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Abstract. Let Zp be a Ginibre ensemble and let Ay be a Hermitian random matrix indepen-
dent of Zy such that Ax converges in distribution to a self-adjoint random variable x¢ in a
W *-probability space (<7, t). For each ¢ > 0, the random matrix Ay + +/f Zx converges in *-
distribution to xg + ¢, where c; is a circular variable of variance ¢, freely independent of xg. We
use the Hamilton—Jacobi method to compute the Brown measure p; of xo + ¢;. The Brown mea-
sure has a density that is constant along the vertical direction inside the support. The support of the
Brown measure of x¢ 4+ c; is related to the subordination function of the free additive convolution
of xo + s¢, where s; is a semicircular variable of variance ¢, freely independent of x¢. Furthermore,
the push-forward of p; by a natural map is the law of xo + s¢.

Let Gy (¢) be the Brownian motion on the general linear group and let Uy be a unitary random
matrix independent of Gy (¢) such that Uy converges in distribution to a unitary random variable
u in (<7, ). The random matrix Uy G y () converges in *-distribution to ub; where b; is the free
multiplicative Brownian motion, freely independent of u. We compute the Brown measure p; of
uby, extending the recent work by Driver—Hall-Kemp, which corresponds to the case u = I. The
measure has a density of the special form

1
rjwz (0)

in polar coordinates in its support. The support of p; is related to the subordination function of
the free multiplicative convolution of uu; where u; is the free unitary Brownian motion, freely
independent of u. The push-forward of 1t; by a natural map is the law of uu;.

In the special case that u is Haar unitary, the Brown measure p; follows the annulus law. The
support of the Brown measure of ub; is an annulus with inner radius ¢~*/2 and outer radius ’/2.
In its support, the density in polar coordinates is given by
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1. Introduction

It is a classical theorem by Wigner [43] that the eigenvalue distribution of a Gaussian
unitary ensemble (GUE) Gy converges to the semicircle law. An operator a € <7, where
&7 is a tracial von Neumann algebra, is said to be a limit in *-distribution of a sequence
of N x N self-adjoint random matrices A4y if, for any polynomial in two noncommuting
variables,

1
im R Tr[p(An. Ayl = tlp(a.a®)]. (1.1)

In other words, the GUE has the limit in *-distribution as an operator having the semicircle
law as its spectral distribution. The operators in .7 are called random variables.

Voiculescu [39] discovered that free probability can be used to study the large-N limit
of eigenvalue distributions of X + Gy, where Xy is a sequence of self-adjoint random
matrices independent of Gy, or a sequence of deterministic matrices that has a limit in
distribution.

Biane proved that the limit in *-distribution of the unitary Brownian motion Uy (?)
on the unitary group U(N) is the free unitary Brownian motion in a tracial von Neumann
algebra [9]. If Vi is a sequence of unitary random matrices independent of Uy or a
sequence of deterministic unitary matrices that has a limit in *-distribution, then free
probability can also be used to study the limit of the eigenvalue distribution of Vy Uy (¢).
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Given a self-adjoint random variable a € 7, the spectral distribution, or the law, of
a is a probability measure on R defined to be the trace of the projection-valued spectral
measure, whose existence is guaranteed by the spectral theorem. The law of a can be
identified and computed by the Cauchy transform

Goz)=1(z—a)Y), zeCt. (1.2)

The spectral distribution of a unitary operator in 27 is a probability measure on the unit
circle T. When we consider nonnormal random variables, the spectral theorem is no
longer valid. Instead, we look at the Brown measure [16], which has been called the
spectral distribution measure of a not-necessarily-normal random variable. The Brown
measure of free random variables provides a natural candidate for the limit of the eigen-
value distribution of nonnormal random matrices.

In this article, we calculate the density formulas for the Brown measure of the free
circular Brownian motion with self-adjoint initial condition, as well as the free multi-
plicative Brownian motion with unitary initial condition. The latter extends the recent
work of Driver, Hall and Kemp [20] concerning the case of the free multiplicative Brow-
nian motion starting at the identity operator. (See also the expository paper [27], which
provides a gentle introduction to the PDE methods used in this paper.) Our result indicates
that the Brown measure of the free circular Brownian motion with self-adjoint initial
condition is closely related to the free semicircular Brownian motion with the same self-
adjoint initial condition. Similarly, the free multiplicative Brownian motion with unitary
initial condition is closely related to the free unitary Brownian motion with the same
unitary initial condition.

After the first version of this paper was posted on arXiv, there appeared subsequent
works using a similar strategy to compute the Brown measure of free Brownian motions
with nontrivial initial conditions. Demni and Hamdi [19] analyze the free unitary Brown-
ian motion with projection initial condition. Hall and the first author compute the Brown
measure of the imaginary multiple of free semicircular Brownian motion with bounded
self-adjoint initial condition in [28] and the Brown measure of the three-parameter free
multiplicative Brownian motion with unitary initial condition in [29]. The second author
[46] extends the main results for additive Brownian motions to all elliptic operators using
a different approach based on free probability techniques.

1.1. Additive case

One of the fundamental nonnormal random matrix models is the Ginibre ensemble Z y,
which is a sequence of N x N random matrices with i.i.d. complex Gaussian entries,
with variance 1/N . The limiting empirical eigenvalue distribution, which is a normalized
counting measure % Zj-vzl 8a; of the eigenvalues {4} of Zy, converges to the uniform
probability measure on the unit disk [23]. The reader is referred to [15] for a survey on the
circular law. The limit random variable, in the sense of *-distribution, is called the circular
operator [38]. If we consider the process Z y (t) of random matrices with i.i.d. entries of
complex Brownian motion at time ¢/N, the limiting empirical eigenvalue distribution
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at time ¢ is the uniform probability measure on the disk of radius /7. The limit in *-
distribution of Zy (¢) is a “free stochastic process”, a one-parameter family of random
variables in o7, which is called the free circular Brownian motion c;. At each t > 0,
Z v (¢) has the same distribution as 4/ Z v, and ¢; has the same distribution as /7 c;.

The standard free circular Brownian motion starts with the condition ¢ = 0. We
consider a more general free stochastic process: one that starts at an arbitrary random
variable xo € &« and has the same increments as the standard free circular Brownian
motion. Such a process has the form x¢ + ¢; where x( and c; are freely independent.

The circular operator c; is an R-diagonal operator [36, Lecture 15]. Given a variable
Xo € </ which may not be normal and r € &/ which is R-diagonal and freely independent
of x¢, Biane and Lehner [13, Section 3] studied the Brown measure of x¢ + r. They
obtained an explicit density formula for particular x¢ and r. In Section 5 of the same
paper, they studied, more specifically, the Brown measure of x¢ + ¢; where x¢ € &/ may
not be normal; the density at A & o (xg) is given by

1 ra A )2
—8;(/ e o) 8m)
ys t

2
SR 3

where
vs(k):inf{UEO:/ M < l}
R X2+ v? s

and ¢y = inf{z : v;(A) > 0}. It is mentioned in their paper that vs(A) and 7, are related to
the subordination function of Xo + s, with respect to Xy, where Xy is the symmetrization
of |A — xo|, and s; is the free semicircular Brownian motion, the real part of /2 ¢;. The
quantities are not very explicit; there is an integration in the time variable. Furthermore,
the formula is only valid outside the spectrum of xyg.

Our method shows that the density formula for the special case when xq is self-
adjoint can be computed more explicitly. Our results also illustrate unexpected connec-
tions between the Brown measure of xo 4+ ¢; and the subordination function for the free
convolution of x¢ with s;. In the rest of the paper we suppose x¢ is self-adjoint. Denote
by u the spectral distribution of xg. In this case, the following function v, defined on R
is fundamental in our analysis:

dpu(x) 1 } (1.3)

vl(a):mf{bZO:/ng?

This definition of v, also coincides with the definition of Biane and Lehner; the measure
M|A—xo| 18 the push-forward of p, by the map x — |4 — x|, for each A, because xq is
self-adjoint.

Our main result in Section 3 gives an explicit description of the Brown measure of
Xo + ¢;, using the Hamilton—Jacobi method used in the recent paper [20]. In this paper,
the Brown measure of x¢ + ¢, is computed as an absolutely continuous measure on R2.
The density is computed explicitly; the density is not given as an integral over the time
parameter.

The operator xo + ¢; is the limit in *-distribution (in the sense of (1.1)) of the random
matrix model Xy + Zy (¢), by [39, Theorem 2.2], where Xy is an N x N self-adjoint
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deterministic matrix or random matrix classically independent of Z y, with x¢ in the limit
of X in x-distribution. On the level of Brown measure convergence, Sniady [37] showed
that the empirical eigenvalue distribution of Xy + Z () almost surely converges weakly
to the Brown measure of xg + c;, without computing the Brown measure of x¢ + ¢;
explicitly. (Apply [37, Theorem 6] by taking the not-necessarily-normal random matrix
A™) as the Xy here.) Consequently, the result in this paper gives a formula for the weak
limit of the empirical eigenvalue distribution of X + Zn ().

In physics literature, Burda et al. [17,18] studied the limiting eigenvalue distribution of
the sum of the Ginibre ensemble Z  and a deterministic matrix A (which is not assumed
to be normal) using PDE methods. The formal large-N limit of the PDE obtained in their
work [18, (31)] is the same as the PDE we obtain for the additive case. They transformed
the PDE into one that can be solved using the method of characteristics, whereas we
use the Hamilton—Jacobi method to solve the PDE in this paper. In [18, Section 6.2], they
computed explicitly the limiting eigenvalue distribution of Ay + Z x when the eigenvalue
distribution of Ay is the Bernoulli distribution. It can be checked that the domain where
the limiting eigenvalue distribution of Ay + Zy is nonzero agrees with our result. The
density of the limiting eigenvalue distribution computed in their paper also agrees with the
Brown measure density computed in our paper, after correcting minor algebraic errors.
We note, however, that [17, 18] did not compute the limiting eigenvalue distribution of
AN + Zy for a general self-adjoint matrix 4y, which is the main purpose of Section 3
of our paper.

Let G, (z) be the Cauchy transform of x¢ as defined in (1.2) and let

Hi(z) =z +tGx,(2), z € C\o(xg).
It is known [10] that H; maps the curves {(a, 2v;(a)) : a € R}, which are analytic at the
points where v, (a) > 0, to R. The restriction of H; to the set {a +ib € CT : b > v,(a)}
is the inverse of an analytic self-map F; : C* — C™ on the upper half-plane such that
Gx0+st (Z) = GXQ(FI (Z))

where s; is a semicircular variable with variance ¢ [10]. The map F} is the subordination
function with respect to xo and allows one to compute G+, from Gy,. The following
theorem summarizes the results proved in Theorems 3.13, 3.14 and Proposition 3.16.
Theorem 1.1. The Brown measure p; of xo + c; has the following properties.
(1) The support of p; is the closure of an open set. More precisely, supp p; = A, where
A ={a+ibeC:|b| <vi(a)},
where v; is defined in (1.3).

(2) The measure p; is absolutely continuous and its density is constant in the vertical
direction inside the support. That is, the density w; has the property w;(a + ib) =
wy(a) in the support of p;. Moreover,

we(a) < L,
wt
and the inequality is strict unless xg is a scalar.
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(3) Define Wi(a + ib) = H;(a + ivs(a)) on supp p; agreeing with H; on the boundary
of supp p; and constant along the vertical segments (the image of ¥ only depends
on a). Then the push-forward of p; by WV is the law of x¢ + s;.

(4) The preceding properties uniquely define p;. That is, p; is the unique measure whose
support agrees with supp py, the density is constant along the vertical segments and
the push-forward under \V is the distribution of xo + s;. This is because V restricted
to R is a homeomorphism [10] and the density is constant along the vertical direction.

The support of the Brown measure is symmetric about the real line. Figure |
shows a random matrix simulation to the Brown measure of xo + c¢; where x¢ has law
%8_0,8 + %80,8 andr = 1.

0L

Fig. 1. Matrix simulation of eigenvalues for xg + c1, where x¢ has distribution %870.8 + %80.8.
The graphs of v; (a) (blue dashed) and —v; (@) (red) are superimposed.

1.2. Multiplicative case

The process Z y (¢) can be viewed as a Brownian motion on the Lie algebra gl(N, C) of
the general linear group GL(N, C), under the Hilbert-Schmidt inner product such that the
real and imaginary parts are orthogonal. The Brownian motion on GL(N, C) is defined to
be the solution of the matrix-valued stochastic differential equation

dGy(t) =GN@)dZN(t), Gn(0) = In.

Kemp [32] proved that the limit of Gy (¢) in *-distribution is the free stochastic process b,
that can be obtained by solving the free stochastic differential equation (see, for example,
[14,33])

db; = bsdci, bo=1.

The process b, starting at the identity 7, is called the free multiplicative Brownian motion.
Hall and Kemp [30] showed that the Brown measure of b; is supported in a certain
compact set in C. Later the Brown measure of b, was computed by Driver, Hall and
Kemp [20].

In this paper, we consider the free multiplicative Brownian motion starting at a unitary
random variable u; such a process has the form ub,, where u is freely independent of b;.
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Before we state the results on the Brown measure of ub;, we need to introduce the free
unitary Brownian motion u,, the multiplicative analogue of the semicircular Brownian
motion. The free unitary Brownian motion is the solution of the free stochastic differential
equation

du; =iu;ds; — %ut dt, ug=1.

The law v, of u; was computed by Biane [9]. The law of the free unitary Brownian motion
with an arbitrary unitary initial condition was computed by the second author [45].

Suppose that a € o7 is a unitary random variable with spectral distribution, or law, j.
Then pu can be identified by the moment generating function

_ §z
wa<z>—/jr@du<s>, zeD.

Now, we consider the random variable ub; where u is any unitary random variable freely
independent of b,. Let ji be the spectral distribution of u* and set

d,(z) = zexp(%/T lli_gj dp,(g)), zeC\a(u).

Consider the function r; : (—m, 7] — (0, 1] defined by

@) =sup 0 <r <1 rz_lfn ! di(e’™) < & (1.4)
r = su r : - e — (- B
! P 2logr J_p |1 —rei@+x)2 # t

Because lim,—o 5120; z “_rei(lgﬂ)‘z dii(e’™) = 0, it follows that the set over which
the supremum is taken is nonempty. It is known [45] that the map ®; maps the curve
{ri(0)e'? : 6 € (—m, 7]}, which is analytic whenever r;(6) < 1, to the unit circle. The
restriction of ®; to the set {z € D : |z| < r;(0)} is the inverse of the analytic self-map
w; : D — D such that

Yuru, (2) = Y (@1 (2)).
Analogous to the additive case, the map w; is the subordination function with respect
to u* and is of significance in the study of free probability. The regularity results of r; are
summarized in Proposition 2.9.
We establish the following results in Theorem 4.28 and Proposition 4.31.
Theorem 1.2. The Brown measure j1; of ub, satisfies the following properties.

(1) The support of u; is the closure of an open set. More precisely, supp ji; = A;, where
A ={reé'?  r(0) <1 < 1/r,(0)}

where r; is defined in (1.4).

(2) The measure iy is absolutely continuous and, inside the support, its density in polar
coordinates has the form

Wy(r.6) = ~wi(6)
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for some function w; depending on the argument only. That is, the density of |i;
is inversely proportional to r?* along the radial direction, and the proportionality
constant depends only on the argument 6. The Brown measure |L; is invariant under
z + 1/z. Moreover,

wt

(3) For each A € supp iy, there exists a unique Ag € D N d(supp pus) such that Ay and A
have the same argument mod 27. Define T';(A) = ®,(Ag) agreeing with &, on D N
a(supp [4;), constant along the radial segments. Then the push-forward of s by Ty
is the distribution of uu;.

(4) The preceding properties uniquely define [i;. That is, |1; is the unique measure whose
support agrees with supp ji;, the density has the form (1/r?)¢(8) in polar coor-
dinates and the push-forward under 1'; is the distribution of wu;. This is because
I; restricted to D N (supp ;) is a homeomorphism [45] and the density of i; is
inversely proportional to r? along the radial direction.

Denote a Haar unitary random variable by /; which means % is a unitary operator
whose spectral distribution is the Haar measure on the unit circle. In the special case
when u = h, the Brown measure of hb; is the annulus law. It is absolutely continuous,
supported in the annulus A, = {¢~*/2 < |z| < ¢'/2}, rotationally invariant, and the density
Wi (r, 0) is given by

1 1
2t r?
on A;. The density W; is independent of 6 because the Brown measure is rotationally
invariant. We can also calculate the Brown measure of #b; using Haagerup—Larsen’s for-
mula for the Brown measures of R-diagonal operators [24]. Indeed, the random variable
hb, is R-diagonal [36, Proposition 15.8] and the Brown measure of 25, can be calculated
from the distribution of (b}b,)'/? (see Appendix for details).

Figure 2 shows a random matrix simulation of the eigenvalue distribution of ubg g
where u has distribution %Sem/z + %8847”' /5. It should be noted that, in this multiplicative
case, it is an open problem to give a mathematical proof that even when the initial condi-

Wi(r,0) =

tion is the identity, the empirical eigenvalue distribution of Gy (¢) converges to the Brown
measure of b;.

The paper is organized as follows. Section 2 consists of some background and prelimi-
naries of free probability theory and the definition of the Brown measure. The distributions
of the sum of two self-adjoint free random variables and the product of two unitary free
random variables will be described using the subordination functions. In Section 3, we
compute the Brown measure of the random variable xo + c¢;. The Brown measure is
closely related to the subordination function and the distribution of x¢ + s;. Section 4
is concerned with the Brown measure of the random variable ub;, for both cases when u
is and is not a Haar unitary, using the same Hamilton—Jacobi analysis but different initial
conditions from [20]. The support and the density of the Brown measure are again related
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Fig. 2. Matrix simulations of eigenvalues for ubg g, where u has distribution %86;71/3 + %8647,,-/5.

The curves r¢ (G)ei o (blue), p %9) et? (red), and the unit circle (black dashed) are superimposed.

to a subordination function; but the subordination function is the one for u*u, rather than
uu. The Brown measure of ub; is connected to the distribution of uu, by a natural map.

2. Preliminaries

2.1. Free probability

A W*-probability space is a pair (<, t) where 27 is a finite von Neumann algebra and ¢
is a normal, faithful tracial state on /. The elements in &/ are called (noncommutative)
random variables.

Unital x-subalgebras <71, ..., .o, C o are said to be free or freely independent in the

sense of Voiculescu if, given any iy, ...,i, € {1,...,n} with iy # ix41, and a;; € o,
satisfying 7(a;, ) = O forall 1 <k <m, we have t(a;, ---a;,,) = 0. The random variables
ai,...,an are free or freely independent if the unital x-subalgebras generated by them
are free.

For any self-adjoint (resp. unitary) element a € <7, the law or the distribution p of a
is a probability measure on R (resp. T') such that whenever f is a bounded continuous
function on R (resp. T'), we have

[ £ du = t(f(@).

For a measure p on the real line, the Cauchy transform of p is given by

Gu(z) = /]R id,u(x) =t((z—a)Y), zeCt.
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The Cauchy transform G, maps the upper half-plane C* into the lower half-plane C ™. It
satisfies the asymptotic property limy 4 400 iy G, (iy) = ((R). The reader is referred to [1]
for results about the Cauchy transform. The measure p can be recovered from its Cauchy
transform G, using the Stieltjes inversion formula, which expresses u as a weak limit:

1
du(x) =lim——Im G, (x +iy) dx. 2.1
yio T
The R-transform of u is defined by
_ 1
Ru(z) =GN () - - (2.2)

where G I(L_l) means the inverse function to G, in a truncated Stolz angle {z € C :Imz > B,
|Re z| < o Im z} for some &, B > 0.

For a measure p on the unit circle T, we consider the moment generating function on
the open unit disk D:

@) = [ o du® zep.

The n-transform of p is defined as
Vu(z)
1+ ¥,u(2)

Then the measure w can be recovered using the Herglotz representation theorem, as a
weak limit

UM(Z) =

1+ nu(re'?) J
1 —nu(ret?) '
When r);t (0) # 0 (which is equivalent to the condition that  has nonzero first moment),
the X-transform and S-transform of p are defined

, 1
du(e %) = lim —Re(
rt1

7 (2.3)

and S, (z) = E”“(l iz) (2.4)

where these functions are defined in a neighborhood of zero.

2.2. Free Brownian motions

In free probability, the semicircle law plays a similar role to the Gaussian distribution in
classical probability. The semicircle law o, with variance ¢ is compactly supported in the
interval [—2+/7, 24/t] with density

doi(x) = L«/4t —x2.
2t

Definition 2.1. (1) A free semicircular Brownian motion s; in a W*-probability space
(<7, 1) is a weakly continuous free stochastic process (s;);>o with free and stationary
semicircular increments.
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(2) A free circular Brownian motion c; has the form JLE(S’ + is}) where s; and s} are
two freely independent free semicircular Brownian motions.

In the unitary group U(N ), we can consider a Brownian motion X, on the Lie algebra
gl(N), after fixing an Ad-invariant inner product. Taking the exponential map gives us a
unitary Brownian motion. More precisely, the unitary Brownian motion U; = U;(N) can
be obtained by solving the It differential equation

dU; = iU dX, — 3U;dt, Uy = 1.

Definition 2.2. In free probability, the free unitary Brownian motion can be obtained by
solving the free It differential equation

duy = iugds; — Su,dt, ug =1, (2.5)

where s; is a free semicircular Brownian motion. The free multiplicative Brownian
motion b, is the solution of the free It6 stochastic differential equation

dbt = bt dCz, b() =1. (26)

We note that the right increments of the free unitary Brownian motion u, are free. In
other words, forevery 0 < f; <1, < --- < t, in R, the elements

-1 -1
Uy ’Mt] Uty ,utnilutn

form a free family. Similarly, one can show that the process b; has free right increments.
These stochastic processes were introduced by Biane [9]. He proved that the large- N limit
in *-distribution of the unitary Brownian motion U; = U;(N) is the free unitary Brownian
motion, and conjectured that the large-N limit of the Brownian motion on GL(N, C) is
the free multiplicative Brownian motion b,;. Kemp [32] proved that b, is the limit in *-
distribution of the Brownian motion on GL(N, C).

The connection between the Brownian motions on the Lie groups U(N) and
GL(N, C) is natural. The heat kernel function on GL(N, C) is the analytic continua-
tion of that on U(N) (see [26,34] for instance). Consider now the free unitary Brownian
motion with initial condition uu, where u is a unitary random variable freely independent
of (u;);>0. The process uu; is the solution of the free stochastic differential equation in
(2.5) with initial condition u. Similarly, the solution g; of the free stochastic differential
equation

dg; = gidcy,  go =u, 2.7)

has the form g; = ub;,.

2.3. Free additive convolution

Our main results show that the Brown measure of the free circular Brownian motion
with self-adjoint initial condition has direct connections with the spectral distribution of
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the free additive Brownian motion with the same self-adjoint initial condition and some
related analytic functions. In this section, we review some relevant facts about the free
additive convolution to set up notation.

Suppose that self-adjoint random variables x, y € & are freely independent. It is
known that the distribution of x + y is determined by the distributions of x and y. The
free additive convolution of x and y is then defined to be the distribution of x + y. The
subordination relation in free convolution was first established by Voiculescu [40] for
free additive convolutions under some generic conditions, and was further extended by
Biane [12] to free multiplicative convolutions and again by Voiculescu [41] to a very gen-
eral setting (see also [5]). There exists a unique pair of analytic maps w;,w, : C* — C*
such that
(1) Imwj(z) > Imz forallz e CT, j =1,2;

(2) Gx(01(2)) = Gy(w2(2)) = (@1(2) + wa(z) —2)"" forall z € CF;

(3) Gxty(2) = Gx(w1(2)) = Gy(wa(z)) forallz € Ct.

Point (3) tells us if we could compute (one of) the subordination functions w; and w,,
we could compute the Cauchy transform of x + y in terms of the Cauchy transform
of x or y. The Cauchy transform of x 4+ y then determines the law of x + y by (2.1).
Although the subordination functions, in general, cannot be computed explicitly, a lot of
regularity results can be deduced from the subordination relation (see [3, 8] or the survey
[42, Chapter 6]). Denote by  and v the spectral distributions of x and y respectively. The
free additive convolution of © and v is defined to be the spectral distribution of x + y and
is denoted as u 8 v. The R-transform (2.2) linearizes the free additive convolution in the
sense that R,my(z) = R, (z) + Ry(2) in the domain where all the three R-transforms
are defined.

In the special case when x is an arbitrary self-adjoint variable x¢ with law p, and y is
the semicircular variable s;, we denote w; by Fy, the subordination function such that

Gxo-i-s; (Z) = GXO(FI (Z))
Biane [10] computed that
Hi(z) =z 4+1tGx,(2), z€ ct,

is the left inverse of F;, thatis, H;(F;(z)) = z forz € C™T.
Define the function

. du(x) 1
v,(a)z1nf{b>0:/];§m§;}, a € R. (2.8)

So, whenever v, (a) > 0, v;(a) is the unique positive b with

du(x) 1
/R (@a—x)2+02 1 2

Therefore, v, satisfies the equality given in the following lemma.



Brown measures of free circular and multiplicative Brownian motions 2175

Lemma 2.3 ([10, Lemma 2]). If v;(a) > O, then
/ dp(x) _ L (2.10)
R (

a—x)2+v,(a)? ¢t

The function v, is analytic at a whenever v;(a) > 0. And H, takes {a + iv;(a) :
a € R} to the real line, since, for each a € R, if there exists a » > 0 such that

ImHt(a+ib)=b(1—t/ du(x)):O,
R

1
(a —x)% + b2

then it is the unique b which satisfies (2.9).
‘We summarize Biane’s result as follows.

Proposition 2.4 ([10, Proposition 1]). The subordination function F; satisfying

Gx0+St (Z) = GX()(FI (Z))

defined on C™T is a one-to-one conformal mapping into C*. The inverse of F; can be

computed explicitly as
Hi(z) =z + tGy,(2),

which is conformal from {a + ib € CT : b > v;(a))} to (C_+ . The function H; extends to
a homeomorphism from {a +ib € Ct : b > v;(a)} to C* since the domain of H; is a
Jordan domain.

When v;(a) > 0, the point @ + iv;(a) € C ™ is mapped to the real line by H;. In fact,
the law of x¢ + s; at the point H;(a + iv;(a)) is computed and expressed in terms of v;.

Proposition 2.5 ([10, Corollary 3 and Lemma 5]). Let

wt(a)ZHt(a+ivt(a))=a+[/ (a—x)d/,L(x)

R (@ —x)%+v,(a)*

Then ¥ : R — R is a homeomorphism and at the point V¥, (a) the law [y of xo + s; has

the density given by

(@) = 249

Tt

Moreover, the function ; satisfies
/ 2 2 / 2
Yy (a) > ;vt(a) (1 +v;(@)?) >0 foranya € Us.

Proposition 2.6 ([10, Proposition 3]). The support of the law ;s of xo + $; is the closure
of its interior, and the number of connected components of U, is a nonincreasing function

of t.

2.4. Free multiplicative convolution

We will show that the Brown measure for the free multiplicative Brownian motion with
unitary initial condition can be described by certain analytic functions and their geometric



C.-W. Ho, P. Zhong 2176

properties related to the free unitary Brownian motion with the same unitary initial con-
dition. We review some basic facts about free multiplicative convolution in this section.

Let u, v € & be two freely independent unitary random variables, with spectral dis-
tributions p and v respectively. The distribution of uv is determined by p and v and
is denoted by pu X v; it is called the free multiplicative convolution of u and v. The X-
transform (2.4) has the property that ¥ ,,x,(z) = X, (z)2,(z) in the domain where all
these X-transforms are defined. We refer the readers to [4,7] for more details on free mul-
tiplicative convolution on T. The subordination relation for free additive convolution was
extended by Biane [12] to the multiplicative case.

Theorem 2.7 ([5,12]). Let (<7, t) be a W*-probability space, and u, v € </ two unitary
random variables that are freely independent of each other with distributions (. and v,
respectively. If |1 is not the Haar measure on T and v has nonzero first moment, then
there exists a unique pair of analytic self-maps w1, w2 : D — D such that

(1) fori = 1,2, |w;(2)| < |z| for z € D; in particular, w; (0) = 0;
(2) w1(2)w2(2) = znuxv(z) forall z € D;

3) Mu(w1(2)) = n(@2(2)) = Nuwv(2);

The functions 1y, 0y are defined in Section 2.1.

As in the additive case, (3) tells us that if we could compute (one of) the subordination
functions w1 and w,, we could compute the function 7,x, of uv in terms of 1, or 7.
The function 7, determines the law of uv by (2.3). The subordination functions are in
general impossible to compute explicitly in the multiplicative case.

When any one of unitaries u, v is a Haar unitary, one can check by the definition
of free independence that all moments of uv vanish and hence the distribution of uv is
always the Haar measure (uniform measure) on T. We denote by & a Haar unitary and
also by & the Haar measure on T. Note that 1;,(z) = 0. When u = & is a Haar unitary, the
subordination function of 7,x, = 1, with respect to 17, = 7, is not unique. However, we
shall see that there is a canonical choice in our study.

From now on, we fix a unitary operator u that is freely independent of the free unitary
Brownian motion u;; we do not restrict # to be not a Haar unitary variable. The spectral
distribution of uu; has been studied by the second author [44,45]. This is the multiplica-
tive analogue of Biane’s work presented in Section 2.3. We shall now briefly review these
results. Let p be the distribution of u, and A, the distribution of u,. It is convenient for us
to use the subordination function with respect to ™ but not u to describe our main results
(essentially due to how the measure is recovered by the n-transform as shown in (2.3)).
Then we define 1 by

di(e™) = dp(e™),
which is the distribution of u*. When u is not a Haar unitary, denote by w, the subordi-
nation function of n;x,, with respect to 7z as in Theorem 2.7. That is,

nara, (2) = na(w(2)). (2.11)
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When u is a Haar unitary, the subordination function is chosen to be w; (z) = e™*/2z. The
subordination relation (2.11) also holds (since both sides are zero).

We now describe the left inverse function of w, (see [44, Lemma 3.4] and [45, Propo-
sition 2.3]). Set

S =ew(3 [ T dne) =ew(s [T o) zeciom,
(2.12)

It is known that X 7 (z) is the Lévy—Khinchin representation of a free infinitely divisible
distribution on the unit circle [7]. When u is a Haar unitary, (2.12) is reduced to

i@ =%() = e'l?.
By [45], the left inverse of w; is the function
D, 5(z) = 254 5(2).

That is, ®; ;;(w;(z)) = z forall z € D.
Denote
Qs ={wi(z) : z €D} (2.13)

The subordination function w; is a one-to-one conformal mapping from I onto 2; ; and
can be extended to a homeomorphism from D onto Q, ;. It is known [44, Lemma 3.2]
that

Quap=1{zeD: P, z(2)] <1} (2.14)

We now describe the boundary of €2, ; and the density formula of u = A;. More
details can be found in Section 4.4. Following [45, p. 1361], we set

. T 1 : 1
__ ) ,i0 . = (X :
Ut,p,—{e ET'/—n|1—€i(6+x)|2 dip(e'™) > t} (2.15)
and Uf ; = [-m, 7] \ Us,n. We also define a function r; : [—7, ] — (0, 1] by
0) 0<r<l1 r2_1/” ! di(e™) < » (2.16)
r =su r : : e -0 .
! P 2logr J_; |1 —rei+x))2 * t

Indeed, whenever r;(6) < 1, r;(8) is the unique r € (0, 1) such that

r2—1 (" 1 ; 1
. dip(e™) = —.
2logr /,” [1—rei@+x))2 ) t

Remark 2.8. We can prove that the function r; is analytic when 0 < r;(6) < 1 by the
implicit function theorem applied to the function F(r, 8) = log |d>,,g(rei9)|. For each
fixed 6 such that 0 < r;(8) < 1, r;(0) is the unique solution in the unit disk such that
F(r:(8),0) = 0. By [45, p. 1360], we can write

log |7 (re'®)| = (logr)h:(r,0)
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for some function /; such that h;(r;(0),0) = 0 and 0h,/dr < O for all r < 1. (We will
revisit this factorization of log |®;  (re’ 9| in Section 4.4.) Then we can compute

9 ha(r:9),6) (log r,(@))% >0

- log | @7, (re'’)| =
ar r=r;(6) rt(e) r r=r((0)

since h;(r;(0),60) = 0and dh,/dr < 0. Now, it follows from the implicit function theorem
that r; is an analytic function in 6.

The following theorem summarizes the regularity of r;.

Proposition 2.9 ([45]). The function r; defined in (2.16) is continuous everywhere and
analytic at 0 whenever r;(0) < 1. The sets Q2 and 02 j; can be characterized by the
function r;(0) as follows:

(1) Qp={ret? :0<r<r/(0),0¢[-n x|

(2) Q5 = {ri(0)e'? : 6 € [-n, 7]} and 092, is a continuous closed curve which
encloses the origin. For 0 € Uy ;, the value r(0) is the unique solution r € (0, 1) of
the equation

r2—1 " 1 . 1
: dip(e’*) = —.
2logr /_n [1 — rei®@+x))2 e t
(3) The map CIDt,,-L(r,(@)eie) — r1(0)e'? is a homeomorphism from T onto 0,4

Proof. That r; is continuous follows from [45, Proposition 3.7]. The analyticity of r,
when r;(6) < 1 follows from Remark 2.8.

Point (1) is [45, Theorem 3.2(1)]. The displayed equation in (2) is just Remark 2.8.
That 082, ;5 = {r; (0)e'? : 0 € [—m, 7]} follows from [45, Corollary 3.3] since b, is
the left inverse of w; (the function w; is called 7, in [45]). The boundary curve 992, 5
encloses the origin because we always have r,(6) > 0. Point (3) also follows from [45,
Proposition 3.7]; by [45, Proposition 3.7] we know that the maps 0 > r,(0)e’% and e'?
b, ;i (1 (#)e'?) are homeomorphisms. [

Remark 2.10. The paper [45] did not include the Haar unitary case. However, when u is
a Haar unitary, the above description for the boundary set also holds. Indeed, in this case
Qt’ i is the disk centered at the origin with radius e~ /2 In fact, one can verify that, for
any 0 <r < 1,

21 (™ 1 : 1 r2—1 (7 1 1
r / ; dh(e¥) = — . / gy =
2logr J_; |1 —rei@+x))2 27 2logr J_, |1 —rei¥|? 2logr

Hence r,(0) = e¢~*/2 for all # in this case by the definition (2.16), and the results in
Proposition 2.9 are also valid.

Being the inverse of w;, the restriction of the map ®, ; to ; ; is a conformal map
and can be extended to a homeomorphism of €2, ; onto ). We can write

arg(@1,7 (1 (0)e™®)) = 6 + 1 [ ™ ri(8) sin(6 + x)

(i
= r@e@op P
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We can now obtain the following result, which is a slight modification of [45, Theo-
rem 3.8].

Theorem 2.11. Let jt; be the free multiplicative convolution of w and A;, the spectral
measure of uus. Then w; has a density p; with respect to the Haar measure given by

log r,(0)

P(®@r(ri(0)e'?)) = ==

2.17)

Proof. When u is a Haar unitary, r,(0) = e~*/ for all 6. The formula (2.17) is reduced
to the Haar measure on the unit circle T.

Next, consider u that is not a Haar unitary. Let ¢, be the density of u*u,. Directly
applying [45, Theorem 3.8] (in which u played the role of u* here) gives

_logre(6)

Qt(q’t,ﬁ(”t(e)eie)) = Tt

The spectral distribution A, of u, is symmetric about the x-axis; hence (uu,;)* = uju*
has the same distribution as u*u} and u*u, in the tracial W*-probability space (<7, 7).
We then have

_log re(0)

(@ (e (0)e)) = 4 (@1 a(ri(O)e)) = ———
giving the desired result. ]

Proposition 2.12 ([45, Corollary 3.9]). The support of the law ; of uu, is the closure of
its interior; and the number of connected components of U, ,, is a nonincreasing function

of t.

2.5. The Brown measure

If x € &/ is a normal random variable, then there exists a spectral measure E such that

X = / AdEx(A),
by the spectral theorem. The law ., of x is then computed as

px(A) = T(Ex(A))

for each Borel set A.

However, if x is not normal, then the spectral theorem does not apply. The Brown
measure was introduced by Brown [16] and is a natural candidate of the spectral distribu-
tion of a nonnormal operator.

Given x € &7, the Fuglede—Kadison determinant [22] £ (x) of x is defined as

D(x) = exp[t(log|x])] € [0, c0).
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Define a function Ly on C by
Lx(A) =logD(x) = t[logla — Al].
This function is subharmonic. For example, if A € M, (C), then
La(A) = log|det(4 — AT)|M/™.

The Brown measure [16] of x is then defined to be the distributional Laplacian of Ly,
1
Px = EALx-

In this paper, we compute the Brown measures using the following strategy. We first
regularize the function L, by looking at

A= tllog((A —x)*(A — x) + )]

for ¢ > 0. For any ¢ > 0, the above quantity is always well-defined as a real number. We
then take the limit as ¢ |, 0 and attempt to take the Laplacian. In the cases we consider, the
function L is indeed analytic on an open set to which the Brown measure of x gives full
measure. The Brown measure of x is then the 1/(27) multiple of the ordinary Laplacian
of L,; that is,

dpox(L) = %Ak £i¢n(} tllog((A — x)*(A — x) + &)] d?A (2.18)

where d?) denotes the Lebesgue measure on R2. See [35, Chapter 11] for more details
and [25] for a discussion of unbounded operators.

In this paper, we compute the Brown measures of a sum or a product of two freely
independent random variables. The paper [6] studied the Brown measure of polynomials
of several free random variables using operator-valued free probability and lineariza-
tion [2]; it does not appear to be easy to apply their framework to get analytic results
in our case.

3. Free circular Brownian motion

Let (c;)¢>0 be a free circular Brownian motion. We write x; = xo 4+ ¢; and x; y = A — x4,
where A € C. Define
S(t. A e) = tllog(x] ;x4 + &)] 3.1

for ¢ > 0. When ¢t = 0, since Xy is self-adjoint,
S(0,1,8) = tllog((xg — A)*(x0 — L) + &)]
can be written as an integral, instead of a trace,
S(0,A,¢) = / log(|x — )k|2 + &) du(x)
R

where p is the spectral distribution of x.
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In order to compute the Brown measure of x¢ + ¢;, we need to compute the Laplacian
A, S(t,1,0) of S(¢, A, 0) with respect to A, where

S(t,2,0) =lim S(t. 2. 2). 3.2)

In Section 3.1, we compute a first-order, nonlinear partial differential equation of
Hamilton—Jacobi type satisfied by S. We then solve a system of ODEs that depends on A
and the initial condition g¢. We try to choose, for each A, an initial condition &¢ such that

(1) the lifetime of the solution is ¢, and
(2) limgqy, e(s) = 0.

Then we use the solution of the Hamilton—Jacobi equation to compute S(¢, A, 0), which
is in terms of A and the initial condition &g, and compute the Laplacian A, S(z, A, 0).

3.1. The Hamilton—Jacobi equation

In this section, we find a first-order, nonlinear partial differential equation of Hamilton—
Jacobi type satisfied by the function S defined in (3.1):

05 _ (98 2
ot \oe )’
The variable ¢ is positive.

We remark that this PDE corresponds to the formal large-N limit of the PDE com-
puted in [18, (27)] by Nowak et al. after identifying & with |w|?.

3.1.1. The PDE of S. We first compute the time-derivative of S, using free Ito calculus.
Free stochastic calculus was developed in the 1990s by Biane, Kiimmerer, Speicher, and
many others; see for example [9, 14,33].

Suppose that f; and &, are processes adapted to c¢;. The “stochastic differentials”
below involving these processes can be computed and simplified as follows (see [14,
Theorem 4.1.2]):

dey frde] =dc} frde, = t(fy)dt,
det frdey = de] frde) =0,
deydt = dc; dt =0,
T(ﬁ dCt hz) = ‘L'(ft dc;k /’lt) =0.

We can use the free It6 product rule for processes agl), e, aE") adapted to ¢;:

(3.3)

n
A ) = 3@ ) da @ -l
=1

]_
b @) daP @ ) daP D ). G

1<j<k<n
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Lemma 3.1. The time-derivative of S satisfies
a5 * -1 * -1
E(L A,g) = sr[(xt,Ax,,,\ + &) ]f[(xt,Axt,,\ +e) ] (3.5)

Proof. Fix t > 0 and A € C. For any ¢ with Re(¢) > 0, the operator x:AxM + ¢ is
invertible. We can express the function S(z, A, -) defined in (3.1) as a power series of &
and hence it can be analytically continued to the right half-plane.

For each |e| > ||x:‘,lx,,,1 I, we can expand S(¢,1,¢) = r(log(x;’"kx,,,x + ¢)) into power
series

_1\n—1
t(log(x} Xt +e) =loge + Z ( ) r[(xt X)) (3.6)

n=1

If we apply (3.4) to d((x] ;x;,2)"), we get
D o)) = 13 el ) Tl ™)
ar £, A%tA = 1A XA 1 AN .

j=1

Thus, using (3.6), we have

S 1 o (-1
5@,1,8)=e(;k§0%r[(x;;xz,x)k)( Z( Tl 1) 1)

= 8‘[[()6:1)(,’;& + 5)71]7[(35:1)51,)& +e)” 1]~

Since all the quantities in (3.5) are analytic in ¢, it indeed holds for all ¢ in the right
half-plane; in particular, it holds for all &€ > 0. ]

Proposition 3.2. For each A € C, the function S(-, A, -) satisfies the first-order nonlinear
partial differential equation

s (38

(%)

S(0,2, ) = t(log((xo — 4)"(xo — A) + €)).

with initial condition

The PDE does not depend on the derivative of the real or imaginary parts of A. The
variables for the PDE are only t and e.

Proof. Applying the fact [16, Lemma 1.1] that

aS N _
P t[(x; 3% +8) gy

to (3.5) concludes the proof. [

The equation in Proposition 3.2 is a first-order, nonlinear PDE of Hamilton—Jacobi
type (see for example, [21, Section 3.3]). We will use the Hamilton—-Jacobi method to
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analyze the function S. (The solution, which is the function S defined in (3.1), already
exists.) The Hamiltonian function

H(e, ps) = —&p} (3.7)

0S o S
_— = — &, —
ot de

is obtained by replacing the partial derivative in Proposition 3.2 by the momentum vari-
able p, and adding a minus sign.

satisfying

3.1.2. Solving the differential equations. We consider the Hamilton equations for the
Hamiltonian (3.7), which is the following system of two coupled ODEs:

de 0H dpe _8H (38)
dt — dp.’ dt e’ '

To apply the Hamilton—Jacobi method, we take an arbitrary initial condition &g > 0 for ¢
but choose an initial condition py for the momentum variable p, as

po = pe(0) = T((|1A — xo|* + 80) ).

The initial momentum pg can be written as an integral:

1
Po Z/mdﬂ(x)a 3.9

where p is the spectral distribution of x¢. The momentum py cannot be chosen arbitrarily
and it depends on the initial condition &g, as seen in the above formula. The Hamiltonian
is a constant of motion and can be expressed as

H(e, ps) = H(go, po) = —cop2- (3.10)
We first state the result from [20, Proposition 6.3].

Proposition 3.3. Fix a function H (X, p) defined for x in an open set U C R" and p in R".
Consider a smooth function S(t,X) on [0,00) x U satisfying

as
— = —H(x, VxS).
5 (x )
Suppose the pair (x(t), p(t)) with values in U x R" satisfies the Hamilton equations
d)Cj oH dpj oH
—L = —(x(1),p(t)), —L = ———(x(t),p(t
4 = iy, BORO). G == 0. p0)

with initial conditions x(0) = x¢ and p(0) = (VxS)(0,xg). Then

t

d
S(t.x(1)) = S(0,%0) — H(xo. po)t + /0 p(s) - X ds 3.11)
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and

(Vx$)(2.x(1)) = p(1). (3.12)

These two formulas are valid only as long as the solution curve (x(t), p(t)) exists in
U x R".

We apply this result withn = 1 and U = (0, 00) in the system (3.8).

Proposition 3.4. In the system of coupled ODEs (3.8) with €(0) = g9 and p.(0) = pg
given in (3.9), for any A, the first Hamilton—Jacobi formula (3.11) reads

S, 2, 6(1)) = t(log(|A — xo/ + £0)) — 0T (1A — xo|* + £0) ™)1

This formula is valid only as long as the solution (e(t), pe(t)) exists in (0,00) X R; the
lifetime of the solution depends on the initial condition &g of ¢.

Proof. Since the Hamiltonian H is given by (3.10), by (3.8) we have

d
Pe(s) - —-e(s) = =26(s) pe(s)* = 2H (&, pe(s))
= 2H (g0, po) = —2e07((|A — xo|* + £0) ")
The expression in the conclusion then follows from (3.11). [ ]

Proposition 3.5. Let pg = t((|A — xo|? + £0) ') be the initial value of pe. If the solution
to the Hamiltonian system exists up to time ty, then for all t € (0, ty), the solution of pe is

1
() = ———. 3.13
pe(t) [ po—1 (3.13)

Proof. This follows directly from solving one equation in the system of ODEs (3.8)
dpe _ OH 2
dt de
with initial value pg = t((|A — x0|? + €0)™}). [
Since e(t) = —H(t)/ pe(t)?> = —Hy/ pe(t)?, we have the following corollary.

Corollary 3.6. Under the hypothesis of Proposition 3.5,

1 2
e(t) Z—(——[) Hy =80(l—[p0)2.
Po

The pair (e(¢), pe(t)) given by Proposition 3.5 and Corollary 3.6 gives a solution to
the Hamiltonian system (3.8) up to time

t(A,e0) = 1/ po,

when the denominator in (3.13) blows up. The value of py given in (3.9) and hence the
lifetime #, of the solution depends on A and the initial condition &g.
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3.1.3. Two regimes and the connection to the subordination map. To compute the Brown
measure p; of xo + ¢;, we want to compute AS(z, A, 0). Thus, we want to take () = 0
for the formula of S(z, A, e(¢)) in Proposition 3.4. By Corollary 3.6, the condition g(¢) = 0
can be achieved by either letting g¢ |, 0, or considering (1 — ¢pg) | 0 by making a suitable
choice of the initial condition &.
Write A = a + ib. As g¢ decreases, the lifetime of the path
1
t*(kaSO) = f  dpx)

R (a—x)2+b2+¢o

decreases. Let

1
(3.14)

T(A) = lim 1, (A, g9) = —
(x)

£040 f]R = ;L)zx_‘_bz

be the lifetime of the path in the limit as g¢ | 0, where the second equality comes from an

application of the monotone convergence theorem. The first regime, g¢ | 0, only works if

the lifetime of the path is at least  when ¢y is very small. Hence we study the set where

the lifetime of the path is at least 7:

. du(x) 1
AeC:TA)=>t}=r= b: | ———— < —1.
e DR { @t /R(a—x)z—l—bz_t}
The second regime is the open set
. dp(x) 1
Ay = : T = = L e > - 1
r={AeC:TQA) <t} {/1 a+ib A(a—x)2+b2>t}’ (3.15)

where we can use letting (1 —tpg) | 0, by taking a proper limit of the initial condition &g
in Section 3.2.2.

We note that the first regime, letting g9 | 0, will be used in Section 3.2.1; it can
be described using the subordination function F; in Proposition 2.4 and the function v,
defined in (2.8). We note that 7 may not be continuous, depending on the choice of u.
For example, if u = 1pg,17(x) - 3x? dx, then T(0) = % but T(a) = 0forall0 <a < 1.

We now identify A, and draw a connection between the definition of A; and the free
additive convolution discussed in Section 2.3. Recall from (2.8) that

u,(a):inf{b>0:/ M<l}, aeR. (3.16)

R

(@—x)2+b%2 " ¢
Using (3.14), by (3.15) we see that
={a+ibeC:|b|l <vi(a)}. (3.17)

Thus, A; agrees with the region defined in point (1) of Theorem 1.1. We will prove that
the Brown measure p; has support inside A ;.
We recall from Section 2.3 that the subordination function F; satisfying

Gxo(Ft(Z)) = Gx0+s, (Z), VARS (C+,
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has left inverse
Hi(z) =z + Gy (2).

From Proposition 2.4, the function F; can be continuously extended to c+ [10, Lemmas 3
and 4] and
F/(CTUR)={a+ibeCT :b>v,(a)).

Its inverse H; maps
{a +ibeC*t:b>v,(a)

onto Ct U R. Due to (3.17), the set A; can be written in terms of F; as
Ay =C\{F,(z),F;(z): z e CY UR}.
The boundary of A; is given by the closure of the set
{(zZ:ze FR)NCt} ={z,Z:ze€ C" and H;(z) € R.

It is notable that the subordination function F; for xo + s; also plays a role in the analysis
of x¢ + ¢;, where c; is the free circular Brownian motion.

3.2. Computation of the Laplacian of S

We now outline the strategy for the computation of the Brown measure in different
regimes as follows. (i) If T (1) > ¢, then the lifetime of the solution to the Hamiltonian
system remains greater than ¢ when ¢ tends to zero. Hence, we could let &g = 0 in (3.4).
(ii) If T(X) < t, the value of &g is chosen such that pg = 1/¢. This condition is equivalent
to b2 + g9 = v,(a)? as in Lemma 3.9, which allows us to calculate the Brown measure
in this regime. (iii) Finally, we need to eliminate any mass on the set {A € C : T(1) = ¢}.
We do this by showing that the restriction of the Brown measure p; to A is a probability
measure; therefore, using the fact that the Brown measure is a probability measure, we
conclude that there is no mass on the boundary {A € C : T (1) = t}. Our approach for the
boundary {A € C : T(X) = ¢} is different from the approach in [20], where the authors
showed directly that the Brown measure of the free multiplicative Brownian motion puts
no mass on the boundary by showing that the partial derivatives of the corresponding S
are continuous.

3.2.1. Outside A,. By Corollary 3.6,
e(t) = go(1 — 1po)®

depends on the initial condition gy > 0. In the case when A & A, we take ¢ | 0 to make
e(t) | 0. When A & A, is fixed, by (3.17), we have

_ du(x) - du(x) du(x) 1
Po _/R(a—x)2+b2+eo _A (a — x)% + b2 </R(a—x)2+v,(a)2 ¢’
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where the definition (2.8) of v; was used. In this case, by (3.14), the lifetime of the solution
is
ty(A,e) >t forall gy > 0.

The initial momentum pg can then be extended continuously at &9 = 0 by the monotone
convergence theorem, and 1 — zpg > 0 for all 9 > 0. It is clear that for a fixed A =a + ib
such that |h| > v, (a), po is a decreasing function of &g > 0 and hence 1 — ¢py is increasing.
This proves the following lemma.

Lemma 3.7. For afixed A & A, ¢ = eo(1 — tpy)? is an increasing continuous function
of eg > 0; € can be extended continuously as &o |, 0. We have

lime=0 and lim & = oo.
£040 £0—>00

Thus, for every & > 0, there is a unique &g such that ¢ = go(1 — tpg)?.

Fix t and A. As ¢ is an increasing function of &g, we can express &¢ as a function g¢(¢)
of & such that with initial condition g¢(g), we have £(¢) = ¢. Hence, by Proposition 3.4,

S(t, 2, 6(1)) = t(log(|A — xo|* + £0)) — 0T (1A — x0|* + £0)™")*1
= (log(1A — xol? + £0(£))) — e0()T((IA — x0[* + £0(e)) ™)1, (3.18)

Using also the fact that £9(¢) | 0 as & | 0 gives the main result of this section.

Theorem 3.8. Fora fixed A & A;,
S, 1,0) = 1i¢n(} S, A, ¢e) = / log((a — x)* + b%) du(x) (3.19)
& R

is real-valued. Thus, for all A & A, S(t, A, 0) is analytic and
A S(t,2,0)=0.
In particular, the support of the Brown measure p; of Xo + ¢; is inside A .

Proof. We first prove that the right hand side of (3.19) exists as a (finite) real number. It
suffices to consider € A¢ NR. Let I C R be an interval that is outside the closed set A.
Then, for any a € I, we have

1 1 £ €
0<——ImG &)= — | ——————du(x) < —.
= T m XO(a+lg) T / (a_x)z +82 /”L(x) =t

Letting & |, 0 in the above equation shows that x is 0 in AS N R. Indeed, as & | 0, the
measure —1; % Im Gy, (a + i€) da converges weakly to 1|7 for any interval / C A;NR
by the Stieltjes inversion formula (2.1).

By letting ¢ | 0 in (3.18), the fact that g9(¢) | 0 as & | 0 gives (3.19). Now, since, for
all A & Ay, (a — x)? + b% > 0, we can move the Laplacian into the integrand:

AyS(t,A,0) = / Ay log((a — x)? + b?) du(x) = 0.
R



C.-W. Ho, P. Zhong 2188

Recall that the Brown measure p; is defined to be the distributional Laplacian of the
function S(z, A, 0) with respect to A. The last assertion about the support of the Brown
measure p; follows from the fact that

Ay S, A,0)=0
outside A; implies that the support of the distribution A, S(t, A, 0) is inside A . ]

3.2.2. Inside A;. By (3.15), if A € A, we have T(A) < ¢ (see the definition (3.14)
of T(1)), showing that

dp(x) / du(x) 1
_f a9 L e,
/R|A—x|2 e a—x2+b2 1 T

By the fact that
lim t.(A,&0) = T(A)
£04.0

for each A € A;, if the initial condition & > 0 is small enough, the lifetime of the solution
path satisfies t4(4, &9) < t. That means the solution does not exist up to time ¢. Since,
given any A, the function &g = t4 (A, &9 ) is strictly increasing, and limg, yo0 £+ (4, £0) = 00,
there exists a unique £¢(A) such that t. (4, g9(1)) = ¢. In other words, with this choice of
g0 = €9(A), for A = a + ib, we have, since t4(A, g9(1)) = ¢,

/ dpx) S (3.20)
R (@ —X)2+D02+ ()  t(h,eo() 1 .

Lemma 3.9. With the choice of ¢g = €¢(A) satisfying (3.20), &g is a function of (a, b)
and is determined by

b +go(X) = v(a)?. (3.21)

Proof. This follows directly from the fact that such an g¢(1) is unique. The g¢(1) such
that b2 + g(1) = v;(a)? satisfies (3.20) by (2.10). [

If 1. (X, g9(A)) = t, then by (3.21) and Corollary 3.6, £(t) = 0. This means that the
solution of the system (3.8) of ODEs does not exist at time z. For all g9 > £¢(A), the
lifetime of the system (3.8) is greater than ¢; hence it makes sense to look at S(z, A, (¢))
with any initial condition &9 > g¢(4). Our strategy is to consider the solution of S by
solving the system of ODEs (3.8) at time ¢ as the limit as &g | €9(A) so that e(¢) | 0.

Recall that

S, A,0) =1imS(,A,¢)
el 0

is defined as in (3.2). We now compute A, S(z, A, 0).

Theorem 3.10. For A =a +ib € A; with b% + eo(A) = v:(a)?, using Proposition 3.4,
we have
: 2 2 ve(a)® = b?
S(t,A,0) = 11&} S(t,A,e) = | log((a —x)° 4+ vi(a)?)du(x) — —
€ R

In particular, S(t, A, 0) is analytic inside A ;.
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The Laplacian of S(t, A, Q) with respect to A is computed as

4 t d X
AAS(I’A’O)Z;(1_5%/1&((1—)6)2—{—1”((1)2 dM(X))

In particular, for A € A;, Ay S(t, A, 0) is independent of b = Im A.

Proof. If A € Ay and € > g¢(A), the lifetime 2. (A, &9) is greater than 7. Using Proposi-
tion 3.4, we can compute S(z, A, &(¢)), for each initial condition g9 > g¢(A), in terms of
the initial condition g¢ explicitly. By (3.18), at time ¢,

S(t, A, &(t)) = t(log((a — x0)* + b* + £0)) — eot(((a — x0)* + b* + £9) )%t

dp(x) ?
= /Rlog((a —X)2 4+ b% + o) du(x) — eot( @t b 80) . (322

Let &g | g9(A) = vs(a)? — b? asin (3.21). Then, in the limit, we have

lim e()= lim e&o(1—1po)*> =0,
ol 80 = lim, ol =1po)

fim tp0=t/ d’;(x) =1
soleo(h) R (@ —x)? 4+ vs(a)

Therefore, using (3.22), we have

because

S(1,2,0) = lim S(t, 2. ¢)

. . du(x) 2

2
- / l°g((“—X>2+vz(a)z)du(x)—(v,(a>2—b2)r(f ) )
. R (

a—x)?+v(a)?

2 2
b+(a), (3.23)

— [ tog(t@ =0 + vitay) duce) +
R
where the last equality comes from Lemma 2.3.

Now we compute the derivatives of S(z, A, 0) using (3.23). The partial derivative with

respect to b is
2b

T.
We note that, by [10, Lemma 2], v, is analytic at any point a such that v,(a) > 0. If
A € Ay, then vy (a) > 0 and the partial derivative with respect to a is

S _ [V e+ L2 1O w2
= fy e (e g u9 = v

ad 5 du(x) 2x du(x) 10 5
(ot g0 @®) [z surar | a1 3@

2a 2x dp(x)
t R (@a—x)2+v,(a)?’

z_i([,a,m - (3.24)
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where the identity in Lemma 2.3 was used. Using (3.24) and (3.25), we can compute the
Laplacian

02S  9%S 2 2 d x du(x)
NS AV =—+ — ), A,0) == +=—-2—
25(.4.0) (a + abz)( V=1 da/R(a—x)2+v,(a)2
4 ! t d xdu(x) .
Tt 2 da Jg (a—x)%+v(a)?)
3.3. The Brown measure of xo + ¢;
Lemma 3.11. We have
1
— A S, A,0)dadb = 1;
4 A;
hence, ;- L A, S(t,A,0)da db defines a probability measure on A ;.
Proof. Recall that, by Lemma 2.5,
(a —x)du(x)
=a+t . 3.26
o =a+i | ST (320

This is a computation using Fubini’s theorem. Define
Vi={a € R:v(a) > 0}.

By Theorem 3.10,

X
_ 2v,(a) t d X
N /;/t wt (1 N 5 %/]R (a _x)z + Ut(a)z dﬂ(x)) da
— vt(a) d X
B ./;/, KR %(za B t/R (@ —x)2 + v,(a)? dll(x)) da

— vt(a) d a—Xx
B /V, wt E(Q—H/R @—x)2 + v,(a)? d,u(x)) da
= / ve(a) dy(a) = / dipso;) =1,

v, 7t

where we used the definition of A; to deduce the second identity and Lemma 2.3 to
deduce the fourth identity. The last equality follows from Proposition 2.5. ]

Since the Brown measure is a probability measure, using the definition of the Brown
measure, the above lemma shows that the Brown measure p; of x¢ + ¢; is supported
on A; and is absolutely continuous on the support. Lemma 3.11 yields the following:
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Corollary 3.12. We have

dpt =1.
Ay

Hence, the Brown measure p; has the form
1
dp:(A) = —]lAtAAS(l‘ A,0)dadb.

Theorem 3.13. The Brown measure p; of xo + ¢; has support A; and has the form

dpi(a+ib) = 1a,(a +ib)ws(a)dbda (3.27)

1
wila) = E( 2 da/ (a—x)2 + vs(a)? dplx ))

The function wy is strictly positive inside A;.

Let W(A) = H;(a + ivs(a)), where A = a +ib € A, (see Proposition 2.4 for the
definition of Hy). Then the push-forward of the Brown measure to the real line by WV is
W B oy, where [ is the distribution of x.

where

When p = 8o, one can verify that v;(a) = 1,2,V —a? and w;(a) = 1/(xt). Then
the Brown measure is, as expected, the circular law.

Proof of Theorem 3.13. First note that (3.27) comes from Corollary 3.12 and Theorem
3.10. Define
Vi ={a eR:v(a) > 0}.

For the assertion about the push-forward, given any smooth function g, we have

1 t d x du(x)
//Azgo\ll(a,b)—(l—E%/R(a_x)2+vt(a)2)dbda

/ ¢ (@) ”t(“)( L4 xdp) )da

2 da Jgr (a —x)? + v,(a)?

v,( ) d xdp(x)
/ 8@~ ( _t/<a—x)2+v,(a>2)d“

_ t( ) d (a —x)du(x)
= / gW(a)) Ja (a + t/];g PR vt(a)z) da (by Lemma 2.3)

/ ¢ (@) ’()dw,(a) (by (3.26)

- ngdwaaaz).

The last equality follows from Proposition 2.5. The above computation also shows that
when (a, b) € Ay, we have

1 d 1 2
—(1 | x du(x)) = LY@ = Zu @21+ v @?) > 0

Tt 2 da Jr (@ — x)% + v (a)?
by Proposition 2.5. This shows that the density of p; is strictly positive inside A;. ]
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Theorem 3.14. The density of the Brown measure of xg + ¢; may be expressed as

1 dv:(a)
, 3.28
wi(@) = 21t da ( )
and is bounded.: {
we(a) < —. (3.29)
Tt

The inequality is strict unless ( is a Dirac mass.

Proof. Formula (3.28) was already obtained in the proof of Theorem 3.13; Theorem 4.6
in [4] can be used to prove (3.29) but we give a direct proof here.

Recall that ;(a) = H;(a +ivs(a)) and H;(z) = z + tGx,(2). Let z = a + iv(a).
If v, (a) > 0, we have

— i du(x) dux)
1= HC) = ldz R Z—X ‘ ]R(z—)c)2
< / e _ (3.30)
R |z — x|

where we used the definition of v;(a) in (2.8). If u is not a Dirac mass at 0, the inequality
in (3.30) must be strict, since 1/(z — x)? does not have the same phase for p-almost
every x.

Since ¥ (a) = H;(a + iv;(a)) is real-valued, by (3.30) we must have

< Vi (a) <

da

and both inequalities are strict unless w is a Dirac mass. ]

Corollary 3.15. The support of the Brown measure p; of xo + ¢; is the closure of the
open set A;. The number of connected components of A; is a nonincreasing function

of t.

Proof. That the support of p; is the closure of A; follows directly from the facts that p;
is strictly positive on A; and it has full measure on A;.

The number of connected components of the open set V; = {a € R : v;(a) > 0} is non-
increasing, by Proposition 2.6. Since A; has the same number of components as V; by the
definition of A;, the number of connected components of A, is also nonincreasing. [

Proposition 3.16. The Brown measure p; of X; = Xo + ¢; is the unique measure o on As
with the following two properties: (1) the push-forward of o by the map A — V;(A) =
Hy(a + iv(a)) is the distribution of xo + s;, and (2) o is absolutely continuous with
respect to the Lebesgue measure and its density is given by

W(a,b) = h(a)

for some continuous function h.
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Proof. Define
Vi ={a € R :vs(a) > 0}.

Let y = v4(a). By Theorem 2.5, the law of x¢ + s; has the density given by

Ut(a)

pe(y) =

We also recall, from Theorem 2.5, that ¥, (a) > 0 for all @ € V;. The push-forward by W
of p; can be computed, for any smooth function g, as

(g o W)(a,b)h(a)dadb = fV (g o ¥1)(a) - 2v;(a)h(a) da

2v;(a)h(a)
v (g wt)(a)—w; @ dy.

At

2v;(a)h(a)

By assumption, this means the measure )
t

dy is the law of x¢ + s;. It follows that

w@ht@ _ vl

Vi (a) wt

Then & can be solved explicitly, using the definition of ¥ from Theorem 2.5:

h(a)=iw;(a>—ii( ) e dM(X))

2t d (a — x)? + vs(a)?
L 4 t / al (x)) (using Lemma 2.3)
= — X using Lemma 2.
27t da (a —x)? 4+ vi(a)? i &
1
= — d ,
m( 2da/(a—x)2+v()2 “(x))
which is w; (@) in (3.27). This establishes uniqueness. |

Before we move on to the multiplicative case, we show some computer simulations.
As indicated in Section 1.1, in this additive case, we can apply the result by Sniady [37,
Theorem 6]: if X is a sequence of N x N self-adjoint deterministic matrices or random
matrices classically independent of the Ginibre ensemble Z y (¢) at time ¢, and if xg is the
limit of X in x-distribution, then the empirical eigenvalue distribution of Xy + Zx (?)
converges weakly to the Brown measure of x¢ + ¢;.

The two figures below use computer simulations to compare the push-forward of the
Brown measure of xo + ¢; under ¥ and the spectral distribution of x¢ + s;. The latter
distribution is stated in Proposition 2.5. In each of the figures, part (a) is the eigenvalue
plot of xo + ¢; at ¢ = 0.8, and ¢ = 2; part (b) shows the histogram of the image of the
eigenvalues in part (a) pushed forward under W, with the density of xo + s; superimposed.
We can see that both histograms in part (b) follow the theoretical distribution — the spectral
distribution of x¢ + s;.
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(a) Eigenvalue plot for xo + co.s and the graphs v g(a) (red) and
—v0.8(a) (blue dashed)

éﬁﬁ‘

AT

-1 0 1 2 3 4

(b) Push-forward of eigenvalues of xo + ¢o.g by Wo.g and the
density of xo + 0.8 superimposed

Fig. 3. 2000 x 2000 matrix simulations at # = 0.8 for x¢ distributed as %8_0,5 + %81.6 + %83.

(a) Eigenvalue plot for xo + ¢2 and the graphs vz (a) (red) and
—uvz(a) (blue dashed)

74;:<\

-2 -1 0 1 2 3 4 5

(b) Push-forward of eigenvalues of x¢ + ¢2 by W2 and the den-
sity of xo + s2 superimposed

Fig. 4. 2000 x 2 000 matrix simulations at ¢ = 2 for x¢ distributed as %5_0,5 + %5 1.6 + %53.
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4. Free multiplicative Brownian motion

In this section, we compute the Brown measure of the random variable ub; where u is a
unitary random variable freely independent of the free multiplicative Brownian motion b;.
The strategy in the computation in the multiplicative case is similar to the additive
case. We first compute the PDE of the corresponding S which can be solved using the
Hamilton—Jacobi method. We then find all the constants of motion of the Hamilton equa-
tion and solve a system of ODEs. Because the PDE of S is the same as the one computed
in [20], the analysis is similar to the arguments there, with initial conditions for our case.

The analysis in this case is much more technical than in the additive case. Neverthe-
less, the idea is that given a point A on the complex plane, we want to find initial conditions
Ao and g¢ such that
(1) the solution of the Hamiltonian system exists up to time ;

(2) limgq, e(s) = 0 and limgq, A(s) = A.

In the process, we will see that for A & m where A; , is a certain open set described
in Section 4.4, the initial condition of gy can be taken arbitrarily small and the above
properties still hold. Thus, when A & A, ,, we can make &(¢) arbitrarily close to O by
making &g sufficiently close to 0. For A ¢ m one can show that A, S(¢, A,0) = 0 and
hence the Brown measure is supported in A, . In this paper, we use a different approach;
we show that the Brown measure is 0 outside A, ,, by showing that the Brown measure
puts mass 1 on A; ;.

For A € A;,,,, we take a proper limit of the initial condition &¢ such that the lifetime
of the solution is at least #. Then we use the Hamilton—Jacobi formulas to compute the
Laplacian of S.

4.1. The differential equations

Let b; be the free multiplicative Brownian motion and u a unitary operator that is freely
independent of b;. Denote g, = ub,. We consider the function S defined by

S(t. 2. &) = tllog((g: — V) *(g: — A) + &) (4.1)

and set
s¢(A) =1lim S(t, A, ¢).
el 0

Then (2.18) shows that the density W(z, 1) of the Brown measure of g; is computed in
terms of s;(A) as

1
W(t,A) = —A)s:(A). 4.2)
4
By applying the free Itd formula, one can prove the following result. The PDE in the

following theorem is the same as the one in [20], except that it is written in logarith-
mic polar coordinates, and has a different initial condition. We refer the interested reader
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to [20] for the proof for u = I and the same argument works for every unitary operator
u, because g satisfies the same free SDE, but a different initial condition than b,.

Theorem 4.1. The function S in (4.1) satisfies the following PDE in logarithmic polar
coordinates:

s as as  9S A
D2+ aP-Z2 ) 4= el 43
ot Sas( A=, ap)’ ere “3)

with initial condition
S,A,¢) =t[loglu —A)*(u—21) +¢] = / log(|€ — A% + ) du(§), 4.4)
T

where | is the spectral distribution of u.

In [20], Driver, Hall and Kemp studied the properties of solutions of (4.3) with the
unitary initial condition ¥ = I. Since we are solving the same PDE with a different initial
condition, the properties of the solution for (4.3) with the initial condition (4.4) are similar
to those obtained in their work.

The equation (4.3) is a first-order, nonlinear PDE of Hamilton—Jacobi type (see for
example [21, Section 3.3]). We will use polar coordinates and logarithmic polar coordi-
nates for A; we write A = e®e’? = re’?. We define the Hamiltonian corresponding to (4.3)
by

H(pv 97 €, p,Ds P, Pe) = _8178(1 + "zps — EPe — pp) (45)

Although the right hand side of (4.5) is independent of 6 and pg, the function S does
depend on 6. We consider 6 and py as variables of H so that we can apply the second
Hamilton—Jacobi formula (3.12) to compute g—‘g. We consider Hamilton’s equations for
this Hamiltonian; that is, we consider this system of six coupled ODEs:

dp _ 9H d6 _ H de  H
dt  dp,’ dt — dpg’ dt — p,’
dpp _ O~ dpe _ OH dp. oM

= - - 4.
dt p di 90" dt de (46)

Since the right hand side of (4.5) is independent of 8 and pg, it is clear that d0/dt =
dpg/dt = 0. Hence, 0 and pg are independent of z.
Here we require that (¢) be positive, while all other quantities are real-valued. For

convenience, we write
A1) =r(t)e? = er®elf.

Note that we have used, in the above equation, the fact that the Hamiltonian is independent
of pg. The initial conditions for p and ¢ > 0 are arbitrary. Given

0(0) = po, €(0) = &9, 4.7

we write r(0) = ro = 0, and the initial condition (4.4) of S as
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S(0.2.6) = /T log(1& — A]2 + &) dyu(€)

b1
= / log(|e'® — A2 + &) du(e'®)
-7

b2

= [ log(1 + ré —2rgcos( —a) + ¢) du(e'®). (4.8)

-
The initial momenta p, o = p,(0), pp and po = p,(0) are chosen as

BS(O, /‘{0,80) aS(07 A0a<90)
N — pe = — Y,

95(0, Ao, €0)
00 30 '

po = pe(0) = 3
2}

DPpo = Pp(o) =

With these choices of momenta, we will apply Proposition 3.3 to see that the momenta
correspond to the partial derivatives of S along the curve (p(¢), 8, &(t)).

Recalling that u is the spectral distribution of u, we can write the above definitions
explicitly:

95(0, Ao, €0)

Ipo
/” 2ro(ro — cos(6 — @))
—x 1+71d—2rgcos(f —a) + &g

Pp,o = Pp(0) =

du(e™); (4.9)

~05(0. Ao, £0)
Po = Y
/‘” 2rg sin(f — )
—x 14+ 71§ —2rgcos(d —a) + &g

dS(0, Ao, &
po = pe(0) = %
&o

1
1 .
= du(e’™

/_,, 1+ rg —2rgcos(f —a) + g9 e

dp(e™); (4.10)

1
= — d , 4.11
/T|s—xo|2+80 (®) @.11)

where 1o = roe?.

After a change of variable to rectangular coordinates, the Hamiltonian system (4.5)
is the same as the one studied in [20] because the PDE of S is the same. The solution
of the system of coupled ODEs (4.6), with given initial conditions, is very similar to that
in [20, Section 6]; if we do not write the initial momenta explicitly but leave as symbols
Dp,0 and po, the solutions look pretty much the same. With the new initial conditions, we
will see how the Laplacian of S changes and we will be able to analyze and identify the
Brown measure of ub;.

Lemma 4.2. The value of the Hamiltonian att = 0 is

Ho = —eqp2. 4.12)
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Proof. We calculate

F 4 2
5 —r§ + 2rocos(bp — ) — &g i
r — & — = d e
0Po = &0P0 = Ppo /_n1+r§—2rocos(00—(x)+£0 e
=—1+4 po.
Hence, Hy = —gopo(1 + Vgpo —&0P0 — Pp,0) = _50P3~ "

We record the following result which is modified from [20, Theorem 6.2] for our
choice of initial conditions.

Theorem 4.3. Assume Ao # 0 and €y > 0. Suppose a solution to the system (4.6) with
initial conditions (4.7), and (4.9)—(4.11) exists with e(t) > 0 for 0 <t < T. Then

2
S( A1), £(1)) = /T 10g(|5—)\o|2+8o)dﬂ(§)—801( /T mdu@))
+ log |A ()| — log |Ao] 4.13)

forallt € [0, T). Furthermore, the derivatives of S with respect to p and ¢ satisfy

aa_S(x,x(z),s(t)) = pe(1),
&

9S (4.14)
T(I,l(l),S(t)) = po(1).
o
Proof. We compute
dp n de  0H n oH
Pr dt Ps dr Pr P, pe pe
= gpe — 2epe(1 + rzps — &Ds — Pp)
=¢epe +2H = ep. + 2H).
By Proposition 3.3, we have
t
S(A0.6(0) = 5O.30.20) + tHo + [ e(5)pe(5)ds.
0
We also have
dp 0H
—_—=s—— = .
dt  0p, pe
which yields
t
/ e(s)pe(s) ds = log |A(t)| —log|Ao]. (4.15)
0

If we plug in the values of S(0, Ag, g¢) in (4.4), and Hy and pg in (4.12), we obtain
(4.13). n

It is very important to understand the constants of motion of a Hamiltonian system.
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Proposition 4.4. The following quantities remain constant along any solution of (4.6):
(1) the Hamiltonian H,

(2) the argument 0 of A if Ay # 0,

(3) the momentum pg with respect to 6,

(4) the function V := ep, + %pp.

Proof. These are the same constants of motion in [20, Propositions 6.4, 6.5]. It can also
be checked directly using (4.6). ]

4.2. Solving the ODEs

We will need the following values to solve the coupled ODEs. Using the initial conditions
(4.9)—(4.11) and the fact that W is a constant of motion, we have

1 T |Ao|* — Aol cos(Bp — @) + o ;
N L du(e'®). 4.16
et 3P /_n1+|Ao|2—2|xo|cos(eo—a)+80 we®). @16
We set
C=20—1
x Ihol2 = 1+ o .
= du(et® 4.17
/_n1+|Ao|2—2|xo|cos<eo—a>+50 we™) 17
= po(rgd — 1 + o) (4.18)
and 5
1
s—Totl+e (4.19)
ro

Proposition 4.5. For all t, we have
e(1)pe(1)* = eopye ™", (4.20)
where C is given by (4.18).

Proof. This is established by solving the ODE that £(¢) p,(¢)? satisfies. See [20, Propo-
sition 6.6] for details. The difference in our initial conditions does not play a role in the
proof. ]

We now adapt the proof of [20, Proposition 6.9] (which is by solving a system of
coupled ODEs), under the initial conditions (4.7) and (4.9)—(4.11), to analyze the func-
tion S defined in (4.1). We calculate, by (4.5) and (4.6),

dpe  0H

__H 2
P T I) —&(t) pe(t)”.
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The Hamiltonian H is a constant of motion. By Lemma 4.2 and Proposition 4.5, the above
equation is expressed as

dps _ eops
dt — e(1)

—eopae !t = —pe(1)?eC! —gopie . 4.21)

The ODE (4.21) can be solved explicitly as the constants C, g, and po have been given.
Following [20, Proposition 6.9], the solution of (4.21) is the p.-component of the solution
of the system (4.6), which is

cosh(kt) + 2"10‘ = s1nh(kt)

pe(t) = V3 e ¢! (4.22)
osh(k) — —8— sinh(k?)
where
kZ%p()'r()- 82 —4 (423)

for as long as the solution to the system (4.6) exists, where we use the same choice of
/62 — 4 as in the definition of k in (4.23). If § = 2, we interpret sinh(kt)/+v 8% — 4 as
% Porot. In addition, if 9 > 0, the numerator cosh(k?) — J(fT sinh(kt) is positive for
all ¢. Hence, the function p(¢) is positive as long as the solution exists and its reciprocal
1/ pe(2) is a real analytic function of ¢ defined for all € R. Moreover, the first time the

expression (4.22) blows up is when the denominator is zero, which is

2 1 82 —4
tx+(Ao, 80) = —— ————tanh™! (—) (4.24)
Poro /82 — 4 )
1 1 5+ V82 —4
- log( + ) (4.25)
Poro /8% —4 §—~82—-4

Here, the principal branch of the inverse hyperbolic tangent should be used in (4.24),
with branch cuts (—oo, —1] and [1, co) on the real axis, which corresponds to using the
principal branch of the logarithm in (4.25). When § = 2, we interpret . (19, £9) as having
its limiting value as § approaches 2.

We now describe the limit behaviors of &(¢) and A(z) by adapting the arguments in
[20, Section 6.3]. By (4.20), we have

2,—Ct
gopge

ps(1)?
As t approaches t.(Ag, g9) from the left, p.(¢) remains positive until it blows up and ()
approaches zero. That is, for any &g, we have

e(t) = (4.26)

lim () = 0. 4.27)

t—tx(A0,€0)

If &9 = 0, from (4.26) we see that the solution has &(¢) = 0; and we deduce that
A(t) = Ag from (4.15). By [20, Theorem 6.7] (our initial conditions are different from
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the system in [20], but it only uses (4.26) and the fact that H is a constant of motion), if
e(t) > 0ast — ty(Ao, g9) with g9 > 0, then

lim  p(t) = Ct«(Ao,80)/2. (4.28)

t—>tx(A0,£0)

Proposition 4.6. We have

lim p,=2¢=C+1= lim 2p(t)/t+1. (4.29)

t—>tx(A0,80) t—>tx(A0,£0)

Proof. Note that lim;_,;, (10,60) () Pe(t) = lim;_s, (40.60) VEE)VEW@) pe(t)?> = 0 by
Proposition 4.5 and (4.27). We then use (4.16) to obtain

lim p, =2W.

t—>tx(A0,80)

Then (4.18) and (4.28) yield the result. ]

4.3. Monotonicity of the lifetime

We will show first that the lifetime of the Hamiltonian system is an increasing function
of 9. To this end, let us recall the following elementary lemma from [20, proof of Propo-
sition 6.16].

Lemma 4.7. Given 0 € (—m, t], the function gg defined by
2o (x) x —2cosf log(x + Vx2 —4)
0 =
Vx2—4 xX—+x2—4

is a strictly increasing, nonnegative, continuous function of x for x > 2 and tends to oo
as x tends to infinity.

(4.30)

Proposition 4.8. For each Lg, the function t« (Ao, €9) is a strictly increasing function of
&g for e > 0 and
lim Z*()L(),So) = +00.

g0—>+0o0

Proof. For A fixed, recalling the definition of § in (4.19) and £ (A, €) in (4.25), we define

S (8) = = poroVé? — 410g(w). 4.31)

1 (k. £0) 5+ 32 —4

By the expression for pg in (4.11), we obtain

Poro du(e'®).

T 1
N /_,, 8 —2cos(fy — )

We can then rewrite f}3,(5) as

i 1 i
m@5L5:®wwx



C.-W. Ho, P. Zhong 2202

where gg,_o(8) is defined in (4.30). Hence, as 4 (Ao, &9) is the reciprocal of fj,(8) as in
(4.31), it then follows from Lemma 4.7 that . (A9, £9) is a strictly increasing, nonnegative,
continuous function of § for § > 2 that tends to co as § — oo. This finishes the proof. =

Similar to the additive case, the complex plane C is naturally divided into two sets
when we calculate the Brown measure of the free multiplicative Brownian motion. The
following function 7" determines how we divide C into two sets. The analysis to achieve
&(t) = 0is different in these two sets. We will see that one of these two sets has full Brown
measure, and we omit the analysis of the other set in this paper. The interested readers can
find that analysis in [20] (foru = I).

Define the function 7' : C — [0, c0) by

2
1 logry

for g = roe'? and r 1,
T(ho) = 7 31 0= 07 (4.32)

2o for Ao = roe’? and rg = 1.
When p = §;, the function T reduces to the function in [20]. The following result is
analogous to results in [20, Section 6.4]. Roughly speaking, it says that 7 is the lifetime

of the solution “when g9 = 0”.

Proposition 4.9. Recall that t« (Ao, €9) is defined by (4.25). Then for all nonzero Ay,

1+(0,0) := hrﬁ) tx(Xo, €0) = T(o). (4.33)
€0

where the function T is defined in (4.32). Furthermore, when g9 = 0, we have

lim  p(t) = po. (4.34)

t—tx(A0,£0)
Proof. We first consider the case when |Ag| = 1. In this case, we have lim,,—o 6 = 2 and

. 2_ .
limgy—o V62 —4 = £ M(\)/{ol L We can then compute the limit

. 1 (8+v82—4)
lim log =1
8l2/62 -4 \6- V52 —4

(4.35)

and obtain
lim (Ao, g0) = 1/ po,
£040

where pg, given by (4.11), can also be written as

1
=| ——d with 6 = arg 4.
ro= | o dne®) 2o

Hence limg, 0 t+(A0, €0) = T (A¢) by (4.32).
For |A¢| # 1, we note that
5+ 82 —4 5

lim =r2 and limrgvVé2—4=r2—1.
e0d0 § — /52 —4 0 £040 0 0
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Hence, from (4.25), we deduce that

1 logr?
lim t4(Ag,89) = — Zg o _ T(Ao), where 6 = arg Ao,
€040 Po ry — 1

due to the expressions of p.(0) as in (4.11).
The proof of (4.34) follows from a similar calculation using (4.28), and V6% — 4 =

21
=50 .

4.4. The domains A,y and Q2 g, and their relations to the lifetime

Recall from Section 2.4 that the set Q; 7 = {w;(z) : z € D} defined in (2.13) is star-
like with respect to the origin, by Proposition 2.9. Moreover, the graph of the function r,
defined in (2.16) is exactly the boundary set d€2; ;. That is, by Proposition 2.9 (1),

Q= {reie = <0 <m0<r <r(0)}.
See Figure 5 for an example. Define the open set
Al‘,/L = {Z, I/E VAN E\ Qt,ﬂ}'

We will prove in Theorem 4.28 that the closure A, , of A, is the support of the Brown
measure of ub;; thus, we call it A, , instead of A; ;. All other notations are related to
the subordination function of u*u, with respect to u* so we use ji as subscript in those
notations.

(b) Q.7 and A; ©) Arp

(a) Qr.ﬁ
Fig. 5. The sets Q5 and Ay, when u is distributed as %(Sem'/s + %863,,;/4 and ¢ = 0.8, plotted
with the unit circle (black-dashed).

In this section, we first establish the following theorem which gives the relation
between the domain A, ;,, and the function 7" (which is the lifetime of the solution when
&g = O)

Theorem 4.10. For any t > 0, the region A; ,, is invariant under A — 1 /X and we have

Ay ={re® i ri(0) <r <1/r:(6). 0 € U, ). (4.36)
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where ry is the function defined in (2.16). Moreover, A; , may be expressed as
Ay ={AeC:TQ) <t}.
Forany A ¢ m, we have T (L) > t, that is,
C\A;, C{AeC:TA) >t}
Forany A € 0A; ,, N'T, we have T(A) > t; and for any A € A, \'T, we have T(A) =t.

Theorem 4.10 characterizes the complement of 2, using the function 7. With this
characterization, the strategy of letting s — 0% could work on C \m, using an argu-
ment parallel to that in [20], where the case u = §; was considered. We do not analyze
C \ Q;,, in this paper because we can show that €, has full Brown measure (see
Lemma 4.25).

We will prove Theorem 4.10 later. In the following, we establish a corollary of this
theorem.

Corollary 4.11. For Ag € A;y, we have t«(Ao,0) < t, and for Ao ¢ Ay, we have
tx(X0,0) > t. For Ao € 0A;;, \ T, we have ty«(Ao,0) = t, and for Lo € A, N'T,
we have ty(Ao,0) > t.

Proof. Apply (4.33) and Proposition 4.9 and Theorem 4.10. ]

Remark 4.12. We can only conclude #,(1,0) > ¢ for A € dA; , N T butnot t4(A,0) =1¢,
because 7x(A,0) = T (1) may not be continuous at these points and 7' > ¢ can occur on
dAy,, N T. For example, if du(e™) = 1jg,113x% d(e'™), then, for all t < 1/3, T(e') =
1/3>tande’ € 9A,, NT.

We now describe some important properties of the set €2, ; through the subordination
function. Recall that

b, 5(2) =28:5(2) = zexp(z/ 1 +éz

s [ o). “37)

We define the function

b=dO)=6+1 /ﬂ r(@)sin0 —x) vy g e, (4.38)

—x [1=r(0)ei0—))2

Recall that the function w; extends to a homeomorphism from D onto Q4,75 the func-
tion ¢ is a strictly increasing continuous function from [a, a + 27) onto some interval
[b,b + 27). Then, given any a € R, ¢ is a continuous version of arg(@,,ﬁ(r,(e)eie)) for
any 6 € [a,a + 2m); that is, e'® = @, ;(r, (0)e'?).

We write

1 +&ret?

lOg |q>t,ﬂ(rei0)| = IOgV + RC(L/ rei9 dﬂ(s)) = (log r)ht(rv 0)7 (439)

2 r 1—¢
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where
2

tr-—1 1
=1-= . i(£).
ht(r»e) 2 logr [H‘ |l _ 7619$|2 d“‘(S)

For A € C with [A| # 0, 1, we let

1—h:(r,0) 1 r2—1/ 1 .
= = . d
t 2 logr Jr |1 —reifg? )

1r2-1 1 .
- / du(e™)
T

f(r.0) =

2 logr |1 — ret®@=x)2
1r2—1 (7 1 ~

= _ du(e™™). 4.40
2 logr /_,, 1 —2rcos(6 —x) + r? we) (4.40)

We will need the following elementary fact.
Lemma 4.13 ([45, Lemma 3.1]). Given —1 < y <1, define a function of r by

r2—1 1
logr 1—2ry +r2

Ry(r) =

on the interval (0, 1). Then R’y (r) > O0forallr € (0,1).

Corollary 4.14. For fixed 0, the function r — f(r, 0) is increasing on (0, 1) and decreas-
ing on (1, 00). We have

lim f(r.0) = lim f(r.0) =0.
Moreover, f(r,0) = f(1/r,0).

Proof. By Lemma 4.13, we see directly that % >0forr €(0,1),s0r— f(r,0)
is increasing for r € (0, 1). It is straightforward to check that f(r,8) = f(1/r, 6); thus,
r — f(r,0) is decreasing on (1, c0). The limit assertion can be checked directly from the
definition of f. ]

Hence, it makes sense to define f(17,-) : [-m, 7] — (0, o] as follows:

- _ 1 _ " 1 S plXY " 1 ix
fa ,9)—r1_1)1{1_f(r,9)—/_ﬂmdﬂ(€ )—/ Tx”zd”(e )-

1=
(4.41)
Then the function 7' : C — [0, co) defined in (4.32) is expressed by f as follows:
1/f(r,0) forA =reandr # 1,
T = /f(r,0) or re. and r # 4.42)
1/f(17,0) forA=reandr = 1.

If £f(17,6) = oo, we understand that, for this 6, T(e’?) = 0. Analogous to the addi-
tive case (see (3.14)), the function 7 may not be continuous on T, as mentioned in
Remark 4.12. If u = 81, one can use (4.42) to check that T reduces to the function defined
in [20].
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Lemma 4.15. For each 6 € [—m, 7], the function r — T(re'?) is strictly decreasing for
0 < r < 1 and strictly increasing for r > 1. For each 0, the minimum value of T(re'?)is
achieved at r = 1, which is 1/ (17, 0), and we have

lim T(reig) = lim T(re'?) = c.
r—>0 r—>00
Moreover, T(re'?) = T((1/r)e'?).
Proof. The claim follows from Corollary 4.14 and the reciprocal relation (4.42). ]

We now can use the functions r, defined in (2.16) and T to describe the set 2, ; and
its boundary.
Proposition 4.16. Let 6 € [—n, 7].
(1) When r;(0) < 1, we have T (r;(8)e'?) = t. Moreover,

(@) T(re'?) >t forr <y

(b) T@re®y <t forr, <r <1.
(2) When r;(0) = 1, we have T(r;(0)e'?) = T(e'%) > t, and T (re'?) > t forr < 1. If,

in addition, 0 € [—m, ]\ Uy g, then T(reie) >t forallr > 0.
Proof. When r;(0) < 1, by Proposition 2.9 (2) we have

rt(9)2—1 T 1 d_( iJC)
. er) = —,
20g7:(0) ) 11 = ri(6)ei@r0 2 “H ‘

which implies that T (r;(9)e’?) = t by the definition (4.32) of T'. For each 6, the function
r +— T(re'?) is strictly decreasing for 0 < r < 1 by Lemma 4.15. Items (1a) and (1b)
follow.

By the definition of r; in (2.16), when r;(8) = 1, we have

r2—1 (7 1 ; 1
_ d_ X < _
2logr /;n |1 — rei@+x))2 e = t

for all 0 < r < r;(8) = 1. Hence T'(r;(#)e’®) > ¢, and T(X) > ¢ when || < 1. If, in
addition, 6 € [—x, 7] \ U, 3, then by (2.15),
1
1 P
f_n TGP dfi(e™) < -

which shows that 7'(e!?) > ¢ due to (4.32). Therefore, T'(re'?) > ¢ forall 0 < r < 1 and
0 € [—m w]\ Us . |

Proposition 4.17. The open set U; ; defined in (2.15) may be characterized by

U,,@z{—nfefnr,(9)< 1} (443)
={—m<0<m:TE"?% <1} (4.44)

Moreover, 0Q; ; N'T =T \ {el?: 0 e Ui}, where Qy i is defined in (2.14).
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Proof. We rewrite the definition of U; z in (2.15) in terms of the function f as
Up={-n<0=<m:f(17,0)>1/t}.

Hence, by Proposition 4.14, 8 € U, ; if and only if 7;(8) < 1. From Proposition 4.16, we
see that r,(#) < 1 if and only if T(¢’?) < ¢. Now, (4.43) and (4.44) hold.
Recall from Proposition 2.9 that

Q. = {ri(0)e'® : —w < 6 < x},
which yields
0 NT ={e?:r(0) =1} =T \{e? : 0 € U ). .
We are now ready to prove our main result in this section.

Proof of Theorem 4.10. Recall from Proposition 2.9 that Q, 5 = {re’® 10 <r <ri(0),
0 € [—m, ]}. Hence, by (4.43) in Proposition 4.17,

E\Q,,ﬂ = {reie r@) <r<1,r(0)<1}= {reie cr(0) <r < 1,0 €U},

which yields (4.36).
We discuss the function 7' (1) according to the argument of A in the following cases:
(1) When 0 € U, , for A with arg(A) = 6 and r,(0) < |A| < 1, we know that T' (1) < ¢
from Proposition 4.16 (1b). Hence, A;, C {A € C : T(A) < t} by the definition
of A{,u and the symmetry property T(z) = T(1/Z) as in Lemma 4.15. Since r
T (re'?) is continuous and decreasing for 0 < r < 1, it follows that

r(0)e’® € Q.5 NIA,,

and T'(r,(0)e'?) = t by Proposition 4.16. Moreover, A ¢ Aypand T(A) > tif [A] <
re(@) or |A| > 1/r,(0).

(2) When 6 € [, 7]\ U; 3, we know that T'(A) > ¢ for all A in the ray with angle 6 by
Proposition 4.16. It is also clear that A ¢ A; ,, for such A.

(3) Finally, when 0 € U, j, we have r,(0) = 1, ¢! € 9Q, 7 N A, and T(e'?) > 1.
Since r — T(reig) is decreasing for 0 < r < 1, and increasing for r > 1, we have
A ¢ Ay, and T'(A) > ¢ for any other A that is in the ray with angle 6 except et
By the above discussion, we see that T(A4) > ¢t if A ¢ A, ,, for any 6. In addition,

TA)=tif A € 0A;,,and T(A) =t if A € dA;, \ T. Therefore, A € A, if and only
ifT(A) <t. L]

Remark 4.18. For A € 0A;,, NT (i.e.,argA € [—m, ] \ Uy ), it is not always true that
T(A) =t as discussed in Remark 4.12 (recall that T(1) = ¢+ (A, 0)). When this is true,
then the boundary of A; ;, may be expressed as

0N, ={AeC:T@Q) =1t}
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We end this section with the bound of d¢p/d 0, where ¢ is defined in (4.38), which will
be used to give a bound of the density of the Brown measure of ub; (see Theorem 4.28).
We first establish the following lemma that will be used in establishing the bounds.

Lemma 4.19. The function
—rlogr
1—r2

is strictly increasing for 0 <r < 1.

Proof. We will prove that r > (1 — r2)/(—rlogr) for 0 < r < 1 is strictly decreasing,
which holds, by putting x = —logr, if and only if the function
1 —e™ 2% _ 2sinhx

X = =
xe % X

for x > 0 is strictly increasing. Since the Taylor coefficients of

2 sinh x i x2n
T L on+ 1)
X = 2n + 1)!
are all nonnegative, the function x + 2 sinh x/x is strictly increasing. ]

Recall from Section 2.4 that w; is a function on D whose left inverse is ®, ;. The
function ¢ defined in (4.38) is a function on R, and is differentiable at 8 where r;(6) < 1.
The next lemma gives an upper and a lower bound for d¢/d6.

Lemma 4.20. Given any a € R, the function ¢ defined in (4.38) is a strictly increasing
continuous version of arg Oz (r:(8)e'®) for any 0 € [a,a + 21) onto some interval of
the form [b, b + 21) for some b € R. If r;(0) < 1, then ¢ is differentiable at 0, and we
have

d¢

— < 2.
O<d9<

Proof. The first assertion follows from the paragraph following (4.38). Clearly, ¢ is dif-
ferentiable at & € R where rs(6) < 1, since u is a measure on the unit circle.
Write w = r5(6)e’?. Recall from Remark 2.8 that r; is analytic at 6 where r;(0) < 1.
We take the derivative with respect to 6 of the identity e’ = ®, ;(r;(0)e'?); we have
ie'? d—¢

75 = Phalri @)1 (0)e'” +iri(9)e')

. 16
_zcbt’ﬂ(w)w( lr,(@) +1).

If we divide both sides by i @} - (w)w and recall that e'? = @, ;(w), we find that

Guiw) dp __ri(0)
wdD't,ﬁ(w) do

o T
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Since d¢p/d0 is real, we may take the real part of both sides to get

Re[—q)t’ﬂ(w) j|d—¢ =1

qu’w-L(w) de
Therefore,
d¢ 1
— = (4.45)
®;.0(w)
a6 Re[w@’:—t(w)]
We will show that 0 < d¢p/d6 < 2 by estimating Re[lljl;f;‘_‘—(l(lz) .
i
We compute
wd; ﬂ(w) t 2wé
a2 Gowr MO
so that if r,(6) < 1, we have
wd; L (w) t 2w
' - = —f—gzdu(é)'
®ra(w) 2) (§—w)
1
<tr;(0) | ——d
<ir®) [ = dn®
—2r4(0) log(r:(6))
= 1 4.46
T—r @2 (40

where the last inequality follows from r,(6) < 1 and that r — —2(log r)/(1 — r2) is
strictly increasing by Lemma 4.19.

The Mobius transform z + 1/z maps 2, 1 + i, 1 — i to the vertical line with real part
equal to 1/2; it also maps 1 to 1. Thus, it maps the unit disk centered at 1 to {z € C :
Rez > 1/2}. We conclude by (4.46) that

Re[M} > %

wCD’t’ﬂ(w)

By (4.45), this shows that 0 < d¢/df < 2. |

4.5. Surjectivity

The goal of this subsection is to prove the following surjectivity result which extends the
result in [20, Theorem 6.17] to our general setting. This result allows us to find unique
initial conditions A9 € A;,, and g9 > 0 for each A € A, such that lim, 4, A(u) = A and
limy 4, £(u) = 0. These initial conditions will help us apply the Hamilton—-Jacobi formulas
to compute S and AS at e = 0.

Theorem 4.21. Givent > 0, for all A € A, ;,, there exist unique Ao € C and g9 > 0 such
that the solution to (4.6) with these initial conditions exists on [0, t) where t = t«(Ag, &9),
with limy4; (1) = 0 and limy,4, A(u) = A. For all A € A, the corresponding Ao also
belongs to A; ;.
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Define functions Ay : Ay, — Ay and €0 Ay, — (0,00) by letting Af(L) and g(1)
be the corresponding values of Ao and &g for A € Ay, respectively. Then Al and €}y extend

to continuous maps from A, into A;y, and [0, 00), respectively, with the continuous
extensions satisfying A (L) = A and €5 (1) = 0 for A in the boundary of Ay .

Given A9 € Ay, we know from Corollary 4.11 that f4(Ag, 0) < . On the
other hand, by Proposition 4.8, the function & > tx(Ag, &9) is strictly increasing
and limg,— 400 15(Ao, £0) = +00. Hence, there is a unique value &f(1o) such that
1+ (Lo, €5(Ro)) = 1. We set

A:(Ao) = lim A(u)
uft

where A (u) is computed with initial conditions A(0) = Ao and £(0) = €{(A¢). This defines
maps

b Ay — [0,00), Ao > gh(Ro),
A't : Ataﬂ — Ata/L’ AO = At(AO)

Proposition 4.22. The function €}y extends continuously from A, to A, ;.. The extended
map satisfies €5 (o) = 0 for Ao € A, .. Moreover, the function €} is expressed as

r(0)® +1 rg—i-l)
re(6) To .
The formula for £} (1¢) is similar to [20, (6.67)].

%@M=m(

Proof. Our strategy is to find an explicit formula for &5 (o) in terms of ro = |A¢| and 6.
Recall that § = arg X, and that r,(6)e’? € A, , N D satisfies T'(r;(6)e’?) = t by The-
orem 4.10. In light of Proposition 4.9, we have t,(r;(8)e'?, 0) = . Thus, we have the
following relation between f;, and f,, (g)ei¢:

g 1 ia_l_ i 1 iy __ X
f%@0=i[”;;;65du@ )‘z“[ﬂgglﬁﬁd““ ) = £y, 0rei0 (52).

where ) ‘0 o 41
ry + +80( 0) and 8 =rt() +
ro ()

This implies that we must have §; = 8, thanks to Proposition 4.8. That is,

81 =

rg +1+ep(lo) _ r(0)* +1

5= o () “4.47)
Hence,
‘ r (0)® +1 rg +1
80(10) = Vo( " (9) — 7o ) (448)

The desired result then follows. [
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Proposition 4.23. The function A, extends continuously from Ay, to Ay, with the
extended map satisfying A;(Ao) = Ao for Ao € A ;. The extended map A, is a homeo-
morphism of A; ;, onto itself.

Proof. To find the formula for A;(A¢), we use the facts that 7, (Ao, £5(19)) = ¢ and that
the argument 6 of A remains unchanged along the path. We apply (4.28) to obtain

2
Ae(Ro) = ﬁea/z. (4.49)

By formula (4.18) for C and formula (4.25) for (A, £¢), we have

Ct = Cti(Ao, g9(ho)) =

§—2/|Aol log(5+ ¢52—4) @50

52 —4 §—+82—4

where § = (r,(0)% + 1)/r;(0) as in (4.47). We remark that the formula for A,(1o) is
similar to [20, (6.64)].

By (4.47), § only depends on 6 but not on rg; hence, Ct is strictly increasing in r¢ by
(4.50). From the expression (4.49), we then deduce that, fixing a 6 € U, ,, the function
|Ao| = |A:(Xo)| is strictly increasing for Ao € {re’® : r;(8) < r < 1/r;(6)}. Moreover,
when Ag = r;(0)e’?, we have

Li(re(0)e’®) = &2 = r (B)e’?

and A, (e /r;(8)) = €% /r; () due to (4.28) and (4.34) (which can also be verified
directly). In other words, A; maps the interval {re’? : r;(8) < r < 1/r;(6)} bijectively to
itself and fixes the endpoints. Since this holds for any 6 € U;,z, we conclude that A; maps
Arp\ (0Ar,,, N'T) bijectively to itself and fixes any & € 9A,,, \ T. As A, is continuous
and r;(0) —> 1 as et? approaches dA;;, N T, we then conclude that the inverse of A;
extends to a homeomorphism of A, ;. m

Proof of Theorem 4.21. It is a direct consequence of Propositions 4.22 and 4.23. ]

4.6. The Brown measure of g; and its connection to uu;

We will show in Theorem 4.28 that the Brown measure of ub; is supported on the clo-
sure m by showing that the Brown measure puts mass 1 on A, ;. We prove this by
first showing that a certain measure on A; , can be pushed forward to the spectral dis-
tribution of uu; in Lemma 4.25; hence this measure is a probability measure. Then, in
Theorem 4.28, we show that the Brown measure has the same formula on A, , as the
one defined in Lemma 4.25. It then follows that the Brown measure puts mass 1 on A; ;.
Thus, it suffices to focus on the computation for A € A; ;, in the section.

Our first goal is to calculate the Laplacian of the function s; (1) defined in Section 4.1
for fixed ¢ by using Hamilton—Jacobi analysis. Recall that

s¢(A) :=1im S(t, A, ¢)
el0
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for ¢ fixed. By Theorem 4.21, for each t > 0 and A € A, ,, we can choose g9 > 0 and
Ao € Ay such that limy, s e(u) = 0, limy,—; A(u) = A where ¢t = t4(A¢, €0). Moreover,
as the argument of A remains unchanged along the flow by Proposition 4.4, we have
arg A = arg A¢. We note that the Laplacian in logarithmic polar coordinates has the form

13 9
Aﬂﬁﬁ(aﬁ*@)’

where we recall that » = |A|, p = log |A|, and 6 = arg A.
We consider the function on U; ; = A, N'T defined by

1 (2 d
wi®)= 3 (7 + ggmo) -
h
where o _ . 2r(0) sin(6 — ) d io 4.52
m¢(0) = /_n ri(0)2 +1—2r,(0) cos(d —a) p(e'®). (4.52)

Recall that r;(6) is defined in (2.16), which is the smaller of the radii where the ray
with angle 6 intersects the boundary of A, ,, and u is the spectral distribution of u. The
functions w; and m; will play the main role in computing the Brown measure of ub;.

Proposition 4.24. Forany 0 € A, , N'T,

1 d¢
where ¢ = arg(D; ; (r; (0)e'?)) is defined by (4.38).
Proof. Recall that by (4.38),
T r(0)sin(f — x) ;
=6 _ du(e™).
o0t | e e
Hence,
d (7 ri(0)sin(0 —x) :
dp=|(14+t— - du(e'™) ) do
’ ( a6 L T r@eep )
t d
= (1 + 3 %m,(e)) df = 2mtw,(0) do.
and the formula (4.53) follows. [ ]

We next show that the measure w,(6)/r? puts mass 1 on A, ,. Later, we will show
that w,(0)/r? is indeed the density of the Brown measure of ub;, inside A, - That it puts
mass 1 on A, will be used to show that the Brown measure is 0 outside A, ;.

Lemma 4.25. We have {
/ —wi(B)rdrdf =1.
A

tu r
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Proof. Using the characterization of A; ;, in Theorem 4.10, we have
1 1/r:(0) 1
/ —zw,(Q)rdrdez/ [ —we(O)rdrdf
Arp T U Jri@) 7
— [ —2t0eu@ywi6) o
Ut

1 d
— [ —2t0etuo05 - %5
U[’ 4

. 70 df (by Proposition 4.24)

- / — L log(r(9) dg
T 7t

= / pi(e'?)de (by Theorem 2.11)
T
=1. -
Given any A € A;;,, by Theorem 4.21, there are unique Ao and &g such that

ii_)mt(u,k(u), e(u)) = (t,1,0).

We attempt to compute the Brown measure as the limit of ﬁAS (u, A(u),e(u)) asu 1 t.
However, the definition of the Brown measure of ub; is

1
—A(lim St A, e)),
47 &0
with ¢ and A fixed in the limiting process. We want to show that this limit is the same as
.1
lim —AS(u, A(u), e(u)).
utt 4

To achieve this, we intend to show that the limit is independent of the path approach-
ing (¢, A, ). We will see that the analogue of [20, Theorem 7.4] holds for our S. More
precisely, given any (0, w) € R* x A, ,, the function

S, r,z)=S8@t, r,z%), z>0, (4.54)

extends to a real analytic function in a neighborhood of (o, A, 0) inside R x C x R. The
key here is that the regularity holds even in the triple (¢, A, z), not just in the pair (1, z);
the Laplacian of S at (¢, A, 0) is then equal to the limit of the Laplacian along the path
(u, A(u), e(u)) since there is no partial derivative with respect to & involved. We will
give the main lines below. For more details, the readers are encouraged to consult [20,
Section 7.4].

Theorem 4.26. The function S extends to a real analytic function in a neighborhood of
(1, A,0)in RT x A, .
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Remark 4.27. The function S itself does not have a smooth extension of that sort. Indeed,
since /¢ p; is a constant of motion, the second Hamilton—Jacobi formula (3.12) tells us
that 3.5 /3 must blow up like 1/+/¢ as we approach (¢, A, 0) along a solution of the ODEs.
The same reasoning tells us that the extended S does not satisfy S t,A,2) =S, A, z2%)
for z < 0. Because 1/ p; is a constant of motion,

a—S(t,A,z) = 2¢53—S(z,x,z2)
dz de

has a nonzero limit as z — 0. Thus, S cannot have a smooth extension that is even in z.

Proof of Theorem 4.26. Denote by A(t; Ao, &9) A-component of the solution of the ODEs
at time ¢ given initial conditions Ao and &9. Write z(¢; Ao, 80) = +/&(t; Ao, €9) Where
&(t; Ao, g0) is e-component of the solution of the ODEs at time ¢ given initial conditions
Ao and gg.

Define the map

V(t, Ao, g0) = (2, A(t: Ao, €0). 2(t; Ao, &0))-

We first show that V' can be extended to ¢ € R, given any A¢, £9. The main observation
is that, given any g¢ > 0, 1/ p.(¢; Lo, €0) extends to a real analytic function for all r € R
(see (4.22) for the formula for p,). Given any A¢ € A;, and g9 > 0, we can extend
z(t; Ao, &) by the same formula
1
z(t; Ao, €0) = €0 poe_Ct/z— (4.55)
Pe(t; Ao, €0)

to all t € R. By (4.55), z(t; Ao, €0)% = &(t; Ao, o) and so z(t; A, &9) = 0 when ¢t =
t«(Xo, €0). The function z(z; Ag, &9) is positive when ¢ < t.(A¢, 9); it is negative when
t > t«(Ao, €0). Since, 1/ p(¢; Ao, £9) extends to a real analytic function for all ¢ € R, by
(4.15) and Proposition 4.5 the function

) t —Cs
A(t) = Ao exp(/0 £(5) pe(s) ds) = 4o eXp(/o %ds)

also extends to an analytic function of ¢ € R.
Fix any A € A, ;. Next, we show that we can extend S to a neighborhood of (¢, A, 0),
where A € A, ,, by applying the inverse function theorem to the map

V(t, Ao, €0) = (£, A(t; Lo, €0), 2 (F; Ao, €0)),

which was shown to be extendable to ¢ € R in the preceding paragraph. Once we show
that the Jacobian matrix of V" at (¢, A} (1), e5(1)) is invertible (see Theorem 4.21 for the
definitions of /\f, and 86), there exists a local inverse V™! defined around a neighborhood
of (¢, A, 0) which satisfies

S(O,a),z) = HJ(V_I(O,C(),Z)) (4.56)



Brown measures of free circular and multiplicative Brownian motions 2215

where HJ is the right hand side of (4.13). Note that (4.56) gives a (real) analytic extension
of § around a neighborhood of (z, A, 0); recall that S is originally defined only for z > 0
in (4.54).

Thus, it remains to show that the Jacobian matrix of V' at (¢, A5 (1), &5 (1)) is invertible.
The trick here is to do a change of variable to view the map V as a function of (z, 0, p, §),
since, by (4.19), the map (¢, A, ¢) — (¢, 8, p, ) is smoothly invertible. Because the formula
for t.«(Ao, €9) is independent of py = log ro when § and 6 are fixed, it follows that when
t«(Xo,€0) =1, 2(t; Ao, &0) remains 0 if r varies with § and 6 fixed; this shows dz/drg = 0.
Furthermore, by (4.49) and (4.50),

) §—2/ro (8+v52—4)
lim  p(t) = l
114 (20,£0) 24/8% — V82 —4

whose partial derivative with respect to rg is positive. Since a{)p > 0 as shown in the proof

of Proposition 4.23, it remains to check 9z 55 > 0 to prove that the Jacobian matrix

Irxo O 0 Irxo O 0
9 B dpo

¥ o B = * g
9z 9z oz

* 9o 98 * (U

is invertible. To this end, we write
dz 0z deo 0z dtx(Ao, €0)

2 9e0 385 %91 odeo

where the last equality comes from differentiating z (¢« (¢, €0), 20, €0) = 0 with respect
to o using the chain rule and 83%0 = ro. Now, by (4.22) and (4.55), we have

feCt/2 ( N 5 . )
= kt) — ———=sinh(k?) .
0 cosh(kt) + LO 5 sinh(kt) cosh(ko) \/82——481n (k1)

Recall that ¢, given in (4.24) is chosen such that the denominator in (4.22) is zero. When
t = t«, we have

0z (t, Ao, €0)
ot 1=t (0,60)
Ct/2 $
= \/_26 5 (sinh(kt) - — cosh(kt)) <0
cosh(kt) + \/;027 sinh(kt) V82 —4

because the denominator is positive (see discussion after (4.22) for the definition of p.(¢))

and §/+/8% — 4 > 0. Finally, using £, (Lo, &0) = 1/ ffﬂ ggl—(s) dji(e'®), Proposition 4.8
0—«

and the definition (4.19) of §, we obtain

0t (Ao, €0) . 0tx (Ao, g9) 06

= 0.
920 35 ds0

We conclude that > (0 and our proof is complete. ]
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Recall that we want to compute the distributional Laplacian of the function

s¢(A) =1limS(t, A, €).
el0

Theorem 4.26 shows that s; is indeed analytic on A, ,, and hence the distributional Lapla-
cian of s; is the ordinary Laplacian.

The following is our main theorem in the multiplicative case, which generalizes [20,
Theorem 2.2].

Theorem 4.28. Givenanyt > 0, forany A € A, with A = ePe'® = re'®, we have

aS’( 1A) = —+1 (4.57)

Furthermore, ds; /00 is independent of p and can be expressed as
0
2 — i (6)

96

where m; is defined in (4.52).
The Brown measure [Lg, of ub; is supported on Ay, and can be expressed as

Wi (r,0) = —AS,()L) iwt(¢9) (4.58)

Moreover, in Ay, the density W; of pug, with respect to the Lebesgue measure is strictly
positive and real analytic. We also have

we () < i (4.59)
wt
Proof. Forany A € A, choose 1o = A{(A) and &9 = {(1) as in Theorem 4.21. Hence
t = t«(Ag, &0). Recall that S is a function of z, p, and 6. Also recall that while the Hamil-
tonian H does not depend on 6 or pg, we can still regard 6 and pg as constants of motion.
Over the trajectory of S which solves the system (4.6) over the interval [0, ¢), the momen-
tum pg remains unchanged by Proposition 4.4. Write Ag = roe’?. Then

EXN 7 2rg sin(f — «)
— ,A’ N = =
5g (1 A).£@)) = pg [,, 1512 —2rgcos(6 —a) + 2

T sin(fp — ) .
=2 "7 iay
/_,, 5 2cos(@y —a) “HE)

dp(e'™)

Using the fact that &g is chosen so that § = (r,(6)% + 1)/r;(0) as in (4.47), the above

expression is independent of |A| and only depends on 6. Hence, the function m, defined

in (4.52) can be written as

m(6) =2 /‘” r¢(0)sin(6 — ) - T sin(fp — )
T

du(e'®) =2

r(8)% + 1 —2cos(6 —a) 5 2c0s(0g —a) HED):
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which shows
02S
0602
Because s; (1) = lim,—o S(z, A, z) (see (4.56) for the definition of S), Theorem 4.26
implies that taking the limit ¥ — ¢ of the above displayed equation gives us

82st d

d
(. A(u). () = —mi(9).

Similarly, we use (4.29) and Theorem 4.26 to get

d 21 At 2
08ty 2l0gMOL 20
ap u—>t t t

It follows that
32S t 2

op2: ot
So, the restriction of the Brown measure jg, to A, is given by
82

82
952 )z(/\) —wz(9) (4.61)
0

RS
At )0 = 38510 = 5 (5 +
As g, is a probability measure, it then follows from Lemma 4.25 that ug, is supported
on A; ;. Recall that r;(6) < 1 and is analytic for all 8 € U; ;. We conclude that W; is
strictly positive (by Proposition 4.24 and Z—‘é’ > 0) and analytic for all A € A; . Finally,
the upper bound (4.59) follows from Lemma 4.20 and Proposition 4.24. ]

We point out that it is possible to express the formula (4.51) for w, in an alternative
way so that there is no derivative involved. Indeed, when 6 € Uy ;, recall that r,(6) < 1
and r;(0) is analytic by Proposition 2.9. We first calculate

d drt (9) sin(@ — x)(1 — r:(0)?)
@m’(e) / (r1(0)?> +1—2r;(0) cos(f — x))?
. /,, cos(8 — x)(r(8) + r,(8)) — 2r,(9)?

—x (02 +1—2r:(0) cos(f — x))?

dp(e™)

N =

du(e’™). (4.62)

Next, we recall, from Proposition 2.9 and the definition of f(r, 8) given in (4.40), that
when r;(0) < 1, r;(0) satisfies the identity

1—r(0) (7

f(r:(0),0) = —210gr¢(0) J_r [1 = rs(0)ei@+0)]2

o
diu(e™) = . (4.63)

Then % can be calculated by the differential of the above implicit function:

dri(0)  3f(r.0)/90
Ao~ 3f(r.0)/or

r=rt(9),
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where the denominator is strictly positive whenever r;(6) < 1, by Corollary 4.14. The
expression in the above displayed equation is rather complicated. The numerator can be
computed as

dii(e™),

af(r,0) 1—r2 (* 2rsin(6 +x)
b 2 logr /;,, [1—r(0)ei@+x)|4
while the denominator can be computed as
(LU ) S ——
or 2r(logr)?  logr ) J_ |1 —ri(0)ei@+x))2
1—r2 (7 2r +2cos(d + x)
/_n |1 —r(0)el @04

dr¢(6)
dé

dji(e™).

B —2logr

Plugging the above formulas for into (4.62) and (4.51), we can obtain an alternative
expression for w;. We remark that in the special case when u = I, this expression is a
very elegant formula (see [20, Theorem 8.2]).

Corollary 4.29. The support of the Brown measure [Lg, of 8; = uby is the closure of the
open set A; . The number of connected components of Ay, is a nonincreasing function

of t.

Proof. The first assertion follows from (g, putting mass 1 on Ay ;,. The second assertion
follows from the fact that A, has the same number of connected components as Uy j.
(See (2.15) for the definition of U;,;.) Now, the number of connected components of U; ;
is nonincreasing by Proposition 2.12. ]

We now describe the connection between the Brown measure of g, = ub, with the
density function of the spectral distribution of uu, obtained in [45] by the second author.
The following two results generalize [20, Propositions 2.5 and 2.6].

Corollary 4.30. The distribution of the argument of A with respect to L, has a density
given by

a:(0) = —2log[r:(6)]w:(0). (4.64)
Furthermore, the push-forward of g, under the map A — ®; ;(r; (0)e'?) is the distri-
bution of uu;.

Proof. The Brown measure is computed in polar coordinates as (1/r2)w,(0)r dr d@ in
the domain. Integrating with respect to r from r;(0) to 1/r;(0) then gives the claimed
density for 6. The last assertion follows from a computation similar to Lemma 4.25. =

Proposition 4.31. The Brown measure of ub; is the unique measure o on m with the
following two properties: (1) the push-forward of o by the map A +— CID,,,;(r,(G)eie) is
the distribution of uu; where 0 = arg A, and (2) o is absolutely continuous with respect
to the Lebesgue measure and its density is given by

W 6) = 52(0)

in polar coordinates, where g is a continuous function.
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Proof. Suppose o is a measure on A; , satisfying the above two properties. We have

1/r:(0) 1
/ L ¢(0) dr = —2loglr (0)](0).
r¢(0) r

Hence, using (4.53), we deduce the density of the push-forward measure of o as

do . _ —loglre(®)] g(0
—zlog[r,(é’)]g(Q)%dd’ = O%E;( ! lft((e))

dé.

By comparing the density formula for uu, in Theorem 2.11, and noticing that r;(0) < 1
for 6 € U, j;, we must have g(60) = w;(0). L]

We include the matrix simulations of ub, at time t = 0.2 and t = 0.8 where u has
spectral distribution
=1 . 28 , .
W = 30p—47i/15 + 50,47i/15.

We again emphasize that it is still an open problem to prove mathematically that the
Brown measure of ub; is the weak limit of the empirical eigenvalue distribution of
UnGp(t) where Gy (¢) is the Brownian motion on GL(N, C) and Uy is a determin-
istic (or random but independent of Gy (¢)) unitary matrix whose empirical eigenvalue
distribution has weak limit x.

In each of Figures 6 and 7, part (a) plots the eigenvalues of ub; against the unit circle,
and the curves w; (e!?), 1/w;(e'?). Part (b) of the figures shows the eigenvalues of ub,
and the curves w; (e’?), 1/w, (e'®) after pushing forward by the principal logarithm. We
can see that the density of the points is constant along the horizontal direction. Part (c)

shows the histogram of the argument of eigenvalues after pushing forward by the map A —
D, ;i (1 (9)e'?) against the theoretical distribution—the spectral distribution of uu,—in
argument. We remark that the spectral distribution of uu, is established in Theorem 2.11.

4.7. The Brown measure of hb,

In this section, we calculate the Brown measure of b, where h is Haar unitary as an
example. Recall from Section 2.4 that when u is a Haar unitary &, we have

T, @) =€ and @, ;(z) = ze'/?, (4.65)
and r;(8) = e*/2 for all #. Hence P, ji(re (0)e'?) = ¢'? and

¢ = p(0) = arg(®, ;(r:(0)e’?)) = 6.

In addition,
Q,; =1z |zl <e7'/?),

and the set At i is the annulus

Ay=A{z: e7? < |z| < €2, (4.66)
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L
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(a) Eigenvalue plot for ub, and the curves w,(e’®) (b) Push-forward of eigenvalues ub; by principal loga-

(blue), 1/w;(ei®) (red) and the unit circle (dashed rithm and the curves log(w; (€’®)), —log(w, (e/#)) and
black) the unit circle
05F

04f

0.3

0.2F

0.1

e

-15 -1.0 -05 0.0 0.5 1.0

(¢) Histogram of the argument of the eigenvalues ub,
pushed forward byA — ®; 7 (r,(0)e’?). The distribu-
tion of uu; is superimposed.

Fig. 6. 2100 x 2100 matrix simulations for uu, att = 0.3, where u is distributed as %8 o—ami/1s +

28 amints.

Therefore, by (4.53), we have
1
2t
Finally, by Theorem 4.28, we have the following formula for the Brown measure of i b;.

w () =

Theorem 4.32. The Brown measure ipp, of hb; is the annulus law. It is supported in the
annulus A; = {e™"/? < |z| < €'/2}, rotationally invariant, and the density W; of Unp, in
polar coordinates is given by

1 1

which is independent of 6.
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Remark 4.33. The name annulus law was coined by Driver, Hall and Kemp. It is
expected that the solution of

dGn(1) =GN () dZN (1)

under the initial condition that G (0) is the Haar measure on the unitary group has the
limiting eigenvalue distribution equal to the Brown measure of 4b,. One can run a com-
puter program to see that the eigenvalues of G (¢) are distributed on an annulus A4, with
inner radius e ~*/2 and outer radius ¢?/2. The support A; also occurs in the discussion of
the free Hall transform as s — oo [31, Corollary 4.26].

15} |
10F |
0.5 i
0.0 4
-0.5} 1
-10} 1
-1.0 -0.5 0.0 0.5 1.0
(a) Eigenvalue plot for ub; and the curves w;(ei?) (b) Push-forward of eigenvalues ub; by logarithm
(blue), 1/w;(ei®) (red) and the unit circle (dashed (with branch cut (0, 00)) and the curves log(w; (¢'%)),
black) —log(w; (e?%)) and the unit circle
0.30f
0.25f
0.20f
0.15
0.10
0.0sf
-1 0 1 2

(¢) Histogram of the argument of the eigenvalues ub,
pushed forward byA = ®; 7 (r/(0)e’?). The distribu-
tion of uu; is superimposed.
Fig. 7. 2100 x 2100 matrix simulations for uu; att = 0.8, where u is distributed as %5674,”'/15 +

28 ,amints.
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Appendix A. The Brown measure of 21b, and R-diagonal operators

In this section, we provide an alternative way to calculate the Brown measure of hb;,
the free multiplicative Brownian motion with the Haar unitary as the initial condition,
using Haagerup and Larsen’s formula. The operator b, is an R-diagonal operator [36,
Corollary 15.9] and its Brown measure can be characterized by the S-transform of b;b}
[24, Theorem 4.4]. (See (2.4) for the definition of S-transform.) The S-transform of b, b}
has been calculated by Biane [11] using a different (but equivalent) normalization. We put
these work together to give an explicit formula for the Brown measure of ib;.

For every ¢t € R, it is known by [7, Lemmas 6.3 and 7.1] that the functions

S(z) = exp(t(z +1/2))

are the S-transforms of probability measures y; (see (2.4) for the definition of S-trans-
form). The corresponding probability measures are supported on the unit circle T for
t > 0, and the corresponding probability measures are supported on the positive half-line
R for ¢ < 0. For a probability measure j on T or on R, the S-transform S, of p is
equivalent to the X-transform X,

EM(Z):SM(I;)-

Converting the S-transform to the X-transform, we have a family of probability measures

vt (t € R) such that
t 14z
¥, ()= exp(i T— Z). (A.1)

When ¢ > 0, the measure y; is known [9] to be the spectral distribution of the free unitary
Brownian motion u; defined in (2.5). When ¢ = 0, the measure y, is the Dirac measure
at x = 1. When ¢t < 0, the measure is known as the positive Brownian motion on Rt in
free probability literature. The formulas for the densities and moments of y; can be found
in [9,11,45].

Let us recall Haagerup—Larsen’s formula [24] for the Brown measure of R-diagonal
operators reformulated in [6, Theorem 2].

Theorem A.1 (Haagerup—Larsen [24]). Let a be an operator that is x-free from the Haar
unitary h in a W*-probability space (<f, t). The Brown measure |1y of the R-diagonal
operator x = ha is the unique rotationally invariant probability measure such that

0 forr < [t(xx*)"1]71/2,
ux@zeClz| =rp) =1+ S)(C;i)(rfz) for [t(xx*)71 V2 < r < [r(xx*)]V2,
1 forr = [t(xx*)]V/2.

We then have to calculate the S-transform of b,b}. It is known from Biane’s work
[9, 11] (see also [32]) that the probability measures y; that connect to the spectral distri-
bution of b, b} are the case ¢ < 0. As the parametrizations in [9, 1 1] are slightly different
from ours, we provide details here for convenience.
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Fort > 0, we denote Q; = e "b,b} and set the generating function

Y(t.z) =Y z"t(0}).
n=1

The following result is essentially from [11, Lemma 13].
Lemma A.2. The generating function Y (t, z) satisfies

o, z) ov(t,z)
o =2zy(t,z) PP

Proof. Recalling that b, is the solution of (2.6), by the free It6 formula (3.3) we have

(A2)

dQ; = e 'bi(dc, + dc))b].
By induction, from the free Itd6 formula we obtain

n—1 n—1
dQy =3 0Fd0,Qy* ' +2) kQ;t(Q} )dt.
k=0

k=1

Integrating and take trace, we deduce

t n—1
w@h =2 [ S ke@be(@iyds + 1 (A3)
0 k=1
which yields
! Iy (t
Y(t,z) =2/ zy(t, z) y.2) ds + ——.
0 0z 1—z
The conclusion then follows by taking the derivative with respect to 7. ]

The following result was mentioned implicitly in [9] and the proof can be adapted
from [9, proof of Lemma 1].

Proposition A.3. The spectral distribution of b;b} is the measure y_,; defined in (A.1).
The S-transform of b;b} is given by

Sb;b;k (Z) — e—t—2tz'

Proof. Let p(t.z) = ¥,_,, (e7"z); we shall prove that p(¢,z) = ¥ (t, z). Fix t > 0. By
(A.1) and the definition of X-transform, a simple calculation yields

Wyfzt (Z)
1 + WV_zf (Z)

By replacing z by ez, we obtain

p(t,z)
1+ p(t,2)

exp(—t —2tyry_,,(2)) = z.

exp(—2tp(t,z)) = z. (A4



C.-W. Ho, P. Zhong 2224

We next show that p(¢, z) satisfies the same differential equation (A.2) as ¥ (¢, z). To
this end, from (A.4), we calculate the implicit differentials

dp(t.2) _ 22p(t,2)(1 + p(t. 2))e>P?)
a1 —ze2tptD) —2¢z(1 + p(t, 2))e2ir(t:2)’
and
dp(t,z) _ (1+ p(t. 7))
9z 1 —ze2trt2) —2¢z(1 + p(t, 2))e21Pt:2)’

which implies that p(z, z) satisfies the same differential equation (A.2) as ¥ (¢, z). Since ¥
is a power series in z, the differential equation (A.2) is equivalent to the differential equa-
tions (A.3) for the coefficients {T(Q7)}52, of ¥ (¢, z). Because p is an analytic function
in z satisfying the same differential equation as v, the coefficients a; , of

o0
p(tﬂz) = Zat,nzn
n=1

satisfy the same differential equations as (Q7) in (A.3). Since p(0,z) = z/(1 —z) =
¥ (0, z), we have the initial conditions T(Q{) = ao,,. The differential equations for (Q7)
(and a; ,) given in (A.3) have a unique solution. Consequently, T(Q}) = a;, and p = .
Therefore,

Sppr(2) = Sy_p, (2) = €777,
which concludes the proof. ]

Remark A.4. Indeed, the moments t(Q7}) can be computed explicitly. The interested
readers are referred to [9, Lemma 1 and Proposition 5].
We can calculate 7(b;b}) directly from the S-transform of b, b} as

1
Sp,p(0)

t

w(bib}) = ¥, : (0) = e

It is known [45] that supp(y—2;) = [r—(2t), r+(2t)], where
re20) = [(1—1) + 1(1 = 2)e V1),

In particular, r—(2¢)r4(2¢) = 1 and so b;b; is strictly positive. By the free It6 formula,
we can check that
db;' = —dc,b; 1.

Hence it is routine to check that (b;b;)~! has the same distribution as b;b;". Therefore,
t((b:b})™1) = t(b;b}) = e'. We are now ready to apply Theorem A.1 to deduce the
formula for the Brown measure of /b;. For any e */2 < r < !/2, we have

— 1 1  logr
G f’}):1+515z5§(r_2) =+ AS)

This leads to an alternative derivation of the density for the Brown measure of hb; com-
puted in Theorem 4.32.
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Theorem A.5. The Brown measure [Lpp, of hb; is the annulus law. It is supported in the
annulus A; = {e™!/? < |z| < e'/?), rotationally invariant, and the density W, of Whp, in
polar coordinates is given by

(A.6)
which is independent of 6.

Proof. Since the density of the Brown measure of the R-diagonal operator hb; is rota-
tionally invariant, we assume that the density of the Brown measure is f(r). Then (A.5)
shows that

1 logr

2 t

r 2 r
= pnp, ({12] = 7}) =[0 | f(R)RAR dO =271/0 Ff(R)RdAR.

Differentiating the above equation with respect to r gives 1/(rt) = 2z f(r)r. This proves

1 1
f(r) = Il 12
which is the claimed density (A.6) of the Brown measure of hb;. [
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