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Abstract. We compute the effect of concordance surgery, a generalization of knot surgery defined
using a self-concordance of a knot, on the Ozsváth–Szabó 4-manifold invariant. The formula
involves the graded Lefschetz number of the concordance map on knot Floer homology. The proof
uses the sutured Floer TQFT, and a version of sutured Floer homology perturbed by a 2-form.
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1. Introduction

Let X be a smooth, connected, closed, and oriented 4-manifold with bC2 .X/ � 2. Sup-
pose that T � X is a smoothly embedded, homologically essential torus with trivial
self-intersection, and let K � S3 be a knot. Fintushel and Stern [4] defined the knot sur-
gery operation onX , resulting in the 4-manifoldXK . This is obtained by gluingX nN.T /
and S1 � .S3 n N.K// via an orientation-reversing diffeomorphism of their boundaries
that maps a meridian of T to a longitude of K. They showed that

SW.XK/ D �K.z/ � SW.X/; (1.1)

where SW denotes the Seiberg–Witten invariant, and �K.z/ is the symmetrized Alexan-
der polynomial ofK. The variable z corresponds to exp.2ŒT �/, where ŒT � is the homology
class induced by T in H2.XK/.

If �1.X nT /D 1, thenX andXK are simply connected and have the same intersection
form, and are hence homeomorphic by Freedman’s theorem. Note that every symmetric
integral Laurent polynomial p.z/ satisfying p.1/ D ˙1 is the Alexander polynomial of
a knot in S3. Consequently, if SW.X/ ¤ 0, then we obtain infinitely many pairwise non-
diffeomorphic smooth structures onX . WhenX is the K3 surface, SW.X/D 1, and hence
we obtain a different smooth structure on X for every such Laurent polynomial.
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Mark [20, Theorem 3.1] obtained a result analogous to equation (1.1) for the Ozsváth–
Szabó 4-manifold invariant [25], which is expected to coincide with the Seiberg–Witten
invariant. For a closed 4-manifold X with bC2 .X/ � 2, Ozsváth and Szabó’s invariant
takes the form of a map

ˆX WSpinc.X/! F2:

We write ˆX;s for the value of ˆX on s. It is convenient to organize the invariants of
different Spinc structures into a single polynomial. Recall that Spinc.X/ is an affine space
overH 2.X/, so the difference of two Spinc structures is a well-defined cohomology class.
If b D .b1; : : : ; bn/ is a basis of H 2.X IR/, we can arrange the 4-manifold invariant into
the element

ˆX Ib WD
X

s2Spinc.X/

ˆX;s � z
hi�.s�s0/[b1;ŒX�i
1 � � � zhi�.s�s0/[bn;ŒX�i

n

of the n-variable Novikov ring over F2, where s0 is some choice of base Spinc structure
on X , and i�WH 2.X/ ! H 2.X IR/ is induced by the map of coefficients Z ,! R. If
H 2.X/ is torsion-free, then ˆX Ib completely encodes the map ˆX . It is natural to view
ˆX Ib as a perturbed version of the mixed invariant; see Proposition 4.3.

Concordance surgery is a generalization of knot surgery due to Fintushel and Stern;
see Akbulut [2, Section 2] and Tange [28]. Let K be a knot in a homology 3-sphere Y
(note that Akbulut only considered the case Y D S3). Given a self-concordance C D

.I � Y; A/ from .Y; K/ to itself, we can construct a 4-manifold XC as follows. We glue
the ends ofA together to form a 2-torus TC embedded in S1 � Y . After removing a neigh-
borhood of TC , we get a 4-manifoldWC with boundary T3. ViewingN.T / as T �D2, we
pick any orientation-preserving diffeomorphism �W @.X n N.T //! @N.TC / that sends
Œ¹pº � @D2� to Œ¹qº � `K �, where p 2 T , q 2 S1, and `K is a longitude of K. We write
XC for any manifold constructed as the union

XC WD .X nN.T // [� WC :

Fintushel and Stern asked in the late 90s whether a formula similar to equation (1.1)
relates SW.X/ and SW.XC /; see Akbulut [2, Remark 2.2].

Our main result gives a formula relating the Ozsváth–Szabó 4-manifold invariants
of X and XC in terms of the graded Lefschetz number of the concordance map

yFC W bHFK.Y;K/! bHFK.Y;K/

defined by the first author [8]. This map preserves the Alexander and Maslov gradings [10,
Theorem 5.18]. The graded Lefschetz number is the polynomial

Lefz.C/ WD
X
i2Z

Lef
�
yFC jbHFK.Y;K;i/

W bHFK.Y;K; i/! bHFK.Y;K; i/
�
� zi :

We note that the concordance map yFC on knot Floer homology depends on some extra
decorations that we are suppressing from the notation. Nonetheless, we will see that the
graded Lefschetz number is independent of these decorations.
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If ŒT � ¤ 0 2H2.X IR/, then we can pick a basis b D .b1; : : : ; bn/ ofH 2.X IR/ such
that

hb1; ŒT �i D 1 and hbi ; ŒT �i D 0 for i > 1: (1.2)

There are natural isomorphisms H 2.X IR/ Š H 2.XC IR/ and Spinc.X/ Š Spinc.XC /.
By a slight abuse of notation, we will use the same notation for corresponding second
cohomology classes and Spinc structures on X and XC . In particular, the base Spinc

structure s0 on X corresponds to a base Spinc structure s0 on XC , and we define the
4-manifold invariants ˆX Ib and ˆXC Ib using this correspondence. We now state our main
result:

Theorem 1.1. LetX be a closed, oriented 4-manifold such that bC2 .X/� 2. Suppose that
T is a smoothly embedded 2-torus in X with trivial self-intersection such that ŒT � ¤ 0

in H2.X IR/. Furthermore, let b D .b1; : : : ; bn/ be a basis of H 2.X IR/ satisfying equa-
tion (1.2). If C is a self-concordance of .Y;K/, where Y is a homology 3-sphere, then

ˆXC Ib D Lefz1.C/ �ˆX Ib:

If C is the product concordance .I � Y;I �K/, then yFC is the identity of bHFK.Y;K/,
so Lefz.C/ is the graded Euler characteristic of bHFK.Y;K/, which is�K.t/. Hence, as a
special case, we recover the formula of Mark [20, Theorem 3.1], i.e., the Heegaard Floer
version of the Fintushel–Stern knot surgery formula.

When �1.X n T / D 1 and Y D S3, the manifold XC is homeomorphic to X . In
contrast, we have the following corollary to Theorem 1.1, which we prove in Section 5.1:

Corollary 1.2. If Lefz.C/ ¤ 1 and ˆX Ib ¤ 0, the 4-manifold XC is not diffeomorphic
to X .

Since Lefz.C/ is always symmetric and satisfies Lefz.C/.1/ D ˙1, it is unclear
whether, using concordance surgery, we obtain any smooth structures not arising from
knot surgery. Nonetheless, in [12], we use the techniques of this paper to produce infinite
families of exotic orientable surfaces in B4.

We note that the proofs of the knot surgery formula (1.1) due to Fintushel and Stern for
the Seiberg–Witten invariant, and to Mark for the Ozsváth–Szabó invariant, are based on
the skein relation for the Alexander polynomial, and hence are only well-suited to knots
in S3. Our theorem applies to a more general setting, where K is allowed to be a null-
homologous knot in an arbitrary homology 3-sphere Y . Our proof of Theorem 1.1 also
extends to the situation where we consider a self-concordance .W; C/ of a pair .Y; K/
such that W is an integer homology cobordism from Y to itself, though we restrict to
the setting where W D I � Y to simplify the notation. The key technical advancement
that led to this proof is our previous computation of the sutured Floer trace and cotrace
cobordism maps [11, Theorem 1.1].

Our Theorem 1.1 could be used to construct exotic smooth structures on 4-manifolds
with non-trivial fundamental group. Suppose that �1.X n T / D 1. If ˆX Ib ¤ 0, and K
and K 0 are knots in a homology 3-sphere Y such that XK and XK0 are homeomorphic
and ˆX Ib � �K.z/ and ˆX Ib � �K0.z/ are not equivalent under the action of automor-
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phisms of H2.X/, then XK and XK0 are non-diffeomorphic 4-manifolds with funda-
mental group �1.Y /=hŒK�i, where hŒK�i is the normal subgroup of �1.Y / generated
by K.

After proving Theorem 1.1, we give an account of the naturality and functoriality of
the perturbed versions of sutured Floer homology and Heegaard Floer homology, since
these are more subtle than in the unperturbed setting, and many details are only sketched
in the literature.

Finally, we note that it might be possible to carry out our argument for the Seiberg–
Witten invariant using the work of Zhenkun Li [16] to construct gluing and cobordism
maps for Kronheimer and Mrowka’s sutured monopole Floer homology [14]. A key tech-
nical step which has not yet been completed in this program is the computation of the
induced maps by the trace and cotrace cobordisms, which we performed in the setting of
sutured Floer homology in [11, Theorem 1.1].

1.1. Organization

In Sections 2 and 3, we give an overview of the construction of the perturbed Floer homo-
logy groups, and the perturbed cobordism maps, and we state the properties that are most
relevant to the proof of Theorem 1.1. In Section 4, we give some background on the
Ozsváth–Szabó 4-manifold invariant. In Section 5, we prove Theorem 1.1. In Sections 6
and 7, we give a proof of the naturality of the perturbed sutured Floer groups, the well-
definedness of the cobordism maps, and also several useful properties.

2. Perturbing sutured Floer homology by a 2-form

Ozsváth and Szabó [21, Section 3.1] defined a version of Heegaard Floer homology for
closed 3-manifolds perturbed by a second cohomology class, which we now extend to
sutured manifolds. The unperturbed version of sutured Floer homology was defined by
the first author [7], and its naturality was shown by Thurston and the authors [13].

Let ƒ denote the Novikov ring over F2 in a single variable z. Its elements are formal
sums

P
x2R nxz

x , where nx 2 F2, and the set

¹x 2 .�1; c� W nx ¤ 0º

is finite for every c 2 R. Note that ƒ is a field.
Suppose that .M; / is a balanced sutured manifold, and ! is a closed 2-form on M .

Then ! induces an action of F2ŒH 1.M; @M/� Š F2ŒH2.M/� on ƒ, via the formula

ea � zx D zxC
R
a !

for x 2 R and a 2 H2.M/. We denote by ƒ! the ring ƒ viewed as a module over
F2ŒH 1.M; @M/�.

For a sutured manifold .M; /, equipped with a closed 2-form ! and a relative Spinc

structure s, we write SFH.M; ; sIƒ!/ for the perturbed sutured Floer homology, which
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we describe in this section. Using the terminology of Baldwin and Sivek [3], the most
natural category for SFH.M; ; sIƒ!/ is the category of projective transitive systems.
See Section 2.1 for a precise definition. We state the following version of naturality for
perturbed sutured Floer homology:

Theorem 2.1. Suppose .M; / is a sutured manifold, and ! is a closed 2-form on M .

(1) If s 2 Spinc.M; /, then SFH.M; ; sIƒ!/ forms a projective transitive system of
ƒ-modules, indexed by the set of pairs .H ; J /, where H is an admissible diagram
for .M; /, and J is a generic almost complex structure.

(2) If ! D d� for a 1-form �, then SFH.M;  Iƒ!/ .the sum over all Spinc structures/
forms a projective transitive system ofƒ-modules, indexed by the set of pairs .H ; J /,
as above.

We will prove Theorem 2.1 in Section 6, though we describe the construction of the
perturbed groups in Section 2.2.

Remark 2.2. Our construction of SFH.M;  Iƒ!/ gives neither a genuine transitive sys-
tem when we restrict to a single Spinc structure on M , nor a projective transitive system
when we sum over all Spinc structures. See Example 6.7 and Lemma 6.8 for counter-
examples.

2.1. Transitive systems and their morphisms

Definition 2.3. Suppose that C is a category and I is a set. A transitive system in C ,
indexed by I , is a collection of objects .Xi /i2I , as well as a distinguished morphism
‰i!j WXi ! Xj for each .i; j / 2 I � I , such that

(1) ‰j!k ı‰i!j D ‰i!k , and

(2) ‰i!i D idXi .

Example 2.4. Transitive systems in the following categories are important to our present
paper.

(T-1) The category C D R-Mod of left modules over a ring R. The morphism set
HomC .X1; X2/ is equal to the set HomR.X1; X2/ of R-module homomorphisms
from X1 to X2.

(T-2) The projectivized category of ƒ-modules C D P.ƒ-Mod/. The objects are
ƒ-modules and the morphism set HomC .X1; X2/ is the projectivization of
Homƒ.X1; X2/ under the action of elements of ƒ of the form zx 2 ƒ.

(T-3) The homotopy category C D K.R-Mod/ of chain complexes over the ring R. The
objects are chain complexes over R. If X1 and X2 are two chain complexes,
the set of R-module homomorphisms HomR.X1; X2/ is a chain complex with
differential @Hom.f / D f ı @X1 � @X2 ı f for f 2 HomR.X1; X2/. The mor-
phism set HomC .X1;X2/ in C is the homologyH�.HomR.X1;X2//. Equivalently,
HomC .X1; X2/ is the set of chain maps modulo chain homotopy.
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(T-4) The projectivized homotopy category C D P.K.ƒ-Mod//. The objects of C are
chain complexes over ƒ. The morphism set HomC .X1; X2/ is the projectivization
of H�.Homƒ.X1; X2// under the action of elements of ƒ of the form zx .

The categories in (T-1) and (T-3) are preadditive (i.e., the morphism sets are abelian
groups), while the categories in (T-2) and (T-4) are not. In these latter categories, com-
position of projective morphisms is well-defined, though addition of morphisms is not.

Following the terminology of Baldwin and Sivek [3], we call a transitive system over
one of the categories (T-2) and (T-4) a projective transitive system. In category (T-2), given
morphisms f , g 2Homƒ.X1;X2/, we will use the notation f :

D g if f D zx � g for some
x 2 R. Similarly, in case (T-4), given chain maps �,  2 H�.Homƒ.X1; X2//, we write
� P'  if � ' zx �  for some x 2 R, where ' denotes chain homotopy equivalence.
If � P'  , we say � and  are projectively equivalent. Finally, if X is a ƒ-module and
a; b 2 X , we write a :

D b if a D zx � b for some x 2 R.
There is a natural notion of morphism between transitive systems:

Definition 2.5. If .Ci /i2I and .Dj /j2J are two transitive systems in the category C ,
a morphism of transitive systems is a collection of morphisms

F.i;j /WCi ! Dj

in C such that
‰j!j 0 ı F.i;j / ı‰i 0!i D F.i 0;j 0/

for all i , i 0 2 I and j , j 0 2 J .

Remark 2.6. If f WCi0 ! Dj0 is an element of HomC .Ci0 ; Dj0/ for some fixed i0 2 I
and j0 2 J , then f induces a unique morphism F.i;j / of transitive systems from .Ci /i2I
to .Dj /j2J , given by

F.i;j / D ‰j0!j ı f ı‰i!i0 :

If C is a category, then the collection of transitive systems over C itself forms a cat-
egory, for which we write T .C/. Hence, we can define a transitive system of transitive
systems over C .

Remark 2.7. If X D ..Xij /j2Ji /i2I is a transitive system in T .C/, we may naturally
view X as a transitive system over C indexed by K WD

S
i2I Ji :

2.2. The perturbed chain complexes

In this section, we define the perturbed sutured Floer complexes. We use the cylindrical
reformulation of Heegaard Floer homology, due to Lipshitz [17]. Suppose .M; / is a
balanced sutured manifold with a closed 2-form !. If H D .†; ˛; ˇ/ is an admissible
diagram, we pick an almost complex structure on † � I � R that is tamed by the split
symplectic form. The surface † splits M into two sutured compression bodies, for which
we write U˛ and Uˇ . We let D˛ and Dˇ be two choices of compressing disks for U˛



Concordance surgery and the Ozsváth–Szabó 4-manifold invariant 1001

and Uˇ , equipped with radial foliations, such that D˛ intersects † along ˛, and similarly
for Dˇ .

For generators x;y 2 T˛ \Tˇ , a homotopy class � 2 �2.x;y/ of disks determines a
2-chain D.�/ on†, which has boundary on ˛[ˇ. We cone D.�/ along the compressing
disksD˛ andDˇ to obtain a 2-chain zD.�/. We note that the 2-chain zD.�/ depends on the
choice of radial foliations onD˛ andDˇ . The 2-chain zD.�/ is closed if and only if xDy .

We define
A!.�/ WD

Z
zD.�/

!:

When the choice of ! is clear from the context, we just write A.�/.
There is a map H W �2.x; x/ ! H2.M/, obtained by coning off the periodic

domain D.�/ for � 2 �2.x;x/; see [7, Definition 3.9]. In particular,

H.�/ D Œ zD.�/�:

The chain complex CF.H ; sIƒ!/ is the free ƒ-module generated by intersection
points x 2 T˛ \ Tˇ which satisfy s.x/ D s. The differential is given by counting holo-
morphic curves in † � I �R via the formula

@x WD
X

y2T˛\Tˇ

X
�2�2.x;y/
�.�/D1

.jM.�/=Rj mod 2/ � zA.�/ � y

for x 2 T˛ \Tˇ . The fact that @2 D 0 follows by analyzing the ends of the 1-dimensional
moduli spaces M.�/=R for classes � with Maslov index 2. We set

SFH.H ; sIƒ!/ WD H�.CF.H ; sIƒ!/; @/:

The group SFH.H ;sIƒ!/ also depends on J and the compressing disks, though we omit
the extra data from the notation.

2.3. Perturbed sutured cobordism maps

In [8], the first author defined a notion of cobordism between sutured manifolds, and
constructed functorial cobordism maps.

Definition 2.8. A cobordism of sutured manifolds

W D .W;Z; Œ��/W .M0; 0/! .M1; 1/

is a triple such that

(1) W is a compact, oriented 4-manifold with boundary,

(2) Z is a compact, codimension 0 submanifold with boundary of @W , and @W n int.Z/
D �M0 tM1,

(3) Œ�� is an equivalence class of positive contact structures on Z (see [8, Definition 2.3])
such that @Z is a convex surface with dividing set i on @Mi for i 2 ¹0; 1º.
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In Section 7, we will define perturbed versions of the sutured manifold cobordism
maps. If W D .W; Z; Œ��/ is a sutured manifold cobordism from .M0; 0/ to .M1; 1/,
and ! is a closed 2-form on W , then we will define a chain map

FW I! W SFH.M0; 0Iƒ!jM0
/! SFH.M1; 1Iƒ!jM1

/;

which is only well-defined up to an ambiguity described in Proposition 2.9.
If H is a Heegaard diagram for .M; /, we can view

SFH.H Iƒ!/ D
M

s2Spinc.M;/

SFH.H ; sIƒ!/:

Consequently, there are inclusion and projection maps

isW SFH.H ; sIƒ!/! SFH.H Iƒ!/ and �sW SFH.H Iƒ!/! SFH.H ; sIƒ!/:

Proposition 2.9. Suppose W D .W;Z; Œ��/W .M0; 0/! .M1; 1/ is a sutured manifold
cobordism, and ! is a closed 2-form on W .

(1) If si 2 Spinc.Mi ; i / for i 2 ¹0; 1º, then the map

�s1
ı FW I! ı is0 W SFH.M0; 0; s0Iƒ!jM0 /! SFH.M1; 1; s1Iƒ!jM1 /

is well-defined up to an overall factor of zx , for x 2 R.

(2) More generally, if Œ!jM1 � D 0, then FW I! ı is0 is well-defined up to an overall
factor of zx . If Œ!jM0 � D 0, then �s1

ı FW I! is well-defined up to a factor of zx .
If Œ!jM0 � D 0 and Œ!jM1 � D 0, then the total map FW I! is well-defined up to an
overall factor of zx .

The main idea of the construction is to incorporate the coning construction of Ozsváth
and Szabó [21] at each step of the construction of the unperturbed sutured cobordism maps
in [8]. In Section 7, we describe the construction in detail, and prove Proposition 2.9. We
note that, to define the total cobordism map in of Proposition 2.9 (2), we use our formula
for the sutured trace cobordism map [11, Theorem 1.1]; see Section 7.6. In Section 7.7,
we will prove the following composition law for the perturbed sutured cobordism maps:

Proposition 2.10. Suppose the sutured manifold cobordism W D .W;Z; Œ��/ decomposes
as W2 ıW1, where

W1D .W1;Z1; Œ�1�/W .M0; 0/! .M1; 1/; W2D .W2;Z2; Œ�2�/W .M1; 1/! .M2; 2/:

Let ! be a closed 2-form on W , and write !1 D !jW1 and !2 D !jW2 .

(1) If Œ!� restricts trivially to M0, M1, and M2, then

FW I!
:
D FW2I!2 ı FW1I!1 :

(2) More generally, if Œ!� restricts trivially toM1 andM2, and s0 2 Spinc.M0; 0/, then

FW I! ı is0
:
D FW2I!2 ı FW1I!1 ı is0 :

Similar formulas hold if Œ!� restricts trivially to both M0 and M1, or just to M1.
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2.4. Alexander gradings and perturbations on cylinders

We now state a simple formula for the sutured cobordism map for a perturbation of the
identity cobordism of a knot complement, which we need for our proof of Theorem 1.1.

Suppose thatK is a knot in an integer homology sphere Y . Let Y.K/ denote Y nN.K/,
decorated with two oppositely oriented meridional sutures. A sutured Heegaard diagram
.†; ˛; ˇ/ for Y.K/ is equivalent to a doubly-pointed diagram for .Y; K/: To obtain a
doubly-pointed diagram from .†; ˛; ˇ/, we collapse each of the boundary components
of † to a basepoint. We let w denote the point where K intersects † negatively, and z
denotes the point where K intersects † positively. There is a tautological isomorphism

bHFK.Y;K/ Š SFH.Y.K//;

since the generators and differential coincide.
The relative Alexander grading on bHFK.Y;K/ is given as follows. If x, y 2 T˛ \Tˇ ,

then we pick a class � 2 �2.x;y/ on .†;˛;ˇ; w; z/ (possibly going over w and z). The
relative Alexander grading is given by the formula

A.x;y/ D nz.�/ � nw.�/:

The relative Alexander grading admits an absolute lift, which can be specified by a sym-
metry requirement on bHFK.Y;K/; see [22, Section 3.5].

Let �K be a Seifert surface of K. Let

!�K 2 �
2.I � Y.K/; @I � Y.K//

be a closed 2-form dual to ¹1=2º � �K under Poincaré–Lefschetz duality

H 2.I � Y.K/; @I � Y.K// Š H2.I � Y.K/; I � @Y.K//:

By definition, !�K vanishes on @I � Y.K/.

Lemma 2.11. Up to an overall factor of z˛ , the map FI�Y.K/I!�K
is given by

FI�Y.K/I!�K
.zx � x/ D zx�A.x/ � x;

where A.x/ denotes the Alexander grading.

We will prove Lemma 2.11 at the end of Section 7.2.

2.5. Changing the 2-form on W

We now state another result which will be helpful for proving Theorem 1.1:

Lemma 2.12. Suppose that W D .W;Z; Œ��/W .M0; 0/! .M1; 1/ is a sutured manifold
cobordism, ! is a closed 2-form onW , and � is a 1-form that vanishes on a neighborhood
of M0 and M1. If Œ!� vanishes on M0 [M1, then

FW I! PD FW I!Cd�:
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If Œ!� is non-vanishing on M0 and M1, then the above equation holds when restricted to
fixed Spinc structures on M0 and M1.

We will prove Lemma 2.12 in Section 7.8.

3. Perturbed Heegaard Floer homology of closed 3-manifolds

We review some background on Heegaard Floer homology, due to Ozsváth and Szabó
[23], [25]. To a closed 3-manifold Y with a Spinc structure s, Ozsváth and Szabó assign
F2ŒU �-modules HF�.Y;s/, HF1.Y;s/, and HFC.Y;s/ that fit into a long exact sequence

� � �
ı
�! HF�.Y; s/! HF1.Y; s/! HFC.Y; s/

ı
�! HF�.Y; s/! � � � : (3.1)

There is also an F2-vector space cHF.Y; s/.
If W is a cobordism from Y0 to Y1, and s 2 Spinc.W / restricts to s0 on Y0 and to s1

on Y1, then there are maps

F ıW;sWHFı.Y0; s0/! HFı.Y1; s1/

for ı 2 ¹�;1;C;^º that commute with the maps in the long exact sequence (3.1).
If! is a closed 2-form on Y , Ozsváth and Szabó [21] described an F2ŒH 1.Y /�-module

denoted HFı.Y; sIƒ!/, using the same coning procedure we described in Section 2.2.
Similarly, if ! D .!1; : : : ; !n/ is an n-tuple of closed 2-forms on Y , we can define the
F2ŒH 1.Y /�-module HFı.Y; sIƒ!/, which is also a ƒnŒU �-module, where ƒn is the n-
variable Novikov ring over F2. In this section, we focus on perturbing by a single 2-form,
to simplify the notation.

Ozsváth and Szabó [21] defined perturbed versions of their cobordism maps (and more
generally, fully twisted versions in [25]). The naturality and functoriality results described
above for sutured Floer homology have analogues for the perturbed versions of the closed
3-manifold invariants, which we state here.

Theorem 3.1. (1) Suppose Y is a closed 3-manifold with a chosen basepoint and a
closed 2-form !. If s 2 Spinc.Y / and ı 2 ¹�;1;C;^º, then HFı.Y; sIƒ!/ forms
a projective transitive system of ƒŒU �-modules, indexed by the set of pairs .H ; J /,
where H is an s-admissible diagram of Y , and J is a generic almost complex struc-
ture.

(2) Suppose W is a connected, oriented cobordism from Y0 to Y1, with a chosen path
connecting the basepoints of Y0 and Y1, a Spinc structure s 2 Spinc.W /, and a closed
2-form ! on W . Then the cobordism map

F ıW;sI! WHFı.Y0; sjY0 Iƒ!jY0 /! HFı.Y1; sjY1 Iƒ!jY1 /

due to Ozsváth and Szabó [21] is well-defined up to overall multiplication by zx for
x 2 R.
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Ozsváth and Szabó’s construction of the perturbed cobordism maps is similar to the
construction we describe in Section 7 for sutured Floer homology. One important dif-
ference is how the maps are associated to Spinc structures on W . If W is decomposed
as W1 [ W2 [ W3, where Wi is an index i handle cobordism, then the restriction map
Spinc.W /! Spinc.W2/ is an isomorphism. If .†;˛;ˇ;ˇ0;w/ is a triple for the 2-handle
attachment, Ozsváth and Szabó [25, Section 8.1.4] define a map

sw W�2.x;y; z/! Spinc.W2/:

The map F ıW;sI! counts only triangles with sw. / D sjW2 . Note that this construction
differs slightly from the Spinc restricted versions of the perturbed sutured cobordism maps
we gave in Section 2.3, which took the form �s1

ı FW I! ı is0 .
The Spinc composition law is slightly subtle in the perturbed setting, since we are

working in a projectivized category; see Example 2.4. The morphism sets in a projectiv-
ized category are not abelian groups, so sums of maps are not well-defined. Nonetheless,
a Spinc composition law can still be stated, as we now describe.

Suppose that S � Spinc.W / is a subset of Spinc structures. We suppose that each
s 2 S has the same restriction to @W , unless Œ!j@W � D 0. If ı 2 ¹�;1º, we must also
assume that there are only finitely many s 2S such that F ıW;sI! ¤ 0. In this situation, we
may define a cobordism map

F ıW;SI! WHFı.Y0Iƒ!jY0 /! HFı.Y1Iƒ!jY1 /;

which is well-defined up to multiplication by zx for some x 2 R. The 2-handle portion of
the map F ı

W;SI! counts triangles such that sw. / is the restriction of an element of S.
By construction, we may find representatives of the maps F ıW;sI! for s 2 S such that

F ıW;SI!
:
D

X
s2S

F ıW;sI! :

The proof of the composition law given by Ozsváth and Szabó [25, Theorem 3.4] extends
to give the following:

Proposition 3.2. Suppose W is a cobordism which decomposes as W2 ı W1. Suppose
further that ! is a closed 2-form on W , and S1 � Spinc.W1/ and S2 � Spinc.W2/ are
subsets as above. Let

S.W;S1;S2/ D ¹s 2 Spinc.W / W sjW1 2 S1 and sjW2 2 S2º:

Then
F ıW;S.W;S1;S2/I!

:
D F ıW2;S2I!jW2

ı F ıW1;S1I!jW1
:

We have the following analogue of Lemma 2.12:

Lemma 3.3. Suppose that W W Y0 ! Y1 is a cobordism of 3-manifolds, S � Spinc.W /
is a set of Spinc structures as above, ! is a closed 2-form on W , and � is a 1-form that
vanishes on a neighborhood of Y0 and Y1. If Œ!� vanishes on Y0 [ Y1, then

F ıW;SI! PD FW;SI!Cd�:
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If Œ!� is non-vanishing on Y0 and Y1, then the above equation holds when restricted to
fixed Spinc structures on Y0 and Y1.

Proof. This can be shown similarly to Lemma 2.12; see Section 7.8.

Lemma 3.4. LetW be a cobordism from Y0 to Y1, and ! a closed 2-form onW that van-
ishes on @W . Furthermore, let S� Spinc.W / be a set of Spinc structures. If ı 2 ¹�;1º,
we also assume there are only finitely many s 2S for which F ıW;s ¤ 0. If s0 2 Spinc.W /
is an arbitrary base Spinc structure, then

F ıW;SI!
:
D

X
s2S

zhi�.s�s0/[Œ!�;ŒW;@W �i � F ıW;s: (3.2)

We will prove Lemma 3.4 in Section 7.9.

Remark 3.5. As a consequence of Lemma 3.4, if ! is a closed 2-form onW that vanishes
on @W , then F ıW;sI!

:
D F ıW;s: We note that it is natural to normalize the perturbed maps

in this situation by defining

F ıW;sI! WD z
hi�.s�s0/[Œ!�;ŒW;@W �i � F ıW;s

and
F ıW I! D

X
s2Spinc.W /

F ıW;sI! D
X

s2Spinc.W /

zhi�.s�s0/[Œ!�;ŒW;@W �i � F ıW;s

for ı 2 ¹^;Cº. For ı 2 ¹�;1º, we may take this convention in the case when F ıW;s is
non-vanishing for only finitely many s. It is straightforward to see that this normalization
convention is compatible with the composition law.

4. Background on the Ozsváth–Szabó mixed invariants

For a closed 4-manifold X with bC2 .X/ � 2, Ozsváth and Szabó defined a map

ˆX WSpinc.X/! F2:

We writeˆX;s for the value ofˆX on s. The mapˆX is referred to as the mixed invariant
of X , because it uses both HFC and HF�.

The map ˆX is defined by picking a connected, codimension 1 submanifold N � X
that cutsX into two pieces,W1 andW2, such that bC2 .Wi / > 0, and such that the restriction
map

H 2.X/! H 2.W1/˚H
2.W2/

is an injection. Such a cut is called admissible. If we view W1 as a cobordism from S3

to N , and W2 as a cobordism from N to S3, the maps F1
W1;sjW1

and F1
W2;sjW2

vanish
[25, Lemma 8.2]. Consequently, F �W1;s1 may be factored to have codomain

HF�red.N; sjN / WD ker.HF�.N; sjN /! HF1.N; sjN //;
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and FCW2;s2 may be factored to have domain

HFCred.N; sjN / WD coker.HF1.N; sN /! HFC.N; sjN //:

The boundary map ı in the long exact sequence (3.1) induces an isomorphism between
HFCred.N; sjN / and HF�red.N; sjN /.

The invariant ˆX;s is defined as the coefficient of the bottom-graded generator ‚C of
HFC.S3/ in the expression

.FC
W2;sjW2

ı ı�1 ı F �W1;sjW1
/.1/;

where 1 denotes the top-graded generator of HF�.S3/Š F2ŒU �. Ozsváth and Szabó prove
that this is independent of the admissible cut N .

We now describe how to compute the mixed invariants using the perturbed cobordism
maps. To do that, we will need the following two results:

Lemma 4.1. LetX be a closed, oriented 4-manifold with bC2 .X/� 2, and let b 2H 2.X/.
Given an admissible cut X D W1 [N W2, there is a closed 2-form ! on X such that

(1) Œ!� D b 2 H 2.X IR/, and

(2) !jN D 0.

Proof. Choose ' 2 �2.X/ such that Œ'� D b. Since N gives an admissible cut, the
coboundary map H 1.N / ! H 2.X/ is zero. This is Poincaré dual to the inclusion
H2.N /! H2.X/, so this is trivial as well. Hence, the restriction map from H 2.X IR/
to H 2.N IR/ is trivial. In particular, Œ'jN � D 0 in H 2.N IR/, and so there is a 1-form
� 2 �1.N / such that 'jN D d�.

Let �.N / be a tubular neighborhood of N in X , and write pW �.N / ! N for the
projection. Choose a smooth function f on X that is 0 outside �.N /, and is 1 on a neigh-
borhood of N contained in the interior of �.N /. We define

! WD ' � d.f � p��/:

Then ! satisfies the required conditions.

Lemma 4.2. Let X be a closed, oriented 4-manifold with bC2 .X/ > 1, and let X D
W1 [N W2 be an admissible cut. If ! is a tuple of closed 2-forms on X that vanish
onN , then F �

W1;tI!jW1
and FC

W2;uI!jW2
are non-zero for only finitely many t 2 Spinc.W1/

and u 2 Spinc.W2/.

Proof. By Lemma 3.4, it suffices to show this for the unperturbed maps F �W1;t and FCW2;u.
Note that F �W1;t has image in HF�red.N / for every t 2 Spinc.W1/. Let d 2 N be such that
U d � HF�red.N / D ¹0º. If 1 is the generator of HF�.S3/, then

F �W1;t.1/ 62 U
d
� HF�red.N / D ¹0º

only for finitely many t 2 Spinc.W1/ by [25, Theorem 3.3], and since HF�red.N; s/ ¤ 0

only for finitely many s 2 Spinc.N /. The same argument works for FC
W2;uI!jW2

.
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Recall from the introduction that if bD .b1; : : : ; bn/ is a basis ofH 2.X IR/, we define

ˆX Ib WD
X

s2Spinc.X/

ˆX;s � z
hi�.s�s0/[b1;ŒX�i
1 � � � zhi�.s�s0/[bn;ŒX�i

n ;

where s0 2 Spinc.X/ is a choice of base Spinc structure. If H 2.X/ is torsion-free, then
ˆX Ib completely encodes the map s 7!ˆX;s. We now give a slight reformulation ofˆX Ib,
which is well-suited for proving Theorem 1.1:

Proposition 4.3. Suppose X is a closed, oriented 4-manifold with bC2 .X/ > 1, and N
is an admissible cut, dividing X into cobordisms W1 and W2. Suppose b D .b1; : : : ; bn/
is an n-tuple of classes in H 2.X IR/, represented by 2-forms ! D .!1; : : : ; !n/ that
vanish on N . Write !1 D !jW1 and !2 D !jW2 . Then the maps FCW2I!2 and F �W1I!1 are
well-defined, and satisfy

ˆX Ib
:
D h.FCW2I!2 ı ı

�1
ı F �W1I!1/.1/;‚Ci: (4.1)

Proof. Well-definedness of F �W1I!1 and FCW2I!2 follows from Lemma 4.2, so we focus
on (4.1).

Let s0 be a fixed element of Spinc.X/, and let t0 D s0jW1 and u0 D s0jW2 . Since
!1 and !2 vanish on N , we apply a straightforward adaptation of Lemma 3.4 from the
single- to the multi-variable setting to obtain

F �W1I!1
:
D

X
t2Spinc.W1/

z
hi�.t�t0/[Œ!1�;ŒW1;@W1�i
1 � � � zhi�.t�t0/[Œ!n�;ŒW1;@W1�i

n � F �W1;t;

FCW2I!2
:
D

X
u2Spinc.W2/

z
hi�.u�s0/[Œ!1�;ŒW2;@W2�i
1 � � � zhi�.u�u0/[Œ!n�;ŒW2;@W2�i

n � FCW2;u:
(4.2)

Equation (4.1) is obtained by inserting (4.2) into the right-hand side of (4.1), and using
the fact that if s 2 Spinc.X/ restricts to t 2 Spinc.W1/ and u 2 Spinc.W2/, then

hi�.t � t0/ [ Œ!i �; ŒW1; @W1�i C hi�.u � u0/ [ Œ!i �; ŒW2; @W2�i

D hi�.s � s0/ [ Œ!i �; ŒX�i:

Remark 4.4. In light of Proposition 4.3, it is natural to view ˆX Ib as a perturbed version
of the mixed invariant.

5. Fintushel–Stern knot surgery and concordance surgery

Fintushel and Stern [4] described an operation on a 4-manifold X called knot surgery.
Given a knot K in S3 and an embedded torus T in X with zero self-intersection, we
define the 4-manifold

X0 WD X nN.T /

with boundary T3. A neighborhood of T can be identified with T � D2. We pick
any orientation-preserving diffeomorphism �W @.T � D2/ ! S1 � @N.K/ such that
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��.Œ¹pº � @D
2�/ D Œ¹qº � `K �, where `K is a Seifert longitude on @N.K/, while p 2 T

and q 2 S1. We let
XK WD X0 [� .S

1
� .S3 nN.K///

be the result of knot surgery on X using K and T . Note that there is some ambiguity
in the choice of �, so we write XK for any 4-manifold constructed in this way. It is
straightforward to see that H�.XK/ and H�.X/ are canonically isomorphic.

Fintushel and Stern described a generalization of this operation called concordance
surgery; see Akbulut [2]. Let K be a knot in a homology 3-sphere Y (note that Akbulut
only considered Y D S3). Given a self-concordance C D .I � Y;A/ from .Y;K/ to itself,
we can construct a 4-manifold XC as follows. We take the annulus A, and glue its ends
together to form a 2-torus TC embedded in S1 � Y . The quotient map I � Y ! S1 � Y

is given by .t; y/ 7! .e2�it ; y/ for t 2 I and Y 2 Y . After removing a neighborhood
of TC , we get a 4-manifold WC with boundary T3. We pick any orientation-preserving
diffeomorphism �W @X0 ! @N.TC / that sends Œ¹pº � @D2� to Œ¹1º � `K �. We write XC

for any manifold constructed as the union

XC WD X0 [� WC :

It is easy to see that H�.XC / and H�.X/ are canonically isomorphic.
If C D .I � Y;A/ is a self-concordance of the knot K in Y , and a is a pair of parallel

arcs on A connecting the two components of @A, then there is an induced map on knot
Floer homology

yFC ;aW bHFK.Y;K/! bHFK.Y;K/;

described by the first author [8]. The map yFC ;a preserves the Alexander and Maslov
gradings according to Marengon and the first author [10, Theorem 5.18], and is non-
vanishing when Y D S3 by [9, Theorem 1.2].

Note that the group bHFK.Y; K/ only becomes natural once we choose a pair P of
basepoints on K, which we suppress from the notation. We require @a to be disjoint
from P , and also to link @a. We define Lefz.C/ to be the polynomial

Lefz.C/ WD
X
i2Z

Lef
�
yFC ;ajbHFK.Y;K;i/

W bHFK.Y;K; i/! bHFK.Y;K; i/
�
� zi

for any pair of parallel arcs a connecting the two boundary components of C . Although
the map yFC ;a depends on the arcs a, we have the following:

Lemma 5.1. The graded Lefschetz number of yFC ;a is independent of the choice of arcs a.

Proof. Changing the arcs a by a proper isotopy that does not cross the basepoints P does
not change the cobordism map yFC ;a. Hence, it suffices to show that the Lefschetz number
is unchanged by applying a Dehn twist to a along one of the boundary components of
the annulus A. The action of a Dehn twist on bHFK.Y; K/ was computed by Sarkar [27]
when Y D S3, and by the second author [31, Theorem B] for a null-homologous knot in
a general 3-manifold Y . If r� denotes the action of a single Dehn twist, then

r� D idCˆ‰;
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where ˆ and ‰ are two endomorphisms of bHFK.Y;K/ that satisfy

ˆ2 D ‰2 D 0; ˆ‰ D ‰ˆ:

Since a Dehn twist on an annulus may be pulled to either boundary component, it
follows that if a0 differs from a by a single Dehn twist along one end of the annulus, then

yFC ;a0 D
yFC ;a ı .idCˆ‰/ D .idCˆ‰/ ı yFC ;a:

Consequently, the map yFC ;a ı .ˆ‰/ is nilpotent, so has Lefschetz number 0 in each Alex-
ander grading.

Lemma 5.2. The graded Lefschetz number Lefz.C/ is symmetric with respect to the con-
jugation z 7! z�1.

Proof. The proof follows easily from the conjugation symmetry of the knot Floer homo-
logy groups [22, Proposition 3.10], as well as the corresponding symmetry of the knot
cobordism maps [32, Theorem 1.3].

If X is a closed, oriented 4-manifold with a smoothly embedded 2-torus T such that
ŒT � ¤ 0 2 H2.X IR/, then we can pick a basis b D .b1; : : : ; bn/ of H 2.X IR/ such that

hb1; ŒT �i D 1 and hbi ; ŒT �i D 0 for i > 1: (5.1)

This induces a basis ofH 2.XC IR/ that we also denote by b. We restate our main theorem.

Theorem 1.1. LetX be a closed, oriented 4-manifold such that bC2 .X/� 2. Suppose that
T is a smoothly embedded 2-torus in X with trivial self-intersection such that ŒT � ¤ 0

in H2.X IR/. Furthermore, let b D .b1; : : : ; bn/ be a basis of H 2.X IR/ satisfying (5.1).
If C is a self-concordance of .Y;K/, where Y is a homology 3-sphere, then

ˆXC Ib D Lefz1.C/ �ˆX Ib:

In order to prove Theorem 1.1, we need to perform several computations. Let C be a
self-concordance of a knot K in the homology 3-sphere Y . On the torus TC � S

1 � Y ,
we pick a pair of dividing curves, each intersecting ¹1º �K exactly once. Such dividing
curves are determined up to Dehn twists about ¹1º � K. The dividing set specifies an
isotopically unique, positive, S1-invariant contact structure �C on T3 D�@N.TC /, by the
work of Lutz [19]. Note that this contact structure is positive with respect to the boundary
orientation from WC .

Proposition 5.3. Let !C be a closed 2-form on the 4-manifold WC , Poincaré dual to
¹1º � �K , where �K is a Seifert surface for the knot K. If we view WC as a cobordism
from �T3 to ;, and write �C D !C j@WC

, then

yFWC I!C
.bc.�C I �C //

:
D Lefz.C/

as an element of cHF.;Iƒ/ Š ƒ, wherebc.�C I �C / 2 cHF.�T3Iƒ�C / is the contact class
of �C twisted by �C .
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Proof. We consider the sutured manifold cobordism WC WD .WC ; T3; Œ�C �/ from the
empty sutured manifold to itself. In Section 7, we define the sutured cobordism map
as the composition of the contact gluing map for gluing .T3; �C / to the empty sutured
manifold and perturbed by �C , followed by 4-dimensional 1-, 2-, and 3-handle maps.
The composition of the handle maps is the perturbed cobordism map yFWC I!C

induced by
the cobordism WC from T3 to ;, as defined by Ozsváth and Szabó [25]. Since T3 is a
closed 3-manifold, the gluing map sends the generator of SFH.;Iƒ/Šƒ to the perturbed
contact elementbc.�C I �C /. Consequently, the perturbed sutured cobordism map FWC I!C

satisfies
FWC I!C

.1/
:
D yFWC I!C

.bc.�C I �C //:

Let us write Y.K/ for the sutured manifold obtained by adding two meridional sutures
to Y nN.K/. We decompose WC as

eY.K/ ı IdY.K/t�Y.K/ ı .W.C ; a/ t Id�Y.K// ıdY.K/;

where

� dY.K/ is the cotrace cobordism from ; to Y.K/ t �Y.K/,

� W.C ; a/ is the sutured manifold cobordism from Y.K/ to itself complementary to the
decorated concordance .C ; a/, and Id�Y.K/ is the identity cobordism of �Y.K/,

� IdY.K/t�Y.K/ is the identity cobordism of Y.K/ t �Y.K/, and

� eY.K/ is the trace cobordism from Y.K/ t �Y.K/ to ;.

Since WC is a sutured cobordism from ; to ;, it follows from Lemma 2.12 that replacing
!C with !C C d� for a 1-form � only changes FWC I!C

.1/ by an overall factor of zx .
Hence, we may assume that the 2-form!C restricts trivially to dY.K/, W.C ;a/t Id�Y.K/,
and eY.K/. Its restriction !0 to IdY.K/t�Y.K/ is Poincaré–Lefschetz dual to ¹1=2º � �K
for a Seifert surface �K � Y.K/.

By Lemma 2.11, and since IdY.K/t�Y.K/ is a disjoint union of two product cobor-
disms, we have

FIdY.K/t�Y.K/I!0.x ˝ y/ D z
�A.x/

� .x˝ y/;

up to an overall factor of zx for some x 2 R. By [11, Theorem 1.1], we know that dY.K/
and eY.K/ induce the canonical cotrace and trace maps, respectively. It follows that

.FeY.K/I0 ı FIdY.K/t�Y.K/I!0 ı FW.C ;a/tId�Y.K/I0 ı FdY.K/I0/.1/

is the graded Lefschetz number Lefz�1. yFC ;a/. By Lemma 5.2, this coincides with the
graded Lefschetz number Lefz. yFC ;a/, completing the proof.

The special case of the unknot U and the trivial concordance .I � S3; I � U/ is
important. In this case, the dividing set on the torus S1 �U � S1 � S3 determines an S1-
invariant, positive contact structure �0 on T3 D �@N.S1 � U/. Consider the 4-manifold

W0 D S
1
� .S3 nN.U // Š S1 � S1 �D2:



A. Juhász, I. Zemke 1012

Corollary 5.4. Let !0 be a closed 2-form on the 4-manifoldW0 such that Œ!0� is Poincaré
dual to ¹.1; 1/º � D2. If we view W0 as a cobordism from �T3 to ;, and write �0 D
!0j@W0 , then

yFW0I!0.bc.�0I �0// :D 1
as an element of cHF.;Iƒ/ Š ƒ.

A choice of dividing sets on S1 � U in S1 � S3 and TC in S1 � Y induces a dif-
feomorphism between S1 � U and TC that maps ¹1º � U to ¹1º �K, well-defined up to
isotopy. We can extend this diffeomorphism to a D2-bundle map from .S1 � U/ �D2

to TC � D
2. We write T3 for both �@N.S1 � U/ and �@N.TC /, identified via the

restriction of such a diffeomorphism. Furthermore, the contact structures �0 and �C are
identified by this diffeomorphism, and hence we will write � for both. Similarly, the
2-forms �0 D !0jT3 and �C D !C jT3 are identified, so we write � 2 �2.T3/ for both.

Note that Spinc.W0/Š Spinc.WC /ŠZ. We write tk 2 Spinc.W0/ for the Spinc struc-
ture with

c1.tk/ D 2k � PDŒ¹1º � �U �;

where �U is a Seifert surface for U in S3 nN.U /, and we are using Poincaré duality

H2.W0; @W0/ Š H
2.W0/:

Similarly, we write t0
k
2 Spinc.WC / for the Spinc structure satisfying c1.t

0
k
/ D

2k � PDŒ¹1º � �K �, where �K is a Seifert surface for K in Y nN.K/.

Corollary 5.5. As maps from HFC.�T3Iƒ� / to HFC.;Iƒ/ Š ƒ, we have

FC
WC ;t

0
0
I!C

:
D Lefz.C/ � FCW0;t0I!0 :

Furthermore, FCW0;tk I!0 and FC
WC ;t

0
k
I!C

vanish for every k 2 Z n ¹0º.

Proof. The contact element

cC.�I �/ 2 HFC.�T3
Iƒ� /

was defined by Ozsváth and Szabó [24] as the image ofbc.�I �/ under the natural map

��WcHF.�T3
Iƒ� /! HFC.�T3

Iƒ� /:

Since �� commutes with the perturbed cobordism maps for W0 and WC on cHF and HFC,
we have

FCWC I!C
.cC.�I �// PD Lefz.C/

by Proposition 5.3, and
FCW0I!0.c

C.�I �// PD 1

by Corollary 5.4. Hence cC.�I �/ ¤ 0, and

FCWC I!C
.cC.�; �//

:
D Lefz.C/ � FCW0I!0.c

C.�; �//: (5.2)
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Next, we use the well-known fact that if � is any non-vanishing, closed 2-form
on �T3, then

HFC.�T3
Iƒ� / Š ƒ;

and HFC.�T3Iƒ� / is supported in the torsion Spinc structure on �T3; see Ai and
Peters [1, Theorem 1.3], Jabuka and Mark [6, Theorem 10.1], Lekili [15, Theorem 14],
and Wu [29]. It follows that FCWC I!C

and FCW0I!0 , whose domains are thus rank 1 over ƒ,
must be constant multiples of each other. Equation (5.2) and the fact that cC.�I �/ ¤ 0
now establish that the ratio is Lefz.C/, up to an overall factor of zx .

Finally, the maps in the Spinc structures tk and t0
k

for k 2 Z n ¹0º vanish because they
have trivial domain. In particular,

FCWC I!C
D FC

WC ;t
0
0
I!C

and FCW0I!0 D F
C

W0;t0I!0
;

completing the proof.

Corollary 5.6. If ! D .!1; : : : ; !n/ is a collection of closed 2-forms on X satisfyingZ
T

!1 D 1 and
Z
T

!i D 0 for i > 1;

and !0 D .!01; : : : ; !
0
n/ is the induced collection on XC under the canonical isomorphism

H 2.XC IR/ Š H 2.X IR/, then

FC
WC ;t

0
0
I!0jWC

PD Lefz1.C/ � F
C

W0;t0I!jW0
;

and both maps vanish for all other Spinc structures.

Proof. Let the 1-variable Novikov ring ƒ act on the n-variable Novikov ring ƒn in the
variables z1; : : : ; zn via multiplication by the first variable. We writeƒ! forƒn viewed as
a module over F2ŒH2.M/� via the formula ea � zxi D z

xC
R
a !i

i for a 2H2.M/ and x 2 R.
Since the classes Œ!2�; : : : ; Œ!n� vanish onW0 and Œ!02�; : : : ; Œ!

0
n� vanish onWC , arguing as

in the proof of Lemma 4.1 we may assume the 2-forms !2; : : : ; !n and !02; : : : ; !
0
n have

been chosen to vanish on W0 and WC . Hence, we see a canonical isomorphism

HFC.�T3
Iƒ!j

�T3
/ Š HFC.�T3

Iƒ� /˝ƒ ƒn:

Immediately from the definitions, we see that, with respect to this decomposition,

FC
W0;tk I!jW0

D FC
W0;tk I!1jW0

˝ idƒn ;

and similarly for FC
WC ;t

0
k
I!0jWC

. The main result now follows from Corollary 5.5.

We can now prove Theorem 1.1.

Proof of Theorem 1.1. As before, letX0DX nN.T /. Since bC2 .X/� 2, by analyzing the
Mayer–Vietoris sequence for X D X0 [N.T / it is easy to see that bC2 .X0/ � 1. Hence,
there is a surface Q of positive self-intersection in the complement of T . Let N denote
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the boundary of a tubular neighborhood of Q. The manifold N is an admissible cut of X
by [25, Example 8.4]. We write W1 D N.Q/ and W2 D X n int.N.Q//.

By Lemma 4.1, there are 2-forms!D .!1; : : : ;!n/ such that Œ!i �D bi and !i jN D 0.
Furthermore, we can arrange that !1jN.T / D !0 and !i jN.T / D 0 for i > 1. We let !0 D
.!01; : : : ; !

0
n/ be an n-tuple of forms on XC such that !01jN.T / D !C and !0i jN.T / D 0 for

i > 1, while !0i jX0 D !i jX0 for i 2 ¹1; : : : ; nº.
By Proposition 4.3,

ˆX Ib D h.F
C

W2I!jW2
ı ı�1 ı F �W1I!jW1

/.1/;‚C i:

We now apply the composition law, Proposition 3.2, to the splitting W2 D W0 [T3 W
0,

where W0 D N.T / and W 0 D W2 n int.N.T //, to obtain

FC
W2I!jW2

:
D FC

W0I!jW0
ı FC

W 0I!jW 0
:

Similarly, if W 02 WD WC [T3 W
0, then

ˆXC Ib D h.F
C

W 0
2
I!0j

W 0
2

ı ı�1 ı F �W1I!0jW1
/.1/;‚C i;

where
FC
W 0
2
I!0j

W 0
2

:
D FC

WC I!
0jWC

ı FC
W 0I!0jW 0

:

By construction of!0, we have!0jW1 D!jW1 and!0jW 0 D!jW 0 . Hence, it follows from
Corollary 5.6 that

ˆXC Ib
:
D Lefz1.C/ �ˆX Ib: (5.3)

Equality in (5.3) can be established using the conjugation symmetry of the Ozsváth–Szabó
4-manifolds invariants [25, Theorem 3.6].

5.1. Concordance surgery and diffeomorphism types of 4-manifolds

As an application of Theorem 1.1, we prove Corollary 1.2, which states that X and XC

are not diffeomorphic if ˆX Ib ¤ 0 and Lefz.C/ ¤ 1:

Proof of Corollary 1.2. Choose a basis b D .b1; : : : ; bn/ of H2.X IR/ that is induced by
a basis of H 2.X/= Tors. In this situation, the invariant ˆX Ib takes values in the integral
group ring F ŒZn�. It is convenient to use the group ring notation

e.a1;:::;an/ WD z
a1
1 � � � z

an
n ;

where .a1; : : : ; an/ 2 Zn. If b D .b1; : : : ; bn/ is an n-tuple of cohomology classes, we
abbreviate

hi�.s � s0/ [ b; ŒX�i WD .hi�.s � s0/ [ b1; ŒX�i; : : : ; hi�.s � s0/ [ bn; ŒX�i/:

Performing a change of basis to Theorem 1.1, we obtain

ˆXC Ib D Lefehb;ŒT �i.C/ �ˆX Ib: (5.4)
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On the other hand, if �WXC ! X were an orientation-preserving diffeomorphism,
then

ˆX;s D ˆXC ;�
�.s/ (5.5)

for all s. Hence

ˆX Ib WD
X

s2Spinc.X/

ehi�.s�s0/[b;ŒX�i
�ˆX;s

D

X
s2Spinc.X/

eh�
�i�.s�s0/[�

�.b/;ŒXC �i �ˆXC ;�
�.s/

D

X
s2Spinc.XC /

ehi�.s��
�.s0//[�

�.b/;ŒXC �i �ˆXC ;s

:
D

X
s2Spinc.XC /

ehi�.s�s0/[�
�.b/;ŒXC �i �ˆXC ;s

D eM.�
�/t
�

X
s2Spinc.XC /

ehi�.s�s0/[b;ŒXC �i �ˆXC ;s

D eM.�
�/t
�ˆXC Ib: (5.6)

Here, M.��/ denotes the element of GLn.Z/ induced by �� after identifying
H 2.X/=Tors and H 2.XC /=Tors with Zn via the basis b, and M.��/t denotes its trans-
pose. Also, we are writing eM.�

�/t for the endomorphism of F ŒZn� given by eM.�
�/t ea D

eM.�
�/t �a, where we view a as a column vector.

Equation (5.6) is justified as follows. The first equality is a definition. The second
equality follows from (5.5), and the naturality of cohomology. The third equality follows
from rearranging the sum. The fourth equality follows since ˆX Ib is independent, up to
overall multiplication by a monomial, of the choice of base Spinc structure s0. The fifth
equality can be computed directly, and the final equality again holds by definition.

The ring F ŒZn� is a UFD, since it is the localization of the polynomial ring
F Œz1; : : : ; zn� at monomials. Furthermore, the units are exactly the monomials. The map
eM.�

�/t preserves the number of irreducible factors since

eM.�
�/t .f � g/ D .eM.�

�/t
� f /.eM.�

�/t
� g/;

the map eM.�
�/t sends monomials to monomials, and eM.�

�/t is invertible.
In particular, if Lefz.C/¤ 1 andˆX Ib ¤ 0, (5.4) implies thatˆXC Ib has more irredu-

cible factors than ˆX Ib, while (5.6) implies they have the same number, a contradiction.

6. Naturality of perturbed sutured Floer homology

This section is devoted to defining transition maps on perturbed sutured Floer homology
for naturality, and proving Theorem 2.1.
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6.1. Changing the 2-form

We first describe transition maps for changing the 2-form by a boundary. Unlike the
transition maps for changing the Heegaard diagrams, we usually do not want to view
sutured Floer homology as a transitive system over closed 2-forms which represent the
same cohomology class. Nonetheless, the transition maps for changing the 2-form are
convenient to define.

Let H be an admissible diagram of the balanced sutured manifold .M; /, and let !
and !0 be closed cohomologous 2-forms on M . Suppose � is a 1-form such that d� D
!0 � !. Then we may define a chain isomorphism

‰!!!0I�WCFJ .H Iƒ!/! CFJ .H Iƒ!0/

via the formula
‰!!!0I�.z

x
� x/ D zxC

R
x
�
� x;

where we obtain x by connecting x to the centers of the disks D˛ and Dˇ along radii.
We orient x from D˛ to Dˇ . The map ‰!!!0I� is a chain map by Stokes’ theorem, and
is an isomorphism since ‰!0!!I�� is its inverse.

Lemma 6.1. When restricted to a single Spinc structure, the map‰!!!0I� is independent
of the 1-form � satisfying d� D !0 � !, up to an overall factor of zx .

Proof. It is sufficient to show that if � is a closed 1-form, then ‰!!!I� is equal to overall
multiplication by zx for some x 2 R, when restricted to a single Spinc structure. Hence,
it is sufficient to show that if s.x/ D s.y/ and d� D 0, thenZ

x

� D

Z
y

�:

The condition that s.x/ D s.y/ is equivalent to the condition that the integral 1-cycle
x � y is @S for some integral 2-chain S . By Stokes’ theorem,Z

x�y

� D

Z
S

d� D 0;

completing the proof.

In general, the map ‰!!!0I� is not independent of � when working with multiple
Spinc structures at once, even if Œ!� D Œ!0� D 0; see Remark 7.3.

6.2. Change of almost complex structure maps

Suppose H is an admissible diagram of .M; /. If J and J 0 are two cylindrical almost
complex structures on † � I � R, there is a standard Floer-theoretic construction that
gives a transition map from CFJ .H Iƒ!/ to CFJ 0.H Iƒ!/; see Lipshitz [17, Section 9].
Pick a generic almost complex structure zJ on † � I �R such that
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zJ D J on † � I � .�1; a�;

zJ D J 0 on † � I � Œb;1/;

where a� 0 and b � 0. Define

‰J!J 0 WCFJ .H Iƒ!/! CFJ 0.H Iƒ!/

via the formula

‰J!J 0.z
x
� x/ D

X
y2T˛\Tˇ

X
�2�2.x;y/
�.�/D0

.jM zJ .�/j mod 2/ � zxCA!.�/ � y:

Lemma 6.2. The map ‰J!J 0 is a chain map, and is independent of zJ , up to chain
homotopy.

Proof. The claim that‰J!J 0 is a chain map is proven by counting the ends of the moduli
spaces of index 1, zJ -holomorphic curves. The claim that ‰J!J 0 is independent of zJ is
proven by taking two generic choices zJ0 and zJ1, and connecting them via a path . zJz/t2I .
A chain homotopy between the map which counts zJ0-holomorphic curves and the map
which counts zJ1-holomorphic curves is given by counting index �1 curves that are zJt -
holomorphic for some t 2 I .

6.3. Perturbed stabilization maps

Suppose that H D .†;˛;ˇ/ is an admissible diagram of .M;/, and H 0 D .†0;˛[ ¹˛0º;

ˇ [ ¹ˇ0º/ is a stabilization of H , i.e., there is a 3-ball B in int.M/ such that

(1) B \† is a disk and B \†0 is a punctured 2-torus that contains the curves ˛0 and ˇ0,
and is disjoint from ˛ [ ˇ,

(2) † n B D †0 n B , and

(3) ˛0 and ˇ0 intersect transversely at a single point c.

The stabilization map
� WCF.H /! CF.H 0/

is given by �.x/ D x � c: According to [23, Theorem 10.2], for a sufficiently stretched
almost complex structure, the map � is a chain map. See Lipshitz [17, Section 12] for the
corresponding result in the cylindrical reformulation. We define the perturbed stabilization
map

� WCF.H Iƒ!/! CF.H 0Iƒ!/

via the formula �.zx � x/ D zx � .x � c/:

Lemma 6.3. For a sufficiently stretched almost complex structure, the perturbed stabil-
ization map � WCF.H Iƒ!/! CF.H 0Iƒ!/ is a chain map.

Proof. If � 2 �2.x; y/ is a class on H , there is a unique class �0 2 �2.x � c; y � c/
whose domain agrees with � on † n B . The class �0 has the same Maslov index as �.
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Ozsváth and Szabó showed that if �.�/D 1, and if the almost complex structure on†0 is
sufficiently stretched, then

jM.�/=Rj � jM.�0/=Rj mod 2: (6.1)

We note that the 2-chain zD.�0/ only differs from zD.�/ in the 3-ball B . Furthermore,
there is an integral 3-chain C3 (a sum of solid tori) such that

zD.�0/C @C3 D zD.�/:

Hence A!.�0/D A!.�/, so (6.1) implies that � is a chain map on the perturbed complex.

6.4. Perturbed isotopy maps

Suppose that .�t /t2I is an isotopy of M satisfying �0 D idM . For convenience, assume
that �t is constant for t in a neighborhood of @I . If H D .†; ˛; ˇ/ is an admissible
diagram for .M; /, write H 0 for the diagram obtained by pushing forward † along �1.
Let J be a cylindrical almost complex structure on † � I � R, and let J 0 denote its
pushforward along �1. Given a choice of compressing disks D˛ and Dˇ for H , we use
�1.D˛/ and �1.Dˇ / for H 0.

If x 2 T˛ \ Tˇ is an intersection point on H , let x denote the 1-chain obtained by
coning the points of x into U˛ and Uˇ , and let �x;�t denote the 2-chain in M obtained
by sweeping out x under �t . We define

.�t /�WCFJ .H Iƒ!/! CFJ 0.H 0Iƒ!/

via the formula
zx � x 7! z

xC
R
�x;�t

!
� �1.x/:

Stokes’ theorem can be used to show that .�t /� is a chain map. We define the transition
map for the isotopy .�t /t2I from H to its image H 0 to be .�t /�.

Remark 6.4. As a special case of the above construction, when �t fixes the Heegaard
surface pointwise for all t , the map .�t /� induces a map for transitioning between col-
lections of compressing disks that are related by an ambient isotopy fixing † pointwise.
A similar construction gives a map for transitioning between collections of compressing
disks that are instead only isotopic as maps from D2 into Y , relative to @D2. The con-
struction also adapts to give a transition map for changing the choice of radial foliation
on the disks.

The map .�t /� depends only on �1, in the following sense:

Lemma 6.5. Suppose that .�t /t2I and . t /t2I are two isotopies of .M; / such that
�0D 0D id.M;/, and �1D 1. Then .�t /�

:
D . t /� on each Spinc structure. If Œ!�D 0,

then .�t /�
:
D . t /� on all of CFJ .H Iƒ!/.
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Proof. Suppose that x and y are two intersection points that represent the same Spinc

structure. This is equivalent to the condition that x � y D @S for some integral
2-chain S in M . The isotopies �t and  t applied to S sweep out 3-chains C�t and C t .
We have

@C�t D �x;�t � �y;�t � S C �1.S/; (6.2)

and a similar formula holds for @C t . Integrating d! D 0 on C�t and C t , and using
(6.2) and Stokes’ theorem, we obtainZ

�x;�t

! �

Z
�y;�t

! D

Z
�x; t

! �

Z
�y; t

!: (6.3)

Equation (6.3) implies that . t /� and .�t /� differ only by an overall factor of zx when
restricted to a single Spinc structure.

Suppose now that Œ!� D 0, and let x and y be any two intersection points. Since
x � y is a 1-cycle, .�x;�t � �y;�t / � .�x; t � �y; t / is a 2-cycle, so ! integrates to
zero over it, and (6.3) follows.

Let � be an automorphism of .M; /. If H D .†;˛;ˇ/ is an admissible diagram of
.M;/ with a cylindrical almost complex structure J on†� I �R, and H 0 D �.H / and
J 0 D ��.J / are their pushforwards, then there is a tautological chain isomorphism

� taut
� WCFJ .H Iƒ!/! CFJ 0.H 0Iƒ��.!//;

obtained by sending zx � x to zx � �.x/. If ��.!/ D !, we have the following relation
between the tautological map and the map from naturality:

Lemma 6.6. If .�t /t2I is an isotopy of .M; / such that �0 D id and .�1/�.!/ D !,
then

.�t /�
:
D .�1/

taut
�

on each Spinc structure.

Proof. By definition, .�t /�.zx � x/ D z
xC

R
�x;�t

!
� x, where �x;�t is the 2-chain swept

out by x under �t . Hence, it is sufficient to show that if x and y represent the same Spinc

structure, then Z
�x ;�t

! D

Z
�y ;�t

!:

As in the proof of Lemma 6.5, write S for a 2-chain such that @S D x � y . By (6.2),
and since d! D 0, we haveZ

�x;�t

! �

Z
�y;�t

! D

Z
S

! �

Z
�1.S/

!:

Since .�1/�.!/D !, we have
R
�1.S/

! D
R
�1.S/

.�1/�.!/D
R
S
!, and the result follows.
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6.5. Monodromy

In this section, we give several examples which illustrate the existence of monodromy
around loops of Heegaard diagrams.

Example 6.7. Suppose D˛;t for t 2 I is a path of compressing disks that moves just one
of the compressing disks Di . Further, assume that the center of Di traces out a small
loop in U˛ that bounds a disk D0. Following Remark 6.4, by modifying the transition
maps for isotopies, the path D˛;t induces a transition map. Write x;t for the 1-chain
obtained by coning x usingD˛;t , and write �x for the 2-chain swept out by x;t for t 2 I .
Then �x [D0 is a closed 2-chain, which is a boundary since H2.U˛/ D ¹0º. Hence, the
monodromy of the transition maps around the loop D˛;t is overall multiplication by

z
R
�x

!
D z

�
R
D0

!
;

which may be non-zero.

We now show that the perturbed isotopy maps can have projectively non-trivial mono-
dromy over loops of Heegaard diagrams if we consider multiple Spinc structures simul-
taneously.

Lemma 6.8. Suppose that H is an admissible diagram for .M; / and .�t /t2I is an
isotopy of M such that �0 D �1 D id.M;/. Let

f WH1.M/! H2.M/

denote the composition H1.M/ ! H2.M � S
1/ ! H2.M/, where the first map is

obtained via the cross product with the fundamental class of S1, and the second map
is induced by �t . If s0 2 Spinc.M; / is a fixed Spinc structure, then the isotopy map
.summed over all Spinc structures/

.�t /�WCF.H Iƒ!/! CF.H Iƒ!/

is projectively equivalent to the map

x 7! z
R
f.PDŒs.x/�s0�/

!
� x:

Proof. As in the proof of Lemma 6.5, let �x;�t denote the 2-chain obtained by sweeping
out x under �t . Let x0 be some fixed intersection point on H , and let s0 D s.x0/. If x
is an arbitrary intersection point, then

PDŒs.x/ � s0� D x � x0

by [7, Lemma 4.7]. The claim now follows from the computationZ
�x;�t

! �

Z
�x0;�t

! D

Z
�x;�t��x0;�t

! D

Z
f .x�x0

/

! D

Z
f .PDŒs.x/�s0�/

!:
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Example 6.9. Let D � T2 be a closed disk, and set M D .T2 n int.D// � S1. Let the
sutures  � @M be the images of two points in @D under the action of S1. The S1-action
induces a loop �t of automorphisms of .M; / based at id.M;/. The map f is non-zero
in this case, and hence .�t /� is projectively non-trivial when considered over the whole
chain complex by Lemma 6.8.

6.6. Perturbed triangle maps

Suppose .†;˛;ˇ/ is an admissible diagram for .M; /, and ˛0 is obtained from ˛ by a
sequence of handleslides and isotopies. Suppose further that .†;˛0;˛;ˇ/ is admissible.
Then there is an unperturbed holomorphic triangle map

F˛0;˛;ˇ WCF.†;˛0;˛/˝ CF.†;˛;ˇ/! CF.†;˛0;ˇ/:

Pick compressing disks D˛0 , D˛ , and Dˇ for ˛0, ˛, and ˇ, respectively. Note that
since U˛ D U˛0 , the disks D˛ and D˛0 are compressing disks for the same handlebody.
If  2 �2.x;y; z/ is a homology class of triangles, we may cone the domain of  along
the compressing disks to obtain a 2-chain zD. / in M . By integrating ! over zD. /, we
obtain a real number A!. /. Hence, we obtain a perturbed version of the triangle map

F˛0;˛;ˇ I! WCF.†;˛0;˛Iƒ!jU˛ /˝ CF.†;˛;ˇIƒ!/! CF.†;˛0;ˇIƒ!/:

Some care is required in interpreting CF.†;˛0;˛Iƒ!jU˛ /, as its definition differs slightly
from the other two complexes. If x; y 2 T˛0 \T˛ and � 2 �2.x;y/, we cone the class �
in U˛ , using the compressing disks D˛ and D˛0 . We define A!.�/ as the integral of !
over this 2-chain in U˛ .

Since H 2.U˛/ D 0, we may write !jU˛ D d� for some 1-form � 2 �1.U˛/. There is
a chain isomorphism

‰0!!jU˛ I�WCF.†;˛0;˛/˝ƒ! CF.†;˛0;˛Iƒ!jU˛ /;

whose construction is analogous to the one in Section 6.1. The complex CF.†;˛0;˛/ con-
tains a cycle ‚˛0;˛ whose homology class is the top-graded generator of SFH.†;˛0;˛/.
The cycle ‚˛0;˛ is unique up to adding a boundary. We define

‚!˛0;˛ WD ‰0!!jU˛ I�.‚˛0;˛ ˝ 1ƒ/ 2 CF.†;˛0;˛Iƒ!jU˛ /: (6.4)

A simple modification of Lemma 6.1 implies that Œ‚!˛0;˛� is independent of �, up to overall
multiplication by zx .

If the triple .†;˛0;˛;ˇ/ is admissible, then the transition map

‰
ˇ
˛!˛0 WCF.†;˛;ˇIƒ!/! CF.†;˛0;ˇIƒ!/

is defined via the formula

‰
ˇ
˛!˛0.�/ WD F˛0;˛;ˇ I!.‚

!
˛0;˛;�/:
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If .†; ˛0; ˛; ˇ/ is not admissible, we define ‰ˇ˛!˛0 by picking a collection ˛00 such
that the triples .†; ˛0; ˛00; ˇ/ and .†; ˛00; ˛; ˇ/ are both admissible, and setting ‰ˇ˛!˛0
to be the composition of the triangle maps for .†;˛0;˛00;ˇ/ and .†;˛00;˛;ˇ/. A similar
construction works for changes of the beta-curves.

If .†;˛;ˇ/ and .†;˛0;ˇ0/ are two admissible diagrams, then we define a transition
map

‰
ˇ!ˇ 0

˛!˛0 WD ‰
ˇ 0

˛!˛0 ı‰
ˇ!ˇ 0

˛ : (6.5)

As in the unperturbed setting, the right-hand side is chain homotopic to ‰ˇ!ˇ
0

˛0 ı‰
ˇ
˛!˛0 .

A chain homotopy may be constructed by counting holomorphic quadrilaterals. More
generally, an associativity argument gives the following:

Proposition 6.10. The transition map ‰ˇ!ˇ
0

˛!˛0 is well-defined up to chain homotopy and
overall multiplication by zx . Furthermore,

‰
ˇ 0!ˇ 00

˛0!˛00 ı‰
ˇ!ˇ 0

˛!˛0
P' ‰

ˇ!ˇ 00

˛!˛00 :

6.7. Compatibility of the triangle and isotopy maps

We now address compatibility of the maps induced by isotopies with the maps induced
by counting holomorphic triangles.

Let .†;˛;ˇ/ be an admissible diagram, and .˛t /t2I a small Hamiltonian isotopy with
˛0 D ˛, which extends smoothly over t 2 R and is constant outside I . Then there is a
continuation map

�˛t ;J I! WCFJ .†;˛0;ˇIƒ!/! CFJ .†;˛1;ˇIƒ!/

that counts index 0, J -holomorphic curves with boundary on the cylinders

C˛t WD ¹.p; 0; t/ W p 2 ˛t ; t 2 Rº and Cˇ WD ¹.p; 1; t/ W p 2 ˇ; t 2 Rº;

weighted by their !-area. The cylinder Cˇ is Lagrangian for the product symplectic form,
while C˛t is Lagrangian with respect to a symplectic form that has been deformed slightly
near†� ¹0º �R; see [18, (3.25)]. Finiteness of the counts contributing to �˛t ;J I! follows
from the work of Ozsváth and Szabó [23, Lemma 7.4], using the admissibility assumption
on .†;˛;ˇ/.

Compatibility of the triangle and continuation maps is given by the following lemma,
adapted from the work of Lipshitz [17, Section 11]:

Lemma 6.11. Suppose that .†; ˛; ˇ/ is an admissible diagram for .M; /, and ˛0 is
obtained from ˛ by a small Hamiltonian isotopy ˛t . for some symplectic form on †/
such that j˛0i \ j̨ j D 2ıij , where ıij denotes the Kronecker delta. Let J denote a cyl-
indrical almost complex structure on † � I � R, and let �˛t ;J I! WCFJ .†;˛;ˇIƒ!/!
CFJ .†;˛0;ˇIƒ!/ denote the continuation map. Then

�˛t ;J I!.�/ P' F˛0;˛;ˇ I!.‚
!
˛0;˛;�/:
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Proof. The proof is an adaptation of the proof of the result in the unperturbed setting [17,
Proposition 11.4]. Lipshitz’s proof considers the moduli space of holomorphic monogons
associated to the isotopy ˛t , which are maps from a Riemann surface S to†� Œ0;1/�R
that have punctures asymptotic to an intersection point x 2 T˛0 \T˛ , and have boundary
mapping to the cylinder

C˛t WD ¹.p; 0; t/ W p 2 ˛t ; t 2 Rº:

Following Lipshitz’s proof, a deformation of the almost complex structure on
† � I �R gives a chain homotopy between �˛t ;J I! and the composition

F˛0;˛;ˇ I!.M˛t I!.1/;�/;

whereM˛t I! is a map fromƒ to CF.†;˛0;˛Iƒ!jU˛ / that sums over the count of index 0
monogons at all intersection points x 2 T˛0 \T˛ . If x 2 T˛0 \T˛ is an intersection point
and � 2�2.x/ is a class of monogons, then � may be coned along a family of compressing
disks D˛t to obtain a 2-chain zD.�/, on which we may integrate !. According to [17,
Lemma 11.8], there are no index 0 classes � 2 �2.x/ with holomorphic representatives
unless xD‚˛0;˛ . Furthermore, a model computation involving a stabilized diagram of S3

can be used to show that M˛t I!.1/ D z
x �‚!˛0;˛ for some x 2 R. We refer the reader to

[17, Proposition 11.4] for more details on the model computation.

Next, we consider a diffeomorphism �W†! †, which is near id†, and is the time 1
flow of a Hamiltonian vector field for some symplectic form on†. Write �t for the time t
flow of this Hamiltonian vector field. In particular, �1 D �. By extending �t to an isotopy
ofM , we obtain an isotopy map .�t /� on the perturbed Floer homology, as in Section 6.4.

Proposition 6.12. Suppose .†; ˛; ˇ/ is an admissible diagram for a sutured manifold
.M; / which is equipped with a closed 2-form !, and �t W† ! † is the flow of a
Hamiltonian vector field . for some symplectic form on †/ as above. Write ˛t D �t .˛/
and ˇ t D �t .ˇ/. Then the perturbed isotopy map .�t /� satisfies

.�t /� P' ‰J!��.J / ı‰
ˇ!ˇ1
˛!˛1

:

Proof. The first step is to interpret the isotopy map .�t /� as a continuation map. Consider
the two cylinders C˛t and Cˇt , where ˛t and ˇ t are the images of ˛ and ˇ under �t . Let
zJ denote the almost complex structure on † � I � R obtained by pushing forward a

generic cylindrical almost complex structure J along the map ˆ.x; s; t/ D .�t .x/; s; t/.
For �t sufficiently small, zJ will be tamed by a product symplectic form, and achieve
transversality at index 0 holomorphic curves with boundary on C˛t and Cˇt . Hence, if
�˛t ;ˇt ; zJ I! denotes the map that counts index 0, zJ -holomorphic curves with boundary on
C˛t and Cˇt , we have

�˛t ;ˇt ; zJ I!.x/ D .�t /�.x/: (6.6)

We now consider a 1-parameter family of cylinders C˛�t , Cˇ�t , and almost complex
structures zJ � for � 2 Œ0;1/, as follows. The cylinder C˛�t is obtained by translating C˛t
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downward in the R-direction by � units. The cylinder Cˇ�t coincides with Cˇt for all � .
The almost complex structure zJ � is obtained by translating zJ upward in the R-direction
by � units.

A chain homotopy H is defined by counting index �1, zJ � -holomorphic curves with
boundary on C˛�t and Cˇ�t for � 2 Œ0;1/, weighted by their !-area. Applying Gromov
compactness to the moduli space of index 0, zJ � -holomorphic curves with boundary on
C˛�t and Cˇ�t for � 2 Œ0;1/, we obtain

�˛t ;ˇt ; zJ I! C‰J!��.J / ı �ˇt ;J ı �˛t ;J D @ ıH CH ı @: (6.7)

Indeed, at � D 0, we obtain �˛t ;ˇt ; zJ . At � !1, we obtain ‰J!��.J / ı �ˇt ;J ı �˛t ;J .
The only other way a curve may break is for a family to split into an index �1 curve,
giving H , and an index 1 curve, giving @. Combining (6.6) and (6.7) with Lemma 6.11,
the result follows.

6.8. Proof of naturality

We now prove Theorem 2.1, naturality of the perturbed invariants:

Proof of Theorem 2.1. Our proof follows the framework of [13]. Suppose that .M; / is a
balanced sutured manifold with a closed 2-form !. We define a directed graph G.M;/
as follows. The vertices of G.M;/ consist of isotopy diagrams of .M; /, i.e., tuples
.†;A;B/ consisting of an embedded Heegaard surface†, and isotopy classesA and B of
attaching curves. If H D .†;˛;ˇ/ is a Heegaard diagram, we write ŒH � for the induced
isotopy diagram.

If H1 and H2 are two isotopy diagrams, we define the set of edges in G.M;/ connect-
ing H1 and H2 to be the union

G.M;/.H1;H2/ WD G˛.H1;H2/[ Gˇ .H1;H2/[ Gstab.H1;H2/[ G 0diff.H1;H2/ (6.8)

of sets defined as follows. The set G˛.H1; H2/ consists of a single arrow if H1 and H2
share the same Heegaard surface, have isotopic beta-curves, and have alpha-curves that
are related by a sequence of handleslides and isotopies; and G˛.H1; H2/ is empty other-
wise. The set Gˇ .H1; H2/ is defined similarly. The set Gstab.H1; H2/ has a single arrow
if H1 and H2 are related by a stabilization or destabilization, and is empty otherwise.
Finally, G 0diff.H1; H2/ is the set of all automorphisms of .M; / which move H1 to H2,
and are isotopic to the identity of .M; /. Write G˛ for the union over all pairs .H1; H2/
of G˛.H1;H2/, and define Gˇ , Gstab, and G 0diff similarly.

If H is an isotopy diagram, write SFH.H Iƒ!/ for the projective transitive system of
ƒ-modules, indexed by pairs .H ; J /, where H D .†; ˛; ˇ/ is an admissible Heegaard
diagram with ŒH � D H , and J is a generic almost complex structure on † � I � R.
The transition maps may be constructed using the holomorphic triangle maps, as in Sec-
tion 6.6, as well as change of almost complex structure maps from Section 6.2. Proposi-
tions 6.10 and 6.12 imply that this gives a projective transitive system of ƒ-modules.
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We consider the following cycles in G.M;/:

(L-1) A loop formed by a stabilization followed by a destabilization.

(L-2) A rectangular subgraph
H1 H2

H3 H4

e

f g

h

of G.M;/, where one of the following holds:

(R-1) Both e, h 2 G˛ and f , g 2 Gˇ .

(R-2) Either e, h 2 G˛ , or e, h 2 Gˇ . Furthermore, f , g 2 Gstab.

(R-3) Either e, h 2 G˛ , or e, h 2 Gˇ . Furthermore, f , g 2 G 0diff.

(R-4) The edges e, f , g, h are all in Gstab. Furthermore, e and h correspond to
stabilizing in a 3-ball B , while f and g correspond to stabilizing in a 3-ball
B 0, and B \ B 0 D ;.

(R-5) Both e, h 2 Gstab, while f , g 2 G 0diff. Furthermore, f and g may be induced
by the same diffeomorphism � of .M; /, and the stabilization 3-ball for e
is pushed forward to the stabilization 3-ball for h by �.

(L-3) A loop formed by an edge in G 0diff.H;H/.

(L-4) A simple handleswap loop; see Figure 6.1, which is [13, Figure 4], for an illustra-
tion.

Commutativity of the transition maps along the loops (L-1)–(L-4) corresponds to the
axioms for a strong Heegaard invariant [13, Definition 2.32]. According to [13, The-
orem 2.38], it suffices to prove that the perturbed transition maps have no monodromy
around loops (L-1)–(L-4).

As in Remark 2.7, to define a projectively transitive system indexed by all pairs
.H ; J /, it is sufficient to define a morphism of transitive systems for each edge of G.M;/,
and show that there is only projective monodromy around loops (L-1)–(L-4).

We define chain maps for edges in G˛.H1;H2/ and Gˇ .H1;H2/ to be triangle maps,
as described in Section 6.6. Chain maps for stabilizations are described in Section 6.3.
Maps for edges in G 0diff.H1;H2/ are defined in Section 6.4. It is straightforward to see that
these chain maps induce morphisms of transitive systems between the transitive systems
associated to each isotopy diagram.

The main subtlety compared to the unperturbed setting is that the map associated to
a diffeomorphism � in G 0diff.H1; H2/ is defined with an auxiliary choice of an isotopy
�t connecting � to id.M;/. The induced map � is only well-defined as a projective map
when restricted to each Spinc structure by Lemma 6.5, or when Œ!� D 0. See Remark 6.8
for an example illustrating the subtlety.

We now verify that the monodromy around loops (L-1)–(L-4) is of projective type.
The monodromy around loops of type (L-1) is clearly trivial. Similarly to the unper-
turbed setting, associativity of the holomorphic triangle maps, Proposition 6.10, implies
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Fig. 6.1. A simple handleswap, which is a loop of diagrams consisting of an ˛-handleslide, a ˇ-
handleslide, and a diffeomorphism. The green curve is the boundary of the punctured genus 2
surface P that is obtained by identifying the circles marked with corresponding letters (namely,
B and D). We draw the ˛-curves in red and the ˇ-curves in blue.

that loops of type (L-2) induce projectively trivial monodromy. Loops of type (L-3) induce
projectively trivial monodromy by Lemma 6.5 and Proposition 6.12, when restricted to
individual Spinc structures, or when Œ!� D 0. The main claim follows once we verify
that there is only projective monodromy around simple handleswap loops (L-4), which is
verified in Lemma 6.13 below.

Lemma 6.13. Suppose .M; / is a balanced sutured manifold, with a closed 2-form !,
and s 2 Spinc.M; /. Suppose further that

H1

H2

H3

e˛

eˇ

�1
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is a simple handleswap loop, where H1, H2, and H3 are admissible diagrams of .M; /,
and e˛ 2 G˛ , eˇ 2 Gˇ , and .�t /t2I is an isotopy with �0 D id.M;/. Then

.�t /� ı‰eˇ ı‰e˛ P' idCF.H1;sIƒ!/ :

The same statement holds for the total complex CF.H1Iƒ!/ if Œ!� D 0.

Proof. By definition, the diagrams H1, H2, and H3 are all 2-fold stabilizations of a fixed
diagram H D .†; ˛; ˇ/. If i 2 ¹1; 2; 3º, write H 0i D .†0; ˛

0
i ; ˇ
0
i ; p0/ for the genus 2

portion of Hi in the handleswap region. With this notation, we think of Hi as H # H 0i ,
where the connected sum is taken at p0 2 †0 and a point p 2 †. The diagrams H 0i are all
genus 2 diagrams for S3. Note that

ˇ02 D ˇ
0
1 and ˛03 D ˛

0
2:

The map ‰e˛ may be computed as the composition of a triangle map for an alpha-
handleslide, followed by a continuation map to move the alpha-curves on H back to their
original position. Similarly, the map ‰eˇ may be computed as the composition of the
triangle map for a beta-handleslide, followed by a continuation map to move the beta-
curves on H back to their original position. The map .�t /� is the isotopy map described
in Section 6.4.

For a sufficiently stretched almost complex structure J.T / along the connected sum
tube of† #†0, the proof of stabilization invariance implies that the unperturbed complex
for Hi decomposes as a tensor product:

CFJ.T /.Hi / Š CFJ .H /˝F2 hci i; (6.9)

where ¹ciº D T˛0
i
\Tˇ 0

i
, and hci i denotes the 1-dimensional vector space over F2 gener-

ated by ci for i 2 ¹1; 2; 3º.
In the unperturbed setting, handleswap invariance [13, Theorem 9.30] is proven by

showing
‰e˛ D .�˛t ;J ı‰

ˇ

˛!˛H
/˝ .c1 7! c2/ (6.10)

with respect to the chain isomorphism of (6.9), where ˛H is a small Hamiltonian translate
of ˛, and ˛t is a Hamiltonian isotopy moving ˛H back to ˛. A similar tensor product
description holds for the unperturbed version of ‰eˇ .

For the perturbed versions, an extension of Lemma 6.3 to genus 2 stabilizations gives
an analog of (6.9) for the perturbed setting, namely

CFJ.T /.Hi ; sIƒ!/ Š CFJ .H ; sIƒ!/˝F2 hci i: (6.11)

We now show that a similar tensor product decomposition as in (6.10) holds for the per-
turbed versions of ‰e˛ and ‰eˇ .

Firstly, if  #  0 is a class of triangles on .† #†0;˛H [ ˛02;˛ [ ˛
0
1;ˇ [ ˇ

0
1/, then

A!. #  0/ D A!. /C A!. 0/: (6.12)
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According to the proof of [13, Proposition 9.31], for a sufficiently stretched almost com-

plex structure, all index 0 triangles  #  0 that are counted by ‰
ˇ[ˇ 0

1

˛[˛0
1
!˛H[˛0

2

have
�. / D 0. Furthermore, if �. / D 0, then

jM. /j �
X

 02�2.‚˛0
2
;˛0
1
;c1;c2/

np0 . 0/Dnp. /

jM. #  0/j mod 2: (6.13)

Next, we claim that A!. 0/ is independent of the triangle class  0 in
�2.‚˛0

2
;˛0
1
; c1; c2/. This is established by observing that any two classes in

�2.‚˛0
2
;˛0
1
; c1; c2/ differ by a sum of doubly periodic domains. Doubly periodic domains

on H 0i cone to closed 2-chains inC2.S3/, and hence do not affect the !-area, soA!. 0/ is
independent of the triangle class. A similar claim holds for triangles in �2.c2;‚ˇ 0

1
;ˇ 0
3
;c3/.

Combining (6.12), (6.13), and the independence of A!. 0/ from  0, we find that the
perturbed transition maps satisfy

.�t /� ı‰eˇ ı‰e˛
:
D .�t /� ı

�
.�ˇt ı‰

ˇ!ˇH

˛ /˝ .c2 7! c3/
�
ı
�
.�˛t ı‰

ˇ

˛!˛H
/˝ .c1 7! c2/

�
; (6.14)

with respect to the tensor product decomposition from (6.11).
Since the isotopy �t is supported in the 3-ball of the handleswap, it follows that

.�t /�
:
D idCF.H ;sIƒ!/ ˝ .c3 7! c1/: (6.15)

Furthermore, by Lemma 6.11,

�ˇt ı‰
ˇ!ˇH

˛ P' idCF.H ;sIƒ!/ and �˛t ı‰
ˇ

˛!˛H
P' idCF.H ;sIƒ!/ : (6.16)

Combining (6.14)–(6.16) yields the main statement.

7. Perturbed sutured cobordism maps

In this section, we define the perturbed sutured cobordism maps, and prove that they are
well-defined in Proposition 2.9. Furthermore, we prove the composition law, Proposi-
tion 2.10, the effect of changing the 2-form on the cobordism, Lemma 2.12, and finally
compare the perturbed and unperturbed maps when the 2-form vanishes on the boundary
in Lemma 3.4.

7.1. The perturbed contact gluing map

We now describe a perturbed version of the Honda–Kazez–Matić contact gluing map [5].
Suppose .M; / is a sutured submanifold of .M 0;  0/ (i.e., M is a submanifold with
boundary of M 0 such that M � int.M 0/), ! and !0 are closed 2-forms on M and M 0,
respectively, such that ! D !0jM , and � is a co-oriented contact structure onM 0 n int.M/.
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Let s be a Spinc structure on M represented by a non-vanishing vector field v, and let s0

be the Spinc structure on M 0 obtained by gluing v to �?. We will define a gluing map

ˆ�I! W SFH.�M;�; sIƒ!/! SFH.�M 0;� 0; s0Iƒ!0/

by adapting the construction from the unperturbed setting. Our description will use the
reformulation of the gluing map given in [11] using contact handles. See [11, Defini-
tion 3.11] for background on contact handles in this setting.

Remark 7.1. We require that M 0 should have no closed components, though we allow
M 0 n int.M/ to have what Honda, Kazez, and Matić refer to as isolated components,
which are components of M 0 n int.M/ that are disjoint from @M 0. These are permitted
since the construction from [11] had a contact 3-handle map, which was not present in [5].

On Heegaard diagrams, adding a contact 0-handle has the effect of adding a disk D
to the Heegaard surface, with no alpha- or beta-curves. The contact 0-handle map is the
canonical chain isomorphism between CF.†;˛;ˇ/ and CF.† tD;˛;ˇ/. This extends
to the perturbed setting via the formula

ˆ�I!.z
x
� x/ D zx � x

for any closed 2-form on the 0-handle.
Adding a contact 1-handle has the effect of attaching a band to the boundary of the

Heegaard surface. The contact 1-handle map is the canonical chain isomorphism between
CF.†;˛;ˇ/ and CF.† [ B;˛;ˇ/, which extends to a map on the perturbed complexes
with no complications.

The contact 2-handle map is slightly more involved. The effect on diagrams is to add
a band and a pair of new curves, ˛ and ˇ, which have a single intersection point c in the
band. See [11, Figure 3.11] for the precise configuration. The contact 2-handle map is
defined via the formula

ˆ�I!.z
x
� x/ D zx � x � c:

To see that this is a chain map on the perturbed complexes, note that all disks counted
by @.x � c/ have homology class of the form � # ec , where � 2 �2.x;y/ is a homology
class, and ec is the constant class at c. However,

A!0.� # ec/ D A!.�/:

Hence, the contact 2-handle map is a chain map on the perturbed complexes.
Finally, a contact 3-handle is attached along a boundary component S2 � @M which

is a 2-sphere with a single suture s. Then pick a diagram .†;˛ [ ¹˛0º;ˇ [ ¹ˇ0º/, where
˛0 and ˇ0 are parallel to the boundary component of † corresponding to s, and intersect
each other in a pair of points. The contact 3-handle map is obtained by filling s � @† with
a disk D, and setting

ˆ�I!.z
x
� x � �/ D

´
zx � x if � D ��;

0 if � D �C;



A. Juhász, I. Zemke 1030

where ¹�C; ��º D ˛0 \ ˇ0, with relative grading �.�C; ��/ D 1 induced by the Maslov
index on .�†; ˛ [ ¹˛0º; ˇ [ ¹ˇ0º/. (The formula is the same as the 4-dimensional 3-
handle map). Note that the contact 3-handle map is only defined if @M has at least one
other boundary component. Furthermore, either we must choose .†;˛[ ¹˛0º;ˇ [ ¹ˇ0º/
so that ˛0 and ˇ0 are adjacent to another component of @†, or we must stretch the
almost complex structure along a circle bounding ˛0 and ˇ0. We focus on the case
when .†; ˛ [ ¹˛0º; ˇ [ ¹ˇ0º/ has been chosen so that @† has an additional boundary
component adjacent to ˛0 and ˇ0. (The more general case requires using a holomorphic
degeneration argument [26, Proposition 6.5], but follows similarly.) In this situation, an
index 1 class on .�†;˛ [ ¹˛0º;ˇ [ ¹ˇ0º/ with holomorphic representatives has one of
the following forms:

� � # e� , where � is an index 1 class on .�† [D;˛; ˇ/, with zero multiplicity on D,
and e� is the constant class at � 2 ˛0 \ ˇ0,

� ex # �0, where �0 is one of the two bigons between ˛0 and ˇ0.

To see that the contact 3-handle map is a chain map, it suffices to show that the two bigons
have the same !-area. The difference of the bigons is a periodic domain, which cones to a
2-sphere bounding the S2 boundary component of @M which is filled in by the 3-handle.
Since ! extends over the contact 3-handle, ! must integrate to zero on this 2-sphere, and
hence have equal area on the cones of the two bigons.

As in the unperturbed case, the composition of the contact handle maps for a canceling
pair of contact i and i C 1 handles coincides with the transition map from naturality (up
to an overall factor of zx); see [11, Figures 3.13, 3.14]. By following our contact handle
proof of invariance of the contact gluing map in the unperturbed case [11, Theorem 3.14],
it follows that the perturbed contact gluing map is well-defined up to an overall factor
of zx , when restricted to each Spinc structure on .M; /. Furthermore, if Œ!0� D 0, then
the gluing map is well-defined on all Spinc structures, up to an overall factor of zx .

7.2. Perturbed maps for cylinders

We now define the 4-dimensional cobordism maps for W D I �M , equipped with a
closed 2-form !.

Recall that a sutured manifold cobordism is called special if it is a product along
the boundary, with an I -invariant contact structure compatible with the dividing sets;
see [8, Definition 5.1]. Suppose that W D .W;Z; Œ��/W .M0; 0/! .M1; 1/ is a special
cobordism which is equipped with a Morse function f with no critical points, and let v
be a gradient-like vector field for f .

To define the map for W , we first pick an admissible diagram H0 D .†0; ˛0; ˇ0/

for .M0; 0/. The flow of v induces a diffeomorphism between M0 and M1, and we
write H1 D .†1; ˛1; ˇ1/ for the pushforward of H0 under this diffeomorphism. If
x 2 T˛0 \ Tˇ0 , we write v�.x/ 2 T˛1 \ Tˇ1 for the corresponding intersection point.
Write �x for the 2-chain traced out by the flow of v applied to x �M0.
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We define the perturbed cylinder map

FW I!;.f;v/WCF.H0Iƒ!jM0
/! CF.H1Iƒ!jM1

/

via the formula
FW I!;.f;v/.z

x
� x/ D zxC

R
�x

!
� v�.x/: (7.1)

As in Remark 2.6, for a choice of diagram H0 of .M0; 0/ and s 2 Spinc.M0; 0/,
(7.1) gives a morphism of transitive systems from CF.M0; 0; sI ƒ!jM0 / to
CF.M1; 1; v�.s/Iƒ!jM1 /.

Lemma 7.2. Suppose that W D .W;Z; Œ��/ is a special cobordism with a Morse function
f with no critical points and gradient-like vector field v.

(1) The map FW ;!I.f;v/ is a chain map.

(2) The induced morphism of transitive systems is independent of the choice of Heegaard
diagram H0 for .M0; 0/.

(3) The induced morphism of transitive systems is independent of v.

Proof. Claim (1), that FW ;!I.f;v/ is a chain map, follows from Stokes’ theorem.
We now consider claim (2), that the morphism induced by FW ;!I.f;v/ is independent

of H0. This amounts to showing that the maps FW ;!I.f;v/ commute with the transition
maps for changing diagrams, up to an overall factor of zx . We focus on the case when we
have two diagrams for .M0; 0/ that are related by a single beta-handleslide or isotopy.
We leave verification of claim (2) for other Heegaard moves to the reader.

Suppose that .†0;˛0;ˇ0;ˇ
0
0/ is an admissible Heegaard triple for a beta-handleslide

or isotopy in .M0; 0/. Set H0 D .†0;˛0;ˇ0/ and H 00 D .†0;˛0;ˇ
0
0/. Let H1 and H 01

denote their images in M1 under the flow of v.
It is sufficient to consider the claim when the top-graded generator of

SFH.†0;ˇ0;ˇ
0
0/ is represented by a single intersection point‚ˇ0;ˇ 00 2Tˇ0 \Tˇ 0

0
, since a

general beta-isotopy or handleslide may be decomposed into a sequence of beta-isotopies
and handleslides which each satisfy this condition.

Let  2 �2.x; ‚ˇ0;ˇ 00 ; z/ be a homology class of triangles, where x 2 T˛0 \ Tˇ0
and z 2 T˛0 \ Tˇ 0

0
. Let ˆW I �M0 ! W denote the flow of v=v.f /. Let C3 � W be

the 3-chain ˆ.I � zD. //, where zD. / �M0 is the 2-chain constructed in Section 6.6.
Since

@C3 D ˆ.¹1º � zD. // �ˆ.¹0º � zD. //C �z � �x � �‚
ˇ0;ˇ

0
0

; (7.2)

it follows that ! evaluates trivially on the sum of the 2-chains on the right-hand side
of (7.2). The quantities

R
ˆ.¹0º� zD. //

! and
R
ˆ.¹1º� zD. //

! are the area contributions of
‰H0!H 0

0
.x/ and ‰H1!H 0

1
.v�.x//, respectively. The quantity

R
�z
! is the area contribu-

tion of FW I!;.f;v/.z/, and
R
�x
! is the area contribution of FW I!;.f;v/.x/. Hence

FW I!;.f;v/.‰H0!H 0
0
.x// D z

�
R
�‚
ˇ0;ˇ

0
0

!

�‰H1!H 0
1
.FW I!;.f;v/.x//:

Since
R
�‚

ˇ0;ˇ
0
0

! is independent of x and z, the result follows.



A. Juhász, I. Zemke 1032

We now consider claim (3), independence from the gradient-like vector field. Any
two vmay be connected by a 1-parameter family .vt /t2I . As before, let H0D.†0;˛0;ˇ0/

denote a diagram for .M0; 0/. For t 2 I , let ˆt W I � M0 ! W denote the flow of
vt=vt .f /.

Write �t WM1 ! M1 for the diffeomorphism .ˆt ı ˆ
�1
0 /jM1 . Claim (3) amounts to

showing
FW I!;.f;v1/

:
D .�t /� ı FW I!;.f;v0/; (7.3)

where .�t /� denotes the isotopy map from Section 6.4.
Let �x;t denote the 2-chain ˆt .I � x/ � W , and let � 0x � M1 denote the 2-chain

swept out by ˆt .¹1º � x/ as t ranges over I . Equation (7.3) amounts to showing thatZ
�x;1

! �

Z
�x;0

! �

Z
�0x

! (7.4)

is independent of x.
Write b̂W I � I �M0 ! W for the map b̂.t; s; x/ D ˆt .s; x/. Let C3 be the 3-chain

defined by applying b̂ to I � I � x . The expression (7.4) is equal to
R
@.I�I/�x

b̂�.!/.
Since

R
C3
d! D 0, Stokes’ theorem implies that (7.4) is equal to

R
I�I�@x

b̂�.!/: Since
@x is independent of x, it follows that the quantity (7.4) is also independent of x, com-
pleting the proof.

We are now ready to prove Lemma 2.11.

Proof of Lemma 2.11. By construction, FI�Y.K/I!�K
sends zx � x to zxC

R
�x

!SK � x,
where �x D I � x . It is sufficient to show thatZ

�x��y

!�K D �A.x;y/; (7.5)

where A.x;y/ is the relative Alexander grading.
Since !�K is the Poincaré–Lefschetz dual of ¹1=2º � �K , we haveZ

�x��y

!�K D #..x � y/ \ �K/:

If � 2 �2.x;y/ is a class of disks, then, by definition,

A.x;y/ D nz.�/ � nw.�/:

On the other hand,
@ zD.�/ D y � x:

Using the Leibniz rule for intersections, we have

#..x � y/ \ �K/ D �#.@ zD.�/ \ �K/ D �#. zD.�/ \ @�K/: (7.6)

Since @�K D K, (7.6) gives

#..x � y/ \ �K/ D �#. zD.�/ \K/;
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which is �.nz.�/ � nw.�// D �A.x;y/, because, by convention, K intersects † posit-
ively at z and negatively at w.

Remark 7.3. In Lemma 6.1, we described a transition map ‰!!!0I� for changing
between cohomologous closed 2-forms ! and !0 when d�D !0 �!, though the map was
only independent of � when restricted to a fixed Spinc structure. Lemma 2.11 is a perfect
example of why this is important. The 2-form !SK is a boundary on I � Y.K/. Write
!�K D d�, and write �i WD �j¹iº�Y.K/. Note that !�K restricts trivially to ¹iº � Y.K/ for
i 2 ¹0; 1º. An easy Stokes’ theorem argument shows that the diagram

SFH.Y.K/Iƒ0/ SFH.Y.K/Iƒd�0/

SFH.Y.K/Iƒ0/ SFH.Y.K/Iƒd�1/

FI�Y.K/I!SK

‰0!d�0I�0

FI�Y.K/I0

‰d�1!0I��1

(7.7)

commutes up to an overall factor of zx . Hence FI�Y.K/I!�K

:
D ‰0!0I�0��1 , but this does

not imply that FI�Y.K/I!SK
:
D id; since Lemma 6.1 only applies if we restrict to a single

Spinc structure.

7.3. Perturbed 1-handle and 3-handle maps

We now describe the cobordism maps for 1-handles and 3-handles. We focus on
1-handles, since the 3-handle maps are algebraically dual.

Suppose that
W1 D .W1; Z1; Œ�1�/W .M0; 0/! .M1; 1/

is a special cobordism with a Morse function f that has a single index 1 critical point p0.
Let v be a gradient-like vector field for f . We use f and v as auxiliary data to construct
the cobordism map for W1.

The stable manifold of v at p0 intersects M0 in two points, p1 and p2. Let H0 D

.†0;˛0;ˇ0/ be an admissible diagram for .M0; 0/ such that p1, p2 2 †0 n .˛0 [ ˇ0/.
Let D1 and D2 be two small disks in †0, centered at p1 and p2. The flow of v induces
an embedding of †0 n .D1 [D2/ into M1.

A Heegaard diagram .†1;˛1;ˇ1/ for .M1; 1/ is constructed as follows. The surface
†1 is obtained by connecting the boundary components of the image of †0 n .D1 [D2/
under the flow of v with an annulus in the 1-handle region. The attaching curves ˛1 and ˇ1
are given by ˛1 [ ¹˛º and ˇ1 [ ¹ˇº, where ˛ and ˇ are contained in the 1-handle annulus,
intersect transversely, are homologically essential therein, and satisfy j˛ \ ˇj D 2. Write
˛ \ ˇ D ¹�C; ��º, where �C has the larger relative Maslov grading.

If x 2 T˛0 \ Tˇ0 , write v�.x/ for the corresponding tuple of points on †1. A set
of compressing disks in M0 may be pushed forward under the flow of v. By adding two
disks in the 1-handle region, we naturally obtain a set of compressing disks in .M1; 1/.
If x 2 T˛0 \ Tˇ0 , write �x � W1 for the 2-chain traced out by applying the flow of v to
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x �M0. We define the perturbed 1-handle map FW1I!;.f;v/ as

FW1I!;.f;v/.z
x
� x/ WD zxC

R
�x

!
� v�.x/ � �

C:

Lemma 7.4. Suppose that W1 D .W1;Z1; Œ�1�/W .M0; 0/! .M1; 1/ is a special cobor-
dism and .f; v/ is a Morse function and gradient-like vector field on W1 with a single
index 1 critical point.

(1) For an almost complex structure sufficiently stretched on the two boundary compon-
ents of the 1-handle annulus, the map FW1I!;.f;v/ is a chain map.

(2) The morphism of transitive systems induced by FW1I!;.f;v/ is independent of the Hee-
gaard diagram for .M0; 0/.

(3) The morphism of transitive systems induced by FW1I!;.f;v/ is independent of v.

Proof. The proof of claim (1), that FW1I!;.f;v/ is a chain map, relies on the same holo-
morphic degeneration argument used in the unperturbed setting. See [25, Section 4.3] for
the original proof, as well as [8, Section 7], or [30, Section 8] for versions of the proof in
several related contexts. In the perturbed setting, one must also check that the cones of the
two bigons in the 1-handle region are assigned the same !-area. Note that the difference
between these two bigon classes is a periodic domain, which cones off to a 2-sphere S
that is homotopic to the belt sphere of the 4-dimensional 1-handle. Since ! is defined on
all of W (in particular, on the co-core of the 1-handle), we must have

R
S
! D 0.

To prove claim (2), that the morphism of transitive systems induced by FW1;!I.f;v/

is independent of the Heegaard diagram H0, one repeats the standard proof of the well-
definedness of the 1-handle maps [25, Theorem 4.10], while keeping track of areas as in
the proof of Lemma 7.2.

Claim (3), independence from v, is proven as follows. Suppose that .vt /t2I is a path
of gradient-like vector fields. We can pick an isotopy �t of M0, and an admissible dia-
gram .†0;˛0;ˇ0/ for .M0; 0/ such that the stable manifold of the critical point of f is
contained in �t .†0 n .˛0 [ ˇ0// for all t . We can choose an isotopy  t of .M1; 1/ such
that the image of �t .†0/ under the flow of vt coincides with  t .†1/ outside the 1-handle
region. Write .†00;˛

0
0;ˇ
0
0/ for the image of .†0;˛0;ˇ0/ under �1, and write .†01;˛

0
1;ˇ
0
1/

for the image of .†1;˛1;ˇ1/ under  t .
It suffices to show that the following diagram commutes, up to overall multiplication

by zx :

CF.†0;˛0;ˇ0Iƒ!jM0 / CF.†00;˛
0
0;ˇ
0
0Iƒ!jM0

/

CF.†1;˛1;ˇ1Iƒ!jM1 / CF.†01;˛
0
1;ˇ
0
1Iƒ!jM1

/

.�t /�

FW1I!;.f;v0/
FW1I!;.f;v1/

. t /�

(7.8)

We define b̂W I � I � x ! W1;
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where b̂.t; s; x/ is the time s flow of �t .x/ under vt=vt .f /. Consider the 3-chain C3 D
ˆ.I � I � x/ in W1. Then we have

@C3 D b̂.@.I � I / � x/C b̂.I � I � @x/: (7.9)

Write �C �M1 for the 1-chain obtained by coning �C into the two handlebodies, and
let ��C; t �M1 denote the 2-chain swept out by the family . t .�C//t2I . By definition,
the difference in area contributions from the two length 2 paths in (7.8) isZ

@.I�I/�x

b̂�.!/C Z
�
�C; t

!: (7.10)

Applying Stokes’ theorem to (7.9), we see that the sum (7.10) is equal to

�

Z
I�I�@x

b̂�.!/C Z
�
�C; t

!;

which is independent of x. It follows that (7.8) commutes up to an overall factor of zx ,
completing the proof.

The perturbed 3-handle maps are dual to the 1-handle maps. We leave the details of
the definition to the reader.

7.4. Perturbed 2-handle maps

Suppose that
W2 D .W2; Z2; Œ�2�/W .M0; 0/! .M1; 1/

is a special cobordism equipped with a Morse function f and gradient-like vector field v
such that f has only index 2 critical points, and the stable and unstable manifolds of v
are transverse.

Let S1 � M0 denote the intersection of the stable manifolds of .f; v/ and M0. Let
.†;˛;ˇ;ˇ0/ be a Heegaard triple subordinate to a bouquet for S1; see [8, Definition 6.3].
Let

W˛;ˇ;ˇ 0 D .W˛;ˇ;ˇ 0 ; Z˛;ˇ;ˇ 0 ; Œ�˛;ˇ;ˇ 0 �/

be the associated sutured manifold cobordism, as described in [11, Section 7]. The 4-
manifoldW˛;ˇ;ˇ 0 is defined as follows. If� denotes a triangle with edges e˛ , eˇ , and eˇ 0 ,
then

W˛;ˇ;ˇ 0 WD .† ��/ [ .U˛ � e˛ [ Uˇ � eˇ [ Uˇ 0 � eˇ 0/;

where U˛ , Uˇ , and Uˇ 0 are the sutured compression bodies corresponding to .†; ˛/,
.†;ˇ/, and .†;ˇ0/, respectively. We view the 4-manifoldW˛;ˇ;ˇ 0 as having three sutured
manifold boundary components, M0, Mˇ;ˇ 0 , and M1.

From our choice of .f; v/, we obtain an embedding

ˆ.f;v/WW˛;ˇ;ˇ 0 ! W2;



A. Juhász, I. Zemke 1036

which is well-defined up to isotopy, as follows. Let ¹b1; : : : ; bkº � .0; 1/ be the critical
values of f , and let � > 0 be chosen such that � < bi < 1� � for i 2 ¹1; : : : ; kº. LetN.†/
be a product neighborhood of † in M0. We can view M0 as U˛ [N.†/ [ �Uˇ . We can
correspondingly view W˛;ˇ;ˇ 0 as

.N.†/ � I / [ .U˛ � I / [ .�Uˇ � Œ0; ��/ [ .�Uˇ 0 � Œ1 � �; 1�/:

The embedding ˆ.f;v/ sends a point .x; t/ 2 Uˇ � Œ0; �� to the point z 2 W2 which is in
the flow line of v over x 2 Uˇ � M and has f .z/ D t . The embeddings on the other
portions of W˛;ˇ;ˇ 0 are defined similarly. See Figure 7.1 for a schematic. We note also
that the boundary component Mˇ;ˇ 0 � @W˛;ˇ;ˇ 0 may be naturally filled in with a sutured
manifold cobordism Wˇ;ˇ 0 to obtain the sutured 2-handle cobordism W2. A description
of Wˇ;ˇ 0 may be found in [8, Proposition 6.6] (see also [11, Section 8]).

U˛ � IUˇ � Œ0; ��

Uˇ 0�

Œ1 � �; 1�

N.†/ � I

M0

M1

Mˇ;ˇ 0

Fig. 7.1. The triple cobordism W˛;ˇ;ˇ 0 .

A homology class  2 �2.x; y; z/ on .†; ˛; ˇ; ˇ0/ induces a coned-off singular 2-
chain zD. / in W˛;ˇ;ˇ 0 as follows. Firstly, the class  induces a singular 2-chain D0. /

in † ��, which has boundary on .˛ � e˛/ [ .ˇ � eˇ / [ .ˇ0 � eˇ 0/, where @� D e˛ [
eˇ [ eˇ 0 . The 2-chain D0. / is determined, up to addition of a boundary, by the property
that its projection to † is the domain of  , and that the projection onto � is degree d ,
where d D j˛j D jˇj D jˇ0j. We pick compressing disksD˛ ,Dˇ , andDˇ 0 , and we let c˛ ,
cˇ , and cˇ 0 denote the sets of center points of these compressing disks, respectively. We
cone D0. / into U˛ � e˛ , Uˇ � eˇ , and Uˇ 0 � eˇ 0 to obtain a 2-chain zD. / in W˛;ˇ;ˇ 0
that has boundary

�x � y C z C c˛ � e˛ C cˇ � eˇ C cˇ 0 � eˇ 0 :

We define A!. / to be the integral of ˆ�
.f;v/

.!/ over zD. /. We write .Mˇ;ˇ 0 ; ˇ;ˇ 0/

for the sutured manifold defined by the diagram .†;ˇ;ˇ0/, and !ˇ;ˇ 0 D !jMˇ;ˇ0 .
By counting index 0 holomorphic triangles weighted with zA!. /, we obtain a per-

turbed triangle map

F˛;ˇ;ˇ 0I! WCF.†;˛;ˇIƒ!jM0 /˝CF.†;ˇ;ˇ0Iƒ!ˇ;ˇ0 /!CF.†;˛;ˇ0Iƒ!jM1 /: (7.11)
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Finally, the perturbed 2-handle map is given by the formula

FW2I!;.f;v/.z
x
� x/ D zx � F˛;ˇ;ˇ 0I!.x ˝‚

!ˇ;ˇ0

ˇ;ˇ 0
/; (7.12)

where ‚
!ˇ;ˇ0

ˇ;ˇ 0
2 CF.†;ˇ;ˇ0Iƒ!ˇ;ˇ0 / is defined analogously to (6.4).

The domain and codomain of FW2I!;.f;v/ do not form projective transitive systems
unless either we restrict to a single Spinc structure on .M0; 0/ and .M1; 1/, or Œ!�jMiD0
for i 2 ¹0; 1º. However, if we fix s0 2 Spinc.M0; 0/ and s1 2 Spinc.M1; 1/, we obtain
a morphism of projective transitive systems

�s1
ı FW2I!;.f;v/ ı is0 WCF.M0; 0; s0Iƒ!jM0 /! CF.M1; 1I s1; ƒ!jM1 /:

Lemma 7.5. Suppose that W2W .M0; 0/! .M1; 1/ is a special cobordism with a Morse
function f and gradient-like vector field v with only index 2 critical points, which is
Morse–Smale. Let S1 denote the corresponding framed link in M0.

(1) The morphism of transitive systems induced by FW2I!;.f;v/ is independent of the
choice of bouquet for S1, or the Heegaard triple subordinate to it.

(2) The morphism of transitive systems FW2I!;.f;v/ is independent of v.

Proof. The proof of claim (1) is similar to the original proof given by Ozsváth and Szabó
[25, Proposition 4.6, Lemma 4.8], and follows from associativity of the perturbed holo-
morphic triangle maps. See also [8, Theorem 6.9] for a more detailed explanation of the
argument in the sutured setting.

Independence from v, claim (2), is proven as follows. The space of gradient-like vec-
tor fields of f is connected. Suppose .vt /t2I is a path of gradient-like vector fields.
Let St1 denote the intersection of the stable manifolds of vt with M0. Generically, vt
is Morse–Smale at all but finitely many t , at which time a handleslide amongst two of the
components of St1 occurs.

We break I into two types of subintervals: Œa; b�, where .f; vt / is Morse–Smale for
all t 2 Œa; b�; and Œt0 � �; t0 C ��, where � > 0 is small, and a handleslide occurs at t0.

For the first type of subinverval Œa; b�, let .†; ˛; ˇ; ˇ0/ be subordinate to a bouquet
for Sa1 . Let .�t /t2Œa;b� be an isotopy of M0 such that �a D idM0 and the diagram

.†t ;˛t ;ˇ t ;ˇ
0
t / WD �t .†;˛;ˇ;ˇ

0/ �M0

is subordinate to St1.
Using the abbreviation ˆt for ˆ.f;vt /, we obtain a family .ˆt /t2Œa;b� of embeddings

of W˛;ˇ;ˇ 0 into W2. Let  t WM1!M1 denote the map .ˆt ıˆ�1a /jM1 . We claim that the
following diagram commutes up to an overall factor of zx :

CF.†a;˛a;ˇaIƒ!jM0 / CF.†b;˛b;ˇbIƒ!jM0 /

CF.†a;˛a;ˇ0bIƒ!jM1 / CF.†b;˛b;ˇ0bIƒ!jM1 /

.�t /�

FW2I!;.f;va/
FW2I!;.f;vb/

. t /�

(7.13)
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Suppose  2 �2.x; ‚ˇ;ˇ 0 ; z/ is a homology class of triangles on .†; ˛; ˇ; ˇ0/, where
x 2 T˛ \ Tˇ and z 2 T˛ \ Tˇ 0 . Write �x;�t � M0 and �z; t � M1 for the 2-chains
swept out by x and z by �t and  t for t 2 Œa; b�, respectively. Commutativity of (7.13)
up to an overall factor of zx amounts to showing that the integral of ! over

ˆa. zD. // �ˆb. zD. //C �z; t � �x;�t (7.14)

is independent of  , x, and z.
The family ˆt induces a map b̂W Œa; b� �W˛;ˇ;ˇ 0 ! W2, and we let C3 � W2 be the

3-chain b̂.Œa; b� � zD. //. Stokes’ theorem applied to @C3 implies that the integral of !
over the 2-chain in (7.14) is equal to the integral of ! over

�‚ˇ;ˇ0 ;ˆt C C˛;ˇ;ˇ 0 ; (7.15)

where �‚ˇ;ˇ0 ;ˆt is the 2-chain b̂.Œa; b� � ‚ˇ;ˇ0 /, and C˛;ˇ;ˇ 0 is defined as follows. Let
c˛ � U˛ be the union of the centers of the alpha compressing disks, and let e˛ denote
the alpha side of the triangle � used to build W˛;ˇ;ˇ 0 . Let cˇ , cˇ 0 , eˇ , and eˇ 0 be defined
similarly. Then C˛;ˇ;ˇ 0 is the image under b̂ of Œa; b� � .c˛ � e˛ [ cˇ � eˇ [ cˇ 0 � eˇ 0/.
Since the sum (7.15) is independent of x, z, and  , it follows that the diagram (7.13)
commutes up to an overall factor of zx .

Next, we consider the case when the subinterval of I is of the form Œt0 � �; t0 C ��,
where a handleslide amongst the components of St1 occurs at t D t0. Adapting the proof
of Ozsváth and Szabó [25, Lemma 4.14], we may pick a Heegaard triple .†;˛;ˇ;ˇ0/ sub-
ordinate to a bouquet for St0��1 such that there are attaching curves Ň and Ň

0
on †, where

Ň is obtained from ˇ and Ň
0

is obtained from ˇ0 via a sequence of handleslides and iso-
topies, and .†;˛; Ň ; Ň

0
/ is subordinate to a bouquet for St0C�1 . The 4-manifold W˛;ˇ;ˇ 0 is

unchanged by isotopies and handleslides of the attaching curves. A straightforward asso-
ciativity argument shows that the two morphisms constructed with the embedding ˆt0��
and either of the triples .†; ˛; ˇ; ˇ0/ or .†; ˛; Ň ; Ň

0
/ coincide. Similarly, the previous

argument shows that the two morphisms computed using the triple .†;˛; Ň ; Ň
0
/ and either

of the embeddings ˆt0�� or ˆt0C� coincide, completing the proof.

7.5. Defining the Spinc restricted cobordism maps

In this section, we define the Spinc restricted versions of the perturbed sutured cobordism
maps. Suppose that

W D .W;Z; Œ��/W .M0; 0/! .M1; 1/

is a cobordism of sutured manifolds equipped with a closed 2-form ! on W . We remove
a collection of tight 3-balls from Z, adding them to M0 or M1, so that M0 [ Z has no
closed components, and so that each component ofW intersectsM0 andM1 non-trivially.

We can decompose W as W s ıW@, where W@ consists of I � .M0 [Z/, viewed as
a cobordism from M0 to M0 [Z, and W s consists of W , viewed as a special cobordism
from M0 [Z to M1.
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We choose a self-indexing Morse function f on W s , with no index 0 or 4 critical
points, and a gradient-like vector field v for f . The pair .f; v/ induces a decomposition

W s
D W3 ıW2 ıW1;

where Wi D .Wi ; Zi ; Œ�i �/ is a special cobordism that contains the index i critical points
of f .

Suppose s0 2 Spinc.M0; 0/ and s1 2 Spinc.M1; 1/. The Spinc structure s1 extends
uniquely over W3. Write u for its restriction to the incoming boundary of W3. We define

�s1
ı FW I! ı is0

WD FW3I!jW3
ı �u ı FW2I!jW2

ı FW1I!jW1
ıˆ�I!jM0[Z

ı is0 (7.16)

where we have suppressed the dependence of the map FWi I!jWi
on the Morse func-

tion f jWi . There is no dependence on the gradient-like vector field vjWi according to
Lemmas 7.2, 7.4, and 7.5.

We now prove that the Spinc restricted perturbed cobordism maps are well-defined:

Proof of Proposition 2.9 (1). The proof is similar to the proof of the corresponding claim
in the unperturbed setting; see [25, Section 4.4] and [8, Theorem 8.2]. Given two Morse
functions f0 and f1 on W , viewed as a special cobordism from M0 [Z to M1, one may
pick a generic path .ft /t2I of smooth functions that are Morse at all but finitely many t
and connect f0 to f1. Furthermore, using Cerf theory, one may assume that there are no
index 0 or 4 critical points, and that critical points of index i for i 2 ¹2; 3º have values
greater than the values of critical points of index less than i . Furthermore, at the finitely
many t where ft fails to be Morse, an index 1/2 or 2/3 birth-death singularity occurs.

If ft is Morse for every t 2 Œa; b�� Œ0; 1�, the decompositions of W s as W1 ıW2 ıW3

corresponding to fa and fb are isotopic, so adaptations of Lemmas 7.4 and 7.5 show that
the composition is unchanged, up to an overall factor of zx .

Invariance under index 1/2 birth-death follows from Ozsváth and Szabó’s holomorphic
triangle computation [25, Lemma 4.16], with extra attention paid to areas. Invariance
under index 2/3 birth-deaths follows by the same argument.

7.6. Defining the total cobordism map

In this section, we define the total perturbed cobordism map FW I! , when Œ!� restricts
trivially to M0 and M1. This addresses part (2) of Proposition 2.9.

As a first step, if Œ!� restricts trivially to M1, and s0 2 Spinc.M0; 0/, we may define
the partially Spinc restricted map FW I! ı is0 by omitting �u from (7.16).

This strategy does not extend to the case when Œ!�jM0 D 0, since we also need
Œ!�jM0[Z D 0 for the gluing map to be well-defined. Instead, when Œ!� restricts trivially
to M0 and M1, we make an alternative construction. Pick an open collar neighborhood
N � W of M0. Set

N D .N ;Z \N; Œ�jN �/;
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eW

N

M0 �M0

M1

Fig. 7.2. Decomposing W into N and zW .

which we view as a sutured manifold cobordism from .M0; 0/[ .�M0; 0/ to the empty
set. Let us write

zW D .W nN;Z nN; Œ�jZnN �/:

We view zW as a cobordism from the empty set to .�M0; 0/ [ .M1; 1/. See Figure 7.2.
The previous case gives a map

F zW I!jW nN
Wƒ! SFH.�M0; 0Iƒ!jM0

/˝ SFH.M1; 1Iƒ!jM1
/: (7.17)

Implicitly, we are precomposing with the map is0 , where s0 is the unique Spinc structure
on the empty set. We define the total cobordism map FW I! via the formula

FW I! WD .FN ;!j
N
˝ idSFH.M1// ı .idSFH.M0/˝F zW I!jW nN

/: (7.18)

If Œ!� restricts trivially to M0 [ Z and M1, then we may also define the total per-
turbed cobordism map by removing the projections and inclusions of Spinc structures
from (7.16). We claim that this more direct construction coincides with the construction
given in (7.18). To see this, we note that if W D .W;Z; Œ��/ is a sutured manifold cobor-
dism which decomposes as the composition of two cobordisms, W1 D .W1;Z1; Œ�1�/ and
W2 D .W2; Z2; Œ�2�/, and ! is a 2-form such that Œ!jM0[Z � D 0 and Œ!jM1 � D 0, then
the original proof of the sutured cobordism composition law [8, Theorem 11.3] (see also
[25, Theorem 3.4]) adapts to show that

FW I!
:
D FW2I!2 ı FW1I!1 ; (7.19)

where the maps are defined using the construction in (7.16). When Œ!� restricts trivially
to M0 [ Z and M1, the right-hand side of (7.18) may be interpreted as a composition
satisfying these hypotheses, so the composition law of (7.19) implies that (7.18) coincides
with the construction obtained by removing the Spinc restrictions from (7.16).

7.7. The composition law

We now sketch a proof of the composition law, Proposition 2.10.

Proof of Proposition 2.10. We focus on part (1), as part (2) follows from a simple modi-
fication. Assume, as in the statement, that W D .W;Z; Œ��/ is a sutured cobordism from
.M0;0/ to .M2;2/, which decomposes into W1D.W1;Z1; Œ�1�/ and W2D.W2;Z2; Œ�2�/
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that meet along a sutured manifold .M1; 1/. We are interested in the case when Œ!�
restricts trivially to M0, M1, and M2.

As a first step, we claim that, via the same argument that gives (7.19), if Œ!� restricts
trivially to M1 [Z2 and M2, then

FW I! ı is
:
D FW2I!2 ı FW1I!1 ı is; (7.20)

where s 2 Spinc.M0; 0/, and the maps FW I! ı is, FW2I!2 , and FW1I!1 ı is are defined
using the appropriate modification of (7.16).

We now claim that the restricted composition law stated in (7.20) implies the full
version of part (1) of Proposition 2.10. We recall that the full version of Proposition 2.10
involves the maps defined in (7.18). Following the construction of Section 7.6, we decom-
pose W1 into sutured manifold cobordisms N1 and zW1, and we decompose W2 into N2

and zW2. We give W the analogous decomposition into N1 and zW WD zW1 [N2 [
zW2; see

Figure 7.3.

fW1

N1

M0 �M0 M1

fW2

N2

�M1 M2

Fig. 7.3. Decomposing W D W2 ıW1 into N1 and zW D zW1 [N2 [ zW2.

Using the definition from (7.18), we have

FW2I!2 ı FW1I!1 WD .FN2;!jN2
˝ idSFH.M2// ı .idSFH.M1/˝F zW2I!jW2nN2

/

ı .FN1;!jN1
˝ idSFH.M1// ı .idSFH.M0/˝F zW1I!jW1nN1

/: (7.21)

By commuting tensor factors, we see that the right-hand side of (7.21) coincides with the
composition of FN1I!jN1

˝ idSFH.M2/ and

.idSFH.M0/˝ idSFH.�M0/˝FN2I!jN2
˝ idSFH.M2//

ı .idSFH.M0/˝F zW1I!jW1nN1
˝ F zW2I!jW2nN2

/: (7.22)

The hypotheses stated for the restricted version of the composition law from (7.20) are
satisfied for decomposing zW into the composition of Id�M0 tN2 t IdM2 and zW1 t

zW2

(note that we are implicitly precomposing with is0 , where s0 is the unique Spinc structure
on the empty set). Hence (7.22) coincides with idSFH.M0/˝F zW I!jW nN1

. It follows that
(7.21) coincides with

.FN1;!jN1
˝ idSFH.M2// ı .idSFH.M0/˝F zW I!jW nN1

/;

which is the definition of FW I! in (7.18).
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7.8. Changing the 2-form on W

We now prove Lemma 2.12.

Proof of Lemma 2.12. We investigate the diagram (7.7) from Remark 7.3. Suppose that
H1; : : : ;Hn is a sequence of sutured Heegaard diagrams such that

� H1 is a diagram for .M0; 0/ and Hn is a diagram for .M1; 1/,

� HiC1 is obtained from Hi by either an elementary Heegaard move, the contact gluing
map, or is the result of applying a 1-handle, 2-handle, or 3-handle map.

Consider the case when Hi and HiC1 are diagrams for the boundaries of the 2-handle
submanifold W2 D .W2; Z2; Œ�2�/ of W . Furthermore, assume Hi and HiC1 are subdia-
grams of a triple which is subordinate to a bouquet for a framed link in the incoming
boundary of W2. Write b!2 for the restriction of ! to W2. Write !i and !iC1 for the
restrictions of ! to the manifolds defined by Hi and HiC1, respectively. Defineb�2, �i ,
and �iC1 similarly. An argument using Stokes’ theorem implies that the following dia-
gram commutes up to an overall factor of zx :

CF.Hi Iƒ!i / CF.Hi Iƒ!iCd�i /

CF.HiC1; ƒ!i / CF.HiC1Iƒ!iC1Cd�iC1/

FW2Ib!2
‰!i!!iCd�i I�i

FW2Ib!2Cdb�2
‰!iC1Cd�iC1I�iC1

In an analogous manner, we may relate Hi and HiC1 by a similar commutative square
when HiC1 is obtained from Hi by an elementary Heegaard move, or a 1-handle or 3-
handle attachment. Stacking the n � 1 projectively commutative squares, we see that the
square

CF.H1Iƒ!1/ CF.H1Iƒ!1Cd�1/

CF.Hn; ƒ!n/ CF.HnIƒ!nCd�n/

FWI!

‰!1!!1Cd�1I�1

FWI!Cd�

‰!n!!nCd�nI�n

commutes, up to an overall factor of zx . Since �jM0 D �1 D 0 and �jM1 D �n D 0, the
maps ‰!1!!1Cd�1I�1 and ‰!n!!nCd�nI�n are the identity, completing the proof.

7.9. Perturbed and unperturbed cobordism maps

We are finally ready to prove Lemma 3.4.

Proof of Lemma 3.4. Let us write W D W1 [ W2 [ W3, where Wi is the i -handle part
ofW . Let .†;˛;ˇ;ˇ0;w/ be a triple subordinate to a bouquet for the 2-handles ofW , and
writeW˛;ˇ;ˇ 0 for the corresponding portion ofW2. In particular,W0 WDW2 n int.W˛;ˇ;ˇ 0/
is a boundary connected sum of copies of S1 � D3. As H 2.W1; Y0I R/ D 0 and
H 2.W3; Y1IR/ D 0, the restriction maps H 2.W1IR/! H 2.Y0IR/ and H 2.W3IR/!
H 2.Y1IR/ are both injective. Furthermore,H 2.W0IR/ D 0. Hence, since !j@W D 0, we
have Œ!jW0 � D 0, Œ!jW1 � D 0, and Œ!jW3 � D 0. So there is a 1-form � on W such that
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�j@W D 0, and ! � d� vanishes on W n int.W˛;ˇ;ˇ 0/; compare the proof of Lemma 4.1.
By Lemma 3.3, we have

F ıW;SI! PD F
ı
W;SI!�d�:

Hence, we may assume that ! vanishes on W0, W1, and W3. With this assumption, the
maps F ı

W1;SjW1 I!jW1
and F ı

W3;SjW3 I!jW3
are unperturbed. Furthermore,

hi�.s � s0/ [ Œ!�; ŒW; @W �i D hi�.sjW2 � s0jW2/ [ Œ!jW2 �; ŒW2; @W2�i:

So, without loss of generality, we can assume that W D W2.
Let x, x0 2 T˛ \ Tˇ and y , y 0 2 T˛ \ Tˇ 0 . Furthermore, let  2 �2.x; y; ‚ˇ;ˇ 0/

and  0 2 �2.x0; y 0; ‚ˇ;ˇ 0/ be homology classes of triangles, where ‚ˇ;ˇ 0 2 Tˇ \ Tˇ 0 .
Note that

HFı.†;ˇ;ˇ0Iƒ!j@W0 / D HFı.†;ˇ;ˇ0/˝ƒ;

since !j@W0 D 0. Then, the coned-off domain zD. / � zD. 0/ represents the Poincaré
dual of sw. / � sw. 

0/ 2 H 2.W2/. Hence

A!. / � A!. 
0/ D

Z
zD. /

! �

Z
zD. 0/

! D hi�.sw. / � sw. 
0// [ Œ!�; ŒW; @W �i;

and (3.2) follows.

Acknowledgements. We would like to thank Ciprian Manolescu, Thomas Mark, and Zoltán Szabó
for helpful discussions, and Ronald Fintushel and Ronald Stern for their comments on the history
of this problem. We would also like to thank an anonymous referee for a very careful reading and
helpful suggestions.

Funding. The first author was supported by a Royal Society Research Fellowship, and the second
author by an NSF Postdoctoral Research Fellowship (DMS-1703685). This project has received
funding from the European Research Council (ERC) under the European Union’s Horizon 2020
research and innovation programme (grant agreement No 674978).

References

[1] Ai, Y., Peters, T. D.: The twisted Floer homology of torus bundles. Algebr. Geom. Topol. 10,
679–695 (2010) Zbl 1209.57006 MR 2606797

[2] Akbulut, S.: Variations on Fintushel–Stern knot surgery on 4-manifolds. Turkish J. Math. 26,
81–92 (2002) Zbl 1007.57019 MR 1892802

[3] Baldwin, J. A., Sivek, S.: A contact invariant in sutured monopole homology. Forum Math.
Sigma 4, art. e12, 82 pp. (2016) Zbl 1355.53068 MR 3510331

[4] Fintushel, R., Stern, R. J.: Knots, links, and 4-manifolds. Invent. Math. 134, 363–400 (1998)
Zbl 0914.57015 MR 1650308
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