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Abstract. In this note we investigate propagation of smallness properties for solutions to heat equa-
tions. We consider spectral projector estimates for the Laplace operator with Dirichlet or Neumann
boundary conditions on a Riemanian manifold with or without boundary. We show that using the
new approach for the propagation of smallness of Logunov and Malinnikova (2018) allows one to
extend the spectral projector type estimates of Jerison and Lebeau (1999) from localisation on open
sets to localization on arbitrary sets of non-zero Lebesgue measure; we can actually go beyond and
consider sets of non-vanishing d — § (§ > 0 small enough) Hausdorff measure. We show that these
new spectral projector estimates allow one to extend Logunov—Malinnikova’s propagation of small-
ness results to solutions to heat equations. Finally, we apply these results to the null controllability
of heat equations with controls localized on sets of positive Lebesgue measure. The main novelty
here is that we can drop the constant coefficient assumptions of Apraiz et al. (2013, 2014) on the
Laplace operator (or the analyticity assumption of Escauriaza et al. (2017) and Lebeau and Moy-
ano (2019)) and deal with Lipschitz coefficients. Another important novelty is that we get the first
(non-one-dimensional) exact controllability results with controls supported on measure zero sets.
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1. Introduction

In this note we are interested in understanding the propagation of smallness and in control
for solutions to heat equations and their connections with the propagation of smallness for
high frequency sums of eigenfunctions of the Laplace operator on a compact Riemanian
manifold (M, g) with boundary. Let

1 ..
A=——209;(y/detgg¥o;
Jaetg i(y/detg g’ ;)

be the Laplace—Beltrami operator on M and let (ex ) be a family of eigenfunctions of —A,

Nicolas Burq: Mathématiques, Université Paris-Saclay, UMR 8628 du CNRS, Bat. 307, 91405
Orsay Cedex, France, and Institut Universitaire de France; nicolas.burq@universite-paris-saclay.fr

Ivan Moyano: Laboratoire J.A. Dieudonné, Université de Nice Sophia-Antipolis, Parc Valrose,
UMR 7351 du CNRS, 06108 Nice Cedex 02, France; ivan.moyano @unice.fr

Mathematics Subject Classification (2020): 35A02, 35Q93, 35K05, 58J35


https://creativecommons.org/licenses/by/4.0/
mailto:nicolas.burq@universite-paris-saclay.fr
mailto:ivan.moyano@unice.fr

N. Burq, I. Moyano 1350

with eigenvalues )Li — 400 forming a Hilbert basis of L2(M),
—Aey = )&iek, ex|am = 0 (Dirichlet condition) or dy,ex|gps = 0 (Neumann condition).

(Note that we will also denote by A the more general operator defined in (1.1) below.)
Now, we consider an arbitrary finite linear combination of the form

o= urer(x),

Ax<A

and given a small subset E C M (of positive Lebesgue measure or at least not too small in
a sense to be made precise later), we want to understand how L” norms of the restrictions
of ¢ to the set E dominate Sobolev norms of ¢ on M.

In the case of domains and constant coefficient Laplace operators and subsets of pos-
itive Lebesgue measure, or in the case of Lipschitz metrics and open subsets E, this is
now quite well understood [2, 5]. Here we shall be interested in the two cases where M
is a W2° compact manifold of dimension d with or without boundary (endowed with
a Lipschitz metric) and observation domains E of positive Lebesgue measure or even of
positive (d — §)-dimensional Hausdorff content for § > 0 small enough, but depending
only on the dimension of the manifold M.

Here and below by W2 manifolds, we mean that the changes of charts are
C! N W2 maps (C! with second order distribution derivatives bounded a.e. or equiv-
alently the derivatives of the change of charts are Lipschitz functions). We allow slightly
more general operators than Laplace—Beltrami operators and assume that M is endowed
with a Lipschitz (positive definite) metric g and a Lipschitz (positive) density «. Let

A= b div g7 (x)k (x)Vy = div, Vg (1.1)
K(x)

be the corresponding Laplace operator. When «(x) = y/det g(x), we recover the usual
Laplace—Beltrami operator on (M, g).

In all the results below, the manifold M will be assumed to satisfy the W 2> regularity
above, and unless stated explicitly otherwise, A stands for the operator defined by (1.1)
with Dirichlet or Neumann boundary condition if dM # @. Recall that the d-Hausdorff
content (or measure) of aset E C R” is

€4 (E) = inf{Zrd; EC UB(xj,”j)}v
j J

and the Hausdorff dimension of E is defined as
dimg (E) = inf{d; €% (E) = 0}.

We shall denote by | E| the Lebesgue measure of the set E. Let us recall that the Hausdorff
content of order n is equivalent to the Lebesgue measure,

3C4,cq > OVA Borel set, cq|A| < €% (A) < C4]A|,



Propagation of smallness and control 1351

and
C€L(E) >0 = Vd' <d, €4 (E) > inf(1, €% (E)) (1.2)

. d’ . . . . d’ d
(indeed, Zj ri = 1 if there exists ig such that r;, > 1, and otherwise Zj ri = Zj rf ).

The value of the Hausdorff content is not invariant by diffeomorphisms, but the Haus-
dorff dimension is invariant by Lipschitz diffeomorphisms, as shown by

Proposition 1.1. Let ¢ : R” — R” be a Lipschitz diffeomorphism, such that
IVx(@)lLe = C. (1.3)
Then, for any o > 0,
C€H(E)>m = €%(¢(E)) > C m. (1.4)

Proof. Indeed, assume that E C {J; B(x;,r;). Then ¢(E) C |J; ¢(B(x;, r;)). But,
according to (1.3), with y; = ¢(x;), we have

[p(x) —p)Il = Cllx —xjl| = ¢(B(xj,rj)) C B(@(x)),Cry),
As a consequence,
€ (E) =int {3 r7: E < | Bl 1))
7 7
> (0 inf{Zr‘»’; $(E) c | BOj. Cr,-)} = COC%(p(E). m
7 7

Our first result is the following generalization of Jerison—Lebeau’s work [5].

Theorem 1. There exists § € (0, 1) (depending only on the dimension of the manifold M)
such that for any m > 0, there exist C, D > 0 such that for any E1 C M with |E1| > m,
any E, C M satisfying

€4 (Ey) > m, (1.5)
and any A > 0, we have
o= uper(x) = [pllLeoan < CePMplE, Il ar)- (1.6)
A <A
o= uper(x) = [¢pllLeoar) < CeP* sup |p(x)]. (1.7)
AkSA x€Ey

Remark 1.2. The assumption (1.5) is not invariant by change of variables. It has to be
understood in a fixed local chart (and we shall prove Theorem 1 in a chart). Taking 0 <
8’ < 8, we could have replaced it by dimg (E) > d — § (which implies ‘631[5 > 0 and
is invariant by Lipschitz diffeomorphisms). Of course replacing § > O by any 0 < §’ < §
does not substantially change the final result (as we have no control on the actual value of
the constant §). For the sake of consistency with [8-10] we kept (1.5).



N. Burq, I. Moyano 1352

Remark 1.3. Notice that in Theorem 1 no assumption is made on the set E5 other than
the positivity of the Hausdoff content. This implies that in the presence of a boundary, the
estimate (1.7) also holds when E5 is concentrated arbitrarily closely to dM (with uniform
constants).

As a consequence of these spectral projector estimates we deduce the following
observability estimates and controllability results for the heat equation.

Theorem 2 (Null controllability from sets of positive measure). Let F C (0,T) x M of
positive Lebesgue measure. Then there exists C > 0 such that for any ug € L>(M) the
solution u = e'®uyq to the heat equation

du —Au =0, uly=0 = uy,
ulapr = O (Dirichlet condition) or

dyu|opr = 0 (Neumann condition),

satisfies (recall that k is defined in (1.1))
lle™uollL2ar) < € / Jul(t, x)ie(x) dx dt. (1.8)
F

As a consequence, for all ug, vg € L2(M) there exists f € L% (F) such that the solution
to
(at_A)u :le(t’-x)v u|t=0 = Uo,

(1.9)
ulapr = 0 or dyulay =0,

satisfies

Uli=T = eTA .

Theorem 3 (Observability and exact controllability from measure zero sets). There exists
8 € (0,1) (depending only on the dimension of the manifold M) which depends only on the
dimension of the manifold M such that for any E C M of positive (d — §)-dimensional
Hausdorff content, and any J C (0, T) of positive Lebesgue measure, there exists C > 0
such that for any ug € L*(M) the solution u = e'®uyq to the heat equation

dou—Au =0, ulsppyy =0o0rdyu|sy =0,

satisfies

leuoll2y = € [ sup ul.x) di. (1.10)
J x€E

As a consequence, under the additional assumption that E is a closed subset of M, for
all ug, vo € L2(M) there exists a Borel measure j supported on (0, T) x E such that the
solution to

0 — AMu = u(t,x)ljxg, Ulr=0 = uo,

(1.11)
u|3M =0or avu|aM = 0,
satisfies

tA
Uli>T = e'“vp.
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We refer to Section 5 (see (5.4)) for the precise meaning of (1.11). Actually, we can
even go a step further and show that the d + 1-dimensional heat equation can be steered
to zero by using measure-valued controls supported on a set of space-time Hausdorff
measure d — §.

Theorem 4 (Observability and exact controllability using controls localized at fixed times).
Take § € (0, 1) as in Theorem 1. Let m > 0, t € (0, 1) and D > 0. There exists C > 0
such that if E1 C M satisfies |E1| > m and E; C M satisfies ‘63,1(_8 (E») = m, then for
any sequence (Sp)neN,

J={0<---<sy<--<s590<T}
converging to 0 not too fast,
dr € (0,1), Vn e N, s, —spt1 > 1(Sp—1 — Sn),
we have that for any ug € L2(M), the solution u = e'®uq to the heat equation

diu—Au =0, ulgy =0ordyulgy =0,

satisfies
TA —# snA
lle” “uollp2(ary < C supe + le* S ug|(sn, x)| dx (1.12)
neN E,
and b
||eTAu0||L2(M) <C sup e *nintl |eS”Au0|(sn,x). (1.13)
neN,xeE,

As a consequence, under the additional assumption that E1 is a closed subset of M, given
any sequence (tn)neN,

J={0<tg<-- <ty <---<T},
converging to T not too fast,
WV<t<,VneN, thyy—ty =1ty —ty—1), (1.14)

for all ug, vo € L*>(M) there exists a sequence ( f;) of functions on Ey such that
D
D e | filloo (e, < 00,
J
and the solution to

+o00
@ —Mu = 8=, ® f;()1E,, uli=o =1uo,
= (1.15)
ulapr = 0 or dyulgpyr =0,

satisfies

tA
Ul = €' “vyg.
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Similarly under the additional assumption that E; is a closed subset of M, given any

sequence (In)neN.
J={0<ty<- "<ty <---<T}

converging not too fast to T as in (1.14), for all ug, vo € L*>(M), there exists (nj) a
sequence of Borel measure supported on E, such that

D
2T |y (E2) < +os,
J

and the solution to

+o0
0 — Mu = 8i=t; ® uj()1E,.  uli=o = uo.

= (1.16)
ulayr = 0 or dyulay =0,

satisfies

tA
uli=1 = e’ .

The meaning of solution to (1.15), (1.16) is also explained in Section 5.

Remark 1.4. We have tj 1 —t; < T — ;. As a consequence,

_.D_ b
I fillLoo(gyy < Ce 7%, |ui|(Er) < Ce 774
which means that our controls are exponentially small when j — +o0 (t — T).

The plan of the paper is as follows. In Section 2 we show how, for manifolds with-
out boundary, the estimate for spectral projectors (Theorem 1) follows quite easily from
Logunov—Malinnikova’s results [8—10] combined with Jerison—Lebeau’s method [5].
Then in Section 3, we show how to extend the results to the case of manifolds with bound-
ary. When the manifold is smooth, this is quite standard as we can extend it by reflection
across the boundary using geodesic coordinates. This allows us to define a new W2
manifold without boundary (the double manifold), which is topologically two copies of
the original manifold glued along the boundary, and into which these two copies embed
isometrically. At our low regularity level, the use of geodesic coordinate systems is pro-
hibited and a careful work is required to perform this extension. We actually provide a
natural alternative for geodesic systems (see Proposition 3.4). We believe that this con-
struction of the double manifold at this low regularity level has interest of its own. In
Section 4 we prove the propagation of smallness and observation estimates for solutions
to heat equation (estimates (1.8), (1.10) and (1.12) in Theorems 2, 3 and 4), by adapt-
ing a proof in Apraiz et al. [2], which in turn relied on mixing ideas from Miller [11]
and Phung—Wang [12], following the pioneering work by Lebeau—Robbiano [7]. Finally,
in Section 5 we prove the exact controllability results by adapting quite classical dual-
ity methods to our setting. Here we also improve on previous results by allowing control
supported on a sequence of times (hence a measure zero set in time).
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2. Proof of the spectral inequalities for compact manifolds

In this section we give a proof of Theorem [ in the case of a manifold without boundary.
We first show in Section 2.1 that the estimate (1.6) is actually a straightforward con-
sequence of the results obtained by Logunov and Malinnikova [10]. In Section 2.2 we
combine [10] with the spectral estimates on open sets obtained by Jerison and Lebeau [5]
to get (1.7) when oM = 0.

We deal with the case dM # @ in Section 3.

2.1. The spectral inequality for very small sets implies the spectral inequality for sets of
non-zero measure

Here we prove that (1.7) implies (1.6). Assume that | E;| > m is given and consider

¢ = Z urer(x) with ||¢||L2(M) =1.

Aka

Let F C M with |F| > m/2. According to (1.2) (and the fact that the Lebesgue measure
and f’gf are equivalent), we have

‘fo(,(F) >cqm/2, SO f’f;[s(F) > min(1l, cgm/2).
Now, according to (1.7), for any such F C M with |F| > m/2, we have

¢l ary < CeP™ sup | (x)]. 2.1)

xeF

with constants uniform as long as |F| > m/2. Let

1
F = {x € Ex; lp(x)] = S e DAII¢IIL°°(M)}-

If |F| > m/2, we have

I pllLooary < CePA Sug [p ()| < lpllLoo(ary/2,
xX€E

which shows that F' cannot satisfy (2.1) (because [|¢[l 2(ary = 1, so ¢ # 0). Hence,
| F| < m/2, and consequently

Ey|l _
[ stax= [ peolar = TP gl
1 1

which implies (1.6).

2.2. Proof of the precise estimate for compact manifolds

Let m > 0 and let £E5 C M be a given set with ‘65[8 (E2) > m. Our goal is to obtain
estimate (1.7) in this case.
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We first localize the estimate on a coordinate patch. Since M is compact, there exists

a finite covering
N

Mc|Ju;.
j=1

and W2 diffeomorphisms ¥; : V; — R9, with V; a neighborhood of U; in M.
From [5, Theorem 14.6] there exist C, D > 0 depending only on M such that for any
je{l,...,N},

ol = CeDA||¢||L2(U_,-)~ (2.2)

Let jo be such that
m
€43 (E, N U;,) > v

We now work in a coordinate patch Uj, and define the sets
V=";Vj). U= F=jo(E2nUjp).
Observe that, as V/j, is a diffeomorphism of class W2:*° by hypothesis, we must have
e (F) > Cvo) 3 (2.3)

Now, denote by f and ¢ the images of e; and ¢ by the push forward (v}, )«, which are
defined on V. Consider the functions

inh(A
utn) = 3w L0, 0= Y f) = drlemo

Ak <A Ak <A

for (ug )y given. Here by convention we set, for A = 0, ”mhkﬂ = t. We have
1
(; divg 'V, + Bf)u =0 < (divg '«Vy + 9;40,)u = 0.

Consider for T, > T7 > 0 the sets
K:=[-T1.Ti|xU, Q:=(-T».T)xV, E={0}xF,

which by construction satisfy the inclusions £ C K C 2. Next, thanks to (2.3), we can
write

eV EY > m' forn=d+1, m = C(wo)% 2.4)
For sufficiently small § > 0 we can now apply [10, Theorem 5.1] and get from (2.4)
o 1-a
sup Vi | = € (sup Vi cul) (sup |Viul) 2.5)
K E Q

We now need a variant of Sobolev embedding, which we prove for the reader’s conve-
nience:
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Proposition 2.1. There exists 0 > 0 such that for
H? = D((=4)7"?)
endowed with its natural norm
fullee = (3 P14+ 20%)
k

we have
[VxullLeo + lullLee < Cllullseo-

Remark 2.2. For smooth metrics and compact manifolds (without boundary), the
space J#¢ coincides with the usual Sobolev space H?, and Lemma 2.1 is just the usual
Sobolev injection. At our level of regularity it is no more the case, because the spaces H?
and J° coincide for 0 < ¢ < 2 but no further.

Proof of Proposition 2.1. We start with a lemma about eigenfunctions of the Laplace
operator.

Lemma 2.3. For all 01 > d /2 there exists C > 0 such that for all eigenfunctions ey of
the Laplace operator we have

1+
IVxerlzoe < C(1+A) M lekll2 llexllzee < CAT llexll o

Proof of Lemma 2.3. We start with the bound for ||eg||zoo. For n < 3, it follows from
elliptic regularity that

lexllgz < C(llAerllzz + llexllz2) < C(1 + A%,
which implies for 0 < s < 2,
lex lms < C(1+27)*/2,

and Lemma 2.3 follows from Sobolev embeddings. For higher dimensions, we shall use
the following results from [4] about weak solutions to

—Zayiai,jaij+cw=f (2.6)
i,J
with .,
MEP < ) ai (&g < AlEIP.
i,j=1

Theorem 5 ([4, Theorem 3.8, combined with Corollary 3.2]). Let w € H'(B(0, 1))
be a weak solution to (2.6). Assume that a;; € C°(B(0,1)), ¢ € L"(B(0, 1)) and
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f € L1(B(0,1)) for some q € (n/2,n). Thenw € C*(B(0,1)) fora =2 —n/q € (0, 1).
Moreover, there exists M = M(A, A, ||c||zn, T) > O such that

_ lw(x) —w(y)]
lwllcoeBo,1/2) = sup |w|+ sup T e
B(0,1/2) x,y€B(0,1/2), x#£y lx — y|
< M| fllLaso,1) + lwlm1(B0,1)) 2.7

where T is the uniform continuity modulus of the functions a; ;,

Vy,y' € B0,1), lai;(y)—ai;() <t(y—yD.

Using a partition of unity and applying this lemma in charts with ¢ = —)LIZCK()C), f=0,
we find that e € L° (with an implicit bound in terms of Az). Then applying again the
result with ¢ = 0, f(x) = )L]%K(x)ek (x), we get (choosing ¢ = n/2 + 0, i.e. arbitrarily
close ton/2)

2 2 1-6 6
lexllLee = M(AjllexllLe + llexllmr) < Mg llexllLo lexlly> + AxllexllL2)

with § = % = % — 0, and consequently

2/6
lexlle = M3 lexll2 + Aellexllzz) < €U+ 2™ 20 e 2.
Now, we turn to the estimates for || Ve ||Loo. In this case we shall use

Theorem 6 ([4, Theorem 3.13, combined with Theorem 1.3]). Let w € H'(B(0, 1)) be
a weak solution to (2.6). Assume that a; ; € C*(B(0,1)) and f € L1(B(0, 1)) for some
g > n. Then Vyw € C*(B(0,1)) fora = 1—n/q € (0, 1). Moreover, there exists M =
M, A, lla;jllce) > 0 such that

IVyw(y) — Vyw(y')]
Vyw|co.ep = sup |V,w|+
g (BO.172) B(0,1/2) g »,y'€B(0,1/2), y#y’ ly —y'|*

< M(|[ fllLao.1) + lwlmi1(so,1y)- (2.8)

Using again a partition of unity and applying now this lemma in charts with ¢ = 0,
fx) = Ai/c(x)ek (x), we get (choosing ¢ = n + 0, i.e. arbitrarily close to n)

IVxerllzoe < MR llexllza + llex ) < MOZ lexl 78 llexll? > + Axllexz2)
with 0 = % = % — 0, and consequently
-0
lexllzos = MOFFOPH O D e o 4+ apllexl2) = CA+ A" 02 m
Let us now come back to the proof of Proposition 2.1. From Weyl’s formula,

A ~ k14,
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As a consequence, we have

[ e, = €3l + 207
k k

< C(Z 21+ A2 +2p)1/2<z(1 . Ak)_zp)l/z

k k
< Clullgor+» 2.9)

aslongas2p > d. |
We now come back to the proof of (1.7). Using Sobolev embedding, we observe

sup Ve xu| < Cl[Vexu(@)|zee < CeT>HDYB] 1201
Q

By definition of u, we have
qulE =0, u|E =0, 8,u|E=(p1F.
We deduce from (2.2) and (2.5) that

I¢ll2r) < CePA N2,y < ClePh sup |¢|
J

o 1—a
< C'ePAsup |V, u| < C"ePA (sup |Vt,xu|) (sup |Vt,xu|)
Q E X

’ o _
= P (suplgl) oL (2.10)

which implies
’ o
19152 ar) = """ (sup19)

Another use of Sobolev embedding concludes the proof of (1.7).

3. The double manifold

In this section we give the proof of Theorem 1 for a manifold with boundary M and
Dirichlet or Neumann boundary conditions on dM . The classical idea is to reduce this
question to the case of a manifold without boundary by gluing two copies of M along
the boundary in such a way that the new double manifold M inherits a Lipschitz metric,
which allows one to apply the previous results (without boundary) to this double mani-
fold. However, this procedure of gluing has to be done properly, as otherwise the resulting
glued metric might not even be continuous. The main difficulty in our context comes from
the fact that the usual method for this doubling procedure relies on the use of a reflection
principle in geodesic coordinate systems. However, the existence of such coordinate sys-
tems requires at least C 2 (resp. C3) regularity for the metric (resp. the domain), compared
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to our W 1% and W2:* assumptions, to geta C ! (hence integrable) geodesic flow. To cit-
cumvent this technical difficulty, we shall define a pseudo-geodesic system relying on a
regularization of the normal direction to the boundary, which will be W2:* and tangent
at the boundary to the “geodesic coordinate system" (which actually does not exist at this
low regularity level).

Let M = M x {—1,1}/dM be the double space made up of two copies of M where
we identify the points on the boundary, (x,—1) and (x, 1), x € IM.

Theorem 7 (The double manifold). Let g be given. There exists a W2 structure on
the double manifold M, a metric g of class W' on M, and a density ¥ of class W 1>
on M such that the following hold.

o The maps
it Msx (x,£1)e M =M x {+1}/IM

are isometric embeddings.

o The density induced on each copy of M is the density «,

/7|M><{i1} =K.

e For any eigenfunction e with eigenvalue A> of the Laplace operator —A =
—% div g='«'V with Dirichlet or Neumann boundary conditions, there exists an eigen-
function € with the same eigenvalue A of the Laplace operator —A = —% div g~ 1xVv
on M such that

- ~ —e  (Dirichlet boundary conditions),
eluxiy = e, elmxi-13 = . 3.1
e (Neumann boundary conditions).
Corollary 3.1. Estimate (1.7) for manifolds without boundary implies (1.6) for Dirichlet
or Neumann boundary conditions, and in the case of Dirichlet boundary conditions, we
could even add any constant to the spectral projector and replace ¢ by

U =uy+ Z urer(x).
/\kSA

Remark 3.2. Since the vector spaces generated respectively by the Dirichlet or Neumann
eigenfunctions are dense in L2(M), the vector space generated by their extensions as
defined in (3.1) is dense in L2(M). We deduce that there exists a Hilbert basis of L2(M)
made up of eigenfunctions of A on M which are the extensions of the Dirichlet and
Neumann eigenfunctions of A on M.

To prove Theorem 7, we are going to endow M with a W2° manifold structure and a
Lipschitz metric g which coincides with the original metric g on each copy of M. For this
we just need to work near the boundary M (as away from dM, M coincides with one of
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the copies M x {£1}). Consider a point xo € dM . There exists a covering dM C Uj-vzl U;
(here OM is seen as a subset of M), where Uj; are open subsets of ‘M, and there are W2
diffeomorphisms

vV, >R =R, xR, TcVv,cM,

such that v; (V;) = B(0,1), x N {y >0} and ; (U;) C [0, €] x B(0,5) for some §,€ >0
small enough. Here W2 regularity means W?2* N C! regularity of every change of
charts

Yo ;v (Uk NU;) > RY.

Let a = a(y, x) be the metric in this coordinate system, which is hence W 1> and
defined for
x| <&, yel0,€], §<8<1, € <e.

For any x € {y = 0}, consider the vector defined by

n(x) = Ax)""2a710, x) ((1)) for A(x) = (1,0) - (0, x) ((1)) . (3.2)

One can check that
x — n(x) € WH*(B(0,8")) (3.3)

is the inward normal to the boundary for the metric a at the point (0, x) € ¥; (M N V;).
Indeed,

"n(x)a(0, x)n(x) = (A(x))"1(1,0)a"1(0, x)a(0, x)a~1(0, x) ((1)) =1,
which makes n(x) unitary and if X € ]ng_l, then

'n(x)a(0, x) (;) = (A(x))"V2(=1,0)a"1(0, x)a(0, x) (;) =0,

which proves that n(x) is orthogonal to the vectors tangent to the boundary. Finally, since
its first component is positive, n(x) points inward.

We now study the regularity of the quasi-geodesic coordinates. Let y € C§°(B(0, "))
be equal to 1 in B(0, §), and

m(s,z) = e $P 1 (yn)(0,2) with (z) = (1 + |z|*)"/2.
Lemma 3.3. Foranyq € Rand j = 1,...,d — 1, the operators
(sD;)9e= P+ gpg SDZ_/.(SDZ)qe_(SDZ)‘H

are uniformly bounded on L™ (R4~Y) with respect to s € R.
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Proof. Indeed, these are convolution operators with kernels
1 _ z | _ z
Kig(2) = 7 ()% <€>+1>(;), Kog = 5 (i (§)e <f>“>(;),

where % stands for the usual Fourier transform on R4 ™!, Since the functions

£ (E)e ), Esgi(E)ee® (34

are in the Schwartz class, we deduce that the kernels K 4 and K, , are uniformly bounded
(with respect to s > 0) in L! (Ri_l), which implies that the corresponding operators are
bounded on Lw(Rz_l) (uniformly with respect to s > 0). |

According to (3.3), the map (s, z) — m(s, z) is Lipschitz and therefore so is z —
m(0, z). Using Lemma 3.3 and the basic relations

d d
d_<SDZ> — SD?(SDZ>_1, d_e—(sDz)+1 — —SD§<SDZ>_1€_(SDZ)+1
S A

we deduce that the map
[—€',€'] x B(0,8") 3 (5,2) > $j(5,2) = z + sm(s,z) = z + se” P (yn| o)

is W2, Indeed, since by assumption yn € L*™ and V,(yn) € L™, a direct calculation
gives, using Lemma 3.3,

V2(s.2) = 1+ 5~ PV (=) € L¥((—¢.€) x B(0.8)2). (3.5)
dsj(s.2) = e_<SDZ>+1(Xn|s=0) - S2D3<SDZ)_1€_<SDZ)+1(X71|s=0)

= (1= (sD;) + (sD;)™1e P11 (yn|s—o)

€ L®((—e,€) x B(0,9);), (3.6)
V2¢;(s.2) = sVze PNV, (xn]s=0)) € L((—€.€) x B(0.5)2). 3.7)
05V20j(s.2) = (1 = (sDz) + (sDz)"H)e PV, (yn]5=0))

€ L*((—€,€) x B(0,9);), (3.8)

2¢;(s.z) = —(1 — (sD;) + (sD;) " )sD2(sD;)"'e™ P11 (yn|—o)
—sD2({sD;) ™" + (sD;)"2)e 6P T (yn| o)
= sD2(1—2(sD;)™" — (sD;) 2 — (sD;)>)e P11 (yn|—o)

d—1
=Y 8Dz, (1=2(sD;)~" = (sDz) 7 = (sDz) ) ¥PH (D, (xnls=0))
r=1

€ L®((—e, €) x B(0,8),). (3.9)

The differential of ¢; ats = O is

n(0,z 0
ds,z¢j|s=0 = (X ( )y ) s

xn(0,z); 1d
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which, according to (3.2) and the fact that a is positive definite, is invertible for z €
B(0, §). Hence, we deduce that ¢; is a W2 diffeomorphism from a neighborhood of
{0}s x B(0, 8), to a neighborhood of {0}, x B(0, §),. Notice also that since ¢; sends
the half-plane {s > 0} to itself, so does its inverse. As a consequence, shrinking U; to a
possibly smaller U j' we get a covering

N
om < |y

j=1

and W2> diffeomorphisms 1//j’- = qu_l o v; such that after this change of variable, the
metric b(s, z) is given for s > 0 by

b(s.2) = "ja(y. ).

In particular, for s = 0% we get

_(n(z)y n(z); n(z)y, 0
b(o+,z)_( Oy oy )a(O,z)(n(Z)i Id). (3.10)

Since n(z) is the normal to the boundary we have

'n(z)a(0,2)n(z) =1, (0,Z)a(0,z)n(z) =0, VZeRI

b(0+,z)=(1 0 ) (3.11)

We deduce

0 b(z)
with b’(z) positive definite. We have just proved

Proposition 3.4. Assume that M is a W manifold of dimension d with boundary,
endowed with a Lipschitz (positive definite) metric g and a Lipschitz (positive) density k.
Let

1
A = —divg ! (x)kVy = div, V. (3.12)
K
Then near any point Xo € OM there exists a W™ coordinate system

Xo = (0,0) e R, x R4,

_ d—1 _ d—1
Q= (0,400) xR, 9Q = {0} xR, (3.13)

_ ; (1 0
A= 02 Vy k(¥ 2)b(y,2)Vy 2, blag = (0 b’(z))'

Remark 3.5. In a geodesic coordinate system, we would have a diagonal form for the
metric as in (3.11) in a neighborhood of the boundary. Proposition 3.4 corresponds to
the fact that our coordinate system is, at the boundary, “tangent to a geodesic coordinate
system”.
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Summarizing, we have defined a covering Uj-vzl Uj/ D dM and W2 diffeomor-
phisms
y) U - R? =Ry x RE™!

such that 1//]/- (V;) € B(0, 1),x N {s = 0}, and after the change of variables 1//;, the metric
takes the form (3.11) on the boundary {s = 0}.

We can now perform the gluing by defining a covering of dM (now seen as a subset
of M),

N N
mc|Juix{-1.13=J T
j=1 j=1

where we identify the points in U ]’ N oM x {—1, 1}, and define the map

¥l(x) ife=1,

U, U/ x{e'>z >
piUpce {Sow]’.(x) ife =—1,

where
S(s,z) = (s, 2).
To conclude the proof of the first part of Theorem 7, it remains to check that

o the image of the metric on M induced by the metrics on the two copies of M is well
defined and Lipschitz,

o the changes of charts
Wi o Wt Wy (U N U;) — RY
are W2,
e the density ¥ obtained by gluing the two copies of k on each copy of M is W 1>,
The first result follows from (3.11) because on W; (U ]/ x {1}) the metric is given by

b(s"x)l.SZO’

while on W; (Uj’ x {—1}) it is given by

p , (-1 0 1 r(s,x)\ /(-1 O
§bo58(s,x)S lSf"—(o Id) (r(s,x) b’(—s,x))(O Id)lsf"’ 19

where from (3.13), r (0, x) = 0.

As a consequence, the two metrics coincide on {s = 0} and they define a Lipschitz
metric on (—€’, €) x B(0,§). To check the W2:* smoothness of the change of charts, we
write
Yo (W)™ on {s = 0},

U, o 07! =
KOS {Sow,’co(wj’.)_loS on {s < 0}.
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Taking derivatives we get

ds,z((p]/{ ° (¢j/)_1) on {s > 0},
ds VoWl =19 (-1 0 VN ol B (3.15)
( 0 Id) ds,z(¢k (¢]) ) ( 0 Id) on {s < 0}.

We now remark that by construction the differential d) x¢’|ps sends the normal to the
boundary to the normal ((1)) to the boundary and sends all vectors tangent to the boundary
to tangent vectors (2, ). As a consequence,

1 0
/ \—1 _
ds,z(¢k o ((]5]) )|{s=0} = (O q(z)) . (3.16)
We deduce from (3.16) that the two limits of the differentials as s — 07 and as s — 0~
coincide:
ds,z W o Wi Zot+ = dsz Wk 0 WS 5o (3.17)

and consequently the differential is C°. Let us now study the L boundedness of deriva-
tives of order 2. The case of space derivatives dz2,z or dsz,z is easy because we just have
to take an additional tangential derivative d in (3.17). Such derivatives are tangent to the
boundary {s = 0}, giving

A2, Wk o Wi oot = dZ Wk 0 Wi smo— = dZ ¢ lam © (8)) ™ Iis=0y-

Finally, the case of d Sz  follows from the jump formula and the use of (3.17) which shows
that the first order derivatives have no jump, because

9 _ , _
5 (Vo W) Lamo + S 0 v 0 (9)7" 0 Slico)
2

9 9
= 33Wko (W) Dm0+ 55 (S oy 0 (¥)) ™" 0 Slsco)

ds?
a / \N— / IN\—

+ (oo W o) = (S 0¥ 0 () 0 Sluer) ) @ e

+ (Vg 0 (W) Msmor =S o 0 (¥ 0 Sls=0-) ® 8

92 92
= w(wl/c ° (W,’)_l) s>0 + (S o Iﬂk ) (Iﬁ]) Ly S) $<0- (3.18)

952
The last result for the density ¥ follows from this W?2:* regularity of the change of charts.
It remains to prove the second part in Theorem 7 (about the eigenfunctions). Let e
be an eigenfunction of —A on M with Dirichlet boundary condition, associated to the
eigenvalue A2. We define
e(x,£1) = Le(x).

This definition makes sense because e(x) = 0 = —e(x) on the boundary. Now we check
that ¢ is an eigenfunction of A on M. Away from the boundary oM this is clear while
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near a point x € oM C M we can work in a coordinate chart (¥, U /i). In this chart,

&(s.2) e(s,z) if s > 0,
e(s,z) =
—e(—s,z) ifs <O0.

In {£s > 0}, & satisfies —A& = A2e, and near M in our coordinate systems, we have

e(s,z)=e(s,z)lgs0—e(—s,2)ls<co=¢€(s,2) 1550 + f(5,2)l5<0, [f(s5,2)=—e(—s,2),
(3.19)

and we have

V(@) (s,x) = (Vxe)lsso + (Vi f)1s<o,

05(@)(s,x) = (05e) 1550 + (05 f)1s<0 + (e(0+,z) — f(07,2)) ® 85=0 (3.20)

= (8se)1s>0 + (asf)1s<0,

where we have used the fact that according to the Dirichlet boundary condition, e(07,2)
= f(07,z) = 0. Now, according to (3.11), we get

~ _ (b1a(s,2)  r(s,2)
b(s,z) = ( (s, z) b’(S,Z))

with b1,1(0,z) = 1, 7(0, z) = 0, and we deduce from (3.20) and the jump formula that

—A@)(s, x) = A%&(s, x)
1

+mb1,1(0, 2)((@5€)(07, 2)=(35 £)(07, 2)+7(0, 2)(Vxe) (07, 2)—=(Vx £)(07, 2)))
®8s—0 = A%8(s,x)  (3.21)
where we have used r (0, z) = 0 and the fact that since f(s,z) = —e(—s, z) we have

3 £(07, ) = d,e(0T, 2).

This ends the proof of Theorem 7 for Dirichlet boundary conditions. The proof in the case
of Neumann boundary conditions is similar by defining

2(s.2) e(s,z) if s > 0,
e(s,z) =
e(—s,z) ifs<O.

4. Propagation of smallness for the heat equation

In this section we show how the first parts in Theorems 2 and 3 (i.e. estimates (1.8)
and (1.10)) follow from Theorem 1. Here we closely follow [2, Section 2], which in
turn relied on mixing ideas from [11], interpolation inequalities and the telescopic series
method from [12]. Indeed, Theorem 8 is actually slightly more general than [2, Theo-
rem 5], as the constants do not depend on the distance to the boundary but only on the
Lebesgue measure of £, and the interpolation exponent (1 — € below) can be taken arbi-
trarily close to 1. The first step is to deduce interpolation inequalities from Theorem 1.
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Theorem 8 (cf. [2, Theorem 6]). Let € € (0,1) and m > 0. Assume that |E{| > m and
‘C’ge_‘s (E3) > m. Then there exist N, C > 0 such that for all 0 < s < t,

le' fllz2ay < News €2 £ 11765 1€ £ 152 “.1)
™ £l qany < New™s [ £ 1Sz 1€ £ 12 - 4.2)

Corollary 4.1. Let m > 0. Assume that |E1| > m and ‘6;‘;—8 (E») > m. Then for any
D, B > 1 there exist A,C > 0 such that forall0 < t; <t, <T,

7 ét A _tD_I‘} HA 7 Et A

e 7€ fllagny —e 2T e fllpaany = Ce 27 e fllpig,),  (4.3)
__A __DA __ B

e e fllaany —€ 2T €A fllaagy < Cem P [|e28 fllroo(ry),  (44)

and for any J with |J N (t1,8)| = (t2 — 11)/3,

A _pa 2 sA
e 2722 fllLzary —e 27 1€ fllLzn) SC[ L)Ne*™ fllLie,) ds.
3
(4.5)
A _pa 2 sA
BT 22 £ [l 2ary — € 2711 €18 £l 20y < C f L ©e™ fllzeen) ds.
3
(4.6)

Proof. Let us first deduce Corollary 4.1 from Theorem 8 adapting [2]. Let A > 0. From
Theorem 8 we get, using the Young inequality ab < (1 — €)a/(1=9) 4 b,
A A
I [0 u ] 2ary < NeB €28 F 1Sl 1z
< Ne~ 2(t2 ) ”etZAf”LOO(El)e t2 tl ||€ lAf”LZ(M)
< N9 (1 = )¢ 20D e fllLoo ey + cedm le"® flloany (47

and (4.3) follows from choosing 2¢ < D~! in Theorem 8 and then

AJ2—N
€

A>2B, > DA.

The proof of (4.4) is similar. Let us now turn to the proof of (4.6). From the assumption
|J N (t1,12)| = (t2 — t1)/3, we deduce

—t
|J 0t + (12— 11)/6,12)| > =—L.

4.8)
Now, from (4.2), fort € (¢t + (t2 — t1)/6, t2), we have
1622 £ ll2qany < ! f||Lz(M) < Ne™ T [l £ 115760 e £l an)

< NeB e £ 1€ £ - (4.9)

Integrating this inequality on J N (1 + (f2 — £1)/6, t2) and using the Holder inequality
gives
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0+ (6 —1)/6,)] 1625 £ 200
6N 2 A 1—e A
< Nen™ (/ L Ole! f||L1(E2>dt) 1€ f S0y (410)
n+@2—11)/6

which using (4.8) (and replacing 6N by 6N + 1) gives

le22 fllz2ar)

O6N+1

15 1—e
< Neoh ( / O™ f e dr) 19 £ 200y @11)
t1+(t2—11)/6

The rest of the proof of (4.6) follows now the same lines as the proof of (4.4). Finally, the
proof of (4.5) is similar. ]

Remark 4.2. The proof above shows that in (4.5) and (4.6), we can replace the sets £,
E, by sets E1(t), E»(t) if we assume that |E1(z)| > m and €j€_8(E2(t)) > m uniformly
with respect to ¢ € I, so that we can apply Theorem 8 with E;(¢) and E,(¢).

Proof of Theorem 8. Let 0 < s < t and for f € L?(M) let
f=Taf+T4)

where IT, is the orthogonal projector on the vector space generated by {ex; Ay < A}. We
have

||€tAf||L2(M) = ||etAHAf||L2(M) + ||€tAHAf||L2(M)
< Ne"Me"2TTa fllL1 ey + lle" 2T 2y
< NeMA (e FllLi e, + 1€ 2T £ll2an) + 12T £ 2
< (N + DeM ("2 fllp1 gy + e 2T £l 2ar)
< (N + DM (e fllpiey + e e fllogn). 412)

Since 2
> _ N2
sup eNATEAT(=9) — paei=y)
A>0
we deduce
tA
lle"™ fll2can)

_ N2 2¢_ (1Y A2 (—
< (N + De = (e“2 | et A £ 11 gy + e OV eSB £1000). (4.13)

Since A is a free parameter, and # — s > 0, we can minimize the right hand side of (4.13)

2
with respect to the parameter o« = e~ =) ¢ (0, 1), by choosing

s 1€ flzan
le® Floicer)

which gives
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N2 _
le' £l qany < 2N + DeTa= ([ £121 5 ) " (e f o) (4.14)
and thus (4.1) follows.
To prove (4.2) we have to adapt the method. Using Lemma 2.1 we get
le’® fllizzary < e Ta fllLzan + e 2T fll2n)
< NeMMe"ATIA f (7 ooy + €2 T fllz2qan)
< NeMM([le"® f Lok + 12T Fllgeo any) + €2 T £l 22 ar)
= (N + DeM (e f oo + "2 I £ L300 ). (4.15)

Let us study the quantity

_ /'L2 _ _ )L2
”etAHAfnéfU(M) — Z (€ 2 k(t S)AIZCU)e 2 "s|fk|2'

Ak>A
Since 5
g
—251% (I—S)AZO <A o
sup e ¥ = + — s
A=A E(t S)
we deduce
||etAHAf||2 <(A+ o 20 Z (6_2(1_5)A%(t—s))e—2112cs|fk|2
H M) = 2e(t — )
Ak>A
o 20 2
<A e—2(1—e)A (t—s) esA
_( +—2E(t_s)) e £,
< CE’OeAe—Z(l—Ze)AZ(t—S) ||€SAf||L2, (416)

and coming back to (4.15), we get

_ _ 2(4—
le®® flliz2ary < (Neo)e N TVA (e fllpoo gy +e 202D eS8 £ 110y, (4.17)

The rest of the proof of Theorem 8 follows by the same optimization argument as before.
L]

Once Corollary 4.1 is established, the rest of the proof of (1.8), (1.10), (1.12) and
(1.13) closely follows [2, Section 2]. For completeness we recall the proof. Let us start
with the simpler (1.12). From (4.3) with #; = $y4+1,% = sy, and D = 771 we have

—_ A4 A —_Dba A —-_ B A
e it e fllpagan—e T e R fli2any < Ce TR I,
(4.18)
Sn—Sn+
D

Since $p41 — Spao2 > L we deduce

__ A A A A
e 7t e fillapy — e Snt T2 (e E £ oy

- B __B—1
< Ce n=snt1 ”eS"Af”Ll(El) < C'e Gn=sp+D (s — sn+1)€S"Af||Ll(El)~ (4.19)
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Summing the telescopic series (4.19), and using
A A
e SnTSn+l |le’n <e “nSn+l — 0,
€= fllLzary < I/ ey =2

we get (recall that so = T)

+o0

__A_ _%
e T e fll2an < € Ze =St (s — Saa ) €72 Fll L1 ey
n=0
__B-1
< Csupe "= nt1 (e flL1(g,). (4.20)
n

which proves (1.12). The proof of (1.13) is the same.
To prove (1.10) we need the following lemma from [12] about the structure of density
points of sets of positive measure on (0, T').

Lemma 4.3 ([12, Proposition 2.1]). Let J be a subset of positive measure in (0, T). Let |
be a density point of J. Then for any z > 1 there exists 1 € (I, T) such that the sequence
defined by

Imt1—1=2"(1=1)

satisfies

IJ N (Zm+l»lm)| = (lm - lm+1)/3~

Now, we apply this result with z =2 and from (4.6) with D =2 and t; = ;41,2 =i
we get

oM M
e mTlmit e fl 2y —e MmTim|letm IR £l o

Im
< C/ IJ(s)||eSAf||Loo(E) ds. (4.21)
m-+1

Noticing that we get

2 — 1
lm_lm-H lm+1_lm+2’

M M
T Tl ||ttt A g

L2(M) — ¢ L2(M)

Im
<c /I L) flloooe ds.  422)
m-+1

Now summing the telescopic series (4.22), and using

- M
lim e ‘m+1—Im+1 =0,
m——+o00

we get
1
M
T e £ 2y < € /I 1y 6 fllLoo(x) ds,
1

which (since T > [7) implies (1.10).
To prove (1.8), we need an elementary consequence of Fubini’s Theorem.
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Lemma 4.4. Let F C M x (0, T) be a set of positive Lebesgue measure. Working in
coordinates, we can assume that F C B(xg, ro) x (0, T). For almost every t € (0, T) the
sets

F
E,=FNMx{t} and J:{le(O,T); |Et|z%}

are measurable and IF|

J| >
1= 2T |B(x9,70)|
Proof. Indeed, from Fubini,

F
|F|=/ |Et|dr+/ \E/ldi < |7]1B(xo.ro)| + L. .
J 0,7)\J 2

Now, the proof of (1.8) follows exactly the same lines as the proof of (1.10) above by
noticing that (4.1) will hold for E = E; with constants that are uniform with respect to
t € I (because then |E;| > %); see Remark 4.2.

5. Control for heat equations on ‘“very small sets'

Here we give the proof of the exact controllability parts in Theorems 3 and 4 (this part in
Theorem 2 is very classical and we shall leave it to the reader). We start with Theorems 3.
Since J C (0, T) has positive Lebesgue measure, so does J N (¢, 7) forsome 0 <e < T,
and hence we can assume J C (e, T'). By subadditivity of the Hausdorff content,

+o00 +o00
(U 4)) =D €4y
j=1 j=1
with
Ai=ENn{xeM;dx,0M)>1/j}, jeN,
we deduce that there exists jo such that
€L (EN A4;) >0

because otherwise we would have
+o00
el (E nlY Aj(,) — el (E\ M) =0, so €LI(E)=0.
j=1

As a consequence, replacing £ by £ N Aj,, we can assume that
de>0Vx e E, d(x,dM) >e. 5.1
For wg € L2(M) let w = eT=D2y be the solution to the backward heat equation

0; + AM)yw =0, ul;=1 = wo,
(0 ) lr=T 0 52)
wlapr = 0or dyw|yy = 0.
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Let o be as in Lemma 2.1. Notice that for any € > 0, we have w € CO([E, T]; #9), and
SO

we (e TIx M), s [w|(t.x) < Cllwoll 2
(¢t,x)e(e,T)XE

Consider the set
X = {T 2wl yxp: wo € LA(M)}.

We endow X with the norm inherited from L1 ((0, T'); L>°(M)) and have

lwlx = llwllLis;L00zy)y =€ sup  |wl|(z,x) = CllvollL2(ar)-
(t,x)e(e,T)XE

By the observation estimate (1.10), applied to JxE , J=T-1J , we have

lwle=ollL2ary = C /~ leSAwol|Loo(ryds = C/ e T2 wo|| ooy dt < Cllwl|x.
J J
(5.3)
As a consequence, for any ug, vo € L%(M), the map

XowH (w|,=o,uo - UO)LZ(M)

is well defined because if w; = w, € X, then from (5.3), wi|;=¢9 = Wwz|;=0. Also
from (5.3), this map is a continuous linear form on X. By the Hahn—Banach Theorem,
there exists an extension as a continuous linear form to the whole space

L'((0.T); C*(E)).
By the Riesz Representation Theorem, there exists
p € L®((0,.T): M(E))
(here M(E) is the set of Borel measures on the metric space E) such that this linear form

is given by

LY((0,T);C%E)) > w — w(t,x)du.
(0,T)XE

We can extend p by restriction to L!((0, T'); C°(M)) in the following way:
L1 €0 3w [l 0 di
(0,T)XE

which defines an element (still denoted by w) of L*°((0, T); M(M)), supported on
[e, T] x E (here we have used the assumption that E is a closed set).
Let us now check that the solution to

(0 — A)z = pu(t, x)1Ex,1), Zlt=0 =0,

(5.4)
zloap = 0ordyz|gy =0,

satisfies
TA
Zly=7 = € S (ug —vg), zlt=0=0
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and consequently choosing

u=euy—z

proves the second part in Theorem 3. First we have to make sense of (5.4) (and show that
the right hand side (¢, x)1 £ x(o,1) is an admissible source term). The first step is to prove
that #7 is dense in C%(M) subject to Dirichlet boundary conditions (or Neumann in a
sense to be specified). Of course, the set # being defined in terms of the eigenfunctions
of the Laplace operator with Dirichlet or Neumann boundary conditions depends on this
choice of boundary conditions, and in the next lemma, we make this dependence explicit.

Lemma 5.1. For all 0 > 0, the set ] is dense in the set of continuous functions on M
vanishing on M, while the set 3, is dense in the set of continuous functions on M.

Proof. Let ug € C°(M) vanish on the boundary dM . Then the function defined on the
double manifold by
Uo(x, £1) = Fup(x)

is clearly continuous on the double manifold M. We shall say that #g is odd. Clearly the
set of odd C! functions on M is dense in the set of C° odd functions on M. Now for any
o C! and odd, working i in the double manifold, we can apply the maximum principle
for the heat semigroup (e’2),¢, whereby the family (e’4%),>¢ is uniformly bounded in
L (M) by ||Vo||Leo(ar). Then applying again the maximum principle to (Vxetz'ﬁo)tzo
we find that (e?2T) ;50 is bounded in W 1:°°(#1). It clearly converges to vo in H(M) =
WBL2(M) as t — 0 (by decomposition with respect to the eigenbasis of A defined in
Remark 3.2), and consequently it converges to ug in W12 (M) for all 2 < p < +oo,
which implies convergence to ¥y in C°(M). Now the decomposition of T with respect
to the set of eigenfunctions of the Laplace operator A involves only odd eigenfunctions,
hence eigenfunctions & which are of the form

e(x,£1) = e(x),

where e is an eigenfunction of the Laplace operator on M with Dirichlet boundary con-
ditions (see Remark 3.2). As a consequence, for any ¢ > 0,

Ao lrwry = €20 v € HG(M).

This implies that 2 (M) is dense in the set of continuous functions on ‘M vanishing
on dM. To prove that J5 (M) is dense in the set of continuous functions on M, we
proceed similarly replacing the odd extension by the even extension

to(x, £1) = uo(x).

which sends the set of continuous functions on M to the set of continuous functions on M
(here we do not require the vanishing of #( on the boundary). ]

The density of K in C° implies that the map

M(M) 5 v =T =g e Hy°
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is onto and consequently any measure v € M (M) can be seen as an element of #°,
the dual space of 5. Respectively, since 7, is dense in the set of functions vanishing
on dM, any measure v € M(M) supported away from the boundary can be seen as an
element of 7, the dual space of #J. As a consequence, we can solve (5.4) by using
the natural spectral decomposition in # 77, i.e.,

po= Y (mex)®ex,
k

with (i, eg)(t) supported in (e, T') and

ess supZA;z"l(u,ek)lz(t) < +o00.
t€(0,T) A

Let wo € L?(M) and let wy be the solution to (5.2) with vy replaced by

Wo,N = Z (wo, ex)er,
k<N
and zy the solution to (5.4) with u replaced by
un =Y (w.ex)(Oer.
k<N
We have

T T
0= / (@ + Awy.zx)2 = [wy . zn) 218 / (wy. (=3; + A)zy)p2
0 0

T
= (Wo,N,ZN|t=T)L2 —/ (wn, 1N) 2. (3.5)
0

We now let N tend to infinity. Then
Wo,N —> Wp In L2,
ZNli=1 = zli=7 InH %, so zy|i=r — z|;=7v inLZ?,
wy — w in C°([0, T]; #°),
UN —> o in L0, T]; H7°).

(5.6)

We deduce that we can pass to the limit in (5.5) and get

T
0 = (wo.zle—r)p2 — / Wt )L reco.r di.
0

From the definition of u we have

T
/ w(t, x)dp = (w]r=0,uo — vo)r2 = (eTAwo,Mo —Vo)r2.
0
We finally get

Ywg € L2, (wo, z|t=T)12 = (eTAwo,uo —Vo)2, SO Z|i=T = eTA(uo — vg).

A

Thus u = e'®ug — z satisfies the second part of Theorem 3.
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We now turn to the second part in Theorem 4 and highlight the modifications required
in the proof above. We shall focus on the case E = E; and assume that E satisfies (5.1).
Let J = {t,; n € N} U{T} C [to, T] (recall that g > 0) and J = T — J = {s,} U {O}.
Let
X = {T %4 7xE: vo € L2 (M)} C C°(J x E),

endowed with the sup norm. Then according to (1.13) with s, = T — ¢, the linear form
Xowr (w|,=0,uo - UO)LZ(M)
is well defined and continuous, and more precisely bounded by

C sup e_TEfn|w(tn,x)|. (5.7)

neN,xeE

Indeed (notice that T — t,, > t,4+1 — 1),

_ B
lwle=ollL2(ary = ”eTAUO”LZ(M) <C sup e "t |w(ty, x)|
neN,xeFE

B
<C sup e T-u|w(ty,,x)|
neN,xeE

According to the Hahn—Banach theorem [13, Theorem 3.2], we can extend this map to the
whole space C°(J x E), so that it is still bounded by (5.7). By the Riesz Representation
Theorem, this continuous linear form can be represented by a measure y € M(J x E)
which still satisfies the same bound (5.7). As previously we can extend this measure to a
measure on [0, 7] x M which is supported in J x E. Hence this measure takes the form

[/L - ZS[:[,, ® //Ln + 8[=T ® /’LOO?
n
with 14/, oo measures on M supported by E. Using (5.7) we get
B
> e |l (E) < 400, jice = 0.
n

Now we can easily make sense of solving

0 —A)z = Z&?:tu ® Un, Zlry=0 =0
n

with Dirichlet or Neumann boundary conditions in L*°([0, T"); #~7), by simply noticing
that the solution to this equation is the solution to the homogeneous heat equation on
(tn, th+1) which satisfies the jump condition

Z)ty40 = Zlty—0 = tn € H°.

Since

D linllse—e < C Y |unl(E) < 400,
n n
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we deduce that actually lim; .7 ;<7 z(¢) exists in # %, and consequently the solution
exists and is unique in [0, +00) (defined on [T, +00) as the solution of the homogeneous
heat equation). We now write the analog of the integration by parts formula (5.5). Let
zy,wn and p, n be the projections of z, v and u, on the space spanned by the first N
eigenfunctions. On (t,,#,+1), we have

th41 th41
0= [ (0 + Mwy,zy)2 = [(wN,21\/)Lz]l,'y’lJrl —/ (wy, (=0 + A)zn) g2
17 tn

n

= (wN|tn+1 , ZN|t=tn+1—O)L2 - (letnaZN|t=ty,+O)L27 (5.8)

which implies (using zy |;=o = 0 and lim,— 4 oo WN |s=1, = wn (7)) that

T
0= /0 (0 + Mwy, 2x)p

= Z(thn_H ) ZN|t=tn+1—0)L2 — (WN |1, 2N 1=ty +0) 12
n

k-1
= lim (W (%), 28 li=y—0)22 + Y (WN |1, 2N l=t,—0 = ZN|1=2,+0) 12
k—+o00 1

= (wNn(T), 28 li=1)2 = Y _(WN |1, nN )12

n
T
= (WN.2ZN|i=T)r2 —/ wy () dun.
0

We can now let N — +o00 and get

T
(o — vo, Z|t=7) L2 =/ w(t)du,
0

and we conclude as previously that u = e’

boundary conditions)

uo — z satisfies (with Dirichlet or Neumann

(0 — A)u = _th=tn ® fn, Ult=0 = Uo, U|i=T = vo.
n

This proves the second part in Theorem 4, in the case E = E,.The case E = E; is proved
similarly by replacing in the proof above (1.13) by (1.12).
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