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Abstract. This paper is devoted to the study of sets of finite perimeter in RCD(K, N) metric mea-
sure spaces. Its aim is to complete the picture of the generalization of De Giorgi’s theorem within
this framework. Starting from the results of Ambrosio et al. (2019) we obtain uniqueness of tan-
gents and rectifiability for the reduced boundary of sets of finite perimeter. As an intermediate tool,
of independent interest, we develop a Gauss—Green integration-by-parts formula tailored to this
setting. These results are new and non-trivial even in the setting of Ricci limits.
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Introduction

In the last years the theory of RCD(K, N) metric measure spaces has undergone a fast
and remarkable development. After the introduction of the so-called curvature-dimension
condition CD(K, N) in the seminal and independent works [51,52] and [44], the notion
of RCD(K, N) space was proposed in [28] after the study of its infinite-dimensional
counterpart RCD(K, 00) in [5] (see also [4] for the case of o-finite reference measure).
In the infinite-dimensional case the equivalence with the Bochner inequality was studied
in [6], and then [26] established equivalence with the dimensional Bochner inequality for
the so-called class RCD*(K, N) (see also [10]). Equivalence between RCD*(K, N) and
RCD(K, N) has been established in [14].

We know nowadays that, apart from smooth weighted Riemannian manifolds (with
generalized Ricci tensor bounded from below), this class includes Ricci limits (see
[16—18]) and Alexandrov spaces [48].

One of the main research lines within this theory in recent times has been aimed at
understanding the structure of RCD(K, N) spaces. After [23,33,40,47] we know that they
are rectifiable as metric measure spaces. Moreover, in [12] the first and the third named
authors proved that these spaces have constant dimension, in the almost everywhere sense.

This being the state of the art, we have reached a good understanding of the structure
of RCD(K, N) spaces up to measure zero. It sounds therefore quite natural to try to
push the study further, investigating their structure, both from the analytic and from the
geometric points of view, up to sets of positive codimension. In this perspective in the last
two years there have been some independent and remarkable developments. We wish to
mention a few of them below, without the aim of being complete in this list.

o In the setting of non-collapsed Ricci limit spaces, Cheeger—Jiang—Naber have obtained
in [19] rectifiability for singular sets of any codimension. Let us also mention [20],
where the codimension-4 conjecture for non-collapsed limits of Einstein manifolds was
solved, and [11], where some estimates (actually much weaker than those in [19]) are
proved for singular strata of non-collapsed RCD spaces.

e There have been some efforts aimed at defining a notion of boundary for metric mea-
sure spaces and relating it to singular sets of codimension 1. See [38] and the very
recent [39].

e One of the main contributions of [30] was the development of the language of ten-
sor fields defined almost everywhere (with respect to the reference measure) on RCD
spaces. In [21] the notion of tensor field defined ‘“2-capacity-almost everywhere” is
introduced and it is proved that Sobolev vector fields on RCD spaces have a represen-
tative in this class.

e In [2], the first and third named authors together with Ambrosio initiated a fine study
of sets of finite perimeter over RCD(K, N) spaces, with a view to generalizing the
Euclidean De Giorgi theorem to this framework.

One of the main results in [2] was the existence of a Euclidean half-space as tangent
space to a set of finite perimeter at almost every point (with respect to the perimeter mea-
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sure). This conclusion could be improved to a uniqueness statement (up to negligible sets)
only in the case of a non-collapsed ambient space. The state of the theory of sets of finite
perimeter was at that stage comparable to that of the structure theory after [32], where
existence of Euclidean tangent spaces almost everywhere with respect to the reference
measure was proved. Uniqueness of tangents in the possibly collapsed case and rectifia-
bility for the boundary were conjectured by analogy with the Euclidean theory, but left as
open questions in [2]. Let us point out that, up to our knowledge, no general rectifiability
criterion is known at this stage for (subsets of) metric measure spaces.

The aim of this note is to provide a positive answer to these questions, providing a
counterpart in codimension 1 of [47] and of De Giorgi’s theorem in this setting.

Together with uniqueness of tangents (Theorem 3.2) and rectifiability (Theorem 4.1)
we also establish a representation formula for the perimeter measure in terms of the codi-
mension 1 Hausdorff measure (Corollary 3.15). As an intermediate tool, which, however,
we find to have independent interest, we prove in Theorem 2.4 a Gauss—Green integration-
by-parts formula for Sobolev vector fields.

The proof of uniqueness for blow-ups of sets of finite perimeter follows a strategy
quite similar to that of the uniqueness theorem for tangents to RCD(K, N ) spaces adopted
in [47]. As in that case, closeness to a rigid configuration (half-space in Euclidean space)
at a certain location and along a certain scale, which we learn from [2], can be turned
into closeness to the same configuration at almost any location and at any scale, yielding
uniqueness.

To encode the “closeness information” in analytic terms we rely on the use of har-
monic §-splitting maps, which were introduced in [15] and turned out to be an extremely
powerful tool in the study of Ricci limits (see [16—18] and the more recent [19,20]). To
the best of our knowledge this is the first time they are explicitly used in RCD-theory,
even though their use is implicit in [9], and we establish some of their properties within
this framework.

Propagation of regularity at almost every location and at any scale, which was a con-
sequence of a maximal function argument in [47], this time follows from a weighted
maximal function argument suitably adapted to the codimension 1 framework. This argu-
ment heavily relies on the interplay between the fact that the perimeter measure is a
codimension 1 measure (which was proved in a fairly more general context in [1]) and the
fact that harmonic functions satisfy L2 Hessian bounds on RCD(K, N) spaces.

In order to explain the strategy and the difficulties in the proof of rectifiability for the
reduced boundary, let us recall how things work on R”. Therein a crucial role is played
by the exterior normal to the set of finite perimeter, which is an almost everywhere unit
valued vector field providing the representation Dyg = vg|D x| for the distributional
derivative of the set E of finite perimeter. Relying on the properties of the exterior normal
one can obtain a characterization of blow-ups in a much simpler way than in [2] and even
get rectifiability of the boundary, proving that sets where the unit normal is not oscillating
too much are bi-Lipschitz to subsets of R" ™!,

When trying to reproduce the Euclidean approach in the non-smooth and non-flat
realm of RCD spaces, one faces two main difficulties. The first one is due to the fact that
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the theory of tangent modules, as developed in [30], allows one to talk about vector fields
only up to negligible sets with respect to the reference measure; observe that reduced
boundaries of sets with finite perimeter are negligible with respect to the reference mea-
sure. The second one is that controlling the behaviour of the normal vector cannot be
enough to control the behaviour of the set in this framework, since the space itself might
“oscillate”. This is a common feature of geometry on metric measure spaces (see also the
introduction of [19]), which can be understood by looking at the following example: Let
(X, d, m) be any RCD(K, N) m.m.s. and take its product with the Euclidean line. Then
consider the “generalized half-space” {¢t < 0}, where ¢ denotes the coordinate along the
line; it is easily seen that it is a set of locally finite perimeter and one can identify its
reduced boundary with X. Moreover, whatever notion of unit normal we have in mind,
this will be non-oscillating in this case. Still, rectifiability of (X, d, m) is highly non-trivial
and requires using [47] to be achieved.

To handle the first difficulty we mentioned above, we rely on the very recent [21],
where a notion of cotangent module with respect to 2-capacity is introduced and studied.
Building upon the fact that 2-capacity controls the perimeter measure in great generality,
we introduce the notion of tangent module over the boundary of a set of finite perimeter
(see Theorem 2.2).

Furthermore, we prove that there is a well-defined unit normal to a set of finite perime-
ter as an element of this module, that it satisfies the Gauss—Green integration-by-parts
formula and, relying on functional analysis tools, that it can be approximated by regular
vector fields (see Theorem 2.4 for a rigorous statement).

The results obtained in the study of the unit normal are then combined in a new way
with the theory of §-splitting maps to prove rectifiability of the reduced boundary for sets
of finite perimeter.

We introduce a notion of §-orthogonality to the unit normal for §-splitting maps. Then
we prove on the one hand that §-splitting maps §-orthogonal to the unit normal control
both the geometry of the space and that of the boundary of the set of finite perimeter (and
vice versa). On the other hand, the combination of §-orthogonality and §-splitting is seen
to be suitable for propagation at many locations and any scale with maximal function
arguments (Propositions 4.5 and 4.7).

We wish to emphasize that, on the one hand, the coarea formula (which holds in great
generality in metric measure spaces) provides plenty of sets of finite perimeter even in
the non-smooth context; on the other hand, there is no hope to have a notion of smooth
hypersurface within this setting. Therefore we expect the range of applications to be large
in the development of the theory of spaces satisfying lower curvature bounds, both for
the techniques we develop in the paper and for our main results that, to the best of our
knowledge, are new also for Ricci limits.

A number of questions remain open and suitable for future investigation. In particular,
we point out that neither the constancy of the dimension result of [12], nor the absolute
continuity of the reference measure with respect to the Hausdorff measure [23, 33, 40],
play a role in the proofs of our results. It might be interesting to investigate whether one
can prove constancy of the dimension for tangents also in the case of sets of finite perime-
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ter and sharpen the representation formula for the perimeter measure (maybe relying on
the good understanding we have of the top-dimensional case). In this regard let us point
out that, in none of these cases, the techniques adopted to solve the analogous problems
in codimension 0 seem to work when dealing with sets of finite perimeter.

This paper is organized as follows. In Section 1 we collect all the preliminary mate-
rial to be used in the paper. We dedicate Section 2 to the construction of the tangent
module over the boundary of a set of finite perimeter and to establishing a Gauss—Green
integration-by-parts formula. Uniqueness of blow-ups is the main outcome of Section 3,
while rectifiability for the reduced boundary is obtained in Section 4.

1. Preliminaries and notations

1.1. Calculus tools

Throughout this paper a metric measure space is a triple (X, d, mt), where (X, d) is a
complete and separable metric space and w is a non-negative Borel measure on X finite
on bounded sets. From now on when we write m.m.s. we mean metric measure space(s).

In order to simplify the notation, numerical constants depending only on the param-
eters entering into play will be denoted by the same letter C even if they vary. Often we
will make explicit their dependence on the parameters, writing for instance Cy, Cy, k.

We will denote by B,(x) = {d(-, x) < r} and B,(x) = {d(-, x) < r} the open
and closed balls respectively, by Lip(X, d) (resp. Lipy(X, d), Lip.(X, d), Lip, (X, d),
Lip,,. (X, d)) the space of Lipschitz (resp. bounded Lipschitz, compactly supported Lip-
schitz, Lipschitz with bounded support, Lipschitz on bounded sets) functions and for any
f € Lip(X,d) we shall denote its slope by

lip f(x) := limsup —|f(x) — S W)l .
y—x d(x, y)

We shall use the standard notation L? (X, m) = L?(m) for L? spaces, and £" for the
n-dimensional Lebesgue measure on R”. We shall denote by w, the Lebesgue measure
of the unit ball in R*. If f € L\ (X, m) and U C X is such that 0 < m(U) < oo, then
fU f dm denotes the average of f over U.

The Cheeger energy Ch : L?(X,m) — [0, oo] is the convex and lower semicontinuous
functional defined by

Ch(f) := inf{liminf / (lip f,,)? dm
n—>00 X

fa € Lipy(X) N L2(X, m), [ fo— fl2 — 0}’
(1.1)

and its finiteness domain will be denoted by H :2(X,d, m); sometimes we write H 2(X)
when d and m are clear from the context. Looking at the optimal approximating sequence
in (1.1), it is possible to identify a canonical object |V f'|, called the minimal relaxed
slope, providing the integral representation

Ch(f) =/X|Vf|2dm VfeHY(X,dm).
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Any metric measure space such that Ch is a quadratic form is said to be infinitesimally
Hilbertian. Let us recall from [5, 28] that, under this assumption, the function
L VUL ef)* = IVAP

V-V =1
fl f2 81—>0 2¢e

defines a symmetric bilinear form on H!2(X,d, m) x H2(X, d, m) with values in
LI(X ,m).

It is possible to define a Laplacian operator A : LZ(X, m) D D(A) — L?(X, m) in
the following way. We let (A) be the set of those f € H"?(X,d, m) such that, for
some i € L%(X, m), one has

/ Vf.-Vgdm= —/ hgdm Vge HY2(X,d, m), (1.2)
X X

and in that case we put A f = h. It is easy to check that the definition is well-posed and
that the Laplacian is linear (because Ch is a quadratic form).

The heat flow P; is defined as the L?(X, m)-gradient flow of %Ch. Its existence and
uniqueness follow from the Komura—Brezis theory. The heat flow can be equivalently
characterized by saying that for any u € L?(X, m) the curve t > P,u € L?(X, m) is
locally absolutely continuous in (0, o) and satisfies

d
EP,u = APu for £'-ae.t € (0, 00), lijn Pou=u inL*(X, m).
140

Under the infinitesimal Hilbertianity assumption the heat flow provides a linear, contin-
uous and self-adjoint contraction semigroup in L2?(X, m). Moreover, P; extends to a
linear, continuous and mass preserving operator, still denoted by P, in all the L? spaces
forl < p < 0.

Definition 1.1 (Function of bounded variation). We say that f € L!(X, m) belongs to
the space BV (X, d, m) of functions of bounded variation if there exist locally Lipschitz
functions f; converging to f in L!(X, m) such that

limsup/ |V fi| dm < oo.
X

i—>00

If f € BV(X,d, m) one can define

|IDf|(A) := inf{li'minf/|Vﬁ|dm ' fi € Lip,,.(4), fi = fin Ll(A,m)}
1—>00 A

for any open A C X. In [3] (see also [46] for the case of locally compact spaces) it is
proven that this set function is the restriction to open sets of a finite Borel measure that
we call the rotal variation of f and still denote by |Df|.

Dropping the global integrability condition on f = yg, let us now recall the analo-
gous definition of a set of finite perimeter in a metric measure space (see again [1, 3,46]).
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Definition 1.2 (Perimeter and sets of finite perimeter). Given a Borel set E C X and an
open set A, the perimeter Per(E, A) is defined by

Per(E, A) := inf {liminf/|Vun| dm
n—o0o A

u, € Lip,,.(A), un — xE in LIIOC(A,m)}.

We say that E has finite perimeter if Per(E, X) < oo. In that case it can be proved that
the set function A — Per(E, A) is the restriction to open sets of a finite Borel measure
Per(E, -) defined by

Per(E, B) := inf{Per(E, A) | B C A, A open}.

Let us remark for the sake of clarity that £ C X with finite m-measure is a set of
finite perimeter if and only if yg € BV(X, d, m) and that Per(E,-) = |Dxg|(-). In the
following we will say that E C X is a set of locally finite perimeter if y g is a function of
locally bounded variation, that is, ny g € BV(X, d, m) for any 1 € Lip, (X, d).

1.1.1. Total variation of BV functions via integration by parts. Let us present an equiv-
alent approach to the study of BV functions in m.m.s. introduced by Di Marino [24].
Before stating Theorem 1.7 we need to recall the notion of derivation.

Definition 1.3 (Derivation). Let (X, d, m) be a metric measure space. Then a deriva-
tion on X is a linear map b : Lip,,(X) — L°(m) such that the following properties are
satisfied:

(i) (Leibniz rule) b(fg) = b(f)g + fb(g) forall f, g € Lip,(X).
(ii) (Weak locality) There exists G € L°(m) such that'

|b(f)| < Glip,(f) m-ae.forevery f € Lip,(X).
The least function G (in the mi-a.e. sense) with this property is denoted by |b]|.

The space of all derivations on X is denoted by Der(X). Given any deriva-
tion b € Der(X), we define its support supp(b) C X as the essential closure of
{|b| # 0}. For any open set U C X, we write supp(b) € U if supp(b) is bounded
and dist(supp(b), X \ U) > 0. Given any b € Der(X) with |b| € L} (X), we say that

div(b) € LP () (for some exponent p € [1, o)) if there exists & € L? (1) such that

—/b(f) dm = /_fh dm forevery f € Lip,(X). (1.3)
The function % is uniquely determined, thus it can be unambiguously denoted by div(b).
We set
Der?(X) := {b € Der(X) | |b| € L? ()},
Der??(X) := {b € Der?(X) | div(b) € L? (m)}

IHere lip, (f)(x) := limy—0 supg(x,y)<r % is the so-called asymptotic Lipschitz

constant.
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forany p € [1, oo]. The set Der? (X) is a Banach space if endowed with the norm || ]|, :=
18] 1|22 n)-

Remark 1.4. We claim that for every b € Der?? (X) (where p € [1, 00]),
supp(div(b)) C supp(b). (1.4)

To prove it, fix any open bounded subset U of X \ supp(d). Then formula (1.3) guarantees
that [ f div(b)dm = — [b(f)dm =0 forevery f € Lip, (U), whence div(h) =0 m-a.e.
on U. By arbitrariness of U, (1.4) follows.

In the next proposition the notions of tangent module L2(7X) and, more generally, of
Hilbert L?(m)-normed L% (m)-module, play a role. We will denote by V: H12(X) —
L*(TX) the gradient map. We refer to Section 1.3 below for the definition of these
objects.

Proposition 1.5. Let (X, d, m) be an infinitesimally Hilbertian metric measure space.
Let D be the closure in Der>(X) of the pre-Hilbert space D := (Der>2(X), || - ||2).
Then D has a natural structure of Hilbert L?(m)-normed L (m)-module and the map
A: L3(TX) — D, defined as

AW)(f) =v-Vf forallve L*(TX) and f € Lipyy(X),

is a normed module isomorphism between L2(TX) and D. Moreover, A(D(div)) = D
and
div(A(v)) = div(v) forevery v € D(div).

Proof. See [25, proof of Proposition 6.5]. |

Remark 1.6. Given an infinitesimally Hilbertian space (X, d, m) and any f in
BV(X,d, m),

/fdiv(v) dm <|Df|(X) forall ve D(div) with |v| <1 m-a.e. and div(v) € L*(m).

This readily follows from [24, Theorem 3.3] and Proposition 1.5.

Theorem 1.7 (Representation formula for |Df]). Let (X, d, m) be an infinitesimally
Hilbertian metric measure space. Let f € BV(X,d, m). Then for every open set U C X,

|DfIU)
= sup {/ fdiv(v) dm
U

v € D(div), |v] <1 m-a.e., div(v) € L*°(m), supp(v) € U}.

Proof. Combine [24, Theorem 3.4] with Proposition 1.5 (recall that b € Der®?(X) for
every b € Der®-*°(X) such that supp(b) is bounded, thanks to Remark 1.4). L]
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1.1.2. PI spaces. Let us recall that (X, d, m) satisfies a weak local (1, 2)-Poincaré
inequality with constants Cp > 0 and A > 1if

f 1f = (Pl dm
By (x)

1/2
< Cpr(][ |Df|2dm) forall f € HY2(X), x € X, r >0, (1.5)
By (x)

where
(e = f dm. (1.6)
By (x)
Before giving the definition of PI space we need to recall the notion of locally doubling
m.m.s. We say that (X, d, m) is locally doubling if for any R > 0 there exists Cp > 0
depending only on R such that

m(Byr(x)) < Cpm(B,(x)) forall0<r <R, x € X. (1.7)

Definition 1.8. A PI space is a locally doubling metric measure space supporting a weak
local (1, 2)-Poincaré inequality.

1.1.3. Capacity and Hausdorff measures. We briefly recall the notion of capacity and its
main properties in this setting, referring to [21] for a detailed discussion. The capacity of
aset £ C X is defined as

Cap(E)
= inf{||f||§11,2(x) | f e H?(X,d,m), f > 1 m-a.e. on some neighbourhood of E}.

It turns out that Cap is a submodular outer measure on X, finite on all bounded sets, such
that m(E) < Cap(E) for any Borel set £ C X. Any function f : X — [0, co] can be
integrated with respect to capacity via Cavalieri’s formula:

/deap:z/O Cap({f > t})dt.

(The function ¢t + Cap({f > t}) is non-increasing, thus in particular it is Lebesgue
measurable.) The integral operator f + [ f d Cap is subadditive as a consequence of
the submodularity of Cap. Given any set £ C X, we shall use the shorthand notation
Jg fdCap:= [ xg f dCap.

Let us now introduce the codimension-o Hausdorff measure. We refer to [1] for a
more detailed discussion.

Definition 1.9. Given a locally doubling metric measure space (X, d, mt), for any o > 0
we set
he(Br(x)) := m(B,(x))/r* foranyx € X, r € (0, 00).
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The codimension-a Hausdorff measure "« is the Borel regular outer measure built
from &, with the Carathéodory construction. We will denote by jféha the pre-measure
with parameter §.

The codimension-1 measure plays a crucial role in the theory of sets of finite perimeter
over PI spaces, since Per(E, ) <« 2" for any set of finite perimeter E. This result has
been proved by Ambrosio [1, Lemma 5.2].

Lemma 1.10. Let (X, d, m) be a PI space. For any set E C X of locally finite perimeter
and any § > 0,

ji’ghl(B) =0 = Per(E,B) =0 forany Borel set B C X.

To be precise, in [1, Lemma 5.2] Ambrosio proved the result above only for § = 0.
However, it easily follows from the definitions that

A (B)=0 = #"(B)=0.

Let us now prove two results connecting the codimension-o Hausdorff measure and
the capacity. Their proofs are inspired by those given for the analogous results in the
Euclidean setting in [27]. We also refer to [41,42] for other such results in the framework
of metric measure spaces.

Lemma 1.11. Let (X,d, m) be a locally doubling m.m.s. Let f € L'(X,m), f > 0. Then
for any exponent a > 0,

A" (Ng) =0, where Ag = {x € X |limsupr®(f)xr > 0}.
r\0
Proof. By Lebesgue’s differentiation theorem, lim,\ o (f)x,r exists and is finite for
m-a.e. x € X, thus for any « > 0 we have limsup, o 7*(f)x,r = 0 for m-a.e. x € X.
This means that m(Ag) = 0. Setting

Af; = {x € X | limsupr®*(f)xr > l/k} forevery k € N,
r\0

we see that Ay = | A’O‘l, thus in particular m(A’O‘() = 0 for every k € N. Since
f € L'(X, m), for any & > 0 there exists § > 0 such that [, f dm < ¢ for any Borel set
A C X satisfying m(A) < §. Fix k € N and pick an open set U C X such that A’o‘l cuU
and m(U) < §. Define

¥ = {B,(x)

xe Ak re(.¢), B.(x) CU, fdm > m(Br(x))/(r“k)}.
By (x)

By the Vitali covering theorem we can find a sequence (B;)jeny C ¥ of pairwise dis-

joint balls B; = By, (x;) such that Af; C {U; Bsr; (x;). Since m is locally doubling, there

exists a constant Cp > 1 such that mi(Bs,(x)) < Cp m(B,(x)) forallx € X and r < ¢.
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Consequently,
1 & m(Bsy, (x)) m(B) ch
ho 5r; i
fammssaz—,a < Saz > [, 1w
i=1 i=1 !
<CDk

Letting e \ 0 yields s#he (A’(;) = 0, whence 2" (Ay) = limy S (A’Oj) = 0. |
Theorem 1.12. Let (X, d, m) be a PI space. Then 7"« < Cap for every o € (0,2).

Proof. Fix o € (0,2) and a set A C X with Cap(4) = 0. We aim to prove that
A" (A) = 0. By definition of capacity, we can find a sequence (f;); C H“2(X) such
that f; > 1 on some neighbourhood of A and || f; || g1.2(x) < 1/2 for every i € N. Since
YL | f1.2(x) < 0o, one sees that g := Y72, fi is a well-defined element of the
Banach space H!2(X). For any k € N, clearly g > k on some neighbourhood of A,
whence for any x € A we have (g)x, > k for every r < dist(x, {g < k}) and accordingly

lim (g)x,, = 0o forevery x € A. (1.8)
r\O
Furthermore, we claim that
lim sup r“][ |Dg|*>dm = 0o forevery x € A. (1.9
7™N\0 By (x)

Indeed, suppose that this lim sup is finite for some x € A, so that there exists a constant
M > 0 such that

r“][ |Dg|>dm < M forevery r € (0,1). (1.10)

By (x)

Let Cp be the doubling constant of m (for r < 1/2). Then, for every r < 1/(21),
ol

— (& —(&)x2 )dm'

m(B,(x)) /B, (x) o

< f g — ()x.2r] din
BZr(x)

(1.5) 2 1/2
< ZCDCPV(][ |Dg] dm)
B2y (x)

10 21— @20, CpA~ "‘/2M1/2)r1 —a/2

| (&)x,r — (&)x,2r |

Set C :=2'"*/2CpCpA™*2M "2 and § := 1 — a/2 € (0, 1). Then the previous com-
putation gives Y72, [(g)y o—i — (&) y-i+1] < C Y52,(2%)™ < oo, contradicting (1.8).
This proves (1.9).

Finally, it immediately follows from (1.9) that A is contained in the set of all x € X
that satisfy lim sup,.\ o 7% fBr ) |Dg|?dm > 0, which is 7" -negligible by Lemma 1.11.
Therefore, 7" (A) = 0, completing the proof of the statement. |
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1.2. RCD metric measure spaces

The main object of our investigation is RCD(K, N) metric measure spaces, that is,
infinitesimally Hilbertian spaces satisfying a lower Ricci curvature bound and an upper
dimension bound in synthetic sense according to [44, 51, 52]. Before passing to the
description of the main properties of RCD(K, N) spaces that will be relevant for this
article, let us briefly focus on the adimensional case.

The class of RCD(K, 0o) spaces was introduced in [6] (see also [4] for the extension
to the case of o-finite reference measures) adding to the CD(K, co) condition, formulated
in terms of K-convexity properties of the logarithmic entropy over the Wasserstein space
(P2, W3), the infinitesimal Hilbertianity assumption.

Under the RCD(K, oo) condition it was proved that the dual heat semigroup P/ :
P2(X) — P»(X), defined by

| rapiu= [ Piran viera(n. v eLipg(x.o.

is K-contractive with respect to the W,-distance and, for ¢ > 0, maps probability measures
to probability measures absolutely continuous with respect to ru. With a slight abuse of
notation we shall denote by P,* i1 also the density of the measure P;* 1 with respect to nt.
Then, for any ¢ > 0, one can define the heat kernel p; : X x X — [0, 00) by

pe(x,)m = P8y (1.11)

We now state a few regularization properties of RCD(K, 0o) spaces, referring again
to [4, 6] for a more detailed discussion and for the proofs.
First we have the Bakry—Emery contraction estimate

VP, f1? <e 2KiP V> m-ae. (1.12)

for any t > 0 and any f € H12(X,d, m). This estimate can be generalized to the whole
range of exponents 1 < p < oco. Furthermore in [31] it has been proved that on any proper
RCD(K, o) m.m.s.,

|DP. f| < e”® P|Df | (1.13)

forany ¢ > 0 and any f € BV(X,d, m).

Next we have the so-called Sobolev-to-Lipschitz property: any f € HV2(X,d, m)
suchthat |V f| € L°° (X, m) admits a representative f € Lip(X,d) with Lipschitz constant
bounded from above by || |V | ||Loe.

Let us introduce the space Test(X, d, m) of test functions following [30]:

Test(X,d, m):={f € D(A)NL®(X, m)||Vf|eL®(X,m)and Af € H"?(X,d, m)}.
(1.14)

The notion of RCD(K, N) m.m.s. was proposed and extensively studied in [10,26,28]
(see also [14] for the equivalence between the RCD and the RCD* condition when the
reference measure is finite), as a finite-dimensional counterpart to RCD(K, co) m.m.s.
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which were introduced and first studied in [6]. Here we just recall that they can be char-
acterized by requiring the quadraticity of Ch, the volume growth condition (B, (x)) <
c1 exp(c,r?) for some (and thus for all) x € X, the validity of the Sobolev-to-Lipschitz
property and of a weak form of Bochner’s inequality,

(Af)?
N

We refer to [10,26] for a more detailed discussion and equivalent characterizations of the
RCD(K, N) condition.

Note that if (X, d, m) is an RCD(K, N) m.m.s., then so is (supp m, d, mt), hence in
the following we will always tacitly assume suppmt = X.

We recall that any RCD(K, N) m.m.s. (X, d, m) satisfies the Bishop—Gromov inequal-

ity

+ K|Vf|* forany f € Test(X,d, m).

1
SAIVSP=Vf-VAS =

w(Br(x)) _ m(Br(x))
vg, N(R) — v n(r)

forany0 <r < Rand x € X, (1.15)

where vk y (r) is the volume of the ball with radius r in the model space with dimen-
sion N and Ricci curvature K. We refer to [54, Theorem 30.11] for the proof of (1.15). In
particular, (X, d, m) is locally uniformly doubling. Furthermore, it was proved in [49] that
it satisfies a local Poincaré inequality. Therefore RCD(K, N) spaces fit in the framework
of PI spaces that we introduced above.

We assume the reader to be familiar with the notion of pointed measured Gromov—
Hausdorff convergence (pmGH-convergence for short), referring to [54, Chapter 27] for
an overview.

Remark 1.13. A fundamental property of RCD(K, N) spaces, to be used several times in
this paper, is the stability with respect to pmGH-convergence, meaning that a pmGH-limit
of a sequence of (pointed) RCD(K,,, N,,) spaces for some K,, — K and N, — N is an
RCD(K, N) m.m.s.

Let us finally recall the construction of good cut-off functions over RCD(K, N) metric
measure spaces; see [47, Lemma 3.1] for a proof.

Lemma 1.14. Let (X, d, m) be an RCD(K, N) m.m.s. For any 0 <2r < Rand x € X
there exists a test function  : X — R satisfying

A 0<n<lonX,n=1lonB.(x)andn =0o0n X \ By (x);

(i) r?|Anl +r|Vy| < Cn.x &

1.2.1. Structure theory. Let us briefly review the main results concerning the state of the
art about the so-called structure theory of RCD(K, N) spaces.

Given am.m.s. (X,d, m), x € X and r € (0, 1), we consider the rescaled and normal-
ized pointed m.m.s. (X, r~1d, m¥, x), where

-1
my = (/ (1 — M) dm(y)) m = C(x,r) 'm.
By (x) r
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Definition 1.15. We say that a pointed m.m.s. (Y, dy, 1, y) is tangent to (X, d, m) at x
if there exists a sequence r; | 0 such that (X, ri_ld, mf’_,x) — (Y,dy, n, y) in the
pmGH-topology. The collection of all the tangent spaces of (X, d, m) at x is denoted
by Tan, (X, d, m).

A compactness argument, due to Gromov, together with the rescaling and stability
properties of the RCD(K, N) condition (see Remark 1.13), shows that Tan, (X, d, m) is
non-empty for every x € X and its elements are all RCD(0, N) pointed m.m.s.

Let us recall the notion of k-regular point and k-regular set.

Definition 1.16. Given any natural 1 < k < N, we say that x € X is a k-regular point if
Tan, (X.d. m) = {(R¥, deyat. cx ¥, 0)}.

We shall denote by Ry the set of k-regular points in X .

Observe that, by explicit computation, the constant cx in Definition 1.16 equals k“%
Remark 1.17. Observe that if x € Ry, then
o Jp (= dme) w6
im = . .
r—0 m(B;(x)) k+1

Moreover, it can be easily checked that x € Ry if and only if

m 1
li d m! X, _1d7—7 5 Rkadeuc »_ika Ok =0.
0! GH(( L (B () x) ( "o

From the works [23,32,33,40,47] and [12] we have the following structure theorem
for RCD(K, N) spaces.

Theorem 1.18. Let (X, d, m) be an RCD(K, N) m.m.s. with K € R and N > 1. Then
there exists a natural number 1 < n < N, called the essential dimension of X, such that
m(X \ Rp) =0. Moreover, R, is (m,n)-rectifiable and w is representable as 0 7" R,
for some non-negative density 0 € L! (X, "L R,).

loc

Recall that X is said to be (m, n)-rectifiable if there exists a family {A;}ien of
Borel subsets of X such that each A; is bi-Lipschitz to a Borel subset of R” and

m(X \ Ujen 4i) = 0.

1.2.2. Sobolev functions and Laplacian on balls. Following a standard approach let us
give a notion of Sobolev functions and Laplacian on balls; we refer to [8] for a more
detailed presentation.

We define H,*(B,(x),d, m) to be the closure of Lip, (B, (x),d) in H'2(X,d, m).
Let us also define Hkl)’cz(Br (x),d, m) as the space of those f : B,(x) — R such that
nf € H“2(X,d, m) for any n € Lip.(B,(x), d). Exploiting the locality of the minimal
relaxed slope one can easily define |V f| for any f € Hl})’CZ(B, (x),d, m). This allows us
to introduce H -2(B,(x),d, m) as the space of f € H,>>(B,(x),d, m) such that f, |V f|
are in L2(X, m).
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Definition 1.19. A function f € H'?(B,(x),d, m) belongs to D(A, B,(x)) if there
exists g € L2(B,(x), m) satisfying

/ Vf-Vhdm = —/ fgdm forallh € HOI’Z(Br(x),d,m).
By (x) By (x)

With a slight abuse of notation we write A f = g in B, (x).

It is easily seen that if /' € D(A, B,(x)) and if n € Lip,(B,(x),d) N D(A) satisfies
An € L°°(X,m) then nf € D(A).

1.2.3. Stability and convergence results. Let us fix a pointed measured Gromov-—
Hausdorff convergent sequence

(Xi,di,my, x;) = (Y, 0,10, y)

of RCD(K, N) m.m.s. Recall that, in the setting of uniformly locally doubling spaces, the
pointed measured Gromov—Hausdorff convergence can be equivalently characterized by
requiring the existence of a proper metric space (Z,dz) in which (Xj, d;) and (Y, o) are
isometrically embedded, and x; — y and m; — p in duality with Cys(Z) (the space of
continuous functions with bounded supports in Z). This is the so-called extrinsic approach
and it is convenient when formulating various notions of convergence.

Definition 1.20. Let (X;,d;, m;,x;), (Y,0, i, ), (Z,dz) be as above and f; : X; — R,
f Y - R. We say that f; — f pointwise if f;(z;) — f(z) for every sequence of
points z; € X; such that z; — z in Z. If for every ¢ > 0 there exists § > 0 such that
| fi(zi) — f(z)] < eforalli > 8 'and z; € X;, z € Y withdz(z;,z) < §, then we say
that f; — f uniformly.

The next proposition is a version of the Ascoli—Arzela compactness theorem for
sequences of functions defined on varying spaces. We omit the proof, which can be
obtained by arguing as in the case of a fixed space.

Proposition 1.21. Let (X;,d;, m;, x;) and (Y, p, b, ¥) be as above and let R, L > 0. Then
for any sequence of L-Lipschitz functions f; : Br(x;) — R such that sup; | f; (x;)| < oo
there exists a subsequence that converges uniformly to some L-Lipschitz function f :
Br(y) = R.

We recall below the notions of convergence in L? and Sobolev spaces for functions
defined over converging sequences of metric measure spaces. We will be concerned only
with the cases p = 2 and p = 1 in the rest of the article. We refer again to [7, 8] for a
more general treatment and the proofs of the results we state below.

Definition 1.22. We say that f; € L2(X;, m;) converges L*-weakly to f € L*(Y, u) if
Jim; = fu in duality with Cps(Z) and sup; || fi | .2(x; ,m;) < 00

We say that f; € L%(X;, m;) converges L?-strongly to f € L>(Y, ) if fim; — fu
in duality with Cps(Z) and lim; || fill22(x; ;) = 1/ lL2qv,0)-
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Definition 1.23. We say that a sequence (f;) C L'(X;, m;) converges L'-strongly to
f e LYY, p)if

oo fim; =~ 0o fu and /|f,~|dm,~—>/|f|du,
X; Y

where 0 (z) := sign(z)+/|z| and the weak convergence is in duality with Cys(Z), or equiv-
alently, if o o f; converges L2-strongly to g o f.

Dealing with characteristic functions one has the following equivalent notion of L!-
convergence.

Definition 1.24. We say that a sequence of Borel sets E; C X; such that m; (E;) < oo for
any i € N converges L'-strongly to aBorel set F C Y with u(F) < oo if XE M — XFU
in duality with Cps(Z) and w; (E;) — w(F).

We also say that a sequence of Borel sets E; C X; converges in L
F C Y if E; N Br(x;) — F N Br(y) L!'-strongly for any R > 0.

1

ioc 10 a Borel set

Remark 1.25. It follows from the very definition of L!-strong convergence that if a
sequence of sets E; converges to F in L', then y E; —> XF L?-strongly.

Definition 1.26. We say that a sequence of sets E; C X; with locally finite perimeter
converges locally strongly in BV to a set F C Y of locally finite perimeter if E; — F
strongly in L and |Dyg,| — |Dyxr| in duality with Cps(Z).

loc

A proof of the technical result below can be found in [7].

Proposition 1.27. Letusfixp = 1,2.

(i) Forany f;,gi € LP(X;,w;) suchthat f; — f € LP(Y,u)and gi — g € LP(Y, 1)
LP-strongly one has f; + gi — f + g L?-strongly.

(i) If f; — f and g; — g L?-strongly then f;g; — fg L'-strongly.

(ii) If f; — f L'-strongly and sup;en I fillLoe (x; m;) < o0 then || fillL2(x; m;) —
I f L2y, In particular f; — f L*-strongly.

Let us present a compactness result for sets with finite perimeter that is partially taken
from [2].

Proposition 1.28. Let E; C X; be sets of finite perimeter satisfying

sup Per(E;, B1(x;)) < oo.
ieN

Then there exists F C Y of finite perimeter such that, up to a subsequence, E; N By (x;) —
F N By(y) L'-strongly and

liminf/gd|D)(Ei| > /gd|D)(F| forany 0 < g € C(Z) with supp(g) C Bl/z(y).
1—>00
(1.17)
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If we further assume that
Lim [Dy g, [(B12(xi)) = [DxF|(B1/2(y)). (1.18)
1—>00

then (1.17) improves to

tim [ ¢diDze,= [ gdIDxrl orany gC(Z) withsupp(s) € Bia(y).  (119)

Proof. The L!-strong convergence E; N B1(x;) — F N B;(y) up to subsequence can be
obtained by arguing as in [2, proof of Corollary 3.4].

Inequality (1.17) follows from [2, Proposition 3.6] along with a localization argument
that we sketch briefly. For any i € N, using Lemma 1.14 we build a good cut-off function
ni € Lip(X;,d;) satisfying n; = 1in By/,(x;) and n; = 0in X; \ B3/4(x;). By Proposi-
tion 1.21, up to a subsequence, we can assume that 7; — 7o € Lip(Y, p) uniformly and
L2-strongly. It is easily seen that 7o, = 1 in Bijs(y) and neo = 0in Y \ By(y). The
sequence (1; xg; )i satisfies

NiXE;, —> NooXF Ll—strongly and sup |D(n; xg;)|(X;i) < oo,
ieN

thanks to Proposition 1.27(ii) and standard calculus rules. Applying [2, Proposition 3.6]
to the sequence (1; x g; )i we get (1.17).

Inequality (1.19) is a weak convergence result in the ball By /,(y) C Z, which can be
proved as in [2, proof of Corollary 3.7] taking into account (1.17) and (1.18). ]

Let us now introduce a notion of H !2-convergence along with its local counterpart.

Definition 1.29. We say that f; € H“2(X;,d;, m;) weakly convergesto f € H2(Y, 0, 1)
if it converges L2-weakly and sup; Ch ( f;) < oo. Strong H'2-convergence is defined by
asking that f; converges to f L2-strongly and lim; Ch’ (f;) = Ch(f).

Definition 1.30. We say that f; € H"“2(Bg(x;), d;, m;) converges in H? to f €
HY2(Bgr(y)., 0, 1t) on Bg(y) if f; converges L?-weakly (or L2-strongly, equivalently)
to f on Bgr(y) with sup;en || fillg1.2 < 0o. Strong convergence in H'? on Bg(y) is
defined by requiring

lim VP dm = [ (9P
100 JBR(x;) Br(»)
Let us now collect those results from [8] that will play a role in this paper.
Lemma 1.31 ([8, Lemma 2.10]). For any f € Lip.(Br(y). 0) there exist functions f; €
Lip (Br(x;).d;) satisfying

sup|l [V fil llLee (x; ;) < 00
ieN

and strongly converging to f in H2.
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Theorem 1.32 ([8, Theorem 4.4]). Let f; € D(A, Bgr(x;)) with

sup / (AP + VAP + (Afi)?) dm; < oo,
ieN BR(x,-

and let f be an L?-strong limit of f; on BR(y). Then:

() f € D(A, Br(y));
(i) Af; — Af on BR(y) weakly in L?;
(i) |V fi|> = |V f|? strongly in L' on Bg(y).

Proposition 1.33 ([8, Corollary 4.12]). Let f € H"“?(Bg(y). 0. 1) be a harmonic func-
tion (i.e., f € D(A, Br(y)) with Af = 0). Then, for any 0 < r < R there exist f; €
HY2(B,(x;),d;, m;) harmonic such that f; — f strongly in H%? on B, ().

1.3. Normed modules

Let (X, d, m) be a metric measure space. We begin by briefly recalling the definitions
of normed module over (X, d, mt), which have been introduced in [30] and are in turn
inspired by the theory developed in [55].

Let R be either L% (m) or L°(m). Let .# be a module over the commutative ring R.
Then an L?-pointwise norm on ., for some p € {0} U [1, 00), is any mapping | - | :
M — LP(m) such that

|[v]| >0 forevery v € ., with equality if and only if v = 0,
[v+w| <|v]+|w| forallv,we .#,
| fv|=|f]||lv| forall f € Randv € ., (1.20)

where all (in)equalities are in the mi-a.e. sense. We shall consider two classes of normed
modules:

o LP(m)-normed L°°(m)-modules, with p € [1, 0c0): A module .Z? over L*(m)
endowed with an L?-pointwise norm | - | such that ||v||.z» := |||v]|| 7 (m) is a complete
norm on .Z 7.

o L%(m)-normed L°(m)-modules: A module .#° over L°(m) endowed with an L°-
pointwise norm | - | such that d_jo (v, w) := [ min{|Jv — w|, 1} dm’ (where m’ is any
probability measure that is mutually absolutely continuous with m) is a complete dis-
tance on . °.

We refer to [29] for an account of the abstract normed modules theory on metric measure
spaces.

Assume (X, d, m) is infinitesimally Hilbertian, i.e., its Sobolev space H12(X,d, m)
is Hilbert. Then a key example of normed module on X is the tangent module L°(TX),
which is characterized as follows: there is a unique couple (L°(7X), V), where L°(TX)
is an L%(m)-normed L°(m)-module and V : H'2(X) — L%(TX) is a linear gradient
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map, such that the following hold:

|V f| coincides with the minimal relaxed slope of f forevery f € H'2(X),

{2": XEV fi

i=1

(E;)?—, Borel partition of X, (f;)/=, C HI’Z(X)} is dense in L°(T'X).

For any p € [1,00], we set L?(TX) := {v € L%(TX) | |v| € L?(m)}. It can be readily
checked that the space L?(7TX) has a natural L? (1n)-normed L°°(mt)-module structure
(for p < 00).

1.3.1. Second order calculus over RCD spaces. Gigli [30] has developed a second order
calculus for RCD(K, co) metric measure spaces. The notions of Hessian and covariant
derivative have been introduced as bilinear forms on L2(TX), along with the spaces
H?2(X,d,m) C H“2(X,d, m) and H>*(TX) C L?(TX) [30, Definitions 3.3.1, 3.4.1,
3.3.17,3.4.3].

Let us recall that, as proved in [30, Proposition 3.3.18], we have the inclusion

D(A) € H*2(X,d, m). (1.21)

Moreover, assuming (X, d, m) to be RCD(K, N) m.m.s. one has the local estimate

/ |Hessf|2dm5cN,K(/ |Af?dm + inf/ ||Vf|2—m|dm)
Bi(x) B (x) meR J By (x)

- K |V f|? dm, (1.22)
B> (x)
which can be checked by integrating the improved Bochner inequality proved in [35]
against a good cut-off function (see Lemma 1.14 above).
Let us recall that the Hessian enjoys the following locality property that has been
proved in [30, Proposition 3.3.24].

Proposition 1.34. If f1, f» € H>?(X,d, m) then

|Hess f1| = [Hess f2| m-a.e.in{f1 = f2}.

In addition we shall use the following inequality that has been proved in [30, Propo-
sition 3.3.22]:

[V(Vf-Vg)| <|Hess f||Vg| + [Hessg| |V f| forall f.g € H>*(X,d, m). (1.23)

1.3.2. Module with respect to the capacity measure. We recall a variant of the notion
of L%-normed L°-module, where the Borel measure m is replaced by capacity, which
has been proposed in [21]. Fix a metric measure space (X, d, m). The space of all Borel
functions on X, considered up to Cap-a.e. equality, is denoted by L°(Cap). If contin-
uous functions are strongly dense in H 2(X) (this holds, for instance, if the space is
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infinitesimally Hilbertian), then there exists a unique “quasi-continuous representative”
map QCR : H2(X) — L°(Cap) that is characterized as follows: QCR is a continuous
map, and for any f € H'2(X), QCR(f) is (the equivalence class of) a quasi-continuous
function that mi-a.e. coincides with f itself. Recall that a function f : X — R is said to
be quasi-continuous if for any & > 0 there exists a set E C X with Cap(E) < & such that
f : X\ E — Ris continuous. We refer to [21, Theorem 1.20] for a proof of this result.

Given a module .#c,, over the ring L%(Cap), we say that a mapping | - | : Ac,y —
L°(Cap) is a pointwise norm if it satisfies the (in)equalities in (1.20) in the Cap-a.e. sense
for any v, w € Ay and f € L°(Cap). Then the space .#cyp is said to be an L°(Cap)-
normed L°(Cap)-module if it is complete when endowed with the distance

1
2k max {Cap(Ay). 1}

A tc,, (U, W) 1= Z

/ min {|v — w|, 1} d Cap,
keN Ak

where (Ag)g is any increasing sequence of open subsets of X with finite capacity such
that any bounded set B C X is contained in Ay for some k € N sufficiently large.

Since this fact plays a crucial role below, we recall that |V f|?> € H2(X) for any
f € Test(X) (see [50]), and thus |V f| € HV2(X) as well (see [21]). In particular, for
any f € Test(X), |V f| admits a quasi-continuous representative.

Theorem 1.35 (Tangent L°(Cap)-module [21]). Let (X,d, m) be an RCD(K, 00) space.
Then there exists a unique couple (L(O:ap(TX), V), where L(C’ap(TX) is an L°(Cap)-
normed L°(Cap)-module and V: Test(X) — Lgap(TX ) is a linear operator, such that

|V f] = QCR(|V f|) Cap-a.e. for every f € Test(X),

{Z XEn V fu | (En)n Borel partition of X, (fp)n C Test(X)} is dense in Lgap(TX).
neN
The space Lgap(TX ) is called the capacitary tangent module on X, while V is the capac-

itary gradient.

Fix any Radon measure ;& on a m.m.s. (X, d, m) and suppose that y < Cap. Then
there is a natural projection 7, : L%(Cap) — L°(w). Given an L°(Cap)-normed L°(Cap)-
module .Zc,p, We define an equivalence relation ~, on .#c.p as follows: for v, w € Acap,
we declare that

vV~ W = [v—w|=0p-ae onX.

Then the quotient .#,) := .#cqp/~/, inherits a natural structure of L%(u)-normed L°(1)-
module. Let 7w, : Ao — A, g be the canonical projection. Moreover, for any p € [1, c0)
define

ME = v € ///3 | [v] € L?(n)}. (1.24)

It turns out that .77 is an L (u)-normed L (w)-module. Notice that |77, (v)| = 7, (Jv])
p-a.e. forevery v € Mcqp.
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Lemma 1.36. Let (X,d, m) be a m.m.s., and Mcyp an L°(Cap)-normed L°(Cap)-mod-
ule. Fix a finite Borel measure it > 0 on X such that yu < Cap. Let V be a linear subspace
of Mcap such that |v| admits a bounded Cap-a.e. representative for every v € V and

V= {Z X EnUn

neN

(En)nen Borel partition of X, (vy)nen C V} is dense in Mcap.

Then for any p € [1,00),
W=

n
{Z XE; 7T (Vi) ‘ n € N, (E;)7—, Borel partition of X, (v;)i—; C V} is dense in M [ .
i=1

Proof. Fixve.#} ande> 0. Since [v|? € L' (), there is § > 0 such that ([ |v|? du)'/?
<e¢&/3 for any Borel set E C X with u(E) < §. Choose any v € .#c,p such that 7w, (V) = v.
We can find (V¢)x C V with |0y — 9| — 0 in L%(Cap). Hence |7, (0x) — 7, (V)] =
7, (|0 — v]) — 0in L%(w). Thanks to the Egorov theorem, there exists a compact set
K C X with u(X \ K) < 6 such that (possibly taking a non-relabelled subsequence)
|7, (Vx) — v| = O uniformly on K. Consequently, by the dominated convergence theorem,
k7 (V) = yxvin % . Thus we can pick k € N so that the element W := ¥y satis-
fies || xxmu(w) — XKUH%[Z < ¢&/3.If w is written as ), .y XE, Wn, then yx 7, (0) =
> weN XKNE, Tu(Wy). By the dominated convergence theorem, for N € N sufficiently
large the element z := Z,ILI XKNE, T (W) € W satisfies |z — )(KJTFM(II))”//[A? <eg/3.
Therefore,

Iz = vz <z = x&Fu@ gz + k7@ — xxvll gz + kvl gp <e.

proving the statement. ]

1.4. Hodge Laplacian of vector fields on RCD spaces

Let (X, d, m) be an RCD(K, co) space. Consider the space H];’z(TX) and the Hodge
Laplacian Ay : HY*(TX) D D(Ay) — L2(TX), which have been defined in [30, Def-
inition 3.5.13] and [30, Definition 3.5.15], respectively (see [29, first paragraph of Sec-
tion 2.6] for the identification between vector and covector fields).

It follows from its definition that the Hodge Laplacian is self-adjoint,

/(AHv,w)dm = /(v,AHw)dm for all v, w € D(Ap). (1.25)

Let us consider the augmented Hodge energy functional Eu L?(TX) — [0, oo] which
is defined in [30, (3.5.16)] (up to identifying L2(T*X) with L?(TX) via the musical
isomorphism). Then we denote by (hy,);>0 the gradient flow in L2(TX) of the func-
tional &y. This means that for any vector field v € L2(TX), 1 + hy;(v) € L2(TX) is
the unique continuous curve on [0, 00) with hy o(v) = v which is locally absolutely con-
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tinuous on (0, co) and satisfies

d
hi,:(v) € D(Ag) and Eh‘“(”) = —Aghp,(v) foreveryr >0
(see [30, discussion that precedes Proposition 3.6.10]). Furthermore,
hu (Vf) = VP, f forall f € H"*(X)andt > 0 (1.26)

Finally, we recall that vector fields satisfy the following Bakry—Emery contraction esti-
mate (see [30, Proposition 3.6.10]):

lhe ()2 < e 2K Pi(Ju|?) m-ae. forallv € L2(TX) and ¢ > 0. (1.27)

Lemma 1.37 (hy, is self-adjoint). Let (X, d, mt) be an RCD(K, oo) space. Then
/(hH,,(v),w)dm = /(v,hH,,(w))dm forallv,w e L*(TX) andt > 0. (1.28)
Proof. Fix v,w € L?>(TX) and t > 0. We define ¢ : [0,¢] — R by

o(s) = /(hH,S(v), hu,r—s(w)) dm  for every s € [0, ¢].

Then ¢ is absolutely continuous and
¢'(s) = — / (Anbis (v), P (w)) d + / (M5 (0). Aphye— (W) d ‘=

for a.e. t > 0. Thus ¢ is constant, thus in particular [(hg,(v), w)dm = @(t) = ¢(0) =
J{v, by, (w)) du. n
Proposition 1.38. Let (X, d, m) be an RCD(K, o0) space. Then for any v € D(div),
hu,: (v) € Hé’z(TX) N D(div) and div(hg,(v)) = P;(div(v)) foreveryt > 0.
Proof. First of all, observe that hy,(v) € Hy*(TX) € HY?*(TX) by [30, Corollary
3.6.4]. Moreover, let f € H2(X). Then
[ r@han 2 [, 9.0 dn L [ (VP f o) du

= —/P,f div(v)dm = —/fP,(div(v))dm.

By arbitrariness of f, we conclude that hy ;(v) € D(div) and div(hg,(v)) = P (div(v)).
[

2. A Gauss—Green formula on RCD spaces

Let (X,d, m) be an RCD(K, N) m.m.s. and £ C X a set of finite perimeter. We recall
that, by Lemma 1.10, [Dyg| < ", s0 |Dyg| < Cap by Theorem 1.12. It thus makes
sense to consider the projection 7| py ;| : L°(Cap) — L°(|Dyk|). Recall also that QCR :
H'“2(X) — L%Cap) stands for the “quasi-continuous representative” operator. Then
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define
trg : H'"*(X) — L°(|DyEl|), trg := mpy,| © QCR,

the trace operator over the boundary of E. Observe that trg (f) € L*°(|Dyg|) for every
f € Test(X).

Remark 2.1. When (X, d, m) is the Euclidean space of dimension # and £ C R” is open
and smooth, trg : H'(R") — L°(|DyEg|) coincides with the canonical trace operator.
Indeed, the two operators coincide on smooth functions and they are continuous. In the
case of the canonical trace this is a standard result, while for trg it is a consequence of
[21, Proposition 1.19] and the continuity of 7|py | : L°(Cap) — L°(|Dxg|).

This being said, let us state the two main results of this section. The first one gives exis-
tence and uniqueness of the tangent module over the boundary of a set of finite perimeter.
The second theorem provides a Gauss—Green formula tailored to finite-dimensional RCD
spaces along with a strong approximation result for the exterior normal of sets with finite
perimeter. This approximation result, whose proof heavily relies on the abstract machin-
ery of normed modules and on functional-analytic tools, plays a key role in the study of
rectifiability properties for boundaries of sets with finite perimeter that we are going to
perform in the last section of this paper.

Let us point out that in the very recent [13] the problem of obtaining a Gauss—
Green formula on RCD(K, 0o) spaces has been treated and in [53] an integration-by-parts
formula is considered under stronger assumptions. A comparison between our stronger
result, heavily relying on finite-dimensionality, and those in [13, 53] is outside the scope
of this paper.

Theorem 2.2 (Tangent module over dE). Let (X, d, m) be an RCD(K, N) space. Let
E C X be a set of finite perimeter. Then there exists a unique couple (L2E (TX),V), where
L2E (TX) isan L*>(|Dyg|)-normed L*°(|Dy g |)-module and V : Test(X) — L% (TX) is
linear, such that:

Q) |[Vf|=tg(Vf]) |Dyel-ae. forevery f € Test(X).
(i) {37, )(Eiﬁf,- | (Ei)?_, Borel partition of X, (fi)7—, C Test(X)} is dense in
LZ(TX).

Uniqueness is understood up to unique isomorphism: given another couple (A, ?’) satis-

Sfying (1)—(ii) above, there exists a unique normed module isomorphism ® : L2E (TX)—>. A
such that ® oV = V'. The space L2E (TX) is called the tangent module over the boundary
of E and V is the gradient.

We denote by QCR : Hé’Z(TX) — Lgap
map for Sobolev vector fields, whose existence has been proven in [21, Theorem 2.14]
(see [21, Definition 2.12] for a notion of “quasi-continuous vector field” suitable for this

context). Moreover, with a slight abuse of notation we define

(T X) the “quasi-continuous representative”

trg 1 HY2(TX) N L®(TX) — L% (TX), trg := T|pyy| © QCR.
Notice that |trg (v)| = trg (|Jv]) | D xg|-a.e. for every v € HC1’2(TX) N L*®(TX).
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Remark 2.3. Arguing as in Remark 2.1 one can prove that trg coincides with the canon-
ical trace in the case of smooth domains in R”.

Theorem 2.4 (Gauss—Green formula on RCD spaces). Let (X, d, m) be an RCD(K, N)
space and E C X be a set of finite perimeter such that m(E) < oo. Then there exists a
unique vector field vg € L% (TX) such that |vg| = 1 |Dyg|-a.e. and

/ div(v) dm = — / (trx (v), v} dI Dy
E
forallv e HY*(TX) N D(div) with |v] € L®(m).  (2.1)

Moreover, there exists a sequence (vy,), C TestV g (X) of test vector fields over the bound-
ary of E (see Lemma 2.9 below for the precise definition of this class) such that v, — Vg
in the strong topology of L% (TX).

Remark 2.5. If X is a Riemannian manifold and £ C X is a domain with smooth bound-
ary, then L% (T X) is the space of all Borel vector fields over X which are concentrated on
the boundary of E and 2-integrable with respect to the surface measure, and in this case
V is the classical gradient for smooth functions.

Remark 2.6. The tangent L°(Cap)-module Lgap(TX ) is a Hilbert module [21, Proposi-
tion 2.8]. Therefore, it is immediate to see by passing to the quotient that L%(TX )is a
Hilbert module as well.

The remaining part of this section is dedicated to the proofs of Theorems 2.2 and 2.4.

Proof of Theorem 2.2. Uniqueness. Denote by ‘W the family of elements of L% (TX)
considered in (ii). Given any w = Y1 xE; Vi €W, we are forced to set ®(w) :=
Yi—1 xE; V' fi. Well-posedness of this definition stems from the | D y g |-a.e. identity

n n n n
> um VA = Y sV = Y am e (VD = Y s 1V il = o],

i=1 i=1 i=1 i=1

which also shows that ® preserves the pointwise norm. Then @ is linear continuous, thus
it can be uniquely extended to a continuous linear map ® : L% (TX) — ./ by density
of W in LzE(TX ). By an approximation argument, it is easy to see that the extended ®
preserves the pointwise norm and is an L°°(| D y g|)-module morphism. Finally, the map
® is surjective, because its image is dense (as . satisfies (ii)) and closed (as ® is an
isometry). Consequently, we have proved that there exists a unique normed module iso-
morphism ® : LZ(TX) — .# such that ® o vV=V.

Existence. Let us consider the tangent L°(Cap)-module Lgap(TX ) and the relative
capacitary gradient operator V : Test(X) — L(C’ap(TX ) associated to the space (X, d, m)
(see Theorem 1.35). We define LY (TX) as L2, (TX)/~|py;| and the L*(|Dxg|)-

Cap
normed L°°(| Dy g|)-module LJZE (TX) as in (1.24). Moreover, we define the differential
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V : Test(X) — L2 5(TX)as V= Dy | © V. Clearly, the map V is linear by construction.
Given any functlon f € Test(X), it follows that | D y g|-a.e. we have

IV = 715y el (V)| = Ty ) IV £ 1) = 7Dy o) (QCR(V £ 1) = tre (IV £1),

which shows that (i) is satisfied. We also set V' := Test(X) and consider the associated
space V C LCap(TX ) as in the statement of Lemma 1.36. By the defining property of
the cotangent Cap-module we know that V is dense in L(C’ap(TX ), whence Lemma 1.36
ensures that W is dense in L% (7X). This means that property (ii) holds. Therefore, the
existence part of the statement is proven. ]

To prove Theorem 2.4 we need some auxiliary results. Let us begin with the following
one, which was obtained as an intermediate step in [2, proof of Theorem 4.2].

Lemma 2.7. Let (X,d, m) be an RCD(K, N) space. Let E C X be a set of finite perime-
ter. Then

i Ktl thI P*|Dyg|dm = 0. 22

Lemma 2.8. Let (X,d, m) be an RCD(K, N) space. Let E C X be a set of finite perime-
ter. Then

/fPt*|DXE|dm = /trE(P,f)d|D)(E| forall f € H**(X) N L®(m) and t > 0.
(2.3)
Moreover,

i / g (P, f)d| Dy | = / g (/)d|Dyg| forall fe H(X)NL®m). (2.4)
t
Proof. To prove (2.3), fixany f € H2(X) N L*®(m) and ¢ > 0. We claim that

3(fa)n C Lipp (X, d) bounded in L*(m) :
fu — f strongly in H'?(X), weakly* in L®(m).  (2.5)

We argue as follows. Given any s > 0, the function P f has a Lipschitz representa-
tive (still denoted by P; f') thanks to the L°°-Lip regularization of the heat flow. Since
{P f}s=0 is bounded in L*®(m) by the weak maximum principle and Pg|V f|> —
|V £|? strongly in L!(m), we can find G € L!(m) and a sequence s, \ O such that
P;, |V f|?> < G m-ae. for all n and P, f — f weakly* in L% (m). Fix ¥ € X and
for any n € N choose a compactly supported 1-Lipschitz function 7, : X — [0, 1] such
that 7, = 1 on B,(x). Standard computations (based on the Leibniz rule V(n, Py, f) =
naV Py, f + Ps, f Vn,, the dominated convergence theorem, and the Bakry—Emery con-
traction estimate) show that f, := n, Ps, f € Lip, (X, d) satisty (2.5). Now observe
that P, : H"2(X) — H“2(X) is continuous, as a consequence of the Bakry—Emery
contraction estimate and the continuity of P; : L?(m) — LZ?(m). This ensures that
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P, f, — P, f strongly in H'?(X) as n — oo, whence we know from [21, Propo-
sitions 1.12, 1.17 and 1.19] that (possibly passing to a non-relabelled subsequence)
QCR(P; f,) — QCR(P; f) Cap-a.e., and accordingly trg (P; f,) — trg(P: f) |Dxgl-
a.e. Moreover, since | P; f,| < supg || fkllLeo@m) =: C in the m-a.e. sense for all n € N,
we deduce that |QCR(P; f,)| < C Cap-a.e.foralln € N, and thus trg (P; f,,) <C |DxEgl-
a.e. for all n € N. All in all, we obtain (2.3) by letting n — oo in [ f, P}|Dyg|dm =
[ g (P¢ fn)d| Dy g|, which is satisfied thanks to the defining property of P,*| D x g |; here
we use the dominated convergence theorem and the L°°-weak™* convergence f, — f.
Let us now pass to the proof of (2.4). Fix f € H'2(X) N L% (m). By argu-
ing as above, we see that |trg (P f)| < || fllLoo@m) |Dxel-a.e. for all £ > 0, and
any given sequence #, \, 0 admits a subsequence #,, ~\ 0 such that trg (Ptn,- f) —
trg (f) |DyE|-a.e. Therefore, by the dominated convergence theorem we conclude that
lim; [trg(Py,, f)dIDyxe|l = [tre(f)d|Dykl|, which yields (2.4). n

Lemma 2.9 (Test vector fields over 0E). Let (X, d, m) be an RCD(K, N) space. Let
E C X be a set of finite perimeter and finite mass. Define the class TestVEg (X) C L% (TX)
of test vector fields over the boundary of E as

TestVE (X) :=trg (TestV(X)) = {ZtrE (g)V f;

i=1

nEN, ()i ()= C Test(X)}.

Then TestV g (X) is dense in L2E (TX).

Proof. By Theorem 2.2 (ii), it suffices to show that each v € L%(TX ) of the form v =
eV f,where E C X is aBorel setand f € Test(X), can be approximated by elements
of TestV g (X) in the strong topology of L% (TX).Fix & > 0 and choose / € Lip (X ) such
that |2 — xEllL2(Dyzp < &/(2Lip(f)). By [30, (3.2.3)] we can find a sequence (g,)n C
Test(X) such that sup,, ||gx|lLoc(m) < 0o and g, — h in H'2(X). Hence, by using [22,
Propositions 2.13 and 2.20] we see that (up to a non-relabelled subsequence) we have
trg (gn)(x) = h(x) for |Dygl|-a.e. x € X. Accordingly, by the dominated convergence
theorem, |(trg (g,) —h)V f| = 0in L2(|Dyx£|). Now choose n € N so large that g := g,
satisfies ||(trg (g) — h)?f”LzF(TX) < ¢/2. Hence,

e @)V f — U”L%(TX) < (re(g) — h)vf”LZE(TX) + [|(h — XE)vf”]}E(TX)
<¢&/2+ ||h— xEelL2qpye) LiP(f) <&

Since trg (g)V f € TestVg (X), the statement is proved. |

The last ingredient we need is an improvement of Theorem 1.7 in the special case
of RCD(K, co) spaces. As we are going to see in the ensuing result, to obtain the total
variation of a BV function it is sufficient to restrict attention to those competitors that are
Sobolev regular. The proof is based on a parabolic approximation argument that builds
upon the technical results developed in Section 1.4.
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Theorem 2.10 (Representation formula for | Df| on RCD spaces). Let (X, d, m) be an
RCD(K, o0) space and € BV(X). Then

|DfI(X)
= sup {/fdiv(v) dm

vE Hé’z(TX) N D(div), |v| < 1 m-a.e.,div(v) € Lw(m)}.

Proof. Denote by S the right hand side of the above formula. We know by Remark 1.6 that
|Df|(X) > S. To prove the converse inequality, fix any ¢ > 0. Theorem 1.7 guarantees the
existence of a vector field v € D(div), with |v| < 1 mt-a.e. and div(v) € L°°(m), such that
[ fdiv(v)dm > |Df|(X) — &/2. Now define v, := eX’hy,(v) for every ¢ > 0. Notice
that v, € HY*(TX) N D(div) by Proposition 1.38. Since div(v) € L (m) and div(v,) =
et P, (div(v)), we deduce from the weak maximum principle that div(v;) € L% (m) as
well. More precisely, ||div(v:) | zoo@m) < ekt |div(v) || Loo (m) for all £ > 0. Moreover, the
weak maximum principle also guarantees that

(1.27)
lv] = eX'hg: (v)] < VPi(Ju|?) <1 inthe m-a.e. sense.

Since lim,\ o div(v;) = div(v) in L?(m), we can find #, \ 0 such that div(vy, )(x) —
div(v)(x) for m-a.e. x € X. As (div(vy,)), is a bounded sequence in L°°(m), we can
finally conclude that lim, [ f div(vs,) dm = [ f div(v) dm by the dominated conver-
gence theorem. Therefore, there exists n € N such that w := v, satisfies

/fdiv(w)dm > /fdiv(v)dm —¢e/2> |Df|(X) —e.

This shows that |[Df|(X) < S + €, whence | Df|(X) < S by arbitrariness of ¢, as desired.
[

Proof of Theorem 2.4. First of all, define y; := P;*| Dy g|m for every ¢ > 0. Recall that
Wy — | Dy g| in duality with Cy,(X) as r N\ 0. Set

VP xE

vy = X{Pt*IDXE\>0}m € L%(TX) foreveryt > 0.

It follows from the 1-Bakry—Emery estimate (1.13) that |DP,yg| < e~ X Pr\DyEl
m-a.e., thus v, € L%°(TX) and |v;| < e~ X" m-a.e. Set

V= {ve HY*(TX) N D(div) | |v] € L®(m)}

and fix v € V. The Leibniz rule for divergence ensures that ¢v € D(div) for any ¢ €
Lip, (X), so the usual integration-by-parts formula yields

/P,)(E diV((pv)dmz—/(p(VPt)(E,v)dm=—/<p(v,v,)dut for all ¢ € Lip, (X).
(2.6)
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Moreover, (v,v;) € L*®(u;) and [|[(v,v)||Loo () < e K1) |v| || oo (uy) for every ¢ > 0. Let
o := (v, v;)u; for all ¢ > 0. Fix any sequence ¢, \ 0. Since p;, — | D x| in duality with
Cp(X), we know that (@4, )y is tight by the Prokhorov theorem. As sup,, [|{v, v, ) |Loo(u,,)
is finite, we deduce that (07, ), is tight as well. By using the Prokhorov theorem again,
we can thus take a subsequence (Z,; ); such that 01,, — 0 in duality with Cy (X) for some
finite (signed) Borel measure o on X. Since Lip, (X) is dense in C,(X) and the identity
in (2.6) gives

/(pdo = lim /(pdatn, = —/ div(pv)dm for every ¢ € Lip, (X),
i—>00 ! E

we see that o is independent of the chosen sequence (#,; );. Hence, 0, — o in duality with
Cp(X) ast N\ 0. Thus, for any non-negative function ¢ € Cy(X),

oo

< lim v, vyl d <Kl v oo lim/ d
< tim [ glto.vebdpe < e ol oo tim [ o
— K ] ||Loo<m>/sod|DxE|,

whence 0 < |Dyg| and the Radon-Nikodym derivative L(v) := % belongs to
L*®(|DxE|). Consequently, taking into account (2.6) we deduce that

/ div(ev)dm = —/(pL(v)d|D)(E| forall v € V and ¢ € Lip, (X). 2.7
E
Furthermore,

li\ljz)/<p(v,vt)du, = /qoL(v) d|Dxg| forallv e Vandg € Lip,(X). (2.8)
t

Observe that for any v € 'V and ¢ € Lip,(X), ¢ > 0,

'/¢L<v)d|DxE| e [ ptovi) d
. vV

< tim (ol ol ey [ 1= ¥l e+ [ oo 22} oue)

@2 23)

) .
< 11m/<p|v|du, E 11m/trE(Pt(€0|v|))d|DXE|
\0 t\0

2.8) 4.
= lim
N\

@/mrE(|v|)d|DxE|.

In the last two equalities we have used the fact that |v| € H 1’Z(X ). By arbitrariness of
@, we find that |L(v)| < trg(Jv|) |DyEl-a.e. for all v € V. Now define w : trg (V) —
L'(|Dygl) by

o(trg (v)) := L(v) foreveryv e V. (2.9)
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The operator L : V — L*°(|Dxg|) is linear by its very construction, and the inequality
|L(v)| < trg(Jv|) shows that @ is well-posed, linear and satisfies

lw()| < |v| |DyEgl-ae.forevery v € trg (V).

Since TestVg (X) C V and TestVEg (X) is dense in L% (TX), we infer from Lemma 2.9
that trg (V) is a dense linear subspace of L% (T X). Therefore, by [30, Proposition 1.4.8],
 can be uniquely extended to an element w € L% (T*X) := L% (TX)* satisfying |w| < 1
|DxEl-a.e. We denote by vg € L%(TX) the vector field corresponding to w via the
Riesz isomorphism. By combining (2.7) (with ¢ = 1) and (2.9), we conclude that (2.1)
is satisfied. It only remains to show that [vg| > 1 |Dyg|-a.e. To do so, just observe that
Theorem 2.10 yields

IDyel(X) < sup / div)dm Y sup  — / (tr (v), vg) | Dyg |
vey E vey
|[v|<1m-ae. [v|<1 m-ae.

< /|vE|d|DxE| < |Dyel(X).

whence each inequality must be an equality. This clearly forces the |Dyg|-a.e. equal-
ity [vg| = 1. The element vg is uniquely determined by (2.1) as the space trg (V) is
dense in L2E (TX). Finally, the last part of the statement is an immediate consequence of
Lemma 2.9. ]

3. Uniqueness of tangents for sets of finite perimeter

In this section we prove a uniqueness theorem (up to negligible sets) for blow-ups of
sets with finite perimeter over RCD(K, N') metric measure spaces. This is a further step
towards generalizing De Giorgi’s theorem to the framework of RCD spaces.

We recall the notion of tangent to a set of finite perimeter, introduced in [2].

Definition 3.1 (Tangents to a set of finite perimeter). Let (X, d, mt) be an RCD(K, N)
mm.s., x € X and let £ C X be a set of locally finite perimeter. We denote by
Tany (X, d, m, E) the collection of quintuples (Y, o, i, y, F) satisfying the following two
properties:

(@) (Y,0,1,y) € Tany (X, d, m) and there are r; | O are such that the rescaled spaces
(X,r;” 1d, m}, x) converge to (Y, 0, it, y) in the pointed measured Gromov—Hausdorff
topology;

(b) F is a set of locally finite perimeter in ¥ with u(F) > 0, and if r; are as in (a), then

the sequence f; = y g converges in LlloC to x r according to Definition 1.24.

We identify (Y1, p1, 41, ), (Y2, p2, 2, y) € Tany (X, d, m) if there exists an isometry W :
(Y1,p1) = (Y2, p2) such that W(y;) = y,, Wem; = m, and f|)(F2 oW — yfF,|dumy =0.
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Let us point out that, up to a | D y ¢ |-negligible set, the perimeter measures | D’ y ¢ | on
the rescaled spaces weakly converge to | Dy | in duality with Cyg. This statement, which
is part of [2, Corollary 4.10], plays a role in the rest of this paper.

We are ready to state the main theorem of this section.

Theorem 3.2. Let (X, d, m) be an RCD(K, N) m.m.s. with essential dimension 1 <
n < N and E C X be a set of finite perimeter. Then, for |Dyg|-a.e. x € X, there exists
k =1,...,n such that

Tan, (X, d, m, E) = {(Rk,deucl’ckikaok’{xk > O})}

Let us explain the strategy of the proof. The starting point is [2, Theorem 4.3], which
we recall below.

Theorem 3.3. Let (X,d, m) be an RCD(K, N) m.m.s. and E C X be a set of locally
finite perimeter. Then E admits a Euclidean half-space as tangent at x for |Dxg|-a.e.
x € X, that is,

(R¥, dewer, cx 5, 0%, {xx > 0}) € Tany(X.d, m, E) for some k € [1, N].

Let us point out that if n denotes again the essential dimension of (X, d, m), then we
can sharpen the conclusion above to 1 < k < n. Indeed, by the lower semicontinuity of
the essential dimension with respect to pmGH convergence (see [9,43]) one can prove
that all the tangent spaces to an RCD(K, N) space of essential dimension n have essential
dimension no greater than n. In particular, no Euclidean space of dimension k > n can be
a tangent space.

After establishing Theorem 3.3 the state of the art in the theory of sets of finite perime-
ter was similar to that of the structure theory of RCD spaces after [32], where the authors
proved the existence of a Euclidean tangent space up to negligible sets. The content of
this and of the next section instead can be seen as a counterpart in codimension 1 of the
main results obtained by Mondino—Naber [47].

Also the main ideas underlying the proofs of the uniqueness of tangents and the rectifi-
ability result are quite similar to those in [47]. As in that case, the existence of a Euclidean
tangent along a fixed scale is a regularity information which can be propagated at any
location and scale up to a set which is small with respect to the relevant measure, yielding
uniqueness of tangents.

From a technical point of view, our construction heavily relies on the use of the so-
called harmonic §-splitting maps, a kind of good replacement for coordinate functions
within the theory of lower Ricci bounds, which played a crucial role in the development
of the theory of Ricci limits (see [16—18] and the more recent [19, 20]). Since, up to
our knowledge, this is the first time they are explicitly used in the RCD framework, we
dedicate Section 3.1 below to establishing some of their properties. With this tool at our
disposal, the propagation of regularity step is a consequence of a weighted maximal argu-
ment which was suggested in [20]. Let us point out that, in order for the whole procedure
to work, the fact that perimeter measures have codimension 1 (see Lemma 1.10) and
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the fact that harmonic functions satisfy L2 Hessian bounds play a key role. The strategy
would completely fail if perimeter measures had codimension greater than or equal to 2.

3.1. Splitting maps and propagation of regularity

This subsection is devoted to the study of §-splitting maps. Their introduction in the study
of spaces with lower Ricci curvature bounds dates back to [15].

Definition 3.4. Let (X,d, m) be an RCD(—1, N) metric measure space, and let x € X and
§ > 0. We say that u := (uq, ..., ug) : Br(x) — R¥ is a §-splitting map if it is harmonic
(meaning that u, € D(A, B,(x)) with Au, = 0foranya = 1,...,k) and satisfies:

(i) ug is Cy-Lipschitz foranya = 1,...,k;
(i) r? fBr(x) |Hessuy|?dm < §foranya = 1,...,k;

(iii) fBr(x) |Vug - Vup — 84 p|dm < §foranya,b = 1,... k.

Remark 3.5. Let us clarify the meaning of |Hess u| when u : B,(x) — R is harmonic
and not necessarily globally defined. For any ball B,s(y) C B,(x) we take a good cut-
off function 7 according to Lemma 1.14 that satisfies n = 1 in Bg(y) and n = 0 in
X \ Bzs(y). As we already remarked in Section 1.2.2, one has nu € D(A), therefore
nu € H?2(X,d, m) as a consequence of (1.21). We can now set |Hess 1| := |Hess(nu)|
in Bs(y). Observe that this is a good definition thanks to the locality of the Hessian (see
Proposition 1.34).

Remark 3.6. Compared to the definition of §-splitting map which is nowadays adopted
within the theory of Ricci limits (see for instance [20, Definition 1.20]) the main differ-
ence is condition (i). In [20] the sharper bound |Vu| < 1 + § is imposed, though, as the
authors observe, it can be obtained as a consequence of the bound |Vu| < Cx and of the
other defining properties (when working in the smooth framework).

3.1.1. §-splitting maps and e-closeness. The power of §-splitting maps in the theory of
lower Ricci bounds is that, roughly speaking, they allow one to pass from analysis to
geometry and vice versa. Namely, the existence of a §-splitting map with k components
on a Riemannian manifold with Ricci curvature bounded below by —§ can be turned into
£-GH closeness (in the scale invariant sense) to a space which splits a factor R¥ and vice
versa (see [15] and [20, Lemma 1.21]).

Below we provide rigorous statements of the above-mentioned results in the frame-
work of RCD spaces. The convergence and stability results of [7, 8] allow us to argue
by compactness avoiding the explicit constructions of [15]. The price we have to pay is
that the results become less local in nature compared to [20, Lemma 1.21]. Still, they are
sufficient for our purposes.

The first result presented below, Proposition 3.7, corresponds to the rough statement
“the existence of a §-splitting map with k components implies that the m.m.s. is e-close to
a product R¥ x Z”. The second one, Proposition 3.9, ensures that, over an RCD(—¢, N)
space e-close to a product R¥ x Z, one can build a 8-splitting map with k components.
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In order to shorten the notation for the rest of the paper we write (R¥ x Z, (0¥, 2)) to
denote the p.m.m.s. (pointed m.m.s.) (]Rk X Z,degel X dz, £F x m 7, (0%, 2)).

Proposition 3.7. Fix N > 1. Then, for any &€ > 0, there exists § = §y, > 0 such that,
for any RCD(=68, N) m.m.s. (X,d, m) and for any x € X, if there exists a map u :
Bs—1(x) — R¥ such that u is a §-splitting map over Bg(x) for any 0 < s < 871, then

dpmGH((Xv dv m, x)) (Rk X Zv (Okv Z))) <é
for some pointed RCD(0, N — k) metric measure space (Z,dz,mz, z).

Proof. We argue by contradiction. Suppose that, for any n > 1, there exist an
RCD(—1/n, N) mum.s. (X,,d,, m,), a point x, € X, and a map u, : B,(x,) — R*
which is a 1/n-splitting map when restricted to Bg(x,) for any 0 < s < n. We assume
without loss of generality that m, (B1(x)) = 1. Up to extracting a subsequence, which
we do not relabel, we can assume that (X, d,,, 11, X, ) converges in the pmGH-topology
to an RCD(0, N) p.m.m.s. (X o0, doo, Moo, Xoo)- Here we have used the stability and com-
pactness property of RCD(K, N) spaces (see Remark 1.13). We claim that X splits off
a factor R¥. Observe that if this is the case, then we reach the sought contradiction. The
rest of this proof is dedicated to establishing the claim.

We wish to prove that there exists a function v : Xoo — R¥ such that, letting v :=
(v',...,v%), v’ is Lipschitz, harmonic and with vanishing Hessian forany i = 1,...,k
and Vvi - Vol = 8;j moo-a.e. forany i, j = 1,..., k. The function v will be obtained
as a limit of 1/n-splitting maps u, : B,(x,) — R¥. Indeed, since by the definition of a
8-splitting map the u,, are Cp-Lipschitz for any n € N and we can assume without loss
of generality that 1, (x,) = 0% for any n € N, by a generalized version of the Ascoli—
Arzela theorem (Proposition 1.21) we can infer the existence of v : Xoo — R¥ such that
u, converges to v locally uniformly on Bg(x,) for any R > 0. As a consequence, it is
easy to check that u,, converges strongly in L? (see Definition 1.22) to v on Bg(x,) for
any R > 0. Since the functions u, are harmonic on B>g(x,), at least for n sufficiently
large, by Theorem 1.32 and Proposition 1.27 it follows that v is harmonic and that, for
any R>0andi,j =1,...,k,

][ |Vvi-ij—8ij|dmoo = lim |Vuf1-Vuf;—8ij|dmn =0.
BRr(xco) n=00 BRr(xn)
Hence Vv’ - Vv/ = 8ij Moo-a.e. on Xoo.

Since (Xoo, doo, M) is an RCD(0, N) m.m.s., from Avl = 0 and |V1J"|2 =1 we
infer by (1.22) that Hess v’ = 0 for any i = 1,...,k. All in all we find by a standard
argument (see [11, proof of Lemma 1.21]) that X, splits a factor R, as claimed. ]

Corollary 3.8. Let N > 1 and K € R. For any & > 0 there exists § > 0 such that, for any
r > 0, any RCD(K, N) m.m.s. (X,d, m) and any x € X, if there exists u : B,(x) — R¥
such that u : Bg(x) — R is a §-splitting map for any 0 < s < r, then for any (Y, 0, 1. y) €
Tany (X, d, m) there exists an RCD(0, N — k) p.m.m.s. (Z,dz,wmz, z) such that

dpmGH((Yv Qv /“Lv y)s (Z X Rk’ (Z7Ok))) <é.
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Proof. Choose § = §(K, N, /2) given by Proposition 3.7. If (Y, o, 4, ¥) € Tan, (X, d, m)
then there exists ¢ > 0 such that t~1r > §71, t2|K| < § and

dpmGH((X5t_1d7m;ax)’(Y’Q5/"(”y)) <8/2 (31)

Thanks to Proposition 3.7 applied to (X, 14, m;, x), there exists an RCD(0, N — k)
p-m.m.s. (Z,dz, mz, z) such that

dpman (X, 71d, m?, x), (Z x R¥, (z,0%))) < ¢/2. (3.2)
The conclusion follows from (3.1) and (3.2) by the triangle inequality. ]

Proposition 3.9. Let N > 1. For any 6 > 0 there exists ¢ = e 5 > 0 such that if (X,d, m)
is an RCD(—¢, N) m.m.s., x € X and

dpman (X, d, m, x), (RF x Z, (0¥, 2))) < ¢

for some pointed RCD(0, N — k) metric measure space (Z,dz,mz, z), then there exists
a 8-splitting map u : Bs(x) — R¥.

Proof. We are going to build upon the local convergence and stability results that we
recalled in Section 1.2.3, arguing by contradiction.

Suppose the conclusion is false. Then we can find a sequence of pointed
RCD(—1/n, N) mm.s. (X,, d,, m,, x,) such that, for some RCD(0, N — k) p.m.m.s.
(Z,dz,mz,z),

dpmGH ((Xn, O, 1, X), (RF x Z, (05, 2))) < 1/n

for any n > 1. Furthermore, there should be o > O such that there is no §o-splitting map
over Bs(x,) forany n > 1.

Let v : Z x R¥ — R¥ be defined by v(p, x) = x and denote by vl, ..., vk its com-
ponents (they are the coordinate functions of the split factor). Observe that Av? = 0 for
anyi = 1,...,k and Vv' - Vv/ = §;; forany i, j = 1,...,k. In particular, v’ is har-

monic on Byo((z, 0%)). Hence we can apply Proposition 1.33 to get harmonic functions
vl : Bo(x,) — R that converge strongly in H "2 to v’ on By((z, 0)).

Observe that, thanks to [36, Theorem 1.1], we can assume that vil is Cy-Lipschitz for
anyn € Nandanyi = 1,...,k. We wish to prove that v, = (v],..., v,’f) is a §¢-splitting
map on Bs(xy,) for n sufficiently large. _

To this end, recall that Theorem 1.32 yields strong L!-convergence of Vv;'l -Vu;
to 6;; on Bo((z, 0%)) and on Bs((z, 0%)) for anyi,j =1,...,k (as a consequence of the
L'-convergence of Vv!, - Vv and of V(v + v;) - V(v + v;)). In particular, due to the
uniform boundedness of the gradients we obtained above, we get

lim |Vl - Vvl — 8| dm, = 0

n—o0 BRr(xn)
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forany i, j = 1,...,k and R = 5,9. The choice R = 5 gives that the third defining
condition of §-splitting map is satisfied for n sufficiently large and it remains to verify the
second one. We wish to prove that

lim |Hess vﬁl |?dm, =0
700 J Bs(xn)
foranyi = 1,..., k. To this end we choose cut-off functions 7, for the pairs Bs(x,) C
By (xy) as in Lemma 1.14 and, taking into account (1.22), we get

. B .
/ Ann(IV0 P = 1) duy + Oy T Bolm) / Hessvi [2dm,  (3.3)
Bo(xn) n Bs(xn)
foranyi = 1,...,k and any n > 1. Since |An,| < Cy by construction, and as we already
observed, |Vvi |2 — 1 converges to 0 in L'(By) and is uniformly bounded, we find that
the left-hand side in (3.3) converges to 0 as n — oo. Hence

lim |Hess v’ |* dm,, = 0,
700 J Bs(xn)

as claimed. [

Arguing by scaling starting from Proposition 3.9, one can obtain the following state-
ment.

Corollary 3.10. If (X,d, m) is an RCD(K, N) m.m.s., r?|K| < & and
dpmGH((Xv r_ld5 m;vx)v (Rk X Zv (Okv Z))) <é

for some pointed RCD(0, N — k) metric measure space (Z,dz,mz, z), then there exists
a 8-splitting map u : Bs,(x) — R¥.

3.1.2. Propagation of §-splitting. In the next result we are concerned with the propaga-
tion of the property of being a §-splitting map. We are going to prove that if o € (0, 2),
outside a set of small codimension-« content any §-splitting map at a given scale is a
C N,a81/ 4_splitting map at any scale. The proof is based on a weighted maximal function
argument; see [37] for a similar argument.

Proposition 3.11. Let « € (0,2) and N > 1. There exist constants Cn, Cpn,q > 0 such
that, for any 0 < § < 1, any RCD(—1, N) m.m.s. (X,d, m), any p € X and any §-
splitting map u = (uy, ..., ux) : Bo(p) — R¥, there exists a Borel set G C B;(p) with
A (B1(p) \ G) < Cy~/8w(By(p)) such that for any x € G,

sup r“][ |Hess uq|? dm < N7 forany a=1,...,k, (3.4)
o<r<l1 By (x)

and
u: B (x)— R¥ is CN,a81/4-splittingf0r any0 <r <1/2 (3.5)
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Proof. Toprove (3.4), fixanya = 1,. ..,k and denote by Cp and Cp the Poincaré and the
doubling constants over balls of radius 10 of (X, d, mt). More precisely, Cp is a constant
in the (1, 2)-Poincaré inequality with A = 2 as in (1.5). This inequality is available on
RCD(K, N) m.m.s. (see for instance [54, Theorem 30.26]) with constant depending only
on K and N. In particular, since (X, d, m) is an RCD(—1, N), Cp depends only on N.
The same conclusion holds for Cp thanks to the Bishop—Gromov inequality (1.15).

Set

G := {x € Bi(p)

sup r"‘][ |Hess uy|* dm < «/g}
Br(x)

0<r<l1
We claim that jf!’"‘ (B1(p)\G) < Cn V8 m(Bx(p)). For any x € B1(p) \ G we choose
px € (0, 1) satisfying
pﬁf [Hess ug|? dm > /3. (3.6)
B,Dx (x)

Then the family { B, (X)}xeB, (p)\G covers Bi(p) \ G. Using Vitali’s covering lemma we
can find a subfamily { B, (x;)};en of disjoint balls such that By (p) \ G C | J; en Bsp; (Xi).
This gives the sought conclusion:

Bsp, (xi
AU BN G) =3 (Bsyy () = 3 B (i)

ieN ieN (S’Oi)a
B,. (x; 1
<Cn Z (B (x1) pil(xl)) <Cn Z — [Hess 1, |* dm
ieN Pi ieN Vs Bp; (x)

1
<Cny— |Hessua|2 dm < CN\/gm(Bz(p)),
V8 I8y

where we have used the definition of L%’gh“‘, the Bishop—Gromov inequality, (3.6) and the
fact that u is a §-splitting map.
In order to verify (3.5) we just need to check that, fora,b =1, ...k,
f |Vua-Vub—8a,b|dm<CN,a81/4 foranyx € G,0<r < 1.
By (x)

To see this set f,p := |Vu, - Vup — 8, 5| and note that |V f; 5| < Cn(|Hess uq| +
|Hess up]) as a consequence of Definition 3.4 (i) and (1.23). Hence, the Poincaré inequal-

ity and (3.4) yield
1/2
][ Jab dm—][ Japdm| < CPV(][ |Vfa,b|2dm)
By (x) B, /2(x) B (x)

1/2
<CnCp (r2][ |Hessua|2dm+r2][ |Hessub|2dm) < CyCpsl/4p1—al2
By, (x) By, (x)

for any 0 < r < 1/2. Applying a telescopic argument it is easy to see that

][ fupdm —][ fupdm| < CoCyCps"/*  forany k > 1.
B, 1(x) B, (x)
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Therefore, for any 0 < r < 1/2 we take k € N such that 27%~1 < 7 < 27% and using the
fact that u : B,(p) — R¥ is a §-splitting map we get

fapdm < Cp2N ][ fapdm

By (x) B, (x)
< CpaV ][ fopdmi—F  fu dm’ 4 cpzN][ fup dun
Bi/2(x) By (x) By/2(x)
<2NCpCyCnCp8Y* + 8N C3 ][ fupdu < Cy o814, .
B>(p)

For the purposes of this paper we just need to consider the case ¢ = 1 in Propo-
sition 3.11. This is related to the fact that boundaries of sets with finite perimeter are
codimension-1 objects. For simplicity we will write & for &; below.

We are going to use the following scale invariant version of Proposition 3.11 several
times.

Corollary 3.12. Let (X, d, m, p) be an RCD(K, N) p.m.m.s. and u : Bs4r(p) — RF a
8-splitting map for some r > 0 such that K~r? < 4, where K~ := —min {K, 0} and
r < 1/2. Then there exists G C By, (p) with

m(Ba,(p))

A (Bar(p)\ G) < A, (Bor(p) \ G) < Cy /6 >

such that u : Bg(x) — R¥ is a Cyx8'/4-splitting map for any x € G and any 0 < s < r.

Proof. Apply Proposition 3.11 to the rescaled space (X, (2r)~'d, m(Ba, “lm,p). =
pply Frop p p p

3.2. Uniqueness of tangents and consequences

Let (X, d, m) be an RCD(K, N) metric measure space with essential dimension n < N
(see Theorem 1.18) and let E C X be a set of locally finite perimeter. Forany k = 1,...,n
we set

A = {x € X | (R*, dewer, cx £F, 0F {xx > 0}) € Tany(X,d, m, E), but
(Y x R¥, 0 x deyer. p x L5, (3, 0F), {x > 0}) € Tany(X.d. m, E)
for any (Y, o, ., y) with diam(Y’) > 0}.
Let us point out that with arguments analogous to those in [47, Lemma 6.1] one can show
that Ay is a | Dy g|-measurable set forany k = 1,...,n.

Aiming at proving that the family {4 }} _, covers X up to a | Dy g |-negligible set we
need to use the following result that has been proven in [2, appendix].

Theorem 3.13. Let (X, d, m) be an RCD(K, N) m.m.s. and let E C X be a set of locally
finite perimeter. Then for |Dyg|-a.e. x € X and all (Y, 0, 1L, y, F) € Tany(X,d, m, E)
one has

Tany (Y, 0, u, F) C Tany(X,d, m, E) foreveryy’ € supp |Dyr|.
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Lemma 3.14. Under the assumptions above,

|DXE|(X\ O Ak) =0.

k=1

Proof. As a consequence of Theorem 3.3, together with the lower semicontinuity of the
essential dimension with respect to pmGH convergence, we have

n
Dxel(x\ U 4;) =o.
k=1
where

L= 4x € X | (RF, dewer, cx 25,05, {xx > 0}) € Tan(X,d, m, E), but
(R™, egets cm ™. 0", {xm > 0}) ¢ Tan,(X,d, m, E) for any m > k}.

The measurability of the 4} ’s can be verified as in the case of the A ’s.

Itis clear that Ay C A} ; letus prove | Dy g|(A} \ Ax) = 0. We argue by contradiction.
If the claim is false we can find x € A4 \ Ay such that the iterated tangent property of
Theorem 3.13 holds true. Since x € A4 \ A we can find (Y, 0, ., y) € RCD(0, N — k)
with diam(Y) > 0 such that

(Y X Rkvg S deuclaM X $ka (yvok)v {xk > 0}) € TanX(Xv dv mv E)

Moreover, Tan(,’ x 0)(¥ X R¥, 0 X dewets pt X £, {xx > 0}) C Tan(E, x) for any (¥, x)
in Y x R¥~! thanks to Theorem 3.13. Thus, choosing (y’,x,0) € Y x R¥ such that The-
orem 3.3 holds and y’ is regular in Y we get the sought contradiction, since the essential
dimension of Y is at least 1 (otherwise diam(Y) = 0). |

We are now in a position to conclude the proof of Theorem 3.2.

Proof of Theorem 3.2. In light of Lemma 3.14 it is enough to prove that A coincides up
to a | Dy g |-negligible set with

{x € X | Tany (X, d. m, E) = {(R¥, deyer, cx £F, 0%, {xic > 0})}}.

Assume without loss of generality that Ay C B, (p) for some p € X. We claim that, for
any 7 > 0, there exists G" C Ay with

A (A \ G") < CynPer(E, By(p)) (3.7)

such that, for any x € G" and any (Y, g, i, ¥) € Tany, (X, d, m), there exists a pointed
RCD(0, N — k) m.m.s. (Z,dz, mz, z) satisfying

dpman (Y, 0, . ¥), (R¥ x Z,(0,2))) < 1. (3.8)

Observe that the claim implies our conclusion. Indeed, if we fix 7 > 0 and set 7; := n2~*
then G 1= |J; ey G™ satisfies %”;’(Ak \ G,) = 0 and thus Per(E, A \ G;) = 0 thanks
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to Lemma 1.10. Moreover, for any x € Gy, (3.8) holds. We conclude by observing that
G = (\ren Go—r still satisfies Per(E, Ax \ G) = 0 and any tangent cone at x € G splits
off a factor R¥. By definition of A; we deduce that the only tangent at x € G is the
Euclidean space of dimension k.

Let us pass to the verification of the claim. Fix § € (0, 1/2) and take & > 0 as in
Proposition 3.9. Of course we can assume ¢ < §. We wish to prove that there exists a
disjoint family { B, (x;)}ien of balls such that r?|K| < ¢ forany i € N and

@) Ae N Bi(p) C | Bsr, (xi);

ieN
(11) dpmGH((X’ ri_ld? m;i’xi)» (Rk9deucl’ck;£k70k)) S &
— By, (x; _ B, (x;
(iif) Wk 1(1 _ S)m( v (i) < Per(E. By, (x;)) < Wi 1(1 4 S)m( ri (xz)).
Wi ri Wi ri

Indeed, for any x € Ay there exists a sequence of radii r; — 0 such that
1im dpmart (X, ;7" wlf ). (R, dewar, £5,09)) = 0,
1—>00

ri Per(E, By, (X))  wg—
im0 m(By(x) x|

as a consequence of Theorem 3.3; see also (1.16). Therefore, for any x € Ax we can
choose r2| K| < ¢ such that the pair (x, ry) satisfies (ii) and (iii). In order to get a disjoint
family of balls satisfying (i) we have just to apply Vitali’s Lemma to { B, (X)}xe 4, nB; (p)-
Let us now focus on a single ball Bag,, (x;) C X. Corollary 3.10 yields the existence
of a §-splitting map
ut Bs;; (x;) — R,

Thanks to Corollary 3.12 we can find G; C Bs,, (x;) with

jfgh(BSri (xi) \ G;) < CN\/EM

5, (3.9)

and such that v’ : By(x) — R¥ is Cy§'/*-splitting for any x € G; and any 0 < s < 57;.
Applying Corollary 3.8, up to assuming § small enough, we deduce that at any x € G;,
(3.8) holds true.
To conclude let us verify that G := | J; oy G satisfies (3.7). Using (iii), (3.9) and the
Bishop—Gromov inequality (1.15) we get
m(Bsy, (x;
HHANG) = 3 A Bey (i) \ Gy = 3 Oy V5 M)
: : ri
ieN ieN
B, (x;
CnVEY m(Br; (xi)) < CnyV/8) Per(E. By, (xi)
: Ti :
ieN ieN
< Cn /8 Per(E. Ba(p)).

IA

Since we can assume § < n? we get the sought estimate. ]
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Let (X, d, m) be an RCD(K, N) metric measure space and £ C X a set of locally
finite perimeter. For any k = 1, ..., n, where n is the essential dimension of (X, d, m),
we set

ﬁkE = {x € X ’ Tanx(Xv d) mv E) = {(Rk,deuclvckzkv Ok,{xk > 0})}}

We know thanks to Theorem 3.2 that Per(E, -) is concentrated on ¥ E := | J;_; Fx E
and, from now on, we shall call ¥ E the reduced boundary of E.

The result about uniqueness of tangents that we have just proved allows us to obtain a
representation formula for the perimeter measure in terms of the codimension-1 Hausdorff
measure.

Corollary 3.15. Let (X, d, m) be an RCD(K, N) m.m.s. with essential dimension n. Let
E C X be a set of locally finite perimeter. Then
o
IDyel =Y “Lat_FE. (3.10)
k=1 “k

Proof. The proof can be obtained as in the case of the representation formula for the
perimeter on non-collapsed spaces obtained in [2, Corollary 4.7], relying on [45, Theo-
rem 3] in place of [45, Theorem 5]. We just report here the key computation.

If x € ¥ E, then we can compute

_rIDxe|(B,(x) _ . rIDyel(B,(x)  Cr.r) | xsl(Bi(x)
S0 B () 0 Cwr) wB ) o0 wi(Bi(x)
_ ANBIO) _ ok
T AFBO) o

)

where the regularity of the point and the weak convergence of the rescaled perimeter
measures to the perimeter measure of a half-space play a role.

This computation, together with the rigid structure of the tangent, allows us then to
infer, arguing as in the non-collapsed case, that

s|IDxel(Bs(y)) @1

lim sup = )
=0 yeB(y), s<r m(Bs(y)) Wi
which is the density estimate needed to obtain the representation formula (3.10). ]

4. Rectifiability of the reduced boundary

The main achievement of this section is a rectifiability result for the reduced boundary of
sets with finite perimeter. With this theorem we complete the picture of the generalization
of De Giorgi’s theorem to the framework of RCD(K, N) spaces.

Theorem 4.1. Let (X, d, m) be an RCD(K, N) m.m.s. and E C X be a set of locally
finite perimeter. Then, foranyk = 1,...,n, F E is (|Dyg|, (k — 1))-rectifiable.
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Recall that a set is (|Dyg|, £)-rectifiable if up to a | Dy g|-negligible set it can be
covered by | J; e 4i Where any A; is bi-Lipschitz equivalent to a Borel subset of RE.

When specialized to the non-collapsed case (see [22]), where the only non-empty
regular set is the top-dimensional one, Theorem 4.1 turns into

Corollary 4.2. Let (X, d, m) be a non-collapsed RCD(K, N) m.m.s. and E C X a set
of locally finite perimeter. Then ¥ E=%NE is (|Dyg|, N — 1)-rectifiable (equivalently,
(HN=1, N — 1)-rectifiable, where N~ denotes the (N — 1)-dimensional Hausdorff
measure). Furthermore,”

|Dye| = HN1LFE. (4.1)

Remark 4.3. We point out that, given any ¢ > 0, the maps providing rectifiability of the
reduced boundary in Theorem 4.1 and Corollary 4.2 can be taken (1 + ¢&)-bi-Lipschitz
(compare with the analogous statement in [47]).

In particular, if (X,d, m) is non-collapsed, then (X,d, |Dyg|) is a strongly | Dy g |-rec-
tifiable m.m.s. according to [34].

Remark 4.4. It is worth mentioning that Theorem 4.1 is stronger than [47, Theorem 1.1].
Indeed, given an RCD(K, N) m.m.s. (Z,dz, mz) we can consider X := Z x R endowed
with the product structure, and the set E := {(z,1) € Z x R | t > 0} of finite perimeter.
Applying Theorem 4.1 to E C X we get the rectifiability result for Z.

Let us outline the strategy of the proof of Theorem 4.1. First of all, up to intersecting
with a ball and thanks to the locality of perimeter and tangents, we can assume that E
has finite measure and perimeter. The bi-Lipschitz maps from subsets of F3 E to R*~1
providing rectifiability are going to be suitable approximations of the k — 1 coordinate
maps over the hyperplane where the perimeter concentrates after the blow-up; or, in better
terms, they will be the first k — 1 components of a (k, §)-splitting map “§-orthogonal to
the exterior normal vg to the boundary of E”.

Proving existence of such maps requires some technical work which builds upon the
Gauss—Green formula of Theorem 2.4. The rigorous statement is as follows.

Proposition 4.5. Let (X, d, m) be an RCD(K, N) m.m.s. and E C X a set of finite

perimeter and measure. For any § > 0, ro > 0 and |Dyg|-a.e. x € F E there exist
r =ryxs < roanda§-splitting map u = (uy, ..., ug—1) : By (x) — R*=1 such that

r

m(B,(x)) B, (x)

The second step in the proof of Theorem 4.1 is to show that the map built in Propo-

sition 4.5 is indeed bi-Lipschitz onto its image if restricted to suitable subsets of ¥ E

(see Proposition 4.7 below for the rigorous statement). These subsets are obtained by col-

lecting points x € F E such that B;(x) N E is e-close, in a suitable sense, to By (0F) N
{xx > 0} for any s < rg, where ry > 0 is a fixed radius.

|[v-Vug|d|Dygl <8 fora=1,....k—1.

2In [2] it was proved that |[Dyg| = § N-1|_ #E, where § denotes the spherical Hausdorff
measure. Coincidence with the Hausdorff measure J# is a consequence of rectifiability.
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Definition 4.6. Given ¢ > 0 and ro > 0, we define (¥ E); ¢ as the set of points x € Fx E

satisfying

(]) dpmGH((Xv S_ldv mv x)v (Rkv deuclv iikv Ok)) < ¢ for any § = ro;

(ii)

sIDXEI(Bs(x) @k
m(Bs(x)) Wk

B NnE 1
‘m( 5 (x) ) <e¢ foranys <rg. (4.2)

w(Bs(x)) 5‘

Observe that, as a consequence of Theorem 3.2 and Remark 1.17, for any ¢ > 0 we
have
FhE= | (FkE)re and (FkE)re C (FiE)p . forr’ <r.

0<r<l1

Hence for any 1 > 0 there exists ¥ = r(n) > 0 such that
|IDypl(FrE\ (FxE)s,e) <n forany 0 <s <r. 4.3)

Proposition 4.7. Let N > 1, K € R and k € [1, N]. For any n > 0 there exists ¢ =
e(n, N) < n such that if (X,d, m) is an RCD(K, N) m.m.s., E C X is a set of finite
perimeter and finite measure, p € (¥ E)25,¢ for some s € (0, |K|~'/2) and there exists
an e-splitting map u : Bys(p) — R*=1 such that

N

- [v-Vug|dDxg|<e foranya=1,....k—1, 4
m(Bas(x)) JByy(p)

then there exists G C Bg(p) such that
(1) G N (FrE)as,e is bi-Lipschitz to a Borel subset of R~ more precisely,
() —u()| —d(x. y)| < Cynd(x.y).  Vx.y € (FrE)2se NG (4.5)

(ii) 2" (Bs(p) \ G) < Cynu(Bs(p))/s.

Let us now prove Theorem 4.1 assuming Propositions 4.5 and 4.7.

Proof of Theorem 4.1. Assume without loss of generality that E has finite perimeter and
measure, and that ¥ E C B,(p) for some p € X. We claim that, for any n > 0, we can
decompose ¥ E = G"7 U BT U R", where G" is (k — 1)-rectifiable and

H(B") + |DyE|(R") < Cn,x|Dxel(Ba(p)n + 1. (4.6)

Observe that the claim easily gives the sought conclusion. Indeed, setting n; := 727,
G, :=J; G" and Ry, := J;en R™, G is still (k — 1)-rectifiable and

A (FE\ Gy) \ Ry) = 0;
hence, as a consequence of Lemma 1.10, | Dy g |(Fx E \ G,) \ Ry) = 0. Therefore

[Dyel(FxE\ Gy) < |Dxel(Ry) = CN|DxEel(B2(p))n + 1.
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Setting G := ;e G,—i. we find that G is still (k — 1)-rectifiable and coincides with
Frx E up to a | D y g |-negligible set.

Let us now prove the claim. To this end, fix r > 0 and ¢ > 0. We cover (¥, E),
with balls of radius smaller than /5 with centre in (¥4 E); . such that the assumptions of
Proposition 4.7 are satisfied. The possibility of building such a covering is a consequence
of Theorem 3.2 and of Proposition 4.5. By Vitali’s lemma, we can extract a disjoint family
{B,,/5(xi)}ien such that (Fx E),, C |J; B, (xi). Applying Proposition 4.7 above, for
any i € N we can find G; C By, (x;) such that G; N (Fx E),¢ is (k — 1)-rectifiable and
%”J’(Bri (xi)\ Gi) < Cynm(By, (x;))/r;. Set G = (FxE)re N|U; Gi and observe that

%?«ﬂf»ﬁ\emf;}:;g«mxm)\@)SE:cN;MB:a»>
ieN ieN 4

B, /s(x;
<Cwn) m(+/55(x» < Cwn Y _IDXE|(Br,s(x:)

ieN ! ieN
< Cn,xknlDyxel(B2(p)),

where we have used the Bishop—Gromov inequality (1.15) and

2Bri/sCO) (k) Dy By, 5 (60).
I‘i/S l

which holds true provided ¢ is small enough.
Setting B; := (¥% E),.e \ G, the argument above gives the decomposition

(FE)re = G U B,

where G/ is (k — 1)-rectifiable and %’gh (B/') < Cn.xn|DxE|(Ba2(p)). Let us now choose
r > 0 small enough to have (4.3). This allows us to write

FxE = G" U B! U(FE \ (FxE)rs) = G" UB" U R"

and to conclude the proof. ]

4.1. Proof of Proposition 4.5

Let us start by recalling that one of the main results of the previous part of the paper
was that the exterior normal is indeed an element of L%(TX ) (see Theorem 2.4). In
the following, to simplify the notation, we shall write v in place of trg (v) for any v in
HY*(TX) N D(div).

Definition 4.8. Let (X, d, m) be an RCD(K, N) m.m.s. and let £ C X be a set of finite
perimeter. Given x € X and a sequence r; | 0 we say that {u"" := (u}, ..., u,rc"_l) :
B, (x) — RK=1Y, o\ is a good approximation of the boundary of E at x if the following
conditions hold true:

(i) there exists a sequence 6; — O such that u"? : B, (x) — R*=1 is a §;-splitting map
with u”i (x) = 0;
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(ii) there exists (Z, dz) that realizes the convergences

(X, ri_ld, ml, x)— (Rk, deucls ckéﬁk, Ok) and E;, — {xz >0} locally strongly in BV,

r7tug — xo H'2-strongly on B;(0%) along the sequence

(X’ ri_ld’m;ivx) g (Rkvdeuclv Ckéﬁkv Ok)
foranya =1,...,k— 1.

Lemma 4.9. Let (X,d, m) be an RCD(K, N) m.m.s. and E C X a set of finite perimeter
and finite measure. Then for any p € X and any ¢ > 0 there exists V € TestV g (X) such
that

/ lv—V[*dDyg| <e,
B>(p)

where v is the exterior normal of E. Moreover, there exists a set G C By(p) with
#"(B1(p) \ G) < Ck.n /¢ such that, for any x € G,

r
lim sup ———— [v—VI]2d|Dyxg| < ve.
r—0 m(B,(x)) B, (x)
Proof. The first conclusion follows from Theorem 2.4, where we proved that the nor-
mal is an element of LZE (TX), and Lemma 2.9, yielding density of trg (TestVg (X)) in
LZE (TX).
To prove the second part of the statement we set

lim sup

)
G = B _—
{xe H(p) | msup S ) Lo

v VPdIDyE| < JE}.

Then, for any ro > 0 and any x € B1(p) \ G, there exists ry < ro such that

I'x

— lv—VI|*d|Dyg| > Ve.
w(By, (x)) /B, (x)

Hence, applying Vitali’s covering theorem we can find a disjoint set { B, (x;)} of balls
such that { Bs,, (x;)} is a covering of B{(p) \ G. Now we can estimate, for any ry > 0,

oo

AL (Bi(p)\G) =Y

i=0

m(BSrf (x:)) <Cxn i n'[(Bri (x1))

5r i
1 i=0 1

CKN 00/ 2 CKN 2
< CxN v—v| d|DxE|s—’/ v — VP dIDyE| < Crn e
NG ; By, (x) Ve IByp)

The conclusion follows by letting rg |, 0. ]

Proof of Proposition 4.5. The proof is divided into three steps. The aim of the first one is
to prove that good approximations of the boundary are regular enough to guarantee that
the scalar product between their gradient and the gradient of any given test function leaves
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a well-defined trace over the reduced boundary of E. In the second step we combine the
outcome of the first one, the approximation result of Lemma 4.9 and orthogonality in the
weak sense between the normal vector and the coordinates of its orthogonal hyperplane
guaranteed by the Gauss—Green formula, to deduce that the gradients of good approxima-
tions of the boundary leave a trace even when coupled with the normal to the boundary,
and that this trace is 0. In the last step we prove existence of good approximations of the
boundary and combine it with Steps 1 and 2 to get the sought conclusion.

Step 1. Observe that it suffices to restrict attention to the ball B;(p) C X forany p € X.

We claim that for any function ¢ € Test(X, d, m) there exists a | Dy g|-negligible
set N C FxE N Bi(p) such that, for any x € FxE N B;(p) \ N and any good
approximation of the boundary of E at x with radii ; | O and maps {u’"i :=
..o up ) | Br(x) > RF71)en, there exist a subsequence ry; and c(x) =
(c1(x), ..., ck—1(x)) € R¥=1 such that

r;. i
lim — 9 Vug’ -V — ca(x)2d|Dyg| = 0
j=oo w(By; (X)) /B, (x)

/ foranya =1,....k—1. (4.7

Assume without loss of generality that |[V¢| < 1. Let us also fix @ € {1,...,k — 1}
and set g; := Vuy - V. We have
@ lgillLeo(s,, x) = Cn:
(i) r? J[Br,- o V& |>dm < 28; + Cyr? fBr,- (x) [Hess #|* dm, where §; is as in Defini-
tion 4.8.
Since |Hess ¢| € L2(B,(p), m), by Lemmas 1.10 and 1.11 we deduce that

r—0

lim ,,2][ |Hess ¢|> dm = 0
By (x)

for any x € X outside a | Dy g|-negligible set depending only on ¢. Therefore we can
assume that x does not belong to this set, obtaining

lim r? ][ |Vg;|?dm = 0. (4.8)
i—o00 By, (x)

This gives that, up to a subsequence, g; — cq(x) H 2-strongly on B;(0X) along the
sequence in Definition 4.8 (ii). Here we have used (1.16). Taking into account Proposi-
tion 1.27, it follows that g; — cq(x) — 0 H “2-strongly on B;(0%) and thus, reading the
convergence in the starting space,

][ |gi; — ce(¥)|* dm + r1~2j ]i ( )|Vg,~j|2 dm=:¢;, >0 asj —-o0. (49
o (x re (x

j i

We wish to prove that, up to excluding another |D y g |-negligible set depending only



Rectifiability of the reduced boundary over RCD spaces 457

on E, (4.9) gives (4.7). More precisely, we are going to prove that (4.9) implies (4.7) at
any x € X suchthat x € E, ¢ for some rg > 0 and C > 1, where

— -1 T1Dxel(Br ()
E;c = {y eX ' C < (B, () <CVr< ro}, (4.10)
and
lim |DXE|(Er0,C N B, (x)) _ 4.11)

r=>0  [Dyg|(Br(x))

Observe that (4.10) and (4.11) are satisfied at |D yg|-a.e. point in ¥ E thanks to Theo-
rem 3.2, the asymptotic doubling property of |Dyg| and elementary considerations. In
order to keep notations short, from now on we set r; := r;; and g; := gi;.

We claim that, for any j such that r; < ro/5,

B,
|DYE(Ery.c N By (x) N{lgj — ca(X)* = /&j}) < CCN.x /& m( ’( )), (4.12)

where ¢; is as in (4.9) and rp and C are as in (4.10).
Notice that (4.12), together with the Chebyshev inequality, (i) and (4.11), gives (4.7).
To establish (4.12), fix any j such that r; < ro/5 and set

m
(Xj,dj, m;,x):= (X,r»_ld,—,x).
781 7 (B, ()

With a slight abuse of notation we use the notations E,, c and g; also in X;. Observe
that, when read in X, (4.9) turns into

][/. g/ — ca(x)|* dm; + ][, |Vgi?dm; <¢;.
By (x) )

By (x

Moreover, a telescopic argument as in the proof of Proposition 3.11 gives
B{ (x) N Erg,c N{lgy — ca(¥)]? = Cn .k /5 )

sup sf. |ng|2dmj > 8]'}.
0<s<1 JBI(2)

Using Vitali’s lemma we can find a disjoint family {le (zi)}ien withs; <1 and z; €
B (x) N Eyy,c N{z | supges<; szj(Z) |Vgjl|*>dm; >  /g;} forany i € N such that

- B{(x) N EycN {z

Blj xX)NE;cnN {Z

sup s][4 |Vg;|* dm; > \/5} U B 5; (Zi)-
B (2)

0<s<1 ieN

Taking into account (4.10) and the defining identities

m

BLG) = Br (). wj =
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we get
) 2
—— 1D E N By (x)N{lg; — > ;
Gy P Broe 0B (0 0 gy =P = V7
Tj CCy KTj m(Brjsi (zi))
< —=——= ) |DXE|(Bsr;s; (2i)) < :
(B, (x)) ZN 750 = (B, (1) ZN s
(Bl (z1)) _cC
=CCni ) B G COK [ g2 am, < CCNKVE)-
= N

Step 2. We wish to prove that, for |Dyg|-a.e. x € ¥ E and any good approxima-
tion of the boundary of E at x with radii r; | 0 and maps {u" := (u{’,... u}_)) |

B, (x) — Rk_l}ieN, there exists a subsequence r;; — 0 such that

ri. i
llm+ |v-Vu;’|d|D)(E|=O foranya =1,....,k—1. (4.13)
j=oo m(Bry (X)) b, )

Let us restrict attention as above to ¥z E N B1(p).

We claim that for any & > 0 there is G, C By (p) N F E with 77 (B1(p) N FLE\ G,)
< Cn.x+/¢ and such that, for any x € G, and any good approximation {u’i :=
Y, ....uf ) | By, (x) - R¥"1}cy of the boundary of E at x, there exists a sub-
sequence r;; — 0 satisfying
r,-j

lim sup |v-Vu;ij|d|D)(E| < Cyxe'/* foranya=1,....k—1.

j—>00 m(Br,'j (x)) Bri/‘ (x)
' (4.14)

Before proving the claim let us see how it implies (4.13). Fix & > 0, set &; := 27"
and take G° := ;< Gs,. Then we have |[Dyg|(Bi(p) N FxE \ G°) = 0, thanks to
Lemma 1.10, and (4.14) holds for any x € G°. Therefore ();cy G% has full [Dyg|-
measure in By (p) N Fi E and has the sought property.

The remaining part of this step is the proof of (4.14). Fix ¢ > 0, and take G and V" as
in Lemma 4.9. Recalling that any test vector field can be represented as Y ;- ; 1; V¢; with
ni,¢i € Test(X,d, m) for some m € N and using Step 1, we conclude that there exists
G: CGNFrE with |Dyg|(G N FrE \ G¢) = 0 and such that, for any x € G, and any

good approximation {u’7 := (uf’,....u;"_|): By, (x) = R¥~1}; ey of the boundary of E
at x, there exists ¢(x) := (c1(x), ..., ck—1(x)) € R*~! and a subsequence ri; — 0 such
that
"i; "ij 2
|Vug” -V —cq(x)|”d|Dyg| =0 fora=1,...,k—1.

lim ———
j—oo m(By, (X)) By, ()
' (4.15)
In order to conclude the proof it suffices to show that

le(x)] < Crne'/* (4.16)
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Indeed, in that case,

ri. .
lim sup ———~—— [v-Vu,’ |d|DyxEl
Jj—00 m(Br,-j (x)) Brij (x) ¢
r , 1/2
ECNlimsup(—" [v—V]| d|DXE|)
j—oo \W(Br;, (X)) JB,, )
. Cnri; ri;
+ lim sup - |Vuy” - V|d|DyEl
Jj—00 m(Brl-j (x)) Brij (x)
r,n ri. 1/2
<cvel st tim O (s [ v P angs))
J—=00 m(Br,-j (x)) By, (x)
J

riy |DXE|(Bry, (X))

+ [ca ()] w(B,, (x))

< Cg.ne'/4,
where we have used (4.15), (4.16) and the fact that x € i E.

To prove (4.16) we simplify the notation setting r;; =: r;. Choose a smooth function
Voo : RE — R with compact support in B;(0%) and such that f{xk —oy Yoo dgk1 =:
Cr > 0. Then we consider a sequence V; € Lip(X, d) with supp(y;) C By, (x),
[[¥llLee <2 and ¥; — Yoo strongly in H!? along the sequence in Definition 4.8 (ii),
whose existence is proved in Lemma 1.31. Observe now that forae = 1,...,k — 1,

lim r—’/ VY - Vug dm = ck/ Voo - e dZF =0,  (4.17)
J =00 m(Brj x) JE {xz >0}

tim 0 gV v D] = Creat) (4.18)
j=50 w(By,; (x))
where the last equality in (4.17) is obtained by integrating by parts, and to prove (4.18)
we use (4.15). Building upon (4.17), (4.18), Theorem 2.4 and Lemma 4.9, we get (4.15):

. rj r; r;
C =|lim —~L Vi -Vuy d 'V -Vug d|D
klca (x)] erI;om(Brj(x))(/E "//J Uy m‘i‘/‘//j ug d| XE|)‘
. rj r; r;
=|lim —L (- v-Vuy d|D 'V -Vug d|D
jggom(B,j(x))( /I/fjv ug d XE|+/1/f; ug d XE|)‘
C .
< limsup NTj [v—V|d|Dyg| < CN’K81/4.

j—o00 m(Brj (x)) By (x)

Note that in order to apply the Gauss—Green formula in the previous estimate, the fact that
ug is locally the restriction of an H?2(X, d, m) function (see Remark 3.5) plays a role.

Step 3. In order to conclude the proof we just observe that, since

dpmGH((Xa r_ld» m;s X), (Rk, et Ckiks Ok)) -0
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as r | 0 and the blow-up of the set of finite perimeter is a half-space (in the sense of
BV convergence, as pointed out after Definition 3.1), a slight modification of Proposi-
tion 3.9° provides, for any sequence r; |, 0, a good approximation of the boundary of E at
x with maps {u"i := (uf'....,u}_|): By, (x) > R¥"1};en (observe that Proposition 3.9
gives §;-splitting maps defined on balls of radius 1 of the rescaled spaces for a sequence
8; | 0, and then rescale these functions). The sought conclusion follows now from what
we obtained in the previous step. ]

4.2. Proof of Proposition 4.7

The proof is divided into three steps.

The aim of the first one is to provide a bridge between analysis and geometry suitable
for this context. We prove that whenever at a certain location and scale the set of finite
perimeter is quantitatively close to a half-space in a Euclidean space and there exists
a (k — 1, §)-splitting map which is also §-orthogonal to the normal vector in the sense
of (4.4), then the (k — 1, §)-splitting map is an n-isometry (in the scale invariant sense)
when restricted to the support of the perimeter.

The second step is analytic and dedicated to the propagation of the §-orthogonality
condition.

In the last one we get the bi-Lipschitz property, since a map which is an n-isometry
(in the scale invariant sense) at any location and scale is bi-Lipschitz.

Step 1. Let N > 0, K € R and k € [1, N], kK € N. We claim that, for any n > 0, there
exists § = &, x < 1 such that the following holds. For any pointed RCD(K, N) m.m.s.
(X, d, m, x) and for any set of finite perimeter and finite measure £ C X such that, for
some 0 < r < |K|[71/2,

(1) dpmGH((X» (2r)_1d7 m9 x)s (Rks deuch iik» Ok)) < 8’

(i)
B NnE 1 t|D B _
'M—-‘ IDYelBil)) _ @k—1| _ 5 goranys <20t @4.19)
m (B, (x)) 2 m(B;(x)) Wk
(iii) there exists a §-splitting map u := (u1, ..., ug—y) : Bar(x) — R¥~1 satisfying
r

_ |[v-Vug|d|Dyg|<é foranya=1,...,k—1, (4.20)
m(Bar(x)) JB,, (x)

the map u : supp|Dyg| N By (x) — BiRk_l (u(x)) is an nr-GH isometry.

By scaling it is enough to prove the claim when r = 1/2 and | K| < 4. Let us argue
by contradiction. Then we could find n > 0, a sequence (X, d,, m,, E,, x,), points
z{,z5 esupp|DxEg,| N Bi/2(x,), and 1/n-splitting maps u” : B1(x,) — R*=1 satisfying

3With the splitting functions defined on balls of radius 1 in place of 5.
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(1)—-(ii) with 6 = 1/n, u"(x,) = 0 and
Hu"(zf) —u"(z5)] — dn(zi’,z’z’)} >n, VneN. 4.21)

Notice that d, (z}, z5) > min {/(Cny — 1), n} since u” is Cy-Lipschitz.

Observe that, by (i), (X,, d,, my,, x,) converges in the pmGH topology to
(Rk, deucls iik, 0k ). We can assume the existence of a metric space (Z, dz) realizing
this convergence (see Section 1.2.3). Since E, satisfies the bound

My (E,N Bt (x,)) . 1

_‘ 11D, |(Bi(xn))  wp-s
mn(Bt(xn)) 2

my, (B (xn)) Wi

<1/n foranyt <1, (4.22)

up to extracting a subsequence, E, N By (x,) — F N B;(0¥) L'-strongly, where F is of
locally finite perimeter in B (0%) thanks to Proposition 1.28.

Up to extracting again a subsequence we can assume u” — u® strongly in H 2 on
B1(0%), where u®™ : BFk (0) — R*~1 is the restriction of an orthogonal projection, as a
consequence of Proposition 1.21 and Theorem 1.32. Without loss of generality we assume
that u®(x) = (x1,...,xk_1) for any x € By (0%).

We claim that £X((F N B1(0%)) A ({xx > 0} N B1(0%))) = 0 and

/ ¢dDyz,| > / gD (s, ~0)] forany g € C(Z) with supp(g) C By/>(0%).
(4.23)

This would imply that z{°, z5° € {xx = 0}, and therefore |[u*°(z7°) — u*(z5°)| =
deuct (252, 25°), which contradicts (4.21).

In order to verify the claim we argue as in the proof of the second step of Proposi-
tion 4.5. We choose a smooth function ¥ : R¥ — R with compact support in By (0%).
Then we consider a sequence ¥, € Lip(Xy,, d,) with supp(¥,) C B1(xn), |[V¥nllLe +
| IVl llzoe < 4 and ¥, — Yoo strongly in H -2 along the sequence (X, dy, . Xp),
whose existence is proved in Lemma 1.31. Observe now that

Yoo
dx,

Vi -Vulh - Ve - e = L2-strongly, foranya = 1,...,k —1,

by Proposition 1.27(i,iii). This observation, along with Proposition 1.27(ii) and
Remark 1.25, gives

9 £k
Voo u™ — tim [ V- Vi dun,. (4.24)
F 0xg wg nooo g,

We can now use (4.24), Theorem 2.4 and (iii) to conclude that

Moo LK
AR el
F 0xq g

lim
n—00

/ Vi, - Vul dm,| =
En

= lim
n—oo

] / YV - vg, d| Dy, |

IA

lim /|wn| Vi - vg, || Dyg,| =0
n—oo
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fora =1,...,k — 1. Since Yoo € C(B;(0%)) is arbitrary we obtain
£F((F N B1(0%)) A (fxx > A} N B1(05))) =0 for some A € R.

Using again (4.22) we get £%(F N B1(0)) = wy /2 which forces A = 0.
Let us finally prove (4.23). To this end we use again (4.22) with t = 1/2, obtaining

. W —1
Jim [Dive, [(Bij2(in)) = =7 = DA x>0y |(B1a (0).

We can now apply the third conclusion of Proposition 1.28 to conclude.

Step 2. By assumption there exists an e-splitting map u : Ba;(p) — R¥~1 such that (4.4)
holds true. We wish to propagate now both the e-splitting condition and the orthogonality
condition (4.4) at any scale and point outside a set of small ,ﬁfsh-measure. More pre-
cisely, we are going to prove that there exists a set G C B;(p) with ,%”Sh (Bs(p)\ G) <
Cn /em(Bs(p))/s such that

(i) forany x € Gand0 < r < s, u : B,(x) — R¥1is Cye'/*-splitting;

(ii) foranyx e Gand0 <r < s,

_r
m(B,(x)) JB,(x)

We can find a set G’ satisfying the measure estimate and (i) by applying Corollary 3.12.

|v-Vug|d|Dyg| < e fora=1,....k—1. (4.25)

Hence it is enough to find a set G” satisfying the measure estimate and (ii) and to take
G:=G'nG".
To do so we apply a standard maximal argument. Fixa = 1,...,k — 1 and set

M(x) := sup

r
—_— [v-Vug|d|Dygl.
o<r<s M(Br(x)) JB,(x) ¢

We claim that G” := {x € By(p) | M(x) < +/¢} has the sought properties.
Indeed, for any x € Bs(p) \ G”, there exists px € (0, s) such that

px

P V- Vugld|Dyz| = Ve. (4.26)
w(B,, (X)) JB,, (x) ¢

Applying the Vitali lemma to the family { B, (x)}xeB,(p)\G~ We find a disjoint subfamily
{Br, (xi)}ien suchthat Bs(p) \ G” C |J; Bsr,; (x;). Taking into account the disjointedness
of the covering, (4.26), (4.4) and the Bishop—Gromov inequality, we can compute

S h(Bsy, () = 3 2 Bsn (30)

A (Bs(p) \ G") = o
ieN ieN !
B . .
son N M) c oy F e [ Vgl di el
ieN Ti ieN By, (x;)

B
< CN8_1/2/ |V'Vua|d|DXE| < CN\/Em( ZS(p))
B (p) s
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Step 3. We claim now that for any n > 0 there exists ¢ = g, x5 > 0 small enough such
that forany 0 < 7 < s and x € G N (Fg E)2s,¢ the map

u=Uy,...,ug—1):supp|Dye| N Br(x) —> R*~!is an rn-GH isometry.  (4.27)

The claim is a consequence of Step 1. Indeed, for any x € G N (¥ E)25,, and any r €
(0, s), conditions (i) and (ii) of Step 1 are satisfied by definition of (¥ E)2s,.. Moreover,
u is a Cye!/4-splitting map on B, (x) satisfying (4.25), hence also assumption (iii) of
Step 1 is satisfied for & small enough.

To conclude the proof we have just to check conclusion (i) of Proposition 4.7, since
conclusion (ii) follows from Step 2 by choosing & so small that /e < 7. To this end, take
X,y € GN(FrE)as, and choose r := d(x, y). Our claim (4.27) ensures that

“u(x) —u(z)| —d(x,z)| <rn foranyz € supp |Dye| N Br(x),

therefore we can take z = y and conclude.
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