
© 2022 European Mathematical Society
Published by EMS Press

J. Eur. Math. Soc. (Online first) DOI 10.4171/JEMS/1239

Irving Dai · Matthew Hedden · Abhishek Mallick

Corks, involutions, and Heegaard Floer homology

Received March 25, 2020

Abstract. Building on the algebraic framework developed by Hendricks, Manolescu, and Zemke,
we introduce and study a set of Floer-theoretic invariants aimed at detecting corks. Our invariants
obstruct the extension of a given involution over any homology ball, rather than a particular con-
tractible manifold. Unlike previous approaches, we do not utilize any closed 4-manifold topology or
contact topology. Instead, we adapt the formalism of local equivalence coming from involutive Hee-
gaard Floer homology. As an application, we define a modification‚�Z of the homology cobordism
group which takes into account an involution on each homology sphere, and prove that this admits a
Z1-subgroup of strongly nonextendable corks. The group ‚�Z can also be viewed as a refinement
of the bordism group of diffeomorphisms. Using our invariants, we furthermore establish several
new families of corks and prove that various known examples are strongly nonextendable. Our main
computational tool is a monotonicity theorem which constrains the behavior of our invariants under
equivariant negative-definite cobordisms, and an explicit method of constructing such cobordisms
via equivariant surgery.
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1. Introduction

Let Y be an oriented three-dimensional integer homology sphere equipped with an orient-
ation-preserving involution � . IfW is a smooth oriented 4-manifold whose boundary is Y ,
then it is natural to ask whether � extends to a diffeomorphism ofW . Of special interest is
the case whenW is contractible, as then � extends overW as a homeomorphism by Freed-
man’s theorem [23]. In [1], Akbulut provided the first example of a compact, contractible
W admitting a nonextendable involution on its boundary. He proved this by exhibiting an
embedding ofW into a blown-upK3-surface for which cutting outW and re-gluing via �
produces an exotic smooth structure. Matveyev [39] and Curtis–Freedman–Hsiang–Stong
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[17] later showed that in fact any two smooth structures on the same (simply-connected)
topological 4-manifold are related by the cutting out and re-gluing of some contractible
submanifold along a boundary involution. Such an operation is called a cork twist.

The aim of the present paper is to study the nonextendability of such involutions by
utilizing their action on the Floer homology of Y . This idea has appeared in the literature
before; see work of Saveliev [52], Akbulut–Durusoy [3], Akbulut–Karakurt [4], and Lin–
Ruberman–Saveliev [36]. Here, we take a slightly different point of view by encoding the
induced action of � in an algebraic object called a �-complex. This notion was introduced
by Hendricks, Manolescu, and Zemke [30], who defined �-complexes in their work on
involutive Heegaard Floer homology. The reader should also consult the work of Alfieri,
Kang, and Stipsicz [10], who carry out a similar strategy in the setting where Y is the
double branched cover of a knot. The primary tool for our study comes from the following
theorem:

Theorem 1.1. Let Y be an integer homology sphere with involution � W Y ! Y . Then
there are two Floer-theoretic invariants

h� .Y / D Œ.CF�.Y /Œ�2�; �/� and h�ı� .Y / D Œ.CF�.Y /Œ�2�; � ı �/�

associated to the pair .Y; �/. If either h� .Y / ¤ 0 or h�ı� .Y / ¤ 0, then � does not extend
to a diffeomorphism of any homology ball bounded by Y .

Note that we obstruct the extension of � as a diffeomorphism, which is stronger than
obstructing the extension of � as an involution. The invariants h� .Y / and h�ı� .Y / take
values in I , the group of �-complexes modulo local equivalence (see Section 3.2). This
group has been studied by several authors in the context of involutive Heegaard Floer
homology; see for example [18,21,28,30]. In this paper, we will leverage these results to
better understand the output of h� and h�ı� . Experts in involutive Heegaard Floer homo-
logy may find the appearance of h�ı� .Y / somewhat surprising: it turns out that in addition
to studying the induced action of � on CF�.Y /, it is also fruitful to consider the compos-
ition � ı � , where � is the homotopy involution on CF�.Y / coming from the conjugation
symmetry [29]. Indeed, we give examples of pairs .Y; �/ whose nonextendability can be
detected by one of h� and h�ı� , but not the other.

Existing methods for detecting corks have either relied on finding an embedding ofW
in a closed 4-manifold with nonvanishing smooth 4-manifold invariant, or on requir-
ing that W be Stein and exploiting a slice-Bennequin inequality (see Remark 1.9). Our
approach is thus philosophically different, as h� and h�ı� are constructed from a purely
three-dimensional point of view and do not utilize any contact topology. The connection
with corks arises from functoriality properties of our invariants with respect to defin-
ite cobordisms between 3-manifolds. Indeed, we stress that the 4-manifold W does not
appear as data in either h� .Y / or h�ı� .Y /, and that h� .Y / and h�ı� .Y / obstruct the exten-
sion of � over any homology ball (contractible or otherwise) that Y might bound. We
refer to such � as being strongly nonextendable. It was only recently that the first example
of such an involution was exhibited. In [36], Lin, Ruberman, and Saveliev established
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this property for the involution on the boundary of Akbulut’s original cork. Here, we will
exhibit many other examples of corks with strongly nonextendable boundary involutions.
The robust nature of our results might lead one to wonder if all cork boundary involu-
tions are strongly nonextendable. (See Question 1.14.) Note that by work of Akbulut and
Ruberman [8], a fixed Y can certainly bound many different contractible manifolds.

We quantify the profusion of corks with strongly nonextendable involutions by con-
structing a modification of the usual homology cobordism group ‚3Z, which we refer
to as the homology bordism group of involutions. Roughly speaking, this new object is
generated by pairs .Y; �/, where Y is an oriented integer homology sphere and � is an
involution on Y . We identify .Y1; �1/ and .Y2; �2/whenever there exists an oriented homo-
logy cobordism between them that admits a diffeomorphism restricting to �i on each Yi .
The set of such pairs modulo equivalence forms a group, which we denote by ‚�Z (we
suppress reference to the dimension of the manifolds for brevity). The precise definition
of ‚�Z is actually somewhat more complicated, due to the fact that we must take disjoint
union as our group operation; see Section 2. Despite this, there is the expected forgetful
homomorphism (Proposition 2.5) to the homology cobordism group:

F W ‚�Z ! ‚3Z:

The group ‚�Z can be viewed as a refinement of the classical bordism group of diffeo-
morphisms �n, which was introduced by Browder [14]. The groups �n are understood
in all dimensions, by work of Kreck [34] (n � 4), Melvin [42] (nD 3), and Bonahon [13]
(n D 2). In particular, in [42] it was shown that �3 D 0. However, it is natural to ask
whether placing homological restrictions on the manifolds and bordisms in question res-
ults in a richer group structure. This parallels the situation in which the three-dimensional
oriented cobordism group �3 is trivial, but understanding the homology cobordism
group ‚3Z is difficult.

To this end, we show that our invariants are homomorphisms from ‚�Z to I :

Theorem 1.2. The invariants h� and h�ı� constitute homomorphisms

h� ; h�ı� W ‚
�
Z ! I :

Clearly, if � extends over some homology ballW , then .Y; �/ is equivalent to .S3; id/.
Indeed, we may isotope the extension of � in the interior of W to fix a ball; cutting out
this ball gives the desired cobordism. The focus of this paper may thus be thought of
as finding nontrivial elements in the kernel of the forgetful map F . In fact, we will find
elements in the kernel represented by pairs .Y; �/ satisfying the stronger condition that
Y bound a contractible manifold; thus � extends topologically. Using the invariants h�
and h�ı� , we prove that there is an infinite linearly independent family of such classes:

Theorem 1.3. The kernel of the forgetful homomorphism

F W ‚�Z ! ‚3Z

contains a Z1-subgroup spanned by classes Œ.Yi ; �i /�, where each Yi bounds a contract-
ible Stein manifold.
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In other words, strongly nonextendable involutions on the boundaries of corks gen-
erate an infinite-rank subgroup of ‚�Z. The pairs .Yi ; �i / are drawn from the work of
Akbulut and Yasui [9], who showed that they arise as the boundaries of Stein corks [9];
see Figure 4. We expect that the above classes in fact generate a Z1-summand of ‚�Z.

Double branched covers of knots and links provide another interesting source of man-
ifolds equipped with involutions. There is a well-known homomorphism

†2 W C ! ‚3Z=2Z

from the smooth concordance group of knots to‚3Z=2Z, given by sending the concordance
class of a knot to the homology cobordism class of its double branched cover. In analogy
with ‚�Z, one can define a Z=2Z-homology bordism group of involutions, which we
denote by‚�Z=2Z. Remembering the data of the covering action gives a refinement of†2,
in the sense that we have a factorization

C ‚3Z=2Z

‚�Z=2Z

†2

†�2 F

A secondary aim for our study is to provide invariants of ‚�Z=2Z which capture this
additional concordance information. (Related ideas were independently considered and
developed in [10].) The methods of this paper apply equally well to this modified group,
and in fact all of our examples are strongly nonextendable over any Z=2Z-homology
ball. To see that the map into‚�Z=2Z indeed constitutes a (significantly) stronger invariant
than†2, note that the pairs .Yi ; �i / of Theorem 1.3 can be constructed as double branched
covers of knots. Hence:

Corollary 1.4. The kernel of the double branched cover homomorphism

†2 W C ! ‚3Z=2Z

contains a Z1-subgroup which maps injectively into ‚�Z=2Z. In fact, we can choose this
subgroup so that all of its elements are represented by knots whose double branched
covers bound contractible manifolds.

It would be interesting to detect such subgroups that simultaneously lie in the sub-
group of topologically slice knots.

The construction of h� .Y / and h�ı� .Y / is a fairly straightforward application of the
work of Hendricks, Manolescu, and Zemke [30], in conjunction with naturality results
of Juhász, Thurston, and Zemke [33]. In general, however, computing the action of the
mapping class group on CF�.Y / is very difficult. Thus, the majority of this paper will be
devoted to finding methods for indirectly constraining h� .Y / and h�ı� .Y /. To this end, a
useful feature of the group I is that it is equipped with a partial order (see Definition 3.6).
A key tool will be the following monotonicity theorem satisfied by our invariants in the
presence of equivariant negative-definite cobordisms:
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Theorem 1.5. Let .Y1; �1/ and .Y2; �2/ be homology spheres equipped with involutions
�1 and �2.

(1) Suppose there is a spinc-fixing .�1/-cobordism from .Y1; �1/ to .Y2; �2/. Then h�1.Y1/
� h�2.Y2/.

(2) Suppose there is a spinc-conjugating .�1/-cobordism from .Y1; �1/ to .Y2; �2/. Then
h�ı�1.Y1/ � h�ı�2.Y2/.

(3) Suppose there is an interchanging .�1;�1/-cobordism from .Y1; �1/ to .Y2; �2/. Then
h�1.Y1/ � h�2.Y2/ and h�ı�1.Y1/ � h�ı�2.Y2/.

For definitions of the terms appearing in Theorem 1.5, see Section 5.2. Theorem 1.5 is
a special case of a general monotonicity result for equivariant definite cobordisms, which
we give in Proposition 4.10. We emphasize Theorem 1.5, however, since the cobordisms
in question are particularly simple and easily constructed via equivariant surgery methods
(see Section 5). We apply these techniques to a wide variety of examples in Section 7.

Theorem 1.5 enables one to bound the invariants of .Y; �/ away from zero by con-
structing cobordisms from .Y; �/ to manifolds that we better understand. These inequal-
ities should be thought of as an analogue of the usual behavior of the Ozsváth–Szabó
d -invariant under negative-definite cobordisms [44]. Theorem 1.5 will allow us to use
topological arguments to construct a wide range of interesting and nontrivial examples
for which direct computation would be quite difficult. For instance, one of our principal
ways of finding corks will be to consider surgeries on equivariant slice knots. In this vein,
we have the following consequence of Theorem 1.5:

Theorem 1.6. Let K be a knot in S3 equipped with a strong inversion � , and
let k ¤ �2; 0. Then both h� .S31=.kC2/.K// � h� .S

3
1=k
.K// and h�ı� .S31=.kC2/.K// �

h�ı� .S
3
1=k
.K//.

Here, we are using the fact that a symmetry ofK induces a symmetry of the manifold
obtained by surgery on K (see Section 5.1 for details). To apply Theorem 1.6, let K be
a slice knot with h� .S3C1.K// < 0, so that S3C1.K/ is a strongly nonextendable cork by
Theorem 1.1. Using Theorem 1.6, we can bootstrap from this to conclude that the same
holds for S3

1=k
.K/ whenever k is positive and odd. A similar statement applies in the case

where h�ı� .S3C1.K// < 0.
The power of our techniques best illustrated by the diversity and complexity of

examples to which they can be applied. In the next subsection, we describe a number of
these calculations. We produce various infinite families of pairs .Y; �/ for which Y bounds
a contractible manifold but � does not extend over any homology ball (see Theorems 1.10
and 1.12). We also prove that several well-known examples of corks have this property
(see Theorems 1.13 and 1.15). To demonstrate the flexibility of our method, we enumerate
some sporadic families formed by going through KnotInfo [38] and considering surgeries
on slice knots (see Theorem 1.11). To the best of the authors’ knowledge, many of these
were not previously known to be (the boundaries of) corks, strong or otherwise.
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Finally, a word on the conventions of this paper: all Floer-theoretic homology groups
will be taken with F D Z=2Z-coefficients, while all usual homology groups will be
understood to be over Z. When describing knots, we use the notation and orientation
conventions of KnotInfo [38].

1.1. Computations and definitions

We begin by recalling the precise definition of a cork:

Definition 1.7. Let Y be an integer homology sphere equipped with an (orientation-
preserving) involution � W Y ! Y , and suppose that Y bounds a compact, contractible
manifold W . We say that the triple .Y; W; �/ is a cork if � does not extend over W as a
diffeomorphism.

Some authors additionally require that W be Stein (see for example [9]), but this is
less natural for our purposes. We also do not require thatW be embedded in any particular
4-manifold.

Definition 1.8 ([36, Section 1.2.2]). Let .Y; W; �/ be a cork. We say that the pair .Y; �/
is a strong cork if for any homology ball X with Y D @X , � does not extend over X as a
diffeomorphism. We refer to the involution � as being strongly nonextendable.

We stress that the data of a strong cork is three-dimensional (rather than four-dimen-
sional); the presence of W is simply to ensure that Y bound at least one contractible
manifold. Arguably, replacing “homology ball” in the above definition with “contractible
manifold” would be more natural, but since our approach actually constrains the former,
we leave Definition 1.8 as it is. The reader should consult the work of Lin, Ruberman, and
Saveliev, in which it is shown that Akbulut’s first example of a cork is strong [36, The-
orem D].

Remark 1.9. The proof in [36, Section 8] proceeds by understanding the induced action
of � on the monopole Floer homology of Y . Like most preceding analyses of this example,
their computation relies on the fact that the Akbulut cork can be embedded in a closed 4-
manifold and that the corresponding cork twist changes a smooth 4-manifold invariant
(namely, the Donaldson invariants [1], Seiberg–Witten invariant [36], or the Ozsváth-
Szabó invariant [3]). (Other methods employ a more three-dimensional perspective, rely-
ing instead on a slice-Bennequin inequality [6].) In contrast, our approach uses no closed
4-manifold topology or contact topology: it is irrelevant for our purposes whether our
examples embed in any closed 4-manifold (with or without nontrivial 4-manifold invari-
ants), or whether they fill contact structures on their boundaries. Moreover, for the argu-
ments in [36], it is necessary to establish various technical results for monopole Floer
homology with Q-coefficients, while our approach utilizes Heegaard Floer homology
with Z=2Z-coefficients (so as to be able to apply involutive Heegaard Floer theory).

Some sample computations are displayed below. We begin with several examples of
strong corks formed by surgeries on slice knots.
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Theorem 1.10. For n > 0, letK�n;nC1 be the family of slice doubly-twist knots displayed
in Figure 1. For k positive and odd, let Vn;k be the .1=k/-surgery

Vn;k D

´
S3
1=k
.K�n;nC1/ if n is odd,

S3
1=k
.K�n;nC1/ if n is even:

Equip Vn;k with the indicated involutions � and � .1 Then .Vn;k ; �/ and .Vn;k ; �/ are both
strong corks. Moreover, in each case � ı � extends as a diffeomorphism over some Mazur
manifold.

−n

τ

σ

n
+
1

−1

+
1

=

=

Fig. 1. Doubly-twist knot K�n;nC1. The indicated symmetries � and � are given by 180ı rotations
about the blue and red axes, respectively. In the latter case, it may be helpful to view K�n;nC1 as
an annular knot; the action of � is given by rotation about the core of the solid torus. Black dots
indicate the intersections of K�n;nC1 with the axes of symmetry.

To the best of the authors’ knowledge, none of manifolds in Theorem 1.10 were
previously known to be (the boundaries of) corks, strong or otherwise. Note that V1;1
is .C1/-surgery on the stevedore knot, which is the boundary of the Mazur manifold
W �.0; 1/ in the notation of Akbulut–Kirby [5].

As we will see, our approach is especially conducive to situations where Y is given as
surgery on a slice knot. To this end, we have the following “sporadic” families:

Theorem 1.11. For k positive and odd, .1=k/-surgery on the following slice knots:

941; 946; 1035; 1075; 10155; 11n49

yields strong corks, with the symmetries displayed in Figure 2.

The examples of Theorem 1.11 were obtained by enumerating slice knots with fewer
than twelve crossings in KnotInfo [38], and investigating those possessing symmetric
diagrams (the diagrams from [37] were helpful). The above list is by no means exhaustive.
Note that 946 is the pretzel knot P.�3; 3;�3/, and .C1/-surgery on 946 is the boundary
of Akbulut’s first example [1].

We now turn to some examples given by surgeries on links. Our first family is a
straightforward generalization of the initial cork from [1]:

1For n odd, we consider the obvious involutions on the mirrored diagram.
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Fig. 2. Equivariant slice knots of Theorem 1.11. Note that 946 has two involutions for which The-
orem 1.11 holds, with the axis of � going into/out of the page.

Theorem 1.12. For n> 0, letMn be the family of two-component link surgeries displayed
on the left in Figure 3. EquipMn with the indicated involution � . Then .Mn; �/ is a strong
cork. In fact, we may modify each Mn by introducing any number of symmetric pairs of
negative full twists, as on the right in Figure 3, and this conclusion still holds.

The family Mn is similar to the family Wn studied by Akbulut and Yasui [9] (see also
[4]).2 In this paper, we show that the Wn are strong. The classes Œ.Wn; �/� will be used in
the proof of Theorem 1.3.

Theorem 1.13. For n> 0, letWn be the family of two-component link surgeries displayed
on the left in Figure 4. EquipWn with the involution � coming from the isotopy exchanging
the link components. Then .Wn; �/ is a strong cork. In fact, we may modify each Wn
by introducing any number of symmetric pairs of negative full twists, as on the right in
Figure 4, and this conclusion still holds.

Note the above families bound Mazur manifolds [40]. In light of our computations, it
is natural to ask:

Question 1.14. Is every cork a strong cork?

2By slight abuse of notation, we use Wn to refer to the boundary 3-manifold, rather than the
Mazur 4-manifold defined in [9].
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0 0

1 1

2 2

3 3

4 4

0 0

Fig. 3. Left: the manifold Mn. Right: an example of adding symmetric pairs of negative full twists
to M2.

0 0

1 1

Fig. 4. Left: the manifoldWn from [9]. The action of � is defined by using the isotopy interchanging
the link components; for a precise definition, see Definition 7.10 and surrounding discussion. Right:
an example of adding symmetric pairs of negative full twists to W2.

Although one would expect the answer to this question to be “no”, the authors suspect
that many (if not all) of the classical examples of corks currently recorded in the literature
are strong. (Question 1.14 was recently answered in the negative by Hayden and Piccirillo
[26], who constructed several new examples of corks.) One particularly prominent class
which is not fully addressed in this paper is the family of “positron” corks introduced
by Akbulut and Matveyev [7]. Here, we show (using a rather ad-hoc argument) that the
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first member of this family is a strong cork. We denote this example by .P; �/. Note that
in the notation of [7], we have P D W 1, where again we are conflating the boundary
of a cork with the underlying 4-manifold. We stray from the notation of [7] due to pos-
sible confusion with the orientation reversal of W1. The proof of Theorem 1.15 may give
some insight into the additional Floer-theoretic computations needed to establish further
examples.

Theorem 1.15. LetP be the two-component link surgery displayed on the left in Figure 5.
Equip P with the indicated involution � . Then .P; �/ is a strong cork. In fact, we may
modify P by introducing any number of symmetric pairs of negative full twists, as on the
right in Figure 5, and this conclusion still holds.

00

τ
00

τ

−n1 −n1

−n2 −n2

Fig. 5. Left: the “positron” cork from [7]. Right: adding symmetric pairs of negative full twists to P .

1.2. Organization

In the next section, we define ‚�Z and discuss its topological context. In Section 3, we
then review the Floer-theoretic framework underpinning our invariants, and the algebraic
structures stemming from it. In Section 4, we use this framework to define our invariants
h� and h�ı� , give some motivating examples, and prove Theorem 1.1. In Section 5, we
discuss the behavior of h� and h�ı� under cobordisms and prove Theorems 1.5 and 1.6.
Section 6 represents a somewhat technical interlude which utilizes the work of Zemke
[55] to address cobordism with disconnected ends. This leads to the proof of Theorem 1.2.
Section 7 represents the calculational heart of the paper, where we prove the remaining
theorems by combining the algebraic formalism developed in the preceding sections with
topological constructions of equivariant cobordisms.
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2. Homology bordism group of involutions

In this section, we give a precise definition of‚�Z and discuss some motivation for its con-
struction. This group naturally falls within the more general context of the bordism group
of diffeomorphisms, which was popularized by Browder. Let M1 and M2 be two closed,
oriented n-manifolds, each equipped with an orientation-preserving diffeomorphism fi
(i D 1; 2). We say that .M1; f1/ and .M2; f2/ are bordant if there exists a bordism W

between them which admits an orientation-preserving diffeomorphism restricting to fi
on Mi . Here, neither the Mi nor W are assumed to be connected. Bordism is an equi-
valence relation, where transitivity follows from uniqueness of collar neighborhoods of
boundary components.

Definition 2.1 ([14, p. 22] or [35, Definition 1.4]). The n-dimensional bordism group
of orientation-preserving diffeomorphisms �n is the abelian group whose underlying
set consists of bordism classes of pairs .M n; f /, endowed with the addition operation
induced by disjoint union. The empty n-manifold serves as the identity, and inverses are
given by orientation reversal.

In analogy with ‚3Z, one would like to refine the three-dimensional group �3 by
requiringM to be a homology sphere andW to be a homology cobordism. However, this
presents certain technical difficulties due to the fact that the connected sum of .M1; f1/

and .M2; f2/ may not in general be well-defined. Indeed, note that in order to form
.M1 #M2, f1 # f2/, one must first isotope each fi to fix a ball Bi �Mi . If fi and f 0i are
isotopic, then .Mi ; fi / and .Mi ; f

0
i / are certainly bordant via the diffeomorphism of the

cylinder Mi � I induced by the isotopy. However, it does not follow that the homology
cobordism class of .M1 # M2; f1 # f2/ is independent of the choice of isotopy. To see
this, let fi and f 0i (i D 1; 2) be two diffeomorphisms of Yi fixing Bi . Suppose that fi
and f 0i are isotopic, but that the intermediate stages of this isotopy do not fix any ball in
Mi . Then it is not clear how to define a diffeomorphism on .M1 #M2/ � I restricting to
f1 # f2 and f 01 # f 02 at either end. We thus instead follow Definition 2.1 and take disjoint
union to be our group operation.

In this context (i.e., the case of disconnected ends), the most natural generalization
of the notion of a homology cobordism is a cobordism with the homology of an n-punc-
tured S4. Unfortunately, this class is not closed under composition (see Figure 6), so one
is instead forced to consider the equivalence relation �p generated by all such cobord-
isms. Note that a composite cobordism constructed in this manner has H2.W / D 0. In
this paper, we will generalize this slightly and use the following (slightly coarser) equi-
valence relation:

Definition 2.2. Consider the class of pairs .Y; f /, where:

(1) Y is a compact (possibly empty) disjoint union of oriented integer homology 3-
spheres; and

(2) f is an orientation-preserving diffeomorphism of Y which fixes each component of Y
setwise.
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Fig. 6. A composition of cobordisms, each with the homology of an n-punctured S4. Note that the
composition need not have the homology of a punctured sphere.

We say that two such pairs .Y1; f1/ and .Y2; f2/ are pseudo-homology bordant if there
exists a pair .W; g/ with the following properties:

(1) W is a compact, oriented cobordism between Y1 and Y2 with H2.W / D 0; and

(2) g is an orientation-preserving diffeomorphism of W such that:

(a) g restricts to fi on each Yi ; and

(b) g induces the identity map on H1.W; @W /.

In this situation, we write .Y1; f1/ � .Y2; f2/. It is clear that� is an equivalence relation.

Remark 2.3. Note that H 2.W / D H2.W; @W / D H2.W / D 0. In particular, W has
only one spinc-structure. The vanishing of the second homology and cohomology groups
implies, by Lefschetz duality and the universal coefficients theorem, that all absolute and
relative homology groups are free. An easy argument furthermore shows that f must act
as the identity on all homology groups H�.W / and all relative groups H�.W; @W /.

We will give some motivation for Definition 2.2 shortly. However, the reader should
note that if W has the homology of an n-punctured S4, then g automatically acts as the
identity on H1.W; @W /, using the fact that fi fixes each connected component of Yi
setwise. Hence Definition 2.2 is a generalization of the equivalence relation�p discussed
in the previous paragraph.3

Definition 2.4. The (three-dimensional/ homology bordism group of orientation-pre-
serving diffeomorphisms ‚diff

Z is the abelian group whose underlying set consists of
pseudo-homology bordism classes of pairs .Y; f / as in Definition 2.2, endowed with the
addition operation induced by disjoint union. The empty 3-manifold serves as the identity,
and inverses are given by orientation reversal.

For the reader more comfortable with the monoidal operation of connected sum, we
make two remarks. The first is that every diffeomorphism of S3 extends over B4, by
Cerf [16]. Thus, instead of taking the empty set as the identity, we may take the class

3Unfortunately, the authors do not have an example showing that� and�p are actually distinct.
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of S3, equipped with any diffeomorphism. Second, suppose we are given pairs .Y1; f1/
and .Y2; f2/ for which there exist fi -equivariant balls Bi � Yi and an fi -equivariant
diffeomorphism from B1 to B2. Then we can form the connected sum .Y1 # Y2; f1 # f2/.
It is evident that in this situation

.Y1; f1/ t .Y2; f2/ � .Y1 # Y2; f1 # f2/;

using the cobordism formed by attaching a 1-handle to the outgoing end of .Y1 t Y2/� I .
(We refer to such a cobordism as a connected sum cobordism. Note that this has the
homology of a thrice-punctured S4.) Thus, disjoint union agrees with connected sum,
although the latter is not always well-defined.

The reader may wonder as to the requirement that g act as the identity on
H1.W; @W /.4 It turns out that this condition will be crucial when applying various Floer-
theoretic functoriality results of Zemke during the proof of Theorem 1.2. (See Section 6.)
Indeed, we have chosen Definition 2.2 to be the coarsest possible equivalence relation
under which h� and h�ı� are invariant, in the sense that if .Y1; �1/ and .Y2; �2/ are related
by �, then h�1.Y1/ D h�2.Y2/ and h�ı�1.Y1/ D h�ı�2.Y2/. Note that two classes which
are distinguished by our invariants up to � are of course distinguished up to any finer
equivalence relation.

It is easily checked that ‚diff
Z admits a forgetful homomorphism to ‚3Z. This provides

some additional motivation for the condition that H2.W / D 0 in Definition 2.2:

Proposition 2.5. There is a surjective homomorphism

F W ‚
diff
Z ! ‚3Z

obtained by forgetting the data of fi and g in Definition 2.2.

Proof. Forgetting all diffeomorphism data in Definition 2.2 clearly still yields an equi-
valence relation. We denote the corresponding group by ‚tZ. This is generated by integer
homology spheres equipped the operation of disjoint union, where the equivalence rela-
tion consists of cobordisms with H2.W / D 0. There is an obvious surjective homomor-
phism

F 0 W ‚diff
Z ! ‚tZ:

It is easy to check that ‚tZ is naturally isomorphic to the usual homology cobordism
group ‚3Z. The isomorphism in question is given by sending a disconnected 3-manifold
Y D

F
i Yi to the connected sum #iYi of its path components. To see that this respects

equivalences, suppose that W is a cobordism as in Definition 2.2 with H2.W / D 0. Then
one can easily turn W into a homology cobordism W 0 whose two ends are the connected
sums of all the incoming and outgoing boundary components of W , respectively. This

4Again, note that this is always satisfied if W has the homology of a punctured S4 or is a
composition of such cobordisms.
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is done by deleting neighborhoods of arcs connecting the incoming and outgoing com-
ponents of W , respectively, and surgering out a set of closed curves that form a basis
of H1.W /. Note that H1.W / is free by Remark 2.3.

Given that the map‚tZ!‚3Z is well-defined, it is clearly a bijective homomorphism.
Indeed, it maps disjoint unions to connected sums, proving the homomorphism property;
injectivity follows from the fact that attaching 3-handles to a homology ball (to undo any
connected sums enacted by our map) yields a punctured homology sphere, which we view
as a pseudo-homology bordism to the empty set; surjectivity is obvious.

Note that in the above proof, we do not obtain a diffeomorphism on the homology
cobordism formed by surgering out arcs and curves on W , unless these can be chosen to
be g-invariant. Indeed, the reader may view the requirement that g act as the identity on
H1.W; @W / as a homological (and hence less restrictive) version of this condition.

In this paper, we will specialize to the case in which f is an involution on Y , due
to the resulting connection with the theory of corks. This yields the following subgroup
of ‚diff

Z :

Definition 2.6. Let ‚�Z be the subgroup of ‚diff
Z generated by pseudo-homology bordism

classes Œ.Y; �/�, where � is an involution. We call ‚�Z the (three-dimensional/ homology
bordism group of involutions.

We will furthermore be interested in classes Œ.Y; �/� 2 kerF for which Y bounds a
contractible manifold, so that � extends topologically.

While Definition 2.2 might seem rather cumbersome, the reader will not lose much by
considering only individual homology spheres and homology balls. Indeed, one can think
of Definition 2.2 simply as a generalized situation in which the Floer-theoretic techniques
of this paper also happen to apply. It is in fact possible to define equivariant connected
sums for all of the families we consider here; one can then compare .Y1; �1/ and .Y2; �2/
by asking whether �Y1 # Y2 bounds a homology ball over which �1 # �2 extends. (See the
discussion of boundary sums of corks in [11, Section 1].) Any two pairs which are equival-
ent via this relation are easily seen to be equivalent via �, although a priori the converse
need not hold. We have thus opted for Definition 2.2 out of generality and also to more
closely parallel the construction of �3. In the examples of Section 1.1, connected sums
can be taken by stacking one equivariant surgery diagram above the other, and inverses
are given by mirroring and negating all surgery coefficients. We record a connected sum
formula in Proposition 6.8.

Remark 2.7. Note that if Y is a homology sphere (bounding a contractible manifold)
with involution � , then Œ.Y; �/� being nonzero in ‚�Z is technically stronger than Y being
a strong cork. This is because the nontriviality of Œ.Y; �/� actually obstructs the extension
of � over any null-bordism W satisfying the conditions of Definition 2.2. The authors do
not have an example elucidating this distinction.
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3. Floer-theoretic overview

In this section we give a nontechnical overview of the arguments and Floer-theoretic
results used in this paper. For convenience, we assume throughout that Y is an integer
homology sphere or, where appropriate, a disjoint union of integer homology spheres.

3.1. The framework for the invariants

We begin with a bird’s eye perspective of the landscape where our invariants reside. This is
the realm of Hendricks and Manolescu’s involutive Heegaard Floer homology [29]. Their
construction modifies the usual Heegaard Floer homology of Ozsváth and Szabó [45,46],
taking into account the conjugation action on the Heegaard Floer complex coming from
interchanging the ˛- and ˇ-curves. More precisely, Hendricks and Manolescu associate
an algebraic object called an �-complex to an integer homology sphere Y . This is a pair
.CF�.Y /; �/, where CF�.Y / is the usual Heegaard Floer complex of Y , and

� W CF�.Y /! CF�.Y /

is a homotopy involution on CF�.Y / defined using the above-mentioned conjugation
symmetry [29, Section 2.2]. Up to the appropriate notion of homotopy equivalence, the
pair .CF�.Y /; �/ is a well-defined 3-manifold invariant.

In [30], Hendricks, Manolescu, and Zemke define an equivalence relation on the set
of �-complexes, called local equivalence. This notion captures the algebraic relationship
imposed on �-complexes by the presence of a homology cobordism between homology
spheres. They then consider the set

I D ¹(abstract) �-complexesº = local equivalence

consisting of all possible �-complexes modulo local equivalence. Taking the local equi-
valence class of the (grading-shifted5) �-complex of Y thus gives an element of I , which
we denote by h.Y /:

Y 7! h.Y / D Œ.CF�.Y /Œ�2�; �/�:

In [30, Section 8], it is shown that I admits a group structure, with the group operation
being given by tensor product. The identity element, denoted throughout by 0, is the local
equivalence class of S3 or, more algebraically, the complex F ŒU � with trivial differen-
tial and identity involution. With this group structure, Hendricks, Manolescu, and Zemke
show that h is a homomorphism

h W ‚3Z ! I :

One can analyze algebraic properties of I and/or the image of h as a means to better
understand ‚3Z. Although I itself is not completely understood, this strategy has been

5The grading shift convention is due to the fact that (as usually defined) CF�.S3/ has upper-
most generator in grading �2, instead of zero.
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used effectively by several authors. In particular, many auxiliary invariants of I have
been defined (see [18,28]) and various subgroups are well-understood [21]. Here, we will
leverage these results about I to help us understand the output of h� and h�ı� .

In the involutive Heegaard Floer setting, � is constructed using the conjugation sym-
metry on CF�, but in general any homotopy involution on CF� defines an element of I .
In particular, by work of Juhász, Thurston, and Zemke [33], the mapping class group
of Y acts naturally on the Heegaard Floer complex of Y .6 Thus, any involution � on Y
induces a homotopy involution on CF�.Y /. In this situation, we additionally have a third
homotopy involution on CF�.Y / given by the composition � ı � . (Here, we abuse notation
slightly and use � to also denote the homotopy equivalence class of the induced action on
CF�.Y /. When we write � ı � , we similarly mean the composition of this action with �.)
If Y is equipped with an involution � , we can thus replace � with the actions of � and � ı � ,
respectively, to obtain two new elements of I . As in the involutive Floer case, the pairs
.CF�.Y /; �/ and .CF�.Y /; � ı �/ are well-defined invariants of .Y; �/ up to an appropri-
ate notion of homotopy equivalence. Just as Œ.CF�.Y /; �/� is an invariant of homology
cobordism, we moreover show that

h� .Y / D Œ.CF�.Y /Œ�2�; �/� and h�ı� .Y / D Œ.CF�.Y /Œ�2�; � ı �/�

are pseudo-homology bordism invariants of .Y; �/ (in the sense of Definition 2.2), and
constitute homomorphisms from ‚�Z to I .

While this alteration is straightforward, the problem is that understanding the induced
action of � on CF�.Y / is generally very difficult. In this paper, we will use the following
special case of [10, Theorem 5.3]:

Theorem 3.1 ([10, Theorem 5.3]). Let Y D†.p;q; r/ be a Brieskorn sphere, and let � be
the involution on Y given by viewing Y as the double branched cover of the Montesinos
knot k.p;q; r/.7 Then � ' �, where � is the involutive Heegaard Floer homotopy involution
of Hendricks and Manolescu.

If Y is a Brieskorn sphere which bounds a homology ball, then it follows from this that
h� .Y / D h.Y / D 0 (since � ' �) and h�ı� .Y / D 0 (since � ı � ' id). Thus, Theorem 3.1
cannot be used directly to find new examples of corks. Indeed, to the best of the authors’
knowledge, the following is open:

Question 3.2. Do there exist corks .strong or otherwise/ with boundary a Brieskorn
sphere?

Our approach may be taken as mild evidence that no such examples exist.
Our strategy will instead be to find examples of pairs .Y; �/ that bound contractible

manifolds, but admit cobordisms to other manifolds which we better understand. We will

6For subtleties addressing the basepoint, see Section 4.1. We are using here the fact that if Y is
a homology sphere, then the basepoint-moving map on Y is trivial up to U -equivariant homotopy,
by work of Zemke [55].

7Here, we use the notation of e.g. [50] for Montesinos knots.
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Fig. 7. A cobordism between two manifolds-with-involution(s). Note that on the left we have .C1/-
surgery on the stevedore knot 61 (which bounds a contractible manifold), while on the right we
have †.2; 3; 7/. The cobordism in question is given by attaching a 2-handle along the .�1/-framed
green curve.

show in Theorem 1.5 that h� and h�ı� are monotonic (in an appropriate sense) under a
very simple set of “cobordism moves”. These will allow us to use various elementary
topological manipulations to establish a wide range of interesting examples. A schematic
picture of this is given in Figure 7.

3.2. Local equivalence

We now review the algebraic formalism of involutive Heegaard Floer homology. The
reader who is already familiar with involutive Heegaard Floer homology as in [29] and
[30] (and who has been convinced of the general setup by the preceding subsection) may
wish to skip ahead to Section 4.

Throughout, we assume that Y is an integer homology sphere. Let H D .H; J / be
a Heegaard pair for Y , consisting of an embedded Heegaard diagram H D .†;˛;ˇ; z/,
together with a family of almost-complex structures J on Symg.†/. Associated to H , we
have the Heegaard Floer complex CF�.H /, which is generated by the intersection points
T˛ \Tˇ in Symg.†/. If H and H 0 are two Heegaard pairs for Y , then by work of Juhász
and Thurston [33], any (basepoint-preserving) sequence of Heegaard moves relating H

and H 0 defines a homotopy equivalence

ˆ.H ;H 0/ W CF�.H /! CF�.H 0/:

The map ˆ is itself unique up to chain homotopy, in the sense that any two sequences of
Heegaard moves define chain-homotopic maps ˆ.

Now consider the conjugate Heegaard pair H D .H; NJ /. This is defined by reversing
the orientation on † and interchanging the ˛- and ˇ-curves to give the Heegaard splitting
H D .�†; ˇ; ˛; z/. We also take the conjugate family NJ of almost-complex structures
on Symg.�†/. The points of T˛ \ Tˇ are in obvious correspondence with the points
of Tˇ \ T˛ , and J -holomorphic disks with boundary on .T˛;Tˇ / are in bijection with



I. Dai, M. Hedden, A. Mallick 18

NJ -holomorphic disks with boundary on .Tˇ ;T˛/. This yields a canonical isomorphism

� W CF�.H /! CF�.H /:

Note that this is not the mapˆ.H ;H / defined in the previous paragraph. Instead, defining

� D ˆ.H ;H / ı �;

we obtain a chain map from CF�.H / to itself. In [29, Lemma 2.5], it is shown that � is a
homotopy involution. We formalize this in the following:

Definition 3.3 ([30, Definition 8.1]). An �-complex is a pair .C; �/, where:

(1) C is a (free, finitely generated, Z-graded) chain complex over F ŒU �, with

U�1H�.C / Š F ŒU; U�1�:

Here, U has degree �2.

(2) � W C ! C is an (F ŒU �-equivariant, grading-preserving) homotopy involution; that is,
�2 is U -equivariantly chain homotopic to the identity.

Two �-complexes .C; �/ and .C 0; �0/ are called homotopy equivalent if there exist chain
homotopy equivalences

f W C ! C 0; g W C 0 ! C

that are homotopy inverses to each other, and such that

f ı � ' �0 ı f; g ı �0 ' � ı g;

where' denotes F ŒU �-equivariant chain homotopy.

In [29, Section 2.3], it is shown that the homotopy equivalence class of .CF�.H /; �/

is independent of H . Thus, we may unambiguously talk about the homotopy type of the
�-complex .CF�.Y /; �/.

In order to study homology cobordism, we introduce the following definition:

Definition 3.4 ([30, Definition 8.5]). Two �-complexes .C; �/ and .C 0; �0/ are called locally
equivalent if there exist (U -equivariant, grading-preserving) chain maps

f W C ! C 0; g W C 0 ! C

such that
f ı � ' �0 ı f; g ı �0 ' � ı g;

and f and g induce isomorphisms on homology after localizing with respect to U . We
call a map f as above a local map from .C; �/ to .C 0; �0/, and similarly we refer to g as a
local map in the other direction.
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Note that this is a strictly weaker equivalence relation than homotopy equivalence. If
Y1 and Y2 are homology cobordant, then their �-complexes are locally equivalent, with the
maps f and g being the usual maps in Heegaard Floer theory induced by a cobordism.

In [30, Proposition 8.8], it is shown that the set of all (abstract) �-complexes modulo
local equivalence forms a group:

Definition 3.5 ([30, Section 8.3]). Let I be the set of �-complexes up to local equivalence.
This has a multiplication given by tensor product, which sends (the local equivalence
classes of) two �-complexes .C1; �1/ and .C2; �2/ to (the local equivalence class of) their
tensor product complex .C1 ˝ C2; �1 ˝ �2/. The identity element of I is given by the
trivial complex consisting of a single F ŒU �-tower starting in grading zero, together with
the identity map on this complex. Inverses in I are given by dualizing.

In [30, Theorem 1.8], Hendricks, Manolescu, and Zemke additionally show that the
map h.Y / D Œ.CF�.Y /Œ�2�; �/� sending a pair .Y; s/ to the local equivalence class of its
(grading-shifted) �-complex is a homomorphism

h W ‚3Z ! I :

We stress that the local equivalence class of any .C; �/ obviously depends on the choice
of �; in particular, if � is homotopic to the identity then .C; �/ is locally equivalent to the
trivial complex, up to overall grading shift.

Finally, one very important property of I is that it comes equipped with a partial
order:

Definition 3.6. Let .C1; �1/ and .C2; �2/ be two �-complexes. If there is a local map f W
C1 ! C2, then we write .C1; �1/ � .C2; �2/. If, in addition, there does not exist any local
map from .C2; �2/ to .C1; �1/, we write the strict inequality .C1; �1/ < .C2; �2/.

Since the composition of two local maps is local, it is clear that the above definition
respects local equivalence. Because the tensor product of two local maps is also local, this
partial order respects the group structure on I . Note that it is not always true that a given
�-complex can be compared to the trivial complex. That is, Definition 3.6 does not define
a total order on I . See [18, Example 2.7] for further discussion.

It is often helpful to think of an �-complex in terms of its homology and the induced
action of �. In general, of course, if .C; �/ is an �-complex, then the homological action
of � on H�.C / does not determine the chain homotopy type of �. However, in certain
simple cases, it turns out that knowingH�.C / and the induced action �� suffices to recover
the homotopy equivalence class of .C; �/. In particular, if H�.C / is concentrated in a
single mod 2 grading, then one can combinatorially write down a model for .C; �/ (called
the standard complex) which is correct up to homotopy equivalence. In such situations,
we will thus sometimes blur the distinction between .H�.C /; ��/ and .C; �/. See [20,
Section 4] for precise definitions and further discussion.

Remark 3.7. To rule out the existence of a local map from .C1; �1/ to .C2; �2/, it suffices
to prove that there is no F ŒU �-module map F from H�.C1/ to H�.C2/ such that:
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(1) F maps U -nontorsion elements to U -nontorsion elements; and

(2) F intertwines the actions of .�1/� and .�2/�.

However, in general Definition 3.6 is strictly stronger than the existence of such an F . For
example, the complex �X1 (see Example 3.11 below) is strictly greater than zero, but this
cannot be proven using only the action of �� on homology.

3.3. Connected homology

In this subsection, we summarize the construction of connected Floer homology, defined
by Hendricks, Hom, and Lidman [28]. This associates to an �-complex .C; �/ an F ŒU �-
module Hconn.C / whose isomorphism type is invariant under local equivalence. While
Hconn.C / is a priori strictly weaker than the local equivalence class of .C; �/, it is perhaps
somewhat easier to understand.

Definition 3.8 ([28, Definition 3.1]). Let .C; �/ be an �-complex. A self-local equivalence
is a local map from .C; �/ to itself, that is, a (grading-preserving) chain map f W C ! C

such that f ı � ' � ı f and f induces an isomorphism on homology after inverting the
action of U .

Hendricks, Hom, and Lidman define a preorder on the set of self-local equivalences
of .C; �/ by declaring f . g whenever ker f � kerg. A self-local equivalence f is then
said to be maximal if g & f implies g . f for any self-local equivalence g.

Maximal self-local equivalences should heuristically be thought of as producing a
local equivalence between C and some very small subcomplex of C given by imf . (This
subcomplex is small because ker f is large.) Note, however, that since � is a homotopy
involution and f commutes with � only up to homotopy, the action of � need not pre-
serve im f , and similarly for the relevant homotopy maps. However, according to [28,
Lemma 3.7], we can modify � to produce an actual homotopy involution �f on im f such
that .C; �/ and .imf; �f / are locally equivalent.

Hendricks, Hom, and Lidman further show that a maximal self-local equivalence
always exists [28, Lemma 3.3], and that any two maximal self-local equivalences give
homotopy equivalent �-complexes .imf; �f / and .img; �g/ [28, Lemma 3.8]. We can thus
make the unambiguous definition:

Definition 3.9 ([28, Definition 3.9]). Let .C; �/ be an �-complex. The connected complex
of .C; �/, which we denote by .Cconn; �conn/, is defined to be .im f; �f /, where f is any
maximal self-local equivalence. This is well-defined up to homotopy equivalence of �-
complexes.

Note that since .C; �/ and .Cconn; �conn/ are locally equivalent, the connected complex is
in fact an invariant of the local equivalence class of .C; �/. Indeed, the connected complex
should be thought of as the simplest possible local representative of .C; �/. The connected
homology is then the torsion submodule of the homology of this complex, shifted up in
grading by 1:
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Definition 3.10 ([28, Definition 3.13]). Let .C; �/ be an �-complex. The connected
homology of .C; �/, denoted by Hconn.C /, is defined to be the U -torsion submodule of
H�.Cconn/, shifted up in grading by 1. Here, H�.Cconn/ is the usual homology of Cconn as
an F ŒU �-complex.

The connected Heegaard Floer homology of Y , denoted HFconn.Y /, is then defined
to be the connected homology of .CF�.Y /; �/. The grading shift by 1 is enacted so that
HFconn is a summand of HFred, viewed as a quotient of HFC.

3.4. Simple families

We conclude our overview by discussing a simple family of �-complexes that will serve
to illustrate the formalism at hand. As these examples will recur throughout the paper, we
encourage the reader to develop some familiarity with them.

Example 3.11. For i > 0, consider the chain complex spanned by the generators v; �v;
and ˛ with

@˛ D U i .v C �v/:

Here, v and �v lie in Maslov grading zero, while ˛ has grading �2i C 1. The action of
� interchanges v and �v and fixes ˛. We denote this �-complex (or sometimes its local
equivalence class) by Xi . The homology of Xi is displayed in Figure 8; note that the
induced action of � is given by the obvious involution reflection through the vertical axis.

ι

0

−2i

Fig. 8. Homology of Xi , expressed as a graded root with involution. Vertices of the graph cor-
respond to F -basis elements supported in grading given by the height (shown on the left). Edges
between vertices indicate the action of U , and we suppress all vertices forced by this relation. Thus,
for instance, the two upper legs of the graded root contain i vertices (excluding the symmetric ver-
tex lying in grading �2i ). See for example [20, Definition 2.11].

The reader should verify that the only self-local equivalences ofXi are isomorphisms.
The connected homology of Xi is thus simply (the U -torsion part of) its usual homology,
so that Hconn.Xi / is just F ŒU �=.U iF ŒU �/. In particular, this shows that the local equival-
ence classes of the Xi are nonzero and mutually distinct. We can refine their distinction
by considering the partial order on I . It is easily checked that

� � � < X3 < X2 < X1 < 0;
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xv ιv

α

Fig. 9. Left: the complex X1. Right: the trivial complex 0.

where 0 denotes the trivial �-complex. Indeed, there is evidently a local map showing that
X1 � 0, by mapping both v and �v to x and ˛ to zero. However, the only �-equivariant map
in the other direction sends x to v C �v, which is U -torsion in homology (see Figure 9).
Thus, the inequality is strict. The proof that XiC1 < Xi is similar.

The classes Xi actually play quite an important role in the study of ‚3Z and I . In
[20, Theorem 1.7], it is shown that the Xi are linearly independent in I , and in fact they
span a Z1-summand of I by [18, Theorem 1.1]. Here, we will use the fact that .�1/-
surgery on the right-handed .2; 2nC 1/-torus knots realizes the Xi :

h.S3�1.T2;2nC1// D Xb.nC1/=2c:

See the proof of [28, Theorem 1.4]. Note that S3�1.T2;2nC1/ can be identified with the
Brieskorn sphere †.2; 2nC 1; 4nC 3/.

4. �- and � ı �-local equivalence

4.1. � - and � ı � -complexes

We now adapt the material of the previous section to the situation at hand. Let Y be a
homology sphere equipped with an involution � W Y ! Y . As discussed in Section 3.1,
the idea will be to repeat the algebraic construction of involutive Heegaard Floer homo-
logy, with the role of � played by the induced action of � on CF�.Y /. This alteration
is fairly straightforward, but a key new feature which arises is the presence of an addi-
tional homotopy involution on CF�.Y / given by the composition � ı � . Taken together,
these two involutions will provide a powerful tool for establishing the nonextendability of
various involutions on Y .

We begin by considering the induced action of � on CF�.Y /. We denote this chain
homotopy involution by � as well, and rely on the context to make clear whether � refers to
a diffeomorphism of Y or a homotopy class of chain maps. The fact that an involution on
Y induces (the homotopy class of) a homotopy involution � WCF�.Y /!CF�.Y / follows
from the work of Juhász, Thurston, and Zemke [33], who showed that the (based) mapping
class group acts naturally on Heegaard Floer homology. However, for readers less familiar
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with [33], we give a brief overview emphasizing the connection with Section 3.2. Let
H be a choice of Heegaard data for Y , and suppose that � fixes the basepoint z of H .
Applying � to H , we obtain a “pushforward” set of Heegaard data which we denote
by tH . Explicitly, we think of† as embedded in Y , so that � maps† to another embedded
surface �.†/ in Y with the obvious pushforward ˛- and ˇ-curves. We similarly push
forward the family of almost-complex structures J on Symg.†/ using the diffeomor-
phism between † and �.†/ effected by � . There is a tautological chain isomorphism

t W CF�.H /! CF�.tH /

given by the map sending an intersection point in T˛ \ Tˇ to its corresponding pushfor-
ward intersection point. The action of � is then defined to be the homotopy class of the
chain map

� D ˆ.tH ;H / ı t W CF�.H /! CF�.H /;

where ˆ.tH ;H / is the Juhász–Thurston–Zemke homotopy equivalence from CF�.tH /

to CF�.H /. Theorem 1.5 of [33] shows that the induced map �� on homology is well-
defined, and an invariant of the pointed mapping class represented by � . The proof of
their result, however, shows that the homotopy class of � is also invariant (see [29, Pro-
position 2.3]).

In the case that � does not fix a point on Y , we first consider an isotopy hs W Y ! Y

that moves �z back to z along some arc  . Composing � with the result of this isotopy
gives an isotoped diffeomorphism � D h1 ı � , which now fixes the basepoint z. We then
define the action of � to be the mapping class group action of � :

� D ˆ.tH ;H / ı t W CF�.H /! CF�.H /;

where t is the tautological pushforward associated to � . The fact that this is independent
of  follows from work of Zemke [55], who showed that for a homology sphere Y , the
�1-action on CF�.Y / is trivial up to U -equivariant homotopy. Explicitly, let

f W CF�.tH /! CF�.tH /

be the pushforward map associated to isotopy along  , so that t D f ı t . Let  0 be
a different arc connecting �z to z. Then t 0H is obtained from from tH by an isotopy
which pushes z around the closed loop �1 �  0. The basepoint-moving action of �1 �  0

on CF�.tH / is equal to

.�1 �  0/� ' ˆ.t 0H ; tH / ı f 0 ı f
�1
 :

Since Y is a homology sphere, this is U -equivariantly homotopic to the identity by [55,
Theorem D]. We thus have

ˆ.t 0H ;H / ı f 0 ' ˆ.tH ;H / ıˆ.t 0H ; tH / ı f 0 ' ˆ.tH ;H / ı f :

Composing both sides of this with t shows that ˆ.t 0H ;H / ı t 0 ' ˆ.tH ;H / ı t ,
as desired. For the purposes of Floer theory, we will thus generally think of � as having
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been isotoped to fix a basepoint of Y , and in such situations we will blur the distinction
between � and � .

Lemma 4.1. Let Y be a homology sphere equipped with an involution � W Y ! Y . Then
the map � WCF�.Y /!CF�.Y / constructed above is a well-defined homotopy involution.

Proof. A similar argument as in [29, Section 2] shows that � is well-defined up to homo-
topy equivalence (upon changing the choice of Heegaard data H ). If � W Y ! Y fixes the
basepoint of Y , then the action of � on CF� is simply defined to be the usual mapping
class group action of � . In this case, the rest of the claim follows from the fact that the
action of the (based) mapping class group satisfies .f ı g/� ' f� ı g�. If � does not have
a fixed point, then the action of � is instead defined to be the mapping class group action
of � D h1 ı � . Now, �2 is evidently isotopic to the identity via

Hs D .hs ı �/ ı .hs ı �/ W Y ! Y:

However, this isotopy does not necessarily fix the basepoint z, so some care is needed.
Define a modified isotopyH 0s as follows. For each s, let as be the arc traced out byHr .z/
as r ranges from s back to zero. At time s, let H 0s be equal to Hs , followed by the result
of an isotopy pushing Hs.z/ back to z along as . Then H 0s fixes z for all s. Clearly, H 01 is
equal to H1 composed with an isotopy pushing z around the closed curve a1. Since the
�1-action on CF�.Y / is trivial, it follows that the induced actions of H 01 and �2 coincide
(up to U -equivariant homotopy). However, the former action is homotopy equivalent to
the identity, since H 01 is isotopic to the identity via a basepoint-preserving isotopy.

We thus obtain:

Definition 4.2. Let Y be a homology sphere with an involution � . We define the � -
complex of .Y; �/ to be the pair .CF�.Y /; �/, where � W CF�.Y / ! CF�.Y / is the
homotopy involution defined above. This is well-defined up to the notion of homotopy
equivalence in Definition 3.3. We denote the local equivalence class of this complex by

h� .Y / D Œ.CF�.Y /Œ�2�; �/�:

Applying the construction of Section 3.3, we obtain the � -connected homology
HF�conn.Y; �/.

As we will see in Lemma 4.4, � and � homotopy commute. Hence their composition
is another well-defined homotopy involution. We thus have:

Definition 4.3. Let Y be a homology sphere with an involution � . We define the � ı � -
complex of .Y; �/ to be the pair .CF�.Y /; � ı �/. This is well-defined up to the notion
of homotopy equivalence in Definition 3.3. We denote the local equivalence class of this
complex by

h�ı� .Y / D Œ.CF�.Y /Œ�2�; � ı �/�:

Applying the construction of Section 3.3, we obtain the � ı � -connected homology
HF�ı�conn.Y /.
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Note that � and � homotopy commute, so nothing is gained by considering the homo-
topy involution � ı �. This is just a rephrasing of the fact that � is well-defined up to
homotopy (so that conjugating by any diffeomorphism replaces � with a homotopy equi-
valent map), but for completeness we give the formal argument below:

Lemma 4.4. Let Y be a homology sphere with an involution � . Then � ı � ' � ı �.

Proof. Let H be a choice of Heegaard data for Y , and let tH be as above. For notational
convenience, let �H denote the conjugate Heegaard data H defined in Section 3.2. Note
that we also have the Heegaard data �tH , which consists of first pushing forward via �
and then interchanging the ˛- and ˇ-curves (and conjugating the almost complex struc-
ture). Similarly, we have the Heegaard data t�H which is formed by first conjugating and
then pushing forward. However, it is evident that �tH D t�H , and moreover that t and
� commute as isomorphisms of the relevant Floer complexes. Now choose any sequence
of Heegaard moves from �H to H . Taking the pushforward sequence of Heegaard moves
gives the commutative diagram on the left in Figure 10. Similarly, choosing any sequence
of Heegaard moves from tH to H and then applying � gives the commutative diagram
on the right.

CF�.�H /
ˆ.�H ;H/

//

t

��

CF�.H /

t

��

CF�.t�H /
ˆ.t�H ;tH/

// CF�.tH /

CF�.tH /
ˆ.tH ;H/

//

�

��

CF�.H /

�

��

CF�.�tH /
ˆ.�tH ;�H/

// CF�.�H /

Fig. 10. Commutative diagrams for t and �.

We thus have

� ı � D ˆ.tH ;H / ı t ıˆ.�H ;H / ı �

D ˆ.tH ;H / ıˆ.t�H ; tH / ı t ı �

D ˆ.tH ;H / ıˆ.�tH ; tH / ı � ı t

' ˆ.�H ;H / ıˆ.�tH ; �H / ı � ı t

D ˆ.�H ;H / ı � ıˆ.tH ;H / ı t

D � ı �:

Here, in the fourth line we have used the fact that the mapsˆ.tH ;H / ıˆ.�tH ; tH / and
ˆ.�H ;H / ıˆ.�tH ; �H / are chain homotopic, since they are both induced by sequences
of Heegaard moves from �tH to H .

Remark 4.5. In addition to the connected homology, there are several other algebraic
constructions which can be associated to an �-complex .C; �/. For example, one can form



I. Dai, M. Hedden, A. Mallick 26

the involutive complex I�.C /, which is given by the mapping cone

I�.C / D Cone.C
Q.1C�/
�����! Q � C Œ�1�/:

The homology HI�.C / of this is an F ŒU; Q�-module, where Q is a formal variable of
degree �1. One can similarly form the involutive complex associated to the connected
complex Cconn. Using HI�.C /, we can define two numerical involutive correction terms,
denoted by Nd and d (see [29, Section 5]). These constructions are all invariants of the
local equivalence class of .C; �/. We leave it to the reader to formalize the corresponding
notions for � and � ı � .

4.2. Motivating examples

We now introduce two important examples in which we display the actions of various
involutions. The proofs of these computations will be given in Section 7.1, but we state
them here so as to give some familiarity with the algebra of � - and � ı � -complexes.

Example 4.6. Let Y1 D †.2; 3; 7/ be given by .C1/-surgery on the figure-eight knot.
In Figure 11, we have displayed two involutions (denoted by � and � ) on Y1, given by
rotating the surgery diagram 180ı about the appropriate axes.

+1

σ

τ

Fig. 11. .C1/-surgery on the figure eight knot, with involutions � and � .

The Floer homology HF�.Y1/ is displayed in Figure 12, together with the homology
actions of � , � ı � , � , and � ı � . (Each of these is induced by an obvious action on the
standard complex of Example 3.11.) Note that each map is either the identity or equal
to �, as indeed these are the only two possible involutions on the Heegaard Floer complex.
Thus the involutive invariants corresponding to � ı � and � are trivial, while those for �
and � ı � are identical to those for � in Example 3.11. In particular, as discussed in the
introduction, the fact that h� .Y1/ ¤ 0 means that � is nonextendable, while the fact that
h�ı� .Y1/ ¤ 0 implies that � is nonextendable. Of course, since h.Y1/ ¤ 0, the manifold
in question does not bound any homology ball, so the result in this case is trivial.

Example 4.7. Let Y2 be given by .C1/-surgery on the the stevedore knot 61. In Figure 13,
we have displayed two involutions (denoted by � and � ) on Y2, given by rotating the sur-
gery diagram 180ı about the appropriate axes. The Floer homology HF�.Y2/ is displayed
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ι τ ι ◦ τ σ ι ◦ σ

Fig. 12. Floer homology (and involution actions) for Y1 D S3C1.41/.

+1

σ

τ

Fig. 13. .C1/-surgery on the stevedore knot, with involutions � and � .

in Figure 13, together with the homology actions of � , � ı � , � , and � ı � . Note that (as
in the previous example) � D � ı � and � D � ı � . Each of these actions on HF�.Y2/
determines a chain-level action on the standard complex representative of CF�.Y2/. We
have displayed these on the lower left in Figure 14. The reader should check that they are
all chain maps and that they induce the claimed actions.

We now claim that h.Y2/ and h� .Y2/ are both trivial. For h.Y2/, this follows from the
monotone root algorithm established in [20, Section 6], but it is easy to write down the
local equivalence explicitly. Indeed, in the notation of Figure 14, setting

f .v1/ D f .v2/ D f .v3/ D x; g.x/ D v2;

f .˛1/ D f .˛2/ D 0

gives the local equivalence. For h� .Y2/, we set

f .v1/ D f .v2/ D f .v3/ D x; g.x/ D v1;

f .˛1/ D f .˛2/ D 0:

The reader should carefully verify that f and g intertwine � on CF�.Y2/with the (trivial)
action of � on CF�.S3/. Note that g does not intertwine the actions of �, even up to
homotopy. It follows that the involutive invariants for � (and hence � ı � ) are trivial.

We furthermore claim that h� .Y2/ is locally equivalent to h� .Y1/ D h.Y1/. To effect
the local equivalence, set

f .v1/ D f .v2/ D w1 and f .v3/ D w2; g.w1/ D v1 and g.w2/ D v3;

f .˛1/ D 0 and f .˛2/ D ˇ1; g.ˇ1/ D ˛1 C ˛2:
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ι τ ι ◦ τ σ ι ◦ σ

v1 v2 v3

α1 α2

τv1 = v3

τv2 = v1 + v2 + v3

τv3 = v1

τα1 = α1

τα2 = α2

σv1 = v1

σv2 = v1 + v2 + v3

σv3 = v3

σα1 = α2

σα2 = α1

ιv1 = v3

ιv2 = v2

ιv3 = v1

ια1 = α2

ια2 = α1

x w1 w2

β1

ιx = x ιw1 = w2

ιw2 = w1

ιβ1 = β1

Fig. 14. Top: Floer homology (and involution actions) for Y2 D S3C1.61/. Middle: standard com-
plexes representatives of CF�.Y2/, CF�.Y1/ and CF�.S3/. Bottom: chain complex actions of
various involutions.

The reader should again carefully verify that f and g intertwine � on CF�.Y2/ with
� D � on CF�.Y1/. Note that f does not intertwine the actions of �, even up to homotopy.
It follows that the involutive invariants for � (and hence � ı � ) are the same as those for
h� .Y1/ D h.Y1/.

We now take a step back to reiterate the salient points of Example 4.7. Firstly, note
that in contrast to Example 4.6, the (usual) local equivalence class h.Y2/ is zero. Hence Y2
is not obstructed from bounding a homology ball; indeed, Y2 bounds the Mazur manifold
W.0; 1/� [5]. Secondly, the nontriviality of h� .Y2/ obstructs � from extending over any
homology ball. Here, we have described this nontriviality by algebraically establishing a
local equivalence between the claimed complexes of h� .Y2/ and h� .Y1/. The main idea
of this paper will be to turn this procedure around and show that a priori such a relation-
ship must exist due to the existence a certain cobordism from Y2 to Y1. (In fact, this is
precisely how we will show that the actions of � and � on CF�.Y2/ are the ones claimed
in Figure 14. See Lemma 7.4.) Note, however, that h.Y1/ ¤ h.Y2/, so there is certainly
no homology cobordism between the two.



Corks, involutions, and Heegaard Floer homology 29

Finally, observe that the nontriviality of h�ı� .Y2/ obstructs � from extending over
any homology ball. This holds even though the local equivalence classes of both the �-
complex and � -complex of Y2 are trivial. The point is that the local map g in the � -case is
not �-equivariant (and similarly, the local map g in the �-case is not � -equivariant). Hence
even though h.Y2/ and h� .Y2/ are both locally trivial, these local equivalences are not
induced by the same map(s). Thus, as happens in this example, it is still possible for the
class h�ı� .Y2/ of their composition to be nontrivial in local equivalence.

Fig. 15. A cobordism between two manifolds-with-involutions(s). Note that on the left we have
.C1/-surgery on P.�3; 3;�3/ (which bounds a contractible manifold), while on the right we have
†.2; 3; 7/. The cobordism in question is given by attaching .�1/-handles along the indicated green
curves.

Example 4.8 (Akbulut cork). As we will see, the methods of this paper can also easily be
applied to the original Akbulut cork M1. For our purposes, the simplest depiction of M1

will be as .C1/-surgery on the pretzel knot P.�3; 3;�3/. In Figure 15, we have displayed
an equivariant cobordism from M1 (equipped with the indicated symmetries � and � ) to
†.2; 3; 7/. In Section 7.1, we leverage this cobordism to compute h� .M1/ and h�ı� .M1/.
It turns out that HF�.M1/ is isomorphic to HF�.Y2/, and that � and � act on HF�.M1/

exactly as they do in Figure 14. Hence the same analysis as in Example 4.7 shows that
.M1; �/ and .M1; �/ are strong corks. Note that the first computation of the action of �
on HF�.M1/ was carried out by Lin, Ruberman, and Saveliev [36, Section 8.1], follow-
ing work of Akbulut and Durusoy [3]. Here, our computation will be a straightforward
consequence of Figure 15. See Lemma 7.5.

4.3. Cobordism maps

We now investigate the behavior of h� and h�ı� under negative-definite cobordisms. We
begin with the simplest case, in which Y1 and Y2 are two homology spheres. Let W be a
cobordism from Y1 to Y2 and let s be a spinc-structure on W . Recall that the associated
Heegaard Floer grading shift is given by

�.W; s/ D
c1.s/

2 � 2�.W / � 3�.W /

4
:
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In what follows, we will be concerned with negative-definite cobordisms admitting s for
which �.W; s/ D 0.

Remark 4.9. Suppose thatW is definite. By a well-known result of Elkies [22],�.W;s/
D 0 if and only if the intersection form of W is diagonalizable (over Z) and c1.s/ has all
coefficients equal to˙1 in the diagonal basis.

Proposition 4.10. Let Y1 and Y2 be two homology spheres equipped with involutions �1
and �2, respectively. Let .W; f; s/ be a negative-definite spinc-cobordism from .Y1; �1/ to
.Y2; �2/ with b1.W / D 0 and �.W; s/ D 0. Then:

(1) If f�s D s, then h�1.Y1/ � h�2.Y2/.

(2) If f�s D Ns, then h�ı�1.Y1/ � h�ı�2.Y2/.

Proof. The proposition is a straightforward consequence of the functorial properties of
Heegaard Floer homology under cobordisms. By [44, proof of Theorem 9.1], the cobord-
ism map

FW;s W CF�.Y1/! CF�.Y2/

sends U -nontorsion elements to U -nontorsion elements in homology. By [29, Proposition
4.9], we have

FW; Ns ı �1 ' �2 ı FW;s:

The analogous commutation relation for � is given by

FW;f�s ı �1 ' �2 ı FW;s:

We defer the proof of this statement to Lemma 6.1 below, although it is certainly well-
known to experts in different forms (see for example [47, Theorem 3.1], [55, Theorem A]).
Note that implicitly, FW;s depends on a choice of path  from Y1 to Y2. The two cobor-
dism maps above should thus be taken with respect to different paths, with the map on
the left being taken with respect to f ./. However, since b1.W / D 0, one can show that
FW;s is independent of the choice of path (up to U -equivariant homotopy). For this and a
discussion of several other subtleties (including the fact that �i need not fix the basepoint
of Yi ), see Section 6.1.

If f�s D s, then the commutation relation for � immediately exhibits FW;s as the
desired local map for the first claim. If f�s D Ns, we instead observe that

FW;s ı .�1 ı �1/ ' �2 ı FW; Ns ı �1 ' .�2 ı �2/ ı FW;f� Ns:

Noting that f� commutes with conjugation, we thus see that FW;s effects the desired local
map for the second claim.

This immediately yields a proof of Theorem 1.1:

Proof of Theorem 1.1. We may isotope the extension of � in the interior of W to fix a
ball (pointwise). Cutting out this ball gives a homology cobordism from .Y; �/ to .S3; id/.
This constitutes a negative-definite cobordism in both directions, on which there is only
one spinc-structure. The claim then follows from Proposition 4.10.
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For ease of terminology, we define:

Definition 4.11. Let .W;f;s/ be a negative-definite spinc-cobordism between two homo-
logy spheres with b1.W / D 0 and�.W;s/ D 0. If f�s D s, then we say that .W; f;s/ is
spinc-fixing with respect to s. If f�s D Ns, then we say that .W; f; s/ is spinc-conjugating
with respect to s. When there is no possible confusion, we will suppress writing s. Note
that if s D Ns D f�s, then .W; f; s/ is both spinc-fixing and spinc-conjugating.

5. Equivariant cobordisms

In the preceding section, we showed that h� and h�ı� are monotonic (with respect to the
partial order on I ) under an appropriate class of equivariant negative-definite cobordisms.
(See Lemma 4.10.) In this section, we establish some simple topological methods for
explicitly constructing equivariant cobordisms to which we can apply the aforementioned
monotonicity. These cobordisms will serve as the key topological tool for our results.

5.1. Equivariant surgery and handle attachments

LetK be a knot in a 3-manifold Y , and let � be an orientation-preserving involution on Y
that fixes K setwise. In the case that Y D S3, we will often draw � as 180ı rotation
through some axis of symmetry. (By work of Waldhausen, any orientation-preserving
involution of S3 is conjugate to one of this form [53].) Usually, we draw this axis as a line
in R3, but sometimes it will be more convenient to draw the axis of rotation as an unknot,
as in Figure 1.

In this subsection, we verify that � induces an involution on any manifold obtained by
surgery on K and, similarly, on any cobordism formed from handle attachment along K.
This is well-known and implicit in many sources, e.g. [43], but we include the proofs here
for completeness.

Definition 5.1. An involution � of .Y; K/ is said to be a strong involution (or strong
inversion) if � fixes two points on K. If instead the action is free on K, we say that �
is a periodic involution. Note that a strong involution reverses orientation on K, while
a periodic involution preserves orientation. We will sometimes refer to such a K as an
equivariant knot.

Now let K be an equivariant knot in Y . It is easily checked that there exists an
equivariant framing of K, as follows.8 By averaging an arbitrary Riemannian metric with
its pullback under � , we may assume that � acts as an isometry on Y , and hence also on
the normal bundle to K. If we fix an arbitrary framing of K, we can choose coordinates

�.K/ Š S1 �D2
D ¹.z; w/ W jzj D 1; jwj � 1º;

8In fact, if K is a knot in S3, then the reader can check that the Seifert framing can be made
equivariant.
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such that:

(1) If � is strong, then the action of � on �.K/ is �.z; w/ D . Nz; Az Nw/.

(2) If � is periodic, then the action of � on �.K/ is �.z; w/ D .�z; Azw/.

In both cases, Az denotes a continuous family of matrices parametrized by S1. In the
strong case, we have Az 2 O.2/ and det Az D �1, while in the periodic case, we have
Az 2 SO.2/. If � is strong, then � fixes the two discs ¹1º �D2 and ¹�1º �D2 setwise,
and has two fixed points on the boundary of each. Take any arc  on @�.K/ running from
a fixed point of � on ¹1º � S1 to a fixed point of � on ¹�1º � S1. (We may also assume
that  projects as a diffeomorphism onto a subarc of K.) Then  [ � constitutes an
equivariant framing of K (and in fact any framing can be realized). If � is periodic, then
we instead take  to be a similar arc joining an arbitrary point p in ¹1º � S1 to its image
�p in ¹�1º � S1. Clearly,  [ � is again an equivariant framing of K.

It follows that we can reparameterize our neighborhood of K so that the equivariant
framing constructed above is given by S1 � ¹1º. Then:

(1) If � is strong, then the action of � on �.K/ is �.z; w/ D . Nz; Nw/.

(2) If � is periodic, then the action of � on �.K/ is �.z; w/ D .�z; w/.

Lemma 5.2. Let K be an equivariant knot in Y with symmetry � . Fix any framing K 0

ofK, and let Yp=q.K/ be .p=q/-surgery onK with respect to this framing. Then � extends
to an involution on Yp=q.K/. This extension is unique up to isotopy.

Proof. It suffices to prove the claim under the additional assumption that K 0 is equivari-
ant. Indeed, since the claim of the lemma holds for all surgeries, proving the desired
statement for a single framing establishes it for all framings.

On the complement of �.K/, we define our involution to be equal to � . Parameterize
the boundary of �.K/ by z and w, as above. The surgered manifold Yp=q.K/ is obtained
from the complement of K by gluing in the solid torus

S1 �D2
D ¹.z0; w0/ W jz0j D 1; jw0j � 1º

via the boundary diffeomorphism

f .z0; w0/ D .z D .z0/s.w0/q; w D .z0/r .w0/p/

where r and s are integers such that ps � qr D 1. If � is strong, then we have the obvious
extension by complex conjugation

�.z0; w0/ D . Nz0; Nw0/:

If � is periodic, then we have the extension

�.z0; w0/ D

8̂̂<̂
:̂
.�z0;�w0/ if .p; q; r; s/ D .1; 0; 1; 1/ or .1; 1; 1; 0/ mod 2;

.�z0; w0/ if .p; q; r; s/ D .1; 0; 0; 1/ or .1; 1; 0; 1/ mod 2;

.z0;�w0/ if .p; q; r; s/ D .0; 1; 1; 0/ or .0; 1; 1; 1/ mod 2:
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Note that the diffeomorphism between the gluings corresponding to .p; q; r; s/, and
.p; q; r C p; s C q/ sends .z0; w0/ to .z0; z0w0/. This intertwines � , so (up to repara-
meterization) our extension of � does not depend on .r; s/.

It is easy to check that any two extensions of � must be isotopic to each other. For
example, in the case of a strong involution, � fixes a meridional curve on the torus bound-
ary setwise. Hence any extension of � maps the disk D bounded by this curve to some
other disk D0 with @D D @D0. It is then clear that we can isotope � (rel boundary) so that
it fixes D. Cutting out D, we then use the fact that every diffeomorphism of S2 extends
uniquely over B3 (up to isotopy).

Given an equivariant knot, we will thus freely view its symmetry as defining a sym-
metry on any surgered manifold.

Lemma 5.3. Let K be an equivariant knot in Y with symmetry � . Fix any framing K 0

of K. Then � extends over the 2-handle cobordism given by attaching a 2-handle alongK
with framing n .relative to K 0/. The involution on the boundary is the extension of �
to Yn.K/ afforded by Lemma 5.2.

Proof. It suffices to prove the claim under the additional assumption that K 0 is equivari-
ant. Indeed, since the claim of the lemma holds for all n, proving the desired statement
for a single framing establishes it for all framings.

Parameterize the 2-handle by

D2
�D2

D ¹.z0; w0/ W jz0j � 1; jw0j � 1º:

The boundary subset S1 �D2 � D2 �D2 is identified with �.K/ via the map sending

.z0; w0/ 7! .z D z0; w D .z0/nw0/:

If � is strong, then the extension is given by

�.z0; w0/ D . Nz0; Nw0/:

If � is periodic, then the extension is given by

�.z0; w0/ D

´
.�z0;�w0/ if n is odd;

.�z0; w0/ if n is even;

as desired.

This shows that if K is an equivariant knot, then equivariant handle attachment
along K is well-defined, and that � moreover extends over the handle attachment cobord-
ism.

We will also consider surgeries on links in which � exchanges some pairs of link com-
ponents (with the same framing), in addition to possibly fixing some components. Given
the above treatment of the fixed link components, it is clear that such � extend to invol-
utions on the surgered manifolds and over the handle attachment cobordisms (whenever
the surgery coefficients are integral).
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5.2. Actions on spinc-structures

We now specialize to the case where Y is a homology sphere. Let K be an equivariant
knot in Y with symmetry � . Let W be the cobordism formed by .�1/-handle attachment
along K, relative to the Seifert framing. This is a negative-definite cobordism whose
second cohomology H 2.W / is generated by a single element x. Note that the spinc-
structures on W with c1.s/ D ˙x have �.W; s/ D 0. We claim that if the involution �
is periodic, then W is spinc-fixing, while if � is strong, then W is spinc-conjugating. To
see this, it suffices to understand the action of � on H 2.W /. Under the isomorphism
H 2.W / Š H2.W; @W /, the generator x corresponds to the cocore of the attaching 2-
handle. In the notation of Lemma 5.3, this is given by

¹0º �D2
D ¹.z0; w0/ W z0 D 0; jw0j � 1º:

An examination of the extension of � over W shows that � reverses orientation on the
cocore if � is strong and preserves orientation if it is periodic. Hence if � is strong, it acts
via multiplication by �1 on H 2.W /, and otherwise fixes H 2.W /. We thus define:

Definition 5.4. Let Y1 be a homology sphere with involution � . Let K be an equivariant
knot in Y1. Suppose that Y2 is obtained from Y1 by doing .�1/-surgery on K, relative to
the Seifert framing. Then the corresponding handle attachment cobordism constitutes an
equivariant cobordism from Y1 to Y2, where the latter is equipped with the usual exten-
sion of � . This is spinc-fixing if � is periodic and spinc-conjugating if � is strong. We
refer to these as spinc-fixing .�1/-cobordisms and spinc-conjugating .�1/-cobordisms,
respectively.

Similarly, we may consider attaching a pair of handles to Y1 along a two-component
link with algebraic linking number zero whose components are interchanged by � . In this
situation,H 2.W / is generated by two elements x and y, where �x D y and �y D x (with
appropriately chosen orientations). Choosing the spinc-structure s with c1.s/ D x C y

then yields a spinc-fixing cobordism, while choosing the spinc-structure with c1.s/ D
x � y yields a spinc-conjugating cobordism.

Definition 5.5. Let Y1 be a homology sphere with involution � . Let L be a two-com-
ponent link in Y1 with algebraic linking number zero whose components are interchanged
by � . Let Y2 be obtained from Y1 by doing an additional .�1/-surgery on each component
of L, relative to the Seifert framing. Then the corresponding handle attachment cobord-
ism constitutes an equivariant cobordism from Y1 to Y2, where the latter is equipped with
the usual extension of � . This is both spinc-fixing and spinc-conjugating (with respect to
different spinc-structures). We refer to such a cobordism as an interchanging .�1;�1/-
cobordism.

In light of Proposition 4.10, we thus immediately obtain a proof of Theorem 1.5:

Proof of Theorem 1.5. Using the conditions on the linking numbers, it is easily checked
that the cobordisms in question satisfy the hypotheses of Proposition 4.10. Note that in
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the third claim of Theorem 1.5, we use two separate spinc-structures to establish the two
different inequalities.

Of course, we have the analogous notion of .C1/- and .C1;C1/-cobordisms. We
obtain a similar set of inequalities (going in the opposite direction) by turning these cobor-
disms around.

5.3. Further operations

We will occasionally need to compare symmetries in two different surgery descriptions
of the same 3-manifold. Although we will not belabor the point, the reader should check
that the blow-up and blow-down operations displayed in Figure 16 can be performed
equivariantly. Note that if u is an equivariant .1=k/-framed unknot which is split off from
the rest of a surgery diagram, then u can be deleted. Indeed, let u be contained in a ballB3.
Then .1=k/-surgery on u is again a ball, equipped with a slightly different extension of
the 180ı rotation on S2 D @B3. However, every diffeomorphism of @B3 extends uniquely
over B3 up to isotopy rel boundary.

τ ττ

=

simultaneously
slide

+1 +1
+1

±1

∓1

±1

∓
1

±1

equivariant
isotopy

or

τ τ τ τ τ

τ

τ

Fig. 16. Top: various equivariant blow-up/blow-down operations. Bottom: an equivariant (simultan-
eous) slide followed by an equivariant isotopy.

Proof of Theorem 1.6. Let K be a knot in S3 with a strong involution � . Then .1=k/-
surgery onK is equivariantly diffeomorphic to the two-component link surgery consisting
of 0-surgery on K, together with .�k/-surgery on a meridian � of K. Choosing � to
be an equivariant unknot near one of the fixed points on K makes this diffeomorph-
ism � -equivariant. Let u and �u be an additional pair of .�1/-framed unknots which
each link �, as in Figure 17. Blowing down, the resulting manifold is equivariantly
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0

−k

−1 −1

K

u τu

µ

τ

(K,µ) = 1

(u, µ) = 1

(τu, µ) = −1

u′ = u−K

τu′ = τu+K

(K,u′) = (K, τu′) = 0

(u′, µ) = (τu′, µ) = 0

(u′, u′) = (τu′, τu′) = −1

(u′, τu′) = 0

Fig. 17. Left: the equivariant cobordism used in the proof of Theorem 1.6. Right: handleslides
establishing that this is an interchanging .�1;�1/-cobordism. Since � reverses orientation on K,
the indicated handleslides are � -equivariant.

diffeomorphic to surgery on K with coefficient 1=.k � 2/. We claim that handle attach-
ment along u and �u constitutes an interchanging .�1;�1/-cobordism from S3

1=k
.K/ to

S3
1=.k�2/

.K/. To see this, we equivariantly slide u and �u over K, which algebraically
unlinks them from the rest of the diagram (see Figure 17). The claim then follows from
Theorem 1.5.

6. Bordisms and local equivalence

6.1. Graph cobordisms and equivariance

We now turn to a proof of Theorem 1.2. For this, we will need to consider the more general
situation of a cobordism with disconnected ends. We thus briefly review the functoriality
package for Heegaard Floer homology developed by Zemke [55], building on previous
work of Ozsváth–Szabó [47] and Juhász [31, 32]. In what follows, we allow each mani-
fold Y to have a collection of basepoints w. Usually, one introduces different U -variables
to keep track of the different basepoints, but here we will identify all of these into a single
U -variable. In the terminology of [55], this is called the trivial coloring.

LetW be a cobordism between two (possibly disconnected) 3-manifolds .Y1;w1/ and
.Y2;w2/. A ribbon graph inW is an embedded graph � whose intersection with each Yi is
precisely wi . We also require that � be given a formal ribbon structure, which is a choice
of cyclic ordering at every internal vertex of � . We refer to the pair .W; �/ as a ribbon
graph cobordism. Associated to any such .W; �/, Zemke constructs two chain maps

F AW;�;s; F
B
W;�;s W CF�.Y1;w1; sjY1/! CF�.Y2;w2; sjY2/:

These are well-defined up to U -equivariant homotopy and are an invariant of the smooth
isotopy class of � in W [55, Definition 3.4]. In fact, F A and F B are invariant under a
weaker notion of equivalence called ribbon equivalence; see [56, Corollary D]. Although
F A and F B satisfy certain symmetries with respect to each other, they are not always
equal. However, they have the same formal properties, so for convenience we will focus
on F A. See [55, Section 3.1] for precise definitions.
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Now let Y1 and Y2 be disjoint unions of homology spheres, and equip each connected
component of Y1 and Y2 with a single basepoint. Let f be a diffeomorphism ofW restrict-
ing to �i on each Yi . If �i fixes the basepoints of Yi , then it follows from [55, Theorem A]
(together with the well-definedness of graph cobordism maps up to U -equivariant homo-
topy) that

�2 ı F
A
W;�;s ' F

A
W;f .�/;f�.s/

ı �1: (1)

See [55, (1.2)]. If �i does not fix the basepoints of Yi , then (1) is not quite correct, since in
this case we have defined the action of �i on CF� using an isotoped version of �i instead.
Clearly, however, we can isotope f so that it restricts to the isotoped versions of �i at
either end. Thus, (1) holds after replacing f .�/ with a slightly altered graph f .�/ which
has the same endpoints as � . (Usually, we will be sloppy and continue to write f .�/
despite this difference.)

In order to define the F A- and F B -maps, Zemke first defines graph cobordism maps
in the case of a product cobordism Y � I . In this situation, we can use the projection
map to view � as being embedded in Y (after perturbing slightly, if necessary). In [55],
Zemke introduces a set of auxiliary maps on CF�.Y / which can be used to associate to
any such graph an endomorphism AG� of CF�.Y /. These auxiliary maps include the free
stabilization maps S˙w , as well as the relative homology maps A�. We will assume some
familiarity with these constructions; the reader is referred to [30, Section 3] for a concise
and helpful summary.

In order to understand F A for a general cobordism W , it is helpful to keep in mind
the desired composition law. Let .W; �/ D .W2; �2/ [ .W1; �1/. If s1 and s2 are spinc-
structures onW1 andW2, then the obvious generalization of the usual composition law of
Ozsváth and Szabó yields

F AW2;�2;s2 ı F
A
W1;�1;s1

'

X
s2spinc.W /
sjW2Ds2
sjW1Ds1

F AW;�;s: (2)

To this end, consider a parameterized Kirby decomposition for W , and split

W D W2 ıW1;

whereW1 is the subcobordism consisting of all 0- and 1-handles. We denote the outgoing
boundary of W1 by Y . Note that for such a splitting, a spinc-structure s on W is uniquely
determined by its restrictions si to each Wi .

The underlying Morse function on W provides a gradient-like vector field Ev on W .
After a small perturbation, we can assume that � is disjoint from the descending manifolds
of the index-1 critical points, the ascending manifolds of the index-3 critical points, and
both the ascending and descending manifolds of the index-2 critical points. Using Ev, we
flow each point of � backwards or forwards so that it hits Y . This gives (possibly after a
small perturbation) an embedded graph in Y , which we may think of as a ribbon graph
in Y � .��; �/. We connect this to the basepoints of the Yi via arcs going along the flow
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lines of Ev. Denote these collections of arcs by �1 and �2. The map F AW;�;s is then equal
to the composition

F AW;�;s ' F
A
W2;�2;s2

ıAG� ı F
A
W1;�1;s1

: (3)

Here, AG� W CF�.Y /! CF�.Y / is the graph action map associated to the flowed image
of � in Y , and should be thought of as defining the cobordism map in the case where
W D Y � I . When no confusion is possible, we will sometimes suppress notation and
write the outer two maps as F AW1;s1 and F AW2;s2 . See Figure 18.

flow of ~v
Y × (−ε, ε)

W W

isotopy of Γ

W1 W2

Fig. 18. Schematic depiction of flowing � into Y . In actuality, Y will have some topology and �
need not be a path.

Roughly speaking, we think of the whole procedure as isotoping � so that it is unin-
teresting outside of Y ; the maps associated to .W1; �1/ and .W2; �2/ can then be defined
using only a slight modification of the construction of Ozsváth and Szabó. In what fol-
lows, we similarly use the technique of flowing � so that it is “concentrated” in a con-
venient slice. In particular, note that if � and � 0 are two ribbon graphs in W , then their
flowed versions agree outside of Y .

For convenience, we also record the grading shift formula established in [30, Propos-
ition 4.1]. Let .W;�/ be a ribbon graph cobordism from .Y1;w1/ to .Y2;w2/ and let s be
a spinc-structure on W . Define the reduced Euler characteristic of � to be

z�.�/ D �.�/ � 1
2
.jw1j C jw2j/:

The grading shift associated to F AW;�;s is then given by

�.W;�; s/ D
c1.s/

2 � 2�.W / � 3�.W /

4
C z�.�/:

Note that if � is a path, then the reduced Euler characteristic of � is zero.

6.2. Independence for paths

In this subsection, we verify that if � is a path, then the map F AW;� depends only on the
homology class Œ�� 2 H1.W; @W /=Tors. This is rather well-known to experts, but we
record it here for completeness. Note that if � is a path, then F A and F B are homotopy
equivalent and coincide with the usual construction of Ozsváth and Szabó by [55, The-
orem B]. In this situation we will thus write F instead of F A.
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Lemma 6.1. Let W be a cobordism between two singly-based .connected/ 3-manifolds
.Y1; w1/ and .Y2; w2/. Let  and  0 be two paths in W from w1 to w2. Suppose that

Œ �  0� D 0 2 H1.W /=Tors:

Then
FW;;s ' FW; 0;s:

Proof. Decompose W as in Section 6.1. Flow  and  0 into Y and denote the images
of w1 and w2 in Y by v1 and v2. We obtain two arcs in Y that go between v1 and v2
which, by an abuse of notation, we continue to denote by  and  0. Let AG and AG 0 be
the graph action maps on CF�.Y / associated to  and  0. Note that c D  � . 0/�1 is a
closed loop in Y which is zero when included into H1.W /=Tors. We now have

FW;;s � FW; 0;s ' FW2;s2 ıAG ı FW1;s1 � FW2;s2 ıAG 0 ı FW1;s1

D FW2;s2 ı .AG �AG 0/ ı FW1;s1

D FW2;s2 ı S
�
v1
.A � A 0/S

C
v2
ı FW1;s1

D FW2;s2 ı S
�
v1
AcS

C
v2
ı FW1;s1

' FW2;s2 ı AcS
�
v1
SCv2 ı FW1;s1 :

Here, in the third line, we have used the definition of AG� [55, (7.5)], while in the fourth
and fifth lines we have used [55, Lemma 5.3] and [55, Lemma 6.13], respectively.

Note that Ac is the usual H1.Y /=Tors-action on CF�.Y /. We claim that the map
FW2;s2 ı Ac is U -equivariantly nullhomotopic. For this, we use the following result
from [27]. Let W be a cobordism from Y to Y 0, and let c � Y and c0 � Y 0 be two
closed curves that are homologous in W . Then [27, Theorem 3.6] states that

FW;s ı Ac ' Ac0 ı FW;s;

where FW;s is the usual cobordism map of Ozsváth and Szabó (see also results in [44]).9

In our case, note that W1 consists of adding 1-handles to Y1. An easy Mayer–Vietoris
argument then shows that the inclusion of H1.W2/ into H1.W / is injective. Hence some
multiple of Œc� is actually nullhomologous in W2. The claim then follows from the above
commutation relation by choosing c0 in Y2 to be empty (or a small unknot).

6.3. Pseudo-homology bordisms and local equivalence

In this subsection, we prove that any pseudo-homology bordism induces a local equival-
ence between the � -complexes (and � ı � -complexes) of its incoming and outgoing ends.
Throughout, let .W; f / be a pseudo-homology bordism between .Y1; �1/ and .Y2; �2/,
where Y1 and Y2 are disjoint unions of homology spheres. We equip each connected

9As written, [27, Theorem 3.6] deals with the total homology map on cHF. However, the proof
is easily modified to hold on the level of U -equivariant homotopy (for CF�), and can be refined to
take into account individual spinc-structures. See [27, Remark 3.7].
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component of Y1 and Y2 with a single basepoint. For simplicity, assume that W itself is
connected.

LetWa be the cobordism formed by an iterated sequence of 1-handle attachments join-
ing together the components of Y1, as displayed in Figure 19. Let Wb be (the reverse of)
the analogous cobordism joining together the components of Y2. Clearly, we can embed
Wa and Wb in W to obtain a decomposition

W D Wb ıW0 ıWa;

where W0 is now a cobordism between two homology spheres. Note that the inclusion of
W0 into W induces an isomorphism on H1.

Definition 6.2. We define a ribbon graph � inW as follows. OnWa, let � be any trivalent
1-skeleton corresponding to the iterated sequence of 1-handle attachments, as displayed
in Figure 19. For concreteness, we fix an ordering for the connected components of Y1.
(This specifies an order for taking the iterated connected sum, and also a way to choose a
cyclic ordering at each internal vertex.) We define � on Wb similarly. To define � on W0,
first choose a path  running between the two ends ofW0. Fix an ordered basis e1; : : : ; en
of H1.W0/, and represent each ek by a simple closed curve ck that does not intersect  .
We then join each ck to  via an arc, which we refer to as a connecting arc. Again, for
concreteness, fix a cyclic ordering at each internal vertex. We call any � constructed in
this fashion a standard graph. See Figure 19.

Wa W0 Wb

γ

Fig. 19. Schematic decomposition W D Wb ıW0 ıWa. The path  is drawn in green, while the
curves ck are drawn in blue. We choose the indicated cyclic ordering at each internal vertex.

Now consider the cobordism map F AW;� associated to a standard graph. Our goal will
be to show that this is a local map (with respect to both � and � ı � ). As a first step, it
will be helpful for us to have the following alternative formulation of F AW;� . Let �red be
the “reduced” ribbon graph formed by replacing the subgraph � \W0 in Definition 6.2
with the path  . Let Wred be obtained from W by surgering out the curves ck . Note that
Wred D Wb ıWh ıWa, where Wh is a homology cobordism. The image of �red under this
surgery defines a ribbon graph in Wred, which we also denote by �red.
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Lemma 6.3. Let � be a standard graph in W . Then

F AW;� ' F
A
Wred;�red

:

Proof. Note that by [55, Proposition 11.1], the cobordism maps F A are unchanged under
puncturing. More precisely, suppose that .W; �/ is any cobordism from Y1 to Y2. Punc-
ture W at any interior point and equip the new boundary S3 with a single basepoint.
We modify the original ribbon graph � by joining this basepoint to � via an arc (and
choosing any cyclic ordering at the new internal vertex). Let the new incoming boundary
be given by Y1 t S3. Then it follows from [55, Proposition 11.1] that under the identi-
fication of CF�.Y1/ with CF�.Y1 t S3/ ' CF�.Y1/ ˝ CF�.S3/, the cobordism map
remains unchanged up to U -equivariant homotopy.

In our case, consider the cobordism WS1�B3 from S3 to S1 � S2 formed by punctur-
ing S1 �B3 at any interior point. We define a ribbon graph �S1�B3 onWS1�B3 by taking
a closed loop generating H1.S1 � B3/ and joining this to each boundary component via
an arc. Now identify a neighborhood of each ck with �.ck/ Š S1 � B3, and puncture W
at an interior point of each of these neighborhoods. This punctured version of W may
be viewed as the composition of several copies of .WS1�B3 ; �S1�B3/, together with the
complement of the �.ck/ in W . We similarly define WD2�S2 by puncturing D2 � S2

at any interior point and equipping this with an arc �D2�S2 running between the two
boundary components. Then Wred may be viewed (after puncturing) as several copies of
.WD2�S2 ; �D2�S2/, together with the same complement as before. By the composition
law, to establish the lemma it thus suffices to show that

F AW
S1�B3

;�
S1�B3

' F AW
D2�S2

;�
D2�S2

as maps from CF�.S3/ to CF�.S1 � S2/. This is a standard calculation.

In light of Lemma 6.3, the reader may wonder why we have not simply defined our
cobordism maps directly in terms ofWred and �red, rather than � . (Indeed, this corresponds
to the usual approach in Floer theory when dealing with cobordisms with b1 > 0; see for
example [44, proof of Theorem 9.1].) The reason is that ck need not be fixed by f , so
the surgered cobordism Wred may not inherit an extension of �i . Thus, a priori there is
no reason to think that the surgered cobordism interacts nicely with � . In actuality, we
will show that F AW;� homotopy commutes with � , which implies that F AWred;�red

does also.
Alternatively, one can also define F AW;� by considering the graph �red in W and cutting
down via the H1.W /=Tors-actions of each of the ek . This is essentially what we do in
Lemma 6.7, except in a language more amenable to that of [55].

When dealing with the action of f onW , we will thus need to take a slightly different
approach. We begin with a more refined decomposition theorem, which is essentially
taken from the proof of [44, Theorem 9.1].

Lemma 6.4. Let W be a definite cobordism between two 3-manifolds. Then there exists
a decomposition W D W2 ıW1 of W for which the following holds:

(1) W1 consists of 1- and 2-handles.
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(2) W2 consists of 2- and 3-handles.

(3) Let Y be the slice given by the outgoing boundary of W1. Then the map induced by
the inclusion of Y into W

i� W H1.Y /=Tors! H1.W /=Tors

is an isomorphism.

Proof. GiveW a handle decomposition consisting of 1-handles, 2-handles, and 3-handles
(attached in that order). According to [44, proof of Theorem 9.1], we can re-index the
sequence of 2-handle attachments as follows. Let the 2-handles be denoted by ¹hiºniD1,
and for each i let S3i be the outgoing boundary obtained after attaching hi . Let the incom-
ing boundary of the very first 2-handle be denoted by S30 . According to [44, proof of
Theorem 9.1], we may assume that the sequence ¹b1.S3i /º

n
iD0 of Betti numbers at first

monotonically decreases with i , then is constant, and then finally increases. Ozsváth and
Szabó refer to such an ordering of the hi as a standard ordering. This can be achieved
whenever W is definite.

We now choose Y D S3i to be any slice in the above sequence for which b1.S3i / attains
its minimum value. This decomposes W into two subcobordisms Wa and Wb that obvi-
ously satisfy the first two desired properties. Let the 2-handles hj for j > i be attached
to Y along a link whose components we denote by Kj . We claim that each of these
components is rationally nullhomologous in Y . Indeed, the condition b1.S3i / � b1.S

3
iC1/

implies that KiC1 is rationally nullhomologous in Y ; proceeding by induction, we assume
that KiC1; : : : ;Kl are rationally nullhomologous in Y . Now, KlC1 is rationally nullho-
mologous in S3

l
, which is obtained from Y by integer surgery along KiC1; : : : ;Kl . The

inductive hypothesis then easily implies that KlC1 is also rationally nullhomologous in Y .
It follows immediately that the induced inclusion map i� W H1.Y /=Tors !

H1.Wb/=Tors is an isomorphism, since Wb is built from Y � I via attaching rationally
nullhomologous 2-handles and then some 3-handles. Turning the cobordism around, we
obtain the same result with Wa in place of Wb . A standard Mayer–Vietoris argument then
gives the desired claim.

Definition 6.5. Let Y be any 3-manifold equipped with a collection of incoming base-
points Vin and outgoing basepoints Vout. We say that a ribbon graph ƒ in Y � I is star-
shaped if it has a unique internal vertex, which is connected to each basepoint via a
single arc. We also fix a formal ribbon structure; this corresponds to a cyclic ordering of
Vin [ Vout. Note that given any incoming basepoint vi and outgoing basepoint vj , there is
a unique path in ƒ going from vi to vj , which we denote by lij .

The proof of the next technical lemma is similar to that of [55, Lemma 7.13]. The
authors would like to thank Ian Zemke for help with the proof and a discussion of the
surrounding ideas.
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Lemma 6.6. Let ƒ and ƒ0 be two star-shaped graphs in Y � I . Suppose that for any
incoming basepoint vi and outgoing basepoint vj , we have

Œlij � l
0
ij � D 0 2 H1.Y /=Tors:

Suppose moreover thatƒ andƒ0 have the same formal ribbon structure .viewed as cyclic
orderings of the set of basepoints/. Then for any spinc-structure s on Y � I , we have

F AY�I;ƒ;s ' F
A
Y�I;ƒ0;s:

Proof. Without loss of generality, we may isotope ƒ and ƒ0 so that they share the same
internal vertex v. For any basepoint vi , denote the edge of ƒ joining vi to v by ei .10

We claim that there is a fixed element � 2 H1.Y /=Tors such that Œe0i � ei � D � for all i .
Indeed, consider any pair of incoming and outgoing vertices vi and vj . Then

Œe0i � ei � � Œe
0
j � ej � D Œl

0
ij � lij � D 0 2 H1.Y /=Tors:

Set � D Œe0i � ei �. Varying j (and then varying i ) gives the claim.
We now turn to the assertion of the lemma. Without loss of generality, let the base-

points of Y be given by Vin [ Vout D ¹viº
n
iD1, and let the cyclic order corresponding to

the formal ribbon structure be v1; : : : ; vn. By [55, (7.2)],

F AY�I;ƒ D
� Y
x2Vin[¹vº

S�x

�
ı Aen ı � � � ı Ae1 ı

� Y
x2Vout[¹vº

SCx

�
:

A similar expression holds forƒ0 after replacing each ei with e0i . By [55, Lemma 5.3] and
the fact that Œe0i � ei � D �, we have Ae0

i
' Aei C A�. Hence

Ae0n ı � � � ı Ae01
' .Aen C A�/ ı � � � ı .Ae1 C A�/

' Aen ı � � � ı Ae1 C A� ı
�X
i

Aen ı � � � ı
bAei ı � � � ı Ae1�:

Here, the notation bAei means that Aei should be omitted from the composition. In the
second line, we have expanded the product and used the fact thatA� ıA�' 0whenever �
is a closed curve (see [55, Lemma 5.5]). Substituting this into the expression for F AY�I;ƒ0 ,
it thus clearly suffices to show

S�v ı
�X
i

Aen ı � � � ı
bAei ı � � � ı Ae1� ı SCv ' 0:

Throughout, we have used the fact that A� commutes with the Aei and the stabilization
maps S˙v , since � is a closed curve. (See [55, Lemmas 5.4 and 6.13].)

We proceed by induction. For n D 3, we claim that

S�v .Ae3Ae2 C Ae3Ae1 C Ae2Ae1/S
C
v ' S

�
v .Ae3 C Ae2/.Ae2 C Ae1/S

C
v :

10By [55, Lemma 5.3], note that A�ei D �Aei . Since this coincides with Aei mod 2, we will
occasionally use ei to also denote the same edge with reversed orientation.
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· · · · · · · · · · · ·

+ + + · · · +

· · · · · · · · · · · ·

+ + + · · · +

· · · · · · · · ·

+ + · · · +

'

'

+ + ' 0

Fig. 20. Diagrammatic proof of Lemma 6.6. The ellipses above each star-shaped graph indicate
further edges attached to the interior vertex.

This follows by expanding the right-hand side and noting that S�v Ae2Ae2S
C
v ' US

�
v S
C
v

' 0 by [55, Lemmas 5.5 and 6.15]. On the other hand, we have

S�v .Ae3 C Ae2/.Ae2 C Ae1/S
C
v ' S

�
v Ae3�e2Ae2�e1S

C
v ' Ae3�e2Ae2�e1S

�
v S
C
v ' 0:

Here, to obtain the second homotopy equivalence, we have used [55, Lemma 6.13] and the
fact that e3 � e2 and e2 � e1 are paths which do not have v as an endpoint. This establishes
the base case.

The inductive step is diagrammatically described in Figure 20. In the first row of
Figure 20, we have displayed three graphs corresponding to the three terms in the case
nD 3. In the second row, we have displayed the sum in question for general n. We modify
each of the graphs in the second row by introducing an additional internal vertex and edge,
as in the third row of Figure 20. Note that this does not change the ribbon equivalence
class. We then view the first two terms as composite graphs with the splittings indicated by
the dashed arcs, and apply the nD 3 case to obtain the fourth row. We similarly view each
graph in the fourth row as a composition of two subgraphs, corresponding to the pieces
above and below the dashed line. Factoring out the map corresponding to the subgraph
below the dashed line, the remaining sum is precisely the inductive hypothesis for n � 1.
This completes the proof.
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We now come to the central lemma of this section:

Lemma 6.7. Let .W; f / be a pseudo-homology bordism and let � be a standard graph
in W . Then

F AW;� ' F
A
W;f .�/:

Proof. For convenience, denote � 0 D f .�/. Decompose W as in Lemma 6.4, and flow
� and � 0 into the slice Y afforded by Lemma 6.4. (Here, we are using the fact that Wa
consists of 1- and 2-handles, whileWb consists of 2- and 3-handles.) Without loss of gen-
erality, we may thus assume that � and � 0 agree outside of Y � I . By abuse of notation,
we denote the subgraphs � \ .Y � I / and � 0 \ .Y � I / also by � and � 0. Applying the
composition law, it clearly suffices to prove that F AY�I;� ' F

A
Y�I;�0 . Note that we impli-

citly equip Y � I with the pullback of the single spinc-structure on W . See the top left of
Figure 21.

W1 Y × I W2 W1 Y × I W2

W1 Y × I W2

Γ Γred

Λ

Fig. 21. Top left: the flowed graph � . Top right: the modified graph �red. Bottom middle: the
graph ƒ. The path lij from the proof of Lemma 6.7 is marked in green; the path gij is marked in
blue. In general, Y will have some topology.

Define �red to be � with the curves ck and connecting arcs deleted. By [57, Proposi-
tion 4.6], we have11

F AY�I;� ' F
A
Y�I;�red

ı

�Y
k

Ack

�
:

11Compare Figure 21 and [57, Figure 4.5]. In our case, contracting each individual connecting
arc to a point does not change the ribbon equivalence class.
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Note that � 0 is combinatorially isomorphic to � . In particular, � 0 consists of a set of
closed loops c0

k
, which are joined to an underlying tree via connecting arcs. These loops

are in correspondence with the analogous loops ck in � . Defining � 0red similarly, we have

F AY�I;�0 ' F
A
Y�I;�0red

ı

�Y
k

Ac0
k

�
:

Since f acts as the identity on homology, we have Œc0
k
� D Œck � in H1.W / for each k.

By Lemma 6.4, this implies that Œc0
k
� D Œck � in H1.Y /=Tors, and thus that Ac0

k
' Ack

for each k by [55, Proposition 5.8]. Hence to establish the claim, it suffices to prove that
F AY�I;�red

' F A
Y�I;�0red

. See the top right of Figure 21.
We now contract all of the internal edges in �red to obtain a star-shaped graph ƒ, as

displayed in the second row of Figure 21. This does not change the ribbon equivalence
class of �red. We similarly contract all the edges of � 0red to obtain a star-shaped graphƒ0. It
remains to verify the hypotheses of Lemma 6.6. Let vi be an incoming basepoint in Y � I
and let vj be an outgoing basepoint. Let gij be the obvious path in � (viewed as a graph
in W ) going between the corresponding basepoints wi and wj of W , as in Figure 21.
Define g0ij similarly. Note that gij and g0ij agree outside of Y � I , and Œgij � D Œg0ij � 2

H1.W; @W / since f acts as the identity on H1.W; @W /. Clearly, lij and gij \ .Y � I /
are isotopic in Y � I (rel boundary), and similarly for l 0ij and g0ij . Hence

Œlij � l
0
ij � D Œgij � g

0
ij � D 0 2 H1.W /:

By Lemma 6.4, we thus have Œlij � l 0ij � D 0 in H1.Y /=Tors. Applying Lemma 6.6 com-
pletes the proof.

We are now in a position to prove that h� and h�ı� are homomorphisms from‚�Z to I :

Proof of Theorem 1.2. Let .W; f / be a pseudo-homology bordism from .Y1; �1/ to
.Y2; �2/. We wish to show:

(1) F AW;� ı �1 ' �2 ı F
A
W;� ;

(2) F AW;� ı �1 ' �2 ı F
A
W;� ; and

(3) F AW;� maps U -nontorsion elements in homology to U -nontorsion elements in homo-
logy (and has zero grading shift).

The first and third claims follow immediately from Lemma 6.3 and standard results of
Hendricks, Manolescu, and Zemke. Indeed, according to Lemma 6.3, we have

F AW;� ' F
A
Wred;�red

:

The latter cobordism is equal to the compositionWb ıWh ıWa, where the outer two terms
are compositions of connected sum cobordisms (or their reverses), andWh is a homology
cobordism equipped with a path  . By [30, Proposition 5.10] and [29, Proposition 4.9],
the maps associated to each of these pieces commute with � up to homotopy. Applying
the composition law, we thus see that F AW;� homotopy commutes with � also. The third
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claim is similarly verified by establishing the desired condition for each piece. To prove
the second claim, we apply (1) and Lemma 6.7:

F AW;� ı �1 ' �2 ı F
A
W;f .�/ ' �2 ı F

A
W;� :

This proves that F AW;� is a local map with respect to � . Turning W around shows that
h�1.Y1/ D h�2.Y2/, as desired. To show that F AW;� preserves h�ı� , we apply the first and
second claims to obtain

F AW;� ı .�1 ı �1/ ' .�2 ı �2/ ı F
A
W;� :

Hence h� and h�ı� are well-defined maps from ‚�Z to I . Since CF� takes disjoint unions
to tensor products (for the trivial coloring), this completes the proof.

For completeness, we also record:

Proposition 6.8. Let Y1 and Y2 be homology spheres with involutions �1 and �2. Suppose
that we have �i -equivariant balls Bi in Yi and a diffeomorphism from B1 to B2 which
intertwines �1 and �2. Then we have a U -equivariant homotopy equivalence

.CF�.Y1 # Y2/; �1 # �2/ ' .CF�.Y1/˝ CF�.Y2/Œ�2�; �1 ˝ �2/:

Here, recall that the connected sum is performed along the given diffeomorphism.

Proof. This is just a special case of the proof of Theorem 1.2, except that the maps
associated to connected sum cobordisms are homotopy equivalences (see [30, Proposi-
tion 5.2]).

Remark 6.9. Using the connected sum formula, one can prove that the kernel of F con-
tains an infinite-rank summand via the following observation, which is essentially due
to Lin, Ruberman, and Saveliev [36, Remark 8.4]. Let Y be a Brieskorn sphere with
d.Y / D 0 but h.Y / ¤ 0, and let �1 be the Montesinos involution on Y . If �2 is any invol-
ution isotopic to the identity map on Y , then we may form the connected sum involution
� D �1 # �2 on Y # Y . Then

h� .Y # Y / D h�1.Y / D h.Y / ¤ 0;

while Y # Y tautologically bounds a homology ball. Combining such examples with the
results of [18] yields the desired summand. However, these need not in general bound
contractible manifolds. Moreover, they are all manifestly reducible, while in our case
each Wn is irreducible (see [54, Corollary 2.7]).

7. Results and computations

7.1. Preliminary examples

We begin with several toy examples of the theory we have built up so far. We remind
the reader that all cobordisms in this section are equivariant (in the sense that they admit
diffeomorphisms extending involutions on the boundary components).
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Let Y1 D †.2; 3; 7/ be given by .�1/-surgery on the right-handed trefoil. There are
two involutions on the trefoil, which are displayed in Figure 22.

Lemma 7.1. Let Y1 D †.2; 3; 7/ be given by .�1/-surgery on the right-handed trefoil.
Let � and � be the strong and periodic involutions in Figure 22, respectively. Then:

(1) h� .Y1/ D h.Y1/ < 0 and h�ı� .Y1/ D 0; and

(2) h� .Y1/ D 0 and h�ı� .Y1/ D h.Y1/ < 0.

Proof. Figure 22 constitutes a .�1/-cobordism from S3 to Y1, which conjugates spinc-
structures in the case of � and fixes spinc-structures in the case of � . By Theorem 1.5,
we thus have 0 � h�ı� .Y1/. Now, id and � are the only two possible homotopy involutions
on the standard complex of CF�.Y1/, and the involutive complex corresponding to � is
strictly less than zero. Hence � ı � D id, which shows � D �. Similarly, 0 � h� .Y1/, which
implies � D id and � ı � D �.

Fig. 22. Strong and periodic involutions on the right-handed trefoil. The cobordism from S3 to Y1
is tautologically given by .�1/-framed handle attachment along the right-handed trefoil in S3.

Note that there are certainly other ways to determine the actions of � and � on
HF�.Y1/. For example, one can check Lemma 7.1 by turning the equivariant surgery dia-
gram of Figure 22 into a double-branched-cover picture (see for example the algorithm
described in [51, Section 1.1.12]). In the case of � , this exhibits Y1 as coming from the
double branched cover over the Montesinos knot k.2; 3; 7/, while � comes from the
double branched cover over the torus knot T3;7. (For p and q odd, the involution coming
from the double branched cover over Tp;q is isotopic to the identity, and hence acts trivi-
ally on Floer homology.) Observe, however, that identifying the branch locus even in this
simple case is not immediate, as the knots in question have fourteen crossings. In contrast,
our computation is almost trivial, given the formal properties of Floer cobordism maps.

We now consider Y1 D †.2; 3; 7/ as .C1/-surgery on the figure-eight knot. We have
drawn two mirrored copies of this in Figure 23, with involutions suggestively denoted by
� and � . It turns out that � and � are not the same element of MCG.Y1/, and in fact act
differently on the Floer homology. (This is because even though the figure-eight knot is
amphichiral, it is not equivariantly amphichiral.) Of course, to show this, one can simply
find a diffeomorphism between the trefoil and the figure-eight surgery descriptions of
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†.2; 3; 7/ and show that the maps � and � in Figure 23 correspond to those in Figure 22.
Here, however, we show that our approach immediately distinguishes the two actions:

Lemma 7.2. Let Y1 D †.2; 3; 7/ be given by .C1/-surgery on the figure-eight knot, and
let � and � be as in Figure 23. Then:

(1) h� .Y1/ D h.Y1/ < 0 and h�ı� .Y1/ D 0; and

(2) h� .Y1/ D 0 and h�ı� .Y1/ D h.Y1/ < 0.

Proof. Doing .C1/-surgery on the unknot indicated on the left in Figure 23 (and blowing
down) gives a spinc-conjugating .C1/-cobordism from .Y1; �/ to S3. Hence h�ı� .Y1/� 0.
Similarly, doing .C1/-surgery on the unknot indicated on the right gives a spinc-fixing
.C1/-cobordism from .Y1; �/ to S3. Hence h� .Y1/ � 0. The claim then follows as in the
proof of Lemma 7.1.

Fig. 23. Two involutions on the figure-eight knot, with equivariant cobordisms of Lemma 7.2.

We now turn to our first example of a cork. Let Y2 be given by .C1/-surgery on
the stevedore knot 61, displayed on the left in Figure 24. Note that Y2 bounds a Mazur
manifold (see for example Lemma 7.9). Alternatively, it is a general fact that any .1=k/-
surgery on a slice knot is a homology sphere which bounds a contractible manifold; see
for example [24, §6, Corollary 3.1.1]. We begin with the following weak form of the
calculation in Example 4.7.

+1

σ

τ

+1

σ

τ
−1

Fig. 24. Cobordism from S3
C1.61/ to †.2; 3; 7/.
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Lemma 7.3. Let Y2 D S3C1.61/ be given by .C1/-surgery on the stevedore knot 61, and
let � and � be as shown on the left in Figure 24. Then h� .Y2/ < 0 and h�ı� .Y2/ < 0. In
particular, neither � nor � extends over any homology ball that Y bounds.

Proof. The claim is immediate from Figure 24. Doing .�1/-surgery on the indicated
unknot gives a spinc-fixing cobordism from .Y2; �/ to .Y1; �/ and a spinc-reversing cobor-
dism from .Y2; �/ to .Y1; �/. It is easily checked that the involutions � and � on the right
in Figure 24 are the same as those defined in Lemma 7.2.

Lemma 7.3 already shows that Y2 D S3C1.61/ is a (strong) cork (with either of the
involutions � and � ). To the best of the authors’ knowledge, even the fact that Y2 bounds
a cork was not previously known. Again, we stress here that the entire argument is almost
completely formal: the only actual computation we have used so far is the (involutive)
Floer homology of Y1 D †.2; 3; 7/. In particular, we have not needed to determine the
Floer homology of Y2 (involutive or otherwise).

We now demonstrate that in simple cases, it is possible to use the techniques we have
developed so far to explicitly compute the action of the mapping class group on HF�.Y /.
Note that by Lemma 4.4, the induced action of any involution must commute with �. In
the case of Y2, this constraint (together with Lemma 7.3) will suffice to prove that the
induced actions of � and � are as advertised in Example 4.7.

Lemma 7.4. The induced actions of � and � on HF�.Y2/ are as in Example 4.7.

Proof. The first order of business is to determine the action of � on HF�.Y2/. Since the
stevedore knot is alternating, its knot Floer homology is determined by its Alexander
polynomial and signature [49]. It is thus easily checked that the knot Floer complex is as
given on the left in Figure 25. We can then use the involutive Heegaard Floer large surgery
formula of Hendricks and Manolescu [29, Theorem 1.5] to determine the homotopy type
of the complex .CF�.Y2/; �/. (Note that the stevedore knot has genus 1.) More precisely,
we consider the map �0 on A�0 induced by the knot Floer involution �K . This determines
the map � on the surgered complex CF�.Y2/; see [29, Section 6.1] and [29, Section 6.3]. In
[29, Section 8.3], Hendricks and Manolescu determined �K for all thin knots, using the fact
that �K squares to the Sarkar involution. The resulting calculation in our case is displayed
in Figure 25, and gives the action of � on HF�.Y / shown on the right. A straightforward
basis change then gives the action of � shown in Figure 14.

Now let us consider the actions of � and � on HF�.Y2/. By Lemma 4.4, these com-
mute with the action of �. We claim that up to isomorphism, there are only four involutions
on HF�.Y / which commute with �: the identity, � itself, and the maps � and � displayed
in Figure 14. Indeed, let f W HF�.Y2/! HF�.Y2/ be such an involution. Since f 2 D id,
clearly f must map U -nontorsion elements to U -nontorsion elements. Thus f .v1/ equals
one of v1; v2; v3; or v1 C v2 C v3, where the vi are as in Figure 14. In this last case, we
may perform an �-equivariant change of basis and set v02 D v1 C v2 C v3, so without loss
of generality we may assume that f .v1/ D vi for some i . Applying �-equivariance, we
thus see that we must have
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∆(t) = 2t− 5 + 2t−1

e2

a1

e1

x0

a2

x0 e2e1

ιKa1 = a2
ιKa2 = a1 + e1
ιKx0 = x0
ιKe1 = e2
ιKe2 = e1

Fig. 25. Left: knot Floer complex of 61. Right: Heegaard Floer homology of S3
C1.61/ with �-action.

Below: the action of �K .

� f .v1/ D v1 and f .v3/ D v3; or

� f .v1/ D v3 and f .v3/ D v1; or

� f .v1/ D f .v3/ D v2.

A similar argument shows that either

� f .v2/ D v2; or

� f .v2/ D v1 C v2 C v3.

It is straightforward to check that the third possibility for f .v1/ is then ruled out, as
neither possibility for f .v2/ gives a map which squares to the identity. This shows that
there are exactly four possibilities for f , which (together with the identity) are precisely
those enumerated in Figure 14. As we saw in Example 4.7, three of the resulting local
equivalence classes are trivial, while one is strictly less than zero. Hence Lemma 7.3
actually forces the actions of � and � to be as described in Figure 14.

We have essentially the same computation for the Akbulut cork M1. Figure 15 dis-
plays a .�1;�1/-cobordism from M1 to †.2; 3; 7/, which is interchanging for both �
and � . (The reader should check that the involutions � and � on †.2; 3; 7/ in Figure 15
are the same as those displayed in Figure 23.) In particular, h� .M1/ < 0 and h�ı� .M1/ < 0.
This immediately shows that .M1; �/ and .M1;�/ are both strong corks. The reader should
compare the following with [36, Section 8.1]:

Lemma 7.5. The induced actions of � and � on HF�.M1/ are as in Example 4.8.
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Proof. The computation of HF�.M1/ appears in [3], but for our purposes it is more con-
venient to use the involutive large surgery formula and the fact that M1 is .C1/-surgery
on the pretzel knot P.�3; 3;�3/. Indeed, P.�3; 3;�3/ is thin and has Alexander poly-
nomial given by �.t/ D 2t � 5C 2t�1. Hence the same computation as in Lemma 7.4
applies. Since we analogously have h� .M1/ < 0 and h�ı� .M1/ < 0, the same algebraic
analysis as in Lemma 7.4 completes the proof.

One can also prove thatM1 is a strong cork by using its (usual) description as surgery
on a two-component link. See the proof of Theorem 1.12.

7.2. Brieskorn spheres

In this subsection, we analyze our invariants for a number of Brieskorn spheres. Though
these examples do not bound corks, exploiting the equivariant 2-handle cobordisms con-
structed in Section 5 will allow us to use these computations to produce the families
of strong corks claimed in Section 1. One input here comes from the work of Alfieri–
Kang–Stipsicz [10], who showed that if � is the involution on Y D †.p; q; r/ obtained
by viewing Y as the double branched cover of the Montesinos knot k.p; q; r/, then � ' �.
In fact, thanks to the following theorem (implicit in [12] and [41]), all we will need from
their work is that there exists a geometric involution on Y which acts as � on CF�.Y /:

Theorem 7.6 ([12,41]). If Y D†.p;q; r/ is a Brieskorn .integer/ homology sphere other
than S3 or †.2; 3; 5/, then MCG.Y / D Z=2Z.

Proof. We give an explanation here, as the authors could not find the result explicitly
stated in the literature. According to [41, Theorem 9.1], every diffeomorphism of Y
is isotopic to one that maps fibers to fibers. Each such diffeomorphism thus induces a
diffeomorphism of the base orbifold O . The map from the space of fiber-preserving dif-
feomorphisms Difff .Y / to the space of orbifold diffeomorphisms Difforb.O/ is a fibration
over its image (see the discussion in [41, Section 8]):

Diffv.Y /! Difff .Y /! Difforb
0 .O/:

The fiber Diffv.Y / is the space of vertical diffeomorphisms, which by [41, Lemmas 8.1
and 8.2] is homotopy equivalent to S1. We claim that Difforb.O/ has two connected com-
ponents. Indeed, since p; q; and r are distinct, clearly any diffeomorphism of O must
fix the three cone points individually; it is then easily checked that up to isotopy, there
is one orientation-preserving and one orientation-reversing diffeomorphism of O . Hence
MCG.Y / has at most two elements. To see that the Montesinos involution � is nontrivial,
note that if � were trivial in MCG.Y /, then the induced action of � on CF�.Y / would be
the identity. Since � ' �, by [20] this is only possible if Y is a Heegaard Floer L-space.
However, the only Brieskorn sphere which is an L-space is †.2; 3; 5/ (see for example
[15, Theorem 1.6]).
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Hence for Brieskorn spheres, there are at most two possibilities for the induced action
of � on CF�.Y / (up to U -equivariant homotopy): either the identity or �.

For the results in this paper, we will only need to consider two families of Brieskorn
spheres. The computation of the invariants of these may be viewed as generalizations of
Lemmas 7.2 and 7.1, respectively.

Lemma 7.7. Let Kn be the family of twist knots displayed in Figure 27, equipped with
the indicated involutions � and � . Let An D S3C1.Kn/ D †.2; 3; 6nC 1/. For n positive
and odd, we have:

(1) h� .An/ D h�ı� .An/ D h.An/ < 0; and

(2) h�ı� .An/ D h� .An/ D 0.

Proof. The Heegaard Floer homology HF�.An/ is displayed in Figure 26. This can be
computed either by using the usual Heegaard Floer surgery formula, or by using the
graded roots algorithm of [15]. The action of � on HF�.An/ is given by reflection across
the obvious vertical axis. Using the monotone root algorithm of [20, Section 6], h.An/
is locally trivial for n even and locally equivalent to h.†.2; 3; 7// for n odd. In the latter
case, this means that h.An/ < 0. In Figure 27, we have displayed a cobordism from An
to S3 consisting of n unknots with framing C1. Note that this is spinc-conjugating for
� (since n is odd) and spinc-fixing for � . Hence h�ı� .An/ � 0. This implies � ' �, since
either � ' � or � ' id. Similarly, we have h� .An/ � 0, which implies � ' id.

· · · · · ·
n even

· · · · · ·
n odd

Fig. 26. Local equivalence class h.An/.

Lemma 7.8. Let T2;2nC1 be the right-handed .2; 2nC 1/-torus knot, equipped with the
involutions � and � indicated in Figure 28. Let Bn D S3�1.T2;2nC1/ D †.2; 2n C 1;

4nC 3/. Then:

(1) h� .Bn/ D h�ı� .Bn/ D h.Bn/ D Xb.nC1/=2c < 0; and

(2) h�ı� .Bn/ D h� .Bn/ D 0.

Proof. As discussed after Example 3.11, h.Bn/ D Xb.nC1/=2c, which is strictly less than
zero. Figure 28 constitutes a .�1/-cobordism from S3 to Y , which conjugates spinc-
structures in the case of � and fixes spinc-structures in the case of � . The proof then
proceeds as in Lemma 7.7.

We will actually not need the details of Lemma 7.8, but we include it for completeness.
Note of course that B1 D A1 D †.2; 3; 7/.
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Fig. 27. Top: two equivalent diagrams for An D S3C1.Kn/. Bottom: cobordism from An to S3.

· · ·
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· · ·

Fig. 28. Diagram of Bn D S3�1.T2;2nC1/.

7.3. Surgeries on knots

We now turn to several examples of corks given by surgeries on equivariant slice knots.
To the best of the authors’ knowledge, this method for generating corks has not generally
been explored in the literature. Note that .1=k/-surgery on a slice knot always bounds
a contractible manifold; see for example [24, Section 6]. In fact, we have the following
standard result:

Lemma 7.9. Let K be a slice knot that bounds a ribbon disk with two minima. Then
.1=k/-surgery on K yields a homology sphere that bounds a Mazur manifold.
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Proof. Let Y be .1=k/-surgery onK. Note thatK can be drawn by starting with an unlink
of two components, and then attaching a band b connecting them (where b of course may
link the two components many times). However, doing an additional 0-surgery on an
unknot that goes around b turns Y into S1 � S2, as shown in Figure 29. Hence Y admits
a cobordism to S3 consisting of a single 2-handle (given by the trace of the surgery) and
then a single 3-handle (filling in the S1 � S2). Turning this cobordism around gives the
desired Mazur manifold.

1/k

0

unlink band
0

1/k

Fig. 29. Ribbon disk with two minima (and no maxima).

We are now in place to establish Theorems 1.10 and 1.11. Recall that Vn;k is defined
to be .1=k/-surgery on the doubly twist knot:

Vn;k D

´
S3
1=k
.K�n;nC1/ if n is odd;

S3
1=k
.K�n;nC1/ if n is even:

Each Vn;k is equipped with the involutions � and � displayed in Figure 1 (or rather, the
mirrored involutions in the case of n odd).

Proof of Theorem 1.10. First note thatK�n;nC1 bounds a slice disk with two minima (and
no maxima). One possible ribboning is displayed along the top row of Figure 30. We claim
� ı � extends over the Mazur manifold afforded by Lemma 7.9. To see this, we utilize the
following technique of Akbulut [2]. Note that the fusion band b in the proof of Lemma 7.9
is dual to the blue fission band of Figure 30. An unknot  going around b is thus drawn
in green in Figure 30. It is easily checked that the isotopy class of  is fixed by � ı � , so
� ı � extends over the 2-handle attachment along  . The claim then follows since every
diffeomorphism of S1 � S2 extends over S1 � B3.

We now turn to a study of � and � . We claim that for k D 1, we have:

(1) If n is odd, then h�ı� .Vn;1/ � h�ı� .An/ and h� .Vn;1/ � h� .An/.

(2) If n is even, then h� .Vn;1/ � h� .AnC1/ and h�ı� .Vn;1/ � h�ı� .AnC1/.

The relevant equivariant surgeries are displayed in Figure 31. (Compare Figure 27.) Note
that we always attach an odd number of .�1/-framed 2-handles. When n is odd, � acts as
a strong involution on a single unknot and interchanges the others in pairs, while � acts as
a periodic involution on each unknot. (The roles of � and � are reversed when n is even.)
By Lemma 7.7, we thus see that all of the above local equivalence classes are strictly less
than zero. Applying Theorem 1.6 completes the proof.
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Fig. 30. Ribboning for K�n;nC1.
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Fig. 31. Top (n odd): cobordism from Vn;1 toAn; there are n green curves. Note that � onK�n;nC1
is sent to � on Kn. Bottom (n even): cobordism from Vn;1 to AnC1; there are n � 1 green curves.
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946

1035
1075

10155
11n49

Fig. 32. Equivariant cobordisms in the proof of Theorem 1.11. All green unknots are equipped with
framing �1.

Proof of Theorem 1.11. We first consider .C1/-surgery on the slice knots in question. In
each case, Figure 32 displays a negative-definite cobordism to†.2; 3; 7/ with appropriate
involution(s). Applying Theorem 1.6 completes the proof.

7.4. Surgeries on links

We now turn to some examples given by surgeries on links.

Proof of Theorem 1.12. We begin by describing a handle attachment cobordism on Mn.
Let the components of Mn be ˛ and ˇ, oriented such that .˛; ˇ/ D 1. Consider a pair
of .�1/-framed unknots x and y that link parallel strands of ˛ and ˇ, as displayed on
the left in Figure 33. We claim that the handle attachment cobordism corresponding to x
and y is an interchanging .�1;�1/-cobordism from Mn to some manifold Yn. Indeed, a
quick computation shows that sliding x over ˇ and y over ˛ gives the desired claim (see
Figure 33). On the right in Figure 33, we have displayed an alternative diagram for Yn in
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−1 −1

0 0

x y

α β

τ

(α, β) = 1

(α, x) = 1

(β, y) = 1

(x, y) = 1

x′ = x− β

y′ = y − α

(α, x′) = (β, x′) = 0

(α, y′) = (β, y′) = 0

(x′, y′) = 0

(x′, x′) = (y′, y′) = −1

00
τ

0 0

+1

p q

r

=

Fig. 33. Fundamental cobordism in the proof of Theorem 1.12.

which x and y are replaced by two zero-framed unknots p and q, which are themselves
linked by a .C1/-framed unknot r . As a surgery diagram for Yn, this is equivariantly
diffeomorphic to the previous.

We attach the configuration of Figure 33 to the bottom of the link defining Mn.
Clearly, Yn can be given the alternative equivariant surgery diagram shown in Figure 35.
We modify this diagram by equivariantly sliding all of the .�1/-framed horizontal unknots
over p and q and deleting them. This yields the second diagram in Figure 35. Through
equivariant isotopy, we transfer the two half-twists of the vertical .�1/-curves onto r ,
and then slide the horizontal .C1/-framed unknots over p and q. We then blow down
everything except for r . This yields the final diagram in Figure 35.

In Figure 34, we display a spinc-fixing equivariant cobordism from Yn to †.2; 3; 7/.
This consists of attaching .�1/-framed unknots and blowing down until only one full
negative twist remains. The resulting knot is just the right-handed trefoil, equipped with
the strong involution of Lemma 7.1. It follows that h� .Mn/ < 0, as desired. Moreover,

−n

τ −1

−1

−1τ

Fig. 34. Completing the cobordism from Mn to †.2; 3; 7/.
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−1

+1

+1

−n

−1

=

+1

=

α β

p q

r

Fig. 35. Proof of Theorem 1.12. In the upper left, there are n horizontal .C1/-curves and n C 1
horizontal .�1/-curves.

it is clear that if M 0 is constructed from Mn by introducing any number of symmetric
pairs of negative full twists (as in Figure 3), then M 0 admits a sequence of interchanging
.�1;�1/-cobordisms to Mn. This completes the proof.

We now turn to the family of examples in Theorem 1.13. The precise definition of the
involution � is slightly different in this case, as the link is not as obviously symmetric.
Explicitly, we first consider an ambient isotopy ft of S3 which transfers the half-twist
in L2 onto L1, as displayed in Figure 36. This can be done by twisting (for example)
only the upper half of the diagram, so that the lower half remains fixed throughout ft .
We then compose the diffeomorphism f1 with 180ı rotation about the usual vertical axis.

n

n+ 1

n

n+ 1

n

n+ 1

L1 L2 L1 L2 L2 L1

isotopy rotation

Fig. 36. Schematic action of � on Wn.
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The details are given below in Definition 7.10, where we also check that this composition
in fact defines an involution � on S3. Note that near the lower half of the link, � is simply
equal to rotation about the vertical axis.

Definition 7.10. We may view the link defining Wn as embedded in a solid torus inside
of S3. Define coordinates .r; �; �/ on this solid torus as indicated in Figure 37. Explicitly,
let r 2 Œ0; R� be the perpendicular distance to the core of the solid torus. Let � be the
angle measuring longitudinal displacement around the solid torus, as measured from the
horizontal. Finally, let � be the angle measuring meridional displacement, with points on
the red circle in Figure 37 having � D 0 and � increasing along the direction of the indic-
ated oriented meridians. Now define smooth functions g.r/ and h.�/ as on the right in
Figure 37. The outcome of the isotopy ft mentioned above is given by the diffeomorph-
ism f1.r; �; �/ D .r; �; � C g.r/h.�// (extending this by the identity outside of the solid
torus). Meanwhile, rotation about the vertical axis acts on the solid torus as rot.r; �; �/ D
.r; � � �;��/. Hence �.r; �; �/ D .rot ı f1/.r; �; �/ D .r; � � �;�� � g.r/h.�//. We
then calculate:

�2.r; �; �/ D �.r; � � �;�� � g.r/h.�//

D .r; � � .� � �/; � C g.r/h.�/ � g.r/h.� � �//

D .r; �; � C g.r/.h.�/ � h.� � �///:

The fact that � is an involution then follows from the fact that we may take h.�/ D
h.� � �/, as indicated in Figure 37.

θ = 0

θ = π/2

θ = π

r

R

1

π/2

π

π

g(r) h(θ)

φ = 0

θ

Fig. 37. Precise definition of � on Wn.

Proof of Theorem 1.13. We begin by using the same handle attachment cobordism as in
Figure 33. This constitutes an interchanging .�1;�1/-cobordism from Wn to some other
manifold-with-involution, which we claim is S3�1.T2;2nC1/. To see this, first examine the
alternative surgery diagram in Figure 38. By sliding the .�1/-curves over p and q and
canceling, we obtain the second diagram in Figure 38. (For the moment, we will not
worry about isotopy/handleslide equivariance with respect to � .) As before, we transfer
the half-twist onto r and slide the remaining .C1/-curves over p and q. Blowing down
everything except for r (keeping in mind the first row of Figure 38) establishes the claim.
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Fig. 38. Proof of Theorem 1.13. In the upper left, there are n horizontal .C1/-curves and n C 1
horizontal .�1/-curves.

This shows that Wn admits an interchanging .�1; �1/-cobordism to Bn D

S3�1.T2;2nC1/, where the latter is equipped with some involution � which we have not
identified.12 Hence

h� .Wn/ � h�.Bn/ and h�ı� .Wn/ � h�ı�.Bn/:

However, as discussed in Section 7.2, either � ' � or � ' id. Thus one of h�.Bn/ and
h�ı�.Bn/ is equal to h.Bn/DXb.nC1/=2c<0. This showsWn is a strong cork. Moreover, it
is clear that if W 0 is constructed from Wn by introducing any number of symmetric pairs

12The enterprising reader can verify that � is actually the strong involution � of Lemma 7.8.
However, we will not need this for the proof given here.
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of negative full twists (as in Figure 1.5), then W 0 admits a sequence of interchanging
.�1;�1/-cobordisms to Wn. This completes the proof.

Finally, we show that the examples of Theorem 1.13 span an infinite-rank subgroup
of ‚�Z. Examining the proof of Theorem 1.13, it is clear that we can find either an infin-
ite sequence of the Wi for which h� .Wi / � Xb.iC1/=2c, or the same for h�ı� . Without
loss of generality, assume the former. Since the classes Xi are linearly independent (see
Section 3.4), one might naively expect the h� .Wi / to be linearly independent also. Unfor-
tunately, it is not immediately obvious that this is the case. For example, the h� .Wi / could
hypothetically all be equal to a fixed �-complex, which is itself dominated by all of theXi .
(While one can prove that this does not happen, we must take care to rule out such situ-
ations.) We will thus need to employ some technical results from [28] and [18] in order to
complete the proof.

We begin with the following straightforward criterion:

Lemma 7.11. Let C1; : : : ; Cn 2 I be a sequence of local equivalence classes, and let
C be also an equivalence class in I . Suppose that Hconn.C / contains a U -torsion tower
of length l . Assume that l does not appear as a tower length in any Hconn.C1/; : : : ;

Hconn.Cn/. Then C does not lie in the span of C1; : : : ; Cn.

Proof. We claim that ifA andB are �-complexes, then anyU -torsion tower length appear-
ing in Hconn.A ˝ B/ must appear as a tower length in either Hconn.A/ or Hconn.B/.
To see this, note that Hconn is an invariant of local equivalence, so when computing
the connected homology of A ˝ B , without loss of generality we can replace A ˝ B
with Aconn ˝ Bconn. Thus Hconn.A˝ B/ is a summand of H�.Aconn ˝ Bconn/. Using the
Künneth formula and an examination of the Tor functor, it is easily checked that any tower
length appearing in H�.Aconn ˝ Bconn/ must appear in either H�.Aconn/ or H�.Bconn/,
giving the desired claim. This shows that if C is a linear combination of C1; : : : ; Cn, then
any tower length appearing in Hconn.C / must appear in the connected homology of some
factor.

We now come to a crucial technical lemma. The proof of this relies on a more subtle
analysis of the machinery of �-complexes than we have encountered so far. In particular,
we will need some familiarity with the results of [18], in which the algebra of �-complexes
is studied through the use of the almost local equivalence group. As this is the only place
in which we utilize this notion, we have chosen not to emphasize it, but for convenience
of the reader, we give a brief overview here.

In [18, Section 3.1], it is shown that one can define a slightly modified group bI by
requiring various equalities in Definitions 3.3 and 3.4 to hold only modulo U . More pre-
cisely, we say that a pair .C; �/ is an almost �-complex if C is an F ŒU �-complex (as in
Definition 3.3) and � W C ! C is a grading-preserving endomorphism such that:

(1) �@C @� � 0 mod U ; and

(2) �2 C id � @H CH@ mod U for some homotopy H .
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Similarly, local maps between almost �-complexes are only required to commute with � up
to homotopy modulo U . We may analogously form an almost local equivalence group bI
by considering the set of almost �-complexes modulo this modified notion of local equi-
valence. This comes with a forgetful homomorphism

f W I ! bI ;
so that I can be partially understood by studying bI . Indeed, the precise details of the
above definitions are not very important here; instead, the reader should think of bI as an
algebraic artifice which turns out to be easier to understand than I .

There are several advantages to working with bI . Firstly, it turns out that it is possible
to enumerate the different local equivalence classes inbI . Each local equivalence class has
a preferred representative, called a standard complex. The set of standard complexes is
parameterized by certain finite sequences of symbols, which (among other things) record
U -torsion tower lengths in the usual F ŒU �-homology of each standard complex; see [18,
Definition 4.1]. Secondly, the partial order on bI turns out to be a total order [18, The-
orem 3.25], and the forgetful homomorphism respects this ordering. The ordering on bI
can be described in terms of a lexicographic ordering on the set of parameter sequences
[18, Section 4.2].

Lemma 7.12. Let C 2 I be a local equivalence class. Suppose C � Xi for some fixed i ,
where Xi is the �-complex of Example 3.11. Then for all n ¤ 0, the connected homology
Hconn.nC / contains a U -torsion tower of length at least i .

Proof. For simplicity, we first consider the case n D 1. Let the almost �-complex para-
meter sequence corresponding to f .C / be given by .a1; b1; : : : ; ak ; bk/. Since the para-
meter sequence corresponding to f .Xi / is given by .�;Ci/ (see [18, Section 4.1]), by
[18, Theorem 4.6] we have

.a1; b1; : : : ; ak ; bk/ �
Š .�;Ci/;

where �Š is the lexicographic order of [18, Section 4.2]. Examining the definition of �Š,
it is clear that a1 D �. There are then two possibilities for b1 consistent with the above
inequality: either b1 < 0, or b1 � i . The first possibility is ruled out by [18, Theorem 8.3],
since C is a genuine �-complex. This means that the standard complex representative
of f .C / has a U -torsion tower of length b1 � i in its homology.

It follows from the proof of [18, Theorem 6.3] that the homology of the standard
complex representative of f .C / is a summand of the usual homology of C . (In [18, The-
orem 6.3], it is stated that C is locally equivalent to an almost �-complex of which the
standard complex is a summand. However, an examination of the proof shows that actu-
ally the local equivalence condition can be replaced with homotopy equivalence. For the
analogous statement in knot Floer homology, see [19, Corollary 6.2].) Since the standard
complex is an invariant of local equivalence, we may replace C with Cconn without loss
of generality. Hence we see thatHconn.C / contains a U -torsion tower of length b1 � i , as
desired.
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Now suppose n > 1. Note that the inequality C � Xi implies nC � nXi for all n � 0.
By [18, Theorem 8.1], the parameter sequence corresponding to f .nXi / is given by

.�;Ci;�;Ci; : : : ;�;Ci/:

Thus, the same argument as before gives the desired result when n > 1. The case when
n � �1 follows from the behavior ofHconn under dualizing; see [28, Proposition 4.1].

Proof of Theorem 1.3. As mentioned previously, the proof of Theorem 1.13 makes clear
that we can find either an infinite sequence of the Wi for which h� .Wi / � Xb.iC1/=2c,
or the same for h�ı� . Without loss of generality, assume the former. It is straightforward
to inductively construct an infinite linearly independent subsequence Wip , as follows.
At the p-th stage, let ip be any integer for which b.ip C 1/=2c is larger than the max-
imal U -torsion tower length appearing amongst HF�conn.Wi1/; : : : ; HF�conn.Wip�1/. By
Lemma 7.12, the connected homology HF�conn.nWip / must contain a U -torsion tower of
length at least b.ip C 1/=2c for all n ¤ 0. It follows from Lemma 7.11 that no nonzero
multiple of h� .Wip / lies in the span of h� .Wi1/; : : : ;h� .Wip�1/. Since h� is a homomorph-
ism from ‚�Z to I , this proves that Wi1 ; : : : ; Wip are linearly independent. Proceeding
inductively yields a Z1-subgroup.

Remark 7.13. We do not show that all the Wi are linearly independent, although we
conjecture this is the case.

We now turn to a brief discussion of Z=2Z-homology spheres. It is straightforward
to alter Definition 2.2 by changing all coefficient rings to Z=2Z; following Defini-
tions 2.4 and 2.6, we then obtain a Z=2Z-bordism group of involutions, which we
denote by ‚�Z=2Z. Note that in this context, each homology sphere and cobordism
comes equipped with a unique spin structure, which is necessarily fixed under any
self-diffeomorphism. We leave it to the reader to formulate and verify the appropriate
analogues of Theorems 1.1 and 1.2.

Proof of Corollary 1.4. As can be seen from [25, Figure 4], the pairs .Wi ; �i / arise as
double branched covers of knots in S3. It is easily checked that the proof of Theorem 1.3
establishes linear independence (of the appropriate subsequence) over the group ‚�Z=2Z.

Remark 7.14. One can also consider the family of knots

k.2; p; q/ # �T .p; q/

given by the connected sum of a Montesinos knot with an orientation-reversed torus knot.
The double branched cover of this is †.2; p; q/ # �†.2; p; q/, which evidently bounds a
homology ball. The covering involution on the first factor is nontrivial, while the covering
involution on the second factor is isotopic to the identity. As in Remark 6.9, it follows that
an appropriate family of such knots spans a Z1-summand of C and maps injectively into
‚�Z=2Z. However, note that the resulting double branched covers do not in general bound
contractible manifolds.
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7.5. Further computations

We now turn to a slightly more involved example, in which we construct an equivariant
cobordism from a candidate strong cork to a manifold other than a Brieskorn sphere. To
constrain the invariants of this manifold, we leverage some simple calculations coming
from involutive Heegaard Floer homology. We have included this computation to demon-
strate that in favorable situations, one can apply our techniques to other “base cases” than
the manifolds established in [10], so as to create more examples of strong corks.

Proof of Theorem 1.15. We begin by constructing an interchanging .�1;�1/-cobordism
from P to another manifold-with-involution. To this end, consider the fundamental cobor-
dism displayed on the left in Figure 39. This is formed by attaching two .�1/-handles to
parallel strands of P . Figure 39 is analogous to Figure 33, but differs slightly due to
the fact that the two components of P (with the orientations displayed in Figure 39)
have linking number �1, rather than C1. Performing a change of basis shows that this is
an interchanging .�1;�1/-cobordism. On the right in Figure 39, we have displayed an
alternative surgery diagram for the resulting manifold. The reader should check that this
is equivariantly diffeomorphic to the previous.

−1 −1

0 0

x y

α β

τ

(α, β) = −1

(α, x) = 1

(β, y) = 1

(x, y) = −1

x′ = x+ β

y′ = y + α

(α, x′) = (β, x′) = 0

(α, y′) = (β, y′) = 0

(x′, y′) = 0

(x′, x′) = (y′, y′) = −1

00
τ

0 0

+1

p q

r

=

Fig. 39. Fundamental cobordism in the proof of Theorem 1.15. Here, ˛ and ˇ are parallel strands
in the two components of P . Note the difference in crossings from Figure 33.

Using the Kirby calculus manipulations shown in Figure 40, one can prove that our
new manifold is equivariantly diffeomorphic to S3�1.62/, equipped with the indicated
involution � . Hence by Theorem 1.5, we have

h� .P / � h� .S
3
�1.62// and h�ı� .P / � h�ı� .S

3
�1.62//:

It thus suffices to show that either of the invariants of S3�1.62/ are strictly less than
zero. For simplicity, we work on the level of homology by ruling out the existence of
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Fig. 40. Equivariant cobordism used in the proof of Theorem 1.15. The first diagram is obtained by
attaching the configuration of Figure 39 to an alternative surgery diagram for P . In (a) we slide the
nearest .C1/-curve over p and q, blow down, and transfer two of the half-twists in ˛ and ˇ to r . In
(b) we similarly slide the .�1/-curve over p and q and blow down. In (c) we transfer the remaining
half-twists in ˛ and ˇ to r , slide the horizontal .C1/-curve over p and q, and then blow down the
.C1/-curves on either side. Finally, in (d) we blow down the remaining .C1/-curve. This yields
.�1/-surgery on a knot which the reader can check is 62.

an equivariant F ŒU �-module map from the trivial module F ŒU � (equipped with the iden-
tity involution) to HF�.S3�1.62// (equipped with either involution �� or �� ı ��), as in
Remark 3.7.

To this end, we first compute the Heegaard Floer homology of S3�1.62/. Since 62 is
alternating, its knot Floer complex is determined by its Alexander polynomial. It is then
straightforward to calculate HF�.S3�1.62// via the usual surgery formula [48], although
for technical reasons we display the computation for HFC.S3C1.62// instead. (See Fig-
ure 41.) For convenience, denote K D 62. Note that since K has genus 2, the desired
Floer homology is not given by the large surgery formula, but rather the homology of
the mapping cone XC.1/ displayed in Figure 42. In this case, the desired homology
is quasi-isomorphic to the kernel of the (truncated) mapping cone map with domain
H�.A

C
�1/˚H�.A

C
0 /˚H�.A

C
C1/. The resulting calculation is displayed on the right in

Figure 41.
We now attempt to obtain partial information regarding the action of �� on

HFC.S3C1.K//. As before, we can compute the action of �K on the knot Floer complex
of K; this is given by reflection across the obvious diagonal. However, we cannot use
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∆(t) = −t2 + 3t− 3 + 3t−1 − t−2

a c b

c1 c2

H∗(A+
−1) H∗(A+

0 ) H∗(A+
+1)

HF+(S+1(K))

Ua + c1 c2 + Ub

a + c + b

HF−(S−1(62))

0

−1

−2

Fig. 41. Left: the knot Floer complex of K D N62, with the dotted line marking the boundary of
the quotient complex AC0 . Right: various homologies H�.ACi /, together with the calculation of
HFC.S3

C1.K//.

Fig. 42. The mapping cone XC.1/. Green arrows are homotopy equivalences. The truncated map-
ping cone (which carries the homology) consists of the red arrows.

the involutive large surgery formula and (at the time of writing) there is not a general
involutive surgery formula. We thus resort to the following trick. Observe that there is a
map

q W XC.1/! AC0

formed by quotienting out XC.1/ by everything other than AC0 . In the basis of Figure 41,
the induced map q� W H�.XC.1//! H�.A

C
0 / sends the two obvious unmarked gener-

ators to zero and acts as an isomorphism on the rest of the homology. According to the
proof of the integer surgery formula in [48], under the identification of H�.XC.1// with
HFC.S3C1.K//, the quotient map q coincides (on homology) with the triangle-counting
map

�C0 W CFC.S3C1.K//! AC0
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defined in [48]. Furthermore, following [29, proof of Theorem 1.5], one can show that
.�C0 /� intertwines the actions of �� on HFC.S3C1.K// and .�0/� on H�.AC0 /; that is,

.�0/� ı .�
C
0 /� D .�

C
0 /� ı ��:

More precisely, Hendricks and Manolescu consider the map �C0;p W CFC.S3p .K//! AC0
when p is large, and show that this intertwines � and �0. However, their proof of this
fact does not depend on the surgery coefficient p. Of course, �C0;p no longer induces an
isomorphism for small surgeries. See [29, (26)] and [29, Section 6.6] .

Using Hendricks and Manolescu’s computation of �K for thin knots [29], we can
calculate that the action of .�0/� on H�.AC0 / interchanges the two elements of lowest
grading. Hence �� on HFC.S3C1.K// must also interchange the two elements of low-
est grading. Reflecting HFC.S3C1.K// over a horizontal line gives HF�.S3�1.62//, with
the action of �� exchanging the two elements of (shifted) grading zero, as displayed in
Figure 41. Hence one of �� or .� ı �/� on HF�.S3�1.62// must also exchange the pair of
elements in grading zero. Clearly, there is no map (satisfying the properties of Remark 3.7)
from the trivial F ŒU �-module, equipped with the identity involution, to HF�.S3�1.62//,
equipped with an involution acting nontrivially on the two elements of highest grading.

This completes the proof that .P; �/ is a strong cork. Moreover, it is clear that if P 0

is constructed from P by introducing any number of symmetric pairs of negative full
twists (as in Figure 5), then P 0 admits a sequence of interchanging .�1;�1/-cobordisms
to P .
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