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Abstract. We study the Eisenstein ideal for modular forms of even weight & > 2 and prime level N.
We pay special attention to the phenomenon of extra reducibility: the Eisenstein ideal is strictly
larger than the ideal cutting out reducible Galois representations. We prove a modularity theorem
for these extra reducible representations. As consequences, we relate the derivative of a Mazur—
Tate L-function to the rank of the Hecke algebra, generalizing a theorem of Merel, and give a new
proof of a special case of an equivariant main conjecture of Kato. In the second half of the paper,
we recall Kato’s formulation of this main conjecture in the case of a family of motives given by
twists by characters of conductor N and p-power order and its relation to other formulations of the
equivariant main conjecture.

Keywords. Eisenstein ideal, Iwasawa theory, Galois representations, Bloch—Kato conjecture,
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1. Introduction

1.1. Summary

Mazur initiated the study of the Eisenstein ideal in the context of modular forms of
weight 2 and prime level N as a powerful tool for studying the arithmetic of modular
curves and L-functions [30]. In this context, the Eisenstein ideal measures congruences
modulo p between the Eisenstein series and a cusp form that occur because p divides an
Euler factor in the L-function that is the constant term of the Eisenstein series.

This paper grew out of an attempt to unify two approaches for answering a question
of Mazur on the Z,-rank of the Eisenstein ideal [30, Section II.19, p. 140]. The first
approach, starting with Merel [32] and more recently Lecouturier [28], is analytic, and
relates the rank to the order of vanishing of an L-function. The second approach, starting
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with Calegari—-Emerton [5] and more recently the author with Wang-Erickson [43], relates
the rank to class groups or Galois cohomology of characters.

Although the analytic and algebraic approaches seem completely different, we iden-
tify a theme that is central to both approaches: the idea of extra reducibility. In [28], this
idea manifests itself in the existence of extra mod- p Eisenstein series of level I'g(N) when
p divides N — 1. In [43], it manifests itself in the existence of first-order deformations of
the residual representation that are still reducible.

In the first part of this paper, we explore the theme of extra reducibility in the context
of modular forms of even weight k > 2. We compute the Galois deformation ring param-
eterizing the reducible deformations. We show that these reducible deformations are all
accounted for by extra Eisenstein series in characteristic p. We think of this as a “reducible
modularity” theorem. As a consequence, we prove that the obstruction to deforming the
mod-p Eisenstein series as a cusp form is given by an equivariant L-function that we
call the Mazur-Tate {-function &yvr. We use this to prove our main result, which relates
the rank of the Eisenstein ideal to the order of vanishing of &y, generalizing a theorem
of Merel [32] to higher weight. In the case where this order of vanishing is 1, we relate
the value of the leading term, an analytic invariant, to an algebraic invariant in Galois
cohomology.

In the second part of the paper, we leave behind modular forms and discuss the conjec-
ture framework concerning relations between the analytic and algebraic invariants of the
type mentioned in the last sentence of the previous paragraph. As will be unsurprising to
experts, these relations are ultimately predicted by an equivariant version of the Iwasawa
main conjecture. However, this relation is not totally transparent. We derive the relation
from first principles using Kato’s formulation of the main conjecture [23,24]," specialized
to the case of “tame families”. Using a method of “changing Selmer conditions”, we show
that our results are equivalent to a version of the equivariant main conjecture formulated
by Greither and Popescu [20] (which has already been proven). We end with a discussion
of several equivalent forms of the conjecture in terms of: Fitting ideals of cohomology,
obstructions to lifting residual cohomology classes, cup products, and slopes of cohomol-
ogy classes (or “£L-invariants”).

Our results in the second part concern proving that various formulations of the main
conjecture are equivalent. We emphasize that our methods of the first part only give
a new proof of the main conjecture; we do not prove any new cases. Other proofs
have been given by Coates—Sinnott [6], using Stickelberger’s theorem, and by Greither—
Popescu [20], using the main conjecture for totally real fields proven by Wiles [47].
However, unlike known proofs, we do not use p-adic methods, which significantly sim-
plifies the proofs.

IKato’s main conjecture is a reformulation of the Bloch—Kato conjecture [4] that is suitable for
considering families of motives. A similar reformulation was found independently, around the same
time, by Fontaine and Perrin-Riou [16]. We focus on Kato’s formulation because of the attention he
pays to integral aspects of the theory.
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Kato’s insights about the importance of p-adic Hodge theory in the study of special
values of L-functions have led to an emphasis on p-adic aspects of the theory in most
expositions. We hope that our explication of Kato’s ideas in the tame case, where p-
adic Hodge theory plays no special role, can be of expository value. We believe that this
method, using tame families, is quite versatile. It may be possible to apply these tech-
niques to study main conjectures for other motives, or, in cases where the main conjecture
is known, to prove finer results.

1.1.1. Extra reducibility for Xo(11). Before we discuss our results in more detail, we
illustrate the idea of extra reducibility in the simplest case: the modular curve Xo(11)
(which is an elliptic curve). As made famous by Mazur [30], the Frobenius traces on
Xo(11) satisfy

ag(Xo(11)) = 1 + £ (mod 5) (1.1.1)
for all primes £ # 11. There are two (related) explanations for this congruence:
Galois: the Galois representation Xo(11)[5] is reducible,

Modular: the cusp form fx, (1) associated to Xo(11) is congruent modulo 5 to the
Eisenstein series of weight 2 and level 11.

The congruence (1.1.1) can be called reducibility for Xo(11). However, there is a stronger
congruence

ag(Xo(11)) = y(€) + x~'(£)€ (mod 25), (1.1.2)
where y : (Z/112)* — (Z/25Z)* is the unique character taking the primitive root 2 to 6.
This congruence also has a Galois-theoretic explanation:

Galois II: the Galois representation Xo(11)[5] is reducible and semisimple.

Using the theory of lattices (as in Ribet’s Lemma [36, Proposition 2.1]), this semisimplic-
ity implies that a;(Xo(11)) must satisfy a congruence like (1.1.2) for some character y;
finding which character is then a simple computation. However, there is no obvious mod-
ular explanation for (1.1.2): the right-hand side of the congruence is not the reduction of
the £th Fourier coefficient of an Eisenstein series. We call this kind of congruence extra
reducibility: the kind of reducibility not caused by congruence with an Eisenstein series.

Even though Galois II can be used to prove the congruence (1.1.2), this proof is
unsatisfying to us for two reasons. The first is that (1.1.2) is lattice-independent, in that it
is true not just for X((11) but for any elliptic curve that is rationally-isogenous to it. But
Galois I is lattice-dependent: it is true only for X (11). We would prefer to have a lattice-
independent proof of a lattice-independent fact. The second reason is that Galeis II only
explains that (1.1.2) is true for some character y, and gives no insight into why it is true
for the particular character y. A number theorist may like to theorize about the number 6:
why does y send 2 to 6 and not 11 or 16?

In this paper, our goal is to:

e generalize the formula (1.1.2) to modular forms of higher weight (see (1.2.5) below),
e give a modular and lattice-independent explanation for this formula, and

e cxplain the arithmetic significance of the character y that appears.
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The character y is significant both algebraically, in that it controls a delicate invariant in
Galois cohomology, and analytically, in that its values are related to special values of L-
functions. Another goal is to explain that the relation between these algebraic and analytic
invariants is predicted by a special case of a conjecture of Kato (see [23, Iwasawa Main
Conjecture (4.9)] and Section 6.2) and that extra reducibility can be used to prove this
special case.

Remarks 1.1.3 (On the history of X¢(11)). The history of the above results is difficult for
us to sort out because, although not much was published about this before Mazur’s land-
mark paper [30], it is certain that this particular case was understood earlier. Shimura stud-
ied Xo(11) extensively, and had access to computations of a;(X¢(11)) by Trotter [39]. It
is unclear whether he knew Galois II or the congruence (1.1.2), but he knew how to
construct two complementary subrepresentations of X¢(11)[5], using the cusps and using
the cover X1(11) — Xo(11), respectively. This latter construction was written about in
[40, Remark 7.27, p. 196], but the first reference that discusses the non-trivial Galois
action seems to be by Ogg in 1973 [34, p. 230]. Mazur [30, Proposition II.18.9, p. 138]
gave a generalization of Galois II to Xo(N) for primes N, and named the Shimura sub-
group after Shimura’s work. Mazur attributes the first proof of (1.1.2) to Serre [30, p. 139].

1.2. Eisenstein ideal for weight k forms

For the entire paper, we fix a triple of integers (k, p, N) such that

e k > 2is an even integer,

X

e pisaprime such that (1 — k) € Z(p),
e N is aprime with p | (N —1).
Note that {(1 — k) € Z(p) if and only if (p — 1) t k by the von Staudt—Clausen Theorem
(see [45, Theorem 5.10, p. 56]). If { (1 — k) € Z(,), then {(1 — k) € Z?p) if p is aregular
prime.

To simplify this introduction, we assume in addition that p? } (N — 1) and that
p + k(k — 1). For example, we may take (k, p, N) = (14,5, 11). The general results
are stated and proven in Section 5 below.

1.2.1. Reducible modularity. Let T denote the completion of the Hecke algebra acting
on weight-k forms of level I'y(N) at the p-Eisenstein ideal. Let T? denote the quotient
acting on cusp forms, and let 7° C T? be its Eisenstein ideal.

As in [43], we study T by considering a Galois deformation ring R 55 for the resid-
ual pseudorepresentation D = F,(k — 1) @ [, of the Eisenstein series. We construct
a surjective Zp-algebra homomorphism Rz — T that we expect is an isomorphism.
We do not attempt to prove this (although see Remark 3.2.1), but we focus instead on
proving a weaker reducible modularity theorem. Let Rrgd denote the quotient of Rp
parameterizing deformations that are reducible, and let T™ = T ® R RrD9d. Let A =

Zp[(Z/NZ)Y* @z Zp] and Ay = A/I/fug, where 14, is the augmentation ideal.
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Theorem 1.2.1. The map Rz — T induces an isomorphism RFDEd 5 T4 and both er%d
and T™ are isomorphic to A1 as Z,-modules.

The isomorphism T™ — A in the theorem comes from a modular eigenform E kN
with coefficients in A that we call the deformation Eisenstein series, whose base-change
to Zp is a usual Eisenstein series Ex y of level I'g(N). The construction of Ek, N 1S
inspired by [28]. The idea is to take linear combinations of Eisenstein series E(y, 1) and
E; (1, y) of level I'1 (V) and show that, if y is an infinitesimal deformation of the trivial
character, then these linear combinations can descend to T'g(N).

Remark 1.2.2 (On the Shimura subgroup). Unlike in previous analytic studies of the
Eisenstein ideal [28, 30, 32], no special role is played in this paper by the Shimura cover
X1(N) = Xo(N). Indeed, the significance of this cover seems special to weight 2 and we
do not know a weight-k analog. Given this, the use of I'; (NV)-structure in the construction
of Ek, ~ seems ad hoc. The important phenomenon is that a representation that a priori
has deeper level-N structure in fact has I'g (N )-invariants, and this phenomenon appears
to be quite general. We plan to study generalizations in the future.

1.2.2. The cuspidal-reducible locus and the Mazur-Tate {-function. Considering A as
the ring of functions on the set of Dirichlet characters of modulus N and p-power order,
we have the function

x = LA —k, p),

which we call the Mazur-Tate -function after [31], and denote by &yt € A. The image
&mr(1) € Z, of &ur under the augmentation map is {(1 — k) (1 — NK=1)_ The derivative
& € Fp is the image of &yt — &mr(1) under the isomorphism

~ 1
Inug/ T30y = (Z/NZ)* Q Z, ZENF

where logy, is a fixed choice of isomorphism (the “discrete logarithm”). Explicitly,

1 N—-1
Eur =7 2 Be(i)logy (@),

i=1

where By (x) is the Bernoulli polynomial.
The constant term Eﬁ% = aog(Ex,n) € A is closely related to %fMT- It has the same
derivative, but its constant term is %{(1 —k)(1 — N*/2) Let TOrd = TO @ Tred. We

prove the following.
Theorem 1.2.3. There is an isomorphism T %™ = A, /EES.

When &, # 0, there is an explicit isomorphism Aq/£5S =~ 7Z/p2Z. In that case,
the theorem implies that there is a cuspidal eigenform with coefficients in Z/p2Z with
reducible pseudorepresentation. If there is a unique cuspidal eigenform with coefficients
in Z, (i.e. if T? is smooth over Z,), then this gives an explicit formula for its reduction
modulo p2. In other words, it gives an explicit formula for the extra reducibility.
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1.2.3. Criteria for smoothness of T°. For k = 2, Mazur proved a criterion for T? to
equal Z, in terms of the Weil pairing on Jo(N) [30, Proposition 11.19.2, p. 140]. Merel
[32, Théoreme 2] built on Mazur’s result to prove the remarkable formula that T =7 pif
and only if 21(1;’;1)/ 2 logy (i) =0 (mod p) (this quantity is now called Merel’s number).
Later, Lecouturier [27, Proposition 1.2] showed that Merel’s number vanishes if and only
if &r (for k = 2) does. Putting these things together, we see that, for k = 2, we have
TO = Z, if and only if &,;; = 0.

Using the description of T %™ from Theorem 1.2.3, we prove a weight-k analog of
this result. When T? = Z,,, we also give an explicit description of the map T —» Z/ p>Z
in terms of &, describing the extra reducibility in this case (compare (1.2.5) to the
formula (1.1.2) for Xo(11)).

Theorem 1.2.4. The inclusion Z, — T° is an isomorphism if and only if both of the
following conditions hold:

(1) &yr # 0.

(2) 1 is principal.
Moreover if Z, — TV is an isomorphism, then the unique homomorphism T® — 7./ p*Z
is given by’

— N¥/2 log (€)

Sur

Ty 1+ 61 4 p(;(l —k)(1 — k1 ! ) (mod p?)  (1.2.5)

for primes £ # N.

In weight 2, the Eisenstein ideal is always principal, as was proven by Mazur [30,
Proposition I1.16.1, p. 125]. It is not always principal in weight k > 2, but it seems that it
is principal if and only if

p—1
[Ta-¢)"" #0 nFj;®F,

i=1

where {, € Fy is a primitive pth root of unity. The “if” part follows from [44] for
k =2 (mod p — 1), and it seems that the same method works in general (see Remark
3.2.1). See [10] for some results in this direction.

1.3. Applications to Iwasawa theory

By combining Theorem 1.2.3 and Theorem 1.2.4, we can see that, if 7° is principal and
&ur # 0, then there is a cuspidal eigenform f with coefficients in Z, whose Galois

2The quantity in large parentheses should be considered in Z/pZ. Note that &yt # 0 by (D),
and that, although &}, depends on the choice of logy, the ratio logg’,\’i € Z/ pZ is independent of
MT
choices.
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representation, when reduced modulo p?, is reducible. Using Ribet’s technique [36], we
can use this f to construct non-trivial mod- p? global Galois cohomology classes that are
trivial locally at p.

To state this result precisely, we require more notation. Let keye : Go — Z,, and
o : Gg — [ be the p-adic and mod-p cyclotomic characters, respectively. Let log,, :
(Z/ p*Z) — Fp be x 1> 2L,

Let ¢ € HY(Z[1/Np], F, (1 — k)) be a non-zero class whose restriction to
HY(Q,,F,(1 —k)) is zero (this class is unique up to scaling). Since the vector space
HY(Qp,F,(1 —k)) is two-dimensional with canonical basis, we can speak of the slope
of an element in H'(Qu, F,(1 — k)) (see Section 8.3 for more details).

Theorem 1.3.1. Assume that & # 0 and that 1° is principal. Then:

(1) Thereisaclassé e HY(Z[1/Np),(Z/p*Z) (x>« Clyck)) that lifts c and whose restric-
tion to HY\(Qp, (Z/ p*Z)(x5%kk, —k)) is zero.

cyc
2 1-k
cyc

(3) The restriction c|y € H'(Qn,F,(1 —k)) of ¢ has slope

(2) The cup product ¢ Ulog, (), Keye" ) vanishes.

_k l(d-k)
-k &y

Here yo: G — (Z/p*Z)* is o+ 1 + palogy (o), where a = (l_jvl;;zw €Z/pZ,
MT
and (Z] p*Z) (x5« ~kY) denotes 7. p* 7 with Gg acting by 152kl —k

cyc cyc

In fact, we show in Section 8 that (1) implies (2) and (3) without any assumption.
Using the assumptions that &,; 7 0 and that 7° is principal, the class ¢ in (1) is con-
structed using the cuspidal eigenform f (see Corollary 5.3.1).

As we explain in Section 8 (see Remark 8.3.3), the slope of ¢|y is a tame analog of
the algebraic £-invariant that appears in the Gross—Stark conjecture [7,21]. Hence one
can think of (3) as a kind of tame analog of the Gross—Stark conjecture.

1.3.1. Kato’s main conjecture for tame families. Theorem 1.3.1 provides a link between
the Mazur—Tate ¢-function and Galois cohomology. This is reminiscent of the Iwasawa
main conjecture, but, whereas the Iwasawa main conjecture deals with p-adic families
(i.e. twists by powers of the p-adic cyclotomic character), this result has to do with rame
families (i.e. twists by characters of p-power order and conductor N).

Kato has formulated a version of the main conjecture that encompasses very general
families [23, 24]. We survey this formulation in the special case of tame families in the
second part of this paper. A consequence of Kato’s conjecture is that &y controls the
size of the Galois cohomology H?(Z[1/Np), A(k)) (where Gg acts on A via the mod-N
cyclotomic character Gg — (Z/ N Z)*). Using Theorem 1.3.1 and a method of “changing
Selmer conditions”, we give a new proof of the following, which is a consequence of
Kato’s conjecture.
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Corollary 1.3.2. Assume that £ # 0 and that 1° is principal. Then
Annp H?(Z[1/Np], A(k)) = EurA. (1.3.3)

We first prove a result about Galois cohomology with different Selmer conditions
(Theorem 5.4.1), and show that this result is equivalent (Theorem 7.3.1).

The equality (1.3.3) (without any assumption) is a special case of a known result: the
Coates—Sinnott conjecture as formulated by Greither—Popescu [20]. The original results
of Coates and Sinnott [6] show that &yr is in the annihilator, and this suffices to prove
the equality in this case by a simple argument. Greither—Popescu [20] give a different
proof, showing that the result follows from the Iwasawa main conjecture for totally real
fields [47] and the vanishing of p-invariants [14]. The novelty of our proof is that we
construct the required cohomology classes using tame families of modular forms. See the
introductory paragraph to Part II for further discussion.

Remark 1.3.4 (Comparison with irregular weight-1 forms). An analogous situation to the
one considered in this paper has been studied, to great effect, by Dasgupta and his coau-
thors — first with Darmon and Pollack [7] and more recently with Kakde and Ventullo [8].
(For a deformation-theoretic perspective on [7], see [3].) These authors consider p-adic
families of cusp forms passing through an irregular weight-1 Eisenstein point. There,
the analog of T %™ is computed using linear combinations of Eisenstein series, and the
derivative of a p-adic L-function appears as a coefficient in this linear combination.

One key difference between that situation and ours is that, in our case, the reducibility
quotient T™¢ is not the quotient of T acting faithfully on Eisenstein series (and this is the
meaning of “extra” in “extra reducibility” — there is more reducibility than is explained
just by Eisenstein series). Indeed, in our case, the Eisenstein quotient is Z,. The extra
“deformation Eisenstein series” only appears when we consider torsion coefficients.

1.4. Notation

The general setup throughout the paper is as follows:
e k > 2is an even integer, and k > 2 in Part I,

e pisaprime such that {(1 — k) € Zz‘p),

e N isaprime with p | (N — 1),

e v > 0is the p-adic valuation of N — 1.

As we remarked at the beginning of Section 1.2, the assumption that {(1 — k) € Z?p)
implies that (p — 1) } k (so, in particular, p # 2, 3).

3Everything in Part I should work for k = 2 as well, but requires extra delicacy regarding
convergence (the Eisenstein series of weight 2 and level 1 is non-holomorphic). We consider the
case k = 2 in greater detail in work-in-progress with Lecouturier and Wang-Erickson.
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Remark 1.4.1. In weight k, there are Eisenstein congruences whenever at least one of
the following occurs:

(1) p divides N¥ — 1.
(2) p divides the numerator of (1 — k).

However, extra reducibility will only occur when p divides N — 1. In order to focus on
this phenomenon, we limit our scope to this situation.

Also note that, with our assumptions on N and p, Eisenstein congruences will only
occur in the —1-eigenspace for the Atkin—Lehner involution w y, so we focus our attention
on this eigenspace. See [44] for some cases where congruences occur in + 1-eigenspaces.

Throughout the paper, we continue to use the notation «.y. and w for the p-adic and
mod-p cyclotomic characters, respectively, and we let log,, : (Z/ p*7Z)* — T, be x
o 1 (x)x—1
—

Let v, (—) denote the p-adic valuation on Q. Let Gg,n, denote the Galois group of the
maximal extension of Q that is unramified outside Np, and let Gg, ,Gg, C Gq,np be a
choice of decomposition group at N and p.Let Iy C Gg, and I, C Gg, denote the iner-
tia groups. Choose an element yy € Iy that topologically generates the pro-p quotient.
Let¢ ](Vp) € Q(¢w) be an element such that Q(¢ 1(\,p)) /Q is the maximal pro-p subextension

of Q(¢x)/Q. Then yy maps to a generator of Gal(Q(Zl(f))/Q) =~ (Z/NZ)* @z Zp.
This determines an isomorphism

logy : (Z/NZ)* ®z Z, — 7] p'Z.

We abuse notation and also denote by yy the element logy' (1) € (Z/NZ)* ®z Z,, and
denote by log, the composite character

Gao,np — Gal(QEY)/Q) > (Z/NZ)* ®z L, = Z/p"L.

If K is a £-adic local field and x € A* for some ring A4, let A(x) : Gg — A™ denote
the unramified character sending the arithmetic Frobenius to x.

If C is a cochain complex, we let Z/(C) denote the i-cocycles and B'(C)
denote the i-coboundaries. For a complex like RI'(G, M) we denote Z!(RI'(G, M)),
B'(RT(G, M)), and H(R['(G, M)) by Z*(G, M), B'(G, M) and H* (G, M), respec-
tively, and similarly for the related complexes introduced in Appendix B. See Appendix B
for more notation regarding Galois cohomology.

Part 1
The Eisenstein ideal for weight-k forms

In this part, we prove most of our main results, including Theorem 1.2.1 (see Theorem
5.1.1) Theorem 1.2.3 (see Theorem 5.1.2), and Theorem 1.2.4 (see Theorem 5.2.7 and
Corollary 5.2.9).
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In Section 2, we review the necessary background material on modular forms and
Hecke algebras. In Section 3, we review deformation theory of Galois pseudorepresenta-
tions as developed in [42—44]; this section includes the definition of R 5 and the calcu-
lation of Rrgd. In Section 4, we carry out our main construction of “derivative Eisenstein
series”, as inspired by [28]. In Section 5, we prove our main results.

2. Modular forms and their Galois representations

In this section, we recall some basic facts about modular forms and their Galois represen-
tations. All the results from this section are well-known — some references are [11, 19,22,
25,30]. We review them here just to fix our notation.

2.1. Modular forms and Hecke algebras

We recall some basics about algebraic modular forms.

2.1.1. Modular forms. Let T be a subgroup of SL,(Z) with T'(N) C T (we will only
consider I' = T'g(N) or I'1(N)). For a Z[1/N]-module K, let My (T, K) denote the
module of algebraic modular forms of weight k and level I" with coefficients in K, as
defined by Katz [25], and let Si (I", K) denote the submodule of cusp forms. If K is a flat
Z[1/N]-algebra (such as Z,), these can be defined in terms of classical modular forms
with integral g-expansion [35, Section 1.3]. For f € My (I, K) we write its g-expansion
(at the co-cusp) as £(q) = Yoy an(/)q" € K ® Z[1/N][q].

2.1.2. Hecke algebra. Let T’ denote the Z,-subalgebra of Endz, My (I'o(N), Z,) gen-
erated by the 7; Hecke operators for primes £ # N together with the Atkin-Lehner
involution wy; it is a reduced commutative ring. Let T’ denote the image of T’ in
Endz, Sk (I'o(N), Zp). For a T’-module M let M#* denote the largest direct summand of
M on which wy acts by £1.

2.1.3. Residue exact sequence. There is an exact sequence of T’-modules
0= Si(To(N).Zp)* — Mi(To(N), Z,)= <% 7, — 0, 2.1.1)

where a¢ is the map sending f to its constant Fourier coefficient ao( f). The exactness
in the middle comes from the fact that wy switches the two cusps, so a wy-eigenform
whose constant term at one cusp is zero automatically has constant term zero at the other
cusp.

The surjectivity of ag follows from the vanishing of H! of the sheaf of cusp forms of
weight k, as in the proof of the base-change property [25, Theorem 1.7.1]. The surjectiv-
ity can also be proven directly from the base-change property, as we now sketch. Suppose,
for the sake of contradiction, that the image of ay is pin for some i > 0, and let f €
My (To(N), Z,)* be such that ag(f) = p'. Then f := f (mod p) is in Sk (To(N),F,)*
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because ao(f) = 0. By the base-change property, there is an f € Sk (To(N), Zp)jE
with f = f (mod p). Then, since f — f = 0 (mod p), we see that g := f’%f is in
My(To(N), Z,)* by the g-expansion principle. But ag(g) = ao(f)/p = p'~!, contra-
dicting our assumption about the image of ay.

2.1.4. Duality. There are perfect pairings of free Z ,-modules
T x My (To(N). Zp)E — Zp. T x Si(To(N). Zp)* — Z,

given by (¢, f) + a1(¢tf). This can be proven just as in [35, Corollary 2.4.7], using
integral Atkin—Lehner theory [35, Proposition 2.1.2].

In particular, there is a unique element Ty € T’ such that a, (7o ) = ao(f) for all
f e Mp(T'o(N), Zp)i, which we call the universal constant term operator, following
Emerton [ 13, Section 2]. Taking the dual of the sequence (2.1.1), we see that Ty generates
the ideal ker(T'* — T/Oi) and that this ideal is free of rank 1 as a Z,-module.

2.1.5. Eisenstein series of level To(N). Let Er(z) denote the normalized Eisenstein
series of weight k and level 1. It has constant term (1 — k)/2 and is an eigenform with
Ty-eigenvalue 1 + €8~ for any prime £.

Define Eisenstein series E ,@t y of level [o(N) by

Efy(2) = Ex(2) £ N¥2E(N2).

They are eigenforms with Ty-eigenvalue 1 4 ¢4~ for any prime £ % N and with wy E ,f N
= :I:E,f’N. They have constant terms ao(Eki’N) = %{(1 —k)(1 + N*/2),

2.1.6. Eisenstein series of level I'1 (N). For each non-trivial even character y : (Z/N7Z)*
— Q, there are two normalized Eisenstein series E (1, y) and Ex (), 1) of level I'1 (N),
given by the g-expansions

B0 = P2 S (S v g,

n>1 djn

EcGe 1) = Y (30 xtn/dra ),

n=1 din
They are eigenforms for all the 7. An elementary computation shows that

g(x) -
wy Ex G 1) = 55 Bk, (2.12)
where g(y) = ZaE(Z/NZ)X x(a)e?™ /N is the Gauss sum (see [46, Proposition 1]). Note
that, since wy is an involution, this implies that

k/2

wnEe(l ) = X (),
a(x)
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2.2. Eisenstein ideal

From now on, we only consider —1-eigenspaces for wy. We define Ey y := Ek_ N let
I’ = Anny/(Ej, y) and let m’ denote the maximal ideal of T’ generated by I’ and p. We
define T and T? to be the completion at m’ of T’ and T'?, respectively. Note that, since
p > 2, the local ring T cannot contain any non-trivial involution, so wy = —1in T.

For a T'-module M, we let Mg, denote M @1+ T, and we note that Mg, = (M ~)gjs.
In particular, we have the exact sequences

0 = Sk(To(N). Zp)eis — Mi(To(N). Zp)eis —> 7 — 0

and
0— ToZy, > T — T° — 0, 2.2.1)

that are dual to each other under the perfect pairings
T x M(To(N), Zp)gis — Zp, T x Sk (To(N), Zp)gis — Zp-

The normalization of T is the product [ | r O where f ranges over normalized eigen-
forms in My (T'o(N), Qp)Eis, and where Oy is the valuation ring in the finite extension
of Q,, obtained by adjoining the Fourier coefficients a,( ') for £ # N. The normalization
map T — [], Oy is injective, as T is reduced.

2.3. Representations associated to cusp forms

Let f be a cuspidal eigenform of level I'g (V) and weight k. Let pr : Go,np — GL2 (Qp)
denote the associated p-adic Galois representation. It is the unique irreducible representa-
tion satisfying det(pys) = kk=1 and tr(pr ) (Fry) = ag(f) for all primes £ not dividing Np.

cyc
The following lemma recalls the local properties of this representation in the cases of

interest.
Lemma 2.3.1. Assume that a,(f) is a p-adic unit and that wy (f) = — f. Then:

(1) The representation pf|G@p is ordinary, that is,

Kk M ap ()7 *
Prlea, ~ ( 0 x(ap<f)>)'

(2) If fisold at N, then ps |G@N is unramified.
(3) If f isnew at N, then pflG@N is Steinberg, that is,

k_ K, k
prlGo,y ~ AN 2 1)( 0 1)'

3. Deformation theory

Let D = w*~1 @ 1: Go np — F, the residual pseudorepresentation of the Eisenstein
series of weight k. In this section, we define a ring R 5 which represents the functor for
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pseudorepresentations D that deform D and satisfy certain conditions so they “look like”
pseudorepresentations associated to modular forms of weight k& and level T'o(N).

A method for imposing these conditions has developed extensively in the author’s pre-
vious papers with Carl Wang-Erickson [42—44], specifically in the case of weight k = 2. In
this paper, we simply sketch how the methods of those papers can be adapted to weight k.
We freely use the language of pseudorepresentations and Cayley—Hamilton representa-
tions. We refer the reader to [44, Section 3] for more detail.

3.1. Deformation ring

Let R ;5 denote the pseudodeformation ring parameterizing deformations D : G np — 4
of D, where A is an Artin local Z ,-algebra with residue field IF,,, subject to the following
conditions:

e det(D) = k-1

cyc
e D is ordinary at p,
e D is unramified-or-Steinberg* at N .

These latter two conditions need definitions. By definition, they are true if and only if
there is a Cayley—Hamilton representation p : Gg,np — E* inducing D with the same
property. We now define these properties for Cayley—Hamilton representations.

A Cayley—Hamilton representation p : Go,np — E* is ordinary at p if

(p(0) — k&1 (@) (p(1) — 1) =0

for all o, T € I, the inertia group of Gg,,.

A Cayley—Hamilton representation p : Gg np — E™ is unramified-or-Steinberg at N

if

(p(0) = Keye(@AN 2@ (p(1) = 2N 27 (2)) = 0
for all (o, 7) € IN x Ggy U Gy X Iy. Note that an unramified representation will
satisfy this property: if o € Iy, then the first factor is zero, and if T € Iy, then the second
factor is zero.

Given these definitions, the existence of the deformation ring R parameterizing
deformations with these conditions is proven exactly as in [44, Section 3]. The idea of
the construction is to start with the universal Cayley—Hamilton algebra and impose these
conditions by taking a quotient in the category of Cayley—Hamilton algebras; the ring R
is obtained as the scalar ring of this quotient.

Welet D¥ : Gg,np — R 5 denote the universal pseudorepresentation. The pseudorep-
resentation Kfyzl @ 1 over Z,, which we refer to as the minimal deformation, defines a

4This condition would be called “unramified-or-(—1)-Steinberg” in [44], where the sign refers
to a choice of unramified quadratic twist related to the w y -eigenvalue. In this paper, we only con-
sider a single twist (because we only consider the wy = —1-eigenspace), so we drop the sign from
the notation.
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map Rj — Z, which gives R the structure of an augmented Z,-algebra; we call the
kernel J™» c R 5> and refer to it as the minimality ideal.

3.2. Themap R — T

There is a unique surjective Z,-algebra homomorphism
R D — T

such that trace(D")(Fr¢) + T for all £ 4 Np. Using the fact that R 5 is generated by the
elements trace(D™")(Fry) as a Zp,-algebra, this map can be constructed and proven to be
surjective just as in the proof of [44, Proposition 4.1.1], following three steps:

Step 1: The pseudorepresentation associated to an eigenform f defines amap Rz — Oy
sending trace(D")(Fry) to ay(f) for all £ 4 Np. (The fact that this pseudorepre-
sentation satisfies the required conditions follows from Lemma 2.3.1.)

Step 2: The resulting map R — ]_[f Oy sends trace(D")(Frg) to the image of T; under
the normalization T — [], Oy. Hence the map Rz — [, Oy factors through
amap Rj; — T whose image is the subalgebra generated by the T for £  Np.

Step 3: The image of R — T also contains 7}, (using the interpretation of a,(f) in
terms of Galois representations). This completes the proof that R5 — T is sur-
jective.

Remark 3.2.1. We expect that the map R — T is an isomorphism. This kind of result
was proven in [43] in the weight-2 case. However, since the there is no “finite flat” condi-
tion in weight k > 2, this situation is more closely analogous to the case k = 2 and level
I'o(Np), which was treated in [44]. It seems that the same method can prove that if the
restriction map

HY(Z[1/p].Fy(k — 1)) > H' (Qn.Fp(k — 1)) (322

is non-zero, then J ™" is principal and R 5 — T is anisomorphism. Using our assumption
that (1 — k) € Zz(p)’ it is easy to see that H'(Z[1/p], F,(k — 1)) is generated by the
image of the Deligne—Soulé cyclotomic element [9, 41] (see also [26, Section 5]), so

(3.2.2) is zero if and only if

p—1
> i logy (1 —¢}) = 0 (mod p) (3.2.3)

i=1

where {, € Fy is any primitive pth root of unity. In the case k = 2 (mod p — 1), this is
equivalent to logy (p) = 0 (mod p), which is the condition that was considered in [44].
See [10] for some recent results regarding this.

Themap Rz - T —T/I 57z p coincides with the minimal deformation R 5 — Z,,
so the map R5 — T is a map of augmented Z ,-algebras.
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3.3. The group ring A and its quotient A

In order to describe the reducible quotient of Rj, we set up some notation regarding
group rings that will also be used later.

We let A = Z,[Gal(Q ({‘1(\5’)) /Q)], which we think of as the universal unramified-
outside-N deformation ring of the trivial character G,y — T The localization A ® Q
is a product of totally ramified finite extensions Q, () of @, labeled by characters y :

Gal(Q(¢)/Q) — Q@
A®Q=[]Q .
X

We write /o,, = ker(A — Zp) for the augmentation ideal, and let A; = A /] /fug,
which we think of as parameterizing first-order deformations.

The choices made in Section 1.4 define isomorphisms

ZplX]

N — Zy[Z)p"Z] — —((X T

(3.3.1)
such that the composition is [a] — (1 + X)"°¢v @ for a group-like element [a]. These
isomorphisms define an isomorphism

~ _ ZplX]

NS (33.2)

via [a] — 1 + logy (a) X . Throughout the paper, we will forget about (3.3.1), but we will
use (3.3.2) as an identification. In particular, the letter X will always refer to an element
of A that is a generator of Jaug// /fug inducing the isomorphism /,/ I/fug ~ 7Z/p'Z of
Section 1.4.

We let Ay = A1/p"A;. Via the identification (3.3.2), A is identified with the ring
of dual numbers over Z/ p¥Z. The quotient map A; — A induces an isomorphism

XA S XA =X-Z/p"Z, (3.3.3)

which we also use as an identification.
We let (—) : Gg,np — A denote the character (0) = 1 + logy (0)X.

3.4. Reducible deformation ring

Let Ry — R;f,d denote the quotient parameterizing deformations D : Gg,np — A that
are still reducible (thatis, D = y; @ y» for some characters y1, 2 : Go,np — A%).

Lemma 3.4.1. The pseudorepresentation

D™ : Go.np — A1

k—1

determined by D™ = Keye (=)' @ (=) is a deformation of D and determines an iso-
morphism

Rflgd—n\l.
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Proof. It can be checked easily that D™ defines a reducible deformation of D that is
ordinary at p and unramified-or-Steinberg at N, so it defines a map Rrg’ — A1. We must
construct the inverse map. The proof is just as in [43, Proposition 5.1.2] or [44, Lemma
4.2.3], so we will simply sketch the argument.

Let D¥red = X1 D x2: Go,np — er%d denote the universal reducible deformation.

Since det(D* ™) = Kfyzl we can write y; = Kfyzl)(gl. Now y- is a deformation of the
trivial character. The ordinary condition forces y, to be unramified at p. Hence there is a
surjection A —» Rrgd. The unramified-or-Steinberg at N condition forces this surjection

to factor through

Z,[Gal(Q(¢y)/Q)]

(vl + ynl™' =2y
Under the isomorphism (3.3.1), this quotient is identified with A; and the universal
character is identified with (—). This gives a surjection A; — Rfl%d that is inverse to
Rngd — A n

4. Derivative Eisenstein series

4.1. Mazur-Tate {-function

We first consider the constant terms L(1 — k, y) of the Eisenstein series Ex (1, y) and
note that they interpolate into an element &yt € A that we call the Mazur-Tate {-function
(after [31]).°

We consider the function y — L (1 —k, ) for a character y : Gal(Q ({1(\5’))/@) - Qx,
where L(s, y) is the Dirichlet L-function and we think of y as a Dirichlet char-
acter of modulus N. A priori, this function is an element &yr of the group ring
QP [Gal(Q(El(j’)) /Q)]. Explicitly, we have the formula (see e.g. [45, Thm. 4.2, p. 32])

B Nk-1 N
L~k p) = =% =——— " Bila/N)z(a)
a=1

for any Dirichlet character of modulus N, where By , is the Bernoulli number and

By (x) is the Bernoulli polynomial, so &yp = —& l;;l [11V=—11 Bi(a/N)la], and we
see &mT € QP[Gal(Q(fl(\f))/ Q)]. It is known that &yr is the integral subring A C

Qp [Gal((@(é'l(f))/(@)] (see [6, Theorem 1.2], and note that their k + 1 is our k, and that
the integer wy (Q) appearing in the statement is prime to p because of our assumption

(p—=1) 1t k).

In the next lemma, we use the identifications of Section 3.3.

31t could be called the “tame L-function”, to highlight the analogy with p-adic L-functions, or
a Stickelberger element.
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Lemma 4.1.1. The image of &ur in A1 is given by
{1 =R = N1 + g X,

where &y € L/ p¥Z is the element

Nk—l N-1
— > Bu(a/N)logy(a) € Z/p"Z.
a=1

In particular, the image of &yt in A1 annihilates X.

Proof. The image of &yr under the augmentation is L(1 — k, 1), where 1 denotes the
trivial character modulo N . This is easily seen to be equal to £(1 — k)(1 — Nk~ 1).
This shows that

Nk-1 N-1
fwr — (1 —k)(1 = N1y = ——— % " Br(a/N)([a] - 1).
a=1

The isomorphism IAug/]/fug >~ 7/ p'Z sends [a] — 1 to log (a) and sends X to 1, so

Nk—l N-1
bt — £ =1 = V1) = (2= 3 Beta/N) logy @)) X,
a=1

The last statement follows from the fact that the annihilator of X in A is the ideal gener-
atedby N — 1 and X. [ ]

4.2. Group-ring valued Eisenstein series

Consider the Eisenstein series

Ex(1.[-) = %sm + 2 (XMd1d* ) g" € Z,[2/NZ)* /()]

n>1 din

and
Ex(-. D) = Z(Z[n/d]dk—l)q" € Z,[(Z/NZ)* /{£}][4].
n>1 din

The ring QI,[(Z/NZ)X/{:I:}] is a product of Qp labeled by even characters y; the
map associated to a given y sends Ex(1,[—]) to Ex(1, y) and Ex([—], 1) to Er(x, 1).
This implies that these g-series are g-expansions of modular forms that are elements of
M (T1(N), Qp[(Z/NZ)X/{:I:}]). By the g-expansion principle [25, Corollary 1.6.2],
they are actually elements of My (I'1(N), Z,[(Z/NZ)* /{x}]).

4.3. Derivative Eisenstein series

Throughout the rest of this section, we frequently use the notation for the group ring A,
its quotients A; and A1, and the element X € A introduced in Section 3.3.
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Let Ex(1,{(-)), Ex({(—),1) € M (T1(N), A1) be the base-change of Ef(1,[—]) and
Ei([-], 1) via the quotient Z,[(Z/NZ)*/{£}] — Ai. Let Ex(1, (=), Ex({—), 1) €
M (' (N), A1) be further the base change via A} — A;.

By base-changing along the inclusion Z, C A1, we can consider Ex » as an element
in Mp(I'1(N),Ay). Then

X - Ex,n € M(T1(N), XA1) = Mp(T1(N), X Ay),
where we have used the identification (3.3.3). We also have
X Ep(1,(=). X - Ex((=). 1) € Mp(T1(N). X Ay).
Lemma 4.3.1. We have
X-Egn =X -Ex(1,{=) = X - Ex({(-). 1)
as elements of My (I'1(N), X/_\l).

Proof. In this proof, we frequently use the fact that N = 1 in A. By the g-expansion
principle, we need only check that these forms have the same g-expansion. We first check
the constant terms. We have ao(Eg y) = %{(l —k)(1 — N*/2), which is zero in A1, so
ao(X - Ex,n) = 0. We also see trivially that ag(Ex ((—), 1)) = 0, so we have to check that
ap(X - Ex(1,{—))) = 0. But we have ag(X - Ex(1,(—))) = %XEMT, which is zero in A
by Lemma 4.1.1.
Next we consider a y -coefficients. We have

an(X - Exn) = X(1 + N1 - N¥/2) = x,

an(X - Ex(1, (=) = X,

an(X - Ex({=).1) = N*'X = X,
Finally, we check easily that, for any prime ¢ # N, all three have a,-coefficient
X(1 + k=1, n

Let EI/c,N € My (T'1(N), A1) be the element

Ep y = Ex(1.(=) = Ex((-). 1),
which we call the derivative Eisenstein series.
Lemma 4.3.2. The g-expansion of the derivative Eisenstein series E,/C N lakes values
in X A1. Moreover,
(1) the diamond operators act trivially on E ]; N
@) ao(Ej ) = L& X.
B) Ep nl@p—th—121) = logy (O)(t*=1 —1)X - Ex y for any prime £ # N, and
@) Ep yloy =—Ep y-
In particular, E,’C’N € M(To(N), X A1)gis.
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Proof. Tt follows from Lemma 4.3.1 that X - £ ,’c n = 0. This implies that the g-expansion
of £ ,’( N takes values in the annihilator of X in 1_\1, which is X 1_\1. This proves the first
statement. We proceed with the numbered statements.

(1) Since yy is a generator of (Z/NZ)* ® Zp, it is enough to show that (yny) — 1
acts by zero. But (yn) — 1 acts as multiplication by X, which annihilates £ ,’c N since it
has coefficients in X A ;.

(2) Since ag(Ex((=), 1)) = 0, we have ao(E,’c’N) = aog(Ex(1, (—))), which is the
image of %EMT in A ;. This is equal to %é{vITX by Lemma 4.1.1.

(3) Using the fact that Ex (1, (—)) and Ey({—), 1) are eigenforms for Ty, we easily
compute that

Ex(L (=Dl (r,—ge—1-1) = ¥ " logy (O X - Ex (1. (=),
Ex({=). Dl (g, —ge—1_1) = logn (X - Ex((—). 1).

The result now follows from Lemma 4.3.1.
(4) By (2.1.2), we have

k/2 B )
#Ek«—r% DR L)) RIS

where g(—) denotes the Gauss sum. Now we compute that

/
Ek,N|wN =

N-1
g((=) = Y (1 +logy(@X)th = —1 + g(logy) X.

a=1

It follows that g((—) ") = g((=))~L. Using the fact that N = 1 in A, we have

E'lyy = a((=-D(Ex((=) " 1) = Ex (1, (=)71).
Claim. We have Ex (=)', 1) = Ex(1,(—)™") = E}

Proof. The automorphism ¢ : [g] — [g~'] of A (thought of as quotient of the group ring)
acts by —1 on X - A;. This implies that ((E’) equals —E’ on the one hand, and equals
Er(1,(=)"Y = Ex({(=)~", 1) on the other hand. L]

Hence we have

Ep wloy = a(=DEx((=)" 1) = Ex(1.(=) ") = a(-) E}y-

Since g({(—)) = —1 (mod X), and since EI/c,N has coefficients in XA, we have
a((=)E; y = —E; y- This completes the proof of (4).

To see the final statement, note that, for any Z[1/N]-module A, the module
M (To(N), A) is the invariants of My (I'1(N), A) under the diamond operators (see
[35, Lemma 1.2.6] or a similar argument in [12, Section 2.1]). So by (1), we have
E,’C’N € Mp(To(N), XA1). Parts (3) and (4) show that IZEI’C,N =0, so E,/{,N €
My (To(N), X A1)Eis.- .
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4.4. Deformation Eisenstein series

Consider the modular form
Exn = Exn + Ep
where the sum is in My (T'g(N), A1)gis. We have

ao(Ex,n) = (01 =k)(1 = N¥/?) + &1 X). (4.4.1)

We define £55 := ao(E k.N) € A1. Although £F5S. 5 &vr, we use this notation to invoke

the idea of 51{5,[1% as an altered version of &yr: the incarnation of &yt as the constant term

of an Eisenstein series. Note that X £ = 0, just as in Lemma 4.1.1.

Proposition 4.4.2. There is a surjective morphism of augmented Z,-algebras
T — Al
defined by Ty — ag(l:?k,N) =141 4(1- Kk_l)logN(E)Xfor all ¥ N. This map

sends Ty to EE5S.

Proof. By duality (Section 2.1.4), we have to show that Ek, n 1s annihilated by the fol-
lowing Hecke operators:

(1) Ty — (1 + €571 4 logy () (5 — 1) X),
2) wy + 1.

This follows from Lemma 4.3.2. |

5. An “Rred = Tred>” theorem

5.1. Reducible modularity

Let J™ = ker(Rp — R'S') and let /* C T be the image of J™* under Rj5 — T. Let
Tred =T /™. Recall the surjective homomorphism R ; — T of augmented Z,-algebras
defined in Section 3.2.

Theorem 5.1.1. The map Rj —> T induces an isomorphism Rrgi — T4, The inverse
map is the composite of the map T™ — Ay induced by Proposition 4.4.2 and the iso-
morphism Ay — Rngd of Lemma 3.4.1.

Proof. The isomorphism R’L%d = A of Lemma 3.4.1 sends trace(D¥)(Fry) for £ # N to

Keye (Fre) ™ (Fr) ™" + (Frg) = €571(1 + logy () X) + 1 — logy (O)X
=1+ 41— Y logy ()X,

which is the image of T; under the map T — A of Proposition 4.4.2. Since R} is
generated by the elements trace(D™)(Fry), this implies that the two composite maps

RD—»ngd;AI, Ry — T — A,
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coincide. Hence the latter map sends J ™ to zero, and the induced composite map
red red
R 5 T - Ay

is the isomorphism of Lemma 3.4.1. This implies that eri;d —» T is injective, and hence
an isomorphism. ]

Let 1974 C TO be the image of /™ under T — T, and let T % := T/ ]0red,
Theorem 5.1.2. The isomorphism T™ 5A of Theorem 5.1.1 induces an isomorphism

TOred ~ A /%-Els

Proof. Note that the map T — A sends Ty to £55. By the sequence (2.2.1), this map
induces a map T® — A1 /LS. Call the kernel of this map /’. The content of the theorem
is that 1/ = J9red,

We have a commutative diagram with exact rows and columns

0 I T Ay 0
2l
0 r TO A1 /EE — 0
0 0

where the vertical map Z, — T is 1 — Tp. We will show that the map Z, — £E5A

is an isomorphism, which, by the snake lemma, will imply that the map [ red — I is
an isomorphism. In other words, this will show I’ = 1%, completing the proof of the
theorem.

It remains to show that the map Z, — EE‘SAI is an isomorphism. To see this, first
note that £55.A 1 is the free Z,-submodule of A; generated by &5 Indeed, X&£5S = 0,
so EES Ay = EES7Z.,, and, since £55 (mod X A1) is a non-zero element of Z,, the mod-
ule SI'\S,[‘%ZI, is Zp-torsion-free. Since the map Z, — 55 A1 sends 1 to al(ToEk N) =
a()(Ek,N) = ‘;‘I\F;[‘%, we see that this map is an isomorphism. |

Remark 5.1.3. Note that this theorem implies the equality

T°/1° = Z,/ao(Ex )2, = 2./ p*Tor® 7, (5.1.4)
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which is reminiscent of Mazur’s result [30, Proposition I1.9.6, p. 96] on the index of the
Eisenstein ideal. The theorem itself is reminiscent of results of Wiles and Mazur—Wiles
(for example [47, Theorem 4.1]) relating the intersection between Eisenstein and cuspidal
Hida families to the Kubota—Leopoldt p-adic L-function. The idea to prove this kind of
result using the universal constant term operator originated with Emerton [13].

Corollary 5.1.5. The ring T is annihilated by p**+°»®) Hence it is the quotient of

(Z)p?Tor®7)[X]
(pvX.X?)

by the image of £55. In particular, T %™ has finite cardinality.

Proof. By Theorem 5.1.2, we have £55 = 0 in T %™, This implies that
LA —k)(1 = N*2) + X =0

as elements on T %™, Since v, (¢ (1 — k)(1 — Nk2)y = v + v, (k), we see that p¥+vr®)
is in the ideal X - T, Since p*X = 0in A, we see that p2* T &) = 0 jn TOrd, m

5.2. Consequences for modular forms when &y is a unit
Since &,y is the coefficient of X in £F55. if &),y is a unit, then X is equivalent to the image

of an element of Z, in A/ gfis. We introduce a constant to keep track of this element

of Zp.

Definition 5.2.1. Suppose that &, € Z/p"Z is a unit. Define the extra reducibility con-
stant « € 7./ p*7Z by
I Lt (522)
T oMT prrop®)” e

and the extra reducibility character xy : Go,Np —> (Z.) p?+or®7)% by
Xa(0) =1+ p'+r®ylog, (o). (5.2.3)
The purpose of this definition comes from the following lemma.

Lemma 5.2.4. Suppose that & € Z/ p¥Z is a unit. Then there are isomorphisms

(z/p>*r®z)(X]

r]I*O,red ;
(va5 XZ»EI/\/[T ‘ (pv+vp(k)a - X))

:) Z/p2v+l)p(k)Z,
where the first map is 1y — 1+ + (1 =€ ") lo and the second map is
here th is Ty > 1 4 €571 4 (1 — 5~V logy (0) X and th d j
X - p"'“”’(k)a, and where « is the extra reducibility constant (5.2.2).
Proof. By the definition of «, we have
Sar = gbur - (0”77 Wa = X) (mod p? @ prx, X2,

Hence the lemma follows from Theorem 5.1.2 and Corollary 5.1.5. |
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We can interpret this in terms of modular forms.

Corollary 5.2.5. Suppose that & € Z/ p*Z is a unit. Then there is a normalized eigen-
form f € Sp(To(N), Z/) p?tor® 7)) pi with

ac(f) =1+ £+ p O — 57 logy (D
forall £ # N, where « is the extra reducibility constant (5.2.2).
Proof. It is equivalent to show that there is a surjective Z ,-algebra homomorphism
T® > z/p>tr®7 (5.2.6)

sending Ty to 1 4 £k~ 4 pv+or() (1 — gk=1)Jog (£). This is immediate from Lemma
5.24. ]

By the base-change property for algebraic modular forms, there is a cusp form f €
Sk (To(N), Zp)gss lifting the eigenform f of the corollary, but there may not be an eigen-
Sform f lifting f in general. However, if Si(I'o(N), Zp)gis happens to be rank 1 as a
Z p-module, then any normalized form is an eigenform, and this guarantees that there is
an eigenform f lifting f. The next theorem gives a criterion for the rank to be 1.

Theorem 5.2.7. The inclusion Z, — T° is an isomorphism if and only if both of the
following conditions hold:

(1) &yrisaunitinZ/p*Z, and
(2) 1 is principal.

Proof. We first prove the direct implication. If T® = Z,, then any ideal is principal, so
(2) is immediate. On the other hand, if &,y is not a unit, then £Li% = 0 (mod p). Then,
using Theorem 5.1.2, we have

']I*O,red/p']r(),red o~ ]FP[X]/(X2)

Since this is not a quotient of Z,, we have TO # Zp. This shows that if TO = Zp, then
(1) is true.

Now assume (1) and (2). Then I° is principal and T?/1° = Z/p*+?» 0 Z by (5.1.4).
To illustrate the rest of the proof, we first consider the case v = 1 and v, (k) = 0. In that
case, we see that T? is a DVR with residue field F,,. But by (5.2.6), T? has Z/p?Z as a
quotient; this cannot occur if T 0 is a ramified DVR, so we must have T® = Z P

In the general case, TO need not be a DVR, but there is a presentation of TO of the
form Z,[t]/(F(t)) 5 T, where ¢ maps to a generator of I and F(¢) is the characteristic
polynomial of ¢ acting on T°. By (5.1.4), we have F(0) = up*t?»® withu Z,, and,
since T? is local, F () is a distinguished polynomial. Assume, for a contradiction, that
deg(F) > 1. In that case F(r) = at + upT»® (mod ?) with a; € DZp.

Composing our presentation with the map (5.2.6) from Corollary 5.2.5 we obtain a
map ¢ : Zp[t]/(F(t)) — Z/p*Tor® 7. By (5.1.4), we must have ¢(¢) = vp’Tor®
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for some v € Z;; in particular, ¢ (%) = 0. Then ¢ factors through a map

Lplt]

7 2v+v,,(k)Z, t v v+vp(k),
(art + upvtvrh) 12) /P P

and we have
0= alvpervp(k) + upervp(k) — (alv + u)pv+vp(k)

in Z/ p?*+v»® 7. But since we assume a; € pZ, and u € Z%, we have ajv + u € Z%,

so this is a contradiction. Hence in the presentation Z,[t]/(F(t)) 5 TO we must have
deg(F)=1and T® = Z,.

Remarks 5.2.8. (1) In the case of weight k = 2, the question of when T = Z, was
first considered by Mazur [30, Section II.19, p. 140]. In that case, Mazur proved that
19 is always principal [30, Proposition I1.16.6, p. 126]. In that case, the analog of our
corollary is that T? = Z,, if and only if &7 is a unit, and this was proven by Merel
[32, Théorgme 2].° Our proof of the corollary is inspired by Lecouturier’s recent new
proof of Merel’s result [28, Theorem 1.1]. In [43], we gave a completely different proof of
Merel’s result using deformation theory, which is related to the discussion in Section 5.3
below.

(2) One can check computationally that 7° is very often principal, but not always.
Indeed, if Remark 3.2.1 is correct, then 7° should be principal if and only if the equality
(3.2.3) fails to hold. See [10] for some recent results about this.

(3) Using the same methods as in [43], we could prove directly that, if J™" is princi-
pal, then R is a free Z,-module of rank 2 if and only if, in the notation of Proposition
8.2.2,c Ulogy # 0.

Corollary 5.2.9. Suppose that Z, = T, so that there is a unique f € Sk(Lo(N), Zp)xis
with a1 (f) = 1 and it is an eigenform. Then f is a lift of the form f of Corollary 5.2.5.
In particular,

ag(f) =1+ 67" 4 p+r®a — 5 logy (O)a (mod p>+2r®)
forall £ # N, where o is the extra reducibility constant (5.2.2).

Proof. Since T?=Z,, there is a unique Z,-algebra homomorphism T®—Z/ p?"*+v» ®z
and it is given by Ty — ay (f). By Theorem 5.2.7, we know that &,y is a unit, so Corol-
lary 5.2.5 furnishes an explicit homomorphism T® — Z/p?**v»(®)7, given by f. The
coincidence of these two homomorphisms gives the result. ]

®In fact, Merel proved that T® = Z,, if and only if HEZ;D/ 2ii is a pth power modulo
N, which is equivalent to E{VIT being a unit by a non-trivial (but elementary) computation (see
[27, Proposition 1.2]). We learned of this equivalence from Akshay Venkatesh, who discovered it
together with Frank Calegari.
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5.3. Consequences for Galois representations when 1° is principal
In this section, we construct some Galois representations when 79 is principal.

Corollary 5.3.1. Assume that T® = Z,. Then there is a representation p : Go,Np —

GLy(Z /) p?* T 7)) with L
_ (Ko Xa O
P ( C Xa) ’

where xo 1 GQ,Np — (Z) p? e 7)< is the extra reducibility character (5.2.3) and
where C satisfies

(1) Clg, =0,

(2) the map C : Gq,np — Fp obtained by reducing C has the property that Co'*:
Go,np — Fp(1 — k) is a cocycle with non-zero cohomology class.

Remark 5.3.2. The function C : Gg np — Z/p?*T»® 7 is not a group cocycle in
the usual sense, but we do have C € Z é@pr (k&1 xa" xa) for the Ext'-cocycle group
Z IG (—, —) defined in [2, Section 3.1], so we will still refer to C as a “cocycle”.

Proof of Corollary 5.3.1. First note that, by Theorem 5.2.7, our assumption implies that
&, is a unit, so the extra reducibility constant « is well-defined.

Let f be the form defined in Corollary 5.2.9, and let Gg,np — GL(Vf~) =~ GL2(Qp)
denote the associated Galois representation. The semisimplification of the reduction of
any stable lattice in Vj; is w¥~! @ 1. By Ribet’s Lemma [36, Proposition 2.1], we can

choose a lattice T 7 such that the reduction is a non-split extension of @*~! by 1. Choosing
an appropriate basis for TJ;, we obtain a representation p 7 Gq,np = GL2(Z)p) such that

okt 0
pf®FP=(a)k—lc 1)’
where ¢ : Gg,np — F,(1 — k) is a cocycle whose cohomology class is non-zero. Since
f is ordinary, we know that p f|Gp is upper triangular, so ¢|g, = 0.

Letp = p7 ®z, 7] p?*tvr(®) 7, By Theorem 5.1.2, we know that the pseudorepre-
sentation associated to p is the reduction modulo &5 of the universal reducible deforma-
tion of Lemma 3.4.1. In our current notation, this reduction is Kfy;l Yo' @ xa- Since pis
reducible as a pseudorepresentation, and p ® I, is lower triangular but non-split, we see
that p is lower triangular. This proves that p has the desired properties. ]

There are also variations in the case £y is not a unit, the simplest being the following.

Corollary 5.3.3. Assume that 1° is principal, that &y is not a unit, and that v = 1 and
vy (k) = 0. Then there is a representation p : G np — GL2(F,[X]/(X?)) with

. KKt
C X))’
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where y : Go,np — (Fp[X]/(X?))* denotes the character y(o) = 1 + logy (o)X, and
where C satisfies the same conditions as in the previous corollary.

Proof. The assumptions imply that T? is a ramified DVR, so there is a unique eigenform
and it has coefficients in the fraction field of T?. The representation p is obtained by
taking a T -lattice in its Galois representation, and reducing modulo (/°)? + pT?. The
properties are proven just as in the last corollary. ]

Remark 5.3.4. Note that in the construction of these Galois representations, the only
reason we need the assumption that 79 is principal is in order to lift to characteristic
zero and apply Ribet’s Lemma. It is likely that these representations can be constructed
directly using the geometry of modular curves, without the assumption that 79 is princi-
pal. Morally, the representations should exist simply because f is a cuspidal eigenform.
This raises the question: what does the condition of being “cuspidal” mean in the defor-
mation ring?

Now consider the element’ &% € A defined as

N _Jra-ba-nN5, x=1,
Eur(X) = {L(l ko, 1 (5.3.5)

Note that & 7 &mr, but we think of &5 as the alteration of &y with dual local condition
at N. The image of & in A is

B =00 —k)(1 - N*) + &, X.

In the next theorem, we use the notation H (11)) (Z[1/Np],—) for the trivial-at- p Selmer
group — see Appendix B for the definition.

Theorem 5.3.6. Assume that 1° is principal. If &t is a unit, then map
H(II,)(ZU/NP]’ (A/&m) (1 —k)) — H(;)(Z[I/Np]vlﬁ‘p(l —k)),

induced by the quotient map in the coefficients, is non-zero.
If &7 is not a unit, v = 1, and v, (k) = 0, then the image of &3y in Ay is zero, and
the map
H(lp)(Z[l/NP], Ar(1=k)) — H(lp)(Z[l/NP]»Fp(l —k)).

induced by the quotient map in the coefficients, is non-zero.
Proof. When &y, is a unit, we have
A/ = 2/ p> Oz

by X — —&57(1)/&yr- This shows that Go,np acts (A/&r)(1 — k) as the character

Kcly;k %52 By Corollary 5.3.1 we have the representation p, and we see that the extension

"The fact that % is in A is not automatic, but follows easily from the fact that &y is in A.
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class C ! defined by p ® y,!isin H(lp) (Z[1/Np], (A/&r) (1 — k)) and has non-zero
reduction.

If & is not a unit, v = 1, and vp(k) = 0, then we have the representation p of
Corollary 5.3.3. ]

5.4. Algebraic number theory consequence
Our Theorem 5.3.6 has the following consequence.
Theorem 5.4.1. Assume that T® = Z,. Then Annp (H(zp) (Z[1/Np],A(1 —k))) = & A.

The proof that Theorem 5.4.1 follows from Theorem 5.3.6 is given in Proposition
8.1.1 below. In Section 8, we also give other interpretations of this theorem in terms of
cup products and slopes.

As we will see in the remainder of the paper, this theorem is predicted by an equiv-
ariant version of the Bloch—Kato conjecture, as formulated by Kato. Moreover, we show,
using a version of the Equivariant Iwasawa Main Conjecture that has been proven [6, 20],
that the equality Annp (H, (2p) (Z[1/Np], A(1 — k))) = &4 A holds without any assump-
tion (see Theorems 7.3.1 and 7.3.2).

Part I1
Tame Bloch—Kato conjecture

The purpose of Part II is to explain how Theorem 5.4.1 fits into the general framework of
special values conjectures. We especially want to address why the “altered” Mazur—Tate
{-function &1 appears (as opposed to the unaltered variant &y). We will show that it has
to do with the “trivial at p”” Selmer condition on the Galois cohomology in Theorem 5.4.1
(as opposed to unaltered Galois cohomology).

The main new result of Part II is Theorem 7.3.1, where we prove that the annihilator
equality in Theorem 5.4.1 is equivalent to an “unaltered” variant. This unaltered variant
is a Coates—Sinnott formulation of the Equivariant Iwasawa Main Conjecture (EIMC),
which they have also proven in this case [6]. By combining Theorem 5.4.1 with Theorem
7.3.1, we have a new proof of EIMC when TO = ZLp.

We were unable to prove Theorem 7.3.1 — the equivalence of the altered and unaltered
versions — using standard techniques of Iwasawa theory (like Fitting ideals, etc.). Instead,
following a suggestion of Venkatesh, we attempted to show why Theorem 5.4.1 follows
from Kato’s formulation of the Bloch—Kato conjecture for families of motives [23]. It
was only in this process that we saw why both Theorem 7.3.1 and the EIMC follow from
Kato’s conjecture, and this is the basis of our proof of Theorem 7.3.1.

In Section 6, we discuss Kato’s conjecture in the special case where the family of
motives is given by twisting a fixed motive by a tame character. In Section 7, we further
specialize to the case where the motive is Q(1 — k), and show that Kato’s conjecture
in this case implies Theorem 5.4.1. By altering the Selmer conditions, we prove Theo-
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rem 7.3.1. We view Sections 6 and 7 as a kind of “worked example” of Kato’s conjecture;
we hope that this has some expository value. In Section 8 (which is independent from
the other sections in Part II), we prove relations between main conjectures formulated
in terms of: annihilators of cohomology, cup products, lifting cohomology classes, and
slopes. These results explain why Theorem 5.3.6 implies Theorem 5.4.1.

Throughout Part II, we use the notions of determinants and regulators introduced in
Appendix A. We also use the notation for Galois cohomology established in Appendix B;
here we give a brief summary of this notation (but see Appendix B for the actual defini-
tions):

e RI'(Z[1/Np],—) is shorthand for the continuous cochain complex of G, np.,

e RI'(,)(Z[1/Np], =) (resp. RI'(w)(Z[1/Np], —)) is the Selmer complex of Gq,np-
cohomology with the “trivial” condition at p (resp. at N) and no condition at other
places,

e RI:(Z[1/Np], —) is “compactly supported cohomology” of Go, np,

e RI'(Qg, —) is local Galois cohomology,

e RI'r(Qg,—) is the Bloch—Kato finite cohomology (if £ = p) or unramified cohomology
(if € # p),

e RI'/r(Qg, —) is the “non-finite” cohomology (i.e. the cone of R’y — RI'),

e RI'f(Z[1/Np], —) is the Bloch-Kato Selmer complex.

We also retain our notation from Section 1.4, especially the assumptions about the
primes N and p and the integer k.

6. Kato’s main conjecture for tame families

Bloch and Kato [4] formulated a beautiful conjecture explaining the arithmetic content
of special values of motivic L-functions. Kato [23, 2418 later formulated a version of the
conjecture that allows for the consideration of families of motives. Central to Kato’s for-
mulation is the idea of zeta elements. In this section, we discuss the relevant special case
of Kato’s conjecture. We frequently refer to the nice survey [15, Part I], which contains
more detail and considers the general case.

6.1. Setup

We consider a pure motive M that has good reduction at N and p, and let S be the set
of primes at which M has bad reduction together with N, p and infinity. We consider the
family of motives {M ()}, that are twists of M (1) := M by Dirichlet characters y of
conductor dividing N and p-power order (for the rest of this section, y will always refer

8 A similar formulation was found independently by Fontaine and Perrin-Riou [16].
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to such a character). We assume that the Betti and de Rham realizations of each M ()
satisfy
Hy(M())* =0. (Ha/F°Ha)(M(x)) =0, (6.1.1)

where the superscript “+” indicates the part fixed by complex conjugation.

From now on, we only consider the p-adic étale realizations M, () of the M(x). We
let Tay C M, denote a stable Z,-lattice in M,,. Note that Q,-points of A correspond
to Dirichlet characters y as above, and that for any such point y : A — QI,, we have
My(x) = (Ty ®z, A) @4 (@p. In other words, the p-adic realizations M, (y) are the
points in the family Ty ®z, A.

6.2. Kato’s main conjecture

In this setting, Kato’s main conjecture states that there is a canonical integral generator
s¢ € detp (RI(Z[1/S]. Ty ®2z, M), (6.2.1)

called the zeta element’ (see [15, Conjecture 3 on p. 6]). Assuming the Deligne—Beilinson
conjecture and regulator conjectures, the zeta element can be described in terms of the L-
values L(M(y),0), as we now sketch.

6.2.1. Sketch of the origin of s.. We sketch the conjectural construction of s., follow-
ing [15]. For each character y, there is a canonical QQ(y)-vector space, denoted E (M (x))
in [15], built out of determinants of Hg(M (x))", (Har/ F°Har)(M(x)), and the motivic
cohomology of M () and its dual. The p-adic regulator conjecturally induces a canonical
isomorphism

By : E(M(0) ®g Qp — det, (0 (RTe(Z[1/5], Mp(1))-
On the other hand, Beilinson’s regulator gives a conjectural canonical isomorphism
9o : R = E(M(3)) ®q R,

and the Deligne—Beilinson conjecture [1,9] states that oo (L(M(x).0) ') isin E(M(y)).
Assuming all these conjectures, we have a canonical element

se(X) 1= Dp(Foo(L(M(x),0)™1)) € detq, () (RTe(Mp(1)))-
Then Kato’s conjecture is as follows.

Conjecture 6.2.2 (Kato). The sections s.()) glue to give an integral section
sc € detp (RTc(Z[1/S]. Tm ®z, N))

and s. is a generator of this free A-module.

9Note that this conjecture is independent of the choice of T3y [23, Remark 4.10].
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Remark 6.2.3. There is an analogy between Galois cohomology and cohomology of
three-manifolds (see, for example, [29]). The existence of a canonical generator (6.2.1)
can be thought of as an instance of this analogy. Indeed, the cohomology of a manifold
can be computed by taking a triangulation, and the resulting element in the determinant
of cohomology is independent of the choice of triangulation. Hence the existence of the
element s, can be thought of as analogous to the existence of a triangulation on a three-
manifold. This analogy was explained to us by Venkatesh.

6.2.2. Characterization of s. in terms of zeta values. The specializations s.(y) in
detq, () (RTc(My(x))) of sc are characterized by zeta values. This characterization
involves a related section sy () of detg,, () (RI'y (Mp(x))) that we now define.

For each y, we have an isomorphism

detq, ( (RTy (Z[1/S], My(%)))
= detg, () (RT(Z[1/5]. My(x))) ® X) detg, () (RT1 (Qs. Mp(x)))

sES
We need to define a section of detg, (5) (RI'r (Qs, My(x))) for each s, where £ denotes a
finite place of S other than p:

s = oo: Wehave RI'r (R, M,(x)) =~ 0by (6.1.1), so there is a canonical element sg () €
det, (n (RTy (R, Mp(x)))-
1-F
s =4{: Wehave R['f (Q¢, M, (y)) = (M, ()t e M, ()], so there is a canonical
element sq, (y) € detq, () (RLr(Q¢, Mp(x))) by Example A.1.2.
s = p: Wehave Dgr(Mp(x))/D%(My(x)) = 0by (6.1.1), so

RFf (Qp» Mp(X)) = [Dcrys(Mp(X)) - Dcrys(Mp(X))]v

so there is a canonical element sq, (x) € detg, ) (RT'#(Qp, Mp(x))) by Ex-
ample A.1.2.

We can then define a section sy () € detg, () (RT's(Z[1/S], My (x))) by

sr (0 = se(0) ® X s, (). (6.2.4)

seS

With this setup, Kato’s Conjecture 6.2.2 implies that

reg(ss(x))~" = L(M(x).0). (6.2.5)

Note that the function y > L(M(y),0) may not be an element of A. This is a
reflection of the fact that, although the sections s.(y) glue to give a section s, over the
whole family, the sections s7 () may not. Indeed, it may happen that RI's (Tjy ® A) is
defined, but not a perfect complex. In the next section, we will examine a case where
this happens because (Ty ® A)IN is not a perfect A-module, which, in turn, causes
RI'r(Qn, Ty ® A) not to be perfect.
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7. The case M = Q(1 — k)

In this section, we specialize the discussion of the previous section to the case M =
Q(1 — k) with k& > 2 even. We write Q,(x)(1 — k) for M,(y). In this case, we
have S = {N, p, oo} and we write R['(Z[1/Np], —) (and similar) instead of Z[1/S].
We may take Ty = Zp(1 — k), so we have Tyy ® A = A(l — k). In this section,
since N is the only finite prime of S that is not p, we emphasize its importance
by defining R, (Qun, A(1 — k)) := Ry (Qn, A(1 —k)) and R/ (Qn, A(1 — k))
:=RI/¢(Qn,A(1 —k)), and we denote the section sq ,, () € R[uw(Qn, Mp(x)) defined
in the previous section by sy ().

7.1. Imperfect complexes and the failure of p-adic continuity

For M = Q(1 — k), the conjectural formula (6.2.5) becomes

reg(sy (1) ~' = {é‘(l B x=1 (7.1.1)
L(1—k,y), x#1.
For the remainder of Section 7, we will refer to equation (7.1.1) (as well as the existence
of the element s, which is used to define sy ) as “Kato’s conjecture”.

Note that there is no Euler factor for y = 1, so reg(ss(x))~" is not equal to the
Mazur-Tate ¢-function yr. In fact, it is easy to see that the function y — reg(ss(x)) ™!
is not even in A; we call this the failure of p-adic continuity.

There is a conceptual reason for this failure of p-adic continuity. In addition to (6.1.1),
we also have

R/ (Qp. Qp(0)(1 = K)) = [Qp (1) =2 Qp ()]

for every y. In this case, it is reasonable to define

17Pk71
R (Qp. A(l = k) = [A ——— A]
and RI's (R, A(1 — k)) = 0, so the sections sg (x) and sq,, () glue to give sections sg €
deta (RT's (R, A(1 —k))) and sq,, € deta(RIr(Qp, A(1 —k))). In fact, sg is just 1, so
we will leave it out below.
We can define Ry (Z[1/Np], A(1 — k)) to be the mapping fiber'’ of the map

RI(Z[1/Np]. A(1 —k)) — R/ (Qp. A(1 —k)) & RI'/ur(Qn . A(1 — k),

but note that A(1 — k)N is not a perfect A-module, so neither Rl (Qn, A(1 = k))
nor RI'y(Z[1/Np], A(1 — k)) is a perfect complex. This means that the determinant
module detp (RT's(Z[1/Np], A(1 — k))) is not even defined, so we cannot hope that the
sections 57 () glue together in a reasonable way.

10By “mapping fiber” we mean Cone(—)[—1].
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Remark 7.1.2. This failure of continuity is familiar from the study of p-adic L-functions.
In that case, the failure is due to an imperfect local complex at p, and the solution is to
change an Euler factor at p. Here, the failure is due to an imperfect local complex at N,
and, as we will see in Section 7.2, the solution is to change the Euler factor at N.

7.2. Kato’s conjecture implies p-adic continuity

We will produce a better result by replacing RIf(Z[1/Np], A(1 — k)) with
RI'(,)(Z[1/Np], A(1 — k)), which continues to impose the finiteness condition at p, but
has no condition at N. The cohomology RI'(,)(Z[1/Np], A(1 — k)) is defined as the
mapping fiber of

RI(Z[1/Np], A(1 = k)) — RI/7(Qp, A(1 = k)

The advantage of this cohomology is that R['(Q x, A(1 — k)) is computed by a perfect
complex of A-modules. The following lemma will be proven in Section 7.4.

Lemma 7.2.1. There is an integral generator sy of detp (RU(Qu, A(1 —k))) and, for
each x, a generator s;,:(y) € detq, () R[/u(Qn, Mp(x)) such that

SN(X) = sur(X) ® S/ur(X)
and
1-Nk1 =1
1, x#1

‘We have the short exact sequence

RI(A(1 =k)) = Rl (A(1 —k)) = RI(Qn, A(1 —k)) @RI (Qp, A(1 —k)),

(1I-N®)71, y=1

reg(sur(x)) = { | oy

} > I‘Cg(S/u,-()()) = { } . (72.2)

where we have dropped the “Z[1/Np]” in the first two terms for brevity. Using this
lemma, we can, assuming the existence of Kato’s element s., define an integral gener-
ator 5(p) € deta (RI(p)(Z[1/Np], A(1 —k))) as

S(p) = Sc @ SQ, SN

Comparing this to (6.2.4) and using the fact that sy (x) = sur(x) ® s/ur(x), we see that,
for any y, we have
S(P)(X) = sf(X) ® s/ur(X)-
The formula (7.2.2) together with Kato’s conjecture (7.1.1) implies
_ C1—k)(1=Nb), x=1,
reg(s(p) ' (x) = (7.2.3)
L -k, ), x# 1
In other words, the conjecture says that reg(s()) ™! = &jr. where &p is the modified
Mazur-Tate L-function defined in (5.3.5)."!

! Alternatively, we could have worked with cohomology with the vanishing-at-N condition, and
this process would yield the usual Mazur—Tate L-function &mr.
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The conjecture (7.2.3) has to do with the value of the regulator on a special generator
that comes from the zeta element. If we only care about the regulator ideal, as in Defi-
nition A.2.1, then this gives something closer to the classical Iwasawa main conjecture,
in that it relates the ideal generated by the L-function to an ideal measuring the size of
Galois cohomology.

Lemma 7.2.4. The complex RI'(,)(Z[1/Np], A(1 —k)) is quasi-isomorphic to a complex

[0— A Z A] for some non-zero-divisor £
then E;g/\ = ErA.

;g € A. If Kato’s conjecture (7.2.3) is true,
Proof. The fact that R['(,)(Z[1/Np], A(1 — k)) is a perfect complex of A-modules fol-
lows from finiteness results in Galois cohomology, as in [23, Proposition 4.17]. Simple
computations show that dimg,, H(ip) (Z[1/Np].F,(1 —k)) =1 for i = 1,2, and zero
otherwise, and that RI'(,y(Z[1/Np], A[1/p](1 — k)) is acyclic. Hence the hypotheses of
Lemma A.3.2 are satisfied, and this yields the desired quasi-isomorphism.

We see thatreg(ez/e1) ™! =§J, so the regulator ideal reg(RT(,)(Z[1/Np], A(1—k)))

— Salg?
is (S‘,ﬁg)_l A. On the other hand, if (7.2.3) is true, this implies

reg(RT(p) (Z[1/Npl. A(l = K))) = () ™' A
s0 &5, A = EirA. L]

The lemma implies that Ea*lgA = Annp (H(Zp) (Z[1/Np], A(1 —k))), so Kato’s con-
jecture (7.2.3) implies that Annp (H(zp) (Z[1/Np], A(1 —k))) = &5p A, which is what we
proved in Theorem 5.4.1 under some additional assumptions. In fact, as we see in the next
section, the equality Anny (H(Zp) (Z[1/Np], A(1 — k))) = &yrA can be proven directly
using the work of Coates—Sinnott [6].

We do not know how to construct the special generator s, or approach Kato’s con-
jecture (7.2.3) using the modular methods of Part I. However, we see from Lemma 7.2.4
that our Theorem 5.4.1 is predicted by conjecture (7.2.3). So we can think of Theorem
5.4.1 as evidence for conjecture (7.2.3) coming from modular forms.

7.3. Comparison with the equivariant main conjecture

The equality of ideals Anny (H(zp) (Z[1/Np], A(1 —k))) = &y A is equivalent to a known
form of the Equivariant Iwasawa Main Conjecture:

Theorem 7.3.1. The following equalities of ideals in A are equivalent:
(1) Anna(HZ,)(Z[1/Np), A(1 —K))) = ElrA.
(2) Annp(H?(Z[1/Np], A(k))) = &wrA.

Proof. Let&) € A be asin Lemma 7.2.4, so

*
alg

£, = Anna(HE, (Z[1/Npl, A(1 = K))).
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By Poitou-Tate duality'”> we have an isomorphism
RHomy (RTp) (Z[1/Np]. A(1 — k)). A)[-3] = REw)(Z[1/Np]. A(k)).

By Lemma 7.2.4, this implies that there is a quasi-isomorphism

*

&g
RIWy(Z[1/Np], A(k)) = [0 = A — A]

and we see that reg(RC () (Z[1/Np], A(k)))™t = €5 A

alg® ™
Just as in the proof of Lemma 7.2.4, a simple computation verifies the hypotheses of
Lemma A.3.2 for RT['(Z[1/Np], A(k)), so there is a quasi-isomorphism

alg

RI(Z[1/Np],A(k)) ~ [0 > A E—) A]
for some non-zero-divisor £, € A, and we have
reg(RT(Z[1/Np], A(k)™! = EugA = Annp (H>(Z[1/Npl, A(k))).
Now, considering the triangle
Ry (Z[1/Np]. A(k)) — RT(Z[1/Np]. A(k)) — RT(Qn . A(k)),

we see that £y, = u§j reg(sy) for some u € A*. Considering formula (7.2.2) for reg(sy ),
we also have &yt = &Jrreg(sy), and this completes the proof. |

The equality Annp (H?(Z[1/Np], A(k))) = EurA is a (very) special case of the
Coates—Sinnott conjecture [6].

Theorem 7.3.2 (Coates—Sinnott). We have Annp (H?(Z[1/Np], A(k))) = EmrA.

This conjecture has multiple known proofs. The results of [6] show that &y is in the
annihilator, and the result follows from this by a simple argument. It is also proven by
Greither and Popescu [20, Theorem 6.12] as a consequence of their proof of their Equiv-
ariant Iwasawa Main Conjecture, which, in turn, they show to follow from the Iwasawa
Main Conjecture for totally real fields, due to Wiles [47], and the vanishing of p-invariants
for abelian number fields, due to Ferrero—Washington [14].

7.4. Computation of the local generator sy

In this section, we give the proof of Lemma 7.2.1.
By Lemma B.2.1, H*(Qu, A(1 — k)) is computed by the total complex of the bicom-

plex ¥
Al —k)eg —— A(1 —k)e;

1-Fry! l ll—Fr;l N (7.4.1)
A —k) fi =X A1 —k)es

12gee [33, Theorem (6.3.4)] for the version we need (for complexes with Selmer conditions).
For a more down-to-earth treatment in terms of cohomology, see [18, Appendix B]; see [38] or the
proof of [33, Proposition (5.2.4)] for the technique used to upgrade from cohomology to complexes.
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where the horizontal arrows are multiplication by the element X of A defined in Sec-
tion 3.3, and N denotes multiplication by the element ZlN;Ol( 1 + X)! of A. We define
SN = e‘i(;\e}l . The computation of reg(sy) can be done directly using Example A.2.3, but
we compute on each specialization because we think this makes the computation clearer.

For y = 1, X maps to 0 and & maps to multiplication-by-N. Choosing an isomor-

phism Q, (1 — k) = Q,, of Q,-vector spaces, the complex (7.4.1) can be identified with

0
Qpeo —— Qpen

l—Nli ll—N"

prl L> Qpez

Under this identification, R (Qx, Q, (1 — k)) is the subcomplex

1-N#*-1
Qp(1 —k)eg ——— Qp(1 —k) fi
and s.:(1) = eo/f1, so we see that reg(sy(1)) = 1 — N¥~1. We can define Spe(1) =
sy (1) ® sur(1)~! and we see reg(s/u (1)) = (1 — Nk,
For x # 1, X maps to a non-zero element x € Q,(y) and N maps to the identity.

Choosing an isomorphism Q,(x)(1 — k) = Q,(x) of Qp,-vector spaces, the complex
(7.4.1) becomes

Qp(x)eo — Qp(x)er

]_Nk—ll J]_Nk—l

Qp()()fl — Qp()()ez

The complex R, (Qpy, M, (x)) is acyclic and reg(su(x)) = 1, so we define s/,(y) =
sn (x), and we see that reg(s/,(x)) = reg(sy (x)) = 1.

8. Interpretation in terms of lifting, cup products, and slopes

In this section, we fix a generator ¢ € H(lp) (Z[1/Np],(z ) p*+tor® 7)(1 — k)). We inter-
pret the main conjecture Annp (H(Zp) (Z[1/Np], A(1 —k))) = & A in terms of ¢ in three
closely related ways:"?

(1) What quotients of A(1 — k) does c lift to?

(2) For which cohomology classes a does the cup product a U ¢ vanish?

(3) What is the image ¢|x of ¢ in H' (Qu, (Z/p*Tr®7)(1 — k))?

13We consider (2) only in the case that v = 1 and vp(k) = 0, and (3) only when, additionally,
vp(k —1) =0.
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In Part I, we answered (1) in Theorem 5.3.6 using modular forms. The main result of
this section is Proposition 8.1.1, which allows us to deduce our result about the main
conjecture, Theorem 5.4.1, from Theorem 5.3.6.

The remainder of the section is meant to expose relationships and analogies between
this work and others. Results about (2) were obtained in [43] and [37]; Section 8.2
explains how this relates to (1). Section 8.3 shows that (3) is a tame analog of the algebraic
£L-invariant that appears in the Gross—Stark conjecture [7,21].

8.1. The main conjecture and lifting
We first explain how to interpret the main conjecture in terms of lifting the class c.

Proposition 8.1.1. The following two conditions are equivalent:

(1) Annp(H2,(Z[1/Npl. A(1 = K)) C &irA.

(2) There is a class of H(lp) (Z[1/Np], (A /&) (1 — k)) that maps to ¢ under the reduc-
tion map.

Moreover, if &y is a unit, then (1) implies Annp (H(Zp)(A(l —k))) = & A

Proof. Lemma A.3.1 proves the equivalence of (1) and (2). In general, we know that
AnnA(H(zp)(A(l —k))) = Ea*lgA for some non-zero-divisor &, so if & is a unit, the
inclusion in (1) must be equality. ]

8.2. Lifting and cup products

For the remainder of the section, we assume that v = 1 and v, (k) = 0. We make this
assumption so that there is a canonical section of the map

(Z/p2v+vp(k)z)x — (Z/pv-l-l)p(k)z)x‘

We only consider cup products in the usual global cohomology H(Z[1/Np], —);
when we write ¢ U —, we are considering the image of ¢ in H'(Z[1/Np],F,(1 — k)).
We let log,, : (Z/p*Z)* — F, denote the composition (Z/ p*Z)* — (1 + p(Z/p*ZL))*
— F,, where the first map is the projection x +> @~ !(x)x and the second map is
1+ px — x (mod p).

Proposition 8.2.1. Assume that v = 1 and v, (k) = 0 and that &y is a unit. Let o €
Z]p?Z and yo : Go.np —> (L] p>Z)* be the extra reducibility constant and character,
as in Definition 5.2.1. Consider the following conditions:

(1) The map

H{, (Z[1/Np), (A /&) (1 = k) = H(, (Z[1/Np), Fp (1 —k))
s non-zero.
(2) ¢ Ulog,(x52K5) = 0in H*(Z[1/Np),F,(1 — k)).

Then (1) implies (2).
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Proof. Note that, since &y is a unit, A /&y is isomorphic to Z/ p?Z with Gg, ) acting
through y,2, just as in the proof of Theorem 5.3.6.
Considering the long exact sequence in cohomology coming from the short exact
sequence
0—F,(1—k)— (A/EGr) (1 —k) > Fp(1—k) — 0, (%)

we see that (1) implies that ¢ is in the kernel of the boundary map

H'(Z[1/Np).Fy(1 — k) %> HXZ[1/Npl.F,(1 — k)

for (x). By definition dc is given by d¢, where ¢ : Gg np — (A /&) (1 — k) is a cochain
lifting ¢. Taking ¢ to be the lift defined by the canonical splitting (Z / pZ)* — (Z] p*Z)*,

we compute easily that d¢ = ¢ U log, ( )(gzlcclyzk ), which completes the proof. |

The proof of the next proposition is similar, replacing the sequence (x) by
0—Fy(1—k)— Ay(1—k) = F,(1—k) — 0.
In this case, the boundary map is cup product with log ;.
Proposition 8.2.2. Consider the two conditions:
(1) The map
H{, (Z[1/Np), Av(1 = k) — H{, (Z[1/Np), Fp(1 = k))

is non-zero.
(2) cUlogy = 0in H*(Z[1/Np],F,(1 —k)).
Then (1) implies (2).

8.3. Cup product and slope

For this section, we continue to assume that v = 1 and v,(k) = 0, and also assume
vp(1 — k) = 0. We consider the group H'(Qu, F,(1 — k)). Choosing a primitive pth
root of unity in Q, we can identify H'(Qn, F,(1 — k)) with H'(Qn, F,). We know
that H'(Qu,Fp) has dimension 2 and that the cup product pairing

H'(Qy.F,) x H'(Qy.F,) = H(Qy.F,) =T,

is a symplectic form. Moreover, H'(Qy,F,) has a basis {A,logy } where A : Gg,, — F)
is the unramified character sending Fry to 1. This choice of basis induces an isomorphism

Slope : ]P’(HI(QN,]Fp)) = Pl(]Fp)7

which we call the slope map. Explicitly, if L C H'(Qy,F,) is a line, choose a generator
a € L and write
a = xA+ ylogy;
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then Slope(L) := [x : y]. If a generates L, we define Slope(a) := Slope(L). Note that
for non-zero a and a’ we have

aUa =0 <= Slope(a) = Slope(a’). (8.3.1)

Indeed, since the cup product pairing is symplectic, the equality @ U @’ = 0 is equivalent
to a and a’ spanning the same line.

Proposition 8.3.2. Assume that v = 1 and v, (k) = v,(1 —k) = 0.
(1) We have ¢ Ulogy = 0in H*(Z[1/Np),F,(1 — k)) if and only if
Slope(c|y) = [0: 1].

(2) Assume &7 is a unit and let y be the extra reducibility character of Definition 5.2.1.
We have ¢ U log, (x5 %4 %) = 0in H?(Z[1/Np].F,(1 — k)) if and only if

cyc
Slope(c|n) = [(1 = k) - yp 1 k- £(1 = k).

Remark 8.3.3. We think of Slope(c|y) as a tame analog of the algebraic £-invariant
that appears in the Gross—Stark conjecture. Indeed, in [7, Section 1], that £-invariant
is expressed as a slope of global p-adic cohomology class in terms of local-at-p coho-
mology. Our Slope(c|y) is the slope of a global mod-p cohomology class in terms of
local-at-N cohomology — the adjective “tame” refers to the fact that N # p here.

Proof. Consider the commutative diagram

H'(Fp(1 = k) x H'(Fp) —————— H2(F,(1 —k))

| |

H'Qu,Fp(1 —k)) x H'(Qn,F,) —— H2(Qp,Fp(1 —k))

where the vertical arrows are restriction. One can show that the right vertical arrow is
an isomorphism, just as in [43, Lemma 12.1.1]. Hence the cup products ¢ U log, and
¢ Ulog,( 12K Clyck ) vanish if and only if their restrictions at N' vanish.

Using the equivalence (8.3.1), the only thing that remains to show is that

Slope(log, (x5 ke )In) = [(1 = k) - &y k- £(1 = k).

We have log,, (13> Clyck)|N = log, (xDIv + (1 —k) log,, (kcyc) | v - From the definition

of a and y, (Definition 5.2.1) we see that for any o € Gq,np, We have

{(1 ))logN(a).
&t

On the other hand, log,, (kcyc)|n is an unramified character sending Fry to %, so that

N-1
log, (X5 >)(0) = (k —
p

log, (keye) In = %A. Putting these together, we get

Slope(log, (222 |) = [(1 Nl N s k)}
P P Eur

which is equal to [(1 — k) - &7 : k- C(1 — k)] [
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Part I1I
Appendices

Appendix A. Algebraic preliminaries

In this section, we recall some algebra used in Kato’s formulation of the main conjecture.

A.l. Determinant of a perfect complex

We review the theory of determinants, as discussed in [24, Section 2.1]. In this subsec-
tion, A is a commutative ring. A perfect complex of A-modules is an object E in the
derived category of A-modules that is represented by a bounded complex of finitely gen-
erated projective A-modules. We say that a complex of A-modules (or a single A-module,
considered as a complex in degree 0) is perfect if its class is perfect.

The determinant functor dety is a functor from the category of perfect complexes
(with isomorphisms) to the category of invertible A-modules (with isomorphisms) with
the following properties:

e The functor dety is multiplicative in short exact sequences of complexes.

e For a single finitely generated projective A-module P (concentrated in degree 0),
dety (P) is the highest exterior power of P. (In particular, dety (0) = A.)

e IfE=[--— P; - Pjy; — ---] with P; finitely generated projective, then there is a
canonical isomorphism dety (E) = ); (detg(P;)) D",

e If the cohomology modules H'(E) are all perfect, then there is a canonical isomor-
phism det4 (E) = &), (deta (H (E)))V",

Note that if A is a semilocal ring (and in this paper we only consider detg for A = A,
A=AQ®Q,or A a field), then detq(FE) is a free A-module of rank 1 for any perfect
complex E. The purpose of considering determinants is to compare different generators
of this free module. For us, one source of such generators comes from Kato’s Conjecture
6.2.2. Other, more prosaic, generators come from the following examples.

Example A.1.1 (Acyclic complex).

(1) LetC®* =M kA M’] where ¢ is an isomorphism and M and M are rank-1 free A-
modules. Then there is a generator of det(C *) given by taking m to be any generator
of M and taking ¢ (m) as generator of M’. The resulting generator % of det(C*)
is independent of the choice of m.

(2) LetC*®* =M f) M'] where ¢ is an isomorphism and M and M’ are free A-modules.
Then there is a generator of det(C*®) given by taking B to be any basis of M and
taking ¢ (B) as basis of M. The resulting generator % of det(C*) is independent
of the choice of B.

8 8
(3) More generally, if C* = [My oMy S l M,] is an acyclic complex of
free A-modules, we can define a generator of det(C*®) by taking a basis By of My,

S
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completing §(Bg) to a basis By U §(Bg) of My, completing §(B1) to a basis of M5,
and so on. The resulting basis of det(C*) is independent of the choices.

Example A.1.2 (Endomorphisms). (1) Let C* = [M s M] where M is a free A-
module of rank 1. Let m be a basis of M. The resulting generator 7> of det(C*®)

is independent of the choice of m.

(2) Let D*® be a perfect complex of free A-modules, and let ¢ : D®* — D* be an endomor-
phism. Think of ¢ : D®* — D* as a double complex, and let C* be the total complex
of it. Then det(C*®) = det([det(D®) — det(D*)]), so, by the previous example, we
have a canonical generator of det(C*®).

A.2. Regulator
Let A be a semilocal commutative ring and let Q (A) be the total ring of fractions of A.

Definition A.2.1. We call a perfect complex E of A-modules rationally acyclic if
E ®4 Q(A) is acyclic. In that case, by Example A.1.1, there is a canonical isomorphism

regg : deto(a)(E ®4 Q(A)) = Q(A),

which we call the regulator of E. Precomposing with the canonical map dety(E) —
detp(a)(E ®4 Q(A)), we obtain a map reg, : detq(E) — Q(A), which we also call the
regulator.

For any generator x € detq(E), the fractional ideal regg (x)A is independent of the
choice of x, and we call it reg(E), the regulator ideal of E.

Example A.2.2. Suppose E = [Aey i) Aeq] (so e; is in degree i) and that A € A is a non-
zero-divisor. Then E is rationally acyclic, and 116701 is the basis of detg(4)(E ®4 Q(A))
that induces regg, so regg (eo/e1) = A.
(3)
Example A.2.3. Let E = [Aeg 2k Ae1 @ Afy ﬂ) Ae,], and suppose that E is ratio-
nally acyclic. In particular, there is a vector (2’,) € Q(A)? such that c¢’ + dd’ = 1, and
the set of such vectors is a torsor under translation by Q(A) - (Z)
Then the basis of detg(4)(E ®4 O(A)) that induces reg is
€pér

(ad’ —c'b)ey A f1

(note that this is independent of the choice of (2’, )), soregg (eel(;\ej%l ) = (ad’ —c'b).

Note that, if we have a short exact sequence of complexes
0—)E1—)E2—)E3—>0
with each E; perfect and rationally acyclic, then the composition

deto(a)(E2 ®4 Q(A)) = detoay(E1 ®4 O(A)) ® o(4) deto(a)(E3 ®4 O(A)) = 0(4)

coincides with the regulator of E5.
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A.3. Regulator and lifting

Let (A, my, k) be a noetherian local ring and let £ be a perfect complex of A-modules.
Assuming that E has a certain special form, we show that reg(E) can be used to determine
the lifting behavior of classes in H'(E ®4 k). We also give a simple cohomological
criterion for when a complex has this special form.

A
Lemma A.3.1. Suppose that E = [A — A][—1] with A € iy N Q(A)*. Then, for any
proper ideal a C A, the map

HY(E ®4 A/a) > HY(E ®4 k)
is surjective if and only if A € a.
A
Proof. Wehave H'(E ®4 A/a) =ker(A/a = A/a)and H'(E ®4 k) = k, and the map
is induced by the quotient A/a — A/my = k.
If A € a,then H'(E ®4 A/a) = A/a and the map is clearly surjective. On the other

hand, if the map is surjective, then there is x € A with x ¢ my4 such that xA € a. Since A
is local, this implies that x € 4%, s0 A € a. ]

We give a criterion for the conditions of the lemma to be satisfied.

Lemma A.3.2. Let E be a perfect, rationally acyclic complex of A-modules. Assume that
(1) dimy HY(E QY k) = 1fori = 1,2,
(2) HY(E) =0fori #1,2.

A
Then there is a quasi-isomorphism E ~ [A — A][—1] with A € myq N Q(A)™.

Proof. Since E is perfect, we can assume, without loss of generality, that E is a bounded
complex of finitely generated projective A-modules. Since H(E) = 0 fori > 2, we can
further assume that £/ = 0 for i > 2. Then the map

H*(E) ®4 k — H*(E ®} k)

is an isomorphism. By (1) and Nakayama’s lemma, H?2(E) is cyclic as an A-module.
Choose a surjection A — H?(E) and lift it to amap A — Z2(E). This defines a map of
complexes

A[-2] - E.

Let C = Cone(A[—2] — E). By construction, H*(C) = 0fori > 1, so, just as we argued
above for E, we see that

HY(C)®4k - HY(C ®F k)
is an isomorphism. Considering the triangle obtained by applying (—) ®IH‘; k to

A[-2] - E - C
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we can see that
HYE ®% k) - HY(C )% k)

is an isomorphism, so dim; H!(C ®% k) = 1. By Nakayama’s lemma, H!(C) is cyclic
as an A-module. Choose a surjection 4 — H'(C) and lift it to a map 4 — Z!(C) =

A
ker(A @ E' — E?), and let A = A be the composition of A — Z!(C) with the natural
map Z!(C) — A. This defines a map of complexes

A4S A-1]—> E

that induces a surjection on H'! and an isomorphism on all other H’. Hence we have
0(A)/AQ(A) = H*(E ®£; Q(A)), which is zero since E is rationally acyclic. This

A
implies that A € Q(A)*, so A is a non-zero-divisor and H!([4 = A][—1]) is 0. Since
the map is surjection on H!, this implies that H!(E) is zero as well, and hence that the

A
map [A — A][—1] — E is a quasi-isomorphism. |

Appendix B. Galois cohomology

B.1. Notation for Galois cohomology

In this section, we fix notation for various Galois cohomology complexes. We follow the
notation used by Flach [15].

The continuous group cohomology H*(G, —) of a topological group is computed
by the complex C(G, —) of continuous cochains. We let RT"(G, —) denote the class of
C(G, —) in the derived category.

Let S be a finite set of primes and let Gg,s be the Galois group of the maximal
extension of Q that is unramified outside S. We denote RI'(Gq,s, —) by R['(Z[1/S5], —)
(this makes sense because Gq,s is the étale fundamental group of Z[1/S]). Similarly, we
let RI'(Qg, —) denote RI'(Gg,, —) for £ € S.

For{ € S, we let

RI)(Z[1/S]. —) := Cone(RI'(Z[1/S]. =) — RI'(Q¢, —))[-1]

denote the Selmer complex with trivial-at-£ condition, and let

RIC(Z[1/S], —) := Cone(Rl"(Z[l/S], -) - PRI, —))[—1]

LeS

denote the “compactly supported” cohomology complex.

Now we define the local finite-cohomology complex RI'f(Q;, —) for s € §. First
suppose s = £, a finite prime, and £ # p. If M is a pro- p abelian group with a continuous
action of Gg,, we will denote by RI'r (Q¢, M) the complex

1—Frp
—

Ml M.
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For s = oo, we define R['r (R, M) = RI'(R, M). If instead M is a finite-dimensional
Qp-vector space with a continuous action of Gg,, we will denote by RI's(Q,, M) the

complex

(1—Frp,id) 0
Dcrys(M) E— DcryS(M) S DdR(M)/DdR(M)'

For s € S, we define the local “non-finite” cohomology complex
RT#(Qs, M) = Cone(RT's (Qs, M) — RI'(Qy, M))

for M as in the previous paragraph.
Assuming that S contains p, co and any prime where M ramifies, we define the
Bloch—Kato Selmer complex RI's (Z[1/S], M) to be

R/ (Z[1/S], M) = Cone(RT(Z[1/S], M) — DRI ;(Qs. M) ) 1]

seS

We have the triangle

RT(Z[1/S). M) — RT(Z[1/S). M) -~ @D RT;(Qs. M).

seS

By convention, when we write RI'(T" ® A) for some module 7', the Gg,np-action
on A is via the universal character. It is known that, if 7 is perfect as a A-module, then
RI(T ® A) and RT'(Qg, T ® A) are perfect complexes of A-modules (see [23, Proposi-
tion 4.17] or [17, Proposition 1.6.5]).

B.2. A complex that computes tame local Galois cohomology

The following lemma is surely well-known in some form. It is essentially how one com-
putes cohomology of a semidirect product of cyclic groups.

Lemma B.2.1. Let N and p be distinct primes. Let R be a Zp-algebra, and let M be an
R-module that is finitely generated as Z,-module with continuous tamely-ramified action
of Goy (i.e. the inertia group acts through its pro-p quotient). Let y € Gaqm be an
element that topologically generates the maximal pro-p quotient, and let Fry € Gg,, be
a Frobenius element. Then there is an isomorphism in the derived category of R-modules

1_
M—"sM Nl
RI(Qn, M) = l—FrﬁlJ( ll—ﬁ;l,,v , Where N = Z yi_
1—y i=0
M—M

Proof. We have an isomorphism
RI'(Qn. M) = RI'(Fy . RT QY. M)).

where we are identifying Gal(QY; /Qn) = Gy, via Fry.
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We first compute RI'(QY, M). Let Gou, — Gg;{"l’ be the maximal pro-p quotient,

and let Ga’,}'}/ ? the the kernel of this quotient. Then we have

RT(QY, M) = RF(Ggf}’{;p, RF(GE’%I’, M)).

Since M is pro-p, we have RI‘(G&’%”, M) = R°T (G . M), which is simply M, since

Qﬂr
M is tamely ramified. Hence Y

RT(QY, M) = RF(G&%”, M).

Since Ggﬁ;\r}p is topologically generated by the image of y, we have

pro-p ~ [p1PrO-p 1/ pro-p
RF(GQ?\,/ ,M) = [B (GQ'X/ M) — Z (GQ?Q , M)]
Let M be the R[GF,]-module, that is, M is an R-module, but with Flrl_\,1 acting by

N-1

Fry' m’ = (Fr;l Z yi)m.

i=0
We have an isomorphism ZI(GS(?’\.;”, M) = MP of R[Gg,]-modules by f — f(y).
Indeed, f is determined by f(y) since

n—1
oM ="y,

i=0
as can be proven by induction using the cocycle property. Moreover,

N—
(Fry' - )() = Fry fFryFry) = Fry! f™) = (Bt D2 07) 1),

i=0

—_

Similarly, we have an isomorphism M — BI(G(prf;{;p , M) of R[Gp,]-modules, given
by m — (g — (g — 1)m). Under these isomorphisms, the inclusion Bl(Ggg{"p, M) —
1—
Z' (GG M) is identified with M % M.
Hence we have
ro- 1-y b
RF(G(B%”,M) ~[M —> M’
in the derived category of R[G, |-modules.
Now, for a complex of R[GF, ]-modules M’, we have
1-Fry!

RT(Fy, M) =~ [M —5 M|

in the derived category of R-modules. Hence
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RI(Qy. M) = RT(Fy.R[(QY. M)) = RI(Fy.RT(GHy”. M)

QY °
1_
~ R['(Fy, [M —> M"))
M2 M MM
M -y Mb Mi)M
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