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Abstract. We initiate the study of a duality theory which applies to norm inequalities for point-
wise weighted geometric means of positive operators. The theory finds its expression in terms of
certain pointwise factorisation properties of function spaces which are naturally associated to the
norm inequality under consideration. We relate our theory to the Maurey—Nikishin—Stein theory of
factorisation of operators, and present a fully multilinear version of Maurey’s fundamental theorem
on factorisation of operators through L!. The development of the theory involves convex optim-
isation and minimax theory, functional-analytic considerations concerning the dual of L°°, and the
Yosida—Hewitt theory of finitely additive measures. We consider the connections of the theory with
the theory of interpolation of operators. We discuss the ramifications of the theory in the context
of concrete families of geometric inequalities, including Loomis—Whitney inequalities, Brascamp—
Lieb inequalities and multilinear Kakeya inequalities.
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1. Introduction

In this paper we introduce and develop a general functional-analytic principle which gives
a unifying framework for a range of multilinear phenomena that have recently arisen in a
number of areas of mathematical analysis.

We shall be mainly concerned with norm inequalities for pointwise weighted geomet-

ric means
d

[ 1@ 5 n®

J=1

of positive linear operators 7; defined on suitable spaces, where a; > 0 and Z}i:l aj =1.
Before we describe the scope of our work in this paper, and to set the scene for our study,
we briefly visit the analogous territory in the linear setting (d = 1) in order to provide
a context for what we are aiming to achieve. Throughout the whole paper we shall be
dealing with real-valued rather than complex-valued functions.

1.1. The linear setting

Let X and Y be measure spaces and let 7 : L?(Y) — L?(X) be a bounded linear operator,
that is, it satisfies

ITfllg = AllLf1p (1)

for all f € LP(Y), for some A > 0. Here, | < p <ocoand 0 < g < oo. Since LY is a
Banach space only when g > 1, it is natural to focus separately on the regimes g > 1 and
O0<g<l.

(i) Case g > 1. Since |||, = max{| [ hg|: |lgllyy = 1}, inequality (1) holds if and only
if forall f € L? and all g € LY we have

‘ [ane

Using the relation [(Tf)g = [ f(T*g), this is in turn equivalent to the statement
IT*gll,y < Algllgs — that is, the boundedness of the adjoint operator 7* between the
dual spaces of L? and L? respectively (at least when 1 < p, ¢ < co). We are therefore

< Al fllpllgllq - 2)
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firmly in the terrain of classical linear duality theory, a theory whose utility and import-
ance cannot be overstated. Notice thatif ¢ = 1 and 7 is also assumed to be positive (that
is, Tf > 0 whenever f > 0), the equivalence of (1) and (2) is essentially without content
since in this case it suffices to check on the function g = 1.

(ii) Case 0 < ¢ < 1. Since ||h]l; = min{| [ hg| : ||gllyy = 1}, we see that (1) holds if
and only if for all f € L? there exists an (extended real-valued) g € L4 " such that (2)
holds. Note that ¢’ < 0 in this situation, so it is implicit that such a g satisfies g(x) # 0
almost everywhere. It is a remarkable result of Maurey that, under certain conditions —
such as positivity of 7' — given inequality (1), there exists a single g € L4 with ||g]| g =1
such that (2) holds for all f € L?. Such a result is an instance of the celebrated theory of
factorisation of operators which is developed in [35]. Indeed, it is a case of factorisation

through L' since the inequality
[ane

demonstrates that 7 may be factorised as 7 = My—1 o § where § = M, o T satisfies
[SLr—r1 <Aand M,1, the operator of multiplication by g1, satisfies || Mg—illp15pa
= Jgl;f =1.

Observe that there is no obvious point of direct contact between the two regimes g > 1
and 0 < g < 1 in this linear setting.

The result of Maurey to which we refer falls within the wider scope of Maurey—
Nikishin—Stein theory, which considers factorisation of operators in a broad variety of
contexts. This includes consideration of nonpositive operators, sublinear operators (for
example maximal functions), operators with various domains and codomains, and factor-
isation through various weak- and strong-type spaces, often under some auxiliary hypo-
theses. The particular case of positive operators defined on normed lattices, taking values
in L4 for g < 1, and factorising through (strong-type) L' was considered by Maurey, how-
ever, and for this reason we refer specifically to the Maurey theory rather than the broader
Maurey—Nikishin—Stein theory. For an overview of this larger theory see [26,27,35,36].

< Al fllp

1.2. The multilinear setting

The purpose of this paper is to develop duality and factorisation theories for certain classes
of multilinear operators which are analogous to those that we have set out above in the
linear setting. Amusingly, the notion of “factorisation” manifests itself in two distinct
ways in our development. One of these is as a multilinear analogue of a formulation of
a Maurey-type theorem as was briefly outlined in the discussion of the case 0 < ¢ < 1
above. The other is that our duality theory (corresponding to the case 1 < g < oco) will
be expressed in terms of pointwise factorisation properties of certain spaces of functions.
Even simple instances of these pointwise factorisation results are new and striking: see
Section 1.5.1 below.

We begin by describing the scenario in which we shall work and the classes of oper-
ators we shall consider.
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Let (X, du) and (Y;,dv;), for j = 1,...,d, be measure spaces,' let $(¥;) denote
the class of real-valued simple functions (i.e. finite linear combinations of characteristic
functions of measurable sets of finite measure) on Y;, and let M (X) denote the class of
real-valued measurable functions on X. Let 77, ..., T be linear maps

Ty S(Y;) — M(X).

We suppose throughout that the 7; are positive in the sense that if f > 0 almost every-
where on Y}, then 7; f > 0 almost everywhere on X.

In this paper we shall be concerned with “multilinear” Lebesgue-space inequalities of
the form

d d
FBi 1B
HE(T,E) oo =€ TR ) )

where 0 < j < 00,0 < p; <00’ and 0 < ¢ < oo.

These inequalities are to be interpreted in an a priori sense, with the F; being non-
negative simple functions defined on Y;. We are especially interested in the case that
either the 7; are not bounded operators from L?/ (Y;,dv;) to L4(X,du), or that they are
bounded but do not enjoy effective bounds.

Strictly speaking such inequalities are multilinear only when each §; is 1; we shall
nevertheless abuse language and will refer to the inequalities under consideration as “mul-
tilinear”. In fact the case when Z}izl B; = 1 will play a special role in what follows. Of

course we may always assume either that ¢ = 1 or that Zjd-=1 = 1.
To fix ideas, we discuss some examples of inequalities falling under the scope of our
study.

1.3. Examples

Example 1 (Holder’s inequality). The multilinear form of Holder’s inequality for non-
negative functions is simply

/XFl(X)"'Fd(X) du(x) < [Fillervx) -+ 1 Fallra (x)

where p; > 0 and Z;-izl pj_1 = 1. This is of the form (3), with T; = I forall j, g =1
and each f8; = 1. But, for any fixed set {§;} of positive exponents, it is also trivially

equivalent to the inequality

AP £ < ANE - falBe

I Throughout the paper, when we refer to measure spaces X, Y or Y; without explicit mention
of the measure, it is implicit that the corresponding measures are u, v and v; respectively, unless
the context demands otherwise.

2 —

We shall soon focus on the case p; > 1 and Zj Bi =1
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forall 0 < g; < ooand 0 < g < oo which satisfy Z}i:l Bj qj_1 = ¢~ !. In particular, there
is an equivalent formulation of the multilinear Holder inequality taking the form (3) with
Z}izl B; = 1.In fact, there are many such equivalent forms, limited only by the require-
ment that Z;-izl B; qj_l = ¢~ 1. Special cases of choices of exponents {8, ,¢;,q} satisfying
this condition are (i) B; arbitrary subject to Z;l:l Bj=1,q; =1forall j,andg = 1; and
(ii) Bj = d ! forall j, g, arbitrary subject to Z}i:l qj_l =1,and ¢ = d. This observation
demonstrates that we may expect that a given multilinear inequality might have multiple
equivalent manifestations, each of the form (3), with Zjl:l B; = 1. In the context of the
factorisation theory we shall develop, each manifestation of the inequality corresponds to
a different factorisation property of associated function spaces. See Section 7.1 for further
discussion.

Example 2 (Loomis-Whitney inequality). For 1 < j <n let 7; : R” — R"~! be pro-
jection on the coordinate hyperplane perpendicular to the standard unit basis vector e;;
thatis, 7jx = (x1,...,X},...,X,). The Loomis—Whitney inequality [33] for nonnegative
functions is

/ Fi(mx) - Fy(mpx)dx < ||F1 ||Ln71(Rn71) s ||Fn ||Ln71(]Rn71).
Rn
For each 0 < p < o0, this is equivalent to the inequality

1
”fl(nlx)l/n fn(”n )/ ”L"P/(" 1)(]R”) = ”fl”Lp(Rn ' ”fn”L/pn(Rnfl)'

Each of these inequalities is of the form (3) with Z?:l Bi =1
A very special case of the Loomis—Whitney inequality occurs in two dimensions
where it becomes the trivial identity

[ Fl(X2)F2(X1)dX1 dX2=/ F]/ Fz.
R2 R R

In spite of its simplicity, this example will play an important guiding role for us. See
Sections 6, 9.2, 9.3 and 10.2.1.

The Loomis—Whitney inequality has many variants — for example Finner’s inequalit-
ies, the affine-invariant Loomis—Whitney inequality and the nonlinear Loomis—Whitney
inequality. See [11,25], and Sections 9.2 and 9.3.

Example 3 (Brascamp-Lieb inequalities [18]). The class of Brascamp-Lieb inequalities
includes the previous examples. Let B; : R” — R"/ be linear surjections, 1 < j < d. For
0 < p; < oo and F; nonnegative we consider the Brascamp-Lieb inequality

/ HF(Bx)”fdx<Cl_[(/an ) 4)

It is not hard to see that in order for this inequality to hold with a finite constant C, it is
necessary that Z;I:l pjnj = n.Itis known that the constant C is finite if and only if, in
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addition to Z}i:l pinj =n,

d
dimV <) p; dim B; V
j=1

for all V in the lattice of subspaces of R"” generated by {ker B; }J‘-lzl. (See [8,9,42].)

From this one sees easily that ﬂ;lzl ker B; = {0}, Z?:] pj > 1,and p; <1 are also
necessary conditions for the finiteness of C. A celebrated theorem of Lieb [31] states
that the value of the best constant C is obtained by checking the inequality on Gaussian
inputs F;. Lieb’s theorem generalises Beckner’s theorem [6] on extremisers for Young’s
convolution inequality.

Suppose that 0 < r; < oo and 0 < s < oo. Setting F; = fjrj in (4) and taking sth
roots, we see that (4) is equivalent to

” li[ fj(Bjx)pjr-"/S
j=1

d
l/sl_[ | PiTilS
=€ j=1 Ll sy

If Z}i:l p,rj = s this is an inequality of the form (3) with Z}jzl B; = 1. In particular,
we can take r; = n; and s = n to obtain the equivalent form

d d
: ) n;/ 1/ .p‘n‘/n .
Hl_llfj(B]x)p_/n_/ n <cln 1_[1 ||f]||L’,,jj(an),
J= J=

L (R?) —

or we can take r; = 1 and s = Z}izl pj (recall that this number is at least 1 when the
inequality is nontrivial) to obtain another equivalent form

d d
. 1 pjls
1B =TT gy )
j=1 j=1
A special case of the class of Brascamp-Lieb inequalities is the class of geometric

Brascamp-Lieb inequalities. Suppose that the linear surjections B; : R” — R"/ satisfy

d
> piBB; =1I,.
j=1

Then, by a result of Ball and Barthe [4, 5] (see also [8]) we have

d d pj
[ S a<([ 0)
R G j=1 R"J

and the sharp constant 1 is achieved by the standard Gaussians Fj(y) = e~ Cor-
respondingly, in the equivalent variants presented above, the constants are also 1. The
geometric Brascamp-Lieb inequalities include a suitably reformulated version of the
sharp Young inequality of Beckner [6]. See Section 1.5.1 and Section 10.1 for an applic-
ation of the theory we present in the context of geometric Brascamp-Lieb inequalities.

(6)
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Example 4 (Multilinear generalised Radon transforms). There is a vast literature on mul-
tilinear generalised Radon transforms into which we do not wish to enter. For us, this term
will mean consideration of multilinear inequalities of the form (3) when the operators T
take the form 7; f = f o B; for suitable mappings B; : X — Y;. In most cases, X and Y;
will be endowed with a topological or smooth structure, and the mappings B; will respect
that structure in such a way that issues of measurability do not arise.

The class of multilinear generalised Radon transforms includes the Brascamp-Lieb
inequalities. The most basic multilinear generalised Radon transform which is not
included in the Brascamp—Lieb inequalities is probably the nonlinear Loomis—Whitney
inequality. See Section 9.3 below.

Example 5 (Multilinear Kakeya inequalities). The Loomis—Whitney inequality of
Example 2 is equivalent to

1/(n—1)

/ l_[( Z ap; xp;(x) )1/(n_1)dx < ﬁ( Z apj) .

Jj=1 P;eP; Jj=1 P;eP;

where &; is a finite family of 1-tubes in R” which are parallel to the jth standard basis
vector e;, and the ap; are arbitrary positive numbers. (A 1-fube is simply a neighbourhood
of a doubly infinite line in R” which has (n — 1)-dimensional cross-sectional area equal
to 1.) Multilinear Kakeya inequalities have the same set-up, but now we allow the tubes
in the family &; to be approximately parallel to e;, i.e. the direction e(P) € S of
the central axis of the tube P € &; must satisfy |e(P) —e;| < ¢, where ¢, is a small
dimensional constant. Such inequalities have been studied in [10, 16, 23, 29] and have
proved to be very important over the last decade with significant applications in partial
differential equations and especially in number theory — see for example [12—15]. The
multilinear Kakeya inequality is the statement

H 1_[( Z ap; xp, (x))l/n - H( Z ap, )1/n.

j=1 P;ep; Jj=1 P;eP;

This inequality is of the form (3) with X = R”, g =n/(n — 1), Y; = $; with counting
measure, p; = 1 forall j, B; = 1/nforall j, and T((ap,))(x) = ZPjer ap; xp; (x).
It was Guth’s approach to such multilinear Kakeya inequalities in [29] which inspired the
present paper.

The recent multilinear k;-plane Kakeya inequalities, and indeed the even more general
perturbed Brascamp-Lieb inequalities, both recently established by Zhang [45], also fit
into our framework, the latter as a generalisation of inequality (5).

We shall return to these examples in some detail later in Part III. In particular we shall
discuss the affine-invariant Loomis—Whitney inequality, the nonlinear Loomis—Whitney
inequality and certain aspects of Brascamp-Lieb inequalities in the light of the theory we
develop.
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1.4. The weighted geometric mean operator

As we have just seen, all of our examples fit into the framework of inequality (3) with
Z}i:l B;j =1, and with the L#/ (and L?) spaces in the Banach regime, i.e. with p; > 1
(and g > 1). We shall therefore be concerned in this paper with norm inequalities for the
weighted geometric mean operator

o1 (fisooon fa) = (T )% - (Ta fa)*

where o = (@1, ..., 04) and the o are positive numbers satisfying Z;Ll a; = 1. That
is, we shall consider inequalities of the form

d
[T 5
j=1

Lq(X) 1_[ ”f}”Lp/(Y) (7)

for nonnegative simple functions f; € $(Y;), in the regime p; > 1 and ¢ > 0. While the
case ¢ > 1 is pertinent to our examples, we also wish to consider the case 0 < g < 1
because this corresponds to the situation treated by Maurey in the linear setting. Through-
out the paper, we use the quantities «; to represent positive numbers whose sum is 1.

We have chosen to present our general theory for the weighted geometric mean oper-
ator 7, — which is manifestly not linear in its arguments fi, ..., f; — mainly because
of the extra elegance and simplicity that such a treatment affords. Nevertheless, nearly
all of the examples above also have equivalent strictly multilinear formulations. In par-
ticular, the multilinear Kakeya inequality of Example 5 can be re-cast as the manifestly
multilinear

HH<Z 'BPXP())‘LI/(" D@ H(Z 5”)

j=1 Pje®p; j=1 Pjep;

The one class of examples that does not admit a genuinely multilinear reformulation
consists of the perturbed Brascamp-Lieb inequalities which were briefly mentioned in
Example 5.

Our first purpose in this paper is to propose and undertake a systematic study of the
duality theory associated to the weighted geometric mean operator 7, in the context of
inequality (7) in the case ¢ > 1, and some of its generalisations. It is hoped that the
framework for this multilinear duality theory will in time have applications in a wide
variety of contexts. Our second purpose is to establish suitable analogues of Maurey’s
theorems in the context of (7) in the case 0 < ¢ < 1. Interestingly, the case ¢ = 1 will be
central to our development of both the regimes ¢ > 1 and 0 < ¢ < 1, unlike in the classical
linear setting where the case ¢ = 1 is essentially vacuous, and in which there appears to
be no direct link between the two regimes ¢ > 1 and 0 < g < 1.

1.5. A theory of multilinear duality: the regime q > 1

We begin with the Banach regime g > 1.
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One half of our duality theory — the “easy” half — is largely contained in the following
simple observation, the content of which is that if we have a certain pointwise factorisation
property for the space L9, then the weighted geometric mean norm inequality (7) will
hold.

Proposition 1.1. Suppose that T; : L?/ (Y;) — L4(X) are positive linear operators, that
pj.q = 1 and that Z;-izl aj = 1. Suppose that for every nonnegative G € L7 (X) there
exist nonnegative measurable functions g; defined on X such that

d
G(x) < H gi(x)% aeonX, and
j=1 (8)
||7}*gj||LPj’(Yj) = A”G”Lq’(X) forall j.

Then, for all nonnegative f; € Y,

d d
RT 1% .
1\11:[1<T,ﬁ) oo = ATTNAD

that is, (7) holds for all nonnegative f; € LPi(Y}).

For the (easy) proof and some discussion of this result, see the more general Proposi-
tion 2.1 below.

Rather surprisingly, the implication in Proposition 1.1 can be essentially reversed, and
one of the main aims of this paper is to show that the factorisation property (8) enunciated
in Proposition 1.1 is in fact necessary as well as sufficient for (7) to hold. This is the
second half of the multilinear duality principle referred to in the abstract of the paper.

Before coming to this, however, we note that if there is a subset of X of positive meas-
ure upon which 7} f; vanishes for all f; € L#/, then this subset will play no role in the
analysis of inequality (7). There is therefore no loss of generality in assuming such sub-
sets do not exist. We formalise this notion by introducing the notion of saturation below.’
In order to facilitate what follows later, we at the same time introduce the closely related
notion of strong saturation, and also make the definitions in slightly greater generality
than what is required by the current discussion. The definitions apply to linear operators
T:Y — M(X),with ¥ anormed lattice and (X, dit) a measure space, which are positive
in the sense that for every nonnegative f € ¥ we have Tf > 0. (What is currently relevant
is the fact that the space of simple functions defined on a measure space Y, together with
the L? norm for p > 1, forms a normed lattice.)

Definition 1.2. (i) We say that T saturates X if for each subset E C X of positive meas-
ure, there exists a subset E/ € E with w(E’) > 0 and a nonnegative & € ¥ such that
Th>0ae.onE’.

(ii)) We say that T strongly saturates X if there exists a nonnegative & € ¥ such that Th
is a.e. bounded away from O on X.

3For a related notion, see [44].
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For further discussion of the relevance of these conditions, see Remarks 6 and 10
below. If T" saturates a o-finite measure space X, then there is an increasing and exhaust-
ing sequence of measurable subsets on each of which 7 is strongly saturating. For this
and more, see Lemma 5.4 below.

Now we can state one of the main results of the paper:

Theorem 1.3. Suppose that X and Y;, for j = 1,...,d, are measure spaces. Suppose
that the linear operators Tj : §(Y;) — M(X) are positive and that each T; saturates X.
Suppose that p; > 1 for all j, 1 < q < oo and Z;i:l aj = 1. When q = 1 suppose
additionally that X is o-finite. Finally, suppose that

d
< 1%
L9(X) = A]l:[l ||.f‘l ”Ll’_, (Y/)

d
ITT @ 10
j=1

for all nonnegative simple functions f; on Y;, 1 < j < d. Then for every nonnegative
G € L9 (X) there exist nonnegative measurable functions gj on X such that

d
G(x) < 1_[ gi(x)% aeonX, 9
j=1
and such that for each j,
| 00T 08 = A1G 11, (10)

for all simple functions f; onY;.

Remark 1. Note that we have used the formulation (10) instead of one explicitly
involving T,.* as we did in (8) because it is not immediately clear how TJ* should be
defined in this context.

The special case of Theorem 1.3 corresponding to ¢ = 1 and G = 1 can be singled
out:

Theorem 1.4. Suppose that X and Y;, for j =1,..., d, are measure spaces, with X
being o-finite. Suppose that the operators T; : S(Y;) — M(X) are positive and that
each T; saturates X. Suppose that p; > 1, Z?:l aj = 1l and

d d
. o
/ (17507 a = A TT1 1
J= J=

for all nonnegative simple functions f; on Y;, 1 < j < d. Then there exist nonnegative
measurable functions g; on X such that

d
1< 1_[ gi(x)% aeonX,
j=1
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and such that for each j,

/X (T £ dp(x) < Al S, (an

for all simple functions f; on'Y;.

In fact, Theorem 1.4 implies Theorem 1.3. Indeed, suppose that 1 < g < oo and that

d d
R : o
T @50, = ATTIG 1
j=1 j=1
for all nonnegative simple functions f; on Y;, 1 < j < d. Then, for all nonnegative
G € L9 (X) with |Gl s =1, we have

d d
/X [T 56 du=<aTT151
j=1 j=1

for all nonnegative simple functions f; on Y;, 1 < j < d. Itis easy to see that if 7} sat-
urates X with respect to the measure du, then it also does so with respect to G du. Now
the measure G du is o-finite irrespective of whether du is. Therefore, by Theorem 1.4
applied with the measure G du in place of du, there are nonnegative measurable func-
tions y; such that

d
I = l_[ yi(x)%  Gdu-ae. onX,
j=1

and such that for each j,

/X i )T} £ ()G ) due(x) < Al i,

for all simple functions f; on Y;. Setting g; = y; G gives the desired conclusion of The-
orem 1.3 when ¢ > 1. When ¢ = 1, factorisation of the function 1 as in Theorem 1.4
immediately yields a corresponding factorisation of each G € L*°.

The results described here will follow from the more general Theorem 2.2 below.

1.5.1. An application to pointwise factorisation. As an application of Theorem 1.3, we
have the following sample result concerning pointwise factorisation of nonnegative func-
tions in L2 (R?):

Theorem 1.5. Let vy, v, and v3 be unit vectors in R? with angle 21 /3 between each
pair. Then, for every nonnegative G € L?(R?), there exist nonnegative locally integrable
functions g1, g» and g3 such that

G(x) < gl(X)1/3g2(x)1/3g3(x)1/3 a.e.
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and, for each j, for almost every line | in R2 which is parallel to v;,

[&Mswm

where dA denotes Lebesgue measure on l.

For further details, and many more results of this nature, see Section 10.1 below.

1.6. Multilinear Maurey-type factorisation: the regime 0 < q < 1
We now state a multilinear Maurey-type theorem.

Theorem 1.6. Suppose that X and Y}, for j = 1,... ,d, are measure spaces and that X
is o-finite. Suppose that the operators T; : $(Y;) — M(X) are positive and that each T
saturates X . Suppose that p; > 1,0 < g < 1, Z;-l:l a; = 1 and that

d d
T : (%3
HLynﬁwlﬂmsALUﬁhm%) (12)

for all nonnegative simple functions f; € Y;, 1 < j < d. Then there exist nonnegative
measurable functions gj on X such that

d
()Y —
Tew|,,q (13)
Jj=1
and such that for each j,
[ 5T 1040 < A1 s, (14

for all simple functions f; onY;.

We shall give the proof of this result, as a consequence of Theorem 1.4, in Section 2.3
below. Conversely, it is easy to see using Holder’s inequality that if there exist g; such
that (13) and (14) hold, then so does (12).

This result can be seen as a factorisation result in the spirit of Maurey: if we let
Sj £;(6) = & ()T} £ (). Sa(fi.-. fa) = TT0=y (S )% and g(x) = [T{—, & (1)
then

(j:)t= g*lOSOt

where
1SillLri pr < A

for all j, and
IMg—tllp1ora = ligllt = 1.
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In fact, it has the rather strong conclusion that each S; is bounded from L%/ (Y;) to
L'(dpu) with constant at most A (rather than the much weaker corresponding statement
for the geometric mean S, alone).

Other, different, versions of multilinear Maurey-type theorems have been studied. See
for example [24,38].

Remark 2. One may use the classical linear Maurey—Nikishin—Stein factorisation theory
of positive operators [35, Proposition 9] to upgrade conclusions (10) of Theorem 1.3,
(11) of Theorem 1.4 and (14) of Theorem 1.6. Indeed, each of these conclusions states
that 7; maps into a weighted L!-space, and we can upgrade each to boundedness of T}
into a suitable weighted L7/ -space. For example, in the context of Theorem 1.4, we may
conclude that there exist nonnegative measurable functions ¢; on X such that

d d
1y /p))
/ (TToreoe /o)== du <1
X

j=1
and

‘ 1/p;
(/XITJ'JS'I”-’qﬁjdu) < Al 1,

for all simple f; on Y;. See also Remark 15 below. For stronger statements of this kind
see [20].

1.7. Structure of the paper

The paper is divided into three parts.

In Part I (Sections 2-5) we present the theory of multilinear duality and factorisation
and prove the main theorems.

In Section 2 we state and discuss the main results at some length. The principal result
is Theorem 2.2. Taken together with Proposition 2.1, Theorem 2.2 forms the statement of
the multilinear duality principle referred to in the abstract of the paper. (Theorem 1.3 and
Proposition 1.1 presented in this introduction are more readily digested versions of The-
orem 2.2 and Proposition 2.1 respectively.) The multilinear Maurey factorisation theorem,
Theorem 2.3, is proved as a consequence of Theorem 2.2. (A more digestible version of
Theorem 2.3 is found as Theorem 1.6 in this introduction.)

In Section 3 we give a proof of a finitistic case of Theorem 2.2 which recognises and
emphasises its structure as a convex optimisation or minimax problem. This perspective
sets the scene for the remainder of the theoretical part of the paper. In this case, none of the
functional-analytic and measure-theoretic difficulties that we encounter later are present.
However, Section 3 is not strictly speaking logically necessary for the development of the
theory.

In Section 4 we begin to address the proof of Theorem 2.2. Our strategy will be to first
consider the setting of finite measure spaces. Theorem 4.1 gives the main result in this
case, and it represents a crucial step in the proof of Theorem 2.2. Already in Theorem 4.1
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we are faced with substantial functional-analytic and measure-theoretic difficulties. These
derive from the need to establish certain compactness statements necessary for the applic-
ation of a minimax theorem. Briefly, they involve working with the dual space of L*°(X),
and dealing with various issues in the theory of finitely additive measures.

In Section 5 we give the details of the proofs of Theorems 4.1 and 2.2. We begin
with a couple of technical but important lemmas. Next, we pass to the proof of the finite-
measure result, Theorem 4.1, via the minimax theory. Finally, for general o-finite X, we
“glue together” factorisations obtained for subsets X of finite measure via Theorem 4.1,
and we obtain the factorisations needed for Theorem 2.2.

In a much shorter Part II, we begin to explore connections with other topics — in
particular the theory of interpolation in Sections 6 and 7, and the extent to which the
theory might apply in the context of more general multilinear operators in Section 8.

Finally, in Part III, we revisit the examples discussed earlier in this introduction in
the light of the multilinear duality theory which has been developed. In Section 9 we
give factorisation-based proofs of the affine-invariant Loomis—Whitney inequality (see
Section 9.2) and the sharp nonlinear Loomis—Whitney inequality (see Section 9.3). In
Section 10.1 we pose an interesting question related to the sharp Young convolution
inequality and geometric Brascamp-Lieb inequalities, while in Section 10.2 we describe
an algorithm for factorising the general Brascamp-Lieb inequality. In Section 11 we
revisit the multilinear Kakeya inequality which inspired the paper in the light of the find-
ings of Section 8, and make an observation about the size of the constant in the finite-field
version of the multilinear Kakeya inequality which is derived from our methods.

1.8. Future work

In a sequel [20] to this paper, we broaden the scope of the multilinear duality theory
from positive to potentially oscillatory multilinear inequalities. In particular, we extend
the multilinear duality and factorisation theorem (Theorem 2.2) to nonpositive operators,
and indeed refine it when the normed spaces have certain additional geometric proper-
ties (p-convexity in case of positive operators, Rademacher type in case of nonpositive
operators). Moreover, in [21], we will give an alternative proof of Theorem 2.2 which
bypasses the need to consider (L°°)*.

Part I — Statements and proofs of the theorems
2. Statement and discussion of the main results

It turns out that the theory we shall develop is most naturally presented in a more general
setting. Moreover, limiting ourselves to the Lebesgue spaces L?/ and L? in the multi-
linear duality theory is unnecessarily restrictive. For example, one may wish to consider
multilinear inequalities of the form (7) in which the L?/ and LY spaces are replaced by
certain Lorentz spaces, Orlicz spaces or mixed-norm spaces, especially if the inequal-
ity under consideration is an endpoint inequality. We therefore introduce a more general
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framework in which we consider suitable spaces X and ¥Y; corresponding to L¢(X) and
LPj(Y;) respectively. Thus, for 27=1 a; = 1, which we recall is a standing convention,
we now consider inequalities of the form

d d

[T, = aTTis1, 1)
J=1 J=1

Each ¥; will be an (abstract) normed lattice — such as LY or LPi for pj = 1. On
the other hand, we will take X to be a Banach space of locally integrable* functions
defined on X, which contains the simple functions, and is such that if f € M(X) and
g € X satisfy | f(x)| <|g(x)| a.e.,then f € X and || f|lx < |lg]lx. We may as well also
assume that X is a complete measure space. Our measure space X will also be assumed to
be o -finite; these properties together then identify X as a Kothe space [32, Vol. I1, p. 28].
From now on we shall assume that X is a Kothe space without further mention. Natural
examples of Kothe spaces include L9 for 1 < g < co. We shall need a suitable primordial
dual of X, denoted by X’, and defined to be

X' = {g € M(X):|lgllxr = sup /Ifgldu < oo}.
I/ lxc<1

The space X’ is usually called the Kéthe dual of X. If X = L4 for 1 < g < oo, then
X' = L9 where 1/q + 1/q' = 1. It is clear that X’ is a linear space which contains
the simple functions (as X is contained in the class of locally integrable functions) and is
contained in the class of locally integrable functions (as X contains the simple functions).
The quantity || g|| %’ defines a norm on X’. While by definition we always have the Holder

inequality
‘ / fedu

it may or may not be the case that X' is norming (for X), i.e. that

= I/ gl

1fllx = sup{‘/fgdu‘ gl < 1} (16)

holds for all € X.° The Kothe dual X’ is always isometrically embedded in the norm-
dual X*, but the two spaces may not coincide in general.

From now on, we shall adopt once and for all the convention that all named functions
(f.g,.h,F,G, H,B,G, S,y etc., often adorned with subscripts) are assumed to be non-
negative. The two exceptions to this are the functions L and A appearing in the proofs of
the main results.

“That s, JE 1 fldu < oo whenever u(E) < oo.

By a result of Lorentz and Luxemburg (see [32, Vol. II, p. 29]), if X is a Kothe space, X is
norming if and only if X has the so-called Fatou property, that is, whenever f, € X are such that
fn— fae,with frq1 > fr >0, then || f4]lac — ||.f | . This is automatic when X is separable.
If X is L then (16) holds by inspection since X' is simply L!. We shall need the notion of
norming only for Proposition 2.1.
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2.1. Duality theory: easy half

The easy half of our duality theory is expressed in the following simple observation, the
content of which is that if we have a certain factorisation property for the Kéthe dual X',
then the weighted geometric mean norm inequality (15) will hold.

Proposition 2.1. Suppose that X is a Kothe space whose Kothe dual X' is norming, and
that ¥Y; are normed lattices. Suppose that Tj : ¥; — X are positive linear operators. Sup-
pose furthermore that for every nonnegative G € X' there exist nonnegative measurable
Sfunctions g; on X such that

d
G(x) = l_[ gi(x)* aeonX, and

j=1 (17)
177 gllyr < AlGlx forall j.

Then, for all nonnegative f; € Y,

d d
[T 5|, < aTTis0s, -
j=1 Jj=1

That is, (15) holds for all nonnegative f; € Y;.

Proof. Take f; e Y;forj =1,...,d,and G € X’ with |G| 5/ < 1. Then
d
| 660 TTax 1) do
j=1

d d d
< /X []& @ 1j[1T,-fj<x>“f dp(x) = fX j]:[l(gj(X)T,-ﬁ(X))“f dp(x)

j=1 j=

d o d
< 1‘[( [ & 5 du(x)) =[]« encsn
j=1 j=1

d d d
< [TATF&ily 151w < [TAlIGIx N fillw)® < ATT A1,
j=1 j=1 j=1
where the inequalities follow in order from the first condition of (17), Holder’s inequality,
the second condition of (17), and the assumption that |G ||x, < 1. The proposition now
follows by taking the supremum over all such G, using the fact that X’ is norming for X.
L]

Remark 3. If the spaces ¥; are complete, the assumption that 7; : ¥; — X is positive
automatically implies that 7} is bounded,® and so the adjoint operator Tj* is well-defined.

SIndeed, if not, we can find nonnegative f;, with | f;,|| < 27" but I7; full = 2". So for each
n, 2" < || Tj fall < 1T G252y fa)ll < C for some finite C since Y o fn € Y, (because ¥, is a
Banach space). This is a contradiction.
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If not, we interpret the second condition of (17) as

[X & (T, £ du(x) < AIG ] iy, (18)

for f; € Y;and j =1,...,d, and we can still conclude the validity of (15) for functions
J; € Y, as the proof clearly demonstrates.

Remark 4. If the 7; are known to be bounded, it is immediate that (15) holds with A
replaced by ]_[7:1 | 7;7]|%.” However, the best constant A in (17) will in general be much
smaller, and this assertion is the main content of Proposition 2.1.

Remark 5. Observe that Proposition 2.1 does not require any topological structure of the
space X, only its nature as a measure space.

Remark 6. Notice that in order for the proof to go through, we only require that the
factorisation property — i.e. the first condition of (17) — holds for those x which contrib-
ute to fX G(x) ]_[;i:l(ij,-)“f dp(x) for some functions f; € ¥;. In other words, if a
set E € X with #(E) > 0 has the property that for all choices f; of nonnegative func-
tions in ¥}, ]_[}1:1(7}]‘1-)()6)“1‘ = 0 a.e. on E, then E will play no role in the analysis.
There is therefore no loss of generality in assuming such sets do not exist. So we may
assume without loss of generality that for all £ C X with u(E) > 0, there exist nonneg-
ative f; € Y; such that “]_[;1:1 T]fj(x)‘]" = 0 a.e. on E” fails — i.e. such that there exists
E’' C E with u(E’) > 0 such that ]_[;”=1 T; fj(x)§ > 0 on E’. That is, we may assume
that for all E € X with w(E) > 0, there exists £’ € E with u(E’) > 0, and, for each j,
anonnegative f; € ¥; such that for all x € E’, T; f;j (x) > 0. This condition is equivalent
to the formally slightly weaker condition that for each j, for all £ € X with u(E) > 0,
there exists £/ C E with i(E’) > 0 and nonnegative f; € ¥; such that for all x € E’,
T; fj(x) > 0.® But this is simply the statement that each T; saturates X, as in Defini-
tion 1.2. It is unsurprising that we will require saturation when it comes to formulating
and proving the converse statement.

Remark 7. Note that in place of
175" gjllys < AlGlx forall j

we could have assumed the (formally weaker) condition
d
o
[1177815 < AlGIx-
il :

(A homogeneity argument shows that the two conditions are indeed equivalent.)

This follows since | H;'i=1 h?j | < ]_[jl=1 |2 1%, which in turn follows from the case where
7]l is 1 for each j, which itself follows by Young’s numerical inequality and the triangle
inequality.

81f the latter condition holds, apply it to each j in turn to obtain the former condition.
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Remark 8. Similarly, it suffices to suppose a formally weaker hypothesis (“weak factor-
isation”), namely that for every G € X', there exist measurable functions g;; on X such

that ;
Gx) =Y [ g

k j=1
a.e.on X, and
DI gjellys < AlG %
- :
for all j. But if this holds, and if we define g; = > gjkx, Minkowski’s inequality and
Holder’s inequality yield (17). So this observation does not represent a genuine broaden-
ing of the scope of Proposition 2.1.

Remark 9. The argument for Proposition 2.1 was effectively given by Guth, in a less
abstract form, in his proof of the endpoint multilinear Kakeya inequality [29]. However,
any strategy which includes an application Proposition 2.1 to establish an inequality of the
form (15) involves the potentially difficult matter of first finding a suitable factorisation.
Indeed, the main work of [29] consisted precisely in finding such. In this context see
also [23].

2.2. Duality theory: difficult half

As suggested above, the implication in Proposition 2.1 can be essentially reversed, and
a principal aim of this paper is to show that the factorisation property (17) enunciated in
Proposition 2.1 is in fact necessary as well as sufficient for (15) to hold under very mild
hypotheses. More precisely, we prove:

Theorem 2.2 (Multilinear duality and factorisation theorem). Suppose that (X, du) is a
o-finite measure space, X is a Kothe space of measurable functions on X, ¥; are normed
lattices, and T; : Y; — M(X) are positive linear maps. Suppose that each T; saturates X .
Suppose that

d d
£\ 1%
[T~ |, =aTT1s0,
j=1 j=1
for all nonnegative f; € Y;, 1 < j < d. Then there exists a weight function® w on X
such that for every nonnegative G € X', there exist nonnegative measurable functions
gj € LY (X, wdu) such that

d
G(x) < 1_[ gi(x)% aeonkX, (19)
j=1

9That is, a measurable function w with w(x) > 0 a.e.
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and such that for each j,

[X & (T £(0) dpex) < AIG 1 £ Iy, 20)

forall f; € Y;.

Remark 10. The hypothesis that each T; saturates X is very natural as pointed out in
Remark 6 above. Indeed, for the reasons set out there, without this hypothesis we cannot
expect the conclusion to hold. Needless to say, it will play an important role in the proof
of Theorem 2.2. In particular, the weight function w arises as a consequence of the satur-
ation hypothesis. For its construction, see Section 5.3 below. If (X)) is finite and the T
strongly saturate X, we can take w to be the constant function 1 (see Theorem 4.1 below).

Remark 11. In the case d = 1 the factorisation is trivial, and (20) is simply the usual
duality relation corresponding to (2).

Remark 12. If there exist g; satisfying (19) and (20), then by making one of the g;
smaller if necessary, we can find g; satisfying (19) with equality in addition to (20).

Remark 13. We emphasise that the constant A appearing in (20) is precisely the constant
A occurring in the hypothesis.

Remark 14. As in the case of Theorem 1.3, the general case of Theorem 2.2 follows from
the special case in which X = L!(X). Indeed, placing ourselves under the assumptions
of the general case, let G € X' have norm 1, and observe that by Holder’s inequality we
have

d d
J 15 6 ano < AT 1515,
X2 P2

forall f; € Y;, 1 < j <d.This is the main hypothesis of the special case, but with respect
to the measure G du instead of du. It is easily verified that G du is a o-finite measure,
and that if 7; saturates X with respect to dpu, it also does so likewise with respect to
G dyu, and similarly for strong saturation. We may therefore conclude from the L! case
of Theorem 2.2 that there exist nonnegative measurable y; such that

d
l_[ yi(x)% =1 Gdyu-ae.
j=1

and such that

/X 7 ()T, £(0)G () du(x) < Al f ly,

forall f; € ¥;. Setting g; = G;, the easy observation that

d
[[e®% =600 dp-ae.
j=1
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completes the argument. (This argument does not directly place the g; in a weighted L'-
space, but this feature can in any case be recovered from inequality (20).) However, this
observation does not simplify the proof of Theorem 2.2, and we therefore establish the
general case directly.

Remark 15. Following on from Remark 2 above, if the spaces ¥; are additionally sup-
posed to be p;-convex for some p; > 1, we may use the classical linear Maurey—Nikishin—
Stein theory for positive operators to upgrade conclusion (20) of Theorem 2.2 to bounded-
ness of each 7; into a suitably weighted L#/-space. A similar remark applies in the
context of Theorem 1.6 below. This perspective is further explored in [20].

The proof of Theorem 2.2 is highly nonconstructive and comes about as a result of
duality methods in the theory of convex optimisation which ultimately rely upon a form
of the minimax principle. For the details of the proof see Sections 3, 4 and 5 below.
Nevertheless, in some cases, constructive factorisations can be given, and in other cases,
the existence of the factorisation raises interesting questions and links with other areas of
analysis. See Sections 6, 8, 9.2, 9.3 and 10.

2.3. Multilinear Maurey-type theory

In this section we state and prove a slight generalisation of Theorem 1.6, using the case
X = L'(X) of Theorem 2.2. Interestingly, the classical Maurey theorem follows easily
from Theorem 2.2 specialised to the bilinear case d = 2 in which one of the normed
lattices is one-dimensional. (Therefore, the case d = 1 of what follows is not trivial, in
contrast to the situation for Theorem 2.2.)

Theorem 2.3 (Multilinear Maurey-type theorem). Suppose (X, du) is a o-finite measure
space, Y; are normed lattices, and T; : Y; — M(X) are positive linear maps. Suppose
that each Tj saturates X. Let 0 < g < 1, and suppose

d d
. o;
”ry”ﬁwlﬂmfAIIW”% @
j= j=

forall nonnegative f; €Y;, 1 < j <d. Then there exist nonnegative measurable functions
gj on X such that

d
. aj —_—
Tei@ ], =1 22)
j=1
and such that for each j,
[ 5T 5 ) < 415 1, 3)

forall f; € Y;.
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It is an easy exercise using Holder’s inequality to show that if there exist g; such that
(22) and (23) hold, then (21) also holds. As in the case of Theorem 1.6, Theorem 2.3
admits an interpretation as a statement about factorisation of operators (see Section 1.6).

Proof of Theorem 2.3. The main hypothesis is that
d d
. o
[ T au < an TT A5
X j=1 j=1

forall fje¥; . LetB; =a;qforl <j <dandletB i =1 —Z;lzl Bi=1—g>0.Let
Y441 = {0} and let Y44 be the trivial normed lattice R defined on the singleton measure
space {0}. Let Tyyq : Y341 — M(X) be the linear map A — A1 where 1 denotes the
constant function taking the value 1 on X. Then we have

d+1 d+1

| TT@ s = TT1513,
j=1 Jj=1

for all f; € ¥Y;. So by Theorem 2.2 in the case X = L'(X) (and with d + 1 in place
of d, see also Remark 12 above), we conclude that there exist measurable functions
G1,...,Gg41 such that

d+1
[[G®» =1 aeonx, (24)
ji=1
and such that foreach 1 < j <d + 1,
[ G580 < 415l 25)

forall f; € ¥;.
For 1 < j <d, set gj(x) = A179G;(x); then (25) immediately gives (23) for 1 <
Jj < d.By (24) we have

d
1_[ gi(x)% = AT9G 4 (x)9V/4 ae. on X,
j=1

while (25) for j = d + 1 gives

/X Gur(¥) dp(x) < AC.

Combining these last two relations gives (22) as desired. ]

3. Discrete case: a convex optimisation problem

3.1. Basic set-up

The idea behind the proof of Theorem 2.2 is to view problem (19) and (20) as a convex
optimisation problem. That is, we replace the number A in (20) by a variable K and seek
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to minimise over K. To illustrate how this works, we first prove the theorem in a model
case when X and Y; are finite sets endowed with counting measure and ¥; = L! (Y;) for
j =1,...,d.One reason for doing this case first is that there are no measure-theoretic or
functional-analytical difficulties to be dealt with in this setting, and indeed X' = X* is
simply the class of all functions defined on X with the norm dual to that of X. It therefore
allows us to emphasise the nature of the problem as one concerning convex optimisation.

The minimisation problem we propose to examine now reads as follows. Fix G : X —
[0, 00) and consider

y = inf K such that
K.gj
d

G(x) < 1_[ gi(x)% forallx € X, and (26)
j=1

max T/7g;(y;) < K||G|lx= forall j =1,....d.

yJ‘EYj

We note that this is a convex optimisation problem since we are minimising a convex,
in fact linear, function on the convex domain consisting of the (d + 1)-tuples (K, g;)
satisfying the constraints in (26). The convexity of this domain follows from the fact that
the second set of inequalities is linear in the arguments K and g;, and the operation of
taking the geometric mean on the right-hand side of the first set of inequalities is a concave
function. We note that the set of (K, g;) satisfying the constraints in (26) is not empty and
that we can in fact find (K, g;) satisfying these constraints with strict inequality by taking
each g; to be 2G + 1 and letting K be sufficiently large. Thus problem (26) satisfies
what is known as Slater’s condition. (We do not give full details here as the discussion
will eventually be subsumed into that of the next section.) In particular, we certainly have
Yy < +00.

We therefore follow a standard approach to convex optimisation problems, see for
example [17]. We introduce Lagrange multipliers ¥ and /;, where ¥ : X — R (for the
first set of constraints), and A; : ¥; — R (for the second set). Note that we are only
interested in the case where these functions take nonnegative values since each of the
constraints is an inequality constraint. We then introduce the Lagrangian functional

d d
L=K+ Y v(60-[]g%)+ Y 3 b} g0 - KIGIxe).
ji=1

xeX J=1y;€Y; 27

We emphasise that this function and the corresponding one defined in the proof of the
general case are the only functions which we allow to take negative values.
For nonnegative K, g;, ¥, and h; we now consider the two problems'”

yg = inf sup L and 7 = sup inf L
K.gj ¥,h; v.h; K,g;

called the primal problem and the dual problem respectively. We shall show that (i) the

10The subscript &£ in yg indicates that we are looking at the Lagrangian version of the problem
as opposed to the original version which has y without a subscript.
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problem for y is identical to the problem for yg, (ii) n < A where A is any number such
that inequality (15) holds, and (iii) = yg (it is obvious that n < yg). Finally, we show
that the infimum in the definition of y is attained, and this will complete the proof of the
theorem in the special case.

3.2. Identification of the problems for y and y¢

We begin by studying yg. Fix K > 0 and g; and consider SUPy, j; L. Suppose that any
of the conditions in (20) is not satisfied at some point. Then take the relevant function
or hj for some j to have value ¢ > 0 at a point where an inequality fails and let all of the
functions be zero everywhere else. Then let # — oo and notice that sup,, n; L goes to +-00
since ¢ is multiplied by a positive number. So if sup,, n; L < +o0 the conditions of (26)
are necessarily satisfied. Conversely, if these conditions are satisfied then all factors mul-
tiplying ¥ (x) and &, (y;) for any x and y; are nonpositive so the supremum is attained by
taking them all to equal 0. So, for each fixed (K, g;), we find that SUPy,. L < +ooifand
only if the conditions in (26) hold, in which case SUPy 4, L = K. Thus we see that the
problem for yg is identical to problem (26), yielding y¢ = y. Moreover, the infimum in
the definition of y is attained if and only if the infimum in the definition of yg is attained.

3.3. Proofthatn < A

We rearrange L as follows:

d
L= Y vG6x)+K(1-1Glx Y Y 1))
xeX J=1y;€Y;
d d
+ 3 (X e - [Te@» ). (28)
xeX j=1 j=1
Let us fix ¥ and h; and consider infk ¢; L. First of all, note that infg ¢, L = —o0 unless
d
IGllx= Y D ki) <1 (29)
j=1yj EY/

since if this inequality fails then the term multiplying K in L is negative and so by

taking g; = 0 and letting K go to infinity we get infx g; L = —oco. Also note that
infg g; L = —o0 unless
d
Y(x) < [ [ Tihj ()% (30)
Jj=1

for all x € X. Seeing this is a matter of choosing g; (x) to balance the arithmetic-geometric
mean inequality. Specifically, suppose that this condition (30) fails at a point xo. Then we
let K =0and g;(x) =0forall x # xp and all j = 1,...,d. There are now two cases
to consider. Firstly, if there exists an index jo such that Tj hj,(xo) = O then we take
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gj(xo) = 1 forall j # jo and gj,(xo) =¢ > 1. Then

d
L=>Y y®Gx) + Y Tihj(xe) — %0y (xo).

xeX j=1
J#Jo
Since aj, > 0 we can let 7 go to infinity and see that infg ¢, L = —oo. In the other case

we have Tjhj(xg) > Oforall j =1,...,d. Then we let

d
g (x0) = ta; (Tihj(x0)) ™" [ (@' Tyrhyr) (x0)™”
j'=1

and note that

L= y®G6w) + z(]‘[(a—lT By (o)™ = V(o) ).
xeX
So by the assumption of the failure of (30) at xo we see that letting + — oo yields
infg g, L = —00.

Conversely, if conditions (29) and (30) hold then the factor multiplying K is nonneg-
ative and an application of the arithmetic-geometric mean inequality gives that for any
choice of g; and for each x € X the term in the second bracket of (28) is nonnegative,
so we attain infg ¢, L by letting K = 0 and g;(x) =Oforallx € X and j = 1,...,d.
Hence, for each fixed (¥, h;), infg ¢, L > —oo if and only if ¥ and /; satisfy conditions
(29) and (30), in which case infx o, L =}, .y ¥ (x)G(x). Noting that there always exist
¥ and A; satistying conditions (29) and (30), we see that 7 is the solution to

n=sup ¥ Y(x)G(x) such that

vihj xex

d
Y(x) < l_[(ozj_lTjhj (x)% forall x € X, and

, 31
Jj=1
I1G || Z > b =1
j=1y;€Y;
For any v and h; satisfying the conditions in (31) we can calculate
RLOOEDD H(a—lT By ()% G (x) < Hl_[w T | NGl

xeX xeX j=1

<4 H oy 'yl G ll o < AZ (AT P
j=1
where the inequalities follow in order from the first condition of (31), the definition of

the norm on X*, the inequality (15), the arithmetic-geometric mean inequality, and the
second condition of (31). Taking the supremum now yields n < A.
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3.4. Proof that yy = n and existence of minimisers

This is a minimax argument. As we have noted above, it is immediate that n < y¢ and
this is referred to as weak duality. The other direction, giving yy = 1, is called strong
duality and does not hold in general. However, there are various conditions which guar-
antee strong duality, such as Slater’s condition which is the condition that the original
problem (26) is convex and there exists a point satisfying all of the constraints with strict
inequality. See [17, p. 226]. We have noted above that Slater’s condition holds in our set-
ting. Moreover, Slater’s condition guarantees the existence of a maximiser for the dual
problem. However, we need optimisers for the primal problem. If for all x € X we have
T;1(x) > 0 — which is simply the saturation hypothesis in our present case — then the set
of g;’s which satisfy the constraints of (26) with K = 24 will be compact, and therefore
a minimiser will exist.

4. General case: overview of the proof

Let us now turn to the argument for Theorem 2.2 in the general case. It will entail sub-
stantial measure-theoretic and functional-analytic considerations not present in the case
when X and Y; are finite sets. While it is an attractive idea to try to establish Theorem 2.2
by approximating the general case by the discrete case, this does not seem a feasible
route, even when X and ¥; are L7 and L?/ spaces respectively, and a direct approach is
therefore required. The bulk of the proof of Theorem 2.2 will be devoted to establishing a
special case in which X is a finite measure space'' and where we impose strong saturation
on the T} instead of saturation. This leads to the crucial conclusion that we can take the
factors g; to lie in L'(X, du). The result reads as follows:

Theorem 4.1. Suppose X is a finite measure space, X is a Kothe space of functions
defined on X, Y; are normed lattices, and the linear operators T; : Y; — M(X) are
positive. Suppose that each T; strongly saturates X . Suppose that

d d
[TTa |, =aTT1s0, (32)
j=1 j=1

for all nonnegative f; € Y;, 1 < j < d.'> Then for every nonnegative G € X' there exist
nonnegative functions g; € L' (X, du) such that

d

Gx)<[]g®¥ aeonX, (33)
j=1

"To be clear, a measure space (X, du) with ;£ (X)) < oo, not a finite set X with counting measure.
12Notice that a hypothesis of strong saturation is unrealistic in the presence of inequality (32)
unless X has finite measure.
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and such that for each j,

[X & (T £(0) dpex) < AIG 1 £ Iy, (34)

forall f; € Y;.

In the proof of this theorem we introduce an extended real-valued Lagrangian function
L(®, ¥) (where ® corresponds to the variables (K, g;) and W corresponds to the variables
(¥, hj) of the discrete model case discussed above). See Section 5.2 below for precise
details of the definition of L. As in the model case, we relate supy infe L (which we had
previously called 7) to problem (33) and (34) and infe supy L (which we had previously
called y) to inequality (32). We then need to show that

min sup L(®, ¥) = supinf L(P, ¥),
® v v oo

and for this we need to use the Lopsided Minimax Theorem (see [2, Chapter 6.2, The-

orem 7]):

Theorem 4.2. Suppose C and D are convex subsets of vector spaces and that C is
endowed with a topology for which the vector space operations are continuous. Further,
suppose that L : C x D — R satisfies

(1) ®— L(D, V) is convex for all ¥ € D;
(i) W+ L(P, V) is concave forall ® € C;
(iii)) ® — L(®, V) is lower semicontinuous for all ¥ € D; and

(iv) there exists a Wy € D such that the sublevel sets {® € C : L(®, V) < A} are compact
for all sufficiently large A € R.

Then
min sup L(P, V) = sup inf L(D, V). (3%)
deC veD VveD deC
Remark 16. The existence of the minimum on the left-hand side of (35) is part of the
conclusion: there exists a ® € C such that supycp, L(®, ¥) = infeec supyep L(P, ¥).
Once we know that inf sup = sup inf this is easy because (iii) tells us that the map @ —
supyep L(P, W) is lower semicontinuous, and (iv) then tells us that the sublevel sets

{CD €C: sup L(D, W) gx} C{DeC:L® V) <A)

veD
are closed and compact, and hence @ > supyp L(P, V) achieves its minimum on any
such set. The fact that sup inf < inf sup is trivial, so the main content of the theorem is
that inf sup < supinf.

Remark 17. There is nothing to stop both sides of (35) from being +oc. Indeed, a non-
trivial conclusion of the theorem is that if the right-hand side is finite, so is the left-hand
side.



Multilinear duality and factorisation 2083

Remark 18. Traditional versions of minimax theorems assume that C itself is compact,
rather than compactness of certain sublevel sets as condition (iv). However, in our case, we
cannot, for the reasons set out below, expect C to be compact. It is a remarkable feature
of our analysis that the saturation hypothesis we must impose corresponds precisely to
condition (iv) of the minimax theorem.

Remark 19. The observant reader will have noticed that we have indicated our intention
to introduce an extended real-valued Lagrangian L, but the minimax theorem applies only
to real-valued Lagrangians. This mismatch necessitates a small detour which we wish to
suppress here.'? For details see Section 5.2.1 below.

It is a somewhat delicate matter to choose the vector space where we will locate the
variables @ featuring in the Lagrangian which we will use. Corresponding to the vari-
ables g; occurring in the discrete model case of Section 3, we will now have variables §;,
which we would like to take to be elements of L!'(X)y. (It is the weighted geometric
mean of a particular collection of these which will ultimately furnish the desired factor-
isation.) However, it turns out to be helpful to instead allow, in the first instance, the S;
to be elements of the larger space L°°(X)7, that is, the positive cone of the dual of
L*®(X)."* Thus we consider the vector space R x L®(X)* x --- x L®(X)* and take C
to be a suitable subset of the positive cone in this space. Ideally we would like to take C
to be a norm bounded convex subset and then use the Banach—Alaoglu theorem to assert
compactness of C; but since we are not expecting any quantitative L' bounds on the func-
tions S; appearing in the factorisation, there is no natural norm bounded set with which to
work. Instead, we take C to be the whole positive cone R4 x L*(X)% x ---x L®(X)7,
endowed with the weak-star topology. The price for this is the need to verify hypothesis
(iv) of Theorem 4.2. Fortunately, this turns out to be not so difficult, and in fact is rather
natural in our setting. Carrying out this process will yield some distinguished members of
L*°(X)% . However, working with the dual of L°°(X) presents its own difficulties since
some elements of L°°(X)? are quite exotic. Fortunately, the theory of finitely additive
measures comes to the rescue, and we will be able to show that elements satisfying the
properties we require can in fact be found in the smaller space L!(X). See Section 5.2
below for more details.

To set the scene for this, we recall three results of Yosida and Hewitt which can be
found in [43]. The setting for each of these results is a o-finite measure space (X, du).

13B. Ricceri has recently informed us (private communication) that Theorem 4.2 continues to
hold when the Lagrangian is permitted to take the value +o0o. The detour takes no longer than
establishing this more general minimax statement.

14Had we instead opted to work from the outset with § ;€ L(X)4, we would have been forced
to place unnatural topological conditions on X in order to identify L!(X)4 with a subspace of
a dual space, and in any case we would have to work in the larger space of finite regular Borel
measures on X in order to exploit weak-star compactness.
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Theorem 4.3. There is an isometric isomorphism between the space of finitely additive
measures on X of finite total variation which are ji-absolutely continuous' and the space
of bounded linear functionals on L*°(X, du). For a finitely additive measure T with these
properties the corresponding element of L°° (X, du)* is given by t(y) = fX Y dt (where
the integral is the so-called Radon integral). Furthermore, L' (X, dju) embeds isometric-
ally into L™ (X, dj)* in such a way that the application of g € L'(X, di) to an element
of y € L*°(X, du) is given by fX Vg du where the integral is now the Lebesgue integral.

Theorem 4.4. Any element S € L*°(X, di)* can be written uniquely as S = Sca + Spia
where S., is countably additive (and hence is given by integration against a function in
LY (X, dp)) and Spfa is purely finitely additive. Furthermore, S > 0 if and only if S¢, > 0
and Sp, > 0.

We need not concern ourselves here with the definition of purely finitely additive
measures, but, in order to be able to use these results, we do need a useful characterisation
of which measures are purely finitely additive.

Theorem 4.5. A nonnegative finitely additive measure T which is p-absolutely continu-
ous is purely finitely additive if and only if for every nonnegative countably additive
measure o which is u-absolutely continuous, every measurable set E and every pair
of positive numbers 81 and 8,, there is a measurable subset E' of E such that o (E') < §;
andT(E\ E’) < §,.

We wish to remark that analysis related to the dual space of L°° has also been
employed in a number of other contexts recently. See for example [3,39,41] and, in the
financial mathematics literature, [34].

5. General case: details of the proof

5.1. Preliminaries

We shall first need two lemmas which will be useful for the proof of Theorem 4.1 and
also that of Theorem 2.2 itself. The first one is the key technical tool which, in the context
of Theorem 4.1, will allow us to deduce existence of suitable integrable functions from
existence of corresponding members of the dual of L°°. We shall continue to assume that
o > 0 and that Z}i:l o = 1.

Lemma 5.1. Let (X, du) be a o-finite measure space and suppose that S; € L*(X)7.
Suppose that G is a measurable function such that

d d

/ G(x) 1_[ Bi(x)* du(x) < Zo&j S;(Bj) forall simple functions B; on X. (36)
X

j=1 j=1

15This means that the finitely additive measure 7 satisfies (E) = 0 whenever j(E) = 0.
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If (Sjm) denotes the Radon—Nikodym derivative with respect to | of the component of S;
which is countably additive, then

d
Gx) < [[Sim(0)% ae onX. (37)
j=1

Conversely, if G is such that (37) holds, then (36) holds.

Remark 20. This result extends the special case d = 1 which is implicit in Theorem 4.4.

Proof of Lemma 5.1. The converse statement follows immediately from the arithmetic-
geometric mean inequality, so we turn to the forward assertion. Suppose it does not hold.
Then there exists a set E¢ with (Ep) > 0 such that inequality (37) fails on Ey and we
can find an ¢ > O and E; C Eq with u(E7) > 0 such that

d
Gx)—&> [ Simx)™

j=1

for all x € E;. Now take 3; to be simple functions supported on £;. Then we get

d d d
[ TTSime0 [T800% auor+e [ TT 800 do

lj=1 Jj=1 lj=1

d d
< fE G [T 8% dux) < 3y 58y

j=1 j=1
d d
_ jzzjlaj /E S0 ()44 +j§a,- /E By 69

where 7,1, iS the purely finitely additive measure associated to the purely finitely additive
component Sjp, of Sj.

We can find a subset £, € E; with u(E>) > 0 and a C > 0 such that S;,(x) < C
for all x € E, and all j. There are now two cases to consider.

First, assume that there exists a subset £3 C E; such that i(E3) > 0 and an index jo
such that S;,m(x) = 0 for all x € E3. Now let § be small and positive (to be specified
later) and E4 a subset of E3 with 0 < 1(E4) < oo (also to be specified later'®), and take
Bj = éxk, for j # jo and Bj, = 8170[/01)(54. This implies that ]_[;1=1 Bj(x)% =1 for
all x € E4 and so the top line of (38) equals 0 + e (Ey4). The first term on the bottom
line of (38) can be bounded by C§u(E4) since there is no contribution from the term

-1
with index jo. The second term we can bound by § o (Zj Tjpfa) (£4). We have not
chosen E4 precisely yet. To do this we use Theorem 4.5 above.

16We are using o -finiteness of u to ensure that we can find such an E4 with (E4) finite.
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Indeed, applying Theorem 4.5 with 7 := Zj Tipfar 0 := [, E 1= E3 and §; :=
w(E3)/2 gives that for all §, > O there is an E4 C E3 such that u(E3 \ E4) < n(E3)/2
and t(E4) < 63. So (38) implies

1 _y—1
ei(Es) < CS(Es) + 8" %0 t(E4) < CSu(Es) + 8" %0 §5.
e |
Now choose §;, = 8/L(E3)/451 %o , so that for some E4 C E3 we have

eu(Eq) < CSU(Ey) + ep(E3)/4 < CSu(E4) + ep(Eq)/2.

Finally, choosing § < ¢/(2C) yields a contradiction, since by construction w(E4) > 0.

In the other case, we have S;,(x) > 0 for a.e. x € E> and all j. Then we can find a
subset E3 C E» with 0 < (E3) < oo and a number ¢ > 0 such that S;,(x) > ¢ for all
x € E3 and all j. We define u; on this set as

d
1 (x) = Sjm ()™ [T Skrn ()%
k=1
and note that u; (x) < ¢~!C and that ]_[ uj(x)* = 1. Since these functions are bounded,

if we are given § > 0 we can find simple functions ;3] such thatuj(x) —§ < /3] (x) < uj (x)
for all x € E3. We may assume that ﬂ] (x) >cC~ ! forall x € E;. Let us take 8; = ,BJ XEq
where E, is a subset of E3 to be chosen. Then for x € E4 we have

:]a.

uj (x)% — H Bj (x)%

j= J=1

k
(Hu,(x)“wuk(x)“k Br(x)™) H B ()™

Jj=k+1

Il M&- Il M&-

k
(1‘[ 0 01 T  (5) = i) I ﬁ,(x>“f)<d02 25,

( ) Jj=k+1

Here £;,(x) lies between B, (x) and u,(x) and we have used ¢/C < B (x),&;(x),u;(x)
< C/c. Now we can estimate the first term on the top line of (38) from below by

| [T Symto (1‘[u,<x)“f—dc2 ‘28)dM(X)

4]_1
= [ [T $m0* ) u(EdCes,
4]—1

and the second term on the top line of (38) we can estimate from below by
el(Eq)(1 —dC?c™28) since [; u; (x)% = 1on Eg.
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The first term on the bottom line of (38) we can estimate from above using 8; < u;
on E4 and the definition of u;, by

d
[ TSm0 duto).

41':1

The second term we can bound by Cc™! (22 T (Ea).
Collecting this we see that

/ ]i[ Sim(x)% dp(x) — w(Eq)dC3c28 + epn(Eq)(1 — dC?c™25)
E

4ji=1
d
< [ TSm0 duo) + CC—I(JZ_ Tipi) (Ea).

4j=1
The integrals cancel'” and we get
eu(Eq) < n(Eg)(edC?c™28 +dC3c™28) + Cc 't (Ey)

where 1 = ) j Tipfa- We can then choose E4 and § in much the same way as before to
yield a contradiction. Note that § will only depend on d, C, ¢ and «.
Consequently, in both cases we have a contradiction to the existence of Eg, and so
(37) must hold.
[ ]

It turns out that we shall need to consider the action of S € L*°(X, du)?% not just on
L*°(X), but on general nonnegative measurable functions in M (X). The reasons for this
are explained in Section 5.2 below. To this end, we extend S to M (X )+ by declaring, for
F e MX)+,

S(F) :=sup{S(f):0=f = F. feL®X)} =sup{S(¢):0=¢ =< F, ¢simple}.

Of course S(F) will often now take the value +oo.

The second lemma concerns continuity properties of this extension. Consider the map
S+ S(F) for fixed F € M(X)+ as S ranges over L*°(X)% . If F € L°(X) this map is
weak-star continuous by definition. For F' € M (X)4 we can assert less.

Lemma 5.2. Fix F € M(X). Then the map S + S(F) from L*(X)% to R U {400}
is weak-star lower semicontinuous.

We remark that we have to be cautious here since L°°(X )7 with the weak-star topo-
logy is not a metric space; so we cannot simply concern ourselves with sequential lower
semicontinuity.

Proof of Lemma 5.2. Let S € L*°(X)7 . Either S(F') = +o00 or S(F) < +00. Let us first
deal with the latter case. We need to show that for every € > 0 there is a weak-star open
neighbourhood U of S such that for R € U we have R(F) > S(F) —e.

17Since S; € (L*°)* we have S, € L1, and the terms we are cancelling are indeed finite.
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Since S(F) < 400 there is an f € L*°(X) with 0 < f < F such that S(f) >
S(F)—e.Let
U={ReL®X)} :R(f)> S(F)—¢€}.

Then S € U, and U is weak-star open since for each f € L°°(X) the functional R +
R(f) is weak-star continuous. So for R € U we have

R(F) = R(f) > S(F) —e,

which is what we needed.
Now we look at the case S(F) = +00. We now need to show that for every N € N
there is a weak-star open neighbourhood U of S such that for R € U we have R(F) > N.
Since S(F) = 4oo there is an f € L°°(X) with 0 < f < F such that S(f) > N.
Let
U={ReL>®X)} :R(f)>Nj}.

Then again S € U, and U is weak-star open since for each f € L°°(X) the functional
R — R(f) is weak-star continuous. So for R € U we have

R(F) = R(f) > N,

which is what we needed. [

5.2. Proof of Theorem 4.1

Suppose we are in the situation in the statement of Theorem 4.1. In particular, we assume
that G € X’, and we may clearly assume that |G || %/ # O.

We recall from Section 4 that we take C (in which we locate the variables ® =
(K, S})) to be the positive cone R4 x (L°°(X)*+)d in the vector space R x (L®°(X)*)4,
and C is given the topology inherited from the product topology of the corresponding
weak-star topologies. We take D (in which we locate the variables W = (8;, &,)) to be
the positive cone in the vector space § (X)¢ x Y; x --- x Y.

Therefore, for K € R4, S; € L*(X)?, B; simple functions on X and h; € ¥; we
consider the functional

d d
L=k ([ 6 TT A0 autn =Y a5 )
j=1 J=1

d
+ 3 (S (Tihy) — KNGl 155 l,)-
j=1

Note that the integral term is well-defined since G € X’ (which is contained in
L'(X, du) when p is a finite measure, as we have previously observed) and the ; are
simple functions, and that the terms S; (B, ) are also well-defined since the B; are bounded
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functions. The terms S; (7} ;) are well-defined via the extension of S; to M(X) as dis-
cussed in Section 5.1 above. Thus L : C x D — R U {400} is well-defined, with the
possible value +oo arising when 7} /; is not a bounded measurable function.

We next want to see how we can apply the minimax theorem, Theorem 4.2, to this
Lagrangian. Recall from Remark 19 above that we have a problem in so doing, since
our Lagrangian may take the value +o0, while Theorem 4.2 requires that the Lagrangian
be real-valued. To be clear, what we desire — and what we shall indeed obtain — is the
conclusion

min sup L(®, V) = sup inf L(D, V)
®eC WeD VeD ®eC
of Theorem 4.2 in our case, but in order to achieve this we need to make a detour.

5.2.1. Adetour. We now describe the necessary detour. This involves modifying the Lag-
rangian we have defined in order to make it real-valued, but without altering its essential
purpose. The main technical difference is that instead of allowing S; to act on the possibly
unbounded 7/, we have it act on an arbitrary nonnegative simple function y/; satisfying
Yj < Tjhj, iy

We therefore introduce a new Lagrangian A : C x D — R, where C is as before, and
where

D={(B.hj,v;) € SX) x Yy x-x Yy xSX)?:B; >0,hj >0,0<1v; <T;h;}.

Note that D is convex.
For (K, S;) € C and (B, h;, ;) € D we define

d d
A=K+ (/X G) [T B (0)% dp(x) — Zaij(ﬂj))
j=1 =1

d
+ Y (S¥; — KIGx 1B lly,)-

Jj=1

Note that A is real-valued since S;; is real-valued. Moreover, by the definition of the
extension of S; to M(X), we have

L((K,Sj), (Bj,hj)) = sup AWK, Sj), (Bj.hj. ¥j)). (39)
() <T;h;}

We will momentarily check that the Lagrangian A satisfies the hypotheses of The-
orem 4.2, but taking this as read for now, we deduce using (39) that

min sup L = min sup A= sup inf A
(K,S;)eC (Bj,h;)eD (K,S;)eC (B;.hj,¥j)eD (Bj.hj.¥;)eD (K,S;)eC

But since trivially sup inf < inf sup, we have, using (39) once more,

sup inf A< sup inf sup A= sup inf L.
(Bj.h; w))eD (K,S;)eC (Bjhj)eD (K.S;)eC 4r; <T;h; (Bj.hj)eD (K,S;)eC
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Combining the last two displays we obtain

min sup L < sup inf L.
(K,S;)eC (B;,hj)eD (B;,hj)eD (K,S;)eC

Since the reverse inequality is once again trivial we conclude that

min sup L(®, V) = sup inf L(P, V)
PeC veD YeD deC
as we needed.

Now we need to look at conditions (i)—(iv) of Theorem 4.2 in our case where A
replaces L. Concerning (i), the map S +— S(F) is linear on L*°(X)* for each fixed
F € §(X). Therefore, for each fixed U e D, the map & — A(D, \IJ) is affine, thus convex
on C. Concerning (ii), the map F + S(F) is linear and hence concave on § (X)) for each
fixed S € L°°(X)Z%. Moreover the geometric mean is a concave operation and the map
h r—>~||h |y, is convex. Therefore, for each fixed ® € C, the map U > A(®, ¥) is concave
on D. Concerning (iii), this follows directly from the weak-star continuity of S — S(F)
on L°°(X)* for each fixed F € §(X).

Condition (iv) is more interesting, and it is in verification of this condition that we
use the crucial strong saturation hypothesis of Theorem 4.1. We need to see that for some
W, € D the sublevel sets {® € C : A(®, Ug) < A} are compact for all sufficiently large A.
We will show that for a suitable choice of \ilo these sets are norm bounded, and from this
the Banach—Alaoglu theorem will give us compactness.

We take Wy = (Bj. hj, ;) to have B; = 0 for all j. We take h; € Y; such that
Tihj > co > 0a.e.on X, as guaranteed by the hypothesis of Theorem 4.1. By multiplying
by a suitable positive constant if necessary, we can certainly assume that Z}i:l lAjlly, <
(2|G||)~". Finally, we take ¥; = co1 which satisfies 0 < ¥; < Tjh;.

For such a choice of \ilo we have

d d d
AK.S7). %) = K(1= Gl X Iyl ) + D S5 = K/2+¢o ) 8;1.
j=1 j=1 j=1
Therefore, for given A > 0,
{(K,S;j) € C: A((K,S;), ¥p) <A} C[0,2A] x {S € L®(X)L :8Q) < cg Ay,
But it is easy to see that for § > 0, S(1) = ||S||Leo(x)*. Indeed, by definition we have

ISllzeexy = sup{|SQ)| :u € L=(X), flulloo < 1}.

So let us take such a function u with ||u||ee < 1. Since S(—u) = —S(u) we may by
choosing either u or —u assume that S(u) > 0. We have u < 1 a.e. and therefore the
nonnegativity of S gives us that S(u) < S(1), as needed.

Therefore

((K.S;) € C: A((K. S;). Wo) <A} C[0,24] x {S : [|IS]| < cg'A}?
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is a norm bounded, weak-star closed, hence weak-star compact subset of R x (L (X)*)4,
by the Banach—Alaoglu theorem. This completes the verification of condition (iv) of The-
orem 4.2 in our case, and we conclude that

min sup L(P, V) = sup inf L(D, V).
deC YeD YeD deC

5.2.2. Return to the main argument. We may therefore conclude, by Theorem 4.2, that if
for nonzero G € X' fixed we define'®
ye = inf sup L and n= sup inf L
(K,Sj)GC (ﬂj,hj)ED (ﬂj,hj)ED (K,SJ)EC
then = yg and the infimum in the problem for y§ is achieved as a minimum. (It should

be noted that we are not yet in a position to assert the finiteness of either of these numbers.)
In order to progress further, we shall also consider the problem

y =inf K such that

d
G(x) < 1_[ S;(x)* ae.onX,and
j=1

(40)
/ Sj(xX)Tjhj(x)du(x) < K||Gllx||hjlly, forall jandallh; € Y;
X

where the S; are taken to be in L'(X, di). We emphasise that this is the problem we
really want to solve: if we can prove that y < A and that minimisers exist, we will have
our desired factorisation. Nevertheless, we should point out that it is not yet even clear that
there exist (K, S;) satisfying the constraints of (40). We shall be able to infer the existence
of such (K, S;), and hence the finiteness of y, only from the conclusion of Theorem 4.1.

Our strategy is to show that (i) yg = y and that if the problem for y§ admits minim-
isers @, then the problem for y also admits minimisers; and (ii) 0 < n < A. Combining
these with the minimax result yg = 1 and existence of minimisers for y3, we can con-
clude that the problem for y admits minimisers and that y < A, which will conclude the
proof of Theorem 4.1.

Proof that y = y§ and that existence of minimisers for y§ implies existence of minim-
isers for y. We begin by studying yg so let us consider for which (K, S;j) € C we have

18The notation here is perhaps confusing. We shall consider four problems: y, y*, ys¢ and V,:E'

When there is no superscript we are dealing with the variant of the problem pertaining to L!, and
presence of the superscript * denotes that we are dealing with the variant of the problem which per-
tains to (L°°)*; when there is no subscript we are dealing with the original version of the problem,
and presence of the subscript £ denotes that we are dealing with the Lagrangian formulation. This
is consistent with the notation we adopted in the treatment of the finite discrete case above; in that
case there was no distinction between L! and (L°°)*. We do not adorn 7 with either a superscript *
or a subscript &£ since there is only one n-problem. Nevertheless we emphasise that the 7-problem
does indeed deal with the Langrangian formulation in the form pertaining to (L%°)*.
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Supg. n; L < oo. Fix (K, §;). First of all, suppose that S; are such that there exists a
tuple (B8;) such that

d d
[ 66 TT 8/ dr = Y- o580

Jj=1 Jj=1

Then by setting #; = 0 and substituting f; + ¢f; and letting  — oo we see that the
supremum is infinite. Therefore, if sup Iy L < oo, we must have

d d
/ G(x) 1_[ Bi ()% du(x) < Zaj Sj(B;) for all simple functions f;, “n
X ; 4
Jj=1 j=1
which, by Lemma 5.1, is equivalent to
d
G(x) < [[Sim(x)® ae.onX. (42)
j=1

Now assume there exists a jo and an hj;, € ¥, such that S; (Tj,hj,) >
K||G||x/||hj0||y/.0. Taking B; = 0, and h; = 0 for j # jo, and multiplying 4, by a
factor ¢ which we send to infinity we again see that the supremum is infinite. Therefore,
if Supg; L < oo, then we must also have

Sj(Tihj) < K|G x|y, (43)

for all nonnegative /; and all j. From the positivity of S; ., we see that this implies

[X S () T3y () du(x) < K|G L1 1y, (44)

for all nonnegative /; and all ;.

On the other hand, if for fixed (K, S;) conditions (42) and (43) are satisfied, then
when we are looking for Supg; L, we can do no better than taking 8; =0and ; =0
for all j. So for fixed (K, S}), we have SUpg. 1, L < oo if and only if conditions (42)
and (43) hold, in which case Supg; p; L = K. So the problem for yg is identical with the
problem

y* =inf K such that
G(X) = l_[ Sjrn(x)aj a.c.,
J

Sj(Tjhj) < K||G|lx||hjlly, forall jandallh; € Y,

where we emphasise that the inf is taken over (K, S;) with §; € L*°(X)%.
Likewise, the problem

Ve = inf sup L
(K,S;)ER 4 x(LN (X)) B .hj

is identical with problem (40) for y.
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It is clear that y3 < yg as the infimum for the left-hand side is over a larger set than
for the right-hand side.

Claim. yg <yg, and if minimisers ® = (K, S;) exist for problem y g, they also exist for
problem yg.

Indeed, assume that y3 < oo, lete > 0 and let (K, S;) with §; € L°°(X)* and satis-
fying conditions (42) and (43) be such that K < y% + ¢. Then the absolutely continuous
component S;., satisfies (42) and (44), and so (K, S;.,) contributes to the infimum in
the problem for yg. Thus yg < yg + e. Letting ¢ — 0 establishes the first part of the
claim. Now suppose that minimisers ® = (K, S;) exist for problem y 3. In particular, this
supposes that y3 < oo. Let (K, S;) with S; € L°°(X)* and satisfying conditions (42)
and (43) be such that K = y3. Then the absolutely continuous component S;, satis-
fies (42) and (44), and so (K, S;,) contributes to and indeed achieves the infimum in the
problem for yg (otherwise y¢ would be strictly less than y ).

Summarising, the problems for y and yg are equivalent; the problems for y* and y§
are equivalent; yg = yg, and if extremisers exist for y g, they also exist for yg, and hence
too for y.

Proof that 0 < n < A. We wish to carry out a similar analysis for ian’Sj L, and for that
we first of all rewrite L as

d

d
L= /X G(x)j]:[l B0 du(x) + K (1= Gl 3 Iy ;)

j=1

d
+ Y Si(Tih; —a;B;).
j=1
We consider for which (8;,%;) € D we have infg s, L > —o0.
First, by taking S; = Oforall j = 1,...,d and letting K go to infinity we see that if
infg 5; L > —oo then we must have

d
Gl D jlly, < 1. (45)

Jj=1

Secondly, assume that there exists an index jo and a set £ € X with u(E) > 0 such
that Tj,hj,(x) < aj,Bj,(x) for a.e. x € E. Then by taking Sj, =tyg € L', S; =0
for j # jo and K = 0 and letting # — oo, we see that infx 5, L = —oo. Thus if
ian,Sj L > —o0, we must also have

a;Bj(x) < Tjhj(x) ae.onX forall j. (46)

If conditions (45) and (46) are both satisfied we can do no better than take K = 0
and S; = 0 for all j. So, for fixed (B;, h;), infg,s; L > —oo if and only if condi-
tions (45) and (46) hold, in which case infx s, L = fX G(x) ]_[7:1 Bj(x)% du(x).
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We can always find (B;, hj) such that conditions (45) and (46) hold, so n =
SUpg. h; fX G(x) ]_[;Ll Bj(x)* du(x) subject to conditions (45) and (46). In particular
this tells us that n > 0.

Let us now derive an upper bound for 7. Examining condition (46) on 8; we see that

n=< SUP/ G(x) l_[ _1Th 7(0))* dp(x)  such that

hj j=1
d
1Glac 3 ikl < 1.
j=1

Clearly there exist functions /1; € ¥; such that |G |lx- >, [h;[ly; < 1, and for any such
we have

/ G(x)l_[ TTih;(6))Y dp(x) <

(Tj<a;1hj>(x>)“f .

d d
<[1Gllx 4 1‘[ o hilly, < 1G I AY ol iy, = [1Gllard Y sl < A
j=1 j=1 j=1

by Holder’s inequality in the form [ Gf < ||G||x/|| f ||, the multilinear inequality (15)
which is our main hypothesis, the arithmetic-geometric mean inequality and finally the
assumption on the /;. This clearly implies n < A, and thus concludes the proof of The-
orem 4.1.

5.3. Consequences of saturation

We give two lemmas needed for Theorem 2.2. These allow us to construct suitable
exhausting sequences of subsets of X of finite measure, in order that we might apply
Theorem 4.1. Then we construct the weight w of the statement of Theorem 2.2.

Lemma 5.3. Let (X, du) be a o-finite measure space, and suppose that P C M(X)+
has the property that for every measurable set E C X with w(E) > 0, there exists an
f € P and a subset E' C E with u(E’) > 0 suchthat f > 0 a.e. on E’. Then there exists
a countable subset { [, }neN € P such that, with E, == {x € X : f,(x) > 0},

(X \ U Eyn) =0
n=1

Proof. By exhausting X by a countable sequence of subsets, each of finite measure, we
may assume that p(X) is finite. We claim that for every € > 0 there is a finite subset

{f1,..., fn} € & such that
N
/,L(X\ U En) <e€
n=1
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Once we have this claim, we take the union of the finite subsets of $ obtained for each
€ = 1/m, m € N, and we are finished.

Suppose, for a contradiction, that there is some € > 0 such that for all N, for all finite
subfamilies { f1, ..., fa} € & we have

;L(X\QE,,) >e> 0.
Let

N
c=inf it p(X\JEn).
N fromiice !’ \}:Jl !
Then ¢t > € > 0 and also ¢ < oo since w(X) is finite. For m € N let P, = { f1...., fnm))

be such that
N(m)

n(X\ U Ea) st +1/m;
n=1

we may assume that £, C P, for all m. Letting m — oo we obtain

(X G En)<t.
n=1

If w(X \ Up—; En) = 0 we are done; otherwise E = X \ | ;= En has positive measure,
and therefore, by hypothesis, there is a subset £/ C E with w(E’) = § > 0 such that for
some fo € & we have E’ C Eg. Then (with the union now starting at n = 0)

N(m)

,L(X\ U E) <t+1/m—38.
n=0

If we choose m > §~1, we then have w(X\ U,’:’i’g) E,) < t,in contradiction to the defin-

ition of ¢. [

Lemma 5.4. Let (X, du) be a o-finite measure space, ¥ a normed lattice, and suppose
that T : Y — M(X) is a positive linear operator which saturates X. Then there is an
increasing exhausting sequence (Gy,) of subsets of X, each of finite measure, such that T
strongly saturates each G,. More precisely, there exists a sequence (hy) C Y+ such that
hynt1 > hy, for all n, such that ||hy ||y < 1 for all n, and such that for all n, Thy,(x) > 1/n
for x € Gy,.

Proof. Let # = T(Y4+) € M(X)+. The saturation hypothesis allows us to deduce from
the previous lemma that there exists a sequence h, € ¥, such that if £, = {Th,, > 0},
then {E, },eN covers X up to a set of measure zero. Letting

~ o1 M _, h»

hn
hy, =2 +2 427" ,
! A1y lh2lly 1hnlly
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we see that we may additionally assume that || i, ||y < 1 for all n, and that h,4q > hj,.
Thus without loss of generality £, € E, 1 foralln € N.

Since X is o-finite there is an increasing sequence of subsets F; of finite measure
which exhausts X. Now we set

G, ={x:Th, > 1/n}NF,.

Clearly G, € Gp41 for all n, and each G, has finite measure. We check that {G,}
is exhausting. Let x € X. Then x € Ej for some k, i.e. Thg(x) > 0, and therefore
Thi(x) > 1/1 for some [ € N. Since X is exhausted by {F,} there is some m such
that x € F,. Therefore, for n such that n > max {k, [, m}, we have x € G,. Finally, it is
clear by definition that 7" strongly saturates G,,. ]

As an immediate consequence, we have:

Corollary 5.5. Let (X, du) be a o-finite measure space and let Y; be normed lattices for
1 <j<d. AssumethatT; : Y; — M(X) for 1 < j < d are positive linear operators,
each of which saturates X. Then for each 1 < j < d there exists a sequence (hjp), <
Y; such that |hjully, <1, hjn < hjm for m > n, and there exists an increasing and
exhausting sequence of subsets E, C X, each of finite measure, such that for each j
andn, Tihj,(x) > 1/n for x € E,.

With this in hand, we can now define the weight w referred to in Remark 10 above.
Let w;(x) for x € Ep \ E—1 be Tjhj,m(x), where we take Eg = @. Define w(x) =
min; w;(x). Note that w is a.e. positive and a.e. finite. (If the sets Ej, stabilise in the
sense that for some M € N, Ep = X up to a set of measure zero, then w > 1/M, and
we can simply take w to be 1).

5.4. Proof of Theorem 2.2

We will prove Theorem 2.2 by reducing it to Theorem 4.1. We will need the following
lemma whose proof is an easy exercise in elementary point-set topology, and which is
therefore omitted.

Lemma 5.6. Let Z be a compact topological space and suppose (z,) is an infinite
sequence of distinct points in Z. Then there exists a point z € Z such that every open
neighbourhood of z contains infinitely many z,’s.

Proof of Theorem 2.2. We may assume that A < oo since otherwise there is nothing to
prove. Take a nonzero G € X, and take E,, as in Corollary 5.5. For each m we can apply
Theorem 4.1, with X replaced by E,,, to conclude that there exist g; , € LY(E,,, du)

such that
d

G(x) < l_[ gim(X)% ae.on Ey, 47)
j=1
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and such that for each j,

[ T £ () du(x) < AIG a1 £ 1w, 48)

m

forall f; € ¥;.

If Epr = X (up to a set of zero measure) for some M, we simply take g; = g; p and
we are finished. So we may assume that the sets E,, do not stabilise, and therefore that
there are infinitely many distinct g; ,, for each j.

With w defined as in the previous subsection, let us now calculate

17mllLt gy < /E 2 (Ow; () dp(x) = 3 [E L BT )
m n=0 n n—1

S/E &im(X)Tihjm(x) dp(x) < Al[Gllx1hjmlly, < AlG]lx-

Thus the functions g;,,, all lie in a ball in L°*°(X, wdu)*, which, by the Banach-Alaoglu
theorem, is weak-star compact. It is therefore tempting to extract a weak-star conver-
gent subsequence. However, we must resist this temptation since L (X, w du) is not
separable, and thus L (X, w du)* is not metrisable. We therefore proceed with some
caution. We will use Lemma 5.6 as a substitute for the existence of weak-star convergent
subsequences.

It is convenient to consider the vectors

gn = (gl,nv--~7gd,n) € LI(X»de) Xoeee X LI(X,U)d/,L)
CL®X, wdp)* x---x L®(X, wdu)* = (L*°(X, wdp) x --- x L=(X, wduw))*.

By Lemma 5.6 there is a point S = (S, ..., S7) € (L®°(X, wdp) x--- x L= (X, wdp))*
such that every weak-star open neighbourhood of S contains infinitely many of the g,,.

Lemma 5.7. Suppose (g,) and S are as above.
(@) If for some q € M(X,w d/L)f’ir we have

d
gn(q)=2/gj,ncijdu=/gn~qwdu§K
ox X

for all sufficiently large n, then S(q) < K.
(b) If for some q € L®°(X,w du)? we have

d
gn(q)=Z/g;,nq_;wd/L:/gn-qdezL
=X X

for all sufficiently large n, then S(q) > L.
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Proof. (a) Suppose for a contradiction that S(q) > K’ > K for some finite K'. Let
U={Re((Lwdn)")" :R(g) > (K + K')/2}.

Then S € U, and U is weak-star open since for each q € M(w dy,)ji_ the functional R
R(q) is weak-star lower semicontinuous, by (a vector-valued version of) Lemma 5.2.
Thus U is an open neighbourhood of S in the weak-star topology. By the above remarks,
U must contain infinitely many of the (g, ). But for all n sufficiently large,

g:(q) = / g -quwdu < K < (K +K')/2
X
and so none of these g, can be in U. This is a contradiction, and therefore S(q) < K.
(b) Suppose for a contradiction that S(q) = L’ < L. Let
U={Re(L®wdu)?)* R < (L +L)/2}.

Then S € U, and U is weak-star open since for each q € L*®(w d,ug)_d|r the functional
R — R(q) is weak-star continuous. Thus U is an open neighbourhood of S in the weak-
star topology. By the above remarks, U must contain infinitely many of the (g,). But for
all n sufficiently large,

gn(q) = / g -qwdu>L>(L+L")/2
b'¢
and so none of these g, can be in U. This is a contradiction, and therefore S(q) > L. =

We now wish to verify that the absolutely continuous components (Sj) (where the
Radon—-Nikodym derivative is with respect to the measure w du) of (S;) satisfy

d
G(x) < H Sim(x)* ae.on X, and
J=1 (49)

/X Sjm(0)T; 15 () da(x) < AIG /11 £ 1,

for all j and for all f; € ¥;. Since we know that S; € (L*°(X, wdu))*, we will therefore
have Sjm € L! (w dp), and this will conclude the proof of Theorem 2.2.

We may suppose that |G ||x = 1.

We look at the second inequality from (49) first. Fix m and consider

/E Sen (T} f5 () die(x) = /X Sjrn (W) 15, ()T (O)w(x) dpe(x)

< Sjw™ ' xE, T f;)
by positivity of each component in the Yosida—Hewitt decomposition of S; (recall The-
orem 4.4). Now, for n > m,

/gjn(X)[w(X)_lijj(X)XEm(X)]w(X)dM(X) < /gjn(x)ijj(x) du(x) < Al filly, .
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so that by Lemma 5.7 (a) (in the scalar case),

STy fixen) < Al filly, -
Thus
[ S0, 0 a0 < A5l

and we now let m — oo to get the second inequality of (49).

Now we look at the first inequality from (49). By Lemma 5.1 (using the measure
w du) and the fact that the E,, exhaust X, it suffices to show that for each fixed m, and
all simple S;,

d d
[ 6@ 1A% w@ e = Yas,@).
m j=1

Jj=1

Take n > m. By (47) and the arithmetic-geometric mean inequality, the left-hand side is
at most

d d
/E [ [lg/n ()8 (01 wx) dpu(x) <Yy / gjn(¥) B (X)w(x) dpu(x)
mj=1

j=t  JEm
d d
< ;a,- /X 2in (0B ()W () dje () =]; /X g (0t B (0w () dje ().

Thus for all n > m,

d
ng/Xgjn(x)[ajﬁj(x)]w(x)du(x)2/

Eﬂ’l

d
G) [ B (0)% w(x)du(x).
j=1
Since the simple functions f; are bounded, Lemma 5.7 (b) gives
d d
> Sj(ei)) = /E G [T 8/ (0% wx) dp(x),
j=1 m j=1

which is what we want. This completes the proof of Theorem 2.2. ]

Part II — Connections with other topics
6. Complex interpolation and factorisation

We begin by observing that the trivial identity of Example 2,

/R2 f1(x2) f2(x1) dxy dxp = /RfI/sz,
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immediately implies via Theorem 1.3 that, for every nonnegative G € L?(R?), there exist
nonnegative g; and g, such that

G(x) < Vg1(x)g2(x) for almost every x € R?

and

essxsup/gl(xl,xz) dx; < ||G|l2 and essxsup/gz(xl,xz) dx; < |G-
2 1
While it is not perhaps entirely obvious how to do this explicitly (a point to which we
return in Sections 9.2, 9.3 and 10.2.1 below), for now we want to point out that this
example highlights the connection between our multilinear duality theory and the theory
of interpolation of Banach spaces. In particular, we consider the upper method of complex
interpolation of A. P. Calderén [19].

Suppose that Z, and Z; are Banach lattices of measurable functions defined on some
measure space. We define

73979 = (f : there exist f; € Z; suchthat | f| < | fol'~°| /1|
0 V23 j €4

with
. 1-6 6
1/ zi-e zo = infillfollZy /1l Z, )

the inf being taken over all possible decompositions of f. Under the assumption that the
unit ball of Z}=%ZY is closed in Zo + Z;, Calderdn showed that

VARVARE VAW

where [Zg, Z1]? is the interpolation space between Z, and Z; obtained by the upper
complex method.
With this in mind, the factorisation statement in our example is tantamount to the
statement
22 oyl ooy 1 y11/2
L*(R?) < [LY(Ly,). LS (Ly )]

Many other special cases of our theory can be similarly expressed in the language of
interpolation. We leave it to the interested reader to pursue this point of view more sys-
tematically.

In this particular example, there is further structure (see for example Pisier [37], in
which some of the ideas are attributed to Lust-Piquard). There it is established that we
have

L2(R?) = HS(LA(R)) <> Lreg(L?) = [LE(LL,), L2 (LE )]

where HS denotes the class of Hilbert—Schmidt operators and &£,e,(L?) is the space of
regular bounded linear operators on L2. In rough terms, a regular bounded linear operator
on L? is one such that if its kernel is K (s, ?), then | K(s, )| is also the kernel of a bounded
linear operator.

The implicit factorisation arguments involved in establishing results of this type rely
on the Hahn—Banach theorem or the Perron—-Frobenius theorem, and are thus related to
minimax theory; they are similarly nonconstructive.
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7. Factorisation and convexity

It is also natural to enquire about how factorisation and interpolation interact at the level
of particular families of inequalities. For the sake of concreteness, suppose we are in
the setting of multilinear generalised Radon transforms on euclidean spaces — so that
T; F; = F} o B; for suitable B;. We shall suppress consideration of any of the technical
hypotheses of Theorem 2.2 in what follows. Suppose that we have the pair of inequalities

d
HH T; F;
j=1

fork =0, 1, where g, pjx > 1.

Each of these has a family of corresponding equivalent factorisation statements,
according to Theorem 2.2 and the remarks in Section 1.3. See also Section 7.1 below.
After some changes of notation, one such equivalent pair of statements is as follows. For

k=0,1,letsg :=qx ) _; p]._kl. Then for all nonnegative Gy (k =0, 1) such that [ Gk =1,

d
LﬂijkIIHFHumk (50)
=

there are nonnegative g9, ..., gq0 and g11, ..., gq1 such that
d
Gr(x) < [] g () /Pt ace. (51)
j=1

and such that for all f; with [ f; <1,

/ £(Bj )i () d < A%/ (52)

fork =0, 1.
From (51) and (52) we shall deduce a factorisation statement which implies the natural
interpolation statement

d d
—6 46
IT17F],,, = A4 TTIF e (53)
j=1 j=1
for 0 < 6 < 1, where, as usual, 1/g¢ = (1 —0)/q0 + 0/q1, and similarly for 1/ pjg.

Indeed, given a nonnegative G with [ G = 1, let Gy = G5k, Taking convex com-
binations in (51) gives us

d
G(x) < 1_[ gjo(x)qos(’)(l—e)/PjoSogjl(x)qls'le/lesl ae. (54)
j=1
Next, we define
/ i
j(6) = 01— ) + ILg
PjoSo Pj151
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and define g;¢ by

Vé ® = gjo(x)qoS()(1—9)/171‘050gj1 (x)qmi 6/pjis1
J

Then, by (52), we have

/fj(Bjx)gje(x)dx=/f,'(B_,'x)gjo(x)qos6(l_9)/l7f0s0yf(e)gjl(x)qlsllg/pf‘slyf(e)dx

)qos(’)(l—G)/PjoSo)’_/W)( )111S’19/p_/1S1 v ()

< ( [ 5080w [ 5B mgne as

by Holder’s inequality, since y; () is defined precisely to ensure the two exponents on
the right-hand side here add to 1.
Therefore, if [ f; < 1,
(R, . < [ 490/501905,,(1=0)/ pjosov; (O)[ 491/51191516/ pj1517,(0)
fj (B] x)gje(x) dx < [A() ] [Al ] .

Now let 8;(0) := A(8)y;(0) where A(0) is defined so that 2}1:1 B;(0) = 1. By the
definition of s¢ and s; we have

d d q g q 5
E :yj(e) = Z(&(l —0) + 49) = (1—0)s( + Os].
— — \2joS0 Pj151
j=1 j=1
So, we take
1
A0) =

(1—0)sy + 0s;

Now, bearing in mind Remark 7, we conclude that

4 B;(6)
l_[ (/ Ji(Bjx)gjo(x) dx)
j=1

< [AgO/SO]Zj 4050 (1—6)B; (8)/ pjosov; (9)[A‘{1/51]Zj 415168, (0)/pj1517;(6)
— [AgO/SO]A(G) >°j 405, (1=0)/pjoso [ACIII/SI]AW) >, 41510/ pjis1
— [Ago/SO]A(G)s(’J(l—G) [Atfl/sl])k(e)sﬁe

5620 MO)(1=6) 51 q1A(6)0 5620MO)(1=6) s g1 A(6)0

= A, 50 A, 1 ={[A0 ) A, s1 ]S(G)/Q(G)}Q(G)/SW)

for a certain quantity S(6)/Q(6) to which we turn our attention next. Indeed, we define

this quantity (not S(0), Q(0) separately), so that the exponents on Ay and A; inside the

curly brackets sum to 1. That is,
o) _

s0qo(1 —0) n 51910
So S1 ’
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Let us define these exponents of Ag and A; as 1 — «(0) and «(0) respectively; that is, we
define «(0) by

S(0) 1511(9
a (@) = 22 5(6)
()
Next, we want the 8; = Ay; to be of the form §;(6) = % for certain P;(0);
J
that is, & 1(9) = S(e)ﬂ’ ©) S(QMQ(?(;)V" ©® So, bearing in mind the definitions of y; and

S/0, we / define P; (9) by

CIOSO( _9)+ QIsl 9

I _ pjoso Pj1s1
P;(0) s0q0(1-0) | s1q:16
) S1

Finally, we define Q(0) by

Q(G) =1 —05(9))— +oz(9)—

It is not hard to check that with all these definitions in place, we have, for each j,

1 1
— (1 —a(6)— + a(f)—.
P;(0) (1-at ))PjO o )le

We therefore see that for each 0 < 6 < 1, forall Gy = G1/5'® guch that f Gg/(e) =1,
there exist g;g such that

d
Gy(x) < 1_[ gje(x)Q(O)/Pj(f?)S((?)
j=1

and, for f; suchthat [ f; <1,

0(0)/P;(0)S()
) ! < (A(l)—a(e)Aff(é’))Q(G)/S(G).

d
H( [ 5000 ax
j=1

Note in particular that the exponents Q(6)/P;(6)S(0) sum to 1 since Z;l:l Bi =1
Consequently, using the flexibility that Remark 7 affords us,

d
1—a(f 0
HH HLQ((-)) =4 “ )AT( ) 1_[ IE51 2@
j=1

for 0 < 6 < 1. Noting that the map « : [0, 1] — [0, 1] is a surjection completes the argument
proving (53).

The argument given here provides no insight into cases in which (53) might hold with
a smaller constant than 4579 4.
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7.1. Factorisation and multiple manifestations of generalised Radon transforms

As we have observed in Section 1.3, there may be multiple equivalent manifestations of
the same multilinear inequality. For concreteness, suppose that we are once again consid-
ering multilinear generalised Radon transforms on euclidean spaces so that 7; f = f o B;
for suitable B;. Then the two inequalities

d d
ITT@me| =aTTis0
j=1 =

and

d d
~ o~ ~ ~ & .

1@, <ATT1513,
j=1 j=1
(where we are imposing 2;1:1 aj =1= Z;i:l a;) are clearly equivalent provided that
A? = A9 and ajpj/a;pj = q/q for all j. The corresponding factorisation statements,
e for all nonnegative G € L7 there exist nonnegative locally integrable functions g; such

that

d
G(x) < 1_[ g% ae.
j=1
and such that for each j, for all f; € L?J,

/ ¢ () £ (Byx)dx < A[G gl £,
and

e for all nonnegative G € L7 there exist nonnegative locally integrable functions g; such
that

d
G <[[&™% ae
j=1
and such that for each j, for all f; e L7,

/ &) f(Bix) dx < AIG a1 £ 115,

are therefore also equivalent (subject to suitable hypotheses), by Proposition 1.1 and The-
orem 1.3. However, it is not immediately apparent whether this equivalence can be seen
directly via changes of notation coupled with simple convexity arguments. In this connec-
tion the remarks in [17, Section 5.7] may be helpful.

8. Factorisation and more general multilinear operators

The multilinear operators we have considered have a rather special form insofar as they
are built out of a collection of positive linear operators by taking a pointwise geometric
mean. One may ask to what extent the theory we have developed is valid for more general
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multilinear operators 7 : ¥ x --- X Y; — X. In such a setting we will no longer be able
to attribute different “weights” «; to the different components ¥;, and all of them will
need to be treated on an equal footing.

For a nonnegative kernel K, let us therefore consider multilinear operators of the form

T(fin... f)(x) = /; ---/: K y1eees ) i) fa(va) dvr(v1) -+~ dva(va)

and inequalities of the form

d
1T f) e < ATTIA I (55)

Jj=1

When K is of the form K(x, y1,...,yq) = Ki(x,y1) ... Kg(x, yz), these are the
special cases of the inequalities (15) given by o;j = 1/d for j = 1,....d. It is very
natural to ask whether there is a general duality/factorisation result along the same lines
as Proposition 2.1 and Theorem 2.2 which yields a necessary and sufficient condition for
the validity of inequality (55).

As the reader will readily verify by following the proof of Proposition 2.1, inequality
(55) does indeed hold (under hypotheses on X and ¥; similar to those of Proposition 2.1),
if, for all G € X’ such that ||G| %’ < 1, there exist nonnegative functions g; on X x ¥;
such that

d
KX, y1,...ya)8G(x) < l—[gj(x,yj)l/d a.e., and
/=t (56)

< A.
vi

H/&@Awu)
X

This observation has proved very useful in multilinear Kakeya theory (see Section 11).

However, the converse is not true, namely inequality (55) does not in general imply
the existence of S; such that (56) holds even if we assume that the integral kernel K is
invariant under permutations of the y-variables:

Proposition 8.1. Letd =2. Let X =Y, = Y, ={1,2} = Q with counting measure, X, =
LY(Q), and Y, = Y, = L*(Q). There exists a bilinear T : L*>(Q) x L?(Q) — L*(Q)
such that (55) holds with A = 2"* but such that (56) can only hold with A > 2'/2.

Proof. Let the integral kernel K of T satisfy
K(1,1,1) =K(2,1,1) = K(2,2,2) =1

and let K equal zero otherwise. Let fi; = (a1,a3) and f, = (b1, bp) and we assume
af+a§ =bf+b§ = 1. Then

T(f1. 2)(1) =a1by and T(f1, 2)(2) = a1b + axb,
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SO

/ T(f. £)(0)2dx = (@ihy)? + (a1bs + ash)?.

This is clearly maximised, subject to the normalisation constraints, by takinga; = b; =1,
a; = by = 0 and the maximum is 2. So we see that the multilinear inequality (55) holds
for this operator with 4 = 21/4,

For problem (56), consider G = (0, 1). Then the nontrivial constraints are

1 < \% g1(2, 1)g2(2’ 1) and 1 = Vv gl(292)g2(292)

and

Vigi(1, 1) + g1(2,1)% + (g1(1,2) + £1(2,2))2 < 4,
Vig2(1,1) + g2(2,1)% + (g2(1,2) + £2(2,2))2 < A.

Using uv < (u? + v?)/2 on the lower bounds gives

1 < (gl(zv 1)2 + g2(2s 1)2)/2 and 1 < (gl(zv 2)2 + g2(2’ 2)2)/2»

SO
2§g1(27 1)2+g2(2’ 1)2 and 2§g1(272)2 +g2(292)27
SO
4 < g1(2, 1)2 + g2(29 1)2 + g1(272)2 + g2(2’ 2)27
and thus

2 <max{g1(2, 1) + £1(2,2)%, 22(2,1)® + £2(2,2)*},

giving A > 2'/2_ which is strictly larger than 2!/4. So while inequality (55) holds in this
case, there are G for which there are no g; satisfying (56) with the same valueof 4. =

We invite the reader to use this idea to construct examples where (55) holds with
A = 1 but for which (56) holds for no finite A.

See [28] for a different approach to inequalities of the form (55), based upon consid-
erations related to Schur’s lemma rather than duality. For recent developments, including
a partial recovery of the desired duality, see [22].

Part III — Examples and illustrations of the theory

In this part we revisit the examples in the introduction which motivated our study. We
examine what insights our duality—factorisation results bring to, and have gained from,
each of them. In some cases we reap the benefits of more direct and streamlined factor-
isation-based proofs of known inequalities. In others, an interesting challenge is posed —
it can be argued that we cannot claim to have a full understanding of an inequality until
we can exhibit its equivalent factorisation statement.
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9. Classical inequalities revisited

9.1. Holder’s inequality

We observed above that the multilinear form of Holder’s inequality for nonnegative func-
tions is equivalent, for any fixed set of exponents «; > 0 with Z;izl aj =1,t0

o [07
WA S g = ILANGE - I fallge
for any choice of indices 1 < g; < oo and 1 < g < oo which satisfies Z?=1 aj q]._l =q L.
By Theorem 2.2, each instance of this inequality is equivalent to the existence of a
subfactorisation of any G € L7 as

d
G(x) < 1_[ gi(x)% ae.

j=1

where
lgillg; = 11Gllg-

Taking g; = A;G?/ for appropriate A; and y; verifies this. In particular, if we take
q; = q > 1forall j, then we can simply take g; = G forall j.

9.2. The affine-invariant Loomis—Whitney inequality

Recall that the Loomis—Whitney inequality is

'[R Fi(mx) - Fp(mpx)dx| < ”Fl”L”—l(]R”—l)"' ”Fn”Lﬂ—l(R”—l)v

where 7jx = (x1,...,Xj....,Xp) is projection onto the hyperplane perpendicular to the
Jj th standard basis vector ¢;. For every 0 < p < oo this is equivalent to the inequality

1 1
Ilf1 (”lx)l/n e fn (”nx)l/n ||L"P/<"—1)(]R") =Ilfi ”L/pn(Rn—l) o ”L/pn(Rnfl)'

Each of these inequalities with p > 1 falls under the scope of our theory.
For example when p = 1 we have the equivalent formulation

/ H fi(x; x)l/(n D dx < l_[(/ )1/('!—1).
j=1 R2—1

More generally, if 7,1 represents orthogonal projection onto the hyperplane perpen-
dicular to @ € S"!, we have the affine-invariant Loomis—Whitney inequality

1/(n-1)
[ ]_[f,(n Lx)l/(" Ddx < (@1 A Awy) VB 1)]_[(/ ) . (57
R7—1
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where (w1 A -+ A w,) @D is the best constant in the inequality. Here, w; A -+ A 0y,
is the modulus of the determinant of the matrix whose columns are w1, ..., ®,, and it is
the volume of the parallepiped whose sides are given by the vectors w;. (Clearly if we
choose all the w; to be the same we cannot expect a finite constant, and the constant in
general should reflect “quantitative linear independence” of the wj.)

We give a direct and elegant proof of (57) by explicitly establishing a suitable fac-
torisation. Indeed, according to Proposition 1.1, it is sufficient that for every nonnegative
G € L"(R") we can find g1, ..., g, such that

G(x) =g1 ()" g™ ae.

and, for all j and almost every x,
/gj(x +twj)dt = (w1 A A a),,)_l/"||G||n.

This is because for any f : R""! - Rand g : R — R, writing x € R"” as x = u + tw;
with u € a);-, we have

[ forpngtoas = [ [ fr o e+ i) dra

= f(u)(/ g(u—i—ta)j)dl) du.
R7—1 R

Let G : R” — R be a nonnegative function which satisfies [p, G(x)" dx = 1. For
wi,...,0n € S"1and & € R” let us first note that if we set, for s = (s1,...,5,) € R”,

V() =&+ 5101 + 0+ Su_10n—1 + SnOn,
then the Jacobian map dy/ds satisfies
|det(dy/ds)| = w1 A+ A wy.

Therefore, for every £ € R”,
/ GE 4+ s1w1 + -+ + Sp—1@p—1 + Spwp)" dsy .. .ds, = / G(y(s))"ds

p— n 1 — —_— “ e _1
—/G(y) |det(8y/8s)|dy = (@1 A Awp) .

Secondly, G(x)" can be written (for a.e. x) as a telescoping product

G(x)" 8 [ G(x + s101)" dsy "
JGx +s1w)"ds1 [ G(x + s101 + s202)" dsy ds
N JG(x + 5101 + -+ + Sp—10p—1)" dsy -+ dsp—y
JGx + 5101 + - + Sp—10p—1 + $p@y)" dsy -+~ dsp,

X (W1 A+ Awy) !

= g1(x) - gn(x)
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where

JG(x + 5101 + -+ + sj_1wj—1)" dsy -+ -dsj—

—1/n
X (@A Aw .
[G(x + s101 + -+ + sj—10j—1 + sj0;)" dsy -+~ ds; @ &

gi(x) =

If we replace x by x 4 fwj in this formula, the denominator is unchanged, and so if
we then integrate with respect to ¢ we immediately see that

/gj(x +twj)dt = (o1 /\---/\a),,)_l/”

identically for x € R”, as we needed.

A similar approach works when we instead consider projections onto subspaces
whose codimensions sum to n. Indeed, suppose that we have subspaces E; of R" with
dim E; = k; and Z}i:l k; = n and assume that R* = E{ + ... 4+ E; as an algebraic
direct sum.

We identify a quantity which measures lack of orthogonality of these subspaces in the
same way that the wedge product w; A - - - A w, measures the degeneracy in the directions
w1, ..., 05 € S" L Let {eji.ej2,. .., €jk; } be an orthonormal basis for £; and define

d

i kj .
Ey N NEg = Ny AL €k

thatis, £1 A --- A Ey4 is the absolute value of the determinant of the n x n matrix whose
Jjth block of k; columns comprises an orthonormal basis for E;. It is easily checked
that this quantity is independent of the particular orthonormal bases chosen, and it can of
course be defined in a more canonical and invariant way.

Proposition 9.1. For E; as above, let itj be the projection whose kernel is E;. Then we
have the affine-invariant k; -plane Loomis—Whitney inequality:

S @D o fa (g0 V@D dx

Rn
1/(d-1) 1/(d—1)
oneen g ([ ) ()

The proof via factorisation is formally the same as the case when k; = 1 for all j,
where now the roles of the variables s; € R! are replaced by copies of R*/ . We leave the
details to the reader.

In the special case of the trivial identity

/ Fl(x2)F2(x1)dx1dx2:/ F1/ F>
R2 R JR

(see Section 6), a suitable factorisation of G € L?(R?) with |G|], = 1 is given by
G(x)? = g1(x)g2(x) a.e. where

G(x1,x2)?

g1(x1,x2) = T
R

TR x2) = | G(s.x2)*ds.
Gl xa)2ds g2(x1,x2) /R(S x2)”ds
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Note that this factorisation depends upon the order we have assigned to {1, 2}. On the
other hand, given this ordering, the essentially unique way to write

G(x)* = g1(x1,x2)g2(x2)

where ||g1(-, x2)||1 = 1 forall x, and ||g2]|; = 1 is as we have given. See Section 10.2.1,
where this observation drives related issues.

There are many variants of the Loomis—Whitney inequality — for example Finner’s
inequalities [25] — which can likewise be established by the same factorisation method.

9.3. The nonlinear Loomis—Whitney inequality

Nonlinear Loomis—Whitney inequalities (and some multilinear generalised Radon trans-
forms) can likewise be established by similar methods. In fact, the first proof of the
nonlinear Loomis—Whitney inequality with essentially the sharp constant was obtained
via an explicit factorisation technique. We give the details.

Let V be an open neighbourhood of 0 in R” and U an open neighbourhood of 0
in R"™!. Let w : V — U be a C! submersion onto U, and for x € V let w(x) be the
wedge product of the rows of dm(x). We assume that the fibres 77! (1) for u € U can be
parametrised by C! curves ¢t — y(¢, x) in such a way that

forallx € V, y(0,x) = x;

forall x € Vandall ¢, my(t, x) = 7x;
e (semigroup property) forall x € V, and all ¢ and s,

y(r.y(s.x)) = y(s +1,x);
for all x and ¢, %y(r,x) = w(y(t, x)).

The domain of each curve y (-, x) will be an open interval 7, containing O which we
largely suppress in what follows, but we stress that y ([, x) is the entire fibre contain-
ing x. In all the 7-integrals below it is assumed that we are integrating over such maximal
domains.

We note that under these assumptions, especially the last one, the co-area formula

gives
[ sengtax = /U f(u)( / g(y(r,a»dr) du

for any reasonable functions f and g.
‘We now assume that we have n submersions 71, ..., w7, as above, and we assume that
@1(0) A -+- A w,(0) # 0. For each x € V we define the maps t > @, (t) by

o, : (tl,...,ln) = )/1(1‘1,)/2(1‘2,...,)/n(ln,x))...)
which satisfy @, (0) = x and also
|det(D ®x)(0)| = (w1 A -+ Awn)(x) # 0

provided x is sufficiently close to O.
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We shall assume that V' is sufficiently small so that for each x € V, the map @, is
injective — as was pointed out in [11], even in two dimensions some global hypothesis of
this sort is needed.

With the set-up above, for x € V let

W(x) = Eig |det(D @) (5" (x))]. (59)

Note that W(x) < w1(x) A -+ A w,(x) (take & = x), and that W(®D,(t)) < |det(D ®,)(1)]
for all x and t.
For 1 < j < n and suitable F let

_ [ Fn(tya(tan .. yj—1(tj—1. X)) ...)) dtj g -~ dry
[ [ Fin@yata, ...yt x)) . ..))deg -+ dy
(so that Sy has no integrals in the numerator). Then we have
[ Fnitrya(tan . yj—1(t—1.yi (2. %)) ... ) dtj g -+ - dy
[ [ Fn(tya(ta, ...y, i (T, x))) ..)) dtj -+ diy

We claim that for each j and each x,

Sj(x)

Sj(yj(z, x)) =

/Sj(yj(r,x))dt =1.
Indeed, notice that the denominator in the previous expression,

/---/F(m(z],yz(rz,...,yja,»yj(r,x)))...))drj---dzl,

equals

/.../F(Vl(l‘u)’z(tz,...,yj(tj +17,x))...))dt; - dy
=/.../F(Vl(tl,yz(tz,...,y,-(zj,x))...))d;j...dtl

by the semigroup property, and is therefore independent of t. So

[ S, (y; (z.x)) dr

_ [ [Fiyi(tiyalta, .. yj—1(tj=1, v (T, X)) ...)) dtj—q -~ dty dT
[ [Fn(tyalta, ..y (4, %) ..))dty -+ diy

which equals 1 by Fubini’s theorem.
On the other hand,

“ ‘ _ F(x)
jl:IISJ(X) a f"'fF(]/l(tl,)/z(tz,...,)/n(fn,x))...))dtn"' dl‘l,
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so that

Fx)=]]Si) [ F(®y (1)) dt.
j=1

Taking F(x) = S(x)" W(x), we therefore have

S W) = [ 85(x) / S(@x(0)" W (D (1)) dt

j=1

<T] Sj(x)/S(CDX(t))"|det(D<I>x)(t)|dt =] Sj(x)[VS(y)" dy
j=1

Jj=1

since W(®y(t)) < |det(D ®y)(t)| for all t and since each ®, is injective. We also see that
for each j and each x,

[ s@nswar= [ j 7o ( [ 505 ac ) au = [U s

By the easy half of the duality argument, this shows that for all nonnegative f; € L(U;)

we have
n 1/n
Ln/(n—])([/) S 1_[(/;]/ f}) :
j=

1

e
Jj=1

Consequently, we have:
Proposition 9.2. Under the above assumptions, with W defined as in (59), we have
n n 1/(n—1)
/ [5G0 DW= dx < H( / f,-) :
V=1 j=1\U;

Noting that W(x) < w1(x) A -+ A @, (x), one might ask whether

n n 1/(n—1)
/ [1 /G0 D(@1(x) A Awn(x)/0D dx < H(/ f,-)
Vj=1 Uj

Jj=1

holds for sufficiently small V.
As an immediate corollary of Proposition 9.2, we obtain the sharp form of the nonlin-
ear Loomis—Whitney inequality of [11]:

Corollary 9.3. Let V be an open neighbourhood of 0 in R" and U an open neighbour-
hood of 0 in R Forl < j=<nletmj:V = U be C! submersions onto U, and for
x € V let wj(x) be the wedge product of the rows of dm;. Assume that w1(0) A --- A
wy (0) # 0. Then, for all € > 0, there is a neighbourhood V' C 'V of 0 such that for all f;,

n n 1/(n—1)
/ [T/ @YV dx < 1+ )(@1(0) A+ A wn(0)) /@D H( / f,-) :
V’j=1 j=1 U;
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Proof. Given € > 0 we can choose V' sufficiently small that w;(0) A -+ A @, (0) <
(14 €)" 'W(x) forall x € V'. m

Since the work in this section was presented in various public fora, Bennett et al.
[7] have shown, using methods based on induction on scales, that any Brascamp-Lieb
inequality has a corresponding nonlinear counterpart with the same loss in the constant of
atmost 1 + €.

10. Brascamp-Lieb inequalities revisited

We shall discuss the Brascamp-Lieb inequalities under two headings. Firstly we shall
address geometric Brascamp-Lieb inequalities (where in particular we can identify the
sharp constant and existence of Gaussian extremisers), and secondly we will examine
general Brascamp-Lieb inequalities with a finite (but unquantified) constant.

10.1. Geometric Brascamp-Lieb inequalities

The next result is a direct application of Theorem 1.3 to the geometric Brascamp-Lieb
inequalities of Example 3.

Theorem 10.1. For 1 < j < d let V; be a subspace of R". Let B; : R* — V; be ortho-
gonal projection. Suppose there exist p; with 0 < p; < oo such that

d
> piBIB; = 1I,.
j=1

Let 1 < qj < o0, and define q = Z;-i:l p;jqj. Then for all G € Lq/(R”) there exist
g1,--.,8q such that

G(x) < gl(x)qul/q . _,gd(x)pdqd/q ae.

[.o
‘Vﬁ

One simply needs to note (see the discussion in Example 3) that under the hypothesis
of this theorem,

and, for all j,

<Gl
L9 (V})

100 s
j=1

d
< 1Pi4i/4
Lq(Rn) f— jl:[l ||f} ||qu (VJ)

and Z}i:l p; = 1, and thus ¢ > 1. Therefore Theorem 1.3 applies.
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Except in some rather trivial cases'® we do not know any such explicit factorisations
with the sharp constant 1. For example, let vy, v, and v3 be unit vectors in R2 with angle
27 /3 between each pair. Then, with B; being orthogonal projection onto the span of v},
we have

2(BY By + B3 B> + B3 B3) = L.

Take g; = 1 for each j so that ¢ = 2. Consequently, for all G € L?(R?), there exist
g1, &2, &3 such that

G(x) < g1(0)Pg2(x)Pg3 ()13 ae.
and, for each j,

esssup/ gj(sv; +tvjj-')df <Gl
R

N

Even in such simple cases as this the factorisation is not yet understood explicitly.

10.2. General Brascamp—Lieb inequalities

On the other hand, under the conditions

d
ij dimim B; = n (60)
j=1
and
d
dimV <) p;dim B;V (61)
j=1

for all V in the lattice of subspaces of R” generated by {ker B; };i=1, we now indicate
how to construct semi-explicit factorisations yielding the finiteness of the constant C
in (4). We use the term “semi-explicit” because the construction is algorithmic in nature.
Notwithstanding, we give an informal discursive treatment rather than a collection of
flow-charts. We assume throughout the discussion that the B; are nonzero mappings, that
is, n; = rank(B;) > 1 for each j. (If some B, is zero it plays no role in inequality (4),
nor in (60) or (61), and it can simply be dropped.) When n = 1 matters quickly reduce
to consideration of Holder’s inequality, which is treated in Section 9.1 above, so we shall
focus on what happens when n > 2.

We now sketch how this is done, and we begin with a couple of definitions from [8,9].
Given a collection { B;} of linear surjections, its Brascamp—Lieb polytope is defined by

d
PHB;}) = {(pl, ... pa) €[0,00) 1 dimV < ij dim B; V for all subspaces V}.
j=1

19For example when the V; are mutually orthogonal and p; = 1 for all ;.
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This is manifestly a closed convex set, and, as has been previously noted, is contained in
[0, 1]¢, and is therefore the convex hull of its extreme points. Given data { B i+ and {p;},
a critical subspace is a nontrivial proper subspace V' of R” for which

d
dimV = ij dim B, V. (62)
j=1

The construction of the factorisations hinges on the question of existence or non-
existence of critical subspaces for the problem with data {B;, p;}. Indeed, if there is a
critical subspace V for {B;, p;}, then the problem of factorising a function on R” decom-
poses into two factorisation subproblems on the spaces V and V-, each of which has
positive but strictly smaller dimension than 1.2 This will allow us in effect to induct on
the parameter 7. These subproblems inherit the same {p; } and have “new” B; which are
related to the “old” B; in a precise way. The two subproblems inherit the conditions cor-
responding to (60) and (61): indeed, (60) for each of the two subproblems holds precisely
because the subspace V is critical, and we shall make crucial use of this fact. We isolate
the details of how this works — in particular how factorisations for the two subproblems
combine to give a factorisation for the original problem — in Section 10.2.1 below.

On the other hand, if there is no critical subspace for the problem {B;, p,}, then
(p1, ... pa) lies in the interior of P ({B;}). To establish a factorisation for the prob-
lem in this case, it therefore suffices to (i) establish factorisations for the extreme points
of £({B;}) and (ii) to show, given factorisations at the extreme points, how to estab-
lish factorisations at all interior points of J°({B;}). Point (ii) is tantamount to showing
that factorisations behave well under multilinear interpolation, and this we have already
successfully addressed separately in Section 7.

To deal with point (i), we consider the Brascamp—-Lieb problems at the extreme points
(P1,---»Pa) of P({B;}),* and, at each of them, ask the same question: does there exist a
critical subspace? Since (py,. .., pg) is an extreme point of P ({ B;}), there will certainly
be subspaces V' of R” satisfying

d
dimV =) " j; dim B; V. (63)
j=1

If there is a nontrivial and proper such subspace, we have a critical subspace for the
problem {B;, p;}, and we can proceed as above, in effect going around the loop. The
only remaining possibility is that the only subspaces V of R” satisfying (63) are {0} and
R” itself.

We are thus left to deal with the special case of our original problem in which
(p1, ..., paq)is an extreme point of  ({ B, }), but for which the only subspaces of I of R"

20Ty facilitate the discussion which follows we should strictly speaking replace the roles of R”
and R™/ by those of abstract 1- and 7 -dimensional real Hilbert spaces respectively.
21 An algorithm for locating these extreme points can be found in [42].
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satisfying (62) are {0} and R” itself. Matters quickly reduce to rather trivial considera-
tions. Indeed, in this situation, &’ ({ B }) consists precisely of those (p1,. .., pq) €0, o0)4
lying on the hyperplane Z}izl pjnj = n, and its extreme points are precisely those of the
form (0,...,0,n/n;,0,...,0). Since n; < n always, and since  ({B;}) C [0, l]d, the
only circumstances in which this case arises is when n; = n for all j. In this case, our
Brascamp-Lieb problem at an extreme point of & ({ B;}) is necessarily of the form (mod-
ulo permutations of the coordinate axes)

1 0 0
/Rn Si(B1x)! f2(Bax)® -+ fa(Bgx)® dx < C(/Rn fl) (/I;,, fz) ”'(/Rn fd)

or, equivalently,
/ f](le)dX EC/ fl
R” R”

where Bj is invertible. This of course holds with equality with C = (det B;)~!, and a
trivial factorisation applies.

Running the machine described above in reverse will thus eventually furnish a factor-
isation in the general case, and, indeed, the only possible loss in terms of sharp constants
occurs at steps where interpolation is employed.

10.2.1. Factorisation in the presence of a critical subspace. We give the details needed
to close the argument set out above in the presence of a critical subspace. The only place
we use criticality is that it implies that (60) and (61) hold for the two subproblems which
arise (see [8]). Since these are the necessary and sufficient conditions for finiteness of the
constant, we may assume that factorisations for the two subproblems exist. (Formally we
proceed by induction on 7, and the case n = 1 is trivial.)

Let Bj : R* — R"/ be linear surjections. Suppose that U is a nontrivial proper sub-
space of R". (As indicated above, we do not assume that it is a critical subspace.) Define

B;: U — B;Uand B; : U+ — (B;U)* by

Bj(x) = Bjx and B;(y) = Tg,p)B)y.
Here, [Ty denotes orthogonal projection onto a subspace W. If some E’j or é,' is zero we
can simply discard it. (It cannot be the case that every B; is zero, for if this happened, we
would have U C ﬂ}jzl ker B;, and, as we have noted previously, a necessary condition for

finiteness of the Brascamp-Lieb constant is that ﬂ;i:l ker B; = {0}. For similar reasons

it cannot be the case that every B j 1s zero.)
Also define T; : UL — B;U by

[j(y) =MB,uBjy.
Soforx e U and y € U,

Bi(x +y) = Bjx + Bjy + I;y = (Bjx + T;y) + Bjy € B;U & (B;U)".
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The two Brascamp-Lieb subproblems arising can be written in the form

d B d pj/p
J T ndrirac<cT1(f 5)
Ui j=1
and

d - d pilp
[ Tsdomra=cl]([ 1)
Ut j=1

where p = ) ;i = 1. Withaj = p; / p, we are entitled to suppose that the following
two corresponding factorisation statements hold:

e forall H € LP/(U) of norm 1 there exist Hy, ..., H; such that

d
H(x) < [] H0

Jj=1

and, for all ¢ € Ll(Bj U) of norm at most 1,
[ ¢(Bjx)H;(x)dx < Ky;
U

e forall M e LP/(UJ-) of norm 1 there exist M, ..., M  such that

d
M(y) < [ M;(»)%
j=1

and, for all ¥ € L'((B;U)L) of norm at most 1,
/ V(B y)M;(y)dy < Ka.
UL

Given G € L?'(R") of norm 1, we want to subfactorise it as

d
G <[]Gia%

J=1

such that for all € L'(R"/) of norm at most 1,

/R" f(Bjz)Gj(z)dz < K1 K>.

This is a factorisation statement corresponding to the problem

d y d pjlp
/};n}:[l fj(Bjx)pj P dx < le:[l(/ f]) .

If we can do this, then the procedure described above for factorising Brascamp-Lieb
problems closes.
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We begin by writing G € L? of norm 1 as
G(x,y) = Hy(x)M(y) (64)

where ||H,||,» = 1 for all y and | M|, = 1. We will then factorise M and each H, as
above, and combine the factorisations to obtain a suitable factorisation for G.
Indeed, defining H, and M by

G(x,y)

G(X, y) = (f G(x,y)l” dx)l/p/

, 1/p’
(/ G(x,y)? dx) =: Hy(x)M(y)

is essentially the unique way to achieve (64) with the desired conditions.??
Therefore,

d d
G(x,y) < [ [Hp M%7 =[] Gj(x, )%
j=1

j=1

where forall y € UL, and all ¢ € LY(B;U) of norm at most 1,
[ B0, ax < K.

and where for all v € L'((B;U)*) of norm at most 1,
[ v Biomerdy < ko

We want to show that for all f € L!'(R") of norm at most 1,
L r@acee= [ [ rewomm,mmoe < KiK.
Fix y € U~ and write the inner integral over U as
[ 7ot = [+ By dx.
Now f(Bjx 4+ B;y) = f((Bjx + T;y) + éjy). For w € B;U and £ € (B;U)" let

¢e(w) := f(w+§). Therefore f(B;x + Bjy) = ¢§jy(l§jx +Ty) = (fr,~y¢>§jy)(l§jx),
where (t; x)(-) = x(- + n) denotes translation by 7. So,

/Uf(B,-(x,y))ij(x) dx = /(](Tij¢§_/y)(l§jx)ij(x) dr = Kiflmr; yéz I

by what we are assuming.

22Indeed, suppose G is in the mixed-norm space ery (L%, and we want to write G(x, y) =
H(x, y)M(y) where |M|; = |Gllprs) and where |H(-, y)lls = 1 for all y. Integrating
G(x,y)* = H(x, y)*M(y)® with respect to x shows that the only way to do this is to take
M(y) = ||G(,y)|s and H(x,y) = G(x,y)/||G(, ¥)|ls. See the remarks at the end of Section 9.2.
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Now, by translation invariance, ||t /.yqﬁé y||1 = ||¢§ ’ ||1. Therefore, letting ¥ (§) :=
: i i
g1 for € € (B;U)*,

f F(B;2)G;(2) dz < K, [ V(B M () dy < Ky Kol .
R” UL

Finally,
Il = f(BAU)L( BquSg(w)dw) d¢ = /an f(2)dz =1,

J

and this gives what we wanted.

11. Multilinear Kakeya inequalities revisited

Recall that we have families J#; of 1-tubes in R”, and for every P € %}, its direction
e(P) € S"! satisfies |e(P) — e;| < ¢, where ¢, is a small dimensional constant. The
multilinear Kakeya theorem of Guth [29] (see also [23]) states that

Hl_[( Z aR’XRf(x)>l/n Ln/ (=D (Rn) = G H( Z an)l/”_

J=1 P;epP; Jj=1 P;epP;

This inequality is of the form (7) with X = R”, g =n/(n — 1), Y; = &; with counting
measure, p; = 1 forall j,a; = 1/n forall j,and T'((ap;))(x) = ijeyj ap; xp,; (x).

Guth proved this result essentially by establishing a suitable subfactorisation for each
nonnegative M € L"(R"), and then applying Proposition 1.1. His subfactorisation is
described in terms of an auxiliary polynomial p of “low” degree dominated by ||M ||,
whose zero set Z, has “large” visibility on each unit cube Q of R” in the sense that
vis(Z, N Q) 2 |, o M. We do not enter into the details of the definition of visibility,
nor into how this gives the desired subfactorisation, but instead refer the reader to [29]
and [23]. (In the latter paper the approach using Proposition 1.1 is explicit while in the
former it is implicit. And one should note that the definition of visibility used in [23] is
a power of the original one used in [29].) It was the shock of seeing such an unlikely
functional-analytic method succeed which inspired us to study the general question of
necessity of factorisation as taken up in this paper. In hindsight, our linkage of subfactor-
isation of functions with Maurey’s theory of factorisation of operators helps place Guth’s
method in perspective.

Bourgain and Guth [16] established an affine invariant form of the multilinear Kakeya
inequality, removing the hypothesis that |e(P) —e;| < ¢, for P € $;, at the price of
inserting a damping factor on the left-hand side which is consistent with the affine-
invariant Loomis—Whitney inequality of Section 9.2. That is, they proved that for &;



A. Carbery, T. S. Hénninen, S. I. Valdimarsson 2120

arbitrary families of 1-tubes,

1/n-1)
) x

[ (X anzmt ¥ anxn et aveenep)
R™ " p e PrePn . -
.

Jj=1 P;eP;

As the reader will readily verify (using the same argument as in the proof of Proposi-
tion 1.1, see also Section 8 above), in order to establish this, it suffices to show that for
every nonnegative M € L"(R") which is constant on unit cubes in a standard lattice @,
there exist nonnegative functions S; : @ x $; — R such that

S1(Q, PV S,(0, Py)'/"
(e(P1) A=+ Ae(Pp))t/m
whenever the 1-tubes P; meet at Q, and, for all j and all P; € &},

Y srys (X mor)”

Q€Q,0NP;#0 Qe@

M(Q) <

And indeed this is what Bourgain and Guth essentially did (see also [23]). It is therefore
very tempting to ask whether, in analogy with the situation of Theorem 1.3, this method
is guaranteed to work in so far as the statement of the affine-invariant multilinear Kakeya
inequality automatically implies the existence of a subfactorisation as in the last two dis-
played inequalities. Unfortunately, as we have established above in Section 8, there is no
such general functional-analytic principle which guarantees this. (However, see [22] for
further developments in this regard.)

The recent multilinear Kakeya k j -plane inequalities, and indeed the even more general
perturbed Brascamp-Lieb inequalities, both recently established by Zhang [45], also fit
into the framework we consider, the latter as a generalisation of inequality (5).

11.1. The finite field multilinear Kakeya inequality

Zhang [46] has recently solved the discrete analogue of the multilinear Kakeya problem.
Let IF be a field and let £; be arbitrary families of lines in F”. For [; € &£; declare
e(ly) A --- Ae(ly) to be 1 if the vectors {e(/;)} are linearly independent and to be O
otherwise. Zhang has proved that for a certain C,, depending only on n,

YUY ann @ Y @ A nen)

xeF? [1ef, Inedn
n 1/(n—1)
=GII(X @) = ©9

j=1 ljexj

When n = 2 the constant C, is 1, as is readily verified using 1/(n — 1) = 1 and
changing the order of summation on the left-hand side. Moreover, for general n, if all the
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lines in &£; are parallel to some fixed vector y; with {y; }_;.’=1 linearly independent, the
constant is likewise 1, since matters can then be reduced to the classical Loomis—Whitney
inequality via an invertible linear transformation of F” (or one can write down a suitable
factorisation as in Example 9.2).

The presence of the factor (/1) A --- A e(l,,) in (65) precludes any assertion that (65)
is equivalent to a factorisation statement: see Section 8 above. If however the £; are
presumed to satisfy the property that if (/1,...,[;) € £1 X --- X &£, then the directions
{e(l1),...,e(ly)} are linearly independent, we see that the term e(/{) A --- A e(ly) is
identically 1, and the result falls under the scope of Theorem 2.2.

In particular, when n = 2 and we have two finite families £, and £, of lines in 2
such that no line in £ is parallel to any line in &£,, this holds. Hence we obtain:

Proposition 11.1. Let £ and £, be finite families of lines in B2 such that no line in £4
is parallel to any line in €. Let J C F? be the set of points where some [, € £ meets
anly € £,. Suppose Y. .c; G(x)* = 1. Then there exist g1, 82 : J — Ry such that for

allx € J,
G(x) = Vg1 (x)ga(x),

and moreover, foralll; € £;, j = 1,2,

> g <L

xeJnl;

In spite of the extreme simplicity of the original problem, no procedure for coming to
an explicit such factorisation is currently known.

Jon Bennett had asked whether, even in higher dimensions, the constant C, in the
finite field multilinear Kakeya inequality might still be 1. This is true in the case of F3.
However, this turns out to have been over-optimistic, and we have:

Proposition 11.2. Suppose the discrete multilinear Kakeya inequality (65) holds in the
casen = 3 for F = F3. Then C3 > 1.04.

We remark that Tidor, Yu and Zhao [40] have very recently established numerical
values for the constants in Zhang’s theorem, and in particular they show that C3 < V6.

Proof of Proposition 11.2. We construct an example. In this example, for each j =1,2,3,
we nominate two directions, and the family &£; will consist of all lines with one of these
directions. The two directions for each j will be chosen so that each of the eight choices
of one direction from each of the three families results in a linearly independent set of
directions, so that the terms e(/1) A e(l2) A e(l3) are all 1. Each family of coefficients a —
as a function defined on &£; and more properly denoted by a; — is defined to be supported
on three lines from &£; in such a way that the x-summand on the left-hand side of (65)
is non-zero at five points. Each a will take nonzero values in {1, 2} and thus each line
under consideration will have a weight equal to 1 or 2. For each j, two of the three lines
pass through two of these five points and the remaining line passes through the remaining
point.
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More concretely, let
e £ be the lines with direction (1, 1,0) or (2,1, 1),
e £, be the lines with direction (0, 1, 0) or (0, 1, 1), and
e £3 be the lines with direction (1,0, 1) or (0,0, 1).

It is straightforward to verify that the directions of any three lines, one from each collec-
tion, span ]Fg’

We now proceed to properly define the coefficients a. We denote by a; the function
whose domain is £;, and which is defined as follows:

e Leta; be

2 on the line with direction (1, 1, 0) passing through (0, 2,2) and (2, 1, 2),
2 on the line with direction (2, 1, 1) passing through (0,2, 1) and (2, 0, 2),
1 on the line with direction (1, 1, 0) through (0, 0, 0), and

0 on other lines of £;.

e Leta, be
— 2 on the line with direction (0, 1, 0) passing through (2, 0,2) and (2, 1, 2),
— 2 on the line with direction (0, 1, 1) passing through (0, 0, 0) and (0, 2, 2),
— 1 on the line with direction (0, 1, 0) through (0, 2, 1), and
— 0 on other lines of £5.
e Letas be
2 on the line with direction (0, 0, 1) passing through (0, 2, 1) and (0, 2, 2),
2 on the line with direction (1, 0, 1) passing through (0, 0, 0) and (2, 0, 2),
1 on the line with direction (0, 0, 1) through (2, 1, 2), and

0 on other lines of £3.

Each &£; has two lines of a-value or weight 2 and one of weight 1.

We can see that the only points where lines from all three families intersect are the
five points mentioned, namely (0, 0, 0), (0,2, 1), (0,2,2), (2,0,2) and (2, 1, 2). At the
three points (0, 0, 0), (0,2, 1) and (2, 1,2) we have two lines of weight 2 and one of
weight 1 meeting; at the two points (0, 2,2) and (2, 0, 2) we have three lines of weight 2
meeting. So the value of the x-summand on the left-hand side of (65) is 2 at the three
points (0,0, 0), (0,2, 1) and (2, 1, 2), and is 23/2 at the two points (0,2, 2) and (2, 0, 2).
The left-hand side adds up to 3 - 2 + 2 - 23/2 > 11.65. The value of the right-hand side
of (65)is C3 - 5%/2 < C5 - 11.19. This shows that

64 23/2

3253T>11.65/11.19>1.04>1. u

A counterexample to the conjecture that (65) holds with C,, = 1 was first found by use
of the duality theory developed above, which, as we have mentioned, is valid under the
assumption that any n-tuple of lines taken from £, X --- x £, has linearly independent
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directions. To explain why this route was taken, let us assume that we are considering a
finite field of size q. If we let £; consist of all lines with directions in some given set of
size r then the input to (65), namely the tuple (ay, ..., a,), belongs to a real vector space
of dimension n¢"~!r. The input to problem (17) is the function G which belongs to a real
vector space of dimension ¢”. In our case we have n = ¢ = 3 and r = 2 so the input to the
problem (17) belongs to a smaller vector space than the input to (65). The additional cost
of solving the convex optimisation problem compared with the cost of simply evaluating
each side of (65) does not significantly alter the balance of cost.

The solution to the convex optimisation problem was found using the software pack-
age CVXOPT [1], which yields the solution for both the primal and dual problems. The
solution to the dual problem was then slightly simplified by hand for neater exposition
and this is what is presented here.
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