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Abstract. We compute the subgroup of the monodromy group of a generalized Kummer variety
associated to equivalences of derived categories of abelian surfaces. The result was announced by
Markman and Mehrotra (2017). Mongardi (2016) showed that the subgroup constructed here is in
fact the whole monodromy group. As an application we prove the Hodge conjecture for the gen-
eric abelian fourfold of Weil type with complex multiplication by an arbitrary imaginary quadratic
number field K, but with trivial discriminant invariant in Q* /Nm(K™). The latter result is inspired
by a recent observation of O’Grady that the third intermediate Jacobians of smooth projective vari-
eties of generalized Kummer deformation type form complete families of abelian fourfolds of Weil
type. Finally, we prove the surjectivity of the Abel-Jacobi map from the Chow group CH? (Y )g of
codimension 2 algebraic cycles homologous to zero on every projective irreducible holomorphic
symplectic manifold ¥ of Kummer type onto the third intermediate Jacobian of Y, as predicted by
the generalized Hodge Conjecture.
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1. Introduction

1.1. Monodromy of generalized Kummers

Let X be a complex projective abelian surface, X ™ its n-th symmetric product, and
X["] the Hilbert scheme of length n zero-dimensional subschemes of X. Let 7 : X" —
X be the composition of the Hilbert—Chow morphism X[} — X and the summation
morphism X ™ — X. The generalized Kummer variety Ky (n — 1) is the fiber of 7 over
0 € X; it is a smooth, projective, simply connected variety of dimension 2n — 2. It admits
a holomorphic symplectic form, unique up to a constant multiple [2]. The morphism 7 is
an isotrivial family, with every fiber isomorphic to Ky (n — 1). The variety Kx (1) is the
Kummer K3 surface associated to X. Let s, € H®"(X, Z) be the Chern character of the
ideal sheaf of a length n subscheme of X . The moduli space M(s,) of rank 1 torsion free
sheaves on X with Chern character s, is isomorphic to X"l x Pic®(X).
Set
V:=H"(X.Z)® H'(X.Z)*.

V has a natural symmetric unimodular bilinear pairing, given by
((a1.a2), (b1, b2)) = ba(ar) + az2(by), (1.1)

and H*(X, Z) is the spin representation of the arithmetic group Spin(V) recalled below
in (4.6). The half-spin representations are S := H®*"(X,Z) and S~ := H°Y(X, Z).
Each of the half-spin representations admits a symmetric integral and unimodular
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Spin(V)-invariant bilinear paring, recalled below in (4.15), and Spin(V'), Spin(S*), and
Spin(S™) all embed as the same subgroup of SO(V) x SO(ST) x SO(S™). The latter
identification of the three spin groups is a consequence of an integral version of trial-
ity for Spin(8) (Theorem 4.6). Let T act on H'(X,Z) by (—1)!“=1/2 and on V by
Z(ay,as) = (—ay, as). Denote by G(ST)®"" the subgroup of GL(V & S+ @& S™) gen-
erated by Spin(V) and 7. The group G(S™)®¥" arrises naturally as one of the Clifford
groups (see (4.6)). We describe next a monodromy representation of G(S¥)®¥*" on the
cohomology ring of the moduli space M (sy,).

Definition 1.1. Let Y be a smooth projective variety. An automorphism g of the cohomo-
logy ring H* (Y, Z) is called a monodromy operator if there exists a family ¥ — B (which
may depend on g) of compact Kihler manifolds, having Y as a fiber over a point by € B,
and such that g belongs to the image of 71 (B, bg) under the monodromy representation.
The monodromy group Mon(Y') of Y is the subgroup of GL(H *(Y, Z)) generated by all
the monodromy operators.

Let 2 be an object in the bounded derived category D?(X x X) of coherent sheaves
on X x X, which is the Fourier—Mukai kernel of an auto-equivalence ®» : D?(X) —
DP(X) of the derived category of the abelian surface X. Then ch(&), considered as a
correspondence, induces an automorphism of H*(X,Z), which is the image of an element
g of Spin(V') in GL(H *(X, Z)) via the spin representation, by results of Mukai and Orlov
(see Section 7). Let & be a universal sheaf over X x M(s,). Let m;; be the projection from
X x M(s,) X X x M(s,) onto the product of the i-th and j-th factors. Set

Ve 1= Cont2(m2a,x[1156* ® 75,6 ® w3 PI[1]).

where the pull-back, push-forward, dual &*, and tensor product are all taken in the derived
category, and [1] is the shift. One can express the right hand side above in terms of the
cohomology class ch(#), using the Grothendieck—Riemann—Roch theorem. We get the
class yg in H*¥"4(M(sn) x M(sy), Z), associated to every element g of Spin(V), by
replacing ch(#) by g in the latter cohomological expression. Considering also the ana-
logue for compositions of equivalences of derived categories and dualization yields a
class y, for every element g € G(ST)™" (see (6.3)). Let G(S +)§f“ be the subgroup
of G(S)" stabilizing s,,. Define Spin(V),, similarly. Assume n > 3.

Theorem 1.2 (Theorem 8.6). (1) The correspondence y, induces a graded ring auto-
morphism for every g € G(S +)§‘r’f“. The resulting map

mon : G(SHS — Aut[H*(M(sn), Z)]

S,

is a group homomorphism and its image is contained in the monodromy group
Mon(M(sy)).
(2) For every g € Spin(V)y, there exists a topological complex line bundle Ly over
M () such that
(g ® mong)(ch(€)) = ch(&)m}y ch(Lg),

where Ty : X X M(s,) = M(sy) is the projection.
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Let 'y be the group of points of order n on X. The translation action of 'y on X
induces a translation action on X "], The morphism 7 : X — X is invariant with respect
to the latter action and so I'y acts on Ky (n — 1). This induces an embedding of 'y in
Mon(Kx (n — 1)). The action of Ty on H!(Kx(n — 1), Z) is trivial, for i = 2,3, by
Lemma 10.1 (4).

Proposition 1.3 (Proposition 10.2). There exists a unique injective homomorphism
mon : G(S+)§‘r’len — Mon(Kx(n — 1))/ Tx (1.2)

such that the restriction homomorphisms H* (M (s,),Z) — H' (Kx(n —1),7Z),i = 2,3,
are G(S +)§ff"—equivariant with respect to the homomorphisms mon and mon.

Let Y be a hyperkéhler variety deformation equivalent to the generalized Kummer
Kyx (m) of an abelian surface, m > 2. We determine the image Mon?(Y) of the mono-
dromy group in Aut[H?(Y, Z)]. The second cohomology H?(Y,Z) admits the symmetric
bilinear Beauville-Bogomolov-Fujiki pairing [2]. It has signature (3, —4). Given an ele-
ment u of H?(Y,Z) with («,u) equal to 2 or —2, let R, : H*(Y,Z) — H?(Y,Z) be the

(w,u) _ (uw)

reflection in u, R,(w) = w —2 o) W and set ry, := =5 Ry,. Then r, is the reflection
in u when (u,u) = —2, and —r, is the reflection in ¥ when (u, u) = 2. Set
W= (r, :uec H*(Y,Z) and (u,u) = +2) (1.3)

to be the subgroup of O(H?(Y, Z)) generated by the elements r,,. Then ‘W is a normal
subgroup of finite index in O(H?2(Y, Z)).

The lattice H?(Y, Z) is not unimodular. The residual group H2(Y,Z)*/H?(Y,Z)
is cyclic of order dim(Y) + 2. The image of W in the automorphism group of
H?(Y,Z)*/H?(Y,Z) has order 2 and is generated by multiplication by —1, by [26,
Lemma 4.10]. We get a character

x:W—{1,—-1}cC*. (1.4)

The character group Hom('W, C>) is isomorphic to Z /27 x 7. /27 and is generated by y
and the determinant character det (the proof is identical to that of [26, Cor. 7.9]). Note
that det(ry,) = (u,u)/2 and y(r,) = —(u,u)/2. Consequently, their product det -y takes
ry to —1, for both +2 and —2 vectors u. Let W9t'X be the kernel of det - X-

Theorem 1.4. The image Mon?(Y) in O(H?(Y, Z)) of the monodromy group Mon(Y')
is equal to ' WX Consequently, the homomorphism

mon : G(S+)§‘f“ — Mon(Kx(n — 1))/ T'x,
given in (1.2), is an isomorphism.

The inclusion ‘WX ¢ Mon?(Y) is proven in Section 10.1. The reverse inclusion was
proven by Mongardi [33], using general results about the action of the monodromy of an
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irreducible holomorphic symplectic manifold' on classes of extremal curves, as well as an
additional monodromy constraint proven in [31, Cor. 4.8]. Proposition 1.3 and Theorem
1.4 yield the short exact sequence

1 - Ty - Mon(Kx(n—1)) — G(S+)§:e“ -1,

the extension class of which is yet to be determined.

Theorem 1.4 implies that the image of Mon?(Y) in O(H?(Y, Z))/(—1) has
index 2°™ where n = % and p(n) is the Euler number of n (the number of dis-
tinct prime divisors of n) (see [27, Lemma 4.2]). Consequently, the Hodge-isometry class
of H2(Y,Z) does not determine the bimeromorphic class of Y, for Y with a generic
period. There are 27 distinct bimeromorphic classes of hyperkihler varieties, deform-
ation equivalent to the generalized Kummer, for each generic weight 2 Hodge-isometry
class, by Verbitsky’s Torelli Theorem for irreducible holomorphic symplectic manifolds
[28, Theorem 1.3]. In particular, the Kummers Kx (n — 1) and K ¢(n — 1), of a generic
complex torus X and its dual X, are not bimeromorphic. Namikawa proved this counter-
example in the case of Kummer fourfold (where n = 3) [41].

1.2. A monodromy representation for more general moduli spaces

Let w € H®*"(X, Z) be a primitive Hodge class. Denote by w; the graded summand in
H? (X,Z). Set

(w,w) := /X(Zwow2 — wf).

Assume that wog > 0 and (w, w) < —6. Choose a w-generic ample line bundle H on X
(see Section 3 for the definition). Then the moduli space Mg (w) of H -stable sheaves with
Chern character w is a projective, non-singular, connected, and holomorphic symplectic
variety of dimension 2 — (w, w), by results of Mukai and Yoshioka [56]. Yoshioka proved
that the Albanese variety of Mz (w) is isomorphic to X x Pic®(X) and each fiber of the
Albanese map alb : My (w) — X x Pic®(X) is deformation equivalent to a generalized
Kummer variety [56]. The analogue of Theorem 1.2 for Mg (w) is proved in Corollary
9.4 below, where a group homomorphism

mon : G(ST)&" — Mon(Mpy (w))

is constructed. Proposition 1.3 is stated and proved in Proposition 10.2 for any fiber
K4 (w) of the Albanese map alb : Mg (w) — X x Pic®(X), replacing I'y by the sub-
group Ty, of Aut(K, (w)) acting trivially on H (K, (w), Z), fori = 2, 3. The constructed
homomorphism

mon : G(ST)2" — Mon(K,(w))/ Ty

is an isomorphism, by Theorem 1.4.

YAn irreducible holomorphic symplectic manifold Y is a simply connected compact Kihler
manifold such that HO(¥, Q%) is 1-dimensional spanned by a nowhere degenerate 2-form.
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1.3. The Hodge conjecture for a generic abelian fourfold of Weil type of discriminant 1

A 2n-dimensional abelian variety A is of Weil type if there exists an embedding  : K —
End(A4) ®z Q of an imaginary quadratic number field K := Q[+/—d], where d is a posit-
ive integer, such that the eigenspaces with eigenvalues v/—d and —+/—d for the action of
n(m ) on H'%(A) are both n-dimensional. A polarized 2n-dimensional abelian vari-
ety of Weil type is a triple (A, K, h), with (4, K) as above and h € H!(A, Z) an ample
class, such that n(v/—d)*h = dh. Any abelian variety of Weil type (A4, K) admits such
an ample class & [49, Lemma 5.2 (1)].

Polarized 2n-dimensional abelian varieties of Weil type come in n2-dimensional fam-
ilies [55], [49, Sec. 5.3]. The top exterior power f(" H'(A4,Q) of H'(4,Q) as a
K-vector space is naturally embedded as a subspace of H"" (A, Q), which together with
h"™ spans a 3-dimensional subspace over Q. The generic abelian variety of Weil type A
has a cyclic Picard group but a 3-dimensional H"*" (A, Q) [55], [49, Th. 6.12]. If A is an
abelian variety of dimension 4, which is not isogenous to a product of abelian varieties,
and such that the cup product homomorphism Sym? H1(4, Q) — H?2(A4, Q) is not
surjective, then A is of Weil type, by [34]. This reduced the proof of the Hodge conjecture
for abelian fourfolds to those of Weil type, by [46, Theorem 4.11].

Let Nm : K* — Q* be the norm homomorphism, sending a + b~/—d to a® + db>.
Associated to the isogeny class of a polarized abelian variety of Weil type (A4, K, h) is a
discrete invariant in Q* /Nm(K™), called its discriminant [49, Lemma 5.2 (3)]. Following
is the second main result of this paper, which is proven in Section 13.

Theorem 1.5 (Theorem 13.4). Let (A, K, h) be a polarized abelian fourfold of Weil
type of discriminant 1. The 3-dimensional subspace of H*?(A, Q) spanned by h* and
/\?( H' (A, Q) consists of algebraic classes. In particular, the Hodge conjecture holds
for the generic such (A, K, h).

The case K = Q[+ —3] was previously proven by Schoen for arbitrary discriminant
in [48] and for K = Q[+/—1] and discriminant 1 in [47].

1.4. The modular sheaf over a universal deformation of Mg (w) X Mg (w)

The proof of Theorem 1.5 involves the construction of a coherent sheaf over every 4-
dimensional compact complex torus in a 5-dimensional family of such tori, which con-
tains a representative of each isogeny class of abelian 4-folds of Weil type of discrimin-
ant 1. In Section 1.4.1 we describe this 5-dimensional family. In Section 1.4.2 we describe
the coherent sheaf over X x Pic®(X). In Section 1.4.3 we briefly explain why this coher-
ent sheaf deforms to one over each member of this 5-dimensional family of complex
tori. In Section 1.4.4 we outline the proof of Theorem 1.5 about the algebraicity of the
Hodge—Weil classes.

1.4.1. A period domain for two families. Let X be an abelian surface and set V :=
HY(X.Z)® HY (X, Z)*, ST := H™"(X,Z) and S~ := H°Y(X, Z). We endow S
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with the unimodular symmetric bilinear pairing (4.15) of signature (4, 4) (minus the
Mukai pairing). Let w € ST be the Chern character of the ideal sheaf of a length n + 1
subscheme, n > 2. Let w be the sublattice orthogonal to w in S +. Then w is natur-
ally isometric to H2(Kx (n), Z) (with minus the Beauville-Bogomolov—Fujiki pairing),
and the period domain of 2n-dimensional irreducible holomorphic symplectic manifolds
deformation equivalent to the generalized Kummer variety Ky (n) is

Q1 ={lePwt®zC): () =0, (L) <0}

by [2]. Choose a basis {e1, €2, 3, e4} of H'(X, Z), compatible with the orientation of X,
and let {e}, e}, e%, e} be the dual basis. Consider the following classes in A* V:

4
o= E ei Nej,

i=1
,32261/\6’2/\63/\64,
yi=e] Nes ne; Ney,

cwi=—m+D%®+4n+ 13 +4(n + 1)y.
We refer to ¢y, as the Cayley class due to part (1) of the following.

Proposition 1.6. (1) (Proposition 11.2) The class cy, spans the 1-dimensional subspace
of /\T‘Q V invariant under Spin(V)y,.

(2) (Lemmas 12.1, 12.2) Q1 is also the period domain of integral weight 1 Hodge
structures (V, J), where J : Vg — VR is a complex structure satisfying:

@) V10 and VO are maximal isotropic with respect to the symmetric bilinear pair-
ing (1.1) on V.
(b) Each of the two lifts of J € SO(VR) to Spin(VR) maps to an involution of S,

determined by J up to sign, one of whose eigenspaces is a negative definite 2-
dimensional subspace of w]f(;.

(c) The class cy, is of Hodge type (2,2).

Note that 2., 1 is an open analytic subset of the quadric of isotropic lines in wé C SE‘ .
The correspondence between periods £ € Q2,1 and maximal isotropic subspaces V' 1:? in
Ve is the restriction to €2,,1 of the well known isomorphism between the quadric of
isotropic lines in the half-spin representation SE‘ of Spin(V¢) and one of the connected
components of the maximal isotropic Grassmannian of V¢ (see [0, II1.1.6]).

Proposition 1.6 gives rise to the universal torus

T > Q1 (1.5)

over the 5-dimensional period domain €2, , and ¢,, determines an integral class of Hodge
type (2,2) in the cohomology H*(Ty, Z) of the fiber T; over each £ € Q1.
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Proposition 1.7 (Proposition 12.6 and Corollary 12.9). Let h € ST satisfy (h,w) = 0
and (h,h) < 0. Set d := (w, w)(h, h)/4. The restriction of the universal torus T to the
4-dimensional subspace Q, pyr C 2,1 consisting of periods £ orthogonal to h is a
complete family of polarized 4-dimensional abelian fourfolds of Weil type of discrimin-
ant 1 with complex multiplication by Q[M ]

All possible imaginary quadratic number fields arise, since the lattice S is unimod-
ular. Complex multiplication by V/—d is best explained by an integral version of triality
for Spin(8). The groups V and S~ are the two half-spin representations of Spin(S*). The
elements w, i of ST are elements of the Clifford algebra

[ee)
C(St) =P/ (w1 @ wa + w2 @ wy — (wr.w2) : wy.way € ST).
k=0

The spin representation V & S~ is a C(S™)-module, a fact which corresponds to an
algebra isomorphism m : C(S*) — End(V @ S™). Each of & and w maps each of the
two direct summands of V' @ S~ to the other direct summand. Hence, the product w - h
maps V toitself. We have w - h + h - w = (h, w) = 0, by the defining relation of the Clif-
ford algebra, and so (my, o mp)? = —m?2 o mi = —w idygs— = (—d)idygs-—.

Proposition 1.7 was first proved by O’Grady in the following set-up. The complex
torus Ty, £ € Q,,1, is isogenous to the third intermediate Jacobian of every marked 2n-
dimensional irreducible holomorphic symplectic manifold Y in EIR& | with period Z,
by Lemma 12.15. O’Grady observed that every ample class # on Y with Beauville—
Bogomolov—Fujiki degree (h, h) = 2k induces complex multiplication on the interme-
diate Jacobian with imaginary quadratic field Q[v/—d], where d := (n + 1)k [43].

1.4.2. The modular sheaf. Following is a second description of the class cy,. Let M(w)
be the moduli space of rank 1 torsion free sheaves on X with Chern character w. Then
M(w) is 2n + 4-dimensional. Let & be a universal sheaf over X x M(w). Let 7;; be the
projection from M(w) x X x M(w) onto the product of the i-th and j -th factors. Let

E := &xt} (7,8, 73,6) (1.6)

13

be the relative extension sheaf over M(w) x M(w). Then E is a reflexive torsion free
sheaf of rank 2n + 2, which is locally free away from the diagonal [29, Rem. 4.6]. Given
asheaf F € M(w), let Ef be the restriction of E to {F} x M(w). Set 4 := X x Pic’(X).
Then A acts faithfully on M (w), the first factor via push-forward by translation automor-
phisms of X and the second factor by tensorization. For a generic sheaf F’ in M(w), the
resulting morphism onto the A-orbit of F’,

tpr A —> M(w),

is an embedding. Spin(V),, acts on H*(M(w), Z) via a monodromy action (The-
orem 1.2) and on H*(A,Z) := /\* V via the natural action on the exterior algebra of
the fundamental representation V.
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Theorem 1.8. (1) (Theorem 11.1) The class c2(End(E)) € H*(M(w) x M(w),Z) is
Spin(V )y -invariant with respect to the diagonal monodromy representation of The-
orem 1.2. Similarly, c;(End(EF)) € H*(M(w), Z) is Spin(V )y, -invariant.

(2) (Corollary 9.6) The homomorphism 1y, : H*(M(w), Z) — H*(A,Z) is Spin(V )y -
equivariant. Hence, the class 1,c2(End(EF)) is Spin(V )y -invariant.

(3) (Proposition 11.2) The equality ¢y = t},c2(End(EF)) holds.

The Spin(V)y,-invariance of ¢, (&End(E)) follows from the automorphic property of
the Chern character of the universal sheaf in Theorem 1.2 (2). The Spin(V'),,-invariance
of ¢y, follows from Theorem 1.8 (3).

1.4.3. Deforming the modular sheaf. We would like to deform the coherent sheaf
g €nd(EF) on A = X x Pic®(X) to a coherent sheaf over every fiber Ty, £ € Q,1,
of the universal torus (1.5). This would prove the algebraicity of the Spin(V'),,-invariant
Hodge class ¢, whenever Ty is algebraic. For that purpose we deform the moduli space
M(w) and the sheaf Er. We first describe the deformation of M (w).

There exists a moduli space M, 1 of marked irreducible holomorphic symplectic
manifolds and a surjective and generically injective period map Per : EIT&?U M Y
from each connected component smz | of moduli [18, 52]. Choose a connected com-
ponent EUE?U | containing a marked generalized Kummer. There exists a universal family
p:Y— ED??U | of irreducible holomorphic symplectic manifolds of generalized Kummer
deformation type [30, Th. 1.1]. Pulling back to smow . the universal torus T — Q,, 1 con-
structed in (1.5) via the period map we get a universal fiber product Per* 7 XEJJES) N Y. The

latter admits a diagonal action by a trivial group scheme Iy, over EIJE?U | » whose quotient
is a universal deformation
IT: M — I, (1.7)

of the moduli space M (w). The family IT is constructed in (12.12).

The above discussion is worked out for more general smooth and compact moduli
space M (w) over X, for more general primitive classes w € ST. We choose M (w),
so that the universal sheaf & is twisted, and the sheaf E g is maximally twisted, i.e., its
Brauer class in the analytic Brauer group H2 (M (w), (934(10)) has order equal to the rank
of Er. It follows that the sheaf Er does not have any proper non-trivial subsheaves and
is thus slope-stable with respect to every Kihler class on M (w). The second Chern class
of End(EF) is Spin(V')y -invariant, hence it remains of Hodge type (2, 2) over the whole
of EITE?U 1, by Lemma 12.14. A theorem of Verbitsky states that if G is a slope-stable
reflexive sheaf and ¢, (End(G)) remains of Hodge type over the whole of smg ., then G
deforms to a twisted sheaf over each fiber of the universal family IT (see Theorem 13.3).
Such sheaves G are said to be hyper-holomorphic. EF has these properties and we obtain
the following result, which is the main cycle-theoretic construction of the paper.

Theorem 1.9 (Theorem 13.3). The sheaf EF deforms with M(w) to a reflexive sheaf,
locally free on the complement of a point, over every fiber of the universal family T1 given
in (1.7). Similarly, the sheaf E given in (1.6) deforms with M(w) X M(w) to a reflexive
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sheaf, locally free away from the diagonal, over the cartesian square of every fiber of the
universal family T1.

Verbitsky’s theorem applies to slope-stable reflexive sheaves over hyperkéhler mani-
folds. It applies in our set-up, since every hyperkihler structure on a marked irreducible
holomorphic symplectic manifold Y with period £ determines a hyperkihler structure on
the complex torus 7y, £ € 2,1, and both correspond to the same twistor line in 2,1, by
Proposition 12.6. Hence, the restriction of the universal family IT : M — smz | to twistor
lines in Emg} | consists of twistor deformations of the fiber of IT as well. Note that Ver-
bitsky’s theorem has already been used to prove the algebraicity of monodromy invariant
Hodge classes in [4,5,29].

1.4.4. Outline of the proof of Theorem 1.5. It remains to prove that the 3-dimensional
subspace of Hodge-Weil classes in H?22(Ty, Q) consists of algebraic classes when £ is a
period in 2, 511 as in Proposition 1.7. The embedding tf+ : A — {F} x M(w) deforms
to an embedding ¢ : Ty — {F;} x M associated to a choice of a pair of points (Fy, Fy)
in the cartesian square My x M, of the fiber over £ of the universal family IT given
in (1.7). Hence, the 1-dimensional subspace of Spin(V ), -invariant classes in H22(Ty, Q)
is spanned by the algebraic class ¢,,, by Theorems 1.8 (3) and 1.9. Now Q[+v/—d] acts
on T} via rational correspondences, which are algebraic, and we show that the Q[x/ﬁ -
translates of ¢y, and the square @ﬁ of the polarization of Ty span the 3-dimensional space
of Hodge—Weil classes (Theorem 13.4).

1.5. Surjectivity of the Abel-Jacobi map

LetIT: M — szu | be the universal deformation of the moduli space Mg (w) of sheaves
on an abelian surface X given in (1.7). Assume that the dimension of Mg (w) is > 8.
Given b € Emg) 1, let Ep be the deformation of the modular sheaf (1.6) constructed in
Theorem 1.9 over the cartesian square Mj X M, of the fiber My, of I1. Let ey, : Y — Mp,
be the inclusion of a fiber of the Albanese map alb : M; — Alb(Mp). Let J2(Y}) :=
H3(Y,, C)/[H*'(Yp) + H3(Yp, Z)] be the intermediate Jacobian. Assume that Y}, is
projective. Then J2(Y}) is the codomain for the Abel-Jacobi map associated to any fam-
ily of complex codimension 2 algebraic cycles on Y, homologous to 0.

Given F € My, let EF be the restriction of Ep to {F} x Mp. Fix a point Fy € My
and consider the map

Alp : My — J?(Y3)

sending F € Mj to the Abel-Jacobi image of an algebraic cycle representing the Chow
class L L
eple2(Ep ® EF) —ca(Efp, ® ER)], (1.8)
where E}, is R#om(EF, O, ) and the tensor product is taken in the derived category.
The morphism Al factors through a morphism

AJp 1 Alb(Mp) — J2(Y3), (1.9)

since the fibers of alb are simply connected.
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Theorem 1.10. The morphism Aly is surjective for every b € ?D't?ol for which Yy, is pro-
jective.

Claire Voisin suggested to the author to prove the above theorem as a corollary of
Theorem 1.9. The proof of Theorem 1.10 is provided in Section 14.

1.6. Organization of the paper

In Section 3 we recall Yoshioka’s result that the fibers of the Albanese map of a moduli
space of stable sheaves on an abelian surface are irreducible holomorphic symplectic man-
ifolds of generalized Kummer deformation type. We also recall the relationship between
the second cohomology of the fibers and the Mukai lattice.

In Section 4 we recall the integral versions of the Clifford algebra and Clifford groups
associated to the cohomology of an abelian surface X . We then recall the integral version
of triality for Spin(V'), where V is the rank 8 lattice H'(X,Z) ® H' (X, Z)*.

In Section 5 we identify a set of generators for the stabilizer Spin(V')s,, of the Chern
character s, of the ideal sheaf of a length n subscheme of an abelian surface.

In Section 6 we construct a class y, in the cohomology of a product of two mod-
uli spaces Mg, (w1) X Mp,(wz) of H;-stable sheaves with Chern character w; over
an abelian surface X; associated to a parity preserving isomorphism g : H*(X;,Z) —
H*(X,,7) satisfying g(w;) = w,. When g is a parallel transport operator,” or when
g is induced by an equivalence of the derived categories of X and X, then g ® y; :
H*(X1 x My, (w1)) - H*(X2 x Mpu,(wz)) maps the class of a universal sheaf to a
class of a universal sheaf and y; is a parallel transport operator. We show that the assign-
ment g - Y, is multiplicative and we extend the construction to include the contravariant
functor of dualization of sheaves.

In Section 7 we lift certain generators for the stabilizer Spin(}V'),, found in Section 5
to auto-equivalences of the derived category of an abelian surface X.

In Section 8 we use results of Yoshioka to show that the auto-equivalences found in
Section 7 map sheaves in M(s,) to sheaves in M(s,). This enables us to prove The-
orem 1.2 about the monodromy representation mon : G (S +)§Zle“ — Aut(H*(M(sp),Z)).

In Section 9 we extend the latter monodromy representation to an action of a group-
oid § (a category all of whose morphisms are isomorphisms). Objects (X, w, H) of
% consist of an abelian surface X, a primitive Chern character w, and a w-generic
polarization H. Morphisms in Homg ((X;, wq, Hy), (X2, wa, H»)) are parallel transport
operators y : H*(My,(w1),Z) — H*(Mp,(w2), Z). A result of Yoshioka implies the
existence of such morphisms whenever the dimensions of the two moduli spaces are

2 Let X1, X, be compact Kihler manifolds. An isomorphism g : H*(X1,Z) — H*(X2,7)
is a parallel transport operator if there exists a family = : X — B of compact Kihler manifolds,
points b1, by € B, isomorphisms v; : X; — Xbi with the fibers over b;, and a continuous path y
from by to by in B, such that 3 « o g o ¥ is induced by parallel transport in the local system
Rm4Z along y.
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equal. Yoshioka’s result enables us to construct the monodromy representation mon :
G(ST)%e" — Mon(M(w)) for all primitive Chern characters w. We also establish in
Section 9 ’t\he Spin(V)y-equivariance of the homomorphism %, : H*(Mpy(w), Z) —
H*(X x X,Z) of Theorem 1.8.

In Section 10.1 we prove Theorem 1.4 about the monodromy group of generalized
Kummer varieties. In Section 10.2 we identify the Lie algebra of the Zariski closure of
the monodromy group as a subalgebra of the Looijenga—Lunts—Verbitsky Lie algebra. We
then verify that monodromy invariant classes of an irreducible holomorphic symplectic
manifold of generalized Kummer deformation type are Hodge classes.

In Section 11 we prove the Spin(V'),,-invariance of ¢,(End(E)) for the modular
sheaf E over M(w) x M(w) in Theorem 1.8 (1). We then prove that the Cayley class ¢y,
is the pull-back of ¢, (End(E)) (Theorem 1.8 (3)).

In Section 12.1 we construct the universal torus 7, given in (1.5), over the period
domain €2,,1 of irreducible holomorphic symplectic manifolds of generalized Kummer
deformation type. In Section 12.2 we prove Proposition 1.7; we construct the polar-
ization ®; and the complex multiplication for the complex tori with periods in the
4-dimensional subloci Qy,, zy1 in the 5-dimensional period domain €2, 1 . In Section 12.3
we construct a hyperkéhler structure on the complex torus 7, associated with a Kahler
class on an irreducible holomorphic symplectic manifold with period £ (Proposition
12.6). In Section 12.4 we prove that the subloci 2y, ;31 parametrize abelian fourfolds
of Weil type of discriminant 1. In Section 12.5 we construct the universal deformation
m:M— 91%2} | of the moduli space of sheaves over the moduli space of marked irre-
ducible holomorphic symplectic manifolds of generalized Kummer deformation type. In
Section 12.6 we prove that the torus 7y is isogenous to the third intermediate Jacobian
of the irreducible holomorphic symplectic manifold of generalized Kummer deformation
type with period £.

In Section 13 we prove Theorem 1.5 about the algebraicity of the Hodge—Weil classes
on abelian fourfolds of Weil type of discriminant 1.

In Section 14 we prove Theorem 1.10 verifying the generalized Hodge conjecture for
codimension 2 algebraic cycles homologous to 0 on every projective irreducible holo-
morphic symplectic manifold of generalized Kummer deformation type.

2. Notation

Let X be a complex projective abelian surface, X := Pic® (X) its dual surface, and X
the Hilbert scheme of length n zero-dimensional subschemes of X. Let X™ be the
n-th symmetric product of X and hc : X" — X the Hilbert—Chow morphism. Let
o : X™ — X be the morphism sending a cycle to its sum and let 77 : X" — X be the com-
position o o hc. The (2n — 2)-dimensional generalized Kummer Ky (n — 1) is the fiber
of m over 0 € X. It is a simply connected projective holomorphically symplectic variety.
The algebra of holomorphic differential forms on Ky (m) is generated by the holomorphic
symplectic form, which is unique up to a constant scalar [2]. Consequently, Kx (m2) admits
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a hyperkihler structure. The first three Betti numbers b; (Kx (m)) of Kx(m), m > 1, are
b1(Kx(m)) =0, bo(Kx(m)) = 7, and b3(Kx (m)) = 8, by [10, Th. 2.4.11].

Let H be an ample line bundle on an abelian surface X and let Mg (v) denote the
moduli space of Gieseker—Simpson H -stable coherent sheaves on X with Chern charac-
ter v. We always assume that v is primitive and H is v-generic (see Section 3), so that
Mg (v) is smooth and projective. We denote by K, (v) the fiber of the Albanese mor-
phism from Mg (v) to its Albanese variety over the point a. Then Ko (s,) = Kx(n — 1),
where s, is the Chern character of the ideal sheaf of a length n subscheme.

A glossary of notation is included in Section 15.

3. The Mukai lattice and the second cohomology of a moduli space of sheaves

Let X be an abelian surface. Set S* := @7_, H* (X, Z). The Mukai pairing on S+ is
given by

(x,y):= /X(lel — XY2 — X20), 3.1

where x = (x¢, X1, X2), ¥ = (Yo, Y1, ¥2), and x;, y; are the graded summands in
H?(X,Z). We refer to ST as the Mukai lattice of X and elements of St will be
called Mukai vectors. Following Mukai we endow Sg = 8T ®z C with a weight 2
Hodge structure by setting (S )20 := H20(X), (§7)%? := H%2(X), and (ST)!'! :=
HYX)® HV'(X) + H*(X).

Let v = (r,c1, x) € ST be a primitive Mukai vector, with ¢; € H?(X, Z) of Hodge
type (1, 1). There is a system of hyperplanes in the ample cone of X, called v-walls, that
is countable but locally finite [19, Ch. 4C]. An ample class is called v-generic if it does
not belong to any v-wall. Choose a v-generic ample class H. Assume that the moduli
space Mg (v), of Gieseker—Simpson H -stable sheaves on X with Chern character v, is
non-empty. Then Mg (v) is smooth, connected, projective, and holomorphic symplectic
of dimension (v, v) 4+ 2 [36]. The Albanese variety of Mg (v) is isomorphic to X x X
whenever the dimension of Mg (v) is at least 4, and each fiber of the Albanese map
alb: My (v) > X x X is simply connected and deformation equivalent to the generalized
Kummer variety of the same dimension [56, Th. 0.2].

Denote by K,(v) the fiber of alb over a point ¢ € X X X. The second cohomo-
logy H?(K,(v), Z) is endowed with a natural symmetric bilinear form, the Beauville—
Bogomolov—Fujiki form [2]. Let & be a quasi-universal family over X x Mg (v) of
similitude o, so that & restricts to X x {t}, t € Mg (v), as the direct sum E®? of o
copies of a sheaf E; representing the isomorphism class 7. Let v1 be the sublattice of S+
orthogonal to v with respect to the Mukai pairing. Denote by wx and 4 the projections
from X x Mg (v) onto the corresponding factors. Given a Mukai vector y = (yq, y1, V2)

set y¥ := (yo, —y1, y2). Let
0" vt - H* (Mg (v),Z)
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be given by
1 *
0'(y) = ——[ma (ch(€)my y )i,

where the subscript 1 denotes the graded summand in H?(Mp (v), Z). We denote the
composition of 6" with restriction to the Albanese fiber by

0:vt > H*(K,(v),Z). (3.2)

Theorem 3.1 ([56, Th. 0.2]). If the dimension of Mg (v) is > 8, then the homomor-
phism 0 is a Hodge isometry with respect to the Mukai pairing and the Hodge structure
on vt and the Beauville—Bogomolov—Fujiki pairing on H?*(K,(v), 7).

4. Spin(8) and triality

Let X be an abelian surface. Set S := H*(X,Z), ST := H®¥"(X,Z),S™ := HoY(X, Z),
and V := HY(X,Z) ® Hl(f, Z). In Section 4.1 we review the basic facts about Clif-
ford algebras and groups associated to the abelian surface X via the rank 8 lattice V.
In Section 4.2 we review the bilinear operations V ® S T 585, V®S —> ST, and
S* ® S~ — V induced by the Clifford product. In Section 4.3 we review triality for the
arithmetic subgroup Spin(V') of Spin(8).

4.1. The Clifford groups

Endow V' with the symmetric bilinear form
(a,b)V = bz(a1)+a2(b1), 4.1

where a = (a1,a2),b = (b1,b2),a1,b1 € HY(X,Z),and a»,b, € Hl(f,Z), and we use
the natural identification of H! ()’(\ ,Z) with H'(X,Z)*. Then V is an even unimodular
lattice, the orthogonal direct sum of four copies of the hyperbolic plane, and Q(a) :=
%(a, a)y is an integral quadratic form. Let C (V) be the Clifford algebra, i.e., the quotient
of the tensor algebra of V' by the relation

vew+w-v=(@,w)y. 4.2)

As a general reference on Clifford algebras and the theory of spinors we recommend [6].
The free abelian group H*(X, Z) is isomorphic to A* H!(X,Z) and is a C(V)-module
and C (V') maps isomorphically onto End[H *(X, Z)], by [9, Prop. 3.2.1 (¢)]. The C(V)-
module structure of H*(X, Z) is seen as follows. V embeds in C(V), and also in
End[H * (X, Z)] by sending w € H'(X, Z) to the wedge product

Ly = w A (e) 4.3)

and @ € H'(X,Z) =~ H'(X,Z)* to the corresponding derivation Dy of H* (X, Z) send-
ing H (X, Z) to H'=1(X, Z). The resulting homomorphism m : V — End[H*(X, Z)]
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satisfies the analogue of the relation (4.2), ie., m(v) o m(w) + m(w) o m(v) =
(v, w)idg+(x,z). Hence m extends to an algebra homomorphism m : C(V) —
End[H* (X, Z)], by the universal property of C(V').

We let
1:C(V) = C(V) 4.4)
be the main anti-automorphism, sending vy - --- - Vptov, - e vy. Let
a:C(V)—>C(V) 4.5)

be the main involution, acting as multiplication by —1 on C°%(V) and as the identity on
Ce*" (V). The conjugation x — x* is the composition of 7 and . Set?

Spin(V) :={x e C(V)*" :x-x*=landx-V -x* C V},
Pin(V):={xeC(V):x-x*=1landx -V -x* CV},
Go(V)={xeC(lV):x-t(x)=1landx -V -1(x) C V},

GV):={xeCWV)  : x-V-x"tcVy, (4.6)

G(V)™" .= G(V)NC(V)o¥. 4.7)

The condition x - VV - x~! C V in the definition of G(V'), combined with the fact that
V has even rank, implies that x is either even or odd and G (V') is contained in the union
C(V)even U C(V)°4 [6, 11.3.2]. Note that x € C(V) is invertible if and only if x - x* is,
i.e.,if and only if x - x* = +1. Thus, Pin(V) is an index 2 subgroup of G (V). We get the
extension
1 — Spin(V) - G(V)**" - Z /27 — 0.

Given a vector v € V, we have v* = —v and v - v* = —v-v = —Q(v). If vy, v_1 are
vectors in V' with Q(vy) = 1 and Q(v—;) = —1, then v_; belongs to Pin(V'), v; belongs
to G(V), and (vy - v—1) belongs to G(V)¥*".

The standard representation V is defined* by the homomorphism

p:GV)—= 0W), px)v)=x-v-x"1 (4.8)
If Q(v) = %1, then —p(v) is reflection in v,

—p(V)(w) =w — % ‘v, YwelV. 4.9)
,V)v

3In reference [6] these groups are called Clifford groups of the orthogonal group of V with
respect to the quadratic form Q. The group G (V) is denoted in [6] by T, the group Go (V') by T,
the group G(V)®°* by T't, and the group Spin(V) by FJ . The main anti-automorphism t is
denoted in [6, I1.3.5] by «.

4Chevalley denotes the standard representation by x : G(V) — O(V) [6, Sec. 2.3]. The conven-
tion in [7, Sec. 2.7] is different and there p(x)(v) = a(x) - v - x 1. The two representations agree
on G(V)even,
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Let
m: C(V) — End(S) 4.10)

be the Clifford algebra representation and denote by
m: G(V) — GL(S) 4.11)

as well its restriction to the subset G(V) C C(V).
The character group Hom(O(V'), C) of O(V) is isomorphic to Z /27 x 7. /27 and is
generated by the determinant character det and the orientation character

ort: O(V) — {£1}. (4.12)

The latter is defined as follows. The positive cone in V' ®z R is homotopic to the 3-sphere.
The character ort represents the action of isometries on the third singular cohomology of
the positive cone [28, Sec. 4]. Denote by O (V') the kernel of ort.

Lemma 4.1. The homomorphism p is surjective and it maps Pin(V') onto O (V') and
Spin(V') onto SO (V).

Proof. The lattice V is the orthogonal direct sum of four copies of the even unimodular
rank 2 hyperbolic lattice U. Hence, O(V') is generated by the reflections —p(v), given in
(4.9), in elements v € V with (v, v)y = £2, by [54, Sec. 4.3]. The element —idy € O(U)
is a product of two reflections. Hence, —idy is a product of eight reflections and so O (V)
is generated by the set {p(v) : v € V, (v,v)y = £2}. |

The lemma implies that the homomorphism p pulls back the character ort to the quo-
tient homomorphism

ort: G(V) — G(V)/Pin(V) = {£1}, x> x-x* € {£1}. (4.13)
The determinant character of O(V) is pulled back via p to the parity character
p:GWV)— G(V)/GV)™" = {£1}.
The product of the parity and orientation characters is the norm character denoted’
N :GWV) = {1}, x x-1(x). 4.14)

The subgroup Go(V) of G(V) is the kernel of N.

H*(X,Z) is a subalgebra of C(V'), invariant under both 7 and ¢, and t acts on
H'(X,Z) by (—1)!¢=D/2_There is a natural symmetric pairing® on H*(X, Z) defined
by

(s,t)s = /X T(s) U t. (4.15)

SIn Chevalley’s book the norm character is denoted by A and in Deligne’s notes by N [6,7].

OThis pairing is denoted by (s, 1) in [6, Sec. 3.2]. Another natural symmetric pairing E (s,1):=
Jx $* Ut is considered in [6, II1.2.5]. The isomorphism S — S* induced by f8 is the one induced
by the Fourier—Mukai functor in (7.1) below. We chose to use the former pairing S, since it is the
pairing used in the Triality Chapter IV of [6].
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Weset Qg (s) := %(s,s)g fors € S := H*(X,Z). Given x € G(V'), we have the equality
(x-s.x-1)s = N(x)(s.1)s,

where N is the norm character (4.14). In particular, an element v € V with Q(v) = *+1
satisfies

(v-s,v-t)s = Q(v)(s,1)s. (4.16)

The latter equation holds for every v € V' [6, IV.2.3].

Let (o, ®)g+ and (e, ®)s— be the restrictions of the pairing (4.15) to S* and S~.
Both are even symmetric unimodular bilinear pairings, which are Spin(V)-invariant. Note
that —(e, ®) ¢+ is the pairing given in (3.1), which is known as the Mukai pairing [38,
56]. The pairing on V is G(V)-invariant. The pairings on ST and S~ are not invariant
under G(V)®¥*". Rather, the pairing spans a rank 1 module in Sym?(S*) corresponding
to the character (4.13). Let O(S*) be the subgroup of GL(S ) preserving the bilinear
pairing (e, ®) g+ only up to sign. Define 9] (S7) similarly. Let @ € GL(S) be the element
acting as the identity on ST and by —1 on S™. It follows from the Triality Principle
recalled below that & corresponds to the action of j(—id), where j is an order 3 outer
automorphism of Spin(1), and so & is the image of a unique element of Spin(1’) in GL(S)
(Theorem 4.6). Denote by

a € Spin(V) (4.17)

the corresponding central element. Set SO(S*) := O(S*) N SL(St) and SO(S™) :=
o(S7)N SL(S7). G(V)®"*" maps to SO(S™T) with kernel generated by &, to S5(S7)
with kernel generated by —&, and onto SO(V') with kernel generated by —1. The image
of G(V)®" has index 2 in SO(S ).

4.2. Bilinear operations via the Clifford product
The Clifford product defines the homomorphisms V ® S t 58S, VRS — ST, and
ST®S™ = V. (4.18)

The latter is the composition of V* — V, given by the bilinear pairing (e, @)y, and the
homomorphism ST ® S~ — V*, sending s ® f to ((e) - 5,7)s5— € V*.

Example 4.2. Let us calculate the homomorphisms
mg, 1V — 8~ (4.19)

corresponding to Clifford multiplication (e) - s, with the Chern character s, = (1,0, —n)
€ ST of the ideal sheaf of a length n subscheme. Let v = (w,0) € V, where w € H'(X,Z)
and 0 € H'(X, Z)*. Then

mg, (v) :==v-(1,0,—n) = w A (1,0,—n) + Dy(1,0,—n) = w — nDy([pt])
=w +nPD71(H).
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In the last equality we used the isomorphism
PD: H (X,Z) - H* (X, Z)* (4.20)

given by B — [y B A (e). The equality

PD(D ([p))] (x) := /X De(pt) Ax = —0(x). Vxe H'(X.Z),  (421)

follows from
0 = Dg([pt] A x) = Dg([pt]) A x + 6(x)[pt].

Note that the homomorphism (4.19) is equivariant with respect to the action of the sub-
group G(V)§e" of G(V)**" stabilizing s,. The integral representations V' and S~ restrict
to G(V)5 " as isogenous representations, which are not isomorphic. The cokernel of my,,
is H3(X,Z/nZ) and is naturally identified with H{(X,Z/nZ) as well as with the
group 'y of points of order n on X.

The homomorphism (4.18) restricts to s, ® S~ as a homomorphism

mt ST >V, (4.22)

Sn °

which is the adjoint of (4.19) with respect to the pairings (e, ®)} and (e, ®) s—. Explicitly,
given (w,B) € S™ withw € H(X,Z) and B € H3(X,Z),

m] (w,B) = (—nw,—PD(B)). (4.23)

In particular, mzn omg, : V — V and my, o mIn : ST — §7 are both multiplication by

Qs+ (sp) = —n.

Remark 4.3. Letmg, : V. — S~ be the homomorphism given in (4.19). Given a primitive
element w € ST with (w, w)g+ = —2n, there exists an element g € Spin(V) satisfying
g(sy) = w. Given x € V, and regarding x and g as elements of C(V'), we have the
equalities

gmg, (X)) =g-x-sp=(g-x-8 ") (g 5n) = mu(p(g)(x)).

Let m:,, : ST — V be the adjoint of m, and define ml:, similarly. We get the commutative

diagram
+

Msp Mgy
V—S ——V
p(g)l lg o(g)

T

y e, s My
In particular, the cokernels of mjg, and m,, are isomorphic and both mL o my and
My, © mIU are multiplication by —n.

Let my,' : Sg — Vo be the inverse of m,, : Vo — Sg. The quotient my,'(S7)/V
is then a subgroup Iy, of the compact torus Vg /V isomorphic to (Z/nZ)* canonically
associated to w. The subgroup Iy, is the kernel of the homomorphism Vg /V — Si/S™
induced by my,.
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Example 4.4 (An element of G(S +)§’an which does not belong to Spin(V),,,). Consider
the two vectors s; = (1,0,—1) and s = (1,0,1) in ST. Then Qs (s;) = —1, Qs(s) = 1,
and (s1,5)g+ = 0. The composition mz o mg, : V — V is given by

ml omg, (w,0) = mi(w,PD7(O)) = (w,—6).

Consequently, mzl omg = (mI ) msl)T = —(m;r omg ) ! = —(m;r o myg, ). This agrees
with the relation 51 - s + s - 57 = (51, 5)g+ = 0 in the Clifford algebra C(S™) (see also
(4.29) below for a more conceptual interpretation). Similarly, mg, o mI ST > 87 is
given by
ms, o m{(w. f) = (w.—p).

The reflections R, (r, H,t) = (¢, H,r) and Rs(r, H,t) = (—t, H,—r) of ST commute,
and Ry, o Ry(r, H,1) = (—r, H, —1). Let iii5,.s be the element of GL(V) x GL(S ™) x
GL(S™) acting on V' via m;rl omg, on S~ via my, o mI, and on ST via Rs, o Ry.
Let G(ST)®"" be the subgroup of GL(V) x GL(S™) x GL(S™) generated by Spin(V)
and 7, .s. The notation G(S T)even is motivated by triality (see (4.30) below). Note that
Rg, o Rs(sp) = —s,. Hence, both of the products —7is,.s and —Giy, .5, of fiig,.s With —1
or —& in Spin(V'), belong to the stabilizer G(S)S**" of 5, € ST. Set

Ti=—a Mg.s € GST)F (4.24)

Note that T acts on ST and S~ via the restriction of the main anti-involution t of C(V)
to its subalgebra H* (X, Z). However, the action of T on V is not the identity, and so it
does not agree with the restriction of the action of 7 to the embedding of V in C (V).

Lemma 4.5. The image of the homomorphism
GV 5 s0(V) — SOV/nV)

is equal to the subgroup of SO(V/nV') leaving invariant the summand HY(X,Z/nZ)*
in the direct sum decomposition

V/nV = H (X, Z/nZ)® H' (X, Z/n7)*.

Consequently, we get the homomorphism

p:G(V)9" — GLIH (X, Z/nZ)). (4.25)
Proof. Reduce modulo n the homomorphisms mj, given in (4.19). The kernel in V/nV
is H'(X,Z/nZ)* and the kernel is G (V)5 "-invariant. |
4.3. Triality

Set Ay :=V & S~ @ ST. We endow Ay with the bilinear pairing induced by that of each
of the summands, so that Ay is an orthogonal direct sum of the three lattices. Define the
commutative, but non-associative, algebra structure on Ay, using the Clifford multiplic-
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ation and the homomorphism (4.18). The product of two elements in the same summand
vanishes [6, IV.2.2]. Any automorphism o of the algebra Ax which leaves V' and the sum
S~ @ ST invariant belongs to the image in GL(Ay) of the kernel Go(V) C G(V) of the
norm character (4.14) via the homomorphism

ii: G(V) — O(V) x GL(S), (4.26)

given by i(g) = (p(g),m(g)), where p is given in (4.8) and m in (4.11) (see [6, IV.2.4]).
Restriction of [i to Go(V) yields the faithful representation

i : Go(V) — Aut(Ay). 4.27)

If, in addition, each of the three summands is o-invariant, then o belongs to the image
of Spin(V). This leads to a symmetric definition of Spin(V’) in terms of the algebra Ay.
Given an element a of Ay, denote by m, the linear homomorphism of Ax acting via mul-
tiplication by a. Note, in particular, that the composition mg, o mg, of two multiplications
by elements s; of S,

(mg, omg,)(a) :==s51-(52-a), a € Ay,

acts on the subspace V @ S~ via an element my, .5, of Spin(}'), provided (s1, 51)g+ =

(52,52)g+ = 2o0r (s1,51) g+ = (52,52) g+ = —2. The sublattice ST belongs to the kernel

of my, o mg,, but [i(ms,.s,) leaves ST invariant and acts on S as an isometry.
Following is the Triality Principle, adapted from [6, Th. IV.3.1 and Sec. 4.5].

Theorem 4.6. There exists an automorphism J of order 3 of the algebra Ay, preserving
its bilinear pairing, with the following properties.

() JV)=S*, J(ST)=S",and J(S™) = V.

(2) J7Hi(Spin(V))J = i(Spin(V)), where [i is the representation (4.27). Consequently,
there exists a unique outer automorphism j of Spin(V') of order 3 satisfying

i(j(g) = J " fi(g).

Proof. The proof consists in checking that the explicit construction of the automor-
phism J in [6, Th. IV.3.1] and of j in [6, Sec. 4.5], which is stated for vector spaces,
carries through for our lattices. We outline the construction. Let u; be an element of ST
satisfying (u1,u1)s+ = 2. We could choose for example u; = (1,0, 1). Let ¢ be the
automorphism of the lattice Ay mapping V to S~ via the Clifford action of elements of
VCcC(V)onu; € ST CS,sending S~ to V via the product by u; in Ay, so via (4.18),
and acting on St by —R,,,. Choose an element x; of V satisfying Q(x;) = 1, so that
(x1,x1)y = 2. Regarding x; as an element of C (1), via the embedding V C C(V), we
find that x; belongs to the subgroup Go(V') of G(V). Set J := [i(x1)t, the composition
of the automorphisms fi(x1) and 7 of the lattice Ay . It is an isometry and an algebra auto-
morphism of Ay ®z Q, by [6, Th. IV.3.1] (see also [6, paragraph preceding IV.2.4]), and
so of Ay as well. The properties in part (1) of the theorem follow by construction. The
identity J3 = id holds for the vector space Ay ®z Q, by [6, proof of Th. IV.3.1], and so
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must hold also for the J-invariant lattice Ax. The invariance of Spin(}) in part (2) of the
theorem follows from that of Spin(Vg), by [6, proof in Sec. 4.5], and the existence of j
follows, since the representation [ is faithful. |

As a corollary of the Triality Principle we get the following identification of V @ S™
with the Clifford module A* S of the integral Clifford algebra C(S¥) associated to
the decomposition ST = J(H'(X,Z)) & J(H'(X,Z)*) as a direct sum of maximal iso-
tropic sublattices. Let J:C(V)— C(S)bethe isomorphism extending the isomorphism
Ji, : V = ST induced by the isometry J. Let Ady : End(S* & §7) — End(S™ @ V)
be the isomorphism sending f to J o f o J~!. Letm : C(V) — End(S™ & S™) be the
algebra homomorphism given in (4.10). Given x € C(V), let m, € End(S* @ S™) be its
image under m.

Corollary 4.7. There exists a unique injective algebra homomorphism
m:C(ST) —> End(S™® V)

which restricts to the embedding of S in C(S™) as multiplication in Ax by elements
of S*. The following diagram is commutative:

C

v C(V) —= 5 End(StT @ S7)

TR

St S (St —Z S End(S" @ V)
In particular, for x € V and y1, y2 € S™, the following equalities hold in End(S™ @ V):

My =J omyoJ !, (4.28)

My, © My, + My, oMy, = (y1,y2)s+ - ids—gv . (4.29)

Proof. The left square is commutative, by definition of J. The right lower arrow m is
defined by the requirement that the right square is commutative. It is an algebra homo-
morphism, since the upper arrow m is, and it restricts to S+ as multiplication in Ay, due

to J being an algebra automorphism of Ay. Equality (4.28) follows from the commut-
ativity of the diagram, and (4.29) comes from

(4.28) — _
My, omy, = (Jomy-1yyoJ ) o(JomyiyoJ )

=Jomy-igy)omy-igy o
So
My, © My, + My, omy, = J o (mJ_1(y1) O M y—1(y,) T My=1(y,) © mJ_l(yl)) oJ !
=Jo(J'(y).J ' (n2))y ridg o T
= (y1,y2)s+ rids—gv,

where the second equality follows from the C(V')-module structure of S and the defining
relation (4.2) of C(V'), and the last is due to J being an isometry. |
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Set G(ST) := JG(V)J~! ¢ C(S*) and define its subgroup G(S )" similarly,
G(STee .= JG(V)*™J~!,  Spin(S™) := J[Spin(V)]J . (4.30)

Let 71 : G(S1) — GL(Ay) be the unique homomorphism making the following diagram
commutative:

G(V) —— 0(V) x GL(S* @ §7)

Ade lAd, 4.31)

G(SH) 5 0(ST)x GL(S~ @ V)

Note the equality
Ai(Spin(S ™)) = fi(Spin(V)) (4.32)

as subgroups of Aut(Ay), by Theorem 4.6 (2). However, ni(—1) and ft(—1) are distinct
elements of the center. The element ji(—1) acts as the identity on V' and as —idg on § =
St @ S~. The element 72(—1) acts as the identity on S and via scalar multiplication
by—lonV & S™.
Let
p:G(ST) = 0(sT)

be the composition of 7 with the restriction homomorphism to the G(S™)-invariant dir-
ect summand ST of Ay. The representation p of G(S*) is analogous to that of G(V)
given in (4.8). Explicitly, G(S 1) is generated by ji(Spin(V’)) and one additional auto-
morphism 7ig,.s_,, acting on V @ S~ via mg, o mg_,, which is the composition of two
multiplications

(mg, omy_,)(a) :=s51-(s-1-a), a € Ax,

where s;, i = 1, —1, are two elements of ST and (s;, si)g+ = 2i. One can take, for
instance, 57 = (1,0, 1) and s—; = (1,0, —1) as in Example 4.4. The action of the element
Ms,.s_, on ST is the composition Ry, o Ry, of the two reflections. Then G(ST)=¥"
preserves (e, ®) ¢+ and maps into SO(S ™), butits image in SL(V') is contained in S5(V).
In particular, G(S )" is not contained in the image of G(V') in GL(Ay) via p x m.

Note that if s € G(S )" does not belong to Spin(S ™), then p(s) acts on S+ as an
isometry, V and S~ are s-invariant, but the action of s on V' & S~ reverses the sign of
the pairing, so its restriction belongs to 0 (V& S7) butnotto O(V & S7), in analogy
to (4.16).

Consider the composite homomorphism

G(ST)Z™ — SO(V) — SO(V/nV).

Its composition with Ad 5 : Spin(V') — Spin(S *) agrees with the restriction of the hom-
omorphism p, given in (4.25), to Spin(V'). The image of G(SJF)E’VZen in S5(V/nV) leaves
the subgroup H'(X,Z/nZ)* invariant. The quotient of (V/nV) by HY(X,Z/nZ)* is
naturally isomorphic to H'(X,Z/nZ). We obtain a homomorphism

G(SH§ — GLIH'(X.Z/nZ)]. (4.33)
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5. Generators for the stabilizer Spin(S *);,,

Given a lattice A, let f(A) be the group generated by reflections in +2 and —2 vectors
in A. Set SR(A) := R(A) N SO(A) and SR (A) := R(A) N SOL(A). The former is
generated by elements which are products of an even number of reflections. SR (A) is
generated by elements which are either products of an even number of reflections in +2
vectors, or products of an even number of reflections in —2 vectors. Let U be the rank 2
even unimodular hyperbolic lattice. The lattice S is isometric to U ®4. The orthogonal
group is generated by reflections, 0(U®k) = ER(UeBk), for k > 3 (see [54, Sec. 4.3]).
Consequently, we get the following.

Corollary 5.1. SO (U®%) = SR, (U®¥) fork > 3.

Setey :=(1,0,0) € ST and e; := (0,0,1) € ST. Let Spin(V)e, ., be the subgroup
of Spin(V) stabilizing both e; and e5.

Lemma 5.2. Spin(V)e, e, leaves invariant each of the subspaces H'(X, Z) and
HY(X.,Z) of V, its action on H'(X, Z) factors through an isomorphism

f 2 Spin(V)e, e, — SL(H' (X, Z)),
and its action on Hl()/(\, 7) factors through an isomorphism with SL(HI()?, 7)).

Proof. Consider V as a subspace of C(V') as in Section 4. Then H'(X, Z) is the inter-
section of V' with the left ideal of C(V') annihilating e, and H ! ()? , Z,) is the intersection
of V with the left ideal annihilating e;. In the language of [0, Sec. 3.1] the elements e;,
i = 1,2, are pure spinors and each of the two maximal isotropic sublattices of V' is the
one associated to the pure spinor. If g belongs to Spin(V),, ., and v to H!(X, Z), then

p(g)()-ei=(g-v-g Nei=(g-v-g ) (g-e)=g (v-ei),

where - denotes multiplication in C (V') as well as the module action of C(V') on S, and
the second equality follows since g stabilizes e¢;. Hence, p(g)(v) - ¢; = 0, if and only if
v-e; = 0. Thus, Spin(V),, ., leaves each of H'(X,Z) and Hl()/(\, Z) invariant. Further-
more, Z(Spin(V)e, e,) = M(Spin(S ™), e, ), by (4.32), and the latter is Spin(H (X, Z)),
since H?(X, Z) is the subspace of ST orthogonal to {e}, e5}. Spin(H?(X, Q)) acts on
each of its half-spin representations H (X, Q) and H'! ()? , Q) via an injective homomor-
phism into SL(H ! (X, Q)) and SL(H ' (X, Q)), by [6, I11.7.2]. Hence, the homomorphism
f is well defined and injective.

Conversely, SL(H (X, Z)) acts via isometries on /\2 H'(X,Z) and we get the com-
mutative diagram

Spin(V)ey e, SL(HY(X,Z))

\/

SO+ (\* H'(X, 7))
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SO4( /\2 H'(X,7)) is generated by products of two reflections in classes ¢ € H?(X, Z)
with (¢, ¢)g+ = 2 and products of two reflections in classes ¢ € H?(X, Z) with (¢, ¢) g+
= —2, by Corollary 5.1. The left slanted arrow is surjective, since these generators are
in its image. The kernel of the right slanted arrow is — id, which is in the image of f,
since m(—1), given in (4.31), acts as the identity on St and maps to —idy. Hence, f is
surjective as well. The verification of the statement for H ! ()? , Z) is identical. |

Lets, := (1,0,—n),n > 3.

Lemma 5.3. (1) The stabilizer SO(S™T);, is equal to the subgroup S S‘f(s,f‘) of the reflec-
tion group of the orthogonal complement sj‘ C St of sp.

) SR(sj') is generated by O(H?(X, 7)) and reflections in vectors of the form (1, A, n),
with A € H*(X,Z) a primitive class satisfying Jy AUA=2n-2

(3) SR(s;-) is generated by SO(H?(X, 7)) and products R: Ry, of reflections, where
ti=(1,A4;,n) € sj‘ are vectors of the above form.

Proof. (1, 2) It suffices to prove that O(S™T),, is generated by O(H?(X, Z)) =
R(H?(X,Z)) and +2 vectors of the form (1, A, n), with A primitive. The argument
proving Lemma 7.4 in [26] applies to show that the stabilizer O(S™);, is generated by
O(H?*(X,Z)) and reflections in +2 elements (r, A, rn) € s;-, with A € H?(X, Z) primit-
ive. If r = 0, then R, 4,,») belongs to R(H?(X,Z)).If r # 0, then the reflection R a,rm)
is a composition of reflections R;;, with t; = (1, 4;,n) a 42 vector in sj-, and A; primit-
ive, by the argument proving [26, Lemma 7.7].

(3)Lett =(0,A4,0) andu = (l,B,n),witthA UAd = j:ZandeB UB=2n-2.
The equality Ry, R; = R;R; Ry R; = R; RR, () implies that every element of SER(sj-) can
be written as a product

Rs - Ry Ry, -+ Ry, (5.1)

with k 4 £ even, t; are £2 vectors in H?(X,Z), and uj = (1, Bj,n) are 42 vectors in snL,
with B; primitive.

It remains to prove that we can choose £ to be even as well. The proof is similar
to that of [26, Lemma 7.7]. Assume k and ¢ are odd. Choose 4 € H?*(X,Z) satisfy-
ing (A, A)s+ = 2 and (A4, B1)g+ = —1. Then A + B; = R4(By) is a primitive class
in H*(X, Z). Set tx4+1 := (0, A, 0). Then (fx4+1,u1) = —1 and v := Ry, (tx4+1) =
tk+1 +u1 = (1, A + By, n). Thus, the subgroup generated by the three reflections
{Ri; 11> Ruy, Ry} is the permutation group Symy;, and

Ry, = Ry Ry, Ry.
Substitute the right hand side for R, in (5.1) to replace £ by £ + 1. [ ]

Lemma 5.4. The stabilizer Spin(S ™), is generated by Spin(S™),, ¢, = SL(H (X, Z))
and products t1t; € Spin(S™T);,, where each t; = (1, A;, n) is a +2 vector in S,J; and A;
is a primitive class in H*(X,Z).
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Proof. Let SO4+(S™);, be the kernel of the restriction of the orientation character
(4.12) to SO(S),,. The homomorphism Spin(S™),, — SO4+(S™)s, is surjective, by
Lemma 4.1, and its kernel is equal to the kernel” of Spin(S*) — SO, (S™) and is con-
tained in Spin(S ™)., ,. The homomorphism f : Spin(S*)e, .., — SO+ (H?(X, Z)) is
surjective, by Lemma 5.2. Hence, it suffices to prove that SO4(S%)y, is generated by
SO+ (H?*(X,Z)) and the products Ry, R;, of the reflections in the vectors #;. Let g
be an element of SO4(S™)s,. Then g = Ry, -+ Ra, Ry, -+ Ry, with a; € H*(X, Z),
(a1,az2)s+ = £2, t; of the above form, and £ even, by Lemma 5.3 (3). Letk = ky + k_,

where k_ is the number of a; with (a1,a1)g+ = —2. Then k_ is even, since g belongs
to SO4+(S™)s, and (;,#;) = 2. Hence, k. is even as well and Ry, -+ Rg, belongs to
SO+ (H?*(X,7Z)). L]

6. Equivariance of the Chern character of a universal sheaf

Fix a non-negative integer n. Let €, be the category whose objects are triples
(X, H, w), where X is an abelian surface, w = (r, B, s) € H®*"(X, Z) is a primitive
class with r > 0, B € HYY(X, Z), (w, w)g+ = —2n, H is a w-generic polariza-
tion, and such that there exists a universal sheaf & over X x Mg (w). A morphism
in Home, ((X1, w1, H1), (X2, wa, H»)) consists of a pair (g, €), where € is in Z /27
and g : H*(X1,Z) — H*(X,,7Z) is a group homomorphism mapping H*"(X{, Z) to
H®*"(X,,7Z) and H°¥(X,,Z) to H*¥(X,, Z) and satisfying the following condition.
There exists a ring isomorphism

y o H*(Mp, (w1), Z) > H* (Mg, (w2), Z)

such that for a choice of universal sheaves &; over X; x Mg, (w;) and some class ¢ €
H?(Mp, (w2), Z) we have

(g ® y)(ch(€1)) = ch(&2) exp(c) ife =0,
((tg7) ® ¥)(ch(&1)) = ch(&)) exp(c) ife =1,

where T : H*(X;,Z) — H*(X;,Z) actson H'(X;,Z) by (—=1)1¢=1/2 1n the displayed
equation above &’ is the derived dual, and the product is by the pull-backs of exp(c) via
the projection to Mg, (w2).

Composition of morphisms (%, €) € Home, (X1, w1, H1), (X2, w2, H>)) and (g,6) €
Home, (X2, w2, H2), (X3, w3, H3)) is given by

6.1)

(h,e)o(g.8) = (°hilg, e + ). (6.2)

We prove in this section that €, is indeed a category with the above composition rule,
namely, the existence of a ring isomorphism y : H* (Mg, (w1),Z) - H*(Mm,(w3), Z)

"It is the order 2 subgroup generated by s - s, where s € ST is a class with Qg+ (s) = -1
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and a class ¢ € H*(Mp,(w3), Z) needed for the right hand side of (6.2) to satisfy
one of the two conditions displayed in (6.1) (Corollary 6.5 and Lemmas 6.7 and 6.8).
Furthermore, y in (6.1) is uniquely determined by (g, €) via an explicit formula (6.3)
(Lemma 6.4). Everything follows formally from the expression of the class of the diagonal
in H* (Mg (w) X Mg (w), Z) in terms of a universal sheaf. We do not discuss exist-
ence of morphisms in this section. In Section 9, Home, (X1, w1, H1), (X2, w2, H3)) is
shown to be non-empty (Theorem 9.3), and in Corollary 9.4 an injective homomorphism®
G(S);,Ir )5 — Aute, ((X, w, H)) is constructed for n > 3. In the current section we treat
the case where X is a K3 surface as well.
Given a smooth projective variety M, we denote by

t:PH"(M,Q) — P H(M,Q),

(r+ai+ay+--)>1+a+ (3a] —ax) + -,

the universal polynomial map, which takes the exponential Chern character of a complex
of sheaves to its total Chern class. We let

Dy H(M,Z) — H(M,Z)

be the dualization automorphism acting by (—1)* on H? (M, Z).

Let X, and X, be two abelian or K 3 surfaces and let w; € H**(X;, Z) be two Mukai
vectors. Assume that the moduli space M (w;) of Gieseker—Simpson stable sheaves on X;
(with respect to a choice of polarizations when the rank is different from 1) is compact for
i = 1,2, and that dim(M(wq)) = dim(M(w5)). Set m := dim(M(w;)), i = 1, 2. Denote
by m; the projection from X7 x M(w;) x X5 x M(w,) onto the i-th factor. Set

D = Dy, x M(w)xXaxM(w)-

Given a class § in H®*"(X| x X5, Z), classes «; in H®*"(X; x M(w;), Q), and an ele-
ment € € Z/27, we define a class ys ¢ (a1, @) in H>™(M(w1) X M(w2), Q) by

VS,E(alv a2)

= en ({E(m2a. D" [y (@n) - T 6)] - 7iy(@2) - 7 (Vidx,) - 73 (Vid)])) )
63)

(The Todd classes tdy, are equal to 1 for an abelian surface.) If &; is a complex of sheaves
on X; x M(w;), we denote ys (ch(&1) - \/@ ch(&,) - \/@) also by y5.(E1, &2).

Let My (w) be a smooth and projective m-dimensional moduli space of H -stable
sheaves on a K3 or abelian surface X. Denote by p; the projection from Mg (w) x X x
Mg (w) onto the i-th factor and by p;; the projection onto the product of the i-th and
j -th factors.

8The homomorphism sends f € G(S;)fvve“ to (r"“(f)n?f, ort( f)), where ort is the character
(8.3) and i1 : G(S{)®¥ — SO(Sy) x SO(Sy) is given in (4.31).
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Theorem 6.1. Let &1, &, be any two universal families of sheaves over X x Mg (w).

(1) ([24]) The class of the diagonal in the Chow ring of Mg (w) X Mg (w) is identified
by

eml=p13, (P (61 ® pla(E))].

where both the dual (81)Y and the tensor product are taken in the derived category.
(2) ([25, Theorem 1]) The integral cohomology H* (Mp (w), Z) is torsion free.

Remark 6.2. A version of Theorem 6.1 holds for a projective moduli space Mg (w)
of H-stable sheaves on a K3 or abelian surface X, even if the universal sheaves &;
and &, are twisted with respect to the pull-back to X x Mg (w) of a Brauer class 6 €
H2 (Mg (w), (9;*%1_1 (w)) (a Cech cohomology class for the analytic topology). In that case
a universal class e in the topological K-ring K(X x Mg (w)) of X x Mg (w) was con-
structed in [25, Sec. 3.1], unique up to tensorization by the class of a topological complex
line bundle. The statement of Theorem 6.1 then holds with &; replaced by any such uni-
versal class e; in K(X x Mg (w)), by [25, Prop. 24].

We denote by Ay the class of the diagonal in X x X. Given a homomorphism g :
H*(X1,7) — H*(X,,Z) preserving the parity of the cohomological degree, we get the
class (1 x g)(Ax,) in H**"(X; x X3, Z) inducing g. Set

Vg.e(@. B) = Yaxg)(ax, ). (@ B). (6.4)

When the parameter € is omitted, it is understood to be zero. When X; = X, and g = id,
Grothendieck—Riemann—Roch yields the equality

L
(€1, 62) = cm{—p13,(P12(61)Y ® p35(E2))). (6.5)

In Section 8 we will see examples where y¢ (&1, &>) is the class of the graph of an iso-
morphism, when g is induced by a stability preserving auto-equivalence of the derived
category of the surface.

Identifying H*(M(w1), Z) with its dual, via Poincaré duality x +—> fM(wl) x U (o),
we will view the class ys (€1, 2) as a homomorphism (preserving the grading) from
H*(M(wy),Z) to H*(M(w3),7Z). We identify H*(X, Z) with its dual via Poincaré dual-
ity as well and regard classes in H*(X; x X5, Z) as homomorphisms from H*(Xy, Z)
to H*(X32,7Z).

Let dy € Aut[H*(X, C)] and d s (w,) € Aut[H*(M(w2), C)] be graded ring auto-
morphisms preserving the intersection pairings and satisfying

Dy x M) = dx @ dp(wy) (6.6)

as automorphisms of H (X x M(w;), C). Clearly, dx determines d 4 ,) uniquely,
and each is determined by the above equation, up to a constant factor on each graded sum-
mand of the cohomology groups. When X is a K3 surface, the odd cohomology groups
of both X and M (w;) vanish, and we get a natural factorization by setting dy = Dy
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and dpw,) = Dm(w,)- When X is an abelian surface, we can let dx and d y,) act
on the i-th cohomology via multiplication by (v/—1)!. Note that dy has order 4. Nev-
ertheless, conjugation by dy has order 2 and the corresponding inner automorphism
of Aut{H*(X,Z)] := GL[H®"*"(X, Z)] x GL[H¥(X, Z)] is independent of the choice
of dy in the factorization (6.6).

Let T € Aut{H*(X, Z)] be the element acting by (—1)"¢~1/2 on H'(X, Z). Then
dx commutes with t and the corresponding inner automorphisms of Aut[H *(X, Z)] are
equal.’ Note that dy is an isometry with respect to the pairing (4.15) on H* (X, C) (since
dx commutes with 7). Similarly, d 4 w,) preserves the Poincaré duality pairing.

Letg: H*(X1,Z) — H*(X3,7Z) be alinear homomorphism preserving the parity of
the cohomological degree. Note that
dngd)}ll =187 (6.7)
and is hence an integral homomorphism. Indeed, dyt acts on H*"(X) as the identity
and on H°%(X) via multiplication by a scalar. Hence, dx,tf = fdx,t for every lin-
ear homomorphism f : H*(X;,Z) — H*(X,, Z) preserving the parity of the grading.
Applying the latter equality with f = gt we get dngd};ll = dx2r(rgr)rd;11 = 1gT.
Given € € Z /27, we set

c dy, ife=1,
dy, =y . .
! id ife =0.

We use this notation only in conjugation, where the equality dy_ g (dy, )~ ! = 1€g 7€ makes
it unambiguous, since 7 is an involution.

Let y : H*(M(wy), Z) — H*(M(w2), Z) be an isomorphism of graded rings.
Assume that universal sheaves &; exist over X; x M(w;) fori = 1,2.

Definition 6.3. (1) Assume that g(w;) = w,. We say that g ® y maps a universal class
of M(w) to a universal class of M(w,) if

(& ® y)(ch(&1) y/tdx,) = [ch(E2) v thZ]ﬂjl(wz) exp(cg),
where the class ¢, € H?(M(wy), Z) is characterized by
rank(w2) 7 (. Ce = €1(62) — [(g ® y)(ch(€1)/tdx,)]1- (6.8)

(2) Assume that g(w;) = (w2)Y. We say that ¢ ® y maps a universal class to the dual
of a universal class if

(g ® )(ch(E1) Vidx,) = [ch(E3) Vil 17, XP(Ce).

where rank(wz)nj{(wz)cg =—c1(&)—-[(g® y)(ch(€1) /tdx, )i
(3) We say that yg (&1, &2) maps a universal class of M(w1) to a universal class (or
the dual of a universal class) of M(wy) if c{;zg(d;(1 ) ! ® yg.c(61, 62) does.

°In Section 4 the automorphism T is extended to the main anti-automorphism (4.4) of the Clif-
ford algebra C(V); t is an element of G(S1)¥°" (see Example 4.4).
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The following is a characterization of the class y, (€1, €2). Let (X1, £1) and (X2, £2)
be polarized K3 or abelian surfaces, Mg, (w1) and Mg, (w») compact moduli spaces of
stable sheaves, and &; a universal sheaf over X; x Mg, (w;).

Lemma 6.4 ([26, Lemma 5.2]). Suppose that f : H* (Mg, (w1),Z)— H* (Mg, (w2),Z)
is a ring isomorphism, g : H*(X1,7Z) — H* (X3, Z) a linear homomorphism preserving
the parity of the cohomological degree, and f ® g maps a universal class of Mg, (w1)
to a universal class of Mg, (w2). Then [f] = yg (€1, &2). In particular, given g, a ring
isomorphism f satisfying the condition above is unique (if it exists).

Corollary 6.5. Assume that y¢ (81, &2) maps a universal class of M(w1) to a univer-
sal class of M(w3), Yn(82, 83) maps a universal class of M(w3) to a universal class
of M(w3), and both yg (&1, &2) and yy (€2, €3) are ring isomorphisms. Then ype (61, €3)
= yn(&2, &3) 0 (€1, E2).

Lemma 6.6. Let g : H*(X,7Z) — H*(X»2,Z) be a linear homomorphism.

(1) y¢,1(81,82) = (djll(wl) ® I)Vd);zlg,o(gl, €2) = (dyw)) ® )Vay,g.0(61.62).

(2) When regarded as homomorphisms,
Ye.1(€1,862) = Vd);zlg,o(gl, €2) © dpw;) = Vdy,2.0(61,62) 0 dyy,,)-  (6.9)
Consequently, we have the following equalities:
(dy, gdx, ® vg,1(61,82)) o (dy, ® dyiy,,)) = dy, g ® J’d);zlg,o(gl, €2), 6.10)
(dx,gdy,' ® vg,1(61,€2)) o (dx; ® dw;) = dx>8 ® Viy,5.0(E1,E2).

3) If yg,1(81, &2) maps a universal class of M(wy) to the dual of a universal class of
M(wy), then dx, g ® Vdx, 2.0 (81, 82) maps a universal class of M(w1) to a universal
class of M(wy).

Proof. (1) The class yg 1(a1, o2) involves my3, [715 (1) 754 [(1 @ g)(Ax,)]m5 ()]
The corresponding class in the definition of yp o(o1, a2) is

13, [ DAm i (@) 754 [(1 @ 1) (Ax )]} 34 (e2)]
= 13, [l (Dan) w5, [(dx, ® dx,)(1 ® h)(Ax))]w3,(@2)].

Integrating first along the X factor and using the fact that dx, is a ring automorphism
preserving the intersection pairing we get

13, [T (@ asqwy) ® D), [(1 Q dx, h)(Ax,)]mis(a2)].

Now we can “pull dw,) ® 1 out” as it commutes with the Gysin map w3, (by the
projection formula). Being a ring automorphism, dy,,) ® 1 commutes with £, the
inversion, and projection on the class of degree 2m. Setting h = d;zlg we get the first
identity. The second identity follows using the same argument, the fact that yg 1 (€1, &2)
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and (1 ® h)(Ax) are even cohomology classes, and the identities D? = id on the
even cohomology of the products X; x M(w;) and X x X5, so dy,) ® dx, and
d;ll(wl) ® d;ll restrict to the same automorphism of the even cohomology and so do
dx, ® dx, and d};ll ® d);zl.

(2) The equalities in (6.9) follow from part (1). Each equality in (6.10) follows from
the corresponding equality in (6.9).

(3) The equality Y4, 1(E1, €2) © dpyw,) = dm@,) © Ve,1(E1, E2) holds, since
v¢,1(E1, E2) is assumed to be a graded ring isomorphism. The second equality below
follows.

(6.10)

dx,8 ® )/dXZg,o(gl, &) = dx,8 ® (vg,1(61,€2) o dy(w))
=dx,8 ® (dpw,) © Vg,1(€1,62))
= (dx, ® dy(w,)) © (& ® yg,1(E1, E2)).

The latter is assumed to map a universal class to a universal class. Hence, so does dx, g ®
Ydx,g.0(€1. E2). "

Lemma 6.7. Assume that yg 1(81, &) maps a universal class of M(w1) to the dual of a
universal class of M(w2), yn,1(82, &3) maps a universal class of M(wy) to the dual of a
universal class of M(w3), and both yg 1(E1, &2) and yp,1(E2, E3) are ring isomorphisms.
Then yiprg,0(61,83) =yn,1(862,83) 0 ¥g,1(E1,E2) and it is a ring isomorphism that maps
a universal class of M(w1) to a universal class of M(w3).

Proof. The equality

[dX3hd}?21 ® Yn,1(&2,E3)] 0 D}?glxeM(wz) °© [dngd;?]l ® vg,1(€1,62)] © Dxyx(wy)
= (dX3hd§21g) ® [vn,1(E2, E3) 0 vg,1(E1, E2)]

follows from the definition of dx, and D M(w;)» | = 1,2, 3. The left hand side maps a uni-
versal class of M (w;) to a universal class of M(w3), by Lemma 6.6 (3). The right hand
side is the tensor product of the integral homomorphism dx3hd;21 g with a ring isomor-
phism. Lemma 6.4 implies that the latter must be y dxyhdi] ¢.0(61, €3). Consequently,

(dx;hdy) g) ® [VdX3hd;2'g,o(81’ €3)]

maps a universal class of M(wj) to a universal class of M(w3). Finally, the equality

Viy,hdy'e 0(E1, €3) = Vrhrg,0(E1, €3) follows from the equality dx3hd;21 = tht (see
e

(6.7)). (]

Lemma 6.8. Assume that yg o(€1, 82) maps a universal class of M(w1) to a univer-
sal class of M(wz), yn,1(82, &3) maps a universal class of M(wy) to the dual of a
universal class of M(w3), vr0(E3, &4) maps a universal class of M(w3) to a univer-
sal class of M(wa), and yg,0(€1, 82), vn,1(82, E3), and yro(E3, E4) are ring isomor-
phisms. Then ypg 1(81, 83) = vp,1(82, 83) © y¢,0(E1, 82) and it is a ring isomorphism
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that maps a universal class of M(w1) to the dual of a universal class of M(w3). Simil-
arly, y£0(83, 4)Yn,1(82, 83) = Yrren,1(62, E4) and it is a ring isomorphism that maps
a universal class of M(w,) to the dual of a universal class of M(wy).

Proof. The proof is similar to that of Lemma 6.7. We check only the latter equality. We

have yj,1(€2. €3) = Vay h,0(€2.E3) o dItl(wz)’ by Lemma 6.6 (2). Hence,

V£0(E3,€4)vn,1(62.€3) = Yray,h0(E2,64) 0 d{,‘_ll(wz),

by Corollary 6.5. The right hand side is equal to Vag! fdyh (€2, &4), by Lemma 6.6 (2).
4 3"
The latter is equal to y;rzp,1(E2, 4), by (6.7). [ ]

Let g and y be as in Definition 6.3 (1).

Lemma 6.9. If g ® y maps a universal class of M(w1) to a universal class of M(w5),
then (tgt) ® Yy maps the dual of a universal class of M(w1) to the dual of a universal
class of M(wy).

Proof. Set D; := Dx,;xm(w;)> 1 = 1,2. We have

(tgT ® ¥)(ch(€1)" V/tdx,) = (D2(g ® y)D1)(D1(ch(&1)/tdx,))
= (D2(g ® ¥))(ch(€1)/tdx,) = D2(ch(&2)/tdx, exp(cy))
= ch(82)" y/tdx, exp(—cy). n

7. Equivalences of derived categories

Let X be an abelian surface and let V, ST, and S~ be the regular and half-spin integ-
ral representations of Spin(V) recalled in Section 4.1. Let Aut(D?(X)) be the group of
auto-equivalences of the bounded derived category of coherent sheaves on X . Mukai, Pol-
ishchuk, and Orlov constructed a homomorphism Aut(D? (X)) — Spin(V) whose image
is equal to the subgroup preserving the Hodge structure of V' (see [39, Th. 3.5], [9, Prop.
4.3.7], and [17, Prop. 9.48]). Their result holds for abelian varieties of arbitrary dimension.
For abelian surfaces we get a homomorphism Aut(D? (X)) — Spin(S ™) using the equal-
ity (4.32). In Corollary 7.8 below we exhibit an explicit lift to Aut(D?(X)) of products
mgm; € Spin(S ™) for certain pairs 5,7 € ST, each of self-intersection 2. These lifts will
be shown in Section 8 to induce isomorphisms of certain moduli spaces of stable sheaves.

7.1. Tensorization by a line bundle

Let F be a line bundle on X. Denote by ¢ € Spin(V) the element corresponding to
the auto-equivalence of D?(X) of tensorization by F. Explicitly, ¢ is the element of
Spin(V') which maps to the element of GL(S) = GL(H *(X, Z)) acting by multiplication
by the Chern character of F. That this element of GL(.S) is the image of a unique element
of Spin(V) is proven directly in [6, III.1.7].
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Lemma 7.1. ¢F acts on Ax as follows:
(1) On S*: Given (r, H,s) € ST,
¢r(r,H,s) = (r,H +rci(F),s + rcl(F)z/Z + H A c1(F)).
(2) On S™: Given (w,w') € HY(X,Z) ® H3*(X,7Z),
dr(w,w) = (w,w +c1(F) Aw).
(3) OnV: Given (w,0) e H(X,Z) ® HY (X, Z)*,

p(PF)(w.0) = (w — Dy(c1(F)).0).

Proof. The action on H*(X, Z) is multiplication by the Chern character ch(F) := 1 +
c1(F) 4+ ¢1(F)?/2 of F. For the action on V, embed V in C(V) C End[H*(X, Z)]
sending (w, 0) to Ly, + Dy as in (4.3). Conjugation yields

¢F o (Lw) o (@F) "' = Ly, ¢Fo(Dg)o(dpr)™" = Do — Lp,y(e(F))
where the last equality is verified as follows. Set f := ¢;(F). Fora € S we get
ch(F)(Dg(ch(F~")a)) = Dg(a) + ch(F)[Dg(ch(F"))]a,

and ch(F)Dg(ch(F™")) =[1 + f + f?/2][=Do(f) + fDo(f)] = —Dg(f). (Compare
part (3) with [6, proof of III.1.7, p. 74, last displayed formula]). ]

7.2. Fourier—Mukai transform with kernel the Poincaré line bundle

Let nx and 74 be the projections from X x X onto the corresponding factors. Let
% be the normalized Poincaré line bundle over X x X. Then & restricts to X x {t},
¢ € X, as a line bundle in the isomorphism class ¢ and to {0} x X as the trivial line
bundle. The Fourier-Mukai functor ®p : D?(X) — Db()? ) with kernel & is given
by Rnf,*(Ln;(o) Q P).Lett: H*(X,Z)* — H*()?, 7Z) be the natural isomorphism
identifying H/ (X, Z)* and Hj()?, 7). Explicitly, . 7! : Hl()?, Z) — H'(X,Z)* is the
dual of the composition of the isomorphisms

HY(X,Z) — H;(Pic®(X),Z) > H\(X,Z) - H'(X.Z)*,

where the left one is induced by the identification Pic®(X) = H' (X, Ox)/H' (X, Z) via
the exponential sequence. For k > 1, ¢ is given by the composition [/\k HY (X, 7Z)]* =
AFIHY (X, Z)*] > \¥ H'(X,Z), where the left isomorphism is the natural one and the
right is the k-th exterior power of ¢ : H'(X,Z)* — H'(X,Z). On the level of cohomo-
logy @ induces ¢p := Y i_, ¢l where

¢h = (—1)/0TD/2 o PDy : HI(X,Z) - H* (X, Z), (7.1)
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and PDy is given in (4.20), by [37, Prop. 1.17]. Let W p : Db(f) — D?(X) be the integral
functor with kernel £V ® n}a) > Where $ is the line bundle dual to &. Then W [2] is
the left adjoint of ®», by [17, Prop. 5.9]. We have the natural isomorphism

\1133[2] ] @J = idDb(X)’ (72)

since g is an equivalence [35, Theorem 2.2].
The following lemma deals with some delicate sign issues.

Lemma 7.2. The following equalities hold for classes 0 in H’(X,Z) and o in
H*/ (X, 7).

(1) [x O Ao = [g1(PDx(0)) A t(PDx (@)).
(2) PDS () 71(9)) = (=1)’ L(PDx (0)).

(3) The isomorphism ¢ induces an isometry from Sx := H*(X,Z)to S := H*()’(\, Z)
with respect to the pairings given in (4.15).

Proof. (1) Let{eq, ez, €3, e4} be a basis of HY(X,7) compatible with the orientation, so
satisfying fX e1 ANex Aez Aeqg = 1,and let{ f1, f2, f3, f4} be a dual basis ole(f, Z),
so that (¢~ 1(f;))(e;) = &i,j. The element PDx (e1) € H3(X,Z)* sends ez A e3 A e4 tO
1 and its kernel consists of {e; Ae; Aej i1 <i < j},s0ou(PDx(e1)) = fa A f3A fa
Similarly, given a permutation o of {1, 2, 3, 4},

t(PDy (ea(l))) = Sgn(a)fU(Z) N fa(3) A fO’(4)7
t(PDx (eg(1) A €o(2))) = 8gn(0) fo3) A fo(4)
t(PDx (e5(1) A €g(2) A €q(3))) = sgn(0) fo(4)-

The sign of the cyclic shift of four elements is —1, and so

L(PDx(eU(z) A €5(3) N 60(4))) = — sgn(o)fg(l),
L(PDx (e5(3) A €5(2))) = 3gn(0) fo) A Jfo(2)-
We get

/)? t(PDy (ea(l))) A L(PDx(ea(z) Aeg3) A 60(4)))
=- /)? Jo@ AN fo3) A Jow A foq) = /)? Jo AN fo) N Jo@) A fow)

= sgn(0) = / €s(1) A €o(2) A €a(3) A€o (4)-
X

Similarly,

/A L(PDx (e5(1) A €g(2))) A L(PDx (e5(3) A €g4))) = /A Jo3) A fo@ A fo) A fo)
e b

= /}? Jo AN fo) A Jo@) A fow = /;(ecr(l) Aeg) A eg@3) A eg(4)-
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Part (3) follows from part (1) and (7.1). Indeed,
/ 0ne = (U0, )5y
X

/;?L(PDX(Q)) A L(PDy (w))
2 (-1 U2 (@@ [ ¢2(0) A pp ()
X
_ (_1)/'(_1'—1)/2(_1)(4—j>(4—j—1)/2/ 65 (0) A pp (@)
X
@15 (_l)j(j—l)/Z(_1)(4—1')(4—}'—1)/2(_1)(4—1')(4—/—1)/2((]5?(9),¢p(a)))5u
= (=1)/VUV2(¢p(0). 2 (®))s, -

Hence, (0, w)sy = (¢2(0),dp(w))s, . by part (1).
(2) Let y be aclass in H/ (X, Z). We have the equalities

IO = (H" O ) = (()THONY) =/)?PD}1((t*)_1(9))M/, (7.3)

where the last equality follows from the definition of PD 3. Now y = ¢(PDx (§)) for some
§ € H*/(X,Z). Part (1) yields the second equality below:

/A (PDx(0) Ay = / {(PDy (6)) A (PDy (5))
X X

_ — (_1V@=D) — (1))
—/)(9./\5—(1)1 ]/);5‘/\9 (1)//X<SA9
= (=1)/ (PDx (8))(0) = (=)’ ("' (»))(6)

= (~1) /,? PDN(()THO) Ay

forall y in H/ ()?, 7). The equality in part (2) follows. ]

Lemma 7.3. The equality (PDx (B A w)) = Dxy~1y)(t(PDx (B))) holds for all w €
HY(X,Z)andall B € H*(X, 7).

Proof. Let y be a class in H'(X, Z). Set @ := (¢*)"'(w) and ¥ := (1*)~1(y). Then
' (w A y) =T A Y. We have

D3(Dg(1(PDx (B)))) = (0 A ¥)((PDx (B))) = /)?PD}I (W AY) A L(PDx (B))

Lem12) /X {(PDx (w A )) A L(PDx (B))

Lem.7.2(1)

i /w/\y/\ﬂzfﬂ/\w/\y=(PDX(ﬂ/\w))()/)
X X

= Dy(L(PDx (B A w))). u
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Let 9p : Vx — Vg be the isomorphism given by

pp(w,0) = =), (") (w)) (7.4)
forall (w,0) € Vx,w € H' (X,Z)and 0 € H (X, Z)*.

Lemma 7.4. The following diagram is commutative:

Vx — C(Vx) —— End(Sx) >  f

N [

Ve —— C(Vg) — End(Sg) 3 ¢ f 5!

Proof. Forw € H'(X,Z) we need to show that Dy, w) = Adg, (Ly). Evaluating both
sides on y € H*(X, Z) the equality becomes

(@2 0 Lw 0 $p )(y) = =Dge)—1w)(¥)- (7.5)

The above equality holds for all y € H2(X, Z), by Lemma 7.3 applied with § := ' (¥).
Both sides of (7.5) vanish for y € H°(X,Z). For y = [ptg] € H*(X,Z), the left hand
side of (7.5) is ¢ (w). The right hand side is

—Dy-1yptg] 2 PDZH() T () L —(PDy (w) = pp (w).

Equation (7.5) thus holds for all y € He"en()?, Z). We have ¢p(Le, (¢}1 (fom))) =

¢ (Ley ) (—5gn(0)es(2) A €a(3) A eo@y)) = pp(—Iptx]) = —1 € HO(X, Z). Similarly,
—D(L*)_l(ecm)(fo(l)) = —1. Both sides of (7.5) vanish for y = f; and w = e; if i # j.

The case y € H3(X,Z) checks as well. ~

We denote by 15 : H J ()? JZ)* — HI ()? , 7)) the homomorphism analogous to ¢. Let
£ be the Poincaré line bundle over X x )? . The composition ¢ 5 o pp : Sy — S; is equal
totg o (t*)~!. Indeed,

$50¢p = (—1)/UTD/2()@=DE=T+D/2, - pp o PDy = (—1)/15 PDg (PDy
-1
=150 (e

where the last equality follows from Lemma 7.2 (2). Hence, given § € H'! ()? L L)*, we
have
5
Ad¢f) (—DQ) = Ad¢f) o Ad¢ﬂ, (LL*Q) = Ad[t)?(t*)fl](LL*g).
Now, ¢4 o (t*)~1 is a cohomology ring isomorphism. Hence the right hand side above is
equal to L, ,on)-1)@*g) = Lig ) = =Ly 5 (6)- We deduce that Adg  (Dg) = L, () for
the dual of every abelian surface. Hence

Ady,(Dg) = Lyn9) forevery 0 € H'(X,Z)*. n
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Remark 7.5. The isomorphism 15 o (*)™' : H'(X,Z) — H'(X,Z) corresponds to
the standard isomorphism st : X — X. The isomorphism ¢ corresponds to an iso-
morphism @p : X X X — X x X, which pulls back the line bundle P to P71, The

isomorphism —@gp pulls back the line bundle P to £~ as well and it restricts to the
second factor X as the identity onto the first factor X of the image. Similarly, —@»

restricts to the first factor X as the standard isomorphism st onto the second factor X
of the image. Mukai and Orlov composed ¢ with the isomorphism id g x — (st)~1:
XxX—>XxX obtaining an isomorphism 53: : X x X > X x X which pulls back P
to &, and whose square is minus the identity (see [17, Rem. 9.12 and Ex. 9.38 (v), p. 213]
or [45, Rem. 2.2)).

The natural isomorphisms ¢p : Vx — Vg and ¢p @ Sy — Sy combine to yield
the linear isomorphism ¢ : Ax — Ay, which is an isometry. The isometry ¢» has a
unique extension to an algebra isomorphism ¢ : C(Vx) — C(Vy), by the definition of
the Clifford algebras, and ¢ (Spin(Vx)) = Spin(Vy), by definition of the spin groups.
Lemma 7.4 implies

1(@2(2)) = Adg, (ji(g))

for all g € Spin(Vy), where [t : Spin(Vx) — Aut(Ay) is the restriction of the homomor-
phism given in (4.27) and we denote by i : Spin(Vg) — Aut(4 ) its analogue.

7.3. Lifting products of two (42)-reflections to auto-equivalences

Consider the natural homomorphism
Pic(X) — Pic(X), F > F :=det(®p(F))~". (7.6)

Then ¢1(F) = t(PD(c1(F))), by (7.1).

Let F be a line bundle on X, and ¢ € Spin(Vy) the isometry of H*(X, Z) induced
by tensorization with F. Sets := (1,0,1) € S; and5:=(1,0,1) € S;?L. Then (s,5) g+ = 2.
Denote by Rj; the reflection (4.9) in s. X

Lemma 7.6. The auto-equivalence @}1 o (®ﬁ) o ®p o (QF ) of D (X) maps to the
element My - My . (s) of Aut(Ax). In other words,

L¢3 opp odp o dr') = iy - Mg (s), (7.7)

where |1 is the homomorphism in (4.26) and i is defined in (4.31). The displayed element
acts on S;' via the composition Rs o Ry,.(s) of the two reflections.

Proof. Consider the composition 1 := mg o ¢p : Ax — Ag. Then n maps H*"(X,Z)
to H eVe“()? , 7)) and preserves the grading and 7 : S; — S;?L is given by

n(r,H,t) = —(r,t(PD(H)), ).
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Set ¢ = [i(¢r) € Aut(Ax) and define ¢ 7 similarly. We claim that conjugation
yields the equality
nogron ' =dp (7.8)
in fi(Spin(Vg)). It suffices to verify that both sides act the same way on S;(I and on Vs,
since Spin(V) acts faithfully on the direct sum S;(f @ V. Both sides of (7.8) map to the
same element of S O(S;(l'), by the above computation of 1. Let 8 be a class in H1(X, Z),
w a class in H3(X, Z), and set 0 := (:*)"1(0) € H'(X,Z)* and & := ((PDx(w)) €
H'(X,Z). Consider the element (@, ) € V. We have

$(@.0) = (@ — Dg(c1(F)).0) = (@ — Dgt(PDx (c1(F)))).0),  (1.9)

where the first equality follows from Lemma 7.1 (3) and the second from the equal-

ity cl(ﬁ) = ((PDx (c1(F))) observed above. Let us evaluate 7751: Y, 5) Note that

my ! = jii5. Example 4.2 with n = —1 yields the equality

iz (@.0) = (@ —PDZ' ()
in S}%. Now PD;?1 (5) = ¢»(0), by Lemma 7.2 (2), and ® = ¢p (w). Hence,
7' (@, —PDZ(0)) = (=0, ) (7.10)

in Sy . The equality [ﬁp (—0,w) = (—6,w —c1(F) A 0) holds by Lemma 7.1 (2). We have
the following two equalities, the first by (7.10):
¢2(=0,0 — c1(F) A 6) = (& — L(PDx (c1(F) A 6)), —PDZ'(9)),
Ai5(@ — 1(PDx (c1(F) A 9)), = PDZ! (6)) = (@ — «(PDx (c1(F) A 6)), ).
The right hand side above is equal to the right hand side of (7.9), by Lemma 7.3. Hence,

both sides of (7.8) map to the same isometry of Vg as well, and (7.8) is verified.
Substitute the equality (7.8) into (7.7) to get the following equalities in Aut(4 g):

¢p' c(nogron )oppodr' = (@5 oiizodp)odro(py' o (i) opp)odr
(7.11)

.1

~ 5 ~ —17—=1 (7.12) ~ ~
g o ¢F o (i) 1¢F1 = Mg -Mep(s)- n

Lemma 7.7. The following equalities hold in GL(Ax):
b5 Hishp = s, (7.11)
Prisbr' = Mg (s)- (7.12)

Proof. Equation (7.11): ¢ restricts to an isometry from S; to S;{I, by Lemma 7.2. The

right hand side acts on St by — Ry, where Ry is the reflection in s. The left hand side acts
by —R¢_1(§) = —R; as well.
P
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The element 75 maps Sy to Vy and Vy to Sy, and ;713 = 1 € Aut(Ay). Hence, it
suffices to check that both sides restrict to the same homomorphism from Sy to Vx. Let
(@,B) e Sy,a e HY(X,Z)and B € H3(X, Z). This checks as follows:

4.23) Lem.7.4

¢ (Ais(@, B)) ‘=’ (¢, —PDx () "= (1(PDx (B)), —(1*) " (@)).

(4.23)

ms(¢p(a, B)) = mz(tPDx (), = PDx () =" (:PDx(B), —PD % (—tPDx (2)))
=T WPDx (B). ~ () @)).
Equation (7.12): The restrictions of both sides to S; are equal, since (ZF restricts
to S; as an isometry. Both sides map Sy to Vx and Vy to Sy . The square of both sides
is the identity, so it suffices to check that both sides restrict to the same homomorphism
from Sy to Vx. This checks as follows. Let (o, B) € Sy . We have

(4.23) 7 Lem.7.1

bF (is(a. B)) =" ¢r (. —PDx (B)) “="" (& + Dppy (8)(c1(F)). —PDx ().
i (5)(PF (Fis (e, B))) = g (s)(@ + Dppy (p)(c1(F)). —PDx (B))
= (& + Dppy g)(c1(F))) A pF(s) — Depy () (¢F (5)),
¢r(@.B) "= (. B+ c1(F) Aa).

Substituting ¢F (s) = 1 + ¢1(F) + ¢1(F)?/2 + [pty] we see that the right hand sides of
the two lines above are equal, using also the equality Dpp,, (g)([pt]) = —B, which follows
from (4.21). [ ]

Assume now that F; and F; are two line bundles on X. Let ®F, : D?(X) — D’(X)
be tensorization by Fj.

Corollary 7.8. The auto-equivalence (@Fz—l o[l]o¥po Cbﬁz) o (cpﬁfl o[lJo®podp,)
by ; ~ ~ - +
of D°(X) is mapped to the element m¢;21 () © m¢;11 () of Aut(Ax), which acts on Sy as

the composition R¢;21 () © R¢;11 (s) Of two reflections in the 42 vectors ¢I;i1 (s),i=1,2:

(<I>F271 o[l]oWgp o CIDI;z) o (<I>ﬁl_1 o[l]o ®p o Pp,) > ’%¢;21(S) o n7¢;11(s). (7.13)

Proof. The left hand side translates via (7.2) to the left hand side below:

Lem.7.6

¢F2—1 (¢;’/_31¢1?2®1?1*1¢=7’¢F1®F2—1)¢F2 = ¢F2—1 (;ﬁs o fﬁ‘ﬁFr (s))¢F2

1®F2

(7.12)

Mri(s) © Mozl () .

8. Monodromy of moduli spaces via Fourier—Mukai functors

Let ® : D(X;) - D?(X,) be an equivalence of derived categories of abelian sur-
faces which maps Hj-stable sheaves with a primitive Chern character w; to H,-stable
sheaves with Chern character w,. In Section 8.1 we note that ® induces an isometry
¢ H*(X1.Z) — H*(X,,Z) and an isomorphism f : Mg, (w1) = Mg, (w2) such that
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O ® fi t H* (X1 x My, (w1),Z) - H*(X» x Mu,(w2), Z) maps a universal class to
a universal class. In Section 8.2 we prove Theorem 1.2 constructing the homomorphism
mon : G(S +)§Z’e“ — Mon(M(s,)). In Section 8.3 we construct monodromy equivariant

homomorphisms from the half-spin representations .S ; and S to canonical quotients of
HY(M(sn). Z).

8.1. Stability preserving Fourier—Mukai transformations

Let X;,i = 1,2, be abelian surfaces, v; € S;,'i a primitive Mukai vector, and H; a v;-
generic polarization on X;. Assume that the integral transform ®r : D?(X,) — D?(X>)
with kernel an object F in D?(X; x X) is an equivalence, and ® (E) is an H,-stable
sheaf with Mukai vector v,, for every H;-stable coherent sheaf £ on X; with Mukai
vector v;. Denote by ®r Ridy(y,) : Db(Xy x M, (v1)) = Db(X, x Mpr, (v1)) the
integral transform with kernel the object in D? (X x M, (V1) X X2 X Mg, (v1)), which
is the derived tensor product of the pull-backs of the object F and the structure sheaf of
the diagonal in the cartesian square of Mg, (v1). Then ®r ®id(y,) is an equivalence
[45, Assertion 1.7]. Let &, be a (possibly twisted) universal sheaf over X x Mg, (v1).
The object ®r ®idy,)(Ev,) is represented by a flat (possibly twisted by the pull-back
of a Brauer class from Mg, (v1)) family of H,-stable coherent sheaves with Mukai vec-
tor vy on X, by [37, Theorem 1.6]. Let f : Mg, (v1) = Mm,(v2) be the classifying
morphism associated to this family. Then f is easily seen to be an open immersion,
which must be surjective, by compactness of Mg, (v1) and irreducibility of Mg, (v2)
(Theorem 3.1). Hence, f is an isomorphism. Let ¢r : H*(X1,Z) — H*(X3,Z) be the
parity preserving isomorphism induced by ® ¢ [17, Cor. 9.43]. Then ¢r(v1) = v,. Let
ey; € K(X; x Mg, (v;)) be a universal class (see Remark 6.2).

Lemma8.1. ¢ ® fi: H* (X1 X Mg, (v1),Q) = H* (X2 X Mg, (v2), Q) maps a uni-
versal class to a universal class, in the sense of Definition 6.3. In particular, fi =
Yor (v, ev,).

Proof. The statement was proven in detail in [26, Lemma 5.6] in the case of moduli spaces
of sheaves on K3 surfaces. The proof for abelian surfaces is identical. We briefly outline
the argument in the case of fine moduli spaces admitting untwisted universal sheaves &,,,
i =1,2. In that case (idx, x f)*&,, represents the object ® 7 ®idy(y,)(Ey,), possibly
after replacing &, by its tensor product with the pull-back of a line bundle on Mg, (v2).
Now ch[®F Ridp(v,)(Ev;)] = (¢F ®id)(ch(Ey,)). Hence, (pF ® f«) maps ch(Ey,) to
ch(&,,). The equality fi = Y4, (Ev,, Ev,) now follows from Lemma 6.4. |

even
Sn

8.2. The monodromy representation of G(ST)

Let X be an abelian surface and let H be an ample line bundle on X with y(H) =n > 2
(and genus n + 1 and degree 2n). Given a length n 4+ 1 subscheme Z C X, we get the
equality

ch(Iz ® H) = (1, H,-1).
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In particular, z,41 1= Ch(IZ ® H) is orthogonal to s := (1,0, 1), (Zn+1,S)S+ = 0. Let
X be the dual surface and H the line bundle associated to H via (7.6). Then H is ample
as well.

Proposition 8.2 ([56, Proposition 3.5]). Let E be a j-stable sheaf with ch(E) = (r, H,a),
a < 0. Then the sheaf cohomology K (®p(E)) vanishes fori # 1, and #'(®»(E)) is a
u-stable sheaf with Chern character (—a, H, —r). In particular, if H generates Pic(X),
then the composition [1] o @ induces an isomorphism of moduli spaces

My (r, H,a) = Mg (—a, B, —r).

We conclude that the composition ® 5 _; o [1] 0 ®» o ®g induces an isomorphism of
the moduli spaces

XU % X > Mp(1,0,-n—1) > Mz(1,0,—n—1) = X+ s x  8.1)

as well as of the Albanese fibers (the generalized Kummer varieties). An isomorphism
of cohomology rings induced via push-forward by an isomorphism is a parallel transport
operator, by definition (see footnote 2 in Sec. 1.6). Let Ex and & ¢ be the universal ideal
sheaves. Setting g := —¢>[_§1 o ¢pgp o g, we see that (8.1) induces the parallel transport
operator y¢(Ex, E5), and the isomorphism g ® y¢(Ex, &) maps a universal class of
Mg (1,0,—n — 1) to a universal class of Mﬁ(l, 0,—n — 1), by Lemma 8.1. The latter
property is stable under deformation of the pair (X, H), dropping the condition that H is
ample. Consequently, we get the following corollary.

Corollary 8.3. Let Fy and F, be two line bundles with c1 (F;) primitive and y(F;) = n.
The left hand side of equality (7.13), and hence its right hand side

S~ ~
& =M F nt1) ° M F a1y

has the property that yq/ (Ex , 8x) is a monodromy operator which maps a universal class

of Mg (1,0, —n — 1) to another universal class of Mg (1,0, —n —1).

Note that (1, F_1 n+1)= qb;l(s) i = 1,2, are two vectors in SJr orthogonal to
the Chern character Sn+1 and of square 2 with respect to (e, ®) s> 80 that g’ belongs to

Spln(S sp1-
Let the ample line bundle H on X have Euler characteristic n + 2, n > 2. Given a
length n 4 1 subscheme Z C X, we get

Zn+1:=ch(Iz ® H) = (1, H, 1).

In particular, z,; is orthogonal to the —2 vector 51 := (1,0, —1). Let D g : Db(f) —
DY (X)°P be the functor taking E € D?(X) to EY := R¥om(E, O%). Set

Gp 1= D}? o (I)j)[z].

Given E € D?(X), set ' '
95 (E) := H' (99 (E)),
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the i-th sheaf cohomology. If E is a coherent sheaf, then 9} (E) is isomorphic to the
relative extension sheaf & xt}',)? (P ® nx(E), Oy, ¢), by Grothendieck—Verdier duality
and the triviality of the relative canonical line bundle w .

Proposition 8.4 ([56, Proposition 3.2]). Let E be a j-stable sheaf with ch(E) = (r, H,a),
a > 0. Then the sheaf cohomology ﬁg) (E) vanishes for i # 2, and ﬁf, is a |-stable
sheaf with Chern character (a, c; (ﬁ), r). In particular, if H generates Pic(X), then the
composition (2] induces an isomorphism of moduli spaces

My (r, H,a) > Mg (a, H,r).

We conclude that the composition ® 5 _; 0 §»[2] o g induces another isomorphism
between the moduli spaces in (8.1).
Denote by
X - AX — AX (8.2)

the element of G(S)®*" in (4.24). Then tx acts on ST via Dy := —R; o R, where
s =(1,0,1) and s; = (1,0, —1).

Corollary 8.5. (1) The composition

Vo1 €1 €2) © Vop1(€amn. € 1) © Yo (Ex. Eamn) :
H* (Mg (1,0,—1 —n),Z) — H*(Mz(1,0,—1 —n), Z)
is equal to Veg 67 T pdm.1 (x, €3), is induced by an isomorphism of the moduli

spaces, and maps a universal class to the dual of a universal class.

(2) Let H and F be line bundles on X with y(F) = n, y(H) = n + 2. Assume that the
classes ¢1(F) and ¢1(H) in H*(X, Z) are primitive. Set

V= —tx¢p b $pdy 1xbrdH.

Then the automorphism yy.1(Ex, 8x) of H*(M(1,0,—1 —n), Z) is induced by a
monodromy operator.

Proof. (1) Let f : Mg (1,0,—1 —n) — Mgz(1,0,—1 — n) be the isomorphism in Pro-
position 8.4. Let n : My (1, H, 1) — Mz(1, H, 1) be the associated isomorphism. By
construction, we have an isomorphism, in the derived category of X x My (1,H,1),

(e xm™(E] 1) = Pruoa,, ., Ea.mn)
for suitably chosen universal sheaves. Consequently, we have the equality
ch(€) 4 ,) = (@p ® n:)(h(E,mn)).

and so ¢ ® 14 maps a universal class of Mg (1, H, 1) to the dual of a universal class of

Mg(1, H, 1). Hence, (d;qb;p) ® (d;{l(lﬁ,l)n*) maps a universal class of Mg (1, H, 1)
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to a universal class of M g (1, H, 1). Lemma 6.4 implies the equality

—1 _ R
dM(l,ﬁ,l)n* - Vd;w,o(g(lﬂl)’ €am.n)-

We get
Nx = dM(l,ﬁ,l)Vd)%ld)p,o(g(lsH’l)’ 8(1,11‘1’1)) = Yd§l¢?’0(8(l,H,l)v g(l’ﬁ’l))dM(l,H,l)-

The right hand side is equal to yg,1(Eq1,H,1), 8(1 i 1)), by (6.9). Hence, the graph of 7
is Poincaré dual to the class yg5,1(E(1,1,1): € g 1))- The composition in the statement
of part (1) is equal to )/t)?¢1—:\11 obpbirl (6x, Ex), by Lemma 6.8.
(2) The homomorphism V471676 o(E ¢, Ex) is a deformation of the isomorphism
:/-) ’
in Proposition 8.2 and is hence a parallel transport operator. The equality

Vot (Ex.E0) = V14210, 062 EX) 1 g1 0.1 (6. EX)

follows from Lemma 6.8. The latter is a composition of a parallel transport operator and
an isomorphism, and is hence a parallel transport operator (so a monodromy operator).
|

Let

ort : G(ST)™" - 7./27 (8.3)
be the pull-back of the character of O(S ™) corresponding to the orientation of the positive
cone in Sﬂ'{ and analogous to the character (4.12). The kernel of ort is Spin(S™). Let
7. /27 x Spin(S ) be the semidirect product with multiplication given by (€1, g1)(€2, g2)
:= (€1 + €2. T, 8175 &2). We have the isomorphism

[: G(ST)™ — Z/27 x Spin(ST),

given by |(g) = (ort(g), r;}n(g)g). Set s, := (1,0, —n), n > 3. Note that ty belongs to
G(S+)§:’f“, by Example 4.4. Let y : Z /27 » Spin(S ) — End[H * (M (s,),Z)] send (¢, g)
to the correspondence homomorphism induced by the class y¢ (&, , s, ). Set

mon :=yo | : G(ST)™" — End[H*(M(sn), Z)]. (8.4)

Let Dyxu(s,) be the automorphism of H®*"(X x M(s,), Z) acting on the group
H? (X x M(sy),Z) by (—1)'. Let T4 be the unique solution of the equation

1 ®ta = (tx ® 1) © Dxcpt(sy)- (8.5)
Explicitly, 74 acts on H7 (M(sp),Z) via (—1)7UT1/2 We get the factorization Dy 4 =
x ® T . We get the group homomorphism

G(SJr)j‘;en — G(S+)§‘f“ x AutlH™*(M(sn), Z)],

g (T;rt(g)gt;rt(g) ’ rj?(g) mon(g)).

whose image consists of pairs mapping a universal class to a universal class, by the fol-
lowing theorem. Set 7 := tx.



The monodromy of generalized Kummer varieties 273

Theorem 8.6. (1) The class
Voo g one) s Es,) € HA"HH(M(s) x M(s). Z)
induces a graded ring automorphism for every g € G(S +)§‘r’f“. The resulting map
mon : G(S+)§Zf“ — Aut[H™*(M(s,),Z)] (8.6)

is a group homomorphism.
(2) Ifort(g) =0, then g @ yq,0(Es,,. Es,) maps a universal class to a universal class.

(3) If ort(g) = 1, then gt @ yrg,1(8s,, Es,) maps a universal class to the dual of a
universal class.

(4) The image of the homomorphism mon in (8.6) is contained in the monodromy group
Mon (M (sp,)).

Proof. (1) The fact that the map mon is a group homomorphism would follow, once the
rest of the statements in parts (1)—(3) of the theorem are proven, by Corollary 6.5, and
Lemmas 6.7 and 6.8.

We first prove part (1) for the subgroup of Spin(S™);, stabilizing both (1,0, 0) and
(0,0, 1). This subgroup is the image of SL(H (X, Z)) via the inverse of the isomor-
phism f in Lemma 5.2. A marked compact complex torus of dimension 2 is a pair
(X', ) consisting of a compact complex torus X’ of dimension 2 and an isomorphism
n:HY(X',Z) — H'(X,Z), where X is our fixed abelian surface. Two pairs (X1, 7;) and
(X2, n2) are isomorphic if there exists an isomorphism f : X; — X, such that n, = ny f*.
Let 9N be the moduli space of isomorphism classes of marked compact complex 2-
dimensional tori. Let MN° be the connected component containing (X, id). The group
GL(H'(X,Z)) acts on I, via g(X’, n) = (X', gn), and the subgroup SL(H (X, Z))
leaves IN° invariant. We have a universal torus 7 : X — IO, a relative Douady space
X 9o of length n zero-dimensional subschemes of fibers of m, a relative dual torus
7 X — MO, and so a relative moduli space My (sy) := X Xgpo X — MO of rank 1
torsion free sheaves on fibers of 7 with Chern character s,. Furthermore, we have a uni-
versal sheaf & over X xgpo Mo (sy).

Let My (s,) be the fiber of Mx(s,) over (X,id). The group SL(H'(X, Z)) acts
via monodromy operators on H*(X, Z) and on H*(Mx (s,), Z), by [26, Lemma 6.6].
The Chern character ch(&) maps to a global flat section of the local system RII.Q,
where IT : X xgpo Mo (s,) — I is the natural morphism. Hence, ch(&) restricts to
an SL(H (X, Z))-invariant class in H*(X x M (s,)), under the diagonal monodromy
action. The statement of part (1) follows for the image of SL(H (X, Z)) in Spin(S*)s,,,
by Lemma 6.4. The statement of part (1) follows for the elements of Spin(S™),, which
are the compositions 7, y,, where t; = (1, A;,n) € sj-, satisfying (#;, ;) g+ = 2, and
Aj; is a primitive class in H?(X, Z), by Corollary 8.3. The statement of part (1) follows
for the whole of Spin(S™);,,, since the latter is generated by the image of SL(H (X, Z))
and compositions 7, 1, as above, by Lemma 5.4.
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Part (2) is evident for elements of SL(H (X, Z)) and it was verified in Corol-
lary 8.3 for the above mentioned compositions 7, 7y, , so it follows for all elements
of Spin(St)j, .

In the verification of part (3) we use the evident identity dy (tg)dy "' = t(xrg)t™! =
gt and Definition 6.3 (3). Then Corollary 8.5 verifies part (3) for g = v/, which belongs
to G(S™)5" but not to Spin(S ™)y, . The result of part (1) thus extends to G(S¥)§°".

(4) The statement was verified for elements of SL(H (X, Z)) above, and is estab-
lished in Corollaries 8.3 and 8.5, hence it is verified for a set of generators of G (S +)§Ze“.

(]

8.3. The half-spin representations as subquotients of the cohomology ring

We identify next H?(Kx (n — 1), Z) as a G(S ; )5, "-module by determining the equivari-
ance property of the isomorphism 6 in (3.2). We do this more generally for all degrees as
follows. Let fd be the ideal in H*(M(sy), Z) generated by H'(QM(S,,) 7Z),1<i<d,
denote by I its graded summand of degree j, and set I := @ 5, [_;. Set Q(M(sn))
=H* (M(s,,) Z)/1. In particular, Q1 (M(s,)) = H (M(sy).Z), and 04 (M(sp)) =
Hd(M(s,,) 7)/1%, where I¢ := Id . For example,

1? = H' (M(sy), Z) U H' (M(Sn) Z),
I3 = HY (M(sp),Z) U H*(M(s,). Z),
1% = H'(M(sn), Z) U H>(M(sn), Z) + H*(M(sn), Z) U H*(M(s5n), Z).
We have the homomorphism g: Sx — H*(M(sn),Q), given by
0(2) := maalmy (zx (1)) U ch(€)]. 8.7)
Set S}} =Sy, S}% = S; N sj-, and for j > 2 let S}? be S; if j is even, and Sy if j is
odd. Let B '
0j : Sy — 07 (M(sn)) ®z Q (8.8)
be the composition of 6 with the inclusion S )f, C Sx and the projection H*(M(s,), Q) —
07 (M(sp)) ® z Q. Note that 5, is independent of the choice of the universal sheaf, by our
definition of S}J( and Q7 (M(s,)). Note also that Q2(M(s,)) is isomorphic to the second
integral cohomology H?(K,(s,).Z) of the generalized Kummer, 6, above is injective
and has integral values, and the integral isomorphism 6 in (3.2) factors through 6,, since
H'(K,(sy), Z) vanishes.
The action of any graded ring automorphism of H* (M (s,), Z) descends to an action

on Q7 (M(sy)) for all j > 1. Similarly, the action of 74 given in (8.5) descends to one
on Q7 (M(s,)) forall j > 1.

Corollary 8.7. The image of 6, j > 1, is invariant under the monodromy action
of G(S);r )" via the homomorphism mon given in (8.6) and the image spans
07 (M(sy)) ®z Q. Furthermore, for all A € S)f, andall g € G(S“L)e‘r’len we have

mong (6; (1)) =« [6; (ry" @ gy (W)]. (8.9)
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In particular, 0; is mon-equivariant with respect to the subgroup Spin(S}}|r )s, of
G(S}-(‘r)even.

Sn

Proof. The image of é} spans Q7 (M(s,)) ®z Q, since the Kiinneth factors of ch(&)
generate H*(M(sy,), Q), by [24, Cor. 2]. Let {x1,..., X1} be a basis of Sy with each
class either even or odd. Let ch(8) := ) ; x; ® ¢; be its Kiinneth decomposition. Then
5(/\) =Y (A, xi)sye;. If g belongs to Spin(V)j,,, so that ort(g) = 0, then

1

mong (B(g ™" (1)) = mong (Y (g (1), ¥)scer ) = D (A g(xi))sy mong (e;)

= [y (tx (1)) U (g ® mong)(ch(€))].

Consequently, we get B B
mong (A(g71 (1)) = O(A) exp(cy), (8.10)

where the class cg is given in (6.8), since (g ® mong)(ch(&)) is a universal class, by
Theorem 8.6. The projection of the right hand side to Q(M(s,)) ®z Q is equal to that
of #(1). The identity (8.9) follows.

Assume ort(g) = 1. Then

mong (F(zxg 'tk (1)) = ) (A, v g7x (x;)) s mong (e;)

1

= [y (zx (X)) U {((zx gTx) ® mong)(ch(€))}].  (8.11)

Now, ((gzx) ® mong)(ch(&)) is the dual of a universal class, by Theorem 8.6. So

((zxgtx) ® mong)(ch(&))

projects to the image of (1 ® 74¢)(ch(&)) in H*(X,Z) ® Q(M(s,)). We conclude that
the right hand side of (8.11) and (5()&)) project to the same class in Q(M(s,)). Hence,
so does the left hand side of (8.11). We have thus verified the equation obtained from (8.9)
by substituting (tx gtx)(A) for A. We conclude that (8.9) follows in this case as well. =

We construct next an integral analogue of the homomorphism (8.8) into Q7 (M(sy,)).
Given a topological space M, let K(M) := K°(M) @& K'(M) be the topological K -ring
of M. The Chern character induces a ring isomorphism ch : K(M) ®z Q — H*(M,Q)
sending K°(M) into H®*"(M, Q) and K!(M) into H°¥(M, Q) [21, V.3.26]. The Chern
classes cj/2(x) € H/(M,Z) are defined for an odd integer j > 1 in [25, Def. 19]. They
satisfy the equality

chg_1/2(x) = (=DF 71/ (k — D)leg_y2(x) (8.12)

for x € K'(M(s,)) and a positive integer k, by [25, Lemma 22 (2)].

For the abelian surface X the Chern character is integral and we get an isomorphism
ch: K(X) — H*(X,Z). Integrality follows for K°(X), since the intersection pairing on
H?(X,Z) is even, and for K'(X) since the coefficient of the right hand side of (8.12)
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is &1 for k = 1, 2. Surjectivity of ch : K(X) — H*(X, Z) follows, since H*(X, Z)
is generated by H1(X, Z), the latter is spanned by pull-back of classes via maps to a
circle S, and surjectivity of ch : K(S') — H*(S!, Z) is clear. The Kiinneth theorem in
K-theory yields an isomorphism

[K°(X) ® K°(M(sn))] @ [K'(X) ® K'(M(s0)] = K°(X x M(sn)).

by [1, Cor. 2.7.15]. Choose a basis {x1, ..., x16} of K(X) which is a union of a basis
of K%(X) and a basis of K'(X). Let [8] € K(X x M(s,)) be the class of a universal
sheaf. We get the Kiinneth decomposition

16
[€]1=) "xi®e
i=1

with e; either in K°(M(s,)) or K1 (M(s,)).

Theorem 8.8 ([25, Theorem 1]). The Chern classes of {e; : 1 <i < 16} generate the
integral cohomology ring H*(M(sy), 7).

Let n}!( : K(X) - K(X x M(sy,)) be the pull-back homomorphism and denote by
)  K(X X M(sy)) = K(M(s,)) the Gysin homomorphism. The involution ty acts
on H (X, Z) via (—1)!0=D/2 a5 in (4.15), and we denote the involution ch™' o x o ch :
K(X) — K(X) by tx as well. We get the homomorphism e : K(X) — K(M(s,)) given
by

e(h) i= maa(y (tx (V) U [E)).

The Chern classes of e(x;), 1 <i < 16, generate H*(M(sy,), Z), by Theorem 8.8.

Let ¢; : K(M(sn)) — Q% (M(sn)) be the composition of the Chern class map
¢j o K(M(sn)) — H* (M(sn), Z) with the natural projection H? (M(sn), Z) —
Q% (M(sn)). Then ¢; is a group homomorphism. This is proven in [27, Prop. 2.6] for
an integer j > 0 and K°(M(s,)), and for a half-integer j and K!(M(sy)) it follows
from (8.12) and the linearity of the Chern character homomorphism, hence of the integral
homomorphism (j — 1/2)!ch;.

Let . A
0; 1 Sy — Q1 (M(sn)), j =1, (8.13)
be the composition of
ch—! e Cj .
Sy = H*(X,Z) 2 K(X) S K(M(sn)) > 07 (Msy)) (8.14)

with the inclusion Sj — Sx.

Lemma 8.9. If the ranks of S)? and Q7 (M(sy,)) are equal, then éj is an isomorphism
and Q7 (M((s,)) is torsion free. This is the case for 1 < j < 3.
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Proof. The first statement is clear, since the homomorphism éj is surjective for all j > 0,
by Theorem 8.8. Q'(M(s,)) = H'(M(s,).Z) and its rank is equal to the first Betti
number 8 of the Albanese X x X of M(s,). The rank of Q2(M(s,)) is equal to that
of H?(Kx(n — 1), Z), which is 7 by Theorem 3.1, since H!(Kx (n — 1), Z) vanishes.
03(M(s,)) is isomorphic to Q3(X "), since M(s,) is isomorphic to X x X and
H*(}/(\, Z) is generated by Hl()?, 7). Now b3(X[") = 40 by Géttsche’s formula [10,
Cor. 2.3.13], and

8 = rank(S ™) > rank(Q3(X ")) > 40 — b3(X) — rank(Q2(X"))b, (X)
—40—4-Tx4=8.

Hence, the ranks of S~ and Q3(M(s,)) are equal. |

Lemma 8.10. The composition of 6, ; with the natural homomorphism Q% (M(sp)) —
0% (M(sy)) ®z Q is equal to (—=1)/~1(j — 1)16,; if j is an integer, and to

(—1)77V2(j —1/2)18,;

if j is half an odd integer. Consequently, the integral version of (8.9), with gk replaced by
Ok holds whenever Q% (M(s,)) is torsion free, and in particular for k € {1,2,3}.

Proof. We have the commutative diagram

KO0 —2 s KOO — 5 KO M) — s KX % M) — s K ()

chl chJ{ chJ{ chl chl
Uch(&)

™

H*(X.Z) 5 H*(X.7) =55 H*(X % M. Q) "D 1 (X % M. Q) ™% H*(M. Q)

The first (left) square commutes by definition of the top ty, the second and third by well
known properties of the Chern character, and the fourth by the topological version of
Grothendieck—Riemann—Roch and the triviality of the Todd class of X . Finally, let ch ;o
K(M) - Q% (M) ®z Q be the composition of ch; with the quotient homomorphism
HY (M,Q) — 0% (M) ®z Q. Then ¢; = (—1)/~¢(j — €)!ch;, where € = 1 if j is an
integer, and € = 1/2 if j is half an odd integer (see for example [25, Lemma 22]). [

9. Four groupoids

We extend in Corollary 9.4 the representation of G (S +)§Zen in the monodromy group of
the moduli space M (s,) of rank 1 sheaves, given in Theorem 8.6, to more general moduli
spaces. This is achieved by extending the monodromy group symmetry of a single moduli
space to a symmetry of the collection of all smooth and compact moduli spaces Mg (w)
of stable sheaves on abelian surfaces with respect to a groupoid, whose morphisms are
parallel transport operators. In Corollary 9.6 we construct a Spin(S ™),,-equivariant hom-
omorphism from the cohomology H* (Mg (w), Z) of a moduli space of sheaves on an
abelian surface X to H*(X x X, Z).
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A groupoid is a category whose morphisms are all isomorphisms. Let §; be the
groupoid whose objects are abelian varieties and whose morphisms Homg, (X, Y) are
objects & in D?(X x Y) such that the integral transform ®g : D?(X) — D?(Y) with
kernel & is an equivalence of triangulated categories. Composition of morphisms cor-
responds to convolution of the objects. Given abelian varieties X and Y of the same
dimension, let U(X x )? Y x }7) be the set of isomorphisms f : X X X — Y x Y such
that f*: H'(Y x Y.Z) — H'(X x X,Z) induces an isometry with respect to the sym-
metric bilinear pairing (4.1).'% Let &, be the groupoid whose objects are abelian varieties
and whose morphisms Homg, (X, Y') are isomorphisms f : X x X > Y x Y in the subset
U(X x XY xY ). Composition of morphisms is the usual composition of isomorphisms.
The following combines results of Orlov and Polishchuk.

Theorem 9.1 ([17, Prop. 9.39, Exercise 9.41, and Prop. 9.48]). There exists an explicit
Sull functor f : G — &, sending the object X to itself and associating to an equivalence
®g : DY(X) — DP(Y) with kernel & € D*(X x Y) an isomorphism fg : X x X >
Yx?inU(Xx)/(\,Yx)A’).

Let &5 be the groupoid whose objects are triples (X, w, H), where X is an
abelian surface, w € S; is a primitive Mukai vector, and H is a w-generic polar-
ization, such that the moduli space Mgy (w) has dimension > 4. Morphisms in
Homg, [(X1, w1, H1), (X2, w2, Hy)] are pairs (g,y), where g : H*(X,Z) - H*(X»,7Z)
is an isometry, with respect to the pairings (4.15), preserving the parity of the grading and
satisfying g(w1) = wy, and y is a graded ring isomorphism

Y- H*(MHl (UJ1),Z) g H*(MHz(wZ), Z)

Each pair (g, y) is assumed to be the composition (g, k) © (€k—1,Vk—1) © - © (g1, Y1)s
where (g;, ;) is of one of three types. Type 1: g; : H*(X;,Z) — H*(X;+1,7) is induced
by an equivalence &g, : D®(X;) — D?(X; 1) of triangulated categories which maps H;-
stable sheaves with Mukai vector w; to H;41-stable sheaves with Mukai vector w; 41, and
yi is induced by an isomorphism y; : Mg, (w;) — Mp;, ., (w;+1) of moduli spaces, which
is in turn induced by ®g, (see Section 8.1). Type 2: g; : H*(X;,Z) — H*(X;41,Z) and
Vi : H*(Mp,; (w;), Z) — H*(Mp; ., (wi+1), Z) are parallel transport operators associ-
ated to a continuous path from a point by to a point b; in the complex analytic base B
of a smooth family IT : M — B of moduli spaces of stable sheaves corresponding to a
family 7w : XX — B of abelian surfaces, and a section w of R®*"r,Z of Hodge type, as
well as a section & of R?7,Z of Hodge type (not necessarily continuous) such that /(b) is
a w(b)-generic polarization on the fiber X of 7, and the fiber M of IT is a smooth and
projective moduli space My, ) (w(b)) of h(b)-stable sheaves over X; for all b € B. An
isomorphism is chosen between X; and X}, mapping wy and H; to w(bg) and i(bg). An
isomorphism is chosen between X; 1 and Xj, with the analogous properties. The chosen
isomorphisms yield isomorphisms between My, and Mg, (w;) and between M, and

10gee [17, Def. 9.46] for a matrix form characterization of elements of U(X x }?, Y x )?).
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Mp; , (wi+1). Type 3: Analogous to type 2 but the Mukai vectors are all (1,0, —n), the
data £ is dropped, the family 7 : X’ — B is a smooth and proper family of 2-dimensional
complex tori, and each fiber M, is the product X IEn] X Xp, where the first factor is the

Douady space of length n subschemes.

Remark 9.2. Note that in each of the three types of morphisms (g;, y;) above, g; ® y;
maps a universal class to a universal class, in the sense of Definition 6.3. This is obvi-
ous for types 2 and 3, and for type 1 it follows from Lemma 8.1. Consequently, the
same holds for their composition (g, y), by Corollary 6.5. In particular, a morphism
(g, y) is determined already by g, since y = y¢(Ey,, Ew,), by Lemma 6.4. Whenever
non-empty, Homg, [(X, s,, H), (X, w, H)] is a right Autg, (X, s,, H)-torsor and a left
Autg, (X, w, H)-torsor. Autg, (X, s,, H) contains Spin(S)}")S,l for s, := (1,0, —n) and
n > 3, by Theorem 8.6.

The main result of [56] may be stated as follows.
Theorem 9.3. The set Homg, [(X1, w1, H1), (X2, wa, H>)] is non-empty for any two
objects (Xi, wi, H;), 1 = 1,2, of G3 with (w1, w1) g+ = (W2, W2)g+ -
X1 Xo
Let (X, w, H) be an object of §3 with (w, w) ¢+ = —2n,n > 3, and denote by e, €
X
K(X x Mg (w)) the class of a possibly twisted universal sheaf.

g,on(g)(ew,ew) € H" T4 (Mg (w) x Mg (w),Z) induces

a monodromy operator mon(g) € Aut(H* (Mg (w), Z)) for every g € G(S;);VS“. The
resulting map

Corollary 9.4. The class y oue)
X

mon : G(S{)5" — Aut(H* (Mg (w), Z))

is a group homomorphism. The analogues of statements (2) and (3) of Theorem 8.6 hold
as well.

Proof. Choose a morphism (g, y) € Homg, [(X1, s,, H1), (X, w, H)], where n =
—(w,w) st /2. Such a morphism exists by Theorem 9.3. Let e, be the class of a universal
sheaf over X1 X Mg, (sn). Then y = yg(es,, €w), by Remark 9.2. Now g : Sy, — Sx
is the composition of parallel transport operators and isomorphisms induced by equi-
valences of derived categories of abelian surfaces and g(s,) = w. Thus, g conjugates
G(S}}F1 Yo" to G(S;)i)“"“. Given f € G(S}'(F1 )en"s let mon(f) € Mon(Mg, (sn)) be the
monodromy operator of Theorem 8.6. Then mon( f) = )/r;)(nl(f) Font( f)(esn , €s,). The con-

! ew), by Lemma 6.8. The latter

jugate y o mon(f) oy~ et oy @0
is justmon(g fg~!), since ort(g fg~!) = ort( ). Hence, the map mon of the current corol-

lary is the conjugate via y and g of the homomorphism mon of Theorem 8.6:

is equal to ]/T;(n(f)

mon(h) = y omon(g ™' hg) oy~

for every h € G(S)'(" )5y It is thus a group homomorphism into the monodromy group.
If ort(h) = 0, then & ® mon(/#) maps a universal class to a universal class, since
g 'hg ® mon(g~'hg) and g ® y do. The case ort(h) = 1 is similar. n



E. Markman 280

Let 94 be the groupoid whose objects are 2-dimensional compact complex tori X, and
let Homg, (X, Y') consist of ring isomorphisms f CH*(X x X,Z) > H*(Y x Y.,Z),
each of which is the composition f; o fx_j o---o f; of a sequence of isomorphisms
fi s H*(X; X X,,Z) — H*(X; 41 X X,+1 Z) of one of two types. Type 1: X; and X; 1
are projective and f; is induced by an isomorphism f X; x Xi — Xit1 X X,+1 in
U(X; x Xi, Xig1 X Xit1). Type 2: f; is the parallel transport operator associated to a
continuous path from a point by to a point by in the base B of a smooth and proper family
w1 X — B of 2-dimensional compact complex tori. Isomorphisms are chosen between
X, 1s and X; and between X, and X; 1.

We define next a functor F : §3 — G, as follows. F sends the object (X, w, H) to X.
F sends a morphism (g, y) : (X1, w1, H1) = (X2, wa, Hy) of type 1, corresponding to a
Fourier—Mukai transformation ®g : D?(X;) — D?(X,) with kernel & € D?(X; x X»),
to the isomorphism fg . : H*(X; x X1, Z) — H*(X5 x X, 7)) induced by the isomor-
phism fg : X1 % )?1 — X5 x )?2 of Theorem 9.1. Morphisms of types 2 and 3 in 93 are
associated to continuous paths in the bases of families of 2-dimensional complex tori X}
and F sends these to the associated parallel transport operators of the fourfolds Xp x X, b-

Let Alg be the category of commutative algebras with a unit. Let ¥ : §3 — Alg be the
functor which sends an object (X, w, H) to H*(Mg (w), Z). The functor ¥ sends a mor-
phism (g,y) in g3 to y. Let X : §4 — Alg be the functor which sends X to H*(X x X, 7).
The functor X sends a morphism in g4 to itself. We get a second functor X o F from §3
to Alg.

Given an object (X, w, H) of §3 and a generic H -stable coherent sheaf F on X of
Mukai vector w, we get the embedding

F X x X = My (w) 9.1)

given by tr (x, L) = 7 «(F) ® L, where L € )? x € X,and 7, : X — X sends x’ to
x + x’. We postpone the proof that ¢ is an embedding to Lemma 10.1 (1). The homo-
morphism 3, : H* (Mg (w),Z) - H*(X x X,Z) is independent of the choice of such
a generic F, as the data (7 is discrete and depends continuously on F'. We thus denote ¢},
also by

w ' H*(Mg(w),Z) - H*(X x X, 7). 9.2)

Proposition 9.5. The assignment (X, w, H) — qy, defines a natural transformation q
from W to XoF.

Proof. Given an isomorphism y : H* (Mg, (w1),Z) — H*(Mp, (w2), Z) corresponding
to a morphism (g, y) in Homg, [(X1, w1, H1), (X2, w2, H>)] and H;-stable sheaves F;
on X; with Mukai vectors w;, i = 1,2, we need to prove that the following diagram is
commutative:

H* (Mg, (w1), Z) ——— H* (Mg, (w2), Z)

* *
LFll lth

~ S(F(g, ~
H*(Xy x X1.7) —FED g (x, x %,.7)
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The commutativity for morphisms (g, y) of type 2 and 3 is obvious. Consider next the
case where (g, y) is of type 1, associated to a stability preserving Fourier—Mukai trans-
formation ®g : D?(X;) — D?(X>), which induces an isomorphism

)7 . MHI (wl) —> MHz(wz)

of the two moduli spaces, and we choose F5 to be a sheaf representing the object ®g (F7).
The commutativity of the above diagram follows from the commutativity of the diagram

X, x X, — Aut(Mg, (v1))

o [ l

X, x Xy —— Aut(Mg, (v2)) ygy!

The commutativity of the latter diagram follows from the analogous commutativity when
we regard X; X X, ; as a subgroup of the group of auto-equivalences of the derived cat-
egories D?(X;) of X; and regard My, (v;) as a subset of objects in D?(X;) fori = 1,2
(see [17, Cor. 9.58]). [

The group Spin(SI,}L )s, acts on H*(Mg(s,), Z) via the monodromy representation
mon in (8.6). Corollary 9.4 implies that Spin(S)}L)w similarly acts on H* (Mg (w), Z).
The group H'(X x X, Z) is the representation Vy of Spin(S; ) and so Spin(S; )w acts
on H*(X x X, Z) =~ \* Vx.

Corollary 9.6. The homomorphism qy : H* (Mg (w), Z) — H*(X x X.7), given in
(9.2), is Spin(S;)w equivariant.

Proof. The proof of Theorem 8.6 exhibits the image of Spin(S ; )s, Via mon as a sub-
group of the automorphism group Autg, (X, s,, H). Conjugating by a morphism in
Homg, [(X, s,, H), (X, w, H)] we find that Spin(S;)w is a subgroup of Autg, (X, w, H),
for every object (X, w, H') of 93, by Corollary 9.4. Now ¢, is Autg, (X, w, H )-equivari-
ant, by Proposition 9.5. ]

Let 6, : Sy — H'(M(w), Z) be the isomorphism given in (8.13). Let m : S; —
Hom(Sy , Vx) be the homomorphism given in Corollary 4.7.

Lemma 9.7. The composition gy, o 9_1 Sy —>H1(X X )?, 7Z) = Vx is either my, or —my,.

Proof. Both ¢, and 0, are Spin(S; )w-equivariant, and thus so is their composition.
The homomorphism ¢, is equivariant, by Corollary 9.6. Equivariance of 0, is proven in
Lemma 8.10 when w = s, and the proof goes through in the general case, once we replace
Theorem 8.6 by Corollary 9.4. Hence, ¢y, o 6; is a multiple km,, for some integer k. It
remains to prove that |k| = 1. It suffices to prove it for w = s,, by Theorem 9.3. It suffices
to prove that the cardinality of coker(gs, ) is equal to that of the group Iy, of n-torsion
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points of X, by Remark 4.3 and the fact that 6, is an isomorphism. The cokernel of ¢, is
equal to the cokernel of the composition

HY(AID(M(sp)), Z) — H (M (sp), Z) E HY (X x X, 7),

since the left arrow is an isomorphism and the right is g, . Now, Alb(M(s,)) = X x X
and the above displayed composition is the pull-back by the homomorphism X x X >
XxX corresponding to multiplication by n on the first factor and the identity on the
second, whose kernel is Iy, (see [11, proof of Th. 7]). [

10. The monodromy of a generalized Kummer

We prove Theorem 1.4, about Mon?(Y') for an irreducible holomorphic symplectic mani-
fold Y deformation equivalent to a generalized Kummer, in Section 10.1. In Section 10.2
we relate the Lie algebra of the Zariski closure of the monodromy integral Spin(7)-
representation we constructed on the cohomology of Y to an action of a Lie algebra
constructed by Verbitsky. We use it to show that Spin(7)-invariant classes are Hodge
classes (Lemma 10.8).

10.1. The monodromy action on the translation-invariant subring

Let M (v) := My (v) be a smooth and compact moduli space of H -stable sheaves of prim-
itive Mukai vector v of dimension m > 8§ over an abelian surface X. The Albanese variety
AIb®(M(v)) is the connected component of the identity in the larger group D (M (v)), the
Deligne cohomology group of M (v) (see [8]). They fit in the exact sequence

0 — AIL®(M(v)) = D(M(v)) = H™™(M(v),Z) — 0.

Denote by Alb? (M (v)) the connected component of Deligne cohomology mapping to d
times the class Poincaré dual to the class of a point in H™"™ (M (v), Z). Let

alb : M(v) — AIb! (M(v))

be the Albanese morphism. The abelian fourfold A := X x Pic®(X) acts on M (v). Given a
point F € M(v) the action yields the morphisms ¢z : X x Pic®(X) — M(v) andalbo (f :
A — Alb' (M (v)). Define the morphism 7 : A — AIb®(M(v)) by

q(g) = (albotr)(g) —alb(F),

where the difference is defined, since AIb! (M (v)) is an Alb® (M (v))-torsor. Then G is a
group homomorphism, since every morphism of abelian varieties mapping the identity to
the identity is a group homomorphism. The morphism ¢ is independent of the point F'
of M(v), since it depends on F continuously and varies in a discrete group. We have

(albotr)(g1 + g2) = G(g1 + g2) + alb(F) = G(g1) + [7(g2) + alb(F)]
= q(g1) + (albotr)(g2).
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Thus, the action fits in the commutative diagram

A x M(v) A M(v) (10.1)

t?Xale{ J{alb

AIDY (M (v)) x Alb! (M (v)) —=— Alb (M ()

where A and A are the action morphisms. The anti-diagonal action of a € A on A x M(v)
sends (b, F) to (b —a, A(a, F)).

Choose a point a € Alb'(M(v)) and denote by K, (v) the fiber of alb over a. Let
ta : Kq(v) — M(v) be the inclusion. The pull-back homomorphism ¢ : H (M (v),Z) —
H(K,(v),Z) factors through a homomorphism

hi : Q(M(v)) - H (Ka(v),Z) (10.2)

fori = 2,3, since H'(K,(v), Z) vanishes. Furthermore, /& is an isomorphism, by The-
orem 3.1, and 3 is injective with finite cokernel, since Q3(M(v)) is torsion free, by
Lemma 8.9, and pull-back by the covering map g : A x K;(v) — M(v) induces an iso-
morphism g* : H3(M(v),Q) — H3(A x K,(v),Q), by Géttsche’s formula for the Betti
numbers of K, (v) [10, Prop. 2.4.12].

Lemma 10.1. (1) The morphism (g is an embedding for generic F. In particular, the
abelian fourfold A := X x Pic®(X) acts faithfully on M(v).
(2) The composition

DY

1 (alb™)—1

Sy S HU(M@©),Z) —— H' A (MW)),Z) > HY (A, 7) = V

is my or —my,. In particular, the kernel of the homomorphism G : A — AIb® (M (v))
is the subgroup Ty of Remark 4.3. Consequently, Ty, acts on each fiber K, (v) of the
Albanese morphism.

(3) M(v) is isomorphic to the quotient of A x K,(v) by the anti-diagonal action of Ty.

(4) Ty acts trivially on H' (K,(v),Z), i = 2,3, but embeds in Mon(K,(v)). The image
of Ty in Mon(K,(v)) is characterized as the subgroup of Mon(K,(v)) acting trivi-
allyon H' (K,(v),Z),i = 2,3.

Proof. Part (2) was established in Lemma 9.7. Let s,, be the Mukai vector (1,0, —n) of the
ideal sheaf of a length n subscheme of X . Parts (1) and (3) are known when v = s,,: see for
example [1 1, proof of Th. 7]. These statements follow from the case of s, whenever there
exists a Fourier—-Mukai equivalence © : D®(X) — DP(X") of the derived categories map-
ping the Mukai vector v to s, and inducing an isomorphism between the moduli spaces
M(v) and M(s,). The fact that the action of X x Pic®(X) on M (v) conjugates to that
of X’ x Pic®(X”’) on M(s,) follows from Orlov’s characterization of X x Pic®(X) as the
connected component of the identity of the subgroup of the group of auto-equivalences
of D?(X) which act trivially on the cohomology of X [17, Cor. 9.57]. The statements
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follow for a general moduli space M (v) as above by Yoshioka’s proof that M (v) is con-
nected to M(s,) via a sequence of stability preserving Fourier—Mukai transformations
(inducing isomorphisms of moduli spaces) and deformations of the abelian surface (The-
orem 9.3).

Part (4) again reduces to the case v = s,. When v = s,, the abelian fourfold
X x Pic®(X) naturally acts on M(v), and the subgroup Iy, of torsion points of X of
order n, is a subgroup of the first factor, which coincides with the subgroup Iy, of
Remark 4.3. Write a = (xg, L), xo € X and L € Pic®(X). Let v, be the automorphism
of K,(s,) induced by pull-back of sheaves on X by the automorphism x + 2x¢ — x of
X, followed by tensorization by L2. The group I'y acts on K,(s,) by translation and is
equal to the subgroup of its automorphism group which acts trivially on H'(K,(s,), Z),
i = 2,3, while the subgroup of the automorphism group of K, (s, ) which acts trivially on
H?(K,(sp).7) is generated by 'y and v, by [3, Th. 3 and Cor. 5]. The automorphism v,
acts on H3(K,(s,), Q) via multiplication by —1 and I'y embeds in Mon(K,(s,)), by
[44, Th. 1.3]. The subgroup of Mon (K (s,)) acting trivially on H?(K,(s,),Z) is known
to be induced by automorphisms, by [13, Th. 2.1], and thus contains the image of 'y as
an index 2 subgroup. ]

Proposition 10.2. There exists a unique injective homomorphism'"'
mon : G(S;)f}ven — Mon(K,(v))/ Ty

such that both hy and hs, given in (10.2), are G(S;)f,"e“—equivariant with respect to the
homomorphisms mon, given in Corollary 9.4, and mon.

Proof. Let 1 : M — T be a smooth and proper family of Kihler manifolds with
fiber M (v) over a point 7y of an analytic space 7. We get the commutative diagram of the
relative Albanese variety Alb}, of degree 1:

Ko(v) —— M(v) —S—— M

R
{a} —=— Alb' (M (v)) —— Alb} x
~.0
{to) —=———T
The morphism p is a fibration with connected fibers. Hence, the homomorphism py :

nl(y\»lbjlr, a) — mw1(T, ty) is surjective. Let g € Mon(M(v)) be a monodromy oper-
ator corresponding to a class y € m (T, tp). Choose a class ¥ in (Alb,lr, a) such that

"1Once Theorem 1.4 is proven it would follow that this homomorphism is in fact an isomorphism.
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p«(¥) = y. Let g be the monodromy operator of K,(v) corresponding to y. Then the
pull-back homomorphism ¢ : H*(M(v),Z) — H*(K4(v),Z) is (g, §)-equivariant,

tz(g(x)) = gtz (x)
for all x € H*(M(v), Z), since the evaluation homomorphism
P*Rm 7 — Ralb,Z

is a global section, hence monodromy invariant. It follows that the homomorphisms /,
and A3 are (g, g)-equivariant as well. Now, the image of g in Mon(K,(v))/ Ty is determ-
ined by its action on H(K,(v), Q) for i = 2,3. Indeed, if g, §» € Mon(K,(v)) and
218, " acts trivially on H'(K,(v), Q) for i = 2,3, then g;Z,"! belongs to I',, since
Iy is equal to the subgroup of Mon(K,(v)) acting trivially on both H?(K,(v), Z) and
H3(K,(v),Z), by Lemma 10.1. The homomorphisms

hi : Q' (M(v)) ®z Q — H' (K4(v), Q)

are isomorphisms for i = 2, 3, as noted in the paragraph below (10.2). Hence, the image
of g in Mon(K,(v))/ T’y is uniquely determined by g. We get a canonical homomorphism

Mon(M(v)) — Mon(K,(v))/Ty.

Define mon as the composition of the above homomorphism with the homomorphism
mon given in Corollary 9.4. The homomorphism mon is injective, since /; is injective
and G(S ; )$"-equivariant for i = 2, 3, and G(S ; )oven acts faithfully on the direct sum
of O (M(v)) ® Q fori = 2,3. |

Pulling back the extension
0 — I'y - Mon(K,(v)) = Mon(K;(v))/Ty — 0
via mon we get the extension
0— Ty — G(ST) — G(S§)e™ — 0, (10.3)
where G(S+)f)ve" is a subgroup of Mon(K,(v)), by the injectivity of mon.

Proof of Theorem 1.4. We prove the inclusion W'X C mon> (G(S)}|r Jen), as the
reverse inclusion was proven by Mongardi [33]. The restriction homomorphism
from H?(M(sp), Z) to H*(Kx(n — 1), Z) factors through the isomorphism #; :
0%(M(sp)) — H?*(Kx (n —1),Z) given in (10.2), by Theorem 3.1. Denote by ‘WX the
corresponding subgroup of O(S,J;) as well. Proposition 10.2 reduces the proof to check-
ing that the isomorphism 6, : s;- — Q2%(M(sy)) given in (8.13) conjugates the image
of mon(G(S¢ )¢ in GL[Q?(M(sn), Z)] onto WX, The subgroup Spin(ST)s, of
G(Sy)e maps onto SO (ST)s,, by Corollary 5.1. The image of mon(Spin(S™)s,) in
GL[Q?(M(sn). Z)] is conjugated onto SO (ST);, via 65, by the Spin(S T),, -equivari-
ance of the latter established in Lemma 8.10. WX is generated by SO (ST)s, and the
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involution of sj- sending (1,0, n) to —(1, 0, n) and acting as the identity on H?(X, 7).
The involution tx given in (8.2) is an element of G (S; )s» . The former involution of sk
is precisely 65! o mong, o 65, by the equality

mon,, (52 1) = —6, (zx (4))

forall A € snL, which is a special case of Corollary 8.7 and Lemma 8.10.

It remains to prove the surjectivity of the homomorphism (1.2). Let Auto(K,(s,))
be the subgroup of Aut(K,(s,)) consisting of automorphisms acting trivially on
H?(K,(sy), Z). The subgroup of Mon(K,(s,)) acting trivially on H?(K,(s,), Z) is
known to be the image of Auty(K,(sy)), by [13, Th. 2.1]. It suffices to prove that the
image of Ton contains the image of Auto(K,(s,)), by the surjectivity of mon>. Now
Auto(Kg4(sn)) is generated by I'y, and the automorphism v, of order 2 in the proof of
Lemma 10.1 (4), and action of the coset v, T, on H>(K,(sy), Q) is equal to the action
of mon(—1), as both act as minus the identity. Furthermore, mon(—1) acts trivially on
H?(K4(sy), Z). It follows that the subgroup {1, —1} C G(S;)g‘f“ is mapped via mon
onto the image of Auty (K, (s,)) in Mon(K4(s,))/ T, - |

10.2. Comparison with Verbitsky’s Lie algebra representation

Lemma 10.3. The homomorphism mon of Proposition 10.2 embeds Spin(S ; )v as a nor-
mal subgroup of Mon(K,(v))/ T'.

Proof. The image of Spin(S;)v has index 2 in Mon(K, (v))/ Iy, by Proposition 10.2 and
the surjectivity statement of Theorem 1.4, and is thus a normal subgroup. We provide next
a proof independent of the surjectivity result, so independent of the result in [33]. We may
assume that v = (1,0, —1 — n). The homomorphism mon is injective, by Proposition 10.2.
The group O (ST), naturally embeds in O (v) and the image is a normal subgroup, by
[26, Lemma 4.10] (that lemma is stated for the Mukai lattice of a K3 surface, but the same
proof applies to the Mukai lattice of an abelian surface). Hence, SO (S ™), embeds as a
normal subgroup, the image being the intersection of two normal subgroups of O (v1).
The restriction homomorphism r : Mon(K, (v)) — Mon? (K, (v)) factors through a hom-
omorphism 7 : Mon(K, (v))/ Ty = Mon?(K,(v)). The group Mon? (K, (v)) is naturally
identified with a subgroup of O (v') and the inverse image via 7 of SO (S™), is thus
a normal subgroup of Mon(K,(v))/T,. It remains to show that this inverse image is
M(Spin(S;)v). Note that Spin(S;)v surjects onto SO4(ST),, by Lemma 4.1, and its
kernel has order 2 and is generated by an element acting via scalar multiplication by —1
on V and S™. The group I', has index 2 in the kernel of r, by the proof of Lemma 10.1 (4).
Hence, the kernel of 7 has order 2 and is thus contained in M(Spin(S; )v). |

Let Y be an irreducible holomorphic symplectic manifold of complex dimension 2.
We recall next Verbitsky’s construction of a Lie algebra representation on the cohomo-
logy of Y. Set b, := dim H?(Y,R). Let & € End[H*(Y, R)] be the endomorphism act-
ing via scalar multiplication by i —2n on H!(Y,R). Given a class a € H?(Y,R) let



The monodromy of generalized Kummer varieties 287

eq € End[H*(Y, R)] be given by cup product with a. The class a is called of Lefschetz
type if there exists an endomorphism f, € End[H * (Y, R)] satisfying the sI, commutation
relations

leas fal = h, [h,eq] =2eq, [h, fa] = —2fa.
Such an f; is unique if it exists. The triple {e,, 1, f5} is called a Lefschetz triple.

Let g(Y) be the Lie subalgebra of End[H * (Y, R)] generated by all Lefschetz triples.
Denote by g (Y) its graded summand of degree k. Let Prim* (Y) € H*(Y,R) be the sub-
space annihilated by g_»(Y) and set Prim(Y) := Primk(Y). Let A, C H*(Y,R) be
the subring generated by H?2(Y, R). The following theorem was proven by Verbitsky [50]
and in a detailed form by Looijenga and Lunts.

Theorem 10.4. (1) ([23, Prop. 4.5]) g(Y) is isomorphic to s0(4,b; —2,R) and go(Y)
=~ so(H?(Y,R)) & Rh. The homomorphism e : H*>(Y,R) — g, (Y), sending a to e,
is an isomorphism. g (Y') vanishes if k does not belong to {—2,0, 2}.

(2) ([23, Prop. 1.6]) g(Y) preserves, infinitesimally, the Poincaré pairing on H* (Y, R).

(3) ([23, Prop. 1.6 and Cor. 2.3]) H*(Y,R) is the orthogonal direct sum, with respect to
the Poincaré pairing, of the A,-submodules generated by Prim* (Y),0<k <2n,

2n
H*(Y.R) = @ 4, - Prim* ().
k=0
(4) ([23, Cor. 1.13]) Let W be an irreducible go(Y )-submodule ofPrimk(Y). Then the
As-submodule generated by W is an irreducible g(Y)-submodule. Conversely, all
irreducible q(Y)-submodules are of this type.

(5) ([51, Th. 7.1]1) The Hodge endomorphism of H*(Y, C), which acts on H?4(Y) via
scalar multiplication by ~/—1 (p — q), is an element of the semisimple summand
so(H?(Y,C)) of go(Y) ®r C.

Let Y be an irreducible holomorphic symplectic manifold of generalized Kummer
type. Let I" be the subgroup of Aut(Y) acting trivially on H*(Y,Q), i = 2, 3. The I'-action
commutes with the g(Y)-action, since I" acts trivially on H?(Y,R) and f, is uniquely
determined by e,, for each Lefschetz triple {e,, i, f,}. Hence, the I'-invariant subring
H*(Y,R)T is a g(Y)-submodule of H*(Y,R). Let A,y € H*(Y,R)T, k > 0, be the sub-
algebra generated by EB?ZO H!(Y,R)T. This definition of A, agrees with the one above,
since I acts trivially on H2(Y,R), by Lemma 10.1 (4). Set (4x)’ := Ax N H/ (Y, R).
Let A} be the A>-submodule of H*(Y, R)T generated by Prim(Y) N Ag. Then A} is the
maximal q(Y)-submodule of H*(Y, R)T" which is contained in Ay, by parts (3) and (4)
of Theorem 10.4. The Poincaré pairing restricts to a non-degenerate pairing on each irre-
ducible g(Y)-submodule, by the second paragraph in the proof of [23, Prop. 1.6]. Hence,
the Poincaré pairing restricts to 4 as a non-degenerate pairing. Set C := H k(Y,R) for
0 <k <3.Fork > 4, set

Cr = (At N H* (Y, R)T,

where the orthogonal complement is taken with respect to the Poincaré pairing.
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Lemma 10.5. (1) H*(Y, R)T admits a monodromy invariant and go(Y)-invariant
decomposition

HE(Y.R)" = (4k2)* @ Ci. (104)
(2) The subspaces C, k > 2, generate H*(Y,R)' as a ring.

Proof. (1) T is a normal subgroup of Mon(Y) and so H*(Y,R)T" is Mon(Y )-invariant.
Indeed, if « € H*(Y,R)', g € Mon(Y), and y € T, then g~ 'yg belongs to T" and so
y(g(@)) = g(g'yg)(a) = g(a). Hence, g(x) belongs to H*(Y, R)I'. The Mon(Y)-
action on H*(Y, R)T factors through Mon(Y)/T. The proof of [26, Cor. 4.6 (1)] now
applies to the Mon(Y)/T-action on H*(Y, R)! (instead of the Mon(X)-action on
H*(X,R) for X of K3"-deformation type).

(2) follows easily by induction from part (1). ]

Lemma 10.6. (1) Cy;, i > 2, admits a Mon(Y')/ I -invariant decomposition
C2i = Czll @ Cé’l

Here C,; either vanishes, or is a 1-dimensional representation of Mon(Y )/ T'; and
CJ; either vanishes, or is isomorphic to the tensor product of H 2(Y,R) with a 1-
dimensional representation of Mon(Y)/T.

(2) Caiy1, i = 1, either vanishes, or is an irreducible 8-dimensional representation of
Mon(Y)/T. If Cai 1 does not vanish and Y = K,(v) forv = (1,0,—1 —n) € S;,
then Cy; 41 is the spin representation for the monodromy representation of Spin(S ; v
given in Proposition 10.2.

Proof. As the decomposition (10.4) is Mon(Y )-invariant, we may prove the statements
forY = K;(v)and T’ =T, where v = (1,0,—1 —n) € S; for an abelian surface X.
The moduli space M (v) is the quotient of K,(v) X A by the anti-diagonal action
of I'y, by Lemma 10.1 (3). Denote the quotient morphism by j : K;(v) x A — M(v).
Then the pull-back homomorphism j* : H*(M(v),R) = H*(K,(v) x A, R)I" is sur-
jective. Choose a point @ of A overa and let (5 : K, (v) — K, (V') x A be the natural inclu-
sion onto K, (v) x {@}. Then ¢y = j o tz. The homomorphism ¢ : H*(K,(v) x A,R) —
H*(K,(v), R) is surjective and I'y-equivariant, since the action of T, on H*(A4,R) is
trivial. Hence, (% : H* (K4 (v) x 4, R)v — H*(K,(v),R)!" is surjective as well. It fol-
lows that
& H*(M(v).R) = H*(Kq(v),R)T® (10.5)

is the composition L;‘. o j* of two surjective homomorphisms, hence itself surjective.

Let By be the projection to H*(M(v), R) of the image of the homomorphism 6 :
S}’; ®z R — H*(M(v),R), given in (8.7). The subspaces By generate the cohomology
ring H*(M(v), R), by [24, Cor. 2]. Let By be the image of By in H*(K,(v), R)I®
via the restriction homomorphism ¢}. The subspaces By, generate the cohomology ring
H*(K4(v),R)T, by the surjectivity of (10.5). Hence, By + (Ax—»)* = H* (K, (v),R) .
Consequently, By surjects onto the direct summand Cy for all k. We get a surjective
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Spin(S ; )v-equivariant homomorphism S § ®z R — Cy, with respect to the spin repres-
entation on Sy and the monodromy representation on C. The rest of the proof of (1)
and (2) is identical to that of [26, Lemma 4.8], where the decomposition for even k fol-
lows from the decomposition S; Rz R =Rv @ (vt ®z R). ]

The quotient Mon(Y')/I" has a canonical normal subgroup N obtained by conjugat-
ing the subgroup mon(Spin(S ; )y) of Lemma 10.3 via a parallel transport operator from
H*(Ky(v),Z) to H*(Y, Z).

Lemma 10.7. The Lie algebra of the Zariski closure Nc of N in GL[H*(Y,C)"'] is equal
to the semisimple direct summand so(H?(Y, C)) of the complexification go(Y) ®r C of
Verbitsky’s Lie algebra go(Y) introduced in Theorem 10.4(1).

Proof. Verbitsky’s Lie algebra go(Y) is a monodromy invariant subalgebra of
al[H*(Y, C)T], and so it suffices to prove the statement for ¥ = K,(v), v =
(1,0,—1 —n). Let

v 2 Spin(H?(K,4(v), C)) — GL[H*(K,(v), C)™]

be the integration of the infinitesimal action of the semisimple part of Verbitsky’s Lie
algebra go(K;(v)) in Theorem 10.4 (1) to the group action of the corresponding simply
connected group. Under the identification of v+ ®z C with H?(K,(v), C) we may
view Spin(S;(Ir )y as a Zariski dense arithmetic subgroup of Spin(H?(K,(v), C)). We
claim that the mon representation of Spin(S;(" )v, given in Proposition 10.2, extends to
a representation of Spin(H?(K,(v), C)), which we again denote by mon. The proof is
identical to that of [26, Lemma 4.11 (3)], and uses the fact that the subspaces Cy gener-
ate H*(K,(v), C)T, by Lemma 10.5(2), and each of the representations Cy, ®g C of
Spin(S;)v is induced from a representation of Spin(H?2(K,(v), C)), by Lemma 10.6.
(Contrast this with the congruence representation in Lemma 4.5.)

We adapt next the proof of [26, Lemma 4.13] to our set-up. The monodromy equivari-
ance of Verbisky’s representation v yields the equality

mon(g)v(f)mon(g) ' =v(gfg™") (10.6)

for all f € Spin(H?(K,(v),C))and all g € Spin(S;)v. The equality holds also for all
g in Spin(H?(K,(v), C)), by the density of Spin(S;)v. Let

n: Spin(H?(K4(v),C)) — GL[H*(K,(v),C)"]

be given by 7(g) := v(g)~! mon(g). We have

(10.6)

n(@v(f)n(g)~ =v(g)”'mon(g)v(f)mon(g) " v(g) = v(g) " v(gfe I (@)=v(/).
Hence, v(f) commutes with (g) for all f, g € Spin(H?(K,(v),C)). We get

n(fg) = v(fg)~' mon(fg) = v(g)~'n(f)mon(g) = n(fIn(g).
Hence, 7 is a representation of Spin(H?2(K,(v), C)).
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Taking ¢ = f the commutation of v(g) and n(g) yields

v(g)~ ' mon(g)v(g) = n(g)v(g) = v(g)n(g) = mon(g).

Hence, v(g) commutes with mon(g) for all g € Spin(H?(K,(v),C)). The subspaces Cy
are Spin(H?(K,(v), C))-invariant with respect to both v and mon, by Lemma 10.5. The
irreducible monodromy subrepresentations C,; and C;; are non-isomorphic if they do not
vanish, by Lemma 10.6. Hence, each is also v-invariant, by the latter commutativity.

We claim that each of C3;41, C,;, and C; is an irreducible v-representation as well,
if it does not vanish. The statement is clear for the 1-dimensional C;;. Note that each non-
trivial representation of Spin(H?(K,(v), C)) of dimension 7 is necessarily irreducible.
Similarly, each 8-dimensional representation which does not contain a trivial subrepres-
entation is necessarily irreducible. The Hodge structure of each go(K,(v))-submodule
in H*(K,(v), C) is determined by the go(K,(v))-action, by Theorem 10.4 (4). Each
v-subrepresentation of H2?(K,(v), C) which is not of Hodge type (p, p) is thus a non-
trivial v representation and each odd-degree subrepresentation is non-trivial. Irreducibility
of Cy; 41 follows, if it does not vanish, as it is 8-dimensional in that case. If non-zero, Cz”l
is 7-dimensional with Hodge numbers (A 1= pist pi=1i+1) = (1,5, 1), since the sur-
jective homomorphism S§ ®z R — C¥ constructed in the proof of Lemma 10.6 was a
Hodge homomorphism. Hence, if non-zero, C; is an irreducible v-representation.

We have seen that v( f) commutes with n(g) for all f, g € Spin(H?(K,(v), C)).
Hence, n must act on C;; and C,; via scalar multiplication, as they are irreducible subrep-
resentations of v, which appear with multiplicity 1 in the n-invariant v-representation Cy;.
Similarly, n acts on Cj for odd k, via scalar multiplication. But Spin(H?(K,(v), C))
does not have any non-trivial 1-dimensional representations. Hence, each Cy is a trivial
n-representation, and hence so is the subring H*(K,(v), C)'" they generate (Lemma
10.5 (2)). We conclude that v = mon and so

Nc := mon(Spin(H?*(K,(v), C))) = v(Spin(H*(K,(v), C))). |
Lemma 10.8. Every class in H?*P (Y, Q)" which is N -invariant is of Hodge type (p, p).

Proof. An N-invariant class « € H??(Y,R)! is annihilated by the Lie algebra of the
identity component of the Zariski closure Nc of N in GL[H*(Y, C)T]. The latter Lie
algebra is equal to the semisimple summand of the complexification go(Y) ®r C, by
Lemma 10.7. Hence, « is annihilated by the Hodge endomorphism, by Theorem 10.4 (5).

|

11. The Cayley class as a characteristic class

We prove Theorem 1.8 in this section exhibiting the Spin(}V),,-invariant Cayley class
cw € H*(X x X,7Z) as the second Chern class of the pull-back of a sheaf End(EF)
on My (w) (Proposition 11.2) such that c;(End(EF)) is Spin(V)y-invariant (The-
orem 11.1).
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Let M(w) := Mg (w) be a smooth and compact moduli space of H -stable sheaves
with a primitive Mukai vector w over an abelian surface X. Assume'” that the dimen-
sion m of M(w) is greater than or equal 8. Set X = Pic®(X). Given a point of M(w)
representing the isomorphism class of a sheaf F, let t(r : X x X - M(w) be the mor-
phism given in (9.1). Assume F is generic, so that the morphism ¢ ¢ is an embedding, by
Lemma 10.1. Let U be a universal sheaf over X x M (w), possibly twisted by a Brauer
class 6 € H2(M(w), (9:‘%(10)). Let pr; be the projection from X x M(w) onto the i-th
factor,i = 1,2, and let

o : DP(X) = DP(M(w), 6)

L
be the integral functor R pr, (L pri(e) ® U) with kernel U. Let EF be the first sheaf
cohomology # ! (®q (FV)), where FY := RH om(F, Ox) is the object derived dual to F.

Then EF is the relative extension sheaf 8xtp1r2 (L pri F, U). Under the identification

V>~ H' (X xX,Z) weseethat \*V =~ H*(X x X,Z) isa Spin(Sy )-representation
and so restricts to a Spin(S; )w-representation. The Spin(S);r )w-invariant subgroup of
/\4 V has rank 1 [40, Sec. 2.1]. We will refer to either one of its integral generators as
“the” Cayley class of Spin(S;)w (which belongs to H*(X x X, 7Z) and depends on w).
The Cayley class is algebraic, by the following result.

Theorem 11.1. (1) The sheaf E, given in (1.6), is a reflexive sheaf of rank m — 2, which
is locally free away from the diagonal in M(w) x M(w). The class c;(End(E)) €
H*(M(w) x M(w),Z) is Spin(S;)w—invariant with respect to the diagonal mono-
dromy representation of Corollary 9.4.

(2) EF is a reflexive sheaf of rank m — 2, which is locally free over M(w) \ {F}.

(3) The class c;(6nd(EFR)) is Spin(S; )w-invariant with respect to the monodromy rep-
resentation of Corollary 9.4.

(4) The class 1} (c2(End(EF))) in H*(X x X, 7)) is non-zero and Spin(S;')w -invariant.
The theorem is proved at the end of this section. We will need to treat first the case

w = s, := (1,0,—n). Let & be the Poincaré line bundle over X x X, normalized so that

its restriction to {0} x X is trivial. Denote by [pty] € H*(X, Z) the class Poincaré dual

to a point and define [ptg] € H 4()? , 7)) similarly. Let 7r; be the projection from X x X
onto the i-th factor, i =1, 2.

Proposition 11.2. If w = sy, then
Uk (c2(8nd(EF))) = —nci(P)? + 4n’ni[pty] + 4nm;[ptel, (11.1)

and the above class is Spin(S; )s,, -invariant.

12Theorem 8.6 should hold, more generally, for moduli spaces of dimension > 4. Once verified,
Corollary 9.4 would then follow for moduli spaces of dimension > 4 as well. The results of this
section would then extend to moduli spaces of dimension > 4.
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Proof. M(s,) is isomorphic to X [ x X. Let 7 ; be the projection from X x X [l % X
onto the product of the i-th and j -th factors. Let Z C X x X" be the universal subscheme
and Iz its ideal sheaf. Then U := n}, Iz ® {3 P is a universal sheaf. Set F := Iz, where
Z is areduced length n subscheme supported on the set {z; : 1 <i < n}, consisting of n
distinct points. Let 7y : X — X be the translation 7, (x’) = x + x’ by x € X. The image
of tF : X x X — M(sy,) is the subset

I, zy®L:x€X, LeX)}

If 74, (Z) = 1x,(Z) then n(x, — x1) = 0 and translation by x, — x; permutes the support
of Z. Assume that n(z; — z;) # 0 for some pair i, j, so that tz is an embedding. Let
A; C X x X be the translate of the diagonal A by (z;,0), 1 <i < n. Let p;; be the
projection from X x X x X onto the product of the i-th and j-th factors. The pull-back
pUof Uto X x (X x X) viaidy x (f is thus P2y, a; ® pi3P. Furthermore, i U
is isomorphic to the derived pull-back Lt} U, as U is flat over M(s,). Let § : X x X >
X x X x X be the diagonal embedding (x, L) > (x,x, L). Then the class [t} U] of 17 U
in the topological K-group of X x X x X is equal to [p}3P] — n[6«P]. The class [F"]
of FV in the topological K-group of X is equal to [F], hence to [Ox] — n[Cg], where Cy
is the sky-scraper sheaf at the origin. Consider the cartesian diagram

XxXxX-2oxxX " x
p23l l”Z
XxxX—2 X
We have an isomorphism of functors Rp»3 « 0 Lp{; = Lx) o R «, by cohomology and
base change. Hence,
Dpr. p(®) 1= Rpazx 0 Lpi3(L7f(e) ® P) = Ly o Rz (L7y(8) ® P)
~ Li) o Dp(e).
We get an isomorphism of integral functors <I>pl*3 p = Luy o®p. Now, ®p(Co) = Oy
and ®»(Ox) = C;[—-2], where 0 is the origin of X. Hence, [q)prgy(FV)] = -n[Oy, ¢l
+ 73 [Cg]. R
The integral functor ®s, » : D?(X) — D?(X x X) is just the composition
Lx¥ ~ P ~
pb(x) =2 pb(x x X) 25 DP(x x X)

of derived pull-back and tensorization by &, since py3 08 : X X X — X x X is the
identity morphism. Hence, ®s,»(Co) = L[ Cy, 5,9 (Ox) = £, and

(@5, 2 (FY)] = [P] — nm}[Cy).
We conclude that

(@5 (F¥)] = =n[Oy, g1 + m5[C5] — n[P] + n’m{[Co].
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The first three terms of its Chern character are thus
—ch[®s i (FY)] = 20 + ner(P) + (n/De1 (P)? — n?mf oty ] — w3 [ptg] + -+ .
Given a class « in the topological K-group, of non-zero rank r, set
k(@) := ch(a)exp(—ci(a)/r).
So the graded summand of degree 4 of the class

K (=[@pry (FY)]) := ch[=®px o (FY)](1 = (1/2)e1 (L) + (1/8)c1(P)? + )
is
K2 (=@ (FV)]) = (n/Her(P)? = n’n{pty] — 75 [ptg]-
If weset b := [—@L?u(FV)], then ¢ (b ® b*) = —chy(b ® b*) = —4nk,(b), which is
equal to the right hand side of (11.1). Finally, #’(®(F")) vanishes if i ¢ {1,2}, and
H2(Dy (FV)) is supported on the point of M (w) representing F, and so on a subvariety

of codimension > 4. Hence, ¢; (Er) = ¢; (H (Py(FV)) = ¢;(—Py(FV)) fori = 1,2,
and so

1pc2(6nd(EF)) = tpc2([Pu(FY)] @ [Pu(FY)]")
= o(Lip ([Pu(FY)] @ [Pu(FY)") = co(Lip [Pu(FY)] ® Lip[Pu(FY)]")
= ([ u (F)] @ [y (F)]"),

where the last equality follows from cohomology and base change and the isomorphism
L% U = 1 U observed above. Equality (11.1) thus follows.
The invariance of the class (11.1) would follow once we show that

ch([Py (F)] & [Pu(F 7)) (11.2)

is invariant with respect to the monodromy action of Spin(S ) s, via mon in (8.6), since
the homomorphism (%, : H (M), Z) - H*(X x X, Z) is Spln(S )sn -equlvarlant by
Corollary 9.6. The Chern character ch(CIDu(F V) is equal to 9(ch(F )), where 6 is given
in (8.7). Now, mong (B(g ™" (ch(F)))) = B(ch(F)) exp(cg) for g € Spin(S5)s, . by (8.10).
The invariance of the class (11.2) follows, since ch(F) = s,,, and so g~ ! (ch(F)) = ch(F).

L]

Proof of Theorem 11.1. (1) The reflexivity and rank statements are proven in [29,
Prop. 4.1 and Rem. 4.6]. We prove the Spin(S);r )w-invariance of ¢;(End(E)). Given
g€ Spin(S)}")w, we see that (g ® mong)(ch(&)) = ch(&) exp(cg). by Corollary 9.4,
where c¢g is given in (6.8). Hence, (tgt ® mong)(ch(&)Y) = ch(&)Y exp(—cg), by
Lemma 6.9. The Chern character of the object ¥ := Rmi3«RHom(n],&, n5;€) in
D2 (M(w) x M(w)) is obtained by contracting the tensor product ch(§)Y ® ch(€) in
H*(X x M(w) x X x M(w)) with the class in H*(X) ® H*(X) corresponding to
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minus the Mukai pairing (4.15). The latter class is invariant under (7g7) ® g. We get
the equality

(mong ® mong)(ch(¥)) = ch(F)x] exp(—cg)ms exp(cy).

The Spin(S;)w-invariance of ch(RHom(F , ¥)) follows. Now, ch(¥) = ch(Oa 4,,)
— ch(E), since the first sheaf cohomology of # is E and the second is Oa 4, and all
other sheaf cohomologies vanish, by [29, Prop. 4.1 and Rem. 4.6]. The statement follows,
since the classes ch; (Oa ,,,) vanish for i < m.

(2) is proven in [29, Prop. 4.1 and Rem. 4.6].

(3) The Spin(S/,}Ir )w-invariance of ¢;(End(EF)) with respect to the monodromy rep-
resentation of Corollary 9.4 follows from (8.10) by the same argument used in Proposition
11.2 to prove the invariance when w = sp,.

(4) The Spin(S/,}r )w-equivariance of (7, is established in Corollary 9.6. The non-van-
ishing of the pulled-back class t},c2(6nd(EF)) is checked for w = s, in Proposition 11.2.
It follows for all w by Remark 9.2 and Theorem 9.3. ]

12. Period domains

In Section 12.1 we construct the universal torus 7, given in (1.5), over the period
domain €2,,1 of irreducible holomorphic symplectic manifolds of generalized Kummer
deformation type. In Section 12.2 we prove Proposition 1.7; we construct the polar-
ization ®j and the complex multiplication for the complex tori with periods in the
4-dimensional subloci Qy,, ;31 in the 5-dimensional period domain €2, 1 . In Section 12.3
we construct a hyperkihler structure on the complex torus 7y associated with a Kéahler
class on an irreducible holomorphic symplectic manifold with period £ (Proposition 12.6).
In Section 12.4 we prove that the subloci €2y, ;31 parametrize abelian fourfolds of
Weil type of discriminant 1. In Section 12.5 we construct the universal deformation
T M— Emg} | of the moduli space of sheaves over the moduli space of marked irre-
ducible holomorphic symplectic manifolds of generalized Kummer deformation type. In
Section 12.6 we prove that the torus Ty is isogenous to the third intermediate Jacobian
of the irreducible holomorphic symplectic manifold of generalized Kummer deformation
type with period £.

12.1. Two isomorphic period domains

Keep the notation of Section 4.1. Set Sg =81 ®z C and define S¢ and V¢ simil-
arly. Let £ be an isotropic line in Sér . Clifford multiplication Sér ® Ve — S restricts
to £ ® V¢ as a homomorphism of rank 4, whose kernel is £ ® Z; for a maximal iso-
tropic subspace Z; of V¢, by [6, III.1.4 and IV.1.1]. The image of £ ® V¢ is a max-
imal isotropic subspace of Si. Conversely, £ is the kernel of the homomorphism Sg —
Hom(Zy, S¢), induced by Clifford multiplication. We get an isomorphism between the
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quadric in P (Sa' ) of isotropic lines and a connected component I G (4, V) of the Grass-
mannian /G (4, V) of maximal isotropic subspaces of V¢. Similarly, interchanging the
roles of Sg and S we find that the quadric of isotropic lines in S is isomorphic to the
other connected component /G~ (4, V¢) of the Grassmannian of maximal isotropic sub-
spaces of V¢ [6, III.1.6]. A maximal isotropic subspace of V¢ associated to an isotropic
line of SE is called even. It is called odd if it is associated to an isotropic line in S
Set
Qg+ :={L e P(SE) : (€,0) =0, (£,£) <0},

where the pairing is associated to the pairing (e, ) g given in (4.15). Then Qg+ is a con-
nected open analytic subset of the quadric hyperplane of isotropic lines. The discussion
above yields a Spin(Sﬂ‘{ )-equivariant embedding

C: Qg — IGT(4,V¢) (12.1)

of Q¢+ as an open subset of /G (4, V) in the analytic topology. Spin(SH‘{ ) acts trans-
itively on Q2 g+ (see [16, Sec. 4.1]), and so the image of ¢ is an open Spin(SH'{)—orbit. The
two maximal isotropic subspaces Zy and Z; of V¢ are transversal. Indeed, their intersec-
tion is even-dimensional by [6, IT1.1.10], it is not 4-dimensional since £ # ¢, and it is not
2-dimensional by [6, ITI.1.12], since the 2-dimensional subspace £ + { is not isotropic.
Z; is the complex conjugate of Z; as the map ¢ is defined over R, since Clifford multi-
plication was defined over Z. Let J; : Vo — Vi be the endomorphism acting on Z; by i
and on Z; by —i. Then Vg is J¢-invariant and J; induces a complex structure on Vg.
So the choice of £ € Qg+ endows ST with an integral weight 2 Hodge structure such
that (ngL )20 = ¢, and it endows V' with an integral weight 1 Hodge structure such that
Vo =7,
Consider the real plane
Pi=[L+ NSy (12.2)

Let {e1, e2} be an orthogonal basis of Py satisfying (e;, e1)s+ = (e2,€2)g+ = —2 such
that £ is spanned by the isotropic vector e; — ie;. Let

m:C(ST) - End(S™ @ V)

be the homomorphism of Corollary 4.7, and denote also by m its extension to the corres-
ponding complex vector spaces. Recall the equality 77 (Spin(S™)) = i(Spin(V)), estab-
lished in (4.32). It identifies Spin(S™) with Spin(V).

Lemma 12.1. The complex structure J; is the element of SO(VR) which is the image of
the element mq, © me, ofSpin(S]I'{f').

Proof. me,_;e, is anilpotent element of square zero, and Z; = me,—je, (S(E) C V. Now,
(m81 o mez) OMei—ie, = imel—iez-

Hence, me, o me, acts on Z; via multiplication by i. Similarly, Z; = me, +ie,(S¢) and
Me, © Me, acts on Z; by —i. Hence, me, o me, is alift of Jy to an element of Spin(Sg).
]
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Note that m,, o m,, acts on S]l‘{ with Py as the —1 eigenspace and Pel as the 1 eigen-
space. Let Spin(Vr), be the subgroup of elements acting as the identity on the plane Py
and let Spin(Vr ), be the subgroup of elements acting as the identity on the orthogonal
complement PZJ-. Then Spin(Vr),1 is isomorphic to U(1) and contains m,, o m,,. It
consists of elements of the form a + bm,, o me,, a,b € R, a?+ b =1. Clearly, J;
commutes with the action of the subgroup Spin(Vgr), x Spin(Vr),+ of Spin(Vr). The
group Spin(VR )¢ acts on Zy and Z; and the two representations are dual with respect to
the bilinear pairing of V. Elements of Spin(Vr),1 act on Z, via scalar product by et?,
and on Z; by e~ for some 6 € R.

Given aclass w € ST with (w, w) < 0, let

QL :={eQg+:({ w) =0} (12.3)

be the corresponding hyperplane section of €2¢+. The space €2,,1 is connected as well,
and it is the period domain of irreducible holomorphic symplectic manifolds deformation
equivalent to generalized Kummers of dimension 27 if (w, w) = —2n — 2 and n > 2, by
Theorem 3.1. Given £ € Q,,1, the integral weight 1 Hodge structure (V, J¢) has the addi-
tional property that /\4 V admits the integral Spin(S )y, -invariant Cayley class, recalled
in Section 11, which is of Hodge type (2, 2), by the lemma below. Given a class & € w,
let Spin(S™),, » be the subgroup of Spin(S ™) stabilizing both w and .

Lemma 12.2. (1) Any Spin(S™),, invariant class in /\2p Ve is of Hodge type (p, p)
with respect to Jy forallf € Q1.

(2) Any Spin(S™)y, p-invariant class in /\21’ Ve is of Hodge type (p, p) with respect
to Jy forall € € Q,,1 such that (h,{) = 0.

Proof. (1) The Zariski closure of the image of Spin(S¥),, in GL( /\2p V) contains the
image of Spin(S]I‘{)w, and hence also that of Spin(Vr),. for all £ € Q,,1. A class in
/\Zp Ve is of Hodge type (p, p) with respect to Jy if and only if it is Spin(VRr),L-
invariant.

(2) Spin(Vr), is contained in Spin(VR )y, 5. Hence, the Zariski closure of the image
of Spin(S ™)y, contains that of Spin(VR).. . [

Given a negative definite 3-dimensional subspace W of w]f{g we get a subgroup
Spin(Sg )y 1 of Spin(Sg )w, isomorphic'® to SU(2), consisting of elements of Spin(Sy)
acting as the identity on W= It fits in the cartesian diagram

Spin(Sg )y —— Spin(Sg)w

SO(W) —— SO(Sg)w

13Spin(W) is isomorphic to SU(2) and the even Clifford algebra C(W)®¥®" is the quaternion
algebra H, by [22, Ch. V, Ex. 1.5 (3) and Cor. 2.10].
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where the bottom horizontal homomorphism extends an isometry of W to an isometry
of Sﬁ' acting as the identity on W+, If W is spanned by the real and imaginary parts
of an element of £ and a Kihler class on a marked irreducible holomorphic symplectic
manifold Y with period £, then W corresponds to a hyperkihler structure on Y [15,
Sec. 1.17]. We show in Sections 12.2 and 12.3 that the subgroup Spin(S]I'{)Wl associ-
ated to W determines a hyperkéhler structure on the complex torus Ty := V¢ /[Z¢ + V]
and Spin(S]I‘ér )wL acts on V¢ as the group of unit quaternions (Proposition 12.6 below).

12.2. The polarization map w — /\2 v*

The construction in this section is inspired by O’Grady’s recent observation that the third
intermediate Jacobians of projective irreducible holomorphic symplectic varieties of gen-
eralized Kummer type are abelian fourfolds of Weil type [43]. Let w € S be a primitive
class satisfying (w, w)g+ = —2n, where n is a positive integer. Let w be the sublattice
of ST orthogonal to w. Given a class & € ST we get the endomorphism mj, of S~ @ V,
given in Corollary 4.7. It maps V to S~ and S~ to V. Multiplication by % in Ay leaves
the direct summand S~ @ V invariant and restricts to my, by definition.
Let
@ : wt — Hom(V, V) (12.4)

send / to the restriction @;1 of my, o my, to V. Note that my, o my + my o my, restricts
to V as (w, h)g+ -idy, by (4.29). The latter scalar endomorphism vanishes due to the
fact that 4 is in w'. Furthermore, m » © My, restricts to V' as the adjoint of the restriction
of my, o my, with respect to the pairing (e, @)y, by definition of multiplication in Ay.
Hence, ®), is anti-self-dual with respect to (e, ®)y. The isomorphism V' — V* given by
X > (x, @)y induces an isomorphism ¢ : Hom(V, V) — V* ® V* given by

a(f)x.y) = (f(x). y)v

for all x, y € V. An anti-self-dual homomorphism is sent by a to /\2 V*. Hence, we get
the composite homomorphism

O:=ao® :wt > N\*V*, (12.5)

sending & to ®, where O (x, y) := (©)(x), y)y. More equivariantly, ® is the com-
position of the embedding wt — /\2 ST, sending h to w A h, with a Spin(V)-module
isomorphism A% St 2 A V* (see [6, Sec. IL.4, p. 96, 5-th displayed formula] for the
latter).

Letortg+ : G(ST)®" — {41} be the character (8.3), except that here it will be con-
venient to have it take values in the multiplicative group {£1} rather than in Z/2Z. An
element g of G(ST)®"" acts on V' as an isometry if ortg+(g) = 1, and it reverses the sign
of (e, @)y if ortg+(g) = —1.

Lemma 12.3. © spans a G(S1)%-invariant saturated rank 1 subgroup in
Hom(w, /\2 V*) and G(S1)" acts on it via the character ortg+. Moreover, © spans
the Spin(V )y -invariant subgroup of Hom(w=', /\2 V).
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Proof. The homomorphism ®” : S* — Hom(V, S7), h — my, is Spin(V)-equivariant,
since Spin(V') acts by algebra automorphisms of Ay . The homomorphism m,, : S~ — V
is Spin(V')y, -equivariant, since Spin(}V'),, acts on Ay by algebra automorphisms fixing w.
Invariance of ®’ follows. Invariance of ® with respect to Spin(V),, follows from that
of ®' and the invariance of the bilinear pairing (e, ®)y. If & € w satisfies (h.h)g+ =
42, then my, restricts to an isomorphism from V to S™, so ® is indivisible and spans a
saturated subgroup of Hom(w=®, A% V*).

We claim that the homomorphism ©” spans a rank 1 G (S ™) "-invariant sublattice
of Hom(S™, Hom(V, $7)) and G(ST)%" acts on it via the character ortg+. The group
Spin(V)y, is a normal subgroup of G(S1)S", hence the latter maps any Spin(V)y,-
invariant submodule to a Spin(V'),-invariant submodule. Once we prove that there exists
a unique rank 1 Spin(V)y-invariant submodule in (ST)* ® V* ® S, it would fol-
low that it is necessarily G(ST)%"-invariant and equal to spany{®”}. We then need
to show that G(S1)S*™ acts on it via the character ortg+. The bilinear pairing of S
is G(ST)-invariant, so that S¥ is a self-dual G(S¥)®*"-module. V* is isomorphic to
V ® ortg+ as a G(ST)*"-module. Hence, it suffices to prove that ST ® V ® S~
contains a unique rank 1 Spin(S™),-invariant submodule, which is the trivial charac-
ter of G(ST)&". Now G(SH)®¥r = JG(V)**"J ! and J7!' @ J7! ® J~! maps a
G(S1)eem-invariant element of ST ® V ® S™ to a G(V s (w)—invariant element of
V ® S~ ® ST. The Triality Principle thus reduces the verification of the above claim to
the statement that Spin(V') ;-1 has a unique invariant submodule in V ® §~ ® § +,

which is the trivial character of G (V)5 ()’ Now V is a self-dual G(1)***"-module

and Sg ® S6 decomposes as a direct sum of the representations Vg and /\3 Vo as a
G (Vg)®*"-representation, by [0, Sec. 3.4, p. 96, third displayed formula]. Vg contains
a l-dimensional trivial Spin(V') j—1,,)-submodule, the one spanned by J ~1(w), which
is also a trivial G(V)9%) (w)-module. The Spin(V') ;-1 () -invariant submodule of A Vo
vanishes.'* Hence, the statement about ®” is proven.

The image ny, of w in Hom(V, ™) via ©” spans a 1-dimensional G(S*)%*"-module
isomorphic to the restriction of ortg+, since w spans an invariant G(S*)*"-module
in S*, and ®” spans a character isomorphic to ortg+ , by the previous paragraph. A sim-
ilar argument shows that m,, € Hom(S~, V) spans a 1-dimensional G(S*)%*"-module
isomorphic to the restriction of ortg+. The inverse of the bilinear pairing (e, ®)y spans
a 1-dimensional G(S*)%*"-submodule of Hom(V*, V) isomorphic to the restriction of
ortg+. The homomorphism

SH*RV*QS™ > WwH)* VeV

14Set u := J~!(w). The 28-dimensional representation /\2 Vg of Spin(Vg)y = Spin((uJ‘)Q)
decomposes as the direct sum of the 21-dimensional adjoint representation so((ul)@) ~
s0(7) and the 7-dimensional fundamental representation (uJ')Q, both irreducible. Hence, the
Spin(V')y-invariant submodule of Hom((u1)*, /\2 V') has rank 1, it is contained in the image of
Symz(ul)@ ® u, hence its image in /\3 V vanishes.
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induced by the restriction on the first factor, by the inverse of the bilinear pairing (e, @)y
on the second factor, and by m,, on the third factor, is thus G (S )%*"-equivariant. The
above displayed homomorphism maps ®” to ©. Hence, G(S ™) acts via the character
ortg+ on the rank 1 submodule spanned by ©. ]

Remark 12.4. The Spin(V'),,-equivariant composition

sym?(wh) 20 sy (A2(V)) - NYV)

is injective and maps the rank 1 trivial submodule of Sym?(w=) to the submodule spanned
by the Cayley class (see [40, Sec. 2.1]).

Lemma 12.5. The endomorphism ®/h = my omy .V — V satisfies

—(w, w)(h, h) iy — n(h, h) d

@/22
(©}) : v="5

Vv .-

Given a period { € Q,,1, the endomorphism ©) € End(V') is a Hodge endomorphism of
the integral Hodge structure determined by £ whenever h belongs to {£,w}* N ST.

Proof. We have (my, o mp)? = —(my o my,) o (my omy) = @ idy, where the first
equality is due to the identity m,, o my = —my, o my, observed above. It remains to prove

that the endomorphism ®} € End(}') is a Hodge endomorphism of the integral Hodge
structure determined by £ whenever & belongs to {£, w}*+ N S*. Indeed, such an 4 is of
Hodge type, the 2-form ®, € /\2 V* is of Hodge type, since O is an integral homomor-
phism of Hodge structures, and ®; is obtained from ®j, via pairing with the class (e, o)y,
which is of Hodge type as Z is isotropic with respect to (e, @)y . |

12.3. Diagonal twistor lines

We have the Spin(}'),,-equivariant injective homomorphism © : w+ — /\2 V*, given in
(12.5). The explicit construction in terms of w and the symmetric pairing of V' exhibits &
as an integral homomorphism of Hodge structures, since w and the pairing are both of
Hodge type. Given a class 1 € w N S satisfying (h, h)g+ < 0, let

Qs (12.6)

be the hyperplane section of €2,,1 consisting of periods orthogonal to both w and A.
Given a period £ € Qy,, 31 we get the (1, 1)-form ®p, in N Vg given in (12.5). We
fix an orientation of the negative cone of w]f{;, which determines an orientation for every
negative definite 3-dimensional subspace of w]fé (see, for example, [28, Lemma 4.1]). The
real plane Py, given in (12.2), is naturally oriented by its isomorphism with the complex
line £. We will always choose the sign of / so that given a basis {e1, e} of Py compatible
with its orientation, the basis {e;, €5, i} is compatible with the orientation of the negative
definite 3-dimensional subspace Py + Rh C w]ﬁ. The complex torus Ty is an abelian
variety for every £ € Qg ;11 , by the following result.
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Proposition 12.6. (1) Oy is a (1, 1)-form on the complex torus
To:=Ve/lZe+ V]

whose associated symmetric pairing g(x,y) := Oy (Je(x), y) is definite (and so Oy,
or ©_y, is a Kdihler form). We may choose the orientation of the negative cone of w]fzg
so that ®y, is a Kdhler form.

(2) Let W be a negative definite 3-dimensional subspace of w]ﬂg and £, €' two points of
Q,,L such that the planes Py and Py are both contained in W. Let h € PeJ‘ N W and
ne PZJ; N W be classes satisfying (h',h') = (h, h) and such that the pairs (h,£) and
(W', ') are both compatible with the orientation of W. Then g'(x,y): =0 (Jer (x), y)
is the same Kdhler metric on Vi as the metric g(x,y) := O (J¢(x), y). If (h,h') =0,
then Jy and Jy satisfy JoJy = —Jp Jy.

Proof. (1) We first express the bilinear form g in terms of the Clifford action using the
description of Jy provided by Lemma 12.1:

g(x,y) = On(Je(x).y) = (0},(Je(x)), ¥)v = (mw omp 0 Mg, 0 Mey (x), ¥y, (12.7)

where © is given in (12.4). The ordered set {w, &, e1, e>} is an orthogonal basis of a
negative definite subspace of ng' . All negative definite subspaces of Sﬂ'{ belong to a single
Spin(Slg )-orbit. It suffices to prove the analogous statement for some orthogonal basis of
a negative definite subspace of Sﬂ{ . The latter statement translates via the commutative
diagram in Corollary 4.7 to the statement that the bilinear pairing

(mg, omyg, omp omy,(x), y)s—

on Sy is definite for some orthogonal basis { f1, f2, f3. f4} of a negative definite subspace
of Vr. Let {v1, v2,v3, v4} be a basis of H!(X,Z) satisfying ]X VI AUy AU3 Avg = 1,
{6y, 05, 05, 04} the dual basis of H!(X,Z)* and set f; ;= v; — 6;, 1 <i < 4. Then
(fi, fi) = =2 and so m7 = —1.Sety 1= my omy, omg, omy,. Then y*> = 1. Being
an isometry, the adjoint of y is y~!, and so y is self-adjoint and the pairing (y(e), ®)s—
is symmetric. Regarding H'(X, Z) as a subgroup of S~ and considering the action of y
on S, we have

yY(va) = my omyg, omp, (my, (va)) = my, omy, omp,(—1) = —vy Ava Avs,
so that 7(y(v4)) = —y(v4) and (y(vs), v4)s— = — [y ¥(v4) A v4 = 1. Given a permuta-
tion o of {1,2, 3,4} we similarly have
sgn(0)y (Vo(a)) = Ms,q, ©Mf, 5 0 Mg 5 0 Mg (Vo) = —Vo(1) A Vo(2) A Vo (3),
so that sgn(0)y (Vo)) A Vg4) = —Vo(1) A Vo) A Vg(3) A Vg(a) = —SgN(O)V1 A U A

v3 A V4. We conclude that

(y(i),vi)s— = / VI AV AV3A Vs =1
X
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for 1 <i < 4. Hence, (y(y(vi)). y(vi)) = 1, since y acts as an isometry. But {v; }#_, U
{)/(v,)}i=1 is a basis of S~. Hence, the bilinear form (y(e), ®)s— is pos1t1ve definite.

(2) Given a negative definite 4-dimensional subspace ¥ of S and an orthogonal
basis { fi, f2, f3, f4} of X, the element my, o mf2 omg, omy, of C(S+) depends only

on the element f; A f> A f3 A f3 of the line A* . Indeed, set f; 1= fi//—0(f). so
thatmy, = /=Q(fi)m 7. Thenmy omyg, omys omy, = ,/]_[l_l Q(fiympz omz o

mgomz, where mgz omf omg omgz is an element ofSp1n(S+) which acts on X by

—1 and it acts on the orthogonal complement X+ in Sg + by 1. This determines m 7i omz 3 o

mz om gz upto sign, and the sign depends on the orientation of the basis { f1 f2 f3 f4}
Let {e], €5} be an orthogonal basis of Py satisfying (e;,e;) = —2,i = 1,2, and such that
¢’ is spanned by e} — ie}. We get a second orthogonal basis {w, /', ¢, e} } of the negative
definite subspace T := W + Rw. The two elements i’ A e} A ey and h A ey A ey of A\ W
are equal. Consequently, w A Aep Aey =w AR Aej Ae)and so

My O My O}’ne/l O}']’le/2 = My OMp OMNley OMNle,.

The equality of the metrics g and g’ follows from (12.7).

It remains to prove that JyJy = —JpJy when (h, h') = 0. Assume, possibly after
rescaling by a positive real factor, that (1, h)g+ = (h’,h')g+ = —2. Let f be an element
of {h, W} N W such that (f, /) = —2 and the ordered basis {h, #’, f} corresponds to
the orientation of W. Then {/’, f} is a basis of Py, {h, f} is a basis of Py, Jy; or —J lifts
to the element my, o my of Spin(S]l‘{), and Jy or —Jy lifts to my o my, by Lemma 12.1.
We have

(mp omy) o (mygomp) = —my omp = —(my omp) o (mpy o my).
Now, —1 € Spin(S™) acts on V via multiplication by —1. |

Let 7 : T — 1 be the pull-back of the universal torus over /G* (4, V¢) via the
restriction to 2,1 of the embedding ¢ given in (12.1). Given a 3-dimensional negative
definite subspace W of w]fi, let Py be the smooth conic of isotropic lines in W¢. We
will refer to Py as a twistor line, denote by ww : T — Py the pulled-back family, and
refer to it as the twistor family associated to W . Proposition 12.6 (2) shows that the metric
gw(x,y) = 0p(Je(x), ), LePy,he W N P(J', (€, h) compatible with the orientation
of W, and (h, h) = —2, is independent of £ and is indeed a hyperkéhler metric, and the
twistor family sy is the one associated to this metric. Given a point £ € Py, we get the

commutative diagram

Ty < JW = T

T e

{Z}—)]P’W—>Q

Remark 12.7. Any two points £, ¢’ in the period domain ., 1 are connected by a twistor
path, a sequence Lo, Wi, €1, Wa, ..., Lx_1, Wi, Ly such that £ = Lo, £/ = £, W; is a
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negative definite 3-dimensional subspace, and both ¢; and ¢; 4 belong to Py, for 0 <
i <k (see[15, Lemma 8.4]).

Remark 12.8. If (w, w) = —2n, n > 3, then Q1 is the period domain of generalized
Kummers of dimension 2n — 2. For all n > 2, the family = : T — ,,1 should be related
to generalized (not necessarily commutative) deformations of the derived categories of
coherent sheaves over abelian surfaces, in a sense similar to [32]. The 4-dimensional
compact complex torus should be thought of as the identity component of the subgroup of
the group of auto-equivalences of the deformed triangulated category, which acts trivially
on its numerical K-group.

12.4. Abelian fourfolds of Weil type

The following corollary asserts that (7, ®y) is a polarized abelian variety of Weil type
according to [49, Def. 4.9]. This was first observed by O’Grady for the isogenous interme-
diate Jacobians of projective irreducible holomorphic symplectic manifolds of generalized
Kummer deformation type [43]. Given a positive integer d, let the norm map Nm :
Q[v/—d] — Q be given by Nm(a + b~/—d) := (a + bv/—d)(a —b~/—d) = a® + b?d.
Letn > 1 be an integer and w a primitive element of ST satisfying (w, w) = —2n.

Corollary 12.9. Let h € w' be an integral class and £ € Q,,1 be such that the pair
(h, L) satisfies the assumptions of Proposition 12.6. Then d := —n(h, h)/2 is a positive

integer, Ty is an abelian variety, and the ring Z[~/—d] acts on Ty via integral Hodge
endomorphisms such that 1*(©) = Nm(1)®y, forall A € Z[v—d].

Proof. 1f h is integral, then ®j, is an ample class, by Proposition 12.6 (1), and so T} is
an abelian variety. Integrality of d is due to the fact that the lattice V' is even. Z[m ]
acts by sending ~/—d to the endomorphism ©), which satisfies (0})* = (=d) idy, by
Lemma 12.5. Finally, we compute
Oh(O}(x). 04,(») = (O)2(x). ©4,(») = —d(x.0},(»)) = d(O),(x). ) = dOy(x. ).
where the third equality follows from the anti-self-duality of ®}. Set A :=a + b+ —d.
We get
(A Op)(x,y) = Op(ax + bO),(x),ay + bO)(y))
= (a*> + b*d)Oy(x, y) + ab[O4(x, 0},()) + On(©},(x), y)]
= (a*> + b*d)Oy(x,y) = Nm(1)Oy(x, y). "

We recall next a discrete isogeny invariant of abelian varieties of Weil type. Set K :=
Q[+ —d]. Consider the map H : Vg ® Vg — K given by

H(x,y) = Op(x, 0},(») + vV=d Op(x,y) = d(x,y) + vV—d (@}, (x),y). (12.9)

Then H is a non-degenerate Hermitian form on the 4-dimensional K-vector space Vg,
by [49, Lemma 5.2]. Choose a K-basis 8 := {x1, X2, X3, x4} of Vg and denote by ¥ :=
(H (x;,xj)) the Hermitian matrix of H with respect to f.
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Definition 12.10. The discriminant det H of H is the image of det(¥) in Q*/Nm(K*).
The discriminant det H is independent of the choice of §, by [49, Lemma 5.2 (3)].

Lemma 12.11. The Hermitian forms of the abelian fourfolds of Weil type in Corol-
lary 12.9 all have trivial discriminants.

Proof. Let U be the rank 2 even unimodular lattice with Gram matrix ((1’ (1,) The isometry
group of the orthogonal direct sum of three or more copies of U acts transitively on the
set of primitive elements with a fixed self-intersection, by [42, Th. 1.14.4]. The lattice S +
is isometric to U ®4. Hence, the sublattice spanned by {w, h} is contained in a sublattice
of ST isometric to U @ U. Consequently, the orthogonal sublattice {w, 4} contains a
sublattice U; @ U, of ST isometric to U @ U. Here and below, the notation ()= is with
respect to the bilinear parings (e, ®) s+ or (e, @)/, but not with respect to H . In this proof
(e, @)y will be denoted by (e, ®). Lete;, f; € U; satisfy

(8,‘,6,‘)22, (flvfl):_zv (eivfi):()’ l:172

We get the four isotropic classes z; := ey — f1, z2 := e; + f1, Y1 := €2 — f2, and
Y2 := ez + f>. The elements 1; := m,; o my, € G(S™)*¥*" commute with ®j, (and so are
Z[+/—d]-module automorphisms) and satisfy n7 = 1 € C(S™) and

(ni(x)’ r/l(x)) = —(X,X), Vx eV (12.10)

Let L;; and Ly, be the 4-dimensional isotropic subspaces of Vg associated to the iso-
tropic vectors z; and y;, i = 1,2, by [6, IV.1.1]. Then L,, and L, are transversal, by
[6, III.1.10 and III.1.12]. The automorphism 7; acts on U; via multiplication by —1 and
on UiJ- as the identity. The four isotropic lines, and hence also the four isotropic sub-
spaces L, and Ly,, i = 1,2, are each invariant with respect to both 7y and 75. The action
of 1 on L, commutes with that of the subgroup Spin(S™),,, 7, of Spin(S*) stabilizing
both ey and fi. Further, L;; is an irreducible representation of Spin(S%),,, 7. Hence,
11 acts on each L,; via multiplication by a scalar, which is 1 or —1, since n% = 1. The
automorphism 7; acts on one of L, or L, via —1 and on the other as the identity, by
(12.10) and the transversality of L, and L,,. Similarly, 1, acts on one of Ly, or Ly,
via —1 and on the other as the identity. The subspaces L;; y;, := Lz, N Ly;,i,j €{1,2},
are 2-dimensional, by [6, III.1.12], since the subspace spanned by {z;, y,} is isotropic.
We conclude that each of L, v = Lz N Ly_/. .1, j €{1,2}, is the direct sum of two cop-
ies of the same character of the group G generated by 1, and 7, and the four characters
are distinct. It follows that G);l leaves each Lz,—,y_,— invariant, since it commutes with G.
Hence, each of L, ), is a 1-dimensional K-subspace of Vg. Let ~ be the transposition
permutation of {1, 2}. Then
Ly = Loy + Loy, + Lays

Being ®) -invariant, the right hand side is also the H-orthogonal K-subspace to Lz, ;.
Furthermore, both (e, e) and H induce a non-degenerate bilinear pairing between L, y;
and Lz y-.
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Leta e L, ,, andb € L, ,, be elements satisfying
(a,b) #0 and (a,0y(b)) =0.

Note that (a,a) = 0 = (b, b). Set x; :=a + b and x, = a — b. Then (x1, x3) = 0,
(x1,x1) =2(a,b) = —(x2,x3), and

H(x1,x2) = d(x1,X2) + vV —=d (0),(x1), x2) = =2+ ~d (a, ©} (b)) = 0.
Choose a’ € Lz, and b’ € L, ,, satisfying
(@', b')#0 and (a',0,(")) =0.

Then (x3, x3) = 2(a’, b’) = —(x4, x4) and H(x3, x4) = 0. We conclude that g :=
{X1,X2,x3,x4} is an H -orthogonal K-basis for Vg and the S-matrix W of H satisfies

4 4
det(W) = [ [ H(xi, xi) = d* [ [ i x0) = d*(x1,x1)*(x3, x3)* € (Q*)*.

i=1 i=1
The discriminant is trivial, since (Q*)? is contained in Nm(K*). L]

Lemma 12.12. The subgroup Spin(S™1)y, g of Spin(S™1),, leaving invariant the Her-
mitian form H given in (12.9) is equal to the subgroup Spin(S ™)., j, stabilizing both w
and h.

Proof. Spin(S™)y, » preserves the bilinear pairing (e, @)y, acting as a subgroup of
Spin(V) via the identification (4.32), and Spin(S*),, 5 commutes with the endomorphism
@), := my, omy, of V. Hence, Spin(S *)w i leaves the Hermitian form H invariant. Con-
versely, the subgroup Spin(S*),, g consists of elements of Spin(S*),, which commute
with @;l, by definition of the Hermitian form H . But ®;; is the element corresponding to &
in an irreducible Spin(S*),, -subrepresentation of Hom(V, V) isomorphic to w*. Hence,
Spin(S™)y,  is contained in Spin(S ™)y, 5. n

12.5. A universal deformation of a moduli space of sheaves

Let M(w) := Mpg(w) be a smooth and compact moduli space of H -stable sheaves
of primitive Mukai vector w of dimension > 8 over an abelian surface X. Let alb :
M(w) — Alb! (M(w)) be the Albanese morphism to the Albanese variety of degree 1.
Choose a point a € Alb!(M(w)) and denote by K,(w) the fiber of alb over a. Let
lg : Kqg(w) — M(w) be the inclusion. A A-marking for an irreducible holomorphic sym-
plectic manifold M is an isometry n: H?(M,Z) — A with a fixed lattice A. There exists a
moduli space It 5 of A-marked irreducible holomorphic symplectic manifolds, which is a
non-Hausdorff complex manifold [15]. Let o : H?(K,(w), Z) — w be the isometry of
Theorem 3.1 with respect to the Beauville-Bogomolov—Fujiki pairing on H?(K,(w), Z)
and the Mukai pairing —(e, ®)g+ on ST. Below we will continue to work with the pair-
ing (e, ®) g+ rather than the Mukai pairing. Let ¢y € ), 1. be the point representing the
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isomorphism class of (K, (w), 19) in the moduli space M,, . of w-marked irreducible
holomorphic symplectic manifolds and let smow | be the connected component of I, .
containing fo. Denote by Per : smg | — 2,1 the period map, sending a marked pair (Y, 1)
to n(H>°(Y)).
Let w be the trivial local system over smfu | with fiber w™. There exists a universal
family
p:Y—>M, (12.11)

and a trivialization 1 : R?p,Z — w= with value ng at t, by [30, Th. 1.1]. The groups
of automorphisms of the fibers of p which act trivially on the second cohomology form
a trivial local system Autg(p) over smowl, by [30, Th. 1.1]. The local subsystem Z of
Autg(p) of subgroups which act trivially on the third cohomology as well is thus a trivial
local system. We may thus extend the isomorphism of the fiber of Z over fy with the
group I'y, given in Lemma 10.1, to a trivialization ¢ : Z — 'y, where Ty, is the trivial
local system with fiber I'y,.

Let Per*(m) : Per*T — Emg} | be the pull-back via the period map of the universal
torus 7w : 7 — 2,1 given in diagram (12.8). Ignoring the complex structure, 7 is a differ-
entiably trivial fibration with fiber the compact torus Vg / V. Hence, the local system Ty,
embeds naturally as a subsystem of torsion subgroups of Per* 7. Let

M = Per* T xr, Y

be the quotient of the fiber product of Per* 7 and ¥ over Emg} | by the anti-diagonal action
of I'y (this action is defined below diagram (10.1)). Denote by

m:M— M, (12.12)

the natural projection and let M; be the fiber of IT over ¢ € smg) 1. The fiber M, is
naturally isomorphic to M(w), by Lemma 10.1. The relative Albanese map is then

alb : M — (Per*T)/Ty.

Let (Y, n:) be a fiber of ¥ over ¢ € im"w | endowed with the marking determined
by 7. Set £ := Per(Y;, n;). Let k be a Kdhler class on Y; and set i := n; (k). Let W be the
subspace of (w)g spanned by the negative definite plane Py and s. Then W is negative
definite with respect to (e, @) ¢+. Again denote by Py the conic of isotropic lines in W¢.
We get a twistor family pw : ¥w — Pw of deformations of Y; [15, Sec. 1.17]. The
marking 7, extends to a trivialization ny of R?pw «Z, since Py is simply connected.
The pair (Yw, nw) determines an embedding tyy : Py — Sﬁg) | such that Per o 1y is the
inclusion of Py in €2,,1. The image ﬁw := 1w (Pw) is called the twistor line through
the point (Yy, 1) associated to the Kéihler class .

The twistor family pw : Yy — Py admits a differential geometric construction,
which we now recall following [2]. Let M be an irreducible holomorphic symplectic
manifold, / its complex structure, and « a Kéhler class. There exists a unique Ricci-flat
Kihler metric g such that wj (e, ®) := g(I(e), @) is a Kéhler form with class «. Further-
more, there exists an action of the quaternion algebra H := R + R/ + RJ 4+ RK on
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the real tangent bundle of M via parallel endomorphisms such that w; + iwg is a non-
degenerate holomorphic 2-form and 7 is the original complex structure. We will refer to g
as the hyperkdhler metric associated to the Kdihler form k. Every purely imaginary unit
quaternion A :=al + bJ + cK, a? + b? + c? = 1, yields a complex structure on M and
a Kihler form w, := g(A(e), @) with class in the positive definite 3-dimensional subspace
W =Rk + [H?>*°(M) + H%2(M)] N H?(M,R) such that the line £; := H?°(M, 1) is
one of the two isotropic lines in W¢ orthogonal to w) . The sphere of unit purely imaginary
quaternions gets identified with the complex plane conic Py C P (W) of isotropic lines
with respect to the Beauville-Bogomolov—Fujiki pairing, by sending A to £,. One gets a
complex structure on the differentiable manifold Py x M such that the first projection
pw is holomorphic and the fiber over £, € Py is endowed with the complex structure A.
The resulting family pw : Py x M — Py is the twistor family pw : Y — Py, if we
let M =Y;.

Given a marked pair (Y, ) € Emg | and a Kihler class « on Y, we get the negative def-
inite 3-dimensional subspace W of w]f{; containing /& := 7n(k) and such that W contains
£ := Per(Y, n). We get the hyperkihler metric gy on Y, associated to the Kihler form «,
and the metric g on Ty associated to the Kéhler form ®j, in Proposition 12.6. Hence, we
get a hyperkihler metric on the product T; x Y, which we call the product hyperkdihler
metric associated to (Y, n, k). The assignment A — [w;] € W, associating to a purely ima-
ginary unit quaternion A the class in W of the Kéhler form, identifies the sphere in W of
self-intersection —(k, k) with the sphere of complex structures on Y associated to . Sim-
ilarly, the sphere in W of self-intersection —2 was identified with the sphere of complex
structures on T associated to ®j,. Rescaling « so that (k, k) = 2, we get an identification
of the sphere of complex structures on Y and 7 and so an action of H on the real tangent
bundle of T; x Y, so that the purely imaginary unit quaternions act via parallel complex
structures.

Definition 12.13. (1) The product hyperkdihler structure on Ty x Y, associated to a
marked pair (Y, n) € Sm"wl with period £ and a Kdihler class k on Y, is the data
consisting of the product hyperkéhler metric associated to (Y, 1, k) and the above
action of the quaternion algebra H.

(2) The above product hyperkihler structure on 7y x Y is equivariant with respect to the
anti-diagonal action of 'y, and it thus descends to a hyperkahler structure on the quo-
tient [Ty x Y]/ 'y, which we call the natural hyperkéhler structure on [Ty x Y]/ Ty,
associated to a marked pair (Y, n) € gﬁow | with period { and a Kdhler class k on Y .

Denote by
Ow : Mw — Pw (12.13)

the restriction of IT : M — smg) | to the twistor line ﬁW through (Y7, n;) associated to the
Kabhler class . Note that My is the quotient by the anti-diagonal action of Iy, on the fiber
product of the two twistor families wy : T — Py, given in (12.8), and pw : ¥w — Pw
over the same twistor line Py in €2,,1. The fiber product is itself a twistor deformation
with respect to the product hyperkihler structure on 7y x Y;. Similarly, the twistor family
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ITw displayed above is the one associated to the natural hyperkihler structure on M, :=
[Ty x Y]/ Tw.

Let (Y, n) be a marked pair in zm‘)\ and set £ := Per(Y, ). Let H?P(Y x T;, Q)Tw
be the subspace invariant under the anti-diagonal action of I'y,. Note the isomorphism
H*(Y x T;,Q)fw =~ H*(Y,Q)'» ® H*(T;, Q). Recall that the quotient Mon(Y )/ Ty,
has a canonical normal subgroup N, obtained by conjugating the image of Spin(S™),,
in Mon(K,(w))/ 'y, via a parallel transport operator (Lemma 10.7). Every local system
over Em& , is trivial, by [30, Lemma 2.1]. Hence, we get an identification of N with
Spin(§T)y.

Lemma 12.14. Any class in H?*?(Y x Ty, Q)™ which is invariant under the diagonal
Spin(S ™)y, monodromy action is of Hodge type (p, p).

Proof. 1f the Hodge operator belongs to the Lie algebra of the identity component of
the Zariski closure of a group acting on the cohomology rings of two compact Kihler
manifolds M; and M, then it belongs to the Lie algebra of the identity component of
the Zariski closure of its diagonal action on M; x M, (see for example [29, proof of
Lemma 3.2]). Hence, the statement follows from Lemmas 10.8 and 12.2. [

12.6. Third intermediate Jacobians of generalized Kummers

The third Betti number of a generalized Kummer is 8 [10, p. 50]. The Hodge group
H®3(Y,) vanishes for the fiber ¥, of p over t € IM? |, and so the third intermediate
Jacobian H'2(¥Y,)/H?(Y,,7Z) is an abelian fourfold whenever ¥, is projective, by the
Hodge—Riemann bilinear relations.

Lemma 12.15. There exists a global isogeny between the family of third intermediate
Jacobians of p : Y — EIROWJ_ and the family Per*T over smzr

Proof. Let V be the trivial local system with fiber V' over smg) . It is isomorphic to the
weight 1 variation of integral Hodge structures of the family Per* 7. It suffices to construct
a global Spin(V')y,-equivariant isogeny between the integral local systems V and R3 p,Z,
by Lemma 12.14.

Let S~ be the trivial local system with fiber S~ over fm& . Clifford multiplica-
tion my, : V — S~ by w induces a Spin(}V')-equivariant isogeny m,, : V — S7. It
remains to construct a Spin(1/),-equivariant isogeny from S~ to R3p,Z. Let IT : M —
zmg} | be the universal deformation of M (w) given in (12.12). Let Q3 be the quotient
of R3T1,Z by the cup product image of R'TT1.Z ® R2T1.Z. Recall that the fiber ¥y,
was the Albanese fiber of the moduli space M (w), by construction. O 3 has rank 8, since
M(w) = [Y;y x X x X]/T, and Ty, acts trivially on H (Y, x X x X, Q) for i < 3.
The homomorphism 63 : S~ — Q3(M(w)), given in (8.13), is a Spin(V ), -equivariant
isomorphism, by Lemmas 8.9 and 8.10 (extended to general Mukai vector w via The-
orem 9.3). The restriction homomorphism H3(M(w), Z) — H?*(¥Y,,, Z) factors through
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an injective'> Spin(V'),-equivariant homomorphism Q3(M(w)) — H3(§y,0, Z), since
H'(Y,,,Z) = 0. Composing the latter with 63 we get a Spin(V),,-equivariant isogeny
S~ — H3(Yy,, Z). Every local system over Sﬁg}L is trivial, by [30, Lemma 2.1]. We get
a Spin(V)y, -equivariant isogeny from S~ to R3p.Z. |

Remark 12.16. Note that for fourfolds Y of generalized Kummer type the polarization
map © : wl — A% V* givenin (12.5) is conjugate via Mukai’s isometry H2(Y, Z) =~ w'
and the isogeny between H3(Y, Z) and V of the above lemma to a map proportional to

H*(Y,Z) - N> H3(Y, Z)*,

givenby h— [, hUxUyforx,y e H?3(Y, Z), as both belong to the rank 1 invariant
subgroup under the Spin(S*),, monodromy action on Hom(H?2(Y, Z), /\2 H3(Y,Z)*)
(see Lemma 12.3). O’Grady used the latter map to construct the polarization on the
intermediate Jacobians, and the positivity of the metric in Proposition 12.6 (1) follows
in this case by the Hodge—Riemann bilinear relations. When Y is of generalized Kum-
mer type of dimension 21 > 6, O’Grady integrates the product 7 U x U y U B2, where
B € H*2(Y,Q) is the Beauville—-Bogomolov—Fujiki class [43].

13. Hyperholomorphic sheaves

We prove in this section Theorem 1.5 about the algebraicity of the Hodge—Weil classes
on abelian fourfolds of Weil type of discriminant 1. Let M(w) := Mg (w) be a smooth
and compact moduli space of H -stable sheaves of primitive Mukai vector w of dimension
> 8 over an abelian surface X . Given a class A € S; = H"(X, Z), denote by A; its
projection to H! (X, Z).

Lemma 13.1. The Brauer class o € H2 (M(w), (Qj{(w)) of the universal sheaf has order

n

divisible by gy, = ged{(w, 1) : A € S5, A, € HYY(X, Z)}.

Proof. The fiber K, (w) of M(w) over a € Alb! (M(w)) has dimension > 4, by assump-
tion, and so H?(K,(w), Z) is Hodge isometric to w=, by Yoshioka’s Theorem 3.1. It
suffices to prove that g, divides the order of the restriction of & to K, (w). The proof of
the latter fact is identical to that of [29, Lemma 7.5 (2)]. ]

Let r be an even integer satisfying r > 6. Let X be an abelian surface with a cyclic
Picard group generated by an ample class H with & := c¢; (H) satisfying

(h.h)gy = —@2r% +7r)

(so [y h? = 2r? +r). Setw := (r, h, r). Then (w, w)sjg =—rand gy =7.

I5That restriction homomorphism is known to be surjective for generalized Kummer fourfolds,
by [20, Th. 6.33].
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Lemma 13.2. (1) The sheaf Er over M(w) in Theorem 11.1 is a-twisted by a Brauer
class o of order equal to the rank r of Er. Consequently, the sheaf Ef does not
have any non-trivial subsheaf of lower rank and End(E f) is k-slope-polystable with
respect to every Kiihler class k on M(w). Furthermore, the first Chern class of every
direct summand of End(E ) vanishes.

(2) The sheaf E of Theorem 11.1 (1) is 7} (a~ ')y a-twisted, where « is a Brauer class
of order equal to the rank r of E. Consequently, E is (7« + 7} «)-slope-polystable
with respect to every Kdahler class k on M(w). Furthermore, the first Chern class of
every direct summand of End(E) vanishes.

Proof. The proofs of the two parts are identical. We prove (1). The order of the Brauer
class necessarily divides the rank of the sheaf. In our case the rank r divides the order
of o by Lemma 13.1. Hence, they are equal. The polystability of &nd(E) is proven for
any torsion free reflexive sheaf E twisted by a Brauer class of order equal to its rank in
[29, Prop. 6.6]. The vanishing of the first Chern classes of the direct summands is proven
in [29, Lemma 7.2]. u

Theorem 13.3. The sheaf Ef deforms with M(w) to a reflexive sheaf, locally free on
the complement of a point, over every fiber of the universal family (12.12). The sheaf E
deforms with M(w) x M(w) to a reflexive sheaf, locally free away from the diagonal,
over the cartesian square of every fiber of the universal family (12.12).

Proof. The sheaf EF is k-slope-stable with respect to every Kihler class x on M(w), by
Lemma 13.2. The class c2(End(EF)) is Spin(S;)w—invariant with respect to the mono-
dromy representation of Theorem 8.6, by Theorem 11.1. Hence, ¢ (End(E r)) remains of
Hodge type (2, 2) along any flat deformation to every fiber of the family IT in (12.12), by
Lemma 12.14. Let n : H?(K,(w), Z) — w™ be the inverse of Mukai’s Hodge isometry.
It follows that the sheaf E'r deforms as a twisted sheaf along the twistor family (12.13)
of the natural hyper-Kéhler structure on M(w) (Definition 12.13 (2)) associated to any
Kihler class « on the generalized Kummer K, (w) and the marking 7, by [53, Th. 3.19],
which is generalized to the case of twisted sheaves in [29, Cor. 6.12]. The sheaf Er
deforms, furthermore, along every generic twistor path in E]Jt& 1, by [29, Prop. 6.17]. The
statement follows from the fact that every point in smg} . is connected to (M(w), n) via
a generic twistor path, by [50, Ths. 3.2 and 5.2.e]. The proof of the statement for the
sheaf E is identical. ]

Let Ty, £ € Q,,1, be an abelian fourfold of Weil type with ample class ©, h €
w™, as in Corollary 12.9. It admits complex multiplication by K := Q[+/—d], where
d = (w,w)(h, h)/4. Let Spin(S™),, » be the subgroup of Spin(S™) stabilizing both w
and h. The group Spin(S ™), 5 is an arithmetic subgroup of Spin(S]I‘{)w,;Z =~ Spin(4,2,R)
and Spin(4, 2, R) is isomorphic to SU(2, 2) [14, IX.4.3 B (vi)]. SU(2, 2) is the spe-
cial Mumford-Tate group of polarized abelian fourfolds of Weil type [55], [49, The-
orem 6.11].
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Theorem 13.4. The subspace H*(Ty, Q)Spi“(sﬂmh, consisting of classes invariant
under Spin(S™)y, 4, is 3-dimensional and consists of algebraic classes.

Proof. The complexification Spin(S¢)y,» of Spin(S1)y 4 is isomorphic to SL(4, C).
The invariant subspace H 4(Tg, Q)Spi“(s Bw.n is 3-dimensional, by [40, Prop. 2], and it
consists of Hodge type (2, 2) classes, by Lemma 12.2 (2). This agrees with Weil’s obser-
vation that H22(A, Q) is 3-dimensional for the general polarized abelian fourfold A of
Weil type with complex multiplication by the field K = Q[+/—d] in each complete family
[55], [49, Ths. 4.11 and 6.12]. Regarding H 1(A4, Q) as a 4-dimensional K vector space,
we get that /\;( H'(A,Q) is a 1-dimensional K vector space, which is a 2-dimensional
Q-subspace of /\f‘Q H'(A,Q). Weil proved that H22(A, Q) contains A\x H'(4,Q) and
for a generic A of Weil type the equality

H?*?(A,Q) = spang {07} + Ay H'(4.Q)

holds [55], [49, Ths. 4.11 and 6.12]. It follows that /\;( H'(Ty, Q) is contained in
H4(Ty, Q)Spi“(sﬂwﬁ for a generic £ € Q,,1 such that (¢, ) = 0. The inclusion

AL HY (T, Q) ¢ H*(T;, Q)G Duwn (13.1)

must thus hold for all £ € Q,,1 such that (£, #) = 0, as it is a closed condition.
Aclass o € /\fQ H'(T;. Q) belongs to \x H'(T¢, Q) if and only if

(, A(v1)) Ava Av3 Avg) = (a, 1 A= AA(V;) A+ Avy) (13.2)

for 2 <i <4, for all v; € H1(T;,Q) and all A € K. The structure of a 1-dimensional
K-vector space on /\‘I‘( H(T,, Q) is given by

(Ao, vy Ava Avz Avg) i= (o, A(v1) A V2 A U3 A Ug).

The inclusion (13.1) can be seen more directly using the following description of
the subspace A\x H'(T;. Q) of H*(Ty, Q)SPin(SPuwn Let Z; and Z5 be the two max-
imal isotropic subspaces of H!(T;, C) = V¢ corresponding to the two isotropic lines
in the plane spang{w, h} in Sg. Explicitly, Z; is the kernel of m,, : Vo — S, where

Ai=wE 2(hv ;)d h. Note that Z; is defined over K. The Spin(SE)w,h-action on Z; factors

through SL(Z;) and so it acts trivially on /\4 Z;. Each /\4 Z;,i = 1,2, is defined over
K and the non-trivial element in Gal(K/Q) interchanges the two, so their direct sum is
defined over Q. Now, Z; and Z, are the two eigenspaces of the endomorphism ®), of V¢
in Lemma 12.5. If {zy, z5, z3, z4} is a basis for Z;, then

2y A A(a +DOY)(zZi) Ao Azg = (a4 bei)(z1 Aza Az3 A zg)

for all a, b € Q, where the eigenvalue ¢; of ®;1 is ++/—d. Hence, (13.2) holds for
a:=1z1 ANza Azz Azgandforv; € V* ®qg K. The subspace /\}2 H'(T;,Q) thus contains
the intersection of /\f‘Q H'(T;, Q) with the 2-dimensional complex subspace /\4 Z +
/\4 Z, of /\é H'(Ty, Q). Both subspaces are 2-dimensional over Q, hence equal.
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Let ¢ : K — Endg(H(T;, Q)) be the homomorphism sending V/—=d to the endo-
morphism ®) given in (12.4). We get the degree 4 polynomial map ¢4 : K —
Endg( /\fQ H'(T;,Q)) sending A to /\4 (1) and the latter restricts to the 1-dimensional
K-vector space Ax H'(Ty, Q) as scalar multiplication by A* € K. The image of
the map A — A%, from K to K, spans K as a Q-vector space. Hence, given any
non-zero a € Ax H'(Ty, Q), the set g4(A) (), A € K, spans A\x H'(T¢, Q). In con-
trast, ¢4(1)(©7) = Nm(1)?®7, by Corollary 12.9, and so the 1-dimensional subspace
spangy { @i } is invariant under ¢4 (K).

The Cayley class C, associated to the Spin(ST),-action on H*(T;, Z), and @i
are linearly independent, by [40, Prop. 2]. Hence, the 2-dimensional QQ-subspaces
spang {C, 07} and Ay H'(T, Q) of the 3-dimensional H*(T, Q)SPn(Sw.n intersect
non-trivially along a 1-dimensional QQ-subspace. Choose a non-zero class « in their inter-
section. It follows that H* (T, Q)Srin(S P i spanned by @i and the 2-dimensional
Q-subspace spanned by the ¢4(K)-translates of «.

Let M;, t € Em"w |, be any fiber of the universal family IT : M — Emg} | given in
(12.12) and let (Y;, ;) be the marked fiber of the universal family p : ¥ — Em& , of gen-
eralized Kummer type given in (12.11). Let £ be the period of (¥;,n;). Let¢ : Ty — M,
be the inclusion of a general fiber of M; — ¥Y,/T"y,. Let E; be a deformation of Ef
to the fiber M; as in Theorem 13.3. Then c,(End(E;)) restricts to T; as a non-zero
Spin(S ), -invariant class t*c;(€nd(E;)), by Theorem 11.1, hence the restriction is a
non-zero integral multiple of the Cayley class. The Cayley class is thus algebraic. Hence,
so is the class « above. The ring Z[«/—_d ] acts on Ty via holomorphic group endomor-
phisms, which are necessarily algebraic, by Corollary 12.9. This algebraic action induces
the cohomological action on H*(T;, Q) by ¢4(Z[v/—d]). Hence, the 2-dimensional sub-
space spanned by the ¢4 (K)-translates of « consists of algebraic classes as well. ]

Proof of Theorem 1.5. The two discrete invariants, K and the discriminant, of a polar-
ized abelian fourfold of Weil type (A, K, i) determine a 4-dimensional connected period
domain of all polarized abelian fourfolds of Weil type with these two invariants, up to an
isogeny compatible with the subspaces of Hodge—Weil classes, by [48, Lemma 4, Sec. 6
and Sec. 7]. Every polarized abelian fourfold of Weil type (A, K, h) with discriminant 1
and imaginary quadratic field K := Q[+/—d] is thus isogenous to Ty for some period £
in the period domain 2y, 51 given in (12.6), for some integral classes w € S * and
h' € wt of negative self-intersection such that (h’, #')(w, w)/4 = d, by Corollary 12.9
and Lemma 12.11. The push-forward of an algebraic class via an isogeny of abelian vari-
eties is algebraic. Theorem 1.5 thus follows from Theorem 13.4. ]

14. The generalized Hodge conjecture for codimension 2 cycles on IHSM’s
of Kummer type

We prove Theorem 1.10 in this section verifying the generalized Hodge conjecture
for codimension 2 algebraic cycles homologous to 0 on every projective irreducible
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holomorphic symplectic manifold of generalized Kummer deformation type. We will
need a few preparatory results. Let X be an abelian surface, H a polarization on X,
w € HY*"(X, Z) a primitive Mukai vector, and assume that the moduli space M of
H -stable sheaves on X with Chern character w is smooth and projective of dimension
> 8. Assume that there exists a universal sheaf U over X x M (untwisted). The latter
assumption is equivalent to the equality ged {(w,A) : A € S;, A, € HY1(X,Z)} = 1, by
[38, Appendix 2]. Let 7;; be the projection from M x X x M onto the product of the i-th
and j-th factors. Let £ := & xt”l R (w1, U, w55 U) be the relative first extension sheaf over
M x M. Let alb : M — Alb(M) be the Albanese map. Denote by K;(w), t € Alb(M),
the fiber alb~ 1 (¢). Let ¢, : K;(w) <> M be the inclusion. Set k := %dimc (K¢ (w)).
Given F € M, let EF be the restriction of E to {F} x M. Fix Fy € M and consider
the map
Alg : M — J?(Ko(w)) (14.1)

sending F to the Abel-Jacobi image of an algebraic cycle representing the Chow class

ef[c2(EY é) Ef)— cz(E}O QLZ) EFR,)]. The latter class is the same as the one given in (1.8).
In the introduction the sheaf £ depended on a parameter b, and AJg, was denoted by AJp
for short. The proof of the surjectivity of AJg requires a few lemmas.
Set X := Pic® (X). The group X x X acts on M via (x,L)F = 1, «(F) ® L, where
: X — X is the translation by the point x € X. Given g := (x,L) € X x X, denote
by g : M — M the automorphism of M.

Lemma 14.1. The isomorphism Ezry = g+(EF) holds forall F € M and g € X x X.

Proof. The sheaf E is homogeneous with respect to the diagonal action of X x X on
M x M, i.e., we have an isomorphism (g x g)*(E) =~ F forevery g € X X X . Indeed,
given x € X set T := 7, Xidy : X x M — X x M and observe that for every L € Pic®(X)
we have the natural isomorphism

&Ex ﬂl3(7r2L Q T x U, Ty L @ )y Tx 5 U) = S'XZJTH(TEIZIX « U, 55T« U)
N Exty (iU w35 U).

The isomorphism (g x 2)*(E) = E yields (g X id)*(E) = (idy x £)«(E), explaining
the second isomorphism below:

Egzry = (& xida)™(E))F = ((idy x )«(E))F = g«(EF). (14.2)
.

Set M := X x X x Ko(w). Let
a:M— M (14.3)

be the restriction of the action morphism X x XXxM—> M, given by a(x, L, F) =
Ty« (F) ® L. Then a is a surjective étale morphism. Denote by Uy the pull-back of



The monodromy of generalized Kummer varieties 313

U to X x Ko(w) via idy x eg. Let 7;; be the projection from X x X x X x Ko(w)
onto the product of the i-th and j-th factors. Set U := (idxy x a)*U. The restriction of
Uto X x {(x, L, F)} is isomorphic to 7x,«(F) ® L. The restriction of 7}, Uy to X x
{(x, L, F)}isisomorphicto F.Define n: X x X — X x X by n(x1,x2) = (x1 + x2,x2).
Let 7 be the automorphism of X x X X X x Ko(w) given by n x idy x idg, (w). We con-
clude that there is a line bundle N over X x X x Ko(w) and an isomorphism

U = 723, N @ Tl Uo @ 5P, (14.4)
Let p;; be the projection from M=XxXx Ko (w) onto the product of the i-th and j -th
factors. Let Co be the sky-scraper sheaf supported on the originin X . Let ®g; : D2(X)—
D? (f/\?) be the integral functor with kernel U.

Lemma 14.2. ®5(Co) = N ® pi;Uo.

Proof. Note that 7 restricts to {0} x X as the diagonal embedding of X in X x X. Hence,
the restriction of 14 o 7 to {0} x X x X x Ky(w) is equal to that of 724. The restriction
of 3P to {0} x M is the trivial line bundle. The statement follows from (14.4). |

Lety: X x Ko(w) — M be givenby y(x, F) = (x,a, F), where 0 € X represents Oy .
Let g, ) be the projection from X x Ko(w) to Ko(w).

Lemma 14.3. Ly*®5(0x) = (y*N) ® Ln}o(w)RnKo(w),*‘uo.

Proof. Let g;; be the projection from X x X x Ko(w) to the product of the i-th and
J-th factors. Set ¥ := (idy x y) : X x X x Ko(w) — X x M. We have ®5(Ox) =
RIT234,*[7T;34N ® ﬁ*ﬂf4uO ® JTEJD] =~ N® RN234,*[ﬁ*NT4uO ® JTik3e(P]. Hence,
Ly*®4(Ox) isisomorphic to y* N ® Rqa3 «[LY*{7* 71, Uo}], by the triviality of (713 o
¥)* &P and cohomology and base change for the right square in the cartesian diagram

X x Ko(w) <22 X x X x Ko(w) —— X x X x X x Ko(w)
ﬂK()(w)l qu lﬂ234
TKo(w) y PN
K()(w) —— X x Kop(w) ——— X x X x Ko(w)

Set 7 := 1 X idg,(w). The isomorphism Ly* &5 (Ox) = (y*N) ® Rqa3 «[7"q73Uo] thus
follows from the equality 714 0 5 o ¥ = ¢13 o 7). The isomorphism

Ly*®5(0x) = (y*N) ® Rq23,+[q73Uo]

follows from the equality g>3 = ¢23 © 7] and the fact that R7.L7* is the identity. The
statement follows by cohomology and base change with respect to the left square in the
above diagram. ]

Proof of Theorem 1.10. Up to translation, the morphism AJ, given in (1.9), is determ-
ined by the homomorphism ﬁb,* . Hi(AIb(Mp), Z) — H(J*(Y3), Z). The latter
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depends continuously on b and Ep. Any two points by, b, of SD}?U . with projective Y3, and
Y}, can be connected by a subfamily of IT with projective fibers. It thus suffices to prove
Theorem 1.10 for one point in smg . We will prove it for a moduli space of sheaves M
asin (14.1).

Let CH' (M) be the group of codimension i algebraic cycles in M and CH! (M), its
subgroup of cycles homologous to zero. Given a point [F] in M representing the isomor-
phism class of a sheaf F,lettr : X x X — M be the map onto the orbit of [ F] under the
X x X-action. Set

J2(M) = H3(M,C)/[F?H*(M,C) + H*(M,Z)],

where FZH3(M,C) := H3%(M) & H?*'(M) is the second subspace in the Hodge fil-
tration. We have the commutative diagram of Abel-Jacobi maps

& LFo 4

X x X M CH2(M)g —22 . 12( M)

S

CH2(Ko(w))o —X— J2(Ko(w))

where the horizontal map ¥ sends F to c;(E}; é) Ep) — c2(EF, QLZ) EF,), with both
the dual E. and the tensor product taken in the derived category, and the right ver-
tical homomorphism r is induced by the restriction homomorphism e : H 3(M,C) —
H3(Ko(w),C).

It suffices to prove the surjectivity of r o Al o ¥ o tf,, as r o Ay o ¥ is equal to
AJEg given in (14.1). Being a morphism of complex tori, the composition is induced by
a linear homomorphism (its differential) from H;(X x X, R) = Vg to H 3(Ko(w), R).
Both are irreducible Spin(V'),,-representations. Hence, it suffices to prove that the differ-
ential of 7 o Ay o Y o 1R, is Spin(V)y -equivariant and it does not vanish.

L
Let Zo be an algebraic cycle representing the Chow class cz(E;éO ® EF,). Then

gx(Zy) represents cz(Eg(FO) Q% Ez(Fy)), by (14.2). Given a smooth path y from 0 to
g1 € X x X we get the cochain I' := Ugey g(Zp) with boundary g1(Zo) — Zy. The
point (AJ 4 o ¥)(g1(Fp)) is the projection to J 2(M) of the class in H2(M) & H3 (M)
which corresponds to the linear functional sending a class ¢ in H2K+3:2k+2(4() g
H2k+42kF1 (M) to [ ¢. Let £ be a tangent vector to y at 0. Let

da : To[X x X] = HY(T M)

be the homomorphism induced by the action of X x X on M. Then the restriction
of da(€) to Zy maps to a global section of the real normal bundle of Z in I'. The dif-
ferential of (AJ 4 o V) maps da(§) to H"?(M) & H %3 (M), hence to a linear functional
on H?2k+3:2k+2(\) @ H2k+42k+1(4(), whose value at a cohomology class ¢ is equal
to on (¢.da(§)), where (o, da(§)) : H1(M,Q4) - HI(M, Qi{_l) is induced by con-
traction with da(§) (see [12, Lecture 6]). The differential of Al y o otf, at0 € X x X
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thus maps £ to the linear functional

L
s [ @da@) Vet ® Er.
M

since the homology class of Z, is Poincaré dual to the cohomology class of

L
c(E 1\’/’0 ® EF,). The value at £ ® ¢ of the differential of AJg o (g, at 0 is thus given by

AN o) E99) = [ (c0nl@).da@) UeaEY, & Er). (143)

where eg« : H*73(Ko(w), C) — H***+5(M, C) is the Gysin homomorphism, since
dr* is induced by (eo)* = eq,x.

Set M := X x X x Ko(w). Let [pt] € H3(X x X, 7Z) be the class Poincaré dual to a
point in X x X. We prove next that

(e0x(#). da(§)) = a«(¢ & ([pt]. §)) (14.6)

for all ¢ € H**3(Ko(w), C), where ® denotes the outer product and we consider
H*%*=3(Ko(w),C) ® H7(X x X, C) as a subspace of H**+4(M, C) via the Kiinneth
decomposition. Let &g : Ko(w) — M be givenby ¢ — (0,0,7). We have eg = a o €y, where
a is given in (14.3), and so the Gysin map e« is the composition a o €p «. Let ', be the
Galois group of a : M — M. A class B in H*(M, C) decomposes as 8 = a*(B') + ",
where B” belongs to the direct sum of non-trivial I'y,-representations. Then

/MaUa*(ﬁ)=fﬂa*(a)Uﬂ =fﬂa*<au;s’) =deg(a)fMaUﬁ'

forall @ € H*(M). Hence, a(B) = deg(a)B’. Now, €y «(¢) = ¢ ® [pt], the outer product
of ¢ with [pt]. The group Iy, acts on X x X x Ko (w) via its translation action on X x X
and its action on Ko(w) as automorphisms acting trivially on H*(Ko(w), C) for i <3
and so also for i > 4k — 3, by Lemma 10.1 (4). Hence, given ¢ € H**~1:2k=2(K(w)),
the class ¢ ® [pt] is T'y-invariant and equal to a*¢’ for some ¢’ € H2k+3 2k“(a\l)
and e, «(@) = deg(a)gd’ = (k + 1)*¢'. Let E be the global tangent vector of M =
X x X x Ko(w) corresponding to & via the natural 1somorph1sm H(T[X x X]) =
HO(TM) Then a*(da(§)) = E via the isomorphism a*T M =~ T M. We have

a*(eoq(¢), da(§)) = a*(¢',da(§)) = (@*¢'.&) = (¢ = [p. &) = ¢ = ([pt]. £).

1
deg(a)
Applying a, to both sides we get (14.6).
Combining (14.5) and (14.6) we get

do(AJE o tRy)(§ ® @) = /ﬂ@ = ([pt]. ) Ua™c2(E, & Ery).

The differential do(AJg o tf,) is Spin(V')y-equivariant, by the Spin(}'),,-invariance of

L
Cz(EE) ® EF,) established in Theorem 11.1. The right hand side in the above dis-
played equation does not vanish for some £ ® ¢ € HO(T[X x X]) ® H2*~1-2k=2(K (w))
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if and only if the Kiinneth direct summand of a*cz(E;éO QLZ) EF,) in HY (X x X ) ®
H?3(Ko(w)) does not vanish. This is the case if and only if the Kiinneth direct sum-
mand of a*c2(Ep,) in HY(X x )?) ® H3(Ko(w)) does not vanish, since the corres-
ponding direct summand of a*c1(EF,)? vanishes, as H?(X x X x Ko (w)) decomposes
as H?(X x )?) @® H?(Ko(w)). For the same reason, the direct summand of a*c,(EF,)
in H1(X x )?) ® H3(Ko(w)) does not vanish if and only if that of a* ch, (E ) does not
vanish.

Assume next that w is the Mukai vector (1,0, —1 — k) of the ideal sheaf of a length
k 4 1 subscheme. The class a* chy(EF,) is equal to — chy(®g;(Fy')), as a* EF, is the
first sheaf cohomology of @4 (Fy’), the second sheaf cohomology is the direct sum of
the sky-scraper sheaves of the points of M over [Fo], and all other sheaf cohomologies
vanish. We have

chy[@ g (Fy)] = cha[@g(Ox)] — (k + 1) cha[@(Co)]-

Let 0 be the point of X representing the isomorphism class of the trivial line bundle.
It suffices to prove that the Kiinneth direct summand of chy[®4;(Co)] in H (X x X )
® H3(Ko(w)) restricts non-trivially to X x {6} X Ko(w), while the Kiinneth direct
summand of chy[®4;(Ox)] in HY(X x )?) ® H3(Ko(w)) restricts to zero in X X
{0} x Ko(w).

The object (idy x €9)*®4;(Cp) is isomorphic to the tensor product of a line bundle
with Up, by Lemma 14.2. Hence, the Kiinneth component of (idx x €p)* cha(®(Cop))
in H'(X) ® H3(Ko(w)) is equal to that of ch,(Ug). We have the equality

€37 a 75 (1) U ch(U)] = 7k, (), [ (1) U ch(Uo)], (14.7)
by the projection formula applied to the cartesian diagram

idy xeq

X X Kg(w) —— X X M

”Ko(w)l j{”d\l

Ko(w) —=2 M

The only graded summand of ch(Up) (resp. ch(U)) which contributes to the hom-
omorphism (14.7) from H3(X) to H3(Ko(w)) (resp. to H3(M)) is chy(Ug) (resp.
chy(U)). The left hand side of (14.7) induces an isomorphism from H°¥¢(X, Q) onto
H3(Ko(w), Q), by Lemma 8.9 and the surjectivity of /3, given in (10.2), established in
the paragraph preceding Lemma 10.1. Hence, so does the right hand side, and the Kiinneth
direct summand of chy[®4;(Co)] in H L(X x X ) ® H3(Ko(w)) restricts non-trivially to
X x {0} x Ko(w).

The Kiinneth component in H'(X) ® H?3(Ko(w)) of y* chy[®¢;(Ox)] is equal
to that of (y*N) ® Lﬂ}go(w)RﬂKo(w),*uo, by Lemma 14.3, and hence also to that
of Lig ) R7TKo(w).x Uo, as observed above. The Kiinneth component in H 'X)®
H3(Ko(w)) of the latter clearly vanishes. This completes the proof of Theorem 1.10. m
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15. Glossary of notation

v the lattice H'(X,Z) ® H'(X,Z) Eq. (4.1)
Spin(V) the spin group of a lattice or a vector space V' Eq. (4.6)
Spin(V)y  the stabilizer of w in Spin(V') Sec. 1.1
Pin(V) the pin group of a lattice or a vector space V' Eq. (4.6)
G(V) one of the Clifford groups Eq. (4.6)
Go(V) one of the Clifford groups Eq. (4.6)
G(V)®"  the even Clifford group Eq. (4.6)
G(V)g™  the stabilizer of w in G(V)®V*" Sec. 1.1
c(V) the Clifford algebra of a lattice or a vector space V' Sec. 4.1
C(V)ee"  the even direct summand of C(V') Sec. 4.1
C(V)odd the odd direct summand of C (V) Sec. 4.1
S the cohomology H *(X, Z) as the spin representation Sec. 4.1
st H®*" (X, Z) as the half-spin representation Sec. 4.1
S™ H°Y(X 7) as the half-spin representation Sec. 4.1
Ay the algebra V @ ST @ S~ Sec. 4.3
m spin representation of the Clifford algebra C (V') Eq. (4.10),
or C(ST) Cor. 4.7
My the value of monw € ST Eq. (4.29)
m spin representation of the Clifford group Eq. (4.11)
i embedding of G(ST) in GL(Ax) Eq. (4.31)

5(S+) subgroup of GL(S T) preserving the pairing up to sign ~ Sec. 4.1
SO(ST) subgroup of SL(S 1) preserving the pairing up to sign ~ Sec. 4.1

(0,0 the pairing on V Eq. (1.1)
(o, 0) the Mukai pairing on H®*"(X,Z) Eq. 3.1)
(o,0)5 the pairing on § Eq. (4.15)
T main anti-automorphism of C (V) Eq. (4.4)
7 lift of 7 to G(ST)even Eq. (4.24)
[5°¢ the automorphism of Ay induced by T Eq. (8.2)
o main involution of C (V) Eq. (4.5)
a element in the center of Spin(V') Eq. (4.17)
o the homomorphism G(V) — O(V) Eq. (4.8)
m the homomorphism G(V') — GL(Ay) Eq. (4.26)
ort the orientation character Eq. (4.12), (8.3)
SO+ (V) the kernel of the orientation character in SO(V) Sec. 4.1
04(V) the kernel of the orientation character in O (V') Sec. 4.1
Ly the endomorphism w A e : H*(X,Z) — H*(X,Z) Eq. (4.3)
Dy endomorphism of H* (X, Z) of contraction with 0 Sec. 4.1
PD Poincaré duality homomorphism Eq. (4.20)

X Pic®(X) of an abelian surface X Sec. 2
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x|l

x @)

Kx (m)
My (v)
Ka(v)
Mon(Y)
mon

mon

'y

Ty
Vg,e(€1,82)
Dy

dx s d p(w)
0

04 (M(w))
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