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Abstract. For the Generalized Plane Stress (GPS) problem in linear elasticity, we obtain an optimal
stability estimate of logarithmic type for the inverse problem of determining smooth cavities inside a
thin isotropic cylinder from a single boundary measurement of traction and displacement. The result
is obtained by reformulating the GPS problem as a Kirchhoff-Love plate-like problem in terms of
the Airy function, and by using the strong unique continuation at the boundary for a Kirchhoff—
Love plate operator under homogeneous Dirichlet conditions, which has recently been obtained in
[G. Alessandrini et al., Arch. Ration. Mech. Anal. 231 (2019)].
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1. Introduction

In this paper we consider the inverse problem of detecting cavities inside a thin isotropic
elastic plate Q x (—=h/2, h/2), where the middle plane Q is a bounded domain in R?
and / is the constant thickness, subject to a single experiment consisting in applying in-
plane boundary loads and measuring the induced displacement at the boundary. Practical
applications concern the use of non-destructive techniques for the identification of pos-
sible defects, such as cavities, inside the plate.

The static equilibrium of the plate is described in terms of the classical General-
ized Plane Stress (GPS) problem, which allows one to reformulate the original three-
dimensional problem in a two-dimensional setting [22]. More precisely, denoting by
D x (—h/2, h/2) the cavity, with D a possibly disconnected subset of €2, the in-plane
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displacement field a = ae; + aze; solving the GPS problem satisfies the following two-
dimensional Neumann boundary value problem

div(CVa) =0 inQ\ D, (1.1)
(CVa)n =N  ondQ, (1.2)
(CVa)n =0 on dD, (1.3)

where C is the elasticity tensor of the material, which is assumed to be isotropic. Here,
N = Nje; + Nje, is the in-plane load field applied to 92 satisfying the compatibility
condition

N-r=0 for every r € R,, (1.4)
Q2

where R is the linear space of infinitesimal two-dimensional rigid displacements. Under
suitable strong convexity assumptions on the elastic tensor of the material (see Section 3
for details), and assuming NeHY 2(02, R?), problem (1.1)—(1.4) admits a unique
solution ¢ € H'(Q \ D, R?) satisfying the normalization conditions

/ a=0, / (Va—-VTa) =0, (1.5)
Q\D Q\D

and such that @]l g1 @5y < CIN [ -1/20 r2)-
In this work we consider the inverse problem of determining the cavity D from
a single pair of Cauchy data {a, N } given on dQ2. More precisely, we are interested
in obtaining quantitative stability estimates, which are useful to control the effect that
possible measurement errors have on the results of reconstruction procedures. The arbit-
rariness of the normalization conditions (1.5), which are related to the non-uniqueness
of the solution to the direct problem (1.1)—(1.4), leads to the following formulation of
the stability issue: given two solutions «® € H'(Q,R?),i = 1,2, to the direct problem
(1.D)—(1.4) with D = D;, satisfying, for some ¢ > 0,
min [la® —a® — 2z r2) < & (1.6)
reRs
we wish to control the Hausdorff distance dg (D1, D) in terms of & when ¢ goes to zero,
where X is an open subset of 2.
Assuming D € C%%,0 < « < 1, we prove

du (D1, D3) < Clioge|™, (17)

where C > 0 and 1 > 0 are constants only depending on the a priori data. We refer to
Theorem 3.1 for a precise statement. Let us notice that, in view of the counterexamples
obtained in the simpler context of electrical conductivity (see, for instance, [3], [16], [9]),
we can infer the optimality of the stability estimate (1.7).

The general scheme of our proof is inspired by the seminal paper [4], which estab-
lished the first optimal logarithmic estimate for the determination of unknown boundaries
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in electrostatics. The key tool in [4] was the polynomial vanishing rate for solutions to the
second order elliptic equation of electrostatics, satisfying either homogeneous Dirichlet
or homogeneous Neumann boundary conditions, ensured by a doubling inequality at the
boundary established in [2]. Aiming at obtaining a strong unique continuation property
at the boundary (SUCB) for solutions to the GPS elliptic system, in this paper we have
exploited the two-dimensional character of the problem (1.1)—(1.4) by using the clas-
sical Airy transformation, which (locally) reduces the GPS system with homogeneous
Neumann boundary conditions to a scalar fourth order Kirchhoff-Love plate’s equation
under homogeneous Dirichlet boundary conditions. This reformulation allows us to use
the finite vanishing rate at the boundary for homogeneous Dirichlet boundary conditions
recently obtained in [6] in the form of a three spheres inequality at the boundary with
optimal exponent, and in [20] in the form of a doubling inequality at the boundary, under
the hypothesis that the boundary is of class C%%.

It is worth noticing that the present approach, here applied to the GPS problem, allows
one also to cover the analogous inverse problem of detecting cavities in a two-dimensional
elastic body made of inhomogeneous Lamé material, thus improving the log-log stability
result previously obtained in [17]. An optimal log-type estimate in dimension 3 remains a
challenging open problem. In fact, the strong unique continuation estimates at the bound-
ary derived in [6] are based, among other techniques, on the construction of a suitable
conformal map, which is used to flatten the boundary of D. Let us mention that the Airy
transformation has been used in [14] to prove global identifiability of the viscosity in an
incompressible fluid governed by the Stokes and the Navier—Stokes equations in the plane
by using boundary measurements.

The paper is organized as follows. Notation is presented in Section 2. Section 3 con-
tains the formulation of the inverse problem and the statement of our stability result. The
Airy transformation is illustrated in Section 4. The proof of the main result, given in Sec-
tion 5, is based on a series of auxiliary propositions concerning Lipschitz propagation
of smallness (Proposition 5.1), finite vanishing rate in the interior (Proposition 5.2), finite
vanishing rate at the boundary (Proposition 5.3), and a stability estimate from Cauchy data
(Proposition 5.4). Finally, for the sake of completeness, in Section 6 we recall the deriva-
tion of the GPS problem from the corresponding three-dimensional elasticity problem for
a thin plate subject to in-plane boundary loads.

2. Notation

Let P = (x1(P),x2(P)) be a point of R?. We shall denote by B, (P) the disk in R? of
radius r and center P and by R, (P) the rectangle of center P and sides parallel to the
coordinate axes, of length 2a and 2b,

Rap(P) =1{x = (x1,x2) | |x1 —x1(P)| < a, |x2 —x2(P)| < b}. 2.1

Definition 2.1 (C*¢ regularity). Let Q be a bounded domain in R?. Given k, o with
k € N, 0 <« <1, we say that a portion S of dQ2 is of class Ck with constants ro,
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My > 0if, for any P € S, there exists a rigid transformation of coordinates under which
we have P = 0 and

QN Ryg2Moro = {x € Rrg2Morg | X2 > g(x1)}
where g is a C** function on [—ry, ro] satisfying

g(0)=g'(0) =0, |lgllcre—rgron < Moro,

where
k
lgllcraqroren = 270 sup 1891+ 5" glk s
i=0 [=r0,70]
lg® (1) — g® ()]
1glk.e = sup o
t,s€[—ro,rol |t - S|
t#s

We normalize all norms in such a way that their terms are dimensionally homogeneous
and coincide with the standard definition when the dimensional parameter equals 1. For

instance,
1/2
||f||Hn(Q)=ro—‘(/9f2+r3/9|w|2) ,

and so on for boundary and trace norms.

Given a bounded domain  in R? such that dQ is of class C*® with k > 1, we
define the positive orientation of the boundary to be induced by the outer unit normal # in
the following sense. Given a point P € d€2, let T = 7(P) denote the unit tangent at the
boundary in P obtained by applying to n a counterclockwise rotation of angle /2, that
18,

T =e3XHn, 2.2)

where x denotes the vector product in R3 and {e;, e, e3} is the canonical basis in R3.

Given any connected component C of 92 and a point Py € C, let us define the positive
orientation of C to be associated to an arclength parameterization ¥ (s) = (x1(s), x2(s)),
s € [0,1(C)], such that ¥ (0) = Po and ¥'(s) = t(¥(s)). Here [(C) denotes the length
of C.

Throughout the paper, we denote by w4, @ = 1,2, w, and w , the derivatives of a
function w with respect to the x,, variable, to the arclength s and to the normal direction 7,
respectively, and similarly for higher order derivatives.

We denote by M” the space of n x n real valued matrices and by L(X, Y') the space
of bounded linear operators between Banach spaces X and Y.

Given A, B € M" and K € L(M", M"), we use the following notation:

n
KA = Y Kijki A, 2.3)
k=1
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n
A-B= )" AjBy. 24)
i,j=1
|A] = (4-4)'2, (2.5)
N T
A=L+47). (2.6)

We denote by I, the n x n identity matrix, and by tr(A) the trace of A.
When n = 2, we replace Latin indices with Greek ones.
The linear space of infinitesimal rigid displacements, for n = 2, 3, is defined as

Ry={r(x)=c+Wx|ceR" WeM", W+W' =0} 2.7)
Given a bounded domain U C R? and ¢ > 0 set

U, = {x € U | dist(x,dU) > 1}. (2.8)

3. Inverse problem and main result

(i) A priori information on the geometry. Let Q be a bounded domain in R? and assume
that the cavity D is an open subset compactly contained in €2 such that

@\ D is connected. (3.1

Moreover, assume that, for some positive numbers ro, My, M1, with My > 1/2, we have

diam(2) < Myry, (3.2)
dist(D, 02) > 2Myro, (3.3)
9 is of class C* with constants ro, Mo, (3.4)
aD is of class C %% with constants ro, Mo, 3.5)

with ¢ suchthat 0 < o < 1.
Let X be the open portion of 92 where measurements are taken. We assume that there
exists Py € X such that

02 N Rro,ZMoro(PO) cz, (36)

¥ is of class C%* with constants ro, M. (3.7

Without loss of generality, we can choose Mo >1/2 to ensure that B, (P) C Ry, 2myro (P)
for every P € 092.

(i1) A priori information on the Neumann boundary data. We assume that
N e H'2(3Q.,R?), N #0, (3.8)
/ N-r=0 for every r € R,, (3.9
Q2

supp(N) cC =, (3.10)
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and that, for a given constant F > 0,

Nlsy—
INlg-1200,r2) -

F, (3.11)

IN -1 (0.r2)
(iii) A priori information on the elasticity tensor. The elasticity tensor C = (Cqpys) is
defined as

C(x)A = (1 = v(x))A + v(tr(A)) I) (3.12)

1 —v2(x)
for every 2 x 2 matrix A, where the Young modulus E and the Poisson coefficient v are
given in terms of the Lamé moduli as follows:

E(x) = () (2u(x) + 3A(x)) bx) = AW
) +Ax) 20 (x) + A(x))

On the Lamé coefficients u = p(x), A = A(x), u : Q >R, 1:Q — R, we assume

(3.13)

pw(x) = ag,  2u(x) +3A(x) =y inQ, (3.14)

for positive constants ag and Y.
The above assumptions ensure that C satisfies the minor and major symmetries

Capys = Cpays = Capsy, Capys = Cysap foralla,B,y,§ =1,2,inQ, (3.15)
and that it is strongly convex in Q, more precisely
CA-A>h&§|A? inQ (3.16)

for every 2 x 2 symmetric matrix A, where &y = min {2ay, yo} (see [18, Lemma 3.5] for
details). Moreover, E(x) > 0and —1 < v(x) < 1/2in Q.
We further assume that

Al cay: Inllcagy = Ao (3.17)

for some positive constant Ay.
The weak formulation of (1.1)—(1.3) consists in finding a = a(x) € H(Q \ D) sat-
isfying

<cw-w:/ N-v foreveryv e H'(Q\D). (3.18)
Q\D Q2

Under our assumptions, there exists a unique solution to (3.18) up to addition of a rigid
displacement. In order to select a single solution, we shall assume the normalization con-

ditions
/ a=0, / (Va—-VTa) =0, (3.19)
Q\D Q\D
which imply the following stability estimate for the direct problem (1.1)—(1.2):

lallg1@\py < Croll Nl g-1200 r2)- (3.20)

where C > 0 is a constant only depending on %, &g, Yo, Mo and M.
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In what follows, we shall refer to the set of constants %, «g, Yo, Ao, &, Mg, My and F
as the a priori data.

Theorem 3.1 (Stability result). Let Q be a domain satisfying (3.2), (3.4) and let ¥
be an open portion of 02 satisfying (3.6)—(3.7). Let the elasticity tensor C = C(x) €
L(M?,M?) be given by (3.12) with Lamé moduli A = A(x), i = ju(x) satisfy (3.14) and
(3.17). Let N € H™Y2(3Q2, R?), N # 0, satisfying (3.9~(3.11). Let D;, i = 1,2, be
two open subsets of Q satisfying (3.1), (3.3), (3.5), and let a® € H'(Q \ D;,R?) be the
solution to (1.1)—(1.2) satisfying (3.19), when D = D;, i = 1,2. If, given ¢ > 0,

min [a® —a® — 1|25 r2) < roe. (3.21)
reRs

then
-7

du(D1,D3) <Crg : (3.22)

S
[N g-12030,r2)

where C,n > 0 only depend on the a priori data.

Remark 3.2. As will be clear from the proof, the above stability result holds true also
when the domain £ contains a finite number of connected cavities D), j=1....J,
such that 3D ) e C%¢ with constants ry, Mg, and dist(BD(j), 8D(k)) > ro for j # k.

Remark 3.3. We can obtain analogous stability estimates for the inverse problem of
determining an unknown portion of the boundary subject to homogeneous Neumann
boundary conditions, by using the same techniques.

4. Airy transformation

It is known that the boundary value problem in plane linear elasticity can be formulated in
terms of an equivalent Kirchhoff-Love plate-like problem involving a scalar-valued func-
tion called Airy’s function. Although this argument is well established (see, for instance,
[13] and [10]), for the reader’s convenience we recall the essential points of the analysis.

For the sake of completeness, we consider a mixed boundary value problem, in order
to describe the transformation of both Dirichlet and Neumann boundary conditions. Let
U be a simply connected bounded domain in R? with boundary dU of class C 1. Let
dy U, ;U denote two disjoint connected open subsets of dU, with U = 9, U U 3, U.
Let a = aje; + azez, a € H' (U, R?), be the solution to the GPS problem (1.1)—(1.3)
written in terms of Cartesian coordinates (see Section 6):

Nopp =0 in U, 4.1)
Nagnp = N on 9, U, (4.2)
o = Go on 9, U, 4.3)
Nog = f,’fz (1 = v)eap + v(eyy)Sap) in U, (4.4)
€ap = 3(aap +ap.a) in U, (4.5)
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where N € H~'Y2(,U,R?) and@ € H'?(d,, U, R?) are given Neumann and Dirichlet
data, respectively.

The equilibrium equations (4.1) and the simple connectedness of U ensure the exist-
ence of a single-valued function ¢ = ¢(x1, x2), ¢ € H?(U), such that

Naﬂ = €ay€BsP ys, (4.6)

where the matrix e, is defined as follows: ej1 = ez = 0, €12 = 1, e21 = —1 (see [1]).
We recall that, by construction, the function ¢ and its first partial derivatives ¢ 1, ¢ » are
uniquely determined up to an arbitrary additive constant.

It is convenient to introduce the strain functions Kyg, o, B = 1,2, associated to the
infinitesimal strain €yg:

Kup = esqeypesy, a,f=1,2. 4.7

By inverting the constitutive equation (4.4), we get

1+v %
6otﬂ = WNalg — E(Nyy)gaﬂ, (48)
and using (4.6) we obtain
1+v %
€ap =~ Cay€BsPys — ﬁ(‘/’,w)&xﬁ 4.9)

Inserting this expression of €, into (4.7), we have

Kozﬂ = LotﬂyS Dys> (4.10)
where the Cartesian components Lyg,s of the fourth order tensor I are

1+v v
Lotﬁy5 - E—hsaygﬁg - ESO{BSV&. (411)

The strain €,g obviously satisfies the well-known two-dimensional Saint-Venant compat-
ibility equation
€11,22 + €22,11 — 2€12,12 =0 in U. (4.12)

Inverting (4.7), we have
€up = eayepsKys, 4.13)

and equation (4.12), written in terms of K, 5, becomes
div(div(LV?¢)) =0 in U, (4.14)

or, more explicitly,

1 %
2 — . —_— —
A <p+2EhV(Eh) V(Ap) EhA(Eh)A<p

14+v
Eh

+Ehv2( )-v%o:o inU. (4.15)
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The above partial differential equation expresses the form assumed by the field equation
(4.1) in terms of the Airy function ¢.

We now consider the transformation of the Neumann boundary condition (4.2)
on d; U. By (4.6), the condition on d; U can be written as

Cay€BsP ysNp = Nas (4.16)
that is, recalling that 75 = egsng on 0U,
(@1)s =—Na. (p2)s=N ond, U, (4.17)

where s is an arc length parametrization on dU. By integrating the above equations with
respect to s, from Py € 9, U to P € 9, U, with s(Py) = 0 and s(P) = s, the gradient of ¢
on d; U can be determined up to an additive constant vector ¢ = cje; + ce;, namely

Vo(s) =c+ g(s) ond; U, (4.18)

where g(s) = g1 (s)er + 82(5)e2, 81(s) = — fo Na(€) dE, 82(s) = [y N1(§) dE. Tt follows
that the normal derivative of ¢ on d; U is prescribed in terms of the Neumann data N, that
is,

¢n = (c+g()-n ond U, (4.19)
whereas, integrating (4.18) once more from Py to P, we have
¢(s) =C + G(s) ond, U, (4.20)

where C = ¢(0) = constant, and @(s) = fos(c + g(§)) - t(§) d&. We notice that it is
always possible to select the two arbitrary constants occurring in the construction of Vg
such that ¢; = ¢, = 0 (see, for example, [22] for details). In particular, if the Neumann
data N vanishes on d; U, then we can also choose the third constant C = 0, so that
@(s) = 0 on d;U. In this case, the homogeneous Neumann boundary conditions for the
GPS problem are transformed into the homogeneous Dirichlet boundary conditions for
the Airy function (see also Section 6):

=0, ¢,=0 ond,U. 4.21)

The determination of the boundary conditions satisfied by ¢ on d,, U is less obvious, since
the corresponding boundary conditions in the original two-dimensional elasticity problem
are not explicitly expressed in terms of the Airy function or its derivatives. We adopt a
variational-like approach.

Let & : U — R be a C test function such that

=0, ¢,=0 ond,U, (4.22)
and define the associated Airy stress field

Nop = eqyeps®ys in U, 4.23)
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which obviously satisfies the equilibrium equations

Nogp =0 inU. 4.24)

Multiplying (4.24) by the displacement field a = aje; + aze; solving (4.1)—(4.5), and
integrating by parts, we obtain

[ TysKys = [ Nopnipay. (4.25)
Uu U

We first work with the integral on the left hand side of (4.25). After two integrations by
parts, we obtain

/ ?y5Kys =/ Kys,y8$+/ @y Kysns —/ OKy,s5ny. (4.26)
U U U U

We express the second integral / on the right hand side in terms of the local coordinates.
Recalling that 7, = eggng on 0U and @4 = 1o @ + 1 P,s on U, &, B = 1,2, we have

I = / ((Z,nKnn + a,sKrn), (4.27)
ou
where, to simplify the notation, we have introduced on dU the two functions
Kun = Ky8n8nys Ky = Ky8n87:y (= Ken). (4.28)
Integrating by parts the second term in (4.27) gives
I = / a,n Kun — 65Krn,s~ (4.29)
ou

Therefore, recalling (4.22), the left hand side of (4.25) takes the form

/ @,ySKyS = / KyS,yS& +/ Knna,n - (Ky8,8ny + Krn,s)@- (4.30)
U U 0y U

We next elaborate the integral appearing on the right hand side of (4.25). Let us introduce
the boundary displacement functions associated to the Dirichlet data a:

U, = eayla ond,U. 4.31)

Passing to local coordinates, after an integration by parts and using again (4.22), we have

/ ﬁaﬂnﬂaa :/ a,yz?fﬁeayaa :/ ((Z,y),seayaa
ou ou ou

= _[ a,y(eocyaa),s = _/ a,yﬁy,s- (4.32)
ou 0y U

Expressing again V¢ in terms of local coordinates and integrating by parts, we obtain

[ Nognpgag =/ —§nUysny + 31, Uyyg) s (4.33)
U 0, U
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Therefore, by rewriting (4.25) using (4.30) and (4.33), the strain functions K, satisfy the
condition

/ KyS,yS‘Z‘*‘/ (Knn + ﬁy,s”y)ﬁz,n _/ (Kyé‘,Sny + Krn,s + (Tyﬁy,s),s)a =0
U 0y U 0, U
(4.34)

for every ¢ € C*(U) with § = 0, @, = 0 on 3, U. By the arbitrariness of the test function
¢, and of the traces of ¢ and @, on 9, U, we can determine the conditions satisfied by
K, s, namely, the field equation

Kys5.06 =0 inU, (4.35)

which coincides with (4.14), and the two boundary conditions
Kun = —Uysn, ond,U, (4.36)
Kys5ny + Kens = —(tyUys) s ond,U. (4.37)

The above equations (4.35) and (4.36), (4.37) are known as the compatibility field equa-
tion and the compatibility boundary conditions for the strain functions K, s, respectively.
In conclusion, under the assumption N =0on d; U, the two-dimensional elasticity prob-
lem (4.1)—(4.5) can be formulated in terms of the Airy function as follows:

K55 =0 in U, (4.38)
=0 ond; U, (4.39)
=0 on 9, U, (4.40)
Kognang = —=Uysn, on d, U, 4.41)
Koppng + (Kagngte),s = —(ryﬁy,s),s on d, U, (4.42)
Kop = 25((1 +v)0ap —v(Ap)Sep)  in UL (4.43)

There is an important analogy connected with the above boundary value problem. Equa-
tions (4.38)—(4.43) describe the conditions satisfied by the transversal displacement ¢ =

@(x1, x2) of the middle surface U of a Kirchhoff-Love thin elastic plate made of isotropic
material. The plate is clamped on d; U, and subject to a couple field M = M n—+ MnT
assigned on d,, U, with M, = Uysny and M = ryU,, s (see, for example, [18]). Within
this analogy, the strain functions Kog = Kog(x1,x2) play the role of the bending moments
(for « = B) and the rwisting moments (for « # B) of the plate at (x1, x») € € (per unit
length), and the bending stiffness of the plate is equal to (Eh)™!.

Observe that the geometry of the inverse problem considered, that is, U = Q \ D,
does not ensure the existence of a globally defined Airy function, since the hypothesis
of simple connectedness is missing. For this reason, in Section 5 we shall make use of
local Airy functions, defined either in interior disks (see the proof of Proposition 5.2) or
in neighborhoods of the boundary of the cavity (see the proof of Proposition 5.3).
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Proposition 4.1. Under the above notation and assumptions, we have

(1—Jvp? (1+[v)?
E2h? E2h?

Proof. By (46), we have N]] = @¢,22, N22 = ¢,11, N12 = N21 = —¢,12, SO that

V20?2 < |Val? < V202, (4.44)

2
Vel = Y N2 (4.45)
o,B=1

1 1 1
By (4.8), we have €11 = 57 N11 — g5 N22. €22 = 77 N2 — 35 N11. €12 = €21 = F N1a,
so that

2

~ 1
Val* = ) ey = W{(l + V(N + N2) +2(1 + v)>NZ — 4vN1 Nao ).
wp=1 (4.46)
By the elementary inequality
|2N11 Naz| < N + N2, (4.47)
we see that, for every v € R,
|4UN11 Naa| < 2[v[(NE + N3, (4.48)
that is,
—2[v|(N{; + N&) < —4vNj 1 Naa < 2[v|(N{ + N5). (4.49)
By (4.46) and (4.49), the conclusion follows. ]

5. Proof of the main result

Proposition 5.1 (Lipschitz propagation of smallness). Let 2 be a domain satisfying (3.2),
(3.4). Let D be an open subset of 2 satisfying (3.1), (3.3), (3.5). Leta € Hl(Q \5, R2)
be the solution to (1.1)—(1.2) satisfying (3.19). Let the elasticity tensor C = C(x) €
L(M?2, M?) be given by (3.12) with Lamé moduli A = A(x), u = j(x) satisfying (3.14)
and (3.17). Let N e H™12(3Q2,R?), N £ 0, satisfy (3.9)—(3.11). Then there exists s > 1,
only depending on o, yo, Ao and My, such that for every p > 0 and every X € (2 \E)Sp,
we have

S Cr o
|Va|2 > —O||N||27 7 5.1)
/B,,(x) exp[A(ro/p) 5] H~1/2(3Q,R2)
where A, B, C > 0 are constants only depending on oo, Yo, Ao, Mo, M1 and F.

Proof. The proof follows by merging the Lipschitz propagation of smallness estimate
(3.5) contained in [17, Proposition 3.1], Korn inequalities (see, for instance, [12], [5]),
trace inequalities [15] and equivalence relations for the H~'/2 and H~' norms of the
Neumann data N in [17, Remark 3.4, (3.99-(3.10)]. |
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Proposition 5.2 (Finite vanishing rate in the interior). Under the hypotheses of Proposi-
tion 5.1, there exist ¢y < 1/2 and C > 0, only depending on ay, yo and Ay, such that, for
everyT € (0,19) and every X € Q \ D such that Bz (x) C Q \ D, and every r| < Cof, we

have o
/ |?m220(@) /‘ Val?, (5.2)
By, (%) r By (%)

where t9 > 1 only depends on oy, yo, Ao, My, M1, ro/7 and F.

Proof. We can introduce in B7(X) a locally defined Airy function ¢ associated to the
solution a. The proof follows by adapting the arguments in the proof of the analogous
Proposition 3.5 in [19] which applies to the Kirchhoff-Love plate equation. The main
difference consists in estimating the L2 norms of ¢ and |V¢| appearing in [19, (3.21)] in
terms of the L2 norm of |V2¢| and using (4.44), the stability estimate (3.20) and Propos-
ition 5.1. ]

Proposition 5.3 (Finite vanishing rate at the boundary). Under the hypotheses of Propos-
ition 5.1, there exist ¢o < 1/2 and C > 0, only depending on ay, yo, Ao, My, , such
that, for every X € 0D and every ry < Corg, we have

~ r T ~
/ WdzzC(i)l[ Val?, (5.3)
By ())N(Q\D) "0/ JByy(®HNE@\D)

where T > 1 only depends on oy, yo, Ao, Mo, ¢, M1 and F.

Proof. Following the arguments of Section 4, let us consider the Airy function
¢ associated to the restriction of the solution a to the simply connected domain
Rry2Myro (X) N Q2 \ D, where the rectangle Ry, 2nm,r, (X) has been defined in (2.1). We
know that ¢ satisfies the partial differential equation

div(div(LV?¢)) = 0 in Ry amer(X) N2\ D, (5.4)

or, equivalently,

1 %
2 — . — —
A <p+2EhV(Eh) V(Ap) EhA(Eh)A<p

14+v
Eh

+ Eth( ) V20 =0 in Rpyomero(X) N(Q\ D), (5.5)

and the homogeneous Dirichlet conditions
=0, =0 ondD N Ry 2Mmyry(X). (5.6)

Notice that, under our assumptions, the fourth order tensor L satisfies the strong convexity
condition

1
LA-A>

A? inQ 5.7
_ShAOII in (5.7
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for every symmetric 2 x 2 matrix A. We also notice that the coefficients of the terms
involving second and third order derivatives of ¢ in (5.5) are of class C? and C3 in
Ry 2Myro (X) N 2 \ D, respectively, with corresponding C2 and C3 norm bounded by a
constant only depending on &, g, ¢ and Ag. Therefore, we can apply the results obtained
in [6]. More precisely, by applying [6, Corollary 2.3] to v = ¢, there exists ¢ < 1, only
depending on My and «, such that, for every r; < r, < crg, we have

log B
r log(crg/rp)
[ N (—) / ¢ (5.8)
By (N(Q\D) "o By ()N(R\D)

where B > 1 is given by

B=C (r—")c Iy @@ ¢
r2

) (5.9)
fB,z ®n@\D) ¥

and C > 1 only depends on «y, Yo, Ag, My and «. Here B = A1 with A the constant
defined in [6, (2.17)]. Choose rp = Corg, with ¢y = ¢/2. We need to estimate the quant-
ity B. By applying the Poincaré inequality (see, for instance, [5, Example 4.4]) and (4.44),
we have

/ @< Cra*/ VPP = Cra*/ _ [Va?, (5.10)
B, (X)N(Q\D) B, (X)N(Q\D) By (X)N(Q2\D)

where C > 0 only depends on oy, Yo, A9, My and «. Moreover, by applying [6, Lem-
ma 4.7] and (4.44), and recalling the choice of r,, we have

/ - QDZEC;‘;/ . |V2¢|2:Crg/ . |§a|2. (511)
By, (X)N(Q\D) By, /2(X)N(Q\D) Bery/a(X)N(Q\D)

By the regularity of dD and by (3.3), there exists x; € Q \5 such that Bycr,/4(x1) C
r— . _ 1 . o, . — m .

Q\ D witht = AT By applying Proposition 5.1 with p 75 and by using the

stability estimate for the direct problem (3.20), in view of (5.10)—(5.11), we can estimate

B < C, with C only depending on oy, yo, Ao, My, @, M1 and F. By using again the

Poincaré inequality, [6, Lemma 4.7] and (4.44), we obtain the assertion. [

From now on, we shall denote by § the connected component of Q \ D U D, such
that ¥ C 0§.

Proposition 5.4 (Stability estimate of continuation from Cauchy data). Under the hypo-
theses of Theorem 3.1, we have

~ ~ £
TR < 2R s zw( _ ) (5.12)
/(SZ\!-?)\Dl H™I/200.R%) [N -12000 R2)
o~ A~ £
P < 2R, zw( _ ) (5.13)
f(ﬂ\ﬁ)\Dz HZEOXRI NN 51200 22)
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where w is an increasing continuous function on [0, 00) which satisfies
w(t) < C(log |logt|)_1/2 foreveryt < e™!, (5.14)

with C > 0 only depending on g, yo, Ao, Mo, @ and M. Moreover, there exists dy > 0,
with do/ro only depending on My and o, such that if dg(QL\ D1, 2\ D3) < dy then
(5.12)—(5.13) hold with w given by

w(t) < Cllogt|™ foreveryt <1, (5.15)
where o, C > 0 only depend on oy, vo, Ao, Mo, o, M.

Proof. The proof can be easily obtained by adapting the proof of the analogous estimates
in [17, Propositions 3.5 and 3.6]. The only difference consists in replacing the auxiliary
function w = a®® —a® with w = a® —a® — r, where r € R, is the minimizer of
problem (3.21), and noticing that Vr=0. ]

Proof of Theorem 3.1. It is convenient to introduce the following auxiliary distances:

d =dpg(Q2\ D1,2\ D»), (5.16)
d = max{ max dist(x, 2 \ D), max dist(x, 2 \ Dl)}. (5.17)
x€dD; x€dD>
Let n > 0 be such that
max/ |§a(i)|2 <n. (5.18)
=12 J@\9)\D;
Step 1. Assume n < r§||]§7||§1_1/2(m,R2). We have
1 1/t
dy < Cro( _ ) , (5.19)
V§||N||§_1/z(ag R2)

where T has been introduced in Proposition 5.3 and C is a positive constant only depend-
ing on the a priori data.

Proof. Without loss of generality, let xo € dD; be such that
dist(xo, @ \ D2) = dp > 0. (5.20)
Since By, (xo) C D, C Q \ &, we have
Bg,, (xo) N (Q\ D) € (2\ 9\ D1 (5.21)

and then, by (5.18),

~VaWP <. (5.22)
By, (x0)N(R\D1)

Let us distinguish two cases. First, let

dm < CoTo, (5.23)
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where ¢y is the positive constant appearing in Proposition 5.3. By applying this proposi-
tion, we have

T
nzC(d—m) / Va®|2, (5.24)
o/ JBry(xo)N(@\D1)

where C > 0 only depends on «g, Yo, Ag, &, My, M; and F.
By Proposition 5.1, we have

dn\* 5. ~
n=z C(f) r§||N||12'-1—1/2(aQ,R2)’ (5.25)

where C > 0 only depends on «yg, Yo, Ao, &, My, My, F, from which we can estimate
d,,, obtaining (5.19).
As the second case, let
dm > Coro. (5.26)

By starting again from (5.22), applying Proposition 5.1 and recalling d,, < Mrg, we

have
d ) , (5.27)

dn < Crg >
H-1/2(3Q,R2)

- (rﬁnﬁn

where C > 0 only depends on «g, Yo, Ao, Mo, M1, F. Since we have assumed 1 <

r2|N ”?{—1/2(39 R2)- also in this case we obtain (5.19). n
Step 2. Assume n < rg|N ”12‘-1*1/2(852,]1{2)' We have
n 1/7;
d <Crg = (5.28)
2 N||2
ro ” H_I/Z(BQ,RZ)

with t1 = max {t, 1o} and C > 0 only depends on oy, yo, Ao, o, My, My and F.
Proof. We may assume that d > 0 and there exists yg € m such that
dist(yo, 2\ D2) = d. (5.29)
Since d > 0, we have yg € D, \ D;. Let
h = dist(yo, D), (5.30)

possibly 4 = 0.
There are three cases to consider:
(i) h=d/2
() h>d/2,h <dy/2;
Gii) h > d/2,h > dy/2.
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Here the number d, with 0 < dy < 1y, is such that dy/r¢ only depends on My, and it is
the same as in Proposition 5.4. In particular, [4, Proposition 3.6] shows that there exists
an absolute constant C > 0 such that if d < dy, thend < Cd,,.

Case (i). By definition, there exists zo € dD such that |zo — yo| = h. By applying the
triangle inequality, we get dist(zg, Q2 \ D) > d/2. Since, by definition, dist(zg, 2 \ D3)
< d,,,weobtaind < 2d,,.

Case (ii). It turns out that d < dj and then, by the above recalled property, again we have
d < Cd,, for an absolute constant C.

Case (iii). Let h = min {h, ro}. Obviously Bj(yo) C €2 \ Dy and By (yo) C D5. Set
dy = min{d/2, ¢odo/4},

where ¢y is the positive constant appearing in Proposition 5.2. Since d; < d and d; < l:,

we have By, (o) C D> \ Dj and therefore 1 > S8, 00) |Va®)2,
1

Since do/2 < 7, we have Bgy2(yo) C 2\ Dj so that we can apply Proposition 5.2
with r; = dy, 7 = do/2, obtaining n > C(2d; /do)™ deO/z(J’o) |Va® |2, with C > 0 only
depending on «y, Yo, A9, My, My and F. Next, by Proposition 5.1, recalling that dg/r¢
only depends on M, we derive

77 1/1.'0
dlicro( T ) .
rollM ||

2
H—1/2(0Q,R?)

where C > 0 only depends on oy, Yo, Ao, Mo, M; and F. For 1 small enough, we have
dy < ¢odg/4, sothatd; = d/2 and

n 1/70
d S CV()( 2 ) N
Ty ”M”H*I/Z(BQ,R%

where C > 0 only depends on oy, Yo, Ao, Mo, M1 and F. Collecting the three cases, the
conclusion follows. [

ds(D1,D3) < +/1+ MZd. (5.31)

Proof. The proof is based on purely geometrical arguments; we refer to [19, proof of
Theorem 3.1, Step 3]. [

e —1/@271)
log( o )D (5.32)
IV

H—1/2(3Q,R2)

Step 3. We have

Conclusion. By Proposition 5.4,

d <Cry (log
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with t; > 1 and C > 0 only depending on o, Yo, Ao, @, My, M1 and F. By this first rough
estimate, there exists g9 > 0, only depending on oy, Yo, Ao, &, My, M1 and F, such that
if £ < g9, then d < dy. Therefore, we can apply the second statement of Proposition 5.4,
obtaining the conclusion. |

6. Generalized Plane Stress problem

In this section we derive the Generalized Plane Stress (GPS) problem for the statical
equilibrium of a thin elastic plate under in-plane boundary loads. Our analysis follows the
classical approach of the theory of structures, according to the original idea introduced
by Filon [11]. Alternative, more formal derivations have been proposed to justify the
GPS problem. The interested reader can refer, among others, to the contributions [8], [7]
and [21].

Let U be a bounded domain in R2, and consider the cylinder € = U x (—=h/2,h/2)
with middle plane U x {x3 = 0} (which we will simply denote by U in what follows)
and thickness %. Here, {O, x1, x5, x3} is a Cartesian coordinate system, with origin O
belonging to the plane x3 = 0 and the x3 axis orthogonal to U. The cylinder is called a
plate if h is small with respect to the linear dimensions of U, e.g., h < diam(U).

Suppose that the faces U x {x3 = £h/2} of the plate are free of applied loads, and
all external surface forces acting on the lateral surface dU x (—h/2, h/2) lie in planes
parallel to the middle plane U, and are independent of x3. We shall further assume that
body forces vanish in €. The plate is assumed to be made of linearly elastic isotropic
material, with Lamé moduli independent of the x3-coordinate, e.g., A = A(x1, X2), & =
u(xy, xz) for every (x1,x2,0) € U. Moreover, let A, JTRS CO’I(ﬂ) be such that ;> g,
211 + 34 > yo in U, with ag, Yo positive constants.

Under the above assumptions, the problem of elastostatics consists in finding a dis-
placement u solving

T, =0 ine, (6.1)
Tiz =0 on U x {x3 = +h/2}, (6.2)
Tapnp = Iy on dU x (=h/2,h/2), (6.3)
Tsgng =0 on dU x (—=h/2,h/2), (6.4)
Tij = 2uEi; + A(Exg)dij in'C, (6.5)
Eij = 3(uij +uj;) in‘€, (6.6)

where the force field 7 = (tAl, 12, 0), with Ty = tAa(xl, X2), o = 1,2, assigned on
dU x (—h/2, h/2) satisfies the compatibility conditions

/ r=0, / XXi=0 (6.7)
AUX(—h/2,h/2) dUX(—h/2,h/2)

(see, for example, [13, §45]). The above boundary value problem is called the plane prob-
lem of elastostatics. Tt is known that, under our assumptions and for 7, € H~'/2(dU, R?),
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a = 1,2, there exists a solution u € H1 (e, R3) which is unique up to an infinitesimal
rigid displacement r(x) = a + b x x, with a, b € R3 constant vectors.

We now formulate the Generalized Plane Stress (GPS) problem associated to (6.1)—
(6.6). The GPS problem is a two-dimensional boundary value problem formulated in
terms of the thickness averages of u, E and T', under the a priori assumption

T33 =0 in€. (68)

For a physically plausible justification of the above assumption under the hypothesis of
small &, we refer to [22, §67] and to the paper [11] by Filon, who first derived the GPS
problem.

Given a function f : € — R3, f € H1(€), let us define the function f : € — R3 as
follows:

fi(x1, x2,x3) = fi(x1, X2, —x3), (6.9)
ﬁ(xl,xz,m) = fo(x1, X2, —X3), (6.10)
F3(x1.x2.x3) = — f3(x1.x2, —x3). (6.11)

By definition of the plane problem, if u is a solution to (6.1)—(6.6), then so is .
Moreover, u — i is a solution to (6.1)—(6.6) with # = 0, and therefore u — i € Rs.
Noticing that (uy — L71)|x3=0 = (upy — 772)|x3=0 =0, we have u — I = azez + (brey +
boez) X Zle xje; with as, by, b, € R. Now, it is easy to see that, choosing r’ € R3 as
r’ = Z?:l aje; + Z?zl bje; x Z?:l xje; withay = —a3/2,b) = —b1/2,by, = —b, /2,
the solution u + r’ to (6.1)—(6.6) satisfies the condition u + r’ = uTr’ for all a}, a5,
by e R.

We next introduce the thickness average f of a function f : € — R3, f_ :U — R,
defined as

_ 1 h/2
S(x1,x2) = E/ f(x1, x2, x3) dx3. (6.12)
—h/2

Taking into account that the thickness average of an x3-odd function is zero, and the
x3-derivative of an x3-even function is x3-odd, for every point (x1, x2) € U we have

Us = Ey3 =Toe3 =0, a=12, (6.13)
Eop = 5(ap +pa), a.f=1.2, (6.14)
Top =21Eap + M(Eyy + E33)80p, o, f = 1,2, (6.15)
T33 =2uE33 + A(Ey, + E33), (6.16)

where the solution u + r’ is denoted by u. Using the a priori assumption (6.8) in (6.16),
the function E'33 can be expressed in terms of E ., and the two-dimensional constitutive
equation can be written as

Totﬂ = Z/LFa/g + )L*Fyy&xﬂ (6.17)

with .
A= K2 (6.18)
A+2u
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Integrating over the thickness in (6.1)—(6.6), and neglecting those equations which yield
identities, we obtain the averaged equations of equilibrium and the corresponding bound-
ary conditions, and u € H (U, R?) is a solution to

Tapp =0 in U, (6.19)
Topnp = la on JU, (6.20)
Top =2uEap + A*(Eyy)Sap in U, 6.21)
Eop = Y(llap +pa) in U, 6.22)

where the force field 7 = 71e; + f2e, applied on dU satisfies the compatibility conditions

/ =0, / xxt=0. (6.23)
U ou

Notice that the constitutive equation (6.21) can be written as

E _ _
Tap = 75 (1 =) Eap + v(Eyy)3ap) (6.24)

with
E vE

= —_—, A = -—

2(14+v) (1 4+v)(1=2v)
where E, v are the Young modulus and the Poisson coefficient of the material, respect-
ively. Finally, by defining

" (6.25)

do = Ug, €up = Eaﬁ = ﬁa» Naﬁ = hTC{ﬂ! Na = hi:l1 Ol,ﬁ =1,2, (6.26)

we obtain the GPS problem

Negp =0 in U, (6.27)
Nogng = Ny on dU. (6.28)
Nap = 225 ((1 = v)éap + v(eyy)Sap) in U, (6.29)
€ap = 2(aap +apa) in U, (6.30)
with
N-r=0 foreveryr € R;. (6.31)
Now, the constitutive equatioar‘lll (6.29) can be written as
Nop(x) = Capys(x)éys. (6.32)
where the fourth order tensor C = (Cpgys) is defined as
C(x)A = %«1 — (X)) A + v(t(A)) 1) (6.33)

for every 2 x 2 matrix A. With this notation, the GPS problem (6.27)—(6.30) can be rewrit-
ten in the form
{div((CVa) =0 inU, (6.34)

(CVa)n =N  ondU. (6.35)



Generalized Plane Stress problem in linear elasticity 701

Acknowledgements. The authors wish to thank the two referees for their constructive and useful
suggestions.

Funding. Antonino Morassi was supported by PRIN 2015TTJNO95 “Identificazione e diagnostica di
sistemi strutturali complessi”. Edi Rosset and Sergio Vessella were supported by Progetti GNAMPA
2017 and 2018, Istituto Nazionale di Alta Matematica (INJAM). Edi Rosset was supported by FRA
2016 “Problemi inversi, dalla stabilita alla ricostruzione”, Universita degli Studi di Trieste.

References

(1]
(2]
(3]

(4]

(5]

(6]

(7]

(8]
(9]

(10]

(11]

[12]

[13]

(14]

[15]

[16]

Airy, G. B.: On the strains in the interior of beams. Philos. Trans. Roy. Soc. London 153,
49-80 (1863)

Adolfsson, V., Escauriaza, L.: C L domains and unique continuation at the boundary. Comm.
Pure Appl. Math. 50, 935-969 (1997) Zbl 0899.31004 MR 1466583

Alessandrini, G.: Examples of instability in inverse boundary-value problems. Inverse Prob-
lems 13, 887-897 (1997) Zbl 0882.35127 MR 1463583

Alessandrini, G., Beretta, E., Rosset, E., Vessella, S.: Optimal stability for inverse elliptic
boundary value problems with unknown boundaries. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
29, 755-806 (2000) Zbl 1034.35148 MR 1822407

Alessandrini, G., Morassi, A., Rosset, E.: The linear constraints in Poincaré and Korn type
inequalities. Forum Math. 20, 557-569 (2008) Zbl 1151.26319 MR 2418206

Alessandrini, G., Rosset, E., Vessella, S.: Optimal three spheres inequality at the boundary
for the Kirchhoff-Love plate’s equation with Dirichlet conditions. Arch. Ration. Mech. Anal.
231, 1455-1486 (2019) Zbl 1408.35033 MR 3902467

Anzellotti, G., Baldo, S., Percivale, D.: Dimension reduction in variational problems, asymp-
totic development in I'-convergence and thin structures in elasticity. Asymptotic Anal. 9,
61-100 (1994) Zbl 0811.49020 MR 1285017

Ciarlet, P. G., Destuynder, P.: A justification of the two-dimensional linear plate model.
J. Mécanique 18, 315-344 (1979) Zbl 0405.73050 MR 533827

Di Cristo, M., Rondi, L.: Examples of exponential instability for inverse inclusion and scat-
tering problems. Inverse Problems 19, 685-701 (2003) Zbl 1033.35137 MR 1984884

Fichera, G.: Problemi analitici nuovi nella fisica matematica classica. Quaderni del Consiglio
Nazionale delle Richerche. Gruppo Nazionale di Fisica Matematica, Florence (1985)
MR 848130

Filon, L. N. G.: On an approximative solution for the bending of a beam of rectangular
cross-section under any system of load, with special reference to points of concentrated or
discontinuous loading. Philos. Trans. Roy. Soc. London Ser. A 201, 63-155 (1903)

Zbl 34.0853.01

Friedrichs, K. O.: On the boundary-value problems of the theory of elasticity and Korn’s
inequality. Ann. of Math. (2) 48, 441-471 (1947) Zbl 0029.17002 MR 22750

Gurtin, M. E.: The Linear Theory of Elasticity. Handbuch der Physik, Vol. VI, Springer, Berlin
(1972)

Lai, R.-Y., Uhlmann, G., Wang, J.-N.: Inverse boundary value problem for the Stokes and the
Navier—Stokes equations in the plane. Arch. Ration. Mech. Anal. 215, 811-829 (2015)
Zbl 1309.35085 MR 3302110

Lions, J.-L., Magenes, E.: Non-homogeneous Boundary Value Problems and Applications.
Vol. I. Grundlehren Math. Wiss. 182, Springer, New York (1972) Zbl 0223.35039
MR 0350177

Mandache, N.: Exponential instability in an inverse problem for the Schrodinger equation.
Inverse Problems 17, 1435-1444 (2001) Zbl 0985.35110 MR 1862200


https://zbmath.org/?q=an:0899.31004
https://mathscinet.ams.org/mathscinet-getitem?mr=1466583
https://zbmath.org/?q=an:0882.35127
https://mathscinet.ams.org/mathscinet-getitem?mr=1463583
https://zbmath.org/?q=an:1034.35148
https://mathscinet.ams.org/mathscinet-getitem?mr=1822407
https://zbmath.org/?q=an:1151.26319
https://mathscinet.ams.org/mathscinet-getitem?mr=2418206
https://zbmath.org/?q=an:1408.35033
https://mathscinet.ams.org/mathscinet-getitem?mr=3902467
https://zbmath.org/?q=an:0811.49020
https://mathscinet.ams.org/mathscinet-getitem?mr=1285017
https://zbmath.org/?q=an:0405.73050
https://mathscinet.ams.org/mathscinet-getitem?mr=533827
https://zbmath.org/?q=an:1033.35137
https://mathscinet.ams.org/mathscinet-getitem?mr=1984884
https://mathscinet.ams.org/mathscinet-getitem?mr=848130
https://zbmath.org/?q=an:34.0853.01
https://zbmath.org/?q=an:0029.17002
https://mathscinet.ams.org/mathscinet-getitem?mr=22750
https://zbmath.org/?q=an:1309.35085
https://mathscinet.ams.org/mathscinet-getitem?mr=3302110
https://zbmath.org/?q=an:0223.35039
https://mathscinet.ams.org/mathscinet-getitem?mr=0350177
https://zbmath.org/?q=an:0985.35110
https://mathscinet.ams.org/mathscinet-getitem?mr=1862200

A. Morassi, E. Rosset, S. Vessella 702

(17]

(18]

[19]

(20]

(21]

(22]

Morassi, A., Rosset, E.: Stable determination of cavities in elastic bodies. Inverse Problems
20, 453-480 (2004) Zbl 1073.35212 MR 2065434

Morassi, A., Rosset, E., Vessella, S.: Size estimates for inclusions in an elastic plate by bound-
ary measurements. Indiana Univ. Math. J. 56, 2325-2384 (2007) Zbl 1137.35080
MR 2360612

Morassi, A., Rosset, E., Vessella, S.: Optimal stability in the identification of a rigid inclusion
in an isotropic Kirchhoff-Love plate. SIAM J. Math. Anal. 51, 731-747 (2019)
Zbl 1420.35472 MR 3924613

Morassi, A., Rosset, E., Vessella, S.: Doubling inequality at the boundary for the Kirchhoff—
Love plate’s equation with Dirichlet conditions. Matematiche (Catania) 75, 27-55 (2020)
7Zbl 1436.35135 MR 4069598

Paroni, R.: The equations of motion of a plate with residual stress. Meccanica 41, 1-21 (2006)
7Zbl 1158.74413 MR 2225419

Sokolnikoff, I. S.: Mathematical Theory of Elasticity. McGraw-Hill, New York (1956)
Zbl 0070.41104 MR 0075755


https://zbmath.org/?q=an:1073.35212
https://mathscinet.ams.org/mathscinet-getitem?mr=2065434
https://zbmath.org/?q=an:1137.35080
https://mathscinet.ams.org/mathscinet-getitem?mr=2360612
https://zbmath.org/?q=an:1420.35472
https://mathscinet.ams.org/mathscinet-getitem?mr=3924613
https://zbmath.org/?q=an:1436.35135
https://mathscinet.ams.org/mathscinet-getitem?mr=4069598
https://zbmath.org/?q=an:1158.74413
https://mathscinet.ams.org/mathscinet-getitem?mr=2225419
https://zbmath.org/?q=an:0070.41104
https://mathscinet.ams.org/mathscinet-getitem?mr=0075755

	1. Introduction
	2. Notation
	3. Inverse problem and main result
	4. Airy transformation
	5. Proof of the main result
	6. Generalized Plane Stress problem
	References

