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Abstract. We show that, for the M&bius function p(n), we have

Yo )=o)

x<n§x+x9

for any 6 > 0.55. This improves on a result of Motohashi and Ramachandra from 1976, which is
valid for 6 > 7/12. Motohashi and Ramachandra’s result corresponded to Huxley’s 7/12 exponent
for the prime number theorem in short intervals. The main new idea leading to the improvement
is using Ramaré’s identity to extract a small prime factor from the n-sum. The proof method also
allows us to improve on an estimate of Zhan for the exponential sum of the Mobius function as well
as some results on multiplicative functions and almost primes in short intervals.
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1. Introduction

Let A(n) and p(n) denote the von Mangoldt and Mobius functions. In 1972 Huxley [9]
proved that the prime number theorem holds on intervals of length H > x7/12%¢ je,

> Ay =(1+o0()H for H = x"1>*e, (1.1)

x<n<x+H

Soon after Huxley’s work, Motohashi [17] and Ramachandra [18] independently adap-
ted the proof to the case of the Mobius function. In fact, Ramachandra handled a larger
class of sequences arising as Dirichlet series coefficients of products of Dirichlet L-
functions, their powers, logarithms, and derivatives (a class of sequences whose most
notable representatives are ((n) and A(n)), showing that for such sequences we have an
asymptotic formula for their sums over short intervals [x, x + H] of length H > x? for
any 0 > 7/12 = 0.5833....
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The only improvement to the results of Huxley and Motohashi and Ramachadra is
Heath-Brown’s [7] result that one can obtain an asymptotic formula for intervals of length
H > x7/127¢() for any e(x) tending to 0 at infinity.

In this paper we show that in various instances, including the Mobius function but not
the von Mangoldt function, the exponent x7/12+¢
Moébius function our result is

can be improved to x%>37¢ For the

Theorem 1.1. Ler > 0.55 and & > 0 be fixed. Then, for x large enough and H > x?,
we have

H

x<n<x+H

Note that even under the Riemann hypothesis, one can only get such results for
0 > 1/2 (see e.g. [13, Section 10.5]), so our theorem moves a long-standing record signi-
ficantly closer to a natural barrier.

The main new idea leading to the improvement is using an identity attributed to
Ramaré (see [4, Chapter 17.3] and formula (3.3) below) to extract a small prime factor
from the n-sum. We will discuss the proof ideas, limitations of different methods etc. in
more detail in Section 2.

Like Ramachandra’s method, ours works for a wide class of multiplicative functions.
In particular, we can strengthen a result proved by Ramachandra [18] (and obtained in
unpublished work of Hooley and Huxley) on sums of two squares in short intervals, which
again involved the exponent 7/12.

Theorem 1.2. Let No(x) denote the number of integers < x that can be written as the
sum of squares of two integers. Then for 0 > 0.55 and & > 0 fixed, x large enough and
H > xe, we have

H

No(or+ H) = No(x) = (€ + O((log x)™ /) s,

1/2

where C = JLE [1)=3@moasy(1 = 1/ p*) V2 is the Landau—Ramanujan constant.

We can also apply our method to the k-fold divisor functions . For k < 5, short sums
of 7% (1) over an interval [x, x + x%*#] are well-understood by directly applying the fact
that one obtains a large power saving in the corresponding long sums (see [10], [14], [11,
Theorem 13.2] for the exponents 6, = 131/416, 03 = 43/96 and 6; = (3k — 4)/(4k),
4 < k < 8, respectively).

However, for large k, understanding 7z in short intervals is closely connected to the
problem of understanding the von Mangoldt function A in short intervals, which one
can currently asymptotically estimate only on intervals around x of length > x7/12+0()
Therefore, the best value of 8 for k > 6 in the literature is 6 = 7/12 + &, coming from
Ramachandra’s theorem [18]. Our next theorem says that we can in fact do better for the
divisor functions than for the primes.
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Theorem 1.3. Let 1 (n) denote the k-fold divisor function. Then for 8 > 0.55 and ¢ > 0

0

fixed, x large enough and H > x°, we have

> () = Pioy(logx)H + O(H(log.x) 2P+,

x<n<x+H

where Pr_1 is a polynomial of degree k — 1 that can be be calculated explicitly (see
[20, formula (5.36) in Section 11.5.4]).

The proof of Theorem 1.3 works for non-integer values of k as well (including
complex values), and although in those cases the function Pr_q(log x) will not be a
polynomial anymore, it can still be expressed as a linear combination of the functions
(log x)k=1=7 for j > 0.

The proof of Theorem 1.1 is not applicable to the corresponding problem for the von
Mangoldt function, since one cannot extract small prime factors from numbers 7 in the
support of A(n). Nevertheless, the proof does work for E, almost primes, that is, numbers
if the form p; p, with p;, p, primes. We are able to obtain an asymptotic for the count of
E, numbers in intervals of length x0-357¢,

Theorem 1.4. Let 6 > 0.55 be fixed. Then for x large enough and H > x? we have

Z 1=Hlolglogx +0(Hlogioglogx).

x<n<x+H ogx ogx
nEEz

Our method can also be used for twisted sums. We demonstrate this by proving the

following theorem.

Theorem 1.5. Let 6 > 3/5 and & > 0 be fixed. Then for x large enough and H > x? we
have, uniformly for a € R,

H
Z M(n)e(om) = O(W)

x<n<x+H

Previously p(n)e(an) was known to exhibit cancellations in intervals of length
H = x% with 6 > 5/8, due to work of Zhan [21, Theorem 5] from 1991.

2. Discussion of results, methods, and their limitations

2.1. The case of the Mdbius function

The 7/12 exponent in Huxley’s as well as in Motohashi’s and Ramachandra’s works is a
very natural barrier: A crucial piece of information needed in Huxley’s, Motohashi’s and
Ramachandra’s proofs is a bound of the form N(o, T') <« TB1=9) (where N(o, T) is the
number of zeros of the Riemann zeta function in the rectangle Re(s) > o, [Im(s)| < T') for
T >2,0 €[1/2,1], with B as small as possible. The best value of B to date is Huxley’s
B = 12/5 4+ o(1), which is the reason for the appearance of the 7/12 exponent.
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Huxley’s prime number theorem (1.1) was proved differently by Heath-Brown [6], but
that proof also runs into serious difficulties when one tries to lower 6 below 7/12. Heath-
Brown does not use zero density results but rather uses a combinatorial decomposition
(Heath-Brown’s identity) and mean and large value estimates for Dirichlet polynomials,
but since zero density estimates are based on these, the difficulty one runs into is actually
essentially the same.

Our proof of Theorem 1.1 manages to avoid the lack of improvements to Huxley’s zero
density estimate by means of Ramaré’s identity, which allows a more flexible combinat-
orial factorization of the Mobius function than what arises from applying Heath-Brown’s
identity from [6] alone: We will first apply Ramaré’s identity to extract a small prime
factor and then Heath-Brown’s identity to the remaining long variable.

Starting with [16], Ramaré’s identity has been successfully applied to many problems
involving multiplicative functions. In particular, connected to our problem it was shown
in [16] that x(n) has a sign change on every interval of the form (x, x + Cx!/?] with
x > 1 and C > 0 a large enough constant. Problems of the type

> luw=—1>0 or Y Am)>0 2.1)

x<n<x+H x<n<x+H

are of course easier than their asymptotic counterparts (1.2) and (1.1), and there are indeed
various results establishing a positive lower bound for the count of primes in intervals
shorter than x7/12; see [12], [8], [1] and [2], among others. The record to date is due
to Baker, Harman and Pintz [2] with the exponent 0.525, and an earlier result of Heath-
Brown and Iwaniec [8] established the exponent 0.55 + ¢ that we obtain here for the
asymptotic problem (1.2) rather than for the lower bound problem (2.1). It is no coincid-
ence that we obtain the same exponent, as our work draws a crucial lemma from theirs to
handle type I/II information (see Lemma 4.4 below), and the proof of that lemma is not
continuous in 6 but crucially uses that 6 > 0.55.

The ultimate reason why the exponent 0.55 is in fact the limit of our method is that
when one applies Heath-Brown’s identity to the Mdbius function, one needs to bound
mean values of various products of Dirichlet polynomials (which are either partial sums
of the Riemann zeta function or very short polynomials), and the particular case where we
have five polynomials of length x /510 jg a case where it seems that the large values
sets of the polynomials “corresponding to the 3/4-line” can no longer be shown to be
small enough for 8 < 0.55 if one uses existing mean value theorems for the Riemann zeta
function (such as the fourth moment or twisted moment results).

In the case of Huxley’s 7/12-result, the worst case is having six Dirichlet polynomials
of length x1/6+°() byt thanks to Ramaré’s identity, in the case of ;1 we can extract
an additional small prime factor so that this particular configuration of polynomials can
simply be dealt with a pointwise estimate, Cauchy—Schwarz and the mean value theorem
for Dirichlet polynomials (see Lemma 4.3 below for this argument). For primes, such a
trick of extracting a small prime factor is not available.

The proof of Theorem 1.5 concerning the twisted Mobius function follows simil-
arly using Ramaré’s identity to introduce a small prime variable before running Zhan’s
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argument (which involves again Heath-Brown’s identity and mean values of Dirichlet
polynomials), and we will outline the proof in Section 4.4. The reason that one cannot go
beyond 3/5 in Theorem 1.5 is again the case where Heath-Brown’s identity leads to five
factors of size x /50,

As we need to restrict to numbers with a small prime factor, we have to content
ourselves with a rather small saving in (1.2) (although the 1/3 — & exponent can be
improved; see Remark 5.2 below). In contrast, the previous methods give, for some ¢ > 0

and any H > x? with § > 7/12, the bound

| 1/3
£ o= oren(<()")

x<n<x+H

(see e.g. [18, Remark 4]), and a similar bound holds e.g. for the error term in Huxley’s
prime number theorem.

2.2. The case of multiplicative functions and almost primes

When trying to generalize Theorem 1.1 to more general multiplicative functions, one
needs to be careful: In contrast to the case of almost all short intervals handled in [16], in
general the short averages of multiplicative functions do not always match long averages;
for more discussion on this, see Remark 5.1 below.

Despite such limitations, we can prove the following general result from which The-
orems 1.2 and 1.3 immediately follow since the class of multiplicative functions under
consideration in particular includes the generalized divisor functions 7, (n) for any com-
plex z, as well as the indicator of those integers that can be represented as the norm of an
element in a given abelian extension K/Q.

Proposition 2.1. Let f : N — C be a multiplicative function which is eventually periodic
on the primes in the sense that, for some integers ng, D > 1, we have f(p) = f(q)
whenever p = q (mod D) and p,q > ng. Suppose further that | f (n)| < t,(n) for some
integer k > 1. Then, for ¢ > 0 fixed and H > x%>3%¢ we have

Y = Y f(n)+0(% I (1+@))

x<n<x+H x<n<2x pe[L,x\[P,0]
where P = exp((log x)2/3+5/2) and Q = x1/(loglogx)?

The proof goes along similar lines to that of Theorem 1.1, and we will discuss the
differences in Section 5.1. The class of multiplicative functions is chosen so that a Heath-
Brown type combinatorial decomposition is possible — the same class was recently con-
sidered by Drappeau and Topacogullari [3] in the context of the generalized Titchmarsh
divisor problem.

In the proof of Theorem 1.4 on E, numbers the crucial fact that we use about E,
numbers is that almost all of them have a small prime factor. There is a slight com-
plication though: the small prime factors that almost all £, numbers have are in fact
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so small that we do not necessarily have the Vinogradov—Korobov bound for the corres-
ponding Dirichlet polynomials, and this requires using slightly more delicate estimates
for Dirichlet polynomials than in the proof of Theorem 1.1. We will describe the proof of
Theorem 1.4 in Section 5.2.

The novelty in Theorem 1.4 is that there we get an asymptotic formula for the number
of all E, numbers in short intervals — if one only considered E, numbers whose prime
factors are of specific sizes (say a set of the form {n < x :n = pyps, x* < p; < x**+¢}
with o suitably chosen), one could prove an asymptotic formula for the number of these
in shorter intervals.

3. Extracting a small prime factor

We begin by proving the combinatorial identity that we need and that is based on Ramaré’s
identity. This identity allows us to introduce a small prime variable to our sum, which will
turn out to be crucial in what follows. One could alternatively use a Turdn—Kubilius type
argument to introduce a small prime variable but that would lead to much weaker error
terms.

Lemma 3.1. Let ¢ > 0 be fixed, let x be large enough, and let (log x)* < P < Q <
xo(/loglogX) g x¢ < H < x. Then

log P
Y omm=— ) aru<n)+0(H1i), 3.1
og 0
x<n<x+H x<prn<x+H
P<p=<Q
r<xt/2

with a, being an explicit sequence (given by (3.5)) that satisfies |a,| < t(r).

Note that the coefficients a, here will be harmless, due to the restrictions on their size
and support.

Proof of Lemma 3.1. By a standard application of the linear sieve (e.g. [13, Corol-

lary 6.2]),
Hlog P
S - 0(1&)
x<n<x+H 08 Q
pln=p&(P,0]

so we may add to the sum on the left-hand side of (3.1) the condition (n, [ | P<p<0 p)>1,
obtaining

Hlog P
Yo o= Y wM e, pt T O(W)- (3.2)

x<n<x+H x<n<x+H

We then apply Ramaré’s identity

Z _ p(p)p(m)

od . (33
W(P,Q] (m) +1 + 021, pe(p.o)):  (3:3)

/L(n)l(n,ﬂp<p§Qp)>1 = Z
P<p<Qpm=n
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where w(p,p1(m) is the number of distinct prime divisors of m in (P, Q]; this identity
follows directly since p is multiplicative and the number of representations n = pm with
P < p < Qiswp,p1(n). The contribution of the O(:) term, after summing over x < n <
x + H, is trivially bounded by

H H
< Y 7 <5
P<p=Q

which can be included in the error term.

In order to decouple the p and m variables, we write m uniquely as m = mm,
with m; having all of its prime factors in (P, Q] and m, having no prime factors in that
interval. Then we see that

pu(p)p(my)pu(msz) log P
2 mw= 2 2 E +O(H10gQ)'

x<n<x+H P<p<Q x/p<mima<(x+H)/p w(P,Q](ml) +1
p'lm1=p’e(P,Q]
p"|lmy=p"¢(P,0]

We wish to restrict the support of the m; variable. By writing k = pmm, (and noting that
any k has at most w(k) such representations) and recalling that Q < x&/(104loglogx) fo;
A > 10 fixed and x large enough, we see that the contribution of the terms with m; > x&/4
is bounded by

= Z a)(k) < (log x)2—10A/4-loglogx Z Zw(k) <

x<k<x+H x<k<x+H
w(k)>10A4/4-loglog x

(log x)4”

say, by Shiu’s bound [19, Theorem 1]. This is certainly an admissible error term.

Next, we need to dispose of the coprimality condition on m, in the sums above. For
this we use the fundamental lemma of the sieve (see e.g. [13, Chapter 6]). Let /\;j" and /\;
be the linear upper and lower bound sieve coefficients with level of distribution y := Q°
with s = 1001loglog x. Write P (P, Q) = HP<p5Q p. Then, by [13, (6.19)], we have

lmo2POD=1— D *Z{‘= > A~ lmrp.o)=1
d|(m2,P(P,0)) d|(m2,P(P,0Q))
+ —
S R T
d|(m2,P(P,Q)) d|(m2,P(P,Q))
Hence
m dn log P
Z u(n) = Z A;M(P)M( D )+O(H g )
ocp,0)(m1) + 1 log O

x<n<x+H x<pmidn<x+H
P<p<Q,m;<x®/4
p'ldmy=p’e(P,Q]

+ 0( oooag- A;)). (3.4)

x<pmidn<x+H
P<p<Q,m;<x®/*
p'ldmy=p’e(P,0]
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In the last error term we can sum first over n to deduce that it is at most of order
+ _
> mi( > %‘1 - 2 %‘i) + 0(yQx*4).
P<p=Q 1P Xa12(P,0) d12(P.0)
my<x®/*
p'lmy=p’e(P,Q]

Now, by the fundamental lemma of the sieve (see e.g. [13, Theorem 6.1]), the difference
in the parentheses is O(e ™) = O((log x)~'°%), which leads to an admissible error term
after summing over m; and p.

In the main term on the right-hand side of (3.4) we have u(dn) = pu(d)p(n) unless
(d,n) > 1, and if the latter condition holds, there must exist a prime ¢ € (P, Q] such that
q|d and g | n. Writing k = pmdn, and applying Shiu’s bound, the contribution of the
case (d,n) > 1is

H 3 H 3 H
< YY) wh< )y —(ogx)’ < Plogp (080" <o
P<q§Qx<k§x+H P<g=<Q
q-lk

which is small enough. Thus we may replace p(dn) in (3.4) by u(d)wu(n). Defining

1, <xe/4lpir= pe(p,0]

a, == AT puxwu)(r), where w(r):=
px wi)( ) oror() + 1

; (3.5)

we see that the sequence a, is supported on r < x8/4Qs < x¢/2 and lay| < z(r) (since
A% ] < 1), so we obtain (3.1). .

Remark 3.2. Let f : N — C be any multiplicative function satisfying | f(n)| < 7,(n)
for some fixed k > 1, and let P and Q be as above, with the additional constraint that
P > (log x)A« for A, alarge enough constant. Since Shiu’s bound is applicable for | (1),
it is clear from the above proof that the analogous statement

Y. fm= ) arf(p)f(n)+0(% I (HI]{ETP)'))

x<n<x+H x<prn<x+H pe[1,x\[P,Q]
P<p=Q
r<x&/2

holds when p is replaced by f in the definition of a, in (3.5).

4. The Mobius function in short intervals

4.1. Applying Heath-Brown’s identity
In what follows, we fix the choices
P = exp((logx)?/3+¢/2) 0 = xMloglog)?  pr = 8 g =055+4¢ k=20.

It suffices to prove (1.2) with H =< x%55%¢ since the case H > x%>>%¢ then follows by
splitting the sum into short sums.
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With Lemma 3.1, we can introduce a short prime variable into the sum of w(n)
over a short interval, and we now apply Heath-Brown’s identity [6]. Let M(s) =
> m<(@x)l/k f(m)m~*. Then we have the Dirichlet series identity

%: > =1/ 1( )g(s)f "M (s)! +m(1—§(s)M(S))"
1<j<k

which on taking the coefficient of n™° on both sides for n < 2x gives Heath-Brown’s
identity for the Mobius function:

M(”): Z( 1)] l( )1(*)(} 1)*(M1[1,(2x)1/k])(*)j’

1<j<k

where f ™)/ is the j-fold Dirichlet convolution of f. Applying this to the 1 variable on
the right-hand side of (3.1), we see that

k
Y aunn =Y (5) T ),

x<prn<x+H j=1 x<prni-npj_1<x+H
P<p<Q P<p=<0Q
izj=n;<@0l/k

Further splitting all the variables into dyadic intervals and adding dummy variables,
we end up with a linear combination of < (log x)2**2 sums of the form

> aray(ny) -~ azg—1(N2k—1), (4.1)
x<prni-nog—1<x+H
pE(P1,2P1],r€(R,2R],n; €(N;,2N;]
p=Q

where
€[P.0], Re[1/2,x?], Ni,...,Nk_1 €[1/2,x],

Ni,.o..Nok—q € [1/2,2x)Y*],  P{RNy---Nog_q =< x,
and for each i we have

lorl,—, i <k-1,
aj(n) = _
/L(l’l)lns(z)c)l/k orl,—1, k<i<2k-1.

4.2)

Recall that k = 20. What we wish to establish is a comparison principle, which states
that

Z aray(ny)---as—1(nax—1)
x<prni-npx—1<x+H
PpE(P1,2P1],r€(R,2R],n; €(N;,2N;]
p=Q

H
= — Z aray(ny) - asg—1(n2k—1) + Oa| 7——7 |-
yi (log x)
X<prny-nzg—1<x+yi
pe(P1,2P1],re(R,2R],n; €(N;,2N;]
p=Q

(4.3)
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with y; = x exp(—3(log x)'/3) for any choices of P;, R, N; in (4.2). Indeed, once we
have this, we can recombine these < (log x)?**2 sums into the single sum (3.1) to obtain

H log P
Y mm=2 Y M(n)+O(HIZ§Q)’ (4.4)

x<n<x+H x<n<x+yi

and by the prime number theorem for the Mobius function with the Vinogradov—Korobov
error term (or by Ramachandra’s result [18]) this becomes the statement of Theorem 1.1.

4.2. Arithmetic information

Our first lemma towards establishing comparisons of the form (4.3) is the type I informa-
tion arising from the case where one of the N; corresponding to a smooth variable is very
long.!

Lemma 4.1. Suppose that in the sum (4.1) we have N; > x%*%2¢ for some i < k — 1.
Then (4.3) holds.

Proof. The difference of the two sums on different sides of (4.3) is of the type

Y baer X b

x<mn<x+H N x<mn<x+y
n€(N;,2N;] ne(N;,2N;]

with H =< x055%e N; > x045+2¢ y, — x exp(—3(log x)'/3), and with b,, a divisor-
bounded sequence. Thus the result follows trivially by summing over the n variable first
(cf. [5, p. 128]). (]

When the above type I information is not applicable, we move to Dirichlet polyno-
mials in order to obtain type II and type I/Il information. As usual (see for instance [5,
Chapter 7]), we may apply Perron’s formula to reduce to Dirichlet polynomials.

Lemma 4.2. Let Ty = exp((log x)'/3) and define the Dirichlet polynomials P(s) =

Y P <p<min(2Py.0} P R(S) =D poycar @™, Ni(s) = XN, cp<an, @i (n)n™". Sup-
pose that

xl+£/lO/H
/ |P(1/2+it)R(1/2 4 it)Ny(1/2 4 it) -+ Noj_1(1/2 + it)| dt

To
<4 xlogx)™  (4.5)
forall A > 0. Then (4.3) holds.

Proof. This is a standard application of Perron’s formula detailed in [5, Lemma 7.2]. =

I'As pointed out by the referee, this lemma would actually follow from Lemmas 4.3 and 4.4
below. We have chosen to keep Lemma 4.1 here only because it gives a more elementary way of
obtaining type I information.
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The following lemma gives us type II information where the small prime p arising
from Ramaré’s identity is crucial. In that lemma and later, for a positive integer K, we use
the notation [K] = {1, ..., K}.

Lemma 4.3. Let the notation be as in Section 4.1. Suppose that there is a subset I C
[2k — 1] with [1;c; Ni € [x%478/2 x0:55+8/2] Then (4.3) holds.

Proof. By Lemma 4.2, it suffices to show (4.5). Note first that writing o =
1/(log X)2/3+¢/3 by the Vinogradov—Korobov zero-free region, for any || < x2 we have

log x

P +it P 3
[P(1+it)| K (ng)+|z|+1

(see e.g. [15, proof of Lemma 2]). Recalling that P > exp((log x)2/3%¢/2), this gives
|P(1 +it)] <4 (logx)™

for any A > 0 and |t| € [Ty, x'T¥/1%/H]. Now we can bound the left-hand side of (4.5)
by applying this bound to P (s), the trivial bound to R(s), and Cauchy—Schwarz and the
mean value theorem [13, Theorem 9.1] to the remaining Dirichlet polynomials, obtaining,
for any A > 0, a bound of

&4 RY? log R- (log x)_A

x1+8/10/H 2 x1+e/1()/H ) 1/2
([ “—[N,-(l/z-l—it)‘ dt/ ( I1 Ni(1/2+it)’ dt)
To iel To iel2k—11\I
1/2 p1/2 A . 1+¢/10 120 1410 1/2
< RY2P12(log x)~ (x +e/ /H+HN,-) (x 0+ ] N,-)
iel i€2k—1]\1
< xl/z(log x)74,
as desired. [

Finally, we have the following type I/II information for trilinear sums with one smooth
variable.

Lemma 4.4 (Heath-Brown—Iwaniec). Let the notation be as in Section 4.1. Suppose that
there exists an index r such that [2k — 1]\ {r} can be partitioned into two sets I and J
such that [];c; Ni < x%46%¢/8 and ];c; Ni < x046+¢/8_ Then (4.3) holds.

Proof. Since k = 20 and Ny > x/ [licpr—1p\iry Vi > x%079 we must have r <
k — 1 in (4.1), so the polynomial N,(s) is a partial sum of the zeta function of the
form Y N, <n<an, 1 °. Then we may apply a lemma of Heath-Brown and Iwaniec
[8, Lemma 2] _(alternatively see [5, Lemma 10.12]) to conclude. [

There is a lot more arithmetic information available: see e.g. [5, Section 10.5]. How-
ever, none of this handles for 8 < 0.55 the case where one has five smooth variables of
size x1/5+t0() o this additional information would not help us.
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4.3. Combining the results

Let N; = x% in (4.1) for some real numbers 0 < ¢; < 1. Combining Lemmas 4.1, 4.3
and 4.4 (the first is actually included in the other two), it clearly suffices to prove the fol-
lowing combinatorial lemma, after which we obtain the comparison (4.3) for all choices
of the NVj;, and thus obtain (4.4).

Lemma 4.5. Let ¢ > 0 be small, and let K be a positive integer. Let ay, . .., ok € (0, 1]
be such that ZIK=1 a; € [1 — ¢, 1]. Then either

(1) there exists a subset I C [K] such that ) ;. o; € [0.45,0.55], or
(2) there exists a partition [K] = I, U I, U {r} such that Zielj a; <046forj =1,2.

Proof. We can assume that there is no subset / C [K] for which ) ;.; ; € [0.45,0.55]
since otherwise we are in case (1).

Let then I C [K] be the subset with the largest ) *;.; o; < 0.55 (which actually must
be < 0.45). Now, for any r € [K] \ I one has «, + Y ;c; a; > 0.55 since otherwise we
contradict / having the largest sum. Consequently, we are in case (2) with /; = I and
I = [K]\ (1 U{r}) (since > ;cp, i < 1—0.55<0.46). L]

Remark 4.6. As pointed out by the referee, instead of Heath-Brown’s identity we could
apply the Vaughan type identity

1 —

¢(s)
with M(s) = ), 045 u(n)n™ as this gives rise only to terms that can be handled
through Lemmas 4.3 and 4.4. However, in the proof of the more general Proposition 2.1,

we will anyway have to use a decomposition that leads to similar terms to those in Heath-
Brown’s identity.

(% — M(S))(l —C(S)M(s)) + 2M(s) — {(S)M(s)z

4.4. The twisted case

In this section we outline how our argument can be combined with that of Zhan to prove
Theorem 1.5. Like Zhan, we start by introducing a rational approximation

1
e=290 @o=1. |Al<— lsqg<t=Hx"(ogx)®
q qr

for some large B > 0. Zhan has already proved Theorem 1.5 in the minor arc case g >
(log x)B (see [21, Theorem 2] which is stated for the von Mangoldt function but the same
proof works for the Mobius function). Hence we can concentrate on the major arc case

q < (logx)5.
We have, similarly to Lemma 3.1,
log P
> wean == ¥ amneteprn + 0(#E)
x<n<x+H x<prn<x+H og

P<p=<Q
r<x®/2
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As in the proof of Theorem 1.1, we use Heath-Brown’s identity to decompose this into
& (log x)?k*2 sums of the form

> aray(ny) - azg—1 (nok—1)e(aprny -+ nag—_1),
x<prni-npg_1<x+H
i>k=n; <(2x)1/k
PE(P1,2P1],r€(R,2R],n; €(N; ,2N;]
P<p=Q
with the same notation and conditions on the variables as in Section 4.1.

Now, we would like to show the comparison principle (4.3) with both main terms twis-
ted by e(aprny ---npx—1). The argument Zhan uses in the minor arc case (see [21, proof
of Theorem 2]) reduces this to mean values of Dirichlet polynomials through moving into
character sums and using partial integration, Perron’s formula and the first derivative test.

To state the required mean value result, we introduce the notation

Ty =4x(|Alx +x/H) and  F(s, x) = P(s, Y)R(s, Y)N1(s, ) -+ Nog—1(s, ),

where the Dirichlet polynomials are as in Lemma 4.2 but twisted by y. Then, slightly
modifying Zhan’s argument from [21, Section 3, in particular (3.11)—(3.12)], noting that
we have somewhat different notation, we see that it suffices to prove that, for all A > 0,

T+x/H
> / |F(1/2 +it, )| dt <4 (gx)*(logx)™ forT € [Ty, T1] (4.6)
x (mod q)

and

T
Z / |F(1/2+it, x)|dt <a H (gx)"*(logx)™ forT > Ty.
x (mod q)

The second claim is easier than the first since all the bounds one uses to prove (4.6) depend
at most linearly on the length of the integration interval.

Zhan proves (4.6) for ¢ > (log x)B. As in our proof of Theorem 1.1, he splits into
three cases: type I sums, type I, sums and type II sums. Zhan’s type I and type I, estimates
[21, Propositions 1 and 2] based on second and fourth moments of L-functions in short
intervals work directly also for ¢ < (log x)%.

Hence it suffices to show that also Zhan’s type II bound [21, Proposition 3] holds in
our situation, with the upper bound in [21, (3.16)] replaced by H x—¢/10 (this replacement
can be done since we only aim for intervals of length x3/5%¢ rather than x3/5(log x)%4).
But here we can utilize the short polynomial by using the pointwise estimate

|P(1/2+it)R(1/2 +it)| <4 (PR)"?*(log x)™4.

Then we can use Cauchy—Schwarz and the mean value theorem for Dirichlet polynomials
exactly as Zhan who got his saving from the estimate 1 < ¢'/2(logx)~4 which holds only
in the minor arc case. |
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5. Multiplicative functions and almost primes in short intervals

In this section we describe how the proof of Theorem 1.1 has to be modified to prove
Proposition 2.1 and Theorem 1.4.

5.1. Eventually periodic multiplicative functions

Proof of Proposition 2.1. The first difference compared to proof of Theorem 1.1 is that
instead of Lemma 3.1 we apply Remark 3.2 that generalizes it to multiplicative functions.
This gives us

H

> fm= X soasmro(pn T (1+720),

x<n<x+H x<prn<x+H g pe[1,x]\[P,0] P
P<pg§/2Q

where a, = (AT f * wf)(r).

Next we provide a Heath-Brown type combinatorial decomposition for f(n) (Drap-
peau and Topacogullari [3] also provide combinatorial decompositions for f(n), but we
show an alternative way to obtain a suitable decomposition). Letting

K = [1000loglogx] and w = xVX,

we may write

Yo f(parfn)

x<prn<x+H
P<p=<Q
rsxa/z
1
= Z YAl Z ar f(p) f(pV) -+ f(pr) f(q1) -~ f(qe) f(m)
0<{<60 ' x<prmpi-pxq1-qe<x+H
0<k<K P<p=<Q
w<p; <x1/60
gi>x1/60
p'lm=p’'<w

+ O(H/w). (5.1

Note that we can restrict the m variable above to be < x®/2 in size, adding an acceptable

error O(H /(log x)'°) (cf. the proof of Lemma 3.1), so rm plays just the same role as the
r variable in the case of the Mdbius function.

For each b (mod D), let ap be such that f(q) = ap for every prime g > ng withg = b
(mod D). Then, for every prime ¢ > max {D,no},

1 R
fo= Y (Wb(z ab)((b)))((f]): S @),

x (mod D) mod D) x (mod D)

say, where |c,| < 1.
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We use this expansion for each variable g; in (5.1). Thus it remains to obtain the
comparison principle for sums of the form

1

> > ar f(p)f(P1) - f(pi)x1(qr) -+~ xe(qe) f(m).
0<(<60 " x<prmpi-prqi-qe<x+H
0<k<K P<p<Q

w<p;<x!/60

gi>x1/60

plm=p’<w

with y; any Dirichlet characters modulo D.

For the g; variables, we introduce the von Mangoldt weight and then apply Heath-
Brown’s identity (e.g. with k = 20). We split the resulting sums as well as sums over p
and r dyadically, getting < (log x)3*¢*2 sums. Note that for the £ = 0 terms one does
not need to use Heath-Brown’s identity, since in those terms all the variables already have
length < x1/60,

If for a while we ignore the issue that k& (the number of primes p;) is sometimes large,
then we end up with sums essentially of the form (4.1), with the a; (n) being slightly differ-
ent but having the crucial property that any sequence a; (1) supported outside [1, (2x)*/29]
is of the form y(n) with y a Dirichlet character modulo D.

All of the lemmas we applied in the proof of Theorem 1.1 are readily available for
sums of the form )y ., .,y X(m)n~* in addition to their unweighted counterparts. Fur-
thermore, in the analog_ug of (4.4) for the function f one can use on the right-hand side
for example Ramachandra’s result [18], since any f that we consider can be expressed
as the Dirichlet series coefficients of a function of the form [, (n0a py L (s, X)** Fo(s),
with Fy(s) an absolutely convergent Dirichlet series for Re(s) > 1/2 (see e.g. [3, proof
of Lemma 2.3]), and hence f is in Ramachandra’s class of functions.

One can deal with k being large by grouping the variables p; into < 30 products whose
sizes are in [x1/3°, xl/zo]: We take i9 = 0, and then define, for j > 1, i; recursively so
that, for each j, we leti; be the first index for which Dij_y+1°Pi; = x1/30
recursion until step & for which p;, 11+ px < x1/30 and write i, = k (note that we
might have i,,_; = k as well). Necessarily # < 30, so there are less than K3° = o(log x)
possibilities for the tuple (iy, ..., is—1). We can write

. We continue

Loy f(pl)---f(pk)=§ 5 il (i)t

ko ip!
n=pi-pg h=10=ig<i;<-<ip=k

w<p;<x!/60
§ : bil—iOsvlbiZ—ilsUZ "'bih—ih—lsvh’ (5.2)

n=vi-vp
o SXI/ZO
V],5eeesUp—1 le/30>vh

where

3 Sf(p1)--- f(pr)

brv:z 1
r!

A ’

p1-pr=v
w<p; <x!/60
prpr—y<x!/30
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and we have
|bro] = O(k™) = O((log x)'°0'e¥)

— this bound is sufficient since we show the comparison principle with saving (log x)™4
for any A > 0. Inserting (5.2) into (5.1) and splitting each v; dyadically deals with the
problem of k large, which was the only remaining issue in the proof of Theorem 1.2. =

Remark 5.1. The proof above crucially used the eventual periodicity of f(p), and actu-
ally some conditions on f must be imposed — for any 8 € (0, 1) and any large x, there
are multiplicative functions such that the relation
1 1
o 2 Je=0+o)- Yo fn) (5.3)

x<n<x+H x<n<2x

does not hold for H = x?.
This can be demonstrated for instance by letting, for j = 1,2, f; = f;j x be the mul-
tiplicative function defined at prime powers by

5 (")
B (=1)/ w(m) if p¥ > H and mp* € (x, x + H] for some (necessarily unique) 1,
w(p®) otherwise.

Then

Yo b=y = > (RE*m) = A(pEm)

x<n<x+H x<pkm<x+H
pr>H
> Z w(m)? Z 1> H
m<x¢ x/m<p<(x+H)/m

at least for 6 > 7/12 + 2¢ by Huxley’s prime number theorem. If 6 < 7/12 + 2¢, in turn,
we may split an interval around x of length =< x7/12+2¢ into intervals of length x? and
note that by the pigeonhole principle we have in any case

Y () - filn) > H

x'<n<x'"+H

for some x’ =< x. On the other hand, by Haldsz’s theorem (see e.g. [20, Theorem 4.5,
Section I11.4.3]), for j = 1,2 and any x’ < x,

> fi) =o(x)).

x/'<n<2x’

s0 (5.3) cannot hold for both f; and f,. If one restricts the support of f to H-smooth
numbers, then one can hope to prove (5.3) and this is subject of an on-going work of
Granville, Harper, Radziwitt and the first author.
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5.2. Almost primes

The proof of Theorem 1.4 mostly follows the arguments of the proof of Theorem 1.1, but
starts with the following simple decomposition for E, numbers:

You= 3 1+0(HM)+08(L). (5.4)
x<n<x+H x<p1p2<x+H IOgX logx
nek; exp((loglog x)*)<p1 <x*
The validity of this is seen simply by using the Brun—Titchmarsh inequality to estimate
the number of those p; ps € (x,x + H] with p; < exp((loglog x)?) or p; > x*. Here
we think of ¢ > 0 as being fixed.

Note that an additional complication compared to the proof of Theorem 1.1 is that
the p; variable may be as small as exp((log log x)?), and thus we do not have the
Vinogradov—Korobov zero-free region for the corresponding Dirichlet polynomial. There-
fore, we will need to modify some steps in the proof of Theorem 1.1 for the current proof.

On the right-hand side of (5.4), we replace the indicator function of the prime p, by
the von Mangoldt weight A(p,) for which we have Heath-Brown’s identity. We apply
Heath-Brown’s identity to A(p;) with £k = 20. As in Section 4.1, we obtain a linear
combination of < (log x)2*2 sums of the form (4.1) (with 2k — 1 replaced by 2k),
where now R = 1/2,

ai(n) = { 1or lognorl,=1, i <k, | 5.5)
/L(n)lnS(ZX)l/k orl,—1, k+1<i <2k,

and with the difference that P = exp((loglog x)?) and Q = x® in (4.2).

We apply the Perron formula (Lemma 4.2) with the slight modification that Ty = x°
and y; = x%°° (the proof works verbatim with these choices). We are then left with
showing first that

01

loglog x logloglog x
S 1=y 1g g +0(y1 glg g ) Ji = x099, (5.6)
eneriy 0g X 0og X
nekE,>

and secondly that

x1+8/10/H
/ |P(1/2 +it)Ny(1/2 4 it) - N (1/2 + it)| dt <4 x"/?(logx)™4,
To

(5.7)

where P(s) = ZP1<p5min{2P1,Q} p~S, Py € [exp((log log x)?), x¥] and N;(s) =
3 N; <n<2N; a;(n)n™* with a;(n) as in (5.5). Furthermore, we have the constraint
P1N1 "'N2k = X.

To prove (5.6), we can for example apply Huxley’s prime number theorem, summing
first over the p, variable in the representation n = py p, with p, > p;y.



K. Matomaki, J. Terdvidinen 1224

For (5.7), we split the integration range [T, x! /10 /H] into two sets: the set
T = {t € [To,x"T¥/"°/H] : |P(1/2 + i1)| > P}/*(log x)~1°4}

and its complement, which we call 7. The integral over 7, can be bounded precisely as
in Section 4.2, since then we obtain a sufficient pointwise saving in | P(1/2 + it)|.
For the integral over 77, we must proceed differently. To bound

/ |P(1/2 4 it)Ny(1/2 +it) -+ Ny (1/2 + it)| dt, (5.8)
7

we first note that if all the N; satisfy N; < (2x)'/k, then we can apply the same
argument as in Lemma 4.3 to obtain the desired bound. (Let j be such that N; =
maxj<j<ok N;. Then we group {Ni, ..., Nax} \ {N,} into two almost equal products
of size € [x%4°7¢/3 x1/2] and apply Cauchy—Schwarz to the Dirichlet polynomials cor-
responding to these two products and a pointwise bound to N;(s).) Assume then that
some Nj, satisfies N;, > (2x)Vk | 50 that Nj, (s) is a partial sum of ¢(s) or {’(s). In that
case, we bound (5.8) by

< (ogx)¥|Ti|P2 T N2 sup INjy(1/2 +i0)].
i€l2k1\{jo} 1e

By Weyl’s method for bounding exponential sums (see e.g. [13, Corollary 8.6]) and the
fact that Nj, >> x!/¥, we have for ¢ € 77 the bound | N}, (1/2 + it)| < th/Z—yo for some
constant yo > 0. Thus, it suffices to show that

73] = x0

to obtain (5.7) and hence to finish the proof. From a moment estimate given by [16,
Lemma 8], we indeed obtain such a bound for |77 | (and in fact the stronger bound |77 | <
exp(104 log x /loglog x)). This concludes the proof. |

Remark 5.2. A similar manoeuvre as in the proof of Theorem 1.4 to handle Dirich-
let polynomials of length exp((log log x)?) would enable us to take the smaller value
P = exp((loglog x)?) in the proof of Theorem 1.1. This then produces the better error
term O(H (loglog x)*/log x) in (1.2). Similar improvements could be made to our other
results. We leave the details to the interested reader.

Acknowledgements. The authors would like to thank Maksym Radziwilt for useful suggestions and
in particular for pointing out the application to E2 numbers and the reference [3]. The authors are
also grateful to the referee for useful comments.

Funding. The first author was supported by Academy of Finland grant no. 285894. The second
author was supported by a Titchmarsh Fellowship of the University of Oxford.

References

[1] Baker, R. C., Harman, G.: The difference between consecutive primes. Proc. London Math.
Soc. (3) 72, 261-280 (1996) Zbl 0853.11076 MR 1367079


https://zbmath.org/?q=an:0853.11076
https://mathscinet.ams.org/mathscinet-getitem?mr=1367079

On the Mébius function in all short intervals 1225

(2]

(3]

(4]
(5]
(6]
(7]
(8]
(9]
(10]
(1]
[12]
[13]

(14]

[15]
[16]
(17]
(18]
(19]
(20]

(21]

Baker, R. C., Harman, G., Pintz, J.: The difference between consecutive primes. II. Proc.
London Math. Soc. (3) 83, 532-562 (2001) Zbl 1016.11037 MR 1851081

Drappeau, S., Topacogullari, B.: Combinatorial identities and Titchmarsh’s divisor problem
for multiplicative functions. Algebra Number Theory 13, 2383-2425 (2019)
Zbl 1472.11252 MR 4047638

Friedlander, J., Iwaniec, H.: Opera de cribro. Amer. Math. Soc. Collog. Publ. 57, Amer. Math.
Soc., Providence, RI (2010) Zbl 1226.11099 MR 2647984

Harman, G.: Prime-Detecting Sieves. London Math. Soc. Monogr. Ser. 33, Princeton Univ.
Press, Princeton, NJ (2007) Zbl 1220.11118 MR 2331072

Heath-Brown, D. R.: Prime numbers in short intervals and a generalized Vaughan identity.
Canad. J. Math. 34, 1365-1377 (1982) Zbl 0478.10024 MR 678676

Heath-Brown, D. R.: The number of primes in a short interval. J. Reine Angew. Math. 389,
22-63 (1988) Zbl 0646.10032 MR 953665

Heath-Brown, D. R., Iwaniec, H.: On the difference between consecutive primes. Invent.
Math. 55, 49-69 (1979) Zbl 0424.10028 MR 553995

Huxley, M. N.: On the difference between consecutive primes. Invent. Math. 15, 164-170
(1972) Zbl 0241.10026 MR 292774

Huxley, M. N.: Exponential sums and lattice points. III. Proc. London Math. Soc. (3) 87,
591-609 (2003) Zbl 1065.11079 MR 2005876

Ivi¢, A.: The Riemann Zeta-Function. Dover Publ., Mineola, NY (2003) Zbl 1034.11046
MR 1994094

Iwaniec, H., Jutila, M.: Primes in short intervals. Ark. Mat. 17, 167-176 (1979)
Zbl 0408.10029 MR 543511

Iwaniec, H., Kowalski, E.: Analytic Number Theory. Amer. Math. Soc. Collog. Publ. 53,
Amer. Math. Soc., Providence, RI (2004) Zbl 1059.11001 MR 2061214

Kolesnik, G.: On the estimation of multiple exponential sums. In: Recent Progress in Analytic
Number Theory, Vol. 1 (Durham, 1979), Academic Press, London, 231-246 (1981)
Zbl 0459.10027 MR 637349

Matomiki, K., Radziwill, M.: A note on the Liouville function in short intervals.
arXiv:1502.02374 (2015)

Matoméiki, K., Radziwitt, M.: Multiplicative functions in short intervals. Ann. of Math. (2)
183, 1015-1056 (2016) Zbl 1339.11084 MR 3488742

Motohashi, Y.: On the sum of the Mobius function in a short segment. Proc. Japan Acad. 52,
477-479 (1976) Zbl 0372.10033 MR 424726

Ramachandra, K.: Some problems of analytic number theory. Acta Arith. 31, 313-324 (1976)
7Zb10291.10034 MR 424723

Shiu, P.: A Brun-Titchmarsh theorem for multiplicative functions. J. Reine Angew. Math. 313,
161-170 (1980) Zbl 0412.10030 MR 552470

Tenenbaum, G.: Introduction to Analytic and Probabilistic Number Theory. 3rd ed., Grad.
Stud. Math. 163, Amer. Math. Soc., Providence, RI (2015) Zbl 1336.11001 MR 3363366

Zhan, T.: On the representation of large odd integer as a sum of three almost equal primes.
Acta Math. Sinica (N.S.) 7, 259-272 (1991) Zbl 0742.11048 MR 1141240


https://zbmath.org/?q=an:1016.11037
https://mathscinet.ams.org/mathscinet-getitem?mr=1851081
https://zbmath.org/?q=an:1472.11252
https://mathscinet.ams.org/mathscinet-getitem?mr=4047638
https://zbmath.org/?q=an:1226.11099
https://mathscinet.ams.org/mathscinet-getitem?mr=2647984
https://zbmath.org/?q=an:1220.11118
https://mathscinet.ams.org/mathscinet-getitem?mr=2331072
https://zbmath.org/?q=an:0478.10024
https://mathscinet.ams.org/mathscinet-getitem?mr=678676
https://zbmath.org/?q=an:0646.10032
https://mathscinet.ams.org/mathscinet-getitem?mr=953665
https://zbmath.org/?q=an:0424.10028
https://mathscinet.ams.org/mathscinet-getitem?mr=553995
https://zbmath.org/?q=an:0241.10026
https://mathscinet.ams.org/mathscinet-getitem?mr=292774
https://zbmath.org/?q=an:1065.11079
https://mathscinet.ams.org/mathscinet-getitem?mr=2005876
https://zbmath.org/?q=an:1034.11046
https://mathscinet.ams.org/mathscinet-getitem?mr=1994094
https://zbmath.org/?q=an:0408.10029
https://mathscinet.ams.org/mathscinet-getitem?mr=543511
https://zbmath.org/?q=an:1059.11001
https://mathscinet.ams.org/mathscinet-getitem?mr=2061214
https://zbmath.org/?q=an:0459.10027
https://mathscinet.ams.org/mathscinet-getitem?mr=637349
https://arxiv.org/abs/1502.02374
https://zbmath.org/?q=an:1339.11084
https://mathscinet.ams.org/mathscinet-getitem?mr=3488742
https://zbmath.org/?q=an:0372.10033
https://mathscinet.ams.org/mathscinet-getitem?mr=424726
https://zbmath.org/?q=an:0291.10034
https://mathscinet.ams.org/mathscinet-getitem?mr=424723
https://zbmath.org/?q=an:0412.10030
https://mathscinet.ams.org/mathscinet-getitem?mr=552470
https://zbmath.org/?q=an:1336.11001
https://mathscinet.ams.org/mathscinet-getitem?mr=3363366
https://zbmath.org/?q=an:0742.11048
https://mathscinet.ams.org/mathscinet-getitem?mr=1141240

	1. Introduction
	2. Discussion of results, methods, and their limitations
	2.1. The case of the Möbius function
	2.2. The case of multiplicative functions and almost primes

	3. Extracting a small prime factor
	4. The Möbius function in short intervals
	4.1. Applying Heath-Brown's identity
	4.2. Arithmetic information
	4.3. Combining the results
	4.4. The twisted case

	5. Multiplicative functions and almost primes in short intervals
	5.1. Eventually periodic multiplicative functions
	5.2. Almost primes

	References

