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Abstract. We introduce a twisted cohomology cocycle over the Teichmüller flow and prove a
“spectral gap” for its Lyapunov spectrum with respect to the Masur–Veech measures. We then derive
Hölder estimates on spectral measures and bounds on the speed of weak mixing for almost all trans-
lation flows in every stratum of Abelian differentials on Riemann surfaces, as well as bounds on the
deviation of ergodic averages for product translation flows on the product of a translation surface
with a circle.
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1. Introduction

Every holomorphic Abelian differential h on a Riemann surface M induces a translation
structure on the surfaceM , that is, an equivalence class of atlases onM n ¹h D 0º whose
changes of coordinates are given by translations on R2.

It follows that the horizontal and vertical directions, as well as all directions, are well
defined on the translation surface .M; h/ and we can consider horizontal, vertical, or in
general directional flows with normalized unit speed.

Such translation flows are only defined on the complement of finitely many 1-dimen-
sional immersed sub-manifolds given by all trajectories which end up in the finite set
†h D ¹h D 0º either forward or backward. However, since their domain of definitions
has full area the ergodic theory of translation flows makes perfect sense and has been
well-studied.

We state below the main results in the ergodic theory of translation flows.
Let H .�/ denote the stratum of the moduli space of Abelian differentials of unit total

area with zeros of multiplicities � WD .k1; : : : ; k� / with
P�
iD1 ki D 2g � 2. There exists

a natural action of the group SL.2;R/ on H .�/ given by post-composition of translation
charts with elements of the group (as linear maps on R2).
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Each stratum H .�/ is endowed with a unique absolutely continuous SL.2;R/-invar-
iant probability measure �� , called a Masur–Veech measure. Since Masur–Veech mea-
sure are SL.2;R/-invariant, hence rotation invariant, results for translation flows, for the
“typical” Abelian differential (with respect to a Masur–Veech measure), in the “typical”
direction (with respect to the Lebesgue measure on the circle) can equivalently be stated
for the horizontal (or the vertical) translation flow alone.

The following foundational theorem was proved independently by H. Masur [32] and
W. Veech [38].

Theorem 1.1 ([32, 38]). For almost all Abelian differential h 2 H .�/ with respect to
the Masur–Veech measure, the horizontal translation flow is uniquely ergodic, hence the
directional translation flow in almost all directions � 2 T with respect to the Lebesgue
measure is also uniquely ergodic.

The above unique-ergodicity theorem was later refined by S. Kerckhoff, H. Masur and
J. Smillie in [28]:

Theorem 1.2 ([28]). For all h 2 H .�/, the directional translation flow is uniquely ergo-
dic in almost all directions � 2 T with respect to the Lebesgue measure. In particular,
for almost all h 2 H .�/ with respect to any SL.2;R/-invariant probability measure, the
horizontal translation flow is uniquely ergodic.

It is known since the work of A. Katok [26] that interval exchange transformations
(IET’s) and translation flows are never mixing. However, it was conjectured that the typ-
ical IET and translation flow are weakly mixing. After partial results of several authors
(see [27], [39], [25], [35], [31]), the conjecture was proved by A. Avila and the author:

Theorem 1.3 ([4]). For almost all Abelian differential h 2 H .�/, a stratum of higher
genus surfaces, with respect to the Masur–Veech measure �� on H .�/, the horizontal
translation flow is weakly mixing.

As a consequence of this theorem and of the above-mentioned result of A. Katok,
typical IET’s and translation flows are perhaps the simplest natural example of weakly
mixing dynamical systems which are not mixing (the first examples, starting with the
Chacon map [12], were constructed by cutting-and-stacking). These examples are perhaps
not surprising in view of the Halmos-Rokhlin Theorem which asserts that (with respect
to the weak topology) weak mixing is a generic property, while mixing is meager.

An effective version of Kerckhoff–Masur–Smillie unique ergodicity theorem, estab-
lishing a polynomial (power-law) speed of convergence of ergodic averages, was later
proved by J. Athreya and the author.

For every holomorphic Abelian differential h on M , let .��t / denote the directional
translation flow onM in the direction � 2 T , that is, the horizontal translation flow of the
Abelian differential e2�{�h. Let !h denote the area-form of the translation surface .M; h/,
which is invariant under all translation flows .��t / on .M; h/.
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LetH 1.M/ denote the Sobolev space of square-integrable functions with square-inte-
grable weak first derivative of the compact surface M , and for any function f 2 H 1.M/

let jf j1 denote its Sobolev norm in the space H 1.M/.

Theorem 1.4. [2] There exists a real number ˛� > 0 and, for all h 2 H .�/, there is
a measurable function Ch W T ! RC such that for Lebesgue almost all � 2 T , for all
functions f 2 H 1.M/ and for all .x; T / 2M �RC, we haveˇ̌̌̌Z T

0

f ı ��t .x/ dt � T

Z
M

f d!h

ˇ̌̌̌
� Ch.�/jf j1T

1�˛� :

A more complete picture of the finer behavior of ergodic integrals for almost all trans-
lation flows, which include lower bounds of the ergodic integrals along subsequences of
times for almost all x 2M was proposed conjecturally in the work of A. Zorich and
M. Kontsevich [43], [30]. A proof of a substantial part of the Kontsevich–Zorich conjec-
tures was given by the author in [18], and later completed by the result of A. Avila and
M. Viana [6] who proved the simplicity of the Kontsevich–Zorich spectrum.

In this paper we prove effective unique ergodicity results for typical product trans-
lation flows on the product translation 3-manifold M � T , analogous to the above men-
tioned result by Athreya and the author. It is a standard result of ergodic theory that the
ergodicity of a product of ergodic flows follows from the weak mixing property of one of
the factors. (See for instance [36, Theorem 6.1].)

Let ˆS;�t denote the flow �St �R
�
t on M � T , product of the translation flow .�St /

and of the linear flow with speed � 2 R n ¹0º on T , which is generated by the vector field
S C � @

@�
on M � T .

We recall that, by basic ergodic theory, the product flow ˆ
S;�
t is ergodic whenever

the flow �St is weakly mixing [36, Theorem 6.1]. The latter property holds for almost all
holomorphic differential h in any stratum of the moduli space by the result of A. Avila and
the author [4]. In fact, it is proved in [4], by a “linear elimination” argument and by a weak
mixing criterion of Veech [39], that the set of holomorphic differentials with non-weakly
mixing horizontal translation flows has Hausdorff codimension (at least) g � 1 in every
stratum of translation surfaces of genus g � 2. A well-known argument by Furstenberg
implies that every ergodic product flow ˆ

S;�
t such that �St is uniquely ergodic is also

uniquely ergodic.
Our goal is to prove the following results. For any s > 0, let H s.T ;H 1.M// denote

the Sobolev space of square-integrable functions with square integrable first derivatives
in the directions tangent to M and square-integrable derivatives up to order s > 0 in the
circle direction.

Theorem 1.5. There exists a real number ˛00� > 0 and, for almost all Abelian differentials
h 2 H .�/ with respect to the Masur–Veech measure and for all � 2 R n ¹0º, there exists
a constant C�.h/ > 0 such that, for all functions F 2 H s.T ;H 1.M//, with s > s� (for
some s� > 1), and for all .x; �; T / 2M � T �RC, we haveˇ̌̌̌Z T

0

F ıˆ
S;�
t .x; �/ dt � T

Z
M�T

F d!h d�

ˇ̌̌̌
� C�.h/kF kH s.T ;H1.M//T

1�˛00� :
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Remark 1.6. It follows from the argument that the exponent power saving ˛00� in Theo-
rem 1.5 can be taken to be the minimum of the exponent power savings ˛� of Theorem 1.4
and ˛0� of Theorem 1.8 below.

Remark 1.7. The higher differentiability assumption in the above Theorem 1.5, as well
as in Corollary 1.11 below, follows from the fact that the proofs of these results require
better estimates, with respect to the phase parameter � 2 R, than those of Theorem 8.3
below. These sharper bounds are derived from those of Theorem 8.3 by sufficiently many
integration by parts (with respect to time) to counter the possible polynomial blow up
of the constant with respect to the phase parameter. As a consequence, the differentia-
bility threshold s� > 1 is at least as large as the difference N� � ˇ� of the constants of
Theorem 8.3 (see Section 8 for details).

A. Bufetov and B. Solomyak [9] have derived from uniform estimates on twisted
ergodic integrals for suspension flows over substitution systems (or a self-similar trans-
lation flow) an interesting result on the speed of ergodicity for ergodic flows which are
product of such a flow with a general ergodic flow. Their result is a generalization of
the above theorem (since the twisted flow is defined as a product with a rotation flow on
a circle). We do not know whether it is possible to generalize their result to almost all
translation flows, or equivalently, our result above to general ergodic transformations.

The above theorem is derived from the following effective result on twisted ergodic
integrals for translation flows:

Theorem 1.8. There exist real numbers ˛0� > 0, ˇ� > 0 and N� > 0 and, for almost all
Abelian differentials h 2 H .�/ with respect to the Masur–Veech measure, there exists
a constant C�.h/ > 0 such that, for all � 2 R n ¹0º, for all zero average functions f 2
H 1.M/ and for all .x; T / 2M �RC, we haveˇ̌̌̌Z T

0

e2�{�tf ı �St .x/ dt

ˇ̌̌̌
� C�.h/

.1C �2/
N�
2

j�jˇ�
jf jH1.M/T

1�˛0� :

We remark that Theorem 1.5 and Theorem 1.8 are in fact almost equivalent. In Theo-
rem 1.8 we have additional control on the twisted integral for small frequencies, which
is important in the proof of the effective weak mixing result stated below. In the paper
we prove Theorem 1.8 and derive Theorem 1.5 from it. In case of self-similar translation
flows (related to substitutions) and for the Masur–Veech measures on the strata H .2/ and
H .1; 1/ in genus 2 this result has been proved by A. Bufetov and B. Solomyak [7, 8, 10].
After our paper was completed,1 Bufetov and Solomyak [11] were able to extend their
symbolic approach, based on a twisted version of the Rauzy–Veech cocycle, to all genera
(and to all SL.2;R/-invariant orbifolds of rank higher than one), drawing in part on our
refinement of the key “linear elimination” argument of [4], Appendix A.

A similar result on twisted integrals of horocycle flows was proved by L. Flaminio, the
author and J. Tanis [15], improving on earlier result by A. Venkatesh [40] and J. Tanis and

1A complete draft of the present paper was sent by the author to B. Solomyak on May 22, 2019.



Twisted translation flows and effective weak mixing 4229

P. Vishe [37]. Twisted ergodic integrals of nilflows are ergodic integrals of product nil-
flows, hence they are covered by results on deviation of ergodic averages of nilflows. The
Heisenberg (and the general step 2) nilflow case are better understood, by renormalization
methods (see for instance [14]), while the higher step case is not renormalizable, hence
harder (see for instance [24], [16]). We remark that the nilpotency class is unchanged by
taking the product of a nilmanifold with a circle.

Theorem 1.8 is related to Hölder estimates on spectral measures. In particular we
derive the following result.

Corollary 1.9. There exist real numbers ˛0� > 0, ˇ� > 0 and N� > 0 and, for almost
all Abelian differentials h 2 H .�/ with respect to the Masur–Veech measure, there exists
a constantCh > 0 such that the spectral measure �f of any function f 2 H 1.M/ satisfies
the bound

�f .Œ� � r; �C r�/ � Ch
.1C j�j/N�

j�jˇ�
jf jH1.M/r

2˛0� for all � 2 R and r > 0:

In particular, the lower local dimension df .�/ of the spectral measure �f satisfies the
inequality

df .�/ WD lim
r!0C

log �f .Œ� � r; �C r�/
log r

� 2˛0� for all � 2 R:

Remark 1.10. The positive exponents ˛0� , ˇ� and N� of Corollary 1.9 are indeed the
same as the exponents of Theorem 1.8 above.

Finally, uniform Hölder estimates on spectral measures are known to imply power-law
quantitative weak mixing estimates (see for instance [29], Corollary 3.8). However we do
not know a priori whether uniform Hölder estimates on spectral measures hold for almost
all translation flows.

We are nevertheless able to derive the following effective weak mixing result directly
from the bounds on twisted integrals of Theorem 1.8.

Corollary 1.11. There exist a real number ˛000� > 0 and, for almost all Abelian differen-
tials h 2 H .�/ with respect to the Masur–Veech measure, there exists a constant Ch > 0
such that, for any zero-average functions f 2 H s.M/ with s > s0� (for some s0� > 1) and
g 2 L2

h
.M/, and for all T > 0, we have

1

T

Z T

0

jhf ı �St ; giL2
h
.M/j

2 dt � Chjf j
2
H s.M/jgj

2

L2
h
.M/

T �˛
000
� :

From the effective weak mixing result, we can then derive a posteriori uniform esti-
mates on twisted ergodic integrals of sufficiently differentiable functions (stated below in
Corollary 1.12), which in turn imply uniform Hölder estimates on spectral measures, fol-
lowing a suggestion of O. Khalil. In fact, by following a general argument of A. Venkatesh
(see Lemma 3.1 in [40]), for sufficiently smooth functions it is possible to upgrade the
upper bound on twisted ergodic integrals of Theorem 1.8 to an upper bound uniform with
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respect to the phase constant � 2 R, as a consequence of the effective ergodicity result
of Theorem 1.4 and the effective weak mixing result of Corollary 1.11. We can therefore
state (without proof) the following result:

Corollary 1.12. There exist a real number ˛.iv/� > 0 and, for almost all Abelian dif-
ferentials h 2 H .�/ with respect to the Masur–Veech measure, there exists a constant
C�.h/ > 0 such that, for all � 2 R n ¹0º, for all zero-average functions f 2 H s.M/ with
s > s� (for some s� > 1) and for all .x; T / 2M �RC, we haveˇ̌̌̌Z T

0

e2�{�tf ı �St .x/ dt

ˇ̌̌̌
� C�.h/jf jH s.M/T

1�˛
.iv/
� :

Remark 1.13. It is not difficult to extend all of the above results to almost everywhere
statements with respect to absolutely continuous SL.2;R/-invariant measures on any
SL.2;R/-invariant orbifold M of rank at least 2. In fact, the “linear elimination” argument
of Section 6, which is a strengthened version of the argument given in [4, Appendix], is
based on the condition that the restriction of the Kontsevich–Zorich cocycle to the pro-
jection p.TM/ of the tangent space TM has at least two strictly positive exponents. It is
known from the work of S. Filip (see [13, Corollary 1.3]) that in fact all the Kontsevich–
Zorich exponents on p.TM/ are non-zero (this conclusion can also be derived from the
cylinder deformation theorem of A. Wright (see [42, Theorem 1.10]) and the criterion
of [19]). Since the (cylinder) rank r of M is by definition (see [42, Definition 1.11]) equal
to half of the complex dimension of p.TM/ the conclusion follows. In particular, the
Hausdorff dimension bound of Lemma 6.4 holds for any sub-orbifold M with the genus
g � 2 replaced by the rank r � 1, and for rank at least 2 it follows that the results hold
almost everywhere on M since we have r C 1 < 2r D dimC.TM/.

The paper is organized as follows.
We recall definitions and basic facts about translation surfaces and flows in Section 2.

In Section 3 we establish relations between twisted integrals of translation flows and
ergodic integrals of the twisted flow on the product 3-dimensional translation manifold,
and we describe them in terms of 1-dimensional (closed) currents. In Section 4 we intro-
duce the twisted cohomology space and the twisted cocycle over the Teichmüller flow,
which is in fact a cocycle over the toral quotient of the Kontsevich–Zorich cocycle.

The core of our approach comes in Section 5, where we prove a first variation formula
for the Hodge norm of the twisted cocycle. In Section 6 we prove a result about a gener-
alized weak stable space of the toral Kontsevich–Zorich cocycle, inspired by the “linear
elimination” argument of [4].

Finally, in Section 8 we prove all the main results and corollaries stated above in
this Introduction (with the only exception of Corollary 1.12 whose proof we leave to
the reader). Rather standard facts on the relations between bounds on twisted ergodic
integrals, local dimension of spectral measures and effective weak mixing are postponed
to Section 9 at the end of the paper.
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2. Translation surfaces and flows

Let †h WD ¹p1; : : : ; p�º �Mh be the set of zeros of the holomorphic Abelian differen-
tial h on a Riemann surface M of orders .k1; : : : ; k� / 2 .N n ¹0º/� respectively with

k1 C � � � C k� D 2g � 2:

Let Rh WD jhj be the flat metric with cone singularities at †h induced by the Abelian
differential h on M and let !h denote its area form. With respect to a holomorphic
local coordinate z D x C {y at a regular point, the Abelian differential h has the form
h D �.z/dz, where � is a locally defined holomorphic function, and, consequently,

Rh D j�.z/j.dx
2
C dy2/

1
2 ; !h D j�.z/j

2 dx ^ dy:

The metricRh is flat, degenerate at the finite set†h of zeros of h and has trivial holonomy,
hence h induces on M the structure of a translation surface.

The weighted L2 space is the standard space L2
h
.M/ WD L2.M;!h/ with respect to

the area element !h of the metric Rh. Hence the weighted L2 norm j � j0 (the dependence
on the Abelian differential is suppressed in the notation) is induced by the hermitian
product h � ; � ih defined as follows: for all functions u,v 2 L2

h
.M/,

hu; vih WD

Z
M

u Nv !h:

Let FIm.h/ be the horizontal foliation, and let FRe.h/ be the vertical foliation for the
holomorphic Abelian differential h on M . The foliations FIm.h/ and FRe.h/ are mea-
sured foliations (in the sense of Thurston): FIm.h/ is the foliation given by the equation
Im.h/ D 0 endowed with the invariant transverse measure jIm.h/j, FRe.h/ is the foliation
given by the equation Re.h/ D 0 endowed with the invariant transverse measure jRe.h/j.
Since the metric Rh is flat with trivial holonomy, there exist commuting vector fields Sh
and Th on M n†h such that

(1) The frame ¹Sh; Thº is a parallel orthonormal frame with respect to the metric Rh for
the restriction of the tangent bundle TM to the complement M n†h of the set of
cone points.

(2) The vector field Sh is tangent to the horizontal foliation FIm.h/, the vector field Th is
tangent to the vertical foliation FRe.h/ on M n†h (see [17, 20]).

In the following we will often drop the dependence of the vector fields Sh, Th on the
Abelian differential in order to simplify the notation. The symbols LS , LT denote the
Lie derivatives, and {S , {T the contraction operators with respect to the vector fields S , T
on M n†h. We have:

(1) LS!h D LT!h D 0 on M n†h , that is, the area form !h is invariant with respect
to the flows generated by S and T .

(2) {S!h D Im.h/ and {T!h D �Re.h/, hence the 1-forms �S WD {S!h, �T WD �{T!h
are smooth and closed on M and !h D �T ^ �S .
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It follows from the area-preserving property (1) that the vector fields S , T are anti-
symmetric as densely defined operators on L2

h
.M/, that is, for all u; v 2 C10 .M n†h/

(see [17, (2.5)]),

hSu; vih D �hu; Svih; respectively hT u; vih D �hu; T vih:

In fact, by Nelson’s criterion [34, Lemma 3.10], the anti-symmetric operators S , T are
essentially skew-adjoint on the Hilbert space L2

h
.M/.

The weighted Sobolev norms j � jk , with integer exponent k > 0, are the euclidean
norms, introduced in [17], induced by the hermitian product defined as follows: for all
functions u, v 2 L2

h
.M/,

hu; vik WD
1

2

X
iCj�k

hS iT ju; S iT j vih C hT
iSju; T iSj vih:

The weighted Sobolev norms j � j�k , with integer exponent �k < 0 are defined to be the
dual norms of the norms j � jk on the maximal common invariant domain

H1h .M/ WD
\
i;j2N

Dom. NS i NT j / \ Dom. NT i NSj /

of the closures NS , NT of the essentially skew-adjoint operators S , T on L2
h
.M/.

The weighted Sobolev space H k
h
.M/, with integer exponent k 2 Z, is the Hilbert

space obtained as the completion with respect to the norm j � jk of the space H1
h
.M/

endowed with the norm j � jk . The weighted Sobolev space H�k
h
.M/ is isomorphic to the

dual space of the Hilbert space H k
h
.M/, for all k 2 Z.

The weighted Sobolev norms can be extended to differential forms as follows. Let
�1H1

h
.M/ denote the space of 1-forms

�1H1h .M/ WD ¹˛T �T C ˛S�S j .˛T ; ˛S / 2 H
1
h .M/2º:

Since the space �1H1
h
.M/ is by definition identified with the square H1

h
.M/2, it is

possible to define, for all k 2 N, the Sobolev norms j � jk on �1H1
h
.M/ as follows: for

all ˛ D ˛T �T C ˛S�S 2 �1H1h .M/ we let

j˛jk D
�
j˛T j

2
k C j˛S j

2
k

� 1
2 :

The weighted Sobolev space �1H k
h
.M/, with integer exponent k 2 N, is the Hilbert

space obtained as the completion with respect to the norm j � jk of the space �1H1
h
.M/

endowed with the norm j � jk .
The weighted Sobolev space �1H�k

h
.M/, with negative integer exponent �k, is the

Hilbert space obtained as the completion with respect to the norm j � j�k of the space
�1H1

h
.M/ endowed with the norm j � j�k . Since M has dimension 2, it is isomorphic to

the space of currents of degree 1 (and dimension 1) dual to the Hilbert space �1H k
h
.M/

of 1-forms.
The weighted Sobolev space�2H k

h
.M/, with integer exponent k 2 N, of differential

2-forms is defined by identification of the Sobolev space of functions H k
h
.M/ with the
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space of 2-forms given by multiplication times the area form !h. The weighted Sobolev
space�2H�k

h
.M/, with negative exponent �k, is defined as the dual of the Hilbert space

�2H k
h
.M/. It is a space of currents of degree 0 and dimension 2.

Finally, the weighted Sobolev spaces ��H s
h
.M/ of differential forms, with arbitrary

real exponent s > 0, can be defined by interpolation, and the weighted Sobolev space
��H�s

h
.M/, with negative real exponent �s, is defined as the dual Hilbert space of the

space ��H s
h
.M/. It is by definition a space of currents.

We recall below some basic results of analysis on translation (flat) surfaces which will
be relevant in the following.

Let H s.M/, s 2 R, denote a family of standard Sobolev spaces on the compact
manifold M (defined with respect to a Riemannian metric).

Lemma 2.1 ([20, Lemma 2.11]). For any Abelian differential h 2 H .�/, the following
continuous embedding and isomorphisms of Banach spaces hold:

(1) H s.M/ � H s
h
.M/ for 0 � s < 1,

(2) H s.M/ � H s
h
.M/ for s D 1,

(3) H s
h
.M/ � H s.M/ for s > 1.

For s 2 Œ0; 1�, the spaceH s.M/ is dense inH s
h
.M/ and, for s > 1, the closure ofH s

h
.M/

in H s.M/ has finite codimension.

Notation. In the following the symbols C?, C 0? or C.?/ will denote positive constants
generally independent of the Abelian differential and depending on the quantities ?.

For any Abelian differential h 2 H .�/, let ı.h/ denote the length of the shortest saddle
connection on the translation surface .M; h/.

Lemma 2.2 (Sobolev embedding theorem). For any s > 1 there exists a constant Cs > 0
such that the following holds. For any stratum H .�/, for any Abelian differential h 2H .�/

and for any function u 2 H s
h
.M/, we have

max
x2M
ju.x/j �

Cs

ı.h/
jujH s

h
.M/:

Proof. It is proved in [20, Lemma 2.11] that for s > 1 the weighted Sobolev spaceH s
h
.M/

embeds into the standard Sobolev space H s.M/ of the compact surface M (defined by
local charts or by any given Riemannian metric). It follows by the Sobolev embedding
theorem (see for instance [1, Theorem 5.4]) that H s

h
.M/ embeds into the space C 0.M/

of continuous functions on M endowed with the uniform norm. It remains to analyze the
dependence of the norm of the embedding on the Abelian differential h 2 H .�/.

For any x 2M , there exists an embedded open flat rectangle R.x/ �Mh with edges
of length at least ı.h/=4 such that x 2 R.x/. The Sobolev embedding theorem for an
arbitrary flat rectangle can be derived by scaling of the variables from the result in the case
of a unit square or by Fourier series expansion: let Ra;b D Œ0; a� � Œ0; b� denote a closed
flat rectangle with edges of length a; b 2 .0; 1/, and for all s 2 R let H s.Ra;b/ denote
the Sobolev space of the domain Ra;b . For any s > 1, there exists a constant C 0s > 0 such
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that, for any function u 2 H s.Ra;b/, we have

max
x2Ra;b

ju.x/j �
C 0s

.ab/
1
2

jujH s.Ra;b/:

The result follows by applying the above statement to the embedded flat rectangle R.x/
whose edges have by construction length a; b � ı.h/=4.

Lemma 2.3 (Sobolev trace theorem). For any stratum H .�/ and any s > 1
2

there exists
a constant C�;s > 0 such that the following holds. For any Abelian differential h 2 H .�/,
any regular geodesic segment  �M of finite Rh-length Lh./ defines by integration
a current of degree 1 (and dimension 1)  2 �1H�s

h
.M/ such that

j j�1H�s
h
.M/ � C�;s

�
1C

Lh./

ı.h/

�
:

Proof. The result was proved in [18, Lemma 9.2] for the case of a horizontal or vertical
regular arc (and for s D 1). It can be generalized to any regular arc by rotation of the
Abelian differential (and to any s > 1

2
by following the argument and invoking the general

Sobolev trace theorem for rectangles).
We outline the argument below.
The regular arc  can be decomposed as union  D

SN
iD0 i of consecutive sub-arcs

such that the following properties hold:

(1) the length Lh.i / of the arcs i , with respect to the flat metric Rh induced by the
Abelian differential h, satisfy the bounds

ı.h/

3
� Lh.i / � 2

ı.h/

3
for all i 2 ¹1; : : : ; N � 1º;

Lh.0/; Lh.N / � 2
ı.h/

3
;

(2) the rectangle Ri D Œ0; Lh.i /� � .�
ı.h/
3
; ı.h/
3
/ � R2 embeds isometrically in the flat

surface .M n†h; Rh/, so that the arc Ni WD Œ0; Lh.i /� � ¹0º has image equal to
i �M , for all i 2 ¹0; : : : ; N º.

The statement then follows from the Sobolev trace theorem (in R2) applied to each arc
Ni � Ri � R2, for i 2 ¹0; : : : ; N º. Let

Ra;b WD ¹.x; y/ 2 R2 j 0 < x < a; �b < y < bº:

By a rescaling argument, that is, by reducing to the case of a D b D 1 by an affine change
of coordinates, and by the Sobolev trace theorem (see for instance [1, Theorem 5.4 (5)]),
for every s > 1

2
there exists a constant Ks > 0,ˇ̌̌̌Z a

0

f .x; 0/ dx

ˇ̌̌̌
� Ks

�
a

b

� 1
2

max¹a; b; 1ºsjf jH s.Ra;b/;

hence (by taking into account that the systole function is uniformly bounded above on
each stratum, see [33, Corollary 5.6]), there exists a constant C�;s > 0 such that

ji j�1H�s
h
.M/ � C�;s for all i 2 ¹0; : : : ; N º:
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The estimate in the statement then follows by taking into account the inequality

N � 1 �
3Lh./

ı.h/
;

which is an immediate consequence of the above lower bounds on the lengths of the
sub-arcs i for i 2 ¹1; : : : ; N � 1º.

3. Twisted Integrals

For every holomorphic Abelian differential h on M , let .�St / denote the horizontal direc-
tional translation flows on M , that is, a flow with generator a vector field S on M n†h.
We are interested in bounds on twisted ergodic integrals for the flow .�St /, that is, for all
� 2 R and for all f 2 H 1.M/, the integralsZ T

0

e2�{�tf ı �St .x/ dt for all T > 0:

These integrals can be viewed as ergodic integrals for a product flow as follows. LetˆS;�t
denote the (translation) flow with generator the vector field S� WD S C � @

@�
on M � T ,

that is, the product flow .�St / � .R
�
t / of the horizontal translation flow �St times the

linear flow .R�t / on T . There is an immediate Fourier decomposition of L2.M � T /
into eigenspaces of the circle action on M � T with generator ‚ WD @

@�
on T : for all

f 2 L2.M � T /,

f .x; �/ D
X
n2Z

Nfn.x/e
2�{n� with Nfn.x/ WD

Z
T
f .x; �/e�2�{n� d� 2 L2h.M/:

Let fn.x; �/ D Nfn.x/e
2�{n� . We haveZ T

0

fn ıˆ
S;�
t .x; �/ dt D e2�{n�

Z T

0

e2�{n�t Nfn ı �
S
t .x/ dt:

Ergodic integrals on M � T can be extended as linear functionals on 1-forms, that is, as
currents of dimension 1 and degree 2. Since any orbit can be decomposed as a union of
arcs which can then be closed by the addition of uniformly bounded (transverse) arcs, we
are especially interested in closed currents of degree 2.

For any vector bundle V over M � T , let E.M � T ; V / WD C1.M � T ; V / denote
the space of infinitely differentiable sections of V over M � T , and let E 0.M � T ; V /
denote the dual space of currents. Let �2.M � T / WD C1.M � T ;^2T �.M � T // be
the space of smooth 2-forms on M � T . Since T �.M � T / has a splitting

T �.M � T / D T �M ˚R d�

(with the natural identification of T �M and T �T D R d� to subspaces of T �.M � T /
via the canonical projectionsM � T !M andM � T ! T ), there exists a direct split-
ting of the space �2.M � T / and a dual splitting of the space �2.M � T /0 of currents
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of degree 2 (and dimension 1):

�2.M � T / D C1.M � T ; T �M/ ^ d� ˚ C1.M � T ;^2T �M/;

�2.M � T /0 � E 0.M � T ; T �M/˚ E 0.M � T ;^2T �M/:

As a consequence, any current C of degree 2 (and dimension 1) on M � T is of the
form

C D AC {‚B; (3.1)

with A 2 E 0.M � T ; T �M/ a current of degree 2 (and dimension 1), and B a current
of degree 3 (and dimension 0), a distribution, on M � T (the symbol {‚ denotes the
contraction operator on currents, with respect to the vector field ‚ on M � T ).

It is also possible to decompose any current on M � T into a sum of Fourier compo-
nents with respect to the circle action:

C D
X
n2Z

Cn D
X
n2Z

An C {‚Bn: (3.2)

Let dM denote the exterior derivative on currents on M .

Lemma 3.1. A current C of degree 2 (and dimension 1) on M � T is closed if and only
if dMA0 D 0 and, for all n 2 Z n ¹0º,

dMAn C 2�{nBn D 0:

Proof. By a straightforward calculation, for any closed current C on M � T we have

dC D
X
n2Z

dMAn CL‚Bn D
X
n2Z

dMAn C 2�{nBn D 0;

hence the statement follows by the orthogonality of the Fourier decomposition.

The 1-form ��T � d� has kernel the vector field S C �‚ D S C � @
@�

, hence the
current of integration along an orbit of the flowˆ

S;�
t (which is generated by S C �‚) has

zero wedge product with ��T � d� .
Let Kh;�.M � T / denote the space of all currents of degree 2 (and dimension 1)

which have zero wedge product with the 1-form ��T � d� .

Lemma 3.2. A current C D AC {‚B of degree 2 (and dimension 1) on M � T , as in
formula (3.1), belongs to the subspace Kh;�.M � T / of currents in the perpendicular of
the 1-form ��T � d� if and only if

C D A � �{‚.A ^ �T /:

Proof. Since C D AC {‚B we have

C ^ .��T � d�/ D �A ^ �T � {‚B ^ d� D 0 ” {‚B D ��{‚.A ^ �T /:

Finally, we have a characterization of the subspace of closed currents

ZKh;�.M � T / WD Z.M � T / \Kh;�.M � T / � Kh;�.M � T /:
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Lemma 3.3. A current C D
P
n2ZAn C {‚Bn, as in formula (3.2), belongs to the sub-

space ZKh;�.M � T / of closed currents in Kh;�.M � T / if and only if

dMAn C 2�{�n �T ^ An D 0 for all n 2 Z:

Proof. By Lemma 3.1 we have

dMAn C 2�{nBn D 0 for all n 2 Z;

and by Lemma 3.2

{‚B D ��{‚.A ^ �T / or, equivalently, B D ��.A ^ �T /;

hence for all n 2 Z we have Bn D ��.An ^ �T /, so that

dMAn � 2�{�n.An ^ �T / D dMAn C 2�{nBn D 0:

Bounds on currents in the subspace ZKh;�.M � T / are therefore reduced to bounds
on currents of degree 1 (and dimension 1) on the surfaceM , which are closed with respect
to the twisted exterior derivatives dh;�, defined as follows:

dh;�˛ WD dM˛ C 2�{��T ^ ˛ for all ˛ 2 �1.M/:

For any � 2 R and .x; �; T / 2M � T �R, we can define the current Ch;�.x; �; T /
of degree 2 (and dimension 1) on M � T as follows: for every 1-form Ǫ on M � T ,

Ch;�.x; �; T /. Ǫ / D

Z T

0

{S� Ǫ ıˆ
S;�
t .x; �/ dt (3.3)

(the symbol {S� in the above formula denotes the contraction operator on forms, with
respect to the vector field S� D S C �‚ on M � T ).

Since the current Ch;�.x; �; T / belongs to the subspace Kh;�.M � T / (that is, the
subspace of all currents of degree 2 and dimension 1 which have zero wedge product with
the 1-form ��T � d� ), by Lemma 3.2 there exists a current Ah;�.x; �; T / of degree 2
(and dimension 1) such that

Ch;�.x; �; T / D Ah;�.x; �; T / � �{‚.Ah;�.x; �; T / ^ �T /:

There exists a Fourier decomposition

Ah;�.x; �; T / D
X
n2Z

e�2�{n�A
.n/

h;�
.x; T /:

Lemma 3.4. For every n 2 N, the current A.n/
h;�
.x; T / is given, for all 1-forms ˛ on M ,

by the formula

A
.n/

h;�
.x; T /.˛/ D

Z T

0

e2�{�nt {S˛ ı �
S
t .x/ dt

Proof. For every 1-form ˛ on M , let ˛.n/ D e2�{n�˛. We have

A
.n/

h;�
.x; T /.˛/ D e�2�{n�A

.n/

h;�
.x; T /.˛.n//

D e�2�{n�Ch;�.x; �; T /.˛/ D

Z T

0

e2�{�nt {S˛ ı �
S
t .x/ dt:
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The analysis is therefore reduced to bounds on currents of degree 1 (and dimension 1)
on M of the form

Ah;�.x; T /.˛/ D

Z T

0

e2�{�t {S˛ ı �
S
t .x/ dt:

In fact, for any 1-form ˛ such that {S˛ 2 C is constant, we can readily compute

Ah;�.x; T /.˛/ D
e2�{�T � 1

2�{�
.{S˛/ D Ah;�.x; T /.�T /

Z
M

˛ ^ �S :

It follows that it is enough to prove bounds for currents of the form

A#
h;�.x; T / D Ah;�.x; T /C Ah;�.x; T /.�T /�S (3.4)

given for any 1-form ˛ 2 �1H 1.M/ by the formula

A#
h;�.x; T /.˛/ D

Z T

0

e2�{�t {S˛ ı �
S
t .x/ dt �

e2�{�T � 1

2�{�

Z
M

{S˛ !h:

We will estimate below the distance of such currents A#
h;�
.x; T / from the subspace of

dh;�-closed currents and prove that it is uniformly bounded (even as the phase parameter
� 2 R degenerates to zero). The argument will be based on a “twisted” version of the
Poincaré inequality, which we now state. Let ı.h/ denote, as above, the length of the
shortest saddle connection on the translation surface .M; h/.

Lemma 3.5 (Twisted Poincaré inequality). For every s > 1
2

and for every stratum H .�/

of Abelian differentials, there exists a constantC�;s > 0 such that, for every h 2 H .�/ and
for any � 2 R, we have the following a priori bounds. For every function u 2 H s

h
.M/,

we have

max
x2M
ju.x/j �

1

2�j�j
jdh;�uj�1L2

h
.M/ C

C�;s

ı.h/2
jdh;�uj�1H s

h
.M/;

and we also have

max
x2M

ˇ̌
u.x/ �

Z
M

u!h
ˇ̌
�
C�;s

ı.h/2
jdh;�uj�1H s

h
.M/:

Proof. Let x;y denote any regular geodesic segment on M for the flat metric Rh of the
Abelian differential, of length Lh.x;y/ > 0, possibly with endpoints at the set †h of
conical points, of endpoints x; y 2M , oriented from x to y. By integrating along the
path x;y , for any smooth function u on M we have

e2�{�Lh.x;y/u.y/ � u.x/ D

Z
x;y

dh;�u:

For any x; y 2M there exists a piece-wise regular minimizing geodesic with endpoints
at x; y, which is a union of at most card.†h/C 1 regular segments. Let dh.x; y/ denote
the distance of x; y 2M with respect to the flat metric Rh. By the Sobolev trace theorem
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(see Lemma 2.3), we then derive that, for any s > 1
2

, there exists a constant C�;s > 0 such
that ˇ̌

e2�{�dh.x;y/u.y/ � u.x/
ˇ̌
� C�;s

�
1C

dh.x; y/

ı.h/

�
jdh;�uj�1H s.M/:

By the definition of the twisted differential dh;� we also have

2�{�

Z
M

u!h D

Z
M

dh;�u ^ Im.h/; (3.5)

hence there exists xmin 2M such that

ju.xmin/j �
1

2�j�j
jdh;�uj�1L2

h
.M/:

As a consequence, since on each stratum there exists a constant C� > 1 such that

diam.M;Rh/ �
C�

ı.h/
;

we conclude that there exists a constant C 0�;s > 0 such that, for all x 2M , we have

ju.x/j �
ˇ̌
e2�{�dh.x;xmin/u.x/ � u.xmin/

ˇ̌
C ju.xmin/j

�
1

2�j�j
jdh;�uj�1L2

h
.M/ C

C 0�;s

ı.h/2
jdh;�uj�1H s.M/:

The first inequality in the statement is thus proved. The second inequality follows from
the first if there exists a constant c� > 0 such that j�j � c�ı.h/2.

We then consider the case when j�j � c�ı.h/2 for some constant c� > 0 to be fixed
below. For � D 0, by integration we haveˇ̌

u.y/ � u.x/
ˇ̌
D

ˇ̌̌̌ Z
x;y

du

ˇ̌̌̌
D

ˇ̌̌̌Z
x;y

dh;�u

ˇ̌̌̌
C 2�j�jLh.x;y/max

x2M
ju.x/j;

hence, under the hypothesis that
R
M
u!h D 0, we derive the estimate

max
x2M
ju.x/j �

C 0�;s

ı2.h/
jdh;�uj�1H s.M/ C

2�C�

ı.h/
j�jmax

x2M
ju.x/j:

Let c� > 0 be a constant such that 4�C�c�ı.h/ < 1 for all h 2 H .�/. Such a constant
exists since the systole function is bounded above on every stratum. For j�j � c�ı.h/2,
we then have 4�C� j�j < ı.h/, hence by bootstrap

max
x2M
ju.x/j �

2C 0�;s

ı2.h/
jdh;�uj�1H s.M/;

which concludes the argument in the case of zero average functions. For a general function
we have

max
x2M

ˇ̌
u.x/ �

Z
M

u!h
ˇ̌
�
2C 0�;s

ı2.h/

�
jdh;�uj�1H s.M/ C j2��

Z
M

u!hj

�
:

hence the estimate follows from the identity in formula (3.5).
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Let Z�1
h;�
.M/ denote the space of dh;�-closed 1-dimensional currents which belong

to the Sobolev space �1H�1
h
.M/ (that is, currents which are continuous functionals on

the space of 1-forms with coefficients in the Sobolev space H 1
h
.M/, with respect to the

product norm; see Section 2).

Lemma 3.6. There exists a constant C� > 0 (depending only on the stratum H .�/) such
that for any Abelian differential h 2 H .�/, for any � 2 R and .x; T / 2M �R, the cur-
rentA#

h;�
.x; T / 2 �1H�1

h
.M/ (defined in formula (3.4)) has uniformly bounded distance

from the closed subspace Z�1
h;�
.M/ of dh;�-closed 1-currents:

inf
Z2Z�1

h;�
.M/

ˇ̌
A#
h;�.x; T / �Z

ˇ̌
�1H�1

h
.M/
�

C�

ı.h/2
:

Proof. We give two arguments.

First argument. LetE1
h;�
.M/ be the closure in�1H 1

h
.M/ of the subspace dh;�ŒH 2

h
.M/�

of exact forms (in fact, it can be proved that the subspace dh;�ŒH 2
h
.M/� is closed in

�1H 1
h
.M/ since the exterior derivative is an elliptic operator). By Hilbert space theory

there exists an orthogonal decomposition

�1H 1
h .M/ D E1h;�.M/˚E1h;�.M/?:

Let C 2 �1H�1
h
.M/ be the current defined on E1

h;�
.M/ as

C.˛/ WD A#
h;�.x; T /.˛/ for all ˛ 2 E1h;�.M/;

extended so that the restriction C jE1
h;�
.M/? D 0. By definition we have that

dh;�C D dh;�A
#
h;�.x; T /;

hence the current Z WD C � A#
h;�
.x; T / is dh;�-closed. We finally estimate the Sobolev

norm of the current C 2 �1H�1
h
.M/. We claim that there exists a constant C� > 0 such

that
jC.˛/j �

C�

ı2.h/
j˛j�H1

h
.M/ for all ˛ 2 �H 1

h .M/:

For any u 2 H 2
h
.M/, let Nu WD u �

R
M
u!h. By a direct calculation we have

A#
h;�.x; T /.dh;�u/ D

Z T

0

e2�{�t .{Sdh;� Nu/ ı �
S
t .x/ dt

D

Z T

0

d

dt
.e2�{�t Nu ı �St .x// dt D e

2�{�T
Nu.�ST .x// � Nu.x/:

hence from the Poincaré inequality of Lemma 3.5 and from the definition of the currentC ,
it follows that

jC.dh;�u/j D
ˇ̌
A#
h;�.x; T /.dh;�u/

ˇ̌
�

C�

ı2.h/
jdh;�uj�H1

h
.M/ for all u 2 H 2

h .M/:

By continuity it follows that

jC.˛/j �
C�

ı2.h/
j˛j�H1

h
.M/ for all ˛ 2 E1h;�.M/;
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hence the claim follows, since C is extended as zero on E1
h;�
.M/?. The first argument is

thus completed.

Second argument. For all s; t � 0, let �1H s;t
h
.M � T / denote the Sobolev space of

1-forms endowed with the following Hilbert norm: for any 1-form ˛ D
P
n2Z e

2�{n�˛n
on M � T , let

k˛ks;t WD

�X
n2Z

.1C n2/t=2j˛nj
2
�1H s

h
.M/

� 1
2

and let �1H�s;�t
h

.M � T / denote the dual space.
Let Ch;�.x; T / be the current of integration, defined in formula (3.3), along an orbit

of the flow ˆ
S;�
t on M � T . It follows by the Sobolev trace theorem (see Lemma 2.3)

that the current Ch;�.x; T / 2 �1H
�s;�t
h

.M � T / for s; t > 1
2

.
By the definition of the current Ch;�.x; T / there exists a geodesic arc  inM � T , of

length bounded above by the diameter of M � T with respect to the flat product metric,
such that Ch;�.x; T /C  is a closed current on M � T . Let N denote the projection,
along the subspace Z

�s;�t
h

.M � T / of closed currents, of the current of integration along
the arc  on the closed subspace K�s;�t

h;�
.M � T /, defined as

K
�s;�t
h;�

.M � T / WD Kh;�.M � T / \�1H�s;�t
h

.M � T /:

The current N is given by the following formula:

N D  C .�T � �
�1 d�/�S :

In fact, the form �S is closed and by definition

N.��T � d�/ D 0; hence N 2 Kh;�.M � T /:

Since Ch;�.x; T / 2 K
�s;�t
h;�

.M � T / and Ch;�.x; T /C  is closed, it follows that

Ch;�.x; T /C N 2 ZKh;�.M � T /:

It then follows from the definitions that, on �1H 1
h
.M/ � �1H 1

h
.M � T /,

A#
h;�.x; T / D C

#
h;�.x; T / WD Ch;�.x; T /C Ch;�.x; T /.�T /�S :

We can now write
C #
h;�.x; T / D .Ch;�.x; T /C N/

#
� N#

and since the current .Ch;�.x; T /C N/# is closed, it is enough to prove a bound on the
current N#. By the definition of the current N we have

N#
D N C N.�T /�S D  C .�T /�S D 

#

and from Lemma 2.3 it follows that

inf
z2Z�1

h;�
.M/

jA#
h;�.x; T / � zj�1H�1

h
.M/ � j

#
j�H�1

h
.M/ � j j�1H�1

h
.M/:
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It follows from the Sobolev trace theorem (see Lemma 2.3) and from the bound on the
diameter of a translation surface in terms of the systolic length that

j j�H�1
h
.M/ �

C 0�
ı.h/

diam.M; h/ �
C�

ı2.h/
:

The second argument is therefore completed.

4. The twisted cocycle

For any smooth closed 1-form � on M , we introduce the twisted differential

d� WD d C 2�{� ^ ; (4.1)

which is a linear operator defined on the space ��.M/ of differential forms on M , and
maps the subspace�k.M/ of k-forms into the subspace�kC1.M/ of .k C 1/-forms, for
all k 2 N. The twisted differential dh;� introduced above corresponds to a special case:

dh;� D d� for � D �Re.h/:

The twisted differential d� W d C 2�{�^, introduced in formula (4.1), defines a connec-
tion on the trivial bundle M �C (see [41, Chapter II, Section 1]). It is flat since, for all
complex-valued form ˛ 2 ��.M/

d2�˛ D .d C 2�{�^/.d˛ C 2�{� ^ ˛/ D d
2˛ C 2�{d� ^ ˛ D 0:

By the above flatness condition the operators

d� W �
k.M/! �kC1.M/

define a complex, which is elliptic since the principal symbols of the twisted differentials
are the same as those of the standard exterior derivative elliptic complex (see [41, Chap-
ter IV, Section 2]). For k 2 ¹0; 1; 2º, we letH k

� .M;C/ be the corresponding cohomology,
which is called twisted cohomology. The twisted cohomologyH�� .M;C/ in the particular
case when � D �Re.h/ will be denoted by H�

h;�
.M;C/.

Lemma 4.1. The cohomology space H 0
� .M;C/ (which is isomorphic to H 2

� .M;C/ by
Poincaré duality) is non-trivial if and only if Œ�� 2 H 1.M;Z/ � H 1.M;R/ and in that
case it has complex dimension equal to 1.

Proof. Let us assume that there exists a non-zero function f 2 C1.M/ such that

d�f D df C 2�{�f D 0:

It follows from the above equation that the function f is constant along each leaf of the
measured foliation F� D ¹� D 0º, hence all the non-singular leaves of F� are compact.
We have

d.f Nf / D .df / Nf C .df /f D �2�{�f Nf C 2�{�f Nf D 0;
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hence there exists cf 2 C n ¹0º such that

f

cf
WM ! U.1/ D ¹z 2 C j jzj D 1º

and there exists a real-valued function � WM ! R=Z such that

f .x/ D cf exp
�
�2�{�.x/

�
for all x 2M:

By definition we have df D �2�{f d� , and since by assumption f 2 Z0�.M;C/, the
space of d�-closed 0-forms, that is, complex valued functions, and f .x/ 6D 0 for all
x 2M , it follows that d� D �. Since � WM ! R=Z, we conclude that � 2 H 1.M;Z/.

Conversely, let us assume that Œ�� 2 H 1.M;Z/. Given any point p 2M , the function

fp.x/ D exp
�
�2�{

Z x

p

�

�
for all x 2M;

is a well-defined, non-zero element of Z0�.M;C/ since

dfp D �2�{fp�:

In addition, given any g 2 Z0�.M;C/ we have

d. Nfpg/ D .dfp/g C Nfp.dg/ D 2�{ Nfpg� � 2�{ Nfpg� D 0;

hence Nfpg is a constant, which implies that H 0
� .M;C/ has dimension equal to 1.

As the complex is elliptic, after endowing the vector spaces �k.M/ of k-forms with
the Hodge L2 hermitian product associated to a holomorphic 1-form h on the Riemann
surface M , by standard Hodge theory it is possible to represent every cohomology class
by a twisted harmonic form. In fact, there exists a decomposition

d� D d
1;0
C 2�{�1;0 C d0;1 C 2�{�0;1

such that d1;0� WD d1;0 C 2�{�1;0 and d0;1� WD d0;1 C 2�{�0;1 are maps

d1;0� W �p;q.M/! �pC1;q.M/ and d0;1� W �p;q.M/! �p;qC1.M/;

so that by the Hodge–Dolbeault theory ([41, Chapter IV, Section 5])

H 1
� .M;C/ D H

1;0
� .M;C/˚H 0;1

� .M;C/:

Lemma 4.2. The twisted cohomology H 1
� .M;C/ only depends, up to Hodge unitary

equivalence, on the cohomology class Œ�� 2 H 1.M;R/ and in fact only on the equiva-
lence class ŒŒ��� 2 H 1.M;R/=H 1.M;Z/. The Hodge unitary equivalence is not unique
as it depends on the choice of a base point. A change of base point induces a unitary
automorphism of the twisted cohomology given by the multiplication times a constant of
unit modulus.

Proof. For any closed smooth 1-form �, letZ1�.M;C/ andB1� .M;C/ denote the kernel of
the twisted exterior differential d� W �1.M;C/! �2.M;C/ and the range of the twisted
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exterior differential d� W �0.M;C/! �1.M;C/. By definition of twisted cohomology
we have

H 1
� .M;C/ WD Z

1
�.M;C/=B

1
� .M;C/:

Let � and �0 be closed smooth 1-forms in the same real cohomology class. By definition
there exists a smooth function f on M such that �0 � � D df .

Let Uf W �k.M;C/! �k.M;C/ denote the linear multiplication operator

Uf .˛/ D e
2�{f ˛:

By a direct calculation we have

.d� ı Uf /.˛/ D e
2�{f .d�˛ C 2�{ df ^ ˛/ D .Uf ı d�0/.˛/:

It follows that the restrictions of Uf to linear operators Z1�0.M;C/! Z1�.M;C/ and
B1�0.M;C/! B1� .M;C/ are isomorphisms. In addition, since by definition Uf is an
operator of multiplication times a function of constant unit modulus, the projected opera-
tor Uf W H 1

�0.M;C/! H 1
� .M;C/ is unitary with respect to theL2 norm on forms, hence

with respect to the Hodge norm.
Similarly, let us assume that Œ�0 � �� 2 H 1.M;Z/. Given p 2M , the formula

F �;�
0

p .x/ WD

Z x

p

�0 � �

gives a well-defined function on M with values in R=Z such that dF �;�
0

p D �0 � �. It
follows that the function exp.2�{F �;�

0

p / is well-defined on M . We define the operator

U �
0;�

p .˛/ D exp.2�{F �;�
0

p /˛

and compute that

.d� ı U
�0;�
p /.˛/ D e2�{F

�;�0

p .d�˛ C 2�{ dF
�;�0

p ^ ˛/ D .U �
0;�

p ı d�0/.˛/:

By the latter formula there is an induced isomorphism, unitary with respect to the Hodge
norm,

U �
0;�

p W H 1
�0.M;C/! H 1

� .M;C/:

Finally, a change of the base point induces a unitary isomorphism given by multiplication
times a constant of unit modulus.

Lemma 4.3. The dimension of the first twisted cohomology H 1
� .M;C/ is given by the

following formula:

dimC H
1
� .M;C/ D

´
2g if Œ�� 2 H 1.M;Z/;

2g � 2 if Œ�� 62 H 1.M;Z/:

Proof. The cohomology H 1
� .M;C/ is isomorphic to the cohomology of the local system

L� defined by the representation �� W �1.M;�/! U.1/ defined as

��./ D exp
�
2�{

Z


�

�
for all  2 �1.M;�/:
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In fact, let p W OM !M denote the universal cover. The form p�.�/ is closed, hence exact
on OM , so that there exists a function F W OM ! R such that p�.�/ D dF . We have that

p�.d�˛/ D exp.�2�{F /d.p�.˛/ exp.2�{F // for all ˛ 2 ��.M/:

Let L� denote the local system on M defined as the sub-bundle of the space ��. OM;C/
of complex-valued forms Ǫ on OM such that

�. Ǫ / D exp.2�{
Z


�/ Ǫ for all  2 �1.M;�/:

The twisted cohomology H�� .M;C/, defined as the cohomology of the complex of the
twisted differential d� on complex-valued forms��.M;C/, is therefore isomorphic to the
cohomology H���.M;U.1// WD H

�.M;L�/, defined as the cohomology of the complex
of the exterior differential d on L�-valued forms ��.M;L�/.

The computation of the dimension of the cohomology H 1
� .M;G/ has been carried

out by W. Goldman in [22, Section 1.5] for a general reductive group G. We repro-
duce the argument in our case for the convenience of the reader. For any representation
� W �1.M;�/! U.1/, the cohomology H 1

� .M;U.1// � H
1.M;L�/, defined as the de

Rham cohomology of the corresponding local system L�, can be identified with other
cohomologies such as the singular, Čech, simplicial, cohomologies with local coeffi-
cients in the local system L�. By working in simplicial cohomology, we note that the
(finite-dimensional) cochain complex is independent of the flat connection, so its Euler
characteristic equals 2 � 2g, since the local system L� has rank equal to 1. Now the
Euler characteristic is invariant under taking the cohomology of the complex so the Euler
characteristic of the graded cohomology space also equals 2 � 2g.

In the case H 0.M;L�/ D 0, since M is a closed orientable surface, by Poincaré
duality H 2.M;L�/ D 0. By the definition of Euler characteristic of a complex, we have

0 � dimC H
1.M;L�/C 0 D 2 � 2g;

so that dimCH
1.M;L�/ D 2g � 2 as stated.

In the case H 0.M;L�/ � H
0
� .M;C/ 6D 0, by definition of the twisted cohomology

there exists a non-zero function f 2 C1.M/ such that d�f D 0. The linear map Uf
defined as

Uf .˛/ D Nf ˛ for all ˛ 2 ��.M;C/

has the property that
d ı Uf D Uf ı d�;

hence it establishes a (unitary) isomorphism between H 1
� .M;C/ and H 1.M;C/. By

Lemma 4.1, we have that H 0
� .M;C/ 6D 0 if and only if Œ�� 2 H 1.M;Z/, and in that

case H 0
� .M;C/ has complex dimension 1. It then follows by the formula for the Euler

characteristic that the dimension of H 1
� .M;C/ is equal to 2g.

The Teichmüller geodesic flow lifts by parallel transport to the Kontsevich–Zorich
cocycle on the bundle with fiberH 1.M;R/ over the moduli space of Abelian differentials.
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The Kontsevich–Zorich cocycle projects onto a flow on the bundle with fiber the real
de Rham moduli space H 1.M;R/=H 1.M;Z/. We define a twisted cohomology bundle
over the latter space. The linear model for our construction is given by the bundle of
cohomologies of flat connections over the de Rham moduli space in the case of purely
imaginary connections (see [23, Section 2.2]).

The mapping class group �g acts on the stratum OH .�/ in the Teichmüller space of
Abelian differentials, and it also acts by pull-back on the cohomology H 1.M;R/ and on
the quotient H 1.M;R/=H 1.M;Z/. We consider the space

H 1
� .M;T / D

�
OH .�/ �H 1.M;R/=H 1.M;Z/

�
=�g

and the bundle with fiber H 1
� .M;C/ at each point Œ.h; �/� 2 H 1

� .M;T /, that is,

T 1
� .M;C/ WD ¹.h; �; ˛/ j Œ.h; �/� 2 H

1
� .M;T / and ˛ 2 H 1

� .M;C/º=�g :

We remark that strictly speaking the elements of this bundle are only defined up to equiv-
alence relation given by a unitary action ofH 1.M;Z/ on the twisted cohomology bundle
and up to the multiplicative action of the group of complex numbers of modulus one. In
other terms, we can define the real Hodge bundle

H 1
� .M;R/ D

�
OH .�/ �H 1.M;R/

�
=�g

and the twisted cohomology bundle over the Hodge bundle

OT 1
� .M;C/ WD ¹.h; �; ˛/ j Œ.h; �/� 2 H

1
� .M;R/ and ˛ 2 H 1

� .M;C/º=�g :

In the above formula the symbol Œ.h; �/� denotes the equivalence class of the pair .h; �/
with respect to the action of the mapping class group �g by pull-back on the toral Hodge
bundle over the lift OH .�/ of the stratum H .�/ to the Teichmüller space.

The elements of the bundle OT 1
� .M;C/ are defined up to the multiplicative action of

the group complex numbers of modulus one. The subgroup H 1.M;Z/ acts linearly on
the bundle OT 1

� .M;C/ by unitary transformations and by definition we have

T 1
� .M;C/ D OT

1
� .M;C/=H

1.M;Z/:

The Teichmüller flow lifts to the bundle H 1
� .M;T /, then to the bundle T 1

� .M;C/ by
parallel transport. In other terms the action is given by the formulas

gt Œ.h; �; ˛/� D Œ.gt .h/; �; ˛/� for all Œ.h; �; ˛/� 2 T 1
� .M;C/:

We remark that this action comes from an action of SL.2;R/: for all g 2 SL.2;R/ we
define

gŒ.h; �; ˛/� D Œ.g.h/; �; ˛/� for all ; Œ.h; �; ˛/� 2 T 1
� .M;C/:

In the above formulas the symbol Œ.h; �; ˛/� denotes the equivalence class of the triple
.h; �; ˛/ with respect to the action of the mapping class group �g by pull-back on the
twisted cohomology bundle over the lift OH .�/ �H 1.M;T / of the toral Hodge bundle
H 1
� .M;T / to the Teichmüller space.
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5. First variational formulas

We compute below variational formulas for the Hodge norm of real classes in

H 1
� .M;C/˚H

1
��.M;C/:

Let h 2 H .�/ be any Abelian differential. Since h determines a complex structure on the
surface, we can write � D �1;0 C �0;1, according to the Hodge decomposition, so that
there exists a smooth function f� on M such that

�1;0 D f�h and �0;1 D Nf� Nh:

We can therefore introduce the Hodge decomposition

d� D d
1;0
� C d

0;1
� D d1;0 C 2�{�1;0 C d0;1 C 2�{�0;1

and the twisted Cauchy–Riemann operators

@C
h;�
D @C

h
C 2�{ Nf� and @�h;� D @

�
h C 2�{f�:

In fact, writing � D aRe.h/C b Im.h/, we have

� D a
hC Nh

2
� {b

h � Nh

2
D
a � {b

2
hC

aC {b

2
Nh;

hence in particular f� D a�{b
2

and we have

@C
h;�
D .S C {T /C �{.aC {b/ D .S C �{a/C {.T C �{b/;

@�h;� D .S � {T /C �{.a � {b/ D .S C �{a/ � {.T C �{b/:

Let us now consider the Teichmüller deformation gt .h; �/ D .ht ; �/ with

Re.ht / D e�t Re.h/ and Im.ht / D et Im.h/:

We have � D at Re.ht /C bt Im.ht / with

at D e
ta and bt D e

�tb;

hence

@C
ht ;�
D .etS C {e�tT /C �{.etaC {e�tb/ D et .S C �{a/C {e�t .T C �{b/;

@�ht ;� D .e
tS � {e�tT /C �{.eta � {e�tb/ D et .S C �{a/ � {e�t .T C �{b/:

From these formula we derive the basic fact that

d

dt
.@C
ht ;�

/ D @�ht ;� and
d

dt
.@�ht ;�/ D @

C

ht ;�
:

Let M˙
h;�
� L2

h
.M/ denote the kernels of the Cauchy–Riemann operators @˙

h;�
and,

for simplicity of notation, let M˙�;t DM˙
ht ;�

denote the kernels of the Cauchy–Riemann
operators

@˙�;t D @
˙
ht ;�
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along the orbit gt .h; �/ D .ht ; �/. Any real class c in the direct sum above can be repre-
sented as in the form

c D Re.Œm�;tht �C Œm��;tht �/

with functions m�;t 2MC�;t and m��;t 2MC��;t .

Definition 5.1. The Hodge norm of the real twisted cohomology class c 2 H 1
� .M;C/

represented as c D Re.Œm�h�C Œm��h�/ with m˙� 2MC
h;˙�

is defined as

k.h; �; c/k WD
�
jm�j

2
0 C jm��j

2
0

� 1
2 :

Lemma 5.2. The variation of the Hodge norm is given by the formula
d

dt
.jm�;t j

2
0 C jm��;t j

2
0/ D 2Re.hm�;t ; m��;t i C hm��;t ; m�;t i/

D 4Rehm�;t ; m��;t i:

Proof. Let �˙�;t W L
2
h
.M/!M˙�;t denote the orthogonal projections. By the condition

that
m�;t 2MC�;t and m��;t 2MC��;t for all t 2 R,

we claim that there exist .vt /; .wt / � H 1.M/, and ��;t 2MC�;t and  ��;t 2MC��;t such
that8<:

m�;t D @
C
�;tvt C �

�
�;t .m�;t /;

d

dt
m�;t D �@

�
�;tvt C ��;t ;

8<:
m��;t D @

C
��;twt C �

�
��;t .m��;t /;

d

dt
m��;t D �@

�
��;twt C  ��;t :

(5.1)

The proof of the above formulas follows the argument in the untwisted case given in
[18, Lemma 2.1]. For the reader’s convenience we give the argument below.

Since m�;t 2MC�;t and m��;t 2MC��;t , it follows from the definitions that

@C�;tm�;t D @
C
��;tm��;t D 0; for all t 2 R,

hence by a straightforward calculation we have

@��;tm�;t C @
C
�;t

�
dm�;t

dt

�
D

d

dt
.@C�;tm�;t / D 0;

@���;tm��;t C @
C
��;t

�
dm��;t

dt

�
D

d

dt
.@C��;tm��;t / D 0:

Moreover, by the definition of the cocycle, since the action of the Teichmüller flow on the
twisted cohomology bundle is by parallel transport, the d�-cohomology class of the real
d�-closed 1-form Re.m�;tht Cm��;tht / is constant with respect to t 2 R, hence there
exists a one-parameter family of smooth functions .ft / such that

d

dt
Re.m�;tht Cm��;tht / D d�ft C d�� Nft :

Since dht
dt
D �ht we have

dm�;t

dt
C
dm��;t

dt
� .m�;t Cm��;t /

D �@��;t .vt C Nwt / � @
�
��;t . Nvt C wt /C ��;t C  ��;t � �

�
�;t .m�;t / � �

�
��;t .m��;t /;
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which implies that ft D �.vt C Nwt /, and

��;t D �
�
��;t .m��;t / and  ��;t D �

�
�;t .m�;t /: (5.2)

The formulas claimed above are therefore proven.
The variation of the Hodge norm is then given by the formula

d

dt
.jm�;t j

2
0 C jm��;t j

2
0/ D 2Re

��
m�;t ;

dm�;t

dt

�
C

�
m��;t ;

dm��;t

dt

��
D 2Re.hm�;t ; ����;t .m��;t /i C hm��;t ; �

�
�;t .m�;t /i/

D 2Re.hm�;t ; ����;t .m��;t /i C hm��;t ; �
�
�;t .m�;t /i/

D 2Re.hm�;t ; m��;t i C hm��;t ; m�;t i/

D 4Rehm�;t ; m��;t i:

In the above chain of identities, we argue as follows. The first identity is given by the
general formula for the derivative of the square of a Hilbert norm. The second follows
from formulas (5.1) and (5.2), since the conditions that m�;t 2MC�;t and m��;t 2MC��;t
imply respectively that´

hm�;t ; @
�
�;tvt i D �hm�;t ; .@

C
�;t /
�vt i D 0;

hm��;t ; @
�
��;twt i D �hm�;t ; .@

C
�;t /
�wt i D 0:

The third identity holds since the real part of a complex number equals the real part of its
conjugate. Finally, the fourth identity follows from formula (5.1) since, as a consequence
of the fact that m�;t 2M���;t and m��;t 2M��;t , we have respectively´

hm�;t ; @
C
��;twt i D �hm�;t ; .@

�
��;t /

�wt i D 0;

hm��;t ; @
C
�;tvt i D �hm�;t ; .@

�
�;t /
�vt i D 0;

The fifth and last identity again follows by taking complex conjugation inside the (second)
real part. The argument is thus complete.

Let ƒ� W H 1
� .M;T /! RC [ ¹0º be the function defined as

ƒ�.h; Œ��/ WD sup
²
2jhm�; m��ij

jm�j
2
0 C jm��j

2
0

ˇ̌̌̌
.m�; m��/ 2MC� �MC�� n ¹.0; 0/º

³
: (5.3)

As an immediate consequence of the first variational formulas, we derive an upper
bound for the growth of the Hodge norm of twisted cohomology classes under the twisted
cocycle.

Lemma 5.3. Let c 2 H 1
� .M;C/. We have

kgt .Œh; �; c�/k � kŒh; �; c�k exp
�Z t

0

ƒ�.gs.Œh; ��// ds

�
:

We finally prove that the function ƒ� � 1 everywhere and ƒ� < 1 outside of any
neighborhood of the zero section H 1.M;Z/ of H 1.M;T /.
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Lemma 5.4. The function ƒ� is continuous with values in Œ0; 1� and

ƒ�.h; Œ��/ < 1 for all .h; Œ��/ such that Œ�� 62 H 1.M;Z/:

Proof. The holomorphic and anti-holomorphic part, d1;0 and d0;1 of the exterior differ-
ential d are elliptic, in the sense that for any 1-form ˛ on M we have

j˛j�1H1
h
.M/ � j˛j�1L2

h
.M/ Cmin¹jd1;0˛j�2L2

h
.M/; jd

0;1˛j�2L2
h
.M/º: (5.4)

We claim that by Rellich compact embedding theorem (see for instance [1, Theorem 6.2]),
for all r > s > 1, the unit ball in the space

¹.�; ˛�; ˛��/ 2 �
1H r .M/ � Ker.d0;1� / � Ker.d0;1�� /º

that is, the set of .�; ˛�; ˛��/ such that

j�j2
�1Hr .M/

C j˛�j
2

�1L2
h
.M/
C j˛��j

2

�1L2
h
.M/
� 1 (5.5)

is compact in the space �1H s.M/ � Œ�1L2
h
.M/�2.

In fact, by Rellich embedding theorem the embedding �1H r .M/! �1H s.M/ is
compact for any s > r . In addition, by Sobolev embedding theorem, for r > 1 the space
�1H r .M/ embeds continuously into the space of 1-forms with continuous coefficients.
It then follows from the bound in formula (5.4) that whenever �, ˛� and ˛�� belong to the
set described in formula (5.5), then ˛� and ˛�� belong to a bounded set in �1H 1

h
.M/,

hence by Rellich embedding theorem, to a compact subset of �1L2
h
.M/. It follows, in

particular that for each � 2 �1H r .M/ the subspaces Ker.d0;1
˙� /, hence also the subspaces

Ker.d1;0
˙� /, are finite dimensional, and that the supremum in the definition of the func-

tion ƒ� is achieved. We observe that by Hodge theory the complex dimension of M˙
h;˙�

equals half the complex dimension of the twisted cohomology, which we have computed
in Lemma 4.3.

By the ellipticity of the operators d1;0 and d0;1, that is, from formula (5.4), it also
follows that the spaces Ker.d1;0

˙� / and Ker.d0;1
˙� / depend continuously, as subspaces of

�1L2
h
.M/, on the closed 1-form � 2 �1H r .M/, hence the spaces M˙

h;˙�
depend con-

tinuously on the pair .h; �/ 2 H .�/ �H 1.M;T /. Thus we conclude that the functionƒ�
is continuous.

By the Schwarz inequality we have

jhm�; m��ij � jm�j0jm��j0 �
1

2
.jm�j

2
0 C jm��j

2
0/;

with equality only if there exists a non-zero constant c 2 C (of modulus one) such that
m� D cm�� . From this condition, it follows that m� 2MC� \M�� , that is,

@C� m� D @
�
�m� D 0;

hence in particular
.d C 2�{�/m� D 0:

It follows that H 0
� .M;C/ is non-trivial, and Lemma 4.1 implies that Œ�� 2 H 1.M;Z/.
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A direct alternative argument goes as follows. Let .X; Y / be a frame such that {X� D 0
and {Y � D �1. We then have

Xm� D {X .d C 2�{�/m� D 0 and .Y � 2�{/m� D {Y .d C 2�{�/m� D 0:

The first condition implies that � defines a completely periodic foliation F� . The second
condition that M=F� endowed with the transverse measure covers a circle of unit length,
hence Œ�� 2 H 1.M;Z/ (as all periods are integers).

We conclude that if the Teichmüller orbit of .h; �/ visits the complement of any given
neighborhood of the zero section H 1.M;Z/ with positive frequency, then there exist
constants C > 0 and ƒ < 1 such that, for all c 2 H 1

� .M;C/, we have

kgt .Œh; �; c�/k � CkŒh; �; c�ke
ƒt for all t > 0:

In the next section we investigate the dynamics of the lift of the Teichmüller flow to the
toral bundle H 1

� .M;T / over the stratum H .�/ of the moduli space of Abelian differen-
tial, with fiber H 1

h
.M;T / WD H 1.M;R/=H 1.M;Z/ at any h 2 H .�/, with particular

attention to the set of trajectories which asymptotically “spend all their time” in any
neighborhood of the zero section H 1.M;Z/ of the bundle.

6. The toral Kontsevich–Zorich cocycle

The projection of the Kontsevich–Zorich cocycle to the quotient toral bundle

H 1
� .M;T / WD H

1
� .M;R/=H

1
� .M;Z/

is the key dynamical system behind the proof of generic weak mixing for translation flows,
for interval exchange transformations [4], generic translation flows on non-arithmetic
Veech surfaces [3, 5]. We remark that the bundle H 1

� .M;T / is isomorphic to the char-
acter variety bundle introduced in [21] for the compact group U.1/. In fact, elements
of the character variety for a group G are homomorphisms � W �1.M;�/! G. For any
Abelian group, homomorphisms of �1.M;�/ to G factor through the integral homology
H1.M;Z/. Every homomorphism ofH1.M;Z/ to U.1/ � R=Z lifts to a homomorphism
fromH1.M;Z/ to R, which is an element ofH 1.M;R/. It follows that the character vari-
ety for G D U.1/ is isomorphic to H 1.M;R/=H 1.M;Z/. It was proved in [21] that the
lift of the Teichmüller flow to the bundle H 1

� .M;T / is ergodic, in fact even mixing, with
respect to the canonical lift of the any of Masur–Veech measures on strata of the moduli
space of Abelian differentials.

It was proved in [4] that the horizontal translation flow of a translation surface .M; h/
is weakly mixing if the line RŒRe.h/� 2 H 1

h
.M;T / does not intersect the weak stable

lamination of the zero section of the bundle H 1
� .M;T /. (Note that in fact in [4] the verti-

cal flow was considered, hence the condition was applied to the line RŒIm.h/� instead of
RŒRe.h/�. The two points of view are equivalent by rotation of the Abelian differentials).

The weak stable lamination is defined as the set of all c 2 H 1
h
.M;T / such that the

orbit of c under the projected Kontsevich–Zorich cocycle converges to the zero sec-



G. Forni 4252

tion along all unbounded sequences of return times to certain compact subsets of the
space of zippered rectangles. It was then proved in [4] by a “linear elimination” argu-
ment (see [4, Appendix A]) that the set of translation surfaces .M; h/ such that RŒRe.h/�
intersects the weak stable lamination has Hausdorff codimension at least g � 1 for the
Masur–Veech measures (in general, the Hausdorff codimension is equal to the number
of non-tautological positive exponents of the Kontsevich–Zorich cocycle). It was also
proved by a “non-linear elimination” argument that a similar property holds for Lebesgue
almost all interval exchange transformations. By the Veech criterion, the authors derived
that almost all interval exchange transformations and almost all translation flows are
weakly mixing.

We introduce a version of the weak stable space. Let K � H .�/ be a non-empty
compact subset and let U be any open neighborhood of the zero section of the bundle
H 1
� .M;T /, that is, the projection of a neighborhood of H 1

� .M;Z/ � H
1.M;R/. For

every h 2 H .�/, and every � > 0, let W s
K;U .h; �/ � H

1
h
.M;T / denote the set

W s
K;U .h; �/ D

´
c 2 H 1

h .M;T /

ˇ̌̌̌
ˇ lim sup
t!C1

R t
0
�K.g� .h//�U .g� .h; c// d�R t

0
�K.g� .h// d�

� 1 � �

µ
:

Let W s
K.h/ denote the intersection of all sets W s

K;U .h; �/ as U varies over the family U

of all neighborhoods of the zero section of the bundle H 1
� .M;T / and � 2 .0; 1/:

W s
K.h/ WD

\
U2U

[
�2.0;1/

W s
K;U .h; �/:

The following lemma provides a simple but effective way to bound the Hausdorff dimen-
sion of a set defined as an upper limit.

Lemma 6.1. Let ¹Wnº be a sequence of subsets of Rd and letW � Rd be the set defined
as

W D lim sup
n!1

Wn D
\
n2N

[
m�n

Wm:

Assume that, for each n 2 N, the set Wn can be covered by Nn balls of radius Rn. Then
the Hausdorff dimension H-dim.W / satisfies the upper bound

H-dim.W / � inf
²
ı > 0

ˇ̌̌̌
lim

n!C1

X
m�n

NmR
ı
m D 0

³
:

Proof. Let H ı denote the ı-dimensional Hausdorff outer measure on Rd . Let ¹�mº be
a cover of the set Wm by Nm balls of radius Rm. It follows that, for each n 2 N we have

W � �.n/ WD
[
m�n

�m:

By assumption we haveX
B2�.n/

jBjı D
X
m�n

X
B2�m

jBjı D C ıd

X
m�n

NmR
ı
m:
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By the definition of outer measure, it follows that

H ı.W / � C ıd lim
n!C1

X
m�n

NmR
ı
m:

We conclude that H ı.W / D 0 for any ı > 0 such that

lim
n!C1

X
m�n

NmR
ı
m D 0;

hence H-dim.W / � ı by the properties of Hausdorff dimension. The argument is thus
complete.

We generalize below to our setting the “linear elimination” argument of [4].
Let .tn/ a sequence of return times of the Teichmüller orbit ¹gt .h/ j t > 0º to the

compact set K � H .�/. Let us define the sets

W s
K;U;n.h; �/ D

´
c 2 H 1

h .M;T /

ˇ̌̌̌
ˇ
R tn
0
�K.gt .h//�U .gt .h; c// dtR tn

0
�K.gt .h// dt

� 1 � �

µ
: (6.1)

Let rK > 0 be a radius such that, for all h 2 K, the closed Hodge ball of radius rK in
H 1
h
.M;T / centered at the origin is isometric to the closed Hodge ball of the same Hodge

radius inH 1
h
.M;R/. Let U.r/ denote a neighborhood of radius equal to r 2 .0; rK/ (with

respect to the Hodge metric) of the zero section of H 1
� .M;T /.

Let h 2 H .�/ be a Birkhoff generic point for the Teichmüller geodesic flow and
Oseledets regular for the Kontsevich–Zorich cocycle on the Hodge bundle H 1

� .M;R/
with respect to the Masur–Veech measure.

Lemma 6.2. There exist constants CK > 1, � > 0 and a function �K W .0; rK/! .0; 1/

such that limr!0C �K.r/ D 0 and such that the following holds. Let V denote any affine
subspace parallel to a subspace V0 transverse to the center-stable space Ecs.h/ (defined
as the sum of all Oseledets spaces relative to non-positive Lyapunov exponents) and let
du WD dim.V0/ the unstable dimension. The setW s

K;U.r/;n
.h; �/ \ V is covered by at most

Nn.r; �/ balls of Hodge radius at most Rn.r; �/ so that the following bounds hold:

lim sup
n!C1

1

tn
logRn.r; �/ � �C�1K ��.K/�.1 � �/;

lim sup
n!C1

1

tn
logNn.r; �/ � CKdu.� C �K.r//:

(6.2)

Proof. The first estimate follows from the Birkhoff ergodic theorem and the Oseledets
theorem. For each n 2 N, let �n 2 Œ0; tn� be defined as

�n WD inf
c2W s

K;U.r/;n
.h;�/

sup¹t 2 Œ0; tn� j gt .h; c/ 2 U.r/ and gt .h/ 2 Kº:

Since h is Birkhoff generic, by the Birkhoff ergodic theorem and by the definition of the
set W s

K;U.r/;n
.h; �/, we have

lim inf
n!C1

�n

tn
� .1 � �/��.K/:
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By compactness and by the Oseledets theorem, there exists � > 0 such that, for each
n 2 N, every connected component of the set W s

K;U.r/;n
.h; �/ \ V is contained in a ball

of radius CKre���n , hence the estimate on the sequence .Rn.r; �// holds, for all r > 0.
The second estimate, on the number Nn.r; �/ of connected components of the set

W s
K;U.r/;n

.h; �/ \ V , is proved by coding trajectories over the time-interval Œ0; tn�, as fol-
lows. The total number of connected components will be estimated by the product of the
number of words in the coding times the number of connected components of the subset
of the set W s

K;U.r/;n
.h; �/ \ V of trajectories with the same coding.

Let us describe the coding. Let � W H 1
� .M;R/! H .�/ denote the bundle projection.

We code trajectories according to whether they are in U.r/ \ ��1.K/ (coded by the sym-
bol u), in U.r/c \ ��1.K/ (coded by the symbol u0) or the Teichmüller orbit is not in K
(coded by the symbolK 0). In other terms, the coding is based on the following map c from
the toral cohomology bundle H 1

� .M;T / to the alphabet ¹u; u0; K 0º defined as follows:

c.h; Œ��/ WD

8̂̂<̂
:̂
u if .h; Œ��/ 2 ��1.K/ \ U.r/;

u0 if .h; Œ��/ 2 ��1.K/ \ .H 1
� .M;T / n U.r//;

K 0 if .h; Œ��/ 2 ��1.H .�/ nK/;

with the modifications described below.
Maximal trajectory arcs in ��1.K/, but outside of the set U.r/ \ ��1.K/, have time

length at least C�1K jlog r j, since the maximal expansion rate of the Kontsevich–Zorich
cocycle at time t > 0 with respect to the Hodge norm is bounded above by et and above
the compact set K � H .�/ lattice points separation (with respect to the Hodge distance)
is bounded below. Hence it is enough to code trajectories in K at time intervals equal
to 1

2
C�1K jlog r j. In addition, by compactness there exists a function ıK W .0; 1�! RC

(depending on the compact set K � H .�/) with

lim
r!0C

ıK.r/ D C1;

such that, for all Abelian differentials h 2 K, for all radii r > 0 and for jt j � ıK.r/ the
image of the ball B.0; r/ � H 1

h
.M;R/ (in the Hodge metric) contains a single point

(the origin) of the lattice H 1
gt .h/

.M;Z/ � H 1
gt .h/

.M;R/. Hence any trajectory arc which
exits ��1.K/, with both endpoints in U.r/ \ ��1.K/, will still be coded by the letter u
unless it has time-length larger than ıK.r/ > 0.

Let then ı0K.r/ D min¹C�1K jlog r j; ıK.r/º. By the above remarks, it is enough to code
trajectories as follows: we divide each trajectory segment into segments of equal length
ı0K.r/ (and a remainder which we neglect) and assign to each segment the label u when it
intersects ��1.K/ \ U.r/, and it is entirely contained in ��1.K/, the label u0 when it is
entirely contained in ��1.K/ \ .H 1

� .M;T / n U.r// but not the complement of ��1.K/,
and finally K 0 in the remaining case, when it intersects the complement of ��1.K/.

Let tKn denote the total time that the trajectory spends in the set ��1.K/ over the
time interval Œ0; tn�. By the ergodic theorem, there exists �K > 0 (with �K ! 0C as
��.H .�/ nK/! 0) such that tn � tKn � �K tn. Since by assumption the total time that
the trajectory spends in ��1.K/ \ U.r/ is at least .1 � �/tKn , the total number of different
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words is at most (by standard bounds on the binomial coefficients) tKn
ı0
K
.r/

�tKn
ı0
K
.r/

! 
tn

ı0
K
.r/

�K tn
ı0
K
.r/

!
�

�
e

�

� �tKn

ı0
K
.r/
�
e

�K

��Ktn
ı0
K
.r/

: (6.3)

For every word w, let � 0w denote the set of arcs of trajectory of the cocycle in the intersec-
tion U.r/c \ ��1.K/ with both endpoints in U.r/ \ ��1.K/ , and let � 00w denote the set
of arcs of trajectory of the cocycle, with both endpoints in U.r/ \ ��1.K/, which project
to a Teichmüller arc not contained in K and have time-length at least ıK.r/ > 0. In other
terms,

� � 0w is the set of orbit arcs corresponding to strings w0 D u0 : : : u0 such that uw0u is
a substring of w,

� � 00w is the set of orbit arcs corresponding to strings w00 D w1w2 : : : w`, with the prop-
erty that wi 2 ¹u0; K 0º for all i 2 ¹1; : : : ; `º, such that uw00u is a substring of w.

For every orbit arc  2 � 0w [ �
00
w , let �./ denote its time length.

We claim that there exist constants C 0K > 0 and rK > 0 such that for any fixed word
w the number of different connected components with code w is at most

C 0K

Y
 02�0w

max
�
1;
r

rK
e�.

0/

�du Y
 002�00w

max
�
1;
r

rK
e�.

00/

�du
: (6.4)

This statement follows from the fact that the maximal expansion of the cocycle in a time
� > 0with respect to the Hodge norm is equal to e� , hence the bound follows by a volume
estimate on the unstable space. In fact, we argue as follows. Let Cw;n.h/ � W

s
K;U.r/;n

\ V

denote the subset of all cohomology classes which have a symbolic sequence equal to
w up to time tn > 0. Every c 2 Cw;n.h/ can be labeled by the string .m1; : : : ; mk/ of
distinct lattice points in H 1

h
.M;Z/ such that gt .h; c/ visits a ball Bg�i .h/.mi ; r/ in the

Hodge metric on H 1
g�i h

.M;Z/ at a time �i for a sequence of times

0 � �1 < �2 < � � � < �k < � � � � tn:

Lattice points along the Teichmüller orbit gR.h/ can be identified by parallel transport. On
each subinterval I D Œa; b� � Œ0; tn� such that gI .h/ � U.r/ \ ��1.K/, by definition we
have that ga.h; c/ 2 Bga.h/.m; r/ implies gb.h; c/ 2 Bgb.h/.m; r/, for any c 2 Cw;n.h/.
Now on each maximal subinterval I D Œa; b� � Œ0; tn� such that

gI .h/ � K
c or gI .h; c/ � U.r/

c
\ ��1.K/

every Hodge ball Bga.h/.m; r/ is mapped by the cocycle into a subset of a Hodge ball
of radius at most rejI j. Since K is compact, there exists a constant rK > 0 such that,
for any Abelian differential h 2 K, a Hodge ball of radius at most rejI j in H 1

h
.M;R/

contains at most .r=rK/duedujI j lattice points. It follows that for each such subinterval
our upper bound on the number of connected components is multiplied times a factor
.r=rK/

duedujI j. The claim follows.
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Thus by formulas (6.3) and (6.4), for r � rK we have proved the estimate

logNn.r; �/ � logC 0K C ¹�.1C jlog �j/C �K.1C jlog�K j/º
tn

ı0K.r/

C du

� X
 02�0w

max.0; �. 0//C
X
 002�00w

max.0; �. 00//
�
:

It remains to estimate the third and fourth term on the right-hand side of the above inequal-
ity. For the third term, since c 2 W s

K;U.r/;n
.h; �/ and � 0w denote the set of arcs of trajectory

of the cocycle in the complement of U.r/, which project to a Teichmüller arc in K, we
have X

 02�0w

max.0; �. 0/ � ıK.r// � �tn:

Finally, we estimate the fourth term. We distinguish two cases:

� in case (a) the total time-length of the part of trajectory  00w 2 �
00
w inside the intersec-

tion U.r/c \ ��1.K/ is at least �K 2 .0; 1/ times the total time length of  00w 2 �
00
w ,

� in case (b) the total time-length of the part of trajectory inside U.r/c \ ��1.K/ is at
most �K times the total time length of  00w 2 �

00
w , hence the time-length of the part of

the Teichmüller trajectory outsideK in moduli space is at least 1 � �K times the total
time length of the arc  00w .

The total time-length of trajectories  00w which are in case (a) is bounded above by ��1K
times the total time that the trajectory spends in U.r/c \ ��1.K/.

For case (b), let tn.r/ denote the total time-length of those Teichmüller trajectories,
starting and ending in K, of length at least ıK.r/, which spend at least a fraction 1 � �K
of their time outside ofK up to time tn > 0. Since ıK.r/!C1 as r ! 0C, there exists
�K > 0 such that by the Birkhoff ergodic theorem, for any Birkhoff generic point for the
Teichmüller flow, we have

lim
r!0C

sup
n�0

tn.r/

tn
D 0:

We therefore define �K W .0; rK/! .0; 1/ as

�K.r/ WD sup
n2N

tn.r/

tn
:

Finally, we have the estimateX
 002�00w

max.0; �. 00/ � ıK.r// � CK.� C �K.r//tn:

The estimates claimed in formula (6.2) are thus proved.

Theorem 6.3. Let h 2 H .�/ be any Abelian differential which is forward Birkhoff gen-
eric for the Teichmüller flow and Oseledets regular for the Kontsevich–Zorich cocycle.
For any affine subspace V � H 1

h
.M;T /, parallel to a linear subspace V0 � H 1

h
.M;R/

which is transverse to the central stable space Ecs.h/, the Hausdorff dimension of the
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set V \W s
K.h/ is equal to 0. In fact, for any ı > 0 there exists an open neighborhood

U � H 1
� .M;T / of the zero section and � > 0 such that the Hausdorff dimension of

V \W s
K;U .h; �/ is at most ı.

Proof. Recall that for any sequence .tn/ and for any � > 0, the sets W s
K;U;n.h; �/ have

been defined in formula (6.1) as

W s
K;U;n.h; �/ D

´
c 2 H 1

h .M;T /

ˇ̌̌̌
ˇ
R tn
0
�K.gt .h//�U .gt .h; c// dtR tn

0
�K.gt .h// dt

� 1 � �

µ
:

By definition, there exists a diverging sequence .tn/ of return times of the forward Teich-
müller orbit ¹gt .h/ j t > 0º to the compact subsetK � H .�/, such that for any � 2 .0; 1/,
we have the inclusion

W s
K;U .h/ � lim sup

n!1
W s
K;U;n.h; �/ D

\
n2N

[
m�n

W s
K;U;m.h; �/:

By Lemma 6.2 there exists a function �K.r/ with limr!0C �K.r/ D 0 such that the set
W s
K;U.r/;n

.h; �/ \ V can be covered by at most Nn.r; �/ balls of radius at most Rn.r; �/
such thatNn.r; �/ and Rn.r; �/ satisfy the bounds in formula (6.2). By those estimates we
have X

m�n

NmR
ı
m �

X
m�n

eCKdu.�C�K .r//tme�C
�1
K
��.K/ı.1��/�tm

D

X
m�n

e�.C
�1
K
��.K/ı.1��/��CKdu.�C�K .r//tm :

Let then ı >C 2K��.K/
�1.�C �K.r//duŒ.1� �/��

�1. Since it is possible to assume tn � n
(for large n 2 N), under this assumption we have

lim sup
n!C1

X
m�n

e�ŒC
�1
K
��.K/ı.1��/��CKdu.�C�K .r/�tm

� lim
n!C1

X
m�n

e�ŒC
�1
K
��.K/ı.1��/��CKdu.�C�K .r//�m

� lim
n!C1

e�ŒC
�1
K
��.K/ı.1��/��CKdu.�C�K .r//�n

1 � e�.C
�1
K
ı.1��/��CKdu.�C�K .r//

D 0:

By Lemma 6.1 we derive the following Hausdorff dimension bound:

H-dim
�
W s
U.r/.h; �/ \ V

�
� C 2K��.K/

�1.� C �K.r//duŒ.1 � �/��
�1:

For any given ı > 0 there exist r > 0 and � > 0 such that

H-dim
�
W s.h/ \ V

�
� H-dim

�
W s
U.r/.h; �/ \ V

�
� C 2K��.K/

�1.� C �K.r//duŒ.1 � �/��
�1 < ı;

hence the Hausdorff dimension of W s.h/ \ V is equal to zero, as stated.

We conclude the section with growth estimates for the twisted cocycle.
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Let ƒ� W H 1
� .M;T /! Œ0; 1/ be the function defined in formula (5.3). We recall that,

by Lemma 5.3, the ergodic integrals ofƒ� bound the logarithm of the norms of the twisted
cocycle. We also recall that ƒ� < 1 everywhere except on the zero section of the bundle
H 1
� .M;T / and it is continuous by Lemma 5.4.

Lemma 6.4. Let h 2 H .�/ be any Abelian differential which is forward Birkhoff generic
for the Teichmüller flow and forward Oseledets regular for the Kontsevich–Zorich cocycle
with respect to the Masur–Veech measure. There exists a set RW s.h/ � H 1.M;R/ of
Hausdorff dimension g C 1 (which depends only on ŒIm.h/� 2 H 1.M;†IR/) such that
if ŒRe.h/� 62 RW s.h/, then there exists a constant ˛h > 0, and for all � 2 R n ¹0º there
exists a constant C.h; �/ > 0 such that, for all c 2 H 1

h;�
.M;C/ and for all t > 0, we have

exp
�Z t

0

ƒ�.g� Œh; �Re.h/�/ d�
�
� C.h; �/e.1�˛h/t :

Proof. Let K � H .�/ be a non-empty compact subset and let RW s.h/ denote the set
defined as

RW s.h/ WD ¹R � c j c 2 W s
K.h/º:

For all h 2 H .�/, Oseledets regular with respect to the Masur–Veech measure, the central
stable space (which is equal to the stable space) has codimension equal to the genus g � 2.
By Theorem 6.3 we have that, for any unstable affine subspace V , the Hausdorff dimen-
sion of the setW s

K.h/ \ V is equal to zero, hence (by properties of Hausdorff dimension)
it follows that W s

K.h/ has Hausdorff dimension equal to g, and RW s.h/ has Hausdorff
dimension equal to g C 1 < 2g.

Let U denote, as above, the family of all neighborhoods of the zero section of the
bundle H 1.M;T /. Since by definition

W s
K.h/ D

\
U2U

\
�2.0;1/

W s
K;U .h; �/;

it follows that for any ŒRe.h/� 62 RW s.h/ there exists U 2 U and � > 0 such that

�ŒRe.h/� 62 W s
K;U .h; �/ for all � 2 R.

It follows that there exists a time th.�/ > 0 such that, for all t � th.�/, we have

1

t

Z t

0

�U .g� .h; �ŒRe.h/�// d� � 1 � �:

The statement then follows from Lemma 5.3 and Lemma 5.4.

Lemma 6.5. There exist r0 2 .0; rK/, �0 2 .0; 1/ such that the following holds. For every
r 2 .0; r0/, every � 2 .0; �0/, there exists � > 0, and for every forward Birkhoff generic
and Oseledets regular h 2 H .�/, there exists a constant C�.Im.h/; r; �/ > 0 such that,
for all n 2 N,

vol
�
W s
K;U.r/;n.h; �/

�
� C�.Im.h/; r; �/e��tn :

Proof. By Lemma 6.2 there exist constants CK > 1, � > 0 and there exists a function
�K W .0; rK/! .0; 1/ with limr!0C �K.r/ D 0 such that the following holds. For any



Twisted translation flows and effective weak mixing 4259

affine unstable subspace V and for n large enough, the setW s
K;U.r/;n

.h; �/ \ V is covered
by Nn.r; �/ balls of radius Rn.r; �/ with

Rn.r; �/ � e
� 12C

�1
K
��.K/.1��/�tn and Nn.r; �/ � e

2CKdu.�C�K .r//tn :

There exist r0 2 .0; rK/ and �0 2 .0; 1/ with

� WD
1

2
C�1K ��.K/.1 � �0/� � 2CK

�
�0 C sup

0�r�r0

�K.r/
�
> 0:

The estimate claimed in the statement then holds for every r 2 .0; r0/ and every � 2 .0; �0/
with the above choice of � > 0. The argument is therefore complete.

Lemma 6.6. There exist constants ˛� , ˛0� and N� > 0 such that, for almost all Abelian
differential h 2 H .�/ with respect to the Masur–Veech measure, there exists a constant
C�.h/ > 0 such that, for all n 2 N and for all � 2 R with j�j � e�˛

0
� tn , we have

exp
�Z tn

0

ƒ�.gt Œh; �Re.h/�/ dt
�
� C�.h/.1C �

2/
N�
2 e.1�˛�/tn :

Proof. Let us fix r > 0 and � > 0 such that Lemma 6.5 holds: there exist � > 0 and
C�.Im.h/; r; �/ such that, for all n 2 N,

vol
�
W s
K;U.r/;n.h; �/

�
� C�.Im.h/; r; �/e��tn :

Let �0 2 .0; �
2g
/ and let Bn denote the set of Abelian differentials h 2 H .�/ such that h

is forward Birkhoff regular and Oseledets generic, and in addition

¹�ŒRe.h/� 2 H 1.M;T / j � 2 Œe��
0tn ; e�

0tn �º \ W s
K;U.r/;n.h; �/ D ;:

By definition, there is ˛� WD ˛.r; �/ > 0 such that, whenever h is forward Birkhoff regular
and Oseledets generic, but h 62

S
m�n Bm, for allm � n and for j�j 2 Œe��

0tm ; e�
0tm �, the

class �ŒRe.h/� does not belong to W s
K;U.r/;m

.h; �/, hence by Lemma 5.3 and Lemma 5.4
(as in the proof of Lemma 6.4) we derive the bound

exp
�Z tm

0

ƒ�.gt Œh; �Re.h/�/ dt
�
� C.h; �/e.1�˛�/tm :

There exists therefore a constant C�.Im.h// > 0 such that, for all m � n and for � 2 R
with j�j � e��

0tm , we have

exp
�Z tm

0

ƒ�.gt Œh; �Re.h/�/ dt
�
� C�.Im.h//.1C �2/

˛�
2�0 e.1�˛�/tm :

In addition, for all n 2 N, let ŒRe.Bn/� WD ¹ŒRe.h/� 2 H 1.M;T / j h 2 Bnº. We have the
following volume estimate

vol
�[
m�n

ŒRe.Bm/�

�
� C�.Im.h/; r; �/e.2g�

0��/n;

hence the set B D
T
n2N

S
m�n Bm has Masur–Veech measure zero.
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7. Transfer cocycles

In this section we prove a “spectral gap” result for the extension of the twisted cocycle
to a bundle of 1-currents. The argument follows closely that given in [2, Section 4.2],
where a similar result was proved for the extension of the Kontsevich–Zorich cocycle to
1-currents.

For any Abelian differential h 2 H .�/ and for any real closed 1-form � 2 Z1.M;R/,
let Z�1

h;�
.M/ D Z�1� .M/ denote the subspace of d�-closed 1-currents, that is, the space

of 1-currents C 2 �1H�1
h
.M/ such that d�C D 0. Let E�1

h;�
.M/ denote the subspace of

d�-exact currents, that is, currents C such that there exists U 2 L2
h
.M/ with C D d�U .

Let �1H�1� .M/ denote the bundle with fiber at any Œh; �� 2 H 1
� .M;T / the space

�1H�1
h
.M/ of 1-currents. Let Z�1� .M/ and E�1� .M/ � Z�1� .M/ denote the sub-bundles

of twisted closed and twisted exact currents with fiber at Œh; �� the spaces Z�1
h;�
.M/

and E�1
h;�
.M/, respectively.

The Teichmüller flow extends to a cocycle on the bundle Z�1� .M/ over H 1
� .M;T /.

The cocycle is defined by parallel transport with respect to the projection of the trivial
connection on the product bundle

OH .�/ � ¹.�; C / j C 2 Z�1� .M/º:

By the definition of the de Rham cohomology, the quotient bundle Z�1� .M/=E�1� .M/

is isomorphic to the twisted cohomology bundle T 1
� .M;C/, hence the transfer cocycle

over the Teichmüller flow on the bundle Z�1� .M/ projects to the twisted cocycle on the
twisted cohomology bundle T 1

� .M;C/. It follows that the set of Lyapunov exponents of
the transfer cocycle on Z�1� .M/ is the union of the set of Lyapunov exponents of the
twisted cocycle on T 1

� .M;C/ with that of the restriction of the transfer cocycle to the
sub-bundle of twisted exact currents E�1� .M/.

Lemma 7.1. The restriction of the transfer cocycle to the subbundle E�1� .M/ of twisted
exact currents has a continuous invariant norm L� , hence the unique Lyapunov expo-
nent of the cocycle is equal to 0 and has infinite multiplicity. In addition, for all pairs
.h; �/ 2 H1

� .M;T / and for all C 2 E�1
h;�
.M/ we have

L�.C / �
�
1C j�j�1L2

h
.M/

�
jC j�1H�1

h
.M/:

Proof. By definition, for any h 2 H .�/, for any � 2 H 1
h
.M;T / and for any twisted exact

1-current C 2 E�1
h;�
.M/ there exists a unique function UC 2 L2h.M/ of zero average such

that C D d�UC . The function L� W E
�1
� .M/! RC defined as

L�.Œh; �; C �/ D jUC jL2
h
.M/ for all C 2 E�1� .M/;

is invariant under the twisted cocycle, hence it defines a continuous Lyapunov norm on
E�1� .M/.2 In fact, the cocycle is defined by parallel transport with respect to the projection

2A Lyapunov norm is a norm which varies exponentially in time at a rate approximately equal
to the Lyapunov exponent. For a zero Lyapunov exponent, it is by definition an invariant norm.
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of the trivial connection on the product bundle

OH .�/ � ¹.�; C / j .�; C / 2 H 1
� .M;T / �Z

�1
� .M/º

and the norm L� is the projection of a �g -equivariant norm on the product bundle, which
is invariant under the SL.2;R/-action on OH .�/.

Finally, for any C D d�UC 2 E�1h;�.M/ and all ˛ 2 �1H1.M/ we have

jhC; ˛ij D jhUC ; d�˛ij D jhUC ; d˛ C � ^ ˛ij

� L�.C /
�
1C j�j�1L2

h
.M/

�
j˛j�1H1

h
.M/;

thereby completing the argument.

Let ��1� W �
1H�1� .M/! R be the (continuous) distance functions to the Hilbert sub-

bundle Z�1� .M/ of twisted closed currents defined as follows: for each h 2 H .�/ and all
� 2 H 1

h
.M;T /, the restriction ��1� j�

1H�1
h
.M/ is equal to the distance function from

the closed subspace Z�1
h;�
.M/ � �1H�1

h
.M/ with respect to the Hilbert space metric

on �1H�1
h
.M/.

For any compact set K � H .�/ and any � > 0, we introduce the following closed,
gR-invariant subsets AK.�/ of the bundle �1H�1� .M/. For every Abelian differential
h 2 H .�/, the intersection of the set AK.�/ with the fiber �1H�1

h
.M/ of the bundle

�1H�1� .M/ of 1-currents is defined as follows:

AK.�/ \�
1H�1h .M/ D

®
A 2 �1H�1h .M/

ˇ̌
gt .h/ 2 K H) ��1�

�
gt .A/

�
� �

¯
:

In other terms, the fibered subset AK.�/ contains all currents which stay at bounded
distance (� �) from the sub-bundle of twisted closed currents for all returns of the Teich-
müller orbit to a given compact set K � H .�/. The relevant examples of non-closed
currents in AK.�/ are given by currents of twisted integration along orbits of the horizon-
tal translation flow in .M; h/. In fact, as we have proved in Section 3, for any compact
set K � H .�/ there exists �K > 0 such that any current represented by a twisted integral
along an orbit of the horizontal translation flow in .M; h/ belongs to AK.�/ for � � �K
(up to projection on the codimension one sub-bundle of currents perpendicular to the
sub-bundle ¹C Im.h/ j h 2 H .�/º).

The core technical result of the present paper is the following “spectral gap” lemma
for the restriction of the distributional cocycle ¹gt j t 2 Rº to any invariant subset AK.�/

of �1H�1� .M/.
For any h 2 H .�/, let t0 D 0 and let ¹tn j n 2Nº denote a non-decreasing sequence of

visiting times of the forward orbit ¹gt .h/ j t � 0º to a given compact set K � H .�/. We
will regard any current A 2 �1H�1

h
.M/ as an element of the vector bundle �1H�1� .M/

of currents over the moduli space of Abelian differentials.
In particular, we have

jAj�1 D jAjH�1
h
.M/:

Lemma 7.2. For any compact set K � H .�/, there exists a constant CK > 1 such that,
for any � > 0, for any Œh; �� 2 H 1

� .M;T /, for any A 2 AK.�/ and for all n 2 N, the



G. Forni 4262

following estimate holds:

jAj�1 � CK.1C �/.1C jgtn.A/j�1/

� exp
�Z tn

0

ƒ�.gt Œh; ��/ dt

� n�1X
jD0

e2.tjC1�tj /

!3
:

Proof. The argument follows closely the proof of [2, Lemma 4.5].
For all n 2 N, let Œhn; �n� D gtn Œh; �� with hn D gtn.h/ 2 K. For each j 2 N, since

Z�1
hj ;�j

.M/ is closed in �1H�1
hj
.M/, there exists an orthogonal decomposition,

gtj .A/ D Zj CRj with Zj 2 Z�1hj ;�j .M/; Rj ? Z
�1
hj ;�j

.M/; (7.1)

and, since A 2 AK.�/ and hj 2 K, the following bound holds:

jRj j�1 � �: (7.2)

For each j 2 N, let �j W �1H�1hj .M/! Z�1
hj ;�j

.M/ denote the orthogonal projection
and let �j D tjC1 � tj . By (7.1) and by orthogonal projection on the gt -invariant bundle
Z�1� .M/ the following recursive identity holds:

Zj D g��j .ZjC1/C �j ı g��j .RjC1/ 2 Z
�1
hj ;�j

.M/: (7.3)

By the definition of the Sobolev norms and by the Teichmüller invariance of theL2 norms,
it is immediate to prove (see for instance [2, formula (3.24)]) that

kgt j�1H�1
h
k � e2jt j for all .h; t/ 2 H .�/ �R: (7.4)

Thus by the bound in formula (7.2), it follows that

j�j ı g��j .RjC1/j�1 � jg��j .RjC1/j�1 � e
2�j �: (7.5)

By projection on the twisted cohomology bundle T 1
� .M;C/ and by compactness, we

derive from the identity (7.3) and the bound (7.5) that there exists C .1/K > 1 such that,
with respect to the Hodge norm,

kŒZj � � g��j .ŒZjC1�/khj ;�j � C
.1/
K � e2�j : (7.6)

By Lemma 5.3 and by formula (7.6) we have

kŒZj �khj ;�j � kŒZjC1�khjC1;�jC1 exp
�Z tjC1

tj

ƒ�.gt Œh; ��/ dt

�
C C

.1/
K � e2�j :

For each ` 2 N, it follows by reverse iteration on 1 � j < ` that

kŒZj �khj ;�j �

 
kŒZ`�kh`;�` C C

.1/
K �

`�1X
iDj

e
2�i�

R t`
ti
ƒ�.gt Œh;��/ dt

!

� exp
�Z t`

tj

ƒ�.gt Œh; ��/ dt

�
;
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which, since ƒ� � 0 and �i � 0 for all i 2 N, implies the estimate

kŒZj �khj ;�j �C
.1/
K .1C �/

�
1C kŒZ`�kh`;�`

�
exp

�Z t`

tj

ƒ�.gt Œh; ��/ dt

� `�1X
iDj

e2�i : (7.7)

By the definition of the Hodge norm, for each j 2 N, there exists a twisted harmonic
form !j 2 Z

1
hj ;�j

.M/ such that

Ej D Zj � !j 2 E
�1
hj ;�j

.M/ and j!j j�1 � kŒZj �khj ;�j : (7.8)

For each j 2 N, let us define

Fj D Ej � g��j .EjC1/ 2 E
�1
hj ;�j

.M/: (7.9)

By the recursive identity (7.9) the following bound holds with respect to the Lyapunov
norm L� on the bundle of twisted exact currents:

Lhj .Ej / � LhjC1.EjC1/CLhj .Fj /: (7.10)

In fact, the restriction of the distributional cocycle ¹gt j t 2 Rº to the bundle E�1� .M/

of twisted exact currents is isometric with respect to the norm L� . For each ` 2 N, we
derive from (7.10) by (reverse) induction on 1 � j < ` that

Lh1.E1/ � Lh`.E`/C

`�1X
jD1

Lhj .Fj /: (7.11)

By the splitting (7.1) it follows that

g��j .ZjC1 CRjC1/ D g��j gtjC1.A/ D gtj .A/ D Zj CRj ;

hence by the identity (7.8)

g��j .EjC1 C !jC1 CRjC1/ D Ej C !j CRj :

Thus, by the definition in formula (7.9), we conclude that

Fj D g��j .!jC1 CRjC1/ � .!j CRj /;

hence by compactness, Lemma 7.1, and formulas (7.2) and (7.8), there exists a constant
C
.2/
K > 1 such that

Lhj .Fj / � C
.2/
K

�
jg��j .!jC1 CRjC1/j�1 C j!j CRj j�1

�
� C

.2/
K

�
e2�j .kŒZjC1�khj ;�j C �/C kŒZj �khj ;�j C �

�
;

hence, by (7.7), there exists a constant C .3/K > 0 such that, for all ` > 1, we have

`�1X
jD1

Lhj .Fj / � C
.3/
K .1C �/

�
1C kŒZ`�kh`;�`

�
� exp

�Z t`

t1

ƒ�.gt Œh; ��/ dt

� `�1X
jD1

e2�j

!2
:

(7.12)
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By the splitting (7.1) and formulas (7.2), (7.7), (7.8), (7.11) and (7.12), there exists a
constant C .4/K > 0 such that for all ` > 1,

jgt1.A/j�1 � C
.4/
K .1C �/

�
1C jgt`.A/j�1

�
� exp

�Z t`

t1

ƒ�.gt Œh; ��/ dt

� `�1X
jD1

e2�j

!2
:

Finally, by the bound (7.4), since t0 D 0,

jAj�1 � e
2t1 jgt1.A/j�1:

8. Proof of the main results

In this section we complete the proof of the main results stated in the Introduction.
For any h 2 H .�/, let t0 D 0 and let ¹tn j n 2 Nº denote, as above, a non-decreasing

sequence of visiting times of the orbit ¹gt .h/ j t � 0º to a compact set K � H .�/.

Lemma 8.1. There exist constants ˛� , ˛0� and N� > 0 such that, for almost all Abelian
differential h 2 H .�/ with respect to the Masur–Veech measure, there exists a constant
C�.h/ > 0 such that the following holds. For any x 2M with forward regular horizontal
trajectory, for all � 2 R n ¹0º, for all n 2 N and for all functions f 2 H 1

h
.M/ of zero

average, we haveˇ̌̌̌Z etn

0

e2�{�tf ı �St .x/ dt

ˇ̌̌̌
� C�.h/jf j1

.1C �2/
N�
2

j�j
˛�

˛0�

e.1�˛�/tn

 
n�1X
jD0

e2.tjC1�tj /

!3
:

Proof. Let A WD Ah;�.x; etn/ denote the current defined, for any 1-form ˇ on M , as

A.ˇ/ WD

Z etn

0

e2�{�t {Sˇ ı �
S
t .x/ dt:

Let then A# denote the current

A#
WD AC A.�T /�S :

By definition, for any 1-form ˇ on M , we have

A#.ˇ/ WD

Z etn

0

e2�{�t {Sˇ ı �
S
t .x/ dt �

e2�{�e
tn
� 1

2�{�

Z
M

{Sˇ !h:

We prove below a bound for the Sobolev norm of the current A# in �1H�1
h
.M/ and

derive the result for large � 2 R from such an estimate applied to 1-forms f̌ D f �T for
which, whenever f 2 H 1

h
.M/ has zero average, we have

A#. f̌ / D A. f̌ / D

Z etn

0

e2�{�tf ı �St .x/ dt:
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Let hn WD gtn.h/ and let .Sn; Tn/ denote its horizontal and vertical vector fields. By
definition, the current gtn.A/ is given by the formula

gtn.A/.ˇ/ D

Z 1

0

e2�{e
tn�t {Snˇ ı �

Sn
t .x/ dt;

while the current gtn.A
#/ is given by the formula

gtn.A
#/.ˇ/D gtn.A/

#.ˇ/D

Z 1

0

e2�{e
tn�t {Snˇ ı �

Sn
t .x/dt �

e2�{e
tn� � 1

2�{etn�

Z
M

{Snˇ!h:

Since hn 2 K, by the Sobolev trace theorem (see Lemma 2.3) there exists a constant
CK > 0 such that, for all n 2 N, we have

jgtn.A
#/.ˇ/j � jgtn.A/.ˇ/j �

Z 1

0

j{Snˇ ı �
Sn
t .x/j dt � CK jˇjH�1

hn
.M/;

hence
jgtn.A

#/j�1 � jgtn.A/j�1 � CK :

By definition and by Lemma 3.6, there exists a constant �K > 0 such that, for any t > 0
with gt .h/ 2 K, there exists Z 2 Z�1

gt .h;�/
.M/ such that

jgt .A
#/ �Zj�1 � �K ;

hence A# 2 AK.�K/. By Lemma 7.2 with � D �Re.h/ there exists a constant C 0K > 0
such that we have the estimate

jA#
j�1 � C

0
K exp

�Z tn

0

ƒ�.gt Œh; �Re.h/�/ dt
� n�1X

jD0

e2.tjC1�tj /

!3
and, by Lemma 6.6 for almost all h 2 H .�/, there exist constants ˛� , ˛0� and N 0� > 0
such that, for almost all Abelian differential h 2 H .�/ with respect to the Masur–Veech
measure, there exists a constant C�.h/ > 0 such that, for all n 2 N, for all � 2 R with
j�j � e�˛

0
� tn , we have

exp
�Z tn

0

ƒ�.gt Œh; �Re.h/�/ dt
�
� C�.h/.1C �

2/
N 0�
2 e.1�˛�/tn :

For j�j � e�˛
0
� tn , by the Sobolev trace theorem (see Lemma 2.3) there exists a constant

C 0�.h/ > 0 such that we haveˇ̌̌̌Z etn

0

e2�{�tf ı �St .x/ dt

ˇ̌̌̌
� C 0�.h/jf j1e

tn

D C 0�.h/jf j1e
˛� tne.1�˛�/tn

� C 0�.h/jf j1j�j
�
˛�

˛0� e.1�˛�/tn :

The argument is therefore concluded.
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To conclude the proof of our main results we recall a decomposition lemma from
[2, Lemma 5.1]. The point of this decomposition lemma is that it allows to reduce the
proof of upper bounds for (twisted) integrals along arbitrary orbit arcs to upper bounds
on integrals along special “best returns” orbit arcs, generated by the action of the renor-
malization (the Teichmüller flow), and for which the desired bounds were derived above
in Lemma 8.1.

Lemma 8.2. Let h 2 H .�/ and let ¹tnºn2N be any non-decreasing divergent sequence
of positive real numbers. For any .x; T / 2M �RC such that x 2M has forward regu-
lar horizontal trajectory, the horizontal orbit segment h;x.T / has a decomposition into
consecutive sub-segments,

h;x.T / D

nX
`D1

mX̀
mD1

h;x`;m.T`/C h;y.�/;

such that n WD max¹` 2 N j T` � T º and, for all 1 � ` � n,

m` � e
t`C1�t` ; T` D e

t` and � � et1 :

We are finally ready to complete the proof of our main theorem, stated as Theorem 1.8
in the Introduction. We state it again below for the convenience of the reader.

Theorem 8.3. There exist constants ˛� , ˇ� and N� > 0 such that, for almost all Abelian
differential h 2 H .�/ with respect to the Masur–Veech measure, there exists a constant
C�.h/ > 0 such that for all � 2 R n ¹0º, for all .x; T / 2M �RC, such that x 2M has
forward regular horizontal trajectory, and for all f 2 H 1

h
.M/ of zero average, we have

the estimate ˇ̌̌̌Z T

0

e2�{�tf ı �St .x/ dt

ˇ̌̌̌
� C�.h/jf j1

.1C �2/
N�
2

j�jˇ�
T 1�˛� :

Proof. Let .tn/ denote a sequence of return times of the orbit ¹gt .h/ j t > 0º to a compact
setK � H .�/ such that limn!C1 tn=n D � 6D 0. It follows that for any � 2 .0; �/ there
exists n� 2 N such that we have

.� � �/n � tn � .�C �/n for all n � n�:

It follows in particular that there exists a constant C.�; �; h/ > 0 such that
n�1X
jD0

e2.tjC1�tj / � C.�; �; h/ e4�n:

In fact, for n > n� , by geometric summation we have

n�1X
jD0

e2.tjC1�tj / �

n��1X
jD0

e2.tjC1�tj / C e2.�C�/
n�1X
jDn�

e4�j

�

n��1X
jD0

e2.tjC1�tj / C e2.�C�/
e4�n � e4n�

e4� � 1
;
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hence the above bound holds with

C.�; �; h/ WD

n��1X
jD0

e2.tjC1�tj / C
e2.�C�/

e4� � 1
:

From Lemma 8.1 we derive, for all ` 2 ¹1; : : : ; nº, the boundsˇ̌̌̌Z T`

0

e2�{�tf ı �St .x`;m/ dt

ˇ̌̌̌
� C�.�; �; h/jf j1

.1C �2/
N�
2

j�j
˛�

˛0�

e.1�˛�/t`C12�`:

Given the sequence .tn/ and any .x; T / 2M �RC such that x 2M has forward regular
horizontal trajectory, we consider the induced decomposition of a horizontal orbit segment
h;x.T / given by Lemma 8.2. For all ` 2 ¹1; : : : ; nº andm 2 ¹1; : : : ; m`º, let �`;m denote
the time of the point x`;m along the orbit. By the definitions

�`;m D

`�1X
jD1

mjTj C .m � 1/T`:

Since by Lemma 8.2 we have a decompositionZ T

0

e2�{�tf ı �St .x/ dt D

nX
`D1

mX̀
mD1

e2�{��`;m
Z T`

0

e2�{�tf ı �St .x`;m/ dt

C

Z T

T ��

e2�{�tf ı �St .x/ dt;

we derive the boundˇ̌̌̌Z T

0

e2�{�tf ı �St .x/ dt

ˇ̌̌̌
� C�.�; �; h/jf j1

.1C �2/
N�
2

j�j
˛�

˛0�

 
nX
`D1

m`e
.1�˛�/t`C12�` C �

!
:

Finally, we have, since by construction Tn D e
tn � T , hence n � .� � �/�1 log T ,

nX
`D1

m`e
.1�˛�/t`C12�` � C 0�.�; �; h/

nX
`D1

e.1�˛�/.���/`C16�`

� C 00� .�; �; h/e
Œ.1�˛�/.���/C16��n

� C .3/� .�; �; h/T 1�˛�C.���/
�116�;

which, by taking � > 0 such that .� � �/�132� < ˛� , implies the estimateˇ̌̌̌Z T

0

e2�{�tf ı �St .x/ dt

ˇ̌̌̌
� C�.h/jf j1

.1C �2/
N�
2

j�j
˛�

˛0�

T 1�˛�2 :

The argument is therefore complete. (Note that the exponent ˛� , ˇ� , and N� in the state-
ment are respectively equal to ˛�

2
, ˛�
˛0�

and N� in terms of the positive constants ˛� , ˛0�
and N� of Lemma 8.1.)
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The remaining main results stated in the Introduction are easily derived (see below)
from the above Theorem 8.3 (Theorem 1.8 in the Introduction) and from the general
results of Section 9 below.

Proof of Theorem 1.5. We have a Fourier decomposition

F.x; �/ D
X
n2Z

fn.x/e
2�{n� for .x; �/ 2M � T :

By the Fourier decomposition we haveZ T

0

F ıˆS;�.x; �/ dt D
X
n2Z

e2�{�n�
Z T

0

e2�{�ntfn ı �
S
t .x/ dt:

By Theorem 8.3 (Theorem 1.8) we have, for n 6D 0,ˇ̌̌̌Z T

0

e2�{�ntfn ı �
S
t .x/ dt

ˇ̌̌̌
� C�.h/.1C n

2/
N��ˇ�

2 jfnj1T
1�˛0� :

For n D 0, by Theorem 1.4 (see [2]) or, in fact, for almost all h 2 H .�/ already by the
results of [18], we haveˇ̌̌̌Z T

0

f0 ı �
S
t .x/ dt � T

Z
M�T

F d!h d�

ˇ̌̌̌
� C�.h/jf0j1T

1�˛� :

By definition, for any s � 0, the Sobolev space H s.T ;H 1.M// is the completion of the
space C1.M � T / with respect to the norm

kF kH s.T ;H1.M// WD

�X
n2Z

.1C n2/sjfnj
2
H1.M/

� 1
2

:

Since, by the Hölder inequality, we have

X
n2Z

.1C n2/
N��ˇ�

2 jfnj1 �

�X
n2Z

.1C n2/N��ˇ��s
� 1
2

kF kH s.T ;H1.M//;

it follows that for s > N� � ˇ� C 1 there exists a constant C�;s > 0 such thatˇ̌̌̌Z T

0

F ıˆS;�.x; �/ dt � T

Z
M�T

F d!h d�

ˇ̌̌̌
� C�;sC�.h/kF kH s.T ;H1.M//T

1�˛00�

for any ˛00� � min.˛� ; ˛0�/, which completes the proof of the theorem.

Proof of Corollary 1.9. It is an immediate consequence of Theorem 8.3 (Theorem 1.8
in the Introduction) and of Lemma 9.1 below, which derives a lower bound on spectral
dimensions from an upper bound on twisted ergodic integrals.

Corollary 1.11 follows from Theorem 8.3 (Theorem 1.8), the quantitative equidistri-
bution result for translation flows stated in Theorem 1.4 (see also [18]) and Lemma 9.3,
which derives a bound on the speed of weak mixing from bounds on twisted ergodic
integrals.
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Proof of Corollary 1.11. By integration by parts we haveZ T

0

e2�{�tf ı �St dt D

Z T

0

1

2�{�

�
d

dt
e2�{�t

�
f ı �St dt

D
1

2�{�

�
e2�{�T f ı �ST � f �

Z T

0

e2�{�tSf ı �St dt

�
;

hence for all � 6D 0, we haveˇ̌̌̌Z T

0

e2��tf ı �St dt

ˇ̌̌̌
L2
h
.M/

�
1

��
jf jL2

h
.M/ C

1

2��

ˇ̌̌̌Z T

0

e2�{�tSf ı �St dt

ˇ̌̌̌
L2
h
.M/

:

By iterating the integration by parts (for j�j � 1) we derive the boundˇ̌̌̌Z T

0

e2��tf ı �St dt

ˇ̌̌̌
L2
h
.M/

�

k�1X
jD0

1

j��jjC1
jSjf jL2

h
.M/

C
1

j2��jk

ˇ̌̌̌Z T

0

e2�{�tSkf ı �St dt

ˇ̌̌̌
L2
h
.M/

:

It follows that under the assumption that Sjf 2 L2
h
.M/, for all j 2 ¹0; : : : ; N�º, and that

f and SN�f 2 H 1
h
.M/, the hypothesis of Lemma 9.3, for the part concerning the bound

on twisted integrals, are a consequence of Theorem 8.3. The hypothesis of Lemma 9.3, for
the part concerning the bounds on ergodic integrals (� D 0), follows from Theorem 1.4
for functions of zero average. The corollary is therefore proved.

9. Spectral dimension and effective weak mixing

The content of this section is standard. We reproduce it here for the convenience of the
reader. We recall that for any measure � on R we can defined the lower and upper lower
local dimension, d� .�/ and d� .�/, at � 2 R, as follows:

d� .�/ WD lim
r!0C

log �.Œ� � r; �C r�/
log r

;

d� .�/ WD limr!0C
log �.Œ� � r; �C r�/

log r
:

Let �f denote the spectral measure of a function f 2 L2.M;�/ for a flow .�R/ which
preserves the probability measure � on M . The measure �f is a complex measure on R
of finite total mass equal to kf k2. Let df .�/ and df .�/ denote the lower and upper local
dimensions of the measure �f at � 2 R.

Lemma 9.1. Let us assume that given � 2 R and a function f 2 L2.M;�/ there exist
constants Cf .�/ > 0 and 0 � ˛� � ˛C < 1 such that, for all T � T0 > 0,

Cf .�/
�1T 1�˛C �

Z T

0

e�2�{�tf ı �t dt


L2.M;�/

� Cf .�/T
1�˛� :
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Then there exist constants C 0
f
.�/ and r0 > 0 such that for all r 2 .0; r0/ we have

C 0f .�/
�1r

2˛C
1�˛C � �f .Œ� � r; �C r�/ � 8Cf .�/r

2˛� :

In particular, we derive

2˛� � df .�/ � df .�/ �
2˛C

1 � ˛C
:

Proof. By spectral theory we haveZ T

0

e�2�{�tf ı �t . � / dt

2
L2.M;�/

D

Z T

0

e�2�{.���/t dt

2
L2.R;d�f .�//

D

Z
R

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/

ˇ̌̌̌2
d�f .�/

D T 2

Z
R

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/:

(9.1)

Let � W R! RC denote the function

�.x/ WD

ˇ̌̌̌
e�2�{x � 1

2�{x

ˇ̌̌̌2
:

Let c > 0 be the strictly positive constant defined as

c WD min
x2Œ� 12 ;

1
2 �

�.x/ �
1

2
:

It follows that

cT 2�f .Œ� �
1

2T
; �C

1

2T
�/ �

Z T

0

e�2�{�tf ı �t dt

2
L2.M;�/

;

which is equivalent to the estimate

�f .Œ� � r; �C r�/ � 4c
�1r2

Z 1
2r

0

e�2�{�tf ı �t dt

2
L2.M;�/

:

Under the hypothesis we have

�f .Œ� � r; �C r�/ � 4c
�1Cf .�/r

2r�2.1�˛�/ D 4c�1Cf .�/r
2˛� :

For the lower bound we writeZ
R

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/ D

Z
j���j�r

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/

C

Z
j���j�r

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/:
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We have the following bounds: there exists C > 0 such thatZ
j���j�r

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/ � C�f .Œ� � r; �C r�/;Z

j���j�r

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/ �

Ckf k2

r2T 2
;

hence we derive the lower bound

�f .Œ� � r; �C r�/ �
C�1

T 2

Z T

0

e�2�{�tf ı �t dt

2
L2.M;�/

�
kf k2

r2T 2
:

Finally, under the assumption that we have a lower boundZ T

0

e�2�{�tf ı �t dt


L2.M;�/

� Cf .�/
�1T 1�˛C ;

we derive that there exists C 0
f
.�/ > 0 such that

�f .Œ� � r; �C r�/ � C
0
f .�/T

�2˛C �
kf k2

r2T 2

then, by taking T D . 2kf k

ŒC 0
f
.�/�1=2r

/
1

1�˛C , there exists a constant C .˛/
f

> 0 such that

�f .Œ� � r; �C r�/ � C
.˛/

f
r
2˛C
1�˛C :

Lemma 9.2. Let us assume that given � 2 R and a function f 2 L2.M;�/ there exist
constants Cf .�/ > 0, r0 > 0 and 0 � ˇ� � ˇC � 1 such that, for all 0 < r � r0,

Cf .�/
�1r2ˇC � �f .Œ� � r; �C r�/ � Cf .�/r

2ˇ� :

Then there exist constants C 0
f
.�/ and T0 > 0 such that for all T � T0 � e we have

C 0f .�/
�1T 1�ˇC �

Z T

0

e�2�{�tf ı �t dt


L2.M;�/

� C 0f .�/max¹T 1�ˇ� ; .log T /
1
2 º:

Proof. For fixed � 2 R and T > 0 and for all n 2 N we let In.�/ � R denote the set
defined as follows:

In WD ¹� 2 R j T j� � �j � 2n�2º:

By formula (9.1), we then write (for m > 1 to be chosen later)Z T

0

e�2�{�tf ı �t dt

2
L2.M;�/

� T 2

Z
I0

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/

C T 2

mX
nD1

Z
InnIn�1

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/

C T 22�2.m�2/�f .R n Im/:
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Let us denote below by C , Cf .�/, C 0f .�/ positive constants, independent of T 2 R, but
possibly dependent on the function f 2 L2.M;�/ or on the phase constant � 2 R, which
may vary from line to line throughout the argument.

Since there exists a (universal) constant C > 0 such that

C�1 �

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌
� C for all � 2 I0;

it follows by the assumptions that there exists a constant Cf .�/ > 0 such that

Cf .�/
�1T �2ˇC �

Z
I0

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/ � Cf .�/T

�2ˇ� :

Then from the hypothesis and the inequalityˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌
�
2�.n�3/

�
for all � 62 In�1;

it follows that there exist constant Cf .�/; C 0f .�/ > 0 such thatZ
InnIn�1

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/ � Cf .�/

2�2.n�3/

�2

�
2n�2

T

�2ˇ�
D
C 0
f
.�/

16ˇ�
T �2ˇ� 2�.2�2ˇ�/n:

It then follows that whenever ˇ� < 1 there exists a constant C .ˇ�/
f

.�/ > 0 such that, for
all T > T0, we have

C1X
nD1

Z
InnIn�1

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/ � C

.ˇ�/

f
.�/T �2ˇ� ;

hence the argument is completed in this case. For ˇ� D 1 we have
mX
nD1

Z
InnIn�1

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/ �

Cf .�/

4
T �2m;

hence, by taking m D Œ log T

log2 � we derive that
mX
nD1

Z
InnIn�1

ˇ̌̌̌
e�2�{.���/T � 1

2�{.� � �/T

ˇ̌̌̌2
d�f .�/C 2

�2.m�2/
kf k2 � C 0f .�/T

�2 log T ;

thereby completing the argument in all cases.

We conclude the section with a general lemma on effective weak mixing.

Lemma 9.3. Let �R be a flow on a probability space .M;�/ and let f 2 L2.M;�/. Let
us assume that there exists ˛, ˇ > 0 such that there exists a constant I.f / > 1 such that,
for all � 2 R and for all T > 1, we have Z T

0

e2�{�tf ı �t dt


L2.M;�/

� I.f /j�j�ˇT 1�˛
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and  Z T

0

f ı �t dt


L2.M;�/

� I.f /T 1�˛:

Then there exist constants ˛0 WD ˛0.˛; ˇ/ > 0 and C > 0 such that the following effective
weak mixing bound holds. For all g 2 L2.M;�/ and for T > 1 we have

1

T

Z T

0

jhf ı �t ; giL2.M;�/j
2 dt � CI.f /kf kL2.M;�/kgk

2
L2.M;�/

T �˛
0

:

Proof. Let �f;g denote the spectral measure of the pair f; g 2 L2.M;�/. By defini-
tion, the measure �f;g is the Fourier transform of the absolutely continuous measure
hf ı �t ; gi dt . By properties of the Fourier transform, we can writeZ T

0

ˇ̌
hf ı �t ; gi

ˇ̌2
dt D

Z
R
�Œ0;T �hf ı �t ; gihf ı �t ; gi dt

D

Z
R

�Z T

0

e2�{�t hf ı �t ; gi dt

�
d N�f;g.�/

Let � > 0 such that ˇ� < ˛. Since by the Hölder inequalityˇ̌̌̌Z T

0

e2�{�t hf ı �t ; gi dt

ˇ̌̌̌
� kgkL2.M;�/

Z T

0

e2�{�tf ı �t dt


L2.M;�/

;

it follows that, for j�j � T �� , we haveZ
j�j�T ��

�Z T

0

e2�{�t hf ı �t ; gi dt

�
d N�f;g.�/

� I.f /T 1�˛Cˇ�
kf kL2.M;�/kgk

2
L2.M;�/

:

Finally, we claim that we have

�f;g.�T ��; T ��/ � Œ8I.f /�
1
2 kgkL2.M;�/T

�˛�: (9.2)

In fact, by the hypothesis that Z T

0

f ı �t dt


L2.M;�/

� I.f /T 1�˛;

and by Lemma 9.1 (with � D 0 and r D T ��), we derive the bound

�f .�T ��; T ��/ � 8I.f /T �2˛�;

then the claim follows from the general inequalities for spectral measures:

�f;g � �
1
2

f
�
1
2
g � kgkL2.M;�/�

1
2

f
:

By the bound in formula (9.2) we then conclude thatZ
j�j�T ��

�Z T

0

e2�{�t hf ı �t ; gi dt

�
d N�f;g.�/

� Œ8I.f /�
1
2 kf kL2.M;�/kgk

2
L2.M;�/

T 1�˛�:

The statement of the lemma follows.
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