M) := L*(M, wy) with respect to
the area element wy, of the metric R,. Hence the weighted L2 norm |- |o (the dependence
on the Abelian differential is suppressed in the notation) is induced by the hermitian
product (-, - );, defined as follows: for all functions u,v € Lﬁ (M),

(u,v)p :=/ UL wy.
M

Let Fimn) be the horizontal foliation, and let Fren) be the vertical foliation for the
holomorphic Abelian differential # on M. The foliations () and Freqny are mea-
sured foliations (in the sense of Thurston): Fjy) is the foliation given by the equation
Im(h) = 0 endowed with the invariant transverse measure |Im(%)|, Fre) is the foliation
given by the equation Re(#) = 0 endowed with the invariant transverse measure |Re(%)|.
Since the metric Ry, is flat with trivial holonomy, there exist commuting vector fields Sy,
and Tj, on M \ Xy, such that

(1) The frame {Sj, T}, } is a parallel orthonormal frame with respect to the metric Ry, for
the restriction of the tangent bundle 7M to the complement M \ Xj of the set of
cone points.

(2) The vector field S}, is tangent to the horizontal foliation Fpys), the vector field 75, is
tangent to the vertical foliation Fgen) on M \ Xy, (see [17,20]).

In the following we will often drop the dependence of the vector fields S, 7j on the
Abelian differential in order to simplify the notation. The symbols £, £7 denote the
Lie derivatives, and 15, 17 the contraction operators with respect to the vector fields S, T’
on M \ Xj;. We have:

(1) £sw, = Lrwp =00n M \ X, , that is, the area form wy, is invariant with respect
to the flows generated by S and 7.

(2) 1swp = Im(h) and 17wy, = —Re(h), hence the 1-forms ns 1= 1swp, T ;= —iTwy
are smooth and closed on M and w, = n1r A 5.
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It follows from the area-preserving property (1) that the vector fields S, T are anti-
symmetric as densely defined operators on Li (M), that is, for all u,v € Cg°(M \ Xp)
(see [17, (2.5)]),

(Su,v), = —(u, Sv), respectively (Tu,v)y = —(u, Tv)p.

In fact, by Nelson’s criterion [34, Lemma 3.10], the anti-symmetric operators S, T are
essentially skew-adjoint on the Hilbert space Li (M).

The weighted Sobolev norms |- |, with integer exponent k > 0, are the euclidean
norms, introduced in [17], induced by the hermitian product defined as follows: for all
functions u, v € L7 (M),

(u,v) = > Z (S'T u, S'T'v)p +{(T'S7u, T'S7v)y.
i+j<k
The weighted Sobolev norms | - |—j, with integer exponent —k < 0 are defined to be the
dual norms of the norms | - | on the maximal common invariant domain

HX®(M):= () Dom(S'T/) N Dom(T'S”)
i,jeN
of the closures S, T of the essentially skew-adjoint operators S, 7' on Li (M).

The weighted Sobolev space H ,’f (M), with integer exponent k € Z, is the Hilbert
space obtained as the completion with respect to the norm |- [ of the space H.°(M)
endowed with the norm |- |;. The weighted Sobolev space H, k(M) is isomorphic to the
dual space of the Hilbert space H }’f (M), forall k € Z.

The weighted Sobolev norms can be extended to differential forms as follows. Let
Q'H »° (M) denote the space of 1-forms

QUHX (M) :={arnr +asns | (ar,as) € HP(M)?}.

Since the space QI H »°(M) is by definition identified with the square H;°(M )2, it is
possible to define, for all k € N, the Sobolev norms |- | on Q! Hp° (M) as follows: for
allo = arnr +asns € QIH};)O(M) we let

1
2 2\2
lolke = (larlf + laslz)?.

The weighted Sobolev space Q'H }’f (M), with integer exponent k € N, is the Hilbert
space obtained as the completion with respect to the norm |- |; of the space Q' H no (M)
endowed with the norm | - |.

The weighted Sobolev space Q' H " k (M), with negative integer exponent —k, is the
Hilbert space obtained as the completion with respect to the norm |-|_; of the space
Q'H n_ (M) endowed with the norm |- [¢. Since M has dimension 2, it is isomorphic to
the space of currents of degree 1 (and dimension 1) dual to the Hilbert space Q! H }]f (M)
of 1-forms.

The weighted Sobolev space Q> H }’f (M), with integer exponent k € N, of differential
2-forms is defined by identification of the Sobolev space of functions H }’f (M) with the
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space of 2-forms given by multiplication times the area form wy,. The weighted Sobolev
space Q*H " k (M), with negative exponent —k, is defined as the dual of the Hilbert space
Q2H }’f (M). It is a space of currents of degree 0 and dimension 2.

Finally, the weighted Sobolev spaces Q* H;; (M) of differential forms, with arbitrary
real exponent s > 0, can be defined by interpolation, and the weighted Sobolev space
Q*H, (M), with negative real exponent —s, is defined as the dual Hilbert space of the
space Q* H; (M). It is by definition a space of currents.

We recall below some basic results of analysis on translation (flat) surfaces which will
be relevant in the following.

Let H¥(M), s € R, denote a family of standard Sobolev spaces on the compact
manifold M (defined with respect to a Riemannian metric).

Lemma 2.1 ([20, Lemma 2.11]). For any Abelian differential h € J# (k), the following
continuous embedding and isomorphisms of Banach spaces hold:

(1) H(M) C H;(M) for0 <s < 1,
(2) H(M) = H; (M) fors = 1,
(3) H;(M) C H*(M) fors > 1.

Fors € [0, 1], the space H* (M) is dense in H; (M) and, for s > 1, the closure of H, (M)
in H%(M) has finite codimension.

Notation. In the following the symbols C,, C or C(*) will denote positive constants
generally independent of the Abelian differential and depending on the quantities .

For any Abelian differential & € J (k), let §(h) denote the length of the shortest saddle
connection on the translation surface (M, h).

Lemma 2.2 (Sobolev embedding theorem). For any s > 1 there exists a constant Cs > 0
such that the following holds. For any stratum ¥ («), for any Abelian differential h € # (k)
and for any function u € Hj (M), we have

Cs
max|u(x)| < %Iung(M)-

Proof. Itis proved in [20, Lemma 2.11] that for s > 1 the weighted Sobolev space H;; (M)
embeds into the standard Sobolev space H* (M) of the compact surface M (defined by
local charts or by any given Riemannian metric). It follows by the Sobolev embedding
theorem (see for instance [1, Theorem 5.4]) that H; (M) embeds into the space C O(m)
of continuous functions on M endowed with the uniform norm. It remains to analyze the
dependence of the norm of the embedding on the Abelian differential & € J (k).

For any x € M, there exists an embedded open flat rectangle R(x) C M}, with edges
of length at least §(k)/4 such that x € R(x). The Sobolev embedding theorem for an
arbitrary flat rectangle can be derived by scaling of the variables from the result in the case
of a unit square or by Fourier series expansion: let R, 5 = [0, a] x [0, b] denote a closed
flat rectangle with edges of length a,b € (0, 1), and for all s € R let H*(R, ) denote
the Sobolev space of the domain R, 5. For any s > 1, there exists a constant C; > 0 such
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that, for any function u € H*(R,,p), we have

s o
max lu(x)| < @by’ [ulbrs (R, )
The result follows by applying the above statement to the embedded flat rectangle R(x)
whose edges have by construction length a, b > §(h)/4. L]

Lemma 2.3 (Sobolev trace theorem). For any stratum J# (k) and any s > % there exists
a constant Cy s > 0 such that the following holds. For any Abelian differential h € J# (k),
any regular geodesic segment y C M of finite Ry-length Ly (y) defines by integration
a current of degree 1 (and dimension 1)y € Q1 H n (M) such that

Lh(V))
8hy )
Proof. The result was proved in [18, Lemma 9.2] for the case of a horizontal or vertical
regular arc (and for s = 1). It can be generalized to any regular arc by rotation of the
Abelian differential (and to any s > % by following the argument and invoking the general
Sobolev trace theorem for rectangles).

We outline the argument below.

The regular arc y can be decomposed as union y = Uf\;o y; of consecutive sub-arcs
such that the following properties hold:

IYlQias ) = Clc,s(l +

(1) the length Lj(y;) of the arcs y;, with respect to the flat metric R, induced by the
Abelian differential 4, satisfy the bounds

(3h) Ly(y )<2Q foralli e {1,...,N — 1},

( )
Ln(vo). La(yn) =2—.
(2) the rectangle R; = [0, L, ()] X (— ‘W’) S(h)) C R? embeds isometrically in the flat
surface (M \ Xj, Ry,), so that the arc yi == [0, Ly (yi)] x {0} has image equal to
yi C M, foralli € {0,...,N}.
The statement then follows from the Sobolev trace theorem (in R?) applied to each arc
7i C Ri CR2,fori €{0,...,N}. Let

Ryp:=1{(x,y) eR*|0<x<a,—b<y<b}

By arescaling argument, that is, by reducing to the case of @ = b = 1 by an affine change
of coordinates, and by the Sobolev trace theorem (see for instance [1, Theorem 5.4 (5)]),
for every s > % there exists a constant Ky > 0,

1
a a 2
‘/0 f(X,O) dx < KS(E) max{a,b, 1}s|f|H‘v(Ru,b)’

hence (by taking into account that the systole function is uniformly bounded above on
each stratum, see [33, Corollary 5.6]), there exists a constant C,. ¢ > 0 such that

|yi|§21H;5(M) < CIC,S foralli e {O, Ce ,N}
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The estimate in the statement then follows by taking into account the inequality

1< 3Lh(1’)7
8
which is an immediate consequence of the above lower bounds on the lengths of the
sub-arcs y; fori € {1,...,N —1}. |

3. Twisted Integrals

For every holomorphic Abelian differential 7 on M, let (¢ ) denote the horizontal direc-
tional translation flows on M, that is, a flow with generator a vector field S on M \ Xj,.
We are interested in bounds on twisted ergodic integrals for the flow (¢ts ), that is, for all
A € R and for all f € H'(M), the integrals

T
/ M f oS (x)dt forall T > 0.
0

These integrals can be viewed as ergodic integrals for a product flow as follows. Let thS,A
denote the (translation) flow with generator the vector field S; = S + A% on M xT,
that is, the product flow (¢>tS ) X (R%) of the horizontal translation flow ¢;S' times the
linear flow (R;\) on T. There is an immediate Fourier decomposition of L2(M x T)

into eigenspaces of the circle action on M x T with generator ® := % on T: for all

fe LM xT),

f(x,0) = Z Fn(x)e2™ 8 with f,(x) := /T f(x,0)e 20 d0 e L2(M).

nez

Let f,(x,0) = fu(x)e2™"? We have

T T _
/0 fn ° (I);S',/l(x7 9) dt = e2mn9/0 eanAtfn qu;?(x) dt.

Ergodic integrals on M x T can be extended as linear functionals on 1-forms, that is, as
currents of dimension 1 and degree 2. Since any orbit can be decomposed as a union of
arcs which can then be closed by the addition of uniformly bounded (transverse) arcs, we
are especially interested in closed currents of degree 2.

For any vector bundle V over M x T,let §(M x T, V) := C>®(M x T, V) denote
the space of infinitely differentiable sections of V over M x T, and let &'(M x T, V)
denote the dual space of currents. Let Q2(M x T) := C®(M x T,A2T*(M x T)) be
the space of smooth 2-forms on M x T. Since T*(M x T') has a splitting

T*(M xT)=T*M &R db

(with the natural identification of T*M and T*T = R df to subspaces of T*(M x T)
via the canonical projections M x T — M and M x T — T), there exists a direct split-
ting of the space Q22(M x T) and a dual splitting of the space Q2(M x T)’ of currents
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of degree 2 (and dimension 1):

QXM xT)=C®M xT, T*M)A df & C®°(M x T, >T*M),
QXM xT)Y =8 M xT, T*M)® &' (M x T, \>°T*M).
As a consequence, any current C of degree 2 (and dimension 1) on M x T is of the

form
C=A+19B, (3.1

with A € §'(M x T, T*M) a current of degree 2 (and dimension 1), and B a current
of degree 3 (and dimension 0), a distribution, on M x T (the symbol g denotes the
contraction operator on currents, with respect to the vector field ® on M x T).

It is also possible to decompose any current on M x T into a sum of Fourier compo-
nents with respect to the circle action:

C=> Ci=) Ay+ieBn. (3.2)

nez nez

Let dps denote the exterior derivative on currents on M .

Lemma 3.1. A current C of degree 2 (and dimension 1) on M x T is closed if and only
ifdyy Ao = 0 and, foralln € 7 \ {0},

dy A, +2minB, = 0.
Proof. By a straightforward calculation, for any closed current C on M x T we have

dC = ZdMAn + LoB, = ZdMA,, +2minB, =0,

nez nezZ

hence the statement follows by the orthogonality of the Fourier decomposition. ]

The 1-form Any — dO has kernel the vector field S + A0 = S + A%, hence the
current of integration along an orbit of the flow (D;g”\ (which is generated by S + A®) has
zero wedge product with Anr — d6.

Let Kj (M x T) denote the space of all currents of degree 2 (and dimension 1)
which have zero wedge product with the 1-form Anr — d6.

Lemma 3.2. A current C = A + 19 B of degree 2 (and dimension 1) on M x T, as in
Sformula (3.1), belongs to the subspace Kp, (M x T) of currents in the perpendicular of
the 1-form Ant — d6 if and only if

C =A- ig(AAnT).
Proof. Since C = A + 19 B we have
CAMAnr—dO)=AAAnr —1eBAdO =0 < 1B =—-Llig(AA7T). =
Finally, we have a characterization of the subspace of closed currents

ZKh7)\(M xT):=2Z2(M xT)N Kh,)L(M xT) C Kh,)L(M x T).
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Lemma 3.3. A current C =), ., Ap + 19 By, as in formula (3.2), belongs to the sub-
space ZKp 3 (M x T) of closed currents in Ky, (M x T) if and only if

dy Ay +2miAnngy ANA, =0 foralln € Z.
Proof. By Lemma 3.1 we have
duy A, +2minB, =0 foralln € Z,
and by Lemma 3.2
10B = —Aig(A Anr) or equivalently, B = —A(A Anr),
hence for all n € Z we have B, = —A(A4, A nr), so that
dy Ay —2miAn(Ay Ant) = dpy Ay + 2minB, = 0. [ ]

Bounds on currents in the subspace ZKj 3 (M x T') are therefore reduced to bounds
on currents of degree 1 (and dimension 1) on the surface M, which are closed with respect
to the twisted exterior derivatives dj, 5, defined as follows:

dpo = dya +2midny A foralla € Q1(M).

Forany A e Rand (x,0,7) € M x T x R, we can define the current Cj, 5 (x,6,7)
of degree 2 (and dimension 1) on M x T as follows: for every 1-form& on M x T,

T
Chp(x.6.7)(@) =/ 15,6 0 D3 (x,0) dt (3.3)
0

(the symbol i, in the above formula denotes the contraction operator on forms, with
respect to the vector field S) =S + A® on M x T).

Since the current Cp, 4 (x, 8, T) belongs to the subspace K 3 (M x T) (that is, the
subspace of all currents of degree 2 and dimension 1 which have zero wedge product with
the 1-form Anr — d6), by Lemma 3.2 there exists a current Ay 3 (x, 0, 7) of degree 2
(and dimension 1) such that

Cpa(x,0,7) = Apa(x,0,T) — dig(Apa(x,0,T) Anr).
There exists a Fourier decomposition

App(x,0,7) = 26_27”"9‘4;,”,)1(357 .

nez

Lemma 3.4. For everyn € N, the current A;;n,)l (x,T) is given, for all 1-forms a on M,
by the formula

-
A (x,T)(@) = / 2" o 0 ¢S (x) di
’ 0

27in6

Proof. For every 1-form o on M, let o™ = ¢ o. We have

Aga(xv TYa) = e—ZmnGAg’ti(x’ T)(O[("))

T
— eiznanCh’,{(x, 9’ T)(O[) — / eZﬂl/\ntlSo{ ° ¢;§ (X) dt ™
0
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The analysis is therefore reduced to bounds on currents of degree 1 (and dimension 1)
on M of the form

T
Ah,;t(x,’f)(a)=/ e Mg o ¢S (x) dt.
0

In fact, for any 1-form « such that ;g € C is constant, we can readily compute

2mIAT

1
A8, @) = =250 = Apae. r) [ anns.

It follows that it is enough to prove bounds for currents of the form

A5 (. T) = Apa(x. T) + Apa(x. T)(n7)ns (3.4)

given for any 1-form o € Q' H'!(M) by the formula

T AT
A# ()C T)(a) _ eZ:‘rl/ltl S _ eZJTl -1
r (s = seodr(x)dt — ——— [ 1sawp.
’ 0 2miA M

We will estimate below the distance of such currents AZ, 5 (x,T) from the subspace of
dp »-closed currents and prove that it is uniformly bounded (even as the phase parameter
A € R degenerates to zero). The argument will be based on a “twisted” version of the
Poincaré inequality, which we now state. Let §(%) denote, as above, the length of the
shortest saddle connection on the translation surface (M, h).

Lemma 3.5 (Twisted Poincaré inequality). For every s > % and for every stratum J (k)
of Abelian differentials, there exists a constant C s > 0 such that, for every h € ¥ (k) and
for any A € R, we have the following a priori bounds. For every function u € H; (M),
we have

1 Cis
< _—|d —\d SO
)rcrg}é|u(x)| < 271;|A|| h,)»u|QlL%(M) + 8(]’1)2' h,)Lu|§21Hh(M)

and we also have

K,S

max|u(x)—/ uwy| < < ldnaulQ1 prs ary-
e T

Proof. Let yy , denote any regular geodesic segment on M for the flat metric Ry, of the
Abelian differential, of length Lj(yx,,) > 0, possibly with endpoints at the set X5 of
conical points, of endpoints x, y € M, oriented from x to y. By integrating along the
path yy ,, for any smooth function u on M we have

ANy () —u(x) = | dpan.
Vx.y
For any x, y € M there exists a piece-wise regular minimizing geodesic with endpoints
at x, y, which is a union of at most card(X;) + 1 regular segments. Let dj,(x, y) denote
the distance of x, y € M with respect to the flat metric Rj. By the Sobolev trace theorem
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(see Lemma 2.3), we then derive that, for any s > % there exists a constant Cy. s > 0 such

that

dp(x,
}eZﬂl)tdh(st’)u(y) — u(x)| < C/c,s(l + %(—h)y))wh,kukzlys(}w).

By the definition of the twisted differential dj 5 we also have

2711/1/ Uwy, :/ dp u Alm(h), (3.5)
M M

hence there exists X, € M such that

[t (Xmin)| < 2] |dh,lu|QlL%(M)-

As a consequence, since on each stratum there exists a constant C, > 1 such that

Ce
diam(M, Ry) < —,
( n) < 500
we conclude that there exists a constant C,é,s > 0 such that, for all x € M, we have
lu(x)| < |e2m)tdh(x,xmin)u(x) — M(xmin)i + |u(Xmin) |

!/

—_— CKS
< 27| |dh,xu|gzlL§(M) + 52 |dn, | Q1 prs ar)-

The first inequality in the statement is thus proved. The second inequality follows from
the first if there exists a constant ¢, > 0 such that |A| > ¢,8(h)?.

We then consider the case when |A| < ¢,8(h)? for some constant ¢, > 0 to be fixed
below. For A = 0, by integration we have

/ du
Yx.y

hence, under the hypothesis that f a U@p = 0, we derive the estimate

[u(y) —u()| = dpu

27 |A|L ,
+ 27|A| h(yx,y);ré%)ﬂu(x)l

Yx.y

C/é s 2w Cy
<—|d s — A .
max|u(x)| < 82(h)| natlQi s + 50) |A] max|u ()|
Let ¢, > 0 be a constant such that 47 Cy.c,8(h) < 1 for all A € # (k). Such a constant
exists since the systole function is bounded above on every stratum. For |A| < ¢, 8(h)?,
we then have 47 C|A| < §(h), hence by bootstrap

/

K,
max|u(x)| < \dp u SOM)»
max|u(x)| < 82(h)| hatlQ1 s ()

which concludes the argument in the case of zero average functions. For a general function
we have

’

2C
max |u(x) — /M ua)h| < 82(2; (|dh’AM|QlHS(M) + [27A /M ua)h|)

hence the estimate follows from the identity in formula (3.5). ]
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Let Z;}k (M) denote the space of dj -closed 1-dimensional currents which belong
to the Sobolev space Q! H " 1(M) (that is, currents which are continuous functionals on
the space of 1-forms with coefficients in the Sobolev space H. ,} (M), with respect to the
product norm; see Section 2).

Lemma 3.6. There exists a constant C, > 0 (depending only on the stratum J (k)) such
that for any Abelian differential h € ¥ (k), for any A € R and (x,T) € M x R, the cur-
rent AZ,A (x,7) e Q! Hh_1 (M) (defined in formula (3.4)) has uniformly bounded distance
from the closed subspace Z;i(M ) of dj, 5-closed 1-currents:

C
inf |4, (x,T)—-Z gy <
ZeZ,zl)L(M)’ h,A ‘Qth (M) 3(h)2
Proof. We give two arguments.

First argument. Let E;ll 5 (M) be the closure in £2 1 th (M) of the subspace dj, » [th (M)]
of exact forms (in fact, it can be proved that the subspace dj A[H hz(M )] is closed in
Q'H}} (M) since the exterior derivative is an elliptic operator). By Hilbert space theory
there exists an orthogonal decomposition

QUH (M) = E; ;(M) ® Ej ; (M)*.
Let C € Q' H,; ' (M) be the current defined on E}M(M) as
Cla) == A}, (x.T)(@) foralla € Ej (M),
extended so that the restriction C | E }L A(M )L = 0. By definition we have that
dppC = dpp A} (x. 7).

hence the current Z := C — Afl 2 (x, T) is dp p-closed. We finally estimate the Sobolev
norm of the current C € Q' H " L(M). We claim that there exists a constant C, > 0 such
that

C
|C(a)| < %MQH,}(M) forall« € QH, (M).

For any u € H,f (M), letii := u — [, u wy. By a direct calculation we have

T
AL (. T) () = f AT (15 dy i) 0 §S (x) di
0

T
- /(, %@zmw o ¢7 () dt = TP (x)) — ().

hence from the Poincaré inequality of Lemma 3.5 and from the definition of the current C,
it follows that

C
|C(dp )| = | A}, (x. T)(dppu)| < %m,kmwgw) forallu € H?(M).
By continuity it follows that

C
|C(a)] < %WRZH}:(M) foralla € Eé,A(M)’
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hence the claim follows, since C is extended as zero on E }1 Z(M ). The first argument is
thus completed.

Second argument. For all s,t > 0, let SZIH;’t(M x T') denote the Sobolev space of
1-forms endowed with the following Hilbert norm: for any 1-form o = )", . €*™ "0 0t
on M x T, let

2
”a”S,t = (Z(l + n2)f/2|an|§2]H;§(M))

nez

and let Q' H n $7H(M x T) denote the dual space.

Let Cp 5 (x, 7) be the current of integration, defined in formula (3.3), along an orbit
of the flow CDf’A on M x T. It follows by the Sobolev trace theorem (see Lemma 2.3)
that the current Cp, 3 (x, T) € QUH, *7"(M x T) for s, 1 > 1.

By the definition of the current Cp, 4 (x, T) there exists a geodesic arc y in M x T, of
length bounded above by the diameter of M x T with respect to the flat product metric,
such that Cp 2 (x,7) + y is a closed current on M x T. Let y denote the projection,
along the subspace Z;S’_t (M x T) of closed currents, of the current of integration along
the arc y on the closed subspace K }: j’ft (M x T), defined as

K, 57 (M xT) = Kpa(M xT)NQ H, (M xT).
The current y is given by the following formula:
7=y +yar—i1"do)ns.
In fact, the form 7y is closed and by definition
y(Anr —df) =0, hence y € K (M xT).
Since Cp 2 (x,7) € Kh_’i’_t (M xT)and Cp5(x,T) + y is closed, it follows that
Cpa(x,T)+y € ZKp (M xT).
It then follows from the definitions that, on Q! H }} M) c Q'H }} (M xT),
AL (. T) = Cf 5 (0. T) = Cra (. T) + Cha(x. T,

We can now write
Chx.T) = (Chax.T) + )" =7

and since the current (Cp, 1 (x, T) + 7)* is closed, it is enough to prove a bound on the
current 7#. By the definition of the current 7 we have

V=v+70rns =y +yhrns ="
and from Lemma 2.3 it follows that

inf AT, (X, T) — 2|01 1 < Iylqu-1 < Wl a1
zeZ (M) oA QUH; (M) QH; (M) QU H; (M)
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It follows from the Sobolev trace theorem (see Lemma 2.3) and from the bound on the
diameter of a translation surface in terms of the systolic length that

< & gama, )y < &
|y|QHh_1(M) = % iam(M, h) < 52(h).
The second argument is therefore completed. ]

4. The twisted cocycle

For any smooth closed 1-form n on M, we introduce the twisted differential
dy:=d +2minn, 4.1

which is a linear operator defined on the space Q*(M) of differential forms on M, and
maps the subspace ¥ (M) of k-forms into the subspace Q¥+1(M) of (k + 1)-forms, for
all k € N. The twisted differential dj,_, introduced above corresponds to a special case:

dpj =dy forn = ARe(h).

The twisted differential d, : d + 2minA, introduced in formula (4.1), defines a connec-
tion on the trivial bundle M x C (see [41, Chapter II, Section 1]). It is flat since, for all
complex-valued form « € Q*(M)

dia = (d + 2minA)(da + 2min A ) = d*a + 2midn Aa = 0.
By the above flatness condition the operators
dy - Q¥ (M) - QKT (M)

define a complex, which is elliptic since the principal symbols of the twisted differentials
are the same as those of the standard exterior derivative elliptic complex (see [41, Chap-
ter IV, Section 2]). For k € {0, 1,2}, we let H ,’,‘ (M, C) be the corresponding cohomology,
which is called rwisted cohomology. The twisted cohomology H ,’}" (M, C) in the particular
case when 7 = A Re(h) will be denoted by H;:,)L (M, C).

Lemma 4.1. The cohomology space H,? (M, C) (which is isomorphic to an(M ,C) by
Poincaré duality) is non-trivial if and only if [n] € HY(M,Z) C H'(M,R) and in that
case it has complex dimension equal to 1.

Proof. Let us assume that there exists a non-zero function f € C°° (M) such that
dyf =df +2minf =0.

It follows from the above equation that the function f is constant along each leaf of the
measured foliation ¥, = {n = 0}, hence all the non-singular leaves of ¥; are compact.
We have

d(f f) =) f +@f)f = =2munf [ +2mnf [ =0,
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hence there exists ¢y € C \ {0} such that

S oMUy =tzeC| =1

cf
and there exists a real-valued function 6 : M — R/Z such that
f(x) = cpexp(—2mi6(x)) forallx € M.

By definition we have df = —2m1 f df, and since by assumption f € Zg(M, C), the

space of dy-closed 0-forms, that is, complex valued functions, and f(x) # O for all

x € M, it follows that d@ = 7. Since 6 : M — R/Z, we conclude that n € H' (M, Z).
Conversely, let us assume that [] € H'(M, Z). Given any point p € M, the function

X
Jp(x) = exp(—2m/ n) forall x € M,
P
is a well-defined, non-zero element of Z 2(M , C) since

dfy, = —2m1 fpn.
In addition, given any g € Z9(M, C) we have
d(fp8) = (dfy)g + fp(dg) = 2m1 frgn — 271 frgn = 0,
hence fpg is a constant, which implies that H ,;) (M, C) has dimension equal to 1. ]

As the complex is elliptic, after endowing the vector spaces Q¥ (M) of k-forms with
the Hodge L2 hermitian product associated to a holomorphic 1-form 4 on the Riemann
surface M, by standard Hodge theory it is possible to represent every cohomology class
by a twisted harmonic form. In fact, there exists a decomposition

dy =d"° +2min"0 +d% + 2m19%!
such that dy® := d'0 + 27190 and d" 1= d%' + 2717®" are maps
dy?: QPIM) - QPTYI(M) and  d)':QPAI(M) - QPITI(M),
so that by the Hodge—Dolbeault theory ([41, Chapter IV, Section 5])
H,(M.C) = H,°(M.C) & HY'(M,C).

Lemma 4.2. The twisted cohomology H,} (M, C) only depends, up to Hodge unitary
equivalence, on the cohomology class [n] € H'(M,R) and in fact only on the equiva-
lence class [[n]] € H'(M,R)/H"(M, Z). The Hodge unitary equivalence is not unique
as it depends on the choice of a base point. A change of base point induces a unitary
automorphism of the twisted cohomology given by the multiplication times a constant of
unit modulus.

Proof. For any closed smooth 1-form 7, let Z ,17 (M, C) and B; (M, C) denote the kernel of
the twisted exterior differential d,, : Q1(M, C) — Q2(M, C) and the range of the twisted
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exterior differential d, : Q°(M, C) — Q!(M, C). By definition of twisted cohomology
we have
H,(M.C):=Z}(M.C)/B)(M.C).
Let n and 1’ be closed smooth 1-forms in the same real cohomology class. By definition
there exists a smooth function f on M such that n’ —n = df.
Let Uy : Qk(M,C) — QK(M, C) denote the linear multiplication operator

Ur(a) = 2™/ g,
By a direct calculation we have
(dy o Up)(@) = e?™/ (dya + 211 df A a) = (Ur o dy)(@).
It follows that the restrictions of Uy to linear operators Z ;,(M ,C)—>Z ,% (M,C) and
B;/(M, C)— B,% (M, C) are isomorphisms. In addition, since by definition Uy is an
operator of multiplication times a function of constant unit modulus, the projected opera-
tor Up : H ,}, (M,C) — H, (M, C) is unitary with respect to the L norm on forms, hence
with respect to the Hodge norm.

Similarly, let us assume that [’ — 5] € H'(M, Z). Given p € M, the formula

X

’/ Lp— /
Fp””(x)-—/ n—n

p

gives a well-defined function on M with values in R/Z such that dF, - n—n It
follows that the function exp(271 F,"" ) is well-defined on M. We define the operator

U " (a) = exp(2m1 " o
and compute that
(dy o UMY (a) = 27" (dyat + 271 dFIY A ) = (UT 0 dyr)(@).

By the latter formula there is an induced isomorphism, unitary with respect to the Hodge
norm,

Ul HY(M.C) — H) (M. C).

Finally, a change of the base point induces a unitary isomorphism given by multiplication
times a constant of unit modulus. ]

Lemma 4.3. The dimension of the first twisted cohomology H,71 (M, C) is given by the
following formula:

2¢g if n] € H' (M, Z),

26 =2 if[n] ¢ H'(M.Z).

Proof. The cohomology H,} (M, C) is isomorphic to the cohomology of the local system
&£, defined by the representation py : w1 (M, *) — U(1) defined as

dim¢ H, (M, C) = {

pn(y) = exp(Zm / n) forall y € m (M, *).
¥
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In fact, let p : M — M denote the universal cover. The form p*(n) is closed, hence exact
on M, so that there exists a function F : M — R such that p* () = d F. We have that

p*(dya) = exp(—2m1 F)d(p* () exp(2mi F)) foralla € Q*(M).

Let &£, denote the local system on M defined as the sub-bundle of the space Q*(M ,©)
of complex-valued forms & on M such that

y*(@) = exp(2m1 / ma forally € m (M, *).
y

The twisted cohomology H,’(M, C), defined as the cohomology of the complex of the
twisted differential d;, on complex-valued forms Q* (M, C), is therefore isomorphic to the
cohomology H ;n (M,U(1)) := H*(M, £,), defined as the cohomology of the complex
of the exterior differential d on &£, -valued forms Q* (M, £;).

The computation of the dimension of the cohomology H pl (M, G) has been carried
out by W. Goldman in [22, Section 1.5] for a general reductive group G. We repro-
duce the argument in our case for the convenience of the reader. For any representation
p w1 (M, *) — U(1), the cohomology le(M, U(l)) = HY (M, £,), defined as the de
Rham cohomology of the corresponding local system £,, can be identified with other
cohomologies such as the singular, Cech, simplicial, cohomologies with local coeffi-
cients in the local system &£,. By working in simplicial cohomology, we note that the
(finite-dimensional) cochain complex is independent of the flat connection, so its Euler
characteristic equals 2 — 2g, since the local system &£, has rank equal to 1. Now the
Euler characteristic is invariant under taking the cohomology of the complex so the Euler
characteristic of the graded cohomology space also equals 2 — 2g.

In the case H°(M, £,) =0, since M is a closed orientable surface, by Poincaré
duality H*(M, £,) = 0. By the definition of Euler characteristic of a complex, we have

0—dimc H' (M, £,) +0=2—2g,

so that dimc H' (M, £,) = 2g — 2 as stated.

In the case H'(M, £,) = H,?(M, C) # 0, by definition of the twisted cohomology
there exists a non-zero function f € C°(M) such that d, f = 0. The linear map Uy
defined as

Ur(a) = fa foralla € Q*(M,C)

has the property that

doUs = Uysod,,
hence it establishes a (unitary) isomorphism between H,} (M,C) and H'(M,C). By
Lemma 4.1, we have that HY(M,C) # 0 if and only if [] € H'(M,Z), and in that

case H,? (M, C) has complex dimension 1. It then follows by the formula for the Euler
characteristic that the dimension of H ,} (M, C) is equal to 2g. |

The Teichmiiller geodesic flow lifts by parallel transport to the Kontsevich—Zorich
cocycle on the bundle with fiber H!(M, R) over the moduli space of Abelian differentials.
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The Kontsevich—Zorich cocycle projects onto a flow on the bundle with fiber the real
de Rham moduli space H'(M,R)/H'(M,Z). We define a twisted cohomology bundle
over the latter space. The linear model for our construction is given by the bundle of
cohomologies of flat connections over the de Rham moduli space in the case of purely
imaginary connections (see [23, Section 2.2]).

The mapping class group I'y acts on the stratum Je («) in the Teichmiiller space of
Abelian differentials, and it also acts by pull-back on the cohomology H'(M,R) and on
the quotient H'(M,R)/H'(M,Z). We consider the space

HY(M,T) = (#() x H' (M, R)/H' (M, 7))/ T,
and the bundle with fiber H,' (M, C) at each point [(h, )] € H/! (M, T), that is,
T (M, C) :={(h,n,@) | [(h, )] € H (M, T) and @ € H;(M,C)}/Ty.

We remark that strictly speaking the elements of this bundle are only defined up to equiv-
alence relation given by a unitary action of H'!(M, Z) on the twisted cohomology bundle
and up to the multiplicative action of the group of complex numbers of modulus one. In
other terms, we can define the real Hodge bundle

HI(M,R) = (¥#(x) x H'(M,R))/ T,
and the twisted cohomology bundle over the Hodge bundle
7 (M. C) := {(h.n.«) | [(h.n)] € H}(M.R) and & € H, (M. C)}/T.

In the above formula the symbol [(%, )] denotes the equivalence class of the pair (%, 1)
with respect to the action of the mapping class group I'y by pull-back on the toral Hodge
bundle over the lift J (k) of the stratum # (k) to the Teichmiiller space.

The elements of the bundle ’f;l (M, C) are defined up to the multiplicative action of
the group complex numbers of modulus one. The subgroup H'(M,Z) acts linearly on
the bundle ’f;l (M, C) by unitary transformations and by definition we have

71(M.C) = 5/ (M.C)/H" (M. Z).

The Teichmiiller flow lifts to the bundle H}(M, T), then to the bundle 7.} (M, C) by
parallel transport. In other terms the action is given by the formulas

gil(h.n, )] = [(g¢(h). n.a)] forall [(h,n, )] € T (M, C).

We remark that this action comes from an action of SL(2,R): for all g € SL(2,R) we
define

glh.n.a)] = [(g(h).n.a)] forall,[(h,n, )] € T (M,C).

In the above formulas the symbol [(%, n, «)] denotes the equivalence class of the triple
(h, n,a) with respect to the action of the mapping class group I'y by pull-back on the
twisted cohomology bundle over the lift jf(/c) x H'(M,T) of the toral Hodge bundle
H} (M, T) to the Teichmiiller space.
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5. First variational formulas

We compute below variational formulas for the Hodge norm of real classes in
1 1
H,(M,C)® H_,(M,C).

Let h € J# (k) be any Abelian differential. Since / determines a complex structure on the
surface, we can write n = n"% + %1, according to the Hodge decomposition, so that
there exists a smooth function f; on M such that

o= fyh and %' = Jah.
We can therefore introduce the Hodge decomposition
dy = d,;’o + d,?’l =d" 4+ 2mip™0 + 4% 4 219!
and the twisted Cauchy—Riemann operators
B;Zn = 8,‘1" + 2nlf,, and 9, , =0, + 271 fy.
In fact, writing n = a Re(h) + b Im(h), we have

h+h h—h —1b b -
n=a + —1b =4 lh+a+lh,
2 2 2 2

a—1ib
2

hence in particular f,; =
=S +:1T)+ mi(a +1b) = (S + ma) + (T + mib),
3;’” =S —1T)+nmi(a—1b) = (S + mwia) —1(T + m1b).
Let us now consider the Teichmiiller deformation g, (%, n) = (h;, n) with
Re(h;) = e 'Re(h) and Im(h;) = e’ Im(h).
We have n = a; Re(h;) + b; Im(h;) with
ar=¢'a and b, =e b,
hence

htn = ('S +1e7'T) + mi(e'a +1e7'b) = &' (S + mia) + 1e (T + m1b),

Iy = ('S —17'T) + mi(e'a—1e7'b) = e'(S + m1a) —1e™ (T + m1b).

From these formula we derive the basic fact that

(aht n a;t n and (aht 77) a;_z n
Let M;, o+ e L2 (M ) denote the kernels of the Cauchy—Riemann operators 8*77 d,
for 51mphclty of notation, let M = M;, i denote the kernels of the Cauchy—Riemann
operators

+ _ o+
an,t - aht,n
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along the orbit g, (%, n) = (hy, n). Any real class ¢ in the direct sum above can be repre-

sented as in the form
¢ = Re([my,he] + [m—yche])
with functions m,; € QM,J{,, andm_p, € tMi',m.

Definition 5.1. The Hodge norm of the real twisted cohomology class ¢ € Hnl (M, C)
represented as ¢ = Re([m,h] 4+ [m—_y,h]) withm4,, € M}Tin is defined as
1
I(h,n. Ol = (Imylg + 1m—n[5)*.

Lemma 5.2. The variation of the Hodge norm is given by the formula

d _ __
E(lmn,t% + |m*n,t|g) = 2Re((my,r.m—y,¢) + My, my;))
= 4Re(ﬁn,l,m_n,t).

Proof. Let Jr,f, : LZ M) — :M,d;, denote the orthogonal projections. By the condition
that

my; € cM;,tt and m_p; € Mi_,,,, forallt € R,
we claim that there exist (v;), (w;) C H'(M), and ¢y, € M;',, and ¥, ; € Mf,m such
that

My = 3;7|r,zvt + 7, (my ). M—nr = atn,twl + 72, (mony),

s

d _ d _ 5.1
Emn,t = —8,,’,1); + &t Em—mt = _a—n,zwt + Yone

The proof of the above formulas follows the argument in the untwisted case given in
[18, Lemma 2.1]. For the reader’s convenience we give the argument below.
Since my; € M;]"’t andm_,; € Mi'n,,, it follows from the definitions that

8;r,,m,7,, = atm,m_n,, =0, forallz e R,

hence by a straightforward calculation we have

- dmy,, d
Oy iy + a;{t(—"’) = E(a;,,m,,,,) =0,

dt
— dm_p, d
Sonettona + 8:"'( it t) = 0%, m—p) = 0.

Moreover, by the definition of the cocycle, since the action of the Teichmiiller flow on the
twisted cohomology bundle is by parallel transport, the dy-cohomology class of the real
dp-closed 1-form Re(my h; + m—_y h;) is constant with respect to ¢ € R, hence there
exists a one-parameter family of smooth functions ( f;) such that

d -
E Re(m,,,th, + m_,,,tht) = dnft + d_nﬁ.
Since % = —h_, we have

dm n,t dm_,,,,

dt dt
= —8;,,(1); + u7[) — 8:n’t (U_t + wt) + ¢77J + 'W_n,t — H?Zt (mn,,) — ”:n,t (m_n,,),

- (mn,t + m—n,t)
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which implies that f; = —(v; + w;), and

$pe =7y, (m—yy) and Yy, =7y (mpy). (5.2)

The formulas claimed above are therefore proven.
The variation of the Hodge norm is then given by the formula

d dm dm_
Tl + ImoaB) = 2Re (<m,7 d—f> N <m_m, s >)

= 2Re({(myr. w2y 1 (M—p.0)) + (M- 0. 70 (My.0)))

= ZRC((W,,J, ﬂ:n,t (m_,,,t)) + (m_n’t, n’n_’t(m,,,t)))

= 2 Re((mn’t . m_,,,t) —+ (m_n,, 5 mnd‘))

=4 Re(n_ln,t, m_,,,t).
In the above chain of identities, we argue as follows. The first identity is given by the
general formula for the derivative of the square of a Hilbert norm. The second follows

from formulas (5.1) and (5.2), since the conditions that m;, € M;,':, andm_;, € ‘Mtn,t
imply respectively that

{ (my,e, a;,zvt) = —(mp,, (a:,z)*vt) =0,
(m—T],t7 a:r],twt) = _(mn,t7 (a;]ht)*wt) = O’

The third identity holds since the real part of a complex number equals the real part of its
conjugate. Finally, the fourth identity follows from formula (5.1) since, as a consequence
of the fact that m,,, € MZ, , and m_,; € M, ,, we have respectively

n.t’
(g, 08, jwi) = —(y,. (07, ) ws) =0,
(M_p. 04 v0) = —(My.0. (3, ) vr) =0,
The fifth and last identity again follows by taking complex conjugation inside the (second)
real part. The argument is thus complete. ]

Let Ay : HY(M,T) — R* U {0} be the function defined as

2|{my, m—_y)|

Il + Im—y3

Al [n]) = sup{

(my.m_p) € M x MF, \{(0,0)}}. (5.3)

As an immediate consequence of the first variational formulas, we derive an upper
bound for the growth of the Hodge norm of twisted cohomology classes under the twisted
cocycle.

Lemma 5.3. Let ¢ € H, (M, C). We have
t

lige ([, . DIl < [, 7. c]ll eXP(/O A (gs([h. 1) dS)~

We finally prove that the function A, < 1 everywhere and A, < | outside of any
neighborhood of the zero section H'(M,Z) of H'(M,T).
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Lemma 5.4. The function A is continuous with values in [0, 1] and
Ac(h,[n])) <1 forall (h,[n]) such that [n] ¢ H' (M, 7).

Proof. The holomorphic and anti-holomorphic part, d'-* and d%! of the exterior differ-
ential d are elliptic, in the sense that for any 1-form & on M we have

|a|QlH1(M) |a|QlL2(M) +m1n{|d alﬂsz(M) |d O(|92L2(M)} (54)

We claim that by Rellich compact embedding theorem (see for instance [1, Theorem 6.2]),
for all r > s > 1, the unit ball in the space

{(n. 0ty 0—y) € QUH" (M) x Ker(d,"!) x Ker(d%))}
that is, the set of (17, ay, —,) such that

2 2 2
|"'SZIH’(M) + |°‘”|91L§(M) + |a—”|91L§(M) =1 (55

is compact in the space Q1 H* (M) x [QIL}ZI (M))>.

In fact, by Rellich embedding theorem the embedding QIH" (M) — QI H*(M) is
compact for any s > r. In addition, by Sobolev embedding theorem, for r > 1 the space
QUH" (M) embeds continuously into the space of 1-forms with continuous coefficients.
It then follows from the bound in formula (5.4) that whenever 7, «; and «—, belong to the
set described in formula (5.5), then o, and a—, belong to a bounded set in Q' H} (M),
hence by Rellich embedding theorem, to a compact subset of QILZ(M ). It follows in
partlcular that for each n € Q! H" (M) the subspaces Ker(d ) hence also the subspaces
Ker(d +n ) are finite dimensional, and that the supremum 1n the definition of the func-
tion A, is achieved. We observe that by Hodge theory the complex dimension of M .
equals half the complex dimension of the twisted cohomology, which we have computed
in Lemma 4.3.

By the ellipticity of the operators d'° and d%!, that is, from formula (5.4), it also
follows that the spaces Ker(d ) and Ker(d}’ i 1) depend contmuously, as subspaces of
Q L2 (M), on the closed 1- form neQlH" (M ), hence the spaces M depend con-
tmuously on the pair (h, n) € #H (k) x H' (M, T). Thus we conclude that the function A,
is continuous.

By the Schwarz inequality we have

— 1 2 2
[(my, m—y)| < |mylolm—ylo < E(|mn|o + lm—ylp),

with equality only if there exists a non-zero constant ¢ € C (of modulus one) such that
my = cm_y. From this condition, it follows that m, € M;]* N ‘Mn_’ that is,

8n+m,, = B;mn =0,

hence in particular
(d + 2min)my, = 0.

It follows that H,?(M, C) is non-trivial, and Lemma 4.1 implies that [5] € H'(M, Z).
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A direct alternative argument goes as follows. Let (X, Y) be a frame such that 1y n = 0
and 1y n = —1. We then have

Xmy =1x(d +2min)my, =0 and (Y —2mx1)m, =1y(d + 2min)m, = 0.

The first condition implies that 7 defines a completely periodic foliation 57,. The second
condition that M/ ¥; endowed with the transverse measure covers a circle of unit length,
hence [] € H'(M, Z) (as all periods are integers). |

We conclude that if the Teichmiiller orbit of (%, 1) visits the complement of any given
neighborhood of the zero section H'(M,Z) with positive frequency, then there exist
constants C > 0 and A < 1 such that, forall ¢ € H,71 (M, C), we have

||gt([hv TI’C])” =< C”[h’ 7”»c]HeAt forall ¢ > 0.

In the next section we investigate the dynamics of the lift of the Teichmiiller flow to the
toral bundle H!(M, T) over the stratum (i) of the moduli space of Abelian differen-
tial, with fiber H,} (M, T):= H'(M,R)/H'(M,Z) at any h € #(k), with particular
attention to the set of trajectories which asymptotically “spend all their time” in any
neighborhood of the zero section H (M, Z) of the bundle.

6. The toral Kontsevich—Zorich cocycle

The projection of the Kontsevich—Zorich cocycle to the quotient toral bundle
H{(M.T) := H}(M.R)/H/(M.Z)

is the key dynamical system behind the proof of generic weak mixing for translation flows,
for interval exchange transformations [4], generic translation flows on non-arithmetic
Veech surfaces [3,5]. We remark that the bundle H,C1 (M, T) is isomorphic to the char-
acter variety bundle introduced in [21] for the compact group U(1). In fact, elements
of the character variety for a group G are homomorphisms p : 71 (M, *) — G. For any
Abelian group, homomorphisms of 71 (M, *) to G factor through the integral homology
H{(M, Z). Every homomorphism of Hy(M, Z) to U(1) = R/Z lifts to a homomorphism
from H; (M, Z) to R, which is an element of H (M, R). It follows that the character vari-
ety for G = U(1) is isomorphic to H'(M,R)/H'(M,Z). It was proved in [21] that the
lift of the Teichmiiller flow to the bundle H Kl (M, T) is ergodic, in fact even mixing, with
respect to the canonical lift of the any of Masur—Veech measures on strata of the moduli
space of Abelian differentials.

It was proved in [4] that the horizontal translation flow of a translation surface (M, h)
is weakly mixing if the line R[Re(h)] € H h] (M, T) does not intersect the weak stable
lamination of the zero section of the bundle H,! (M, T). (Note that in fact in [4] the verti-
cal flow was considered, hence the condition was applied to the line R[Im(#)] instead of
R[Re(h)]. The two points of view are equivalent by rotation of the Abelian differentials).

The weak stable lamination is defined as the set of all c € H }} (M, T) such that the
orbit of ¢ under the projected Kontsevich—Zorich cocycle converges to the zero sec-
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tion along all unbounded sequences of return times to certain compact subsets of the
space of zippered rectangles. It was then proved in [4] by a “linear elimination” argu-
ment (see [4, Appendix A]) that the set of translation surfaces (M, &) such that R[Re(/)]
intersects the weak stable lamination has Hausdorff codimension at least g — 1 for the
Masur—Veech measures (in general, the Hausdorff codimension is equal to the number
of non-tautological positive exponents of the Kontsevich—Zorich cocycle). It was also
proved by a “non-linear elimination” argument that a similar property holds for Lebesgue
almost all interval exchange transformations. By the Veech criterion, the authors derived
that almost all interval exchange transformations and almost all translation flows are
weakly mixing.

We introduce a version of the weak stable space. Let K C # (k) be a non-empty
compact subset and let U be any open neighborhood of the zero section of the bundle
H!(M,T), that is, the projection of a neighborhood of H!(M,Z) C H'(M,R). For
every h € H(k), and every € > 0, let Wg 1, (h,€) C H,} (M, T) denote the set

o ke )y gelh e de _6},

lim su -
t—>+oo f() XK(gt(h))dT

Let W () denote the intersection of all sets Wy ;(h, €) as U varies over the family U
of all neighborhoods of the zero section of the bundle H,! (M, T) and € € (0, 1):

Wiy = () | Wiy.e.

UeUec(0,1)

Wi y(h.e) = {c € H} (M, T)

The following lemma provides a simple but effective way to bound the Hausdorff dimen-
sion of a set defined as an upper limit.

Lemma 6.1. Let {W,} be a sequence of subsets of R? and let W C R? be the set defined
as

W =limsup W, = ﬂ U Wi

—
n—o0 neN m=>n

Assume that, for each n € N, the set Wy, can be covered by N, balls of radius R,,. Then
the Hausdorff dimension H-dim(W) satisfies the upper bound

. s _
nllr-lr—loo Z NmRm o O}.

m>n

H-dim(W) < inf{8 >0

Proof. Let H® denote the §-dimensional Hausdorff outer measure on R¥. Let {$2,,} be
a cover of the set W,,, by Ny, balls of radius R,,. It follows that, for each n € N we have

wca® =) Qm
m>n
By assumption we have

D 1BP =37 D IBIP=C) ) NuR),.

BeQm m=n BEQ, m=n
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By the definition of outer measure, it follows that

8 8 . §
HY(W) =€y lim > NuR),.

m>n

We conclude that H® (W) = 0 for any § > 0 such that

hence H-dim(W) < § by the properties of Hausdorff dimension. The argument is thus
complete. ]

We generalize below to our setting the “linear elimination” argument of [4].
Let (#,) a sequence of return times of the Teichmiiller orbit {g;(k) | ¢ > 0} to the
compact set K C H(x). Let us define the sets

Jo" xxc (& W) i dr 1—6}- (D
o' 1k (gi()di

Let rx > 0 be a radius such that, for all 7 € K, the closed Hodge ball of radius rg in
H }} (M, T) centered at the origin is isometric to the closed Hodge ball of the same Hodge
radius in H }} (M, R). Let U(r) denote a neighborhood of radius equal to r € (0, rx) (with
respect to the Hodge metric) of the zero section of H!(M, T).

Let i € (k) be a Birkhoff generic point for the Teichmiiller geodesic flow and
Oseledets regular for the Kontsevich-Zorich cocycle on the Hodge bundle H!(M,R)
with respect to the Masur—Veech measure.

Wi un(h.€) = {c € H} (M, T)

Lemma 6.2. There exist constants Cx > 1, v > 0 and a function €x : (0,rg) — (0,1)
such that lim,_, o+ €x (r) = 0 and such that the following holds. Let V denote any affine
subspace parallel to a subspace Vy transverse to the center-stable space E(h) (defined
as the sum of all Oseledets spaces relative to non-positive Lyapunov exponents) and let
dy, := dim(Vy) the unstable dimension. The set WI;U(r)’n (h,€) NV is covered by at most
N, (r, €) balls of Hodge radius at most Ry, (r, €) so that the following bounds hold:

1
limsup — log R, (r,€) < —CEIMK(K)V(I —€),
n—-+o00 In
| (6.2)
limsup — log N, (1, €) < Cxdy (e + e (7)).
n—>+oo Z‘n

Proof. The first estimate follows from the Birkhoff ergodic theorem and the Oseledets
theorem. For each n € N, let 7, € [0, t,] be defined as

Ty 1= inf sup{t € [0,1,] | g+(h,c) € U(r) and g;(h) € K}.

S
Wi u(ry.n (e

Since & is Birkhoff generic, by the Birkhoff ergodic theorem and by the definition of the

set WI;U(r)’n (h, €), we have

liminf 2 > (1 — ) (K).

n—>+oo ty
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By compactness and by the Oseledets theorem, there exists v > 0 such that, for each
n € N, every connected component of the set WI;U( " (h,e) NV is contained in a ball
of radius Cxre™"™, hence the estimate on the sequence (R, (r, €)) holds, for all r > 0.

The second estimate, on the number N, (r, €) of connected components of the set
Wli', UGy (h,€) NV, is proved by coding trajectories over the time-interval [0, t,], as fol-
lows. The total number of connected components will be estimated by the product of the
number of words in the coding times the number of connected components of the subset
of the set WI?,U( o (h,€) NV of trajectories with the same coding.

Let us describe the coding. Let 7w : H}! (M, R) — J (k) denote the bundle projection.
We code trajectories according to whether they are in U(r) N 77! (K) (coded by the sym-
bol u), in U(r)¢ N 7~ (K) (coded by the symbol u’) or the Teichmiiller orbit is not in K
(coded by the symbol K’). In other terms, the coding is based on the following map ¢ from
the toral cohomology bundle H,! (M, T) to the alphabet {u, u’, K} defined as follows:

u if (h,[n]) € 7 Y(K)NU(r),
c(h,[nD) := Y u' if (h.[n]) € =" (K) N (HX(M,T)\ U(r)),
K’ if (h,[n]) € 71 (H (k) \ K),

with the modifications described below.

Maximal trajectory arcs in 7~ (K), but outside of the set U(r) N w~!(K), have time
length at least Cp log r|, since the maximal expansion rate of the Kontsevich-Zorich
cocycle at time ¢ > 0 with respect to the Hodge norm is bounded above by e’ and above
the compact set K C # (k) lattice points separation (with respect to the Hodge distance)
is bounded below. Hence it is enough to code trajectories in K at time intervals equal
to %C <'logr|. In addition, by compactness there exists a function 8k : (0,1] — RT
(depending on the compact set K C # («)) with

lim 6g(r) = +oo,
r—0+
such that, for all Abelian differentials 47 € K, for all radii r > 0 and for |t| < §g () the
image of the ball B(0,r) C H }} (M,R) (in the Hodge metric) contains a single point
(the origin) of the lattice H g}; ") (M,Z) C H&}t ) (M, R). Hence any trajectory arc which
exits 7~ (K), with both endpoints in U(r) N 7~ (K), will still be coded by the letter u
unless it has time-length larger than g (r) > 0.

Let then 84 (r) = min{Cg ' [logr|. §x(r)}. By the above remarks, it is enough to code
trajectories as follows: we divide each trajectory segment into segments of equal length
8% (r) (and a remainder which we neglect) and assign to each segment the label u when it
intersects 71 (K) N U(r), and it is entirely contained in 77 ~!(K), the label u’ when it is
entirely contained in 7 ~1(K) N (H!(M, T) \ U(r)) but not the complement of 7 ~!(K),
and finally K’ in the remaining case, when it intersects the complement of 7! (K).

Let t,{( denote the total time that the trajectory spends in the set 7~ !(K) over the
time interval [0,,]. By the ergodic theorem, there exists g > 0 (with g — 0 as
i (H () \ K) — 0) such that ¢, — t,f( < Ukty. Since by assumption the total time that
the trajectory spends in 7 =1 (K) N U(r) is at least (1 — e)tnK , the total number of different
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words is at most (by standard bounds on the binomial coefficients)

X t et “Kn
(8%(;))(5;((,)) < (E)SK(r) (i)sKo-)' 6.3)
€ty KKn € MK
§ )/ N

For every word w, let '}, denote the set of arcs of trajectory of the cocycle in the intersec-
tion U(r)¢ N 7~ 1(K) with both endpoints in U(r) N 71 (K) , and let '/} denote the set
of arcs of trajectory of the cocycle, with both endpoints in U(r) N 7~ (K), which project
to a Teichmiiller arc not contained in K and have time-length at least §g () > 0. In other

terms,

o T, is the set of orbit arcs corresponding to strings w’ = u’...u’ such that ww'u is
a substring of w,

e '/ is the set of orbit arcs corresponding to strings w” = wyws ... wy, with the prop-
erty that w; € {u’, K’} forall i € {1,..., £}, such that uw”u is a substring of w.

For every orbit arc y € I'), U T, let (y) denote its time length.
We claim that there exist constants Cx > 0 and rx > 0 such that for any fixed word
w the number of different connected components with code w is at most

dll du
cx T1 max(l,ie“y’)) I1 max(l,Lef(V )) . (6.4)

r r
y'er, K y"ery K

This statement follows from the fact that the maximal expansion of the cocycle in a time
T > 0 with respect to the Hodge norm is equal to e, hence the bound follows by a volume
estimate on the unstable space. In fact, we argue as follows. Let €, ,(h) C ng’ Ueyn N |4
denote the subset of all cohomology classes which have a symbolic sequence equal to
w up to time #, > 0. Every ¢ € €, ,(h) can be labeled by the string (my,...,mg) of
distinct lattice points in H ,} (M, Z) such that g;(h, c) visits a ball Bgri wy(m;, r) in the
Hodge metric on H;ri »(M, Z) at atime t; for a sequence of times

0<T << <1 <<ty

Lattice points along the Teichmiiller orbit g (#) can be identified by parallel transport. On
each subinterval I = [a, b] C [0, t,] such that g; (h) C U(r) N =~ (K), by definition we
have that g, (h, c) € Bg, ) (m,r) implies g5 (h,c) € Bg, ny(m, 1), for any ¢ € €, ,(h).
Now on each maximal subinterval I = [a, b] C [0, ¢,] such that

gr(h) c K¢ or gr(h,c) cU®r) N Y(K)

every Hodge ball Bg, ) (m,r) is mapped by the cocycle into a subset of a Hodge ball
of radius at most rel’!. Since K is compact, there exists a constant rg > 0 such that,
for any Abelian differential & € K, a Hodge ball of radius at most relll in H,} (M,R)
contains at most (r/rg )% e%:!!| lattice points. It follows that for each such subinterval
our upper bound on the number of connected components is multiplied times a factor
(r/ri)%e% ! The claim follows.
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Thus by formulas (6.3) and (6.4), for r < rx we have proved the estimate

log N (r. €) < log Cg + {€(1 + [log ) + & (1 + [log i )} o
SK(r)
+du( > max(0.7(y) + Y max(o,r(y”)))-

y’ely, y" €Ty,

It remains to estimate the third and fourth term on the right-hand side of the above inequal-
ity. For the third term, since ¢ € ng’ UG (h,€) and I}, denote the set of arcs of trajectory
of the cocycle in the complement of U(r), which project to a Teichmiiller arc in K, we
have
Z max(0, 7(y)) — 8k (r)) < ety.
y'ery
Finally, we estimate the fourth term. We distinguish two cases:

e in case (a) the total time-length of the part of trajectory y,, € I'l, inside the intersec-

tion U(r)¢ N 7~ 1(K) is at least ox € (0, 1) times the total time length of y;/ € T/,

e in case (b) the total time-length of the part of trajectory inside U(r)¢ N 7~ (K) is at
most og times the total time length of y;, € I';/, hence the time-length of the part of
the Teichmiiller trajectory outside K in moduli space is at least 1 — o times the total

time length of the arc y;, .

The total time-length of trajectories y;; which are in case (a) is bounded above by 61}1
times the total time that the trajectory spends in U(r)¢ N 71 (K).

For case (b), let #,(r) denote the total time-length of those Teichmiiller trajectories,
starting and ending in K, of length at least §x (r), which spend at least a fraction 1 — og
of their time outside of K up to time ¢, > 0. Since 8x (r) — 400 as r — 07, there exists
ok > 0 such that by the Birkhoff ergodic theorem, for any Birkhoff generic point for the
Teichmiiller flow, we have

t
lim sup n(r) =0.

r—>0t >0 In
We therefore define ex : (0,rx) — (0,1) as

, In(r)
ex(r) == sup —=.
neN ‘tn

Finally, we have the estimate
Z max(0, 7(y”) — 8k (r)) < Ck (€ + ex(r))tn.
y”ery
The estimates claimed in formula (6.2) are thus proved. ]
Theorem 6.3. Let h € J (k) be any Abelian differential which is forward Birkhoff gen-
eric for the Teichmiiller flow and Oseledets regular for the Kontsevich—Zorich cocycle.

For any affine subspace V C H}} (M, T), parallel to a linear subspace Vo C H,: (M,R)
which is transverse to the central stable space E(h), the Hausdorff dimension of the
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set V-0 Wg(h) is equal to 0. In fact, for any § > O there exists an open neighborhood
U C HK1 (M, T) of the zero section and € > 0 such that the Hausdorff dimension of
V- N Wy (h,€) is at most 8.

Proof. Recall that for any sequence (z,) and for any € > 0, the sets W ;. (h, €) have
been defined in formula (6.1) as

Wi yn(h.€) = {c € H} (M, T)

Jo' xx(ge()xu(ge(h e di 1_6}
Ji yk(ge(h)) di
By definition, there exists a diverging sequence (t,) of return times of the forward Teich-

miiller orbit {g, (%) | ¢ > 0} to the compact subset K C # (k), such that for any € € (0, 1),
we have the inclusion

Wiy (h) Climsup Wi 1y, (h.e) = () | WE.ym(he).
n—eo neN m=n

By Lemma 6.2 there exists a function e€x (r) with lim,_, o+ €x(r) = 0 such that the set
We U o (h,€) NV can be covered by at most Ny (r, €) balls of radius at most Ry (r, €)
such that N, (r, €) and R, (r, €) satisfy the bounds in formula (6.2). By those estimates we

have
Z Nmen < Z eC[(du(€+€1((r))tme—C,?]MK(K)(S(I—E)vlm
m=n m>n
— Z e_(CI;lMK(K)S(I_E)V_CKdu(€+€K("))tm.
m>n

Letthen § > CZ e (K) ™' (€ + ex(r))du[(1 —€)v]~'. Since it is possible to assume 1, > n
(for large n € N), under this assumption we have

limsup Y o [Cx " 1uc(K)$(1—e)v—Cr du(e+ex (N]tm

n—-+o00 m>n

< lim o CK e (K)8(1—)v—Cr duy(e+exc (r)m

~ n—>+o0
m>n

o~ [Cx e (K)8(1—e)v—Cx dy (e+ek (r)]n
< lim I =0
n—>+oo | _ o= (Cx 8(1—e)v—Cgdyletek ()

By Lemma 6.1 we derive the following Hausdorff dimension bound:
H-dim (W) (h, €) N V) < Ci e (K) ™' (€ + ex (r)du[(1 — €)v] 7.
For any given § > 0 there exist » > 0 and € > 0 such that
H-dim (W*(h) N V) < H-dim (W, (h,e) N V)
< Ce(K) 7! (e + ex (M) dy[(1 — ] ™" <,
hence the Hausdorff dimension of W¥(h) N V is equal to zero, as stated. |

We conclude the section with growth estimates for the twisted cocycle.
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LetA,: H Kl (M, T) — [0, 1) be the function defined in formula (5.3). We recall that,
by Lemma 5.3, the ergodic integrals of A, bound the logarithm of the norms of the twisted
cocycle. We also recall that A, < 1 everywhere except on the zero section of the bundle
H!(M,T) and it is continuous by Lemma 5.4.

Lemma 6.4. Let h € J (k) be any Abelian differential which is forward Birkhoff generic
for the Teichmiiller flow and forward Oseledets regular for the Kontsevich—Zorich cocycle
with respect to the Masur-Veech measure. There exists a set RWS(h) C H'(M,R) of
Hausdorff dimension g + 1 (which depends only on [Im(h)] € H'(M, 2;R)) such that
if [Re(h)] & RW?#(h), then there exists a constant ap, > 0, and for all A € R \ {0} there
exists a constant C(h, A) > 0 such that, for all ¢ € H}}’A (M, C) andforallt > 0, we have

eXp(/(;t Ax(gt[h, XRG(h)]) d‘() < C(h,l)e(l_ah)f_

Proof. Let K C #(x) be a non-empty compact subset and let RW* (k) denote the set
defined as
RW*(h) :={R-c|c e Wg(h)}.

For all h € # (k), Oseledets regular with respect to the Masur—Veech measure, the central
stable space (which is equal to the stable space) has codimension equal to the genus g > 2.
By Theorem 6.3 we have that, for any unstable affine subspace V', the Hausdorff dimen-
sion of the set W (h) N V is equal to zero, hence (by properties of Hausdorff dimension)
it follows that W (h) has Hausdorff dimension equal to g, and RW? (%) has Hausdorff
dimension equal to g + 1 < 2g.

Let U denote, as above, the family of all neighborhoods of the zero section of the
bundle H'(M, T). Since by definition

Wgi = () (] Wiu(h.e).
UecU e€(0,1)
it follows that for any [Re(h)] € RW?(h) there exists U € U and € > 0 such that

A[Re(h)] & Wg y(h,e) forall A € R.

It follows that there exists a time #;(A) > 0 such that, for all > #, (1), we have

1 t
: /0 xu (g (h ARe(R)) d < 1 —e.

The statement then follows from Lemma 5.3 and Lemma 5.4. [

Lemma 6.5. There existrg € (0,rg), €0 € (0, 1) such that the following holds. For every
r € (0,rg), every € € (0, €g), there exists y > 0, and for every forward Birkhoff generic
and Oseledets regular h € H (k), there exists a constant C,(Im(h), r, €) > 0 such that,
foralln € N,

VOl(Wg yry.n (- €)) < Cie(Im(h), 1, €)e ™%,

Proof. By Lemma 6.2 there exist constants Cx > 1, v > 0 and there exists a function
€x 1 (0,rx) — (0,1) with lim,_ o+ €x(r) = 0 such that the following holds. For any
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affine unstable subspace V' and for n large enough, the set W3

R0y (h€) NV is covered
by Ny (r, €) balls of radius R, (r, €) with

Ru(r,€) < e 3Ck e (K)A=ein 504 Na(r, €) < e2CxduletexO)in,
There exist rg € (0, rgx) and €y € (0, 1) with

[
X = ECKl;LK(K)(l —€g)V —2CK(60 + sup eK(r)) > 0.

0<r=<ro

The estimate claimed in the statement then holds for every r € (0, o) and every € € (0, €¢)
with the above choice of y > 0. The argument is therefore complete. ]

Lemma 6.6. There exist constants &, «, and N, > 0 such that, for almost all Abelian
differential h € J (k) with respect to the Masur-Veech measure, there exists a constant
Cy (h) > 0 such that, for alln € N and for all A € R with |A| > e~ e have

eXp(/(;t” Ay (ge[h, ARe(h)]) dl) <Cc(h(+ Az)%g(l_ak)tn.

Proof. Let us fix r > 0 and € > 0 such that Lemma 6.5 holds: there exist y > 0 and
C(Im(h), r, €) such that, foralln € N,

VOU(WE 1y (1. ©)) < Ce(Im(h), 1. €)e ™.

Let ' € (0, ig) and let B, denote the set of Abelian differentials & € J (k) such that &
is forward Birkhoff regular and Oseledets generic, and in addition

{ARe(h)] € H' (M. T) | A € [e™™ X} N WE )y (€)= 0.

By definition, there is o, := a(r, €) > 0 such that, whenever 4 is forward Birkhoff regular
and Oseledets generic, but i & | ,,,, Bm, for all m > n and for || € [e =¥ eX''m], the
class A[Re(h)] does not belong to VT/IEU(r)’m (h, €), hence by Lemma 5.3 and Lemma 5.4
(as in the proof of Lemma 6.4) we derive the bound

exP(/O’m A (gi[h, ARe(h)]) dt) < C(h, x)e—odim,

There exists therefore a constant C (Im(%)) > 0 such that, for all m > n and for A € R
with [A| > e~ X'm_we have

tm e
exp( /0 Ac(g: [h,)LRe(h)])dt) < Ce(Im(h))(1 + A2) 227 1 =eim

In addition, for all n € N, let [Re(B,)] := {[Re(h)] € H'(M,T) | h € B,}. We have the
following volume estimate

Vol( U [Re(i%m)]) < Ce(Im(h), r, €)e8X'=0n

m>n

hence the set B = (),,eny Um>pn Bm has Masur—Veech measure zero. L]

m>n
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7. Transfer cocycles

In this section we prove a “spectral gap” result for the extension of the twisted cocycle
to a bundle of 1-currents. The argument follows closely that given in [2, Section 4.2],
where a similar result was proved for the extension of the Kontsevich—Zorich cocycle to
1-currents.

For any Abelian differential 2 € # (k) and for any real closed 1-form n € Z'(M,R),
let Z, L (M )= _I(M ) denote the subspace of d-closed 1-currents, that is, the space
of 1- currents Ce Ql H, '(M) such that d,C = 0. Let E}! , (M) denote the subspace of
dy-exact currents, that i 1s currents C such that there ex1sts U € L2(M ) with C = d,U.
Let QUH_1(M) denote the bundle with fiber at any [k, 7] € Hl(M T) the space
QUH; (M) of 1-currents. Let Z,.' (M) and ' (M) C Z ' (M) denote the sub-bundles
of tw1sted closed and twisted exact currents with fiber at [k, 7] the spaces Z, 1(M )
and E;} (M), respectively.

The Telchmuller flow extends to a cocycle on the bundle Z_ ! (M) over H! (M, T).
The cocycle is defined by parallel transport with respect to the projection of the trivial
connection on the product bundle

JH (k) x{(n.C) | C € Z; (M)},

By the definition of the de Rham cohomology, the quotient bundle Z_'(M)/E.1 (M)
is isomorphic to the twisted cohomology bundle 7.} (M, C), hence the transfer cocycle
over the Teichmiiller flow on the bundle Z_!(M) projects to the twisted cocycle on the
twisted cohomology bundle 7.} (M, C). It follows that the set of Lyapunov exponents of
the transfer cocycle on Z;1(M) is the union of the set of Lyapunov exponents of the
twisted cocycle on T.1(M, C) with that of the restriction of the transfer cocycle to the
sub-bundle of twisted exact currents .1 (M).

Lemma 7.1. The restriction of the transfer cocycle to the subbundle ;' (M) of twisted
exact currents has a continuous invariant norm £, hence the unique Lyapunov expo-
nent of the cocycle is equal to 0 and has infinite multiplicity. In addition, for all pairs
(h,n) € HL(M, T) and forall C € 6’;:’(M) we have

Le(C) = (1+ g2z ) IClai a1 )

Proof. By definition, for any & € J(x), for any n € H (M, T) and for any twisted exact
l-current C € E,; L (M ) there exists a unique function Uc eL? i (M) of zero average such
that C = d,Uc. The function £, : 71 (M) — R defined as

Le(lh.n.C) = |Uclpzay forall C € &7 (M),

is invariant under the twisted cocycle, hence it defines a continuous Lyapunov norm on
&-1(M).? In fact, the cocycle is defined by parallel transport with respect to the projection

2 A Lyapunov norm is a norm which varies exponentially in time at a rate approximately equal
to the Lyapunov exponent. For a zero Lyapunov exponent, it is by definition an invariant norm.
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of the trivial connection on the product bundle
() x {(n.C) | (1.C) € H{(M.T) x Z; (M)}

and the norm &£, is the projection of a I'g-equivariant norm on the product bundle, which
is invariant under the SL(2, R)-action on # (x).
Finally, for any C = d,Uc € E; ; (M) and all « € Q' H (M) we have

(C.a)| = [{Uc,dya)| = [(Uc.da +n A a)l
= Le(O)(1+ Inlgr 2 an) |l ) (-
thereby completing the argument. ]

Let ¢! : QUH_ (M) — R be the (continuous) distance functions to the Hilbert sub-
bundle Z_!(M) of twisted closed currents defined as follows: for each & € J («) and all
n € H)(M,T), the restriction {'|Q'H, (M) is equal to the distance function from
the closed subspace Z;:} (M) c QUH, '(M) with respect to the Hilbert space metric
on Q' H,"\(M).

For any compact set K C J (k) and any ¢ > 0, we introduce the following closed,
gr-invariant subsets g ({) of the bundle Q' H_!(M). For every Abelian differential
h € H (), the intersection of the set Ak ({) with the fiber Q' H, (M) of the bundle
QUH-1(M) of 1-currents is defined as follows:

Ax (@) NQUH (M) ={AeQH, (M) | gi(h) e K = {7 (g:(4) <}

In other terms, the fibered subset #4x ({) contains all currents which stay at bounded
distance (< ¢) from the sub-bundle of twisted closed currents for all returns of the Teich-
miiller orbit to a given compact set K C # (k). The relevant examples of non-closed
currents in Ak (¢) are given by currents of twisted integration along orbits of the horizon-
tal translation flow in (M, k). In fact, as we have proved in Section 3, for any compact
set K C J# (k) there exists {x > 0 such that any current represented by a twisted integral
along an orbit of the horizontal translation flow in (M, ) belongs to Ak (¢) for ¢ > (g
(up to projection on the codimension one sub-bundle of currents perpendicular to the
sub-bundle {C Im(%) | h € H(k)}).

The core technical result of the present paper is the following “spectral gap” lemma
for the restriction of the distributional cocycle {g; | ¢ € R} to any invariant subset g ({)
of QUH 1 (M).

For any h € #(k), lettg = 0 and let {t,, | n € N} denote a non-decreasing sequence of
visiting times of the forward orbit {g, (%) | ¢ > 0} to a given compact set K C H# (k). We
will regard any current A € Q' H; (M) as an element of the vector bundle Q' H_ ' (M)
of currents over the moduli space of Abelian differentials.

In particular, we have

|Al-1 = |A|Hh_l(M)'
Lemma 7.2. For any compact set K C H# (), there exists a constant Cx > 1 such that,
for any ¢ > 0, for any [h,n] € HY{(M,T), for any A € Ag({) and for all n € N, the
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following estimate holds:

[A]—1 = Ck(1 + (1 + |gs, (A)]-1)

xexp(/t Ay (gelh, n])dt)(ZeZ(t/+1 —t; ) .
0

Proof. The argument follows closely the proof of [2, Lemma 4.5].
For alln € N, let [h,, nn] = g4, [h, n] with h,, = g4, (h) € K. For each j € N, since
Z;/_l . (M) is closed in Q! Hh_/_1 (M), there exists an orthogonal decomposition,

g, (A)=Z;+R; withZ; Zijl,n,» (M), R; L Z,jj{nj (M), (7.1)
and, since A € Ak ({) and h; € K, the following bound holds:
IRj|-1 < ¢. (7.2)

For each j € N, let 7r; : Q'H y M) - Z;jl w (M) denote the orthogonal projection
and let t; =¢; 11 —¢;. By (7.1) and by orthogonal projection on the g;-invariant bundle
Z (M) the following recursive identity holds:

Zj =g (Zj+1) +mjog—r;(Rjt1) € Z;jl,nj (M). (7.3)

By the definition of the Sobolev norms and by the Teichmiiller invariance of the L2 norms,
it is immediate to prove (see for instance [2, formula (3.24)]) that

||g,|QlH;1 | < el forall (h,1) € H(k) xR. (7.4)
Thus by the bound in formula (7.2), it follows that
|7j 0 g—c; (Rj+1)|-1 = g, (Rj41)|-1 =< e*v L. (7.5)

By projection on the twisted cohomology bundle 7,!(M, C) and by compactness, we
derive from the identity (7.3) and the bound (7.5) that there exists CI((I) > 1 such that,
with respect to the Hodge norm,

1Zj] = g, UZj+1Dlln; .y < CK £ 2. (7.6)

By Lemma 5.3 and by formula (7.6) we have

Li+1
1Z My ) < Zs el sy exp( [ Ax(gt[h,m)dr) LW e,
j

For each £ € N, it follows by reverse iteration on 1 < j < £ that

-1 »
i—Ji A h, d
1Z Ml < (n[zz]nhz,W +CW S 2rh At )

i=j

e [ Acteilh dr).

J
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which, since A, > 0 and 7; > 0 for all i € N, implies the estimate

{—1
NZ 2,y < CPA+ 01+ 11Zen, W)exp( / Ac(gilh, n])dr)Zezft (7.7)
j i=j

By the definition of the Hodge norm, for each j € N, there exists a twisted harmonic
form w; € Z}i, 77‘(M) such that
J 2

Ei=Z;—wj€ E;j_{n_l_(M) and |wj|-1 < [[Z;1ln, ;- (7.8)
For each j € N, let us define
Fj = Ej — g, (Ej11) € E; |, (M). (7.9)

By the recursive identity (7.9) the following bound holds with respect to the Lyapunov
norm £, on the bundle of twisted exact currents:

Ln; (Ej) < Lp; (Ej+1) + Ly, (F)). (7.10)

In fact, the restriction of the distributional cocycle {g; | ¢ € R} to the bundle &1 (M)
of twisted exact currents is isometric with respect to the norm &£,. For each £ € N, we
derive from (7.10) by (reverse) induction on 1 < j < £ that

-1
En, (1) < L, (E0) + ) &, (F). (7.11)
j=1

By the splitting (7.1) it follows that
8- (Zj+1+ Rjy1) = 8,81, (A) = g1, (A) = Z; + Ry,
hence by the identity (7.8)
8- (Ej+1 + i1+ Rj11) = Ej + o) + R;.
Thus, by the definition in formula (7.9), we conclude that
Fi =g, (@j+1 + Rj41) — (0j + Rj),

hence by compactness, Lemma 7.1, and formulas (7.2) and (7.8), there exists a constant
C I(<2) > 1 such that

La, (F)) < C(1g—c; (@j+1 + Riv1)|—1 + |oj + Ry|-1)
< 2T Zj+1llnymy + O + 1Zi1ny oy + ).
hence, by (7.7), there exists a constant C I(<3) > 0 such that, for all £ > 1, we have

{—1
Y sn, (F) < €2 1+ 01+ 11Zdllngne)
j=1 (7.12)

" 2
xexp(/ A (g:[h, n)dt)(Ze%/) )
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By the splitting (7.1) and formulas (7.2), (7.7), (7.8), (7.11) and (7.12), there exists a
constant C 1((4) > 0 such that for all £ > 1,

126, (A)|=1 < CP 1+ ) (1 + 124, (A)|-1)

10 -1 2
xexp(/ AK(g,[h,n])dt)(Z erj) )
3] j=1

Finally, by the bound (7.4), since typ = 0,

|A]-1 < & g4, (A)]-1. n

8. Proof of the main results

In this section we complete the proof of the main results stated in the Introduction.
For any h € #(k), letto = 0 and let {¢, | n € N} denote, as above, a non-decreasing
sequence of visiting times of the orbit {g; (%) | ¢ > 0} to a compact set K C H (k).

Lemma 8.1. There exist constants o, o, and N > 0 such that, for almost all Abelian
differential h € ¥ (k) with respect to the Masur-Veech measure, there exists a constant
Cc(h) > 0 such that the following holds. For any x € M with forward regular horizontal
trajectory, for all A € R\ {0}, for all n € N and for all functions f € H}} (M) of zero
average, we have

‘/ 27n/ltf ¢t (X) dt

1+ )* n—1 3
= C (h)|f| _ (1 i )tn (Zez(tj"‘ltj)) .
|)L|°‘K .

Proof. Let A := Ap ) (x,e"™) denote the current defined, for any 1-form 8 on M, as

1,

e n
AB) = / e Mg B o ¢S (x)dt.
0
Let then A* denote the current
A" = A+ A(nr)ns.

By definition, for any 1-form 8 on M, we have

eln /l eZm)Le”' 1
A#(ﬂ) :=/ 2™ tlsﬂod)f(x) dt — 2—/ 1sB wp.
TIA M

We prove below a bound for the Sobolev norm of the current A* in Q1 H 1(M ) and
derive the result for large A € R from such an estimate applied to 1-forms 8y = fnr for
which, whenever f € H ,} (M) has zero average, we have

1,

A*(Br) = A(By) =/0 ¥ f o ¢S (x) dt.
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Let hy := g4, (h) and let (S,,T,) denote its horizontal and vertical vector fields. By
definition, the current g;, (4) is given by the formula

1 z,
g0, (A)(B) = /0 AREM B0 357 (x) d,

while the current g, (A%) is given by the formula
. . 1 pmrtn s Zme”'k
€ (AN = g, (7 B) = [ e s, oot rdr - o | g, pa.

Since h, € K, by the Sobolev trace theorem (see Lemma 2.3) there exists a constant
Ck > 0 such that, for all n € N, we have

1
g2, (AN (B)| < |g1, (A)(B)| < /0 lts, B o (x)dt < CKIﬂIHh—nl(M),
hence
g1, (A%)| 1 < |g1, ()1 < Ck.

By definition and by Lemma 3.6, there exists a constant {x > 0 such that, for any ¢ > 0
with g;(h) € K, there exists Z € Zg . n)(M) such that

lg:(A") — Z |-y < k.

hence A* € Ak ((x). By Lemma 7.2 with n = A Re(h) there exists a constant Cg >0
such that we have the estimate

|A*_ < CI’(exp(/’ Ac(g:[h, ARe(h)] )dl)<Ze2(”+‘ —t; )
0

and, by Lemma 6.6 for almost all & € J# (k), there exist constants ., o, and N, > 0
such that, for almost all Abelian differential & € J (k) with respect to the Masur—Veech
measure, there exists a constant Cy(4) > 0 such that, for all n € N, for all A € R with
|A| > e~% we have

3

n NI/(
exp(f Ay (ge[h, ARe(h)]) dt) < Ce(h)(1 4 A%) 2 (lm)tn
0

For |A| < e_""/<’", by the Sobolev trace theorem (see Lemma 2.3) there exists a constant
C/(h) > 0 such that we have

eln

/ MM f o P (x)dt| < CUW)| fe™
0

= CLIf et et

< LI f AL ok 1o,

The argument is therefore concluded. |
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To conclude the proof of our main results we recall a decomposition lemma from
[2, Lemma 5.1]. The point of this decomposition lemma is that it allows to reduce the
proof of upper bounds for (twisted) integrals along arbitrary orbit arcs to upper bounds
on integrals along special “best returns” orbit arcs, generated by the action of the renor-
malization (the Teichmiiller flow), and for which the desired bounds were derived above
in Lemma 8.1.

Lemma 8.2. Let h € # (k) and let {t,}neNn be any non-decreasing divergent sequence
of positive real numbers. For any (x,T) € M x R™ such that x € M has forward regu-
lar horizontal trajectory, the horizontal orbit segment yy, (T7) has a decomposition into
consecutive sub-segments,

n

me
Y (T) =D Vhee (T0) + Vioy (7).

{=1m=1

such thatn := max{{ € N | 7y < T} and, forall1 <{ <n,
my <etiTl T, =e" and T <e".

We are finally ready to complete the proof of our main theorem, stated as Theorem 1.8
in the Introduction. We state it again below for the convenience of the reader.

Theorem 8.3. There exist constants oy, B and N > 0 such that, for almost all Abelian
differential h € H (k) with respect to the Masur-Veech measure, there exists a constant
Ci(h) > 0 such that for all . € R\ {0}, forall (x,T) € M x R*, such that x € M has
forward regular horizontal trajectory, and for all f € H ; (M) of zero average, we have
the estimate

(14 12)%
| A |,3/<
Proof. Let (t,) denote a sequence of return times of the orbit {g; (%) | # > 0} to a compact

set K C H (k) such that lim,_, 1 o t,/n = u # 0. It follows that for any n € (0, i) there
exists n, € N such that we have

g 1—oy

T
/0 27 £ o 88 () di| < Ceh)| f 1y

(w—mn <t, <(w+mnn foralln >n,.

It follows in particular that there exists a constant C (i, n, #) > 0 such that

n—1
YU < Cuyn h) et
j=0

In fact, for n > n,, by geometric summation we have

n—1 np—1 n—1
§ e2ti+1-1) < 2 e2i+1-1) + o2+ 2 e
j=0 Jj=0 Jj=np

np—1 ednn _ pény

’

< Z e2i+1-1) + e2n+n)
j=0

e4n — 1
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hence the above bound holds with

nn—1 2(u+n)
— 20 41-1) 4 €
C(u,n,h): Ze ST +e4'7—1'
=0
From Lemma 8.1 we derive, for all £ € {1,...,n}, the bounds

Te 2wt S (1 + A‘z)% (1—ay)te+12nL
/ 7 [ o ¢S (xpm) di| < Cel ) f 1y AL pt—wuetione
0 |A|a,’<

Given the sequence (z,) and any (x,7) € M x R™ such that x € M has forward regular
horizontal trajectory, we consider the induced decomposition of a horizontal orbit segment
Yh,x(T) givenby Lemma 8.2. Forall £ € {1,...,n}andm € {1,...,my}, let ty ,, denote
the time of the point x; ,, along the orbit. By the definitions

{—1
T = Y miT + (m— DT
j=1

Since by Lemma 8.2 we have a decomposition

[)T ezm,ltf o¢f(x) dt = Xn: Z eZm/\r[ m[ 27:1)Llf ¢t (XZ m)d[

{=1m=1

-

b emipegSar
T—t

we derive the bound

.
[ emier oot
0

XZ
< CK(M,U,h)|f|1g<Zm et +12nt r)

|A] i =1

Finally, we have, since by construction 7, = e’ < T, hencen < (u—n)"'log 7,

n n
Zmze(l—a,{)tg-f-lan < C;](,LL, n, l’l) Z e(l—aK)(/L—T])ﬁ-l-lGr]Z
=1 (=1

< C,',/(M, n, h)e[(l—a/c)(u—n)+16n]n

< C;§3)(M, 0, )T 1t u-m="16n
which, by taking 1 > 0 such that (1 — 1)~'327 < o, implies the estimate

T /\2 =<
/0 P [ o ¢S (x) di <cK(h)|f|1%7

m‘,‘i

The argument is therefore complete. (Note that the exponent &, i, and N, in the state-

ment are respectively equal to % a’f and N, in terms of the positive constants o, o,
K

and N, of Lemma 8.1.) [
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The remaining main results stated in the Introduction are easily derived (see below)
from the above Theorem 8.3 (Theorem 1.8 in the Introduction) and from the general
results of Section 9 below.

Proof of Theorem 1.5. We have a Fourier decomposition
F(x.0) =Y fu(x)e*™™® for(x.0) e M x T.
nezZ
By the Fourier decomposition we have
T T
/ Fo (I)S”l(x, 9) dt = Ze2ﬂl/\n9[ eZm}lnzfn ° (]5;9()(?) dt.
0 nez 0

By Theorem 8.3 (Theorem 1.8) we have, for n # 0,

T —PK ’
/0 Q2mANt o S (x)dt| < Cu(h)(1 + n2) T fu T 1%

For n = 0, by Theorem 1.4 (see [2]) or, in fact, for almost all 4 € # (k) already by the
results of [18], we have

T
[foo¢§(x)dz—7/ Fdwy db| < Cy(h)| fol T 1%
0 MXxT

By definition, for any s > 0, the Sobolev space H* (T, H'(M)) is the completion of the
space C°°(M x T') with respect to the norm

D=

I F L grs r, m1 oy = (Z(l +”2)S|fn|§11(M))

nez

Since, by the Holder inequality, we have

1
Ni—Bk —pe—s )’

nez nez

it follows that for s > N, — B + 1 there exists a constant C s > 0 such that

T
/FocDS’A(x,G)dt—'T/ F dwy, df
0

< Ces LMW F llgs v, a1 ary T %
MxT

for any ¢ < min(e, o), which completes the proof of the theorem. [

Proof of Corollary 1.9. It is an immediate consequence of Theorem 8.3 (Theorem 1.8
in the Introduction) and of Lemma 9.1 below, which derives a lower bound on spectral
dimensions from an upper bound on twisted ergodic integrals. ]

Corollary 1.11 follows from Theorem 8.3 (Theorem 1.8), the quantitative equidistri-
bution result for translation flows stated in Theorem 1.4 (see also [18]) and Lemma 9.3,
which derives a bound on the speed of weak mixing from bounds on twisted ergodic
integrals.
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Proof of Corollary 1.11. By integration by parts we have

T

/Tez’”mfogbsdt_/ 1 d 2m/lt f ¢ dt
0 ! 0 27TZA. d[ !

1 ( 2mIAT f ¢T f / ZnMISf ¢t dl)

2wl
hence for all A # 0, we have

7
/ eZnAtf ° ¢;S‘ dt
0

L7 amn s
. <_|f|L(M)+2A'/ M S o ¢S dt ,
L; (M) L}, (M)

By iterating the integration by parts (for |A| > 1) we derive the bound

T
/ eZﬂAtf ° ¢.[S dt
0

1
= Z |nk|/+1 f|L2(M)

2
Ly, (M) j=0

7
/ TSk £ o ¢S gt
0

It follows that under the assumption that S/ f € Li (M), forall j €{0,..., N}, and that
fand SN f e H }} (M), the hypothesis of Lemma 9.3, for the part concerning the bound
on twisted integrals, are a consequence of Theorem 8.3. The hypothesis of Lemma 9.3, for
the part concerning the bounds on ergodic integrals (A = 0), follows from Theorem 1.4
for functions of zero average. The corollary is therefore proved. ]

_l’_
|27 Ak L2(M)

9. Spectral dimension and effective weak mixing

The content of this section is standard. We reproduce it here for the convenience of the
reader. We recall that for any measure o on R we can defined the lower and upper lower
local dimension, d (1) and d (1), at A € R, as follows:

d,0) = lim loga([)&—r,/\+r]),

logr
logo([A —r,A +r])
logr '

r—>0t

do(d) = Tm, o+

Let o7 denote the spectral measure of a function f € L*(M, u) for a flow (¢r) which
preserves the probability measure & on M. The measure oy is a complex measure on R
of finite total mass equal to || f||?. Let d £(A) and Ef (4) denote the lower and upper local
dimensions of the measure oy at 1 € R.

Lemma 9.1. Let us assume that given A € R and a function f € L*>(M, i) there exist
constants Cy(A) > 0and 0 < a_ < oy < 1 such that, forall T > To > 0,
T
/ e—2nl/\tf ° ¢t dt
0

Cr) 1Tl < <CrM)T.

L2(M,u)




G. Forni 4270

Then there exist constants Cf' (A) and ro > 0 such that for all r € (0, rg) we have

204
C}(/\)_lr = <gr([A—r, A +71]) <8Cr(A)r*-.

In particular, we derive

— 20[+
20 <d;(A) <dr(d) < .
a- <ds(A) < f()_l—a+

Proof. By spectral theory we have

T 2 T 2
H/ e—anktf O¢[(')dl — ‘/ e—z:rz()k—é)z dt
0 L2(M,1) 0 L2(R,doy (£))

e—27n()t—§‘)'.7' -1 2 p ©.1)

- | S| 2r® '

5 e—2m(A=6T _ 1|2

=7 — | d .

fR ma—p7 | 1r®
Let y : R — R™ denote the function
—2mix _ | 2

x(x) = '

2mix

Let ¢ > 0 be the strictly positive constant defined as

c:= min y(x)>
xel-$.3]

SR

It follows that

2
CTzo'f([)L —

’

L2(M, 1)

1 T
At ] < f M f o g, di
27 o

27
which is equivalent to the estimate

2

1
37
or([A—r,A+7r]) < 4712 / e 72T £ o b, dit
0

L2(M, 1)

Under the hypothesis we have
of (A —r. A +7]) <4c' Cr)r2r207) = 4e71Cr (Mr?*-.

For the lower bound we write

e—2m(/l—§)7 1 2 e—2m()t—§‘)’f' -1 2
I = —\ d
fR G —o7 | 4@ [M_,;f, i —g7 | 4r®
e—2m(/l—§‘)’]' —1 2 J
+/ — | do .
A—glzr| 271 (A —§)T 7®
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We have the following bounds: there exists C > 0 such that

/A—sm

2

e—2m(/1—§)7 -1
dog(§) < Cop([A—r, A +r]),

mG-HT
e 2mGOT _ |2 clsI?
/ 2—(~ d(ff(g:) =2
pegizr | 2m1(A = £)7 i

hence we derive the lower bound

-1

2 2
Gf([)t—r,)t—i—r])z(;— 1£1

2G°2
L

2

T
/ e—anltf O¢t dt
0

Finally, under the assumption that we have a lower bound

T
/0 e—27tl/ltf ° ¢t dt > Cf(k)—lgvl—a+,

L2(M 1)

we derive that there exists C ]5 (A) > 0 such that

A1

r2q2

af(A=rd+r]) = CLAT 24+ —

2| £

then, by taking T = (W

1
) 1=%+ | there exists a constant C ;a) > ( such that

20{+
or(A—r,A+r]) > C;a)r T—ay n

Lemma 9.2. Let us assume that given A € R and a function f € L*>(M, i) there exist
constants Cy(A) > 0,79 > 0and 0 < B_ < B4 < 1 such that, for all 0 <r < ry,

CrM) P+ <or(A—r A +71]) < Cr(A)r?b-.

Then there exist constants C f’ (A) and Ty > 0 such that for all T > Ty > e we have

CrW)IT R <

T
/ e—anltf ° ¢t dt
0 L2(M,11)

< C; () max{T "~ (log 7) 2.

Proof. For fixed A € R and 7 > 0 and for all n € N we let I,,(A) C R denote the set
defined as follows:
I ={§eR|T[E -2l <2"7%).

By formula (9.1), we then write (for m > 1 to be chosen later)

T — 2 ) e—Zm(/l—S)T -1 2
e 2R £ 6 ¢ dt 57/ | dos(®
/0 “ranw Il 27i(A —§)7 /
m —2mi(A—6)T __ 112
e 1
+77? / —— 5 | o5
; L | 2mi(h—£)T 4

+ 72272025 (R \ Iy).
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Let us denote below by C, Cr (1), C (1) positive constants, independent of 7 € R, but
possibly dependent on the function f € L2(M, ) or on the phase constant A € R, which
may vary from line to line throughout the argument.

Since there exists a (universal) constant C > 0 such that

Cl<|l—mMm
| 2m(A=86)T
it follows by the assumptions that there exists a constant C¢(4) > 0 such that

Cro)TI T2 < /

Io

e—Zm(A—S)T -1
‘ <C forall £ € I,

2

—2m1(A—8)T _ 1
: doy () < Cr ()T 2~

2m(A—E)T
Then from the hypothesis and the inequality
e 2mi(A 6T _ 2—(n=3)
2 —6)T ‘ =
it follows that there exist constant Cr (1), C JL (A) > 0 such that

e 2m(A=T _ 12 52(-3) /o2 25
o —ne | ¢ <Cr(M)Z——
/In\ln_l 2mi(A — E)T o) =G H—r; ( = )
W

B 16/3—
It then follows that whenever S_ < 1 there exists a constant C ;ﬁ _)(/\) > 0 such that, for
all T > Jp, we have

+o00
n=1 /In\ln—l

hence the argument is completed in this case. For _ = 1 we have

oy

n\In 1

log T
log2

forallé & 1,4,

G —2B— n—(2=28-)n

2

e—2m()n—§)7 -1 3
doy(§) < ¢ T2,

2mi(A —€)T

e~ 2m(A=5T _ 2

2mi(A —6)T ’

hence, by taking m = [

)

thereby completing the argument in all cases. ]

] we derive that

2

—2nl(A—§“)7 _
dog(§) + 272 2| f> < CH(MT *log T

2mi(A —&)T

In\Ip—

We conclude the section with a general lemma on effective weak mixing.
Lemma 9.3. Let ¢r be a flow on a probability space (M, i) and let f € L>(M, ). Let
us assume that there exists o, § > 0 such that there exists a constant I( ) > 1 such that,
forall A € R and for all T > 1, we have

T
[ e oaar < 1(IAPTIe
0

L2(M, 1)
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[ oo

Then there exist constants &' := o' («, B) > 0 and C > 0 such that the following effective
weak mixing bound holds. For all g € L*>(M, i) and for T > 1 we have

and

<I(f)T'e.
L2(M 1)

1 (7 o
J:/O (f 0 e 8) 2l dt < CI(f)”f”Lz(M,p,)”g”iz(M’u)/ >

Proof. Let o7, denote the spectral measure of the pair f,g € L*(M, jt). By defini-
tion, the measure o7, is the Fourier transform of the absolutely continuous measure
(f o ¢y, g)dt. By properties of the Fourier transform, we can write

T 5 -
/ 10 o br. )| dz=/X[o,¢1<fo¢t,g><fo¢,,g>dr
0 R

T
- [ ( [ s on dz) dG75(0)
R 0

Let n > 0 such that 87 < «. Since by the Holder inequality

T T
| e o pgar] < gl [ @74 f 0t ,
0 0 L2(M,1)
it follows that, for |A| > T ~7, we have
T
[ ( [ s o0 dr) di74(0)
[Al=T—"\Jo
< 1T f a0 18 122010
Finally, we claim that we have
T e 1 —
o (=TT < BINOI2 gl L2aa, T " 0.2)
In fact, by the hypothesis that
T
H | fogd < 1T,
0 L2(M,u)

and by Lemma 9.1 (with A = 0 and r = 7~"), we derive the bound
of (~T 71T ) < 8I(f)T 2%,
then the claim follows from the general inequalities for spectral measures:
L1 1
org <070¢ = lIgllL2ar,07 -

By the bound in formula (9.2) we then conclude that

T
[ (/ ezmlt<fo¢t’g>d[) d(}f,g(l)
IAl<T—7 \Jo
1 g 11—
< BIOV 1 f 211 2gar 0 T

The statement of the lemma follows. [
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