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Abstract. The goal of the paper is to give an optimal transport formulation of the full Einstein
equations of general relativity, linking the (Ricci) curvature of a space-time with the cosmolo-
gical constant and the energy-momentum tensor. Such an optimal transport formulation is in terms
of convexity/concavity properties of the Boltzmann—Shannon entropy along curves of probability
measures extremizing suitable optimal transport costs. The result gives a new connection between
general relativity and optimal transport; moreover, it gives a mathematical reinforcement of the
strong link between general relativity and thermodynamics/information theory that emerged in the
physics literature of the last years.
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1. Introduction

In recent years, optimal transport revealed to be a very effective and innovative tool
in several fields of mathematics and applications. By way of example, let us mention
fluid mechanics (e.g. Brenier [16] and Benamou—Brenier [10]), partial differential equa-
tions (e.g. Jordan—Kinderlehrer—Otto [48] and Otto [67]), random matrices (e.g. Figalli—
Guionnet [32]), optimization (e.g. Bouchitté—Buttazzo [14]), non-linear o-models (e.g.
Carfora [21]), geometric and functional inequalities (e.g. Cordero-Erausquin—Nazaret—
Villani [27], Figalli-Maggi—Pratelli [33], Klartag [53], Cavalletti-Mondino [23]) Ricci
curvature in Riemannian geometry (e.g. Otto—Villani [68], Cordero-Erausquin—-McCann—
Schmuckenschldger [25], Sturm—von Renesse [81]) and in metric measure spaces (e.g.
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Lott—Villani [56], Sturm [73, 74], Ambrosio—Gigli—Savaré [5]). For more details about
optimal transport and its applications in both pure and applied mathematics, we refer the
reader to the many books on the topic, e.g. [1,3,72,79,80].

Here let us just quote two of the many applications to partial differential equations. In
the pioneering work of Jordan—Kinderlehrer—Otto [48] a new optimal transport formula-
tion of the Fokker—Planck equation (and in particular of the heat equation) was discovered
as the gradient flow of a suitable functional (roughly, the Boltzmann—Shannon entropy
defined below in (1.5) plus a potential) in the Wasserstein space (i.e. the space of prob-
ability measures with finite second moments endowed with the quadratic Kantorovich—
Wasserstein distance); later, Otto [67] found a related optimal transport formulation of the
porous medium equation. The impact of these works in the optimal transport community
has been huge, and opened the way to a more general theory of gradient flows (see for
instance the monograph by Ambrosio—Gigli—Savaré [3]).

The goal of the present work is to give a new optimal transport formulation of another
fundamental class of partial differential equations: the Einstein equations of general
relativity. First published by Einstein in 1915, the Einstein equations describe gravitation
as a result of space-time being curved by mass and energy; more precisely, the space-
time (Ricci) curvature is related to the local energy and momentum expressed by the
energy-momentum tensor. Before entering into the topic, let us first recall that the Ein-
stein equations are hyperbolic evolution equations (for a comprehensive treatment see the
recent monograph by Klainerman—Nicolo [52]). Instead of a gradient flow/PDE approach,
we will see the evolution from a geometric/thermodynamic/information point of view.

Next we briefly recall the formulation of the Einstein equations. Let M" be an n-
dimensional manifold (n > 3, the physical dimension being n = 4) endowed with a
Lorentzian metric g, i.e. g is a non-degenerate symmetric bilinear form of signature
(— +,...,+). Denote by Ric and Scal the Ricci and the scalar curvatures of (M", g).
The Einstein equations read

Ric — 1 Scalg + Ag = 8xT, (1.1)

where A € R is the cosmological constant, and 7 is the energy-momentum tensor. Phys-
ically, the cosmological constant A corresponds to the energy density of the vacuum; the
energy-momentum tensor is a symmetric bilinear form on M representing the density of
energy and momentum, acting as the source of the gravitational field.

1.1. Statement of the main results

Recall that in a Lorentzian manifold (M", g), a non-zero tangent vector v € Tx M is
called time-like if g(v,v) < 0. If M admits a continuous nowhere vanishing time-like
vector field X, then (M, g) is said to be time-oriented and it is called a space-time. The
vector field X induces a partition of the set of time-like vectors into two classes: the
future pointing tangent vectors v for which g(X, v) < 0 and the past pointing tangent
vectors v for which g(X,v) > 0. The closure of the set of future pointing time-like vectors
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is denoted
€=Cl{veTM | g(v,v) <0and g(X,v) <0}) C TM.

A physical particle moving in the space-time (M, g, €) is represented by a causal curve
which is an absolutely continuous curve, y, satisfying

y; €€ ae.t €[0,1].

If the particle cannot reach the speed of light (e.g. a massive particle), then it is represented
by a chronological curve which is an absolutely continuous curve, y, satisfying

v, € Int(€) ae.t €0,1],

where Int(€) is the interior of the cone € made up of future pointing time-like vectors.
The Lorentz length of a causal curve is

1
Le(y) = /0 J=gGrdt.

A point y is in the future of x if there is a future oriented chronological curve from x to y;
in this case, the Lorentz distance or proper time between x and y is defined by

sup{Lg(y) | yo = x and y; = y, y chronological} > 0,

which is achieved by a geodesic which is called a maximal geodesic. See for example
[43,66,82].
In this paper, we consider the following Lorentzian Lagrangian on TM for p € (0, 1):

—5(=g.v)?? ifvee,

(1.2)
+00 otherwise.

£p() = {

Note that if p were 1 this would be the negative of the integrand for the Lorentz length

given above. Here we study p € (0, 1) because the Lorentzian Lagrangian &£, has good
convexity properties for such p (see Lemma 2.1).

Let AC([0, 1], M) denote the space of absolutely continuous curves from [0, 1] to M.

The Lagrangian action +,, corresponding to the Lagrangian &£, and defined for any y €
AC([0, 1], M), is given by

1
Ap(y) 1= /0 £, (y:) dt € (—o0,0] U {+00}. (1.3)

Observe that 4, (y) € (—oo, 0] if and only if y is a causal curve. Note that if p were 1, this
would be the negative of the Lorentz length of y or the proper time along y. Thus —, (y)
can be seen as a kind of non-linear p-proper time along y, enjoying better convexity
properties. The reader may note the parallel with the theory of Riemannian geodesics,
where one often studies the energy functional | |y|? in place of the length functional [ |y|,
due to the analogous advantages.
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The choice of the minus sign in (1.2) is motivated by optimal transport theory, in order
to have a minimization problem instead of a maximization one (as in the sup defining the
Lorentz distance between points above). It is readily checked that the critical points of -4,
with negative action are time-like geodesics (see Lemma 2.2). The advantage of +, with
p € (0, 1) is that it automatically selects an affine parametrization for its critical points
with negative action.

The cost function, ¢, : M x M — (—o0, 0] U {400}, relative to the p-action A, is
defined by

cp(x,y) = inf{A,(y) | y € AC([0, 1], M), yo = x, y1 = y}.

Note that if p were 1, then this would be the negative of the Lorentz distance between x
and y.
Consider a relatively compact open subset

EcCcCnt(®) CTM and r € (0,inj,(E)),

where inj,(E) > 0 is the injectivity radius of the exponential map of g restricted
to E. If we take prys—m : TM — M to be the canonical projection map then for all
x € prmy—m(E)and v € T,M N E with g(v,v) = —r?, we have a maximal geodesic
Yx : [0, 1] = M defined by

yx(t) = exp,((t —1/2)v) suchthat y,(1/2) = x.

The Ricci curvature Ricy (v, v) at a point x € M in the direction v is the trace of
the curvature tensor so that intuitively it measures the average way in which geodesics
near y, bend towards or away from it. See Section 1.3. In Riemannian geometry, the
Ricci curvature influences the volumes of balls. Here, instead of balls we define, for any

x € pru-m(E),
B E (x) := {expS(tw) |[w € M N E, g(w,w) = —1, t € [0, 7]}

precisely to avoid the null directions.

Rather than considering individual paths between a given pair of points, we will
consider distributions of paths between a given pair of distributions of points using the
optimal transport approach.

We denote by £ (M) the set of Borel probability measures on M. For any
U1, 2 € P (M), we say that a Borel probability measure 7 € (M x M) is a coup-
ling of uy and p, if

(pi)gm =i, i =12,

where py, p2 : M x M — M are the projections onto the first and second coordinate.
Recall that the push-forward (p1)y7 is defined by

(p1)y(A) := n(py ' (4))
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for any Borel subset A C M. The set of couplings of w1, > is denoted by Cpl(uy, (2).
The cp-cost of a coupling 7 is given by

[ et dntey) e -oe.0U o)
MxM

Denote by Cp(j41, i42) the minimal cost relative to ¢, among all couplings from (1 to o,
ie.

Cp(it1, 12) = inf{/ cpdm

xe Cplml,uz)} € [=00.0] U {+o0}.

If Cp(11, 2) € R, a coupling achieving the infimum is said to be c,-optimal.
For ¢t € [0, 1] denote by e; : AC([0, 1], M) — M the evaluation map

er(y) = yr.

A cp-optimal dynamical plan is a probability measure IT on AC([0, 1], M) such that
(eo,e1)yI1 is a cp-optimal coupling from o := (e)yI1 to w1 := (e1)yI1. One can natur-
ally associate to IT a curve

(s := (er)yID)se0,1] C P (M)

of probability measures. The condition that IT is a ¢, -optimal dynamical plan corresponds
to saying that the curve (f4s)efo0,1] C & (M) is a length minimizing geodesic with respect
to Cp, i.€.

Cp(pss pbe) = [t —5|Cp(po, 1) Vs,1 €[0,1].

We will mainly consider a special class of ¢,-optimal dynamical plans, which we call
regular: Toughly, a c,-optimal dynamical plan is said to be regular if it is obtained by
exponentiating the gradient (which is assumed to be time-like) of a smooth Kantorovich
potential ¢:

He = (\I"i/z)ﬁ:“vl/Z’ qji/z(x) = expi (_(Z - 1/2)|Vg¢|g_zvg¢(x))’

+o=1,

(1.4)

1 1
P q
and moreover ji; << volg forall f € (0, 1), where volg denotes the standard volume meas-
ure of (M, g). For the precise notions, the reader is referred to Section 2.5.

A key role in our optimal transport formulation of the Einstein equations will be
played by the (relative) Boltzmann—Shannon entropy. Denote by vol, the standard volume
measure on (M, g). Given an absolutely continuous probability measure ; = o volg with
density o € C.(M), its Boltzmann—Shannon entropy (relative to voly ) is defined as

Ent(u|volg) ::/ ologodvolg. (1.5)
M

In Theorem 4.10 we will prove that the Einstein equations are equivalent to an equation
involving (at least at a formal level) the second order derivative of this entropy along
a cp-optimal dynamical plan. See Figure 1.
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Fig. 1. The transport in Theorem 1.1.

Throughout the paper we will assume the cosmological constant A and the energy
momentum tensor 7" to be given, say from physics and/or mathematical general relativity.
Given g, A and T it is convenient to set

- 2A
T:=——g+8nT —
n—2

8
”2 Try (T)g (1.6)

n—
so that the Einstein equations can be written as Ric = T (see Lemma 4.1).

Theorem 1.1 (Theorem 4.10). Let (M, g, €) be a space-time of dimension n > 3. Then
the following assertions are equivalent:

(1) (M, g, €) satisfies the Einstein equations (1.1), which can be rewritten in terms of T
of (1.6)asRic=T.

(2) For every p € (0,1) and every relatively compact open subset E CC Int(€) there
exist R = R(E) € (0, 1) and a function

€ =€g :(0,00) = (0,00) with lim,ge(¥) =0
such that for all
x € prmu—sm(E) and v e TyM N E with g(v,v) = —R?

the following assertion holds.
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For every r € (0, R), setting y = exps (rv), there exists a regular cp-optimal
dynamical plan T1 = T1(x, v, r) with associated curve of probability measures

(1r := (er)gID)sefo,1) C P (M)

such that
o 1t1/2 = volg (B () volg BSF (x),
e supp 1 C {expy (r*w) |w e TL,M N€, g(w,w) = —1}

and which has convex/concave entropy in the following sense:
4 -
r_z[Em(Ml [volg) — 2 Ent(pq/2|volg) + Ent(pg|volg)] — T (v,v)| < e(r). (1.7)

(3) There exists p € (0, 1) such that the assertion as in (2) holds true.

Remark 1.2 (On the regularity of space-time). For simplicity, in the paper we work with
a smooth space-time. However, all the statements and proofs would be valid assuming that
M is a differentiable manifold endowed with a C3-atlas and that g is a C2-Lorentzian
metric on M.

Remark 1.3 (A heuristic thermodynamic interpretation of Theorem 1.1). A curve
(e)ref0,1] C P (M) associated to a ¢,-optimal dynamical plan can be interpreted as the
evolution' of a distribution of gas passing through a given gas distribution 41/, (which in
Theorem 1.1 is assumed to be concentrated in the space-time near x). Theorem 1.1 says
that the Einstein equations can be equivalently formulated in terms of the convexity prop-
erties of the Boltzmann—Shannon entropy along such evolutions (f47)ef0,17 C &P (M).
Extrapolating a bit more, we can say that the second law of thermodynamics (i.e. in a
natural thermodynamic process, the sum of the entropies of the interacting thermody-
namic systems decreases, due to our sign convention) concerns the first derivative of the
Boltzmann—Shannon entropy; gravitation (under the form of Ricci curvature) is instead
related to the second order derivative of the Boltzmann—Shannon entropy along a natural
thermodynamic process.

Remark 1.4 (Disclaimer). In Theorem 1.1 we are not claiming to solve the general
Einstein equations via optimal transport; we are instead proposing a novel formulation/
characterization of the solutions of the Einstein equations based on optimal transport,
assuming the cosmological constant A and the energy-momentum tensor 7" are already
given (this can be a bit controversial for a general 7'; however, the characterization is
already new and interesting in the vacuum case 7" = 0 where there is no controversy).
The aim is indeed to bridge optimal transport and general relativity, with the goal of stim-
ulating fruitful connections between these two fascinating fields. In particular, optimal
transport tools have been very successful in studying Ricci curvature bounds in a (low

IStrictly speaking, 7 is not the proper time, but only a variable parametrizing the evolution.
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regularity) Riemannian and metric-measure framework (see later in the introduction for
the related literature) and it is thus natural to expect that optimal transport can also be
useful in a low-regularity Lorentzian framework, where singularities play an important
part in the theory; for example it is expected that, at least generically, singularities occur
in black-hole interiors.

For equivalent formulations of Theorem 1.1, see Remarks 4.11 and 4.12.
In the vacuum case 7" = 0 with zero cosmological constant A = 0, the Einstein equa-
tions read
Ric=0 (1.8)

for an n-dimensional space-time (M, g, €). Specializing Theorem 1.1 to the choice T=0
(plus a small extra observation to sharpen the lower bound in (1.9) from —e(r) to 0O;
moreover, the same proof extends to n = 2) gives the following optimal transport formu-
lation of Einstein vacuum equations with zero cosmological constant.

Corollary 1.5. Let (M, g, €) be a space-time of dimension n > 2. Then the following
assertions are equivalent:

(1) (M, g, €) satisfies the Einstein vacuum equations with zero cosmological constant,
i.e. Ric = 0.

(2) Forevery p € (0,1) and every relatively compact open subset E CC Int(€) there exist
R = R(E) €(0,1) and a function € = eg : (0, 00) — (0, 00) with lim, g €(r)/r* =0
such that for all x € pry—>p(E) and v € TeM N E with g(v,v) = —R? the fol-
lowing assertion holds.

For every r € (0, R), setting y = exp5(rv), there exists a regular c,-optimal
dynamical plan T1 = TI(x, v, r) with associated curve of probability measures

(s := (er)gID)efo,1) C P (M)
such that
o [1/2 = volg (B ()™ vl B (x),
e supp i1 C {exps (r?w) |w e TL,M NE, g(w,w) = —1}
and which has almost affine entropy in the sense that

0 < Ent(u1|volg) —2Ent(uq/2|voly) + Ent(uo|volg) < e(r). (1.9)

(3) There exists p € (0, 1) such that the assertion as in (2) holds true.

1.2. Outline of the argument

As already mentioned, the Einstein equations can be written as Ric = 7 where T was
defined in (1.6) (see Lemma 4.1). The optimal transport formulation of the Einstein equa-
tions will consist separately of an optimal transport characterization of the two inequalities

Ric>T (1.10)
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and
Ric<T. (1.11)

The optimal transport characterization of the lower bound (1.10) will be achieved in
Theorem 4.3 and consists in showing that (1.10) is equivalent to a convexity property of the
Boltzmann—Shannon entropy along every regular ¢,-optimal dynamical plan. The optimal
transport characterization of the upper bound (1.11) will be achieved in Theorem 4.7 and
consists in showing that (1.11) is equivalent to the existence of a large family of regular
¢p-optimal dynamical plans (roughly the ones given by exponentiating the gradient of a
smooth Kantorovich potential with Hessian vanishing at a given point) along which the
Boltzmann—Shannon entropy satisfies the corresponding concavity condition.

Important ingredients in the proofs will be the following. In Theorem 4.3, to prove
that Ricci lower bounds imply convexity properties of the entropy, we will perform Jacobi
fields computations relating the Ricci curvature to the Jacobian of the change of coordin-
ates of the optimal transport map (see Proposition 3.4); in order to establish the converse
implication we will argue by contradiction via constructing cj-optimal dynamical plans
very localized in space-time (Lemma 3.2).

In Theorem 4.3 we will consider the special class of regular c,-optimal dynamical
plans constructed in Lemma 3.2, roughly the ones given by exponentiating the gradient
of a smooth Kantorovich potential with Hessian vanishing at a given point x € M. To
prove that Ricci upper bounds imply concavity properties of the entropy, we will need
to establish the Hamilton—Jacobi equation satisfied by the evolved Kantorovich poten-
tials (Proposition 3.1) and a non-linear Bochner formula involving the p-Box operator
(Proposition A.1), the Lorentzian counterpart of the p-Laplacian. In order to show the
converse we will argue by contradiction using Theorem 4.3.

1.3. An example: FLRW space-times

We illustrate Theorem 1.1 for the class of Friedmann—Lemaitre—Robertson—Walker space-

times (FLRW space-times for short), a group of cosmological models well known in

general relativity. See [66, Chapter 12] for a discussion of the geometry in the case n = 4.
FLRW space-times are of the form

(M, g) = (I x 2, —ds?* + a(s)%0),

where I C Risaninterval,a : I — (0, 00) is smooth, and (X, ¢) is a Riemannian manifold
with constant sectional curvature k € {—1,0, 1}. The Ricci and scalar curvatures are given

by .. 2
Ric=—<n—1)5dsz+[ +(n —2)( +k)]“20
a Cl

2+k

and

Scal = 2(n — 1) +m—-1Dn-2)
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respectively, where a := %. The stress-energy tensor is thus (assuming A = 0)

87T = Ric — 3 Scal g
(=D —2)a*+k
B 2 a?

ds? — |:(n_2)éa_i 4 (n—2)(n—23) a? +k}a20.

2 a?

The foliation
O:={s+ (5,%)}xex

is a geodesic foliation by c,-minimal geodesics. The orthogonal complement le =TX
with respect to g is integrable. Consider the projection

S:M=IxX—>1
and for r > 0 the function
$p:M—->R, x> rP1S(x).
It is easy to see that
Vip(x) := —|Veld Ve (x) = rd;.
For the ¢,-transform we have (see Section 2.5)
97 (s.2) = inf [ep(x. (5.3) — ()]

= inflep(" ). (5 3) = #(5', )

1
= inf |:——(s — 5P — r”_ls’}
s'<s p

p—1,
P

— Pl

where the second equality follows from the fact that the geodesics in © minimize ¢, to
the level sets of ¢. It follows that

67 (5. y) + B(s—r.y) = —%rl’ = (s —1.9). (5. ))).

i.e. 07 (x) = {exp,(Ve¢(x))} forall x € M whenever the right hand side is well defined
(see Section 2.5 for the definition).

It now follows by standard transportation theory (see for instance [1, Theorem 1.13])
that for a Borel probability measure (1,5 on / x X the family (u; := (‘Ijim)ﬁﬂl/z)te[o,l],
where

\Ifi/zzl XL =>Ix%, (5,x)~>(+rt—-1/2),x),

defines a ¢,-optimal dynamical plan as long as it is defined in accordance with the notation
in (1.4) and ¢ is a smooth Kantorovich potential for (ii1);e[o,1]-
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If j11/2 < volg with density p;/, € Co(M), we get (compare with the proof of The-
orem 4.3)

Ent(uvoly) = [ 1o pe() dpr () = [ 10g pu(Wl 0 diayja(v)
- /M log[or/a () (Dety (DW},) (1))~ djt1 2 (x)
= Ent(u1j2lvolg) = [ 1oglDety (DW],)(50)] dpa o ().

We have Detg (DW,)((s. x))) = 2EHU=UD and thus

a(s)r—1
d? da —a? ) a2
iz log[Detg (DW] ,)(x))] = —(n — 1) e r* = Ric(rds, rdy) + (n — 1)‘7’2-
(1.12)

Neglecting the term Z—; > 0 we conclude (compare with the proof of Proposition 3.4)

d2 2
— EIlt(/,Lt |V01g) = _ﬁ

- | 1oglDety (D] )] ()
> /M Ric(rds. rds)yy o dpinja(x). (1.13)
which implies

4 .
5 [Ent(yu1]voly) — 2Ent(ja12|vol,) + Ent(jzolvol,)] = /M Ric(ds. ds) dpu1 2

for r — 0, i.e. one side of (1.7).
Note that the gap in (1.13) is

2 a?
-1 —d .
(n )r /M a2 lu'l/Z
From this we see that the bound from above
4
r—z[Ent(,u] [volg) — 2 Ent(ptq/2|volg) + Ent(pg|volg)]

5/ Ric(dy, d5) dp1n +€(r)  (1.14)
M

in (1.7) for the aforementioned transports holds for r — 0 if u;/, is concentrated on
{(s,x) | a(s) = 0} or, more generally, if 11/, = u;/z satisfies lim, ¢ [, Z—j d,uq/2 =0.
The Levi-Civita connection V of g satisfies

Vyds = Va. X = 2 X
a

for all vector fields X tangent to X. Thus the Hessian of ¢ is given by

Hessy = rP 'Hessg = rp_IV.VgS =—r?7 1V, = —rp_lc—l(ld— s ®ds). (1.15)
a
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It vanishes at (s, x) if and only if @(s) = 0. Thus the inequality (1.14) follows for these
transports if the Hessian of ¢ vanishes on supp (1,5 or, more generally, if

: 1-p 2 r _
Jim | llr! =7 Hessg* i, = 0.

Finally, we illustrate the theory laid out in Appendix B via warping functions a : I —
(0, 00) of regularity below C2. Compare with [39] for related results on metrics of low
regularity.

Consider a probability measure vy, < vol? on ¥ and set

MHi1/2 = cfl|[$o,é‘1] ®vi/2

§1— S0

for 59,51 € I with 5o < s1 and £! the 1-dimensional Lebesgue measure. For u; :=
(W],2)4#1/2 We have

4
r_z[Ent('“l |volg) — 2Ent(u;/2|volg) + Ent(ie|volg)]

_ _#‘r_so) /SS‘ log(a”_l(s+r/2)a”_1(s—r/2))ds.

02”72(5‘)

Assuming s; — 5o < r and r > 0 sufficiently small (i.e. the setting of Theorem 1.1), since
a is continuous, we obtain

2 [Bnt(us Ivolg) — 2Bnt(ey/2 voly) + Ent(uolvoly )]
4 (a”_l(s +r/2)a* (s — r/2)) e(r)

-1
r2 o8 a?r=2(s) r

for some function g(r) — 0 as r — 0. As an example, we discuss the case of the following
C -warping function:

Ays2+1, 5>0,

a:l —-R, a(s):=
(s) {A_s2+1, s <0,

forA_,A4+ € R.
Ignoring terms of higher order near s = 0 we get
4
r—Z[Ent(,ul [volg) — 2 Ent(ptq/2|volg) + Ent(pg|volg)]

=D @s/r+ D+ A-@2s/r = 1) =244+ (25/r)?]. 5 =0,
== DAL @s/r+ D2+ A_@s/r— 12 —2A_(25/r)?], s <0,

for r — 0. It is now easy to see that the possible accumulation points of the right hand
side for r — 0 and s € [—r/2,r/2] lie between —2(n — 1)A; = lim, o Ric(ds, d5) and
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—2(n — 1)A_ = limy4 Ric(dy, d5). Furthermore, every value in that interval is an accu-
mulation point for the right hand side, as r — 0. In case the warping function lies in C?,
we get from (1.12) the asymptotic formula

4 a2
r—z[Ent(m|volg) — 2Ent(uy/2|voly) + Ent(po|volg)] — (n — 1) /M el duiy,  (1.16)

for Ric(dy, d5) when r — 0. The second integral is well defined for a € W -2(I). There-
fore we can use (1.16) as a definition for Ric(dy, d) in this case. This is indeed the spirit
of the synthetic bounds on the time-like Ricci curvature given in Definitions B.5 and B.8.

1.4. Related literature

1.4.1. Ricci curvature via optimal transport in Riemannian setting. In the Riemannian
framework, a line of research pioneered by McCann [60], Cordero-Erausquin—-McCann—
Schmuckenschliger [25,26], Otto—Villani [68] and von Renesse—Sturm [81] has culmin-
ated in a characterization of Ricci curvature lower bounds (by a constant K € R) involving
only the displacement convexity of certain information-theoretic entropies. This in turn
led Sturm [73, 74] and independently Lott—Villani [56] to develop a theory for Ricci
curvature lower bounds in a non-smooth metric-measure space setting. The theory of such
spaces has seen a very fast development in the last years; see e.g. [2,4-7,18,22,23,30,37,
38, 64]. An approach to the complementary upper bounds on the Ricci tensor (again by
a constant K’ € R) has been recently proposed by Naber [65] (see also Haslhofer—Naber
[41]) in terms of functional inequalities on path spaces and martingales, and by Sturm
[75] (see also Erbar—Sturm [31]) in terms of contraction/expansion rate estimates of the
heat flow and in terms of displacement concavity of the Boltzmann—Shannon entropy. The
Lorentzian time-like Ricci upper bounds of this paper have been inspired in particular by
the work of Sturm [75].

1.4.2. Optimal transport in Lorentzian setting. The optimal transport problem in Loren-
tzian geometry was first proposed by Brenier [15] and further investigated in [12, 50, 76].
An intriguing physical motivation for studying the optimal transport problem in Loren-
tzian setting is called the “early universe reconstruction problem” [17,36]. The Lorentzian
cost Cp, for p € (0, 1), was proposed by Eckstein—Miller [28] and thoroughly studied by
McCann [61] very recently. In the same paper [61], McCann gave an optimal transport
formulation of the strong energy condition Ric > 0 of Penrose—-Hawking [42, 44,70] in
terms of displacement convexity of the Boltzmann—Shannon entropy under the assump-
tion that the space-time is globally hyperbolic.

We learned of the work of McCann [61] when we were already in the final stages of
writing the present paper. Though both papers (inspired by the aforementioned Rieman-
nian setting) are based on the idea of analyzing convexity properties of entropy functionals
on the space of probability measures endowed with the cost Cp, p € (0, 1), the two
approaches are largely independent: while McCann develops a general theory of optimal
transportation in globally hyperbolic space-times focusing on the strong energy condition
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Ric > 0, in this paper we decided to take the quickest path in order to reach our goal of
giving an optimal transport formulation of the full Einstein equations. Compared to [61],
in the present paper we remove the assumption of global hyperbolicity on the space-time,
we extend the optimal transport formulation to any lower bound of the type Ric > T for
any symmetric bilinear form 7', and we also characterize general upper bounds Ric < T

1.4.3. Physics literature. The existence of strong connections between thermodynamics
and general relativity is not new in the physics literature; it has its origins at least in
the work of Bekenstein [9] and Hawking with collaborators [8] in the mid-1970s about
the black hole thermodynamics. These works inspired a new research field in theoretical
physics, called entropic gravity (also known as emergent gravity), asserting that gravity
is an entropic force rather than a fundamental interaction. Let us give a brief account.
In 1995 Jacobson [47] derived the Einstein equations from the proportionality of entropy
and horizon area of a black hole, exploiting the fundamental relation §Q = T §S linking
heat O, temperature 7' and entropy S. Subsequently, other physicists, most notably Pad-
manabhan (see for instance the recent survey [69]), have been exploring links between
gravity and entropy.

More recently, in 2011 Verlinde [78] proposed a heuristic argument suggesting that
(Newtonian) gravity can be identified with an entropic force caused by changes in the
information associated with the positions of material bodies. A relativistic generalization
of those arguments leads to the Einstein equations.

The optimal transport formulation of Einstein equations obtained in the present paper
involving the Boltzmann—Shannon entropy can be seen as an additional strong connection
between general relativity and thermodynamics/information theory. It would be interest-
ing to explore this relationship further.

2. Preliminaries

2.1. Some basics of Lorentzian geometry

Let M be a smooth manifold of dimension n > 2. It is convenient to fix a com-
plete Riemannian metric # on M. The norm |- | on 7x M and the distance dist(-, ) :
M x M — R™ are understood to be induced by 4, unless otherwise specified. Recall that
h induces a Riemannian metric on 7M. Distances on TM are understood to be induced
by that metric. The metric ball around x € M with radius r, with respect to 4, is denoted
by B’ (x) or simply by B, (x).

A Lorentzian metric g on M is a smooth (0, 2)-tensor field such that

glx : TeM x TyM — R

is symmetric and non-degenerate with signature (—, +, ..., +) for all x € M. It is well
known that, if M is compact, the vanishing of the Euler characteristic of M is equivalent
to the existence of a Lorentzian metric; on the other hand, any non-compact manifold
admits a Lorentzian metric. A non-zero tangent vector v € T M is called
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o time-like if g(v,v) <0,
o light-like (or null): if g(v,v) = 0 as well as v # 0,
o space-like if g(v,v) > 0orv = 0.

A non-zero tangent vector v € T M which is either time-like or light-like, i.e. g(v,v) <0
and v # 0, is called causal (or non-space-like). A Lorentzian manifold (M, g) is said to
be time-oriented if M admits a continuous nowhere vanishing time-like vector field X .
The vector field X induces a partition of the set of causal vectors into two classes:

o the future pointing tangent vectors v for which g(X,v) <0,
o the past pointing tangent vectors v for which g(X, v) > 0.

The closure of the set of future pointing time-like vectors is denoted
€=Cl{veTM | g(v,v) <0and g(X,v) <0}) C TM.

Note that the fiber €, := € N T, M is a closed convex cone and its interior Int(€) is a
connected component of {v | g(v,v) < 0}. A time-oriented Lorentzian manifold (M, g, €)
is called a space-time.

An absolutely continuous curve y : I — M is called (€)-causal if y, € € for every
differentiability point ¢t € I. A causal curve y : I — M is called time-like if for every
s € I there exist &, § > 0 such that dist(y,, 9€) > ¢|y;| for every t € I for which y,
exists and |s — ¢| < 4. In [11, Section 2.2] time-like curves are defined in terms of the
Clarke differential of a Lipschitz curve. Whereas the definition via the Clarke differential
is probably more satisfying from a conceptual point of view, the definition given here is
easier to state. All relevant sets and curves used below are independent of the definition
used (see [11, Lemma 2.11] and Proposition 2.4), though.

We denote by J T (x) (resp. J~(x)) the set of points y € M such that there exists a
causal curve with initial point x (resp. y) and final point y (resp. x), i.e. the causal future
(resp. past) of x. The sets /¥ (x) are defined analogously by replacing causal curves by
time-like ones. The sets  *(p) are always open in any space-time, but the sets J *(p) are
in general neither closed nor open.

For a subset A C M, define J*(A4) := |J,c4 JF(x), and set

JT ={(x,y)eM xM|yeJ(x). 2.1)

2.2. The Lagrangian &£, the action 4, and the cost cp
On a space-time (M, g, €) consider, for any p € (0, 1), the following Lagrangian on TM :

—%(—g(v, V)P ifv e €,

. 2.2)
400 otherwise.

£p(v) = {

The following fact appears in [61, Lemma 3.1]. We provide a proof for the readers’ con-
venience.
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Lemma 2.1. The function &£, is fiberwise convex, finite (and non-positive) on its domain
and positive homogeneous of degree p. Moreover, £, is smooth and fiberwise strictly
convex on Int(€).

Proof. It is clear from its very definition that the restriction of &£, to Int(€) is smooth.
A direct computation gives

0L —2 .

# = (—g(v,v))p2 gikvk, i=1,...,n, (2.3)
2L —4 .
iy = (8T (~g. vy + Q= pgurign'). Lj=1....n.

(2.4)

Fix v € Int(€). Decompose w € Ty M into w!, the part parallel to v, and w=, the part
orthogonal to v, all with respect to g. Then we have

D22, (w, w) = (—g(v,v)) T (—gw’, whg®.v) - gl whg(v,v)
+2-pegw.wh?)
= (~g(0.1) 7 (—gw . whg@.v) + (1 - p)gv.wh?). 2.5)
Since g(w®, wt) > 0and p < 1 we have D2, £, (w,w) > 0 for w # 0. n

We define the Lagrangian action #, associated to &£, as follows:

1
An)i= [ ) dt € (00,01 U fro0) 2.6)

Note that if 4, (y) € R, then y is causal. A causal curve y : [0, 1] = M is an oA, -minimizer
between its endpoints x, y € M if

dp(y) = inf{,(n) | n € AC([0, 1], M), no = x, n1 = y}.

Lemma 2.2. Any Aj,-minimizer with finite action is either a future pointing time-like
geodesic of (M, g) or a future pointing light-like pregeodesic of (M, g), i.e. an orientation
preserving reparametrization is a future pointing light-like geodesic of (M, g).

Proof. Lety : [0,1] — M be a Ap-minimizer with finite action. Then y(¢) € € for a.e.
t. By Jensen’s inequality we have

1 1 1 1 V4
/ ——(—g(ﬁ,ﬁ))P/zdtz——([ \/—g(ﬁ,f?)dt)
0 p P \Jo

for any causal curve 1 : [0, 1] — M with equality if and only if 7 is parametrized propor-
tionally to arclength.

Recall that the restriction of a minimizer to any subinterval of [0, 1] is a minimizer
of the restricted action. Since any point in a space-time admits a globally hyperbolic
neighbourhood [63, Theorem 2.14], the Avez—Seifert Theorem [66, Proposition 14.19]
implies that every minimizer of 4 with finite action is a causal pregeodesic.
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Combining both points we see that if the action of y is negative, the curve is a time-
like pregeodesic parametrized with constant arclength, i.e. a time-like geodesic. If the
action of y vanishes, the curve is a light-like pregeodesic. |

Consider the cost function relative to the p-action 4,
¢p M xM — RU{+o0},
(x,y) = inf{A,(n) | n € AC([0,1]. M), no = x. m = y}.
Remark 2.3. We will always assume that:

(i) The cost function is bounded from below on bounded subsets of M x M. By transit-
ivity of the causal relation this follows from the assumption that ¢, (x, y) > —oo for
allx,y e M.

(i1) The cost function is localizable, i.e. every point x € M has a neighbourhood U C M
such that the cost function of the space-time (U, g|y, €|y) coincides with the global
cost function.

Since the main results of this paper are local in nature, these assumptions can always be
satisfied by restricting the space-time to a suitable open subset.

Proposition 2.4. Fix p € (0, 1) and let (M, g, €) be a space-time. Then every point has
a neighbourhood U such that the following holds for the space-time (U, g|y, €|v). For
x,y € U with (x,y) in J;F, the causal relation of (U, g|u,€|v), there exists a curve y :
[0,1] = U with yo = x, y1 = y, and minimizing #, among all curves n € AC([0, 1], M)
with ng = x and n; = y. Moreover, y is a constant speed geodesic for the metric g, y € €
whenever the tangent vector exists, and A, (y) € R.

Proof. 1t is well known that in a space-time every point has a globally hyperbolic neigh-
bourhood U. If (x, y) € JJ there exists a curve with finite action +, between x and y.
At the same time the action is bounded from below, e.g. by a steep Lyapunov function
[11]. Therefore any minimizer y : [0, 1] — U has finite action, i.e. y(¢) € € for almost
all . By Jensen’s inequality we have

Yo .\ p/2 1 1ﬁ P
/0 i) drz—;(fo —g(mn)dr)

for any causal curve 7 : [0, 1] — U with equality if and only if 7 is parametrized pro-
portionally to arclength. By the Avez—Seifert Theorem [66, Proposition 14.19] every
minimizer of the right hand side is a causal pregeodesic. Combining both it follows that
every +,-minimizer is a causal geodesic. ]

2.3. Ricci curvature and Jacobi equation

We now fix the notation regarding curvature for a Lorentzian manifold (M, g) of dimen-
sionn > 2. Let V be the Levi-Civita connection of (M, g). The Riemann curvature tensor
is defined by

R(X,Y)Z =VxVyZ —VyVxX —Vix n1Z, (2.7)
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where X, Y, Z are smooth vector fields on M and [X, Y] is the Lie bracket of X and Y . For
each x € M, the Ricci curvature is the symmetric bilinear form Ric, : T,y M x T,y M — R
defined by

n
Ricy (v, w) := Zg(e,-,el-)g(R(e,-, w)v, e;), (2.8)
i=1
where (e;)?_, is an orthonormal basis of T, M, i.e. |g(e;,e;)| = ;5 foralli, j =1,...,n.

Given an endomorphism U : TxyM — TxM and a g-orthonormal basis (e;)7_,
of Ty M, we associate to U the matrix

(Wij)i j=1s Uij = glei,ej)g(Uei, e)). (2.9)

The trace Trg (U) and the determinant Detg (U) of the endomorphism U with respect to
the Lorentzian metric g are by definition the trace tr(U;;) and the determinant det(U;;)
of the matrix (U;;)} j=1- It is standard to check that this definition is independent of
the chosen orthonormal basis of T M. Note that Ric, (v, w) is the trace of the curvature
endomorphism R(-, w)v : TyM — Ty M.

A smooth curve y : I — M is called a geodesic if V;,y = 0. A vector field J along a
geodesic y is said to be a Jacobi field if it satisfies the Jacobi equation

Vy(VyJ) + R(J,y)y =0. (2.10)

2.4. The q-gradient of a function

Finally, let us recall the definition of gradient and Hessian. Given a smooth function f :
M — R, the gradient of f denoted by V, f is defined by the identity

g(Vg £Y) =df(Y), VY eTM,

where df is the differential of f. The Hessian of f, denoted by Hessy, is defined to be
the covariant derivative of df
Hessy := V(df).

It is related to the gradient through the formula
Hesss(X,Y) =g(VxVe 1Y), VXY € TM,
and satisfies the symmetry
Hesss(X,Y) = Hessg (Y, X), VX, Y € TM. (2.11)

Next we recall some notions related to the causal character of functions.
e Afunction f : M — R U {00} is a causal functionif f(x) < f(y) forall (x,y) e JT.

e A function f : M — R U {£o0} is a time function if f(x) < f(y) for all (x, y) €
JT\ A, where A denotes the diagonal in M x M.
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e Following [11] we call a (C¥-) differentiable function f : M — R (k € N U {o0}) a
(C*-) Lyapunov or (C¥-) temporal function if df; le,\foy > Oforallx € M.

Let g be the conjugate exponent to p, i.e. % + é =1, orequivalently (p —1)(¢ — 1) = 1.
Notice that since p ranges in (0, 1), g ranges in (—oo, 0). In order to describe the optimal
transport maps later, it is useful to introduce the g-gradient (cf. [49])

Vi = —g(Ve, Ve$)| ‘T Vg 2.12)

for differentiable Lyapunov functions ¢ : M — R; in particular, Vi¢(x) € € \ {0}.
Notice that

forv e €\ {0}, Vyd(x)=—|g(v, v)|pT_2v if and only if V¢ (x) = v.
Moreover,

x > Vi¢(x) is continuous (resp. C* k>1)onU C {g(Vig, Vig)| > 0}
if and only if

X = Vg (x) is continuous (resp. Ck. k>1onUC {1§(Vgp, Vgop)| > 0}.

The motivation for the use of the ¢g-gradient comes from the Hamiltonian formulation
of the dynamics; let us briefly mention a few key facts that will play a role later. For
aeTIM,let

Hp(@) = sup [o(v) — £,(v)] (2.13)
veTxM
be the Legendre transform of £,. Denote by g* the dual Lorentzian metric on 7*M and
by €* C T*M the dual cone field to €. Then

—i(—g¥ (@, @)?? ifa e C*\T*M,

) (2.14)
+00 otherwise,

Hp (o) = {
for (p — 1)(¢ — 1) = 1. By analogous computations to those in the proof of Lemma 2.1,

one can check that
Vig(x) = DIHp(—dp(x)). (2.15)

By well known properties of the Legendre transform (see for instance [20, Theorem
A.2.5)) it follows that D J¢, is invertible on Int(€*) with inverse DX,. Thus (2.15) is
equivalent to

DEp(Vig(x)) = —dg(x). (2.16)

2.5. ¢p-concave functions and regular cp-optimal dynamical plans

We denote by P (M) the set of Borel probability measures on M. For any uq, iz €
P (M), we say that m € (M x M) is a coupling of uq and p, if

(pigmr =i, =12,
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where pi, p» : M x M — M are the projections onto the first and second coordinate.
Recall that the push-forward (p; )y is defined by

(pO)g7(4) = 7 (py ' (4))

for any Borel subset A C M. The set of couplings of i1, (5 is denoted by Cpl(u1, i2).
The cj-cost of a coupling 7 is given by

/ cp(x,y)dm(x,y) € [-00,0] U {4o00}.
MxM

Denote by Cp(jt1, i42) the minimal cost relative to ¢, among all couplings from w1 to (o,
ie.

Cp(it1, 2) :=inf {fcp dm | e Cpl(ul,,uz)} € [—00,0] U {+00}.

If Cp(1t1, n2) € R, a coupling achieving the infimum is said to be c,-optimal.

We next define the notion of c¢,-optimal dynamical plan. To this end, it is convenient
to consider the set of +#,-minimizing curves, denoted by I',. The set I',, is endowed with
the sup metric induced by the auxiliary Riemannian metric /. It will be useful to consider
the following maps for ¢ € [0, 1]:

e[ —> M, e:(y) == yr,
de; : 'y = TM, Ode;(y) =y €Ty, M.

A cp-optimal dynamical plan is a probability measure IT on I', such that (eg, e1)yI1
is a cp-optimal coupling from fg := (e)yI1 to p1 := (eq)yI1.

We will be mostly interested in ¢,-optimal dynamical plans obtained by “exponen-
tiating the g-gradient of a ¢,-concave function”, which we will call regular c,-optimal
dynamical plans. In order to define them precisely, let us first recall some basics of Kan-
torovich duality (we adopt the convention of [1]).

Fix two subsets X, Y C M. A function ¢ : X — R U {—o0} is c¢p-concave (with
respect to (X, Y)) if it is not identically —oo and there exists # : ¥ — R U {—o0} such
that

P(x) = in}f,[cp(x, y) —u(y)] foreveryx € X.
ye
Then its cp-transform is the function ¢» : ¥ — R U {—oo} defined by
¢ (y) := inf [cp(x,y) — p(x)], (2.17)
xeX
and its ¢, -superdifferential 9°7 ¢ (x) at a point x € X is defined by
I7¢(x) :={y €Y | ¢(x) + ¢7(y) = cp(x. y)}. (2.18)
Note that

{(]5()() =cp(x,y)—¢%(y) forallx € X, y € 0%¢(x), (2.19)

¢(x) <cp(x,y) —¢?(y) forallxe X, yel.
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From the definition it follows readily that if ¢ is ¢p-concave, then for (x,z) € J* N
(X x X) we have

¢(z) = inf[cp(z. y) —u(y)] = inf[cp(x, y) —u(y)] = ¢(x).
yey yey

i.e. ¢ is a causal function. The same argument shows that —¢°? is a causal function as
well.

Definition 2.5 (Regular c,-optimal dynamical plan). A cp,-optimal dynamical plan
IT € P (I'p) is regular if the following holds. There exist relatively compact open sub-
sets U,V C M and a smooth c,-concave (with respect to (U, V)) function ¢y, : U — R
such that

(1) Vig1/2(x) € X CC Int(€) for every x € U and

(—8(Vi1)2. Vig12)"/* < inj, (U),

where inj, (U) is the injectivity radius of g on U;
(2) setting
Wi /2(x) = expf((t = 1/2)Vig1/2(x))

and p; := (e;)yIl for every ¢ € [0, 1], we have
supp fh1j2 C U, e = (9] p)pi1/2 and g, L volg Vi € [0, 1].

Roughly, the above notion of regularity asks that the #,-minimizing curves realiz-
ing the optimal transport from pg := (eo)4II to 1 := (eq)yI1 have velocities contained
in K, i.e. they are all “uniformly” time-like future pointing. Moreover, it also implies
that | J te[0,1] SUPP s C M is compact; in addition, the optimal transport is assumed to
be driven by a smooth potential ¢,,,. Even if these conditions may appear a bit strong,
we will prove in Lemma 3.2 that there are a lot of such regular plans; moreover, we will
show that it is enough to consider such particular optimal transports in order to charac-
terize upper and lower bounds on the (causal-)Ricci curvature and thus characterize the
solutions of the Einstein equations.

3. Existence, regularity and evolution of Kantorovich potentials

In order to characterize Lorentzian Ricci curvature upper bounds, we will use the next
proposition concerning the evolution of Kantorovich potentials along a regular +,-min-
imizing curve (1);e[0,1] of probability measures given by exponentiating the g-gradient
of a smooth ¢,-concave function with time-like gradient. To this end it is convenient to
consider, for 0 < s < t < 1, the restricted minimal action

c;,t(x,y) = inf{/ Lp(y(r))dr

y € AC(ls.1]. M), y(5) = x. y(1) = y}.
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Proposition 3.1. Let (M, g,€) be a space-time, fix p € (0, 1) and let ¢ € (—00,0) be the
Hélder conjugate exponent. Let U,V C M be relatively compact open subsets and ¢1/>
be a smooth cp-concave function relative to (U, V') such that

® 1/ is a smooth Lyapunov function on U,

o (—g(Vigi2. Vig12)/? < injg (U).
Fort € [0,1], let

Wi U— M, W,(x):=exp,((t —1/2)Vig12(x)).

For every x € U, define

$12(x) — ¢/ (x. W, () fort € [1/2.1],
G120 + 5 AW (0. 0) fort €[0.1/2).

(3.1
Then the map (t, y) — ¢(t, y) defined on Uze[o,l] {t} x \Ili/z(U) is C® and satisfies the
Hamilton—Jacobi equation

¢t(‘lj /2(x)) = ¢, V] /z(x)) {

1
at¢z<z,y)+;1(—g(vg¢>t(y),ngsz(y)))‘”z=o, Yy e |J iy x L),
€[o,1]
t (3.2)
with

1/2()c) ngb,(\l'l/z(x)), V(t,x)€[0,1] x U. (3.3)

Proof. Step 1: Smoothness of ¢. The fact that ¢ +— \Ifi /2 is a smooth 1-parameter family
of maps realizing cp-optimal transport shows that ¢ defined in (3.1) satisfies (cf. [20,
Theorem 6.4.6])

¢ (V! /z(x)) = ¢s (W3 /z(x)) ”(\IJ /z(x) ! /z(x)) VxeU 0<s<t<Il. 34
In particular,

G (W] 15 (X)) = Po (W7, (x)) — ¢, (W7, (x), W] 5 (x)), VxeUte[0,1], (3.5
Ge(¥] (X)) = p1(¥] (X)) + ;' (W], (x), Wi, (x)), VxeU 1e01]. (3.6)

Since by construction everything is defined inside the injectivity radius and all the trans-
port rays are non-constant, from (3.5) (respectively (3.6)) it is manifest that the map

(t,y) > ¢(, ) is C® on U111t} X \IJI/Z(U) (resp. Uefo, it} x M /2(U)) The
smoothness of ¢ on (U, ¢jo, 112} ¥ \Ill/Z(U) follows.

Step 2: Validity of the Hamilton—Jacobi equation (3.2). We consider ¢t € (1/2, 1], the
case t € [0, 1/2] being analogous. Fix y = \IJi/z(x) for some x € U and t € (1/2,1], and
let y : [0,s] — M be a smooth curve with y(0) = v € T, M. From (3.1) we have

d(t +5.y5) > —/O £,(V2)dT + ¢(t, yo),
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with equality for y(7) = W;4.(x) for all T € [0, s]. Dividing by s and taking the limit as
s — 0, we obtain
i 20+ 5.75) — ¢ 7o)
im
s—0 S

> —£p(v),
which in turn implies

0:¢:(y) = —d¢s(v) — £,(v) forevery v € Ty M.
Note that equality holds for v = Vi ¢, j2(x). Fora € T M, let

Hp(@) = sup [a(v) — £,(v)]
veTy M

denote the Legendre transform of £,. Thus we get

911 (y) = Hp(=d(¢1)y). (3.7)

Recalling that #, has the representation (2.14), we have

1
W (—d(n)y) = = (-8(Vedi (). Ve )2,
which, together with (3.7), implies (3.2).

Step 3: Validity of (3.3). Since \IJ’I /2 is a smooth 1-parameter family of maps realizing
cp-optimal transport and the function ¢ defined in (3.1) is smooth, it coincides with the
viscosity solution (resp. backward solution)

P ) l9s(2) — ¢y (2, )] fort € [s, 1],

(3.8)
inf,cuy @) [8s(2) + cp* (7. 2)] fort € [0.5).

:(y) = {

forevery s € (0,1)and y € ‘llﬁ/z(U).

Let us discuss the case ¢t € (s, 1], the other is analogous. From (3.4) it follows that
v /Z(x) is a maximum point on the right hand side of (3.8) corresponding to y = W /z(x).
Thus

d
des (9] ,(x)) = dey’ (-, W] ())](W] 5 (x)) = =D& (%‘Iji/z()‘))

By construction %\IJ{ /z(x) € Int(€) and, as already observed, D&, is invertible on
Int(€) with inverse D #,. We conclude that

1/2(-x) D]f (- d¢s(‘1’1/2(x))) = qu’s(\l'l]/z(x))- u

We next show that for every point X € M and every v € €3 “small enough” we can
find a smooth ¢,-concave function ¢ defined on a neighbourhood of x such that Vgg’) =0
and the Hessian of ¢ vanishes at x. This is well known in the Riemannian setting (e.g.
[80, Theorem 13.5]) and should be compared with the recent paper by McCann [61] in the
Lorentzian framework. The second part of the next lemma shows that the class of regular
¢p-optimal dynamical plans is non-empty, and actually rather rich.
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Lemma 3.2. Let (M, g, €) be a space-time, and fix X € M and v € €z with g(v,v) < 0.
Then there exists ¢ = &(x,v) > 0 with the following property:

(1) Forevery s € (0, &) and every C? function ¢ : M — R satisfying
Vi¢ (%) = sv, Hessy(X) =0, (3.9

there exists a neighbourhood Ui of X and a neighbourhood U; of y 1= exp§ (sv) such
that ¢ is cp-concave relative to (Uz, Uy ).

(2) Let
W, (x) = exp, ((t — 1/2)Vip(x)). Vx € Us.
U Us > AC((0.11. M), x> WD), (x).

Then, for every |11/, € P (M) with supp jt1/2 C Uz, the measure I1 := ‘i’ﬁlil/z isa
¢p-optimal dynamical plan.

Proof. (1) Setting j = y(sv) := exp$ (sv), notice that V¢¢(X) = sv is equivalent to
dd)()_C) = Dxcp()_c,ﬁ), (310)

where Dcp(X, y) denotes the differential at X of the function x — c,(x, ). Indeed, a
computation shows that D¢, (X, y) = —D &£, (sv) and thus the claim follows from (2.16).
Let ¢ : M — R be any smooth function satisfying

Vip(X) = sv, Hessy(¥) = 0. (3.11)

In what follows we denote by Hessy ¢, (X, y) (resp. Hessy g, (sv)) the Hessian of the
function x — ¢, (x, y) evaluated at x = X (resp. the Hessian of the function Tx M > w —
£, (sv + w)). By taking normal coordinates centred at X one can check that the operator
norm satisfies

[Hessx ¢, (X, y) —Hessy g, (sv)| =0 ast — 0.

Recalling from (2.5) that there exists Cp,, > 0 such that Hessy g, (sv) > Cp s 1P as
quadratic forms, we infer

Hessy ¢, (X, y) — Hessg(X) > 0  as quadratic forms, for every s € (0, €), (3.12)

for some ¢ = &(X, v) > 0 small enough. Since by construction we have Dxc,(x, y) —
de¢(x) = 0, by the Implicit Function Theorem there exists a neighbourhood Uz x U; of
(x,¥) € M x M and a smooth function F : Uy — Uz such that F(y) = X and

Dxcy(F(y),y) —d¢(F(y)) =0 forevery y € Uj.

Differentiating the last equation in y at y and using Hessg(X) = 0, we obtain

D} cp(X. §) + Hessy ¢, (X, §) DF (7) = 0. (3.13)
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Using normal coordinates centred at X and (2.4) one can check that the operator norm

1D} ccp(X, 5) — (=g (s, 50) 7T (—g(sv.50)g + (2= p)(sv)* ® (s9))]| = 0

as s — 0, where (sv)* = g(sv, -) is the covector associated to sv.

Since by assumption g(v,v) < 0 and p € (0, 1), it follows from the reverse
Cauchy-Schwarz inequality that det[Dfxcp()'c, ¥)] > 0 for s € (0, ¢). Recalling that
det[Hessy ¢, (X, y)] # 0, from (3.13) we infer that det(DF(y)) # 0. By the Inverse Func-
tion Theorem, up to reducing the neighbourhoods, we see that F' : Uy — Ux is a smooth
diffeomorphism. Define now

u:Us >R, u(y):=cp(F(y),y) —¢(F(y)).

For every fixed y € Uy, the function Uz 3 x — ¢, (x,y) — ¢ (x) — u(y) vanishes at x =
F(y); moreover, from (3.12), it follows that x = F () is the strict global minimum of that
function on Ug, up to further reducing Uz and Uy, possibly. In other words, the function

Uz x U; 3 (x,9) = ¢p(x,y) = ¢(x) —u(y)

is always non-negative and vanishes exactly on the graph of F. It follows that
d(x) = ing [cp(x,y) —u(y)] forevery x € Us, (3.14)
yeUsy

i.e. ¢ : Uz — R is a smooth c,-concave function relative to (Uz, Uy) satisfying (3.9).
(2) We divide the argument into two steps.

Step 1. We first show that (e1/2, e;)4I1 is a c,-optimal coupling for (112, i) and every
t € [1/2,1]. To keep notation short, it is convenient to define

W (x) := exp, (tVigp(x)), Vx € Us,
W' Uz > AC([0.1]. M), x > W, (x).

Setting T1" := (U')4/41/2, we have (e,)sI1" = (e,11/2)411 for every ¢ € [0, 1/2]. If we
show that

(eo, e1)gIT" is a cp-optimal coupling for ((eg)sI1", (e1)yI1"), (3.15)

then, by the triangle inequality, it will follow that (eo, e;)4I1’ is a cp-optimal coupling
for ((eo)yIT’, (e;)4I1’) for every ¢ € [0, 1]; in particular, our claim that (e1/2, e;)4II is a
cp-optimal coupling for (w12, s), t € [1/2, 1], will be proved. Thus, the rest of Step 1
will be devoted to establishing (3.15).

Since by construction ¢, : Uz x Uy — R is smooth, by classical optimal transport
theory it is well known that the c¢,-superdifferential 9°?¢ C Uy is c,-cyclically monotone
(see for instance [1, Theorem 1.13]). Therefore, in order to have (3.15), it is enough to
prove that

7P (x) = {exp, (Vg (x))} forevery x € Us. (3.16)
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Let us first show that 0°?¢(x) # @ for every x € Ui. From the proof of part (1), there
exists a smooth diffeomorphism F : Uy — U such that

{qb(F(y)) = ¢p(F(y),y) —u(y) forally e Us, 3.17)

¢(x) <cp(x,y)—u(y) forallx € Uz, y € U;.

From the definition of ¢°7 in (2.17), it is readily seen that $» = u on Uj. Thus (3.17)
combined with (2.19) implies that y € 0°?¢(F(y)) for every y € U; or, equivalently,
F~1(x) € 0°?¢(x) for every x € Us. In particular, 0°?¢p(x) # @ for every x € Usz.

Now fix x € Uz and pick y € 3°7¢(x) C Uj. Since z — cp(z, y) is differentiable
on Uz, we get

ep(2.3) = ¢p(x. y) + (Dxcp(r Y)[exp!) ™ ()] + 0(dp(z. %)) for every z € Us.
(3.18)
From y € 0?¢(x), we have

(2.19)
$() =9 = G 3) —plx.y)
= (Dyep(x, y)(exp™) ™1 (2)] + o(dp(z. x)) forevery z € Us.
Since ¢ is differentiable at x € Uz, it follows that
dp(x) = Dxcp(x,y) = =D&y (w),
where w € Int(€,) is such that y = exp% (w), which by (2.15) is equivalent to
w = DIHp(—dp(x)) = Vip(x),
which yields y = exp5 (w) = exp3 (Ve¢(x)), concluding the proof of (3.16).

Step 2. Up to further reducing the open set Uz and the scale parameter s > 0 in the
definition of ¢, we can assume that ¢ satisfies the assumptions of Proposition 3.1 and that
¢ : V| ,(Uz) — R defined by

G(W] 1)) := p(x) — g2 (x, W) 5 (x)),  Vx € W), (Us), (3.19)
is still a Lyapunov function satisfying
(—g(Vig. Vi)' < inj, (W], (Us)). (3.20)
It is easily seen that
x =exp,(—3Vig(z)). VxeUsz z:= Wi (x).
Moreover, thanks to (3.20), the curve

[0,1] > ¢ > exp,((t — l)ng_S(z)), Vx e Uz, z:= \I"l/z(x),
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is still a g-geodesic, solving the method of characteristics associated to the optimal trans-
port problem (see for instance [20, Ch. 5.1] and [80, Ch. 7]; this is actually a variation of
Step 1 and of the proof of Proposition 3.1). It follows that the map

B 1/2(Ux) - M, E(z):= expz(—Vgé(z)), Vx € Uz, z := \I"l/z(x),

is a c¢p-optimal transport map. In other words, for every it € $ (M) with supp i1 C

1/2(Ux)
7= (8, IdypeP(MxM)

is a cp-optimal coupling for its marginals. We conclude that
(0, e1)yIT = (E,1d)y((e1)4IT)
is a cp-optimal coupling for its marginals and thus IT is a ¢,-optimal dynamical plan. =

We next establish some basic properties of ¢,-optimal dynamical plans which will
turn out to be useful for the OT-characterization of Lorentzian Ricci curvature upper and
lower bounds.

Lemma 3.3. Let (M, g, €) be a space-time and let I1 be a regular cp-optimal dynamical
plan with

sl = e = (W )ynja < volg, Wy (x) = expl (¢ — 1/2)V7(x).
Then
(1) VVE¢(x) : TxM — TxM is a symmetric endomorphism, i.e.
g(VxVi$,Y) = g(VyVi$, X), VX,Y € TyM, Vx € supp us.
) llltl/z :supp p1/2 — M is a diffeomorphism onto its image for all t € [0, 1].
(3) Setting pu; = p; volg, the following Monge—Ampére equation holds true:
p1/2(x) = Detg [DW! , (0)]pr (¥, (x)).  pyjp-ee x. ¥i € [0.1]. (3.2D)

Proof. (1) By construction, ¢ is smooth on U and g(Vg¢, Vg¢) < 0. Thus also V¢ :
M — TM is a smooth section of the tangent bundle and the symmetry of the endomor-
phism VVZ¢(x) : TyM — Ty M follows by Schwarz’s Lemma.

(2) is a straightforward consequence of assumption (1) in Definition 2.5.

(3) is a straightforward consequence of the change of variable formula. ]

It will be convenient to consider the matrix of Jacobi fields

B;(x) := DV! 12(0) 1 TeM — T\I,z (x)M for all x € supp ji1/2, (3.22)

along the geodesic t — y; := WV
tion

1/2()6); recalling (2.10), 8B;(x) satisfies the Jacobi equa-

ViViBi(x) + R(Bi(x),y:1)ye =0, (3.23)

where we denote V, := V,,, for short.
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Since by Lemma 3.3 we know that 8, is non-singular for all x € supp ft1,2, we can
define

U (x) =V, B, 08, :T),M — T,,M forall x € supp uy/,. (3.24)

The next proposition will be key in the proof of the lower bounds for causal Ricci
curvature. It is well known in Riemannian and Lorentzian geometry; see for instance
[26, Lemma 3.1] and [29]; in any case we give the proof for the reader’s convenience.

Proposition 3.4. Let U; be defined in (3.24). Then U; is a symmetric endomorphism
of Ty, M (i.e. the matrix (U,);; with respect to an orthonormal basis is symmetric) and

ViU + U7 + R,y =0.
Taking the trace with respect to g yields
Tre (V: Uy) + Trg (U?) + Ric(yy, yr) = 0. (3.25)

Setting y(t) := log Dety B;, we get

, 1 o
y'(1) + ;(y’(r))2 + Ric(yr, y¢) < 0. (3.26)
Proof. Using (3.23) we get
ViU = (ViVi BB+ VB V(B = —RC,ye)ye — (Vi BB, (V. B) B!
= —RC. )7 — U7

Taking the trace with respect to g yields the second identity.
The rest of the proof is devoted to showing (3.26). Let (e; (¢))7_, be an orthonormal
basis of T}, M parallel along y. Setting y(t) = log det B;, we find that

d
' (to) = T log Detg (Bti)’,_ol)
t t=to
=7 logdet[(g(e; (1), ¢j (1)) (B: By ei (1), (1)) ;]
t=to
= Trg [(Vti?,)i?t_ol]h:to = Trg(‘uto). (327)

We next show that U; is a symmetric endomorphism of 7, M, i.e. the matrix (U;);; is
symmetric. To this end, calling the adjoint U}, we observe that

Uy — U = (B)) ' [(Ve B]) B, — By (V: BB, (3.28)

and
V,[(V,ii’;k)ii‘, - °(Bz*(vt°(8t)] = (VtV,ii’f)fB, - B:(V,Vti?,). (3.29)

Now the Jacobi equation (3.23) reads

ViViBy = —=R(Bs, Y1)y = —R () B:, (3.30)



An optimal transport formulation of the Einstein equations 29

where
RE):TyyM - T,,M, R@)[v] := R, p:)V:,

is symmetric; indeed, in the orthonormal basis (e;(¢))}_,, it is represented by the sym-
metric matrix

(g(ei(t),ej(1)g(R(ei (1), ye) Ve, €j ()7 j=1-
Plugging (3.30) into (3.29), we find that
(V:8B/)B: — 87 (V: By)
is constant in 7. But B/, = IdTyl/zM and

Vt£t|t=l/2 = —va‘ﬁ

is symmetric by Lemma 3.3 (1). Taking into account (3.28), we conclude that U, is sym-
metric for every ¢ € [0, 1]. Using the fact that U; is symmetric, by the Cauchy—Schwarz
inequality, we obtain

T (U] = 6l(U2)y] = - (e{Uy)? = - (Try (U 1) (3.31)

The desired estimate (3.26) then follows from the combination of (3.25), (3.27) and (3.31).
[ ]

4. Optimal transport formulation of the Einstein equations

The Einstein equations of general relativity for an n-dimensional space-time (M", g, €),
n > 3, read
. 1 _
Ric — 5 Scalg + Ag = 8= T, 4.1)

where Scal is the scalar curvature, A € R is the cosmological constant, and 7" is the
energy-momentum tensor.

Lemma 4.1. The space-time (M", g, €), n > 3, satisfies the Einstein equations (4.1) if
and only if

8
”2 Try (T)g. 4.2)

) 2A
Ric=——g+8aT —
n—2 n—

Proof. Taking the trace of (4.1), one can express the scalar curvature as

2nA l16m
Scal = — Tre (T). 4.3
e n—2 n-2 e (T) “-3)
Plugging (4.3) into (4.1) gives the equivalent formulation (4.2) of the Einstein equations
just in terms of the metric, the Ricci tensor and the energy-momentum tensor. ]

The optimal transport formulation of the Einstein equations will consist separately of
an optimal transport characterization of the two inequalities

Ric > T and Ric < 7",
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where

~ 2A 8
T:=——g+8nT —
n—2

—— Trg(T)g. (4.4)

Subsection 4.1 will be devoted to the lower bound and Subsection 4.2 to the upper
bound on the Ricci tensor.

A key role in this optimal transport formulation will be played by the (relative)
Boltzmann—Shannon entropy defined below. Denote by vol, the standard volume measure
on (M, g). Given an absolutely continuous probability measure . = o vol, with density
0 € C.(M), define its Boltzmann—Shannon entropy (relative to volg) as

Ent(u|volg) :=/ ologodvolg. 4.5)
M

4.1. OT-characterization of Ric > T

In establishing the Ricci curvature lower bounds, the next elementary lemma will be key
(for the proof see for instance [80, Chapter 16] or [6, Lemma 9.1]).

Lemma 4.2. Define the function G : [0, 1] x [0, 1] — [0, 1] by

Gs.1) = (1—1t)s ifsel0,t], 4.6)
Tt =s) ifseln], '

so that for all t € (0, 1) one has
2
052

If u € C([0, 1], R) satisfies u” > f in 2'(0,1) for some f € L'(0,1) then

G(s.t) =8, in2'(0,1), G(0,¢) =G(l,t)=0. A.7)

1
u(t) < (1 —0u(0) + tu(l) —/ G(s,t) f(s)ds, Vte]|0,1]. (4.8)
0
In particular, if f = c € R then
u(r) < (1—0u(0) + ru(l) —ct(lz_t), Vi e [0.1]. 4.9)

The characterization of Ricci curvature lower bounds (i.e. Ric > K g for some constant
K e R) via displacement convexity of the entropy is by now classical in the Riemannian
setting; let us briefly recall the key contributions. Otto—Villani [68] gave a nice heuristic
argument for the implication “Ric > Kg = K-convexity of the entropy”; this implic-
ation was proved for K = 0 by Cordero-Erausquin—-McCann—Schmuckenschlidger [25];
the equivalence for every K € R was then established by Sturm—von Renesse [81]. Our
optimal transport characterization of Ric > nZTAZ g+ 8nT — nSTn2 Trg (T)g is inspired by
those fundamental papers (cf. also with [51] for the implication (3)=>(1)). Let us also

mention that the characterization of Ric > Kg for K > 0 via displacement convexity in
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the globally hyperbolic Lorentzian setting has recently been obtained independently by
McCann [61]. Note that Corollary 4.4 extends such a result to any lower bounds K € R
and to the case of general (possibly non-globally-hyperbolic) space-times.

The next general result will be applied with n > 3 and T as in (4.4).

Theorem 4.3 (OT-characterization of Ric > 7). Let (M, g.€) be a space-time of dimen-
sionn > 2 and let T be a quadratic form on M. Then the following are equivalent:

(1) Ric(v,v) = T (v, v) for every causal vector v € €.

(2) Forevery p € (0,1) and every regular dynamical cp-optimal plan T1,

Ent(pts|volg) < (1 — 1) Ent(uo|volg) + ¢ Ent(uq|volg)
1
- / / G(s. )T (. 1) ds dTI(y). (4.10)
0

where we denote j1; := (e;)yI1, t € [0, 1], the curve of probability measures associated
to I1.

(3) There exists p € (0, 1) such that for every regular dynamical cp-optimal plan I1 the
convexity property (4.10) holds.

Proof. (1)=(2). Fix p € (0, 1). Let I be a regular dynamical c,-optimal coupling and
let (i := (er)4I1)s¢[0,1] be the corresponding curve of probability measures with p, =
Pz volg K vol, compactly supported. By definition of regular dynamical c,-optimal coup-
ling there exists a smooth function ¢y, such that, with

W5 (x) = expi((t — 1/2)Vig1/2(x)),

we have u, = (‘Pi/z)ﬁﬂl/z for every ¢ € [0, 1]. Moreover, the Jacobian D\IJQ/2 is non-
singular for every ¢ € [0, 1] on supp t1/2. Recall the definition of 8; and U, along the
geodesic t > y; := \Di/z(x):

Bi(x) = D\Ili/z(x) TeM — T\yﬁ/z(x)M for juq/2-a.e. x,
Us(x) =V, B, o 58,_1 Ty M - T, M for py/-a.e. x.

Setting yx(¢) := log Dety B;(x) and y;} := \I'i/z(x), from Proposition 3.4 we get

VIO + TGE yF) < yIl(t) + Ric(yf, 77) <0 pyjp-ae. x. 4.11)

Now, for ¢t € [0, 1] we have
Ent(ufvolg) = [ 10g pu() dies(3) = [ 10gpu(W () o)
— [ toelpy26)Dete (D] )™V )

— Ent(ualvolg) — / Va(0) dps o (). @.12)
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where the second to last equality follows from Lemma 3.3 (3). Using (4.11) we obtain

2
% Ent(p¢ [volg) > / TGF 78 dpaja(x) = / T(Gr90)dTI(y). Vi€ (0.1).
(4.13)
Using Lemma 4.2, we get (4.10).
(2)=(3) is trivial.
(3)=(1). We argue by contradiction. Assume there exist xo € M andv € Txy,M N€
with g(v, v) < 0 such that the Ricci curvature at x¢ in the direction of v € €, satisfies

Ric(v,v) < (T + 3eg) (v, v) (4.14)

for some € > 0. Thanks to Lemma 3.2, for 7 € (0, 7j(xo, v)] small enough, there exist § > 0
and a cp-convex function ¢/,, smooth on Bj(xo) and satisfying

Vigi/2(x0) = nv #0 and Hessg, ,,(xo) = 0. 4.15)

From now on we fix 1 € (0, min(7(xo, v), inj, (B;(xo0)))], where inj, (Bz(xo)) is the
injectivity radius of Bj(xo) with respect to the metric g. It is easily checked that for
8 € (0, §) small enough the map

x> W (x) = expf (1 — 1/2) Vi 2 (x))

is a diffeomorphism from Bg(xo) onto its image for any ¢ € [0, 1]. Moreover, since
Vi$1/2(x0) € Int(€) and arguing by continuity and by parallel transport along the

geodesics ¢ +— \Ili/z(x), X € Bg(xg), for 6 > 0 small enough we have

d
U U E\Irtl/z(x) cc Int(€). (4.16)
t€l0,1] xEBg(xo)

Define 15 := volg (Bs(x0)) ™! volgL Bs(xo). Let IT be the c,-optimal dynamical plan
representing the curve of probability measures (i, := (¥} /2):1#1 /2)tef0,1]- Note that
(4.16) together with (4.15) ensures that IT is regular for § > 0 small enough.

Letting y;* 1= W] ,(x) = expf ((t — 1/2)Vg@1/2(x)) for x € Bs(xo) be the geodesic
realizing the transport, note that by continuity there exists § > 0 small enough such that

Ric(y;'. y7) < (T +2eg) (7. 77). Vx € Bs(xo). V1 €[0.1].  (4.17)
The identity (3.25) proved in Proposition 3.4 reads
[Trg (UF)] + Trg[(UF)?] + Ric(yy, ) = 0, Vx € Bs(xo), ¥t € [0,1].  (4.18)
Since by construction
UL, =V, B, (B19) " = VViy2(x0) =0 and  g(V/a(x0). Vi 2(x0)) <0,

again by continuity we can choose § > 0 even smaller so that

Trg[(UF)?] < —eg (77, 77),  ¥x € Bs(xo), Vi €[0,1]. (4.19)
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The combination of (4.17)—(4.19) yields
[Trg (U + (T + eg) (7. ) > 0. ¥ax € Bs(xo). ¥t € [0, 1].
Recalling (3.27), the last inequality can be rewritten as
y@) + (T 4+ eg)(yF.77) >0, Vx € Bs(xo), ¥t €[0,1].

The combination of the last inequality with (4.12) gives
d2 T X X
pTe] Ent(ps|voly) < [ (T 4+ €g)(y7,vi) duija(x), Vi e (0,1). (4.20)

By applying Lemma 4.2 we get
Ent(u,|volg) > (1 —t) Ent(uo|volg) + ¢ Ent(uy|volg)

1 -~
- / [0 G(s.0)(T + €g) (s, ) ds dTL(y),

= (1 —1) Ent(ug|volg) + ¢t Ent(u;|volg)
//1 - =0 f .
[ [ s6.0tGurodsane) -2 [ g ano.
0

where in the equality we have used the fact that for every fixed x € Bg(xo) the function
t — g(p}.y})is constant (as t — y} is a g-geodesic by construction).
This clearly contradicts (4.10), as [ g(y,y) dI1(y) < 0. L]

In the vacuum case, i.e. 7 = 0, the inequality Ric > T with T as in (4.4) reads
Ric > Kg with K = nzTAz € R. Note that for v € € we have g(v,v) < 0, so when com-
paring the next result with its Riemannian counterparts [25, 68, 81], the sign of the lower
bound X is reversed.

Corollary 4.4 (The vacuum case T = 0). Let (M, g, €) be a space-time of dimension
n > 2 and let K € R. Then the following are equivalent:

(1) Ric(v,v) > Kg(v,v) for every causal vector v € €.

(2) Forevery p € (0,1) and every regular dynamical cp-optimal plan T1,

Ent(i[vol,)

t(1—1)
2

< (1= 1) Ent(uolvolg) + 1 Ent(urvolg) — K [ e pang)

4.21)
= (1 —t)Ent(uo|volg) + ¢ Ent(u;|volg) — Kt(1 —1¢) / A (y) dT1(y),

where we denote by j; := (e;)4I1, i = 0, 1, the endpoints of the curve of probability
measures associated to T1.

(3) There exists p € (0, 1) such that for every regular dynamical c,-optimal plan I1 the
convexity property (4.21) holds.
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Remark 4.5 (The strong energy condition). The strong energy condition asserts that,
with T being the energy-momentum tensor, 7' (v, v) > % Trg (T') for every time-like vec-
tor v € TM satisfying g(v,v) = —1. Assuming that the space-time (M, g, €) satisfies the
Einstein equations (4.1) with zero cosmological constant A = 0, the strong energy con-
dition is equivalent to Ric(v, v) > 0 for every time-like vector v € TM . This corresponds
to the case K = 0 in Corollary 4.4.

The strong energy condition, proposed by Hawking and Penrose [42,44,70], plays a
key role in general relativity. For instance, in the presence of trapped surfaces, it implies
that the space-time has singularities (e.g. black holes) [43, 82].

4.2. OT-characterization of Ric < T

The goal of the present section is to provide an optimal transport formulation of upper
bounds on time-like Ricci curvature in the Lorentzian setting. More precisely, given a
quadratic form 7' (which will later be chosen to be equal to the right hand side of the
Einstein equations, i.e. as in (4.4)), we aim to find an optimal transport formulation of the
condition

“Ric(v, v) < T(v,v) for every time-like vector v € €.

The Riemannian counterpart, in the special case of Ric < Kg for some constant K € R,
has recently been established by Sturm [75].

In order to state the result, let us fix some notation. Given a relatively compact open
subset £ CC Int(€) let prpr—p : TM — M be the canonical projection map and
injg (E) > 0 be the injectivity radius of the exponential map of g restricted to E. For
x € prm—m(E) and r € (0,inj, (E)) we denote

BEE (x) := {exps(tw) |w e TeM N E, g(w,w) = —1, t € [0,r]}.

Definition 4.6 (r-concentrated regular ¢,-optimal dynamical plan). Fix a relatively com-
pact open subset £ CC Int(€), x € pryy—»m(E),v e ToyM N E, and r > 0. A regular
¢p-optimal dynamical plan IT is called r-concentrated in the direction of v (with respect
to E)if u; := (e;)4I1 for ¢ € [0, 1] satisfies

(1) f1/2 = volg (B (x)) ™ volgL B (v);

(2) supp 1 C {expy (r?w) | w € TyM N€, g(w,w) = —1}, where y := exp5 (rv).
The next general result will be applied with n > 3 and T as in (4.4).

Theorem 4.7 (OT-characterization of Ric < 7). Let (M, g.€) be a space-time of dimen-

sionn >2and let T be a quadratic form on M. Then the following assertions are
equivalent:

(1) Ric(v,v) < T (v, v) for every causal vector v € €.

(2) Forevery p € (0,1) and every relatively compact open subset E CC Int(€) there exist
R =R(E)€(0,1)and a function € = €g : (0,00) — (0, 00) withlim, o €(r) = 0 such



An optimal transport formulation of the Einstein equations 35

that for all x € pry—p(E) and v € TyM N E with g(v,v) = —R? the following
assertion holds.

For every r € (0, R), there exists an r-concentrated regular cp-optimal dynamical
plan T1 = TI(x, v, r) in the direction of v (with respect to E) which has T (v, v)-
concave entropy in the sense that

4 .
r_z[Em(/“ [volg) — 2Ent(pt1/2|volg) + Ent(o|volg)] < T(v,v) +€(r). (4.22)

(3) There exists p € (0, 1) such that the assertion as in (2) holds true.
Remark 4.8. Given an auxiliary Riemannian metric 4 on M, with arguments as in the
proof below, condition (2) in Theorem 4.7 can be replaced by

(2) Forevery p € (0, 1) and for every x € M there exist R = R(x) > 0 and a function
€ = €x 1 (0,00) = (0, 00) with lim, ¢ €(r) = 0 such that for all v € Int(€y) with
h(v,v) < R? the following assertion holds.

For every r € (0, R), there exists an r-concentrated regular c,-optimal dynamical
plan IT = I1(x, v, r) in the direction of v (with respect to E) satisfying (4.22).

Moreover, both in (2) and (2)’ one can replace Bf4’E (x) (resp. {exp$ (r?w) |lwe T,M N'E,
g(w,w) = —1}) by B%, (x) (resp. B/, (y)).

Proof of Theorem 4.7. (1)=(2). Let (M, g, €) be a space-time and let & be an auxiliary
Riemannian metric on M such that

%h(w,w) <l|g(w,w)| < 4h(w,w), VYweeE.

We denote by d}T;M the distance on TM induced by /. Once the compact subset E CC
Int(€) is fixed, thanks to Lemma 3.2 there exist a constant

R = R(E) € (0,min(1, inj, (E)))

and a function
€ =¢g :(0,00) > (0,00) with lijne(r) =0
rlo

such that for all ¥ € (0, R/10), x € prm—m(E),andv € Ty M N E with g(v,v) = —R?
we can find a ¢,-convex function ¢ : M — R with the following properties:

e ¢ is smooth on B{’OOr(x), Vip(x) = v, Vi¢ € E on B{’Or (x), d;M (Vig,v) <e(r)
h .
on B{,, (x);

o |Hessg|p, < €(r) on B{’O,(x).
For ¢t € [0, 1], consider the map

\Ili/z Tz > exp,(r(t — I/Z)ngﬁ(z)).

Notice that
E
W5 (BEE (x)) C By, (x), V1 €[0,1].
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Let
Hi2 = volg(Bf;E (x)7! volgLBf;E(x)

and define
We 1= (‘Iji/z)ﬁ(ﬂl/z), vt €[0,1].

By the properties of ¢, the plan IT representing the curve (it/);e[o,1] of probability meas-
ures is a regular c¢,-optimal dynamical plan and

supp i1 C {expi(rzw) lweL,MNE, g(w,w) =—1}.

By Proposition 3.1 we can find a smooth family (¢;);e[0,1] of functions defined on
Urego.1{t} X supp p; with ¢1/2 = ¢ satisfying

(0:9:) (1) + 2(_g(vg¢t(yt)» Vg¢t(Vz)))q/2 =0 forT-ae.yand? €[0,1],
4.23)
rVi¢i(y:) —y: =0 for M-ae. yands € [0,1]. (4.24)

Moreover, using the properties of ¢/, = ¢ and the smoothness of the family (¢¢);¢[0,1],

we have T
d, (V§¢z(%), v) < €(r),

(4.25)
|Hessg, (v:)|n < €(r) forIl-ae.yand? € [0, 1],

up to replacing €(r) with a suitable function

€ =¢g :(0,00) > (0,00) with liine(r) =0.
r0
The curve [0, 1] > ¢ — Ent(jts|voly) € R is smooth and, in virtue of (4.24), it satisfies

d
— Ent(;|voly) = r/ g(Vip:, Vgps)dvolg = r/ O9¢; duy forallt € [0, 1],
dt M g v 8

(4.26)
diy

where p; := Tvolg is the density of u;,

Dg‘pt = diV(—Vngt)

is the g-Box of ¢; (the Lorentzian analog of the g-Laplacian), and where we have used
the continuity equation

d .
PTL + rdiv(p: Vig:) = 0.

For what follows it is useful to consider the linearization of the g-Box at a smooth
function f, denoted by L;Ir and defined by the following relation:

d
7l D4(f +tu) = Lhu,  VYu € CE(M). 4.27)
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The map [0,1] > ¢ +— [, O% ¢, djue € R is smooth and, in virtue of (4.23) and (4.24),
d
— O%¢, d
dtr/M g¢l 223
1
=—r? fM (Lg (6—1(—g(vg¢t, vg¢t))q/2) +8(VgOloy, —vg@)) dp

for every ¢ € [0, 1]. Using the ¢g-Bochner identity (A.2) together with the assumption
Ric(w, w) < T (w, w) for any w € € and estimates (4.25) on ¢, we can rewrite the last
formula as

d 1
- _ 04 d
dtr/;u g¢t 2%

= /M lg(Ve oy, Vg<f’t)|q_2 |:Ric(Vg¢,, Vo) + g(Hessy, , Hessg, )

Hessg, (Vo ¢r, Vg dr) )2
—2
ACRER iy
HCSS(I)I ((Vg¢l > Hess¢, (ng);)) :| d
18(Vebr- Vo] ’

< / (T(v,v) 4+ e(r))dp; = T(v,v) +e(r) forallzr €0, 1],
M

-2(g—2)

up to replacing €(r) with a suitable function € = €g : (0, 00) — (0, 0o) with lim, ¢ €(r)
= 0. Thus

Ent(pe1|volg) — 2 Ent(uy/2|volg) 4+ Ent(io|volg)
d
— — Ent(p,|voly)

[
= — Ent(us|voly) )ds
0 dt e t=s+1/2 Al t=s

12 ps+1/2 g2 7
= / / — Ent(u;|volg) dt ds < Mrz.
0 s dt? 4

(2)=(3) is trivial.
(3)=(1). Fix p € (0, 1) given by (3) and assume for contradiction that there exist
X€M,e>0andv € TyM N € with —g(v,v) = 1 such that

Ric(v,v) > (T —2¢g) (v, v).

Then, by continuity, we can find a relatively compact neighbourhood £ CC Int(€) of v
in TM such that
Ric(w,w) > (T —eg)(w,w), Yw € E. (4.28)

By Lemma 3.2 we can construct a ¢,-convex function ¢ : M — R such that ¢ is smooth

on a neighbourhood of x and
Vig(x) = Rv.

For ¢ € [0, 1], define

Wiy (2) 1= expf (2r(t — 1/2)Vi¢(2)).
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By continuity, for » € (0, R) small enough, we have

1d

d
;E\Iji/z(Z)GE, dgM(—

vr \pg/z(z),rv) <er. YzeB5F(x).vie(01]. (429

Moreover \-I-’%/Z(Brg‘;E(x)) C sz’E ).
Set 12 := Vol((),(Bf:;E(x))_1 volgLBf;E(x) and consider ji; 1= (W] ,)gi1/2-
Notice that
supp 11 C sz’E(y) C {expﬁ(rzw) lweTZ,MNE, g(w,w) =—1}.

By the above construction, (f41);e[o,1] can be represented by a regular ¢,-optimal dynam-
ical plan IT such that supp((de)yIT) C E. Therefore (4.28) together with Theorem 4.3
yields

Ent(p/2|volg) < %Ent(u0|volg) + %Ent(uﬂvolg)

1
_ / /0 G(s. 1/2)(T — eg) (s, ) ds dTI(y)

r2(T (v,v) —eg(v,v) + Cer)
3 )
where in the second inequality we have used (4.29) and that C > 0 is a constant independ-
ent of r and €. Note that € > 0 in (4.30) is fixed independently of r > 0. Clearly (4.30)
contradicts the existence of €g (r) — 0 as r — 0 such that (4.22) holds. ]

< %Ent(u0|volg) + %Ent(,ul |volg) —

(4.30)

In the vacuum case when T' = 0, the inequality Ric < T with T as in (4.4) reads as
2A
n—2
Note that for v € € we have g(v, v) < 0, so when comparing the next result with its
Riemannian counterpart [75], the sign of the lower bound X is reversed.

Ric < Kg with K = e R.

Corollary 4.9. Let (M, g, €) be a space-time of dimension n > 2 and let K € R. Then

the following assertions are equivalent:

(1) Ric(v,v) < Kg(v,v) for every causal vector v € €.

(2) Forevery p € (0,1) and every relatively compact open subset E CC Int(€) there exist
R = R(E)€(0,1) and a function € = €g : (0,00) — (0, 00) withlim, g €(r) = 0 such
that for all x € pry—m(E) and v € TyM N E with g(v,v) = —R? the following
assertion holds.

Foreveryr € (0, R), there exists an r-concentrated regular cp-optimal dynamical
plan T1 = T1(x, v, r) in the direction of v (with respect to E) which has — K -concave
entropy in the sense that

4
r_z[Ent(/“ [volg) — 2Ent(pt1/2|volg) + Ent(pg|volg)] < —K +€(r).  (4.31)

(3) There exists p € (0, 1) such that the assertion as in (2) holds true.
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4.3. Optimal transport formulation of the Einstein equations

Recall that the Einstein equations of general relativity, with cosmological constant equal
to A € R and energy-momentum tensor 7', read

. 2A 8
Ric= ——g + 8T — Tre(T)g (4.32)
n—2 n—2
for an n-dimensional space-time (M, g, €). Combining Theorem 4.3 with Theorem 4.7,
both with the choice
~ 2A 87
T=—— 8nT — Tre (T
8 8T - Trg(T)g.

we obtain the following optimal transport formulation of (4.32).

Theorem 4.10. Let (M, g,€) be a space-time of dimensionn > 2 and let T be a quadratic

form on M. Then the following assertions are equivalent:

(1) Ric(v,v) = T(v,v) foreveryv € Ty M.

(2) Ric(v,v) = T(v,v) for every causal vector v € €.

(3) Forevery p € (0, 1) and every relatively compact open subset E CC Int(€) there exist
R=R(F)€(0,1)and a function € = €g : (0,00) — (0, 00) withlim, o €(r) = 0 such
that for all x € pry—p(E) and v € TyM N E with g(v,v) = —R? the following
assertion holds.

For every r € (0, R), there exists an r-concentrated regular cp-optimal dynamical
plan T1 = T1(x, v, r) in the direction of v (with respect to E) satisfying

T(v,v) —€(r)

IA

4
r_z[Em(l'Ll [volg) — 2 Ent(i1/2|volg) + Ent(uo|volg)]

IA

T(v,v) + €(r). (4.33)
(4) There exists p € (0, 1) such that the assertion as in (3) holds true.

Remark 4.11 (y1/, can be chosen more general). From the proof of Theorem 4.10 it
follows that one can replace (2) (and analogously (3)) with the following (a priori stronger,
but in fact equivalent) statement. For every p € (0, 1) and every relatively compact open
subset £ CC Int(€) there exist R = R(E) € (0, 1) and a function € = €g : (0, 00) —
(0, 00) with lim, ¢ €(r) = 0 such that for all x € pryy—~pm(E) and v € T,y M N E with
g(v,v) = —R? the following assertion holds.

For every r € (0, R) and every /o € (M) with u;/, < volg and supp 172 C
Bf;E (x), setting y = exp§ (rv), there exists a regular ¢,-optimal dynamical plan IT =
I(ge1/2, v, r) with associated curve

(e 2= (e)gI)sefo,1] C P (M)
of probability measures such that
supp 1 C {expi(rzw) lweT,MNE, g(w,w) =-1}

and satisfying (4.33).
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Remark 4.12 (An equivalent statement via an auxiliary Riemannian metric /). Given an
auxiliary Riemannian metric 7 on M, with arguments as in the proof below, condition (3)
in Theorem 4.10 can be replaced by

(3) For every p € (0,1) and every x € M there exist R = R(x) > 0 and a function
€ = €y : (0,00) — (0, 00) with lim, g €(r) = 0 such that for all v € Int(€y) with
h(v,v) < R? the following assertion holds.

For every r € (0, R), there exists an r-concentrated regular c,-optimal dynamical
plan IT = TI(x, v, r) in the direction of v satisfying (4.33).

Moreover, both in (3) and (3) one can replace Bf‘{E (x) by B:’4 (x) and
{expj‘:(rzw) lweZyMNE g(w,w)=—1}

by B%,(y).

Remark 4.13 (The tensor 7~"). As mentioned above, we will assume that the cosmolo-
gical constant A and the energy momentum tensor 7" are given, say from physics and/or
mathematical general relativity. Given g, A and T, for convenience of notation we let 7'
be defined in (1.6).

Let us stress that not any symmetric bilinear form T would correspond to a physic-
ally meaningful situation; in order to be physically relevant, it is crucial that T is given
by (1.6) where T is a physical energy-momentum tensor (in particular 7' has to satisfy
VT, = 0, i.e. be “freely gravitating”, it has to satisfy some suitable energy condition
like the “dominant energy condition”, etc.).

Proof of Theorem 4.10. (1)=(2) is trivial.

(2)=(1) follows from the identity theorem for polynomials and the fact that € has
non-empty open interior.

(2)=(3). From the implication (1)=>(2) in Theorem 4.7, we get a regular c,-optimal
dynamical plan IT = TI(x, v, r) as in (3) such that the upper bound in (4.33) holds.
Moreover, from (4.25) it follows that

dZM (y¢,rv) <re(r) forIl-a.e.yandallr € [0,1]. (4.34)

Recalling that the implication (1)=>(2) in Theorem 4.3 gives the convexity property (4.10)
of the entropy along every regular c,-optimal dynamical plan, and using (4.34), we con-
clude that also the lower bound in (4.33) holds.

(3)=(4) is trivial.

(4)=(2). The fact that

Ric(v,v) < T(v,v), Vv e®€,
follows directly from Theorem 4.7. The fact that

Ric(v,v) > i"(v, v), Vveg,
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can be showed following arguments already used in this paper; let us briefly discuss it.
Fix p € (0, 1) given by (4) and assume for contradiction that there are x € M, § > 0 and
v e TxyM N € with —g (v, v) > 0 such that

Ric(v,v) < (T + 382)(v, v).

Thanks to Lemma 3.2, up to replacing v with sv for some s € (0, 1) small enough, we
can construct a ¢,-convex function ¢ : M — R, smooth in a neighbourhood of x and
satisfying

Vig(x) =v, Hessy(x) =0.
Then, by continuity,

e we can find a relatively compact open neighbourhood £ CC Int(€) of v in TM such
that
Ric(w, w) < (T + 26g)(w,w), VYw € E; (4.35)

e ¢ is smooth on B{’OOr (x) with
Vig € E on Bfy,(x), dfM(Vig,v) < e(r) on Bfy,(x).

|Hessg|n < €(r) on B{’Or (x), lime(r)=0.
r—>0
For ¢ € [0, 1], consider the map

llli/z Dz exp,(r(t — 1/2)Vig(2)).
Notice that
W, (BSE(x) € Bl (x). Vi eo.1].

Set
1172 = volg (BEE (x) ™ volg L BEE (x). s 1= (W) ,)s(p2) for 1 € [0, 1].

By the properties of ¢, the plan IT representing the curve (it,);e[o,1] of probability meas-
ures is a regular c¢,-optimal dynamical plan and

supp 11 C {expf,(rzw) lweh,MNE, g(w,w) =—1}.

Moreover L d
- Ellli/z(z) € E, VzeB'x) vielo1]. (4.36)
We can now follow verbatim the arguments in (1)=-(2) of Theorem 4.7 by using (4.35)

and (4.36), obtaining a function €(r) — 0 as r — 0 such that

(T + 82)(v,v) +6(r)r2
7 )

Ent(p1|volg) — 2Ent(ptq/2|volg) 4+ Ent(uo|volg) <

The last inequality clearly contradicts the lower bound in (4.33). ]
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In the vacuum case 7 = 0 with cosmological constant A € R, the Einstein equations

read
Ric = , 4.37
Ic= - 21 g (4.37)
for an n-dimensional space-time (M, g, €). Specializing Theorem 4.10 with the choice
7o A
T a2-1°

and using Corollary 4.4 to sharpen the lower bound in (4.38) for the constant case, we
obtain the following optimal transport formulation of the Einstein vacuum equations.

Theorem 4.14. Let (M, g, €) be a space-time of dimension n > 3 and let A € R. Then
the following assertions are equivalent:

(1) The space-time (M, g, €) satisfies the Einstein vacuum equations of general relativity
(4.37) corresponding to the cosmological constant equal to A.

(2) Forevery p € (0,1) and every relatively compact open subset E CC Int(€) there exist
R = R(E)€(0,1)and a function e = €g : (0,00) — (0,00) withlim, g €(r) = 0 such
that for all x € pry—m(E) and v € TyM N E with g(v,v) = —R? the following
assertion holds.

For everyr € (0, R), there exists an r-concentrated regular cp-optimal dynamical
plan T1 = T1(x, v, r) in the direction of v (with respect to E) satisfying

A
n/2—1

4
< —[Ent(ua |Volg) — 2 Ent(ju1 2|vol) + Ent(juo|vol )]

<

= n/2-1

+ e(r). (4.38)

(3) There exists p € (0, 1) such that the assertion as in (2) holds true.

It is worth isolating the case of zero cosmological constant.
Corollary 4.15. Let (M, g, €) be a space-time of dimension n > 2. Then the following
assertions are equivalent:

(1) The space-time (M, g, €) satisfies the Einstein vacuum equations of general relativity
with zero cosmological constant, i.e. Ric = 0.

(2) Forevery p € (0, 1) and every relatively compact open subset E CC Int(€) there exist
R = R(E) €(0,1) and a function € = eg : (0,00) — (0, 00) with lim, g €(r)/r*> = 0
such that for all x € pry—p(E) and v € TyM N E with g(v,v) = —R? the fol-
lowing assertion holds.

For every r € (0, R), there exists an r-concentrated regular cp-optimal dynamical
plan T1 = T1(x, v, r) in the direction of v (with respect to E) satisfying

0 < Ent(u;|volg) — 2Ent(i1/2|voly) + Ent(pg|voly) < €(r). (4.39)

(3) There exists p € (0, 1) such that the assertion as in (2) holds true.
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Appendix A. A g-Bochner identity in Lorentzian setting

In this section we prove a Bochner type identity in Lorentzian setting for the lineariza-
tion of the g-Box operator, the Lorentzian analog of the g-Laplacian; let us mention that
related results have been obtained in the Riemannian [59,77] and Finsler settings [83, 84]
but to the best of our knowledge the Lorentzian £, framework has not been considered
before.

Throughout the section, (M, g, €) is a space-time, U C M is an open subset and
g € (—00,0) is fixed. Let ¢ € C3(U) satisfy

—Vg¢p € Int(€) onU.

Denote by
V§¢ = —g(Vgo, Vg<15)|%vg¢
the ¢g-gradient, by
ngb = diV(—ngS)

the g-Box operator of ¢ and by L; the linearization of the g-Box operator at ¢ defined
by the following relation:

dt

Oﬂg(qﬁ—l-tu):Lgu, Yu € C(M). (A1)
=

The ultimate goal of the section is to prove the following result.

Proposition A.1. Under the above notation, the following q-Bochner identity holds:

Ny ((—g(ngﬁ, Ve$))??
¢

SO s, cnp, w30

_,(Hessg(Ved. V) \>
~2)2(g(Ve, Vg)|72 s )
+ (g )718(Vegd. V) ( |g(Vep, V)|

+18(Vg¢, Vg o) |q—2 (Ric(vgd’» Vo) + g(Hessg, HeSS¢))
—2(qg—2)|g(Vg9, Vg¢)|q_3Hess¢ (Vg Hessg (V). (A2)

The proof of Proposition A.1 requires some preliminary lemmas. First of all we derive
an explicit expression for the operator Lg.

Lemma A.2. Under the above notation,

o - _ Hessu(Vg¢, V)
Lgu—( g(Vg,Vgd)) (Dgu @-2) —8g(Ve, V) )

+ 2 -9 (—g(Ve¢, Vo) (Ve Veu)Oie

+2(2—q) (—g(Vg, Vg)) T Hessy (ngb, Vou + £0s0 V)

\Y . A3
—g(Vg¢,Vg¢) g¢) (A3)
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Proof. By the very definitions of L;u and ngﬁ, we have

dt
= diV((z - Q)(—g(vgd’v ng’))%z‘g(vgd’» Vg“)vg¢
+(—8(Ve$, Vo) T Vou).  (A4)

d
Lgu = div(—

(g (Ve (@ + 1), Ve + 1)) Ve g + zu))
=0

In order to make the last formula explicit, we compute

Ve (=& (Vg¢, Vg$))* = =2 (—g(Vg$, Vg$))* 'Hessy (Ve ), (A5)
Ve (g(Vgd, Vou)) = Hess, (Ve) + Hessgy(Vou). (A.6)
Plugging (A.5) and (A.6) into (A.4) gives (A.3). ]

We next show a g-Bochner identity for the operator Ag defined as

Hess, (Vg ¢, Vo) )
—g(Vg¢, Vg¢) '

Lemma A.3. Under the above notation, the following identity holds:

Agu) = (—g(Vgo, Ved)'T (Dgu —(q-2) (A7)

j— /2
1 (( §(Ve9, Vo)) )+ g(Ve01,Vig)

— (¢ = 2)|g(Vy$, V)| T 0L Hesss (Ve , Vo)

2
. q—2( , (Hessd,(Vgtﬁ, Vg¢))
+ 18(Vg9. V)| q(q —2) lg(Vep, Vo)

+ Ric(Vg, Vo) + g(Hessg, Hess¢)). (A.8)

Proof. We perform the computation at an arbitrary point xo € U. In order to simplify
the computations, we consider normal coordinates (x?) in a neighbourhood of x, with
axil € €. We have

D (=8(Vg9, Vg¢))q/2
q

s Vg¢>)>"22(

= 70 ((~(Ved. Ved) T g 051 019)

4=
—g(Vg¢,Vg¢)

+ 87 g 0k 019 + g7 g k0 8u¢). (A.9)

€7 g™ dimpdndg® djxd d1¢

Now, from the symmetry of second order derivatives and the very definition of the
Riemann tensor (2.7), we have

0ijkd = 0ikj @ = g(R(0yi, 04k ) Vg, 0, ) + Okij . (A.10)
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Thus
g7 g 0ijkd 019 = g(VgOgg, Vo) + Ric(Ve, Vo),

and we can rewrite (A.9) as
e (—8(Ve9, Vg¢))q/2

q
= (g(Vep. Ved) T ((2 —g)

g(Hessy (Vg ), Hessy (Vo))
—8(Ve9, Ve 9)

+ g(VgOed, Ved) + Ric(Vep, Vo) + g(Hess¢,Hess¢)). (A.11)

q ((—g(Vg¢,Vg¢))q/2
¢ q

We now compute the second part of —L ). To this end observe that

g, (et Vy9)?/2
g
q
Hess s vgo.vg019/2 (Ve V)
q

)  (—g(Veh.Ved) T Hesss(Ved).  (A12)

= (¢~ 2)(~8(Ve. Ve$)) 7 [Hess (Ve Ve )]
— (-8(Veh. Vo) T 8(V9,Vv,0Veh. Vo). (AL3)
It is useful to express O0F in terms of Og:
D4 = div((-g (V. Vo) Z Vi)

= (g(Vep. Vep)T (ngs —(g-2)

Hess¢(Vg¢,Vg¢)). (A.14)

—8g(Ve9, Vo)

Using (A.14), we can write

g(VgDZ,¢, Vgd)

_ . 42 o Hessy (Ved, V)
—g(Vg(( g(Vgd. V) (Dg¢ (¢—-2) —¢(Ved. Vo) ))’Vgﬁb)

Hessy(Ved, Vg @)
—8g(Ve9, Ve 9)

— (4= 2(=8(Vgh. Ved) T (8(V5,0 V500 Veh. Veb)
+ g(Hessy (Vg ), Hessg (Vg ¢))

—2(g = 2)(~g(Vgh, V) T [Hessy(Vob, Vo). (A.15)

= (—2(Veh, Vo) T 2(VgOg, V) — (q — 2) 0%¢

Plugging (A.11) and (A.13) into (A.7), and simplifying using (A.15), gives the desired
(A.8). |
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Proof of Proposition A.1. Combining the expression of LZ)M as in (A.3) with the definition
of A‘éu as in (A.7) we can write

Lou = A%u + 2 — )(~8(Ved. V) g (V. Vo) DL
s Ve,V
+2Q2—q) (—g(Ved. Vo)) T Hessy (vgqs, Veu + %vw).
(A.16)

(—g (Vg¢,Vg¢))q/2
q

((—g(ngﬁ, Vg¢))q/2)
q

a2 Hessy (Vg ¢, V) 09

—(q -2 (—g(Vep,V
(q )(—g( ¢ g¢)) —g(Vggb,Vg(P) g
—2(q —2)(—g(Vg$. Ve))? > Hessy (Vg ¢, Hessg (Vo $))

o (Hessg(Ved, Vo) \>
—2(q —2)(~g(Vgp, Vo)) 72 Vop.Voh )
(61 )( g( g¢ g¢)) ( _g(vg¢,vg¢)

Specializing (A.16) with u = and using (A.12) gives

— q
= A}

_74 ((—g(Vg¢, Vg¢))q/2)
¢ q

(A.17)

Now, the combination of (A.17) and (A.8) yields

L ((—g(vg¢,vg¢))q/2
¢ q

) = g(VeOg. VIg)

_,(Hessg (Ve Vep) )
—2)%1g(Vep, Vo) |4 2( SRy )
@ =27 Ved Vel 70 5 Voo

+18(Ve. Ve)|7?(Ric(Vgp. Vgp) + g(Hessy, Hessy))
~2(q —2) |g(Vg. Ve)|?Hessg (Vg ¢, Hessy (Vg 9)). (A.18)

Appendix B. A synthetic formulation of Einstein’s vacuum equations in a
non-smooth setting

B.1. The Lorentzian synthetic framework

The goal of this appendix in to give a synthetic formulation of Einstein’s vacuum equa-
tions (i.e. zero stress-energy tensor 7' = 0 but possibly non-zero cosmological constant A)
and show its stability under a natural adaptation for Lorentzian synthetic spaces of the
measured Gromov—Hausdorff convergence (classically designed as a notion of conver-
gence for metric measure spaces).

This appendix was written in early 2021, more than two years after the rest of the
paper was posted on arXiv (in October 2018). One of the reasons is that we will build on
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the synthetic time-like Ricci curvature lower bounds in a non-smooth setting developed
by the first author in collaboration with Cavalletti in [24] (posted on arXiv in 2020).

The general framework is given by Lorentzian pre-length/geodesic spaces. Let us start
by recalling some basics of the theory, following the approach of Kunzinger—Sdmann [54].

A causal space (X, <, <) is a set X endowed with a preorder < and a transitive
relation < contained in <.

We write x < y if x < y and x # y. When x < y (resp. x < y), we say that x and
y are time-like (resp. causally) related.

We define the chronological (resp. causal) future of a subset E C X as

ITE):={yeX|IxeE x<Ky}), JH(E)={yeX|IxeE, x<y)

respectively. Analogously, we define I~ (E) (resp. J~(E)) the chronological (resp.
causal) past of E. In case E = {x} is a singleton, with a slight abuse of notation, we
will write 7% (x) (resp. J % (x)) instead of 7% ({x}) (resp. J*({x})).

Recall that a metric space (X, d) is said to be proper if closed and bounded subsets
are compact.

Definition B.1 (Lorentzian pre-length space (X, d, <, <, t)). A Lorentzian pre-length
space (X,d, <, <,7) is acasual space (X, <, <) additionally equipped with a proper met-
ric d and a lower semicontinuous function 7 : X x X — [0, oc], called a time-separation
function, satisfying

t(x,y)+1(y,z) <1(x,z), Vx <y <z (reverse triangle inequality)

T(x,y) =0ifx £y, (x,y)>0& x <L y. (B.1)

We will consider X endowed with the metric topology induced by d.

We say that X is (resp. locally) causally closed if {x < y} C X x X is a closed subset
(resp. every point x € X has a neighbourhood U such that {x < y} N U x U is closed
inU x U).

Throughout this appendix, / C R will denote an arbitrary interval. A non-constant
curve y : I — X is called (future-directed) time-like (resp. causal) if y is locally Lipschitz
continuous (with respect to d) and y;, < y;, (resp. vy, < Vys,) forallty, 1, € I withty <t;.

The length of a causal curve is defined via the time-separation function, in analogy to
the theory of length metric spaces: for a future-directed causal curve y : [a,b] — X we
set

N-1
L.(y):= inf{z TV Vij4) |a=1lo <t <---<iy=b, N¢€ N}.
i=0

A future-directed causal curve y : [a, b] — X is maximal (or geodesic) if it realizes
the time separation, i.e. L (y) = t (¥4, ¥b)-

A Lorentzian pre-length space (X, d, <, <, 7) is called
e non-totally imprisoning if for every compact set K € X there is constant C > 0 such

that the d-arclength of all causal curves contained in K is bounded by C;
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e globally hyperbolic if it is non-totally imprisoning and for any x, y € X the set J *(x) N
J~(y) is compact in X;

e K -globally hyperbolic if it is non-totally imprisoning and for any compact subsets
K., K, € X, the set J*(K;) N J~(K>) is compact in X;

e geodesic if for all x, y € X with x < y there is a future-directed causal curve y from
x to y with t(x, y) = L{(y), i.e. a (maximizing) geodesic from x to y.

For a globally hyperbolic Lorentzian geodesic (actually length would suffice) space
(X,d, K, <, 1), the time-separation function 7 is finite and continuous [54, Theorem
3.28]. Moreover, any globally hyperbolic Lorentzian length space (for the definition of
Lorenzian length space see [54, Definition 3.22], we omit it for brevity since we will not
use it) is geodesic [54, Theorem 3.30].

A measured Lorentzian pre-length space (X,d, m, <, <, 7) is a Lorentzian pre-length
space endowed with a Radon non-negative measure mt with suppm = X.

Examples entering the class of Lorentzian synthetic spaces

In this short section we briefly recall some notable examples entering the aforementioned
framework of Lorentzian synthetic spaces.

Space-times with a continuous Lorentzian metric. Let M be a smooth manifold endowed
with a continuous Lorentzian metric g. Assume that (M, g) is time-oriented, i.e. there
is a continuous time-like vector field. Observe that, for C° metrics, the natural class of
differentiability of the underlying manifolds is C'; now, C! manifolds always admit a
C*° subatlas, and one can pick such a subatlas whenever convenient.

A causal (respectively time-like) curve in M is by definition a locally Lipschitz curve
whose tangent vector is causal (resp. time-like) almost everywhere. One could also start
from absolutely continuous (AC for short) curves, but since causal AC curves always
admit a Lipschitz reparametrization [62, Section 2.1, Remark 2.3], we do not loose any
generality with the above convention. Set Ly (y) to be the g-length of a causal curve

y: Il > M,ie.
Le(y) = /I V=5GP dr.

The time-separation function 7 : M x M — [0, o] is then defined in the classical way,
ie.

7(x,y) :=sup{Lg(y) : y is future-directed causal from x to y} ifx <y,

and t(x, y) = 0 otherwise. The reverse triangle inequality (B.1) follows directly from the
definition. Moreover, every Lo -maximal curve y is also L,;-maximal, and L¢ (y) = L(y)
(see for instance [54, Remark 5.1]). In order to have an underlying metric structure, we
also fix a complete Riemannian metric 2 on M and denote by d” the associated distance
function.

For a space-time with a Lorentzian C°® metric:
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e Global hyperbolicity implies causal closedness and K -global hyperbolicity [71, Pro-
position 3.3 and Corollary 3.4].

e Recall that a Cauchy hypersurface is a subset which is met exactly once by every
inextendible causal curve. Every Cauchy hypersurface is a closed casual topological
hypersurface [71, Proposition 5.2]. Global hyperbolicity is equivalent to the existence
of a Cauchy hypersurface [71, Theorems 5.7 and 5.9].

e By [54, Proposition 5.8], if g is a causally plain (or, more strongly, locally Lipschitz)
Lorentzian C°® metric on M then the associated synthetic structure is a pre-length
Lorentzian space. More strongly, from [54, Theorems 3.30 and 5.12], if g is a globally
hyperbolic and causally plain Lorentzian C° metric on M then the associated synthetic
structure is a causally closed, K -globally hyperbolic Lorentzian geodesic space.

Closed cone structures. Closed cone structures provide a rich source of examples of
Lorentzian pre-length and length spaces, which can be seen as the synthetic-Lorentzian
analogue of Finsler manifolds (see [54, Section 5.2] for more details). See Minguzzi’s
review paper [62] for a comprehensive analysis of causality theory in the framework of
closed cone structures, including embedding and singularity theorems.

Some examples towards quantum gravity. The framework of Lorentzian pre-length spaces
allows one to handle situations where one may not have the structure of a manifold
or a Lorentz(—Finsler) metric. A remarkable example is given by certain approaches to
quantum gravity (see for instance [58]) where it is shown that it is possible to reconstruct
a globally hyperbolic space-time and the causality relation from a countable dense set of
events, in a purely order-theoretic manner.

Two approaches to quantum gravity, particularly linked to Lorentzian pre-length
spaces, are the theory of causal Fermion systems [34,35] and the theory of causal sets [13].
The basic idea in both cases is that the structure of space-time needs to be adjusted on a
microscopic scale to include quantum effects. This leads to non-smoothness of the under-
lying geometry, and the classical structure of Lorentzian manifold emerges only in the
macroscopic regime. For the connection to the theory of Lorentzian (pre-)length spaces
we refer to [54, Section 5.3], [35, Section 5.1].

B.2. The p-Lorentz—Wasserstein distance on a Lorentzian pre-length space

We denote with #(X) (resp. #.(X), or £,.(X)) the collection of all Borel probability
measures (resp. with compact support, or absolutely continuous with respect to mt).
Given a probability measure u € #(X) we define its relative entropy by

Ent(u|m) = /X olog(g) dm

if u=ome P, (X)and (0log(p))+ is m-integrable. Otherwise we set Ent(j|m) = +o0.
We let Dom(Ent(-|m)) be the finiteness domain of Ent(:|m).

We next recall some basics of optimal transport theory in Lorentzian pre-length
spaces, following the approach and the notation in [24].
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Given i, v € £(X), denote

M(pv) o= {r € PX x X) | (pr)g = p. (pa)ym = v},
Me(pov) = {r € M(pov) | 7(X2) = 1},
M () == {r € M(p.v) | 7(X%) = 1),

where X; = {(x.y) € X? | x < y}and X§< ={(x.y) € X? | x < y}.

Definition B.2 (The p-Lorentz—Wasserstein distance). Let (X, d, <, <, ) be a Loren-
tzian pre-length space and let p € (0, 1]. Given u, v € £ (X), the p-Lorentz—Wasserstein
distance is defined by

1/p
Lp(,v) == sup (/X R T(x, )P dm(x, y)) . (B.2)

mell<(u,v)
When IT<(u,v) = @ weset £,(u, v) := —o0.

Note that Definition B.2 extends to Lorentzian pre-length spaces the correspond-
ing notion given in the smooth Lorentzian setting in [28] (see also [61], and [76] for
p = 1); when IT<(u, v) = @ we adopt the convention of McCann [61] (note that [28] sets
£, (e, v) = 01in this case).

A key property of £, is the reverse triangle inequality. This was proved in the smooth
Lorentzian setting by Eckstein—Miller [28, Theorem 13] and in the present synthetic set-
ting in [24, Proposition 2.5]. Such a property is the natural Lorentzian analogue of the fact
that the Kantorovich-Rubinstein—Wasserstein distances W,, p > 1, in the metric space
setting satisfy the usual triangle inequality (see for instance [80, Section 6]).

Proposition B.3 ({, satisfies the reverse triangle inequality). Let (X, d, <, <, 7) be a
Lorentzian pre-length space and let p € (0, 1]. Then £, satisfies the reverse triangle
inequality

(o, 1) + Lp (. 2) < Lp(po. ). Viro, p1. pa € P(X), (B.3)
where we adopt the convention that oo — co = —o0 on the left hand side.

A coupling 7 € IT<(u, v) maximizing (B.2) is called £,-optimal. The set of £,-
optimal couplings from u to v is denoted by Hg’oPt(u, v). We also set Hﬁ;’pt(u, V) =

M (p.v) N2 (. v).
We say that (is)sefo,1] C & (X) is an £,-geodesic it

Lp(ps, py) = (t —5)Ep (o, 1) € (0,00) forall0 <s <t <1. (B.4)

Note that, with the convention above, £,-geodesics are implicitly future-directed and
time-like.

The next lemma follows by the classical theory of optimal transport, since the assump-
tions allow one to localize the argument on supp f1o x supp 41 C X2 where the optimal
transport problem becomes standard. -
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Lemma B.4. Assume supp it x suppv C X2.
(1) Every L,-optimal coupling m € Hgom(u, v) is also tP-cyclically monotone.

(2) If v € T1<(p, v) is tP-cyclically monotone then w € Hgom(/x, v) is £p-optimal.

B.3. Synthetic time-like Ricci upper bounds

Inspired by Sturm’s approach to Riemannian/metric Ricci curvature upper bounds [75]
and by Theorem 4.7 (see also Remark 4.8), we propose the following synthetic notion of
time-like Ricci curvature bounded above. We denote by BZ(x) the metric ball in (X, d)
with centre x and radius r.

Definition B.5 (Synthetic time-like Ricci curvature bounded above). Fix p € (0, 1) and
K € R. We say that a measured Lorentzian pre-length space (X, d, m, <, <, 1) has time-
like Ricci curvature bounded above by K in the synthetic sense if there exist ro > 0 and
a function w : [0, rp) — [0, o) with lim, o w(r) = O such that for every r € [0, o) the
following holds.

For any x, y € X with d(x,y) = r > 0 and such that B¢, (x) x B%(y) C XZ,
and for every o € Dom(Ent(-|m) with supp o C B;’4 (x), there exists an £,-geodesic
(Kt)te[—1,1) satisfying
e supp i1 C B (),
® supp (—1 X supp 1 C Xé,

* Urer1,1180pP e C Bigp, (),
Ent(p—; [m) — 2 Ent(po|m) + Ent(p|m) < (K + w(r)) r2.

A key property of the above notion of time-like Ricci bounded above is the stabil-
ity under weak convergence of measured Lorentzian pre-length spaces. The stability of
Riemannian/metric Ricci upper bounds via optimal transport was proved by Sturm [75].
The notion of convergence we use below is a slight reinforcement (we ask that the
immersion maps are isometries with respect to the metric structures instead of merely
topological embedding maps) of the weak convergence used in [24] to show stability of
synthetic time-like Ricci lower bounds; in any case it is a natural adaptation to the Loren-
tzian setting of the mGH convergence used for metric measure spaces (see for instance
[38, Section 3] for an overview of equivalent formulations of convergence for metric
measure spaces).

Theorem B.6 (Stability of time-like Ricci curvature upper bounds). Let {(X;,d;, m;,
<, <j, Tj)}jeNuioo} be a sequence of measured Lorentzian geodesic spaces satisfying
the following properties:

(1) There exists a locally causally closed, globally hyperbolic Lorentzian geodesic space
(X.d, K, <, 1) such that each (Xj,d;, mj, <, <j,1;), j € NU/{oo}, is isomorph-
ically embedded in it, i.e. there exist inclusion maps 1j : X; < X such that for all
x},x]z € Xj and j € N U {oc}, the following holds:

o d(;;(x}).1;(x3) = d; (x}.x2);
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. x} < x]z if and only iij(le) < Lj(x]z);

o 70 (xD).;(x2) = ;(x}.x2).

(2) The measures (1;)gm; converge to (Loo) Moo weakly in duality with Co(X) in X, i.e.

/ o d(;)gm; — f ¢ dliso)stioe, Vg € Co(X), (B.5)

where C.(X) denotes the set of continuous functions with compact support.

(3) Volume non-collapsing: there exists a function v : (0, 00) — (0, 00) such that
mj(ij (x;)) = v(r) >0 foreveryxj € Xj.

(4) There exists a function  : [0, 00) — [0, 00) with lim, o w(r) = 0 and there exist
p €(0,1), K € R such that (X;,d;, m;, <;, <j, t;) has time-like Ricci curvature
bounded above by K with respect to p € (0, 1), ro > 0 and with remainder function
w in the synthetic sense of Definition B.5.

Then also the limit space (Xoo, doo, Moo, Koos <co» Too) has time-like Ricci curvature
bounded above by K with respect to p € (0,1),ro + 1 and with remainder function w in
the synthetic sense.

Proof. For simplicity of notation, we will identify X; with its isomorphic image
tj(X;) C X and the measure m; with (¢;)ym;, for each j € N U {oo}.

We will write B’ (x) for the ball in (X;.d;) centred at x € X;. Notice that Bf’ (x) =
Brd (x) N X;.

Fix any Xoo, Yoo € Xoo With doo(X00, Yoo) = r > 0 and Bff{"(xoo) X sz‘x’(yoo) C
(X2)«- Since (X2)« C Xoo X Xoo is an open subset, there exists ¢ > 0 such that

B 4 (xo0) X BES 12 (Vo) © (X< - (B.6)

Fix ug® € Dom(Ent(-|t)) with supp u5° C B:Z" (¥00)-

Step 1. We claim that, for j € N sufficiently large, there exist x;, y; € X; such that

(1) x; = Xo0o and y; = Yoo in (X, d);

(2) d;(xj,y;) =trj = r;

(®) Bri(x) x BA0)) € (X<

Since by assumption m; — i, weakly as measures in (X, d), by the lower semicontinu-

ity over an open subset we find that for every r > 0,

0< moo(Bf‘X’ (x0)) = moo(Bf(xoo)) < liminfm; (Bf(xoo)).
j—o0

In particular, for every r > 0 there exists J(r) > 0 such that B%(xo0) N X; # @ for all
j = J(r). By a diagonal argument, there exist x; € X; with x; — X in (X, d). An



An optimal transport formulation of the Einstein equations 53

analogous argument gives a sequence y; € X; with y; — yo. Since the inclusion maps ¢;
are isometric, we also get

rjii=d;(x;,y;) =dx;, ;) = d(Xeo: Yoo) = T-

It remains to show the third claim. For every j € N, let x e BY 4 (x]) and y’, i€ BY 2 (v ) be

arbitrary. Combining the volume non-collapsing assumption w1th the weak convergence

m; — My and the properness of the metrics, we find that there exist x/,, € B?r o) (¥c0)

and y. € B> 2 (¥oo) such that x; — x; and y; — y, up to a subsequence. Recalling

(r+e
(B.6) and that (o is an 1somorphlc embedding, we infer that (x., y5,

X2 C X?is an open subset, we conclude that for ; sufficiently large,

) € Xé. Since

(5.7 C X% N X? = (XD«
as desired.
Step 2. We claim that, for every j € N, there exists ,ué € Dom(Ent( - |my)) with
supp iy C Bf;{ (x;) such that u} — u5° narrowly and
J
Ent(1g°|meo) > limsup Ent(uolm]) (B.7)

]—)OO

Since m; — my weakly, there exists R € (2r*, 3r*) such that
zi7 ' = (BR (Xoo)) = Moo (BR(Xe0)) =: 2o - (B.8)

For j € N U {oo}, denote m; := z; m; LB%(xoo) and observe that f; — 1, weakly
and thus (since now the supports are uniformly bounded in X) in Wq(X’d) for some (or
equivalently every) g € [1, 00). In particular 1i; — M in Wz(X’d). Suppose

nj € (e, i) is a Wz(X’d)-optimal coupling. (B.9)

Let us first consider the case ug® = p g with p € L® (). Define r]} e P(X)

asdn;(x,y) := p(x) dn;(x,y) and &y := (p2)gn; € P(X;). By construction, 7; < 1;,
hence i} < (p2)yn; = ;. Let fij = pj ;. Itis readily checked from the definition that
/56 () = [ p(x) d(n;)y(x), where {(n;),} is the disintegration of 7; with respect to the
projection on the second marginal. By Jensen’s inequality applied to the convex function
u(s) := slog(s), we have

Ent(jij ;) = / u(py) din; = / u( / p(x)d(nj)y(x)) dit; (y)
< / / w(p(x)) d(nj)y (x) ity (y) = / / u(p(x)) dny (x. )

— [u@rdmnen = [ 1) it = Enti it (8.10)
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Since by construction we have yj/. € I(uge, /lé), it follows that

i%W?ﬂbzS/dwwfd%@J0=/p@N@J¥dmuJ)
< 1Pl Lo (frae) Wa (Ftoo, 1115)2,

and therefore W, (ug® ,/:LO-) — 0. In particular, [Ld — ug® narrowly in (X, d). Using
the fact that x; — Xo0, 7; — r and supp ug® C Bd”(xoo) it follows that ¢ =

(B )4(x])) — 1, where we setr :=r; — 1/j. Define u} :=¢; /LOI_B(r )4(xj)
Clearly, Mo € Dom(Ent( - |n;)), supp pLO C Br4 (xj), Waug? ,MO) — 0 and
J

lim [Ent(j i) — Ent(ii} ;)| = 0. (B.11)
j—o0

The combination of (B.8), (B.10) and (B.11) gives the desired (B.7).
If p is not bounded, for k € N define p¥ := Cy min {p, k}, Cy being such that p,];o =
oF gy € P (Xo0). Clearly,

lim sup Ent(,u’;o|moo) < Ent(loo|Moo), klim Wz(ﬂl;o»ﬂoo) =0.
—00

k—o00
Then apply the previous procedure to ,u’;o and conclude with a diagonal argument.

Step 3. Conclusion. By assumption, for every j € N the space (X;,d;, m;, <, <, 75)
has time-like Ricci curvature bounded above by K with respect to p € (0, 1),ro > 0 and
with remainder function w. Thus there exists an £,,-geodesic (ul) te[—1,1] With supp ;L{ -

()’1) Urero1,178upp 1 C BlOro(xj) such that
Ent(t—q o) — 2 Ent(po|m;) + Ent(py ;) < (K + o(r)r?. (B.12)

Since by construction x; — X, there exists J > 0 such that

U U suppu{CBfer(xoo). (B.13)

jzJ te[-1,1]

Let n; € P(C[-1, 1], (X, d)) be the dynamical plan associated to the geodesic
(4))re[-1,1], i-e. (er)gn; = pu] for every ¢ € [0, 1], j € N. From the non-total impris-
oning property of X, we infer that there exists C > 0 such that

sup{Lq4(y) | y € suppn;, j € N} <C < o0.

From [55, Theorem 4], we infer that (/,L{ )te[—1,1] is an absolutely continuous curve in the
W;-Kantorovich—Wasserstein space (& (X ), W) with respect to d, with bounded length:

me@ﬂimsfummMWSC<w VjeN.
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By the metric Arzela—Ascoli Theorem we deduce that there exists a limit continu-
ous curve (U°)se—1,1] C P(Xe0) N P (X, WI(X’d)) such that (up to a subsequence)
Wl(X’d) (,u{,;t,”) — 0 and thus ,u-,i — ug° narrowly in X as j — oo, forevery ¢ € [0, 1].
From (B.13) we have

U supp u5° C Bf},, (xo0) C B?o(ro+1)(x0°)'
re[-1,1]
By assumption, we also know that for every j € N,
supppu’, xsuppul C (X< =X2NX? VjeN. (B.14)
Since by assumption X is locally causally closed, we infer that
supp 1> x supp uf° C (X2)< = X2 N X2, (B.15)

IS"Opt(uil, ,u{). Thanks to Lemma B.4 we know that 7; is

For every j € N, let nj € I1
7P -cyclically monotone.

From (B.13), we see that supp 77; C Bflro (X00)? for j > J and thus (by the Prok-
horov Theorem) there exists mo, € P (X x X) such that 7; — 7w narrowly. Using the
continuity of the projection maps, it is readily seen that 7 € (12, u¢°) and thus
oo € < (g, 13°), thanks to (B.15).

Since by global hyperbolicity 77 is continuous, the t?-cyclical monotonicity is pre-
served under narrow convergence. We infer that 7, is t?7-cyclically monotone and thus

£,-optimal thanks to (B.15) and Lemma B.4. Therefore,
. . 1/p
) = ( [ v am )
1/p
- (/ T(x. y)? dnoo(x,y)) = Lp(uZ}, 1) (B.16)

For intermediate ¢ € (—1, 1), since (u{)te[_l,l] is an £,-geodesic, we have

Cp(u. 1$°) = lim Ly (u? o pf) = (¢t + 1) lim £,(u! ). puf)

j—o00 j—o00

= (t + D)€ (n, u7°)- (B.17)

By the reverse triangle inequality (B.3), we find that the curve (u$°);e[—1,1] is an £,-
geodesic from u2 to ui°.

The joint lower semicontinuity of Ent(-|-) under narrow convergence of probability
measures (a well known fact, for a proof see for instance [3, Lemma 9.4.3]) yields

Ent(1°]fico) < lim inf Ent(u] ). V1 € [0.1],
je

and thus, by (B.8),

Ent(112°|moo) < 1im§1f1~:m(u{|mj), Vi € [0,1]. (B.18)
JE
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The combination of (B.7), (B.12) and (B.18) gives
Ent(u® [ too) — 2 Ent(1$°|1teg) + Ent(u$°eo) < (K + @ (r))r?

as desired. [

B.4. Synthetic time-like Ricci lower bounds

In this subsection we briefly recall some basics of the synthetic theory of time-like Ricci
lower bounds developed in [24].

Definition B.7 (Time-like p-dualizable measures). Let (X, d, <, <, 7) be a Lorentzian

pre-length space and fix p € (0, 1]. We say that (i, v) € £ (X)? is time-like p-dualizable

(by r € N (p,v))if

(1) £p(n,v) € (0,00);

) 7 e 2% (u,v) and 7(X2) = 1;

(3) there exist measurable functions a@,b : X — R witha @ b € L'(u ® v) such that
£P < a @ b onsupp u X supp v.

The pair (1, v) € (P (X))? is said to be strongly time-like p-dualizable if in addition there
exists a measurable £7-cyclically monotone set I' C X é N (supp i X supp v) such that a
coupling w € IT<(u, v) is £,-optimal if and only if it is concentrated on I', i.e. #(I") = 1.

The motivation for considering (strongly) time-like p-dualizable pairs of measures
is twofold: firstly, the p-optimal coupling dm(x, y) matches events described by du(x)
with events described by dv(y) so that x < y; secondly, Kantorovich duality holds (see
[76, Proposition 2.7] in smooth Lorentzian setting and in case p = 1 and [24, Section 2.4]
for the non-smooth setting and general p € (0, 1]).

Motivated by the work of McCann [61] and by Theorem 4.3, in [24] the following
synthetic notion of time-like Ricci curvature bounded below by K € R and dimension
bounded above by N € (0, oo] was proposed:

Definition B.8 (TCD7, (K, N) and wTCD; (K, N) conditions). Fix p € (0,1), K €R, N €
(0, 0o]. We say that a measured Lorentzian pre-length space (X, d, m, <, <, 7) satisfies
TCD, (K, N) (resp. wTCD, (K, N)) if the following holds. For any couple (uo, pn1) €
(Dom(Ent(-|m)))? which is time-like p-dualizable (resp. (jg, it1) € [Dom(Ent(-|ut)) N
Pe(X)]? which is strongly time-like p-dualizable) by some 7 € Hﬂ<'0pt(/t0, /1), there
exists an £,-geodesic (+)e[o,1] such that the function [0, 1] 5 ¢ > e(f) := Ent(j|voly)
is semi-convex (and thus in particular locally Lipschitz in (0, 1)) and satisfies

e’(t) — %e’(t)2 > fo . T(x, y)*dn(x,y), (B.19)

in the distributional sense on [0, 1], where we adopt the convention that the second sum-
mand on the left hand side is zero if N = oo.

The following stability result for synthetic time-like Ricci lower bounds was proved
in [24, Theorem 3.14].



An optimal transport formulation of the Einstein equations 57

Theorem B.9 (Weak stability of TCD;(K, N)). Let {(X;,dj, mj, <j, <j, Tj)};eNU{oo}

be a sequence of measured Lorentzian geodesic spaces satisfying the following properties:

(1) There exists a locally causally closed, K-globally hyperbolic Lorentzian geodesic
space (X, d, <, <, 1) such that each (Xj,d;, m;, <;, <j, t7), j € N U {oo}, is
isomorphically embedded in it (as in (1) of Theorem B.6).

(2) The measures (1;)gm; converge to (Loo) Moo Weakly in duality with C.(X) in X, i.e.
(B.5) holds.

(3) There exist p € (0,1), K € R and N € (0, 00] such that (Xj,dj, mj, <;, <j, 1;)
satisfies TCD, (K, N), for each j € N.

Then the limit space (X oo, Aoos Moo, Koos <ocos Too) Satisfies WTCDI‘; (K,N).

B.5. Synthetic vacuum Einstein equations

Combining the synthetic upper and lower bounds on the time-like Ricci curvature, i.e.
Definitions B.5 and B.8, it is natural to propose the following synthetic version for the
vacuum Einstein equations (with possibly non-zero cosmological constant):

Definition B.10 (Synthetic vacuum Einstein equations). Fix p € (0,1), A e Rand N €
(0, 0o]. We say that the measured Lorentzian pre-length space (X, d, m, <, <, t) satisfies
the (resp. weak) synthetic formulation of the vacuum Einstein equations Ric = A with
cosmological constant A € R and has synthetic dimension < N if

e (X,d, m, K, <, 1) satisfies TCDI‘;(A, N) (resp. WTCD;(A, N));
e there exists o > 0 and a function w : [0, r9) — [0, o) with lim, o w(r) = 0 such that

(X,d, m, <, <, 1) has time-like Ricci curvature bounded above by A with respect to
p€(0,1),rp and w.

The combination of the stability of time-like Ricci lower and upper bounds (i.e. Theor-
ems B.6 and B.9) gives the stability of the synthetic vacuum Einstein equations under the
aforementioned natural Lorentzian variant of measured Gromov—Hausdorff convergence.

Theorem B.11 (Weak stability of synthetic vacuum Einstein equations). Ler {(X;,d;,
m;, Kj, <j, ‘L’j)} jeNU{oo) be a sequence of measured Lorentzian geodesic spaces satis-
fying the following properties:

(1) There exists a locally causally closed, K-globally hyperbolic Lorentzian geodesic
space (X, d, <, <, 1) such that each (Xj,d;, m;, <;, <j, 17), j € N U {oo}, is
isomorphically embedded in it (as in (1) of Theorem B.6).

(2) The measures (1;)gm; converge to (Loo) Moo Weakly in duality with C.(X) in X, i.e.
(B.5) holds.

(3) Volume non-collapsing: there exists a function v : (0, o0) — (0, o0) such that
m,-(ng (xj)) = v(r) > 0 for every x; € Xj.

(4) There exist p € (0,1), A € R, N € (0,00], ro > 0 and w : [0, rg) — [0, c0) with
lim, o w(r) = 0 such that (X;,dj, m;, <;, <j, t;) satisfies the synthetic formulation
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of the vacuum Einstein equations Ric = A with cosmological constant A € R, with
synthetic dimension < N with respect to p € (0, 1), rg and w as in Definition B.10.

Then the limit space (X oo, doos Moo, Koo, oo, Too) Satisfies the weak synthetic formula-
tion of the vacuum Einstein equations Ric = A with cosmological constant A € R, with
synthetic dimension < N with respectto p € (0,1), ro + 1 and w.

Remark B.12. By [24, Theorem 3.1] after [61] (see also Corollary 4.4) and by Theorem
4.7 (see also Remark 4.8), if (X,d, m, <, <, t) is (for simplicity say a compact subset
in) a smooth Lorentzian manifold, then (X, d, m, <, <, 7) satisfies the Einstein equations
Ric = A in the smooth classical sense if and only if (X, d, m, <, <, 7) satisfies the Ein-
stein equations in the synthetic sense of Definition B.10. Therefore, Theorem B.11 shows
that the corresponding limits of smooth solutions to the Einstein equations Ric = A satisfy
the weak synthetic Einstein equations Ric = A in the sense of Definition B.10. In other
terms, the vacuum Einstein equations are stable under the conditions (and with respect to
the notion of convergence) of Theorem B.11.

Let us mention that the stability of the Einstein equations under various notions of
(weak) convergence is a topic of high interest in general relativity. Classically, the problem
is phrased in terms of convergence of a sequence of Lorentzian metrics g; to a limit
Lorentzian metric goo, on a fixed underlying manifold. It is well known that if g; are
solutions of the vacuum Einstein equations, g; — g in C;2, and the derivatives of g;
converge in L2 , then the limit goo satisfies the vacuum Einstein equations as well.

However, if g; — goo in C;2, and the derivatives of g; converge weakly in L2, explicit
examples are known (see [19,40] for examples in symmetry classes) where the limit g
may satisfy the Einstein equations with a non-vanishing stress energy momentum tensor.
Burnett [19] conjectured that if there exist C > 0 and A; — 0 such that

g/ — ool <Aj. 10gj| <C. [9%g;] <CA;",

then g is isometric to a solution to the Einstein-massless Vlasov system for some appro-
priate choice of Vlasov field. Such a conjecture remains open, although there has been
recent progress [45,46] when g; are assumed to be U (1)-symmetric. We also mention
the recent work [57] where concentrations (at the level of dg;) are allowed in addition to
oscillations.

Theorem B.11 gives a new point of view on the stability of the vacuum Einstein equa-
tions. Indeed, while in the aforementioned results the metrics g; are converging on a fixed
underlying manifold, in Theorem B.11 also the underlying space X may vary (along the
sequence and at the limit), allowing change in topology in the limit, as one may expect in
case of formation of singularities. Moreover, the notion of convergence is quite different
in spirit: while in the aforementioned results g; — goo in a suitable functional-analytic
sense, in Theorem B.11 the spaces are converging in a more geometric sense (inspired by
the measured Gromov—Hausdorff convergence).
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