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Abstract. We study several questions involving relative Ricci-flat Kdhler metrics for families of
log Calabi—Yau manifolds. Our main result states that if p : (X, B) — Y is a Kéhler fiber space
such that (Xy, B|x,) is generically klt, Kx,y + B is relatively trivial and p«(m(Kx,y + B))
is Hermitian flat for some suitable integer m, then p is locally trivial. Motivated by questions in
birational geometry, we investigate the regularity of the relative singular Ricci-flat Kéhler metric
corresponding to a family p : (X, B) — Y of klt pairs (X), By) such that x(Kx, + By) = 0.
Finally, we disprove a folkore conjecture by exhibiting a one-dimensional family of elliptic curves
whose relative (Ricci-)flat metric is not semipositive.

Keywords. Kihler fiber space, log Calabi—Yau manifolds, conic Kéhler metrics, direct image of
log pluricanonical bundles

Introduction

In this article we continue our study of fiberwise singular Kidhler—Einstein metrics started
in [19] in the following context.

Let p : (X, B) — Y be a Kihler fiber space, where B is an effective divisor such that
(Xy, Blx,) isklt forall y € Y in the complement of some analytic subset of the base Y.
We are interested here in the curvature and regularity properties of the metric induced on
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Kx,y + B by the canonical metrics on the fibers X, under the hypothesis
k(Kx, + By) =0,

where By := By, . The far-reaching goal we are pursuing here is a criterion for the bira-
tional equivalence of the fibers (Xy, Blx,) of p in a geometric context inspired by results
due to E. Viehweg, Y. Kawamata and J. Kollar in connection with the Cy,;, conjecture. To
this end, the fiberwise Kéhler—Einstein metrics play a crucial role. Due to some technical
difficulties — which we hope to overcome in a forthcoming paper — our most complete
results are obtained under the more restrictive hypothesis ¢1 (Kx, + By) = 0, i.e. in the
absence of basepoints of the log-canonical bundles of the fibers.

Main results

Let p : (X, B) — Y be a proper, holomorphic fibration between two Kihler manifolds,
where B = Y b; B; is an effective Q-divisor on X whose coefficients b; € (0, 1) are
smaller than 1. We assume that there exists Y ° C Y contained in the smooth locus of p
such that B|x, has snc support for y € ¥'° and set X° := p~1(Y°). The fibers of p are
assumed to satisfy

c1(Kx, + Blx,) =0 foranyy e Y°.

If we fix a reference Kihler form w on X, then we can construct a fiberwise Ricci-flat
conic Kahler metric 6y, i.e. a solution of the equation

{ Rich, = [By].
0, € [wy].

There exists a unique function ¢ € L} (X°) such that

Oy = wy +dd°plx,,
ny p ) =0.

The closed (1, 1)-current 6gg := w 4+ ddp on X° is called a relative Ricci-flat conic
Kdhler metric in [@]. As we shall soon see, the current 8¢ is not positive in general,
which marks an important difference with the case of Kihler fiber spaces whose generic
fiber is of (log) general type.

Nevertheless, we establish the following result (Theorem 1.2 for a complete version).

Theorem A. Let p : (X, B) — Y be a map as above, and let w be a fixed Kcihler metric

on X. Assume that the following conditions are satisfied:

(i) Fory € Y°, the Q-line bundle Kx, + By is numerically trivial.

(ii) For some m large enough, the line bundle p(m(Kxo,yo + B)) is Hermitian flat with
respect to the Narasimhan—Simha metric h on Y ° (see (1.7)).

Then we can construct a (1, 1)-current Ogy such that the restriction 8, of Ogg to X, is
a representative of {w}|x, and solves Ric 0, = [B)]. Moreover:
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() 6gg is positive and it extends canonically to a closed positive current Ogxg € {w}
on X.

(%) The fibration (X, B) — Y is locally trivial over Y °. Moreover, if p is smooth in
codimension 1 and codimy (B ~ X°) > 1, then p is locally trivial over the whole Y .

The result above has many geometric applications, like for instance a Kihler version
of a theorem of Ambro [1] (see Corollary 1.3 and its proof in Section 1.2).

Another striking consequence is the following positivity property of direct images of
pluri-log canonical bundles (see Section 1.2 for a proof). It can be seen as a logarithmic
version of Viehweg’s O, n-conjecture for families of log Calabi—Yau manifolds [53].

Corollary B. Let p : (X, B) — Y be a fibration between two compact Kihler manifolds
suchthat c1(Kx, + B|x,) = 0 for a generic y € Y. Assume moreover that the logarithmic
Kodaira—Spencer map

Ty — R' pu(Tx/y (~log B)) (0.1)
is generically injective. Then the bundle p.(m(Kx,y + B))** is big.

We remark that, based on Corollary B and some deep tools, Y. Deng [26] proved
recently the hyperbolicity of bases of maximally variational smooth families of log
Calabi—Yau pairs.

We are next interested in the following setting:

k(Kx, + Blx,) =0,

which is more natural from the birational geometry point of view. The main result we
establish in this context is a regularity theorem for the relative Kéhler—Einstein metric.
The point is that here we have no further assumptions on the basepoints of Kx, + B, or
the flatness of the direct image of some power of Kx,y + B (see the end of Section 3).

Theorem C. In the above framework, let @ be a fixed Kihler metric on X and assume
that for y generic the Kodaira dimension of Kx, + By equals zero. Let E be an
effective Q-divisor such that Kx, + By, ~q E,. Then there exists a (1, 1)-current gy
whose restriction 0), ‘= Oggl|x, is a representative of {w}|x, and solves the equa-
tion Ric 8, = —[E,] + [B,]. In addition, the local potentials of 0gy are Lipschitz on
X° ~ Supp(B + E).

One may wonder whether the assumptions concerning the flatness of the direct image
of the bundle m(Kx,;y + B) can be removed in Theorem A. Indeed, a folklore conjecture
asserts that the form 6gy is semipositive provided that say B = 0 and c¢;(X,) = 0. By
using the results in the Appendix, we show that this is simply wrong.

Theorem D. There exists a smooth, proper fibration p : X — Y between Kdihler mani-
folds such that c1(X,) = 0 forall y € Y and a Kdhler form w on X such that the relative
Ricci-flat metric Oxg € [w] is not semipositive.
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The example we exhibit is constructed from a special K3 surface admitting a non-
isotrivial elliptic fibration as well as another transverse elliptic fibration. The construction
is detailed in Section 3.

Previously known results

In connection with Theorem A, the statements obtained so far are based on two different
types of techniques arising from algebraic geometry and complex differential geometry,
respectively. One can profitably consult the articles [53], [34] and [33] for results aimed
at the Iitaka conjecture. From the complex differential geometry side we refer to [4], [30],
[6] and the references therein.

The folklore conjecture that we disprove in Theorem D arose from a result of Schu-
macher [45] who proved the semipositivity of the relative Kahler—Einstein metric for
families of canonically polarized manifolds (see also the related works [2], [50]). He
also implicitly conjectured that an analogous semipositivity result should hold for famil-
ies of Calabi—Yau manifolds [45, p. 7], and this was explored in the thesis of Braun [10]
and in the papers [11, 12] where positive partial results were obtained. The semipositivity
question for fgg also appeared in the work [27] on the K&hler—Ricci flow.

Main steps of the proof
We next outline the proof of Theorems A, C and D.

e The first item of Theorem A is established by using two ingredients. The first one
consists in showing that the conic Ricci-flat metric in {wy, } on each fiber X, is the nor-
malized limit of the unique solution of the family of equations of the type

Ric p; = —ps + cw + [B] 02)

on X, where p, € e{wy, }. We show that wgg|x, is obtained as the limit of % pe ase — 0.
On the other hand, the main result of [28] shows that the family p, has psh variation for
each positive ¢ > 0, and the result follows (the flatness of the direct image is crucial in
order to be able to use [28]).

The argument for the second item of Theorem A is more involved. We use a different
type of approximation of the conic Ricci-flat metric, by regularizing the volume element.
Let t5 be the resulting family of metrics. The heart of the matter is to show that the
horizontal lift with respect to t5 of any local holomorphic vector field on the base has a
holomorphic limit as § — 0. This is a consequence of the estimates in [29] combined with
the PDE satisfied by the geodesic curvature of tg [45]. Then we show that the geodesic
curvature tends to a (positive) constant and as a consequence we finally infer that the
horizontal lift of holomorphic vector fields with respect to wgp, is holomorphic and tangent
to B.

e The equation Ric w = —[E] + [B] translates into a Monge—Ampere equation where
the right hand side has poles and zeros. The poles are relatively manageable in the sense
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that they induce conic metrics, that is, we know relatively precisely the behavior of the
complex Hessian of the solution. The zeros, however, are much more complicated to deal
with for several reasons. First, it seems hard to produce a global degenerate model metric
that should encode the behavior of the solution. Next, regularized solutions of the Kéhler—
Einstein equation do not satisfy a Ricci lower bound, hence it seems difficult to estimate
their Sobolev constant.

In Proposition 2.1, we establish a uniform (weak) Sobolev inequality where the meas-
ure on the right hand side picks up zeros. Then we study the regularity of families of
such metrics. Despite having a rather poor understanding of the fiberwise metrics, we
are still able to analyze the first order derivatives of the potentials in the transverse dir-
ections, leading to an L? estimate, yet with respect to a more degenerate volume form
(Theorem 2.6). This is however enough to deduce the Lipschitz variation of the potentials
away from Supp(B + E).

e The counterexample provided by Theorem D is built from an elliptic fibration p :
X — P! where X is a K3 surface. In the Appendix, it is shown that one can find such a
fibration with the following properties: its singular fibers are irreducible and reduced, it
is not isotrivial and it admits another transverse elliptic fibration. These properties allow
us to find a semiample, p-ample line bundle L — X with numerical dimension 1. Then
the relative Ricci-flat metric 6 € ¢1(L)|xe cannot be semipositive, for otherwise one can
show that it would extend to a positive current 6 € ¢{(L) and as L is not big, results of
Boucksom show that
62=0 onX°.

Using horizontal lifts of 6, one can finally conclude that the foliation Ker 6 is holo-
morphic, induced by a local trivialization of the family. This contradicts the non-isotrivi-
ality of p. Passing from the relative Ricci-flat metric in ¢; (L) to one in a Kéhler class can
be done using a limiting process.

Organization of the paper

§1: We prove Theorem 1.2, and then derive successively Corollary 1.3 and Corollary B.

§2: We obtain transverse regularity results for families of Monge—Ampere equations cor-
responding to adjoint linear systems having basepoints. This leads to Theorem C.

§3: We prove Theorem 3.1 using results from the Appendix.

1. Relative Ricci-flat conic metrics

1.1. Setting

Let p : X — Y aholomorphic proper map of relative dimension n between Kéhler mani-
folds. We denote by Y° C Y the set of regular values of p, and let X° := p~1(Y°) so that
plxe : X° — Y° is a smooth fibration. For y € Y°, one writes Xy := p~'(X,), the fiber
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over y. Let B be an effective Q-divisor on X that has coefficients in (0, 1) and whose sup-
port has snc. Our assumption throughout the current section will be that for each y € Y°
we have

c1(Kx, + By) =0e H"'(X,,Q). (1.1)

Thanks to the log abundance in the Kihler setting (Corollary 1.18), we know that
Kx, + By is Q-effective. Combining this with the Ohsawa-Takegoshi extension the-
orem in its Kihler version [18], one can assume that there exists m > 1 such that
m(Kx, + By) ~ Ox, forall y € Y°.

In this context the main result we obtain here shows that the flatness of the direct
image p«(mKx,;y + mB) implies the local isotriviality of the family p : (X, B) — Y.
By this we mean that there exists a holomorphic vector field v on X © whose flow identifies
the pairs (X, By) and (X, By,) provided that y, w € Y° are close enough. This is the
content of Theorem 1.2 below. Prior to stating our theorems in a formal manner, we need
to recall a few notions and facts.

Given a point y € Y°, there exists a coordinate ball U C Y° containing y and a
nowhere vanishing holomorphic section

Qe H*(Xy,m(Kxy + B)lx,) (12)

by our assumption (1.1), where Xy := p~1(U).
If fp is a local multivalued holomorphic function cutting out the Q-divisor B, then
oO.\1/m
the form induces a volume element on the fibers of p over U. We fix a Kihler

class {w} € H"1(X,R). Up to renormalizing w, one can assume that the constant function

Yoy "

Xy
is identically equal to 1. We also define
(Qy A Q)™
x, /B2

this is a Holder continuous function of y € Y°.
Let p,, be the unique positive current on Xy, which is cohomologous to wy, and satisfies

Vy =

n_ 2y Ayt
Y VylfBI?

(see [56]). One can write py, = w|x, + dd° ¢y, where the function ¢, is uniquely determ-
ined by the normalization

O \1/m
/X yw - (13)

| /81

Foreach y € U C Y°, the current p, is reasonably well understood: it has Holder poten-
tials, and it is quasi-isometric to a metric with conic singularities along B [29].
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We next analyze its regularity properties in the “base directions”; this will allow us to
derive a few interesting geometric consequences.
The function ¢ defined on X° by @(x) := @px)(x) is a locally bounded function
on X° (by the family version of Kotodziej’s estimates [25]), hence it induces a (1, 1)-
current
p=w-+dd (14)

on X°.Let A C Y ° be asmall, 1-dimensional disk. If A is generic enough, then the inverse
image X := p~!(A) is non-singular, and the restriction map p : X — A is a submersion.
We denote by ¢ a holomorphic coordinate on the disk A. Following [46] we next recall
the expression of the horizontal lift of the local vector field % For the moment, this is a
vector field v, with distribution coefficients on the total space X given by the expression

= LN ey L 15
YT Xa:p b yzy (1

where the notations are as follows. We denote by (z1, ..., z,4, ) a coordinate system
centered at some point of X, and P, is the coefficient of dt A dZg. We denote by (0P)
the entries of the inverse of the matrix (pag).

The reflexive hull of the direct image

Fn 1= pa(m(Kxyy + B)** (16)

plays a key role in the study of the geometry of algebraic fiber spaces. It admits a pos-
itively curved singular metric whose construction we next recall (see [5,42] and the
references therein).

Let 0 € H°(U, F,u|v) be a local holomorphic section of the line bundle %, defined
over a small coordinate set U C Y °. The expression

2. m—1 |o|? —o5
lotly =V, e (17)
Xy [Qy]"

defines a metric s on %, |yo. It is remarkable that this metric extends across the singular-
ities of the map p, and it has semipositive curvature current; see [5,42] for more complete
statements.

1.2. Main results
In this subsection we aim to prove the following results.

Theorem 1.1. Let p : (X, B) — Y be a proper holomorphic map between Kdhler man-
ifolds as in (1.1). Assume moreover that the curvature of ¥, with respect to the metric
in (1.7) equals zero when restricted to Y °. Then the (1, 1)-current p defined on X° by (14)
is semipositive and it extends canonically to a closed positive current on X in the cohomo-
logy class {w}.
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For example, if we assume that Y is compact, then the curvature of %, will automat-
ically be zero if ¢1(¥,,) = 0 thanks to the properties of the metric (1.7) discussed above
[20, Thm. 5.2].

The word “canonically” in Theorem 1.1 means that the local potential ¢ of p is locally
bounded above across X ~ X°.

We also prove the next statement.

Theorem 1.2. Assume that the hypotheses in Theorem 1.1 are satisfied. Then p is locally
trivial over Y °, that is, for every y € Y °, there exists a neighborhood U C Y° of y such

that _
(p~'(U), B) ~ (X,.Blx,) x U.

Moreover, if p is smooth in codimension 1, then p is locally trivial over the whole Y
provided that codimy_xo (B ~ X°) > 0.

In particular, under the assumptions in the “moreover” part of Theorem 1.2 the map
p is automatically a locally isotrivial submersion.

As an application, we establish the following result; it partially generalizes to the
Kihler case a theorem of F. Ambro [1].

Corollary 1.3. Let p : X — Y be a fibration between two compact Kdihler manifolds. Let
B be a Q-effective kit divisor on X with snc support.
If —(Kx + B) is nef, then —Ky is pseudo-effective. (1.8)

Ifc1(Kx + B) = 0and c1(Y) = 0, then p is locally trivial, that is, for
every y € Y, there exists a neighborhood U C Y of y such that

(p™'(U). B) ~ (X,.Blx,) x U.

In particular, if c1(Kx + B) = 0, the Albanese map p : X — Alb(X)
is locally trivial. (19)

1.3. Proof of Theorem 1.1

We will proceed by approximation, mainly using the following lemma combined with the
results in [28].
The next statement will enable us to reduce the problem to canonically polarized pairs.

Lemma 1.4. Let X be a compact Kdhler manifold and let B be an effective divisor such
that (X, B) is kit. Assume that ¢1(Kxy + B) = 0. Let w be the Kiihler form on X. For
every ¢ > 0, let p, € e{w} be the unique twisted conic Kiihler-Einstein metric such that

Ric p; = —pe + ew + [B]. (1.10)

Let p € {w} be the unique conic Kihler-Einstein metric such that Ric p = [B]. Then
1
lim —p, = p

e—>0 &

where the convergence is smooth outside Supp(B).
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Proof. Let m € N be such that m(Kx + B) is effective. Let Q € H°(X, m(Kx + B))
be a holomorphic section normalized so that

Qatm
x P (b
There exists a unique function ¢, on X such that
e = cw + dd€ g, (1.12)
QAQ)lm
pg = 8"6‘08# (1.13)
Now, set
1
Ve 1= —@s.
€
One has %ps =w+dd°y, and
ern ey (QAQYM
QAQ)!/m 1 \n o . , . .
As TR and ()" are probability measures and V. is w-psh, Jensen’s inequality

yields [y (evs) % < 0, and therefore

O\1/m
/ @A _ (1.15)
X

e, 10 =
| /817

oQ/m . . L
As the measure % integrates every quasi-psh function, it follows from standard

results in pluripotential theory that there exists a constant C such that

sup ¥ < C. (1.16)
X

By (1.14)—(1.16) and Kotodziej’s estimate [36], one gets

oscy Ve < C. (L.17)

Ag @ADLV

Fal and (% pe)" are probability measures again, (1.14) shows that

infy, <0 < sup .
X X
Combining this information with (1.17), we obtain
[VellLoox) < C. (1.18)

Moreover, Jensen’s inequality applied to the equation % = e Ve (%ps)” yields

/ Ve(w + dd Ye)" > 0. (1.19)
X
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From (1.14) and (1.18), we get uniform estimates at any order for ¥, outside B. If { is a
subsequential limit of the family (/;)¢>0, it will satisfy

(Q AQ)Ym
| /81
Combining this information with (1.15) and (1.19), we find
(Q AQ)Ym

Yy =0
b | /8]

Therefore v is uniquely determined, and the whole family (1/;).>o converges to ¥. The
lemma is thus proved. ]

(@ +dd*y)" =

Proof of Theorem 1.1. We fix a reference Kéhler form w on X, and let U be some small
topological open set of Y °. By hypothesis, the curvature of the bundle 5, |y is identically
zero. By using parallel transport, this is equivalent to the existence of a section

s € H'(Xy,mKx;y + mB|x,) (120)
whose norm is a constant function on U, namely ||s||5(y) = 1 forevery y € U. Let
Qy :=s|x, € H*(X,,mKx, + mB,)

be the restriction of s to the fibers of p.
Since ¢1(Kx, + By) + aa)|xy is a Kéhler class for each ¢ > 0 and each y € Y °, there
exists a unique ¢, such that
(Qy A Q)™
| /B

Since y € U is a regular value, this is equivalent to

(ew + dd@e)" = &"e?* on Xjy.

Ric pe,y = —pe,y + 0 + [By] on Xy,

where pg,y = ew + dd pelx, .

Next, the section s is holomorphic, hence the relative B-valued volume forms
(82y A ﬁy)l/’" induce a metric with zero curvature on Kx,y + B over p~1(U). Because
of that,

0e = ew +ddp,

coincides with the current studied in [28], and the content of the main theorem there is that
pe is positive on p~!(U). Thanks to Lemma 1.4, p is the fiberwise weak limit on p~1(U)
of the fiberwise twisted Kidhler—Einstein metrics % Pe; moreover, the estimate (1.18) is
uniform over U, so that p is actually the global weak limit of the metrics % pe on p~L(U).
In particular, p > 0 on p_1 (U), hence on X°.

As for the extension property, it is proved in [28] that p, extends canonically to the
whole X as a positive current in {ew}. This means that given any small neighborhood U
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of a point x € X ~ X°, one has supynyo ¥ < +00. In other words, v, extends to an
w-psh function on X. Now, let us fix U as above. The family (1;8)90 of w-psh functions
on U defined by _

Ve = Ve — sup Ve

is relatively compact. In partlcular one can find a sequence e — 0 and an w-psh function
1// on U such that Wsk — w a.e. in U. Moreover, we know that ¥, = wsk + supy Ve,
converges to the w-psh function ¢ a.e. in U N X°. This implies that supy; ¥, converges
as k — +o0. By the Hartogs lemma, this implies that supy;yo ¢ < +00, which was to
be proved. ]

1.4. Proof of Theorem 1.2
We will proceed in a few steps, roughly as follows.

e We start by approximating p by smoothing the volume element. Let 75 be the resulting
€% form. Then we have limg 75 = p in the weak sense.

e We next analyze the behavior of the geodesic curvature of 7. The main tools are the
Laplace equation satisfied by this quantity [45], and the €2 estimates for conic Monge—
Ampere equations [29]. As a consequence, we first show that we can extract a limit of
the horizontal lift vg (corresponding to ts) which is holomorphic on the fibers of p.
Afterwards we show that the geodesic curvature of ts converges (on X ~ Supp(B)) to
a constant as § — 0. Finally, we infer that vs converges to v, uniformly on the comple-
ment of the divisor B.

o After completing the previous steps, we show that v, is in fact holomorphic on the total
space X by using a few arguments borrowed from [3].

e Finally, we show that v, extends across the singular locus of p provided that X is
compact and p is smooth in codimension 1.

1.4.1. Approximation. This is a fairly standard and widely used procedure, so we will be
very brief.

By hypothesis, we have B = ) a; B; where a; € (0, 1) and | J B; has simple normal
crossings. We consider a smooth metric e~% on the bundle associated to Bj; it induces
a smooth metric e =98 := ¢~ 299 on the Q-line bundle associated to B. For any § > 0
we define the quantity Cs ,, by

(Qy A Qy)l/m
x, [1;(1fj[? + 82e%)%
Here Q is a section of %,,|ao whose norm is 1 at each point, and f; is a local holomorphic
function cutting out B;. The expression [ | ;U |2 4 82e%/)~% is then a globally defined
smooth metric on the Q-line bundle associated to B. Finally, we let s; be the canonical

section of Ox(B;), and we will denote by |s;|* the squared norm of s; with respect
to e 9.

e Csy —
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Let us further define the smooth (1, 1)-form
s = w +ddug (121)
on X ° such that ug|x, is a solution of
o \1/m
ddus)" = ¢Cs.» (R2y1Q2y) —
(0 + ddCus) = O T P r82e (122
AT o1 L —— '
Xy Oy P62 )%
By the family version of Kolodziej’s estimates [25], one can easily see that for any rel-
atively compact subset U € Y °, there exists a constant C > 0 independent of § € (0, 1)
such that

sup [lusllLe(x,) < C. (123)
yeU

As a consequence, we get the following easy result (see (1.4) for the definition of p and ¢).

Lemma 1.5. When § approaches zero, t5 converges weakly to p on X°. More precisely,
ug — @ in LL (X°).

loc

Proof. The convergence us — ¢ in LlloC (Xy) follows from Kotodziej’s stability theorem

[37, Thm. 4.1] (one even gets uniform convergence). The convergence on the total space
then follows from Lebesgue’s dominated convergence theorem coupled with (1.23). m

1.4.2. Uniformity properties of (t5)s=o- In this subsection we will only consider the
restriction of our initial family of manifolds above a disk in the complex plane
p:X—>A (124)

where we recall that A C Y ° is generic and X = p~!(A).
The coordinate on A will be denoted by ¢. We recall that the geodesic curvature of the
form tg is the function defined by the equality

ot = c(r)tf AV—1dt AdI. (125)
If vg is the horizontal lift of % with respect to tg, then it is easy to verify that
c(ts) = (vs, V)5 (126)

For each § > 0, the form 75 induces a metric /15 on the relative canonical bundle Kx /A as
follows. Let z1, ..., z,, Z,+1 be a coordinate system defined on the set W C X. Recall
that 7 is a coordinate on A. This data induces in particular a trivialization of K, with
respect to which the weight of % is given as follows:

eVCDdzy Ao Adzyyy = T8 AN—1dt A dE. (127)
The curvature of (Kx/a, hs) is the Hessian of the weight,
Os(Kaxc/a)lw = ddVs. (128)

We have the following result, relating the various quantities defined above.
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Lemma 1.6. Let A§ be the Laplace operator corresponding to the metric ts|x,. Then

—Af(c(ts)) = |0vs]* — Os(Kox/a)(vs, V). (129)

We will not prove Lemma 1.6 in detail because this type of result appears in many
articles ([45] or [41]). The main steps are as follows: we have Ws = log det(gaﬁ) where
we denote 8B = T50f and a few simple computations show that the Hessian of W
evaluated in the vg-direction equals

dlogdet(8,5)(vs.T5) = 8 87 45 — 8“7 8" 851805 s
— 88,518 8 — 8 805,78 8ui
+ 8 8,528 8" gt (130)

On the right hand side we recognize the beginning of A§(c(ts)) (cf. the Ist term), and in
the end this gives (1.29). Again, we refer to [21, pp. 18—19] for a detailed account. ]

Remark 1.7. Equation (1.29) can be seen as the analogue of the usual €2 estimates in
“normal directions”. By this we mean the following: the €2 estimates are derived by eval-
uating the Laplacian of the (log of the) sum of the eigenvalues of the solution metric with
respect to the reference metric. Vaguely speaking, in (1.29) we compute the Laplacian of
the normal eigenvalue.

The following result is an important step towards the proof of Theorem 1.2.

Proposition 1.8. Lett € A be fixed. For any sequence §; — 0, there exists a holomorphic
vector field w on X, ~ Supp(B) such that, up to extracting a subsequence, the sequence
(vs; |x,)j=0 converges locally smoothly outside Supp(B) to the vector field w.

Remark 1.9. At this point, it is not obvious that w is independent of the sequence J; and
that it should coincide with the lift v of 3; 3 with respect to p|xosupp(B)-

Before giving the proof of Proposition 1.8 we collect a few results concerning the
family (z5)s>o of forms, taken from [29] and [28].

(a) It follows from [29, §5.2] that t4 |Xy has “uniform regularized conic singularities”
in the sense that if on a small coordinate open set 2 C X, the divisor B is given be
B =Y a; Bj where B, is defined by {z; = 0}, then there is a constant C independent
of § such that for any y € U, we have

" J—=1d dz
C—I(Z—Z"A kY «/—_1dzk/\d2k)
k=1

2 2\a
(2P + 82 7 =

V=1dz A dZ
< t5lx,ne < C (Z A . + Y \/—1dzk/\d3k). (131)

2 2\a
(2P + 8o " =
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(b) The estimates [28, (3.13), Prop. 4.1&4.2] go through for ug, that is, for any integer
k > 0, there exists C; > 0 independent of § € (0, 1) such that

sup [|9:us [lex @nx,) < Ck (132)
teA

and there exists a constant C > 0 such that the following global estimate holds:

sup/ lus|2tf < C. (133)
teA
One also gets
lim sup/ lus|2 7§ = 0. (134)
80 reA Jx,NU{Is; 12<8}

Again, we will not reproduce the arguments for (1.32)—(1.34) here, but let us comment e.g.
on (1.33) for the comfort of the reader. The main observation is that in local coordinates
this amounts to obtaining a bound of |V?(d,us)|? with respect to the volume element
¢ on X,. Here |- |2 is measured with respect to the reference metric , and V94 is the
gradient corresponding to t5. By (1.31) this is smaller than |V® (atu5)|§ up to a uniform
constant. This new quantity is controlled by taking the derivative of the Monge—Ampere
equation satisfied by 75 in normal directions and integration by parts. Of course, the real
proof is much more involved and we refer to loc. cit. for the details.

We see immediately that (1.33)—(1.34) imply the next statement.

Lemma 1.10. One has

82
lim su —— )|vs|> < = 0.
mee [ (¥ e i

The proof of Lemma 1.10 is very elementary and we skip it.

Proof of Proposition 1.8. Recall that in local coordinates,
a Ba ad
Vs = o aXﬂ:Ta Ta,tﬁa'

By (1.32), the family (vs|x,)s>o is relatively compact in the €2 (X; ~ Supp(B)) topo-
logy. Let §; be a sequence converging to zero such that (vs,|x,);>0 converges locally
smoothly outside Supp(B) to a vector field w.

Now, the geodesic curvature c(zg) of 75 satisfies

—Agge(ts) = [|0vs||> — O5(Kac/a)(vs, Us) (135)

by Lemma 1.6. In our setting (see (1.21) and the definition of 74) the curvature term in
(1.35) becomes

92C 3 ,0 ® ,
(1) Z 4 (0s;, ds;)(vs, Vs) Z 52 i (vs, Us)

= 136
010t |s |2 + §2)2 si|? + 82 (136)
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where ©; is the curvature of the hermitian line bundle (Ox (B;), e~%/). Integrating (1.35)
against 7§ yields

_ V=1 (dsj. ds;) (vs, Bs) 9*Cs(1)
lim sup(/ ldvs|?<f + Y a; [ &2 e Kk 1:”) = lim sup ——.
50 jea \Jx, 5 ; " x, (Isj [ + 82)2 8 ) 7 6>0/en 010l
137)
Indeed, thanks to Lemma 1.10 the third term in (1.36) vanishes as § — 0.
We next show that 52
Cs(t
lim sup SS) =0; (1.38)
§—0;ep 010t
this will end the proof of Proposition 1.8. Recall that
(Qy AQy)Ym
Cs(t) = —log (139)

x, [1;(1fi 1% 4 82e%7)%

and since the norm of 2 is 1 at each point of A, we have
(L5 2 + 828y — 1, 12

xi 1 15129 T (fi 2 + 82e% )%

With the same notations as in (1.31), the restriction of the function under the integral sign
in (140) to a coordinate set W, reads

L1 + 824 T, |2 P

Cs(r) = —log(l - (Q, Aﬁy)l/m). (140)

F,s(z,t) = 141
a,&( ) Hj |Z]_|2a_,- Hj(|zj|2 + §2€¢-f)aj ( )
and then the integral in (1.40) becomes
Z/ 0o Fy5(z, 1)ef@ 0" (142)
(x «NX;

where 6, is a partition of unity and the f, are given smooth functions. If v is the horizontal
lift of % with respect to the reference metric w, then we have the usual formula

%Z/ QaFa,,g(z,t)ef“w" = Z/ v(@aFa,(g(z,t)ef"‘)w". (143)
o JXi o YXi

Formula (1.39) shows that 31;";'3 converges to zero as § — 0 because only the weights ¢;

depend on ¢ and the coefficients a; are strictly smaller than 1. Indeed, we have

0Fy s _ Z 8%e®i 0:¢; a;

144
T A L N T R T

J

and our claim follows since

52
———————dMz) >0 asd —>Oforanya < 1.
/(cc,o) (2 +§7)17a g
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For terms involving aggjs we get the same conclusion (i.e. they tend to zero) by using
1

integration by parts, as we explain next. The corresponding terms in (1.43) have the fol-
lowing shape:

f OFas (2)1(2) dA(2) (145)
x, 0z

where 7, is a smooth function with compact support in W, N X;. The integral (1.45) is

equal to

) dne), (146)
x, 0z

and this tends to zero by dominated convergence.

The same type of argument applies for the second order derivatives of Cs(¢); the claim
(1.38) follows.

As vs; — w in the €2 (X; ~ Supp(B)) topology as j — +oo0, it follows from the

loc
identity (1.37) above that w|x,  supp(B) is holomorphic. [

The next proposition is also important in the analysis of the uniformity properties of
(v§)s>0-

Proposition 1.11. Let t € A be fixed. Then

lim (c(rg) —/ c(tg)rg’) =0 (147)
§—0 X,

on X; ~ Supp(B).

Proof. Let Gg : X; x X; — R be the Green function of (X;, t5). Let x € X; ~ Supp(B);
by definition, one has

c(rg)(x)—/X c(ts)ty :/}; —Agze(ts)- Gs(x,- )ty (148)

Clearly, Vol(X;, 75) = [x, 7§ = [y, @" = 1 is independent of §. Moreover, by (1.31),
there exists a constant C; > 0 independent of § such that diam(X,;, t5) < C,. Therefore,
it follows from [47, A.2] that

G(x,y)=—-C (149)

for some C, > 0 independent of . Now recall that Gs(x, y) = f0+°° Gs(x,y,s)ds where

Cys e s @/ jf0 <5 < 1,

Gs(x,y,s) <
Cys™ forany 0 < s < 400,

where d; is the geodesic distance induced by 75 on X,. This follows respectively by
[23, Thm. 16] and [47, p. 139] — recall that the Ricci curvature of 75 is uniformly bounded
below thanks to (1.31). Integrating the above inequalities, one gets

G(x.,y) < C3dg(x, y)>~?" (150)
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for some uniform C3 > 0. Let I5(x) := c¢(t5)(x) — th c(ts)tg, and let C4 > 0 be large
enough so that £®; < C4w. One has successively

|15 (x)| = ’/X —Age(ts) - (Gs(x,-) + Co)ry
_ §2 "
< /};t (”81)5”2 + C4(Z m)h}gﬁ)) . (Gg(x, ) + CZ)TS
1(ds;,0 ,
“J, (Z s KRR

_ §2
<C 9 2+( ) 2)'d1: .- 2—2n_n
= s [ (11 g dutn P

8 i 05, ’ —2n_n
[ (B ). o

We claim that the right hand side converges to 0 when § — 0, uniformly in x belonging
to a fixed compact subset of X; ~ Supp(B). To see this, it is enough to check that for
any sequence §; — 0, one has lim; o0 Is, (x) = 0 uniformly in x, up to extracting a
subsequence. Thanks to Lemma 1.8, one can assume that vs, converges locally smoothly
to a holomorphic vector field w on X; ~ Supp(B). Let us pick & > 0.

By the estimates and observations above, one can find a small neighborhood U, €
X ~ Supp(B) and a constant C = C(x) > 0 such that

G |vs)? < C, ||5v3_i |> < e, and |s;]?> > C~! on Uy for any j;
(i) [y, de(z,)72 1) < C;
(iil) dys(z, w)?>2" < C forany w ¢ Uy.

The rest of the proof is easy: we split the integral into two pieces, on Uy and its comple-
ment.

e On the complement of U, we use item (iii) so that we can replace the function
des(x, -)272% in the inequalities above by a constant independent of §. The proof of Pro-
position 1.8 shows that the integral of the remaining terms tends to 0 as § — 0.

e On U, we are “far” from the support of B. Combined with items (i) and (ii) above, this
finishes the proof of Proposition 1.11. ]

In fact, Proposition 1.11 shows that the limit (1.47) is uniform on compact sets con-
tained in the complement of the divisor B. We intend to couple this with the elliptic
equation satisfied by c(zs) in order to obtain bounds for the derivatives of this function in
fiber directions. To this end, we need the following statement.

Proposition 1.12. There exists a constant C > 0 independent of § > 0 such that

[ <t

<C.
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Proof. This statement can be seen as a by-product of the considerations in [28, (5.3) &
Prop. 5.4]. Therefore we will content ourselves with highlighting the main steps.
To start with, we recall that the normalization of ug is

(2, AQy)Ym
us — =0, (151)
X, T1i(fi|? + 82e%)%

and this can be rewritten as
/ ugewf =0 (152)
X;

where wg is a metric with conic singularities on X, whose multiplicities along the com-
ponents of B are 1 > b; > max(a;, 1/2) (notations as in (1.31)). Note that Fg in (1.52)
has an explicit expression, being the log of 7§ /wy .

32

Let Vj be the horizontal lift of 8% with respect to ws. By applying the -5 operator in

(1.52) we obtain

/ Vs (Vs (us))eFoof

t

__ /X Vi(us) Vs (Fs)eFoof — / Vs (us) Vi (F3)e Pl
t

Xy

- / usVs (Vs (Fy))e s wff — / ug|Vs (Fp)Pe™wf.  (153)
X, Xy
Now the point is that, up to terms for which we have a uniform estimate already, the
function Vs (Vs(us)) is “the same” as c(ts). Hence the absolute value of the left hand
side of (1.53) is equivalent to | th c(s)Tyg |-
The terms on the right hand side of (1.53) are uniformly bounded, as proved in the
reference indicated at the beginning of the proof. ]

We can now prove that the vector field v, is holomorphic when restricted to the fibers
of p.

Corollary 1.13. Let t € A be fixed. The family (vs|x,)s>o converges locally smoothly
outside Supp(B) to the lift v ofa% with respect to p|xosupp(B)- In particular, v|x,supp(B)
is holomorphic.

Proof. Combining Propositions 1.11 and 1.12, one sees that c(zg) is locally uniformly
bounded on X; ~ Supp(B). Given the elliptic equation satisfied by c(zg), this implies
local bounds of any order (in fiber directions).
Let W C X be a coordinate open subset of X such that W N Supp(B) = @. In local
coordinates, this implies that
0%ug
otor

is bounded on W by a constant independent of §. Since we already have at our disposal

(154)
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this type of bound for any other mixed second order derivative of ug, we infer that
|A"us| < Cw (155)

where A” is the Laplace operator corresponding to the flat metric on W, and Cy is a
constant independent of §.

This implies that the global function ug admits C '** bounds locally on X ~ Supp(B)
for any o < 1. By the Arzela—Ascoli theorem and Lemma 1.5, this implies that us con-
verges to ¢ in Cl(l);“ (X ~ Supp(B)). In particular, ¢ is differentiable in ¢ outside Supp(B),
and on this locus, d,¢; = lim d,us in the €)% topology. Now, (1.32) shows that the conver-
gence actually takes place in €2(X; ~ Supp(B)). In particular, outside Supp(B), v,|x,
is the smooth limit of vg|x, as 6 — 0. Corollary 1.13 is now a consequence of Proposi-
tion 1.8. ]

Corollary 1.14. Let t € A be fixed. Then dc(ts)|x, converges locally uniformly to 0 on
compact subsets of X; ~ Supp(B).

Proof. Let K € X; ~ Supp(B). By the proof of Corollary 1.13 and given (1.29), c¢(t5)|x

is bounded in L* norm, hence in any €X_ norm on K. This implies that the family

dc(ts)|k is relatively compact in the smooth topology, and the conclusion follows from
Proposition 1.11. |

Lemma 1.15. The vector field v on X ~ Supp(B) is holomorphic and extends across
Supp(B).

Proof. This first assertion follows from a simple computation in [3, Lem. 2.5]. In our
setting this yields, on X; ~ Supp(B;),

9,05 = 75 = dc(ts) — v/ —1 15(dvs, Us). (156)

Since on X; ~ Supp(B;), ts and vg converge locally smoothly to p and v respectively,
one deduces from Corollary 1.14 above that v is holomorphic (hence smooth) in ¢ outside

Supp(B).
For the second assertion, first observe that 75" A ~/—1dt A df dominates a smooth
volume form dV on X. Therefore, it follows from (1.33) that

/ |v3|§)dV <C.
p~1(U)~Supp(B)

An application of the Fatou lemma gives

/ lv2 dV < 4o0.
p~1(U)~Supp(B)

By the Hartogs theorem, v extends to a holomorphic vector field across Supp(B). ]

Lemma 1.16. The vector field v preserves p, hence its flow preserves B.
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Proof. On X ~ Supp(B), we obtain
Lyp=0 157

as a consequence of (1.56).

We next show that (1.57) extends in the sense of currents on X. Indeed, if so then we
claim that the flow of v produces biholomorphic maps F; : Xo — X, such that Fj is the
identity and F;*@w; = wy. It is for this equality that we need (1.57) to hold on X in the
sense of currents: it gives

d
S Flwg =0 (158)

in the weak sense on X, but this is enough to conclude that F,*w; = wp.
If one pulls back the Kidhler—Einstein equation satisfied by w; by F;, one gets

RiC Ft*a)t = —Fz*a), =+ Ft*[Bt]

where [B;] = Y ax[B; x] and B; j are the irreducible components of Supp(B). Because
F}w; = wy, we obtain
F{*[B:] = [Bo].

In particular, the local flow of v preserves Supp(B).

Let us now prove that v _ p is zero on X . First, observe that p being a positive current,
its coefficients are locally defined complex measures. We claim that these measures put
no mass on Supp(B).

Indeed, by e.g. [24, Prop. 1.14] the “mixed terms” of p are dominated by the trace of p
(the sum of the diagonal coefficients). Therefore everything boils down to showing that if
w is a given smooth Kihler form on X, then the positive measure p A @” does not charge
Supp(B). But it is easy to produce a family of cut-off functions ygs such that ys tends to the
characteristic function of Supp(B), and |V xs |2 (n+1y and || Ay x5l 11 (n+1) tend to 0.
We refer e.g. to [15, §9] for this classical construction. Finally, let n be a smooth positive
function with compact support on X;. One can assume that on Supp(7), p = dd ¥ admits
a local (bounded) potential. Performing an integration by parts, one obtains

/nxapAw”=/ nysdd“y A"
x x
:/ T]l//ddc)(,g/\a)n—i-/ )(wddanw”+/ vdnAndCys A"
x x x

< ||1//||oo(||77||oo NAoxslier + ||A77||<>o/s "+ Vil 2 - IIVXSIILz),

upp(xs)
which tends to 0.

In conclusion, the coefficients of p and hence those of v _. p are complex measures
which do not charge B. As v . p = 0 outside Supp(B), this identity extends across
Supp(B), which is what we wanted to prove. |
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If we sum up the results obtained so far, we can find near any y € Y ° a sufficiently
small polydisk U C Y ° with coordinates (1, ..., #,) centered around y as well as holo-
morphic vector fields vy, ..., v, on p_l(U) lifting % R % which are tangent to
Supp(B). Up to shrinking U, one can assume that the flow of the vector fields v, :=
> ajv; fora = (ai,...,am) € D™ exists at least up to time 1. Here D is the unit disk
in C. Then one has a holomorphic map f : Xy, x D™ — p~!(U) which sends (x, a) to
¢ (x) where (¢7); is the flow of v,. It is easy to see that f is an isomorphism onto its
image (see e.g. [39]).

To conclude the proof of Theorem 1.2, we need to show that v, extends across the
singular locus of p provided that X is compact and p is smooth in codimension 1. The
argument goes as follows.

End of the proof of Theorem 1.2. Let n be the relative dimension of p and letm :=dimY .
Let Y°CY be the smooth locus of p,and X°:=p~1(Y°).Let Q€ H*(X,m(Kx,y + B)).
Let p = w + ddy be the positive current constructed in Theorem 1.1, and pick
yeY ~Y°.

Let x € X be a generic point of p~!(y). Take a small neighborhood U of x, and set
D := p(U). As p is smooth in codimension 1, p is smooth on U. We can thus fix a

coordinate system (, z1, .. ., Z,) in U such that ¢ represents the horizontal directions and
% is in the fiber direction. The notation ¢ means that t = (¢1, ..., t,). There is a slight
1

abuse of notation: the coordinate of the base is also . But as p is smooth on U, we just
mean that p*(%) = 337, where the former is on X and the latter on Y. Finally, we set
1 1

p*(V=ldi ndt) == N{=y V=1d, ndiy.
Let vi be the holomorphic vector field on X° N p~!(D) constructed in the proof of
Theorem 1.2, attached to %{, where 1 < k < m. We have

(Q A Q)M
| fB1?

We know that ¢, p is proportional to dfx, from which it follows that

ot A p*(V=1dt ndt) = A p*(V=1dt Adt) onU. (159)

oy 7 oo (07 A P*(V=1dL A dD) = p". (1.60)
Combining (1.59) and (1.60), one gets

(Q AQ)m
Lo, o1 " Lo, Om W
—m .
One can find a Kihler form wy on X such that % A p*(W=1dt Adt) > o™,
Since W A [toy,5, ** Lom,im (@ ™) = ([Tx |vk|§)X) - wy™™ (maybe up to some con-
stant), we eventually get

m
2 n+m n m
[ (TTwi) g = o nof
Unxe N, Uunxe

Ap*(«/—_ldLAd_L)] =p".
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and the right hand side is finite, dominated by [y (0" A @¥) < {®}" - {wx}™ by [9,
Prop. 1.6 & 1.20], because p is a closed, positive current on X in the cohomology
class {w}.

As |vg |c20x is uniformly bounded below by a positive constant on p~!(D) N X°, one
deduces that vy € L2(p~ (D) N X°, wy). By the Riemann extension theorem the holo-
morphic vector fields vy extend to holomorphic vector fields on p~!(D) whose flow
provides the expected trivialization. Indeed, the vy are tangent to B on X°, hence they
are tangent to B everywhere by the assumptions in Theorem 1.2. ]

As an application of Theorem 1.2 we can prove Corollary B.

Proof of Corollary B. Our proof follows the same line of arguments as in [34].

To reach a contradiction, assume that ¥, is not big. In any case, this bundle can be
endowed with a metric (used several times in the current subsection) with semipositive
curvature form denoted by 6, and smooth on a Zariski open subset V' C Y as B is gener-
ically transverse to the fibers. Then we claim that

o1 =0 (161)

at each point of V. Indeed, if (1.61) is not true, then there exists a point yy € V' such
that all the eigenvalues of 6,,, are strictly positive. By the singular version of holomorphic
Morse inequalities [8, Cor. 3.3] this implies that %, is big, and we have assumed that this
is not the case.

It follows that the kernel of € is non-trivial at each point of V. Since 8|y is smooth
and closed, locally near each point of V' its kernel defines a foliation whose leaves are
analytic sets (see [34] and the references therein). We choose a smooth holomorphic disk
A contained in such a leaf; the restriction of p to p~!(A) := X4 is a submersion, and the
curvature of the direct image of the relative pluricanonical bundle is identically zero. By
Theorem 1.2 the vector v, is holomorphic. On the other hand, 511,0 is a representative of

the image of the tangent vector a% € Ta by the map (0.1). Since by hypothesis this map is
injective, we obtain a contradiction. ]

Proof of Corollary 1.3. Statement 1.8 is a direct consequence of [28] applied to the right
hand side of the equality

—p*(Ky) = Kx;y + (—Kx — B) + B. (162)

By hypothesis the class —cq(Kx + B) is in the closure of the Kihler cone of X and one
can use loc. cit.

Given Theorem 1.2, it is enough to prove that p is smooth in codimension 1. We use
the following elegant argument due to Q. Zhang [59]. Assume that there exists some codi-
mension 1 subvariety D C X such that p,(D) is of codimension at least 2. Let7: Y’ — Y
be the composition of the blow-up of the closed analytic set p.(D) with a resolution of



Variation of singular Kéhler—Einstein metrics 655

singularities of the resulting complex space. There exists an effective divisor Eys whose
support is contained in the T-exceptional locus such that

Ky ~ Eyr.

Let p’ : X’ — Y’ be a resolution of indeterminacies of X --> Y. As ¢1(Kx + B) =0,
we have
(P)*(=Ky") + Ex» =q Kx//y' + B,

where Ex- is supported in the exceptional locus of 7 : X’ — X. By [28], Kx//y’ + B’
is pseudo-effective. Therefore the direct image 7«((p')*(—Ky’) + Ex’) = n«(—Ey’)
is pseudo-effective as well. However, by construction we have . (Ey/) > [D], and we
obtain a contradiction.

We next prove that the map p is reduced in codimension 1. Let £ C Y be a divisor.
Its p-inverse image can be written as

p N E) = ai[Di]
i
where D; C X are irreducible divisors. It is well known (see [20, Thm. 2.4] or [48]) that

Kx);y + B > Z(ai — D+ - [Di],

1

where (a; — 1)+ := max {a; — 1, 0}.
Therefore we must have a; = 1 for every i, since by assumption Kx,;y + B =q 0.
Corollary 1.3 is proved. ]

1.5. Log abundance in the Kdhler setting

In this section, we briefly explain how to prove the log abundance for kit Kihler pairs
(X, B) such that B has snc support. This is based on the following lemma, which is a
consequence of [13] and [54, Cor. 1.4] (cf. also [16, Lem. 1.1] and [17] and the references
therein). For the reader’s convenience, we recall briefly the proof.'

After this paper was written, J. Wang [55, Thm. D] proved a slightly more general
case of Corollary 1.18 below using similar arguments.

Lemma 1.17. Let X be a compact Kiihler manifold and let A = )" a; B; be an effective
kit Q-divisor with simple normal crossing support. Assume that A ~q L1 for some L €
Pic(X). For each integer k > 0, define Ly := kL, — |kA]. Then for each k, i and q, the
set

V(L) = {A € Pic°(X): h%(X. Kx + Li + 1) > i}

is a finite union of translates of complex subtori of Pic®(X) by torsion points.

'We thank Botong Wang for telling us the following nice application of his result.
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Proof. Let N be the minimal number such that N - a; € N for every i. Let o : XX
be the N-cyclic cover of L; along the canonical section of NL;. One can check that X
has analytic quotient singularities [52, Lem. 2], hence rational smgulantles by e.g. [14,
Prop. 4.1]. This implies in turn that for any resolution 7 : X — X, one has 05 (Kg) =
O%(Kg) thanks to e.g. [35, Thm. 5.10] and Rim,04 ¢(Kg) =0fori >0 by Grauert—
Riemenschneider vanishing. Moreover, one has 0.0 (K 5) = Ox (Kx) ® @k 0 Lk and
Rio, 0% (Kg) = 0fori > 0 since o is finite. Therefore, if we define f ;=0 o : XX,

we have
N-1

HIYX. Kg+ f*0) ~ D HI(X. Kx + L + A) (163)
k=0
for any line bundle A on X.
Let g : Pic®(X) — Pic®(X) be the natural morphism induced by f and set

VA(f) = 1{p € Pic®(X); h(X, Kg + f*p) = i},
V= {p e Pic®(X); h®(X, K¢ + p) > i}.
Then
VIS =g 1. (164)

Thanks to [54], Viq is a finite union of torsion translates of complex subtori of Pic® ()? ).
Together with (1.64), this shows that Vi“7 (f) has the same structure. Thanks to (1.63), we
have

N-1
viinh= U Nvaw, (165)

ioFtiy—1=i k=0
where V7 (Ly) :={p € Pic®(X); h%(X, Kx + Li + p) > i}. As V(f) is the finite union
of torsion translates of complex subtori, we infer from (1.65) that Viq (L%) has the same
structure [16, Lem. 1.1]. [

Corollary 1.18. Let (X, A) be a kit pair where X is compact Kiihler and A =" a; B; is
an effective Q-divisor. If c;(Kx + A) =0 € HV1(X,Q), then Kx + A is Q-effective.

Proof. Let m : X’ — X be a log resolution of (X, A). Since Pic®(X’) is a torus and
c1(Kx + A) = 0, we can find L € Pic®°(X’) such that 7*(Ky + A) ~g L. We can also
find a kIt divisor A’ on X’ with normal crossing support such that

Kx' + AN =g n*(Kx + A) + E

for some Q-effective divisor E supported in the exceptional locus of 7 having no com-
mon component with A’. Let m > 1 be the smallest integer such that m E has integral
coefficients. In particular, m(Kys + A’) is equivalent to some line bundle on X’ by the
formula above. Using the identity

m(Ky, + A') = Kxr + (A’ + mT_l{E}) +m-—-1)(L+|E])

=:A+



Variation of singular Kéhler—Einstein metrics 657

we get a pair (X’, A1) such that

e AT has snc support and coefficients in (0,1) N Q,
e At ~ M for some line bundle M on X’,

o Ky + AT + pis effective for some p € Pic®(X").

The first two properties are obvious, and the third follows from the identity Ky + AT — L
=mE — (m — 1)| E]. By applying Lemma 1.17 to Kx- + A™, we can assume that p is
torsion, hence h°(X’,r(Kx + AT)) > 1 for some integer r > 1 that we can choose so that
m | r. By doing so, one can ensure that 7 (Kx + AT) = 7*(r(Kx + A)) + F for some
effective, integral -exceptional divisor F. This implies that h°(X,r(Kx + A)) # 0. The
corollary is proved. ]

2. Transverse regularity of singular Monge—-Ampeére equations

In this section our main goal is to prove Theorem C. This will be achieved as a con-
sequence of a few intermediate results which we state in a general setting.

The main source of difficulties in the proof of Theorem C is the fact that the set of
basepoints of pluricanonical sections may be non-empty. The determinant of the met-
ric adapted to this geometric setting vanishes along the said basepoints so in particular
the Ricci curvature of this metric is not bounded from below. Unfortunately, under these
circumstances we were not able to obtain a complete analogue of the Sobolev and Poin-
caré inequalities (which are needed for the study of the regularity properties of Monge—
Ampere equations). We will therefore start this section with a weak version of these
results.

2.1. Weak Sobolev and Poincaré inequalities

In this section we will derive a version of the usual Poincaré and Sobolev type inequalities
which are needed in our context. As is well known, they play a crucial role in the regularity
questions for the Monge—Ampere equations. The set-up is as follows: Let (X, w) be a
compact Kéhler manifold of dimension r, and let

E:=) esEy. B:=Y bgBp 2.1)

ael BeJ

be two effective divisors on X without common components such that e, € Q4,
bg € [0, 1] and the support of £ + B is snc. We assume that the manifold X is covered
by a fixed family (£2;); of coordinate sets such that

Q; NSupp(E + B) = (z} ---z¢ = 0) (22)

where (z;) are coordinates on ;.
Let oj, s; be the canonical sections of the hermitian bundle (O(E;), h;) and
(O(B;), gi) respectively, where h; and g; are non-singular reference metrics. For each
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positive ¢ > 0 and each multi-index g we introduce the volume element

@ . Hael (2 + |0a|2)qa
" Tlpes (e + sgl2)P8

where d'V,, is the volume element corresponding to the reference metric w. Also, for each
positive real number p < 2 we define the multi-index g, whose components are

(1—=p/2)qa- (24)

Then we have the following statements.

dpl (23)

Proposition 2.1. There exists a constant C > 0 independent of ¢ (but depending on
everything else) such that for every smooth function f on X we have

e 1/p
(L) ™ <c([wmrrag+ [1rrag) " es)

where 1 < p <2 is a real number, and the gradient V, corresponds to the e-regularization
of a fixed metric with conic singularities along the divisor Zﬂe] bgBg.

As we can see, there is an important difference between Proposition 2.1 and the stand-
ard weighted Sobolev inequalities: the volume element on the left hand side of (2.5) is not
the same as the one on the right hand side.

In a similar vein, we have the next version of the Poincaré inequality.

Proposition 2.2. There exists a constant C > 0 as above such that for any smooth func-
tion f on X we have

17 =MD an < [ 19517 ) 26)

where p > 1 is a real number, and where we use the notation

W) = [ f au @)

We first prove Proposition 2.1; the arguments to follow have been borrowed from the
book [31, Chap. 15].

Proof of Proposition 2.1. We first assume that B = 0 because the arguments for the gen-
eral case are practically identical.
A first remark is that it is enough to consider the local version of the statement, as fol-

lows. Let 2 be one of the domains covering (X, E) as in (2.2); we denote by (z1, ..., 2Z,)
the corresponding coordinate system. We will assume that
Q=[]az1<n (28)
J

and that the function f has compact support in 2.
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In terms of this local setting, the quantity to be evaluated becomes

d
|11 TTE + lzalye da 29)
Q

a=1

(since b; = 0). Let D := (|¢| < 1) C C be the unit disk in the complex plane. We consider

the function
(& + 11

(14 &2)4/2
where g > 0 is a real number and ¢ € D. It turns out that F; is a diffeomorphism and the
square of the absolute value of its Jacobian d F; A d F, satisfies the inequality

Fe(r) = (2.10)

dF. NdF,
dt Adt

where C is a constant independent of ¢ (it can be explicitly computed). Let G, be the
inverse of F,. The implicit function theorem shows that

C
[dGe(r)] < IR (2.12)

C U+t < < C(&® + |t]*)? .11)

By the change of variables formula we have

d
L@ [1@ +lapar<c [1Fwi#aw e

a=1

where by definition

f(w) = f(GE(wl)’ ) Gé‘(wd)’ Wd+15---» wn)v (214)

it is a function defined on the “same” polydisk €2, and it has compact support.
Therefore, by the usual version of the Sobolev inequality we obtain

2n—p
2

( [ 17 de))" < ¢ [ WFwI drw) 2.15)
Q Q

We use (2.14) together with the change of coordinates wy = Fe(zy) fora =1,...,d to
infer that

d
/ IV F W)l dA(w) < € / IVF@P [T + lzaH® 772 dr. (216)
Q Q a=1

In conclusion we have

2n—p

d 2
([ 1@ [Te + oy aa)

a=1

d
¢ [ vrer 1@+ mPetr? . @)
Q

a=1
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that is, we have established the local version of the inequality of Proposition 2.1. The
general case follows by a partition of unity argument which we skip. ]

The same scheme of proof applies to Proposition 2.2: we will first show that the local
version of the statement holds by using a change of coordinates and the classical version of
the Poincaré inequality, and then we show that the global version (2.6) is true by applying
a well-chosen covering of X.

Proof of Proposition 2.1. The inequality (2.6) is easily seen to follow provided that we
are able to establish that

/ |f(0) = fOIP dpl () du () < € / IVfI? du) (2.18)
XxX X

for any 1 < p < 2. This is very elementary and we will not provide any additional explan-
ation.
Assume that we have a covering

x=Ju (2.19)

where each U; is a coordinate open set. In order to obtain a bound as in (2.18), it would
be enough to analyze the quantities

/ L) = fOIP dpgd (o) dp) (v) (220)

in

for each couple of indices 7, j, which we do next.
To start with, let 2 be one of the coordinate sets U;; we will show that the following
local version of (2.18) holds true:

/ G0 = FOI? dp® () dp® (7) < € / VAP de®. Qo
QxQ Q

We proceed as in the previous proof: we have

/ |f() = fFOD)IP dpl (x) dp (y) < € / |f(2) = fw)|?dA(z,w)  (222)
QxR QxQ

by a change of coordinates as indicated in (2.10). Now we have

d

~ ~ 1 ~
f@)— f(w) :/0 Ef((l—t)z—f-tw))dt (223)

and it follows that
/ 17 ) = Fw)? dAcz.w)
QxQ

1
SC/(h/ V(1 =10)z + tw)|? dA(z,w), (224)
0 QxQ
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where the constant C > 0 in (2.24) depends on the diameter of 2 measured with respect
to the Euclidean metric.
Then we invoke the usual trick: we split the integral in two, where the first part is

1/2 _ _
/ dt/ V(1 =1)z 4+ tw))|? dA(z,w) fC/ V)P dr(z) (225)
0 QxQ Q

with C only depending on the volume of €2, up to a numerical constant. We have a similar
estimate for the integral corresponding to the interval [1/2, 1], so all in all

f 17 ) — F)P diGzow) < € / IV FE)IP dA). (226)
QxQ Q

Changing the coordinates back, the considerations in the proof of the weak Sobolev
inequality show that (2.21) is proved.

The general case follows by choosing a covering (U;) of X such that the following
properties are satisfied:

(1) If U, N Uy # @ and if at least one of them intersects the support of the divisor £, then
the union U, U Uy is contained in a coordinate set endowed with coordinates adapted
to (X, E) (as at the beginning of this section).

(2) If U, N Uy # 9 and if neither U, nor U, intersects Supp(E), then U, U U, is con-
tained in a coordinate ball disjoint from Supp(E).

(3) The d /Lc(f)-volume of the coordinate sets containing U, U Uy in (1) and (2) is bounded
from above and below by constants which are independent of .

It is clear that such a cover exists, and we fix one denoted by A for the rest of the proof.
Note that this cover is independent of &. Next, given any couple U;, U; of sets belonging
to A, we consider a collection

2 = (Q1.....Qn) (227)

of elements of A such that the following properties are satisfied:
(a) 21 =U; and Qy = Uj, and all of the intermediate 2’s are elements of A.
(b) Forany r =1,..., N — 1 we have Q, N Q,4+; # 0.
Again, there are many choices for such &;;, but we just pick one of them for each pair of
indices (i, j).

We are now ready to analyze the quantities (2.20): for each couple (i, j) we consider
the collection &;;. Given

(X1,...,XN) € Q21 XX QpN (228)

we have

|G = fOmI* < C Y1 f(xg) = f(xge)|* (229)
q

for some numerical constant C > 0.
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We now consider the expression

/Q . |fOe) = fFGm)IP dpd (x1) .. dpl (en); (230)

on the one hand, up to a constant this is simply (2.20). On the other hand, (2.30) is bounded
from above by

cy /Q . |f(xg) = fqrD)? Al (x1) ... dp(xy) (231
q 1 X X8y

The last observation is that each term of the sum (2.31) is (2.21) — here we are using prop-
erties (1)—(3) and (a), (b) above — for which we have already shown the desired Poincaré
inequality. This ends the proof of the case B = 0.

We will not detail the proof of the general statement, because the arguments are
identical to the ones already given. The only change is that we work with geodesics with
respect to the model conic metric

Yy _dzaNdZe 3 dzo AdZ, (232)

2 2)\b,
aclt (82 + |za|2)7 adJ

instead of straight lines (1 — #)x + ty. The same proof works because the Ricci curvature
of the metric (2.32) is bounded from below by some constant independent of &. For a
complete treatment of this point we refer to [44, pp. 177-179]. ]

2.2. Lie derivative of fiberwise Monge—Ampere equations

In this subsection we consider the restriction of our initial family p to a generic disk
contained in the base, together with a family of Monge—Ampere equations of its fibers.
Let D C Y be a one-dimensional germ of submanifold contained in a coordinate set of Y,
and let X := p~!(D) (setting as in Theorem C).

The resulting map p : X — D will be a proper submersion, provided that D is gen-
eric. We recall that the total space (X, w) of p is a Kéhler manifold. We denote by ¢ a
coordinate on the unit disk D, and let

0 o 0
= — — 2.
v 5 +v Py (233)

be the local expression of a smooth vector field which projects into 3%
Another piece of data is the fiberwise Monge—Ampere equation

(0 +dd)" = M " (234)

on each X;. Here A > 0 is a real number, and f is a smooth function on X. We can write
this globally as follows:

(0 +dde)" A=1dt AdT = T " ANV=1dt AdT (235)

on X/, where the meaning of dd° and of ¢ is not the same as in (2.34), but....
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We take the Lie derivative &£, of (2.35) with respect to the vector field v, and then
restrict to a fiber X;. The Lie derivative of the left hand side of (2.35) equals

nEo(@+ddp) A(w +dd )" ' AV—=1dt ndt (2.36)

because £,(+/—1dt A df) = 0, given the expression (2.33).
The form w + dd€g is closed, hence by the Cartan formula we have

Lo(w+dd¢e) =d(iy- (@ + ddp)) (237

where i, - w is the contraction of @ with respect to the vector field v. We next evaluate the
quantity
d(iy-dd°p) A~v—1dt ndt (238)

by a pointwise computation. In local coordinates as in (2.33), we write
ddp = @V—1dt AdT + gavV/—1dt Adz® + @prv/—1dzP A dT
+ ppav—1dzP A d2% (239)
in the expression above we are using the Einstein convention. Then we have
d(iy - dd°¢) = (pipa + pypav” + @yavy)dzP ndz® (240)

where = means that we are only considering the terms of type (1, 1) which do not con-
tain dt or its conjugate.
On the other hand, the coefficients of the Hessian of the function

V(@) = ¢ + v (241)

in the fiber direction are

v(Q)ga = Pipa + Pypav” + @yavy + @ypvy + Oy V4 (242)

The first three terms in the expression (2.42) are identical to those in (2.40). The last two
terms can be expressed intrinsically as follows:

(pyp vg + (pyv;&)dzﬂ Adz% = 3(dv - ®). (243)

Here dv is a (0, 1)-form with values in Ty, and so v -@isa (0, 1)-form on X;.

On the other hand, if we denote by A, = Tr,+/—1 9 the Laplace operator correspond-
ing to the metric w, := @ + dd ¢ on the fibers of p, then we can rewrite equation (2.37)
as

(Apu(p) — Tryd(v - @) + Wy )l A v/—1dt AdT. (244)

Here Tr , is the trace with respect to w, on X;, and we denote by ¥, ,, the function on X
such that

oo 0 AV=ldt NdT = Ey(@) Aw) ' AvV—=1dt AdT  on X. (245)
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As for the right hand side of (2.35), its Lie derivative reads
(@) + v(f) + W)ol AN—1dt AdT (246)
where (as before) the function ¥, is defined by the equality
W, 0" AV=1dt ANdT = Ly(@) A" ANV=1dt AdF. (247)
In conclusion, for each ¢ € D we obtain
Agv(9) = Trgd (@ - ¢) + Wy, = 20(9) + v(f) + Wy, (248)

which is the identity we intended to obtain in this subsection.

2.3. Regularity in transverse directions

In this section we will apply the results above in order to analyze the transverse regularity
of the solution of the equation

.| 2e€i
(@ + dde gy = o+ s Hier 191

njeJ |Sj|2bj

on X;. Here A > 0 is a real, and the parameters e;, b; are chosen as above. In the case
A = 0, the normalization we choose for the solution is

(249)

oo =0. (250)
/xz %o,

The function f in (249) is supposed to be smooth on the total space X.
We consider the family of approximations of (2.49),

rpet s Lier (€ + loi[*)®

[es & + 5P

on X;. By general results in MA theory, the function ¢, obtained by glueing the fiberwise
solutions of (2.51) is smooth. In the next subsections we will analyze the uniformity with
respect to ¢ of several norms of ¢;.

We recall the following important result whose origins can be found in [57].

(w+ddp)" =e o" (251)

Theorem 2.3. For any strictly smaller disk D' C D there exists a constant C > 0 such
that

lellerx,) <C (252)

forallt € D', where the €' norm above is with respect to a fixed metric which is quasi-
isometric to (232).
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If b; = 0, this is a consequence of [57], stating that
w+dd°p. < Coly, (2.53)

(cf. also the refinement later obtained in [40]). The conic case is much more involved and
we refer to Theorem 2.7 and the few lines following that statement. Note that inequality
(2.53) is still true provided that we replace the right hand side with Cwp .| x,, Where wp ¢
is the regularization of a conic metric corresponding to (X, B) which is quasi-isometric
to (2.32).

During the rest of the current subsection we assume that A = 0, which is anyway what
we need for the proof of Theorem C. We will explain along the way how to adapt our
method to the case A > 0.

2.3.1. Mean value of the t-derivative. Let v be a smooth (1, 0)-vector field on X, which
has the following properties.

(i) Itisalifting of 2, i.e.

d
dp(v) = 5 (254)

(with the usual abuse of notation).

(ii) We write v locally as in (2.33); then on §2; we have
[v*(zj)| = C|zf| (255)
(we use the notations/conventions as in (2.2)) forall @ = 1,..., d. This means that v
is a smooth section of the logarithmic tangent space of (X, Ereq + Bred)-

Such a vector field v is easy to construct by a partition of unity from local lifts of %
We consider the coordinate sets ©2; and the z; adapted to the pair (X, B 4+ E). Then the
particular form of the transition implies (ii).

In this context we have the following statement.

Lemma 2.4. There exists a constant C > 0 independent of ¢ such that

V(@s) g
‘/;Ct &/ e

Proof. We consider a covering of X by coordinate sets (Uj, (z;,t)); where the last
coordinate ¢ is given by the map p. The normalization condition (2.50) can be written as

<C foranyt D' (2.56)

2 a2 ,0q(zi,t)\eq

T |28 2et e .

3 / 6z, 01,y Adeer T om0 )
. Ylzill<t HBGJ(EZ + |z |2€1//ﬁ(2,‘,t))b3

where 6; is a partition of unity, 7 N J = @ and X1 Gi:) dA(z;) is the volume element w”
restricted to X;. We take the ¢-derivative of (2.57) and obtain

0 1 2 + |2 ,0a(zi,t)ea e
Z/ 0; (zi, 1) ¢eCiot) Hoer (¢ lZ;}' ‘ ) itz dA(z;) = 0(1)
— Jlizil<1 ot [pes (€2 + |z |2e¥8(zis)bs

(2.58)
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where O(1) is uniform with respect to , & by the €° estimates for ¢,. Now by the con-
struction of the vector v above the left hand side of (2.58) is the same as in (2.56), so the
lemma follows. [ ]

2.3.2. L? bound of the t-derivative. We rewrite the relation corresponding to (2.48) in
our setting; during the computations below, we denote

7= V(@) (259)

and then

Apet —Tr 4, (3 - 05) + Wy,

=it +u(f)+ Ze_,v(log(e2 +1071%) — Zbiv(log(ez +si]?) + ¥,.  (260)
J i

This equality will be used in order to establish the following statement.

Proposition 2.5. There exists a constant C > 0 such that

/ |Vet|? o) §C(l+/ |r|wg) (261)
X ¢ X ¢

for any ¢ > 0. The operator V, is the gradient corresponding to the metric w,.

Proof. In order to establish (2.61) we multiply (2.60) with T and then we integrate the
result on X; against the measure wj,_. A few observations are in order.

o We have )
sup(lu(/)] +| 3 ¢jvtloa(e” + los )| + [ S bivtion(e? + s P + W) = €
t j i

(262)

uniformly with respect to €, by property (ii) of the vector field v and the definition
(247) of the function W,,.

e Since the constant A is positive, the L2 norm of ~/A t will be on the left hand side
of (2.61), hence the presence of a strictly positive A would reinforce the inequality we
want to obtain.

The terms )
Try 000V - @), Wy (263)

are somewhat troublesome, because we do not have an L bound for them. Nevertheless,
we recall that we only intend to establish an inequality between L? norms, and we will
use integration by parts to deal with (2.63).

For the first term in (2.63) we argue as follows: integration by parts gives

/ TV - @) A a)z:l = - T AV - @p A wz:l (2.64)
Xt ‘ Xt i
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and then we use Cauchy—Schwarz: the L2 norm of dt is what we are after, but on the
right hand side we have it squared. The L? norm of v - g is completely under control,
because it only involves the fiber-direction derivatives of ¢;.

The second term is tamed in a similar manner. By definition of W, , we have

/ Wy, 0 0, = / Ty () Awh! (265)
X, xt
and by the Cartan formula this is equal to

/ Td(iy - o) Ao = / TO(iy - ©) AN (2.66)
Xt i i

t

By the Stokes formula the right hand side of (2.66) is equal to
ITA (iy- ) Ao (267)
Xt

and now things are getting much better, in the sense that the (0, 1)-form i, - w is clearly
. 2 . . . _1
smooth, so its L= norm with respect to w,, is dominated by C f x, @A ng < C’ and
we use the Cauchy—Schwarz inequality.
All in all, we infer the existence of two constants C; and C, such that

1/2
[ wectoy, <o [ ielog, +ca [ 9, ) 268)
t t t

for any ¢ > 0. The inequality (2.61) follows. ]

Theorem 2.6. There exists N € Z 4 and a positive constant C such that

/ le2dus) < C  foreverye > 0. (2.69)

t

Proof. The arguments which will follow are absolutely standard, by combining the
Sobolev and Poincaré inequalities with (2.61). Prior to this, we recall that

we < Cwpe (2.70)

on each X; for some constant C which is uniform with respect to & and with respect
to t € D’. On the right hand side of (2.70) we have wp  which stands for any metric
quasi-isometric to (2.32). In particular, for any function f we have

IV <C|Vefle (271)

where the symbols |- |, V and | - |, V, correspond to the metrics wp , and w, respectively.
Now, the Poincaré inequality of Proposition 2.2 applied for « = 1 combined with

Lemma 2.4 gives
/ lr|du® < C (1 + / |Vr| dugjg). (272)
X, xl‘
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On the other hand,
1/2
[veany=c [ welany < e [ wepan?)
t t

1/2
<C +c(/ I3 |du<€))
Xt

where we have used Proposition 2.5 for the last inequality. When combined with (2.72),
this implies

/ 7] dpl < € forany & > 0. (273)
t
We next define the sequence of rational numbers
2npg
=1 prpri=—r (2.74)
2n — px
as well as the sequence
2
q1=¢€, gk+1:= dk- (2.75)
2— pk

One can actually find a closed formula py = 5= k 7 holding for 1 < k < 2n. It also fol-
lows that pyp < 2 as long as 1 < k < n, which is thus the range of integers for which
qk+1 1s defined; one can also check the formula gz4+; = % q. In particular,
dn+1 = (2 ) in the statement of the proposition.

We observe that fork = 1,...,n the components of g are positive rational numbers,
greater than the respective components of ¢.

The Sobolev inequality of Proposition 2.1 gives

1 1
Pk+1 (e) [P Pk (6) Pk (e) ok
g = C{ [ IVerlze ) + | el dg)) 276
t t

We iterate (2.67) for k = 1,...,n, and Proposmon 2.6 is proved by observing that the
following hold.

e We have |. x, |Vet|2w wg, < C, by Proposition 2.5 combined with (2.73) and the fact that
the quotient of the two measures

(&)
Wy, dug .77)
is uniformly bounded from above and below.
e Foreachk = 1,...,n we have
Pi/2
/ |Ver |2k dpl) < C(f Ve rlzdu(’” ) <C (278)
X, X qk

where the first inequality is simply Cauchy—Schwarz, and the second one is due to the fact
that

O]
du's -~ < Coy, (2.79)

Pk
4k > 4 Thi i i i ion gi dk+1 _ 2n—pi 4k
because 22 This last inequality follows by induction given that Pt = 2n=npe pr
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2.4. A gradient estimate in the conic case

Theorem 2.7. Let (X, ) be a compact Kiihler manifold, and let w, == @ + dd®¢ be a
Kdhler metric satisfying
W' = e)k(p-i—F "
»
for some F € €°(X) and A € R. Assume that there exists C > 0 and smooth functions
V. & such that:

(i) supy l¢| = C,
(ii) supy |V| < C and for any § > 0, there exists Cg such that
(a) dd°V > §71dV Ad°V — Cso,
(b) Ap¥ > 671 VF|, —Cs,
(iii) i®4(Tx) = —(Co + dd°V) ® 14,
(iv) wy < Cw.

Then there exists a constant A > 0 depending only on C and n such that |Vo|, < C.

As a corollary of this result, the gradient estimate (2.52) in Theorem 2.3 holds.
Proof of Theorem 2.3. Let us rewrite (2.51) as

(@ + ddug)* = e[ + |oi ) o]
iel
where the reference metric w, € {®} is an approximate conic metric along the divisor B,
and u, differs from ¢, by a function whose L°° norm as well as those of its gradient and
complex Hessian are uniformly bounded with respect to w,. Therefore it is sufficient to
establish (2.52) for u,. We check successively that conditions (i)—(iv) are satisfied.

The bound (i) follows from Kotodziej’s estimate. It is straighforward when A = 0,
and when A > 0, it requires an additional step easily achieved with the Jensen inequality.
Next, we choose W, := C(}_;(|oi|*> + &2)* + 2 (s |2 4+ £2)P) for C large enough and
p > 0 small enough. Condition (ii) (a) can be checked independently for each summand
W of W, in which case it follows from the fact that WY is uniformly quasi-psh (hence
C w¢-psh). Condition (ii) (b) is an easy computation combined with [29, §5.2]. Condition
(iii) is shown in [29, §4], while (iv) is the content of [29, Prop. 1]. To be more precise,
op. cit. assumes an upper and lower bound on f; + 3 e; log(|o;|*> + €2) in order to get
a two-sided inequality for wy,; however, one only needs an upper bound for the previous
quantity if one only wishes to prove the one-sided inequality (iv). ]

Proof of Theorem 2.7. Let B := |Vg|?* (computed with respect to w) and a :=
log B — y o ¢ where y is a function to be specified later. Without loss of generality, one
can assume inf¢ = 0, and we set sup ¢ =: Cp. We use the local notation (g; f) for w. We
work at a point y € X where o 4+ 2W attains its maximum, and we choose a system of
geodesic coordinates for w such that g, 7(y) = 8,7, dg; 7(y) = 0, and ¢; ; is diagonal. We
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write ;5 = g; 7 + ¢; 7 for the components of the metric w,. As o, = Bp/B —y' 0@ ¢p
and oy (y) = —2W,(y), one has

Bp
p

Moreover, some computations show that

() =" oeep(y) —2¥,(y). (2.80)

1
Upj = B(leépﬁg"f‘pi + 2ReZup13j§0j + Z |§0jp|2 + ‘pjﬁ)
Jj J
1B
ﬂZ

Therefore at y, one gets from (2.80) the following inequality:

— 21— )’//|‘Pp|2 - V/‘Ppﬁ-

1
App > E(R,-,;,,,;ww,; +2Re Y uppi0p+ ) lejpl® + 9055)
J J
— 22— "@p> = ¥'0p5 — 1V 0p — 29, %, (2381)
so at y, the right hand side is non-positive.

Step 1. The curvature term. By assumption (iii), for all a, b we have Rj,;pqajdkbpgq >
—(Claj|* + \Ilj,;ajdk)|b|2 and by symmetry of the curvature tensor, we get

Rj,;pqajdkbpl;q > —(Clbp|* + \Ilqupl;q)|a|2. Applying that to a = Vg and b the vector
with only the p-th component non-zero, equal to vu??, we get

UPP R 50k 07 Z —(Cul? +ul? ¥y 5)| Vo .
As a consequence,

1 _ _ _
3 S uPPR G s0ipp = —C Y uPP = ulPy, ;. (2.82)
p,Jsk b4 P

Therefore, (2.81) becomes, at y € X,
1 _
ANa+V) >y —C)try, 0 + 5 Zul’p<2ReZul,5‘,~<pJf + Z |<pjp|2)
p j J

V"IV, —ny =Y uPP|y'g, —2W, > - C. (283)
p

Step 2. The gradient term. The next term to analyze is
1 - 2
EZu"p(ZReZum}j(ﬂf):ERCZFJ-QD; (284)
p J J

by [7, §1.13], and this term is dominated (in norm) by 2|V F| /3_1/ 2; moreover, at the point
v, B can always be assumed to be larger than 1 so that our term is bigger than —2|V F|.
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In particular, at y one gets
s 1
Ne+W) = (=)t 0 + Zu””(g > Lol = 1Y'ep - 2%?)
b4 j

—Y"IV®ls, —ny' =2IVF|-C (2.85)

Step 3. Using the second derivatives. Recall that 8, = Zj Pip9; + p(upp —1). At y,
Bo/B — v'¢p = —2W,, so that at this point,

Z‘ﬂipfpj =(/'B+1—upp)pp —28Yy,
J

hence | ) 015051 = BI(/'0p — 29,) + 711 — upp)gpl. By the Cauchy-Schwarz
inequality, | _; <pjp(p]v|2 <BX |@jp|* and therefore

1 _
3 D o leinl = 1V 0p — 29,17 = 1/ 0p = 2,) + B (1 —upp)pl” — 1V 0p — 20,
J

v

—Zﬂ_lll —Uppl |V/‘pp =2, | |gp|
and by (iv), |l —u,;| < C, so that
~(1
S (5 S ol = ¥, 29, ) = ~Cl, 0 + V9,
r J
Combining this last inequality with (2.85) we get, at y,
0> A(x +2W)
> (' = C)tro, @ —y"|V; —ny' + (AW —C|VV¥[; —2|VF|,)—C.
As W is quasi-psh and w, < Cw, we have ANV > CTTAY — C try, @ so by (ii) (b),
A"V > 4|V F|, — C(1 4 try, ). Using (ii) (a), one ends up with the following inequality

at y:
(Y — C) trg, © — y”|V‘”<p|Z,w —ny' <C.

Choosing y(t) = (C + 1)t — ||¢|| 1 #? enables to conclude just as in [7]. n

Proof of Theorem C. 1t is a combination of our preceding considerations. The equation
which gives wgg fiberwise is of the same type as (249) (with A = 0). We conclude by
using Theorems 2.3 and 2.6. ]

3. Existence of non-semipositive relative Ricci-flat Kéihler metrics
Let p: X — Y be a holomorphic fibration between projective manifolds of relative dimen-

sion n > 1. Let Y ° be the set of regular values, and let X° := p~!(Y°). We assume that
fory € Y°, c1(Kx,) = 0, where X, := p~Y(»). Let L be a pseudo-effective, p-ample
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Q-line bundle on X. One can write L = H + p*M for some ample line bundle H on X
and some line bundle M on Y. In particular, one can find a smooth (1, 1)-form w € ¢; (L)
on X such that forany y € Y°, ), := w|x, is a Kéhler form on X,.

By Yau’s theorem, there exists for any y € Y ° a unique function ¢, € €*°(X,) such
that

(i) 0y := wy + dd gy is a Kihler form,

(ii) ny pywy =0,
(iii) Ric6), = —dd‘logw; = 0.
Moreover, one can use the implicit function theorem to check that the dependence of ¢,
on y is smooth, so that 6 := w + dd ¢ is a well-defined smooth (1, 1)-form on X ° which
is relatively Kihler. It is a folklore conjecture that the form 6 is semipositive on X, say
when L is globally ample. Building on the results in the Appendix, we are able to disprove
this conjecture.

Theorem 3.1. There exists a projective fibration p : X — Y as in the setting above and
an ample line bundle L on X such that the relative Ricci-flat metric 6 on X° associated
with L is not semipositive.

Remark 3.2. The counterexample is actually pretty explicit: X is a K3 surface and p is
an elliptic fibration onto Y = P!

Proof of Theorem 3.1. We proceed in three steps, arguing by contradiction. That is, we
assume that the folklore conjecture recalled above is true for any such fibration p: X — Y.

Step 1. Choice of the fibration. We consider a K3 surface X provided by Proposition A.3.
Its (singular) fibers are irreducible and reduced. Moreover, X admits a semiample line
bundle L which is p-ample and has numerical dimension 1. Indeed, L can be chosen as
the pull-back of @p1(1) by another elliptic fibration ¢ : X — P'. Moreover, one knows
that p is not isotrivial, in the sense that two general fibers X, X,/ of p are not isomorphic.

Step 2. Reduction to the semiample case. Let us pick an ample line bundle 4 on X, a
Kihler form wy € ¢1(A), and consider the relative Ricci-flat form 8, on X° associated
with the pair (L + €A, ® + ewy). The line bundle L. is ample, hence our assumption
implies that for any ¢ > 0, the relative Ricci-flat metric satisfies

0. >0 onX°.

We are going to show that 9, converges weakly on X ° to the current 6 := 6. As a result,
this will force 6 to be semipositive on X °.
Let us write 0, = w + ewy + dd €. where @, is normalized such that foreach y € Y°,

/ Ye(w + ewyq) = 0.
X.V

If C; is the constant (converging to 0) defined by

Ce _ [Xy]-c1(L)
[Xy]-c1(L +¢e4)
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for any y € Y°, then
o+ ewq +dd, = % - (0 +dd°p) onX,.

The family (¢¢|x, )e,y of potentials is normalized in a smooth way with respect to ¢ and y,
and satisfies linear equations depending smoothly on the parameters as well. It is not
difficult to see that the standard estimates hold uniformly in ¢ and y (as long as y varies
in compact subsets of Y °), hence uniqueness imposes that ¢, — ¢ smoothly in each X,

locally uniformly in y € Y °. In particular, ¢, converges weakly to ¢ in L} (X°).

Step 3. End of proof. Thanks to Step 2, the relative Ricci-flat metric
0=w+dd

is semipositive on X °. Moreover, it follows from Proposition A.1 that ¢ is bounded above
near X ~ X°, hence 6 extends to a semipositive current 6 € ¢;(L) on the whole X.
Let ¥ C Tx be the holomorphic foliation induced by the fibration ¢ : X — P1. As the
semipositive current € is in the class of ¢1(L) = ¢*(c1(Op1(1))) and ¢ has connected
fibers, it follows that there exists a positive current y € ¢1(Op1(1)) such that 6 = g*y.
In particular, if X! C X denotes the locus where ¢ is smooth and if  := X° N X!, then
F | is contained in Ker 6 on €2. As both foliations are smooth and have rank 1 on €2, one
has

37|Q = Ker9|g. 3.1

Next, let us pick a trivializing open set U >~ A C Y°, and let V € €°(X°, T}}’O)
be the lift of % with respect to 6 over U (see e.g. [28, Sect. 1.1]). One knows that in a
trivializing chart (z, ¢) defined on a subset of p~!(U) such that p(z,t) = ¢, the vector
field V can be written as

d d
V = — _
o +a(z,t)az

for some smooth function a. The function ¢ := @(V, V) satisfies the identity 82 = c6 A
~/—1dt A dt, hence it vanishes identically on p~!(U), that is,

V ee®(p~l(U),Kerb).

Thanks to (3.1), this shows that for any x € p~!(U) N Q, one has C- V(x) = F. In
particular, there exists a non-vanishing, smooth function f on p~!(U) N  such that £V
is holomorphic on p~1(U) N Q. Now in local coordinates, this means that

- - J - 0
O=8(fV)=8f®E+8(fa)®£,

hence 0 f = 0. As a result, the smooth vector field V on p~'(U) is holomorphic on
p~ 1 (U) N Q, hence on the whole p~!(U). Therefore, its flow induces a local biholo-
morphism between any two near fibers. In particular, any two smooth fibers over U would
be isomorphic, which contradicts the non-isotriviality of p. ]
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Valentino Tosatti
Appendix A

Let (X", wy) be a compact Kéhler manifold, Y a compact Riemann surface, and f :
X — Y a surjective holomorphic map with connected fibers. Let Y° be the locus of
regular values for f, whose complement in Y is a finite set, and X° = ~1(Y?), which
is Zariski open in X, so that £ : X — Y% is a proper holomorphic submersion. We will
call the fibers over points in Y ~ Y © the singular fibers of f.

Suppose that for every y € Y° we have a smooth function py on the fiber X, =
f~1(y) which satisfies

wxlx, + ¥ =1dpy =0, / py(@xlx, )" = 0. (A1)
Xy

Proposition A.1. If all the singular fibers of f are reduced and irreducible, then there is
a constant C such that

suppy, < C forally € Y°.

Xy
Proof. Let wy = wxlx,, and gy be its Riemannian metric, where in the following we fix
any y € Y°. Thanks to (A.1), on X, we have

Ag,py > —n+ 1. (A2)

We have Vol(X,, gy) = c, a constant independent of y, and the Sobolev constant
of (Xy, gy) has a uniform upper bound independent of y thanks to the Michael-
Simon Sobolev inequality [38] (see the details e.g. in [49, Lemma 3.2]). Furthermore,
diam(X,, gy) < C, a constant independent of y, thanks to [49, Lemma 3.3].

So far we have not used the assumptions that all singular fibers are reduced and irredu-
cible. This is used now to prove that the Poincaré constant of (X, g,) also has a uniform
upper bound independent of y, as shown by Yoshikawa [58] (see also the much clearer
exposition in [43, Proposition 3.2]).

At this point we can use a classical argument of Cheng—Li [22], which is clearly
explained in [47, Chapter 3, Appendix A, pp. 137-140], to deduce that the Green function
Gy (x,x’) of (X,, gy), normalized by

/ Gy (x, x")wy (x") =0,
Xy
satisfies the bound

Gy(x,x") > —A (A3)

forall y € Y% and all x, x” € X, with a uniform constant A. The point of that argument
is that A only depends on the constant in the Sobolev—Poincaré inequality, which here is
controled uniformly, and on the dimension and on the bounds for the volume and diameter,
which we have.
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We can now apply Green’s formula on X,,. Choose a point x € X, such that p, (x) =
supy,, py. Then, using the fact that p, has average zero, together with (A 2) and (A.3), we
obtain

py(x) = /X Agy oy () Gy (5. 3" Yy (x')

= —/X Ag, py (x")(Gy(x,x") + A)w, (x")

<(n-— 1)/X (Gy(x,x") + Aoy (x))
< (n—=1)AVol(X,, gy). |

We now specialize to the setting where X is a K3 surface, Y = Pl and f : X — P!
is an elliptic fibration. We further assume that p, is chosen so that wy |x, + V-1 5py >0
is the unique flat metric on X, cohomologous to wx |x, (and we still assume that py, has
fiberwise average zero). In this case p, varies smoothly in y € Y?, and so it defines a
smooth function p on X°. Thanks to (148), we conclude that

supp < C.
X0

This, together with the Grauert—-Remmert extension theorem, immediately gives:

Corollary A.2. In this setting, if oy + ~/—1 5,0 > 0 on X9, then this extends to a closed
positive current on all of X, in the class [wx].

Lastly, we need the following examples:

Proposition A.3. There exists a complex projective K3 surface X which admits two
elliptic fibrations, one of which is non-isotrivial and has only reduced and irreducible
singular fibers.

Proof. Let X C P? x P! be a general hypersurface of degree (3, 2). It is known that X
has Picard number 2 [51, Section 5.8]. The projection to the P! factor gives an elliptic
fibration on X, which is clearly not isotrivial provided X is general.

To obtain the other fibration we compose the first fibration with the automorphism o
of X obtained as follows. Projecting X to the P2 factor shows that X is a double cover
of P2 ramified along a sextic, and the covering involution of this cover is the o that we
want.

Explicitly, if we let L = Op2(1)|x and M = Op1(1)|x, then the first elliptic fibration
is defined by |M | and the second by |3L — M| (since c*M = 3L — M).

Lastly, we show that every elliptic fibration on X has only reduced and irreducible sin-
gular fibers. Given an elliptic fibration f : X — P!, let j : J — P! be its Jacobian family
[32, Section 11.4]. Then J is also an elliptic K3 surface, every fiber of j is isomorphic
to the corresponding fiber of f, J has the same Picard number as X, but j always has a
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section. We can then apply the Shioda—Tate formula [32, Corollary 11.3.4] to j to obtain

2=p(J)=2+ Y (r;— 1)+ rank MW(}).

teP!

where r; is the number of irreducible components of the fiber J; and MW(j) is the
Mordell-Weil group of j. In particular we conclude that r;, = 1 for all ¢, i.e. all fibers
of j (and therefore all fibers of f') are irreducible. Lastly, all fibers of f are reduced by
[32, Proposition 3.1.6 (iii)]. [
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