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Abstract. We prove an effective version of a result due to Einsiedler, Mozes, Shah and Shapira who
established the equidistribution of primitive rational points on expanding horospheres in the space
of unimodular lattices in at least three dimensions. Their proof uses techniques from homogeneous
dynamics and relies in particular on measure-classification theorems — an approach which does not
lend itself to effective bounds. We implement a strategy based on spectral theory, Fourier analysis
and Weil’s bound for Kloosterman sums in order to quantify the rate of equidistribution for a specific
horospherical subgroup in any dimension. We apply our result to provide a rate of convergence to
the limiting distribution for the appropriately rescaled diameters of random circulant graphs.
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1. Introduction

In recent years, there has been an increased focus on obtaining effective versions of
equidistribution theorems in homogeneous dynamics. For the method it introduced, we
single out Strombergsson’s breakthrough paper [17] and mention the related work by
Browning and Vinogradov [2]. Particularly interesting targets, of which these two papers
are instances, consist of results whose proof relies on rigidity theorems such as Ratner’s,
which are by nature not effective. The primary purpose of this paper is to accomplish this
to get an effective version of a result due to Einsiedler, Mozes, Shah and Shapira [5]. Their
theorem confirmed a conjecture due to Marklof, who had been able to prove an averaged
version thereof and made great use of it [11]. His proof relied on the mixing property
of a certain diagonal flow on the space of unimodular lattices and was made effective,
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using estimates on the decay of matrix coefficients, by Li [10] who applied it to obtain
a quantitative version of Marklof’s result concerning the distribution of Frobenius num-
bers. An article by Marklof and the third author [9] provided a rate of convergence for the
Einsiedler—Mozes—Shah—Shapira result for a certain horospherical subgroup in the two-
dimensional setting according to the set-up below. We now state our main result, which
yields such a rate in any dimension for certain horospherical subgroups.

Ford > 1,let ' = SL;41(Z) and define

A
H= {(to '1’) A eSLy(R), v e Rd} C SLg11(R). (1.1)
Denote by /iy the H-invariant Haar probability measure on I'\I'H. Finally, for x € R¥,
define
I; 0

na(x) = (;’ 1) € SLy+1(R). (12)
We note that the group of all matrices of this form is the expanding horospherical sub-
group corresponding to the semigroup of matrices of the form diag(e?, ..., e’, e %) e
SLd+1(R) with ¢ > 0.

Define, for every positive integer ¢,

D(q) = diag(¢"“,...,q"% ¢7) € SLz4+1(R). (1.3)

Note that for every r € Z< satisfying ged(q, r) = 1, by [5, Lemma 2.1] (see also [11,
Remark 3.3, (3.53)] and [10, Lemma 4.1]) we have

Tny(g~'r)D(q) € T\I'H. (1.4)
We also provide an explicit proof in Lemma 2.3. We define
Ry ={r e (ZN[l,q)? : ged(r,q) = 1}. (1.5)

Let T =~ Z\R be the unit circle and C’g ("'\T'H x T%) be the space of k times con-
tinuously differentiable functions with all derivatives bounded and denote by || - ||C£g the
Sobolev norm (see (4.1)). Our main result is the following theorem.

Theorem 1.1. For every d > 3, every ¢ > 0 and every integer k > 2d? —d + 1, there
exists a constant ¢ > 0 such that for every function f € C’g (T\T'H x T¢) and every
q € Zzly

— — — dund
‘ ,ZR: f(Fn+(qr)D(q) r) /1"\1"H><’]1“‘1f pa e

_1/2+d k— 2d+1)+8

=clfllcxg 22 (1.6)

Remark 1.1. For d = 1, this result was already known to Marklof in an effective form,
with rate Oy (g~'/2%¢) [12]. See also [5, Section 2.1] for a more detailed presentation of
the argument. We merely mention that it relies on Weil’s bound for Kloosterman sums as
well, but is otherwise much simpler.
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Remark 1.2. We note that our proof also works when d = 2 and hence recovers the
previous result by Marklof and the third author [9]. In this case, the error term becomes
cllf ||C12q_1/2+8(q9 + q2(2k_3)/k2) for some constant ¢ > 0, where 8 > 0 is a Ramanujan
bound for GL, over Q. The Ramanujan conjecture is the assertion that § = 0 and the
current record towards it is a result due to Kim and Sarnak which states that 6 < 614,
proved in [8, Appendix 2]. The reason for this discrepancy is that for d > 3, the use
of bounds towards the Ramanujan conjecture for GL; over Q can be bypassed. Instead,
Clozel, Oh and Ullmo [3] exploit the uniform version of Kazhdan’s property (7)) for
SL;(Qp) for all primes p, when d > 3, as was obtained by Oh [14].

As already hinted at, this result has several applications, for instance to the distribution
of Frobenius numbers as in [10, 1 1] or to results about the shape of lattices as in [5]. We
highlight one in particular, which concerns the limiting distribution of the diameters of
random Cayley graphs of Z/qZ as ¢ — + o0, following Marklof and Strémbergsson [13]
(see also [15] for the case of random Cayley graphs of arbitrary finite abelian groups).
In [1], Amir and Gurel-Gurevich conjectured the existence of a limiting distribution, as
g — +oo, for diam(q, d)/q"/¢ where diam(q, d) denotes the diameter of the Cayley
graph of Z /qZ with respect to the subset {+ay,..., tayz} where (ay,...,ay) is chosen
uniformly at random from &R,. Following the method expounded in [13], the existence of
this limiting distribution is a consequence of the main theorem in [5]. By the same token,
our Theorem 1.1 implies the following result:

Corollary 1.1. For every d > 3, there exists a continuous non-increasing function
W :Rso = Ry with W5(0) = 1 and limg 00 Y4 (R) = 0, and a constant ng > 0 such
that for every ¢ > 0 and every R > 0, we have

Prob(w > R) = W, (R) + O(q~ "), (1.7)
q

where the implicit constant depends on R and e.

We state a more precise version of the above corollary as Corollary 5.1, which also
contains an explicit description of the limiting distribution in terms of the space of d-
dimensional unimodular lattices. At this point, we do however note that the decay of Wy
as R — 400 is known: it is proved in [13, Section 3.3] that for d > 2,

U,s(R) = (1.8)

1
—— + O0g| ——— ).
26d)RE T 1 ( RITI+7Er )
In order to deduce this corollary, which we do in Section 5, the explicit dependence on f
in the error term of Theorem 1.1 is required.

Our strategy to prove Theorem 1.1 is based on harmonic analysis and Weil’s bound
for Kloosterman sums, more precisely:

e in Section 2, which contains the main novelty of our approach, we avoid the need to
obtain an explicit solution to a (non-linear) system of equations modulo g — as was
done for d = 2 in [9] — by introducing a helpful parametrisation of R;
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e we then use Fourier analysis on the space of affine lattices in order to estimate the sum
we are interested in — this follows a strategy introduced by Strombergsson [17] for the
space of shifted lattices in two dimensions and we extend the required Fourier tools to
any dimension in Section 3;

o these estimates are carried out in Section 4: to get to the main term, the key ingredient
is a deep result of Clozel, Oh and Ullmo [3]; to bound the error terms, we use estimates
for Ramanujan and Kloosterman sums, combined with various counting arguments.

2. Primitive rational points on horospheres

Letd > 1,G = SLg4+1(R) and I' = SLy41(Z). For any g € G, we write g = (4 2)
where A € My (R), b,c € R? and D € R. Let I be the k x k identity matrix.
For a positive integer g, we define the following congruence subgroup of SL;(Z):

* %
Fo.a(q) = {V €SLq(Z):y = (to u) (mod q)}- (2.1)
Note that for any y € T 4(q) satisfying y = (/g ») (mod ¢), we have ged(u, ¢) = 1.
We record the formula for the index of I'y 4 (¢) inside SL;(Z).
Proposition 2.1. For everyd > 2 and q > 1, we have

1— —d
[SLa(Z) : Toa(@)] = ¢* '] 1_—’;_1 (22)
plg

Proof (sketch). 1t is a standard fact (for an explicit reference see, for instance, [7, Corol-
lary 2.9]) that

#GLd(Z/qZ)=qd2]_[(1—id)(1— dl_l)---(l—%), (2.3)

plg P P

from which it follows that

#SLd(Z/qZ)=qd2—1]_[(1—i)(1— ! )---(1—%). 2.4)

d d—1
plg P 4

This last cardinality is precisely the index of the principal congruence subgroup
Ty(q) ={M eSL4(Z): M = 1; (mod q)} (2.5)

inside SL4 (Z) (for a reference about the surjectivity of the reduction map, see [16, proof
of Lemma 1.38] for instance). We note the inclusions I';(q) C I'g,4(¢) C SL4(Z) and
therefore use the identity

[SLi(Z) : Ta(q)] = [SLa(Z) : To,a(@)][To.a(q) : Ta(q)] (2.6)

to conclude. All that remains is to compute [y 4(¢) : I'z(¢g)] and it is easy to see that it
is equal to ¢¢~'#GLy_1(Z/qZ). The desired formula follows. |
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For a positive integer ¢, recall that
Ry ={r € (ZN(0,q)¢ : ged(r,q) = 1}. 2.7)
We now give a simple formula and a lower bound for the size of this set.

Lemma 2.1. Ford > 1 and g > 1, we have

#Rg =Y 1(8)(q/8)". (2.8)

Slq

Remark 2.1. Note that when d = 1, that is ¢(gq), Euler’s totient function, as it should be.

Proof of Lemma 2.1. By partitioning all d-tuples r € (Z N [1,¢])? according to the value
of gcd(r, q), we see that

g’ =) #Rys. (2.9)
3lq

The claim follows by Mobius inversion. ]

We note the following trivial corollary.

Corollary 2.1. Ford > landgq > 1,

#R, =qd]_[(1—i). (2.10)

d
rlg 4
In particular, for d > 2 and q > 1,

1 d

Remark 2.2. The above inequality generalises [9, (2.2)], whose proof has an unfortunate
mistake (see the first inequality in [9, (2.6)]).

Recall the following subgroup of G:

H= {(f) '1’) A eSLy(R), v € Rd}. 2.12)

For a positive integer g, we also recall that

Vdr, 0

By (1.4) we see that, for every r € Ry, there exist A € SLz(R) and x € R? such that

(2.13)

Tni(g~'r)D(g) =T (f:) ’;) . (2.14)
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This is equivalent to the existence of A € SLy(R) and x € R¥, uniquely determined
modulo T', satisfying

A x _ (A x\ (¢ 0 Iy 0
(tO 1)(’1+(CI lr)D(Q)) ' = (to 1)( 10 q) (_q—l % 1)

ql—l/dA_qxlr
_ ( q qx) eT. (2.15)

t

Lets =gx and B = q%A. By the above relation,
1
seZ% —(B—s'r)eMy(Z) and det(B) = g% 'det(4) =¢%'. (2.16)
q

So
B eMy(Z) and B =s'r (modgq). (2.17)

B—s'r
_— S
a €T, (2.18)

we get ged(s, g) = 1 (see also [5, Lemma 2.4]).

We now come to the goal of this section, which is to parametrise R, in terms of
To,4(¢9)\SLy(Z) and (Z/qZ)*.

Let B, be a set of representatives for I'g 4(q)\ SL4 (Z).

Since

Lemma 2.2. We have
Ry = {‘7/ (g) (modgq):y € By, uc (Z/qZ)x}. (2.19)
Proof. Forany y € 8; andu € (Z/qZ)*, there exists r € (Z N (0, g])¢ such that
t t 0
u'yeg ="y (u) = r (mod gq), (2.20)

where e 4 is the last vector of the canonical basis of R?. We claim that ged(r,¢) = 1. Let
‘a be the last row of y, thatis, a ='ye 4. If gcd(r,q) # 1, then since ua — r =0 (mod g),
this implies that gcd(ua, g) # 1, so ged(a) # 1. This contradicts the fact that y € SLy(Z).
Note that, using (2.10) and Proposition 2.1, it follows that #R,; = #8, - ¢(q).
Therefore, we only need to prove that ‘yuey # 'y'u’ey (mod q) if (y,u (mod q)) #
(y',u’ (mod q)) for y,y’" € By.
Indeed, suppose 'yuey = 'y’'u’e; (mod q). Then

() Dueq = (y) " yuey = u'eq (mod ),

that is, y(y)~! € Toa(g). Since y,y' € By, we get y = y'. Using ‘yuey; =
Yy'u’e 4 (mod q) again, we obtain u = u’ (mod ¢). This proves the lemma. [
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Let By = (91a=1 ); for every y € I'gq SL4(Z) and every u € (Z/qZ)>, if we
1 yY alg ry q

set
r =u'yey (modgq), (2.21)
s =uey, uu=1(modgq), (2.22)
B = Byy, (2.23)

then by Lemma 2.2 we have r € R,. Moreover, det(B) = g%V and B = s'r (mod q).
One checks that

(q—1+1/dB g s

‘0 ) ) D(@) 'ny(—¢7'r) €T, (2.24)

which implies (1.4) and the following lemma, which is used in §4.

Lemma 2.3. Foreveryy € T 4(q)\SLg(Z) andu € (Z/qZ)*, if we define r, s and B
as in (2.21)—(2.23), then

q—1+1/dB q—ls)

Tny(q'r)D(q) =T ( 0 | (2.25)

3. Fourier analysis on the space of lattice translates

In this section, we generalise the results given in [17, Section 4] and [9, Section 3] to an
arbitrary dimension. When comparing with [17], one should keep in mind that he uses a
different representation for ASL;(R).
For d > 2, we define
ASL4(R) := SLy(R) x R?. (3.1)

For My, M, € SL;(R) and vy, v, € RY, the multiplication law on ASL; (R) is given by
(My,v1) - (M2, v2) = (M1 Mz, Myvs + v1). (3.2)

The discrete subgroup ASLy(Z) is defined similarly.
Let g be the Lie algebra of ASLy (R), which we identify with s[4 (R) @& R¢. We pick
the following basis of g:

Yij=(Ei;.0), 1=<i#j=<d, (3.3)
)]i = (Ei,i - El,lvo)v l 2 25 (34)
Xi=(0,e;), 1=<i=<d, (3.5)

where E; ; € Mgz (R) has a 1 at the (7, j)th entry and zeros elsewhere, and the e; are the
canonical basis of R¥.
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Each (E, y) € g yields a left-invariant differential operator on a function on ASL,; (R)
in the following way:

9
(E.y)F)(g.x) = EF((g,x)eXp(tE,ty))

t=0

0
= gF((g,x)((Id,O) +1t(E.,y))) (3.6)
+=0
In particular, for X;, = (0,e;,), 1 <io < d, by the chain rule, we get
- 9
(Kt 6) = Y (5 F .0 6)

where g = (gi,j)1<i,j<d-
Let C]g (ASLg4 (Z)\ASL,4(R)) denote the space of k times continuously differentiable
functions with all derivatives bounded. For F € C’bc (ASL;(Z)\ASL;(R)) we set

IFlleg = ) > IE1 0+ 0 EgF|Loe. (3.8)
0=t=<k E;e{Yiq, joXiy:Yiy}
1<i<t

Let F be a function on ASLy;(Z)\ASLy4(R). From now on, we implicitly identify
functions on ASL;(Z)\ASL,(R) with ASL;(Z)-invariant functions on ASL,4(R). For
any m € Zd,

F(A,x +m) = F((Ia,m)(A,x)) = F(4,x) (3.9)
for (A4, x) € ASL;(R). So we have the following Fourier expansion of F':
F(A.x)= Y F(A.m)e™ '™, (3.10)
meZd
where
F(A,m) = / F(A,t)e~2m'mt gy (3.11)
(R/Z)4

Here dt denotes integration with respect to the Haar measure induced by the Lebesgue
measure on R,

Lemma 3.1. Foranyy € SLy(Z) we have
F(yA,m) = F(A,'ym). (3.12)
In particular, when m = 0, ﬁ(A, 0) is an automorphic function on SL;(Z)\SLg4 (R).

Proof. For any y € SLy(Z), we get

F\(VA,m) =/ F()/A,t)eizmlmt dt :/ F((V’O)(A’yflt))efzm‘mt dt
R/ (R/Z)4

z7)4

= /( - F(A, t)e 2™ Crmt g — F(A,'ym). (3.13)



Effective joint equidistribution of primitive rational points on expanding horospheres

2303

Here in the third identity we use the fact that F is left ASLy(Z)-invariant and ¢ > pt is

a diffeomorphism of (R/Z)% preserving the volume measure d1.

Set A = (a;,j)1<i,j<d- Foreach 1 < iy < d, by applying integration by parts, we get

(Ti\oF)(A,m) = / (Xiy F)(A, £)e=2mi'mt gy
R/zZ)4

d
d 1
= Z aiio / — F(A,t)e 2mimt gy

= R/Z)4 at;

d
= (Z (li,iOZNimi) / F(A, t)e_zmlmt dt

Pyt R/Z)4
d
= 27ti(z m,-a,-,,-o)F(A, m)
i=1

Sofork € Z>;,

d
. k ~
/ Xk F)(A et = (2m§ :miai,io) F(4,m),
®/2) —

and we get

d
@) ’Zmiai,io

i=1

k
P (A, m) 5/ (XK F)(A.0)) dt
R/Z)4

< X5 F lloo.
For b € R, let ||b]|oo := max; <j<g |b;i|. Then

d

k k
max = |'Am||%,,

1<ip<d

midi i
1

i=

and we have

Q@7 |'Am|| o) | F (A, m)]

d

Z ko .
2 k‘ i " F A,

1151}(?;( ™) i=1al’loml e m

IA

k
max X5 Flloo < | Fllcy-

I<ip=
So for m # 0, we have

. I Pl
FAm) < P
@[ Am]lo)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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4. Proof of the main theorem

In this section, we prove Theorem 1.1.
For f € C’g (T\I'H x (R/Z)?), using the fact that ['\I'H is diffeomorphic to
ASL;(Z)\ ASL4(R), we set, similarly to (3.8),

a4 dta
||f||c',;: Z Z Z 'Elo...oEgax—h...ax_ld =
0<{<k Eie{Yi0<j0’Xi0’Yi YLy, >0 1 d
1<i<{ L4+l +L<k
4.1)
We have the Fourier expansion
f(gx) =Y fu(g)e?™i 4.2)
nezd
where
fu@ = [ fexe T ax, @3)
R/Z)4
By using integration by parts repeatedly, for n £ 0, we have
sup | fu(9)| <k I/ Nk lImlls - (4.4)

gel'\T'H

By Lemma 2.3, we have (recall that B, is a set of representatives for
Lo,a(9)\SLa(Z)):

k)

rEeR

—iti/dp RZZAE
=_ Z Z f((q 0 oy ¢ 1 )7q lutyed)

yE.Bq ue(Z/qZ)*

1+1/dB —lﬁe itnu‘yed
— Z Z an(( 0 oy 4 X d))ezn ral (4.5)

1 yeBy ue(Z/qZ)* nezd

We first note that we can truncate n-sum at |2]|oo < ¢”! for some small 0 < ¥, < %
Indeed, by (4.4), we know that the contribution from the terms with ||r||o > ¢”! is

17l
e Y Y mrdily ¥ oo 66

y€By ue(Z/qZ)* nezd nezd
I7llco>g?1 [7]lco>g71
Note that ||]|oo < [[1]l2 < v/d ||1||co. It is a standard fact that
1 _ _ _
Z  <dk (") = gD, 4.7)
7|5

ez

Inlloo>g?1
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So we have

g e

reRy

X X Ry ) )em

9 yeBy ue(Z/qZ)*  nezd
I7]lo<q®1

+ Od,k(llfllcigq_ﬁ‘(k_d)).

(4.8)

For A € SLy(R) and y € R?, let

=7y 7)) @9)

Then F}, is a function on ASL;(Z)\ASL;(R) and as such has the Fourier expansion

Fa(Ap) = > Fu(A m)e?™'™m. (4.10)
meZd
Here
ﬁn(A,m)zf Fu(A, t)e™2m'mt gt (4.11)
®/Z)4

Recall that By = (4/a-1 ). By (4.8) and (4.10), we get
e 2 (e (Gr)pa@. )
reeﬂ
~ 'mue ;+'nulye
D IDID AT SN DR

9 nezd mezd yeBy ue(Z/qZ)*

= Z Z Z ﬁn(q_Hl/dBo%m)S(md,tntyed;q)
R,

nezd mezd yeBy
[nlloo<q?1

+ O0age(If kg™ * ). (4.12)

.au+bu
Here S(a,b;q) = 3 yez/q2)~ e*™4 " is the classical Kloosterman sum.
Note that by (3.19), for m # 0, we have

I s

13 —1+1/dB m
e B S g Ty By

(4.13)

We bound (4.12) by considering the following four distinct cases in the subsequent
four propositions:

em=n=0;
en#0andm =0;
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e n,m # 0and'yg~'1/4 Bym “small”;
e n,m # 0and'yg~'*4 Bym “large”.

We prove these propositions in the subsections below, from which Theorem 1.1 follows
as we explain after the statements of the propositions.

Proposition 4.1. For every e > 0 and every integer k > d?, we have

> Folg7"t4 Byy,0)S(0.0: 9)

#R, ‘5

= / Fo(A,0)di(A) + Os(| Fo(x,0) | kg™ /2T*).  (4.14)
SL4 (Z)\SLy4 (R) b

Proposition 4.2. For each 0 # n € 72 with |n|ls < ¢!, we have

“ =R, | S R By S0, e a )| <o I Flegg L @)
yEBy

Proposition 4.3. For eachn € 74 with |n|lsc < ¢°' and 0 < ¥, < ﬁ, we have

1 N
& = ﬁ‘ > Y Falg V4 Boy,m)S(ma.'n'yeq:q)
a meZ4\{0}, veBy
[tyg='+1/4 Bom|l oo <q”2
<|IF| Oq—l/2+dl72Lq)2 (4.16)
- © l_[p|q(1 - p_l)

Here a¢(q) is the number of positive divisors of q.

Proposition 4.4. For eachn € 72 with |n|e < ¢°' and 0 < 9, < ﬁ, we have

1 an —
&=z > Y Falg™ "V Boy,m)S(my.'n'vea: q)
1 meZd\{0}, ye8y
Ityg=1 174 Bom| oo>q72
Kaks IFllegq ™2+, (4.17)

. . . Zd 1
provided k is an integer such that k > 55

Proof of Theorem 1.1. By (4.12) and Propositions 4.1-4.4, we have

Tnyl=r|D@),-r) = Fo(A,0)du(A
e b #(ro+(5r)p@.r) L e P00

+ O fllega™" )
+ O f llegq™ 21970 - 4.18)
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forany e >0,0 < <1,0<d, <55 andk > max{ng_zl,dz}. Note that by (4.11),
(4.9), and (4.3), we have

A~ ~ At
| Faa 0 dp) = [ Lo w((l 1)) ardncn
SLq (Z)\SLgq (R) SLq (Z)\SLq (R) J (R/Z)4
2/ fduudx. (4.19)
T\THxT4

Taking @, = 2”5;1 and %} = l/zzﬁ,we see that ¥, = 2‘;—;1 < ﬁ and0 <}, = l/zzﬂ

if and only if k > 2d? — d + 1 (which is at least d 2, so that Proposition 4.1 applies). This
proves Theorem 1.1. ]

4.1. The main term: effective equidistribution of Hecke points

Recall that By is a set of representatives for I'g 4 (¢)\SLgz(Z). Throughout this section,
we let By = (?1a-1 ).

Lemma 4.1. We have
SL4(Z)BoSL4(Z) = | ] SL4(Z)(Bod). (4.20)
§€By

Proof. We first check that the decomposition on the right hand side is disjoint. For §;, 8, €
By, if yBoS1 = BoS, for some y € SLy(Z), then By 'yBy = 8,87 € SL4(Z). Note that
in this case

_ _ 17, I
887" = By lyBy = (" d-1 1) % (q d-1 1) € Toa(q). 4.21)

So we get 6 € To,q(q)1.
From the construction, it is clear that

SL4(Z)Bo SLy(Z) D U SL4(Z)(By$). (4.22)
8eBy

Lett = (£ !) € Tya(g) fors = 0 (mod ¢). Then

1 _ (491a—1 T t\(q i (T qt
BotB; _( 1)(ts I)( )= 7 )esta@. @)

s0 Boloq(q)By' C SL4(Z). Take y1, y2 € SLy(Z). There exists §, € B, such that
v2 € Toq (q)32. We have

y1Boya € y1BoT0.4(q)82 = y1(BoT0,a(q)By ") Boda C SL4(Z)Bos> (4.24)

and this implies that

SL4(Z)Bo SL4(Z) C | ) SLa(Z)(Bo9). (4.25)
§€By

as claimed. [
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Note that det(q_% By) =1 so q_% By € SL;(R). For a function F :
SL4(Z)\SL; (R) — C, following [3], the Hecke operator for By is defined as

3" F(g~“T Bodg). (4.26)
§€By

Ty )) = 55
q

Assume that F € L?(SL;(Z)\SL4(R)). Following the argument in [3, Section 1] with
[3, Theorem 1.1] and the formula from [3, p. 346], we get

Tp, F — / F(g)du(g)
SLq (Z)\SLy (R)

for any ¢ > 0. Note that the implicit constant only depends on . By [4, Proposition 8.2],
we find that this L2-convergence implies the same rate for pointwise convergence: for
every integer k > d2,if F € C’,j (ASL;(Z)\ASL;(R)), then we get

Lo g V2| F . (4.27)
2

Tso F(14) - [

F(g) du(g)‘ Lo g P F | k. (4.28)
SL4(Z)\SLg4 (R) b

Proof of Proposition 4.1. Since f is bounded, 1?0(*, 0) € L2(SL4(Z)\SL4(R)), where
the invariance under SL,; (Z) follows from Lemma 3.1.
For S(0,0; q) = ¢(q), we get

> Folg7"t4 Byy,0)8(0.0: 9)

#ﬁ "y

! i — ~
4 y€By

By (4.28), for any integer k > d?, we get

Tay Fo(14.0) — f

Fo(g.0) du(g)‘ e V2T Fo(%,0) | k. (4.30)
SL4(Z)\SLg (R) b

This completes the proof of Proposition 4.1. ]

4.2. The first error term

Proof of Proposition 4.2. Note that Fp,(¢~1%1/4 Byy, 0) < || F||c2 and

q »(q)
IS0, 'n'yeq;q)| = ‘M( TR )) 7 < ged(q,'n'yeq). (4.31)
£cC (qv n J/ed) w(gcd(q,‘n‘yed))

The first equality holds since S(0,'n'ye4; q) is a Ramanujan sum. Hence

&1 < I Flleg 7= Y eed(q.'n'yeq) < IFlleg 7 #:R Yoo Y L @43

7 yes, Lq yeﬂq
ged('n'ye 4,q)=¢L
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For each £ | ¢, let

St ={y € By:gcd(n'yeq,q) =} (4.33)
Then :
€1 < IF ey vy ;E#Sg. (4.34)
q

ni

Since n = ( : ) # 0, there exists 1 < jo < d such that nj, # 0. For y € §, let
n
a = 'ye  be the last row of y. Then
'n(‘yey) ='na = nia; + -+ +ngag =0 (mod £) (4.35)

and this implies that

Njodj, = — Z njaj (mod {). (4.36)
1<j=d, j#jo
Consequently, gcd(nj,, £) | lejsd,_i#jo nja; and we get

i = —ii: Z]<J<d ];éjo jaj
JO Jo ng(n]()v g)

(mod £/gcd(nj,, £)), (4.37)

where 71, - = d(n o =1 (mod £/gcd(nj,, £)). We further note that, since y € SLy4(Z),

ged(a) =1 = gcd(a q).
For £ | g, let £y = gcd(nj,, £) and define

b= {a € (Z/q7)? . £ | Z15j5d,j;éj0 njaj,
N

: O } (4.38)
ng(a’ q) =1 djo = _n.i(J% lejsd,j;éjo nja; (mod Z/60)

By the above arguments, we deduce that for each y € Sy, there exists a € Ay, such that
a ='yey (mod q). Note that (Z/qZ)™ acts on the set 4y, by scalar multiplication and
whenever u € (Z/qZ)*, Ay, =uty,. If'yeq =u'y’ey (mod g) for some u € (Z/q7Z)*,
then " € T'g 4(q)y. So the map y > 'yes (mod ¢) is an injection into the set of orbits
of 4y, under the action of (Z/qZ)* and hence

The number of elements in Ay, can, by its definition, be bounded as follows:
#Ay, <q? 1L (4.40)
0= /L

Combining both of the above inequalities yields

d ‘
g5, < 47 £l )

= 2@ 7 (4.41)
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For nj, # 0and |nj,| < ||n]lc < g%, we have ged(njy, £) < g% and inserting (4.41)
into (4.34), we get

q*
@q oo(q)

<ae |IF llcgq‘“”‘“, (4.42)

€1 < IFlleo ZW%@<WM

1
#Ry U

where we use (2.11) for the last bound. This completes the proof of Proposition 4.2. =

4.3. The second error term
Proof of Proposition 4.3. By (4.13),
82 < || Fllcg 5 #ﬂ > > 1S(mq.'n'yeq:q)l. (4.43)

7 yesy meZ4\{0}
ItyBom||loo<q'—1/d+02

By Weil’s bound for Kloosterman sums [6],

1S(ma.'n'yeq:q)| < Vg ged(ma.'n'yeq,q)"*00(q)

< 4 ged(ma. q)"*00(q). (4.44)
‘We thus have
€ = IFlley g > > Vaq ged(mg.q)' Poo(q).  (445)
7 yesy meZ4\{0}

Ity Bom||oo<q!—1/d+02

Fory € 8, and m € Z¢ \ {0} with gcd(q, my) = €, we have

qmg 7M1
'yBom ="'y : =L : . (4.46)
qmq—1 %md—l
my 7
Note that ged(q /¢, mq/¢) = 1. Set
t 1 d
yZBom =x e Z". 4.47)

Since y € SLy(Z), x = 0 if and only if m = 0. Assume that ||'yBom| o, < g'~1/4+72,

1—-1/d+9 . . .
Then x € Z¢ \ {0} and ||x|/o0 < 4= """ Moreover, since |x|loo < 1 if and only if
1-1/d+v
x = 0, we only consider £ | g such that % > 1.
.. . . 1—1/d+9
Summarising, for each given x € Z% \ {0} with ||x|s < % we count the

number of y € B, such that 'ym = x has an integral solution m € 74 satlsfymg | m;
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for1 <j <d —1andgcd(q/¢,myz) = 1. Moreover, the solution m is uniquely determined
since m = 'y~ !x. So we can write

1
#ﬁ Z \/ang(md7q)l/20.0(q)
q yEBy mez4\{0}
[tyBom|lco<gq'~1/d 192

1
= i Goolg)  ». L2 > > YL @4

x€Z9\{0} YE€EBg  meZ9\{0}
1—1/d+9, Lim;,1<j<d—1
g Tl/d+9s cimj,1=j=
lxllco< 4 ged(my ,q/6)=1
lym=x

Lgq
esql—xl/d+z92

For { | ¢ satisfying £ < ¢'~'/4*92 and for each x € Z? \ {0} with ||x[e <
ql—l/d+z92/g, let

Im € 79 satisfies 'ym = x,
S = € B, : . 4.49
() {V Cm 1sjsd-1, gcd(md,q/€)=1} @4
Then (4.48) is equal to
1
a4 00(@) oo > #80(x). (4.50)
4 tlg xeZd\{0}
qu'_]/d'WZ ||x”005ql—l/d+192/z
We claim that
i _ o —d
COEE e tryrrr U = =
a8 Todld pleptare P

Indeed, for x € Z¢ \ {0}, consider y and 7 in SLg(Z) such that there exist m and n
satisfying: 'ym = x,'yn = x with 4 |m; and % |n; for 1 <i <d —1, while ged(%£,m4) =
ged(4,nq) = 1.1t follows that

m=""lx = 1% = Fy Hn. (4.52)

Upon reducing modulo %, we get

() = () modaso @53)

with n; and my both invertible modulo ¢/¢. This means ¥y ! € T 4(q/¢). Now fix
one matrix y € SLy;(Z) satisfying the condition in the definition of S¢(x) (if no such y
exists, then #8¢(x) = 0 and the claim is proved). Every matrix y € §;(x) is then of
the form y = §y for some § € Iy 4(q/¢). Hence #5;(x) is bounded by the number of
distinct I'y 4 (g)-cosets of the form Iy 4(g)8y with § € I’y 4(q/€). One can check that for
any 8,8 € Tg.4(q/¢), we have Ty 4(q)8y = To.4(q)8"y if and only if §'8~! € Ty 4(q).
Therefore

#8¢(x) < #(To,a(q)\To,a(q/0)) = [To,a(q/0) : To,a(q)], (4.54)

which is precisely the inequality in (4.51). The equality follows from Proposition 2.1.
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Then we have

goo(g) Y _£'? > #S0(x)

Lgq x€Z9\{0}
ql—l/d+z92
F4

#ﬁ

lxlloo=

_#;2 Gool) Y. &Y ]

Llq xeZ9\{0} plt, pta/t
qul—l/d-i-l?z ||x|| <q171/d+192
o= [4

l—p_d

1—p1

1-1/d+0,\ 4
/ 2) pd—1

1-p1
rla Lg
(<gl—1/d+02
1 —d

1—p

— d—1/24+9,d

= q oo @ | | ——
#Rg 117_|q[ 1—p!

> e
Llq

(<g!—1/d+02

1 —d

l—p
d—1/24+9,d 2
——q o0(q) —
#Rq 11;][ 1—p!

IA

(4.55)

Using (2.10), we get

VG oo(q) Y _€'? > #S0(x)

Lg xeZ9\{0}
1—-1/d+9,
Ixlloo<—F—=

1
#52

_1/249,d _ 00(q)?
T, @5

This proves Proposition 4.3. ]

=q

4.4. The third error term

Proof of Proposition 4.4. By (4.13), for any integer k > 0, we have

1
<
&< gm 2 >
7 yesy meZ9\{0}
I'yBomlloo>q' /4472

Il SGma, n(yea); gl
@rllg=1+1/4 tyBom | oo)*

(4.57)

By the trivial bound for the Kloosterman sum |S(mg, 'n(*yes); ¢)| < ¢(gq), we have

k(1—-1/d)

p(q) 1 q
63 < | Fll ok — o —— R (4.58)
b )k #R, y;q 2 [tyBom %,

meZ4\{0}
ItyBom|loo>g ! —1/d+02
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Foreach y € 8, andm € 74\ {0}, let 'yBom = x. Then we have

k(1-1/d) 1

1 9(q)#3B4 q
€3 = | Fllc k Z d—o d+o
@k #R sz ¥ [ P e
Ixlloo>g'—1/4+02
L 18y (k—d—14+1/d—0») 1
<|F IICk(2 4 2 2 > o (4.59)
xezd\{o}
Ixloo>q '~ 1/d+9,
By the same argument used to obtain (4.7), we have
1—1/d+92\—0
) " ||“+”2 i, (@ 2702, (4.60)
xezd\{()}
1% lloo>q '™ 1/d+9,

Thus, by (4.59), we have
b3 Kdak ”F||C’;§qd_l_§2(k_d) Ld, 9k ||F||c',§‘1_1/2+192d,

provided that k > Zd—l . This proves Proposition 4.4. ]

5. An application: diameters of random circulant graphs

In this section, we denote by X the space of unimodular lattices in R?.

We abuse notation and still denote by C]g (X) the space of k times continuously differ-
entiable functions f from X to R such that for every left-invariant differential operator D
on SL; (R) of order at most k, || Df || is finite. Likewise, for a function f € C]g (X), we
still denote by || f ”c’,j the obvious analogue of (3.8).

Define, for ¢ > 2 and d > 2, the (d + 1)-dimensional lattice A, = 74 x q7Z. For
a € (ZN[l,q)? with ged(a, g) = 1 (meaning a € Ry), define

n(a) = (I”’ a)ESLd+1(Z) 5.1)

Consider Ay (a)o = Agn(a) N (R? x {0}). Finally, define D, = g 4 1; € GLy(R), so
that det(D,) = ¢~'. Consider the d-dimensional lattice Lq,q = Ag4(a)oDy,. Following
the steps used to prove [13, Theorem 3], with Theorem 1.1 replacing the use of [13,
Theorem 4], we see that Theorem 1.1 implies:

Theorem 5.1. For every d > 3, every ¢ > 0 and every function f € C’g (X), with an
integer k > 2d? —d + 1, we have

d2@k=2d+1)
#,‘R > flga) = /fdu+0(||f||cq PETRETT) 6

aeﬁ
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Remark 5.1. When d = 2, a version of this theorem follows from [9, Theorem 1.3] (see
also Remark 1.2).

As explained in the introduction, we can use this theorem to deduce the following
rate of convergence for the limiting distribution of the appropriately rescaled diameters of
random circulant graphs.

To help understand what follows, we briefly summarise the key steps in the relevant
parts of Marklof and Strombergsson’s paper [13]. The first step (see [13, Section 2.2] for
more details) is to identify the circulant graph C,(a) — that is, the Cayley graph of Z/qZ
with respect to the a; — with a lattice graph on a torus:

(1) consider the graph LG, whose vertices are the points of the lattice Z% and whose
edges are of the form (k,k + e;) for some k € Z<, where (e, ..., e4) is the canon-
ical basis of R9:;

(2) introduce a metric m on LG, by defining the distance between two vertices k and /
inZ4 tobem(k,l) = Y0, ki — i

(3) extend this metric in the obvious way to a metric on Z% /A where A is a sublattice
of Z4,

(4) [13, Lemma 2] is the assertion that LG4 /A4 (a)o and C,(a) are isomorphic as metric
graphs.

The next step is to relate the diameter of LG4/A4(a)o — which, by the first step, is
exactly the diameter diam(q, d) we are interested in — to the diameter of R¢ / Ly.q (Where
the distance on the torus is the £! distance): [13, Proposition 1] asserts that

g4 diam(R?/Lyq4) — d/2 < diam(LGg/A4(a)o) < g9 diam(R? /L, ). (5.3)

The final step [13, Lemma 4] connects the diameter of a torus R? /L to the covering
radius of the d-orthoplex with respect to the lattice L C R¥:

diam(R? /L) = p(B, L). (5.4)
We recall that the latter quantity is defined to be
p(B,L) =inf{r >0:rP + L = R?)} (5.5)
and that for d > 2, the d-orthoplex is the polytope
B={xeR:xfy < 1). (5.6)

We can now state the consequence of Theorem 5.1 pertaining to the diameters of
random circulant graphs.

Corollary 5.1. For every d > 3, there exists a continuous non-increasing function
ViR = Ry with $g(0) = 1 and limg—oc Yg(R) = 0 such that for every ¢ > 0
and every R > 0, we have

diam(q. d
Prob(% > R) = Wy(R) + Or.e(g 7). (5.7)
q
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where

_ 2d* —2d +1
C2Qd?2—d + 1)2Qd?2—d +2)
Moreover, for R > 0, Wy is explicitly given by

Nd

Yi(R) = pn({L € X : p(B, L) = R}) (5.8)
where [ is the Haar probability measure on X .

It should be clear from the discussion preceding the above corollary that its proof
requires an approximation argument to pass from the smooth functions in Theorem 5.1 to
characteristic functions. We borrow the following definition from Li’s paper [10, Defini-
tion 1.3]:

Definition 5.1. A subset of X is said to have thin boundary if its boundary is contained
in the union of finitely many connected smooth submanifolds of X, all of which have
codimension at least 1.

We also borrow (in a slightly modified form) the following technical lemma from a
paper by Strombergsson and Venkatesh [18, Lemma 1]. For a set S C X, we denote by
xs: X — {0, 1} its characteristic function.

Lemma 5.1. If S C X has thin boundary, then for each § € (0, 1), there exist functions
f— and f+ in C®°(X) such that for every k > 1,

MO fo<ys<f+=1L
@) I~k <s §7% and I+ llex <s 57k,
) If~=xsllpr s Sand || f+ — xslip <s 6.

We can finally proceed with the proof of Corollary 5.1.

Proof of Corollary 5.1. Define, for R > 0, the following subset of d-dimensional uni-
modular lattices:
Sr={Le€X:p(P.L) = R} (5.9)

where p is the covering radius and $ is the d-orthoplex.

In order to deduce Corollary 5.1, we wish to apply Theorem 5.1 to ys, for each
R > 0. To do so, we make use of Lemma 5.1 to approximate this characteristic function
by smooth functions. For this, we first need to show that, for each R > 0, the set Sg
has thin boundary according to Definition 5.1. However, this follows from the proof of
[13, Lemma 7]. We therefore find smooth functions f_ and f4 asin Lemma 5.1. Applying
Corollary 5.1 to each of those and using their properties, we conclude that for every § €
(0,1), every ¢ > 0 and every k > 2d%? —d + 1,

! -
am D Ysr(laa) = /X Xsw dit+ Or(8 + 87 g7 112407 (5.10)
4 acRy
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. 2(2k— —1/2+40
with 9 = 4-@k=2d+D 1f ye now choose § = q k1, we see that for every ¢ > 0,

2k2
1
i 2 Asellaa) = [ xsudu + Onlg ) .10
4 acRy X
with kg = W. Finally, picking k = 2d? —d + 1 we get the desired error
term with ng ~ ﬁ as claimed. ]
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